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Abstract
Frustration in many-body spin systems is a situation where the spins cannot orient
themselves to fully minimize the interactions with their neighbors. It is caused, in
general, by competing interactions or by the lattice structure, as in the antiferromag-
nets on non-bipartite lattices. Over the years frustrated systems have been studied
substantially, since frustration can destabilize the antiferromagnetic order, lead to
different phases of matter and induce various exotic properties.

Frustration can be caused also by a choice of boundary conditions, i.e. the lattice
topology. For instance, a ring with an odd number of sites is non-bipartite, which
makes antiferromagnets in this setting frustrated. The subject of this thesis are zero-
temperature one-dimensional quantum systems exactly in this setting.

The major content is discussing how such a simple setting can influence the an-
tiferromagnetic order, by studying spin-1/2 chains with discrete symmetries, whose
breaking is related to the onset of the order. After reviewing the known results on
topological frustration, dealing with non-thermodynamic quantities, we develop an
approach for studying symmetry breaking, that is both suitable for exact analytical
computations and meaningful for discussing the order also in a finite system. It con-
sists of the realization that many spin-1/2 chains without external magnetic fields,
such as the quantum XY chain, possess anticommuting global symmetries when the
number of lattice sites is an odd number, implying the ground-state degeneracy al-
ready in a finite system.

In this framework, we discover that topological frustration, despite being in-
duced only by the choice of boundary conditions and even/odd system size choice,
can affect the magnetization in the thermodynamic limit and system’s quantum
phase transitions. We find that topological frustration can destroy local order, cre-
ate a site-dependent magnetization that varies in space with an incommensurate
pattern, induce a first-order quantum phase transition that is not present without
frustration and modify the nature of a second-order transition, by destroying local
order at both sides of the transition and preserving only non-local string order pa-
rameters. All these results indicate the incompleteness of the approach to quantum
many-body systems, based on the Ginzburg-Landau theory, that tries to capture the
properties of the system by taking the system size to infinity before computing the
observables and neglects the influence of the chain length as a relevant scale.

We find that topological frustration can affect also non-equilibrium properties, by
considering a local quantum quench setup. Namely, we study the Loschmidt echo
and find it displays qualitatively and quantitatively different behavior for antiferro-
magnetic rings with an even and odd number of sites. Most of all, the differences
become clearer for large system sizes, thus allowing to distinguish in a simple out-
of-equilibrium experiment a system made by a certain, large, number of spins from
the one with a single additional spin.

The thesis also contains a mathematical part. In studying order parameters of
models mappable to free fermions, Toeplitz determinants with symbols that possess
a part proportional to the delta function arise. We derive asymptotic formulas for
this type of determinants.
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[7] V. Marić, G. Torre, F. Franchini and S. M. Giampaolo,
Topological Frustration can modify the nature of a Quantum Phase Transition,
arXiv:2101.08807. Submitted to SciPost Physics.
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Chapter 1

Introduction

1.1 Frustration in Spin Systems

In classical magnetic systems the spins orient themselves to satisfy the interactions
with the other spins. At zero temperature, in ferromagnets the spins are aligned as
their nearest neighbors, while in antiferromagnets the Néel order, with neighbor-
ing spins pointing in the opposite directions, is realized. Introducing sufficiently
strong thermal or quantum fluctuations, by increasing the temperature or changing
a Hamiltonian parameter, this magnetic order gets destroyed and the system exhibits
a thermal or a quantum phase transition [9–11]. This simple picture can account for
the behavior of a vast number of spin-systems. Yet, the set of possible behaviors of
spin-systems is much more rich, one of the most important phenomena that enables
it being frustration.

Frustration is a term that describes the situation where spins in a system cannot
find an orientation to fully satisfy the interactions with their nearest neighbors [12].
In general, frustration is caused either by competing interactions or by the lattice
structure, or a combination of both. Over the years frustrated systems have been
a subject of a lot of research. On one side, because many real magnetic systems
are frustrated, and on the other, because frustrated magnetism presents an excellent
ground to discover new states of matter and to test and improve theories [12, 13].
Let us review some of the effects of frustration, first focusing on classical, and then
on quantum systems.

In classical systems with competing interactions some of the most spectacular ef-
fects due to frustration are high ground-state degeneracy, existence of several phases
in the ground-state phase diagram, multiple phase transitions with increasing tem-
perature, reentrant phase with no long-range order below an ordered phase on a
temperature scale, disorder lines and partial disorder at equilibrium [12]. They can
be found already among the exactly solvable Ising models with nearest and next-to-
nearest neighbor interactions, the most famous, containing many of these phenom-
ena, being the J1− J2 model on the square lattice [12]. A central property of these and
of general frustrated systems is high ground state degeneracy. The parts of the phase
diagrams of the models with competing interactions where alternative ground states
are close to degeneracy are likely, in general, to have the highest effects of frustra-
tion. Consequently, these parts are of primary theoretical interest. Note, however,
that it might be difficult to realize experimentally such a setting, with precise rela-
tion between different interaction strengths. The other kind of frustration, that arises
only because of the lattice structure, avoids this problem[13].

Frustration that is caused by the lattice structure is termed geometrical frustration
[13]. It arises, most notably, in antiferromagnetic systems on non-bipartite lattices.
The standard example for introducing the concept is the antiferromagnetic Ising tri-
angle, a building unit of the Ising antiferromagnet on a triangular lattice. Aligning
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?

FIGURE 1.1: Geometrical frustration in the Ising antiferromagnet on
the triangular lattice. Fixing two nearest neighbor spins to point in
the opposite directions, it is impossible for their common neighbor to

point oppositely from both.

two nearest neighbor spins on the triangle to point in the opposite directions, it is
impossible for their common neighbor to point oppositely from both, as presented
in Figure 1.1. In fact, the Ising antiferromagnet on a triangular lattice provided the
first results on geometrical frustration [14, 15], where it was noticed that the model
has different properties from ferromagnets or bipartite antiferromagnets. In geomet-
rically frustrated systems lattice itself may destabilize Néel order and create high
ground state degeneracy. For instance, the aforementioned Ising antiferromagnet
on a triangular lattice [16] and the classical Heisenberg antiferromagnet on the py-
rochlore lattice [17, 18], of corner sharing tetrahedra, do not posses long range order
at any finite temperature.

Geometrical frustration induces also other exotic phenomena. The high ground
state degeneracy of geometrically frustrated systems is related to the non-zero resid-
ual entropy, found already in the Ising antiferromagnet on the triangular lattice [14],
and the spin ice phenomenon [19]. The dependence of the magnetic susceptibility
on the temperature in geometrically frustrated systems is peculiar and is, in fact,
an important revealing property of geometrical frustration [13]. Algebraic decay of
correlations without criticality can arise in the presence of geometrical frustration
[20, 21]. Furthermore, geometrical frustration can be a platform to realize emergent
properties, such as artificial light [20, 21] and magnetic monopoles [22, 23].

Another interesting effect of geometrical frustration is order by disorder [24].
Since the high ground state degeneracy in geometrically frustrated antiferromagnets
is not a consequence of a symmetry, but a rather accidental, the spectrum of thermal
fluctuations around different ground states may be different. Thus at small finite
temperature some ground states may have greater contribution to the free energy
than the other and, moreover, it may happen that those states have some degree of
long-range order. In this way fluctuations can enhance the order that is not present
at zero temperature, rather than destroying it. Hence "order by disorder" [13, 25].
Notably, through this mechanism a coplanar order in the Heisenberg model on the
Kagome lattice of corner sharing triangles is established [26]. In quantum systems,
to which we now turn, a similar order by disorder phenomenon is possible, with the
quantum fluctuations playing the role of thermal fluctuations in classical systems
[13, 25].

In quantum systems the definition of frustration as a competition between terms
in the Hamiltonian promoting different types of arrangement could be applied as
well. In this sense, frustration could be of a purely quantum origin, because of the
non-commutativity of different local terms in the Hamiltonian and the entaglement
in the ground state [27, 28]. Some measures have also been introduced to distinguish
this purely quantum contribution to frustration [29, 30]. However, to avoid calling
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a large number of quantum phases frustrated, the term frustration in quantum sys-
tems is usually reserved for its classical origin, whether it comes from competing
interactions or the lattice structure. Note that the notion of unfrustrated systems, in
this sense, is different from the notion of frustration-free Hamiltonians [31], whose
ground state minimizes all local terms.

Of quantum systems those with SU(2)-symmetric interactions typically receive
the most of the attention. In such systems a notable quantum phase that can arise as
a simple way to overcome frustration is the valence bond crystal phase, where the
neighboring spins are paired into rotationally invariant singlets or "valence bonds".
The system exhibts long-range order in these building blocks and no long-range
order in spin-spin correlation functions [32, 33]. An example is the spin-1/2 Heisen-
berg model on the checkerboard lattice [34, 35]. An alternative phase that can arise
in the presence of frustration is the resonating valence bond spin liquid phase, with
different long distance properties and different magnetic excitations [32, 33]. In the
spin-1/2 Heisenberg model on kagome and pyrochlore lattices, that have received
a lot of theoretical attention, it is, for instance, still not completely clear which of
the two phases is realized [32, 33]. Another model that has received a considerable
attention, although the nature of its phase in the frustrated regime is not completely
clarified yet, is the J1 − J2 Heisenberg model on the square lattice [33], where frus-
tration is caused by competing nearest neighbor and next-to-nearest neighbor in-
teractions. In this model several phenomena that are relevant for a wider class of
two-dimensional frustrated quantum magnets have been discovered: classical de-
generacy, destruction of long-range order by quantum fluctuations, break down of
the spin-wave expansion, opening of a spin gap, order by disorder and possibly
spontaneous translational symmetry breaking [33].

In one dimension, it is known that, even without frustration, quantum fluc-
tuations can suppress magnetism and give rise to a variety of zero-temperature
spin-liquid phases [36, 37], as in the exactly solvable antiferromagnetic Heisenberg
chain [36–42]. Adding frustration, through competing nearest neighbor and next-
to-nearest neighbor interactions, on top of it, can induce additional types of spin
liquid phases with exotic properties [36]. For instance, the J1 − J2 Heisenberg chain
exhibits a valence bond crystal phase, with incommensurate correlations and break-
ing of the lattice translation symmetry, through a spontaneous dimerization [33, 43–
46]. The dimerization can be understood simply by considering the exactly solvable
Majumdar-Ghosh point [47].

Frustration induces thus many exotic properties, both in classical and quantum
systems. We have mentioned only the theoretical results, but there is many exper-
imental results, motivating and confirming the theory [48–52]. For the end, let us
mention the geometrical frustration in the context of the Ginzburg-Landau theory, a
unifying theory of continuous phase transitions [53, 54]. The latter, justified by a mi-
croscopic averaging through a coarse-graining procedure [53], leads to the concept
of universality [9, 53, 55]: Different physical systems exhibit the same critical behav-
ior, irrespectively of the microscopic details, provided they have the same spatial di-
mension and order parameter symmetry. Geometrical frustration throws, in a sense,
the antiferromagnets outside the range of validity of the theory, since it makes their
properties strongly dependent on the lattice structure and, therefore, non-universal.
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(A)

(B)

FIGURE 1.2: Geometrical frustration arises if antiferromagnetically
interacting spins are set on a ring with an odd number of sites. For
classical Ising spins (a) the ground state configurations contain a fer-
romagnetic bond, while for classical Heisenberg spins (b) it is ener-
getically more favorable to realize long-wavelength spin waves. We
call the periodic boundary conditions with an odd number of sites
frustrated boundary conditions, and the frustration arising from it in an-

tiferromagnets topological frustration.

1.2 Topological Frustration

Geometrical frustration can be caused also simply by a choice of boundary condi-
tions, i.e. by the lattice topology, in which case we term it topological frustration. For
instance, a ring with an odd number of lattice sites is non-bipartite, which makes
one-dimensional antiferromagnets in this setting frustrated. In this setting the spins
cannot be aligned so that they all point oppositely from their nearest neighbors. This
brings us to the topic of this thesis, one-dimensional quantum systems exactly in this
setting, i.e. periodic boundary conditions with an odd number of lattice sites, that
we term shortly frustrated boundary conditions (FBC). FBC are not the only setting
inducing topological frustration in one dimension. For instance, antiperiodic, i.e.
twisted, boundary conditions frustrate the ferromagnets, which can be often related
to the setting that we study.

It is instructive to see how topological frustration arises in one-dimensional clas-
sical systems. For antiferromagnetic classical Ising spins-1/2 with FBC, described
by the Hamitonian H = ∑N

j=1 σjσj+1, where the possible values are σj = ±1 and N
is odd, the energy minimizing configuration has necessarily a ferromagnetic bond
(see Figure 1.2) and the ground energy is −N + 2. On the other hand, for classical
Heisenberg or O(2) interactions, described by H = ∑N

j=1 sj · sj+1 where sj are unit
vectors with three or two components respectively, it becomes energetically more
favorable to tilt the spins and to form spin waves in the presence of frustration.
To demonstrate this, let us focus on two components only. Each spin sj can then
be described by the angle θj with the x-axis, and the interactions can be written as
sj · sj+1 = cos(θj+1 − θj). Studying the first derivatives of the Hamiltonian with re-
spect to the angles θj, it is easy to see that configurations that extremize the energy
are those with a constant angle difference θj+1 − θj = q for all j. In these config-
urations, in order to account for the periodicity of the chain, the quantity Nq has
to be necessarily a multiple of 2π. For even N the energy is minimized simply by
q = 2π

N
N
2 = π, describing Néel order sj+1 = −sj. For odd N, however, the value

q = π, and accordingly perfect Néel order, is not possible. The energy is minimized
instead by the closest possible values, q = 2π

N
N±1

2 = π ± π/N. The energy of these
configurations is N cos q = −N + π2/2N + O(N−3). It is, in particular, lower than
the energy of the configurations with a single ferromagnetic bond, equal to −N + 2.
Denoting the unit vectors along x and y-axis by e1, e2, the spins in these ground state
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configurations form a long-wavelength spin-wave

sj = (−1)j[ cos
( π

N
j± θN

)
e1 ± sin

( π

N
j± θN

)
e2
]
. (1.1)

This configuration is shown in Figure 1.2, where it is assumed that the chain propa-
gates in the direction that lies in the plane spanned by e1 and e2.

These simple classical examples illustrate the concept of topological frustration
and the way it arises in one dimension. Naturally, the real question is what happens
when quantum or thermal fluctuations are introduced. This thesis deals with the
former, in one dimension.

The interest in the topologically frustrated quantum spin chains is three-fold.
The first is along the line of interests in frustrated systems in general. Topological
frustration, as we will see, also provides a way for evading the standard antiferro-
magnetic order and leads to new phases of matter, which can lead further to insights
about general theories. Here, the insight is about the influence of the boundary con-
ditions and the even/odd system size choice, which trigger topological frustration,
on antiferromagnetic phases of matter. It is an important result of its own that these
choices can have any significant effects in large systems with only local interactions.

Second, studying topological frustration in quantum chains might provide some
insight on geometrical frustration in quantum systems in general, which is a field
of research where getting exact results can be very hard. Clearly, the advantage of
topologically frustrated spin chains is all the machinery that exists to deal with one-
dimensional quantum systems [31, 37, 56].

Third, topologically frustrated spin chains are interesting physical systems on
their own. One-dimensional systems are not anymore only a theorist’s toy. There
are now many experimental realizations of one-dimensional systems [37] and with
cold atoms, for instance, it is possible to tailor various interactions [57–61]. Thus, a
theoretically discovered property might be considered for the realization in the real
world.

1.2.1 Older Results on Topological Frustration

A particularly notable result on topological frustration is a discovery from 1980s
that topological frustration can affect the energy gap above the ground state [62,
63]. Namely, ferromagnetic quantum Ising chain with adjustable boundary condi-
tions has been studied and it has been shown, analytically, that, with periodic and
free boundary conditions the gap closes exponentially with the system size N, while
with antiperiodic boundary conditions the gap closes only algebraically, as 1/N2.
It is algebraic, but not like at criticality, where it closes as 1/N. Note that with
an odd number of sites the Ising ferromagnet with antiperiodic boundary condi-
tions is equivalent, through a direct unitary mapping, to the Ising antiferromagnet
with periodic boundary conditions, i.e. FBC, a setting that is the focus of this the-
sis. The authors suggest that these puzzling discovered phenomena are associated
with topological excitations. In the same papers, also other boundary conditions,
parametrized by the interaction strength at a single bond in the system, have been
addressed numerically and it has been found that antiperiodic boundary conditions
are a transition point, between algebraic and exponential closing of the gap. Soon
afterwards, these results have been recovered analytically using random walk and
perturbation theoretic arguments [64]. Influenced by these works, it has also been
discovered soon that the transfer matrix mass gap of the classical two-dimensional
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Ising model on a square lattice also depending on the boundary conditions vanishes
exponentially or algebraically [65].

Essentially the same problem of the energy gap in the Ising chain was revisited,
in a different form, more recently [66]. In agreement with the previous works, it has
been shown that the gap in the antiferromagnetic Ising chain with periodic boundary
conditions closes exponentially or algebraically, depending on whether we follow
even (N = 2M) or odd system sizes (N = 2M + 1), corresponding to FBC, respec-
tively towards infinity (M → ∞). This work was motivated by the quantum adia-
batic algorithm, for which the implications of a possibility of only an algebraically
small gap have been discussed.

A few years later, the problem of the dependence of the gap in the Ising chain
with adjustable boundary conditions, i.e. a one bond defect, has been revisited in
[67]. It has been discussed how a bond defect can drive a quantum phase transition
from a magnet phase, in which the gap closes exponentially, to a kink phase, in
which the gap instead closes algebraically. Furthermore, a universal scaling behavior
has been discovered close to the transition point. Namely, the theory of a finite size
scaling at first-order quantum phase transitions [68], that would here be driven by
the external magnetic field in the direction of the order parameter spin operator,
has been applied. The scaling functions for the low-level energy differences and
the two-point correlation function have been computed, from which the universal
behavior has been inferred. A similar phenomenology can also be induced by two
local magnetic fields at the boundaries of an open chain, that are aligned with the
order parameter spin operator and point in the opposite directions [69], therefore
inducing frustration. Increasing the strength of the boundary fields the system goes
from a magnetic phase, where the gap closes exponentially, to a kink phase, where
the gap closes algebraically, and close to the transition the low energy properties
show a universal scaling behavior. Let us note that the algebraic closing of the gap
has also been discovered in the quantum XY chain in a transverse field with FBC
[70].

It should be noticed that in all these examples the presence of frustration in the
spin chain is accompanied by an algebraic gap above the ground state, while the
absence of frustration comes with an exponentially small gap. In fact, in the case
of the exponentially small gap, the system can be considered gapped, since above
the two lowest energy states, which can be considered quasi-degenerate, there is a
finite gap, that does not close in the thermodynamic limit. On the other hand, in
the case of algebraic gap the two lowest energy states are a part of the band, with a
macroscopic number of states, in which the energy gap between the states closes in
the thermodynamic limit. In the presence of frustration, the system is therefore gap-
less. The frustration in these examples, thus, turns the behavior of the system from
gapped to gapless. We note that gapless excitations in the presence of frustration are
not relativistic and are, thus, different from criticality.

The two-point correlation functions of order parameter spin operators have been
studied in more details in [71], in the context of the quantum Ising chain with FBC.
Together with [67], the result establishes that correlations in the ground state acquire
a peculiar correction, with respect to the unfrustrated case, at distances comparable
to the system size N. For two spins separated by a large distance r, the correction
is the factor (1− 2r/N), implying that the correlations of the most distant spins on
the ring, separated by distance r = (N − 1)/2, for a unit cell of size unity, vanish
as 1/N. However, letting first the system size to infinity and then looking at cor-
relations the effects of topological frustration in the spin-correlation functions are
destroyed. As shown in [72], the same behavior of the spin-correlation functions is
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also a property of the whole lowest energy band of the model, with consequences
to the low-temperature behavior. Note that, although the final result of [71, 72] is
correct, there are some issues with the analytical content of the asymptotic analysis,
as we comment in Chapter 9.

The entanglement entropy in the ground state of the same model, with general-
izations to XYZ chain in a transverse field, is also found to differ from the unfrus-
trated model, when, in the bipartition of the system, the sizes of both subsystems are
comparable to the system size [73]. The entanglement entropy violates the area law,
while not diverging with the system size. Its behavior is well fitted by a universal
law, derived from a conjectured single-particle picture.

The aforementioned results deal with systems out of criticality, but there are also
some results for critical systems. Different proportionality constant with different
boundary conditions has been discovered in the closing of the gap of the quantum
Ising chain at a critical field [74]. In XXZ chain some finite-size effects related to FBC
have been discovered [75]. Furthermore, it has been shown that in several critical
spin chains a difference between even and odd antiferromagnetic rings arises in spin
correlation functions at distances comparable to the system size [76]. Finally, let
us mention that FBC have been recognized to be special in the antiferromagnetic
Heisenberg chain, even before all these results [38].

Summarizing the older results discussed in this section, we conclude that topo-
logical frustration closes the gap above the ground state, by making it algebraic yet
different from criticality, it suppresses the ground state spin-correlation functions at
distances comparable to the system size and induces corrections to the entanglement
entropy.

1.2.2 Non-Equilibrium Dynamics

Since the topological frustration closes the gap above the ground state, it is natural
to expect its influence on the non-equilibrium dynamics of the system. For instance,
as recognized in [67], the size dependence of the spectral gap determines the condi-
tions for the nearly adiabatic quantum dynamics [77, 78] so topological frustration
is relevant in this context. We are going to deal, in Chapter 2, with the consequences
for the quantum quench protocol [78–81], perhaps the simplest and most widely
studied way to bring the system out of equilibrium.

1.2.3 Spontaneous Symmetry Breaking

The primary goal of this thesis is to discuss whether and how topological frustra-
tion can affect the order parameter of antiferromagnetic phases, i.e. the (staggered)
magnetization. In one dimension, the ground states of quantum systems with con-
tinuous symmetries are disordered, according to the quantum analog of the Mermin-
Wagner theorem [11, 82–85]. Thus, we study how topological frustration affects the
antiferromagnetic order in quantum spin chains with discrete symmetries, whose
breaking is related to the onset of the order. In this section we cover different ap-
proaches for studying symmetry breaking in such systems, and compare the frus-
trated and unfrustrated case.

Ground State Degeneracy in the Thermodynamic Limit

The first symmetry breaking framework we cover is based on the realization that
although the ground state might be single, and therefore respecting the symmetries
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of the Hamiltonian, in the thermodynamic limit there might be the ground state
degeneracy.

Let us focus on the quantum Ising chain [10, 86], the prototype model for quan-
tum phase transitions, given by the Hamiltonian

H0 = J
N

∑
j=1

σx
j σx

j+1 + h
N

∑
j=1

σz
j . (1.2)

Here σα
j , for α = x, y, z, are Pauli matrices with support at site j, N is the system size

and periodic boundary conditions σα
j+N = σα

j are imposed. The spins interact ferro-
magnetically (antiferromagnetically) for J = −1 (J = 1) and are subject to a trans-
verse field h. The Hamiltonian commutes with the parity operator Πz ≡ ⊗N

j=1 σz
j ,

which constitutes the Z2 symmetry of the model. The spontaneous breaking of this
symmetry is associated to the existence of the non-vanishing order parameter, the
longitudinal magnetization 〈σx

j 〉 in the ground state. Note that when N is even the
ferromagnet J = −1 and antiferromagnet J = 1 are related by a unitary transforma-
tion σx

j → (−1)jσx
j , that consist of rotating every other spin around the z-axis by an

angle π, while for odd N there is no such unitary transformation.
Let us first examine the unfrustrated case, focusing on the antiferromagnet J = 1

and even N, while the ferromagnet has analogous phenomenology, of course. From
the exact solution by mapping to free fermions [10, 56, 86], it is known that at h = 1
the model exhibits a quantum phase transition from the ordered magnetic phase at
h ∈ (0, 1), with non-zero value of the ground state magnetization, to the paramag-
netic phase h > 1, with zero magnetization. In a finite system there is no symmetry
breaking. The ground state is single, with a definite Πz parity and, therefore, zero
magnetization. However, in the magnetic phase, the first excited state, that car-
ries opposite Πz parity, is separated by an energy gap that is exponentially small in
N. This quasi-degeneracy becomes exact in the thermodynamic limit, which makes
it possible to form ground state superpositions, that break Πz parity and have a
non-zero magnetization. For h → 0 these superpositions correspond to the states
|g1〉 ≡ |+−+− . . . +−〉 and |g2〉 ≡ Πz |g1〉 = |−+−+ . . .−+〉, where by |±〉we
denote the eigenstate of σx with the eigenvalue±1. The same phenomenology arises
in the antiferromagnet with free boundary conditions. This illustrates the symmetry
breaking mechanism based on the ground state degeneracy in the thermodynamic
limit.

The exact value of the magnetization is [56, 86]

〈σx
j 〉g1

= (−1)j+1(1− h2)1/8. (1.3)

Typically, this value is inferred from the spin-correlation functions 〈σx
j σx

j+r〉 at large
distances r, using the cluster decomposition principle [11, 87, 88]

lim
r→∞

(
〈σx

j σx
j+r〉 − 〈σx

j 〉 〈σx
j+r〉

)
= 0, (1.4)

but a direct computation has also been performed [89]. The phenomenology in the
model with free boundary conditions is the same [86, 90].

Now let us examine the odd N case. From the works [62–64, 66, 67] mentioned in
section 1.2.1 it is known that, while there are no effects of frustration in the paramag-
netic phase, in the magnetic phase the energy gap above the ground state now closes
algebraically as 1/N2, instead of exponentially as without frustration. Moreover, the
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ground state is now a part of a band of states and the system is gapless. This can be
understood simply from the lowest-order perturbation theory in h. Let us assume
thus that 0� h� 1 and apply the perturbation theory.

At the classical point h = 0 the ground-state manifold is 2N-fold degenerate,
corresponding to N different positions where the ferromagnetic bond can be placed
and two different orientations of the spins. The ground state energy is equal to
−N + 2, because of the presence of a ferromagnetic bond. We call these ground
states the kink states. Let us denote by |j〉, for j = 1, 2, . . . , N, the kink state with the
ferromagnetic bond σx

j = σx
j+1 = 1 and the remaining bonds antiferromagnetic. The

other kink states, with the ferromagnetic bond σx
j = σx

j+1 = −1 and the remaining
bonds antiferromagnetic, can then be written as Πz |j〉.

Turning on a small positive magnetic field h, the translationally invariant Πz-
symmetric states split in energy. These are the states

|q,±〉 = 1±Πz
√

2N

N

∑
j=1

eıqj |j〉 , (1.5)

where the momentum q can assume any value from the set {2πk/N : k = 0, 1, . . . , N−
1}, and their parity is Πz = ±1. Their energies are obtained by diagonalizing the
perturbation, as presented in Appendix A, and are given by

Eq,± = −(N − 2)± 2h cos q. (1.6)

The ground state, in particular, is given by |g〉 ≡ |0,−〉 and it is single. The en-
ergy gap above the ground state does not close exponentially with N, as without
frustration, but only algebraically as 1/N2.

The ground state being single, there is no magnetization. From the perturbation
theory, as presented in Appendix A, we obtain the spin correlation functions

〈σx
j σx

j+r〉g = (−1)r
(

1− 2r
N

)
. (1.7)

For most distant spins on the ring, separated by r = (N − 1)/2, we have 〈σx
j σx

j+r〉 ∼
1/N so the correlations vanish in the infinite system. Interestingly, this is in agree-
ment with the value of the magnetization and the cluster decomposition principle.
The exact results do not change this picture [71, 73].

However, there are important differences from the paramagnetic phase. Here, in
the double scaling limit 1� r � N the spin-correlations acquire the same, non-zero,
value as without frustration. Furthermore, the system is gapless and, as discussed
in the next section, by introducing symmetry breaking fields in the Hamiltonian it is
possible to select the ordered ground states.

Symmetry Breaking Fields

Another way to study order parameters is to introduce symmetry breaking fields,
aligned with the order parameter spin operator, and let them to zero after the ther-
modynamic limit [11]. Adding symmetry breaking fields to the Hamiltonian (1.2)
we get the Hamiltonian

H = H0 +
N

∑
j=1

λjσ
x
j , (1.8)
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where λj specify the value of the field at different sites. The ground state |g〉 of H is
now, in general, single and exhibits non-zero magnetization.

Let us focus first on the unfrustrated case, the antiferromagnet with N even, in
particular. Although the model (1.8) is not anymore exactly solvable, it is easy to
understand, using perturbation theory in λ, that taking the staggered field

λj = (−1)j+1λ (1.9)

results in the spontaneous magnetization

lim
λ→0±

lim
N→∞

〈σx
j 〉 = ±(−1)j(1− h2)1/8, (1.10)

for h ∈ (0, 1). The staggered field, out of the two-fold degenerate ground state man-
ifold in the thermodynamic limit, simply selects the state with the antiferromagnetic
order that minimizes the energy. This is what constitutes the symmetry breaking
framework based on symmetry breaking fields. Note also that the opposite sign of λ
yields the magnetization of the opposite sign, so the line h ∈ (0, 1), λ = 0, represents
the first-order quantum phase transition.

For odd N there is, actually, an ambiguity with the staggered field. As the mag-
netization in the classical ground states, the staggered field cannot be completely
staggered, but one bond is necessarily singled out where two neighboring fields are
equal. The notation (1.9), in particular, selects this to be the bond between the sites
j = 1 and j = N, where λ1 = λN . The staggered field thus breaks the translational
invariance. In this case, due to the gapless nature of the frustrated system with-
out symmetry breaking fields, the perturbation theory in λ is a complicated prob-
lem. Still, a simple perturbation theory in h can be performed, telling us that, for
0� h � 1, one of the two classical Néel states, |−+− . . . +−〉 or |+−+ . . .−+〉,
depending on the sign of λ, is the ground state |g〉. The magnetization is thus ex-
pected to be the same as in the unfrustrated case, except for a single ferromagnetic
bond that breaks the translational invariance.

If we decide to break the translational invariance, we can also consider other
symmetry breaking terms. We can even consider a local symmetry breaking field,
present only at site j = N,

λj = δj,Nλ. (1.11)

For even N, it’s easy to understand using perturbation theory in λ, that even this
local symmetry breaking term will select the same antiferromagnetic order as the
global staggered field, described by (1.10).

For odd N, however, the situation is much more complicated. Again, we can
resort to the perturbation theory in h. For h = 0 there are N ground states, which
are the kink states that have σx

N = −1 for λ > 0 and σx
N = 1 for λ < 0. Turning

on a small positive h the degeneracy is lifted. The new ground state is obtained by
diagonalizing the perturbation in the subspace spanned by the aforementioned N
kink states, as done in Appendix A. We find that the ground state is single and the
system is gapless, with the energy gap above the ground state closing as 1/N2. The
magnetization in the ground state is for λ > 0 given by

〈σx
j 〉g = (−1)j+1

{
1− 2

N + 1

(
j +

1
2

)
+

1
(N + 1) sin

(
π

N+1

) sin
[

2π

N + 1

(
j +

1
2

)]}
,

(1.12)
while for λ < 0 the sign is opposite. It is presented in Figure 1.3. Note that the
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FIGURE 1.3: The ground state magnetization (1.12) at different sites
of the lattice of N = 51 spins, for the quantum Ising chain with a local
symmetry breaking field, obtained from a perturbative approach. The
magnetization, represented by blue circles, joined to guide the eye,
is staggered, but modulated over the ring. The modulation is in a
large system described by the functions ±(1− 2x + sin(2πx)/π), for

x = j/N, represented by the dashed lines.

magnetization respects the mirror symmetry around site N, where the local field is
placed. The magnetization is staggered, but does not represent the standard simple
antiferromagnetic order. For N � 1 we have

〈σx
j 〉g = (−1)j+1

[
1− 2j

N
+

1
π

sin
(

2π j
N

)]
+ O(N−1), (1.13)

where we can see that the magnetization is modulated over the ring, by functions
±(1− 2x + sin(2πx)/π), for x = j/N. The modulation is such that the maximal
absolute value of the magnetization is at the site j = N, where the field is placed,
while the minimal value, of order 1/N, is at the diametrically opposed bond on the
ring, reflecting the mirror symmetry of the Hamiltonian around the site where the
symmetry breaking field is localized. Note that the modulated antiferromagnetic
order discovered here is similar to the one that we have discovered in the exactly
solvable quantum XY chain with FBC [2], that will be the subject of Chapter 4.

The point of the presented perturbative calculation is to notice how in the pres-
ence of topological frustration the notion of taking the thermodynamic limit and
afterwards computing the quantities of interest might be ambiguous. With a local
symmetry breaking field the ground state magnetization with FBC is site-dependent,
and, although locally antiferromagnetic, it takes different values at different parts of
the ring. Focusing on different parts of the ring and letting the system size to infinity
would yield different information about the system. The presented system has to be
considered as a whole.

We have considered a global staggered symmetry breaking field and a local one,
present at a single site. With FBC they yield different behavior of the magnetization,
and taking other configurations of symmetry breaking fields could yield results dif-
ferent from both. Due to large classical ground state degeneracy different pertur-
bations to the classical Hamiltonian select different states with different properties.
The sensitivity to perturbations due to large ground state degeneracy, discovered
here, is, in fact, a common property in frustrated magnetism [25].
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Ground State Degeneracy due to Anticommuting Symmetries

There is also another approach to symmetry breaking, that we have discovered in [1]
in the context of the XYZ chain. It does not work for the the discussed quantum Ising
chain, but works for a large class of spin chains in the absence of external magnetic
fields.

Let us consider the Hamiltonian

H = ∑
(j,l)

(Jx
j,lσ

x
j σx

l + Jy
j,lσ

y
j σ

y
l + Jz

j,lσ
z
j σz

l ), (1.14)

where the couplings Jα
j,l , for α = x, y, z, describe the interactions of spin components

α between the sites j and l, and the sum is over all distinct pairs of j and l. For
instance, in one-dimension the XYZ chain [56] is the special case Jα

j,l = Jαδ|j−l|,1, and
the XY chain [56, 91] has further Jz = 0.

We recognize that Hamiltonian (1.14) commutes with each of the parity oper-
ators Πα =

⊗N
j=1 σα

j , for α = x, y, z, where N is the system size ([H, Πα] = 0).
This expresses the fact that the Hamiltonian is invariant under the transformation
σα

j → −σα
j ∀j, for each choice of α. Crucially, we also recognize that, irrespectively

of the values of the couplings and the lattice geometry, we have the following prop-
erty. While different parity operators commute when N is even (

[
Πα, Πβ

]
= 0 for

N = 2M), when N is odd different parity operators anticommute (
{

Πα, Πβ
}
= 2δα,β

for N = 2M + 1).
These properties have an important consequence on the structure of the Hamil-

tonian eigenstates when N is odd. The consequence is that, in this case, every eigen-
state is at least two-fold degenerate. Namely, suppose we diagonalize the Hamil-
tonian simultaneously with Πz, and let |ψ〉 be the simultaneous eigenstate, with
Πz = 1 and some energy. Since different parity operators anticommute, the state
Πx |ψ〉 (or Πy |ψ〉) is also an eigenstate of the Hamiltonian, with the same energy,
but with Πz = −1. The states |ψ〉 and Πx |ψ〉 have, thus, the same energy but are
orthogonal. The same conclusion holds also for more general Hamiltonians than the
one in (1.14), when they possess the discussed symmetries.

The ground state manifold, in particular, is at least two-fold degenerate. Fur-
thermore, for each ground state choice there is a parity symmetry that is broken and
for each parity symmetry of the Hamiltonian there is a ground state that breaks it.
Magnetization is, thus, in general, non-zero already in a finite system. For instance,
an eigenstate of Πx breaks the Πz symmetry and can exhibit a non-zero expectation
value of σx

j . Thus, as with the symmetry breaking fields, the magnetization can, in
principle, be computed in a finite system and followed towards the thermodynamic
limit (N = 2M + 1, M→ ∞). However, in this approach no other limits are required
after the thermodynamic limit to discuss the order parameter and, as we will see, in
some exactly solvable models this approach is also suitable for analytical computa-
tions. In this thesis we work within this symmetry breaking framework to discuss
the influence of topological frustration on the order parameter. Since the frustration
inducing setting on which we focus are periodic boundary conditions with an odd
number of lattice sites, the requirement for odd N is satisfied automatically.

1.2.4 Boundary Conditions and Local Order

Since topological frustration is triggered by a choice of boundary conditions, which
typically, quite in agreement with intuition, do not influence the bulk, macroscopic,
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properties of the system, it is not obvious at all that topological frustration can have
any such effects. We would like to comment here topological frustration in this con-
text.

Let us first note that, although boundary conditions typically do not influence the
bulk properties of the system, there are known exceptions. It has been discovered
that the free energy (density) of the six-vertex model takes different values depend-
ing on whether periodic or domain-wall boundary conditions are imposed [92]. Fur-
thermore, it is known that this difference is intimately related to the appearance of a
macroscopic phase separation in real space when domain-wall boundary conditions
are imposed. The latter allow only ordered configurations close to the boundaries
and, due to strong correlations, induce ordered regions extending macroscopically
from the boundaries, that are sharply separated by the so-called arctic curve from
a central, also macroscopic, disordered region [93–98]. A similar phenomenon of a
phase separation due to boundary conditions appears also in other tilling problems
[99–104].

That being said, we recognize that tilling problems and fixed boundary condi-
tions seem a rather special from the point of view of the influence of the boundaries.
For systems with local interactions, such as Ising or Heisenberg, it can indeed be
proven rigorously that boundary conditions, such as free or periodic, do not influ-
ence the free energy in the thermodynamic limit. Let us focus on a quantum system
of N spins. If the system is described by the Hamiltonian H then the free energy is
given by

f = − 1
Nβ

Tr
(

e−βH
)

, (1.15)

where β is the inverse temperature. A different Hamiltonian results, naturally, in
a different value of the free energy. For two different Hamiltonians, H1 and H2,
describing interactions in such a system, it can be shown [105, 106] that the corre-
sponding free energies, denoted by f1 and f2, satisfy the bound

| f1 − f2| ≤
1
N
‖H1 − H2‖ . (1.16)

In fact, the relation holds for any Hermitian operators H1 and H2 acting on the same,
finite-dimensional, vector space. Note that at zero temperature, i.e. β = +∞, where
the free energy is given simply by the ground state energy, the same bound holds,
and is, in fact, more immediate. Now, if the two local Hamiltonians differ only
by boundary conditions, such as free or periodic, then the norm of the difference,
‖H1 − H2‖, is O(1) as N → ∞. It follows from (1.16) that the difference between
the free energies vanishes in the thermodynamic limit N → ∞. Boundary condi-
tions thus do not influence the free energy. A similar argument can be used to show
that even and odd system sizes cannot have a different thermodynamic limit for the
free energy. Classical Hamiltonians can be dealt with using similar methods [105,
106]. We conclude that topological frustration cannot affect the free energy in the
thermodynamic limit.

For this reason we might expect that topological frustration cannot affect the
bulk, local, order. In the end, in Landau symmetry breaking theory [11, 54, 107, 108],
or more generally the Ginzburg-Landau theory [53, 54], the free energy is the fun-
damental quantity. The value of the order parameter is the one that minimizes the
free energy. And although the Landau theory was originally developed for classical
systems and some quantum phases violate it, as the topological ones, the theory has
still been widely successful in the quantum regime [109].
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Leaving aside the question whether boundary conditions can influence the or-
der in other classical models, let us claim that, at least in the quantum case, the free
energy alone does not contain sufficient information to discuss order parameters.
For instance, we have seen that a local symmetry breaking field, which does not
contribute to the free energy in the thermodynamic limit, in the unfrustrated antifer-
romagnet introduces the energy splitting between two different antiferromagnetic
states. The sign of such a field determines the sign of the staggered magnetization
in the ground state. Moreover, we have seen that such a local field can result in a
different kind of ground state order between the frustrated and unfrustrated case.
Local contributions to the Hamiltonian are not negligible and their details can carry
important information. Thus, the property that boundary conditions do not influ-
ence the free energy does not preclude their influence on the order in the ground
state.

1.3 Organization of the Thesis and Main Results

This thesis presents the work the author of the thesis has done during his PhD with
his collaborators from the Rud̄er Bošković Institute in Zagreb. The thesis is based on
the publications, and papers still under evaluation, related to this work. The con-
tribution of the author in these works is the majority of the analytical computations
and the participation in the writing, while the author acknowledges his collabora-
tors for the majority of numerical work and the creation of the majority of figures.
One chapter of the thesis is devoted to each paper. While this introductory chapter
has presented a general motivation for studying topological frustration, we give sep-
arate introductions for different chapters, and in each chapter we make conclusions.
We end the main part of the thesis by a general conclusion. After the conclusion
there are different appendices, referenced in different chapters, that give the details
of the calculations done in the thesis. The main results, chapter by chapter, are the
following.

• In Chapter 2 we exploit the property that topological frustration closes the gap
above the ground state to construct a quantum quench protocol in which the
Loschmidt echo displays different features, qualitatively and quantitatively,
for antiferromagnetic rings with even and odd number of sites. The empha-
sis is on the quantum Ising chain, but we argue that the phenomenology is
general. This chapter is based on [8].

• In Chapter 3 we study the quantum XYZ chain with FBC, within the symme-
try breaking framework based on anticommuting symmetries. The leading
interaction in the model is set to be antiferromagnetic, and the other ones fer-
romagnetic. It is shown that topological frustration destroys local order. The
emphasis is on the quantum XY chain, where we are able to compute all the
quantities of interest analytically. This chapter is based on [1].

• In Chapter 4 we study the transition in the quantum XY chain when also the
subdominant interaction becomes antiferromagnetic. It is thus discovered that
topological frustration can induce a quantum phase transition. The incom-
mensurate antiferromagnetic order, characterized by a site-dependent magne-
tization modulated over the ring, is discovered here. This chapter is based [2].
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• In Chapter 5 we study the effects of defects, that break translational invariance,
on the orders discovered in the quantum XY with FBC in the previous chap-
ters. It is shown that, depending on the type of defects, the incommensurate
antiferomagnetic order can survive their presence. This chapter is based on [4].

• In Chapter 6, using perturbative arguments, we study more general models
within the symmetry framework based on anticommuting symmetries. It is
shown that the vanishing of the local order and the appearance of the incom-
mensurate antiferromagnetic order are phenomena that go beyond the specific
models studied previously, and it is discussed how the momentum of the de-
generate ground states determines which possibility occurs. This chapter is
based on [6].

• In Chapter 7, by studying the exactly solvable 2-Cluster Ising model, we demon-
strate that topological frustration can destroy local order at both sides of a
quantum phase transition. The transition can then be characterized only by
non-local quantities, so topological frustration has modified its nature. This
chapter is based on [7].

• In Chapter 8, motivated by the discovered effects of topological frustration on
magnetic phases, we examine several models exhibiting symmetry protected
topological order. The results suggest that symmetry protected topological
phases of one dimensional systems are not affected by topological frustration.
This chapter is based on [5].

• The Chapter 9 is a mathematical part of the thesis, where we derive the asymp-
totic formulas for determinants of large Toeplitz matrices whose symbols posses
a part proportional to a delta function. This is the type of determinants that ap-
pears in studying the order parameters of topologically frustrated spin chains
mappable to free fermions. This chapter is based on [3].
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Chapter 2

An Odd Thermodynamic Limit for
the Loschmidt Echo

It has been known [62–64, 66] that topologically frustrated spin chains are gapless
(see also Chapter 1). In this chapter we exploit this property to construct a (local)
quantum quench protocol in which the Loschmidt echo displays different features,
qualitatively and quantitatively, for the antiferromagnetic rings with even and odd
number of lattice sites. Consequently, measuring the Loschmidt echo in an exper-
iment would enable distinguishing antiferromagnetic rings made of N and N + 1
spins, for arbitrarily large N. We employ the prototypical quantum Ising chain to il-
lustrate this phenomenology, and argue that it is general for antiferromagnetic spin
rings. This chapter is based on [8].

2.1 Introduction

Quantum dynamics has been a very active field of research in the new century. A
sufficiently weak system-environment coupling has been achieved with ultra-cold
atoms on optical lattices [110–112], enabling us to perform reliable experiments on
the unitary dynamics of closed quantum systems. Stimulated by the experimental
progress, the theoretical questions about relaxation and the presence or absence of
thermalization [81, 113–116] have been studied intensively. Perhaps the most widely
studied, and the simplest, way of bringing a system out of equilibrium is the quan-
tum quench protocol [78–81]. Here, the system is prepared in the ground state of an
initial Hamiltonian and it is let suddenly to exhibit a unitary evolution governed by
a different Hamiltonian, obtained, for example, by changing suddenly a Hamilto-
nian parameter, such as the magnetic field.

Developments in quantum dynamics have lead to conceptual advancements in
the foundations of statistical mechanics [117–120] and, furthermore, older concepts,
such as the quantum phase transition [10], have received their characterizations in
terms of dynamic quantities. Quantum phase transitions are defined as points of
the non-analyticity of the ground state energy, and are accompanied by the gapless
energy spectrum and the change in the behavior of the order parameter [10]. In a
dynamical setting, there is, for instance, evidence [121] that order parameters are
best enhanced for quenches in the vicinity of quantum critical points. However,
even a more basic quantity, the Loschmidt echo (LE) [122, 123] has been proposed to
be used as a witness of quantum criticality [124].

The Loschmidt echo L(t) is defined as the squared absolute value of the overlap
between the initial and the evolved state at time t. Namely, suppose that the system
is prepared in the ground state |g〉 of the initial Hamiltonian H0, and then, suddenly,
at t = 0, it is left to evolve unitarily by Hamiltonian H1. The LE can then be defined
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as
L(t) =

∣∣∣〈g| e−ıH1t |g〉
∣∣∣
2

. (2.1)

It is a quantity related also to the work probability distribution function [125, 126].
Following the initial work [124], a substantial evidence [127–135] has been collected
that the LE of quenches to quantum criticality is characterized by an enhanced decay
and periodic revivals, although there are known exceptions [136]. Importantly, LE
can be experimentally measured by coupling the system of interest to an auxiliray
two-level system, where the LE is the measure of the decoherence of the auxiliary
system [122, 124, 129, 137].

Here we show that the Loschmidt echo can be used to distinguish an antifer-
romagnetic spin-1/2 ring consisting of N elements from the one consisting from a
single additional element, i.e. of total N + 1 elements, for arbitrarily large N. It is
known that in such systems, depending on whether we follow the even or odd sys-
tem sizes towards the thermodynamic limit, the energy spectrum is gapped or gap-
less respectively [62–64, 66] (see also Chapter 1), due to the presence of topological
frustration for odd N. Thus, similarly as bringing the system to criticality, topolog-
ical frustration closes its spectral gap, although the gapless excitations in frustrated
chains are not relativistic. We exploit the spectral differences for even and odd N to
construct a (local) quantum quench protocol in which the LE displays different fea-
tures, qualitatively and quantitatively, for the two cases. Consequently, measuring
the LE in an experiment would enable distinguishing systems made of N and N + 1
spins, for arbitrarily large N.

2.2 Results

2.2.1 General argument

A deeper insight in the time behavior of the LE can be obtained by expanding the
initial state in terms of the eigenstates |n〉 of the perturbed Hamiltonian H1:

L(t) =
∣∣∣∣∣∑n

e−ıEnt|cn|2
∣∣∣∣∣

2

, cn = 〈n|g〉 . (2.2)

In the general (nontrivial) case, the state |g〉 is not an eigenstate of the Hamilto-
nian H1 and thus several coefficients cn assume a non-vanishing value and the time
evolution of the LE depends on their relative weights. Roughly speaking, we can
arrange the possible behaviors into two large families. The first is made of the cases
in which one of the coefficients is much greater, in absolute value, than the sum of
all the others. As a consequence, denoting by |0〉 the eigenstate of H1 for which cn
reaches the maximum, from eq. (2.2) we recover that the LE will be characterized by
oscillations with an average value close to the identity and oscillation amplitudes
bounded from above by (1− |c0|2)|c0|2. On the other hand, if none of the cn domi-
nates over the others, we can obtain an evolution characterized by a more complex
pattern with larger oscillation amplitudes.

These two prototypical behaviors for the LE are generally associated with differ-
ent properties of the physical systems [138, 139]. For example, the first trend type
characterizes systems in which H0 shows an energy gap that separates the ground
state from the set of the excited states [128, 129]. Let us consider a quench with
H1 = H0 + λHp, where λ is the parameter whose non-zero value brings the system
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out of equilibrium and the eigenvalues of Hp are of the order of unity [123, 140]. In
this case, assuming that λ is much smaller than the energy gap, the coefficient 〈g1|g〉,
where |g1〉 is the ground state of H1, is expected to be much larger than all the others.
Consequently, LE is expected to display the dynamics of the first kind. On the other
side, for systems in which the ground state of H0 is a part of a narrow band that, in
the thermodynamic limit, tends to a continuous spectrum, as at quantum criticality,
the perturbation λHp may induce a non-negligible population in several low-energy
excited states [141], resulting in the time evolution of the second kind.

Typically, these different spectrum properties do not turn into one another by
changing the number of elements that make up the system. Indeed, the presence or
the absence of the gap in the energy spectrum is related to the different symmetries
of the Hamiltonian, which are, usually, size-independent. Hence, keeping all other
parameters fixed and increasing the number of elements, we expect the same kind of
time-evolution, with finite-size effects that reduce with the system size up to some
point at which the dependence of the LE on the number of constituents is almost
undetectable. To have a LE evolution that changes as the number of elements turns
from even to odd and vice-versa, we need a system in which also the shape of the
energy spectrum is strongly dependent on it.

However, as we have seen in Chapter 1, while the antiferromagnetic rings with
an even number of lattice sites (N = 2M, M → ∞) are gapped, those with an odd
number of lattice sites (N = 2M + 1, M → ∞) are, due to topological frustration,
gapless [62–64, 66], with the ground state being a part of a narrow band of states.
Hence the properties of the spectral gap depend dramatically on whether the size of
the system is an even or odd number.

However, this property alone is not sufficient to ensure a dependence of the dy-
namics of the LE on the size of the system like the one we are looking for. The
perturbation that acts on the initial Hamiltonian must also be chosen carefully. On
the one hand, as the states in the lowest energy band of the frustrated system are
identified by different quantum numbers (namely, their momenta), the perturbation
should break the symmetry these numbers reflect, to ensure that the eigenstates of
the perturbed Hamiltonian can have a finite overlap in the whole band (otherwise,
we expect that the initial state would overlap only with states carrying the same
quantum number). On the other hand, in the unfrustrated system we want that the
ground state of the unperturbed Hamitonian has a significant overlap only with one
of the eigenstates of the perturbed Hamiltonian, to have a simple evolution of the
first kind. The unfrustrated system in a symmetry broken phase has an (asymptot-
ically) degenerate ground state manifold. We want the perturbation to preserve the
symmetry of the Hamiltonian not to mix different ground states.

2.2.2 Quantum Ising chain

To clarify these arguments and to provide a specific example, let us discuss a paradig-
matic model, i.e. the antiferromagnetic Ising chain in a transverse magnetic field
with periodic boundary conditions [10, 56, 86]. This well-known model is described
by the Hamiltonian

H0 =
N

∑
j=1

(
σx

j σx
j+1 + hσz

j

)
. (2.3)

Here σα
j with α = x, y, z stands for the Pauli operators defined on the j-th lattice site,

h is the relative weight of the local transverse field, N is the length of the ring and
periodic boundary conditions imply that σα

N+j = σα
j . As we can see from eq. (2.3), the
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FIGURE 2.1: Loschmidt echo comparison between frustrated and un-
frustrated chains of similar length N, fixing the magnetic field and
the perturbation parameter respectively to h = 0.4, λ = 0.2 (left plot)
and h = 0.8, λ = 0.1 (right plot). The time is rescaled for a better
comparison. For even N (unfrustrated systems), due to the negligible
hybridization with the first excited states, the LE presents small oscil-
lations around a value near one (left columns). For odd N instead the
higher number of hybridized states results in a strong sensitivity of

the LE oscillations to the system parameters.

system has the parity symmetry with respect to the z-spin direction, i.e. [H0, Πz] = 0,
where Πz =

⊗N
i=1 σz

i . This means that the eigenstates of H0 can be arranged in two
sectors, corresponding to two different eigenvalues of Πz. Moreover, the model in
eq. (2.3) is also invariant under spatial translation which implies that there exists a
complete set of eigenstates of H0 made of states with definite lattice momentum [2].

In the range 0 < h < 1, for N = 2M the system shows two nearly degenerate
lowest energy states with opposite parity and an energy difference closing exponen-
tially with the system size [56, 142] while all the other states remain separated by a
finite energy gap. When N = 2M + 1, topological frustration sets in and the unique
ground state becomes part of a band in which states of different parities alternate. In
this case the gaps between the lowest energy states close algebraically as 1/N2 [62–
64, 67, 70, 71, 73].

A simple perturbation that satisfies the criteria we discussed above is Hp = σz
N ,

breaking the translational invariance which classifies the eigenstates of H0, while
preserving the parity symmetry. Thus, we have

H1 = H0 + λ σz
N , (2.4)

and we assume that λ � 1, i.e. we assume that λ is much smaller than the energy
gap above the two quasi-degenerate ground states in the unfrustrated case. Here λ
is assumed to be small, but independent of N. A global quench where H1 preserves
the parity and breaks the translational invariance, for example through a modulated
or a random transverse field, could also be considered. However, it is important
that the perturbation is not large enough to complicate the evolution of the LE in
the unfrustrated case, which we want to be of the first kind. Furthermore, we are
looking for a simple, unambiguous, system-size independent protocol, for which
the local quench is suitable.
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FIGURE 2.2: Comparison between the result for frustrated (red
squares) and unfrustrated (blue circles) chains of the time-average
(left panel) and of the standard deviations (right panel) of the LE for
several sets of parameters as a function of the inverse system length.
Differently from the frustrated case, the unfrustrated time average is
mostly size independent. The standard deviation for the frustrated
case is always larger, even a few orders of magnitude, than the one of

the unfrustrated case.

Since H1 is not invariant under spatial translations, we cannot diagonalize it ana-
lytically as is possible for H0, by exploiting the usual approach based on the Jordan-
Wigner transformation followed by a Bogoliubov rotation [56]. Nevertheless, we can
resort to the diagonalization procedure reported in [91], which allows us to diago-
nalize numerically the Hamiltonians (2.3) and (2.4) in an efficient way [4], and thus
to calculate the LE (see the Methods section for the details). The results obtained are
summarized in Fig. 2.1, where several behaviors of the LE for even N and odd N + 1
sizes are compared.

