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Preface

In the last decade the non-equilibrium dynamics of isolated quantum sys-
tems has raised a huge interest for both its conceptual and practical im-
plications. Simulation of quantum dynamics represents by now a very ac-
tive research effort, with highly controllable quantum devices composed of
hundreds of qubits already being realized in numerous setups. These offer
the unprecedented possibility to access real-time quantum dynamics and
strongly correlated quantum many-body states, opening numerous avenues
not only for future quantum technologies, but also for long-standing theo-
retical problems.

One of the most sought-after applications is the computation of real-time
evolution in theories of fundamental interactions. Since Wilson’s proposal
in 1974, the equilibrium phase diagrams of lattice gauge theories have been
successfully investigated with Monte Carlo simulations in a wide range of pa-
rameters. Nonequilibrium properties, on the other hand, cannot be accessed
with conventional techniques. Thanks to the recent advances in numerics
(e.g. tensor networks) and experiments (quantum simulation), new promis-
ing tools are now available for tackling these questions. Remarkable works
have already demonstrated that applying these techniques to simple theo-
ries, such as one-dimensional quantum electrodynamics, can help to detect
the signatures of confinement and pair creation. Despite these impressive
achievements, investigating the non-equilibrium dynamics of gauge theories
with quantum simulators turned out to be extremely challenging. This is
mostly due to the complex constrained dynamics of these theories, which
make their simulation with realistic atomic platforms particularly difficult.

At the same time, the dynamical constraints can play a key role in de-
termining novel interesting phenomena and peculiar non-equilibrium prop-
erties. These phenomena – which include, for example, quantum scars,
fractons, Hilbert space fragmentation – can lead to anomalous dynamics,
eventually evading the paradigm of thermalization, which predicts the re-
laxation of physical observable to their thermodynamic values.

The aim of this thesis is twofold: first, we want to address through a
combination of numerical and analytical tools some of the open questions
regarding the non-equilibrium dynamics of quantum many-body systems
with constrained Hilbert spaces, including lattice gauge theories. In ad-
dition, the work reported here is part of a large effort of the community
towards the quantum simulation of complex phenomena of condensed mat-
ter and high-energy physics.

The thesis is structured as follows. Part I focuses on the emergence
of non-thermal states (quantum scars) in the non-equilibrium dynamics of
constrained quantum many-body systems. In Chapter 1 we introduce the
general phenomenology of quantum thermalization and some exceptions
to it (many-body localization and quantum many-body scars). Quantum
many-body scars and their stability are studied more in detail in the rest of
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Part I: in Chapter 2 we investigate if quantum scars are stable with respect
to perturbations in the Hamiltonian and if they persist when the dynamical
constraints are enlarged; a di�erent perspective on the stability of quantum
scars is presented in Chapter 3, where we focus on the network structure of
constrained models; �nally, in Chapter 4 we study the emergence of scars
in supersymmetric lattice models. In Part II the quantum simulation of
lattice gauge theories is discussed: after introducing the main challenges of
the �eld in Chapter 5, we show that a U(1) lattice gauge theory can be
simulated with Rydberg atoms arrays and we characterize the dynamics of
the model (Chapter 6); �nally, in Chapter 7 we propose a protocol for the
scalable quantum simulation of SU(N )� U(1) lattice gauge theories with
alkaline-earth like atoms in optical lattices. In Part III we give a unifying
perspective on the previous Parts: we focus on the non-equilibrium dynam-
ics of lattice gauge theories (a topic partially addressed in Chapter 6) and,
more speci�cally, on the dynamics induced by the con�nement of excita-
tions. In Chapter 8 we explain what con�nement is and why it a�ects the
real-time evolution; in Chapter 9 we analyse more in detail the mechanisms
that lead to quasilocalized dynamics in models with con�nement and the
associated time scales; in Chapter 10 we use the tools developed in the pre-
vious Chapter to study the interaction between the excitations of a con�ned
model and to characterize their scattering properties; a related question is
addressed in Chapter 11, where we focus on the decay of a metastable (false
vacuum) state; in Chapter 12 we show how the previous results about the
con�ned nature of excitations in an Ising spin chain generalize to a more
complicated model, namely a Heisenberg-Ising spin ladder; �nally, in Chap-
ter 13 we discuss how another mechanism can induce localization in lattice
gauge theories, even in a decon�ned regime. Part IV contains additional
information about the results presented in the previous Parts.
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Part I

Non-equilibrium dynamics in
constrained quantum systems

1





Chapter 1

Non-equilibrium dynamics of
quantum many-body systems

Statistical mechanics is based on the concept of thermal equilibrium. In
virtue of this fundamental assumption, we can use few relevant quantities
to describe our system of interest and discard the majority of the infor-
mation about the enormous number of degrees of freedom that it contains.
Understanding the origin of this assumption from microscopic dynamics is
in general very di�cult. In classical mechanics, the problem has long been
studied and some rigorous foundations have been established based on the
concept of ergodicity. In quantum physics, on the other hand, the �eld is
relatively young and the major breakthroughs have been achieved only in
the last 30 years. The problem ofquantum thermalizationhas become of
prominent interest thanks to recent experimental progress: it is now pos-
sible to control quantum systems that are � to very good approximation �
isolated from any environment. It is then natural to ask whether, in the
absence of a thermal bath, a quantum system can act as its own reservoir.

In these experiments, the simplest and most popular protocol for study-
ing non-equilibrium properties is thequantum quench: a parameter of the
Hamiltonian is changed abruptly at a timet0 and the time evolution of the
system after this sudden change is monitored. In a typical case, expectation
values of observables after a quench tend to relax to stationary values. For
a thermalizing system, these values coincide with the ones prescribed by
equilibrium statistical mechanics, and only depend on the energy density
(and on the other conserved quantities, if present) of the initial state. How-
ever, this is not the only possibility: in many-body localizedsystems, the
stationary values are non-thermal, meaning that they depend non-trivially
on the initial state; in systems with quantum scars, for some initial states
one can �nd that observables do not reach a stationary value, but they have
persistent oscillations in time.

In this chapter we discuss all these scenarios1: in Section 1.1 we introduce

1Another scenario is represented by integrable systems, whose equilibrium properties

3
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the concept of thermalization for closed quantum many-body systems and
we show how it emerges from theeigenstate thermalization hypothesis; in
Section 1.2 we examine the non-equilibrium phases of matter that can exist
in virtue of many-body localization; in Section 1.3 we consider the case of
quantum many-body scars, discussing both the experimental �ndings and
the constrained lattice model that can explain their phenomenology.

For a comprehensive discussion of quantum thermalization we refer the
reader to [14], for many-body localization to [15�17] for quantum scars
to [18].

1.1 Thermalization in quantum systems

A closed quantum system undergoes a unitary evolution, that is apparently
at odds with the concept of thermal equilibrium. To solve this paradox
and understand how the information about the initial statej in i can be
lost in the time evolution, we should focus on a �nite regionA of our
system. We are interested in the expectation value of a generic operator
OA with support on A in the thermodynamic limit (i.e., when the number
N of degrees of freedom of the full system goes to in�nity). We say that
the system thermalizes if the long time limit of observables is given by the
statistical ensemble average

lim
t !1

lim
N !1

hOA i (t) = Tr[ OA � eq
A ]; (1.1)

where � eq
A = Tr �A [Z � 1e� �H ] is the density matrix of the region A in the

canonical ensemble at a temperatureT = � � 1 (H is the Hamiltonian of the
full system,Z = Tr[ e� �H ] is the partition function, and �A is the complement
of A). The inverse temperature� is such that the equilibrium energy density
E eq=N = Tr[ Z � 1e� �H H=N ] is equal to the energy density of the initial state.
If Eq. (1.1) holds for any observable on the regionA, we have that the state
� A (t) = Tr �A [eiHt j in i h in j e� iHt ] converges in the long-time limit to

lim
t !1

lim
N !1

� A (t) = � eq
A : (1.2)

Crucially, the equilibrium state � eq
A depends on the initial statej in i only

through the energy density: all the other information is e�ectively lost, as
it is encoded in highly non-local degrees of freedom and cannot be accessed
with local measurements on a �nite portion of the system.