The results fit well in the qualitative picture we have discussed in the first part.
When N is even and hence the system is not frustrated the LE presents small noisy
oscillations around a value close to unity, see Fig. 2.1. The average value is almost
independent from the parameters, while oscillations reduce as the system size in-
creases. This behavior reflects the fact that, λ being small, the initial state shares a
significant overlap only with one of the lowest eigenstates of H1 and the contribu-
tions from all other states above the gap produce fast oscillations that average out in
the long time limit.

For the frustrated case N = 2M + 1 instead, the picture is completely different.
The LE exhibits decays and periodic revivals, similarly to its behavior in quenches
to critical points [124, 127–135]. Here, because of the closing of the gap, the same
perturbation hybridizes several states, which thus contribute to the evolution of the
LE. Finite-size effects become important, since by increasing the chain length the
density of states changes and thus also the number of states which get hybridized.
These considerations imply a strong sensibility of the LE oscillation frequency and
amplitude to all the parameters in the setting.

The results presented in Fig. 2.1 make it clear that the behaviors of the LE for
even and odd N are completely different. To go beyond this qualitative assessment,
we can make a quantitative comparison of the difference between these two behav-
iors, by considering the time averaged value of the LE L̄ over a long period of time,
ideally infinite. This analysis, whose results can be found in the left panel of Fig. 2.2,
clearly shows that for the unfrustrated case (blue circles) the time average is almost
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independent from the size of the ring, while for the frustrated one (red squares) there
is a significant dependence on the ring size, with an asymptotic value in the thermo-
dynamic limit which differs from the even chain length case. The similarity between
the frustrated and unfrustrated values for small systems can be easily understood
by taking into account that in the frustrated model, for small N, the gap between the
ground state and the other states in the lowest energy band can be bigger than the
perturbation amplitude, hence giving life to an unfrustrated-like behavior for the
LE.

As we wrote above, since Hp breaks the spatial invariance, it is impossible to ob-
tain an exact expression for the LE. For the unfrustrated case, it is possible to develop
a cumulant expansion [125] which provides the correct evolution of the LE, but its
reliability hinges on a clear separation of scales between the strength of the pertur-
bation and the energy gap. When N is odd, the gap closes and for sufficiently large
system size this approach fails. Nonetheless, to gain some insight into the LE when
the system is frustrated, we can resort to a perturbation theory around the classical
point (h = 0) and derive an analytic expression which can be compared to our nu-
merical results. Within this approach, we first compute the initial (ground) state of
H1 considering, in the beginning, λσz

N as the perturbation to the Hamiltonian at the
classical point (h = 0), and then bringing back the term h ∑j σz

j as a second-order
perturbation term. By construction, this approach is justified for 0 < h � λ � 1.
The effect of the local term λσz

N is to split the initial 2N degenerate states into three
groups. In particular, the ground space becomes two-fold degenerate, separated by
an energy gap of order λ from 2N − 4 degenerate states, on top of which, separated
by a gap of the same value, there are two other degenerate states. The second pertur-
bation term h ∑j σz

j does not act significantly on the two two-dimensional manifolds
but removes the macroscopic degeneracy, creating an intermediate band of 2N − 4
states.

Exploiting this perturbative analysis (see the Methods section for details), we
obtain for the LE

L(t) =
∣∣∣∣

2
N(N − 1)

(N−1)/2

∑
k=1

tan2
[
(2k− 1)π
2(N − 1)

]
exp

{
− ı2ht cos

[
(2k− 1)π

N − 1

]}

+
2
N

exp
[
ıt(λ + h)

]∣∣∣∣
2

.

(2.5)

In Fig. 2.3 we compare the analytical results in eq. (2.5) with the numerical data and
we find a substantial agreement between the two in the region h� λ (see the upper
panel). It is also worth noting that the two methods give similar results even when
h and λ are comparable (middle panel of Fig. 2.3). The main difference between the
two behaviors is, apparently, only a rescaling of the oscillation frequency that seems
to be underestimated in the perturbative approach.

In the thermodynamic limit the term proportional to 2/N in eq. (2.5) can be ne-
glected and the expression of the LE can be approximated as: L(t) ' F

(
2ht
N2

)
where

the function F (x) is given by

F (x) = lim
M→∞

∣∣∣∣
1

2M2

M

∑
k=1

tan2
[
(2k− 1)π

4M

]
exp

{
− ıx(2M + 1)2 cos

[
(2k− 1)π

2M

]}∣∣∣∣
2

(2.6)
The function in eq. (2.6) is somewhat reminiscent of the Weierstrass function [143]
and indeed it displays a continuous, but nowhere differentiable behavior. While
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FIGURE 2.3: Loschmidt echo’s comparison between the numerics
(dotted red line) and the analytic expression eq. (2.5) (blue line) for
a spin chain of length N = 201 and for λ = 0.1. The time is rescaled
for a better comparison. The results are in agreement for h = 0.01,
that corresponds to the limit 0 < h � λ � 1 (upper panel, the
curves are mostly superimposed). We also find similar results when
h and λ are comparable, as shown in the middle panel for the case
λ = h = 0.1. Finally, in the lower panel the failure of the approxi-
mation for h = 0.5 is shown, where the value of the magnetic field is

beyond the assumed range of validity.

its emergence in such a simple context is remarkable, we remark that such fractal
curves [144, 145] were already observed in LE evolution [146]. Furthermore, similar
curves were also observed in quenches to multicritical points [131, 135], where as
in our case the LE displays the period of revivals proportional to N2. Presumably,
an important reason behind this similarity is that both at the studied multicritical
points and in the studied topologically frustrated spin chain the spectral gap closes
quadratically with the system size.

2.3 Conclusions

We have analyzed the behavior of the LE in short-range antiferromagnetic one-
dimensional spin systems with periodic boundary conditions in the presence of a
perturbation that violates translational invariance, but leaves unaffected the parity,
namely a local magnetic field. Under these conditions, the LE shows an anomalous
dependence on the number of elements in the system. When this number is even,
LE shows small random oscillations around a value very close to unity that is al-
most independent from the system size, and the amplitude of these oscillations tend
to decrease with the size increasing until it disappears in the thermodynamic limit.
On the contrary, in the presence of a ring made out of an odd number of sites, the
oscillations are large and do not disappear in the thermodynamic limit while the
average value is strongly dependent on the system size. The presence of two differ-
ent behaviors can be traced back to the difference in the energy spectrum for even
and odd N, that arises from the presence of topological frustration in the latter case.
These general results have been tested in a paradigmatic model, the Ising model
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in the transverse field, using both exact diagonalization methods and perturbation
theory.

The LE can thus be used to distinguish the spin chains with N and N + 1 sites,
for arbitrarily large N. This result is especially relevant taking into account that LE is
an experimentally accessible quantity, by looking at the decoherence of a two-level
system interacting with the spin system [122, 124, 129, 137]. Our result is also inter-
esting if we take into account that LE plays a fundamental role in several problems of
current interest in quantum thermodynamics such as quantum work statistics [125,
126] and information scrambling [126, 147].

2.4 Methods

2.4.1 Exact results by mapping to free fermions

Let us provide a detailed description of the method exploited to obtain the data
on the Ising model. Our starting point is to observe that, for spin systems that
can be mapped to free-fermionic models, eq. (2.1) can be rewritten in the following
form [128, 129]:

L(t) = |det(1− r + re−ıCt)|. (2.7)

Here
∆† = (c†

1, . . . , c†
N , c1, . . . , cN), (2.8)

describes the fermionic operators, C is the matrix coefficient of the Hamiltonian H1
in the fermionic language, i.e.

H1 =
1
2

∆†C∆, (2.9)

and r = 〈g|∆†
i ∆j |g〉 is the two-point fermionic correlation matrix in the initial state.

The hermiticity requirement for the Hamiltonian fixes the matrix C to be of the block-
form

C =

(
S T
−T −S

)
, (2.10)

where S is a symmetric and T an antisymmetric matrix.
It is useful to rewrite the r matrix in terms of the correlation functions of the

Majorana operators. Following [91] we define

Ai = c†
i + ci, Bi = ı(c†

i − ci). (2.11)

Exploiting eq. (2.11) and the fact that, since |g〉 is the ground state of H0, 〈g| Ai Aj |g〉 =
〈g| BiBj |g〉 = δij it is straightforward to obtain:

r =
1
4

(
2I + G + Gᵀ G−Gᵀ

−G + Gᵀ 2I−G−Gᵀ

)
, (2.12)

with Gij = − 〈g| Bi Aj |g〉.
Therefore, to calculate the LE it remains to evaluate the correlation matrix G on

the ground state of the unperturbed Hamiltonian H0 and the matrix C linked to H1.
Both can be determined following the same approach. Exploiting the Jordan-Wigner
transformation

cj =
( j−1⊗

l=1

σz
l

)σx
j + ıσy

j

2
, c†

j =
( j−1⊗

l=1

σz
l

)σx
j − ıσy

j

2
, (2.13)
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we map the spin system to a quadratic fermionic one. In fact, due to non-locality
of the Jordan-Wigner transformation the Hamiltonians in eq. (2.3) and eq. (2.4) can-
not be written as a quadratic form (2.9). However, they commute with the parity
operator Πz =

⊗N
i=1 σz

k and it is possible to separate them into two parity sectors,
corresponding to the eigenvalues Πz = ±1, so that in each sector they are a quadratic
fermionic form. In the following, we can restrict ourselves to the Hamiltonians H0
and H1 only in the odd sector (Πz = −1) since the ground state of the quantum
Ising model (2.3) with frustrated boundary conditions and h > 0 belongs to it [70,
73]. There, they can be written in the form of eq. (2.9), up to an additive constant. In
particular, the matrix C for H1 in the odd sector, present in eq. (2.7), can be obtained
easily by inspection.

The matrix G can be found easily from the exact solution of the quantum Ising
chain with frustrated boundary conditions [70, 73]. However, for a more efficient
numerical implementation we follow the approach from ref. [91, 129], where we
write H0 in the odd sector in the form of eq. (2.9) and where

Gij = − (ΨᵀΦ)ij , (2.14)

with the matrices Φ and Ψ being formed by the vectors given by the solution of:

Φk(S− T)(S + T) = Λ2
kΦk, (2.15)

Φk(S− T) = ΛkΨk. (2.16)

Here Λk are the free-fermionic energies. Their sign is a matter of choice. Transform-
ing Λk to −Λk corresponds simply to switching the creation and the annihilation
operator, and to transforming Φk (Ψk) into −Φk (−Ψk). It is important to note that
the parity requirements do not allow for the ground state of H0 to be the vacuum
state for free fermions with positive energy [70, 73]. Thus, assuming the eigenvalues
Λ2

k in eq. (2.15) are labeled in ascending order, the ground state corresponds to the
vacuum state of fermions with Λ1 < 0 and the remaining energies Λk positive.

2.4.2 Perturbation theory near the classical point

Let us now turn to provide some more details on the perturbative approach to the
LE near the classical point in the presence of topological frustration. The first step
consists of finding the ground state of the Hamiltonian H0 in eq. (2.3), treating the
term h ∑j σz

j as a perturbation. It is known that, at the classical point, in the presence
of an odd number of spins the interplay between periodic boundary conditions and
antiferromagnetic interactions gives rise to a 2N-fold degenerate ground state man-
ifold. Such a space is spanned by the kink states |j〉 and Πz |j〉, j = 1, 2, . . . N with
energy −(N − 2), that have one ferromagnetic bond σx

j = σx
j+1 = ±1 respectively,

the others being antiferromagnetic (σx
k = −σx

k+1 for k 6= j). The excited states out-
side this manifold are separated from the ground space by an energy gap of order
unity so that we can neglect them in a perturbative approach. By considering the
magnetic field the 2N-fold degeneracy is removed and a narrow-band of states is
created, with a gap that separates the ground state from the other elements of the
band closing as 1/N2 (see Appendix A.1 for more details). To the lowest order in
perturbation theory in h we found for the initial state appearing in eq. (2.1), that is
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for the ground state of the unperturbed system, the expression:

|g〉 = 1√
N

N

∑
j=1

1−Πz
√

2
|j〉 . (2.17)

The next step is to find the lowest energy states of the Hamiltonian H1 in eq. (2.4)
through a perturbation theory both for h > 0 and λ > 0, and of the basis of this to
compute the Loschmidt echo. The details of this calculation are given in Appendix B,
while its main points are given in the following. Since we first apply the perturbation
theory in λ while we consider h as a second-order perturbation, we are assuming
that h � λ � 1. Also in this case we start from the 2N degenerate ground space
formed by the kink states and we treat the term λσz

N as a perturbation. Again we
find that the degeneracy is removed and, at this point, the system shows two-fold
degenerate ground states:

|ψ±〉 =
1±Πz

2
(|N − 1〉 ∓ |N〉), (2.18)

separated by an energy gap equal to λ from 2N − 4 degenerate kink states. Above
this macroscopically degenerate manifold, separated by a gap λ there are other two
states:

|φ±〉 =
1±Πz

2
(|N − 1〉 ± |N〉) (2.19)

We now consider the second-order perturbation h ∑j σz
j . Its effect on the |ψ±〉 and

|φ±〉 states is only a shift in the energy respectively of ∓h. Furthermore, it creates a
band of states from the kink ones given by:

|ξ±, m〉 = 1±Πz
√

N − 1

N−2

∑
j=1

(−1)j sin
( mπ

N − 1
j
)
|j〉 , (2.20)

with m = 1, 2, . . . , N − 2. The energies of the discussed eigenstates are given by

E(ψ±) = −(N − 2)− (λ + h), (2.21)
E(φ±) = −(N − 2) + λ + h, (2.22)

E(ξ±, m) = −(N − 2)∓ 2h cos
( mπ

N − 1

)
. (2.23)

The calculation of the Loschmidt echo is now straightforward. From the defini-
tion eq. (2.1), expressing the initial state eq. (2.17) in terms of the eigenstates of the
perturbed model eq.s (2.18), (2.19), and (2.20) and applying the evolution operator
e−ıH1t we finally obtain the expression in eq. (2.5).



27

Chapter 3

Topological Frustration can destroy
Local Order

In this chapter, which is based on [1], we show that topological frustration can de-
stroy the order parameter of the system. We study the quantum XYZ chain without
external fields and with both antiferromagnetic and ferromagnetic interactions, set
on the ring with an odd number of sites (frustrated boundary conditions). In this
setting we are able to apply the approach to symmetry breaking based on the exact
ground state degeneracy due to anticommuting symmetries, discussed in section
1.2.3, in which we can, already in a finite system, compute the magnetizations that
are traditionally used as order parameters to characterize system’s phases. When
ferromagnetic interactions dominate, we recover magnetizations that in the thermo-
dynamic limit lose any knowledge about the boundary conditions and are in com-
plete agreement with standard expectations. On the contrary, when the system is
governed by antiferromagnetic interactions, due to topological frustration the mag-
netizations decay algebraically to zero with the system size and are not staggered,
despite the AFM coupling. We term this behavior mesoscopic ferromagnetic magne-
tization. Hence, in the antiferromagnetic regime, our results show an unexpected
dependence of spin expectation values on the choice of boundary conditions.

3.1 Introduction

In section 1.2.4 we have discussed the boundary conditions in the context of the
possibility to influence local order. Let us just note here that the older results on
topological frustration, discussed in section 1.2.1, also bring some evidence pointing
towards it, through a single, symmetric, ground state above which the energy gap
closes only algebraically [62–64, 66, 67], i.e. not exponentially, and through the two–
point function [67, 71, 73], which vanishes for the most distant spins in the ring, as
discussed also in section 1.2.3. Crucially, here we consider the magnetization directly
within a symmetry breaking framework.

After introducing the system under consideration, we will recap the two com-
plementary approaches to extract the order parameter in the absence of frustration
and then apply the same techniques to the case with frustration. Doing so, first we
show that our technique yields the expected results in the former case, and then we
apply it to the frustrated case.
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3.2 The spin chains and their properties

We consider an anisotropic spin– 1
2 chain with Hamiltonian

H =
N

∑
j=1

cos δ
(

cos φ σx
j σx

j+1 + sin φ σ
y
j σ

y
j+1

)
− sin δσz

j σz
j+1 , (3.1)

where σα
j , with α = x, y, z, are Pauli operators and N is the number of lattice sites,

which we henceforth set to be odd N = 2M+ 1. Crucially, we apply periodic bound-
ary conditions σα

j+N = σα
j .

The model is expected to exhibit a quantum phase transition every time two of
the couplings are, in magnitude, equal and greater than the third [148] (in that case,
the model becomes equivalent to a critical XXZ chain [56]). Dualities are connect-
ing different rearrangements of the couplings along the x, y, and z directions [148].
Moreover, to avoid additional effects (and degeneracies) that will be the subject
of subsequent chapters, we will allow only one antiferromagnetic (AFM) coupling
(namely, along the x direction), letting the other two to favor a ferromagnetic align-
ment. We thus limit the range of the anisotropy parameters such that φ ∈ [−π/2, 0]
and δ ∈ [0, π/2], so that the phase transition is at φ = −π/4 (for tan δ < 1/

√
2) and

separates two phases characterized by a two–fold degenerate ground state. In par-
ticular, for φ ∈ [−π/2,−π/4) the phase favors a ferromagnetic alignment along the
y direction (yFM), while for φ ∈ (−π/4, 0] the dominant interaction is AFM along
the x direction (xAFM) and thus topologically frustrated.

With no external field, we can adopt the approach to symmetry breaking based
on anticommuting symmetries for odd N, discussed in section 1.2.3. All three par-
ity operators along the three axes Πα =

⊗N
j=1 σα

j commute with the XYZ Hamilto-
nian in eq. (3.1) ([H, Πα] = 0). Since we are considering systems made by an odd
number of sites N = 2M + 1, the Πα do not commute with one another, but rather
anti-commute (

{
Πα, Πβ

}
= 2δα,β), and actually fulfill a a non-commuting algebra[

Πα, Πβ
]
= ı εα,β,γ2(−1)

N−1
2 Πγ, which is essentially SU(2). This structure implies

that every state is exactly degenerate an even number of times, also on a finite chain.
If |Ψ〉 is an eigenstate, say, of Πz, then Πx |Ψ〉, that differs from Πy |Ψ〉 by a global
phase factor, is also an eigenstate of the Hamiltonian with opposite z–parity but with
the same energy.

Applying an external magnetic field h along, say, the z–direction leaves only
Πz to commute with the Hamiltonian, thus restoring the original Z2 symmetry
the model is known for and breaking the exact finite-size degeneracy between the
states [10, 56]. Nonetheless, up to a critical value of h, it is known that the induced
energy split is exponentially small in the system size [142] and thus that the de-
generacy is restored in the thermodynamic limit, representing one of the simplest,
and most cited, examples of spontaneous symmetry breaking (SSB) [10]. To sim-
plify things, let us set δ = 0, so that eq. (3.1) describes an anisotropic XY chain [56,
91]. For |h| < 1 we are in the SSB phase. This means that, although a ground state
with definite z–parity necessarily has zero expectation value concerning σx

j and σ
y
j ,

in the thermodynamic limit the degeneracy allows to select a ground state which is
a superposition of different z–parities, which can thus display a spontaneous mag-
netization in the x or y direction. In the yFM phase we expect the order parameter
my ≡ 〈σy

j 〉 to be finite, while in the xAFM the non–vanishing order parameter should
be the staggered magnetization mx ≡ (−1)j 〈σx

j 〉.
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FIGURE 3.1: Magnetizations along the three axes (in absolute value)
as a function of the chain length for the yFM phase at φ = −1.32. The
upper panel dots represent the data obtained by setting δ = 0 and us-
ing the “trick” discussed in the text to evaluate the magnetizations as
determinants of N−1

2 × N−1
2 matrices, while the dots in the lower one

are obtained taking δ = 0.3 and using exact numerical diagonaliza-
tion. Regardless of the value of δ, my quickly saturates to its asymp-
totic finite value, while mx and mz decay to zero exponentially fast, as

shown by the best fit lines (plots presented in logarithmic scale).

3.3 The ferromagnetic case

Let us now turn back to the system in eq. (3.1) and focus on the ferromagnetic region
φ ∈ [−π/2,−π/4). The (quasi–)long–range order represented by the order param-
eter can be extracted in two ways: from the two–point function or by selecting a
suitable superposition of states at finite sizes and then following their magnetiza-
tion toward the thermodynamic limit. The former takes advantage of the cluster
decomposition property [11, 87, 88]

lim
r→∞

〈σα
j σα

j+r〉 − 〈σα
j 〉 〈σα

j+r〉 = 0, (3.2)

to extract the order parameter from the large distance behavior of the system’s two–
point correlators.

Exploiting the Jordan-Wigner Transformation [56, 91, 149], which maps the spin
degrees of freedom into spin-less fermions:

cj =
( j−1⊗

l=1

σz
l

)σx
j + ıσy

j

2
, c†

j =
( j−1⊗

l=1

σz
l

)σx
j − ıσy

j

2
, (3.3)
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the XY model can be brought into a free fermionic form. Before doing so, however,
states must be separated according to their parity Πz, since negative (positive) parity
corresponds to (anti-)periodic boundary conditions applied to the fermions. Thus,
the XY chain Hamiltonian can be written as

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
, (3.4)

where the exact expressions of H+ and H− can be found in Appendix C.2. From
these Hamiltonians it is possible to determine, following the method described in
details in Appendix C.2, the fundamental two–point correlation functions. These
correlations are expressed as the determinant of a Toeplitz matrix, whose asymptotic
behavior can be evaluated analytically [150]:

〈σx
j σx

j+r〉
r→∞' 2

π
√

1− cot2 φ

cotr φ

r
(3.5)

〈σy
j σ

y
j+r〉

r→∞'





√
1− cot2 φ

[
1 + 4

π

(
cot φ

1−cot2 φ

)2 cotr φ
r2

]
r = 2m

√
1− cot2 φ

[
1 + 2

π

(
cot φ

1−cot2 φ

)2 1+cot2 φ
cot φ

cotr φ
r2

]
r = 2m + 1

(3.6)

〈σz
j σz

j+r〉
r→∞'

{
0 r = 2m
− 2

π
cotr φ

r2 r = 2m + 1
(3.7)

From these large r behavior, taking into account the cluster decomposition hy-
pothesis, we can extract the different magnetizations mα ≡ 〈σα

j 〉, obtaining

mx = mz = 0, my =
(
1− cot2 φ

)1/4
. (3.8)

However, on an odd–length chain at h = 0, exploiting the symmetries that we
have already illustrated, we can provide a direct way to evaluate the different mag-
netizations even in finite systems. In fact, if |gz〉 is one of the degenerate ground
states with definite z–parity which can be constructed in terms of the Bogoliuobov
fermions [56], we can generate a ground state with definite x–parity (y–parity) as
|gx〉 ≡ 1√

2
(1 + Πx) |gz〉, (|gy〉 ≡ 1√

2
(1 + Πy) |gz〉). All these states have a vanishing

magnetization in the orthogonal directions while along their own axes we have

〈gx| σx
j |gx〉 = 〈gz| σx

j Πx |gz〉 = 〈gz| Π̃x
j |gz〉 ,

〈gy| σy
j |gy〉 = 〈gz| σy

j Πy |gz〉 = 〈gz| Π̃y
j |gz〉 , (3.9)

where Π̃α
j ≡

⊗
l 6=j σα

l for α = x, y. These states are the analytical continuation at
h = 0 of the zero–temperature “thermal” ground state that spontaneously breaks
the Z2 symmetry.

Note that in this way, we turn the calculation of the expectation value of an op-
erator defined on a single–spin with respect to a ground state with a mixed z–parity
into that of a string made by an even number of spin operators on a definite z–parity
state, which is a standard problem. Thus the RHS of eq. (3.9) can be written again
as the determinant of a Toeplitz matrix, whose asymptotic behavior can be studied
analytically, similarly to what has been done in [90]. This “trick” can be understood
as originating from the fact that, at zero external fields, the chain in eq. (3.1) has a
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particle/hole duality and that, on a chain with an odd number of sites, the symmetry
relates states with different parities. The result of such analysis reproduces eq. (3.8),
proving the consistency of the two methods of evaluation for the order parameters.
More details on this direct approach in Appendix C.5.

While for δ = 0 we can evaluate the magnetizations using the analytical “trick”,
for δ 6= 0 we have to resort to numerical solutions. In Fig. 3.1 we present some
typical results for the finite size magnetizations for the XY and XYZ chain, showing
a quick exponential decay in N of mx and mz to zero and a fast saturation of my (note
that each plotted magnetization mα is calculated with respect to the corresponding
ground state |gα〉).

3.4 The frustrated case

We now turn to the case with φ ∈ (−π/4, 0], where the boundary conditions induce
topological frustration. For δ = 0, the model can be solved through the same steps
used in the traditional cases and exactly mapped into a system of free fermions. In
the ferromagnetic phase, the degeneracy between the different parity states is due
to the presence of a single negative energy mode (only in one of the parity sectors),
whose occupation lowers the energy of those states. With frustration, the negative
energy mode moves into the other parity sector and, because of the parity selection
rules in (3.4), it cannot be excited alone. Therefore, the effect of frustration is that the
lowest energy states in each parity sector in (3.4) are not admissible.

The two degenerate ground states thus carry the signature of a single delocalized
excitation and lie at the bottom of a band of states in which this excitation moves
with different momenta (with an approximate Galilean dispersion relation). Hence,
another effect of topological frustration is to close the gap that would otherwise exist,
as in the older results on topological frustration, discussed in section 1.2.1.

Let us then repeat the extraction of the order parameters in the xAFM phase, fol-
lowing the same procedure we followed for yFM. However, in the present case, the
analytical computation of the spin correlations along the x and y directions requires
the knowledge of the asymptotic behavior of a new type determinants, whose sym-
bol contains a delta function with a peak at the momentum of the excitation. We
have studied such determinants in [3], that is the subject of Chapter 9, where we
also present the details of the analytical computation of the results presented here.
The computation of the correlations along z do not require these techniques and it is
given in Appendix C.5. The results are
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FIGURE 3.2: Magnetizations along the three axes (in absolute value)
as a function of the chain length for the xAFM/MFM phase at φ =
−0.25. The upper panel dots represent the data obtained by setting
δ = 0 and using the “trick” discussed in the text to evaluate the mag-
netizations as determinants of N−1

2 × N−1
2 matrices, while the dots in

the lower one are obtained taking δ = 0.3 and using exact numerical
diagonalization. Regardless of the value of δ, we see how all mag-
netizations decay algebraically to zero, as shown by the best fit lines

(plots presented in log–log–scale).

〈σx
j σx

j+r〉
r→∞'





√
1− tan2 φ

(
1− 2r

N

)[
1 + 4

π

(
tan φ

1−tan2 φ

)2
tanr φ

r2

]
r = 2m

−
√

1− tan2 φ
(

1− 2r
N

)[
1 + 2

π

(
tan φ

1−tan2 φ

)2
1+tan2 φ

tan φ
tanr φ

r2

]
r = 2m + 1

(3.10)

〈σy
j σ

y
j+r〉

r→∞'





2
π
√

1−tan2 φ

(− tan φ)r

r + 2
5
2 1

1+tan φ
(− tan φ)

r
2

N
√

πr r = 2m

2
π
√

1−tan2 φ

(− tan φ)r

r + 2
3
2
(− tan φ)

1
2 +(− tan φ)−

1
2

1+tan φ
(− tan φ)

r
2

N
√

πr r = 2m + 1

(3.11)

〈σz
j σz

j+r〉
r→∞'





0 r = 2m

− 2
π

tanr φ
r2 + 2

3
2

√
1− tan2 φ

(− tan φ)
r−1

2

N
√

πr r = 2m + 1
(3.12)

While they imply quite clearly that my = mz = 0 (in accordance with expecta-
tions), the extraction of mx is more subtle: using the standard prescription of taking
N → ∞ first, one would get mx =

(
1− tan2 φ

)1/4. However, one could argue [73]



3.4. The frustrated case 33

▲
▲

▲
▲

▲
▲

▲
▲

▲
▲

▲
▲

▲
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▼ ▼ ▼ ▼ ▼ ▼
▼

▼
▼

▼
▼

▼
▼

▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆
◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

■ ■ ■ ■ ■ ■ ■ ■ ■
■

■
■

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

● ● ● ● ● ● ● ● ● ●
●

●
● ● ● ● ● ● ● ● ● ● ● ● ●

0-π /8-π /4-3 π /8-π /2

0

0.05

0.1

0.15

ϕ

m
x

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
▲

▲
▲

▲
▲

▲
▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▼ ▼ ▼ ▼ ▼ ▼ ▼
▼

▼
▼

▼
▼

▼
▼

▼
▼

▼
▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼

◆ ◆ ◆ ◆ ◆ ◆ ◆
◆

◆
◆

◆
◆

◆
◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

■ ■ ■ ■ ■ ■ ■
■

■
■

■
■

■
■

■
■

■ ■ ■ ■ ■ ■ ■ ■ ■

● ● ● ● ● ● ●
●

●
●

●

●

●
●

●
●

● ● ● ● ● ● ● ● ●

▲ N=7

▼ N=11

◆ N=15

■ N=19

● N=23

0-π /8-π /4-3 π /8-π /2
0

0.25

0.5

0.75

1

ϕ

m
y

▲ ▲ ▲
▲

▲
▲

▲
▲

▲
▲

▲
▲

▲
▲

▲
▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▼ ▼ ▼ ▼ ▼ ▼ ▼
▼

▼
▼

▼
▼

▼
▼

▼
▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆
◆

◆
◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

■ ■ ■ ■ ■ ■ ■ ■ ■
■

■
■

■
■

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

● ● ● ● ● ● ● ● ● ●
●

●
●

● ● ● ● ● ● ● ● ● ● ● ●

0-π /8-π /4-3 π /8-π /2
0

0.15

0.3

ϕ

m
z

FIGURE 3.3: Plot of the magnetizations as a function of φ for δ = 0.3
and several system sizes. The yFM phase (φ < −π/4) shows a fast
approach to saturation, while for the frustrated case the decay toward

zero is algebraically slow.
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that a better procedure would be to evaluate eq. (3.10) at antipodal points r ∼ N/2
to minimize the correlations and then take the thermodynamic limit. In this way, one

would get mx = 1
N

(
1− tan2 φ

)1/4 N→∞→ 0. Note also that there are systems where
the violation of the cluster decomposition principle has been discovered [151].

It is thus important that we can directly access the single spin magnetization
using eq. (3.9). Once more, for the XY chain the expectation values can be cast as de-
terminants of Toeplitz matrices, whose behaviors are depicted in the upper panel of
Fig. 3.2: all magnetizations are characterized by an algebraic decay to zero with the
system size. The analytical results for are given in Appendix C.5, and demonstrate
clearly this property.

Several elements are surprising in these results. The most evident one is that
FBC kills the magnetization in the x–direction, that on an open or even-length chain
would be finite. Note that a finite magnetization can be measured in any finite sys-
tem, although it decreases algebraically with the system size, a phenomenon we
term “mesoscopic magnetization”. Quite surprisingly, however, this finite–size magne-
tization is not staggered, but rather ferromagnetic–looking (thus, we will call the AFM
phase with FBC, a mesoscopic ferromagnetic phase, MFM). In hindsight, we could have
expected this, since a staggered magnetization would have not been compatible with
PBC with an odd number of sites (note that this problem does not arise for the 2-
point function).

These analytical outcomes are corroborated by exact numerical diagonalization
results, which allow us to extended our analysis to the XYZ (δ 6= 0) ring, (see the
lower panel of Fig. 3.2). In Fig. 3.3 we plot the behavior of the magnetizations as a
function of φ for δ = 0.3 for several chain lengths N: while in the yFM phase there
is little dependence on N, as the saturation values are reached quickly, in the MFM
phase we observe the slow, algebraic decay toward zero of the order parameters.

It is rather surprising that a finite chain, unable to sustain AFM order, would
nonetheless generate a ferromagnetic spontaneous magnetization and that in any fi-
nite system, a phase with a dominant interaction along the x direction would show
the weakest spontaneous magnetization in that direction, with my being the strongest
one (once more, these magnetizations refer to different states |gα〉). Finally, we re-
mark that FBC also seem to somewhat spoil the cluster decomposition, since the
non–staggered mesoscopic magnetization we find is not compatible with (3.10), al-
though both of them vanish in the thermodynamic limit.

3.5 Conclusions

We have presented a comparative study of the ferromagnetic and AFM frustrated
case for the XYZ chain, showing that, contrary to expectations, the boundary con-
ditions are able to destroy local order. We have done so, by realizing that, with no
external field, we can exploit the anticommuting parity symmetries to construct an
exact ground state at finite sizes that breaks the Z2 symmetry. For the XY chain, we
can express the one-point function as a determinant of a Toeplitz matrix and evalu-
ate it analytically, while for the interacting cases we can numerically diagonalize the
model and calculate the expectation values. We benchmarked these procedures on
a ferromagnetic phase with FBC to show that they reproduce the expected results
eq. (3.8), while in an AFM phase the magnetizations, while finite in a finite chain,
decay toward zero algebraically in the thermodynamic limit. Furthermore, despite a
dominant AFM interaction, no magnetization shows a staggered behavior: we thus
term this phase generated by FBC a mesoscopic ferromagnetic phase (MFM).
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Nonetheless, we should remark that our results are fully consistent with a straight-
forward perturbative calculation starting from the classical frustrated Ising chain,
similar to the one in [67, 69], as we show in Appendix C.7. Our important contribu-
tion is that we have found an exact way to approach the thermodynamic limit and
to calculate the order parameter.

Our results are surprising because they show that, within the symmetry breaking
framework that we have adopted, the boundary conditions can influence the bulk
behavior of a system, by destroying local order. Let us end with a couple of obser-
vations about this strange phenomenology. The first is that FBC provide a non–local
contribution to the system since frustration arises from an incompatibility between
local and global order. Thus, it is possible that the discovered phenomenology has
some topological origins. Another, somewhat more technical angle, is that in our
class of models, the single spin magnetization is dual to a non–local correlator (see
eq. (3.9)). From this point of view, it is not surprising that a non–local function is
sensitive to the boundary conditions. Nonetheless, we have to admit that it seems
to us a rather strange to consider single–site magnetizations as non–local quantities.
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Chapter 4

Topological Frustration can induce
a Quantum Phase Transition

In the previous chapter, we have already proved that when only one antiferro-
magnetic interaction dominates over ferromagnetic ones, topological frustration de-
stroys local order (expressed by the spontaneous magnetization) in the thermody-
namic limit, and replaces it with mesocopic ferromagnetic order. Here we focus on
the transition that occurs when also the second interaction in the quantum XY chain
becomes AFM. This transition is characterized, even at finite size, by a level crossing
associated with a discontinuity in the first derivative of the free energy at zero tem-
perature (i.e., the ground state energy). In the new phase, the ground state becomes
four-fold degenerate and this increased degeneracy allows for the existence of a dif-
ferent magnetic order. The order is characterized by a staggered magnetization as
in the standard AFM case, but with a modulation that makes its amplitude slowly
varying in space. The results are surprising not only because we find a different
kind of order, but also because the quantum phase transition, signaled by the dis-
continuity, does not exist with other boundary conditions (BC), such as open (OBC)
or periodic (PBC) boundary conditions with an even number of sites N. This chapter
is based on [2].

4.1 Results

4.1.1 Level crossing

Continuing the analysis of the previous chapter, we focus on the quantum XY chain
[91] at zero field with FBC. Even if the discovered phenomenology is not limited to
this model, it is useful to focus on it, because exploiting the well–known Jordan–
Wigner transformation [91, 149] we can evaluate all the quantities that we need with
an almost completely analytical approach. The Hamiltonian describing this system
reads

H =
N

∑
j=1

cos φ σx
j σx

j+1 + sin φ σ
y
j σ

y
j+1 , (4.1)

where σα
j , with α = x, y, z, are Pauli matrices and N is the number of spins in the

lattice. Having assumed frustrated boundary conditions, we have that N = 2M + 1
is odd and σα

j ≡ σα
j+N . The angle φ ∈ (−π

4 , π
4 ) tunes the relative weight of the

two interactions, as well as the sign of the smaller one. Hence, while the role of the
dominant term is always played by the AFM interaction along the x-direction, we
have that the second Ising–like interaction switches from FM to AFM at φ = 0.

As discussed in the previous chapter, the symmetries of Hamiltonian 4.1 imply
an exact ground-state degeneracy even in finite chains and thus the possibility to
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FIGURE 4.1: Site dependent magnetizations along x (Blue darker ar-
rows) and y (Red lighter arrows) for each spin of a lattice with N = 9
sites. The magnetizations are obtained setting φ = π

8 and recovering
the maximum amplitudes fx ' 0.613 and fy ' 0.329, see discussion

around eq. (4.7).

select states with a definite magnetization within the ground state manifold. Fur-
thermore, it is possible to directly evaluate the magnetization of these states: having
it as a function of the number of sites of the chain, we can take the thermodynamic
limit and thus recover directly its macroscopic value, without resorting to the usual
approach making use of the cluster decomposition. Let us repeat the reasoning. Re-
gardless of the value of φ, the Hamiltonian in eq. (4.1) commutes with the parity
operators (Πα ≡ ⊗N

i=1σα
i ), i.e. [H, Πα] = 0, ∀α. At the same time, since we are con-

sidering odd N, different parity operators satisfy
{

Πα, Πβ
}
= 2δα,β, hence implying

that each eigenstate is at least two-fold degenerate: if |ψ〉 is an eigenstate of both
H and Πz, then Πx |ψ〉, that differs from Πy |ψ〉 by a global phase factor, is also an
eigenstate of H with the same energy but opposite z–parity.

Using the standard techniques [56], that consist of the Jordan-Wigner transfor-
mation and a Fourier transform followed by a Bogoliubov rotation (more details in
Appendix C.2), the Hamiltonian can be reduced to

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
,

H± = ∑
q∈Γ±

ε(q)
(

a†
q aq −

1
2

)
. (4.2)

Here aq (a†
q) is the annihilation (creation) fermionic operator with momentum q. The

Hilbert space has been divided into the two sectors of different z-parity Πz. Ac-
cordingly, the momenta run over two disjoint sets, corresponding to two sectors:
Γ− = {2πk/N} and Γ+ = {2π(k + 1

2 )/N} with k ranging over all integers from 0 to
N − 1. The dispersion relation reads

ε(q) = 2
∣∣cos φ eı2q + sin φ

∣∣ , q 6= 0, π ,
ε(0) = −ε(π) = 2 (cos φ + sin φ) , (4.3)

where we note that only ε(0), ε(π) can become negative.
The eigenstates of H are constructed by populating the vacuum states |0±〉 in the

two sectors and by taking care of the parity constraints. The effect of frustration is
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that the lowest energy states are not admissible due to the parity requirement. For
instance, from eq. (4.3) we see that, assuming φ ∈ (−π

4 , π
4 ), the single negative en-

ergy mode is ε(π), which lives in the even sector (π ∈ Γ+). Therefore the lowest
energy states are, respectively, |0−〉 in the odd sector and a†

π |0+〉 in the even one.
But, since both of them violate the parity constraint of the relative sector, they can-
not represent physical states. Hence, the physical ground states must be recovered
from |0−〉 and a†

π |0+〉 considering the minimal excitation coherent with the parity
constraint.

While for φ < 0 there is a unique state in each parity sector that minimizes the
energy while respecting the parity constraint (and these states both have zero mo-
mentum), for φ > 0 the dispersion relation in eq. (4.3) becomes a double well and
thus develops two minima: ±p ∈ Γ− and ±p′ ∈ Γ+, approximately at π/2 (for their
precise values and more details, see Methods 4.3.1). Thus, for φ > 0 the ground
state manifold becomes 4-fold degenerate, with states of opposite parity and mo-
menta. This degeneracy has a solid geometrical origin, which goes beyond the exact
solution to which the XY is amenable, and has to do with the fact that, with FBC,
the lattice translation operator does not commute with the mirror (or chiral) symme-
try, except than for states with 0 or π momentum (see Appendix C.4). Thus, every
other state must come in degenerate doublets of opposite momentum/chirality. In
accordance to this picture, a generic element in the four-dimensional ground state
subspace can be written as

|g〉 = u1 |p〉+ u2 |−p〉+ u3 |p′〉+ u4 |−p′〉 , (4.4)

where the superposition parameters satisfy the normalization constraint ∑i |ui|2 = 1,
|±p〉= a†

±p|0−〉 are states in the odd z-parity sector and |±p′〉 = Πx |∓p〉 = a†
±p′a

†
π|0+〉

are the states in the even sector (for the second equality, that holds up to a phase fac-
tor, see Methods 4.3.2).

Hence, independently from N, once FBC are imposed, the system presents a level
crossing at the point φ = 0, where the Hamiltonian reduces to the classical AFM
Ising. The presence of the level crossing is reflected on the behavior of the ground
state energy Eg, whose first derivative exhibits a discontinuity

dEg

dφ

∣∣∣∣
φ→0−

− dEg

dφ

∣∣∣∣
φ→0+

= 2
(

1 + cos
π

N

)
, (4.5)

which goes to a nonzero finite value in the thermodynamic limit. The presence of
both a discontinuity in the first derivative of the ground state energy, and a different
degree of degeneracy even at finite sizes, is coherent with a first-order quantum
phase transition [10].

However, such a transition is present only when FBC are considered. Indeed,
without frustration, hence considering either OPC or PBC conditions in a system
with even N, the two regions φ ∈ (−π

4 , 0) and φ ∈ (0, π
4 ) belong to the same AFM

phase, have the same degree of ground-state degeneracy, and exhibit the same phys-
ical properties [90, 91]. Hence it is the introduction of the FBC that induces the pres-
ence of a quantum phase transition at φ = 0.

4.1.2 The magnetization

Having detected a novel phase transition, we need to identify the two phases sep-
arated by it. In Chapter 3 we have proved that the two-fold degenerate ground
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FIGURE 4.2: Plot of the site dependent magnetizations along x (or-
ange points) and y (blue ones) for each spin of a lattice with N = 29
sites. The magnetizations are obtained setting φ = π

8 . The dashed
lines are a guide to the eye to show the almost staggered order, while

the modulation in space is given by eq. 4.7.

state for φ < 0 is characterized by a ferromagnetic mesoscopic order: for any finite
odd N, the chain exhibits non-vanishing, site-independent, ferromagnetic magneti-
zations along any spin directions. These magnetizations scale proportionally to the
inverse of the system size and, consequently, vanish in the thermodynamic limit. For
suitable choices of the ground state, this mesoscopic magnetic order is present also
for φ > 0 but, taking into account that now the ground state degeneracy is doubled,
the new phase can also show a different magnetic order, that is forbidden for φ < 0.
However, from all the possible orders that can be realized we can, for sure, discard
the standard staggerization that characterizes the AFM order in the absence of FBC.
In fact, for odd N, it is not possible to align the spins perfectly antiferromagnetically,
while still satisfying PBC. In a classical system, the chain develops a ferromagnetic
defect (a domain wall) at some point, but quantum-mechanically this defect gets de-
localized and its effect is not negligible in the thermodynamic limit as one would
naively think.

To study the magnetization let us consider a ground state vector that is not an
eigenstate of the translation operator:

|g̃〉 = 1√
2

(
|p〉+ eıθ |p′〉

)
, (4.6)

where θ is a free phase. We compute the expectation value of spin operators on this
state. Having broken translational invariance, we can expect the magnetization to
develop a site dependence, which can be found by exploiting the translation and the
mirror symmetry (see Methods 4.3.2), giving

〈σα
j 〉g̃ = (−1)jcos

[
π

j
N

+ λ(α, θ, N)

]
fα , (4.7)

where fα ≡ |〈p| σα
N |p′〉|. The two phase factors, whose explicit dependence on the

arbitrary phase θ is given in Appendix C.6.1, are related as λ(y, θ, N)− λ(x, θ, N) =
π/2, which corresponds to a shift by half of the whole ring between the x and y
magnetization profiles. The obtained spatial dependence, depicted in Figure 4.1 and
4.2, thus breaks lattice translational symmetry, not to a reduced symmetry as in the
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FIGURE 4.3: Behavior of matrix elements fx (upper panel) and fy
(lower panel) as function of the Hamiltonian parameter φ for differ-

ent sizes of the the system N.

case of the staggerization that characterizes the standard AFM order, but completely,
since we have an incommensurate modulation that depends on the system size over-
imposed to the staggerization.

While the simple argument just presented explains how and why the magneti-
zations along x and y acquire a nontrivial spatial dependence, we still have to de-
termine how their magnitudes scale with N. The magnitudes depend on the spin
operator matrix elements 〈p| σα

N |p′〉 and their evaluation is explained in Methods
4.3.3.

As we can see from Figure 4.3, we have two different behaviors for the magneti-
zations along x and y. While for the former we can see that it admits a finite non zero
limit, which is a function of the parameter φ > 0, the latter, for large enough systems,
is proportional to 1/N (see also Figure 4.4) and vanishes in the thermodynamic limit.
Hence, differently from the one along the y spin direction, the “incommensurate anti-
ferromagnetic order” along x survives also in the thermodynamic limit. By exploiting
perturbative analysis around the classical point φ = 0 it is possible to show that, for
φ → 0+ and diverging N, fx goes to 2/π (see Appendix C.7 for details). Moreover,
numerical analysis has also shown that in the whole region φ ∈ (0, π/4) we have

lim
N→∞

| 〈p| σx
N |p′〉 | =

2
π
(1− tan2 φ)

1
4 . (4.8)

4.2 Conclusions

Summarizing, we have proved how, in the presence of FBC, the Hamiltonian in
eq. (4.1) shows a quantum phase transition for φ = 0. Such transition is absent both
for OBC and for systems with PBC made of an even number of spins. This quantum
phase transition separates two different gapless, non-relativistic phases that, even at
a finite size, are characterized by different values of ground-states degeneracy: one
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shows a two-fold degenerate ground-state, while in the second we have a four-fold
degenerate one. This difference, together with the fact that the first derivative of
the ground-state energy shows a discontinuity in correspondence with the change
of degeneracy, supports the idea that there is a first-order transition.

The two phases display the two ways in which the system can adjust to the con-
flict between the local AFM interaction and the global FBC: either by displaying
a mesoscopic ferromagnetism, whose magnitude decays to zero with the system
size [1], as discussed in Chapter 3, or through an approximate staggerization, so
that the phase difference between neighboring spins is π

(
1± 1

N

)
. For large sys-

tems, these 1/N corrections induced by frustration are indeed negligible at short
distances. However, they become relevant when fractions of the whole chain are
considered. Crucially, the latter order spontaneously breaks translational invariance
and remains finite in the thermodynamic limit. Let us remark once more that, with
different boundary conditions, all these effects are not present.

The results presented in this work are much more than an extension of those in
Chapter 3, where we have already proved that FBC can affect local order. While
there AFM was destroyed by FBC and replaced with a mesoscopic ferromagnetic or-
der, here we encounter a different type of AFM order, which spontaneously breaks
translational invariance, is modulated in an incommensurate way, and does not van-
ish in the thermodynamic limit. Most of all, the transition between these two orders
is signaled by a discontinuity in the derivative of the free energy, indicating a first-
order quantum phase transition.

The phase transition we have found resembles several well-known phenomena
of quantum complex systems, without being completely included in any of them. A
finite difference of the values of the free energy derivative at two sides of the tran-
sition characterizes also first-order wetting transitions [152–154], that are associated
to the existence of a border. On the other hand, in our system, we cannot individ-
uate any border, since the chain under analysis is perfectly invariant under spatial
translations. Delocalized boundary transitions have already been reported and are
called “interfacial wetting”, but they differ from the phenomenology we discussed
here, as they refer to multi-kink states connecting two different orders (prescribed at
the boundary) separated by a third intermediate state [155].

The transition we have found, and the incommensurate order, might also be ex-
plored experimentally. To observe them, one could, for example, measure the mag-
netization at different positions in the ring. In the phase exhibiting incommensurate
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AFM order, the measurements will yield different values at different positions, while
in the other phase, exhibiting mesoscopic ferromagnetic order the values are going
to be the same. One could also examine the maximum value of the magnetization
over the ring. In the incommensurate AFM phase this value is finite, while in the
other it goes to zero in the thermodynamic limit. The maximum of the magnetiza-
tion over the ring thus exhibits a jump at the transition point.

The strong dependence of the macroscopic behavior on boundary conditions that
we have found seemingly contradicts the Landau theory, that implicitly assumes
microscopic changes, such as the boundary conditions, are negligible in the thermo-
dynamic limit. Indeed, FBC are special, as the kind of spin chains we consider are
the building blocks of every frustrated system [28–30, 156–158] , which are known
to present peculiar properties. We can also speculate that FBC induce a topological
effect that puts the system outside the range of validity of the standard theory. In
fact, while in the ferromagnetic phases of the model the ground state degeneracy
in the thermodynamic limit is independent of boundary conditions, in the param-
eter region exhibiting incommensurate AFM order the degeneracy is doubled with
FBC, thus clearly depending on the (real space) topology of the system. But, there is
a second more subtle connection. Indeed, while magnetic phases show symmetry-
breaking order parameters, topological phases are characterized by the expectation
value of a non-local string operator that does not violate the bulk symmetry of the
system. In our system, as we have shown before, the value of the local magneti-
zation is associated with the expectation value of the operator σx

NΠx =
⊗N−1

j=1 σx
j ,

which is a string operator that does not break the parity symmetries of the model.
However, while geometrical frustration induces some topological effects in the XY
chain, interestingly, we have found evidence that suggests that topological phases
are resilient to topological frustration [5], as we discuss in Chapter 8.

A natural question that emerges is how robust is the observed phenomenology
to defects, that destroy the translational symmetry of the model. In fact, a common
expectation is that such defect would pin the domain wall and restore the unfrus-
trated physics in the bulk. In Chapter 5 we address this question and show that a
complex picture emerges depending on the nature of the defects, but that ultimately
the incommensurate AFM order can survive under general conditions. Thus, the
physics we have discussed here goes beyond fine-tuned properties, to a physically
measurable phenomenon.

4.3 Methods

4.3.1 Ground state degeneracy

We have two different pictures depending on the sign of φ. For φ < 0 the excitation
energy, given by eq. (4.3), admits two equivalent local minima, one for each parity,
i.e. q = 0 ∈ Γ− and q = π ∈ Γ+. Consequently, the ground state is two-fold degen-
erate, and the two ground states that are also eigenstates of Πz are |g−0 〉 = a†

0 |0−〉
and |g+0 〉 = Πx |g−0 〉 = |0+〉, where the last equality holds up to a phase factor.
On the contrary, when φ becomes positive, the energy in eq. (4.3) admits, for each
z-parity sector, two local minima at opposite momenta, ±p ∈ Γ− and ±p′ ∈ Γ+,
where p = π

2

(
1− 1

N

)
for a system size N satisfying N mod 4 = 1, p = π

2

(
1 + 1

N

)

for N mod 4 = 3 and p′ = π − p.
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4.3.2 Spatial dependence of the magnetization

To study the spatial dependence of the magnetization it is useful to introduce the
unitary lattice translation operator T, whose action shifts all the spins by one posi-
tion in the lattice as

T†σα
j T = σα

j+1, α = x, y, z (4.9)

and which commutes with the system’s Hamiltonian in eq. (4.1), i.e. [H, T]=0. The
operator T admits, as a generator, the momentum operator P, i.e. T = eıP. Among
the eigenstates of P, we have the ground state vectors |±p〉 and |±p′〉 with relative
eigenvalues equal to ±p and π± p′ = ∓p. A detailed definition of the operator and
a proof of these properties is given in Appendix C.3. The latter equality allows to
identify the ground states a†

±p′a
†
π|0+〉 with the states Πx |∓p〉.

We can exploit the properties of the operator T to determine, for each odd N,
the spatial dependence of the magnetizations along x and y in the ground state |g̃〉
(〈σα

j 〉g̃ with α = x, y), defined in eq. (4.6). In fact, taking into account that |p〉 and
|p′〉 live in two different z-parity sectors, we have that the magnetization along a
direction orthogonal to z on the state |g̃〉 is given by

〈σα
j 〉g̃ = 〈g̃| σα

j |g̃〉=
1
2
(
eıθ 〈p| σα

j |p′〉+ e−ıθ 〈p′| σα
j |p〉

)
. (4.10)

The magnetization is determined by the spin operator matrix elements 〈p| σα
j |p′〉,

that can all be related to the ones at the site j = N. In fact, considering eq. (4.9) we
obtain

〈p| σα
j |p′〉 = e−ı2pj 〈p| σα

N |p′〉 . (4.11)

The advantage of this representation is that the matrix element 〈p| σα
N |p′〉 is a

real number for α = x, and a purely imaginary one for α = y, making it simple to
express the magnetization. Let us illustrate the computation of the x magnetization,
while the details for the y magnetization can be found in Appendix C.6.1. The special
role of the site N is singled out by the choice made in the construction of the states
through the Jordan-Wigner transformation. To prove that the matrix element is real
it is useful to introduce the, unitary and hermitian, mirror operator with respect to
site N, denoted as MN , that makes the mirroring

MNσα
j MN = σα

−j, α = x, y, z, (4.12)

and, in particular, leaves the N-th site unchanged. The operator satisfies MN |±p〉 =
|∓p〉, while the reflections with respect to other sites would introduce additional
phase factors. A detailed definition of the mirror operators and discussion of their
properties is given in C.4. Exploiting the properties of MN we have then

〈p| σx
NΠx |−p〉 = 〈−p| σx

NΠx |p〉 = (〈p| σx
NΠx |−p〉)∗, (4.13)

so 〈p| σx
N |p′〉 is real. Evaluating 〈p| σx

N |p′〉 using the methods of the next section we
can see that the quantity is actually positive, and therefore equal to its magnitude fx.
Then from eq. (4.10) and (4.11) we get the spatial dependence of the magnetization

〈σx
j 〉g̃ = cos(2pj− θ) 〈p| σx

N |p′〉 . (4.14)

Inserting the exact value of the momentum we get eq. (4.7) for α = x, where the
exact value of λ(x, θ, N) is given in Appendix C.6.1.
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4.3.3 Scaling of the magnetization with N

The magnetization is determined by the matrix elements fα = | 〈p| σα
N |p′〉 |. To eval-

uate them we exploit a trick similar to the one used to compute the magnetization in
Chapter 3.

Within the ground state manifold, we define the vectors

|g±〉 ≡
1√
2
(|p〉 ± |−p〉), (4.15)

and, further using the, already introduced, properties of the mirror operator MN (see
Appendix C.6.2 for details), we get

〈p| σα
N |p′〉 =

1
2

(
〈g+| σα

NΠx |g+〉−〈g−| σα
NΠx |g−〉

)
.

(4.16)

In this way, we represent a notoriously hard one point function in terms of standard
expectation values of products of an even number of spin operators σα

NΠx, which
can be expressed as a product of an even number (parity preserving) of fermionic
operators. Using Wick’s theorem, the expectation values can then be expressed as
determinants and evaluated numerically efficiently (see Appendix C.6.2).

Moreover, in the limit φ → 0+ the matrix elements can also be evaluated analyt-
ically using a perturbative approach (see Appendix C.7).





47

Chapter 5

XY Chain with Bond Defects

In the previous chapters we have shown that frustrated boundary conditions, that is,
periodic boundary conditions with an odd number of lattice sites, can affect the bulk,
local, order in antiferromagnetic systems. For the quantum XY chain in zero external
fields, the usual antiferromagnetic order has been found to be replaced either by
mesoscopic ferromagnetic order or by incommensurate AFM order. In this chapter
we examine the resilience of these types of orders against a defect that breaks the
translational symmetry of the model. We find that, while a ferromagnetic defect
restores the traditional, staggered order, an AFM one stabilizes the incommensurate
order. The robustness of the frustrated order to certain kinds of defects paves the
way for its experimental observability. This chapter is based on [4].

5.1 Introduction

In general, it is known that the presence of defects in a spin chain can induce a
very rich phenomenology [159] and can influence the system geometry [160]. The
concept of topological frustration, in particular, is related to defects, as it is present
depending on the nature of the interaction at a single bond in the system. In this line
of research, it is known from the results by Campostrini et al. [67] that a one-bond
defect drives a quantum phase transition in the quantum Ising antiferromagnet, be-
tween a magnetic phase when the defect favors a ferromagnetic order on a bond, and
a kink phase with an AFM defect. The two phases are characterized by a different
scaling of the energy gap above the ground state. The magnetic phase is gapped,
with an exponential closing of the gap between the two quasi-degenerate ground
states, while the kink phase is gapless, with the ground state being part of an en-
ergy band and an algebraic closing of the gap. The frustrated boundary conditions
(FBC) represent exactly the transition point, with a universal scaling behavior of low
energy properties close to it.

In this chapter we extend the analysis of chapters 3 and 4, by investigating how
are the local orders in the quantum XY chain with frustrated boundary conditions,
discovered there, affected by the presence of a localized defect. Under usual condi-
tions, one does not expect that such defect can affect the system beyond some finite
distance around it. Even more, since the ground state with FBC is interpreted as a
single excitation state, the effect of a defect could be to localize this excitation, thus
restoring the traditional order, except for an exponentially limited area whose rel-
evance, in the thermodynamic limit, becomes negligible. These considerations are
probably one of the reasons for which the aforementioned orders emerging with
FBC have been overlooked for too long: they have been expected to be too weak
against a defect and thus impossible to be detected experimentally. We will show
that this picture is correct only when a ferromagnetic type defect (FTD), i.e. a defect
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FIGURE 5.1: Schematic representation of different phases as a func-
tion of the system parameters. The interval φ ∈ (−π/4, π/4) cor-
responds to a dominating antiferromagnetic interaction along the x
axis. When the defect of the form (δx 6= 0, δy = 0) favours a fer-
romagnetic alignment (FTD), the effect of the defect is localized in a
small region and outside it the standard AFM order is restored. On
the other hand, when the defects tends to strengthen the antiferro-
magnetic interaction (AFTD) the incommensurate AFM order (IAFM)

is realized.

that reduces the relative weight of the dominant AFM term, is considered. On the
contrary, when we take into account an antiferromagnetic type defect (AFTD), i.e.
a defect that locally increases the dominant AFM term, an incommensurate AFM
order is induced in the system. This incommensurate AFM order holds a magnetic
pattern very close to the one in Chapter 4, but is, differently from it, associated to
a two-fold degenerate ground-state and not to a four-fold one. Furthermore, while
the mesoscopic ferromagnetic order described in Chapter 3 does not seem to sur-
vive the presence of a defect, the incommensurate AFM order is found to be resilient
also to the presence of a second defect, indicating that it can be observed under rel-
atively general conditions with FBC. The emergence of two different orders (i.e. the
standard AFM and the incommensurate staggered one) signals the existence of a
quantum critical point (QPT) separating them. The QPT we observe with the defect
is thus a similar phenomenology as the one observed in [67] for the quantum Ising
chain, but due to the symmetries of our model, we are able to apply the approach to
symmetry breaking based on anticommuting symmetries, discussed in section 1.2.3,
and discuss local order.

This chapter is organized as follows. In Section 5.2 we introduce the model under
study and briefly review its properties in the absence of defects. In Section 5.3 we
describe the analytical and numerical techniques we use to analyze the effects of
adding the defect, which requires particular care due to the gapless nature of the
system without defects. In Section 5.4 we show and discuss the results for various
types of perturbations. Conclusions and outlook are collected in Section 5.5.

5.2 The Model

We focus on the XY chain at zero fields with FBC and a local defect that, without
the loss of generality, we set between the first and the last spin of the chain. Such a
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system is described by the Hamiltonian

H =
N−1

∑
j=1

cos φ σx
j σx

j+1 +
N−1

∑
j=1

sin φ σ
y
j σ

y
j+1+

+ cos(φ + δx) σx
Nσx

1 + sin(φ + δy) σ
y
Nσ

y
1 , (5.1)

where σα
j , for α = x, y, z, are Pauli operators defined on the j-th spin and the FBC are

achieved by imposing periodic boundary conditions σα
N+j ≡ σα

j and an odd number
N of lattice sites. The parameter φ tunes the relative strength between the interac-
tions along the x and y directions, while δx and δy govern the strength of the defect
along the x and y axis respectively. The presence of the defect in the interaction pat-
tern destroys the translational invariance of the model and all its mirror symmetries,
except the one with respect to the (N + 1)/2-th spin.

This is, clearly, not the most general defect that we can consider. The reason
behind our choice is that the Hamiltonian in eq. (5.1) still preserves the parity sym-
metries, [H, Πα] = 0 with Πα =

⊗N
j=1 σα

j , with respect to all the three spin directions,
α = x, y, z, as the unperturbed model. This property is of particular relevance in
our analysis, because, as in chapters 3 and 4, it implies an exact degeneracy for the
ground state already in a finite system when N is odd. Again, since N is odd, parity
operators anti-commute ({Πα, Πβ} = 2δαβ). Hence, if the state |ϕ〉 is an eigenstate
of both the Hamiltonian and one of the parity operators, say Πz, the state Πx |ϕ〉
is still an eigenstate of both H and Πz but has the opposite Πz eigenvalue. Hence,
each eigenstate of the Hamiltonian is (at least) two-fold degenerate even at finite
size. This degeneracy enables us to study the magnetization directly, even in a finite
system, exploiting the trick introduced in chapters 3 and 4.

Before starting our analysis, let us briefly review here the main findings of chap-
ters 3 and 4, that deal with the model obtained by setting δx = δy = 0 in eq. (5.1).
For φ in the region (−3π/4,−π/4) the dominant term is the ferromagnetic inter-
action along the y direction (yFM phase). In the thermodynamic limit, the two-fold
degenerate ground state manifold is separated from the rest of the spectrum by a fi-
nite energy gap and admits a ferromagnetic magnetization along y-axis, my = 〈σy

j 〉.
This phenomenology is the same to the one that can be found taking into account
open boundary conditions or an even number of spins [90, 91, 150]. On the con-
trary, due to topological frustration, a different type of order is found in the region
φ ∈ (−π/4, π/4), where the antiferromagnetic interactions dominate. Without frus-
tration, this region would be simply a x-AFM phase characterized by a staggered
magnetization. Instead, assuming FBC, it is separated into two gapless regions (the
energy gap closing as 1/N2), φ ∈ (−π/4, 0) and φ ∈ (0, π/4), characterized by dif-
ferent ground state degeneracies and different magnetization patterns. Moreover,
the transition is accompanied by a finite discontinuity in the first derivative of the
ground state energy at φ = 0.

For φ ∈ (−π/4, 0), where the dominant antiferromagnetic interaction in the x
direction competes with the ferromagnetic one in the y direction, the ground state
manifold is two-fold degenerate. Although the dominant interaction along x is an-
tiferromagnetic, the magnetization mx(j) = 〈σx

j 〉 (as well as my(j), mz(j)) is found to
be uniform, ferromagnetic, and decays algebraically with the system size to zero, as
1/N, resulting in the zero value of the magnetization in the thermodynamic limit.
Qualitatively, this behavior stems from the fact that with an odd number of sites with
periodic boundary conditions, a staggered order cannot be sustained, and thus the
delocalized kink contribution eventually destroys the AFM order. Because of these
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properties, this order is termed Mesoscopic Ferromagnetic Order [1] (see Chapter 3).
For φ ∈ (0, π/4), where both interactions are antiferromagnetic, a more rich be-

havior is found. The ground state manifold is four-fold degenerate and it is possible
to select ground states with different properties. While there are states that also ex-
hibit mesoscopic ferromagnetic order, it is also possible to select states with a magne-
tization profile that varies in space with an incommensurate pattern and survives in
the thermodynamic limit. Qualitatively, in this case, the system accommodates the
frustration with a small shift in the staggered order, so that the magnetization varies
as sin

[
π
(
1− 1

N

)
j + α

]
: neighboring sites are almost perfectly staggered, but along

the chain, the amplitude varies and at its minimum one finds a ferromagnetic bond.
This new type of order has been termed Incommensurate Antiferromagnetic Order [2]
(see Chapter 4).

5.3 Methods

The model in eq. (5.1) can be analyzed by mapping spins into spinless non-interacting
fermions through the Jordan-Wigner transformations [91, 149]. Usually, in systems
that can be solved exploiting the Jordan-Wigner transformation, followed by a Bo-
goliubov rotation in Fourier space, all the physical quantities can be obtained in
terms of two-body correlation functions of Majorana operators that are determined
analytically [90, 91, 161–163]. However, in the present case, the local perturbation ex-
plicitly breaks the invariance under spatial translation and, therefore, prevents the
possibility to obtain analytical expressions for the Majorana correlation functions.
Nevertheless, since the Hamiltonian in eq. (5.1), is quadratic in the spinless fermion
operators, we construct an efficient algorithm, based on the work of Lieb et al. [91],
to obtain a numerical evaluation of the whole set of Majorana correlation functions
that allows to obtain all the analyzed quantities following the standard approach
(see Appendix D.1 for details).

Usually, a finite longitudinal field is required to have a finite magnetization in
the x-direction. The persistence of a finite value even after the removal of the field,
after taking the thermodynamic limit, is the signature of a spontaneous symmetry
breaking. However, in our case, we are working at zero fields to have an exact
degeneracy between states with different parities, so that the system can exhibit a
finite magnetization, even at a finite size, without the need to apply a symmetry-
breaking field. Since the different parity operators do not commute with each other,
any ground state vector necessarily breaks at least one of those symmetries. Once
the magnetizations are obtained for a chosen N, we follow this value toward the
thermodynamic limit to determine which order survives for large systems. Taking
inspiration from the result obtained in the absence of defects [1, 2] (see chapters 3
and 4), we focus mainly on the study of the pattern of the magnetization in the x
direction mx(j) = 〈σx

j 〉, which is maximized by taking into account the states with
definite Πx parity. The state with Πx = ±1 reads

|g〉 = 1√
2
(1±Πx) |g−〉 . (5.2)

Here |g−〉 is the ground state of the Hamiltonian in eq. (5.1) that falls in the odd
sector of Πz. Exploiting the trick introduced in Chapter 3, we can express the ex-
pectation value of σx

j on |g〉 with Πx = 1 in terms of the expectation value of the
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operator σx
j Πx on |g−〉, i.e.

mx(j) ≡ 〈g| σx
j |g〉 = 〈g−| σx

j Πx |g−〉 , (5.3)

which can be computed using the fermionic representation of the model, as dis-
cussed in Appendix D.1. The state with Πx = −1 would just exhibit the magnetiza-
tion 〈σx

j 〉 of the opposite sign.
To further corroborate these results, we also employ an analytical perturbation

theory, in two different ways. Treating either φ or δx in eq. (5.1) as a small parameter,
we diagonalize the perturbation either in the kink state basis or just in the four-
dimensional ground state manifold on the unperturbed model. Details are given in
Appendix D.2. The first approach is more insightful and successful in describing
the numerical results, while the second gives a more quantitative agreement for the
incommensurate AFM order, although the truncation of the basis to just four states
is only empirically justified.

While for defect strengths δx,y that go to zero sufficiently fast with the system size
(δx,y → 0 as N → ∞) the orders found with FBC should be preserved, we are inter-
ested in determining the resilience of these orders to the presence of a finite, fixed,
defect, in the thermodynamic limit. To do so, we fix the strength (in absolute value)
of the defect to be comparable with the energy width of the (unperturbed) lowest en-
ergy band, namely |δx,y| = |φ|/10. In this way, the defect always hybridizes several
states of band.

In our analysis, we will have to face several different magnetization patterns
and, hence, we have to find a way to discriminate among them. Even if, sometimes,
it would be enough to look at a direct plot of the magnetizations to guess what kind
of pattern is realized in the system, it is better to have a more quantitative way to
discriminate between them. For this reason we decide to focus on the analysis of the
Discrete Fourier Transform (DFT) of the magnetization:

m̃x(k)≡
1
N

N

∑
j=1

mx(j)e
2πı
N kj, k=1, . . . , N. (5.4)

Hence, to determine the asymptotic behavior of the magnetization pattern in the
thermodynamic limit, we will perform a finite size scaling analysis of the DFT, and
compare the obtained result with some reference patterns.

For instance, the incommensurate AFM order has m̃x(k) ∝ δk, N±1
2

, while the
mesoscopic ferromagnetic order would have m̃x(k) ∝ δk,N , but with an amplitude
decaying algebraically to zero as N → ∞. Finally, a perfectly staggered order would
have π-momentum, which is, however, not allowed by the quantization rules with
FBC. The staggered order mx(j) = (−1)j, that has mx(N) = mx(1) and the remain-
ing bonds antiferromagnetic, would, on the other hand, be resolved over the allowed
momenta as

m̃x(k) ∝
1

1 + e−
2πı
N k

. (5.5)

5.4 Results

In our analysis we study the behavior of the magnetization mx(j) in the presence of
a defect for finite chains and then extrapolate the behavior in the thermodynamic
limit. First we focus on the case where the defect affects only one spin direction, and
then we switch to the case where the defect acts on both.
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FIGURE 5.2: Magnetization mx(j) = 〈σx
j 〉 as a function of the site j

for a chain made of N = 1019 spins (left), and the absolute value of
its Discrete Fourier transform (DFT) (5.4) as a function of the inverse
chain length, for chain lengths up to N = 2001 (right) and for dif-
ferent momenta: green diamonds |m̃x(

N±5
2 )|, red squares |m̃x(

N±3
2 )|,

and blue circles |m̃x(
N±1

2 )|. The results are obtained considering the
defect only along the x direction (δy = 0). An antiferromagnetic de-
fect yields an incommensurate AFM order, while a ferromagnetic one

gives standard AFM order in the bulk (see text for discussion).

Before starting a detailed discussion, in Fig. 5.1 we depict a schematic phase dia-
gram of the system in the presence of a defect with (δx 6= 0, δy = 0), where we can see
that the system shows two clearly different behaviors. As we can see from Fig. 5.2,
when the defect tends to strengthen the AFM interactions, i.e. when an AFTD de-
fect is considered, the max of the DFT m̃x(k), that is obtained for k = N±1

2 , goes
to a non-zero value as the system size diverges, while m̃x(k) vanishes for all other
momenta. This picture is coherent with an incommensurate AFM order in which
the site-dependent magnetization is proportional to sin

[
π(1− 1

N )j
]

as can also be
seen from the plots of the envelopes obtained for N = 1019 spins. It is worth not-
ing that the incommensurate AFM order is found both for φ ∈ (0, π/4) and for
φ ∈ (−π/4, 0), although in the latter region, without perturbation, a mesoscopic fer-
romagnetic order was present. Thus an AFTD stabilizes the incommensurate AFM
order, regardless of the order that characterizes the unperturbed underlying model.

A peculiar feature needs commenting: although one could naively expect that
a stronger AFM bond would concentrate around the defect the largest magnetiza-
tion amplitude, this is not the case and one observes the magnetization minimum
at the defect. We do not have a proper qualitative explanation for this behavior, al-
though the perturbative calculations below provide some technical justifications. It
seems that the system prefers to have the most constant magnetization profile far
away from the defect, so that at the center of the chain the order is hardly distin-
guishable from the unfrustrated one. Although the effect of FBC is to excite a single
quasi-particle over the vacuum, we cannot characterize the observed position of the
magnetization minimum as anything else but a many-body effect.

As we mentioned above, a single bond defect breaks all the mirror symmetries
of the chain, except the one crossing the site N+1

2 . Accordingly, the magnetization
pattern with an AFTD satisfies this mirror symmetry with respect to this site and
one can wonder how much this fact constraints its regular structure. Hence, a ques-
tion that arises naturally is if the incommensurate AFM pattern survives even when
the second localized defect is added to the Hamiltonian in eq. (5.1), to break also the
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FIGURE 5.3: Magnetization with two bond defects, one between the
first and the last spin of the chain (δx1), and the second between the
N−1

2 -th and the N+1
2 -th spin (δx2). On the left, the magnetization

mx(j) = 〈σx
j 〉 as a function of the site j for N = 1019 and on the right

the absolute value of its Discrete Fourier transform (DFT) (5.4) as a
function of the inverse chain length, up to N = 2001, for different mo-
menta: green diamonds |m̃x(

N±5
2 )|, red squares |m̃x(

N±3
2 )|, and blue

circles |m̃x(
N±1

2 )|. The results are obtained considering the defects
only along the x direction (δy1 = δy2 = 0). While in the case when
both defects are AFTD (upper row) the DFT clearly signals the rising
of a macroscopic incommensurate staggerization in which the mag-
netization on the j-th spin is proportional to sin

[
π(1− 1

N )j
]
, when the

smaller defect is FTD the system sizes considered are not sufficient to
clearly characterize the emerging order.

remaining mirror symmetry. Thus, we introduce a smaller bond defect between the
N−1

2 -th and the N+1
2 -th spins. The results for this case are presented in Fig. 5.3. Due

to the second defect, the convergence of the DFT is quite slow and chains longer
than N = 2001 would be required to clearly reach the asymptotic behavior, espe-
cially when the weaker defect is FTD. Nonetheless, when both defects are AFTD, it
seems that once more an incommensurate AFM order is established, proving that
its existence is not dependent on the presence of a mirror symmetry which needs to
be respected. All these results indicate that, even under realistic experimental situ-
ations (i.e. without perfect translational invariance), the incommensurate AFM can
exist and be observed. As a side note, while the defects are placed on the same bonds
in both cases, with two AFTDs, the minimum of the magnetization is located at an
intermediate point between them, while the FTD fixes it very close to itself, but not
on it, probably because of a finite correlation length.

Turning back to the case of a single defect, the picture changes abruptly when
the defect turns to be an FTD, i.e. when it starts to suppress the dominant antiferro-
magnetic interaction on one bond. Not only the maximum, but all m̃x(k) go towards

finite values, satisfying precise ratio rules, such as m̃x(
N±3

2 )

m̃x(
N±1

2 )
= 1

3 , m̃x(
N±5

2 )

m̃x(
N±1

2 )
= 1

5 etc. This

behavior is compatible with a perfectly staggered AFM order in the bulk, with devi-
ations localized around the defect. As mentioned above, such bulk behavior would
be characterized by a sharp peak at π, corresponding to a wavenumber N/2, which,
being N odd, is not allowed. The aforementioned ratios can be easily obtained by
taking the N → ∞ limit of eq. (5.5) and reflect the expansion of a perfect AFM order
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FIGURE 5.4: Upper panel: Behavior of M(j) as a function of j for a
system made of 2001 spins, for different values of φ. Bottom panel:
Size dependent numerical estimation of the exponential ratio b for

different values of φ.

over the available wavenumbers, which are symmetrically distributed around N/2.
As we can see also from the envelopes, the region affected by the presence of the
defect is small because its effect decays exponentially. This fact can be better appre-
ciated by looking at Fig. 5.4 where we have depicted the behavior of the function

M(j) = max
l
|mx(l)| − |mx(j)|, (5.6)

where maxj |mx(j)| represents the value of the magnetizations in the bulk and the
analysis ofM(j) helps to understand the dimension outside which the effect of the
defect is suppressed. As we can see from the figure, the effect decays exponentially
M(j, φ) ∝ e−bj with an exponential ratio b, that for large N becomes size indepen-
dent. Hence, in the thermodynamic limit the magnetic pattern is similar to the one
of a kink state.

However, Fig. 5.2 shows also another important result. By fixing the value of
φ ∈ (−π

4 , π
4 ) and changing the defect from AFM to ferromagnetic (or vice-versa),

we have an abrupt change of the magnetization pattern. At one side we have the
standard AFM order with a localized defect and on the other an incommensurate
staggerization. The existence of two different orders is compatible with the results
by Campostrini et al. [67], mentioned before, although they did not consider the
behavior of the local order: changing the defect from AFM to ferro (and viceversa)
in a chain with FBC indeed drives the system across a QPT.

Finally, we note that different natures of the two magnetic orders are also visible
in the spatial dependence of the spin correlation functions. Indeed, in Fig. 5.5 we
show the spin correlation functions 〈σx

1 σx
j 〉 as a function of j, and we can see the

following. For FTD the exponential decay | 〈σx
1 σx

j 〉 | = a+ be−cj is present, indicating
the localization of the effect of the defect. On the other hand, with AFTD we have the
linear behavior | 〈σx

1 σx
j 〉 | = a− b(j− 1), that is a typical signature of the frustrated

phase [1, 67, 70, 73].
We can get more insight and reach the same conclusions, about the different
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direction. The exponential decay found for a FTD defect indicates the
standard AFM order. On the other hand, the linear decay in the AFTD

case is a typical signature of frustration.

magnetic order, through a perturbative analysis. We have done two different per-
turbation theories, which are presented in Appendix D.2. In both approaches, we
are going to ignore every state separated by a finite energy gap from the ground
states. However, the ground states are a part of a band of 2N states for which, in
the thermodynamic limit, the gap vanishes, complicating any perturbative calcula-
tion. Thus, in our first approach, we worked around the point φ = 0, and in this
way, we provide a good picture explaining our numerical results. At φ = 0 the
ground state manifold is 2N-fold degenerate, spanned by the “kink” states which
have a ferromagnetic bond σx

j = σx
j+1 = ±1 and an AFM bond between all other

sites, for j = 1, 2, . . . N. Adding the small interaction in the y direction, proportional
to ∑j σ

y
j σ

y
j+1, the kink states split in energy. By developing a method introduced in

[69], we are then able to diagonalize the band of kink states under this term and do
not need to deal with the complications emerging from a perturbative series with
closing energy gaps. In the case of FTD, the ground states are, to the lowest order
in the perturbation theory, simply the kink states with the ferromagnetic bond be-
tween the first and the last site (σx

1 = σx
N = ±1), and the other states are separated

by a finite energy gap, determined by δx. In the case of AFTD, the ground states
are superpositions of kink states that have σx

1 = −σx
N and they belong to a band of

states, in which the energy gap between the states closes as 1/N2, as in frustrated
models without the defect [1, 2, 66, 71, 73]. Both of these cases are characterized by
a two-fold degenerate ground-state manifold, as expected.

Having the ground states, to the lowest order in perturbation theory, the magne-
tization can be computed. In the case of an FTD, we find that for both signs of φ the
magnetization is given by

mx(j) = (−1)j, (5.7)

which represents the standard AFM staggerization, apart from the ferromagnetic
bond placed where the defect is. The numerical results of Fig. 5.2 show indeed the
standard staggered magnetization far from the defect, but zero value where the de-
fect is placed. Thus the perturbation theory explains well the bulk behavior of the
system, far from the defect. Close to φ = 0 the correlation length is small and the
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kinks are extremely well localized, while the numerics refers to a choice of a finite
correlation length that provides a length scale over which the presence of the defect
is felt before the bulk order ensues (see Fig. 5.4).

In the case of an AFTD, the perturbation theory predicts, for both signs of φ, the
magnetization

mx(j) =
(−1)j sin

[
π
N

(
j− 1

2

)]

N sin
(

π
2N

) +
1
N

, (5.8)

which is for large N well approximated by

mx(j) = (−1)j 2
π

sin
( π

N
j
)

. (5.9)

This order is the incommensurate AFM order of Chapter 4, with a locally staggered
magnetization, but modulated in magnitude over the length of the chain. Against
naive expectations, but in agreement with the numerics, the modulation is such to
have an exactly vanishing magnetization at the sites connected by the defect. This
perturbative calculation validates well our numerical results of Fig. 5.2, both close
and far from the defect.

The incommensurate AFM order is found whenever the defect is AFM, even
though, without the defect, it is present only for φ ∈ (0, π/4) (see Chapter 4).
Without the defect, this region possesses a four-fold degenerate ground-state man-
ifold out of which it is possible to select the ground states exhibiting incommen-
surate AFM order. It is thus of interest to find which of these ground states are
selected through a small antiferromagnetic defect. We answer this question in Ap-
pendix D.2.2, by doing a (degenerate) perturbation theory for small δx. In this case,
we ignore the band above the ground states and consider the effect of the defect only
on the GS manifold. Of course, the resulting lowest energy state is odd under the
mirror symmetry passing across the site N+1

2 . Combining the obtained ground state
with the techniques developed in Chapter 4, for the magnetization in the thermody-
namic limit we find,

mx(j) = (−1)j 2
π
(1− tan2 φ)1/4 sin

( π

N
j
)

, (5.10)
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FIGURE 5.7: Magnetization mx(j) = 〈σx
j 〉 as a function of the site j

for a chain made of N = 1019 spins (left), and the absolute value
of its Discrete Fourier transform (DFT) (5.4) as a function of the in-
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2 )|. The

defect is along both the x and y directions. An antiferromagnetic one
yields mesoscopic magnetization that varies in space, while a ferro-
magnetic defect yields the standard AFM order in the bulk (see text

for discussion).

which generalizes eq. (5.9) to the whole region φ ∈ (0, π/4) and is in good agree-
ment with our numerical results, as presented in Fig. 5.6. Note that in the pertur-
bation theory in δx we have neglected all excited states of the unperturbed model,
including those belonging to the lowest energy band. While in the case of interest
the procedure yields a result in agreement with numerics, this approach is not justi-
fied in general, because of the gapless nature of the unperturbed system. While the
quantitative agreement of this approach with the numerics is quite surprising, it pro-
vides a geometrical explanation of the observed qualitative behavior. In fact, since
the defect preserves the mirror symmetry across the site N+1

2 , states (which always
come in degenerate duplets or quadruplets) are hybridized to select the combination
in each multiplet with definite mirror symmetry (with the odd one having lower en-
ergy): by explicit construction we observe that both states even or odd under mirror
symmetry have vanishing magnetization at the defect, in the thermodynamic limit.
At finite size, the former have a small ferromagnetic bond at the defect, while the
latter exhibit exactly zero value of the magnetization at the defect.

While we did not find qualitative differences between a defect in the x and in the
y direction, the same cannot be said when both are finite. We are now in presence
of two defects which can agree or disagree in favoring a ferromagnetic or an antifer-
romagnetic alignment. A typical example of our numerical results for these cases is
given in Fig. 5.7. In the case when both defects suppress the dominant antiferromag-
netic interaction, we can see a picture completely analogous to the one with a single,
FTD, defect. The behavior of the DFT is compatible with the Fourier transform of
a single kink state and the real space magnetization envelope shows an exponen-
tial decay of the effect of the defect as we move away from it, to reach a regular
AFM pattern in the bulk. Hence, in the thermodynamic limit the magnetic pattern
represents, except in the vicinity of the defect, the standard AFM staggerization.

On the contrary, when both defects are AFTD, the DFT goes very slowly to zero
in the thermodynamic limit, for all momenta, thus signaling that the magnetization
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is mesoscopic and vanishes in the thermodynamic limit. As in the case δy = 0, also
in this case we can see that by fixing φ and turning the defect from AFM to ferro
(or viceversa), we have that the magnetization pattern changes abruptly from the
standard AFM one to the one with an incommensurate mesoscopic staggerization,
signaling the QPT.

5.5 Conclusions

We have analyzed what happens to the properties of the model studied in chapters
3 and 4, i.e. the XY chain at zero fields with FBC, when a localized defect is added to
the Hamiltonian. The resulting system has been characterized through the behavior,
both at finite-sizes and in the thermodynamic limit, of the magnetization mx(j) =
〈σx

j 〉. Our motivation has been to challenge the naive expectation that a defect would
immediately spoil the features discovered in chapters 3 and 4, since the effect of FBC
is a single excitation in the system.

We have found that depending on the kind of defects we add, the system re-
sponds by selecting different types of orders. According to expectations, a defect
in the Hamiltonian that reduces the relative weight of the dominant antiferromag-
netic interaction restores the standard AFM order, except for a small region around
the defect. On the contrary, if the bond defect favors an AFM alignment, we find
an incommensurate AFM order: locally, two neighboring spins are anti-aligned, but
along the chain the amplitude of the magnetization varies in space and vanishes at
the defect. For a defect aligned along either the x or the y axis, this order is the
same as the one in Chapter 4 and survives the thermodynamic limit. On the other
hand, when the defect in both directions is considered, the amplitude of the, also
site-dependent, magnetization vanishes as N → ∞.

While the resurgence of the traditional AFM order is in line with the traditional
expectation that FBC can be accounted for by single particle physics, the other or-
ders challenge this point of view and promote a more many-body interpretation, as
signaled by the fact that the largest amplitude of the magnetization is not placed at
the AFM defect.

Let us note that the dependence of the order in our system on the details of the
defects is in line with a general property of frustrated systems: the sensitivity to per-
turbations due to large classical degeneracy [25]. Here, the ground state degeneracy
at the classical point φ = 0 is extensive with N. Due to large degeneracy different
perturbations can lift the degeneracy in a variety of different ways. It’s important,
in particular, that not all the defects select the standard AFM order.

Furthermore, these results corroborate the analysis in [67], indicating that trans-
lationally invariant systems with FBC lie at the transition between a magnetic phase,
for a ferromagnetic defect that restores the unfrustrated order, and a kink phase,
when the defect is AFM, and that the local order remains sensitive to subdominant
contributions. Although the discovered transition is different from the one that is
the subject of Chapter 4, it also indicates that topological frustration can be respon-
sible for the existence of a quantum phase transition between different kinds of local
order.

To conclude, in agreement with the results that FBC are the threshold for a QPT,
we have shown that there is a sudden change in the local order driven by the defect.
In this way, we have shown that translational invariance is not a necessary condi-
tion for the appearance of frustrated phases, paving the way to their experimental
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observability and demonstrating that, close to FBC, the standard AFM order is not
generically stable.
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Chapter 6

General Systems

In chapters 3 and 4 we have shown that applying periodic boundary conditions with
an odd number of sites (Frustrated Boundary Conditions, FBC) can destroy or mod-
ify local order in the antiferromagnetic XY chain, and a perfectly staggered order
cannot be established there. Here, using perturbative arguments, we discuss the
effects of FBC on a wide class of spin-1/2 chains (integrable or non-integrable) with-
out external magnetic fields. Namely, we study spin chains whose Hamiltonians
commute with the parity operators in all three spin directions, so that we can work
within the symmetry breaking framework based on anticommuting parity symme-
tries, discussed in section 1.2.3. We establish that either a) local order decays to zero,
algebraically (or faster) in the chain length, or b) there is a degeneracy which allows
for a ground state choice that admits a finite magnetic order, which breaks trans-
lational symmetry. Which of the two possibilities is realized can also change if the
thermodynamic limit is reached through a different choice of the sequence of chain
lengths. The results are illustrated through examples. This Chapter is based on [6].

6.1 Introduction

In Chapter 3 we have shown that topological frustration can destroy the order pa-
rameter. The traditional order is staggered and quantum interactions resolve the
conflict between it and the FBC with an interference pattern that effectively cancels
the magnetization, leaving only a mesoscopic ferromagnetic order at finite sizes,
that vanishes algebraically with the chain length. This phenomenology has later
been enriched in Chapter 4, where we have found that the incommensurate antifer-
romagnetic order, characterized by a magnetization profile that varies in space with
an incommensurate pattern, can arise. This type of order has been shown in Chapter
5 to be stable against antiferromagnetic (AFM) defects [4]. Furthermore, the bound-
ary between the mesoscopic ferromagnetic order and the incommensurate AFM one
is the first-order quantum phase transition, which exists only with FBC. All these
results have established that, contrary to standard expectations, the boundary con-
ditions can indeed affect the local, bulk behavior of a system, or, at least, that this is
the case in presence of frustration.

It should, however, be remarked that the results discussed above have been
found in specific (integrable) models and one should wonder about their general
relevance. In this chapter, we address this issue and address the question of whether
topological frustration generically destroys local order or creates a modulated AFM
order with a site-dependent magnetization. As it is well known, local order param-
eters are central elements in Ginzburg-Landau theory. They are expectation values
of local operators, with support over a finite range of lattice sites, which, given the
symmetries of the system, should be zeroed and which, when they assume a value
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other than zero, signal the spontaneous breaking of the symmetry and the estab-
lishment of a macroscopic order. We consider general spin-1/2 Hamiltonians with
a dominant antiferromagnetic interaction, subject only to the symmetry constraint
that they commute with the parity operators in all three spin directions, which de-
scribes a wide class of systems without external fields. In fact, this constraint is
respected quite generally when the lattice has an odd number of sites. It allows us
to work in the symmetry breaking framework based on anticommuting parity sym-
metries, discussed in section 1.2.3. Namely, it ensures an exact degeneracy in the
ground state manifold (at least two-fold) and allows for the direct evaluation, even
in a finite-size system, of the expectation values for all local operators, i.e. operators
with support over a finite range of lattice sites. One can then follow the behavior of
these observables toward the thermodynamic limit.

In this way, we show that three possibilities arise:

• if the system only admits ground states with zero momentum, the only pos-
sible order is not staggered (ferromagnetic) and is decaying algebraically (or
faster) to zero with the system size, as in Chapter 3;

• if the model has an at least four degenerate ground state manifold with two
GS momenta differing by π in the thermodynamic limit an incommensurate
AFM order like that found in Chapter 4 can emerge. In this way the system
indeed preserves a semblance of the order it has under generic boundary con-
ditions, but with a modulation over the whole chain, which spontaneously
breaks translational symmetry;

• if the relative momentum between the degenerate ground states does not ap-
proach π, no finite order can survive for large chain lengths.

In particular, these results imply that, when the boundary conditions kill the order
parameter connected to the dominant interaction (namely, the magnetization), these
systems are unable to develop any other type of order with support over a finite
range of lattice sites, regardless of the type and nature of the other interactions in the
Hamiltonian.

To determine the ground state properties and analyze the local order in generic
systems, we will take advantage of the Hilbert space structure at a classical point
(with simple domain wall as lowest energy states) and use a highly degenerate per-
turbation theory. This will allow us to classify whether in a finite neighborhood of
the classical point any order vanishes in the thermodynamic limit or if a finite incom-
mensurate order can emerge. While the amplitude of any order generally depends
on the microscopic details of the model, its finiteness is a property of the given phase
and thus to establish its existence (or lack thereof) it is sufficient just to consider a
small finite parameter region. We will also corroborate these findings through the
exact numerical diagonalization of a few examples, as well as the analytical solution
of a series of Cluster-Ising models that showcase various phenomenologies.

6.2 Systems under consideration

We consider translational invariant spin-1/2 Hamiltonians with a dominant anti-
ferromagnetic Ising interaction in one direction, say x, to which we add arbitrary
interactions,

H =
N

∑
j=1

σx
j σx

j+1 + λ
N

∑
j=1

Hj . (6.1)
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Here σα
j , for α = x, y, z, are Pauli spin operators, λ is the ratio between the two

interactions and we impose FBC, i.e. periodic boundary conditions (σα
j = σα

j+N)
and odd N. The only restriction we apply to Hj is that it should commute with all
three parity operators Πα ≡ ⊗N

j=1 σα
j ([H, Πα] = 0 for α = x, y, z), so that the whole

Hamiltonian becomes invariant under transformations σα
j → −σα

j ∀j. All in all, this
class of Hamiltonians describes a wide range of systems without magnetic fields and
defects. The terms Hj can include, for example, nearest neighbor interactions such
as σα

j σα
j+1 in directions other than α = x, next-to-nearest-neighbor interactions such

as σα
j σα

j+2 and, more generally, interactions σα
j σα

j+l of spins separated by l sites. It
also extends to arbitrary products of the terms above, as in the case of the cluster
interactions σ

y
j (σ

z
j+1σz

j+2 . . . σz
j+n)σ

y
j+n+1 for even integers n, on which we will focus

later. Note that Hj can be a sum of different interactions with different weights. The
index j in Hj indicates a reference site for the interaction, which is shifted in eq. (6.1)
to ensure translational invariance.

On a chain with an odd number of sites N, the three parity operators Πα do not
commute. Instead, they anticommute (

{
Πα, Πβ

}
= 2δα,β) and realize a non-local

SU(2) algebra (
[
Πα, Πβ

]
= ı εα,β,γ2(−1)

N−1
2 Πγ). Since the Hamiltonian (6.1) com-

mutes with all Πα, its ground state manifold is at-least two-fold degenerate (see sec-
tion 1.2.3), and any ground state breaks at least one of the parity symmetries. Thus,
in such a setting, it is always possible to break one of the Hamiltonian symmetries
already in a finite system and to follow the behavior of the order to N → ∞. More-
over, the same structure also allows for the direct computation of matrix elements
between states with different parities, whose calculation usually either requires ex-
tremely cumbersome expressions of limited practical use or is achieved indirectly
from certain expectation values by invoking the cluster decomposition property.

In particular, let |g〉 be an eigenstate of H and, simultaneously, an eigenstate of
Πx with eigenvalue equal to one, i.e. Πx |g〉 = |g〉. Since the parity operators mu-
tually anticommute ({Πα, Πβ} = 2δα,β), it follows that the state Πz |g〉 has the same
energy but opposite parity with respect to Πx, i.e. ΠxΠz |g〉 = −Πz |g〉. States with
different parities can be constructed through superpositions of states above and thus
it is possible to calculate the ground state expectation value of operators O breaking
one symmetry of the Hamiltonian by choosing a suitable ground state. For instance,
for an eigenstate |g〉 of Πx, the magnetization in the x direction can be calculated as
〈g| σx

j |g〉. On the other hand, the magnetization in the z direction can be evaluated
on the state |g̃〉 = 1√

2
(1 + Πz) |g〉 and is equal to 〈g̃| σz

j |g̃〉 = 〈g| σz
j Πz |g〉.

6.3 Translational invariance and the ground state structure

Let us examine the structure of the ground states of the studied systems on the basis
of general arguments. At the classical point λ = 0 the topological frustration does
not allow for every spin to point oppositely to its nearest neighbors. Instead, the
ground space is 2N-fold degenerate, spanned by the "kink states", which have a
single ferromagnetic bond (two spins aligned in the same direction), i.e. the "kink",
and N− 1 antiferromagnetic bonds (spins aligned in opposite directions). We denote
by |j〉 the kink state in which the ferromagnetic bond is between sites j and j+ 1, with
〈j| σx

j |j〉 = 1, while the kink state that we obtain flipping all the spins, i.e. Πz |j〉, has
〈j|Πzσx

j Πz |j〉 = −1 . Above the states with a single kink there is an energy gap
of order unity separating them from the states with three kinks (due to odd N an
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even number of kinks is not allowed). At higher energies, one finds bands with a
progressively growing number of kinks separated by order of unity gaps.

By turning on a small coupling λ in eq. (6.1), the degenerate states typically split
in energy. For small λ (much smaller than the gap between the two lowest energy
bands), the ground state will be described accurately within the single kink sub-
space. Assuming, thus, |λ| � 1 and neglecting, for the moment, the states with
more kinks, because of translational invariance we write the ground states as

|sp〉≡
1√
N

N

∑
j=1

eıpj |j〉 , Πz |sp〉=
1√
N

N

∑
j=1

eıpjΠz |j〉. (6.2)

Here p = 2πk/N, with k running over integers from 0 to N − 1, is the lattice mo-
mentum, whose quantization is a result of periodic boundary conditions.

For progressively larger λ, the ground state will acquire contributions from states
with more kinks. Because of the translational invariance, the states can still be la-
beled by their momentum p. To describe their structure let us introduce the trans-
lation operator T [2], a unitary operator that shifts cyclically the spins by one lattice
site, i.e. T†σα

j T = σα
j+1, for α = x, y, z (see also Appendix C.3). The eigenvalues eıp of

the translation operator fall on the unit circle, where the angle p defines the momen-
tum of the state. Now, for any eigenstate of the model with momentum p, ground
state in particular, the contributions coming from the subspaces with different num-
ber of kinks can be separated. For any state |β〉 ≡ |β1, β2, . . . , βN〉 ≡

⊗N
j=1 |β j〉,

where |β j〉 ∈ {|+〉 , |−〉} are eigenstates of the Pauli operator σx, we can construct
the translationally invariant state

|β, p〉 = 1√
N

N−1

∑
j=0

e−ıpjT j |β〉 , (6.3)

with momentum p. For instance, the states |sp〉 in (6.2) are given by |β〉 = |+−+
− . . . +−+〉 = |N〉 (we have |j〉 = (T†)j |N〉). We can write then any ground state
|gp〉 of H with momentum p as

|gp〉 = ∑
β

cβ |β, p〉 , (6.4)

where the sum is over all different, and not equivalent by translation, states |β〉, and
the normalization implies ∑β |cβ|2 = 1. Here we say that two states, |β1〉 and |β2〉,
are not equivalent by translation if |β1〉 6= Tk |β2〉 for any integer k. For instance,
the states |sp〉 in (6.2) are given by cβ = 1 for |β〉 = |+−+− . . . +−+〉 = |N〉 and
cβ = 0 for states |β〉 with more than one kink. Finally, we note that because of the
symmetries of the model, the states |gp〉 and Πz |gp〉 are orthogonal, but have the
same energy. Hence, the ground-state manifold of the Hamiltonian in eq. (6.1) will
be spanned by a certain number of pairs |gp〉 and Πz |gp〉.

For a small λ compared to the energy gap at the classical point, i.e. for |λ| � 1, in
the ground state (6.4) the contribution of the states |β, p〉, and therefore the overlap
cβ, is expected to decrease fast with the number of kinks in the state |β〉.

6.4 Matrix elements of local operators

In order to discuss local order we study the possible values of matrix elements of
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local operators between different contributions in the ground state decomposition
(6.4). Let us first neglect the contributions from the states with more than one kink
and focus on one-kink subspace only. Afterwards, we are going to generalize the
result to an arbitrary finite number of kinks. At this point let us recall that by local
operators we mean all operators having support over a finite range of lattice sites,
not scaling with N. Due to translation invariance, without losing generality we can
assume that the operator has support over the first L sites (for some fixed integer
L). Moreover, taking into account that Pauli spin operators together with the unit
operator provide a basis at a single site, we have that a local operator can always
be written as a linear combination of a finite number of monomials in the Pauli
operators σα1

1 σα2
2 . . . σαL

L , where α1, α2, . . . , αL ∈ {0, x, y, z} and σ0
j = 1. Thus, we can

focus only on monomials in Pauli operators. Furthermore, each single monomial
either commutes or anticommutes with a given parity operator. We are interested
only in monomials that anticommute with some of the parity operators, whose non-
zero expectation value would signal a breaking of a Hamiltonian symmetry. All such
monomials fall into one of the two categories, a) and b), in the following theorem,
that we prove:

Theorem 1. Let A ≡ σα1
1 σα2

2 . . . σαL
L be a product of Pauli operators, for some integer L. Let

us consider two states (not necessarily different) of the form as in eq. (6.2), |sp1〉 and |sp2〉,
and let us consider arbitrary superpositions |gj〉 = (uj1 + vjΠz) |spj〉, for j = 1, 2, where
|uj|2 + |vj|2 = 1. We have:

a) if A is such that αj ∈ {0, x} for all sites j ∈ {1, 2, . . . , L}, with αj = x for an odd
number of sites j, then

| 〈g1| A |g2〉 | ≤
C1

N| cos p1−p2
2 |

. (6.5)

b) if in A there is at least one site j ∈ {1, 2 . . . , L} for which αj ∈ {y, z}, then

| 〈g1| A |g2〉 | ≤
C2

N
. (6.6)

Here C1 and C2 are positive constants independent of N.

Note that the first term in (6.5) is well defined, since, by the quantization of the
momenta, with N being odd and finite, we cannot have p1 − p2 = ±π. The proof
of the theorem takes into account that in the kink states apart from the kink there
is Néel order, while the contributions of the kinks can be bounded. A more formal
proof is provided in Appendix E, but its basic argument is the following.

In case a), the operator A commutes with Πx and hence the evaluation of 〈g1| A |g2〉
reduces to the evaluation of 〈sp1 | A |sp2〉. Moreover, in this case, the kink states are
also eigenstates of A, thus only matrix elements between the same kink state are
different from zero and we have

〈sp1 | A |sp2〉 =
1
N

N

∑
j=1

e−ı(p1−p2)j 〈j| A |j〉 . (6.7)
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For j < L, A acts on a Neel state and we have 〈j| A |j〉 = c(−1)j, for some constant
c ∈ {−1, 1}. The first term in eq. (6.5) is the result of inserting the above expectation
in eq. (6.7) for the whole sum, while the second term is a correction due to the first L
elements in the sum differing from the rest.

In the case b) we have to consider two different situations. If the number of sites
with αj ∈ {y, z} is even, the operator A commutes with Πx and thus the evaluation
of 〈g1| A |g2〉 reduces to the evaluation of 〈sp1 | A |sp2〉, but the kink states are no
more eigenstates of A. On the contrary, since the operator A flips some spins, the
matrix elements between the same kink state vanish. Moreover, if the kink is outside
the support of A, the matrix elements 〈j| A |l〉 also vanish because of orthogonality.
Thus, we have

〈sp1 | A |sp2〉 =
1
N

N

∑
j,l=1

e−ı(p1 j−p2l) 〈j| A |l〉 , (6.8)

where the terms with L < j, l < N vanish and we are left with, at most, (L + 1)2

terms of order one, suppressed by the overall factor 1/N.
On the other hand, if the number of sites with αj ∈ {y, z} is odd, the operator A

anticommutes with Πx and hence the evaluation of 〈g1| A |g2〉 reduces to the eval-
uation of 〈sp1 | AΠz |sp2〉. Analogously to the previous case we recognize that in the
sum

〈sp1 | AΠz |sp2〉 =
1
N

N

∑
j,l=1

e−ı(p1 j−p2l) 〈j| AΠz |l〉 , (6.9)

there is at most (L + 1)2 non-vanishing terms, which are of order one and are sup-
pressed by an overall factor that scales with the length of the ring.

The theorem can be generalized straightforwardly to the states with more kinks
as follows.

Theorem 2. Let A ≡ σα1
1 σα2

2 . . . σαL
L be a product of Pauli operators, for some integer L. Let

us consider two states of the type as in eq. (6.3), |β1, p1〉 and |β2, p2〉, with momentum p1
and p2 respectively.

a) Let A be such that αj ∈ {0, x} for all sites j ∈ {1, 2, . . . , L}, with αj = x for an odd
number of sites j. If |β1〉 and |β2〉 are different, and not equivalent by translation,
then

〈β1, p1| A |β2, p2〉 = 0. (6.10)

If |β1〉 = |β2〉 then

| 〈β1, p1| A |β2, p2〉 | ≤
C1

N| cos p1−p2
2 |

. (6.11)

b) Let A be such that there is at least one site j ∈ {1, 2 . . . , L} for which αj ∈ {y, z}.
Then

| 〈β1, p1| A |β2, p2〉 | ≤
C2

N
. (6.12)

Here C1 and C2 are positive constants independent of N, that depend only on L and the
number of ferromagnetic bonds in the states |β1〉 and |β2〉.
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The proof of Theorem 2 is similar to the one of Theorem 1, but more involved.
The details are also given in Appendix E.

6.5 Local order in the ground state

Based on the derived theorems here we discuss the local order in the ground state,
depending on the ground state momenta. The various ground states, labeled by
momentum and parity, can be followed from the classical point λ = 0 to a finite
λ perturbatively, and represented in terms of states with a progressively growing
number of domain wall states. With generic boundary conditions, at some critical
point λc 6= 0 the system will undergo a quantum phase transition, characterized by a
change in the ground state properties, as well as by the non-analytic behavior of the
ground state energy (density) in the thermodynamic limit [10]. Since this quantity is
not sensitive to the choice of boundary conditions or the odd number of lattice sites,
the phase transition point cannot be moved by applying FBC. However, a system can
also cross smaller, non-extensive, discontinuities (boundary phase transitions), such
as the one discussed in [2], due to a GS level crossing, which also mark a change in
the ground state order. In any case, the order, or lack thereof, being a characteristic
property of a phase between critical points, it is sufficient to study it in a small finite
interval of λ to determine the nature of a given phase.

We make a natural assumption that in the regime |λ| � 1 the behavior of the lo-
cal order is captured within the subspace spanned by states with a finite, bounded,
although arbitrary, number of kinks. We note, for example, that the properties of the
magnetization in the exactly solvable quantum XY chain can be captured already
within the one-kink subspace [1, 2] (see Appendix C.7). We discuss also the contri-
bution of the states with more kinks, since some interactions can involve preferably
such states, and show that they do not change the obtained picture about the relation
between the ground state momenta and local order.

If the system’s ground space is only two-fold degenerate, i.e. if there exist only
a particular momentum p(N) (allowing for system size dependence), with the asso-
ciated ground states |gp(N)〉 and Πz |gp(N)〉, the theorems imply that the expectation
values of local operators that break a Hamiltonian symmetry are O(N−1). In partic-
ular, they vanish in the thermodynamic limit.

There is a simple explanation for this result if we look at the expectation value
of σx

j . The states |gp(N)〉 and Πz |gp(N)〉 have the same eigenvalue of the translation
operator T. If the ground space is only two-fold degenerate, the consequence is that
the expectation value of σx

j = (T†)jσx
NT j is independent of j in any ground state. The

leading interaction in the model being antiferromagnetic, the ferromagnetic order
should not survive in the thermodynamic limit, so it vanishes.

The situation becomes more complex if the system admits a larger ground state
degeneracy. Let us say that the system has 2d-fold degenerate ground space and de-
note the ground state momenta by p1(N), p2(N), . . . pd(N), whose quantized value
depends on the system size, and by p∗1 , p∗2 , . . . , p∗d the values they tend to in the ther-
modynamic limit, respectively. Then, unless p∗n − p∗m = π for some n and m, the
theorems imply again that there is no local parameters. On the other hand, if it is the
case that p∗n − p∗m = π for some n and m, then we can construct a ground state such
as

|g(N)〉 = 1√
2
(|gpn(N)〉+ eıθ |gpm(N)〉), (6.13)
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for some phase θ, which exhibits a non-zero order parameter. To explain this it is
sufficient to focus on the one-kink subspace, where |gp(N)〉 = |sp(N)〉. Applying the
procedure as in the proof of the Theorem 1 we find the site-dependent magnetization

〈g(N)|σx
j |g(N)〉= cos[(pm(N)−pn(N))j+θ′]

N| cos pn(N)−pm(N)
2 |

+O(N−1) (6.14)

where the phase θ′ is related to θ, but its explicit expression is not needed. Since
pn(N)− pm(N) = π + O(N−1), in the denominator the correction compensates the
factor N and produces a nonvanishing value of the magnetization in the thermody-
namic limit. Moreover, in the numerator it forces a slowly varying magnetization
profile. In fact, while for neighboring sites σx

j is almost perfectly staggered, over the
whole chain the 1/N correction adds up so that the amplitude of the order parame-
ter varies and even locally vanishes at some points. Thus, the one in eq. (6.14) is not a
standard AFM order and the phase θ′ (θ) selects a breaking of translational symmetry
(due to a ground state choice that is not an eigenstate of the translation operator). A
nice example of this phenomenology was discussed for the quantum XY chain with
two AFM interactions in Chapter 4. There, the model exhibits a four-fold degenerate
ground space, with p1(N) = −p2(N) = π/2 + (−1)(N+1)/2π/2N so from (6.14) we
get approximately the magnetization 〈g| σx

j |g〉 = 2
π (−1)j cos

(
π
N j + θ′′

)
, which was

termed incommensurate antiferromagnetic order.
Finally, we should also remark that it is possible for the ground state degeneracy

to depend on the system size and that a finite order parameter can be reached only
through a precise sequence of system sizes. This is a peculiar phenomenon in the
topologically frustrated models that has no counterpart in the unfrustrated ones.
We are going to provide an example for this phenomenology, given by the n-Cluster-
Ising chains. Before that, we examine the models with only two-body interactions.

6.6 Example: Models with two-body interactions

Let us consider models with only two-body interactions, both nearest-neighbor and
beyond. Such models can be specified by interactions

Hj = µ
y
1σ

y
j σ

y
j+1 + µz

1σz
j σz

j+1 + ∑
l=2,3,...

∑
α=x,y,z

µα
l σα

j σα
j+l , (6.15)

in (6.1), where µα
l are the coefficients that describe the relative strength within the

subleading interactions. In a realistic Hamiltonian it is expected that the interac-
tions decay with distance (|µα

l | > |µα
l+1|), and in order not to deal with long-range

interacting systems, which are known to have a peculiar phenomenology [164–167],
we assume there is some cut-off value of l. We show that as long as the model in
(6.15) is a small perturbation of the quantum XY chain, defined by |µy

1| 6= 1 and
zero remaining couplings, it shows the same phenomenology. The properties of the
topologically frustrated quantum XY chain [1, 2] are thus not fine-tuned.

For this task we assume |λ| � 1 and diagonalize the Hamiltonian within the one-
kink subspace, i.e. we perform the lowest order-perturbation theory, and determine
the ground state momentum. We also assume that the XY chain coupling is much
stronger than the others, i.e. |µα

l | � |µ
y
1| for l 6= 1 or α 6= y.
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It’s easy to see that in the one-kink subspace the nearest neighbor interactions act
by translating the kink by two sites, i.e.