We also note that one of the consequences of Eq. (1.2) is that the (bi-
partite) von Neumann entanglement entropy, de�ned asSA = � Tr � A ln � A ,
corresponds � at long times � to the thermodynamic entropy of the sub-
system A and is hence proportional to its volumeNA (up to subleading
corrections).

are described by the generalized Gibbs ensemble. These systems, which represent an
extremely vast subject on their own, will not be discussed in this thesis.
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1.1.1 The eigenstate thermalization hypothesis

In the previous section, we have de�ned thermalization in a quantum system
as the condition in Eq. (1.1). However, to this end it is not clear under which
assumptions this property will hold. To answer this question, Deutsch and
Srednicki proposed a conjecture that goes under the name ofeigenstate
thermalization hypothesis(ETH) [19, 20] and represents one of the pillars
of the theory of quantum thermalization. The fundamental assumption
behind ETH is that the matrix elements of observables in the basis of energy
eigenstatesfj En ig in each symmetry sector of the HamiltonianH have the
form

Omn � h Em jOjEn i = O( �E)� mn + e� S( �E )=2f O( �E; ! )Rmn (1.3)

where �E � (Em + En )=2, ! � En � Em , and S(E) is the thermodynamic
entropy at energy E. Both O( �E) and f O( �E; ! ) are smooth functions of
their arguments, whileRmn is a random variable with zero mean and unit
variance. The valueO( �E) represents the expectation value of the micro-
canonical ensemble at energy�E.

We now analyze what are the consequences of ETH on the properties of
a quantum system. We consider the time evolution of a quantum system
from an initial state j in i and we are interested in the long-time average of
an observableO. Under the assumption that there are no degeneracies in
the spectrum, the long-time average of this quantity is given by the diagonal
ensemble

hOi = lim
T !1

1
T

Z T

0
hO(t)i (1.4)

= lim
T !1

1
T

Z T

0

X

n;m

Onm e� i (Em � En )T h in jEn i hEm j in i (1.5)

=
X

n

j hEn j in i j 2Onn : (1.6)

If the energy �uctuations of j in i are small in the thermodynamic limit
(which is the case, for example, in a quantum quench), the assumption in
Eq. (1.3) implies that hOi coincides with the microcanonical expectation
value O(E) with E = h in jH j in i . Moreover, ETH implies that the time
�uctuations of hOi are exponentially small in the system size (for a proof
see for instance Ref. [14]). The convergence of the expectation values to
the ones prescribed by equilibrium statistical mechanics is the very essence
of quantum thermalization, and, as we showed, is a direct consequence of
ETH.

The ETH has been tested numerically in a number of lattice models,
both for diagonal and o�-diagonal matrix elements [21�26]. As an example,
in Fig. 1.1 we report the data for a lattice model of hard-core bosons. For
J 0 = V 0 = 0 the model is integrable and expectation values are non-thermal;
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Figure 1.1: Eigenstate expectation values of the occupation of the zero
momentum mode [(a)�(c)] and the kinetic energy per site [(d)�(f)] of hard-
core bosons as a function of the energy per site. Figures taken from Ref. [14].

when the integrability breaking term is turned on, they show a trend towards
the thermal expectation value for increasing system size.

1.2 Many body localization

Transport is a fundamental ingredient in the process of thermalization: ex-
citations need to move across the system in order to allow for exchanges
of energy between di�erent regions. In the presence of quenched disorder,
however, there might exist some excitations that are localized in space and
do not decay. This phenomenom was �rst studied by Anderson in [27] for
non-interacting fermions and goes under the name of Anderson localiza-
tion. For a model of fermions hopping on a lattice with random on-site
potential in one or two dimensions, the energy eigenstates are exponentially
localized in space: a particle occupying one such state is a local excitation
that does not relax. It was later found [28�31] that a similar mechanism �
dubbed many-body localization (MBL) � occurs for interacting systems: in
the presence of su�ciently strong disorder, local integrals of motion called
l-bits emerge [16]; thesel-bits locally retain the information about the ini-
tial state, hindering thermalization. As a consequence of the emergence of
l-bits, many of the properties of thermalizing systems are not satis�ed. For
example, the bipartite entanglement entropy of energy eigenstates is propor-
tional to the area of the cut, because only thel-bits that are located close to
the cut (within a distance of the order of the localization length) contribute
to the entanglement. This area law scaling of entanglement is satis�ed also
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by high-energy eigenstates, and is in sharp contrast with the volume law
generically expected in virtue of equilibrium statistical mechanics. Many-
body localized systems do not thermalize and the ETH is violated in the
full spectrum: matrix elements of local observables in the energy eigenbasis
are not smooth functions of the energy (the local spectrum is discrete). All
these properties have been extensively studied with numerical methods in
quantum spin chains [29,31�34]. As an example, we report here some of the
results obtained for the XXZ chain in random longitudinal �eld

HXXZ =
X

i

[J (Sx
i Sx

i +1 + Sy
i Sy

i +1 ) + JzSz
i Sz

i +1 + hi Sz
i ]; (1.7)

where S�
i are spin 1=2 operators and the static-random �eldshi are inde-

pendent random variables at each sitei , each with a probability distribution
uniform in [� h; h].

Figure 1.2: Logarithm of the averaged di�erence between the local magne-
tizations in adjacent eigenstates, withJ = Jz = 1, and h as indicated in the
legend. The average is over disorder realizations, states and sites. Figure
taken from Ref. [31].

Fig. 1.2 shows that for weak disorder strength (smallh) the di�erence of
the expectation values of local magnetization between adjacent eigenstates
decays exponentially inL, as predicted by the ETH. On the other hand,
for large disorder strength the di�erence is non-vanishing for large system
sizes, suggesting that ETH is violated.

In Fig. 1.3 the scaling with system sizeL of the bipartite entanglement
entropy SE of the eigenstates is reported. As the disorder strengthh is
increased there is a transition from a volume law (SE =L goes to a constant)
to an area law (SE =L decays to0).
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Figure 1.3: Finite size scaling of bipartite entanglement entropy ofSE in the
middle of the spectrum (left) and in the upper part (right). Figure taken
from Ref. [34].

Because it evades thermalization, MBL cannot be framed under the con-
cepts of conventional equilibrium statistical mechanics. In particular, it has
been shown that MBL can protect phases of matter that are not possible at
equilibrium [15]. For example, high-energy eigenstates of one-dimensional
MBL systems can spontaneously break discrete symmetries. This is not
possible, instead, for thermalizing systems, whose high-energy eigenstates
have the same properties of equilibrium states at �nite temperature: spon-
taneous symmetry breaking in those eigenstates would imply a violation of
Mermin-Wagner theorem [35], which prohibits symmetry-breaking at �nite
temperature for short-range interacting systems in one dimension. Other
remarkable examples of MBL-protected quantum order were found for sym-
metry protected topological phases [15,32,36,37] and for periodically-driven
systems [38�42]. In the latter case, in particular, it has been shown that
MBL allows for the existence of the so-called "Floquet time crystals" [43,44].
A time crystal is a system with spontaneous breaking of time-translation
symmetry, a feature that is not possible at equilibrium [45].

1.3 Weak ergodicity breaking: quantum many-
body scars

Many-body localized and integrable systems are the most studied excep-
tions to the ETH. However, the emergence of local integrals of motion is
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not the only mechanism that allows to avoid thermalization. A new phe-
nomenon � quantum many-body scars� has recently been observed in a
Rydberg atom experiment and has later been numerically identi�ed in nu-
merous spin chains. We now illustrate the concept of quantum many-body
scars starting from the experimental observation and then introducing the
theoretical results and the main open questions on the topic.