N

∑
j=1

σα
j σα

j+1 = T2 + (T†)2, α = y, z. (6.16)

The interactions of the x-components of spins for different l only shift the energy of
the states with different number of kinks and we neglect them. Finally, the matrix
elements of the interactions ∑N

j=1 σα
j σα

j+l for α = y, z beyond the nearest neighbor
vanish in the one-kink subspace. Because of the latter the result will also hold when
the couplings µα

l for α = y, z and l > 1 are comparable to µ
y
1.

It follows then that the energy of the translationally invariant states |sp〉, Πz |sp〉,
is

Ep = −(N − 2) + 2(µy
1 + µz

1) cos(2p). (6.17)

If µ
y
1 < 0 the ground state manifold is two-fold degenerate (with the momentum

p = 0) and there is no local order in the thermodynamic limit. On the other hand, for
µ

y
1 > 0 the degeneracy is four-fold, with ground state momenta p1(N) = −p2(N) =

π/2 + (−1)(N+1)/2π/2N and the system exhibits incommensurate AFM order, dis-
cussed before. It follows that perturbing the XY chain with additional two-body
interactions does not change its properties.

6.7 Example: Cluster-Ising models

To provide a specific example of a system where the existence of local order de-
pends on the particular sequence of (odd) system sizes followed towards the ther-
modynamic limit, we consider the exactly solvable one dimensional n-Cluster-Ising
models, defined by the Hamiltonian

H=
N

∑
j=1

σx
j σx

j+1+λ
N

∑
j=1

σ
y
j (σ

z
j+1σz

j+2 . . . σz
j+n)σ

y
j+n+1, (6.18)

with n an even number (in order to commute with all the parity operators). While
the solution of such models, obtained using an exact mapping to free fermions, is
known for a few years [161–163, 168–170], under FBC a few subtleties have to be
taken into account and are presented in Appendix F.

With FBC, we find that the ground state degeneracy of the n-Cluster-Ising models
depends on the greatest common divisor (gcd) between the system size N and the
size n + 2 of the cluster in the many-body interactions. In particular, denoting g ≡
gcd(N, n + 2), for λ ∈ (0, 1) there are 4g ground states, while for λ ∈ (−1, 0) the
degeneracy is halved (at λ = 0 there is a level crossing, analogous to the one in the
XY chain [2]). The ground state degeneracy of the topologically frustrated n-Cluster-
Ising models is thus another example [171–173] how the question of divisibility of
numbers can appear in quantum mechanics.

The degeneracy can be understood on the basis of the symmetries of the model.
The details are given in Appendix F, while the main points are the following. The
Hamiltonian (6.18) can be written as a sum of g commuting distinct Hamiltonians.
Namely,

H = H(1) + H(2) + . . . + H(g), (6.19)
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FIGURE 6.1: The parameters in Hamiltonian (6.22) are set to λ1 =
−0.5, λ2 = −0.25 and the (odd) system sizes range from N = 5 to
N = 13. The ground state manifold is found to be two fold degen-
erate. Accordingly, the ground state expectation values of different

operators decay with N towards zero.

where H(k) = (T†)k H(g)Tk for k = 1, 2, . . . , g − 1, the different Hamiltonians H(k)

mutually commute ([H(k), H(l)] = 0) and they are invariant under translations by g
lattice sites([H(k), Tg] = 0). Due to frustration, the ground state of H cannot mini-
mize the energy of all H(k). On the other hand, it can be chosen as a ground state
of g− 1 Hamiltonians H(k) and the first excited state of the remaining one. Due to
g possible choices of the excited one, the ground state degeneracy of H is at least
g-fold. Since the Hamiltonians H(k) commute with Tg it can be shown that this de-
generacy allows for the shift of the momentum by 2π/g in the ground space: If p is
the ground state momentum, so is p + 2π/g. Going further, the mirror symmetry of
H (the symmetry under the transformation σα

j → σα
−j for α = x, y, z and all j) implies

that for each ground state with momentum p there is a ground state with momen-
tum−p. Now, there are two-possible cases. The first one is that for any ground state
momentum p the momentum −p can be obtained by adding the certain number of
increments 2π/g to p. The second case is that this is not possible. In the first case the
mirror symmetry does not bring anything new so there are g distinct ground state
momenta, while in the second there are 2g distinct ground state momenta. Taking
into account also the parity symmetries, it follows that the ground state degeneracy
is 2g in the first case, and 4g in the second. It requires the exact solution to see that
the first case happens for λ < 0, and the second for λ > 0.

Thus, for n = 0, 2 there are 2 ground states for negative λ and 4 for positive one,
for all odd N. The situation changes abruptly if we consider n = 4. Let us focus on
λ > 0 and take into account separately two chain length sequences, N = 12M + 1
and N = 12M + 3 for integers M.

For N = 12M + 1 the ground space is 4-fold degenerate and the momenta are
p1(N) = π

6

(
1− 1

N

)
and p2(N) = −p1(N). Letting M → ∞ we have p∗1 − p∗2 =

π
3 6= π and thus there is no finite local order parameters in the thermodynamic limit
for these chain lengths. On the other hand, for N = 12M + 3 the ground space is
12-fold degenerate, with momenta pj(N) = (2j + 1)π

6 − (−1)j π
2N for j = 1, 2, . . . , 6.

In this case we have, for instance, p∗4 − p∗1 = π so the system can exhibit a non-zero
magnetization. From (6.14) we find the magnetization 〈σx

j 〉 = 2
π (−1)j cos

(
π
N j + θ

)
,

where the phase factor θ depends on the ground state choice.
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FIGURE 6.2: The parameters in Hamiltonian (6.22) are set to λ1 =
0.5, λ2 = 0.25 and the (odd) system sizes range from N = 5 to
N = 13. The ground state manifold is found to be four fold de-
generate, with the ground state momenta p1(N) = −p2(N) =

π/2 + (−1)(N+1)/2π/2N, as in the quantum XY chain with both
interactions AFM [2]. The absolute value of the matrix elements
〈p1(N), Πz = 1|O |p2(N), Πz = −1〉 (the quantum numbers of the
ground states are indicated) is shown, for different operators O. Since

p1(N)− p2(N)
N→∞→ π there is a ground state choice that exhibits the

incommensurate AFM order, as the non-zero value for O = σx
j in the

plot illustrates.

6.8 Example: Exact numerical diagonalization of more com-
plicated models

For the end, to corroborate our analytical results we are going to provide exact nu-
merical results on more complicated models with FBC. Diagonalizing a model of
interest simultaneously with one of the parity operators and the translation oper-
ator T it is possible to label the ground states by parity and momentum. It is not
obvious how to construct T numerically. For this task we use a representation for T
from [174], that reads

T = QN,N−1QN−1,N−2 . . . Q3,2Q2,1, (6.20)

where

Qj,l ≡
1
2

(
1 + ∑

α=x,y,z
σα

j σα
l

)
. (6.21)

are the permutation operators between two sites. In this way the translation operator
is expressed in terms of spin operators and can be implemented numerically.

We are going to examine two models. The first one is given by the Hamiltonian

H=
N

∑
j=1

σx
j σx

j+1+λ1

N

∑
j=1

σ
y
j σ

y
j+1 +λ2

N

∑
j=1

σ
y
j (σ

x
j+1σx

j+2)σ
y
j+3, (6.22)

that includes the dominant Ising interaction in the x-direction, a subleading Ising
interaction in the y direction and an additional four-body interaction. We have diag-
onalized the model for (odd) system sizes ranging from N = 5 to N = 13. Further-
more, we have focused on the expectation value of the spin operators σx

j , σ
y
j and of
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FIGURE 6.3: The parameters in (6.23) are set to λ1 = 0.5, λ2 = 0.25
and the (odd) system sizes range from N = 5 to N = 13. The ground
state manifold is found to be four fold degenerate, with the ground
state momenta p1(N), p2(N) given in the text. The absolute value of
the matrix elements 〈p1(N), Πz = 1|O |p2(N), Πz = −1〉 (the quan-
tum numbers of the ground states are indicated) is shown, for differ-
ent operators O. The difference p1(N)− p2(N) does not go to π for

N → ∞, and accordingly local order decays to zero.

the operator σ
y
j−1σz

j σ
y
j+1, which are the order parameter operators associated to dif-

ferent interactions in (6.22). The results in Fig. 6.1 and 6.2 show, in accordance with
our analytical results, that depending on the ground state momenta the local order
goes to zero with N or there is a ground state choice with a finite (incommensurate
AFM) order.

The second model we examine is obtained by adding an additional nearest neigh-
bor interaction to the Cluster-Ising Hamiltonian in (6.18) for n = 2. It is given by the
Hamiltonian

H=
N

∑
j=1

σx
j σx

j+1+λ1

N

∑
j=1

σ
y
j (σ

z
j+1σz

j+2)σ
y
j+3 +λ2

N

∑
j=1

σz
j σz

j+1. (6.23)

We have set the parameters to λ1 = 0.5 and λ2 = 0.25. Diagonalizing the model for
(odd) system sizes ranging from N = 5 to N = 13 we find the same ground state
momenta (and degeneracy) as in the model obtained by setting λ2 = 0 and keeping
the same λ1, that we have solved analytically. The ground state momentum is given
by

p1(N) =





π
4 − π

4N , N mod 8=1
5π
4 + π

4N , N mod 8=3
5π
4 − π

4N , N mod 8=5
π
4 + π

4N , N mod 8=7.

(6.24)

and p2(N) = −p1(N). The difference p1(N)− p2(N) goes to π/2 for N → ∞, which
is different from π. Accordingly, the local order vanishes in the thermodynamic
limit. The results in Fig. 6.3 illustrate this property.
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6.9 Conclusions

We have studied generic Hamiltonians that commute with all three parity operators
and examined the expectation values of local operators that break a Hamiltonian
(parity) symmetry. With a dominant antiferromagnetic Ising interaction and in a
setting that induces topological frustration we have shown that there are two pos-
sibilities: a) The expectation values of all such local operators decay algebraically,
or faster, with the system size and vanish in the thermodynamic limit. b) There is
a ground state choice that admits a finite magnetic order, but at the price of break-
ing the translational invariance. Which of the two possibilities is realized can also
depend on the choice of the subsequence of (odd) chain lengths followed towards
infinity, as the Cluster-Ising models demonstrate. We conclude that FBC are special
for generic systems: since a perfect AFM order is not compatible with them, either
the system disorders or spontaneously breaks translational symmetry. While these
findings are probably not robust against a single ferromagnetic defect, we should
stress once more that in Chapter 5 it was shown that the standard AFM order does
not reappear in presence of at least one AFM defect, because, following also [67],
FBC are at the verge of a phase transition and an AFM defect pushes the system into
a phase that is either disordered or incommensurate. These results are intuitive from
one side, but surprising from the point of view that the onset of local order is sup-
posed to be independent from the applied boundary conditions and show once more
that frustrated systems (even weakly frustrated ones) belong to a different class of
systems altogether.
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Chapter 7

Topological Frustration can modify
a Quantum Phase Transition

Ginzburg-Landau theory [53, 54] of continuous phase transitions implicitly assumes
that microscopic changes are negligible in determining the thermodynamic proper-
ties of the system. In this chapter we provide an example that clearly contrasts with
this assumption. We show that topological frustration can destroy local order at both
sides of a continuous quantum phase transition, by considering the 2-Cluster Ising
chain with frustrated boundary conditions. While with other boundary conditions
each of two phases is characterized by its own local order parameter, with frustra-
tion no local order can survive. We construct string order parameters to distinguish
the two phases, but having proved that the transition cannot be characterized by
local order parameters, topological frustration has modified its nature. This chapter
is based on [7]

7.1 Introduction

In the previous chapters we have seen that topological frustration (TF) can destroy
and modify local order. Here we point out the existence of an even more surpris-
ing effect associated with TF than in the previous chapters. Namely, we investigate
the case in which the orders on both sides of a second order quantum phase transi-
tion (QPT) are "staggered" and thus both incompatible with the frustrated boundary
conditions (FBC). We show that, in some cases, FBC generate TF that prevents the
emergence of any local order, as quantified by observables spreading over a finite
support and breaking a Hamiltonian symmetry and hence the system remains lo-
cally disordered across the QPT. Since the scaling dimensions of local observables
close to the phase transition are usually one of the most important quantities to de-
termine the universality class at criticality [175], we have that, without local order,
the quantum phase transition changes its nature in presence of TF with respect to
the other physical situations.

We discover this phenomenology by considering the 2-Cluster Ising chain, an
exactly solvable model. Although frustration can prevent the establishment of any
local order, we expect that the singularity at the QPT indeed signals a rearrangement
of the system, although on lengths scaling like the total system size. Exploiting the
analytical solvability of the model in the example we consider, we prove the exis-
tence and provide the explicit expressions for string order parameters that replace
the local ones in distinguishing the two phases. In this way, we provide a path for
an extension of the Ginzburg-Landau theory, in the sense that the transition indeed
separates different types of global orders. Thus, with TF the transition becomes akin
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FIGURE 7.1: Relevant phase diagram of the 2-Cluster Ising model
with Frustrated Boundary Conditions and its comparison with the

established phase diagram with other BC.

to a topological one, although we are not able to provide a definite characterization
in this respect.

7.2 The Model

We consider the so-called 2-Cluster Ising model, in which a short-range two-body
Ising interaction competes with a cluster term acting simultaneously on four con-
tiguous spins [170]:

H = cos φ
N

∑
j=1

σx
j σx

j+1 + sin φ
N

∑
j=1

σ
y
j−1σz

j σz
j+1σ

y
j+2 (7.1)

= cos φ
N

∑
j=1

σx
j σx

j+1 + sin φ
N

∑
j=1

OjOj+1 . (7.2)

Here and in the following σα
j (α = x, y, z) stand for Pauli’s operators on the j-th spin,

Oj = σ
y
j−1σx

j σ
y
j+1 is the cluster operator [163] that allows to rewrite the cluster interac-

tion term in a form resembling a two body one, φ is a parameter that allows to tune
the relative weight between the two terms and the periodic boundary conditions im-
ply that σα

j+N = σα
j , as well as Oj+N = Oj. Note that different cluster operators are

mutually commuting ([Oj, Ok] = 0).
Usually, this model displays a second-order phase transition between two dif-

ferent ordered phases [170], depending on whether the Ising or the cluster terms
dominate. However, by applying FBC (so setting N to be an odd number), when the
interactions favor an antiferromagnetic alignment, TF sets in and the phase diagram
modifies accordingly, as we will discuss and is previewed by the phase diagram in
Fig. 7.1

In addition to the aforementioned quantum phase transition, this model pos-
sesses anticommuting parity symmetries, discussed in section 1.2.3, that are pivotal
in our discussion of local order. Namely, the Hamiltonian in eq. (7.1) is invariant
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under the transformation σα
j ↔ −σα

j ∀α, which implies that, defining the parity op-

erators as Πα =
⊗N

l=1 σα
l , we have

[
H, Πα

]
= 0 ∀α. Since we are considering the

case of odd N, different parity operators anti-commute (
{

Πα, Πβ
}
= 0 for α 6= β),

implying that each eigenstate of the model is, at least, two-fold degenerate. Indeed,
if |ψ〉 is an eigenstate of H with Πz = 1, the state Πx |ψ〉 has the same energy, but
Πz = −1. We stress that this symmetry is quite generic with FBC and is typically
violated by the presence of external fields. Its importance is, as in the rest of the the-
sis, that it provides us a framework for symmetry breaking, bypassing the approach
with the symmetry breaking fields, since the ground state degeneracy implies that
any ground state vector breaks one of the invariances of the Hamiltonian and thus
can display a finite magnetization in that direction. We will also use the fact that
the mirror symmetry, which is the invariance under the transformation σα

j ↔ σα
2k−j,

where k is the generic site of symmetry, implies that eigenstates either have 0 or
π-momentum, or they appear as degenerate doublets [2] (see Appendix C.4).

The Hamiltonian in eq. (7.1) also enjoys other properties that are convenient for
our analysis. Indeed, this model can be mapped exactly, although non-locally, to
a free fermionic systems (see Appendix G) and exploiting this fact we can treat
larger systems or even get exact analytical results. Moreover, a duality symmetry,
consisting of the invariance of the Hamiltonian under the simultaneous exchange
φ↔ π

2 − φ and σx
j ↔ Oj, relates the Ising and the nematic phases.

When φ ∈
( 3π

4 , 7π
4

)
the dominant interaction favors a ferromagnetic alignment

and thus FBC do not induce any frustration, which sets in only in the remaining part
of the phase diagram. Here, a double degenerate ground state (due to anticommut-
ing parity symmetries) is separated by a finite energy gap from the other states and
in the thermodynamic limit its behavior is indistinguishable from that with open
boundary conditions studied in [170]. At φ = 5π

4 there is a quantum phase tran-
sition which separates two differently ordered phases. When the Ising interaction
prevails over the cluster one, i.e. for φ ∈

( 3π
4 , 5π

4

)
, the system shows a ferromagnetic

phase characterized by a non-zero value of the magnetization along x. On the other
side of the critical point, when φ ∈

( 5π
4 , 7π

4

)
, we have that the system is in a ne-

matic phase identified by the zeroing of the magnetizations in all directions and the
simultaneous rise of a non-vanishing value for the expectation value of the nematic
operator Oj.

On the contrary, when φ ∈ (0, π
2 ), both the cluster and Ising interaction are “anti-

ferromagnetic”, and hence TF is induced in the system. Similarly to the phenomenol-
ogy discussed in Chapter 4, the competition between two frustrated interactions in-
creases the ground state degeneracy to four. Denoting by |p〉 a ground state vector in
the odd sector of the z-parity with lattice momentum p, the GS manifold is spanned
by four states, two in the odd sector |±p〉, and two in the even one Πx |±p〉. The
value of p depends on the value of N mod 8 and takes the value p ' π

4 or p ' 3π
4 .

These states are surmounted by a band (of single particle) states, with the gap above
the ground state closing as 1/N2 for large N.

7.3 Results

7.3.1 Local Order

As in the absence of TF, the ground-state energy displays a critical point when the
relative weights of the two interactions coincide, see Fig. 7.2. On the contrary, several
other physical aspects are completely spoiled. To highlight this fact, among all the
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FIGURE 7.2: (Color online) - Upper Panel: second derivative of the
ground-state energy density (i.e. the energy per site) as function of
φ for different length of the system. N = 81 Black dot-dashed line,
N = 801 Red solid line, N = 8001 Green Dashed line. Lower Panel:
Dependence of the second derivative of the energy density evaluated

for φ = π/4 on the size of the system N.

elements in the manifold, we focus on two of them that capture two different spatial
dependences of the order parameters,

|g1〉 =
1√
2

(
|p〉+ Πx |p〉

)
,

|g2〉 =
1√
2

(
|p〉+ Πx |−p〉

)
. (7.3)

As we wrote before, in the unfrustrated regimes the role of the order parameters
is played by the expectation values of two operators, σx

j and Oj. They share the
following properties: 1) they are defined on a finite subset of spins; 2) they commute
with Πx and anti-commute with Πz. For an operator Kj, satisfying both 1) and 2), we
have that its expectation value in the state |g1〉 reduces to 〈g1|Kj |g1〉 = 〈p|ΠxKj |p〉
and, due to translational invariance we recover

〈g1|Kj |g1〉 = 〈p|ΠxKN |p〉 ∀j. (7.4)

Hence, on |g1〉 the order parameters assume the same value on each site of the sys-
tem. On the contrary, |g2〉 is not invariant under spatial translation, and we obtain

〈g2|Kj |g2〉 = cos(2jp) 〈−p|ΠxKN |p〉 . (7.5)

Therefore, on |g2〉 the order parameters show an incommensurate periodic behavior.
Hence, to study the order parameters in the thermodynamic limit it is enough to

analyze the dependence on N of F1(KN) = 〈p|ΠxKN |p〉 and F2(KN) = 〈−p|ΠxKN |p〉.
This can be done borrowing the techniques developed in [1, 2] (chapters 3 and 4) and
applied to this case in Appendix G. The general behavior for the magnetic (KN = σx

N)
and the nematic (KN = ON = σ

y
N−1σx

Nσ
y
1 ) order parameter for φ ∈ (0, π

4 ) is depicted
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FIGURE 7.3: (Color online) - Dependence of F1(KN) = 〈p|ΠxKN |p〉
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to N = 505.

in Fig. 7.3 as function of the (inverse) size of the system.
In accordance with the unfrustrated case, in the thermodynamic limit we would

expect the system to be in a magnetic phase in which either F1(σ
x
N) or F2(σx

N) as-
sumes a non-zero value, while both F1(ON) and F2(ON) vanish. However, while the
exponential decay of the nematic order parameter is in agreement with this picture,
Fig. 7.3 clearly shows that, in the thermodynamic limit, there is also no magnetic
order since both F1(σ

x
N) and F2(σx

N) go to zero linearly with the inverse of the size of
the system. Therefore, while in the non-frustrated models the system shows, in the
region φ ∈ (0, π

4 ), an antiferromagnetic order, the introduction of TF in the system
induces a zeroing of the magnetic order parameter. In Appendix G we also show
that this behavior survives the introduction of an AFM defect in the chain, proving,
in accordance with Chapter 5, that the phenomenology we discuss is not restricted
to purely translationally invariant systems. Moreover, recalling the duality symme-
try held by the system, the behavior of the magnetic order parameter for φ ∈ (0, π

4 )
is mirrored by the nematic order parameter for φ ∈ (π

4 , π
2 ). Hence, when FBC are

imposed, the order parameters characterizing the two macroscopic phases of the un-
frustrated models vanish at both sides of the critical point, making them unable to
characterize the phase transition.

But we can go further. Indeed, we can prove that not only the magnetization
and the nematic order parameter both vanish in both phases, but that this result ex-
tends to any possible local order parameter, i.e. to any expectation value of a local
observable that anticommutes with at least one of the parity operators Πα. In fact,
in Chapter 6, we have shown that a wide class of topologically frustrated models, to
which the 2-Cluster Ising also belongs, cannot exhibit a finite local order parameter
in the vicinity of the classical antiferromagnetic point (φ = 0) unless the difference
between the momenta of two ground states tends to±π in the thermodynamic limit.
Since in our case we have that this difference tends to π/2, the expectation values of
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all local observables that can play the role of the order parameter vanish in the ther-
modynamic limit close to the point φ = 0 and, hence, we expect that they stay equal
to zero until the quantum critical point at φ = π/4 is reached. Moreover, apply-
ing the duality arguments, it follows that the expectation values of local observables
must vanish also in the vicinity of the point φ = π/2 and therefore also in the whole
region φ = (π/4, π/2). As a consequence, since the expectation value of all such
local observables vanishes at both sides of the critical point, there is no local order
parameter that can characterize the quantum phase transition at either sides. To our
knowledge, this is the first case in which topological frustration, and hence a change
in the boundary conditions of a system, affects the thermodynamic phase of a spin
system so deeply up to completely remove the presence of local order parameters.

7.3.2 String order

However, the result of Chapter 6 does not apply to operators whose support scales
with the length of the chain and this fact discloses the possibility that the two macro-
scopic phases can be distinguished by string order parameters, whose presence is
normally associated with some kind of phases with topological order [161, 163, 170,
176]. We have not been able to identify a strong geometric criterion to define the
string order connected with TF, but, exploiting the microscopical structure of the
model under consideration, we have indeed succeeded in constructing two string
operators that suit our needs, namely:

M =
I(N)

∏
k=1

(
σx

4k−2σx
4k−1

)
; N =

I(N)

∏
k=1

(O4k−2O4k−1) , (7.6)

where I(N) depends on the length of the chain and it is equal to N−1
4 for N mod 4 = 1

and to N+1
4 − 1 in case of N mod 4 = 3. Both operators commute with all the parity

operators Πα. It is easy to see that, defining F1,2(K) = 〈g1,2|K|g1,2〉 for a generic
string operator K for which [K, Πα] = 0 ∀α, we have F1(K)=F2(K).

These expectation values can be studied analytically using the asymptotic prop-
erties of determinants studied in [3] (see Appendix G), that are the subject of Chapter
9, and for K =M, N in the region φ ∈ (0, π/4) we obtain

F1(M)
N→∞' (−1)I(N) 1

2
(1− tan2 φ)

1
4 ,

F1(N )
N→∞' 0 . (7.7)

In the same region the finite-size results for F1(M) and F1(N ) are depicted in
Fig. 7.4, where it can be seen that the second goes to zero algebraically with the
system size. In the thermodynamic limit the expectation value of the string oper-
ator goes continuously to zero at φ = π/4, and can thus serve to characterize the
quantum phase transition. This picture of the continuous quantum phase transition
is coherent with the one inferred from the second derivative of the ground state en-
ergy. Of course, taking into account thatM andN are one image of the other under
the duality transformation, their behavior is mirrored in the region φ ∈ (π/4, π/2).
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while the other remains finite in the thermodynamic limit.

7.4 Conclusions

We have shown how the presence of a TF, induced by the assumption of FBC in a
system with antiferromagnetic interactions, can change the nature of the phase tran-
sition in a one-dimensional spin system. While in absence of such kind of frustration,
the phases at different sides of the critical point admit two different (staggered) local
order parameters, when TF comes into play such quantities vanish in the thermo-
dynamic limit. And this fact is not limited to the expectation value of the operators
associated to the order parameters without frustration, but extends to all the opera-
tors that can act as local order parameters.

These results lead to the rethinking within the standard approach to phase tran-
sitions. Indeed, usually, approaching a phase transition, only one length scale be-
comes important: that of the (dominant) correlation length (or the inverse mass
gap). This is because the system size is already considered bigger than any other
length scale and thus irrelevant. However, this is an idealization, since in practice it
is much easier to reach a very large correlation length than to have a truly infinite
system. Thus, approaching a critical point, it would be important to also consider
scaling quantities that include the size of the system. While under all other bound-
ary conditions this turns out not to be necessary, in presence of FBC this is not the
case, as also already pointed out in Ref. [76], and the system size suppresses any
local order. Nonetheless, the divergences of the correlation length that causes the
discontinuity in the second derivative of the free energy can still be harvested to de-
fine an order (and disorder) parameter with different behaviors across the transition,
but requires an observable spreading through the whole loop, that is, a string order.
While we cannot guarantee that the string parameters that we defined in eq. (7.6)
are the optimal ones to classify the phases, nor we can provide an interpretation
for what they represent in this way, we have shown that the traditional elements
of GLT mix differently in the presence of TF and provide a completely unexpected
phenomenology.

From the results in Chapter 4, we can see that the quantum XY chain does not
posses the phenomenology discovered here for the 2-Cluster Ising chain. In the
quantum XY chain (4.1) at different sides of the QPT at φ = π/4, on the other hand,
there are ground states with different incommensurate AFM orders. From the re-
sults in Chapter 6 we can see that for n-Cluster Ising models for other (even) n it
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can, in general, depend on the choice of the subsequence of (odd) system sizes fol-
lowed towards infinity whether we will have the phenomenology as in the quantum
XY chain or as in the 2-Cluster Ising model here. It would be interesting to explore
further which systems posses the phenomenology discussed here and which don’t.

Before concluding, we wish to underline that the results from this chapter are
resilient to the presence of a localized AFM defect in the Hamiltonian, as we show
in Appendix G, thus proving that the phenomenon we have discussed here cannot
be considered simply as resulting from fine-tuning in the system parameters.
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Chapter 8

Topological Frustration does not
affect Topological Phases

In the previous chapters we have shown that one-dimensional antiferromagnetic
spin models with frustrated boundary conditions, i.e. periodic boundary conditions
with an odd number of elements, may show very peculiar behavior. Indeed, the
presence of frustrated boundary conditions can affect local magnetic orders and sys-
tem’s quantum phase transitions. Motivated by these results, in this chapter we
analyze the effects of the introduction of frustrated boundary conditions on several
models supporting (symmetry protected) topological order, and compare our results
with the ones obtained in other settings. We find that none of the analyzed topolog-
ical order phases are altered by frustrated boundary conditions. This observation
leads naturally to the conjecture that topological phases of one-dimensional systems
are in general not affected by topological frustration. This chapter is based on [5].

8.1 Introduction

In the previous century various different classical phases of matter and continuous
phase transitions were classified using the Landau symmetry breaking theory [107,
108]. When physicists begin to turn their attention to quantum phases, the Landau
theory was successfully borrowed to describe also the quantum regime and it was
believed that virtually all phases can be classified in this framework. However, in
the late 1980s it became clear that there are quantum phases beyond the Landau
paradigm and successively the concept of topological order was established [109].
Topological phases [109, 177–179] are quantum phases with different properties from
any symmetry breaking states. They are characterized by the properties such as
the topological ground state degeneracy, non-Abelian geometric phases and long-
range entanglement. For instance, the topological ground state degeneracy depends
on the system’s topology and cannot be lifted by any local perturbations. In one
dimension, only a weaker form of topological order can exist essentially, namely
the Symmetry Protected Topological (SPT) order. [109, 179–183], where topological
properties can occur only if symmetry requirements are imposed on the system and
with the ground states exhibiting only short-range entanglement.

While in this thesis we have found many effects that topological frustration can
have on antiferromagnetic phases of quantum spin chains, nothing has still been
done for phases exhibiting (symmetry protected) topological orders, in which the
system’s topology indeed determines some system’s properties. In the present chap-
ter, our goal is to fill this gap. For this task we focus on several exactly solvable
one-dimensional models known to exhibit the SPT order and analyze the effects of
imposing frustrated boundary conditions on them.
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At first, in Sec. 8.2, we study the so-called Cluster–Ising model [161, 162] that is
a one–dimensional model, in which a three–body cluster interaction competes with
an antiferromagnetic Ising one. Despite its apparent complexity, the model admits
an analytical solution obtained by mapping the spin degrees of freedom into spin-
less fermions using the Jordan-Wigner transformation [91, 149]. Since there is an
interplay between two different types of interactions, the model presents a transi-
tion between a phase dominated by the cluster interaction and one in which the
leading term is the Ising one. While in the second region the system (usually) ad-
mits a magnetically ordered phase, when the cluster interactions dominate over the
antiferromagnetic ones, the model is known to exhibit a symmetry protected topo-
logical order. We will show that, while the magnetic phase is deeply affected by the
rising of topological frustration, the SPT ordered phase is insensitive to frustrated
boundary conditions, a fact that we explain considering simple properties of the
two and three body interactions. The fact that the sensitivity of the model to the
change of boundary conditions is a function of the macroscopic phase and not only
of the model considered, strongly suggests that such a property must extend to all
other models that present SPT ordered phases.

To test such a suggestion we turn, in Sec. 8.3, to the AKLT chain [184, 185], which
is a one-dimensional model, with a SO(3) symmetric Hamiltonian, describing spin-1
degrees of freedom interacting antiferromagnetically. The model supports a unique
ground state (up to boundary state degeneracies), separated from the rest of the
eigenstates by a finite gap, and it exhibits exponentially decaying correlation func-
tions. It is characterized by spins paired into valence-bonds and symmetry protected
topological order [109, 182]. The model with periodic boundary conditions, includ-
ing FBC, has been already studied in details [31, 185] so we simply summarize and
discuss the results relevant for this work, showing that also in this model frustrated
boundary conditions, which induce topological frustration, do not affect the model
and its order.

Finally, in Sec. 8.4 we consider the last of the 1D topological models in our survey,
namely the Kitaev chain [186]. With open boundary conditions, the Kitaev chain is
known to be exactly mappable to the quantum XY chain in a transverse magnetic
field [56, 90], but moving to periodic BC there are some subtleties, that play an im-
portant role when we wish to analyze the effect of frustration. In all cases, the Kitaev
chain can be reduced to a free fermionic problem, and therefore diagonalized analyt-
ically [56, 91]. Exploiting this approach, we highlight that, regardless of the macro-
scopic phase, the Kitaev chain is completely unaltered by moving from an even to
an odd number of sites (or viceversa).

Thus in all models analyzed we find that their symmetry protected topologi-
cal orders are either resilient to the topological frustration imposed by frustrated
boundary conditions, or that the system is such that frustrated boundary conditions
do not introduce any incompatibility in the simultaneous minimization of the local
and global structure of the Hamiltonian. These observations naturally drive us to
conjecture that SPT ordered phases in one dimension are not affected by frustrated
boundary conditions. This result could be, to some extent, counter intuitive. In
fact, it shows that topological phases are not affected by the (real-space) topology
of the system. Most of all, our conjecture places a further clear distinction between
phases characterized by non-global order parameters, as the magnetic and the ne-
matic ones, studied in previous chapters, and topologically ordered ones, at least in
one dimension.
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8.2 The Cluster-Ising model

8.2.1 The Model

Let us start by introducing the Cluster-Ising model. We consider a system made
of spins- 1

2 , in which a two-body antiferromagnetic Ising pairing competes with a
three-body cluster interaction. The Hamiltonian of such model reads

H = cos φ
N

∑
j=1

σx
j σx

j+1 + sin φ
N

∑
j=1

σ
y
j−1σz

j σ
y
j+1, (8.1)

where σα
j , for α = x, y, z, are the Pauli operators on the j-th spin and the parameter

φ allows to change the relative weight between the two terms. Since our goal is to
study the effect of topological frustration, we assume periodic boundary conditions
σα

j+N = σα
j and that N is an odd number (N = 2M+ 1). Due to the existence of an an-

alytical solution, the family of spin-1/2 cluster models was intensively studied in the
past years [161–163, 168–170, 187]. For the Cluster–Ising model in eq. (8.1) it is well-
known that for φ ∈ (−π/4, π/4) the model is in an antiferromagnetic Ising phase,
for φ ∈ (3π/4, 5π/4) in a ferromagnetic phase, while for φ ∈ (π/4, 3π/4) and
φ ∈ (−3π/4,−π/4), where the many-body interactions dominate over the Ising
ones, the model exhibits a symmetry protected topological order. Such order can
be characterized by a non-zero expectation value of the non-local string operator,
defined as

O(r) = σ
y
1 σx

2

( r⊗

j=3

σz
j

)
σx

r+1σ
y
r+2. (8.2)

Before we start the detailed solution of the model based on the Jordan-Wigner
transformation, let us make some general considerations. Both from the seminal
Toulouse’s works [156, 157] for classical models and from their generalization to
the quantum regime [29, 30], we have that, to determine whether or not a model is
geometrically or topologically frustrated, we need two elements. The first of these
elements is a prototype model, i.e. a model in which frustration is absent. The
second element is a set of local unitary operators, by which we try to reduce the
model under analysis to the prototype one. If it is possible to find such a set of local
unitary operations that map our Ising–like model into the prototype one, then the
system is free from geometrical frustration. Otherwise, we have that the system is
geometrically or topologically frustrated.

In the case of an antiferromagnetic Ising model the prototype model is the model
in which each bond is turned into a ferromagnetic one. Let us now focus on the case
of a one–dimensional lattice with periodic boundary conditions in which all bonds
between neighboring spins are antiferromagnetic. Such model is exactly the Ising
term of the Hamiltonian in eq. (8.1) and can be written as ∑N

i=1 σx
i σx

i+1. If N is even,
the sign of all the terms σx

j σx
j+1 can be inverted simply by inverting every second

spin, starting from j = 1, hence reducing it to a purely ferromagnetic Ising model
and thus proving that the model is not frustrated. On the contrary, with odd N,
the system is not bipartite and there is no such transformation, hence proving the
presence of frustration.

Let us now consider the cluster term of the eq. (8.1), i.e. ∑j σ
y
j−1σz

j σ
y
j+1. Differently

from the Ising case, inverting every single spin of the lattice through a unitary op-
eration generated by the spin operators σ

y
j it is always possible to change the global
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sign of the model. As a consequence, the three-body cluster interaction is not ex-
pected to show any geometrical frustration. This should be contrasted to the case
of the cluster interaction with an even number of sites, such as the 2-Cluster-Ising
chain [163, 170], studied in chapters 6 and 7, which does not have topological order.
According to the argument above, in these cases we expect for the frustration to be
effective and indeed we have proven this to be the case in chapters 6 and 7.

When we have the simultaneous presence of both interactions, arguments like
those just made become more complex. However, in the parameter region in which
the Ising type interaction dominates over the cluster one, taking inspiration from ar-
guments such as adiabatic deformation [188], we expect the system to present signa-
tures of the presence of geometrical frustration. Viceversa, in the region dominated
by cluster-type interaction, these signatures can be expected to be absent. Such re-
gion is expected to show a symmetry protected topological order [161], and therefore
it is expected to be unaffected by the presence of frustration.

Let us now turn to the exact solution of the Cluster–Ising model in presence of
frustrated boundary conditions. It is well known [161, 170] that it can be diagonal-
ized exactly, using the Jordan–Wigner transformation

cj =
( j−1⊗

l=1

σz
l

)σx
j + ıσy

j

2
, c†

j =
( j−1⊗

l=1

σz
l

)σx
j − ıσy

j

2
, (8.3)

that maps spins into spinless fermions. In the process of diagonalization, of which
the details can be found in Appendix H.1, the Hamiltonian is divided in the two
parity sectors of Πz =

⊗N
j=1 σz

j ,

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
, (8.4)

and in each sector the Hamiltonian can be written in terms of free fermionic opera-
tors

H± = ∑
q∈Γ±

εq

(
a†

q aq −
1
2

)
, (8.5)

where aq are Bogoliubov fermions. The fermionic momenta q in eq. (8.5) belong to
two different sets, respectively q ∈ Γ+ = { 2π

N (k + 1
2 )} for the even parity sector

(Πz = 1) and q ∈ Γ− = { 2π
N k} for the odd one (Πz = −1), where, in both cases, k

runs over all integers between 0 and N − 1.
To each fermionic momentum is associated an energy, given by

εq = 2
√

1 + sin 2φ cos 3q ∀ q 6= 0, π,
ε0 = 2(sin φ + cos φ) q = 0 ∈ Γ−, (8.6)
επ = 2(sin φ− cos φ) q = π ∈ Γ+.

It is worth noting that the momenta 0 ∈ Γ− and π ∈ Γ+ (since we study the case
in which N is odd), are different from the others because: a) they do not have the
corresponding opposite momentum; b) their energies can be negative.

From eqs. (8.6) it is easy to determine the ground states of the system starting
from the vacuum of Bogoliubov fermions in the two sectors (|0±〉), which, by con-
struction, have positive parity Πz = 1, and taking into account the modes with
negative energy and the parity requirements. We are going to examine the antifer-
romagnetic phase and the cluster phase separately. To compute the ground state
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expectation of observables it is going to be convenient to use the Majorana fermions,
defined as

Aj = c†
j + cj, Bj = ı(c†

j − cj), (8.7)

which are related to the spin operators as

Aj =
( j−1⊗

l=1

σz
l

)
σx

j , Bj =
( j−1⊗

l=1

σz
l

)
σ

y
j . (8.8)

On the basis of Wick theorem [189–192] the expectation values of observables are
determined by the two-point correlators of Majorana fermions.

Antiferromagnetic phase

In studying the antiferromagnetic phase φ ∈ (−π/4, π/4) we focus on the param-
eter region φ ∈ (−π/4, 0) without loosing generality since to any ground state
|g(φ)〉 corresponds the ground state |g(−φ)〉 = Πx |g(φ)〉 In particular, the spin-
correlations functions are the same in the two states, 〈g(−φ)| σx

1 σx
1+r |g(−φ)〉 =

〈g(φ)| σx
1 σx

1+r |g(φ)〉, and, similarly, the magnetization 〈g(φ)| σx
j |g(φ)〉 =

〈g(−φ)| σx
j |g(−φ)〉.

We find that the ground state degeneracy depends on whether (odd) N is di-
visible by 3. When N is not divisible by 3 the ground state is single, given by
|g〉 = a†

0 |0−〉, corresponding to the energy minimizing mode q = 0. When N is di-
visible by 3 there are three energy minimizing modes, given by q = 0, 2π/3,−2π/3.
The ground state manifold is thus three-fold degenerate and a general ground state
is a superposition

|g〉 = (u1a†
0 + u2a†

2π
3
+ u3a†

− 2π
3
) |0−〉 , (8.9)

where the normalization ∑3
j=1 |uj|2 = 1 is assumed. However, regardless the dimen-

sion of the ground state manifold, it always falls into a single Πz sector, with an
energy gap above it that closes as 1/N2 for large (odd) N.

The Majorana correlators in the ground state (8.9) are found to be

〈Aj Al〉g = δjl −
2ı
N
(|u2|2 − |u3|2) sin

[2π

3
(j− l)

]

− 2ı
N

[
(u∗1u2 − u∗3u1)eı π

3 (j+l−1) + c.c.
]

sin
[π

3
(j− l)

]
,

(8.10)

〈BjBl〉g = δjl −
2ı
N
(|u2|2 − |u3|2) sin

[2π

3
(j− l)

]

− 2ı
N

[
(u∗1u2 − u∗3u1)eı π

3 (j+l+1) + c.c.
]

sin
[π

3
(j− l)

]
,

(8.11)

−ı 〈AjBl〉g
N→∞'

∫ 2π

0

cos φ + sin φ e−ı3q

| cos φ + sin φ e−ı3q| e
−ıq(j−l−1) dq

2π

− 2
N

{
|u1|2 + (|u2|2 + |u3|2) cos

[2π

3
(j− l − 1)

]}

− 2
N

[
(u∗1u2 + u∗3u1)eı π

3 (j+l) + c.c.
]

cos
[π

3
(j− l − 1)

]

− 2
N

[
u∗2u3 e−ı 2π

3 (j+l) + c.c.
]
,

(8.12)

while, for N not divisible by 3, the correlators can be reproduced from the previous
expressions by taking formally u2 = u3 = 0. The exact finite-N result for the last
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correlator can be found in Appendix H.1. In the correlators we can see corrections
of order 1/N, that would not be present in a model without topological frustration.
Although they vanish in the thermodynamic limit, they cannot be neglected, as they
can influence the spin-correlation functions at large distances, i.e. for a distance that
scales with the dimension of the system. Indeed, as shown in Appendix H.1, we find
the spin-correlation functions

〈σx
1 σx

1+r〉g
r→∞' (−1)r(1− tan2 φ)3/4

(
1− 2r

N

)
. (8.13)

The correlations at large distances r decay linearly and for the most distant spins on
the ring, separated by r ≈ N/2, they vanish in the thermodynamic limit. The mag-
netization order parameter also vanishes in the ground state, above which there is
only an algebraically small gap, similarly to the quantum Ising chain with FBC [66,
67, 71, 73], discussed in Chapter 1. Thus, topological frustration affects the antifer-
romagnetic phase of the Cluster-Ising chain, closing the energy gap and destroying
the magnetization and spin-correlations at large distances, which are the effects of
topological frustration encountered throughout the whole thesis.

Cluster phase

We find that for φ ∈ (π/4, 3π/4) the ground state is |g〉 = |0+〉 and it is separated by
a finite energy gap from the excited states above it. Similarly, for φ ∈ (−3π/4, π/4)
the ground state is |g〉 = a†

0 |0−〉, also with a finite energy gap above it. These two
regions of the model’s phase space are those known to display symmetry protected
topological order [161, 170].

As shown in Appendix H.1, the correlators of Majorana fermions are 〈Aj Al〉g =

〈BjBl〉g = δjl and

〈AjBl〉g
N→∞' ı

2π∫

0

sin φ + cos φ eı3q

| sin φ + cos φ eı3q| e
−ıq(j−l+2) dq

2π
, (8.14)

which is the same result as without frustration [161, 170], i.e. the same result would
be obtained for even N. There is no corrections of order 1/N as in the antiferromag-
netic phase.

The consequence of this result is that the expectation value of any bulk observ-
able remains the same with frustrated boundary conditions, generic periodic BC or,
arguably, open BC. Indeed, in the antiferromagnetic phase the effect of frustration
arises as a correction to the Majorana correlation function. Since, any observable can
be expressed in terms of Pauli spin-operators, while Pauli spin-operators can be ex-
pressed as a product of Majorana fermions, the expectation value of any observable
can be expressed as an expectation of a product of Majorana fermions, which is by
Wick theorem determined by two-point correlators of Majorana fermions. Therefore,
since the two-point correlators of Majorana fermions are the same as without frus-
tration for large N, and since the same applies for the Jordan-Wigner transformation
(8.7), so is the expectation value of any bulk observable.
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In particular, in Appendix H.1 we compute the expectation value of the string
operator, obtaining

〈O(r)〉g
r→∞'

{
(1− cot2 φ)

3
4 , φ ∈ (π

4 , 3π
4 )

(−1)r(1− cot2 φ)
3
4 , φ ∈ (− 3π

4 ,−π
4 )

(8.15)

as without frustration [170]. On the contrary, in the topologically ordered phases,
the expectation values of the operators 〈σα

j 〉 for α = x, y, z are zero. Namely, since
the ground state does not break the Πz parity symmetry of the model we have im-
mediately 〈σx

j 〉 = 0, 〈σy
j 〉 = 0, while the relation 〈σz

j 〉 = 0 follows from the equality
σz

j = −ıAjBj and the property that the corresponding integral in (8.14) vanishes.
The non-zero expectation value of the non-local string operator, and zero expec-

tation value of local observables, such as spin operators, characterizes the symmetry
protected topological ordered phase in the Cluster-Ising model. It is, hence, proved
that such a phase is not affected by FBC.

8.3 AKLT model

The AKLT model [184, 185] is a one dimensional model, describing spin-1 degrees
of freedom interacting antiferromagnetically. It is defined by the SO(3) symmetric
Hamiltonian

H =
N

∑
j=1

[
~Sj · ~Sj+1 +

1
3
(
~Sj · ~Sj+1

)2
]
. (8.16)

The FBC are achieved by imposing an odd number of lattice sites N = 2M + 1
and periodic BC ~Sj+N = ~Sj. Naively, we can expect that FBC induce frustration in
the AKLT model, by considering its classical limit, namely the classical Heisenberg
model, and thus neglecting the second term in eq. (8.16). As discussed in Chapter
1, with periodic boundary conditions and even N the energy is minimized by the
perfectly staggered configuration ~Sj = −~Sj+1. However, for odd N, corresponding
to FBC, such a configuration is impossible because the lattice is not bipartite. There-
fore, not all local terms in the Hamiltonian can be minimized simultaneously, and
the Hamiltonian is frustrated.

Turning back to the quantum case, the AKLT Hamiltonian in eq. (8.16) acquires
a (symmetry protected) topological order and it is thus an ideal candidate to test our
conjecture that this property protects it from the effect of FBC. It is easy to check that
eq. (8.16) can be written as a sum of projectors

H = 2
N

∑
j=1

[
P(2)(~Sj,~Sj+1)−

1
3

]
, (8.17)

where P(2)(~Sj,~Sl) projects the state of two spin-1 at sites j and l into their spin-2
representation.

The AKLT model with both open and periodic BC has been studied in detail
in [185] (for a more pedagogical approach see the book [31]). It is known that the
ground state is unique with PBC, and four-fold degenerate with open BC, with this
degeneracy related to the existence of edge states and thus not influencing the expec-
tation values of bulk observables, which are the same in the different ground states
(similarly to what happens in the Cluster-Ising model and the Kitaev chain that we
will analyze later). The AKLT ground state, with periodic boundary conditions, is
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a valence-bond solid state. To show this, one represents each spin-1 degree of free-
dom through two spin-1/2 in their triplet representation. Then, these spin-1/2 on
neighboring sites are paired as singlet to prevent the ferromagnetic alignment pe-
nalized by the Hamiltonian. Denoting by |α〉j, |β〉j the two spin-1/2 on the j-th site,
the valence bond state is

|V〉j ≡ Vβ j,αj+1 |β j〉j|αj+1〉j+1 =
1√
2

(
| ↑〉j| ↓〉j+1 − | ↓〉j| ↑〉j+1

)
, (8.18)

where V ≡ 1√
2

(
0 1
−1 0

)
. We then construct the ground state of (8.16) as

|GS〉 ≡
N

∏
l=1

P̂(1)
l

N⊗

j=1

|V〉j , (8.19)

where

P̂(1)
l ≡ Pσ

α,β|σ〉j〈α|j〈β| = |+ 1〉j〈↑↑ |+
1√
2
|0〉j
(
〈↑↓ |+ 〈↓↑ |

)
+ | − 1〉j〈↓↓ | (8.20)

projects the two spin-1/2 into their spin-1 representation, with the Clebsch-Gordan

coefficients P+1 ≡
(

1 0
0 0

)
, P0 ≡ 1√

2

(
0 1
1 0

)
, and P−1 ≡

(
0 0
0 1

)
, and where the site

N + 1 is identified with the first, since periodic boundary conditions are assumed.
As already discussed in [185], the only difference between having even or odd N is
the need of a different index contraction in the spinorial representation of the valence
bond state. However, the even-odd choice does not change the gapped nature of the
system and the bulk behavior of the correlation functions [31, 185].

Moreover, the string order parameters that encode the topological order of the
AKLT model

S(α)
j,l ≡ 〈GS|Sα

j eıπ ∑l−1
n=j+1 Sα

n Sα
l |GS〉/〈GS|GS〉 , (8.21)

S(α) ≡ lim
l−j→∞

lim
N→∞

S(α)
j,l =

4
9

, (8.22)

for α = x, y, z, remain non-zero and unchanged.
We thus conclude that the (symmetry protected) topological order of the AKLT

model is not affected by frustrated boundary conditions.

8.4 Kitaev chain

The Kitaev chain [186] is a model of a spinless fermions topological superconductor,
with the Hamiltonian

H = −µ
N

∑
j=1

(
c†

j cj −
1
2

)
−

N

∑
j=1

[
w (c†

j cj+1 + h.c.)− ∆ (cjcj+1 + h.c.)
]

, (8.23)

where µ is the chemical potential, w is the hopping amplitude and ∆ is the supercon-
ducting gap. As we have done so far, also with the Kitaev model we will focus on the
case of FBC, i.e. with periodic boundary conditions (cj+N = cj ) and an odd number
of lattice sites N = 2M + 1. However, before we start the analysis of the case with
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periodic boundary conditions, let us summarize the main results that were obtained
for the open ones.

It is well-known that the Kitaev chain with open boundary conditions, that can
be obtained from eq. (8.23) restricting the range of the second sum up to j = N −
1, can be mapped, inverting the Jordan-Wigner transformation in eq. (8.3), to the
quantum XY chain in transverse field [56, 90, 91, 150]

H = −
N−1

∑
j=1

[
w + ∆

2
σx

j σx
j+1 +

w− ∆
2

σ
y
j σ

y
j+1

]
+

µ

2

N

∑
j=1

σz
j . (8.24)

Hence, exactly as the correspondent spin model, in the thermodynamic limit, it
shows a phase transitions at µ = ±2w. This quantum phase transition separates
a topologically trivial phase for |µ| > 2|w| without edge modes in the open chain,
from a topologically ordered phase |µ| < 2|w| characterized by the presence of Ma-
jorana edge modes. The latter, for the spin chain, was shown to be affected by FBC
when the Ising term promotes an AFM order [1, 2, 73], with a phenomenology sim-
ilar to that of the Cluster-Ising chain we discussed in Sec. 8.2.1. Due to the relation
between the XY and the Kitaev chain, it is natural to wonder if the latter can also
be affected by FBC, although we cannot compare the spinless model to a related
classical one which is affected by frustration.

Moving from open to periodic boundary conditions, the exact equivalence be-
tween the fermionic and the spin model ceases to exist. The reason for such quite
surprising result is connected to the fact that the Jordan-Wigner transformations
breaks the invariance under spatial translation, by selecting a reference site. This
implies that the interactions terms between the first and the last spin of the chain
are no more mapped in a standard two–body fermionic term, but in a string term
that makes it impossible to map a short-range fermionic model into a short range
spin model. To provide an example, we have that the term σx

Nσx
1 is mapped into

the string operator −Πz(c†
N − cN)(c†

1 + c1) where Πz is the parity operator along the
z axis that has support on the whole lattice. A similar result stands also for σ

y
Nσ

y
1 .

When either w± ∆ < 0 (and |µ| < 2|w|), the XY chain, with an odd number of sites,
becomes frustrated: the energy gap above the ground states closes (algebraically)
in the thermodynamic limit [66, 70, 71, 73], the correlation functions acquire pecu-
liar algebraic corrections [1, 71, 73], the entanglement entropy violates the area law
[73], and, for µ = 0, the AFM local order is replaced by the ferromagnetic meso-
scopic order or by the AFM incommensurate modulated one, with a quantum phase
transition separating the two (see chapters 3 and 4).

From a physical perspective, the main difference between the Kitaev and the
XY chain is that only the former supports (symmetry protected) topological order.
Given the close relation between the two models and the fact that the effects of frus-
tration have already been established for the spin chain, we may wonder whether
there is an even-odd effect also in the Kitaev chain

As presented in Appendix H.2, exploiting the approach illustrated in Ref. [56],
we can diagonalize the Kitaev chain with periodic boundary conditions and odd N,
obtaining

H = ∑
q∈Γ

εq

(
a†

q aq −
1
2

)
, (8.25)

where aq are Bogoliubov fermions, whose momenta q belong to the set Γ = { 2π
N k},

with k running over integers between 0 and N− 1. It is worth to note that, assuming
N to be odd, q = π is not an allowed momentum in this model. The dispersion
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relation is given by

εq =
√
(4w cos q + µ)2 + 4∆2 sin2 q, q 6= 0 (8.26)

ε0 = −2w− µ, (8.27)

Similarly to the Cluster-Ising model case, the mode q = 0 is special because it is
the only one in which the energies can be negative. The eigenstates of the model
are constructed by populating the vacuum state |0〉. Taking into account the disper-
sion relation, it is easy to see that the ground state of the Kitaev chain with periodic
frustrated boundary conditions, is always non-degenerate, with a finite energy gap
above it, except at the phase transition points µ = ±2w, where the spectrum be-
comes gapless and relativistic. Similarly to the Cluster-Ising model, in the topologi-
cally ordered phase |µ| < 2|w|, the ground state degeneracy, in the thermodynamic
limit, is different from the one that characterizes the model with open boundary
conditions. While the former is two-fold, with PBCs the ground state is unique.
Nevertheless, the expectation values of bulk observables are the same, as we now
show.

For this purpose, we define Majorana fermions using eq. (8.7). Then, similarly to
the Cluster-Ising model, all operators acting on the Fock space generated by c†

j can
be expressed in terms of Majorana fermions, and using the Wick theorem it follows
that the ground state expectation value of any observable is determined by the two-
point correlators of Majorana fermions. As shown in Appendix H.1, the two-point
correlators of Majorana fermions in the ground state, in all parameter regions of the
model, are 〈Aj Al〉g = 〈BjBl〉g = δjl and

〈AjBl〉g
N→∞' ı

2π∫

0

2w cos q + µ + 2∆ı sin q
|2w cos q + µ + 2∆ı sin q| e

−ıq(j−l) dq
2π

(8.28)

Hence, for large N, the expression of the Majorana correlation functions do not de-
pend on the boundary conditions (the result for free boundary conditions follows
from the equivalent spin chain[150]). Therefore, the expectation values of all bulk
observables in the Kitaev chain with FBC are equal to those in other settings and no
difference emerges when w ± ∆ < 0. We conclude, in particular, that topological
order in the Kitaev chain is, as in the Cluster-Ising model, not affected by frustrated
boundary conditions.

8.5 Conclusions

We have presented an analysis of the effects of frustrated boundary conditions on
(symmetry protected) topologically ordered phases of different one-dimensional mod-
els. At first, we have focused on the one-dimensional Cluster-Ising model with an
odd number of spins and periodic boundary conditions. We have presented general
arguments by which the symmetry protected topological order of the cluster phase
is not expected to be affected by frustration, while the antiferromagnetic phase is.
These speculative arguments have been confirmed by our analytic results. While in
the antiferromagnetic phase FBC close the energy gap and destroy both the spin-
correlations at large distances and the magnetization, the string order parameter in
the cluster phase is not affected by FBC. The property that the effects of topological
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frustration are lost when the cluster interactions start dominating over the antifer-
romagnetic ones is, in some extent, similar to the situation in the frustrated Ising
model [66, 71, 73], where the effects of frustration are suppressed by increasing the
magnetic field, resulting in the resilience of the paramagnetic phase to geometrical
frustration.

Our results on the Cluster-Ising model are even more interesting if we observe
that we can directly transfer our general arguments to the n-cluster Ising model,
studied in Refs. [163, 170], which consists of n-body cluster interaction competing
with the antiferromagnetic Ising pairing. It is known that for any odd n, the model
is characterized by a symmetry protected topologically ordered phase, which is, by
our general arguments, expected not to be affected by geometrical frustration. A
question that arises naturally already at this point is whether FBC do not affect only
models with cluster interactions or it is a general property of systems supporting
topological order. For this reason, we have extended our analysis to two additional
one-dimensional models that also exhibit SPT: the AKLT model and the Kitaev chain.
In both cases, the topological phase is unaffected by FBC, as is also shown by the
fact that a typical effect of frustration is the closing of the energy gap [66, 70, 71,
73] (see also previous chapters), which remains open in the topological phases of all
the models analyzed. Since we have found in various models that the topologically
ordered phases analyzed so far are not affected by FBC, we arrive naturally to the
conjecture: Frustrated boundary conditions do not affect symmetry protected topo-
logical phases of one dimensional systems. One could also think that only Landau
local orders are thus sensitive (and fragile) to topological frustration, but we have
shown in Chapter 7 that this is not the case and that nematic order can be destroyed
by FBC.
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Chapter 9

Toeplitz determinants with a delta
function singularity

In this chapter we find the asymptotic behaviors of Toeplitz determinants with sym-
bols which are a sum of two contributions: one analytical and non-zero function
in an annulus around the unit circle, and the other proportional to a Dirac delta
function. The formulas are found by using the Wiener-Hopf procedure. The deter-
minants of this type are found in computing the spin-correlation functions in low-
lying excited states of some integrable models, mappable to free fermions, where the
delta function represents a peak at the momentum of the excitation. In topologically
frustrated models this type of determinants appears already in studying the ground
state properties. As a concrete example of applications of our results, using the de-
rived asymptotic formulas we compute the spin-correlation functions in the lowest
energy band of the topologically frustrated quantum XY chain in zero field, and the
ground state magnetization. In particular, we derive results presented in Chapter 3.
This chapter is based on [3].

9.1 Introduction and Results

We consider Toeplitz determinants

D̃n( f̃ ) = det
(

f̃ (n)j−k

)n
j,k=1 , f̃ (n)j =

1
2π

∫ 2π

0
f̃ (θ, n)e−ıjθdθ (9.1)

with a symbol
f̃ (θ, n) = f (eıθ)

[
1 + 2πzn δ(θ − θ0)

]
(9.2)

Here δ is Dirac delta function, θ0 ∈ [0, 2π), (zn)n∈N is an arbitrary sequence in C and
f is a continuous function on the unit circle.

It follows that for θ0 6= 0 the elements f̃ (n)j are equal to

f̃ (n)j = f j + zn f (eıθ0)e−ıjθ0 , (9.3)

where

f j =
1

2π

∫ 2π

0
f (eıθ)e−ıjθdθ . (9.4)

For θ0 = 0 there is an ambiguity in the delta function integral. In this case we use
(9.3) to define the coefficients f̃ (n)j and the Toeplitz matrix D̃n( f̃ ).
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We restrict ourselves to symbols f that are non-zero and analytic in an annulus
including the unit circle. A general such symbol can be written as

f (z) = a(z)zν, (9.5)

where a is a function that is analytic and non-zero on the annulus and has zero
winding number, while ν ∈ Z is the winding number of the symbol f (see e.g. [193,
194]).

We are interested in asymptotic formulas for D̃n( f̃ ) as n → ∞. The asymptotic
formulas for

Dn( f ) = det( f j−k)
n
j,k=1 (9.6)

for analytic non-zero symbols f are by now considered classical, and exist under
much more general conditions. For ν = 0 they are given by the strong Szegő limit
theorem (originally proven in [195], for a review of later developments see [196–
198]). The asymptotic formulas for nonzero ν have been first obtained in [199, 200],
and later under different conditions and using different methods in [201, 202]. The
delta function in the symbol (9.2) might also be considered, in a suitable limit, as a
singularity of the symbol, different from the widely studied Fisher-Hartwig singu-
larities (for a review see [203]).

We decided to solve this problem motivated by the appearance of determinants
of type (9.1) in spin-correlation functions of certain low energy states in quantum
spin chains mappable to free fermonic systems. In such instances, the determi-
nant Dn( f ) reflects the ground state correlations (in absence of frustration) and the
delta function of the symbol has a peak at the momentum of the fermionic excita-
tion on the vacuum state. For chains with boundary frustration, the spin-correlation
functions in the lowest admissible state are already determined by (9.1), where θ0
emerges as the mode minimizing the energy and lying at the bottom of a band of
states (in the thermodynamic limit) [1, 2, 71–73], as discussed in Chapter 3. The lead-
ing asymptotic term for particular determinants of the type (9.1) in the case ν = 0
was found in [71] in the context of the frustrated quantum Ising chain, without dis-
cussion of the subleading terms and without rigor: providing a reliable proof has
been the initial inspiration for this work, together with the possibility of extending
the conditions of applicability.

To introduce the notation, we are first going to review some results on the asymp-
totics of the determinant Dn( f ) where f is non-zero and analytic in an annulus
around the unit circle. The asymptotic formulas of [199, 200] are appropriate for
this case. The function a(z) = ∑∞

k=−∞ akzk, defined in (9.5), is analytic in an annulus
including the unit circle so

lim sup
k→∞

|a−k|1/k = ρ− < 1 < ρ+ = lim inf
k→∞

|ak|−1/k . (9.7)

An analytic logarithm of a on ρ− < |z| < ρ+ exists so we can introduce the Wiener-
Hopf factorization (see e.g. [193, 204])

a−(z) = exp
∞

∑
k=1

(log a)−kz−k, a+(z) = exp
∞

∑
k=0

(log a)kzk, (9.8)

where log a(z) = ∑∞
k=−∞(log a)kzk and thus a = a−a+. We also introduce the func-

tions
b = a−a−1

+ , c = a+a−1
− , b c = 1 . (9.9)
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For expressing the subleading terms in the asymptotic formulas for Dn( f ) it is useful
to define ρ ∈ (0, 1) by

ρ− < ρ < 1 < ρ−1 < ρ+ . (9.10)

The function a is then analytic on ρ ≤ |z| ≤ ρ−1 and aj = O(ρj), a−j = O(ρj), for
j ≥ 0, for all ρ satisfying (9.10). Analogous relations hold for the functions b and c.

The asymptotic behavior of Dn( f ) in the case of zero winding number of the
symbol (ν = 0) is given by the strong Szegő limit theorem. The version of [199, 200]
in the case of analytic symbol reads

Dn(a) = exp
[
n(log a)0 +

∞

∑
k=1

k(log a)k(log a)−k + O(ρ2n)
]

as n→ ∞. (9.11)

We note that in the same reference an explicit formula for the term O(ρ2n) in (9.11)
is given, up to corrections O(ρ4n).

For ν 6= 0 the asymptotic behavior of Dn( f ) is determined by the asymptotic
behavior of Dn(a) and the determinant of the |ν| × |ν| Toeplitz matrix, defined by

∆ν,n = det
(
d(n)j−k

)|ν|
j,k=1 , where d(n)j =

{
bn+j for ν < 0
c−n−j for ν > 0

. (9.12)

The asymptotic formula is

Dn
(

f
)
= (−1)nνDn+|ν|(a)

[
∆ν,n + O(ρn(|ν|+3))

]
. (9.13)

The formula (9.13) follows from the more precise result of [199, 200], given by Theo-
rem 4 in [199] and Theorem 6 in [200].

We will extend these formulas to determinants of type (9.1). In order to do so, we
first define the determinants ∆̃ν,n(l), for l = 1, 2, ..., |ν|, for ν 6= 0, as the determinants
of the matrix (d(n)j−k)

|ν|
j,k=1 with the column l replaced by the vector (1, e−ıθ0 , e−ı2θ0 , . . . ,

e−ı(|ν|−1)θ0)T for ν < 0 and by (1, eıθ0 , eı2θ0 , ..., eı(ν−1)θ0)T for ν > 0. This definition can
be written as

∆̃ν,n(l) = det
(
d̃(l)j,k

)|ν|
j,k=1, where d̃(l)j,k =

{
(1− δk,l)d

(n)
j−k + δk,le−ı(j−1)θ0 for ν < 0

(1− δk,l)d
(n)
j−k + δk,leı(j−1)θ0 for ν > 0

.

(9.14)
Our main results are the following two theorems.

Theorem 3. For ν = 0 we have

D̃n( f̃ ) = Dn(a)
{

1 + zn

[
n + ı

d
dθ

log b(eıθ)

∣∣∣∣
θ=θ0

+ O(ρn)

]}
as n→ ∞, (9.15)

where ρ is defined by (9.10).

Theorem 4 (not rigorous). Let ν 6= 0 and suppose Dn( f ) 6= 0, ∆ν,n 6= 0, for n ≥ n0,
n0 ∈N. If for sufficiently small ρ, satisfying (9.10), we have

lim
n→∞

∆̃ν,n(j)
∆ν,n

ρ2n = 0 for all j ∈ {1, 2, ..., |ν|} , (9.16)
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where ∆̃ν,n(j) are defined by (9.14), then for n ≥ n0

D̃n( f̃ ) = Dn( f )
{

1 + zn

[
− b(eıθ0)e−ı(n+1)θ0

|ν|
∑
j=1

∆̃ν,n(j)
∆ν,n

(
eıjθ0 + O(ρn)

)
+ n + O(1)

]}

if ν < 0, (9.17)

D̃n( f̃ ) = Dn( f )
{

1 + zn

[
− c(eıθ0)eı(n+1)θ0

ν

∑
j=1

∆̃ν,n(j)
∆ν,n

(
e−ıjθ0 + O(ρn)

)
+ n + O(1)

]}

if ν > 0. (9.18)

Compared to the usual behavior of Toeplitz determinants without delta-function
singularities, in this case we see the emergence of algebraic contributions in the ma-
trix rank n. The terms inside the sums in (9.17) an (9.18) are expected to be of the
order of magnitude of the inverse of the coefficients d(n)j for |j| < |ν|. Therefore,

since d(n)j = O(ρn) as n → ∞, they are expected typically to grow faster than ρ−n,
with exponentially suppressed subleading corrections.

We are going to derive these theorems by relating the determinant to a linear
problem, which in turn can be expressed as a linear functional equation, whose solu-
tion can be obtained in the limit of large n. The leading contributions to this solution,
obtained using the Wiener-Hopf procedure, provide the asymptotic formulas above
for the determinant. The estimates on the order of magnitude of the corrections to
the terms we have calculated explicitly rely on the intuitively clear property that
a small perturbation to the functional equation yields a change to the solution of a
similar order of magnitude. For the case of a zero winding number of the symbol we
have also provided a rigorous proof of this statement, which makes Theorem 3 rig-
orous. For the case of a non-zero winding number we have not provided a rigorous
proof, but the corrections are plausible for the same reasons and we have confirmed
Theorem 4 numerically on a few relevant examples.

We derive the theorems in section 9.2. To give a concrete example of applications
of these theorems (and to explicitly show the unusual behavior of these determi-
nants) in section 9.3 we compute the spin-correlation functions in the lowest energy
band of the frustrated quantum XY chain in zero magnetic field, and the ground
state magnetization. In particular, results presented in Chapter 3 are derived.

9.2 Derivation of the Theorems

9.2.1 Linear Problem

The first step in the derivation of the theorems is to use (9.3) and the basic property
that the determinant is an alternating mutilinear function of its columns, to expand
D̃n( f̃ ) as

D̃n( f̃ ) = Dn( f ) + zn f (eıθ0)
n

∑
j=1

eı(j−1)θ0 Dn,j( f ), (9.19)

where by Dn,j( f ) we denote the determinant obtained by replacing the column j in
Dn( f ) by the column vector (1, e−ıθ0 , e−ı2θ0 , ..., e−ı(n−1)θ0)T .

We assume that there is n0 ∈N such that Dn( f ) 6= 0 for n ≥ n0. In the case ν = 0
this assumption is justified by the Szegő theorem, while for nonzero ν we restrict
ourselves to symbols for which this assumption holds. This assumption implies that
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there exists a unique solution x(n)j , j = 0, 1, ..., n− 1, of the linear problem

n−1

∑
k=0

f j−kx(n)k = e−ıθ0 j, for j = 0, 1, ..., n− 1, (9.20)

that is by Cramer’s rule given by

x(n)j =
Dn,j+1( f )

Dn( f )
. (9.21)

This solution can be inserted in (9.19) to get

D̃n( f̃ ) = Dn( f )
[
1 + zn f (eıθ0)

n−1

∑
j=0

eıθ0 jx(n)j

]
. (9.22)

Defining the analytic function

X(n)(z) =
n−1

∑
j=0

x(n)j zj (9.23)

we have
D̃n( f̃ ) = Dn( f )

(
1 + zn f (eıθ0)X(n)(eıθ0)

)
. (9.24)

We are thus going to find an asymptotic formula for X(n)(z), and hence for D̃n( f̃ ),
by using the Wiener-Hopf procedure, similar to the one of [204, 205] used to compute
the spin correlation functions of the Ising model. The prerequisites and details are
given in the following sections.

Let us comment that the presented method of relating the determinant to a linear
problem would not work with more than one delta function in the symbol (9.2). In
arriving to expression (9.19) we have used the property that different column vec-
tors resulting from the delta function in the symbol are one scalar multiple of the
other. This has lead to many cancellations, since determinant is an alternating func-
tion. With more delta functions, column vectors arising from different delta func-
tions could not anymore be related simply by scalar multiplication, which prevents
cancellations.

9.2.2 Equivalent Problem

For a function g(z) = ∑∞
j=−∞ gjzj, defined and analytic in an annulus ρ− < |z| < ρ+

including the unit circle, we define its components

[g]− (z) =
∞

∑
j=1

g−jz−j, [g]+ (z) =
∞

∑
j=0

gjzj. (9.25)

The function [g]− is analytic on |z| > ρ−, while the function [g]+ is analytic on
|z| < ρ+. For definiteness, in the following we are going to restrict the domain of
these functions to the annulus ρ− < |z| < ρ+, where both are analytic.

As shown in Appendix I.1, defining the coefficients

y(n)j =

{
e−ıjθ0 , j ∈ {0, 1, ..., n− 1}
0, j ∈ Z\{0, 1, ..., n− 1} (9.26)
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and the analytic function

Y(n)(z) =
n−1

∑
j=0

y(n)j zj (9.27)

solving the linear problem (9.20) is equivalent to finding functions X(n), U(n), V(n),
defined and analytic on an annulus including the unit circle, satisfying

f X(n) = Y(n) + U(n)zn + V(n) (9.28)

and having the properties

[
X(n)]

− = 0,
[
X(n)z−n]

+
= 0,

[
U(n)]

− = 0,
[
V(n)]

+
= 0 . (9.29)

With Dn( f ) 6= 0 the solution exists and is unique, with X(n) corresponding to (9.23).
By solving this equivalent problem we find the asymptotic formula for X(n)(eıθ0) in
(9.24).

9.2.3 Evaluating the components

Following the standard Wiener-Hopf approach, we seek the solution of (9.28) by ex-
ploiting the different analytical properties of the different components of the func-
tions appearing in it. The components (9.25) can be evaluated as the following inte-
grals. Let z belong to the annulus ρ− < |z| < ρ+, and let ρ1 ∈ (ρ−, |z|), ρ2 ∈ (|z|, ρ+).
Then

[g]− (z) =
1

2πı

∮

|w|=ρ1

g(w)

z− w
dw, [g]+ (z) =

1
2πı

∮

|w|=ρ2

g(w)

w− z
dw. (9.30)

These formulas can be shown by summing, in accordance with definition (9.25), the
Laurent series coefficients

gk =
1

2πı

∮

|w|=ρ1

g(w)
dw

wk+1 =
1

2πı

∮

|w|=ρ2

g(w)
dw

wk+1 (9.31)

and interchanging the sum and the integral, which is valid since the Laurent series
is uniformly convergent on every closed subannulus in the interior of its annulus.

In the derivation of the theorems we are going to encounter functions G, analytic
on the annulus ρ− < |z| < ρ+, that are of the form

G(z) =
g(z)− g(eıθ0)

z− eıθ0
for z 6= eıθ0 , G(eıθ0) =

dg(z)
dz

∣∣∣∣
z=eıθ0

, (9.32)

where g is analytic on the same annulus. For instance, the function (9.27) satisfies

Y(n)(z) = e−ı(n−1)θ0
zn − eınθ0

z− eıθ0
, Y(n)(eıθ0) = n = e−ı(n−1)θ0

dzn

dz

∣∣∣∣
z=eıθ0

. (9.33)

For z 6= eıθ0 , it will be convenient to consider the function G as a sum of two
functions with a singularity on the unit circle, or, as we are about to show, the sum
of two functions analytical inside/outside the unit circle. We thus need to introduce
another structure. Let G be defined by the rule

G(z) = g(z)
z− eıθ0

for ρ− < |z| < ρ+, z 6= eıθ0 , (9.34)
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with g being a function analytic on the annulus ρ− < |z| < ρ+. The function G
is thus analytic on the annuli ρ− < |z| < 1 and 1 < |z| < ρ+. Its Laurent series
coefficients are different on two different annuli, let us denote them by

G(z) =
∞

∑
j=−∞

G(<)
j zj for ρ− < |z| < 1, G(z) =

∞

∑
j=−∞

G(>)
j zj for 1 < |z| < ρ+.

(9.35)
There are thus two ways of defining + and − components of the functions G. We
define

[
G
](<)

− (z) =
∞

∑
j=1
G(<)
−j z−j,

[
G
](<)

+
(z) =

∞

∑
j=0
G(<)

j zj, (9.36)

[
G
](>)

− (z) =
∞

∑
j=1
G(>)
−j z−j,

[
G
](>)

+
(z) =

∞

∑
j=0
G(>)

j zj. (9.37)

In this work we are going to make use of the functions
[
G
](<)

− and
[
G
](>)

+
, both of

which are analytic on ρ− < |z| < ρ+. We are going to use the obvious notation

[ g
z− eıθ0

](<)

−
=
[
G
](<)

− ,
[ g

z− eıθ0

](>)

+
=
[
G
](>)

+
. (9.38)

Analogously to (9.30) we have the integral representation

[ g
z− eıθ0

](<)

−
(z) =

1
2πı

∮

|w|=ρ1

g(w)

(w− eıθ0)(z− w)
dw, where ρ1 ∈

(
ρ−, min{1, |z|}

)
,

[ g
z− eıθ0

](>)

+
(z) =

1
2πı

∮

|w|=ρ2

g(w)

(w− eıθ0)(w− z)
dw, where ρ2 ∈

(
max{1, |z|}, ρ+

)
.

(9.39)

Expanding 1/(w− eıθ0) under integrals into series and interchanging the series and
the integral, we get the following representation:

[
g

z− eıθ0

](<)

−
(z) =

∞

∑
j=0

e−ı(j+1)θ0
[
gzj]

−(z),

[
g

z− eıθ0

](>)

+

(z) =
∞

∑
j=0

eıjθ0
[
gz−j−1]

+
(z).

(9.40)

With the introduced definitions, for the function G defined by (9.32) we have

[
G
]
− =

[ g− g(eıθ0)

z− eıθ0

](<)

−
=
[ g

z− eıθ0

](<)

−
,

[
G
]
+
=
[ g− g(eıθ0)

z− eıθ0

](>)

+
=
[ g

z− eıθ0

](>)

+
,

(9.41)

where the first equality follows immediately from the integral representations and
the second is obtained using

[ g(eıθ0)

z− eıθ0

](<)

−
= 0,

[ g(eıθ0)

z− eıθ0

](>)

+
= 0, (9.42)
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which follows from (9.40). From (9.41) it follows

G =
[ g

z− eıθ0

](<)

−
+
[ g

z− eıθ0

](>)

+
. (9.43)

We clearly have also the following linear property. Let h be a function analytic on
the same annulus as g. Then

[
hG
]
− =

[ hg
z− eıθ0

](<)

−
−
[hg(eıθ0)

z− eıθ0

](<)

−
,

[
hG
]
+
=
[ hg

z− eıθ0

](>)

+
−
[hg(eıθ0)

z− eıθ0

](>)

+
.

(9.44)
The definitions we have introduced are going to be useful because of the follow-

ing two elementary lemmas that we state and prove.

Lemma 1. Let g be a function analytic on an annulus ρ− < |z| < ρ+, that includes the
unit circle. Then for z 6= eıθ0 belonging to the annulus

[ g
z− eıθ0

](<)

−
(z) =

[g]−(z)− [g]−(eıθ0)

z− eıθ0
,

[ g
z− eıθ0

](>)

+
(z) =

[g]+(z)− [g]+(eıθ0)

z− eıθ0
.

(9.45)

Proof. Let us prove the first equality. From the representation (9.40) it follows

[
[g]+

z− eıθ0

](<)

−
= 0, (9.46)

which implies [
g

z− eıθ0

](<)

−
=

[
[g]−

z− eıθ0

](<)

−
. (9.47)

We now define a function G(−) as

G(−)(z) =
[g]−(z)− [g]−(eıθ0)

z− eıθ0
for z 6= eıθ0 , ρ− < |z| < ρ+,

G(−)(eıθ0) =
d
dz

[g]−(z)
∣∣∣∣
z=eıθ0

,
(9.48)

and, using the decomposition (9.43) for this function, we have

G(−) =
[

[g]−
z− eıθ0

](<)

−
+

[
[g]−

z− eıθ0

](>)

+

=

[
[g]−

z− eıθ0

](<)

−
, (9.49)

where the last equality follows from (9.40). Combining (9.47) and (9.49) proves the
first equality of the lemma. The second equality is proven in an analogous way.

Lemma 2. Let (gn)n∈N be a sequence of functions analytic on an annulus ρ− < |z| < ρ+,
that includes the unit circle, and let ρ− < ρ1 < 1 < ρ2 < ρ+. Moreover, let (sn)n∈N be a
sequence of positive numbers.

(a) If gn = O(sn) uniformly in z at the circle |z| = ρ′1, for some ρ′1 ∈ (ρ−, ρ1), then

[
gn
]
−(z) = O(sn),

[
gn

z− eıθ0

](<)

−
(z) = O(sn) (9.50)

uniformly in z on ρ1 ≤ |z| ≤ ρ2.
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(b) If gn = O(sn) uniformly in z at the circle |z| = ρ′2, for some ρ′2 ∈ (ρ2, ρ+), then

[
gn
]
+
(z) = O(sn),

[
gn

z− eıθ0

](>)

+

(z) = O(sn) (9.51)

uniformly in z on ρ1 ≤ |z| ≤ ρ2.

Proof. Let us prove the first part of (a). By assumption there is K > 0 such that

|gn(z)| ≤ Ksn for all z on the circle |z| = ρ′1. (9.52)

For ρ1 ≤ |z| ≤ ρ2 we have, from (9.30), the integral representation

[
g
]
−(z) =

1
2πı

∮

|w|=ρ′1

g(w)

z− w
dw. (9.53)

Then from the assumption (9.52) and using |z− w| ≥ ρ1 − ρ′1 it follows

∣∣∣
[
g
]
−(z)

∣∣∣ ≤ Kρ′1
ρ1 − ρ′1

sn, (9.54)

which means that
[
g
]
−(z) = O(sn) uniformly in z on ρ1 ≤ |z| ≤ ρ2. The other parts

of the lemma are proven in an analogous way by using the integral representations
(9.30) and (9.39).

9.2.4 Solution for the zero winding number case

Having introduced the tools for the separation in components of the various func-
tions, we can present the solutions. In the case ν = 0, on the basis of a Wiener-Hopf
procedure, presented in Appendix I.2, we construct the following functions, which
are the specialization of (I.37), (I.32), and (I.25) and are defined and analytic on the
annulus (9.7), given for z 6= eıθ0 by

X(n)
1 (z) = e−ı(n−1)θ0 a−1

+ (eıθ0)a−1
+ (z)

znc(z)− eınθ0 c(eıθ0)

z− eıθ0
, (9.55)

U(n)
1 (z) = −e−ı(n−1)θ0 a+(z)

a−1
+ (z)− a−1

+ (eıθ0)

z− eıθ0
, (9.56)

V(n)
1 (z) = eıθ0 a−(z)

a−1
− (z)− a−1

− (eıθ0)

z− eıθ0
, (9.57)

and for z = eıθ0 by continuity. It’s easy to see that these functions satisfy the equation
(9.28)

aX(n)
1 = Y(n) + U(n)

1 zn + V(n)
1 , (9.58)

where, in this case, according to (9.5), f = a, and the function a± in (9.55) have been
defined in (9.8) and we remind that c = a+a−1

− .
Let ρ be defined by (9.10). A straightforward application of Lemma 1 and Lemma

2 yields the properties

[
X(n)

1

]
− = O(ρn),

[
X(n)

1 z−n]
+
= O(ρn),

[
U(n)

1

]
− = 0,

[
V(n)

1

]
+
= 0, (9.59)
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where O(ρn) holds on ρ ≤ |z| ≤ ρ−1, uniformly in z. For example, let us show the
first property. We have

[
X(n)

1

]
− = e−ı(n−1)θ0 a−1

+ (eıθ0)

[
zna−1
−

z− eıθ0

](<)

−
− eıθ0 a−1

− (eıθ0)

[
a−1
+

z− eıθ0

](<)

−
. (9.60)

Applying Lemma 2 on the first term, with ρ′1 ∈ (ρ−, ρ), ρ1 = ρ, ρ2 = ρ−1, sn = ρn,
we see that it is equal to O(ρn) on ρ ≤ |z| ≤ ρ−1, uniformly in z. The second term is
zero, by Lemma 1. The other properties in (9.59) are shown in an analogous way.

The properties (9.59) should be compared with (9.29). They imply that the func-
tion X(n)

1 with the components j < 0 and j ≥ n removed, i.e. the function X(n)
2 =

X(n)
1 − [X(n)

1 ]− − zn[X(n)
1 z−n]+, is a solution of the problem

aX(n)
2 = Y(n)

2 + U(n)
2 zn + V(n)

2 (9.61)
[
X(n)

2

]
− = 0,

[
X(n)

2 z−n]
+
= 0,

[
U(n)

2

]
− = 0,

[
V(n)

2

]
+
= 0 , (9.62)

where [Y(n)
2 ]− = 0, [Y(n)

2 z−n]+ = 0, and

Y(n)
2 (z)−Y(n)(z) = O(ρn) uniformly in z on the unit circle |z| = 1. (9.63)

Thus, we have constructed a linear problem whose corresponding functional equa-
tion is a O(ρn) perturbation of the original one on the unit circle. It is intuitively
clear that the solution X(n) will result into a O(ρn) perturbation of X(n)

2 on the unit
circle. This passage is made rigorous by applying Lemma 3, stated and proven in
Appendix I.3, on X(n) and X(n)

2 . It follows

X(n)
2 (z)− X(n)(z) = O(ρn) uniformly in z on the unit circle |z| = 1 (9.64)

and therefore, since X(n)
2 (z)− X(n)

1 (z) = O(ρn) uniformly in z on the unit circle, we
have

X(n)(z) = X(n)
1 (z) + O(ρn) uniformly in z on the unit circle |z| = 1. (9.65)

This, together with (9.55), gives

X(n)(eıθ0) = a−1
+ (eıθ0)a−1

− (eıθ0)n + eıθ0 a−2
+ (eıθ0)

dc(z)
dz

∣∣∣∣
z=eıθ0

+ O(ρn). (9.66)

It follows

a(eıθ0)X(n)(eıθ0) = n− ı
d
dθ

log c(eıθ)

∣∣∣∣
θ=θ0

+ O(ρn). (9.67)

Theorem 3 follows from (9.24) and (9.67). Let us comment here that the leading term
in this solution was already determined in [71, 72], but without rigor, with a cavalier
use of the component analysis and an improper analytical continuation. Most of all,
the approach employed there does not allow to treat the non-zero winding number
case.
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9.2.5 Solution for the non-zero winding number case

Let us assume that ν > 0. The result for ν < 0 follows from this one by transposing
the original Toeplitz matrix in (9.1) and doing the integral transformation θ → −θ.
On the basis of the Wiener-Hopf procedure presented in Appendix I.2, as a special-
ization of (I.37), (I.32) and (I.25) we construct the functions X(n)

1 , U(n)
1 , V(n)

1 , analytic
on the annulus (9.7). For z 6= eıθ0 , ρ− < |z| < ρ+, they are defined by the rule

X(n)
1 (z)zν = e−ı(n+ν−1)θ0 a−1

+ (z)a−1
+ (eıθ0)

c(z)zn+ν − c(eıθ0)eı(n+ν)θ0

z− eıθ0

+ e−ı(n−1)θ0 a−1
− (z)zn+ν

ν−1

∑
k=0

(a−1
+ )k

zk−ν − eı(k−ν)θ0

z− eıθ0
+ a−1

+ (z)
ν

∑
k=1

α
(n)
k

[
c zn+ν−k]

+
(z),

(9.68)

U(n)
1 z−ν = −e−ı(n−1)θ0 a+(z)

[a−1
+ z−ν]+(z)− [a−1

+ z−ν]+(eıθ0)

z− eıθ0
+ a+(z)

ν

∑
k=1

α
(n)
k z−k,

(9.69)

V(n)
1 (z) = eıθ0 a−(z)

a−1
− (z)− a−1

− (eıθ0)

z− eıθ0
− a−(z)

ν

∑
k=1

α
(n)
k

[
c zn+ν−k]

−(z), (9.70)

and for z = eıθ0 by continuity. Here α
(n)
1 , α

(n)
2 , ..., α

(n)
ν ∈ C are for the moment unspec-

ified, and it is simple to check that for any choice of them the functions above satisfy
(9.28) as

azνX(n)
1 = Y(n) + U(n)

1 zn + V(n)
1 . (9.71)

Let ρ be defined by (9.10). As in the previous section, a straightforward applica-
tion of Lemma 1 and Lemma 2 yields

[
X(n)

1 zν
]
−(z) = O(ρn),

[
U(n)

1

]
− = 0,

[
V(n)

1

]
+
= 0, (9.72)

where O(ρn) holds on ρ ≤ |z| ≤ ρ−1, uniformly in z. The coefficients α
(n)
1 , α

(n)
2 , ..., α

(n)
ν

are chosen to satisfy

(
X(n)

1 zν
)

j = O(ρn) for j = 0, 1, ..., ν− 1, (9.73)

thus extending (9.72) to also
[
X(n)

1

]
− = O(ρn).

Thus, one computes the components
(
X(n)

1 zν
)

j using (9.31), by integrating at the
circle |w| = ρ, and imposes (9.73). As shown in Appendix I.2, this procedure results
in

α
(n)
k = −a−1

− (eıθ0)e−ı(ν−1)θ0
∆̃ν,n(k)

∆ν,n
, (9.74)

where ∆ν,n is defined by (9.12) and ∆̃ν,n(k) by (9.14).
We have shown so far

[
X(n)

1

]
− = O(ρn),

[
U(n)

1

]
− = 0,

[
V(n)

1

]
+
= 0, (9.75)
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which should be compared to (9.29). It remains to discuss
[
X(n)

1 z−n]
+

. Application
of Lemmas 1 and 2 yields

[
X(n)

1 z−n]
+
= O(ρn) +

ν

∑
k=1

α
(n)
k

[
a−1
+ z−(n+ν)

[
czn+ν−k]

+

]

+

. (9.76)

We have further

α
(n)
k

[
a−1
+ z−(n+ν)

[
czn+ν−k]

+

]

+

= −α
(n)
k

[
a−1
+ z−(n+ν)

[
czn+ν−k]

−

]

+

= −α
(n)
k O(ρn

1)

(9.77)
where in the last equality we have applied Lemma 2 two successive times for some
ρ1 ∈ (ρ−, ρ), and O(ρ2n

1 ) holds on ρ ≤ |z| ≤ ρ−1, uniformly in z. Now, assuming that
the condition (9.16) of Theorem 4 holds, using (9.74) we get

α
(n)
k O(ρ2n

1 ) = O
(
(ρ1/ρ)2) (9.78)

Defining
σ = max{(ρ1/ρ)2, ρ} (9.79)

we have thus
[
X(n)

1

]
−(z) = O(σn),

[
X(n)

1 z−n]
+
= O(σn),

[
U(n)

1

]
− = 0,

[
V(n)

1

]
+
= 0, (9.80)

where O(σn) holds on ρ ≤ |z| ≤ ρ−1, uniformly in z. These properties should
be compared with (9.29). Because of the same reasoning as for the zero winding
number case we expect

X(n)(z) = X1(z) + O(σn) (9.81)

on the unit circle |z| = 1. In this case we cannot provide a rigorous proof for this
estimate, but we find it very natural and we have checked numerically that the final
result, i.e. Theorem 4, holds in several relevant cases.

It follows

X(n)(eıθ0)eıνθ0 = e−ı(n+ν−1)θ0 a−2
+ (eıθ0)

d
dz

(
c(z)zn+ν

)∣∣∣∣
z=eıθ0

+ eı(ν+1)θ0 a−1
− (eıθ0)

ν−1

∑
k=0

(
a−1
+

)
k

d
dz

zk−ν

∣∣∣∣
z=eıθ0

+ a−1
+ (eıθ0)

ν

∑
k=1

α
(n)
k

[
czn+ν−k]

+
(eıθ0) + O(σn)

(9.82)

from which we get

X(n)(eıθ0)eıνθ0 = a−1
+ (eıθ0)a−1

− (eıθ0)(n + ν) + eıθ0 a−2
+ (eıθ0)

dc(z)
dz

∣∣∣∣
z=eıθ0

+ a−1
− (eıθ0)

ν−1

∑
k=0

(k− ν)
(
a−1
+

)
keıkθ0 + a−1

+ (eıθ0)
ν

∑
k=1

α
(n)
k

[
czn+ν−k]

+
(eıθ0) + O(σn).

(9.83)

Lemma 2 gives a simplification

[
czn+ν−k]

+
(eıθ0) = c(eıθ0)eı(n+ν−k)θ0 + O(ρn) (9.84)
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from which it follows

X(n)(eıθ0)eıνθ0 = a−1
− (eıθ0)

ν

∑
k=1

α
(n)
k

(
eı(n+ν−k)θ0 + O(ρn)

)
+ a−1

+ (eıθ0)a−1
− (eıθ0)n + O(1).

(9.85)
Theorem 4 follows directly from (9.24) and (9.85), where the result for the case ν < 0
descends from the one for ν > 0 by transposing the original Toeplitz matrix in (9.1)
and making the integral transformation θ → −θ.

9.3 Application of the results: Frustrated quantum XY chain
in zero field

As an example of a concrete application of our results we compute the lowest en-
ergy band spin-correlation functions and the ground state magnetization for the
frustrated quantum XY chain, studied in chapters 3 and 4, and defined by the Hamil-
tonian

H =
N

∑
j=1

(
σx

j σx
j+1 − λσ

y
j σ

y
j+1

)
. (9.86)

Here λ ∈ (0, 1) is the anisotropy parameter, N = 2M + 1 is the number of lattice
sites, which is imposed to be odd, σα for α = x, y, z, are Pauli matrices, and periodic
boundary conditions are imposed (σα

j = σα
j+N). The notation used here can be re-

lated, up to multiplying the Hamiltonian by a positive constant, to the one in (3.1),
by setting δ = 0 and λ = − tan φ. The one used here is simpler and shorter for the
present purpose.

As discussed in Chapter 3 and Appendix C.2, in each sector of given z-parity, the
XY chain can be mapped exactly, although non-locally, to a system of free fermions.
This mapping allows to represent every state in a Fock space: one defines a vac-
uum |0±〉 which is annihilated by fermionic operators aq, with q ∈ Γ± belong-
ing to a different set (of integers or half-integers) depending on the parity (Γ± ={

π
N

(
2j + 1+Πz

2

)
: j = 0, 1, ..., N − 1

}
), aq |0±〉 = 0 for all q ∈ Γ±, and applies the

Bogoliubov creation operators a†
q to create all other states. Only states with a num-

ber of excitations compatible with the parity are admissible in the Hilbert space of
(9.86): assigning zero excitations to the vacua |0±〉, each a†

q adds one. Even excitation
states belong to the positive z-parity sector, while odd excitation ones have negative
z-parity. As a consequence of the symmetries, each eigenstate of the model is at
least two-fold degenerate. Furthermore, for each state |ψ〉 in the Πz = −1 sector we
can construct the state Πx |ψ〉 = (−1)(N−1)/2Πy |ψ〉 with the same energy, but with
opposite Πz.

Due to the frustrated boundary conditions, the system is gapless with the energy
gap above the ground state closing as 1/N2. The ground state is part of a band,
spanned by the (single excitation) states |q〉 = a†

q |0−〉, which have negative z-parity
Πz = −1, and the states Πx |q〉 = ı(−1)(N−1)/2Πy |q〉, with Πz = 1 and the same
energy. The energy of the states |q〉 and Πx |q〉 is equal and the index q is the mo-
mentum of the excitation, that can be related to lattice translations (see Appendix
C.3). The ground state, in particular, has momentum q = 0, and is two-fold degen-
erate. A generic ground state is, therefore, a superposition

|g〉 = cos θ |g−〉+ sin θ eıψ |g+〉 , (9.87)
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where |g−〉 = |q = 0〉, |g+〉 = Πx |g−〉, θ ∈ [0, 2π) and ψ ∈ [0, 2π).
We are interested in the spin correlation functions 〈q| σx

1 σx
1+n |q〉 and 〈q| σy

1 σ
y
1+n |q〉,

and in the ground state magnetizations 〈g| σx
1 |g〉 and 〈g| σy

1 |g〉. The spin correlation
functions 〈q| σz

1 σz
1+n |q〉 and the magnetization 〈g| σz

1 |g〉 can be computed using sim-
pler techniques, as done in Appendix C.5. As discussed throughout the thesis, as a
consequence of the symmetries and of the exact degeneracies, it is possible to have
a spontaneous finite magnetization even for finite N.

Spin-correlation functions

As shown in Appendix C.5, using the Majorana fermions representation of the spin
operators and performing the Wick contractions as in [72], the spin correlation func-
tions can be expressed in terms of Toeplitz determinants

〈q| σα
1 σα

1+n |q〉 = (−1)n
[(

D̃n( f̃ ) + c.c.
)
− Dn( f )

]
, (9.88)

where c.c. stands for the complex conjugate and

f̃ (n)j = f j −
1
N

f (eıq)e−ıqj, (9.89)

f j =
1
N ∑

θ∈Γ−
f (eıθ)e−ıjθ N→∞' 1

2π

∫ 2π

0
f (eıθ)e−ıjθdθ, (9.90)

f (z) = a(z)zν, a(z) =

√
1− λz−2

1− λz2 . (9.91)

The winding number is ν = 0 for α = x and ν = 2 for α = y. Comparing with (9.3)
we see that zn = −1/N, thus a constant with respect to n, although, from physi-
cal considerations, we must have n < N/2. We are going to neglect the difference
between the sum and the integral in (9.90), and similarly later in computing the mag-
netization. We observe numerically that these differences are exponentially small in
N. All the results are obtained within this approximation.

We see that a is analytic on λ1/2 < |z| < λ−1/2 and by inspection we find

a+(z) = a−1
− (z−1) = (1− λz2)−1/2,

c(z) = b−1(z) = a+(z)a−1
− (z) =

[
(1− λz2)(1− λz−2)

]−1/2.
(9.92)

The determinant Dn( f ) has already been computed in [150] because it determines
the ground state spin-correlation functions in absence of frustration. For ν = 0 it is
given by

Dn( f )

= (1− λ2)1/2
[
1 + 4

( λ

1− λ2

)2 λn

πn2

(
1 + O(n−1)

)]
, for n = 2m as m→ ∞, (9.93)

= (1− λ2)1/2
[
1 + 2

1 + λ2

λ

( λ

1− λ2

)2 λn

πn2

(
1 + O(n−1)

)]
, for n = 2m + 1 as m→ ∞.

(9.94)
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Applying Theorem 3, with the term

d
dθ

log b(eıθ)

∣∣∣∣
θ=q

=
2λ sin q

1 + λ2 − 2λ cos 2q
∈ R (9.95)

not contributing in (9.88), we find

〈q| σx
1 σx

1+n |q〉

= (1− λ2)1/2
[
1 + 4

( λ

1− λ2

)2 λn

πn2

(
1 + O(n−1)

)][
1− 2n

N

(
1 + O(λ

n
2 (1+ε))

)]
,

for n = 2m as m→ ∞,
(9.96)

= −(1− λ2)1/2
[
1 + 2

1 + λ2

λ

( λ

1− λ2

)2 λn

πn2

(
1 + O(n−1)

)][
1− 2n

N

(
1 + O(λ

n
2 (1+ε))

)]
,

for n = 2m + 1 as m→ ∞,
(9.97)

where ε > 0 is arbitrarily small.
To compute 〈q| σy

1 σ
y
1+n |q〉 using Theorem 4 we need to find

c−n =
1

2πı

∮

|w|=1

wn−1

[(1− λz2)(1− λz−2)]1/2 dw. (9.98)

Integrals of this type have been computed in [90, 150, 204, 205], for the purpose of
computing the ground state spin-correlation functions, using the properties of the
hypergeometric functions. This one is given by

c−n =
21/2

(1− λ2)1/2
λ

n
2√

πn

(
1 + O(n−1)

)
for n = 2m as m→ ∞. (9.99)

c−n = 0 for n = 2m + 1. (9.100)

Applying Theorem 4, where the condition (9.16) of the theorem is satisfied for ρ close
to
√

λ, and using the result (9.13) for Dn( f ), we find

〈q| σy
1 σ

y
1+n |q〉

=
2

1− λ

λn

πn

(
1 + O(n−1)

)
+ 25/2 cos nq

(1 + λ2 − 2λ cos 2q)1/2
λ

n
2

N
√

πn

(
1 + O(n−1)

)

for n = 2m as m→ ∞.
(9.101)

=
2

1− λ

λn

πn

(
1 + O(n−1)

)

+ 23/2 λ−
1
2 cos[(n + 1)q] + λ

1
2 cos[(n− 1)q]

(1 + λ2 − 2λ cos 2q)1/2
λ

n
2

N
√

πn

(
1 + O(n−1)

)

for n = 2m + 1 as m→ ∞.

(9.102)

In the ground state (q = 0) terms proportional to 1/N in (9.96) and (9.101) are due
to the delta-function singularity in the symbol and make the difference between the
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frustrated model and the model without frustration (that is, periodic boundary con-
ditions with N = 2M or free boundary conditions). In this case, the difference is rel-
evant only at distances n comparable to the system size N. Without these terms, the
x correlation function would converge exponentially fast to a saturation value as the
distance between sites is increased, while the y corrrelation decays to zero, reflecting
a spontaneous magnetization developing only in the x direction. The dependence
(9.96) implies, instead, that the correlations between the most distant spins, sepa-
rated by n = (N − 1)/2, decay as 1/N as we increase the (odd) system size N. This
kind of behavior in frustrated quantum chains was first found in [67, 69] and later
further discussed, and checked numerically, in [71–73]. We discuss it in details in
Chapter 3.

9.3.1 The ground state magnetization

As discussed in Appendix C.5, the magnetization in the ground state is ferromag-
netic, i.e. 〈g| σα

1 |g〉 = 〈g| σα
j |g〉 for j = 2, 3, ..., N and α = x, y, z, in a generic ground

state |g〉 defined by (9.87). For α = x, y it is given by

〈g| σx
1 |g〉 = cos ψ sin 2θ 〈g−| σx

1 Πx |g−〉 , (9.103)

〈g| σy
1 |g〉 = (−1)

N−1
2 sin ψ sin 2θ 〈g−| σy

1 Πy |g−〉 . (9.104)

The absolute values of the quantities 〈g| σα
1 Πα |g〉, for α = x, y, are the maximal val-

ues of the magnetization on the ground state manifold, and it is shown in Appendix
C.5 that these quantities can be expressed as Toeplitz determinants, as

〈g−| σα
1 Πα |g−〉 N→∞' (−1)nD̃n( f̃ ), (9.105)

where

n =
N − 1

2
, f̃ (n)j = f j −

2
N

, (9.106)

f j =
1

2π

∫ 2π

0
f (eıθ)e−ıjθdθ, (9.107)

f (z) = a(z)zν, a(z) =

√
1− λz−1

1− λz
. (9.108)

Here the winding number is ν = 0 for α = x and ν = 1 for α = y. Theorems 3 and 4
can be applied with zn = −2/N = −2/(2n + 1).

We proceed in a similar way to the previous section. The function a(z) is analytic
on λ < |z| < λ−1, and by inspection we find

a+(z) = a−1
− (z−1) = (1− λz)−1/2,

c(z) = b−1(z) = a+(z)a−1
− (z) =

[
(1− λz)(1− λz−1)

]−1/2.
(9.109)

The coefficients c−n are given by

c−n =
1

2πı

∮

|w|=1

wn−1

[(1− λz)(1− λz−1)]1/2 dw =
λn

√
πn(1− λ2)

(
1 + O(n−1)

)
.

(9.110)



9.3. Application of the results: Frustrated quantum XY chain in zero field 111

Applying Theorems 3 and 4 we find

〈g−| σx
1 Πx |g−〉 = (−1)

N−1
2

1
N
(1− λ2)

1
4

(
1 + O(λ

N
2 (1+ε))

)
, (9.111)

〈g−| σy
1 Πy |g−〉 = 2

N
(1 + λ)

1
4

(1− λ)
3
4

(
1 + O(λ

N
2 (1+ε))

)
, (9.112)

where N = 2M + 1, as M→ ∞. Here ε > 0 is arbitrarily small.
We remark that without frustration (that is, without the delta-function in the

symbol) the Toeplitz determinant in (9.111) would approach a constant exponen-
tially fast, while the one in (9.112) would similarly decay to zero, while with the
delta-function they both show an algebraic decay in the matrix rank. In particu-
lar, both magnetizations go to zero as N = 2M + 1, M → ∞. These results for the
magnetization describe mesocopic ferromagnetic order, as discussed in Chapter 3.
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Chapter 10

Conclusions

In this thesis we have studied the effects of topological frustration on low-energy
properties of various quantum spin-1/2 chains with discrete symmetries, in which
frustration is induced by imposing periodic boundary conditions and an odd num-
ber of lattice sites. To discuss the influence of frustration on the order parameter,
we have developed a simple approach to symmetry breaking, which consists of the
realization that many systems without external magnetic fields posses global anti-
commuting symmetries if the number of lattice sites is an odd number. This ap-
proach allows for a discussion of the order already in a finite system, and tracking
it towards the thermodynamic limit afterwards. Moreover, in the studied exactly
solvable models this approach allowed us to get exact analytical results.

While our symmetry breaking framework in ferromagnets yields the same re-
sults as the standard ones, namely the one with the ground state degeneracy only
in the thermodynamic limit and the one with symmetry breaking fields, in topolog-
ically frustrated antiferromagnets different approaches can yield different results.
This is in line with the general property of frustrated systems: the sensitivity to per-
turbations, due to large classical degeneracy [25]. In the studied topologically frus-
trated spin chains the classical point exhibits large degeneracy and different quan-
tum perturbations can lift this degeneracy in a variety of different ways. The impor-
tant realization is that, in general, this degeneracy is not lifted in a way to restore the
standard staggered antiferromagnetic order, but different phenomenology arises.

Within our symmetry breaking framework, we have discovered that topologi-
cal frustration can destroy local order, induce a site-dependent magnetization that
varies in space, induce a first-order quantum phase transition and modify the nature
of a second order quantum phase transition, by destroying local order parameters at
both sides of the transition, so that the transition can be characterized only through
non-local order parameters. We have discovered that topological frustration can af-
fect also non-equilibrium properties of spin chains. Namely, the Loschmidt echo
in a local quantum quench setup displays qualitatively and quantitatively differ-
ent behavior for rings with an even and odd number of lattice sites, thus providing
a simple out-of-equilibrium experiment to distinguish between the two, no matter
how large they are.

All this phenomenology is due to a single interacting, frustrating, bond, intu-
itively negligible in a large system. The standard approach, based on the Ginzburg-
Landau theory, that accepts this intuition and attempts to capture the properties of
the system by taking the system size to infinity before computing the observables,
cannot account for it. In topologically frustrated spin chains the chain length is a
relevant scale. We hope, thus, that our results indicate the incompleteness of the
standard approach, at least in the presence of topological frustration.

There are, of course, many properties of topologically frustrated spin chains left
unexplored and nothing has been said about potential technological applications or
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experimental realizations. We hope that the results presented in this thesis can raise
the interest to discover more properties of these simple yet complex systems.
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Appendix A

Quantum Ising Chain: Perturbative
Analysis

This is the appendix related to Chapter 1. It includes the details of perturbative
calculations. The different parts of the calculation in section A.1 were done by us
in [1, 8], and in a similar form the calculation has already been done in [66, 67, 69],
while the calculation in section A.2 is original content of this thesis.

A.1 Without symmetry breaking fields

Here, to the lowest order in perturbation theory in h we discuss the low energy
physics of the Hamiltonian (1.2) with FBC and J = 1. For h = 0 the ground state
manifold is 2N-fold degenerate, spanned by the kink states |j〉 and Πz |j〉, for j =
1, 2, . . . N. These are the states with the ferromagnetic bond σx

j = σx
j+1 = 1 and

σx
j = σx

j+1 = −1 respectively, and the remaining bonds antiferromagnetic. Note
that the kink states are eigenstates of Πx. The energy of the kink states is equal to
−(N − 2). The excited states are separated by an energy gap of order unity and we
neglect them in our perturbative treatment.

Making h non-zero the degenerate states split in energy. The eigenstates of the
model are found by diagonalizing the perturbation h ∑j σz

j . It’s easy to see that we
have the the matrix elements

〈j| σz
k Πz |l〉 = δj,kδl−j+1 mod N,0 + δl,kδj−l+1 mod N,0, (A.1)

and, since σz
k anticommutes with Πx, the matrix elements of σz

k between the states
with the same Πx vanish. Furthermore, from (A.1) we get

Cj,l ≡ 〈j|
N

∑
k=1

σz
k Πz |l〉 = δj−l−1 mod N,0 + δj−l+1 mod N,0. (A.2)

Thus, ordering the states as |1〉 , |2〉 , . . . , |N〉 , Πz |1〉 , Πz |2〉 , . . . , Πz |N〉, the pertur-
bation can be written as a 2N × 2N block matrix,

N

∑
k=1

σz
k =

(
0 C
C 0

)
, (A.3)

where C is an N × N matrix with the elements defined in (A.2).
To diagonalize the perturbation we note the following mathematical fact. If λ is

an eigenvalue of an n× n matrix M, then, denoting the corresponding (normalized)
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eigenvector by v, the (normalized) eigenvector of the block matrix
(

0 M
M 0

)
(A.4)

corresponding to the eigenvalue ±λ can be constructed as 1/
√

2
(
v ±v

)T. In this
way all the eigenvectors of the block matrix can be constructed.

Now, the matrix C is a cyclic matrix,

C =




c0 cN−1 . . . c2 c1
c1 c0 . . . c3 c2
...

...
. . .

...
...

cN−2 cN−1 . . . c0 cN−1
cN−1 cN−2 . . . c1 c0




, (A.5)

with
cj = δj,1 + δj,N−1. (A.6)

The diagonalization of the cyclic matrix is a standard problem (see e.g. [204]). Diag-
onalizing it and constructing the eigenvectors of the block matrix we find that to the
lowest order in perturbation theory in h we have the eigenstates

|q,±〉 = 1±Πz
√

2N

N

∑
j=1

eıqj |j〉 (A.7)

with the energies
Eq,± = −(N − 2)± 2h cos q. (A.8)

Here q can assume any value from the set {2πk/N : k = 0, 1, . . . , N − 1}. For h > 0
the ground state, in particular, is given by |q = 0,−〉 so we can write

|g〉 = 1√
N

N

∑
j=1

1−Πz
√

2
|j〉 . (A.9)

The ground state is single and the system is gapless, with the gap above the ground
state closing as 1/N2.