1.3.1 Rydberg atom experiment

The setting of the experiment performed by Bernien et al. [46] consists of a
one-dimensional array of Rydberg atoms trapped in optical tweezers. Each
atom of the chain is modelled by a spin1=2: the state j0i corresponds to the
ground state and the statej1i is an excited Rydberg state with high principal
quantum number. A laser can couple the two states, inducing single-atom
Rabi oscillations (in some experimental scenarios, such transition is actually
driven by a pair of laser �elds, via an intermediate, low-lying excited state).
The Hamiltonian of the system is

HRydberg =


2

X

i

� x
i � �

X

i

ni +
X

i<j

Vij ni nj ; (1.8)

where
 is the Rabi frequency inducing the transition (� x
i = j1i i h0j i + h.c.)

between the ground state and the Rydberg state,� is the detuning of
the lasers from the Rydberg state,ni = j1i i h1j i is the occupation of the
Rydberg state on sitei , and Vij is the interaction energy between Rydberg
excitations.

The system is prepared in a charge density wave (CDW) state, with
a Rydberg excitation at every odd trap, and the detuning� is quenched
from a large value to� = 0 (Fig. 1.4). The subsequent dynamics is rather
unexpected: measurements of the Rydberg occupationni show that the
many-body state oscillates between the initial state and the inverted state
with a Rydberg excitation at every even trap. The oscillations persist on
the full time range accessible in the experiment, longer then the timescales

 � 1 and V � 1

i;i +1 .
The persistent oscillations observed in this experiment represent a co-

nundrum in the context of non-equilibrium dynamics. Although the energy
density of the CDW state corresponds to the one of an in�nite temperature
state with respect to the quenched Hamiltonian, it seems that this state
does not relax to thermal equilibrium, or it does well beyond observable
timescales. However, for di�erent initial states (e.g., for an initial state
with no Rydberg excitations) the decay to thermal expectation values is
rather fast, and no anomalous oscillations are observed. This phenomenon
has been attributed to the so-called "quantum many-body scars" [47,48], in
analogy with a similar phenomenon in single-particle quantum chaos [49].
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Figure 1.4: (a) The parameter� is controlled in time in such a way to
adiabatically prepare the CDW state, then quenched to� = 0 . The spa-
tially resolved Rydberg probability is shown for an array of 9 atoms. (b)
Domain-wall density after the quench. (c) Illustration of a toy model for
the oscillations. (d) Numerical simulation of domain-wall density and en-
tanglement entropy after the quench. Figure taken from Ref. [46].

1.3.2 PXP model

To understand the oscillations described above, it is convenient to consider
the so-called PXP model. This model was �rst introduced in the context of
constrained quantum models that can be directly related, in some parameter
regimes, to exactly soluble classical statistical mechanics systems [50]. In
Ref. [51], it was shown how the same type of dynamics describes Rydberg
excitations in an atomic chain in the regime of nearest-neighbour blockade.
In this regime, the interaction between Rydberg states on neighbouring
sites is so large that the dynamics is e�ectively constrained to the subspace
generated by the states with no consecutive "1"s.

De�ning X i ; Yi ; Z i as the Pauli matrices at sitei and Pi = (1 � Z i )=2,
ni = (1 + Z i )=2, the dynamics in the constrained space is described by

HP XP =
X

j

Pj � 1X j Pj +1 : (1.9)

Because of Rydberg blockade, the Hamiltonian acts on the space constrained
by the conditions ni ni +1 = 0 for every i .

The spectrum of the model was studied by Turner et al. [48] using exact
diagonalization and shift-invert algorithm. As shown in the top panel of
Fig. 1.5, for the majority of the eigenstates the expectation value of local
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Figure 1.5: Expectation value of the local observableZ1 (top), bipartite
entanglement entropy (bottom left) and logarithm of the overlap with the
CDW state (bottom right) of the eigenstates as a function of their energy.
Figures taken from Ref. [48].

observables lies close to the prediction of the canonical ensemble. However,
there are some states (the "scars", indicated by a red cross) with highly non-
thermal expectation values, and other states that look like towers departing
from them, with weakly non-thermal values. The �rst states are almost
equally spaced in energy, their number grows linearly with system size, and
they form a band which extends across the whole spectrum, from the ground
state to the highest energy state. Also the entanglement entropyS of these
eigenstates shows non-thermal scaling (Fig. 1.5, lower left panel): compared
to the cloud of thermal states with volume law entanglement entropy, the
scarred eigenstates have anomalously small values, that scale withlogL.
All these observations suggest that this model "weakly" breaks ergodicity,
in the sense that few states [O(L) out of O(ecL ) eigenstates] do not satisfy
the ETH. One may expect that such a small number of states does not
alter signi�cantly the non-equilibrium dynamics after a quantum quench.
While this is true for the majority of states that can be prepared in an
experiment, the CDW state is a remarkable exception. The reason for this
is illustrated in the lower right panel of Fig. 1.5: the CDW state (jZi 2) has
substantially larger overlap with the band of scarred states than with the
other eigenstates; therefore its dynamics is predominantly a�ected by them
and exhibits persistent oscillations at a frequency given by the energy gap
between the scars.
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1.3.3 Open questions

Quantum scars are the origin of the anomalous dynamics observed in the
Rydberg atom array, but this explanation is far from being conclusive, be-
cause the existence of scars poses a number of questions for future research.
First of all, whether these states continue to exist in the thermodynamic
limit still stands as an open problem: numerical studies reveal that for
L � 34 some signals of a possible hybridization between scars and thermal
states start to appear. In this context, understanding the stability of scars
under perturbations and the mechanism underlying their hybridization is
an important direction, that we investigate in Chapter 2.

Together with the fate of scars in the thermodynamic limit, another
� perhaps even more fundamental � question is what their origin is, and
in what kind of systems we can expect to �nd them. Di�erent general
mechanisms have been studied and a number of models with various types
of quantum scars have already been identi�ed. Lin and Motrunich [52]
found that the PXP model supports other scars, that do not belong to
the band previously studied: these new scars can be written as exact MPS
states with �nite bond dimension, they have area law entanglement, non-
thermal expectation values of local observables, and they survive in the
thermodynamic limit. More on these states and their stability is discussed
in Chapter 2, where we also introduce novel MPS states for generalized PXP
models.

Some of the known mechanisms for quantum scars rely on the presence
of a spectrum-generating algebra: in these models a tower of scarred eigen-
states is obtained by repeated application of an operator, which can be
interpreted as a creation operator of a quasi-particle. Examples of these
kinds of scars include� -pairing states of the Hubbard model, the scars of
the AKLT model and of spin-1 XY magnets [53�63]. Some examples of scars
that do not fall in this category are illustrated in Chapter 3, where we show
that scars emerge "statistically" in a class of quantum random networks,
and in Chapter 4, where we show that quantum scars can appear in models
with lattice supersymmetry.

Another mechanism for embedding ETH-violating eigenstates in a ther-
mal spectrum was already known before the scars of the PXP model were
discovered. This construction, proposed by Shiraishi and Mori [64], is based
on local projectorsPj and a subspaceT of the Hilbert space for which
Pj T = 0. Given a Hamiltonian H 0 that satis�es [H 0; Pj ] = 0, the (generi-
cally non-integrable) Hamiltonian

H =
X

j

Pj hj Pj + H 0 (1.10)

hasdim T candidate scarred eigenstates (the eigenstates ofH restricted to
T ).
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Despite various mechanisms and many examples that have been discov-
ered, the origin of quantum scars still requires vast investigation. In partic-
ular, the possible connections of quantum scars with lattice gauge theories,
with con�nement and with kinetic constraints � which have been partially
explored in the works reported in this thesis � are intriguing directions for
future research.