The spin correlation functions in the state |q,±〉, for any q, are equal to

〈q,±| σx
j σx

j+r |q,±〉 = 1
N

N

∑
l=1
〈l| σx

j σx
j+r |l〉 . (A.10)

From the definition of the kink states it follows, as recognized in [1],

〈l| σx
j |l〉 =

{
(−1)l+j+1, l = 1, 2, . . . , j− 1
(−1)l+j, l = j, j + 1, . . . , N

. (A.11)

From (A.11) we get

〈σx
j σx

j+r〉q,± = (−1)r
(

1− 2r
N

)
. (A.12)

In particular, these are also the spin correlation functions in the ground state (A.9).
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A.2 Local symmetry breaking field

Here, to the lowest order in perturbation theory in h we compute the ground state
magnetization of the Hamiltonian (1.8) ,with FBC and J = 1, when the symmetry
breaking field is localized at one site,

λj = δj,kλ. (A.13)

We focus on the case when the field is localized at the site k = 1 and then comment
how the result for an arbitrary site k can be obtained from this one.

Let us assume λ > 0, while the opposite sign of λ just gives the opposite sign
of the magnetization. For h = 0 the ground state manifold is N-fold degenerate.
It is spanned by all the kink states that have σx

1 = −1. These are the states |j〉, for
j = 2, 4, 6, . . . , N − 1, and the states Πz |j〉, for j = 1, 3, 5, . . . N. Ordering the states
in this way and using (A.2), we find that in this subspace the perturbation can be
written as a block matrix

N

∑
k=1

σz
k =

(
0 D

DT 0

)
, (A.14)

where D is an (N − 1)/2× (N + 1)/2 matrix with the elements

Dj,k = δj,k + δj+1,k, (A.15)

for j = 1, 2, . . . (N − 1)/2 and k = 1, 2, . . . , (N + 1)/2. In the matrix form it reads

D =




1 1 0 0 . . . 0 0 0
0 1 1 0 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . 1 1 0
0 0 0 0 . . . 0 1 1




. (A.16)

To diagonalize the matrix (A.14) we simply guess the eigenvectors, based also on the
similarity with some matrices in [69]. It’s easy to check, using (A.15), and putting
n ≡ (N − 1)/2, that the normalized eigenvectors are

v(m)
± ≡ 1√

n + 1

(
±v(m)

1

v(m)
2

)
, (A.17)

for m = 1, 2, . . . , n + 1, where the components are given by

(
v(m)

1

)
j
= sin

[
πm

2(n + 1)
2j
]

, j = 1, 2, . . . , n,

(
v(m)

2

)
j
= sin

[
πm

2(n + 1)
(2j− 1)

]
, j = 1, 2, . . . , n + 1.

(A.18)

The corresponding eigenvalues are given by

± 2 cos
[

πm
2(n + 1)

]
. (A.19)
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It follows that, to the lowest order in perturbation theory in h, the lowest energy
states are

|am,±〉 ≡
√

2
N + 1

{
±

(N−1)/2

∑
j=1

sin
[

πm
N + 1

2j
]
|2j〉

+
(N+1)/2

∑
j=1

sin
[

πm
N + 1

(2j− 1)
]

Πz |2j− 1〉
}

,

(A.20)

for m = 1, 2, . . . (N + 1)/2, and the corresponding energies are

Em,± = −(N − 2)− λ± 2h cos
[

πm
N + 1

]
. (A.21)

For λ > 0 the energy is minimized by taking m = 1 and the minus sign, so the
ground state is given by |g〉 = |a0,−〉. The ground state is single and the system is
gapless, with the gap above the ground state closing as 1/N2.

After a bit of algebra we obtain the ground state magnetization

〈g| σx
j |g〉 = (−1)j

{
1− 2

N + 1

(
j− 1

2

)
+

1
(N + 1) sin

(
π

N+1

) sin
[

2π

N + 1

(
j− 1

2

)]}
.

(A.22)
The obtained expression is valid for j = 1, 2, . . . , N. The right hand side is not in-
variant under the transformation j → j + N, but it takes the same value for j = 1
and j = N + 1. The expression for the magnetization for the symmetry breaking
field localized at the site k = N can be obtained, thus, by making the transformation
j→ j + 1 on the r.h.s. of (A.22). More generally, for the field localized at an arbitrary
site k the transformation j→ (j− k) mod N + 1 is required on the r.h.s. of (A.22).
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Appendix B

Loschmidt Echo: Perturbative
Analysis

This is the appendix for Chapter 2. Here we present the details of the perturbative
analysis for the Loschmidt echo in the quantum Ising chain.

B.1 Diagonalization of the perturbed Hamiltonian

We start by finding the lowest energy states of the Hamiltonian

H1 =
N

∑
j=1

(
σx

j σx
j+1 + hσz

j

)
+ λσz

N . (B.1)

for h > 0 and λ > 0, using the perturbation theory in h and λ. The perturbation
theory for the model with λ = 0 has already been done in Appendix A.1.

First, we use the perturbation theory in λ for h = 0 and find how the 2N de-
generate ground states of the classical point split. Then we treat the term h ∑j σz

j as
a second-order correction and apply the perturbation theory in h to the degenerate
states. Doing the perturbation theory in this way ensures the validity of the results
in the regime h� λ� 1.

Thus, first we assume h = 0 and examine how the ground state degeneracy is
lifted by turning λ 6= 0. Ordering the ground states as |1〉, |2〉, . . ., |N〉, Πz |1〉, Πz |2〉,
. . ., Πz |N〉, and using (A.1) we find that the operator σz

N in the ground space is given
by the block matrix

σz
N =

(
0 C(1)

C(1) 0

)
, (B.2)

where C(1) is an N × N matrix, given by

C(1) =




0 . . . 0 0 0
...

. . .
...

...
...

0 . . . 0 0 0
0 . . . 0 0 1
0 . . . 0 1 0




. (B.3)
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The diagonalization of C(1) is trivial. Constructing the eigenvectors of the block
matrix, as discussed around eq. (A.4), we find the eigenstates

|ψ±〉 =
1±Πz

2
(|N − 1〉 ∓ |N〉),

|φ±〉 =
1±Πz

2
(|N − 1〉 ± |N〉),

(B.4)

with the energies

E(ψ±) = −(N − 2)− λ,
E(φ±) = −(N − 2) + λ.

(B.5)

The remaining states are simply |j〉 and Πz |j〉, for j = 1, 2, . . . , N− 2, with no change
in energy. Thus, the presence of λ splits the 2N degenerate states into three parts.
The two ground states, separated by an energy gap λ from 2N− 4 kink states, above
which there are another two states.

Now we add the perturbation h ∑j σz
j to the Hamiltonian. We study separately

three different degenerate subspaces. The ground space spanned by |ψ+〉 and |ψ−〉,
the subspace spanned by |j〉 and Πz |j〉 for j = 1, 2, . . . , N − 2, and the subspace
spanned by |φ+〉 and |φ−〉. Using (A.2) it’s easy to see that the perturbation is already
diagonal in the subspace spanned by the states |ψ±〉 and in the one spanned by |φ±〉.
These states acquire only an energy shift,

E(ψ±) = −(N − 2)− (λ + h), (B.6)
E(φ±) = −(N − 2) + λ + h. (B.7)

Also using (A.2) we find that in the subspace spanned by the states |1〉, |2〉, . . .,
|N − 2〉, Πz |1〉, Πz |2〉, . . ., Πz |N − 2〉, ordering the states in this way, we have the
matrix representation

N

∑
k=1

σz
k =

(
0 C(2)

C(2) 0

)
, (B.8)

where C(2) is an (N − 2)× (N − 2) matrix given by

C(2) =




0 1 0 . . . 0 0
1 0 1 . . . 0 0
0 1 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1
0 0 0 . . . 1 0




. (B.9)

The elements of the matrix in (B.9) are equal to 1 on the subdiagonal and super-
diagonal, while they are zero elsewhere. The matrix of this type has already been
diagonalized in Ref. [69], by writing a recursion relation for the characteristic poly-
nomial. Using their results and constructing the eigenvectors of the block matrix we
find the states

|ξ±, m〉 = 1±Πz
√

N − 1

N−2

∑
j=1

(−1)j sin
( mπ

N − 1
j
)
|j〉 , (B.10)
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for m = 1, 2, . . . , N − 2, with the energies

E(ξ±, m) = −(N − 2)∓ 2h cos
( mπ

N − 1

)
. (B.11)

Therefore, the presence of non-zero h in addition to λ creates a band of states out of
the degenerate states |j〉 and Πz |j〉 for j = 1, 2, . . . , N− 2, while the remaining states
acquire only an energy shift.

B.2 Computing the Loschmidt echo

Now we can compute the Loschmidt echo, using the perturbative results of the pre-
vious section. First, we express the ground state |g〉 of the model with λ = 0, given
by (A.9), in terms of the eigenstates of the model with λ 6= 0.

From (B.10) we find

1−Πz
√

2
|j〉 = (−1)j

√
2

N − 1

N−2

∑
m=1

sin
( mπ

N − 1
j
)
|ξ−, m〉 . (B.12)

This representation, together with the definition (B.4) and the representation (A.9) of
|g〉 enables us to express |g〉 in terms of the eigenstates of the model with perturbed
magnetic field. We find

|g〉 =
√

2
N(N − 1)

N−2

∑
j=1

(−1)j
N−2

∑
m=1

sin
( mπ

N − 1
j
)
|ξ−, m〉+

√
2
N
|ψ−〉 . (B.13)

Now it is easy to apply the time evolution operator,

e−ıH1t |g〉 =
√

2
N

e−ıtE(ψ−) |ψ−〉

+

√
2

N(N − 1)

N−2

∑
j=1

(−1)j
N−2

∑
m=1

sin
( mπ

N − 1
j
)

e−ıtE(ξ−,m) |ξ−, m〉 .
(B.14)

Multiplying from the left by 〈g|, performing a bit of algebra and using the expres-
sions (B.11) and (B.5) for the energies we get

e−ı(N−2)t 〈g| e−ıH1t |g〉 = 2
N

exp
[
ıt(λ + h)

]

+
2

N(N − 1)

(N−1)/2

∑
k=1

tan2
[
(2k− 1)π
2(N − 1)

]
exp

{
− ı2ht cos

[
(2k− 1)π

N − 1

]} (B.15)

Finally, the Loschmidt echo is the squared absolute value of this quantity, given by
(2.5).
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Appendix C

Quantum XY Chain: Exact and
Perturbative Analysis

This is the appendix related to chapters 3 and 4. Here we show in details how to
compute different magnetizations and the spin-correlation functions for the antifer-
romagnetic XY chain in zero magnetic field, with frustrated boundary conditions.
This appendix is based on the supplementary materials of [1] and [2].

C.1 The Model and its Symmetries

The XY chain is given by the Hamiltonian

H =
N

∑
j=1

(
cos φ σx

j σx
j+1 + sin φ σ

y
j σ

y
j+1

)
, (C.1)

where σα
j , with α = x, y, z, are Pauli operators acting on the j-th spin, N is the

number lattice sites and we assume frustrated boundary conditions (FBC), given
by periodic boundary conditions σα

j = σα
j+N and an odd number of lattice sites. We

focus, without the loss of generality, on the region φ ∈ (−3π/4, π/4), while the
rest of the phase diagram is related by rotations of the spins around the z-axis. For
φ ∈ (−3π/4,−π/2) both couplings are ferromagnetic. For φ ∈ (−π/2,−π/4) only
the larger coupling, in magnitude, is ferromagnetic, and the other is antiferromag-
netic. For φ ∈ (−π/4, 0) only the larger is antiferromagnetic, while for φ ∈ (0, π/4)
both are antiferromagnetic.

Since the model in eq. (C.1) does not include an external magnetic field, the
Hamiltonian commutes with all three parity operators Πα ≡ ⊗N

j=1 σα
j , α = x, y, z,

i.e. [H, Πα] = 0, ∀α. However, assuming FBC and hence setting the number of sites
to be an odd number, different parity operators anticommute, satisfying

{
Πα, Πβ

}
=

2δα,β. As explained in chapters 3 and 4, the fact that the different parity operators
anticommute has an immediate relevant consequence: each eigenstate is at least two-
fold degenerate. To explain this point, let us assume that |ϕ〉 is simultaneously an
eigenstate of H and one of the three parity operators, for instance Πz. Then, the im-
age of |ϕ〉 under the action of one of the other parity operators, for example Πx |ϕ〉,
is still an eigenstate of both H and Πz. But while |ϕ〉 and Πx |ϕ〉 have the same
energy, they have different z parity. As a consequence, for each eigenstate of the
Hamiltonian in the even sector of one of the parities (Πα = 1), there will be a sec-
ond eigenstate of the Hamiltonian, with the same energy but living in the odd sector
(Πα = −1). Hence each eigenvalue of the Hamiltonian is, at least, two-fold degener-
ate.
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However, other symmetry properties of the Hamiltonian will prove to be of ex-
treme relevance in the following. Due to periodic boundary conditions, the model
exhibits exact translational symmetry, which is expressed in the commutation of the
Hamiltonian with the lattice translation operator T. The model also exhibits mirror
symmetry with respect to any lattice site. Namely, for any lattice site k the Hamil-
tonian in eq. (C.1) is invariant under the mirror image with respect to it, achieved
by the transformation j → 2k − j on spins, associated to the action of the mirror
operator Mk.

C.2 Exact solution

As is well-known, the model in eq. (C.1) can be diagonalized exactly, using standard
techniques of mapping spins to fermions [56, 91]. The Jordan-Wigner transformation
defines the fermionic operators as

cj =
( j−1⊗

l=1

σz
l

)
⊗ σ+

j , c†
j =

( j−1⊗

l=1

σz
l

)
⊗ σ−j , (C.2)

where σ±j = (σx
j ± ıσy

j )/2 are spin raising and lowering operators. In this notation,
not explicitly mentioning a lattice site in the tensor product corresponds to making
a tensor product with an identity operator on that site. In terms of Jordan-Wigner
fermionic operators, the Hamiltonian in eq. (C.1) reads

H =
N−1

∑
j=1

[
(sin φ− cos φ)cjcj+1 − (cos φ + sin φ)cjc†

j+1 + h.c.
]

−Πz[(sin φ− cos φ)cNc1 − (cos φ + sin φ)cNc†
1 + h.c.

]
(C.3)

Due to the presence of the parity operator along z, the Hamiltonian given by eq. (C.3)
is not in a quadratic form, but becomes quadratic in each of the two parity sector of
Πz, i.e.

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
, (C.4)

where both H+ and H− are quadratic. Being quadratic, they can be brought to a
form of free fermions, which is done conveniently in two steps. First, H± are written
in terms of the Fourier transformed Jordan-Wigner fermions,

bq =
1√
N

N

∑
j=1

cj e−ıqj, b†
q =

1√
N

N

∑
j=1

c†
j eıqj, (C.5)

for q ∈ Γ±, where the two sets of quasi-momenta are given by Γ− = {2πk/N} and
Γ+ = {2π(k + 1

2 )/N} with k running on all integers between 0 and N − 1. Then a
Bogoliubov rotation

aq = cos θq bq + ı sin θq b†
−q, q 6= 0, π

aq = bq, q = 0, π
(C.6)

with a momentum-dependent Bogoliubov angle given by

θq =arctan
| sin φ + cos φ eı2q|−(sin φ + cos φ) cos q

(cos φ− sin φ) sin q
(C.7)
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is used to bring them to a form of free fermions. The Bogoliubov angle also satisfies

eı2θq = eıq cos φ + sin φ e−ı2q

| cos φ + sin φ e−ı2q| . (C.8)

The right hand side is also defined for the mode q = 0, for which eq. (C.7) is unde-
fined, and as such it is used later in eq. (C.30) and eq. (C.97). We end up with

H± = ∑
q∈Γ±

ε(q)
(

a†
q aq −

1
2

)
, (C.9)

where the dispersion law is given by

ε(q) = 2
∣∣sin φ + cos φ eı2q∣∣ , q 6= 0, π ,

ε(0) = −ε(π) = 2(sin φ + cos φ) . (C.10)

The eigenstates of H are formed by populating the vacuum states |0±〉 of Bogoli-
ubov fermions aq, q ∈ Γ±, and by taking care of the parity requirements in (C.4). The
parity-dependent vacuum states are given by

|0±〉 = ∏
0<q<π, q∈Γ±

(
cos θq − ı sin θq b†

q b†
−q
)
|0〉 , (C.11)

where |0〉 ≡ ⊗N
j=1 |↑j〉 is the vacuum for Jordan-Wigner fermions, satisfying the

relation cj |0〉 = 0 ∀j. As it is easy to see from eq. (C.11), the vacuum states |0+〉 and
|0−〉 by construction have even Πz parity. Since each excitation a†

q changes the parity
of the state it follows that the eigenstates of H belonging to Πz = −1 sector are of
the form a†

q1
a†

q2
...a†

qm
|0−〉 with qi ∈ Γ− and m odd, while Πz = +1 sector eigenstates

are of the same form but with qi ∈ Γ+, m even and the vacuum |0+〉 used.
On the other hand, as we have discussed, from an eigenstate of one parity of

Πz we can, by applying Πx, obtain a second eigenstate, with the same energy, but
different Πz parity. This implies that to each aforementioned odd parity state, for
instance, there is a corresponding even parity state Πxa†

q1
a†

q2
...a†

qm
|0−〉 with the same

energy.
As we can see from eq. (C.10), for φ ∈ (−3π/4,−π/4) the energy of the mode

q = 0 is negative. The consequence is that here the ground states are the states

|g−〉 = a†
0 |0−〉 , odd sector,

|g+〉 = Πxa†
0 |0−〉 , even sector,

(C.12)

where the latter is, up to a phase factor, equal to |0+〉. Above the two ground states
there is a finite energy gap, that does not close in the thermodynamic limit. On
the other hand, for φ ∈ (−π/4, π/4) there is no momenta in the odd sector with a
negative energy. Accordingly, the ground states in the odd parity sector of Πz are
constructed by exciting the lowest energy modes q ∈ Γ− and have the form a†

q |0−〉.
To each such state is associated an equivalent ground state in the even sector of the
form Πxa†

q |0−〉. Similarly, the lowest lying excited states are obtained by exciting
the other single modes. Therefore, the ground state is part of a band of 2N states.
Due to the spectrum of the form eq. (C.10), the gap closes as 1/N2 and the system
is gapless. The closing of the gap is a phenomenology analogous to Refs. [62–64, 66,
67, 71, 73].
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In the region φ ∈ (−π/4, 0) the energy in eq. (C.10) for the momenta in the odd
sector is minimized by q = 0, so the ground state manifold is two-fold degenerate,
and, as in the phase φ ∈ (−3π/4,−π/4), it is spanned by the states (C.12).a†

0 |0−〉
and Πxa†

0 |0−〉. Note that, although the expressions in eq. (C.12) describe the ground
states both in the unfrustrated region, φ ∈ (−3π/4,−π/4), and the frustrated one,
φ ∈ (−π/4, 0), they characterize quite different structures. In the frustrated case,
since the GS is obtained as the lightest excitation on top of the lowest possible en-
ergy state, adding different excitations provides states with an almost continuum
of energy, which becomes a dense, gapless band in the thermodynamic limit. On
the other hand, in the unfrustrated case there is a finite energy gap above the two
ground states.

For φ ∈ (0, π/4) the energy would be minimized assuming q = ±π/2. How-
ever, for any finite system with odd N the momenta q = ±π/2 are not allowed. As
a consequence the modes in the odd sector with the lowest energy, that we denote
as ±p ∈ Γ−, are given by

p =

{
π
2

(
1− 1

N

)
, N mod 4 = 1

π
2

(
1 + 1

N

)
, N mod 4 = 3

(C.13)

Hence the two states |±p〉 ≡ a†
±p |0−〉 represent the two ground states in the odd

parity sector. The ground state manifold is, therefore, four-fold degenerate and a
generic ground state can be written as a superposition

|g〉 = u1 |p〉+ u2 |−p〉+ u3 Πx |−p〉+ u4 Πx |p〉 , (C.14)

where we have assumed that the normalization condition ∑i |u|2 = 1 is satisfied.

C.3 The Translation Operator

The lattice translation operator T is a linear operator that shifts cyclically all the spins
in the lattice by one site. To define it, we choose a basis of the space and specify its
action on the basis. One basis of the Hilbert space of N spins are the states

|ψ〉 =
N⊗

k=1

(σ−k )nk |↑k〉 , (C.15)

where n1, n2, ..., nN ∈ {0, 1}. The translation operator T can then be defined by

T |ψ〉 =
N⊗

k=1

(σ−k )nk+1 |↑k〉 , (C.16)

where we make the identification nN+1 ≡ n1. From eq. (C.16) it follows immediately
that, for each state |ψ〉, we have that 〈ψ| T†T |ψ〉 = 1. Hence the translation operator
is unitary, i.e. T†T = 1 and the adjoint T† plays the role of the translation operator
in the other direction. Moreover, applying the T operator N times translates the
spins by the whole lattice and results in recovering the initial state, implying the
idempotence of order N of T, i.e. TN = 1. As a consequence, the only possible
eigenvalues of the translation operator are the N-th roots of unity, given by eıq, q ∈
Γ−.
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On the other hand, moving from the spin states to the operators, it is easy to see
that the translation operator shifts the Pauli operators as

T†σα
j T = σα

j+1, α = x, y, z , (C.17)

where σα
N+1 = σα

1 , and, consequently it commutes with both the Hamiltonian in
eq. (C.1) ([T, H] = 0) and the parity operators ([T, Πα] = 0 for α = x, y, z).

The fact that the Hamiltonian and the translation operator commute implies that
they admit a complete set of common eigenstates. In the following we prove that
such a complete set is made by the eigenstates introduced in the previous section.
Let us start by proving the following theorem.

Theorem 5.
(a) The states b†

q1
b†

q2
...b†

qm
|0〉, with m odd and {qk} ⊂ Γ−, are eigenstates

of T with eigenvalue equal to exp
[
ı ∑m

k=1 qk
]
.

(b) The states b†
q1

b†
q2

...b†
qm
|0〉, with m even and {qk} ⊂ Γ+, are eigenstates

of T with eigenvalue equal to exp
[
ı ∑m

k=1 qk
]
.

Proof. We write ∏m
k=1 b†

qk
to indicate the ordered product of fermionic operators

b†
q1

b†
q2

...b†
qm

. From the defining properties of T we know how it acts on spin states
and how it transforms the spin operators. Hence to study its action on the fermionic
states

(
∏m

k=1 b†
qk

)
|0〉 it is convenient to write them in terms of spin states. This can

be done in two steps. At first, using the eq. (C.5), we can write our state in terms of
the Jordan-Wigner fermions, obtaining

(
m

∏
k=1

b†
qk

)
|0〉 = 1

Nm/2

N

∑
j1,...,jm=1

eı ∑m
k=1 qk jk

m

∏
k=1

(
c†

jk

)
|0〉 . (C.18)

Being the c†
jk

operators fermionic, only the terms with all different jk survive. The sec-
ond step is to invert the Jordan-Wigner mapping to bring back the fermionic states
to spin ones. To do this step we first sort the fermionic operators, after which it’s
easy to invert the Jordan-Wigner transformation. To provide an example we have

c†
1c†

4c†
2 |0〉 = −c†

1c†
2c†

4 |0〉 = −σ−1 (σz
1)σ
−
2 (σz

1 σz
2 σz

3)σ
−
4

N⊗

k=1

|↑k〉 = −σ−1 σ−2 σ−4

N⊗

k=1

|↑k〉 .

(C.19)
More generally we can write

m⊗

k=1

(
c†

jk

)
|0〉 = S[{jk}]

m⊗

k=1

(
σ−jk

) N⊗

k′=1

|↑k′〉 , (C.20)

where S[{jk}] is the sign of the permutation that brings the tuple {jk} to normal
order. Hence, the states (C.18) can be re-written in terms of spin operators as

(
m

∏
k=1

b†
qk

)
|0〉 =

1
Nm/2

N

∑
j1,...,jm=1

S[(jk)]eı ∑m
k=1 qk jk

m⊗

k=1

(
σ−jk

) N⊗

k′=1

|↑k′〉 .

Having the representation of the state in terms of spins, it is easy to see what is the
result of the application of T. Using its discussed properties and taking into account
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that that T leaves the state
⊗N

k′=1 |↑′k〉 unchanged we recover

T

(
m

∏
k=1

b†
qk

)
|0〉 = 1

Nm/2

N

∑
j1,...,jm=1

S[{jk}]eı ∑m
k=1 qk jk

m⊗

k=1

(
σ−jk−1

) N⊗

k′=1

|↑k′〉

=
eı ∑m

k=1 qk

Nm/2

N

∑
j1,...,jm=1

S[{jk}]eı ∑m
k=1 qk(jk−1)

m⊗

k=1

(
σ−jk−1

) N⊗

k′=1

|↑k′〉 . (C.21)

Let us focus now on part (a) of the Theorem. We have two different cases. If none
of the elements in {jk} is equal to 1, then none of the elements in {jk − 1} is equal
to zero, and trivially S[{jk}] = S[{jk − 1}]. On the contrary if one element of {jk} is
equal to 1, then jk − 1 becomes 0. However, the number m of the elements in {jk}
is odd. Hence to move an element from the first to the last place requires an even
number m − 1 of permutations and hence the sign of the permutation S[{jk}] =
S[{jk − 1}] remains the same if we replace jk − 1 = 0 with N. From this and the
fact that, since {qk} ⊂ Γ−, the exponential eıqk(jk−1) remains the same if we replace
jk − 1 = 0 with N, it follows that we can write

T

(
m

∏
k=1

b†
qk

)
|0〉 = eı ∑m

k=1 qk

Nm/2

N

∑
j1,...,jm=1

S[{jk − 1}]eı ∑m
k=1 qk(jk−1)

m⊗

k=1

(
σ−jk−1

) N⊗

k′=1

|↑k′〉 ,

(C.22)
where, if for some k we have jk − 1 = 0, we can identify it with jk − 1 = N. Because
of this identification it’s easy to write each term in the sum in terms of fermions:

T

(
m

∏
k=1

b†
qk

)
|0〉 =

eı ∑m
k=1 qk

Nm/2

N

∑
j1,...,jm=1

eı ∑m
k=1 qk(jk−1)

m

∏
k=1

(
c†

jk−1

)
|0〉 . (C.23)

In eq. (C.23) we can, again on the basis of the identification of 0 with N, rename the
indices to get

T

(
m

∏
k=1

b†
qk

)
|0〉 = eı ∑m

k=1 qk

Nm/2

N

∑
j1,...,jm=1

eı ∑m
k=1 qk jk

m

∏
k=1

(
c†

jk

)
|0〉 = exp

(
ı

m

∑
k=1

qk

)(
m

∏
k=1

b†
qk

)
|0〉 ,

(C.24)
which proves part (a) of Theorem 5. Part (b) is proven in a similar way.

From Theorem 5 it follows immediately, by taking into account the definition
of the Bogoliubov particles in eq. (C.6), the definition of the Bogoliubov vacua in
eq. (C.11), and the linearity of the translation operator, that also the Hamiltonian
eigenstates

(
∏m

k=1 a†
qk

)
|0±〉 are eigenstates of T with eigenvalues equal to exp (ı ∑m

k=1 qk).

C.4 The Mirror Operator

As we have seen in the first section of this appendix, the Hamiltonian is invariant
under the mirror transformation with respect to a generic site k that changes spin
operators defined on the site j to ones defined on the site 2k − j. Note that, with
the odd number N of sites we work with, in a circular geometry, the line of mirror
reflection crosses a site and a bond. Hence, only site k remains unchanged by the
mirror action.

As we have done for translations, the mirror transformation can also be ex-
pressed by the action of a suitable operator. The mirror operator Mk, that makes
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the mirror transformation of the states with respect to the k-th site, is defined by its
action on the spin basis states |ψ〉, defined in eq. (C.15), as

Mk |ψ〉 = Mk

N⊗

j=1

(σ−j )nj |↑j〉 =
N⊗

j=1

(σ−j )n2k−j |↑j〉 , (C.25)

where, as always, nj+N ≡ nj. From eq. (C.25) it follows immediately that, for each
state |ψ〉, we have that 〈ψ|M†

k Mk |ψ〉 = 1. Hence, as the translation operator, also
Mk is unitary, i.e. M†

k Mk = 1. Moreover, applying the mirror operator two times
results in recovering the initial state, hence implying the idempotence of order 2 of
the operator Mk, i.e. M2

k = 1. This implies that Mk is also Hermitian, i.e. M†
k = Mk,

and that the only possible eigenvalues of Mk are ±1. Moreover, different mirror
operators are related by translations,

T† MkT = Mk+1 (C.26)

From this relation it is also clear that the mirror operators do not commute with the
translation operator ([Mk, T] 6= 0).

Since each of the mirror operators commutes with the Hamiltonian, the Hamil-
tonian shares a common basis with each one of them. The following theorem gives
the relation between the eigenstates we have constructed and the mirror operators.
Essentially, the mirror operators change the sign of the momenta of the excitations,
up to a possible phase factor, depending on k. Since different mirror operators are
related by eq. (C.26) we focus on the one with k = N for which the phase factor is
absent.

Theorem 6.
(a) The mirror operator MN acts on the states b†

q1
b†

q2
...b†

qm
|0〉, with m odd

and {qk} ⊂ Γ−, as

MN b†
q1

b†
q2

...b†
qm
|0〉 = b†

−qm
b†
−qm−1

...b†
−q1
|0〉 (C.27)

(b) The mirror operator MN acts on the states b†
q1

b†
q2

...b†
qm
|0〉, with m even

and {qk} ⊂ Γ+, as

MN b†
q1

b†
q2

...b†
qm
|0〉 = b†

−qm
b†
−qm−1

...b†
−q1
|0〉 (C.28)

The theorem is proven in a similar way as Theorem 5, and we omit the details.
The other mirror operators Mk, with k 6= N, would introduce an additional phase
factor by acting on the aforementioned eigenstates. The phase factor depends on the
momentum of the state and can be reconstructed from eq. (C.26). The N-th site being
special here is a consequence of its special position in the Jordan-Wigner transforma-
tion, which implicitly enters in the definition of the states we work on. In the proof
of Theorem 6 the N-th site is special because for k = N the exponentials of the type
eıqj can be replaced by eı(−q)(2k−j), while for other k a compensating factor has to be
introduced.

Similarly as after Theorem 5, but using also the property θ−q = −θq of the Bo-
goliubov angle, it follows from Theorem 6 that the mirror operator MN acts on the
Hamiltonian eigenstates a†

q1
a†

q2
...a†

qm
|0±〉 as MN a†

q1
a†

q2
...a†

qm
|0±〉 = a†

−qm
a†
−qm−1

...a†
−q1
|0±〉.

Note that, as a consequence, only the states with the total momentum satisfying
exp

[
ı ∑m

j=1 qj
]
= ±1 can simultaneously be the eigenstates of T and MN . Finally,
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let us notice that mirroring does not change the parity and so the mirror operator
commutes with the parity operators, i.e. [MN , Πα] = 0, α = x, y, z.

C.5 One Antiferromagnetic, One Ferromagnetic Coupling

Here we focus on the regions φ ∈ (−π/2,−π/4) (yFM) and φ ∈ (−π/4, 0) (xAFM),
where one coupling in the Hamiltonian (C.1) is antiferromagnetic and the other fer-
romagnetic. Another part of the yFM region, given by φ ∈ (−3π,−π/2), where
both couplings are ferromagnetic, can be treated in the same way as the former, with
the same results. Different correlations and magnetizations can be computed by in-
troducing the Majorana fermionic operators [91],

Aj ≡
( j−1⊗

l=1

σz
l

)
σx

j , Bj ≡
( j−1⊗

l=1

σz
l

)
σ

y
j , (C.29)

and exploiting Wick’s Theorem [189–192]. From the exact solution we find the Ma-
jorana two-point correlation functions to be given by

〈g−| Aj+r Aj |g−〉 = 〈g−| Bj+rBj |g−〉 = δr,0

G(r) ≡ −ı 〈g−| Aj+rBj |g−〉 =
1
N ∑

q∈Γ−
eı2θq e−ıqr +

2
N

f (r) . (C.30)

Here the function f (r) is zero for −π/2 < φ < −π/4, while for −π/4 < φ < 0 we
have f (r) = −1.

C.5.1 Two–spins correlation function along the x and y directions:

Let us now move to analyze the behavior of the two–spin correlation functions along
x and y directions as a function of r. Following the path traced in Ref. [90, 91], it is
easy to express such correlations in terms of determinants of r× r Toeplitz matrices.
More precisely, the two–spin correlation function along x at distance r, i.e. Cxx(r) ≡
〈g±| σx

j σx
j+r |g±〉, is given by

Cxx(r) = (−1)r det ρxx (C.31)

where the matrix ρxx is given by

ρxx≡




G(1) G(0) G(−1) · · · G(2− r)
G(2) G(1) G(0) · · · G(3− r)
G(3) G(2) G(1) · · · G(4− r)

...
...

...
...

G(r) G(r−1) G(r−2) · · · G(1)




. (C.32)

At the same time the correlation function along y at distance r is given by

Cyy(r) = 〈g±| σy
j σ

y
j+r |g±〉 = (−1)r det ρyy (C.33)
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where

ρyy≡




G(−1) G(0) G(1) · · · G(r− 2)
G(−2) G(−1) G(0) · · · G(r− 3)
G(−3) G(−2) G(−1) · · · G(r− 4)

...
...

...
...

G(−r) G(1−r) G(2−r) · · · G(−1)




. (C.34)

As we anticipated, the behavior of these two correlation functions is very dif-
ferent in the two phases of our system. In the ferromagnetic phase, the asymptotic
behavior is well known from the literature [150]: Cxx(r) exponentially decays to zero,
while Cyy(r) saturates exponentially fast to the square of the y-magnetization, that

is to
√

1− cot2 φ.
In the xAFM phase, the evaluation of the asymptotic behaviors of the Toeplitz de-

terminants is more complicated, but can also be done analytically, using the asymp-
totic formulas for such determinants, that we have derived in [3]. There, we have
computed the spin correlation functions using another representation of them in
terms of Toeplitz determinants, similar to the one found in [72], which can also be
used for arbitrary definite-momentum state in the lowest energy band. We derive
this representation now. The computation of the spin correlation functions is pre-
sented in Chapter 9, based on [3]. The results for the spin-correlations are given in
the Chapter 3.

Let us consider the state |p〉 = a†
p |0−〉, for arbitrary p ∈ Γ−. We start by noting

that the spin correlation functions 〈p| σx
j σx

j+r |p〉 in any such state are independent of
the site j and depend only on the distance r. To see this we recognize that σx

j σx
j+r =

(T†)j−1σx
1 σx

1+rT j−1, where T is the translation operator, introduced in section C.3.
According to Theorem 5, the state |p〉 is an eigenstate of T with the eigenvalue eıp,
so the left and right eigenvalue in 〈p| (T†)j−1σx

1 σx
1+rT j−1 |p〉 cancel, and we are left

with
〈p| σx

j σx
j+r |p〉 = 〈p| σx

1 σx
1+r |p〉 , ∀j. (C.35)

Next, we recognize that the spin correlation functions can be expressed as

〈p| σx
1 σx

1+r |p〉 = (−1)r 〈0−| ap

r

∏
k=1

(−ıAk+1Bk)a†
p |0−〉 (C.36)

and then we make Wick contractions in the vacuum state |0−〉. Adopting the short
notation 〈·〉0 = 〈0−| · |0−〉, we have 〈Aj Ak〉0 = 〈BjBk〉0 = δjk and

− ı 〈AjBk〉0 =
1
N ∑

q∈Γ−
eı2θq e−ıq(j−k). (C.37)

Moreover, since for φ ∈ (−π/4, 0), as well as for φ ∈ (0, π/4), we can express the
Majorana fermions as

Aj =
1√
N

∑
q∈Γ−

(a†
q + a−q)eıθq e−ıqj,

−ıBj =
1√
N

∑
q∈Γ−

(a†
q − a−q)e−ıθq e−ıqj,

(C.38)
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we can easily obtain the contractions

−ı 〈ap Aj〉0 〈Bka†
p〉0 = − 1

N
eı2θp e−ıp(j−k),

−ı 〈apBk〉0 〈Aja†
p〉0 =

1
N

e−ı2θp eıp(j−k).
(C.39)

Performing all the Wick contractions in eq. (C.36) and using the basic properties
of determinants, the spin correlation functions can be expressed as

〈p| σx
1 σx

1+r |p〉 = (−1)r[(det ρ̃
(p)
xx + c.c.

)
− det ρ̃xx

]
, (C.40)

where ρ̃
(p)
xx and ρ̃xx are r× r matrices with the elements

(ρ̃xx)j,k = −ı 〈Aj+1Bk〉0 ,
(

ρ̃
(p)
xx

)
j,k

= (ρ̃xx)j,k −
1
N

eı2θp e−ıp(j−k+1),
(C.41)

for j, k ∈ {1, 2, . . . , r}, which give an alternative expression to eq. (C.31) for the eval-
uation of the spin correlation functions in the ground state. Here the vacuum expec-
tation value is given simply by

− ı 〈AjBk〉0 =
1
N ∑

q∈Γ−
eı2θq e−ıq(j−k). (C.42)

In an analogous way we find

〈p| σy
1 σ

y
1+r |p〉 = (−1)r[(det ρ̃

(p)
yy + c.c.

)
− det ρ̃yy

]
, (C.43)

where
(
ρ̃yy
)

j,k = −ı 〈AjBk+1〉0 ,
(

ρ̃
(p)
yy

)
j,k

=
(
ρ̃yy
)

j,k −
1
N

eı2θp e−ıp(j−k−1).
(C.44)

for j, k ∈ {1, 2, . . . , r}.

C.5.2 Magnetizations along the x and y directions

In this section, we show how it is possible to exploit the particular symmetries of the
model in eq. (C.3), to evaluate, for any odd N, the magnetization along the x and the
y directions. For sake of simplicity, we limit ourselves to illustrate the method for
the magnetization along the x direction and we report the results for both at the end.

In the region that we are analyzing, the ground state manifold has always di-
mension equal to two. An arbitrary ground state can be written as a superposition

|g〉 =
[

cos(θ) + sin(θ)eıψΠx
]
|g−〉 , (C.45)

for some real numbers θ and φ. Equivalently, it can be written using Πy, since
Πx |g−〉 and Πy |g−〉 only differ by a global phase factor.
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Let us now choose a generic site j of the system. For the generic ground state in
eq. (C.45) the magnetization along x on the j-th spin is

mx(j) = 〈g| σx
j |g〉 (C.46)

= cos2(θ) 〈g−| σx
j |g−〉+ sin2(θ) 〈g−|Πxσx

j Πx |g−〉

+
1
2

sin(2θ)
[
eıψ〈g−|σx

j Πx|g−〉+e−ıψ〈g−|Πxσx
j |g−〉

]

Being both |g−〉 and Πx |g−〉 eigenstates of Πz, the two expectation values 〈g−| σx
j |g−〉

and 〈g−|Πxσx
j Πx |g−〉 vanish. On the contrary, because the number of spins in the

system is odd, the operator Πxσx
j = σx

j Πx, that is equal to Π̃x
j =

⊗
l 6=j σx

l , is an oper-
ator that commutes with Πz and hence can have a non–vanishing expectation value
on |g−〉. Therefore we have

mx(j) = cos(ψ) sin(2θ)〈g−|Π̃x
j |g−〉 . (C.47)

which reaches the maximum for ψ = 0 and θ = π
4 , and this is the state on which we

focus.
Hence, to evaluate the magnetization, we only need to determine the expectation

value 〈g−|Π̃x
j |g−〉. Since [Π̃x

j , Πz] = 0, the magnetization can be easily evaluated ex-
ploiting the representation of Π̃x

j in terms of the Majorana operators in eq. (C.29) and
Wick’s theorem. Now, it’s important to notice that, since the translation operator T
commutes with Πx, the states |g−〉 and Πx |g−〉 have the same eigenvalue of the
translation operator (equal to zero). It follows that the magnetization mx(j) is in-
dependent of site j, i.e. ferromagnetic. We can, thus, without loss of generality, set
j = 1.

From the definition of the Majorana operators in eq. (C.29), the operator Π̃x
1 can

be written as

Π̃x
1 = (−1)

N−1
2

N−1
2

∏
l=1

(−ıA2l+1B2l) . (C.48)

Exploiting Wick’s theorem, we obtain that the expectation value 〈g−|Π̃x
1 |g−〉 is

〈g−|Π̃x
1 |g−〉 = (−1)

N−1
2 det ρx , (C.49)

where ρx is an N−1
2 × N−1

2 Toeplitz matrix ρx, that reads

ρx =




G(1) G(−1) G(−3) · · · G(4−N)
G(3) G(1) G(−1) · · · G(6−N)
G(5) G(3) G(1) · · · G(8−N)

...
...

...
...

G(N−2) G(N−4) G(N−6) · · · G(1)




, (C.50)

with G defined in (C.30). Similarly, the magnetization along y reads

my(1) = cos(ψ) sin(2θ)〈g−|Π̃y
1 |g−〉 , (C.51)

where Π̃y
1 =

⊗N
l=2 σ

y
l . Also in this case the maximum of the magnetization is equal

to 〈g−|Π̃y
1 |g−〉, which in turn can be written as

〈g−|Π̃y
1 |g−〉 = (−1)

N−1
2 det ρy , (C.52)
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where ρy is an N−1
2 × N−1

2 Toeplitz matrix, that reads

ρy =




G(−1) G(−3) G(−5) · · · G(2−N)
G(1) G(−1) G(−3) · · · G(4−N)
G(3) G(1) G(−1) · · · G(6−N)

...
...

...
...

G(N−4) G(N−6) G(N−6) · · · G(−1)




. (C.53)

C.5.3 Magnetizations in the ferromagnetic phase

If we are in the yFM phase the expressions for the magnetizations in the thermody-
namic limit can be obtained analytically in the following way. We have in eq. (C.30)
the function f (r) = 0 and hence G(r) reads

G(r) =
1
N ∑

q∈Γ−

cos φ + sin φ e−ı2q

| cos φ + sin φ e−ı2q| e
−ıq(r−1) . (C.54)

For large N we can approximate the sum with an integral, obtaining

G(r) =
1

2π

∫ 2π

0

cos φ + sin φ e−ı2q

| cos φ + sin φ e−ı2q| e
−ıq(r−1)dq . (C.55)

To evaluate the determinants det ρx,y of the Toeplitz matrices in eq. (C.50) and
eq. (C.53) we introduce

Dn ≡ G(2n− 1) = − 1
2π

∫ 2π

0

1 + cot φ eıq

|1 + cot φ eıq| e
−ıqndq , (C.56)

and rewrite them as

det ρx =

∣∣∣∣∣∣∣∣∣

D1 D0 . . . D2−r
D2 D1 . . . D3−r
...

...
. . .

...
Dr Dr−1 . . . D1

∣∣∣∣∣∣∣∣∣
, r =

N − 1
2

, (C.57)

and

det ρy =

∣∣∣∣∣∣∣∣∣

D0 D−1 . . . D1−r
D1 D0 . . . D2−r
...

...
. . .

...
Dr−1 Dr−2 . . . D0

∣∣∣∣∣∣∣∣∣
, r =

N − 1
2

. (C.58)

The latter can be evaluated straightforwardly for large N using strong Szegö limit
theorem [196], yielding, to leading order,

〈g−| Π̃y
1 |g−〉 = (1− cot2 φ)

1
4 . (C.59)

The magnetization in the x direction, instead, is more complicated, because the gen-
erating function of the corresponding Toeplitz matrix has a non–zero winding num-
ber. To overcome this problem, we proceed as in Ref. [205] and notice that the de-
terminant det ρx(r) in eq. (C.57), where we have indicated the size r of the matrix,
can be seen as the minor of ρy(r + 1) in eq. (C.58), obtained removing the first row
and the last column. To calculate this minor, we use Cramer’s rule and consider the
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following linear problem:

r

∑
m=0

Dn−m xm = δn,0 , n = 0, . . . , r . (C.60)

Then,
det ρx(r) = (−1)rxr det ρy(r + 1) , (C.61)

where det ρy(r + 1) is a Toeplitz determinant satisfying the conditions for the Szegö
theorem. For large r, xr can be evaluated following the standard Wiener–Hopf pro-
cedure as in Ref. [205]. The result is

xr
r→∞' − 1

2πı

∮
ξr−1 dξ√

(1 + cot φ ξ)(1 + cot φ ξ−1)

= − 1
π

∫ − cot φ

0

xr−1/2 dx√
(1 + cot φ x)(− cot φ− x)

, (C.62)

where we deformed the contour of integration around the branch cut. The integral
in eq. (C.62) can be expressed in terms of hypergeometric functions,

xr
r→∞' − (−1)r

√
π

cotr φ√
1− cot2 φ

Γ
(
r + 1

2

)

Γ (r + 1) 2F1

(
1
2

,
1
2

; r + 1;
cot2 φ

cot2 φ− 1

)
, (C.63)

whose asymptotic behavior gives to the leading order

xr
r→∞' − (−1)r

√
πr

cotr φ√
1− cot2 φ

, (C.64)

since 2F1 tends to 1 for large r. Combining eq. (C.64) with eq. (C.61) and eq. (C.59)
we arrive at

det ρx(r)
r→∞' (−1)r cotr φ

(1− cot2 φ)
1
4
√

πr
, (C.65)

which means that the magnetization in the x direction decays exponentially with the
system size,

〈g−| Π̃x
1 |g−〉

N→∞' cot
N−1

2 φ

(1− cot2 φ)
1
4
√

π(N − 1)/2
. (C.66)

Alternatively, the same result could be obtained using the theorem proven by Fisher
and Hartwig in [199, 200], given by eq. (9.13). Note that, despite the x interaction
being AFM, the corresponding magnetization is not staggered.

Finally, the magnetization in the z–direction is just equal to the Majorana two–
point function in eq. (C.30) and thus its exponential decay to zero arises as the differ-
ence between the finite sum in eq. (C.30) and vanishing of the corresponding integral
in the N → ∞ limit.
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C.5.4 Magnetizations in the frustrated phase

If we are in the xAFM phase we have that in eq. (C.30) the function f (r) 6= 0 and the
function G(r) becomes

G(r)= − 2
N

+
1
N ∑

q∈Γ−

cos φ + sin φ e−ı2q

| cos φ + sin φ e−ı2q| e
−ıq(r−1) , (C.67)

in which, for large N, we can approximate the sum with an integral, hence obtaining

G(r) = − 2
N

+
1

2π

∫ 2π

0

cos φ + sin φ e−ı2q

| cos φ + sin φ e−ı2q| e
−ıq(r−1)dq . (C.68)

This function reflects the fact that, effectively, the ground states of the frustrated
case have a single, delocalized excitation. Thus, in this phase, we write the Toeplitz
determinants in eq. (C.50) and eq. (C.53) as

det ρx =

∣∣∣∣∣∣∣∣∣

D̃0 D̃−1 . . . D̃1−r
D̃1 D̃0 . . . D̃2−r
...

...
. . .

...
D̃r−1 D̃r−2 . . . D̃0

∣∣∣∣∣∣∣∣∣
, r =

N − 1
2

, (C.69)

and

det ρy =

∣∣∣∣∣∣∣∣∣

D̃−1 D̃−2 . . . D̃−r
D̃0 D̃−1 . . . D̃1−r
...

...
. . .

...
D̃r−2 D̃r−3 . . . D̃−1

∣∣∣∣∣∣∣∣∣
, r =

N − 1
2

, (C.70)

where

D̃n ≡ G(2n + 1) = − 2
N

+
1

2π

∫ 2π

0
D (eıq) e−ıqndq, (C.71)

with

D (eıq) ≡ 1 + tan φ e−ıq

|1 + tan φ e−ıq| . (C.72)

Note that, compared to the definitions employed for the yFM phase, we changed the
definition of the generating function by shifting its Fourier series, so that eq. (C.72)
has zero winding number. Using these determinant representations the magnetiza-
tions can be computed analytically, similarly to the two-point correlation functions.
We have done also this analytical computation in [3], and present it in Chapter 9.
The result, for large (odd) N, is

〈g−| Π̃x
1 |g−〉

N→∞' (−1)
N−1

2
1
N
(1− tan2 φ)

1
4 , (C.73)

〈g−| Π̃y
1 |g−〉

N→∞' 2
N

(1− tan φ)
1
4

(1 + tan φ)
3
4

. (C.74)
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C.5.5 Two–spins correlation function and magnetization along the z di-
rection in the frustrated phase

The correlation function along z is simply the determinant det ρzz, where

ρzz ≡
(

G(0) G(−r)
G(r) G(0)

)
. (C.75)

The integral in (C.68) can be studied by deforming the contour around the branch
cuts and using the properties of hypergeometric functions, as in [90, 150, 205]. In
this way we get

G(r) = − 2
N

, r = 2m , (C.76)

G(r)
r→∞' − 2

N
+
√

2(1− tan2 φ)
(− tan φ)

r−1
2√

πr
r = 2m + 1 , (C.77)

G(−r)
r→∞' − 2

N
−
√

2
1− tan2 φ

(− tan φ)
r+1

2√
πr3

r = 2m + 1 . (C.78)

Using these formulas we get the result in Chapter 3. Finally, the magnetization in
the z direction is given by G(0) so it is simply equal to − 2

N .

C.6 Both Couplings Antiferromagnetic

C.6.1 The Spatial Dependence of the Magnetization

As we have shown in section C.2, in the region φ ∈ (0, π/4) the ground state man-
ifold is four fold degenerate. Hence a large variety of possible ground states with
different magnetic properties can be selected. Among them, the ground states at the
center of Chapter 4 are of the form

|g̃〉 = 1√
2

(
|p〉+ eıθ Πx |−p〉

)
, (C.79)

where θ is a free phase. For such state the magnetization in the γ direction, with
γ = x, y, shows the peculiar incommensurate antiferromagnetic order, that we have
discussed in Chapter 4 and that we will elaborate on in the following. By definition,
the magnetization in the γ direction is equal to

〈σγ
j 〉g̃ =

1
2
(
eıθ 〈p| σγ

j Πx |−p〉+ c.c.
)

. (C.80)

The magnetization is thus determined by the quantities 〈p| σγ
j Πx |−p〉, which are

matrix elements of the spin string operators σ
γ
j between the ground states vectors

|p〉 and Πx |−p〉. The matrix elements at any site j can be related to the ones at site
N, using the translation operator. Using the relation σα

k = (T†)kσα
N(T)

k and knowing
the eigenvalues of T we get

〈p| σγ
j Πx |−p〉 = e−ı2pj 〈p| σγ

NΠx |−p〉 . (C.81)

The advantage of expressing the quantity 〈p| σγ
j Πx |−p〉 in terms of the one at site

j = N is that this last one is real for γ = x and purely imaginary for γ = y, as we



138 Appendix C. Quantum XY Chain: Exact and Perturbative Analysis

will now show. The reason why the N-th site is special is because the Jordan-Wigner
transformation, which implicitly enters into the definition of the states, breaks the
invariance under spatial translation by identifying the first (and the last) spin in the
ring.

To show that the quantity 〈p| σx
NΠx |−p〉 is real we resort to the mirror operator,

which relates the states with opposite momentum as MN |p〉 = |−p〉, according to
Theorem 6. Using this relation and taking into account that MN is hermitian we get

〈p| σx
NΠx |−p〉 = 〈−p|MNσx

NΠx MN |p〉 . (C.82)

But, as we have said, Πx commutes with the mirror operator, which together with
the property MNσx

N MN = σx
N gives

〈p| σx
NΠx |−p〉 = 〈−p| σx

NΠx |p〉 =
(
〈p| σx

NΠx |−p〉
)∗ , (C.83)

where the last equality holds because the operator σx
NΠx is hermitian. Hence

〈p| σx
NΠx |−p〉 is equal to its conjugate and therefore real. To show that 〈p| σy

NΠx |−p〉
is purely imaginary we can use the same method together with the property that
σ

y
NΠx is antihermitian, or we can use the relation

Πx = (−ı)NΠyΠz (C.84)

and the eigenstate property Πz |±p〉 = − |±p〉, which give

〈p| σy
NΠx |−p〉 = −(−ı)N 〈p| σy

NΠy |−p〉 . (C.85)

The quantity 〈p| σy
NΠy |−p〉 is real, by the same argument which shows that

〈p| σx
NΠx |−p〉 is real and the factor in front, due to oddity of N, makes the whole

quantity imaginary.
Taking these properties into account, we get the following spatial dependence

for the magnetizations

〈σx
j 〉g̃ = cos(2pj− θ) 〈p| σx

NΠx |−p〉 , (C.86)

〈σy
j 〉g̃ = cos(2pj− θ + N

π

2
+ π) 〈p| σy

NΠy |−p〉 . (C.87)

Inserting the exact value of the momentum (C.13), which is equal to p = π
2 +

(−1)
N+1

2 π
2N , we get finally the dependence of the magnetizations on the position

in the ring,

〈σγ
j 〉g̃ = (−1)j cos

[
π

j
N

+ λ(γ, θ, N)

]
〈p| σγ

NΠγ |−p〉 , (C.88)

where

λ(γ, θ, N) ≡
{
(−1)

N−1
2 θ, γ = x

(−1)
N−1

2 θ + π
2 , γ = y

. (C.89)

The magnetization is antiferromagnetic, i.e. staggered, but its magnitude is mod-
ulated. Since the number of sites is odd, it is not possible to have every bond aligned
antiferromagnetically, but there is necessarily at least a one ferromagnetic one. The
magnetization is modulated in such a way to achieve the minimal absolute value at
the ferromagnetic bond, thus minimizing the energy. The position of this ferromag-
netic bond is determined by the phase θ. The position of the ferromagnetic bond of
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the magnetization in the x direction is shifted by half of the ring with the respect to
the ferromagnetic bond of the magnetization in the y direction.

C.6.2 Explicit evaluation of the magnetizations on the N-th site

We can evaluate the magnetization on the N-th spin of the lattice exploiting a method
similar to the one for the other parameter region, described in section C.5. It consists
of expressing the matrix elements 〈p| σγ

NΠx |−p〉 in terms of expectation values of
σ

γ
NΠx in a definite Πz parity state, using the representation of σ

γ
NΠx in terms of Ma-

jorana fermions

Aj =
( j−1⊗

l=1

σz
l

)
⊗ σx

j , Bj =
( j−1⊗

l=1

σz
l

)
⊗ σ

y
j , (C.90)

using Wick’s theorem [189–192] to express the expectation values as a determinant,
and finally evaluating the determinant.