Chapter 2

Exact many-body scars and their
stability in constrained quantum
chains

Quantum scars in the PXP model were originally used to explain the slow
dynamics observed by evolving a charge-density wave (CDW) initial state in
the above-mentioned experiment with Rydberg atoms: for a chain of length
L, there are L + 1 scar eigenstates, with a large overlap with the CDW,
spread throughout the spectrum and (approximately) equally spaced in en-
ergy. Crucially, numerical results reveal hybridization of these scars with
thermal eigenstates, implying that they are not stable in the thermody-
namic limit [48]. Therefore the resulting dynamics from this initial state
is expected to eventually thermalize. However, two exact uniform matrix
product eigenstates have been found for all (even) system sizes [52]. This
fact demonstrated the existence of ETH violating eigenstates that survive
in the in�nite size limit, and motivated the study of their stability against
perturbation. In Ref. [65] the authors address this problem by using per-
turbation theory: from the scaling of the averaged matrix elements, they
�nd no qualitative di�erence between the scars and thermal eigenstates, and
thus deduce that the scars are not stable against perturbations. Nonethe-
less, they claim that thermalization is slow, because of parametrically small
matrix elements and prove the rigorous lower bound for the thermaliza-
tion time t � s O(� � 1=(1+ d)), whered is the spatial dimension and� is the
perturbation strength.

Here, we analyse a di�erent quantity (the �delity susceptibility), which
is a renowned probe of quantum chaos [66�68], and is not subject to the
arbitrariness of the averaging procedure. Part of our results contrast with
Ref. [65], showing that the scars with zero energy have a completely di�er-
ent behavior from thermal eigenstates and are anomalously stable to �rst
order in perturbation theory. These �ndings suggest that thermalization
of quantum scars is even slower than previously expected, being originated
from e�ects beyond the �rst perturbative order.

15
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We remark that this anomalous stability is observed only for scars with
zero energy, so we cannot conjecture a similar mechanism for explaining
the persistence of non-exact scars at �nite energy in the PXP model. In
fact, although a construction based on a "single mode approximation" sug-
gests a possible connection between the band ofL + 1 quantum scars at all
energies to the MPS quantum scars at zero energy [52], these two sets of
low-entropy eigenstates appear to have di�erent origin. For example, while
the former are stabilized by a speci�c �ne-tuned perturbation [69] and have
logarithmic scaling of entanglement entropy with system size, the latter are
destroyed by the same perturbation and have �nite entanglement entropy
in the thermodynamic limit.

In order to frame our �nding about scar stability in the broader picture of
ETH violations in constrained quantum systems, we prove that a novel set of
exact eigenstates arising at zero energy (and at non-zero energy, when open
boundary conditions are imposed) exist in generalized PXP models with
radius of contraint � > 1. We do not �nd a band of eigenstates equally
spaced in energy like the one observed in the PXP model. These results
suggest that exact scars are a generic property of one-dimensional models
constrained by Rydberg blockade. We then extend our stability analysis to
this second set of scars, and show how, in analogy with the� = 1 case, they
display anomalous stability.

The chapter is structured as follows. In Sec. 2.1, we introduce the PXP
model and the scar eigenstates, and we set the notation for the follow-
ing sections. In Sec. 2.2 we introduce the �delity susceptibility and the
eigenstate thermalization hypothesis, and put forward a link between such
observable and a recently proposed spectral version of the adiabatic gauge
potential [68, 70]. In Sec. 2.3 we focus on the models with radius of con-
straints � > 1: we discuss their properties in light of the ETH, we show
that they obey Wigner-Dyson spectral statistics (Sec. 2.3.1); we describe
the exact scars withE = 0 as product states of "dimers" (Sec. 2.3.2), and
the exact scars withE 6= 0 as matrix product states (Sec. 2.3.3); �nally,
we show that the exact scars withE = 0 are anomalously stable against
perturbations (Sec. 2.3.5).

2.1 PXP model

The model we consider is the PXP model, introduced in Section 1.3. We
report here, for convenience, the Hamiltonian in terms of the Pauli matrices
X i ; Yi ; Z i at site i and the operatorsPi = (1 � Z i )=2, ni = (1 + Z i )=2. In
the constrained space we de�ne

H0 = X 1P2 +
L � 1X

j =2

Pj � 1X j Pj +1 + PL � 1X L (2.1)

for open boundary conditions and



2.1. PXP MODEL 17

H0 =
LX

j =1

Pj � 1X j Pj +1 (2.2)

with the identi�cation of the sites j � j + L for periodic boundary conditions.
We are interested in the e�ects induced by a perturbationV that has the
same symmetries ofH0. More concretely, the Hamiltonian isH = H0 + �V ,
where

V = X 1P2Z3 +
L � 2X

j =2

Pj � 1X j Pj +1 Z j +2

+
L � 1X

j =3

Z j � 2Pj � 1X j Pj +1 + ZL � 2PL � 1X L (2.3)

for the case of open boundary conditions and

V =
LX

j =1

(Pj � 1X j Pj +1 Z j +2 + Z j � 2Pj � 1X j Pj +1 ) (2.4)

for periodic boundary conditions.
Both H0 and V commute with the space re�ection symmetryI and anti-

commute with the particle-hole symmetryCph =
Q

i � z
i . As a consequence,

the spectrum is symmetric with respect to the eigenvalueE = 0 and the
energy zero eigenspace has a dimension growing exponentially with system
size [71]. For more details about the peculiar properties of the spectrum we
refer to Appendix A.1.

Many-body scars

As stated above, many-body scars are states that do not satisfy ETH. It
was shown in Ref. [47] that the spectrum of the PXP model exhibits a band
of equally-spaced many-body scars. These scars were responsible for the
observation of long-lived oscillation in the Rydberg atom experiment [46].
Their exact form is not known analytically, and their persistence in the
thermodynamic limit is still an open question. However, as was shown in
Ref. [52],H0 has also some exact scars in the form of MPS eigenstates at
�nite energy density. For open boundary conditions they are de�ned as

j� i;j i =
1

p
N i;j

X

f � g

vT
i A � 1 � 2 : : : A� L � 1 � L vj j� 1� 2 : : : � L � 1� L i (2.5)

with

A00 =
�

0 � 1
1 0

�
; A01 =

� p
2 0

0 0

�
; A10 =

�
0 0
0 �

p
2

�
; (2.6)
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i; j = 1; 2, N i;j = 2[3L=2 + ( � 1)L=2+ i + j ] and v1 = (1 ; 1)T , v2 = (1 ; � 1)T .
� 12 has energy

p
2, � 21 has energy�

p
2, whereas� 11 and � 22 have energy

0. In the next sections, we will focus on scars with well-de�ned inversion
quantum number, so we de�nej� I i = ( j� 11i � j � 22i )=

p
2 � 2h� 11j� 22i .

For periodic boundary conditions, the two scarred eigenstatesj� 1i and
j� 2i are de�ned as

j� 1i =
1

p
N �

X

f � g

Tr [A � 1 � 2 : : : A� L � 1 � L ] j� 1� 2 : : : � L � 1� L i (2.7)

and j� 2i = Tx j� 1i , whereTx is the translation operator andN � = 3L=2 +
2 + ( � 1)L=2. Both have energy 0. Their properties under the symmetries
are the following: I j� i i = ( � 1)L=2 j� i i and Cph j� i i = ( � 1)L=2 j� i i for
i = 1; 2. We will work with the linear combinations j� K =0 ;� i = ( j� 1i �
j� 2i )=

p
2 � 2h� 1j� 2i . Even though these are not responsible for the per-

sistent oscillations observed in experiments, their putative stability in the
thermodynamic limit outlines their importance.

2.2 Perturbation theory and Eigenstate Ther-
malization Hypothesis

It is crucial to understand how to de�ne stability for these kind of eigen-
states. In general, we will say that an eigenstate ofH0 is stable if it can be
deformed to an eigenstate ofH0 + �V with a local unitary transformation
in the thermodynamic limit. Usually this criterion is satis�ed by ground
states in gapped systems. Here we are interested in the scarsj� �� i and
j� i i which are in the middle of a dense spectrum, in the absence of a gap
to protect them. The local character of the transformation, if it exists,
should guarantee that a stable scar retains its character (no ETH and area
law entanglement) in the thermodynamic limit. For generic eigenstates, no
stability is expected. This can be understood as a consequence of the Eigen-
state Thermalization Hypothesis (ETH): to �rst order in the perturbation
strength � , the perturbed eigenstate can be written as

jn0i + � jn1i = jn0i + �
X

m6= n

hm0jV jn0i
E 0

n � E 0
m

jm0i : (2.8)

According to ETH, the o�-diagonal matrix element hm0jV jn0i scales as
exp(� S=2), whereS is the extensive thermodynamic entropy of the system.
The energy denominator, on the other hand, scales asexp(� S) for nearby
eigenstates. This simple argument implies that the �rst order correction
diverges exponentially in the system sizeL.

Hence, a natural question to answer is whether the �rst order correction
to the scars behaves according to the scaling predicted by ETH or not. In
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Figure 2.1: Absolute value of the ratio between the matrix element and the
energy di�erence between a target state and a state of the spectrum. The
same data are represented in a larger (�rst row) and in a smaller (second
row) range of energy di�erence. The target states are the scars eigenstates
j� 21i (a,d), j� I i (b,e) de�ned in Sec. 2.1 and a thermal eigenstatej� th i (c,f)
taken as the third eigenstate afterj� 21i in order of increasing energy. The
clear peak observed when a thermal eigenstatej� th i is considered is not
present for the scars eigenstates, pointing at a suppression of the matrix
elements of the perturbation for the latter states.

Ref. [65], it was found that the matrix elementshm0jV j� i averaged over
a certain set of eigenstatesfj m0ig close in energy toj� i do indeed scale
as exp(� S=2), where j� i is one of the scars for the case of open boundary
conditions. This is however not su�cient to claim instability: the matrix
elements which are responsible for the divergence are the ones involving
states that are very close in energy. As can be seen in Fig. 2.1, the matrix
elements weighted with the inverse energy gaps behave very di�erently for
the scars and for generic thermal states: the vanishing denominator pro-
duces a peak in the case of a thermal state; the scars, despite the vanishing
energy gaps, do not exhibit this peak, signalling a suppression of matrix
elements for small gaps. Moreover, the averaging procedure of matrix ele-
ments introduces some arbitrariness in this respect: the result depends on
the choice of the set of eigenstates that are included in the average.

In this work, we propose to diagnose the stability of scar eigenstates by
studying the �delity susceptibility, de�ned as [72]

� F
�
jn0i

�
= lim

� ! 0

� 2 ln j hn0jn� i j
� 2

(2.9)

where jn0i is an eigenstate ofH0 and jn� i is the eigenstate ofH0 + �V
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obtained from jn0i with a perturbative construction in � . From the explicit
construction of the state, one �nds1

� F
�
jn0i

�
=

X

m6= n

�
�
�
�
hm0jV jn0i
E 0

n � E 0
m

�
�
�
�

2

: (2.10)

The �delity susceptibility is a measure of the response of an eigenstate to
perturbations: when averaged over di�erent eigenstates, for example, it has
been very recently used as a measure of quantum chaos [68,70]. For gapped
ground states of local Hamiltonians, it is expected to scale as� F s L with
the system sizeL. On the other hand, as argued above, ETH implies a
scaling� F s exp(L) for eigenstates at �nite energy density.

Note that, due to the special properties of this perturbation, all the
matrix elements ofV between zero energy states vanish (see Appendix A.1):
as a consequence, the �delity susceptibility is well-de�ned even for states
in the exponentially degenerate zero-energy manifold and can be computed
for all the scarred eigenstates.

We obtain that only a subset of the exact scars appear to be stable.
Indeed the scaling of the �delity susceptibility for the scarsj� K =0 i (for
the case of periodic boundary conditions) andj� I i (for the case of open
boundary conditions) shown in Fig. 2.2 suggests a linear dependence2 � F s
L, as evidenced by the solid lines. On the contrary, the scaling forj� 21i
and for the generic thermal eigenstatesj� th i and j� th i 3 are compatible with
an exponential growth (dashed lines), as predicted by ETH. These results
show that j� K =0 i and j� I i are perturbatively stable to an in�nitesimal
perturbation. We note that these di�erences are not only qualitatively
manifest (power versus exponential scaling), but also quantitatively striking,
so that the di�erent scaling regimes can be diagnosed despite the fact that
our analysis is limited to modest system sizes up toL = 32 spins.

We now want to understand if they are also stable to a �nite strength
� of the perturbation. If these states were akin to gapped ground states,
we would have expected stability to hold in the thermodynamic limit for a
�nite � as long as it is much smaller than the gap. The absence of a gap
makes the quest for an energy scale associated with scars much less obvious.

To address this problem, we compute the statesj� �
K =0 i and j� �

i i ob-
tained by perturbing the scarsj� K =0 i and j� I i in the following way

j� �
K =0 i =

1
N �

�

1
1 + �QH � 1

0 QV
j� K =0 i (2.11)

1We use that jn� i = ( jn0i + jn? i )=kjn0i + jn? ik , with hn? jn0i = 0 to obtain hn0jn� i =
kjn0i + jn? ik � 1 = (1 + hn? jn? i ) � 1=2 = 1 � 1

2 � 2 hn1jn1i + O(� 3).
2On top of the linear growth, the scaling for the scarj� K =0 i is subject to an even-odd

e�ect related to the di�erent parity under inversion symmetry of the state ( I = ( � 1)L= 2).
3The state j� th i is chosen as the third eigenstate afterj� 21 i in increasing order of

energy. The statej� th i is the state with energy closest to� 0:3.
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Figure 2.2: Scaling of the �delity susceptibility with system size. The re-
sults shown refer to the states (a)j� th i , j� 21i and j� I i with open boundary
conditions and to the states (c)j� th i and j� K =0 i with periodic boundary
conditions. As can be seen in the panels with lineary-scale (b), (d), the
scaling of the �delity susceptibility of a zero energy scar eigenstate is poly-
nomial with the system size, in sharp contrast to what happens for thermal
eigenstates or scars at non-zero energy (a),(c). Solid lines are �ts for the
linear scalings (the two di�erent lines for� K =0 capture the even-odd e�ect),
dashed lines are �ts for exponential scalings.
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j� �
I i =

1
N �

�

1
1 + �QH � 1

0 QV
j� I i (2.12)

where Q projects on the subspace withE0 6= 0, and N �
� , N �

� are normal-
izing factors. The statesj� �

K =0 i and j� �
I i are the perturbed eigenstates to

in�nite order in perturbation theory 4. We numerically compute the von
Neumann bipartite entanglement entropyS(� ) of these states for di�erent
system sizes (Fig. 2.3). This quantity exhibits peaks that get closer to
� = 0 as L increases, indicating a stronger and stronger hybridization with
other eigenstates in the spectrum. This fact strongly suggests that, despite
the stability observed to �rst order in perturbation theory, the scars are
ultimately not stable for �nite � 6= 0 5.

Figure 2.3: Bipartite entanglement entropy of the states (a)j� �
K =0 i and (b)

j� �
I i as a function of� . Peaks in this quantity signal hybridization of the

perturbed state with thermal eigenstates. By increasing the system size, we
�nd peaks closer and closer to� = 0, suggesting that the scar eigenstates
are not stable in the thermodynamic limit.

2.3 Models with radius of constraint � > 1

Since the �rst studies on the PXP model, several other instances of quantum
many-body scars have been put forward [3, 4, 55, 56, 58�62, 73�80]. While
it is tempting to extend some of the �ndings above to a general setting,
we refrain from this for the very simple reason that PXP models have a

4The expressions are obtained using the fact that the perturbative corrections to the
energy of the scarsj� I i and j� K =0 i are zero for all orders in perturbation theory. For
a state with this property one has that H0 jnj +1 i = V jnj i , where

P 1
j =0 � j jnj i is the

formal expression of the perturbative series of the eigenstate. A resummation of the
geometric series yields the expressions in Eqs. (2.11) and (2.12).