We express 〈p| σγ
NΠx |−p〉 in terms of expectation values of σ

γ
NΠx on ground

states living in the odd parity sector of Πz. A general ground state belonging to the
odd parity sector of Πz can be written as in eq. (C.14) setting u3 = u4 = 0,

|u1, u2〉 ≡ u1 |p〉+ u2 |−p〉 (C.91)

It is immediate to see that

〈σγ
j Πx〉

u1=
1√
2

,u2=
1√
2

− 〈σγ
j Πx〉

u1=
1√
2

,u2=− 1√
2

= 〈p| σγ
j Πx |−p〉+ 〈−p| σγ

j Πx |p〉 (C.92)

Using the properties of the mirror operator, in the previous section we have shown
that 〈p| σx

NΠx |−p〉 = 〈−p| σx
NΠx |p〉, while in an analogous way we have also

〈p| σy
NΠx |−p〉 = 〈−p| σy

NΠx |p〉. Using these relations we get, finally,

〈p| σγ
NΠx |−p〉 = 1

2

(
〈σγ

NΠx〉u1=
1√
2

,u2=
1√
2
− 〈σγ

NΠx〉u1=
1√
2

,u2=− 1√
2

)
. (C.93)

Now, σx
NΠx and σ

y
NΠx, being products of spin operators, can be expressed in

terms of Majorana fermions, as

σx
NΠx = (−1)

N−1
2

N−1
2

∏
l=1

(−ıA2l B2l−1),

σ
y
NΠx = −ı(−1)

N−1
2




N−1
2

∏
l=1

(−ıA2l B2l−1)


 (−ıAN BN) .

(C.94)

The expectation values of these operators in a definite z parity ground state can be
expressed as a Pfaffian of the matrix of two-point correlators, using Wick’s theorem.

To do so, we write the state (C.91) as a vacuum state for fermionic operators, in
terms of which the Majorana fermions (C.90) are linear. These fermions are defined
by

αp = u1a†
p + u2a†

−p, α−p = u2ap − u1a−p (C.95)

and by αq = aq for q 6= p,−p. It’s easy to check that the operators αq satisfy fermionic
anticommutation relations and annihilate the state |u1, u2〉 = αp |0−〉, i.e. that we
have αq |u1, u2〉 = 0 for q ∈ Γ−. Moreover, since the Majorana fermions in eq. (C.90)
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can be written as a linear combination of Bogoliubov fermions aq, a†
q , they can also

be written as a linear combination of fermions αq, α†
q . In this way, we are able to

straightforwardly apply Wick’s theorem to evaluate the string operators in eq. (C.94)
over the chosen ground state vectors.

The two-point correlators of Majorana fermions are evaluated to be

〈Aj Al〉u1,u2
= 〈BjBl〉u1,u2

= δjl −
2ı
N
(|u1|2 − |u2|2) sin

[
p(j− l)

]
, (C.96)

−ı 〈AjBl〉u1,u2
=

1
N ∑

q∈Γ−
eı2θq e−ıq(j−l) − 2

N
cos

[
p(j− l)− 2θp

]

− 2
N

(
u∗1u2 e−ıp(j+l) + c.c.

)
, (C.97)

where the Bogoliubov angle θq is defined in eq. (C.7).
As a matter of fact, in the evaluation of the matrix elements we encounter only

states of the type |u1| = |u2| = 1/
√

2, for which the correlators (C.96) vanish for
j 6= l. This allows us to use the standard approach [91] on the basis of Wick’s theorem
to express the expectation value of (C.94) as a determinant. For 〈σy

NΠx〉u1,u2
we have

that
〈σy

NΠx〉u1,u2
= −ı(−1)

N−1
2 det C , (C.98)

with the (N + 1)/2× (N + 1)/2 correlation matrix C given by

C =

∣∣∣∣∣∣∣∣∣∣∣

F(2, 1) F(2, 3) F(2, 5) · · · F(2, N − 2) F(2, N)
F(4, 1) F(4, 3) F(4, 5) · · · F(4, N − 2) F(4, N)

...
...

...
. . .

...
...

F(N − 1, 1) F(N − 1, 3) F(N − 1, 5) · · · F(N − 1, N − 2) F(N − 1, N)
F(N, 1) F(N, 3) F(N, 5) · · · F(N, N − 2) F(N, N)

∣∣∣∣∣∣∣∣∣∣∣

,

(C.99)
where F(j, l) = −ı 〈AjBl〉u1,u2

. On the contrary

〈σx
NΠx〉u1,u2

= (−1)
N−1

2 det C′ , (C.100)

where the (N − 1)/2× (N − 1)/2 correlation matrix C′ is obtained from C by re-
moving the last row and the last column.

The determinants we encounter have a more complicated form than those for
which the standard analytical approach [90] applies, and than those in section C.5,
so we have evaluated them numerically. The results are shown in Chapter 4.

C.7 Perturbative analysis

The discovered phenomenology in the quantum XY chain with FBC is captured well
also by a simple perturbative analysis around the classical Ising point φ = 0, similar
to the one used in [67], that we have done in [1, 2]. In addition, the perturbative anal-
ysis provides analytical expressions for the matrix elements fx discussed in Chapter
4, in the limit φ→ 0+.

At the classical Ising point φ = 0 the model is diagonal in the basis where σx
j

are diagonal. The ground state manifold is 2N-fold degenerate and consists of kink
states |j〉 and Πz |j〉, for j = 1, 2, ..., N. Here, the kink state |j〉 is defined as the state

|j〉 = |..., 1,−1, 1, 1,−1, 1, ....〉 , (C.101)
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with the ferromagnetic bond σx
j = σx

j+1 = 1 between sites j and j + 1, and antiferro-
magnetic bonds between all other adjacent sites. The kink state Πz |j〉, with all spins
reversed, has the ferromagnetic bond σx

j = σx
j+1 = −1 and all the other bonds an-

tiferromagnetic. The parity of the states |j〉 is Πx = (−1)(N−1)/2, while Πz |j〉 have,
of course, the opposite parity. The higher energy states are separated by a finite gap
and can be neglected in perturbation theory.

For small nonzero φ, the term ∑j σ
y
j σ

y
j+1 kicks in, lifting the 2N-fold ground state

degeneracy. The corresponding eigenstates and the correction to the energies are
found by diagonalizing the perturbation in the ground space. The excited states
at φ = 0 are separated by a finite gap and we neglect them in this perturbative
approach. Since the matrix elements of the perturbation between two different Πx

sectors vanish (because the σ
y
j σ

y
j+1 terms still commute with all the parities Πα), we

can focus on each sector separately. In the Πx = (−1)(N−1)/2 sector they read

〈l|
N

∑
j=1

σ
y
j σ

y
j+1 |k〉 = δl−k+2 mod N,0 + δl−k−2 mod N,0 . (C.102)

It follows that the perturbation in the subspace spanned by |j〉, j = 1, ..., N, is a cyclic
matrix

N

∑
j=1

σ
y
j σ

y
j+1 =




c0 cN−1 . . . c2 c1
c1 c0 . . . c3 c2
...

...
. . .

...
...

cN−2 cN−1 . . . c0 cN−1
cN−1 cN−2 . . . c1 c0




, (C.103)

with
cj = δj,2 + δj,N−2 . (C.104)

Diagonalizing the cyclic matrix [204] we find the energies

Eq = −(N − 2) cos φ + 2 sin φ cos(2q), q ∈ Γ−, (C.105)

corresponding to the states

|sq〉 =
1√
N

N

∑
j=1

eıqj |j〉 (C.106)

Clearly, the states with opposite Πx corresponding to the same energies can be con-
structed as Πz |sq〉. The energies of the exact solution reduce, of course, to those of
perturbative calculation when φ is close to 0.

It’s easy to see that for φ < 0 the energy is minimized by q = 0, while for φ > 0
it is by q = p, where p is given by eq. (C.13), as in the exact solution. Evaluating the
derivative of the ground state energy Eg we find a discontinuity at φ = 0,

dEg

dφ

∣∣∣∣
φ→0−

− dEg

dφ

∣∣∣∣
φ→0+

= 2
(

1 + cos
π

N

)
, (C.107)

which goes to a constant non-zero value in the thermodynamic limit N → ∞.
We can identify the states from the perturbation theory with those from the exact

solution, in the limit φ → 0, by looking at the eigenstates of various operators. The
translation operator shifts the kink as T |j〉 = |j− 1〉, from which it follows that the
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states |sq〉 are eigenstates of T with the eigenvalue eıq. The mirror operator acts on
the kink states as MN |j〉 = |−j− 1〉, and therefore

MN |sq〉 = e−ıq |s−q〉 . (C.108)

Knowing that the eigenstates |q〉 = a†
q |0−〉 from the exact solution have parity Πz =

−1, are eigenstates of T with the eigenvalue eıq and that under mirroring behave as
MN |q〉 = |−q〉, we can make the identification

|q〉 = 1−Πz
√

2
|sq〉 , |−q〉 = 1−Πz

√
2

e−ıq |s−q〉 , (C.109)

up to an irrelevant phase factor which is the same for the two states.
For φ < 0 the energy is minimized by q = 0 and thus the ground state manifold

is two-fold degenerate. From the identification (C.109) we have that the states in
eq. (C.12) from the exact solution, in the limit φ → 0−, are equal (up to a phase
factor) to

|g−〉 = 1√
2
(1−Πz) |sq=0〉 , |g+〉 = Πx |g−〉 . (C.110)

The magnetization is determined by the element 〈s0| σx
j |s0〉 = 〈s0| σx

N |s0〉. From the
property of the kink states

〈j| σx
N |j〉 =

{
(−1)j, j = 1, 2, ..., N − 1
1, j = N

, (C.111)

that follows from their definition, we find

〈sq=0| σx
N |sq=0〉 =

1
N

N

∑
j=1
〈j| σx

N |j〉 =
1
N

. (C.112)

It follows that in the generic ground state eq. (C.45) the magnetization is equal to

mx(j) = (−1)(N−1)/2 cos(ψ) sin(2θ)
1
N

, (C.113)

describing mesoscopic ferromagnetic order. The two-point correlator can be com-
puted, as in Appendix A, using the generalization of (C.111), given by (A.11). We
get

〈g−| σx
j σx

j+r |g−〉 = (−1)r
(

1− 2r
N

)
, (C.114)

in agreement with the exact solution.
For φ > 0 the energy is minimized by q = ±p, where p is given by eq. (C.13) so

the ground state manifold is four fold-degenerate. The magnetization in a generic
ground state (C.14) is determined by the matrix elements 〈p| σx

j Πx |p〉 and 〈p| σx
j Πx |−p〉.

While for any q ∈ Γ− we have, generalizing (C.112),

〈q| σx
NΠx |q〉 = (−1)

N−1
2

1
N

, (C.115)
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where the factor (−1)(N−1)/2 stems from the parity of the states |sq〉, the matrix ele-
ments of the type 〈q| σx

NΠx |−q〉 can have a different behavior. From the identifica-
tion (C.109) we have

〈q| σx
NΠx |−q〉 = (−1)

N−1
2 e−ıq 〈sq| σx

j |s−q〉 . (C.116)

Using the definition of the states on the right we get

〈q| σx
NΠx |−q〉 = (−1)

N−1
2

1
N

N

∑
j=1

e−ı2qj 〈j| σx
N |j〉 , (C.117)

which can be evaluated using (C.111). We end up with

〈q| σx
NΠx |−q〉 = (−1)

N−1
2

1
N cos q

. (C.118)

The matrix element for the ground state momentum p = π/2+(−1)(N+1)/2π/2N
becomes

〈p| σx
NΠx |−p〉 = 1

N sin π
2N

, (C.119)

and in the limit φ→ 0+ determines the maximum value the magnetization achieves
over the ring in the ground state |g̃〉, defined in eq. (C.79). For large N it becomes

〈p| σx
NΠx |−p〉 = 2

π
+

π

12N2 + O(N−4) , (C.120)

which approaches quadratically the value 2/π ≈ 0.64 in the thermodynamic limit.
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Appendix D

XY Chain with Bond Defects:
Methods Details

This is the appendix for Chapter 5, based on the appendix in [4].

D.1 Numerical procedure

To diagonalize the Hamiltonian in eq. (5.1) we resort to the Jordan-Wigner transfor-
mation [56, 91, 149], that maps spin operators into fermionic ones

cj =

( j−1⊗

k=1

σz
k

)
⊗ σ+

j , c†
j =

( j−1⊗

k=1

σz
k

)
⊗ σ−j , (D.1)

where σ±j = (σx
j ± ıσy

j )/2 are the Pauli ladder operators. Through eq. (D.1) the
Hamiltonian in eq. (5.1) can be recast into the form

H =
N−1

∑
j=1

[
(cos φ− sin φ) cjcj+1 − (cos φ + sin φ) cjc†

j+1

]
+

−Πz
[ (

cos(φ + δx)−sin(φ + δy)
)

cNc1 −
(
cos(φ + δx) + sin(φ + δy)

)
cNc†

1

]
+ h.c.

(D.2)

Since [H, Πz] = 0 we can identify two different disconnected sectors corresponding
respectively to the values Πz = ±1. In the following we focus on the Hamiltonian of
the odd sector, i.e. we fix Πz = −1, since once the ground state |g−〉 with Πz = −1
is obtained, the other one with the same energy in the even sector is Πx |g−〉.

There, the Hamiltonian is quadratic in the fermionic operators, i.e. it can be
rewritten as

H=
N−1

∑
j=1

[
c†

j Sj,j+1cj+1+
1
2

(
c†

j Tj,j+1c†
j+1 + h.c.

)]
, (D.3)

where the matrices S† = S and T† = −T can be easily obtained by inspection from
eq. (D.2). Following the standard approach [91] we introduce the linear transforma-
tion

ηk = ∑
i

[
Φki + Ψki

2
ci +

Φki −Ψki

2
c†

i

]
, (D.4)

η†
k = ∑

i

[
Φki + Ψki

2
c†

i +
Φki −Ψki

2
ci

]
, (D.5)
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where the vectors Φk and Ψk are given by the solution of the problem

Φk(S− T)(S + T) = Λ2
kΦk, (D.6)

Φk(S− T) = ΛkΨk. (D.7)

The Hamiltonian in eq. (D.3) can then be reduced to the form

H = ∑
k

Λkη†
k ηk +

1
2

[
TrS−∑

k
Λk

]
. (D.8)

For definiteness we take the energies Λk to be all positive.
At variance with the unperturbed model, in which the GS degeneracy depends

on the type of interaction, tuned by the φ parameter, the GS of the perturbed one
is two-fold degenerate, due to the breaking of the translational invariance of the
system. The most general GS can be written in the form

|g〉 =
(
cos θ + eıψ sin θ Πx) |g−〉 , (D.9)

where |g−〉 is the (unique) GS of the system in the odd parity sector, and θ and ψ are
real numbers.

The magnetization for the ground state in eq. (D.9) is given by

〈g| σx
j |g〉 = cos ψ sin(2θ) 〈g−| σx

j Πx |g−〉 , (D.10)

since the matrix elements of σx
j between different Πz sectors vanish. Of interest is

the maximal magnetization that can be obtained on the ground state manifold. It is
achieved in the states with definite Πx parity. This is

mx(j) = 〈g−| σx
j Πx |g−〉 (D.11)

for Πx = 1 (achieved by ψ = 0, θ = π/4) and

mx(j) = − 〈g−| σx
j Πx |g−〉 (D.12)

for Πx = −1 (achieved by ψ = 0, θ = −π/4). These are the magnetizations that we
discuss in Chapter 5.

Eq. (D.11) can be evaluated expressing the operators on the r.h.s. in terms of
Majorana fermions

Aj = c†
j + cj =

( j−1⊗

l=1

σz
l

)
⊗ σx

j , (D.13)

Bj = ı(c†
j − cj) =

( j−1⊗

l=1

σz
l

)
⊗ σ

y
j . (D.14)

Furthermore, we can resort to Wick theorem to express the expectation values in
eq. (D.11) in terms of the contractions F(j, l) = −ı 〈g−| AjBl |g−〉.

Let us denote the vacuum state for fermions ηj by |0−〉, i.e. we have ηj |0−〉 = 0
for j = 1, 2, . . . N. We numerically verify, by direct computation, that the parity of
the state |0−〉 is Πz = 1. On the other hand, the Hamiltonian without defects is
also written in terms of free fermions with positive energy and the vacuum |0−〉 has
positive parity by construction there (see Appendix C.2).
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Assuming the eigenvalue of the matrix appearing on the l.h.s. of eq. (D.6) are
labeled in descending order, the GS is then |g−〉 = η†

N |0−〉. From this identification
a straightforward calculation gives

F(j, l) =
N−1

∑
k=1

ΨkjΦkl . (D.15)

D.2 Perturbation theory

In this section we study perturbatively the Hamiltonian in eq. (5.1) with δy = 0. Let
us for the purpose of perturbation theory write the Hamiltonian as

H = cos φ
N

∑
j=1

σx
j σx

j+1 + sin φ
N

∑
j=1

σ
y
j σ

y
j+1 + ζσx

Nσx
1 , (D.16)

so that ζ > 0 corresponds to an antiferromagnetic defect, while ζ < 0 is a ferromag-
netic defect. The case ζ = 0, of course, corresponds to FBC.

First, in section D.2.1 we are going to make the perturbation theory close to the
classical point φ = 0, which explains well our numerical results. Then, in sec-
tion D.2.2 using the perturbation theory around ζ = 0 we are going to find which
of the four-fold degenerate ground states of the region φ ∈ (0, π/4), present with-
out the defect, are selected by taking the limit of the small antiferromagnetic defect
ζ → 0+, which also explains well the order we have found numerically.

D.2.1 Perturbation theory around φ = 0

The perturbation theory around φ = 0 without the defect (for ζ = 0) has already
been done in Appendix C.7. Without the defect, exactly at the classical point φ = 0
the ground state manifold is 2N-fold degenerate and consists of kink states

|j〉 = |..., 1,−1, 1, 1,−1, 1, ....〉 , (D.17)

for j = 1, 2 . . . N, which have one ferromagnetic bond σx
j = σx

j+1 = 1 and antifer-
romagnetic bonds between other adjacent sites, and the kink states obtained from
|j〉 by reversing all spins, which have σx

j = σx
j+1 = −1 and all the other bonds anti-

ferromagnetic. The latter can be written as Πz |j〉. Note that the states |j〉 have the
parity Πx = (−1)(N−1)/2, while Πz |j〉 have, of course, the opposite parity. By turn-
ing on φ 6= 0, the term proportional to ∑j σ

y
j σ

y
j+1 kicks in and the 2N-fold degenerate

ground state manifold splits, resulting in the two-fold ground state degeneracy for
φ < 0 and four fold for φ > 0.

The new ground states and the corresponding energies are found by diagonaliz-
ing the perturbation in the basis of the kink states, while the other states are sepa-
rated by a finite energy gap and can be neglected. The procedure is similar also with
a defect, but not all the states will enter into the perturbation theory, because the
defect will induce an energy gap between the kink states. Namely, the states which
have a ferromagnetic bond between the sites j = N and j = 1 have a different energy
from the others. At φ = 0, the states |N〉 and Πz |N〉 have the energy

E0 = −(N − 2) + ζ, (D.18)
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while the other kink states have the energy

E0 = −(N − 2)− ζ. (D.19)

Thus, for ζ < 0 the ground states at φ = 0 are only |N〉 and Πz |N〉. The other
kink states are separated by a gap 2ζ and can be neglected, so the perturbation theory
is very simple. In fact, the perturbation, proportional to ∑j σ

y
j σ

y
j+1, does not mix

different Πx sectors and is already diagonal in the basis |N〉 , Πz |N〉.
We conclude that for ζ < 0 and small φ the ground states are (approximately)

the states |N〉 and Πz |N〉, with magnetization

〈N| σx
j |N〉 = (−1)j+1 (D.20)

and the one with all spins reversed, respectively. This result explains well the mag-
netization at Fig. 5.2 in the bulk of the system, far from the defects.

For ζ > 0 the ground state manifold at φ = 0 is 2(N − 1)-fold degenerate. It
consists of the states |j〉 and Πz |j〉 for j = 1, 2, . . . N− 1. Turning on the perturbation
the degeneracy splits. To get the new ground states and the corresponding energies
we diagonalize the perturbation in the aforementioned states.

Since the perturbation, proportional to ∑j σ
y
j σ

y
j+1, does not mix different Πx sec-

tors we can focus on just the states |j〉, for j = 1, 2, . . . N − 1. If we include also the
state |N〉, the perturbation is an N × N cyclic matrix with the elements

〈k|
N

∑
j=1

σ
y
j σ

y
j+1 |l〉 = δ(l−k+2) mod N,0 + δ(l−k−2) mod N,0. (D.21)

Without the state |N〉 the perturbation is a matrix obtained by removing the last row
and the last column of the cyclic matrix. It reads

N

∑
j=1

σ
y
j σ

y
j+1 =




0 0 1 0 . . . 0 0 1
0 0 0 1 . . . 0 0 0
1 0 0 0 . . . 0 0 0
0 1 0 0 . . . 0 0 0
...

...
...

...
...

...
...

1 0 0 0 . . . 1 0 0




. (D.22)

A similar matrix, obtained by deleting the last row and the last column of the
N × N cyclic matrix with the elements

δ(l−k+1) mod N,0 + δ(l−k−1) mod N,0 (D.23)

instead of eq. (D.21) was diagonalized analytically (as a special case) in [69], by writ-
ing a recursion relation in N for the characteristic polynomial. We diagonalize the
matrix in (D.22) in a less dignified way. Based on the similarity with the aforemen-
tioned matrix of [69] we simply guess the eigenstates. As is easy to check, the nor-
malized eigenstates of the matrix in eq. (D.22) are

|as〉 =
√

2
N

N−1

∑
j=1

(−1)sj sin
( sπ

N
j
)
|j〉 , (D.24)
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with the eigenvalues as = 2 cos
( 2πs

N

)
, and

|bs〉=





√
2
N

N−1
∑

j=1
(−1)sj+b j−1

2 c sin
( sπ

N j
)
|j〉 , N mod 4=1

√
2
N

N−1
∑

j=1
(−1)sj+b j

2 c sin
( sπ

N j
)
|j〉 , N mod 4=3

(D.25)

with the eigenvalues bs = −2 cos
( 2πs

N

)
. Here s takes values from the set

{
1, 2, . . . (N−

1)/2
}

. It follows that the energies associated to the eigenstates in eq. (D.24) and
(D.25) are respectively

Ea,s = −(N − 2) cos φ− ζ + 2 sin φ cos
(2πs

N

)
,

Eb,s = −(N − 2) cos φ− ζ − 2 sin φ cos
(2πs

N

)
.

(D.26)

The parity of the states in eq. (D.24) and (D.25) is equal to Πx = (−1)(N−1)/2. The
states of the opposite parity are constructed, of course, by applying the Πz operator.

Thus, the 2N-fold degenerate ground state manifold splits, for small φ, into a
band of states, with a two-fold degenerate ground state manifold and an energy gap
between the states that closes as 1/N2. For φ > 0 the ground states are |g〉 = |as〉
for s = (N − 1)/2 and Πz |g〉, while for φ < 0 the ground states are |g〉 = |bs〉 for
s = (N − 1)/2 and Πz |g〉. After a bit of straightforward algebra, using

〈l| σx
j |l〉 =

{
(−1)l+j+1, l = 1, 2 . . . , j− 1
(−1)l+j, l = j, j + 1, . . . N

, (D.27)

we find that the magnetization in the ground state |g〉 is, for both signs of φ,

〈g| σx
j |g〉 =

(−1)j sin
[

π
N

(
j− 1

2

)]

N sin
(

π
2N

) +
1
N

. (D.28)

In the ground state Πz |g〉 the magnetization acquires, of course, an additional minus
sign. The obtained order is in agreement with the numerical results on the magne-
tization in the presence of an antiferromagnetic defect, presented in Fig. 5.2. Note
that, for large N, the magnetization in eq. (D.28) is approximated by

〈σx
j 〉g = (−1)j 2

π
sin
( π

N
j
)

, (D.29)

which is the incommensurate AFM order present for φ ∈ (0, π/4) in the absence of
the defect (see Chapter 4). The magnetization is modulated in such a way to achieve
zero value where the defect is placed.

D.2.2 Perturbation theory around ζ = 0

In this section by using perturbation theory around ζ = 0 we find which of the four-
fold degenerate ground states of the region φ ∈ (0, π/4) are selected in the limit of
a small antiferromagnetic defect ζ → 0+. For this task we treat the term ζσx

Nσx
1 in

eq. (D.16) as a perturbation. The model with ζ = 0 has been solved in details in
Chapter 4 and Appendix C, and we use the same notation. Thus, while before we



150 Appendix D. XY Chain with Bond Defects: Methods Details

used the kink states as basis for the perturbation, here we employ the four ground
states states determined in Chapter 4.

For ζ = 0 the ground state manifold is spanned by states |p〉 , |−p〉 , Πx |p〉 , Πx |−p〉
which are simultaneous eigenstates of the Hamiltonian in eq. (D.16), with ζ = 0,
the parity operator Πz (with eigenvalues, respectively Πz = −1,−1, 1, 1) and the
translation operator T (with eigenvalues, respectively T = eıp, e−ıp, eıp, e−ıp). Here
p = π/2 + (−1)(N+1)/2π/2N is the momentum of the states. Above the ground
states there is a band of states, with the energy gap closing as 1/N2.

To find which ground state vectors are selected in the limit of a small defect we
diagonalize the perturbation ζσx

Nσx
1 in the basis of the four ground states above. We

are going to neglect all the excited states of the model, including those belonging
to the lowest-energy band. This is not justified in general, because of the gapless
nature of the system, but the procedure is going to yield the results in agreement
with numerics, as we comment in the end. Since the perturbation does not mix
different Πx sectors it is sufficient to focus on the subspace spanned by |p〉 , |−p〉.
Thus, we need to compute and diagonalize the matrix

σx
Nσx

1 =

( 〈p| σx
Nσx

1 |p〉 〈p| σx
Nσx

1 |−p〉
〈−p| σx

Nσx
1 |p〉 〈−p| σx

Nσx
1 |−p〉

)
. (D.30)

The elements of the perturbation matrix are computed using the Majorana fermions
representation of the spin operators, in terms of which

σx
Nσx

1 = Πz(−ıA1BN), (D.31)

and using the representation of the Majorana fermions in terms of Bogoliubov fermions
aq, that can be obtained from the exact solution presented in Appendix C.2. We have

Aj =
1√
N

∑
q∈Γ−

(a†
q + a−q)eıθq e−ıqj,

Bj =
1√
N

∑
q∈Γ−

ı(a†
q − a−q)e−ıθq e−ıqj,

(D.32)

where Γ− = {2πk/N : k = 0, 1, . . . N − 1}, and the Bogoliubov angle θq is defined
by (C.7) for q 6= 0 and θ0 = 0. In terms of Bogoliubov fermions the ground states
are given by |±p〉 = a†

±p |0−〉, where |0−〉 is the vacuum state, satisfying aq |0−〉 =
0, q ∈ Γ−. Using eq. (D.31), (D.32) and this ground states representation we get the
matrix elements of the perturbation. For 〈p| σx

Nσx
1 |p〉 = 〈−p| σx

Nσx
1 |−p〉 we recover

〈p| σx
Nσx

1 |p〉 =
2
N

cos(2θp − p)− 1
N ∑

q∈Γ−
eı(2θq−q) (D.33)

while for 〈p| σx
Nσx

1 |−p〉
〈p| σx

Nσx
1 |−p〉 = 2

N
e−ıp. (D.34)

Then, diagonalizing the perturbation matrix we obtain the eigenstates

|ξ±〉 =
1√
2
(|p〉 ± eıp |−p〉), (D.35)
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which are also even/odd under the mirror symmetry crossing the site N+1
2 (see Ap-

pendix C.4). These states have energies

E±=E0−ζ
1
N ∑

q∈Γ−
eı(2θq−q) + ζ

2
N

cos(2θp−p)± ζ
2
N

, (D.36)

where E0 is the ground state energy of the unperturbed model. For the antiferro-
magnetic defect ζ > 0 the state |g−〉 ≡ |ξ−〉 is lower in energy and, therefore, (ap-
proximately) the new ground state, belonging to Πz = −1 sector. Of course, the
ground state belonging to Πz = +1 sector is |g+〉 = Πx |ξ−〉.

The magnetization can be computed using the same techniques as in Chapter 4,
that employ the translation operator. Denoting |g〉 = 1√

2
(1 + Πx) |g−〉, we get

〈σx
j 〉g = 〈g−| σx

j Πx |g−〉

= (−1)j(−1)
N−1

2 sin
[ π

N

(
j− 1

2

)]
〈p| σx

NΠx |−p〉+ 〈p| σx
NΠx |p〉 ,

(D.37)

where we have used 〈p| σx
j Πx |−p〉 = e−ı2pj 〈p| σx

NΠx |−p〉 and 〈p| σx
NΠx |−p〉 =

〈−p| σx
NΠx |p〉 from Chapter 4 and Appendix C.6.1. The matrix elements encoun-

tered in this expression have also been computed in Chapter 4. It has been found
numerically that in the thermodynamic limit N → ∞ we have

〈p| σx
NΠx |−p〉 =

2
π
(1− tan2 φ)1/4, (D.38)

〈p| σx
NΠx |p〉 = 0, (D.39)

which gives the magnetization

〈σx
j 〉g =

2(−1)
N−1

2 +j

π
(1− tan2φ)

1
4 sin

[
π

N

(
j−1

2

)]
(D.40)

The obtained magnetization generalizes eq. (D.29) to the whole region φ ∈ (0, π/4)
(the factor (−1)(N−1)/2 of difference arises because of the different parities of the in-
volved states) and describes well our numerical results. Note that, since the states
in eq. (D.35) are eigenstates of the mirror symmetry across the site N+1

2 , the magne-
tization pattern they generate must be even under such transformation, a property
present in that is in eq. (D.40) and (D.28), but not in eq. (D.29).

Since we have performed two different perturbation theories, we can check their
agreement in the regime where both applies and at finite sizes. From Appendix C.7
we know that in the limit φ→ 0+ we have

〈p| σx
NΠx |−p〉 = 1

N sin
(

π
2N

) , (D.41)

〈p| σx
NΠx |p〉 = (−1)

N−1
2

1
N

. (D.42)

Sticking this into eq. (D.37) gives us exactly eq. (D.28), up to factor (−1)(N−1)/2 that
arises from the parities of the involved states. The two perturbation theories are,
thus, in agreement.

The perturbation theory done in this section describes well our numerical results
in the region φ ∈ (0, π/4) in the case of an antiferromagnetic defect and shows to
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which ground states out of the four-fold degenerate manifold the discovered order
corresponds. The same perturbation theory would not be successful in describing
the order in all cases of φ and ζ. The reason is that due to the gapless nature of the
system it is not justified to neglect the low-lying states of the model in the perturba-
tion theory, so the procedure does not have to give the right results in general.
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Appendix E

Matrix Elements of Local Operators
Between Kink States

In this appendix we prove theorems 1 and 2 from Chapter 6, on matrix elements of
local operators between translationally invariant states formed from states with one
or more kinks. This appendix is based on [6].

E.1 Proof of Theorem 1

− − −+ + + + . . .. . . − + + − . . .( )

1 2 . . . L j

FIGURE E.1: Graphical representation of a kink state |j〉, where the
kink is far on the right. Away from the kink, there is the standard
antiferromagnetic order. Let the blue rectangle represent the portion
of the lattice where A has the support. Flipping any state in the rect-

angle will necessarily create a second kink.

For any A = σα1
1 σα2

2 . . . σαL
L we have

〈g1| A |g2〉 =u∗1u2 〈sp1 | A |sp2〉+ u∗1v2 〈sp1 | AΠz |sp2〉
+ v∗1u2 〈sp1 |Πz A |sp2〉+ v∗1v2 〈sp1 |Πz AΠz |sp2〉 .

(E.1)

Now, since the kink states |j〉 are eigenstates of Πx, with the eigenvalue (−1)(N−1)/2,
the states |sp〉 are also eigenstates of Πx, with the same eigenvalue. From this fact
and the property that A either commutes or anticommutes with Πx we have that
two out of four terms in (E.1) necessarily vanish. If A commutes with Πx ([A, Πx] =
0) then the second and the third term in (E.1) vanish. Using the Cauchy-Schwarz
inequality we get

| 〈g1| A |g2〉 | ≤ | 〈sp1 | A |sp2〉 |. (E.2)

Similarly, if A anticommutes with Πx ({A, Πx} = 0) then the first and the fourth
term vanish and we have

| 〈g1| A |g2〉 | ≤ | 〈sp1 | AΠz |sp2〉 |. (E.3)
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Thus we focus our analysis on elements 〈sp1 | A |sp2〉 and 〈sp1 | AΠz |sp2〉. In terms of
kink states they read

〈sp1 | A |sp2〉 =
1
N

N

∑
j,l=1

e−ı(p1 j−p2l) 〈j| A |l〉 , (E.4)

〈sp1 | AΠz |sp2〉 =
1
N

N

∑
j,l=1

e−ı(p1 j−p2l) 〈j| AΠz |l〉 . (E.5)

Case a): In case a), A commutes with Πx so (E.2) holds. Moreover, A acts only as a
phase factor on the kink states, so 〈j| A |l〉 = 0 for j 6= l. Since far from the kink we
have simply staggered antiferromagnetic order (see Figure E.1) we conclude that for
all j ≥ L we have

〈j| A |j〉 = c(−1)j for some constant c ∈ {−1, 1}. (E.6)

Putting this into (E.4) we get

〈sp1 | A |sp2〉 =
c
N

N

∑
j=1

(−1)je−ı(p1−p2)j + ξN , (E.7)

where ξN is a correction coming from the terms 1 ≤ j < L in (E.4) for which (E.6)
does not have to hold. It is equal to

ξN =
1
N

L−1

∑
j=1

e−ı(p1−p2)j[ 〈j| A |j〉 − c(−1)j] (E.8)

and, clearly, satisfies

|ξN | ≤
2(L− 1)

N
. (E.9)

Performing the sum in (E.7) we are left with

〈sp1 | A |sp2〉 = −ce−ı(p1−p2)/2 1
N cos p1−p2

2

+ ξN . (E.10)

Taking the absolute value we get

| 〈sp1 | A |sp2〉 | ≤
1

N| cos p1−p2
2 |

+
2(L− 1)

N
. (E.11)

Using (E.2) proves this part of the theorem. We can take for the theorem the constant
C1 = 1 + 2(L− 1) = 2L− 1.

Case b): The case b) is even simpler. Here A does not act only as a phase on
the kink states, but it flips some spins. Flipping any state far from the kink will
necessarily create a second kink (see Figure E.1), so all the elements 〈j| A |l〉 and
〈j| AΠz |l〉 vanish for L < j < N or L < l < N. There are thus at most (L + 1)2

non-zero elements in the sums (E.4) and (E.5). It follows

| 〈sp1 | A |sp2〉 | ≤
(L + 1)2

N
, | 〈sp1 | AΠz |sp2〉 | ≤

(L + 1)2

N
. (E.12)
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|β〉 = | 〉+ + + + + + + + + +− − − − − − −( )( )

Néel Néel
(A)

|β〉 = | 〉+ + + + + + + + +− − − − − − − −( ) ( ) ( )

(B)

FIGURE E.2: Examples of the first excited states of H at the classical
point λ = 0, and their symbolical representation. The white regions
represent the Néel order, while the shaded ones include spins that

participate in ferromagnetic bonds (kinks).

Now, using (E.2) and (E.3) proves this part of the theorem.

E.2 Proof of Theorem 2

To prove the theorem it is convenient to we write the matrix elements of interest as

〈β1, p1| A |β2, p2〉 =
1
N

N−1

∑
j,l=0

e−ı(p1 j−p2l) 〈β1| (T†)j ATl |β2〉 . (E.13)

It is also convenient to introduce a symbolical representation of the structure of the
states |β〉, in terms of white and shaded regions, as in Figure E.2. We define the
shaded regions to consist of all spins participating in a ferromagnetic bond (kink)
with some of its neighbors, and the white regions to consists of the remaining spins,
that participate only in antiferromagnetic bonds. Clearly, the number of white re-
gions in a state |β〉 is equal to the number of shaded regions. Let us denote the
number of shaded regions in |β1〉 and |β2〉 by Ñ1 and Ñ2 respectively. Let us denote
the number of kinks by N1 and N2 respectively. We have then, clearly, Ñ1 ≤ N1 and
Ñ2 ≤ N2. Let us also introduce the concept of the size of a region. We will say that
a particular region is of size R if there are R spins inside. For example, in the part a)
of Figure E.2 there are two shaded regions, of size R1 = 3 and R2 = 2.

Case a): In case a) the matrix elements 〈β1| (T†)j ATl |β2〉 can be non-zero only if
β1 = β2 and j = l, since A acts then only as a phase factor on the eigenstates of σx

j .
For β1 6= β2 the elements (E.13) are thus zero, while for β1 = β2 we are left with

〈β1, p1| A |β1, p2〉 =
1
N

N−1

∑
j=0

e−ı(p1−p2)j 〈β1| (T†)j AT j |β1〉 . (E.14)

Let us focus now on a particular white region in |β1〉, exhibiting Néel order, and
suppose it extends from site j = r to site j = r + R− 1. This region has a contribution

S ≡ 1
N

r+R−1

∑
j=r

e−ı(p1−p2)j 〈β1| (T†)j AT j |β1〉 (E.15)
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in the sum (E.13). If R > L then we have necessarily the staggered dependence

〈β1| (T†)j AT j |β1〉 = c(−1)j (E.16)

for r ≤ j ≤ r + R − L, i.e. before the support of (T†)j AT j starts overlapping with
the next shaded region, and with the constant c ∈ {−1, 1} given explicitly by c =
(−1)r 〈β1| (T†)r ATr |β1〉. We have thus

S =
1
N

r+R−1

∑
j=r

e−ı(p1−p2)jc(−1)j + ξ, (E.17)

where the correction is given by

ξ =
1
N

r+R−1

∑
j=r+R−L+1

e−ı(p1−p2)j[ 〈β1| (T†)j AT j |β1〉 − c(−1)j]. (E.18)

Clearly, the correction satisfies

|ξ| ≤ 2(L− 1)
N

. (E.19)

Performing the sum in in (E.17) we are left with

S = ceı(p2−p1)(r− 1
2 )
(−1)R+1eı(p2−p1)R + 1

2N cos p1−p2
2

+ ξ. (E.20)

Taking the absolute value we get

|S| ≤ 1
N| cos p1−p2

2 |
+

2(L− 1)
N

. (E.21)

In the other case, R ≤ L, this bound holds trivially. To obtain the bound for the total
contribution of the white regions we have to multiply (E.21) by the number of white
regions in |β1〉, which is not greater than the number of kinks N1.

We have thus obtained the bound for the contribution of white regions. We can
obtain the bound for the contribution of the shaded regions in (E.14) by recognizing
that the total number of spins in the shaded regions is not greater than 2N1, where
N1 is the number of kinks. Altogether, we get

| 〈β1, p1| A |β1, p2〉 | ≤
N1

N| cos p1−p2
2 |

+
2(L− 1)N1

N
+

2N1

N
, (E.22)

so we can take for the theorem the constant

C1 = 3N1 + 2(L− 1)N1. (E.23)

Case b): We examine the elements 〈β1| (T†)j ATl |β2〉 and what are the necessary
conditions for them to be nonzero. Let us suppose, without loss of generality, that
Ñ1 ≤ Ñ2, i.e. the number of shaded regions in |β2〉 is greater than or equal to the
number of shaded regions in |β1〉.

First we notice that all the states ATl |β2〉 where l is such that A creates a new
shaded region have necessarily zero product with the states T j |β1〉, for all j, because
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,. . . . . .

R1 = 3

. . . . . . , . . . . . . ,
. . . . . . , . . . . . . , . . . , . . . . . .

FIGURE E.3: The states Tl |β2〉 for different values of l, where we
focus on one shaded region of |β2〉 and its translations. The blue rect-
angle represents the sites 1 ≤ j ≤ L, where the support of A is found.
All values of l for which the range 1 ≤ j ≤ L either borders or over-
laps the shaded region are represented. See the proof of case b) of

Theorem 2.

of a strictly greater number of shaded regions in ATl |β2〉 in that case. Thus, first we
bound the number of states Tl |β2〉 in which A does not create a new shaded region.
The only states for which this is is a possibility are the states in which the shaded
regions overlap or border the range 1 ≤ j ≤ L, where the support of A is placed,
since A creates kinks when acting on a white region. These states are represented in
Figure E.3.

For a particular shaded region in |β2〉, of size R, there is at most R + L + 1 states
Tl |β2〉 which place the shaded region to overlap or border with the the range 1 ≤
j ≤ L (see Figure E.3). Denoting the sizes of different shaded regions in |β2〉 by
R1, R2, . . . , RÑ2

we have that there is at most

(R1 + L + 1) + (R2 + L + 1) + . . . + (RÑ2
+ L + 1) (E.24)

such states. Recognizing that the total size of the shaded regions is bounded as

R1 + R2 + . . . + RÑ2
≤ 2N2, (E.25)

where N2 is the number of kinks in |β2〉, and that Ñ2 ≤ N2, we can bound (E.24)
by the number N2(L + 3). Thus, there is at most N2(L + 3) different values of l for
which the product of ATl |β2〉 with T j |β1〉 is nonzero for some j..

The next step is to bound the number of states T j |β1〉 which have a nonzero
product with a given state ATl |β2〉, for fixed l. There are two cases to consider. The
first one is if there is a shaded region in Tl |β2〉 that is outside the range 1 ≤ j ≤ L,
or at least a part of size 2 of the shaded region. In this case the necessary condition
for a nonzero value of the elements 〈β1| (T†)j ATl |β2〉 is that some shaded region of
T j |β1〉 coincides exactly with the aforementioned shaded region of Tl |β2〉. There is
at most one such state T j |β1〉 for each shaded region of |β1〉. Thus the number of
states T j |β1〉 which have a nonzero product with a given state ATl |β2〉 is at most
Ñ1 in this case. The second case is if in Tl |β2〉 there is no shaded region, or a part of
size 2, outside the range 1 ≤ j ≤ L. In this case there is at most L + 1 states T j |β1〉
that give a nonzero product, since the translation of any state by L + 1 sites will
necessarily create a shaded region outside the support of A. We can include both
cases by taking the sum of the bounds from each one, i.e. the number L + 1 + Ñ1.

Therefore, there is at most N2(L + 3) values of l which give a nonzero product
of ATl |β2〉 with some of the states T j |β1〉 and each of these N2(L + 3) states has a
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nonzero product with at most L + 1 + Ñ1 states T j |β1〉. We conclude

| 〈β1, p1| A |β2, p2〉 | ≤
(L + 1 + Ñ1)(L + 3)N2

N
. (E.26)

We prefer to express the bound in terms of the number of kinks N1, which satisfies
N1 ≥ Ñ1, so we can take for the theorem the constant

C2 = (L + 1 + N1)(L + 3)N2. (E.27)
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Appendix F

n-Cluster-Ising Models:
Diagonalization, Symmetries

Here we diagonalize the exactly solvable n-Cluster-Ising models

H =
N

∑
j=1

σx
j σx

j+1 + λ
N

∑
j=1

σ
y
j

(
σz

j+1σz
j+2 . . . σz

j+n
)
σ

y
j+n+1, (F.1)

with frustrated boundary conditions (given by periodic boundary conditions σα
j+N =

σα
j , for α = x, y, z, and odd system size N = 2M + 1) and discuss the symmetries of

the models. We consider the Cluster Ising models with an even number n, since
they belong to the symmetry class considered in Chapter 6, i.e. they posses anticom-
muting parity symmetries for odd N. Moreover, we focus on the parameter region
λ ∈ (−1, 1), where the Ising coupling is larger than (and dominating over) the clus-
ter one.

It is known [161, 170] that the models described by Hamiltonian (F.1) can be
solved through an exact mapping to a system of free fermions, employing the same
techniques as in the diagonalization of the quantum XY chain [56, 91], which can
be considered the special case n = 0. The diagonalization is thus similar to the
diagonalization of the XY chain with FBC, presented in details in Appendix C. This
appendix is based on [6].

F.1 Diagonalization of the n-Cluster-Ising models

We are now diagonalizing Hamiltonian (F.1), when n is an even number. Let us note
that the procedure works for odd n as well, the difference being in the expression for
the energy of the π-mode in (F.10) later. The Hamiltonian commutes with Πz and
we split the diagonalization in two sectors of Πz,

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
. (F.2)

In each sector the Hamiltonian is quadratic in terms of Jordan-Wigner fermions

cj =
( j−1⊗

l=1

σz
l

)σx
j + ıσy

j

2
, c†

j =
( j−1⊗

l=1

σz
l

)σx
j − ıσy

j

2
. (F.3)

It reads

H± = −
N

∑
j=1

(cjcj+1 + cjc†
j+1 + h.c.) + λ

N

∑
j=1

(cjcj+n+1 − cjc†
j+n+1 + h.c.) , (F.4)
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where cj+N = ∓cj in the sector Πz = ±1.
The Hamiltonian in each sector is quadratic so it can be brought to a form of free

fermions. To achieve this, first H± are written in terms of the Fourier transformed
Jordan-Wigner fermions,

bq =
1√
N

N

∑
j=1

cj e−ıqj, b†
q =

1√
N

N

∑
j=1

c†
j eıqj, (F.5)

for q ∈ Γ±, where the two sets of quasi-momenta are given by Γ− = {2πk/N} and
Γ+ = {2π(k + 1

2 )/N} with k running over all integers between 0 and N − 1. The
Bogoliubov rotation

aq = cos θq bq + ı sin θq b†
−q, q 6= 0, π

aq = bq, q = 0, π
(F.6)

with the Bogoliubov angle

θq = arctan
|1 + λ eı(n+2)q| − λ cos

[
(n + 1)q

]
− cos q

−λ sin
[
(n + 1)q

]
+ sin q

(F.7)

then brings H± to a free fermionic form. The Bogoliubov angle also satisfies

eı2θq = eıq 1 + λ e−ı(n+2)q

|1 + λ e−ı(n+2)q| . (F.8)

After these sets of transformations, the original Hamiltonian is mapped into

H± = ∑
q∈Γ±

εq

(
a†

q aq −
1
2

)
, (F.9)

where the quasi-particle energies are given by

εq = 2|1 + λ eı(n+2)q| = 2
√

1 + λ2 + 2λ cos
[
(n + 2)q

]
∀ q 6= 0, π,

ε0 = 2(1 + λ) q = 0 ∈ Γ−, (F.10)
επ = −2(1 + λ) q = π ∈ Γ+.

Before proceeding, let us note one technical subtlety in the diagonalization of the
model. The Bogoliubov angle θq, defined by (F.7) can become undefined for some
modes q 6= 0, π also point-wise, by fine–tuning of the parameters n, N, and λ. This
problem can be circumvented by using (F.8) to define the Bogoliubov angle and such
points can be neglected.

F.2 Eigenstates construction for the n-Cluster-Ising models

The eigenstates of H are formed by applying Bogoliubov fermions creation operators
on the vacuum states |0±〉, which satisfy aq |0±〉 = 0 for q ∈ Γ± and taking care of
the parity requirements in (F.2). The vacuum states are given by

|0±〉 = ∏
0<q<π, q∈Γ±

(
cos θq − ı sin θq b†

q b†
−q
)
|0〉 , (F.11)
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where |0〉 = |↑↑ ... ↑〉 is the state of all spin up and the vacuum for Jordan-Wigner
fermions, satisfying cj |0〉 = 0. The vacuum states |0+〉 and |0−〉 both have, by con-
struction, parity Πz = +1. The parity requirements in (F.2) imply that the eigenstates
of H belonging to the Πz = −1 sector are of the form a†

q1
a†

q2
...a†

qm
|0−〉 with qi ∈ Γ−

and m odd, while Πz = +1 eigenstates are of the same form but with qi ∈ Γ+, m even
and the vacuum |0+〉 used. It is important to stress that the total quasi-momentum
of these Hamiltonian eigenstates is also the momentum of the states that generates
lattice translations, i.e. the action of translation operator T on these states acts as a
phase factor

T = exp
(
ı ∑

q∈Γ±
qa†

q aq
)
, (F.12)

which follows from Theorem 5 from Appendix C.3. The identification of the quasi-
momentum from the exact solution with the momentum that generates lattice trans-
lations allows us to draw a connection between the general results of Chapter 6 and
the exactly solvable cluster models.

Because of the anticommuting parity symmetries of the model, having constructed
the states of one sector, say Πz = −1, the states of the other sector can be constructed
also by applying the parity operator Πx (or Πy). Namely, if |ψ〉 is the eigenstate of
H with Πz = −1 then Πx |ψ〉 is also the eigenstate, with the same energy, but with
Πz = +1.

From our construction of the eigenstates we see, in particular, that the ground
states of the model (F.1) are the states a†

q |0−〉 and Πxa†
q |0−〉 for all momenta q ∈ Γ−

that minimize the energy (F.10). Note that in the studied parameter region λ ∈
(−1, 1) the energy of every mode q ∈ Γ− is positive. A consequence of this fact is
that the system is gapless, with the energy gap above the ground state closing as
1/N2, a phenomenology analogous to that of Refs. [1, 2, 66, 71, 73].

Determining the ground states, their momenta and the ground state degeneracy
becomes, thus, a matter of finding the modes q ∈ Γ− with minimal energy. From
(F.10) we see that the modes q ∈ Γ− with minimal energy are, for λ ∈ (0, 1), those
that minimize cos[(n + 2)q], and, for λ ∈ (−1, 0), those that maximize cos[(n + 2)q].
The number of such momenta is given by the theorem which is the subject of the
next section. Denoting by g = gcd(N, n + 2) the greatest common divisor of N and
n + 2, from the theorem it follows that the number of modes minimizing the energy
is 2g and g for λ ∈ (0, 1) and λ ∈ (−1, 0) respectively. Taking into account the two-
fold degeneracy between different parity sectors, we conclude that the ground state
degeneracy is 4g and 2g for λ ∈ (0, 1) and λ ∈ (−1, 0) respectively.

Let us determine explicitly some of the ground state momenta. We are going to
focus on the example presented in Chapter 6, given by n = 4 and λ ∈ (0, 1). From
part b) of the theorem in the next section we see that the ground state momenta
q ∈ Γ− are those that satisfy

cos(6q) = − cos
(

π
g
N

)
, (F.13)

where g = gcd(N, 6). We are going to focus on the cases N mod 12 = 1 and
N mod 12 = 3, that illustrate our points in Chapter 6, while the other cases can
be treated in an analogous way. In the case N mod 12 = 1 we have g = 1 so the
ground space is four-fold degenerate (corresponding to two different momenta). It
is easy to see that momenta

q =
2π

N
N − 1

12
,

2π

N
11N + 1

12
(F.14)
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indeed belong to Γ− and satisfy the relation (F.13), and are thus the ground state
momenta. In the case N mod 12 = 3 we have, on the other hand, g = 3 so the
ground space is 12-fold degenerate (corresponding to six different momenta). The
ground state momenta are in this case

q =
2π

N
N − 3

12
,

2π

N
3N + 3

12
,

2π

N
5N − 3

12
,

2π

N
7N + 3

12
,

2π

N
9N − 3

12
,

2π

N
11N + 3

12
.

(F.15)

F.3 Extremization of the energy spectrum for the n-Cluster-
Ising models

In this section we prove the following theorem, that enables to find the ground state
degeneracy of the n-Cluster-Ising model setting m = n + 2.

Theorem 7. Let m and N be positive integers, such that m < N and N is odd. Let us denote
their greatest common divisor by g = gcd(N, m). Consider the function f (j) = cos

( 2πm
N j
)

defined for j ∈ {0, 1, . . . N − 1}.

(a) The function f has g maxima on the set {0, 1, . . . N − 1}, where the function reaches
value 1.

(b) The function f has 2g minima on the set {0, 1, . . . N− 1}, where the function reaches
value − cos(πg/N).

For the proof we will use the concept of a multiset, i.e. a set in which elements
can repeat. Two multisets are equal if they contain the same elements, with the same
multiplicities. We define the multiplication of the multiset of numbers by a constant:
If A = {α : α ∈ A} is a multiset of (complex) numbers and c a (complex) number
we define the multiplication in the obvious way, by multiplying each element of the
multiset by c,

cA = {cα : α ∈ A}. (F.16)

We also introduce the distance of a number from a set, or a multiset, of numbers. Let
β be a (complex) number and A a set, or a multiset. Then the distance of β from A is

d(β; A) = min{|α− β| : α ∈ A}. (F.17)

More generally inf should be used instead of min, of course, but for our purposes it
is going to be the same.

Now we introduce a definition about modular arithmetic and multisets. Suppose
we have two multisets of integers, A and B, and let m also be an integer. We say that
A = B (mod m) if

{α mod m : α ∈ A} = {β mod m : β ∈ B}, (F.18)

i.e. if looking at equalities modulo m the elements and multiplicities are the same.
With these notions introduced we can prove the theorem.

Proof. (a) If we expand the domain j ∈ {0, 1, . . . N− 1} of function f to real values
j ∈ R then it is easy to see that the function is maximized for j ∈ N

m Z, with
value f (j) = 1. Within our restricted domain of integers, the elements j that
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minimize the function f (j) are simply those that satisfy both j ∈ {0, 1, . . . N −
1} and j ∈ N

m Z, i.e. those j ∈ {0, 1, . . . N − 1} satisfying

d
(

j;
N
m

Z
)
= 0. (F.19)

Since 0 ≤ j ≤ N − 1 the condition (F.19) is equivalent to

d
(

j;
N
m
{0, 1, 2 . . . , m− 1}

)
= 0. (F.20)

Clearly, there are as many minimizing values j as there are integers in the set

N
m
{0, 1, 2 . . . , m− 1}, (F.21)

and this number is, further, equal to the number of zeroes in the multiset

A ≡
{

Nl mod m : l = {0, 1, 2, . . . m− 1}
}

. (F.22)

We proceed by exploring the properties of the multiset A. Bringing N out of
the multiset we get

A = N{0, 1, 2 . . . , m− 1} (mod m). (F.23)

Introducing the greatest common divisor of N and m, denoted by g = gcd(N, m),
and defining

B = g{0, 1, 2, . . . m− 1} (F.24)

we can write
A =

N
g

B (mod m). (F.25)

The first step is to show that B consists of repeating blocks, if we look at equal-
ities (mod m). Multiplying with g in (F.24) we get trivially

B = {0, g, 2g . . . , (m− 1)g} (mod m). (F.26)

But notice
g(m− 1)

(mod m)
= m− g =

(m
g
− 1
)

g. (F.27)

This means that the multiset B consists mod m of repeating blocks

0, g, 2g, . . . ,
(m

g
− 1
)

g. (F.28)

We know that the number of elements in the multiset is m, while we see that
the number of elements in the block is m/g. We conclude that the total number
of blocks that form the multiset B must be g.