5We note that performing a rigorous �nite-size scaling analysis for the position of the
�rst peak versus system size is tricky for two reasons:(i) we can only consider a coarse
grained set of values of� , so that we can only put an upper bound on the position of
the peak, and (ii) the peaks may be due in principle to di�erent level crossing, making
a �nite-size extrapolation not fully reliable. Our conclusion is based on the fact that
we systematically observe the peak moving towards vanishing perturbations, with no
exception, very rapidly with system size.
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characteristic feature - a constrainted Hilbert space that cannot be reduced
in tensor product form - that is not present in other instances of quantum
scars. We pursue instead an alternative route, based on investigating the
stability of quantum scars in an enlarged class of constrained models.

Speci�cally, we consider a generalization of the PXP model, where we
extend the constraint to the sites within an integer radius� , i.e. ni nj = 0
wheneverji � j j � � , with nj = Z j +1

2 . The Hamiltonian has the form:

H �
0 =

X

i

Pi � � : : : Pi � 1X i Pi +1 : : : Pi + � ; (2.13)

wherePj is the projector on the statej0i . The Hamiltonian (2.13) coincides
with the PXP model for � = 1 and arises as an e�ective approximation of
the long-range Hamiltonian describing Rydberg atom arrays when the (con-
tinuous) blockade radius is increased (by, e.g., tuning the distance between
the atoms). Similarly to the PXP model, this Hamiltonian commutes with
the re�ection symmetry I and anticommutes with the particle-hole symme-
try Cph, and the spectrum has the same properties (see Appendix A.1).

2.3.1 Spectral statistics

In this section we analyze the spectral statistics of the Hamiltonian in
Eq. (2.13) for di�erent values of � . We use as a measure the ratio between
nearby gaps:

r =
DMinf � En ; � En+1 g

Maxf � En ; � En+1 g

E
; (2.14)

where the average is taken over the full spectrum. For an ergodic system,
this quantity is expected to �ow to the value rW D ' 0:53 associated with
a Wigner-Dyson statistics. While for � = 1 ergodicity has been already
veri�ed in various works [48, 81], we check this assumption when� > 1 in
Figs. 2.4, where we show the values ofr for di�erent � and system sizes.
In all the cases considered (re�ection sectorI = +1 with open boundary
condition, re�ection sectors I = +1 and I = � 1 with momentum K = 0
and periodic boundary conditions) we �nd a clear �ow torW D for increasing
system sizes. We can therefore argue that the system has a spectral statistics
that is compatible with ergodicity.

2.3.2 Exact scars with E = 0

We now show that, although the models considered here satisfy the Wigner-
Dyson spectral statistics, some states in the spectrum have �nite entangle-
ment entropy in the thermodynamic limit and hence violate the eigenstate
thermalization hypothesis.

For a system withL = ( � + 2) n (with n integer), consider the following
state
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Figure 2.4: Ratio r de�ned in Eq. (2.14) averaged over the full spectrum.
The colors label di�erent values of� . The dashed horizontal line is the value
rW D associated with Wigner-Dyson statistics, that appears to be satis�ed
for all the values of� considered.

j� � i =
n� 1O

i =0

�
(j01i � j 10i ) j0: : : 0| {z }

�

i
�

bi
(2.15)

where the indexbi labels blocks of� + 2 sites. The state of the �rst two
sites of a block is an antisymmetric superposition (that we call adimer)
and hence is annihilated by the summed spin �ip. All the other sites of
a block cannot be �ipped: they are "frozen" by the previous or the next
dimer. Therefore, the statej� � i (and all the states obtained from it by
translations) is a scar with energyE = 0 for generic� > 1.

We can construct many exact scars withE = 0 by placing dimers (de-
picted in red in Fig. 2.5) on the chain. Two dimers must be separated by a
number ` of zeros in the range� � ` � 2� � 2. We can also have longer-
range dimers involving sites that are not nearest neighbours. In this case,
the number ` of zeros between two dimers of ranger1 and r2 must be in the
interval � � ` � 2� � r1 � r2. This last condition implies that the ranges
of two consecutive dimers are bounded byr1 + r2 � � .

This construction works also in the case of open boundary conditions,
with the following rules for the boundaries: if the �rst (last) dimer of the
chain has ranger , then the number of zeros preceding (following) it must
be ` � � � r .

We note that the structure of these states, that we write as product
states of dimers, is reminiscent of the construction of scar eigenstates found
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Figure 2.5: Some eigenstates withE = 0. (a) The state j� � i is made of
dimers (in red) separated by sequences of0s of length � . (b) Dimers can
have ranger > 1. (c) Dimers can be separated by any distancè, such that
� � ` � 2� � r1 � r2.

in other constrained models [3,82].

2.3.3 Exact scars with E 6= 0

In the following, we will show that the models of Eq. (2.13) have scars also
at E 6= 0 when open boundary conditions are imposed. While, as we have
shown in Sec. 2.3.2, it is possible to write many exactE = 0 eigenstates
as product states of dimers, for these scars we need to resort to a more
involved construction: we write them as matrix product states with �nite
bond dimension, independent of the system size.

Exact scars with E = �
p

3

For system sizesL = ( � + 2) n + 3, with n integer, we are able to write two
exact scars with energyE = �

p
3 as matrix product states. To de�ne these

states, we divide the chain in blocks labelled from1 to 2n + 1: the blocks
labelled by odd numbers contain 3 sites, while the blocks labelled by even
numbers contain� � 1 sites. As we prove in Appendix A.4, the following
state is an exact eigenstate with energyE =

p
3:

j (3)
� i =

X

~s

h
(1; 0)T � N s1 M s2 : : : M s2n N s2n +1 � (0; 1)

i
j~si (2.16)

wheres1; s2; : : : ; s2n+1 label the states of the blocks and

M s =

(
1 if s = 00 : : : 00

0 otherwise;
(2.17)
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N 000 =
�

0
p

3
0 0

�
; N 100 =

�
0 1
0 1

�
; (2.18)

N 010 =
�

1 1
0 � 1

�
; N 001 =

�
� 1 1
0 0

�
: (2.19)

From the relation CphH �
0 = � H �

0 Cph we immediately �nd that the state
j (� 3)

� i = Cph j (3)
� i is another eigenstate ofH �

0 with eigenvalueE = �
p

3.
We also note that the state obtained by taking the trace in Eq. (2.16) is a
zero energy eigenstate forL = ( � + 2) n + 3 when open boundary conditions
are imposed. Moreover, removing the matrixN at one of the two boundaries
we can construct an MPS that is invariant under translations of� + 2 sites

j' � i =
X

~s

Tr( B s1 B s2 : : : B sn ) j~si ; (2.20)

whereB = MN and si runs through the 3 allowed states of thei -th block,
made of � + 2 sites. This state is a zero energy eigenstate for periodic
boundary conditions and system sizesL = ( � +2) n, and it has non-vanishing
overlap with the dimer eigenstates of Sec. 2.3.2; however, for generic�
it has a component that is independent of those states. The matrixB
yields a non-injective MPS, whose parent Hamiltonian has a degenerate
groundspace [83]. In fact, the state in Eq. (2.20) can be written as a cat
state

j' � i =

" �
jL i +

1
2

jRi �
3
2

jCi
�

j0: : : 0| {z }
� � 1

i

#
 n

+

" �
1
2

jL i + jRi �
3
2

jCi
�

j0: : : 0| {z }
� � 1

i

#
 n

= j' 1
� i + j' 2

� i ; (2.21)

where jL i = j100i , jCi = j010i and jRi = j001i . The parent Hamiltonian
of this state has j' 1

� i � j ' 2
� i as the two degenerate ground states. This

is in contrast with the eigenstates of Ref. [52] (j� 1i and j� 2i in Sec. 2.1)
which are injective MPSs, and thus unique ground states of their parent
Hamiltonian.

Exact scars with E = �
p

q

We �nd that other (possibly degenerate) MPS scars appear at energies
E = �

p
q with q integer. This property is a consequence of the structure

of these matrix product states. Similarly to the case of periodic boundary
conditions, the action of the Hamiltonian on these states is such that the
complicated interaction is decoupled into smaller non-interacting blocks.
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Their energies are therefore determined by the energy of a single block:
in the cases we consider, the energy of a block can be0 or �

p
q where

q � � +1 is the size of the block. In Appendix A.5 we write down explicitly
some exact eigenstates ofH �

0 with energy E = �
p

2 for � = 3.

2.3.4 Relation with exact scars for � = 1

The exact scars described here are reminiscent of the ones found in Ref. [52]:
there, it was shown that the PXP model (� = 1) has exact MPS scars at
E = 0 for periodic boundary conditions, and both atE = 0 and E = �

p
2

when open boundary conditions are imposed. The states we study for� � 2,
however, show a qualitative di�erence with respect to them: in the case of
open boundary conditions, the energy density pro�le does not have peaks at
the edges, but has a pattern that is uniformly repeated in the full system.
As we will explain in this Section, this di�erence can be understood from
the MPS structure of these states.

The scars in Eq. (2.5) have the form of AKLT states in which two-site
blocks play the role ofS = 1 spin variables. As we show in Appendix A.3,
the energy density of the PXP model corresponds to the local magnetization
of the AKLT state in the z direction. The boundary properties of the scars
can be interpreted using the "dilute antiferromagnet" representation of the
AKLT state: in the Sz basis, the state is a superposition of con�gurations
with alternating + and � , and with an arbitrary number of 0 placed in
between. The di�erent boundary vectors�; � of j� �� i �x the sign of the
�rst and last non-zero spins of the con�gurations. Therefore, the local
magnetization is non-zero close to the boundaries but goes to0 far from
them.

The state in Eq. (2.16), on the other hand, has a very di�erent structure:
if we use, once again, a basis in which the local energy corresponds to a local
magnetization, we can writej (3)

� i as a superposition of con�gurations with
a single+ (on one of the 3-site blocks), and0 magnetization everywhere else.
Therefore, in contrast with the dilute antiferromagnet of the scarsj� �� i ,
this state is reminiscent of a spin wave, with a single magnetic excitation
uniformly spread over the chain.

2.3.5 Stability

We now analyse the response of the exact scars described above to a per-
turbation. The perturbation we apply is

V � =
X

i

Z i � � � 1Pi � � : : : Pi � 1X i Pi +1 : : : Pi + � +

Pi � � : : : Pi � 1X i Pi +1 : : : Pi + � Z i + � +1 : (2.22)

This term has the same symmetries ofH �
0 , namely it commutes with I

and anticommutes with Cph. Similarly to the PXP case, we use the �-
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delity susceptibility to check whether these states are stable to �rst order
in perturbation theory.

Figure 2.6: Scaling of the �delity susceptibility with system size. The re-
sults shown refer to the generic states� th (upper left panel) and the scarred
eigenstates� � (upper right panel and lower panels). Dashed lines are ob-
tained from �ts with an exponential scaling, solid lines with linear scaling.
The result points at the same behavior occuring in the PXP model.

In Fig. 2.6, we present the results of the stability analysis. In the upper
left panel, we plot the �delity susceptibility of a generic (thermal) eigen-
state of the spectrumj� th i (chosen as the eigenstate with energy closest to
1:9; 1:7; 1:35 for � = 2; 3; 4 respectively): for every� , the scaling with sys-
tem size is exponential, as expected from ETH (dashed lines). In the other
panels, we plot instead the �delity susceptibility of the scarsj� � i de�ned in
Eq. (2.15): the scaling here is linear6 (solid lines) for every� , signalling a
clear violation of ETH. These results suggest that the anomalous stability
of the scars withE = 0 is a generic feature of this class of one-dimensional
models constrained by Rydberg blockade.

2.4 Conclusions

In this work, we investigated the stability against perturbations of exact
quantum scars arising in spin chains constrained by Rydberg blockade. We
�rst analysed the PXP model and found that some of the MPS scars found
in Ref. [52] exhibit a power law scaling of the �delity susceptibility with

6Similarly to the state j� K =0 i in Fig.2.2-(d), the scaling for j� � i is subject to an even-
odd e�ect related to the di�erent parity under inversion symmetry ( I = ( � 1)L= ( � +2) ).
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system size. This result is a signature of their stability, a remarkable fea-
ture for eigenstates in the middle of a dense many-body spectrum. This
fact is however limited to �rst order in perturbation theory, as a numerical
analysis of the higher-order perturbative corrections reveals hybridization
of exact scars eigenstates with thermal eigenstates. This behavior is remi-
niscent of the many-body "dark states" observed in Refs. [84,85]. We �nd
the anomalous scaling of the �delity susceptibility only for scars with zero
energy, suggesting that the properties of theE = 0 subspace, such as the
exponential degeneracy enforced by the invariance of this subspace under
particle-hole and inversion symmetries, may be a key factor in stabilizing
these states. Although not shown here, if we perturb with a term that
breaks these properties, we �nd no signatures of stability for any of these
low-entropy eigenstates.

To validate these conclusions, we extended our discussion to models with
larger blockade radius� . First, we constructed novel classes of states that
are exact scars eigenstates for any� and have energy eigenvaluesE = 0
and E = �

p
q (with q integer). The construction is based on an e�ective

decoupling of the sites of the chain into "non-interacting blocks", and allows
us to write these states into simple matrix product form. We then studied
their �delity susceptibility under perturbations that do not spoil the expo-
nential degeneracy of the zero-energy eigenspace, a common property of the
family of constrained models we analysed. Also in this case, we found these
eigenstates to be stable at �rst perturbative order when they belong to the
E = 0 subspace.

Our results suggest that an increasing number of exact MPS scars ap-
pear in the spectrum for larger values of� , and their complete classi�cation
is beyond the scope of this work. It is also worth noticing that, contrarily
to the � = 1 case (PXP model), no "approximate scars" eigenstates � akin
to the ones found in Ref. [47] � appear for� > 1, as can be seen from
an inspection of the bipartite entanglement entropy of each eigenstate as a
function of the energy. This fact provides strong indications that there is, in
general, no relationship between the appearance of eigenstates with low en-
tanglement entropy, equally spread uniformly in the energy spectrum, and
the existence of exact MPS eigenstates in spin models constrained by Ryd-
berg blockade. It stands as an open question whether these new exact MPS
states can lead to clear experimental signatures, since, having no recurrent
spectral structure, they are not expected to play any role in anomalous os-
cillations observed in experiments (that, indeed, were not reported for larger
constraint radii).

From a methodological standpoint, our results suggest that generaliza-
tions of the �delity susceptibility to spectral properties can provide useful
quantitative insights on the stability of ETH, in agreement with recent ap-
plications to quantum chaos diagnostics proposed in Ref. [68,70].





Chapter 3

Quantum local random networks
and the statistical robustness of
quantum scars

As discussed in Section 1.3, the �eld of quantum scars has by now rapidly
grown, both theoretically and experimentally. However, a crucial question
has remained largely unanswered: are those states genuine many-body ef-
fects, that persist in the thermodynamic limit, or are they ultimately going
to disappear due to the inevitable mixing to 'thermal' states? As speculated
in [65], the bands of (approximate) scars of the PXP model may arise from
the similarity with another model possessing exact scars. To understand if
the approximate scars survive in the thermodynamic limit, it would then
be crucial to understand whether exact scars are robust to perturbation or
they disappear due to the hybridization with thermal states.

In Chapter 2, we investigated the stability of exact scars, showing that
these states are sensitive to arbitrarily small perturbations (though ex-
tremely weakly), which cause them to ultimately disappear in the thermo-
dynamic limit. We now want to investigate a di�erent type of "stability":
while the approach to quantum scarring typically pivots around the analysis
of spectral properties of "deterministic" models, here, we pursue a di�erent
approach, and analyze the stability of scar manifolds statistically. It was
already noticed that the network representation of the Hamiltonian is par-
ticularly convenient to understand many properties of constrained models
displaying scars [51] (or even shattering of the Hilbert space [86,87]): these
models are geometrically equivalent to unweighted simple1 networks, with
a number of nodes exponentially large in system sizeN , but an average
degree per node only linear inN as a result of the locality of the Hamil-
tonian [47]. We build upon this analogy to de�ne a general ensemble of
Hamiltonians, calledquantum local random network models, which includes

1A simple graph is a graph that does not have more than one edge between any two
vertices and no edge starts and ends at the same vertex.

31
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the PXP model as a particular realization. Hamiltonians belonging to this
ensemble are the adjacency matrices of networks whose nodes are indexed
by a string of quantum numbers (e.g.,f 01001: : : g) while edges are drawn
randomly with probability p only among vertices di�ering by local moves
(spin �ips): in this way, the constraints are statistically encoded in the
dynamics.

We study in detail the spectra and the corresponding eigenfunctions and
prove that generic Hamiltonians in this class can display two types of scars,
stochasticand statistical which are both localized on the network. Their
di�erence is reminiscent of the di�erence between size dependent [47] and
exact scars [52] in the PXP model:stochastic scars occur at parameter-
dependent energies which, for our models below, �uctuate wildly among
di�erent realizations, while statistical scars occur always at speci�c energies
� = 0; � 1; �

p
2; �

p
3; � (

p
5� 1)=2; : : : , whose values are governed by spec-

tral graph theory [88,89]. A study of the scaling of the average degeneracy
of statistical scars as a function of system size suggests the possible occur-
rence of (a series of) an eigenstate phase transition aroundpc ' 0:2 between
a phase in which scars proliferate and one in which their number decreases.

3.1 Quantum local random networks

The �rst model in which quantum scars were discovered is the PXP model [51]
which, on a chain ofN sites with open boundary conditions, is de�ned by

HP XP =
N � 2X

i =1

Pi X i +1 Pi +2 + X 1P2 + PN � 1X N ; (3.1)

wherePi = (1 � Z i )=2 and X i ; Z i are local Pauli matrices. The dynamics of
the PXP model is highly constrained (re�ecting the microscopic mechanism
of Rydberg blockade [46, 90]): it is impossible to �ip a spin from down
to up, if one of its nearest neighbours is up. Interestingly, the model in
the subspace containing the spin-down statej � � � : : : i can be represented
as a tight-binding Hamiltonian on a speci�c network (Fibonacci or Lucas
cube) [47].

While the majority of scars, identi�ed through their overlap with the
Z2 state j � � � � : : : i and their low entanglement entropy, feature size-
dependent e�ects, it was recently shown [52] that this model possesses also
a few exact scar states (of the form of exact matrix product states) in the
thermodynamic limit at the special energies� = 0; �

p
2. Individual scars

are unstable with respect to perturbations: perturbations respecting the
symmetries of the PXP model make them evaporate in the continuum of
ergodic states. The instability of individual scars does not imply however
that deformations of the PXP model cannot possess ascar manifold, i.e., a
set of non-ergodic, low-entangled states immersed in the ergodic continuum,
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Figure 3.1: (a) Illustrative example of a QLRN: states di�ering by a single
spin �ip have probability p of being connected by an edge. (b) Graphical rep-
resentation of an eigenstate with� = 0 localized in the periphery of the net-
work for N = 13, p = 0:15. The color indicates the weight of the eigenstate
on each node. The weight is concentrated on few nodes that are loosely con-
nected with the rest of the network. (c) Bipartite entanglement entropy and
(d) betweenness centrality of the eigenstates vs their energy forp = 0:15,
N = 14. The di�erent colors refer to di�erent realizations. Dashed grey
lines indicate the special energies (� � = � 1; �

p
2; � (

p
5 � 1)=2; �

p
3) asso-

ciated with stochastic scars. At these energies, degenerate eigenstates are
found, whose entanglement entropy and betweenness centrality are anoma-
lously small with respect to the other eigenstates belonging to the thermal
cloud.

which are not continuous deformations of PXP scars. In this case, the
existence of a scar manifold as a whole could be described asstatistically
stable.

In order to address such statistical stability we notice that a common
tract of constrained models is their representability as hopping Hamiltonians
on networks whose nodes are indexed in the computational basis (j f � gi
with � = � ; � for the PXP model). It is therefore appealing to embed the
PXP in a much broader ensemble of Hamiltonians, which we callQuantum
Local Random Networks(QLRN) sharing the common ingredients oflocality
(in a way we specify below) andconstrained dynamics.

Let us illustrate the construction of a QLRN in the simplest case (see
Fig. 3.1-(a)): consider the network whose vertices are the sequences ofN
elementsf � i g, where � i = 0; 1 and i = 1; : : : ; N , representing the compu-
tational basis of the Hilbert space of a spin system. Each pair of vertices
is connected by an edge with probability0 � p � 1 provided they di�er by
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a single �ip of a boolean variable. The adjacency matrix of the resulting
network is then the Hamiltonian whose spectrum and eigenfunctions will
be the subject of our study. We note that, in this context, locality is in-
tended in the sense that states connected by the Hamiltonian only di�er
by the properties of a single site. Evidently, while the PXP model is just a
particular realization of a QLRN, we expect the latter to be mimicking the
physics of the PXP model forp = 0:25 since in this model only one in four
con�gurations of the nearest neighbours of a spin allows it to be �ipped.

Note that, similarly to the PXP model, each Hamiltonian of the QLRN
ensemble has matrix elements only between states with oppositeZ parity (is
a bipartite graph), and hence anticommutes with the operatorC =

Q
i Z i .

As a consequence, the spectrum is symmetric around� = 0 and has a degen-
eracy in � = 0 that scales exponentially withN [71]. Another consequence
is that, from the point of view of network theory, in a QLRN the clustering
coe�cient of each node (which is proportional to the number of triangles
through that node [91]) is always zero, because the nearest neighbours of a
vertex have the same parity, so they cannot be joined by an edge.

3.2 Localized eigenstates

The use of the language of network theory in condensed matter physics
has a long history, starting from studies of Anderson-type localization in
generic networks [92], disorder-free localization on random trees [88] or as a
function of clustering coe�cient [93, 94]. The possibility to generate local-
ized states without disorder by taking advantage of geometrical constraints
suggests that models of this type could be of interest for numerous prob-
lems, as was recently recognized in the context of the physics of many-body
localization [95] and thermalization [96,97].

For QLRN, the physics of localization emerges immediately when one
considers the density of states vs.� for �xed system sizeN at di�erent p (see
Section A.6 in the Appendix): while forp = 1 the spectrum is obviously
the sequence of peaks associated to a spin of sizeN in unit magnetic �eld,
asp diminishes the peaks �rst broaden, merging in a bell shaped DOS with
a clear delta-function peak at� = 0. This peak, also observed in the DOS
of tight-binding models de�ned on random Erdös-Rényi networks [93], is
typically associated with localized states.

In our case, the peak is a consequence of the properties of the Hamilto-
nian under parity symmetry, as commented above. In the case of QLRN one
has to pay attention to a trivial type of localization associated to discon-
nected vertices which get isolated asp diminishes (a phenomenon similar to
the fragmentation of Hilbert spaces observed in Ref. [86,98]). Since in this
work we will be interested in non-trivial localized states on QLRN and their
connection to the physics of scars, in the following we will always identify
the giant connected component of a QLRN and study localized states in this
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