The next step is to examine each block as a multiset and show that it is unaf-
fected by multiplication by N/g, i.e. that

N
g
{0, g, 2g, . . .

(m
g
− 1
)

g} = {0, g, 2g, . . .
(m

g
− 1
)

g} (mod m). (F.29)
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For this purpose, it is sufficient to show that all elements on the left are dif-
ferent. It is simple to see that this is the case by assuming the contrary and
reducing to contradiction. We assume, thus, that there are two elements which
are equal,

N
g
(l1g) =

N
g
(l2g) (mod m), (F.30)

for some l1, l2 ∈ {0, 1, . . . , m/g − 1} such that l1 < l2. The assumed equality
implies

N(l2 − l1) = 0 (mod m), (F.31)

so that N(l2 − l1) is divisible by m, and (l2 − l1)N/g is divisible by m/g. But
since l2 − l1 ∈ {0, 1, . . . m/g− 1} we have that l2 − l1 is not divisible by m/g.
It follows that N/g must have common divisors with m/g, which is in contra-
diction with the property of g being the greatest common divisor of N and m.
Thus, we have shown that each block is unaffected by multiplication by N/g.

The last step is to conclude from (F.25) that the set A consists of g repeating
blocks (F.28). In particular, A contains g zeroes, which proves part (a) of the
theorem.

(b) If we expand the domain j ∈ {0, 1, . . . N − 1} of function f to real values j ∈ R

then it is easy to see that f (j) is minimized for j = N
2m (2l + 1), l ∈ Z, with value

f (j) = −1. However, since for odd N these values of j are never integers, they
do not coincide with our restricted domain j ∈ {0, 1, . . . , N − 1}, and we have
to find how close to these values we can get. The minimum of f is achieved by
those values j ∈ {0, 1, . . . , N − 1} that minimize the distance

d
(

j;
N

2m
{2l + 1 : l ∈ Z}

)
= d

(
j;

N
2m
{2l + 1 : l ∈ {0, 1, . . . , m− 1}

)
, (F.32)

where the equality holds since 0 ≤ j ≤ N − 1. To count all j that minimize the
distance we take the following approach. Let us denote the minimal distance
by dmin. We first count how many values of l ∈ {0, 1, . . . , m− 1} have

d
( N

2m
(2l + 1); {0, 1, . . . , N − 1}

)
= dmin, (F.33)

and then for each such minimizing l we count all j ∈ {0, 1, . . . , N − 1} with

∣∣∣ N
2m

(2l + 1)− j
∣∣∣ = dmin, (F.34)

To each such l there can be associated one or two values of j, depending on
whether dmin < 1/2 or dmin = 1/2 respectively. It is easy to see that, since
m < N, the same value of j cannot be associated to different values of l.

We will now use a similar procedure as in part (a) and explore the multiset

C ≡
{

N(2l + 1) mod (2m) : l = {0, 1, 2, . . . m− 1}
}

, (F.35)

which determines the distances of interest. Bringing N out we have

C = N{1, 3, . . . 2m− 1} (mod 2m). (F.36)
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Now we introduce the greatest common divisor g = gcd(N, m) = gcd(N, 2m),
where the last equality holds since N is odd, and define the multiset

D = g{1, 3, . . . , 2m− 1}. (F.37)

Then we can write
C =

N
g

D (mod 2m). (F.38)

The first step is to show that D consists of repeating blocks, if we look at equal-
ities (mod 2m). Multiplying with g in (F.37) we get trivially

B = {g, 3g . . . , (2m− 1)g} (mod 2m). (F.39)

But notice
g(2m− 1)

(mod 2m)
= 2m− g =

(
2

m
g
− 1
)

g. (F.40)

This means that the multiset D consists (mod 2m) of repeating blocks

g, 3g, . . . ,
(

2
m
g
− 1
)

g. (F.41)

We know that the number of elements in the multiset is m, while we see that
the number of elements in the block is m/g. We conclude that the total number
of blocks that forms the multiset D must be g.

The next step is to examine each block as a multiset and show that it is unaf-
fected by multiplication by N/g, i.e. that

N
g
{g, 3g, . . .

(
2

m
g
− 1
)

g} = {g, 3g, . . .
(

2
m
g
− 1
)

g} (mod 2m). (F.42)

Since N/g is odd, for this it is sufficient to show that all elements on the left
are different. It is simple to see that this is the case by assuming the contrary
and reducing to contradiction. We assume, thus, that there are two elements
which are equal,

N
g
(2l1 + 1)g =

N
g
(2l2 + 1)g (mod 2m), (F.43)

for some l1, l2 ∈ {0, 1, . . . , m/g − 1} such that l1 < l2. The assumed equality
implies (F.30), and by the same argument as in part (a) we conclude there is a
contradiction. Thus, blocks are unaffected by multiplication by N/g. It follows
that C consists of g repeating blocks (F.41)

The last step is to conclude from the block structure of C about the number of
minima. We look separately at two cases, g = m and g < m. In the first case,
g = m, we have 2m− g = g so C consists only of elements g = m, implying
the distance

d
( N

2m
(2l + 1); {0, 1, . . . , N − 1}

)
=

1
2

. (F.44)

for all l ∈ {0, 1, . . . m− 1}. For each l there is necessarily j ∈ {0, 1 . . . , N − 1}
such that ∣∣∣ N

2m
(2l + 1)− j

∣∣∣ =
∣∣∣ N
2m

(2l + 1)− (j + 1)
∣∣∣ = 1

2
. (F.45)
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Counting all corresponding j and j + 1 it follows that f has 2g minima on the
set {0, 1, . . . N − 1}.
In the second case, g < m, the values l with

N(2l + 1)
(mod 2m)

= g and N(2l + 1)
(mod 2m)

= 2m− g (F.46)

minimize the distance (F.33), with

dmin =
g

2m
(F.47)

Since dmin < 1/2 in this case, for each such l there is only one value j ∈
{0, 1, . . . , N − 1} with ∣∣∣ N

2m
(2l + 1)− j

∣∣∣ = dmin. (F.48)

Due to block structure of C, there is g values of l satisfying the first and g values
satisfying the second equation in (F.46). It follows that the number of minima
of f is again 2g. Both in the case m = g and m < g the value of the minimum is

cos
[

2πm
N

(
N(2l + 1)

2m
± g

2m

)]
= − cos

(πg
N

)
. (F.49)

In fact, in the proof of part (a) of the theorem the property of N being odd was
nowhere used, and the same statement holds for the case of even N. The part (b)
would be different in the case of even N, since then, in general, N(2l + 1)/(2m)
could achieve integer values and belong to the domain {0, 1, . . . , N − 1}.

F.4 Ground state degeneracy from the symmetries

Here we explain the ground state degeneracy of the n-Cluster-Ising chain based on
the symmetries, in details. We denote g ≡ gcd(N, n + 2). Let us introduce the short-
hand notation

Rj ≡ σx
j−1σx

j + λσ
y
j

(
σz

j+1σz
j+2 . . . σz

j+n
)
σ

y
j+n+1 (F.50)

so that H = ∑N
j=1 Rj. The Hamiltonian can then be decomposed as

H =
g

∑
k=1

H(k), (F.51)

where
H(g) = Rg + R2g + R3g + . . . + RN (F.52)

and
H(k) =

(
T†
)k

H(g)Tk (F.53)

for k = 1, 2, . . . , g − 1. All the Hamiltonians H(k) commute with Tg. Crucially, we
find that all these Hamiltonians mutually commute ([H(k), H(l)] = 0). Since different
cluster terms, i.e. σ

y
j

(
σz

j+1σz
j+2 . . . σz

j+n
)
σ

y
j+n+1 for different j, mutually commute, to

show the latter it is sufficient to show that all the terms σx
j−1σx

j appearing in H(k) for
k 6= g commute with all the cluster terms σ

y
j

(
σz

j+1σz
j+2 . . . σz

j+n
)
σ

y
j+n+1 appearing in
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H(g). This follows simply from the observation that σ
y
0

(
σz

1 σz
2 . . . σz

n
)
σ

y
n+1 commutes

with σx
j−1σx

j for j ∈ {0, 1, 2, . . . , n + 2} − {0, g, 2g, . . . , n + 2}, where the minus sign
stands for the exclusion.

Thus, different Hamiltonians H(k) mutually commute and they commute with
the total Hamiltonian H. Moreover all these operators commute with Tg. Since
all these operators mutually commute they can be diagonalized simultaneously.
Suppose then that the state |ψ〉 is a common eigenstate of H, Tg and H(k) for k =
0, 1, . . . g− 1. Due to topological frustration the ground state of H does not coincide
with the ground state of H(k) for all k, but it is the first excited state for a particular
k and the ground state for the other (it is easy to see for λ = 0, while for general
λ ∈ (−1, 1) this can be seen in the fermionic picture of the exact solution). This im-
plies that the states Tk |ψ〉 for k = 0, 1, . . . g− 1 are mutually orthogonal and that the
ground state manifold is at least g-fold degenerate.

We can relate this degeneracy to the momentum shift. Suppose that |ψ〉 is an
eigenstate of Tg with the eigenvalue eıgp for some momentum p ∈ 2π

N Z. Any eigen-
value of Tg can be written in this form. It follows that the (normalized) state

1√
g

[
1 + e−ıpT +

(
e−ıpT

)2
+ . . . +

(
e−ıpT

)g−1
]
|ψ〉 (F.54)

is an eigenstate of T with the eigenvalue eıp. However, since the transformation
p → p + 2π/g does not change the value of eıgp, the state obtained from (F.54) by
this transformation is also an eigenstate of T. Thus, if there is a ground state with
momentum p, there is also a ground state with momentum p + 2π/g.

The ground state degeneracy of the model, 2g or 4g, now follows from the parity
symmetry and the mirror symmetry, as discussed in Chapter 6.
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Appendix G

2-Cluster-Ising Chain: Exact
Methods, Bond Defect

This is the appendix for Chapter 7, based on [7].

G.1 Diagonalization of the Hamiltonian:

The n-Cluster Ising model for arbitrary even n has been already diagonalized in
Appendix E. The Hamiltonian (7.1) can be obtained from Hamiltonian (F.1) by mul-
tiplying the latter by cos φ and setting λ = tan φ, n = 2.

It follows that decomposing the Hamiltonian of the 2-Cluster Ising Model eq. (7.1)
in two Πz sectors as

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
, (G.1)

in each one it can be brought to a form of free fermions

H± = ∑
q∈Γ±

εq

(
a†

q aq −
1
2

)
. (G.2)

The Bogoliubov fermions aq are defined by (F.6), with the Bogoliubov angle

θq = tan−1 | sin φ + cos φ eı4q| − sin φ cos(3q)− cos φ cos q
− sin φ sin(3q) + cos φ sin q

(G.3)

for q 6= 0, π and by θ0 = θπ = 0. The Bogoliubov angle also satisfies

eı2θq = eıq cos φ + sin φ e−ı4q

| cos φ + sin φ e−ı4q| . (G.4)

The energies εq associated to each mode with momentum q ∈ Γ± are given by

εq = 2| cos φ + sin φ eı4q| ∀ q 6= 0, π ;
ε0 = 2(cos φ + sin φ) q = 0 ∈ Γ− ; (G.5)
επ = −2(cos φ + sin φ) q = π ∈ Γ+ .

Depending on the value of φ, the energies of the modes with q = 0 ∈ Γ− and
q = π ∈ Γ+ are different from the others because they can become negative. With-
out frustration, these negative energy modes are responsible for the ground state
degeneracy that allows for the spontaneous symmetry breaking mechanism, while



170 Appendix G. 2-Cluster-Ising Chain: Exact Methods, Bond Defect

in presence of frustration they play a different and pivotal role in the emerging phe-
nomenolgy. Indeed, for each φ the ground states of the system can be determined
starting from the vacuum of Bogoliubov fermions in the two sectors (|0±〉), which,
by construction, have positive parity Πz = 1, and taking into account both the pres-
ence of modes with negative energy and the parity constrains.

When φ ∈ (−π,−π
2 ) (both interactions are “ferromagnetic”), we have επ > 0

while ε0 < 0 and hence, in each parity sector, the state with the lowest energy, re-
spectively |0+〉 and a†

0 |0−〉, fulfills the parity requirement. They are separated from
the other states by a finite energy gap that, in the thermodynamic limit becomes
equal to −2ε0 = 2επ 6= 0. This is the same physical picture that can be found also
assuming open boundary conditions [170] and hence also the thermodynamic be-
havior is the same. A quantum phase transition at φ = −3 π

4 separates two different
ordered phases. When the Ising interaction prevails over the cluster one, i.e. for
φ ∈ (−π,−3 π

4 ), the system shows a ferromagnetic phase characterized by a non-
zero value of the magnetization along x. On the other side of the critical point, when
φ ∈ (−3 π

4 ,−π
2 ), we have that the system is in a nematic phase identified by the

zeroing of the magnetization in all directions and the simultaneous setting up of a
non-vanishing value of the expectation value of the nematic operator Oj.

On the contrary, when φ ∈ (0, π
2 ), both the cluster and Ising interaction are “anti-

ferromagnetic”, and hence we have topological frustration (TF) in the system: in this
region ε0 > 0 while επ < 0. As a consequence of this, the two states with the lowest
energy are, respectively, a†

π |0+〉 in the even sector and |0−〉 in the odd one. Both of
them violate the parity requirements in (G.1) and, therefore, cannot be eigenstates
of the the Hamiltonian in eq. (7.1). Instead, the ground-states belong to a four-fold
degenerate manifold spanned by the states |±p〉 ≡ a†

±p |0−〉 in the odd sector and
Πx |±p〉 in the even one, where the momentum p obeys

p =





π
4 − π

4N , N mod 8=1
3π
4 − π

4N , N mod 8=3
3π
4 + π

4N , N mod 8=5
π
4 + π

4N , N mod 8=7.

(G.6)

These states are surmounted by a band states, with the gap above the ground state
closing as 1/N2 for large N.

G.1.1 The order parameters and their representation as determinants:

In evaluating the order parameters it is useful to first define the Majorana fermions

Aj =
( j−1⊗

l=1

σz
l

)
σx

j , Bj =
( j−1⊗

l=1

σz
l

)
σ

y
j . (G.7)

The expectation values of interest will be expressed in terms of determinants of Ma-
jorana correlation matrices, employing techniques similar to the ones used in Chap-
ter 4 for the magnetization. Among the states in the ground space manifold a special
role is played by two of them, defined as

|g±〉 ≡
1√
2
(|p〉 ± |−p〉) , (G.8)
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which are eigenstates of Πz with eigenvalue −1 and of the mirror operator with
respect to site N, denoted by MN , (see Appendix C.4) with eigenvalue ±1 (respec-
tively). Note that the site N is defined with respect to the beginning of the Jordan-
Wigner string in eq. (F.3).

As discussed in Chapter 7, for an operator KN , that commutes with Πx and
anticommutes with Πz, the ground state expectation values depend on the ma-
trix elements F1(KN) = 〈p|ΠxKN |p〉 and F2(KN) = 〈−p|ΠxKN |p〉. Assuming
MNKN MN = KN , we have both 〈p|KNΠx |p〉 = 〈−p|KNΠx |−p〉 and 〈−p|KNΠx |p〉
= 〈p|KNΠx |−p〉, so the matrix elements can be expressed through the expectation
values of the states in eq. (G.8) as

F1(KN) =
1
2 (〈g+|KNΠx|g+〉+〈g−|KNΠx|g−〉) , (G.9)

F2(KN) =
1
2 (〈g+|KNΠx|g+〉−〈g−|KNΠx|g−〉) .

Now, because the operator KNΠx commutes with Πz, the expectation values
〈g±|KNΠx|g±〉 can be obtained following a well known approach that applies to all
operators that commute with Πz and all ground states of well-defined parity [90,
91].

The first step is to express KNΠx as a product of Majorana fermions. The second
step is to use Wick theorem (the same argument as in Appendix C can be used to
justify the validity of Wick theorem in these states) to express the expectation values
as determinants of matrices of two-point Majorana correlators. Adopting the short
notation 〈·〉± = 〈g±| · |g±〉, we have that 〈Aj Ak〉± = 〈BjBk〉± = δjk and

− ı 〈AjBk〉± =
1
N ∑

q∈Γ−
eı2θq e−ıq(j−k) − 2

N
cos

[
p(j− k)− 2θp

]
∓ 2

N
cos

[
(j + k)p

]
.

(G.10)

Local Order Parameter

Following this approach, for KN = σx
N we get

〈σx
NΠx〉± = (−1)

N−1
2 det C(1), (G.11)

where the elements of the N−1
2 × N−1

2 matrix C(1) are equal to C(1)
α,β = −ı〈A2αB2β−1〉±,

for α, β ∈ {1, 2, . . . (N − 1)/2}. Similarly, for KN = ON we obtain

〈ONΠx〉± = (−1)
N−1

2 det C(2), (G.12)

where C(2) is an N+1
2 × N+1

2 matrix. Its elements are given by C(2)
α,β = −ı〈A f (α)B f ′(β)〉±,

where as α, β go over 1, 2, . . . (N + 1)/2 we have that f (α) and f ′(β) assume the val-
ues f (α) = 1, 3, 5, . . . , N − 4, N − 2, N − 1 and f ′(β) = 1, 2, 4, 6, . . . , N − 3, N − 1.

String Order Parameters

To define string operators that can be exploited to characterize the quantum phase
transition at φ = π/4 we started from an observation made in Ref. [161]. In that
work, the authors prove that in the thermodynamic limit of the unfrustrated cluster-
Ising model, the only Majorana correlation functions that are not zero are those for
which the site indices satisfy the relation i− j = 3k− 1 where k is an integer. Even
if this observation was made for a different model and in the absence of frustration,
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from the expression of the Majorana functions it is easy to observe that a similar
property holds also in our case. In fact, it is possible to see that, in our case, all the
Majorana correlation functions that do not satisfy the property i − j = 4k − 1 van-
ish in the limit of large N. The presence of TF adds 1/N corrections to Majorana
fermions so it does not affect these properties, but it can affect the values of order
parameters because they are expressed in terms of determinants of Majorana corre-
lation matrices whose size grows with N. Hence, we tried to see if string operators,
whose expectation value depends only on Majorana correlators that do not become
zero in the thermodynamic limit, are able to characterize the quantum phase transi-
tion. Among all the possibilities we focus on two of them that are one the image of
the other after the duality transformation, namely

M =
I(N)

∏
k=1

(
σx

4k−2σx
4k−1

)
; N =

I(N)

∏
k=1

(O4k−2O4k−1) , (G.13)

where I(N) = N−1
4 for N mod 4 = 1 and I(N) = N+1

4 − 1 for N mod 4 = 3.
We can use the same approach as for the local operators for the evaluation of the

expectation values for two string order parameters, F1(M) and F1(N ), in terms of
determinants. With respect to the states |g±〉 they read

F1(K) =
1
2

(
〈K〉+ + 〈K〉−

)
, (G.14)

with K = N , M. In this case we have the determinant representation

〈M〉± = (−1)I(N) det C(3),

〈N 〉± = (−1)I(N) det C(4), (G.15)

where C(3) and C(4) are I(N) × I(N) matrices, with I(N) = N−1
4 for N mod 4 =

1 and I(N) = N+1
4 − 1 for N mod 4 = 3. Their elements are given by C(3)

α,β =

−ı〈A4α−1B4β−2〉± and C(4)
α,β = −ı〈A4αB4β−3〉±, for α, β ∈ {1, 2, . . . , I(N)}.

Analytic evaluation of the string order parameter

The expressions in eq. (G.14) are efficient for the numerical evaluation of the string
order parameters. Here we show how to analytically evaluate the value that the
string order parameter F1(M) assumes in the thermodynamic limit. To do so we
express it in terms of Toeplitz determinants, using an approach similar to the one
used in [3, 72] (see Appendix C.5.1) for the two-point spin correlation functions. The
string order parameter F1(N ) can be studied in an analogous way.

We start by noting that the string order parameter is equal to

F1(M)=(−1)I(N)〈0−| ap

I(N)

∏
k=1

(−ıA4k−1B4k−2)a†
p |0−〉 (G.16)

and then we make Wick contractions in the vacuum state |0−〉. Adopting the short
notation 〈·〉0 = 〈0−| · |0−〉, we have 〈Aj Ak〉0 = 〈BjBk〉0 = δjk and

− ı 〈AjBk〉0 =
1
N ∑

q∈Γ−
eı2θq e−ıq(j−k). (G.17)
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Moreover, since we can express the Majorana fermions as

Aj =
1√
N

∑
q∈Γ−

(a†
q + a−q)eıθq e−ıqj,

−ıBj =
1√
N

∑
q∈Γ−

(a†
q − a−q)e−ıθq e−ıqj,

(G.18)

we can easily find the contractions

−ı 〈ap Aj〉0 〈Bka†
p〉0 = − 1

N
eı2θp e−ıp(j−k),

−ı 〈apBk〉0 〈Aja†
p〉0 =

1
N

e−ı2θp eıp(j−k).
(G.19)

Performing all the Wick contractions in eq. (G.16) and using the basic properties
of determinants, the string order parameter can be expressed as

F1(M) = (−1)I(N)
[(

det C̃ + c.c.
)
− det C

]
, (G.20)

where C̃ and C are I(N)× I(N) matrices with the elements

Cα,β = −ı 〈A4α−1B4β−2〉0 ,

C̃α,β = Cα,β −
1
N

eı(2θp−p)e−ı4p(α−β),
(G.21)

for α, β ∈ {1, 2, . . . , I(N)}, which give an alternative expression to eq. (G.14) for its
analytical evaluation.

Using eq. (G.4), approximating the sum in eq. (G.17) by an integral, and doing
some simple manipulations we get

Cα,β
N→∞'

∫ 2π

0
f (eıθ)e−ıθ(α−β) dθ

2π
, (G.22)

where

f (eıθ) =
1 + tan φ e−ıθ

|1 + tan φ e−ıθ | . (G.23)

With this definition we can also write

C̃α,β = Cα,β −
1
N

f (eıθ0)e−ıθ0(α−β), (G.24)

where θ0 = 4p.
Thus for φ ∈ (0, π/4) the matrix C is a standard Toeplitz matrix, whose symbol is

a non-zero analytic function in an annulus around the unit circle, with zero winding
number. Its determinant can be computed in the standard way using strong Szegő
limit theorem (see [196]) and we get

det C
N→∞' (1− tan2 φ)

1
4 . (G.25)

To compute the determinant of C̃ we need to use Theorem 1 from [3] (Theorem 3
from Chapter 9), which gives a correction to Szegő theorem for this type of Toeplitz
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matrices. We get

det C̃
N→∞'

(
1− I(N)

N

)
det C

N→∞' 3
4
(1− tan2 φ)

1
4 . (G.26)

Finally, from eq. (G.20) we get the string order parameter

F1(M)
N→∞' (−1)I(N) 1

2
(1− tan2 φ)

1
4 . (G.27)

For φ ∈ (π/4, π/2) the symbol f has a non-zero winding number. It follows
immediately from Theorem 2 from [3] (Theorem 4 from Chapter 9) that the string
order parameter is zero in the thermodynamic limit,

F1(M)
N→∞' 0. (G.28)

G.1.2 Effects of the presence of a defect

The scenario that we have depicted for the 2-cluster-Ising model is very peculiar,
and it is normal to wonder whether it is resilient to the presence of noise, or it is the
result of fine-tuning in the system parameters. Obviously, a complete analysis of the
effects of the presence of defects in our model is far beyond the scope of Chapter 7
and has been the subject of analysis in Chapter 5, but for a different model. Here we
discuss a simple example that shows that the phenomenology that we have depicted
in the main body of this work is quite resilient.

Hence let us take into account the Hamiltonian

H′ = sin φ
N

∑
j=1

σ
y
j−1σz

j σz
j+1σ

y
j+2 + + cos φ

N−1

∑
j=1

σx
j σx

j+1 + cos(φ + δx) σx
Nσx

1 ,

that coincides with the Hamiltonian in eq. (7.1) except for the presence of a defect in
the Ising interaction, localized between the first and the last spin of the model. Such
a presence implies that the new Hamiltonian in eq. (G.29) is neither translationally
invariant nor preserves the mirror symmetries, except the one with respect to the
(N + 1)/2-th spin, while it continues to commute with all the parity operators. As
a consequence, the ground state degeneracy of H′ is reduced to two, even in the
region where H, without the defect, presents a four dimensional manifold. However,
independently of the parameters, H′ always includes states of both parities so we
can continue to use the already described approach to evaluate directly the order
parameter.

Since H′ is no more translationally invariant, it is now impossible to find an exact
analytical expression for the ground states. We are then forced to resort to an efficient
numerical procedure based on the fact that the Hamiltonian is, in each Πz sector, still
quadratic in terms of the fermionic operators and hence its eigenstates can be found
following Ref. [4, 91] (see Appendix D). We focus on the odd sector (Πz = −1), since
having the ground state |g′−〉 of H′ belonging to the odd sector we can construct the
ground state of H′ belonging to the even sector as |g′+〉 = Πx |g′−〉. We write H′ in
the odd sector as

H′=
N

∑
j,k=1

[
c†

j Sj,kck+
1
2

(
c†

j Tj,kc†
k + h.c.

)]
, (G.29)
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FIGURE G.1: Absolute value of the Discrete Fourier transform (DFT)
of the magnetization 〈g′| σx

j |g′〉 at φ = π
8 , as a function of the inverse

chain length, for chain lengths up to N = 1019. Data corresponds
to the following different momenta: green diamonds k = N±5

2 , red
squares k = N±3

2 , and blue circles k = N±1
2 . A ferromagnetic type de-

fect (upper panel) yields a staggered AFM order, while the presence
of an antiferromagnetic one (lower panel) gives rise to an algebraic
decay of the magnetization, characteristic to the presence of TF (see

the text for discussion).

where the matrices S = S† and T† = −T can be easily obtained by inspection from
eq. (G.29). In this approach, the ground state |g′−〉 can be expressed in terms of the
vectors Φk and Ψk, that are the solution of the problem:

Φk(S− T)(S + T) = Λ2
kΦk, (G.30)

Φk(S− T) = ΛkΨk, (G.31)

with the eigenvalues Λ2
k sorted in descending order. From the knowledge of Φk

and Ψk it is easy to recover the correlation functions of the Majorana operators. With
respect to the odd-sector ground state we have 〈g′−| Aj Ak |g′−〉 = 〈g′−| BjBk |g′−〉 = δjk
and

−ı 〈g′−| AjBk |g′−〉 =
N−1

∑
l=1

Ψl jΦlk. (G.32)

If we consider the ground state choice

|g′〉 = 1√
2
(|g′−〉+ |g′+〉) =

1√
2
(|g′−〉+ Πx |g′−〉) , (G.33)

we obtain that the site dependent expectation values of the magnetization and the
nematic order parameter are

〈g′| σx
j |g′〉 = 〈g′−|Πxσx

j |g′−〉 ,

〈g′|Oj |g′〉 = 〈g′−|ΠxOj |g′−〉 . (G.34)
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the string operators defined in eq. (G.13), on the inverse chain length,
for chain lengths up to N = 1019, at φ = π

8 . We observe that, while
F (M) tends to a finite value, F (N ) goes to zero. For both types
of defects we have thus qualitatively a behavior as in Fig. 7.4. The
exact asymptotic value for large N depends on δx: F (M) ' 0.95 and

F (M) ' 0.17 in the upper and lower panel respectively.

These site dependent expectation values can present a complex pattern, from which
the behavior in the thermodynamic limit might not be obvious. Hence, following [4]
(see Appendix D) we resort to their Discrete Fourier Transform (DFT)

TK≡
1
N

N

∑
j=1
〈g′|Kj |g′〉 e

2πı
N kj, k=1, . . . , N, (G.35)

that allows a quantitative analysis of their behavior in the thermodynamic limit.
In Fig. G.1 we focus on the analysis of the magnetization, presenting the results

obtained for its DFT Tσx as a function of the inverse chain length. We see that for
δx > 0 (upper panel) all sampled values go towards finite values in the thermo-
dynamic limit, hence reproducing the typical behavior of the DFT of the staggered
AFM order [4]. On the contrary, changing the sign of δx, the DFT goes to zero for
all k, hence signaling zeroing of the magnetization independently of the site taken
into account. The effect of a negative defect (δx < 0) for φ > 0 is to strengthen the
AFM interaction, so reinforcing the topological frustration, while a positive defect
(δx > 0) weakens the Ising term, so reducing the effect of the frustration and, as a
consequence, allowing the existence of a macroscopic phase characterized by a lo-
cal magnetic order parameter. Note that the property that changing the sign of the
defect yields different properties is a similar phenomenology to the quantum phase
transition driven by the defect in the quantum Ising chain [67] and the XY chain [4]
(see Chapter 5).

Our results imply that, while it is possible to remove the peculiar phase that we
have found by the presence of a localized defect as the one we have considered,
this fact depends on its sign and hence our results are, at least partially, resilient
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to the presence of a defect. To further strengthen this result in Fig. G.2 we have
also analyzed the behavior of the ground state expectation values of the two string
order operators, F (M) ≡ 〈g′|M |g′〉 = 〈g′−|M |g′−〉 and F (N ) ≡ 〈g′| N |g′〉 =
〈g′−| N |g′−〉, as a function of 1/N. In the figure we can appreciate that, regardless of
the sign of the defect, F (M) remains finite in the thermodynamic limit. This result
is in strong agreement with the fact that the phases discovered in the 2-Cluster-Ising
model are partially resilient to the presence of a localized defect.
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Appendix H

Cluster-Ising Chain and Kitaev
Chain: Exact Solution

This is the appendix for Chapter 8, based on the Supplementary Information for [5].

H.1 Cluster-Ising Chain

H.1.1 Diagonalization

The diagonalization of the Cluster-Ising chain is analogous to the diagonalization of
the XY chain, presented in details in Appendix C.2. The Cluster-Ising Hamiltonian

H = cos φ
N

∑
j=1

σx
j σx

j+1 + sin φ
N

∑
j=1

σ
y
j−1σz

j σ
y
j+1 (H.1)

in terms of Jordan-Wigner fermions

cj =
( j−1⊗

l=1

σz
l

)σx
j + ıσy

j

2
, c†

j =
( j−1⊗

l=1

σz
l

)σx
j − ıσy

j

2
, (H.2)

reads

H =− cos φ

[
N−1

∑
j=1

(cjcj+1 + cjc†
j+1)−Πz(cNc1 + cNc†

1) + h.c.

]

+ sin φ

[
N−1

∑
j=2

(cj−1cj+1 − cj−1c†
j+1)−Πz(cN−1c1 + cNc2 − cN−1c†

1 − cNc†
2) + h.c.

]
.

(H.3)

Because of the presence of Πz, the Hamiltonian is not quadratic in the fermions,
but becomes such in each Πz parity sector. Namely, we can split the Hamiltonian as

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
, (H.4)

where both H+ and H− are quadratic. As such, they can be brought to a form of free
fermions.
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This is achieved by first writing H± in terms of the Fourier transformed Jordan-
Wigner fermions,

bq =
1√
N

N

∑
j=1

cj e−ıqj, b†
q =

1√
N

N

∑
j=1

c†
j eıqj, (H.5)

for q ∈ Γ±, where the two sets of momenta are given by Γ− = {2πk/N} and Γ+ =
{2π(k + 1

2 )/N} with k running over all integers between 0 and N − 1. Then the
Bogoliubov rotation

aq = cos θq bq + ı sin θq b†
−q, q 6= 0, π

aq = bq, q = 0, π
(H.6)

with the Bogoliubov angle

θq = arctan
| sin φ + cos φ eı3q|+ cos φ cos q− sin φ cos 2q

cos φ sin q− sin φ sin 2q
(H.7)

brings H± to a free fermionic form. We end up with

H± = ∑
q∈Γ±

εq

(
a†

q aq −
1
2

)
, (H.8)

where the energies are given by

εq = 2
√

1 + sin 2φ cos 3q ∀ q 6= 0, π,
ε0 = 2(sin φ + cos φ) q = 0 ∈ Γ−, (H.9)
επ = 2(sin φ− cos φ) q = π ∈ Γ+.

The eigenstates of H are formed starting from the vacuum states |0±〉, which
satisfy aq |0±〉 = 0 for q ∈ Γ±, and applying Bogoliubov fermions creation operators,
while taking care of the parity requirements in (H.4). The vacuum states are given
by

|0±〉 = ∏
0<q<π, q∈Γ±

(
cos θq − ı sin θq b†

q b†
−q
)
|0〉 , (H.10)

where |0〉 is the vacuum for Jordan-Wigner fermions, satisfying cj |0〉 = 0. In par-
ticular, |0〉 = |↑↑ ... ↑〉 is the state of all spin up. The vacuum states |0+〉 and |0−〉
both have parity Πz = +1 by construction. The parity requirements in (H.4) imply
that the eigenstates of H belonging to Πz = −1 sector are of the form a†

q1
a†

q2
...a†

qm
|0−〉

with qi ∈ Γ− and m odd, while Πz = +1 sector eigenstates are of the same form
but with qi ∈ Γ+, m even and the vacuum |0+〉 used. The ground states are given
explicitly in Chapter 8.

Let us also note one technical subtlety of the model. The Bogoliubov angle θq,
defined by (H.7) can become undefined for some modes q 6= 0, π also point-wise,
by fine–tuning of the parameters N and φ. The Bogoliubov angle for these modes
θq can be defined in the same way as for modes q = 0, π in the next section and
the problem with them can be circumvented. These points do not have different
expectation values of observables and can be neglected.
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H.1.2 Majorana correlators

We are going to present the computation of two-point correlators of Majorana fermions

Aj = c†
j + cj, Bj = ı(c†

j − cj), (H.11)

in the cluster phase in some details, because essentially the same reasoning is valid
also for the Kitaev chain. For this computation it is convenient to write the Hamilto-
nians H± in terms of positive energy fermions dq, that we now define. For q 6= 0, π
we put simply

dq = aq. (H.12)

For the modes q = 0, π the Bogoliubov angle (H.7) is undefined. We are going to
define it also for these modes and use the analogoue of (H.6) to define dq. First, we
note that the Bogoliubov angle defined by (H.7) for q 6= 0, π satisfies

eı2θq = e−ı2q sin φ + cos φ eı3q

| sin φ + cos φ eı3q| . (H.13)

Although for modes q = 0, π the expression (H.7) is undefined, there is no problems
with expression (H.13). We exploit this property and define

θq ≡
1
2ı

log eı2θq , q = 0, π, (H.14)

where by eı2θq the expression on the right hand side of (H.13) is understood. Having
θq we define, as in (H.6),

dq = cos θq bq + i sin θq b†
−q, q = 0, π. (H.15)

Since for q = 0, π we have
eı2θq = sgn(εq) (H.16)

these definitions will result in the property that all fermions dq have positive ener-
gies, i.e. we can write

H± = ∑
q∈Γ±
|εq|

(
d†

qdq −
1
2

)
. (H.17)

With these definitions the ground state of H− (H+), let’s denote it by |g, H−〉 (|g, H+〉)
is the state that is annihilated by all dq for q ∈ Γ− (Γ+), i.e. dq |g, H−〉 = 0.

It is easy to see from the exact solution that the ground state |g〉 of the Cluster-
Ising Hamiltonian H, coincides with |g, H+〉 for φ ∈ (π/4, 3π/4) and with |g, H−〉
for φ ∈ (−3π/4,−π/4). We note that a typical effect of topological frustration [1,
2, 71, 73] is that |g〉 does not coincide with either of them, because of the parity
requirements in (H.4), which is not the case here.

Let us thus compute the Majorana correlation functions in the state |g, H−〉, while
an identical analysis can be made also for |g, H+〉.

From the definitions (H.12) and (H.15), we obtain

bq = cos θqdq + ı sin θqd†
−q. (H.18)
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Now, using the definition (H.5) we get

cj =
1√
N

∑
q∈Γ−

(cos θqdq − ı sin θqd†
−q)e

ıqj, (H.19)

from which we get easily the correlation functions

〈cjcl〉g,H− =
ı

2N ∑
q∈Γ−

sin 2θqeıq(j−l), (H.20)

〈cjc†
l 〉g,H− =

1
2N ∑

q∈Γ−
(1 + cos 2θq)eıq(j−l), (H.21)

Finally, from the definition (H.11) of Majorana fermions we get

〈Aj Al〉g,H− = 〈BjBl〉g,H− = δjl , (H.22)

− ı 〈AjBl〉g,H− =
1
N ∑

q∈Γ−
eı2θq e−iq(j−l). (H.23)

The only difference in the ground state |g, H+〉 is that the sum in (H.23) would be
over Γ+ instead of Γ−. In the limit of a large system the results are the same since
the sum becomes an integral, exponentially fast. We have

〈Aj Al〉g,H± = 〈BjBl〉g,H± = δjl , (H.24)

− ı 〈AjBl〉g,H±
N→∞'

∫ 2π

0
eı2θq e−iq(j−l) dq

2π
. (H.25)

In the antiferromagnetic phase the ground state of the Cluster-Ising chain with
FBCs is not anymore a vacuum state for positive energy fermions, i.e. the ground
state coincides neither with the ground state of H+ nor with the one of H−. Instead,
it corresponds to the vacuum state with one excitation on top of it. Correspondingly,
the Majorana correlation functions acquire corrections of order 1/N. For the ground
state for φ ∈ (−π/4, 0) when N is divisible by 3, presented in Chapter 8, and given
by

|g〉 = (u1a†
0 + u2a†

2π
3
+ u3a†

− 2π
3
) |0−〉 , (H.26)

after some algebra we get

〈Aj Al〉g =δjl −
2ı
N
(|u2|2 − |u3|2) sin

[2π

3
(j− l)

]

− 2ı
N

[
(u∗1u2 − u∗3u1)eı π

3 (j+l−1) + c.c.
]

sin
[π

3
(j− l)

]
,

(H.27)

〈BjBl〉g =δjl −
2ı
N
(|u2|2 − |u3|2) sin

[2π

3
(j− l)

]

− 2ı
N

[
(u∗1u2 − u∗3u1)eı π

3 (j+l+1) + c.c.
]

sin
[π

3
(j− l)

]
,

(H.28)

−ı 〈AjBl〉g =
1
N ∑

q∈Γ−
eı2θq e−ıq(j−l) − 2

N

{
|u1|2 + (|u2|2 + |u3|2) cos

[2π

3
(j− l − 1)

]}

− 2
N

[
(u∗1u2 + u∗3u1)eı π

3 (j+l) + c.c.
]

cos
[π

3
(j− l − 1)

]
− 2

N

[
u∗2u3 e−ı 2π

3 (j+l) + c.c.
]
.

(H.29)
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The ground state and the correlators when N is not divisible by 3 can be reproduced
from these expressions by taking formally u2 = u3 = 0.

H.1.3 Spin-correlation functions

In this section we compute the spin-correlation functions 〈σx
1 σx

1+r〉g in the ground
state |g〉 in the antiferromagnetic phase of the model, given in Chapter 8. We start
from the relation

σx
1 σx

1+r = (−1)r
r

∏
j=1

(−iAj+1Bj) (H.30)

and use the Wick theorem [189–192] to reduce the spin-correlation functions to the
pfaffian of the Majorana correlation matrix.

Let us first discuss the applicability of the Wick theorem. When N is not divisible
by 3, or when N is divisible by 3 and uj = 1 for some j ∈ {1, 2, 3}, it’s easy to
write the ground state as a vacuum state for some fermionic operators, so the Wick
theorem can be applied. In a more general case when N is divisible by 3 it’s a bit
more complicated. If some coefficient uj is equal to zero then the same argument
as in Appendix C.6.2 can be given for the applicability. If all of them are non-zero
we proceed in the following way. First, similarly to Appendix C.6.2, we define the
fermions αq by

αp =
1

(|u2|2 + |u3|2)1/2

(
u2a†

p + u3a†
−p

)
, α−p =

1
(|u2|2 + |u3|2)1/2

(
u3ap − u2a−p

)
,

(H.31)
for p ≡ 2π/3, and by αq = aq for q 6= p,−p. Then we make another similar step and
define the fermions βq by

β0 = α−p, βp = u1a†
0 + (|u2|2 + |u3|2)1/2αp, β−p = (|u2|2 + |u3|2)1/2a0 − u1α†

p,

and by βq = αq for q 6= 0, p,−p. Then the state (H.26) satisfies |g〉 = βp |0−〉 and
it’s easy to see that it is annihilated by all βq, i.e. we have βq |g〉 = 0 for all q ∈ Γ−.
Thus, we have expressed the ground state as the vacuum for fermions βq. Moreover,
since Majorana fermions Aj, Bj can be expressed as a linear combination of fermions
aq, a†

q , they can also be expressed as a linear combination of βq, β†
q. Therefore, Wick

theorem can be applied.
Applying the Wick theorem, we express the spin-correlation function as a pfaf-

fian

〈σx
1 σx

1+r〉g = (−1)r+b r
2 c pf

(
A C
−CT −B

)
. (H.32)

Here A and B are antisymmetric r × r matrices, defined by the elements Aj,l =
〈Aj+1 Al+1〉g and Bj,l = 〈BjBl〉g for j < l, while C is an r × r matrix with the ele-
ments Cj,l = −ı 〈Aj+1Bl〉g (j and l range from 1 to r). In a more simple special case
when the correlators 〈Aj Al〉g and 〈BjBl〉g in the ground state |g〉 are zero for j 6= l,
the spin correlations become simply the determinant

〈σx
1 σx

1+r〉g = (−1)r det C, (H.33)

as in ref. [91].
Now let us compute the spin-correlation functions. When N is not divisible by

3 the correlators 〈Aj Al〉g and 〈BjBl〉g are zero so we can use (H.33). Approximating
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the sum in (H.29) by integral we get

Cj,l
N→∞'

2π∫

0

1 + tan φ e−ı3q

|1 + tan φ e−ı3q| e
−ıq(j−l) dq

2π
− 2

N
, (H.34)

Without the second term, that stems from frustration, we would be able to apply
strong Szegő limit theorem [196, 204] to find the asymptotics of the Toeplitz de-
terminant, and, therefore, of the spin-correlation functions. The second term is a
correction, which can be understood as resulting from the part proportional to the
delta function δ(q) in the symbol of the Toeplitz matrix C. The asymptotics of such
determinants has been studied in ref. [3], presented in Chapter 9. The correction to
the elements of the Toeplitz matrix results in a multiplicative correction to the de-
terminant. Using Theorem 3, from Chapter 9, in combination with the strong Szegő
limit theorem [196, 204], we get

〈σx
1 σx

1+r〉g
r→∞' (−1)r(1− tan2 φ)3/4

(
1− 2r

N

)
. (H.35)

For a three-fold degenerate ground state when N is divisible by 3 the calculation is
more complicated. Then we use directly (H.32) and resort to the numerical evalua-
tion of pfaffians. However, we find that the result is the same, given by (H.35).

H.1.4 Expectation value of the String operator

For completeness we also compute the ground state expectation value of the string
operator

O(r) = σ
y
1 σx

2

( r⊗

j=3

σz
j

)
σx

r+1σ
y
r+2. (H.36)

In terms of Majorana fermions (H.11) the operator reads

O(r) =
r

∏
j=1

(−ıAjBj+2). (H.37)

Let us focus on the region φ ∈ (π/4, 3π/4). Since the correlators 〈Aj Al〉g and
〈BjBl〉g vanish for j 6= l, the expectation value of the string operator can be ex-
pressed, using Wick theorem, as a determinant

〈O(r)〉g = det D, (H.38)

where D is an r× r correlation matrix with the elements

Dj,l = −ı 〈AjBl+2〉g
N→∞'

∫ 2π

0

1 + cot φ eı3q

|1 + cot φ eı3q| e
−ıq(j−l) dq

2π
. (H.39)

For φ ∈ (−3π/4,−π/4) the only difference is that there is an additional factor (−1)r

in front of the determinant in (H.38), because in this case sin φ < 0 in (H.13). The
asymptotic behavior as r → ∞ of the Toeplitz determinant det D is obtained using
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the Strong Szegő limit theorem [196, 204]. The result is

〈O(r)〉g
r→∞'

{
(1− cot2 φ)

3
4 , φ ∈ (π

4 , 3π
4 )

(−1)r(1− cot2 φ)
3
4 , φ ∈ (− 3π

4 ,−π
4 )

(H.40)

H.2 Kitaev chain

The diagonalization of the Kitaev chain Hamiltonian

H = −µ
N

∑
j=1

(
c†

j cj −
1
2

)
−

N

∑
j=1

[
w (c†

j cj+1 + h.c.)− ∆ (cjcj+1 + h.c.)
]

(H.41)

with periodic BC is very similar to the diagonalization of H− of the Cluster-Ising
chain, discussed in section H.1.1. The Hamiltonian is brought to a form of free
fermions

H = ∑
q∈Γ−

εq

(
a†

q aq −
1
2

)
, (H.42)

where aq are, again, Bogoliubov fermions, and the dispersion is now given by

εq =
√
(4w cos q + µ)2 + 4∆2 sin2 q, q 6= 0, π (H.43)

ε0 = −2w− µ, (H.44)
επ = 2w− µ. (H.45)

The Bogoliubov angle satisfies

tan θq = −
|2w cos q + µ + 2∆ sin q|+ 2w cos q + µ

2∆ sin q
(H.46)

and
eı2θq = − 2w cos q + µ + 2∆ı sin q

|2w cos q + µ + 2∆ı sin q| (H.47)

for q 6= 0, π. Note that the mode q = π does not exist with FBC, since N is odd and
momenta are quantized as integers.

Since in the Kitaev chain we do not have parity restrictions like in (H.4), the
ground state can always be written as a state annihilated by all positive energy
fermions dq, defined in section (H.1.2). This also implies that the Majorana corre-
lation functions in the ground state are given by (H.24) and (H.25), with eı2θq given
by (H.47). This is valid both for N odd and N even.
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Appendix I

Toeplitz determinants with a delta
function singularity

This is the appendix for Chapter 9, based on the appendix in [3].

I.1 Existence and uniqueness of the solution

For all n ≥ n0 we have Dn( f ) 6= 0 so there exists a unique solution x(n)j , for j =

0, 1, ..., n− 1, of the linear problem

n−1

∑
k=0

f j−kx(n)k = y(n)j , for j = 0, 1, ..., n− 1, (I.1)

for arbitrary complex numbers y(n)j , j = 0, 1, . . . n− 1. We define the coefficients

u(n)
j =

{
∑n−1

k=0 f j−k+nx(n)k , for j = 0, 1, 2, ...
0, for j = −1,−2, ...

,

v(n)j =

{
0, for j = 0, 1, 2, ...

∑n−1
k=0 f j−kx(n)k , for j = −1,−2, ...

(I.2)

and the functions

U(n) =
∞

∑
j=0

u(n)
j zj, V(n) =

∞

∑
j=1

v(n)−j z−j. (I.3)

The functions U(n) and V(n) are well defined, and therefore analytic, on the same
annulus as f (z), the one defined by (9.7). To see this pick some z from the annulus.
We have

∞

∑
j=1
|v(n)−j ||z|−j ≤

∞

∑
j=1

n−1

∑
k=0
| f−j−k||x(n)k ||z|−j =

n−1

∑
k=0
|x(n)k ||z|k

∞

∑
j=1
| f−j−k||z|−j−k

≤
( ∞

∑
j=−∞

| f j||z|j
)( n−1

∑
k=0
|x(n)k ||z|k

)
< ∞ ,

(I.4)

where the last inequality holds because Laurent series is absolutely convergent in
the interior of its annulus. In an analogous way it is shown that U(n) is well defined.
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It follows from definition (I.2) that the equation

n−1

∑
k=0

f j−kx(n)k = y(n)j + u(n)
j−n + v(n)j , (I.5)

with y(n)j defined to be zero for j < 0 and j ≥ n, holds for all j ∈ Z. Multiplying the
equation by zj, with z belonging to the annulus (9.7), and summing from j = −∞ to
j = ∞ it follows

f (z)X(n)(z) = Y(n)(z) + U(n)(z)zn + V(n)(z) , (I.6)

where

X(n)(z) =
n−1

∑
j=0

x(n)j zj, Y(n)(z) =
n−1

∑
j=0

y(n)j zj. (I.7)

Thus we have shown that, for arbitrary polynomials Y(n) of degree not greater than
n− 1, i.e. analytic functions with the properties

[
Y(n)]

− = 0,
[
Y(n)z−n]

+
= 0, (I.8)

that the functions X(n), U(n), V(n) are the solution of the functional equation

f X(n) = Y(n) + U(n)zn + V(n) (I.9)

on the annulus and by construction they have the properties

[
X(n)]

− = 0,
[
X(n)z−n]

+
= 0,

[
U(n)]

− = 0,
[
V(n)]

+
= 0 . (I.10)

The uniqueness of the solution of (I.1) implies the uniqueness of the solution of (I.9)
under constraint (I.10).

I.2 Wiener-Hopf procedure

I.2.1 Wiener-Hopf equations

We assume ν ≥ 0. The determinant (9.1) for ν < 0 can be obtained simply by
transposing the Toeplitz matrix for the opposite sign of ν and making the integral
transformation θ → −θ. From (I.9) it follows, separating the components,

a+zνX(n) −
[
a−1
− Y(n)]

+
−
[
a−1
− U(n)zn]

+
= a−1

− V(n) +
[
a−1
− Y(n)]

− +
[
a−1
− U(n)zn]

−,
(I.11)

where a± have been defined in (9.8). We now use the standard Wiener-Hopf argu-
ment [204]. Namely, the properties (I.10) imply that through it’s Laurent series the
left-hand side defines a function analytic on |z| < ρ+, while the right-hand side de-
fines a function analytic on |z| > ρ−, that goes to zero for |z| → ∞. The two sides
together define a function analytic on the whole plane and zero at infinity, thus, by
Liouville’s theorem, zero on the whole plane. It follows

X(n)zν = a−1
+

([
a−1
− Y(n)]

+
+
[
a−1
− U(n)zn]

+

)
, (I.12)

V(n) = −a−
([

a−1
− Y(n)]

− +
[
a−1
− U(n)zn]

−
)
. (I.13)
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Similarly, denoting
α
(n)
k =

(
a−1
+ U(n)z−ν

)
−k , (I.14)

and multiplying (I.9) by a−1
+ z−(n+ν), we can make the separation

(
a−1
+ U(n)z−ν −

ν

∑
k=1

α
(n)
k z−k

)
+
[
a−1
+ Y(n)z−(n+ν)

]
+
+
[
a−1
+ V(n)z−(n+ν)

]
+

= a−X(n)z−n −
[
a−1
+ Y(n)z−(n+ν)

]
− −

[
a−1
+ V(n)z−(n+ν)

]
− −

ν

∑
k=1

α
(n)
k z−k .

(I.15)

It follows

U(n)z−ν = −a+
([

a−1
+ Y(n)z−(n+ν)

]
+
+
[
a−1
+ V(n)z−(n+ν)

]
+

)
+ a+

ν

∑
k=1

α
(n)
k z−k, (I.16)

X(n)z−n = a−1
−
([

a−1
+ Y(n)z−(n+ν)

]
− +

[
a−1
+ V(n)z−(n+ν)

]
−
)
+ a−1
−

ν

∑
k=1

α
(n)
k z−k. (I.17)

This result is also valid for ν = 0 adopting the convention ∑0
k=1 = 0.

The solution of the set of equations (I.12), (I.13), (I.16) and (I.17), together with
the requirement (

X(n)zν
)

j = 0 for j = 0, 1, ..., ν− 1, (I.18)

that fixes the coefficients α
(n)
1 , α

(n)
2 , ..., α

(n)
ν , is the solution of (I.9) with the desired

properties (I.10).

I.2.2 The solution

In this section we solve asymptotically the functional equation (I.9) with Y(n) defined
by (9.26) and (9.27). For the set of equations (I.12), (I.13), (I.16) and (I.17) a solution
in the closed form might not exist so we follow the standard approach [204, 205] and
we look for the solution by making an assumption on the function U(n) and then
checking whether the final solution we obtain is consistent with this assumption.

We assume that

U(n)z−ν − a+
ν

∑
k=1

α
(n)
k z−k = O(1)

uniformly in z, on ρ ≤ |z| ≤ ρ−1, for all ρ defined by (9.10).

(I.19)

The second term in (I.13) is equal to

[
a−1
− U(n)zn]

− =
[

a−1
− zn+ν

(
U(n)z−ν − a+

ν

∑
k=1

α
(n)
k z−k

)]
−
+

[
a+a−1

−
ν

∑
k=1

α
(n)
k zn+ν−k

]

−
.

(I.20)
Applying Lemma 2 on the first term in (I.20) gives

[
a−1
− U(n)zn]

− =

[
a+a−1

−
ν

∑
k=1

α
(n)
k zn+ν−k

]

−
+ O(ρn) , (I.21)

where O(ρn) holds on ρ ≤ |z| ≤ ρ−1, uniformly in z, for all ρ satisfying (9.10). From
now on it is always the case and we don’t write every time that O holds uniformly
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in z on ρ ≤ |z| ≤ ρ−1, for all ρ satisfying (9.10). We can thus write (I.13) as

V(n)(z) = −a−(z)
[
a−1
− Y(n)]

−(z)− a−(z)
ν

∑
k=1

α
(n)
k

[
a+a−1

− zn+ν−k]
−(z) + O(ρn). (I.22)

We use (9.33) to rewrite the first term on the RHS of (I.22) as

[
a−1
− Y(n)]

− = e−ı(n−1)θ0

[
a−1
− zn

z− eıθ0

](<)

−
− eıθ0

[
a−1
−

z− eıθ0

](<)

−
. (I.23)

The first term here is O(ρn) by Lemma 2. Applying Lemma 1 to the second term
gives

[
a−1
− Y(n)]

−(z) = −eıθ0
a−1
− (z)− a−1

− (eıθ0)

z− eıθ0
+ O(ρn) for z 6= eıθ0 , ρ ≤ |z| ≤ ρ−1.

(I.24)
The value at z = eıθ0 is obtained by continuity and from now on we omit writing
z 6= eıθ0 , ρ ≤ |z| ≤ ρ−1 every time. It follows

V(n)(z) = eıθ0 a−(z)
a−1
− (z)− a−1

− (eıθ0)

z− eıθ0
− a−(z)

ν

∑
k=1

α
(n)
k

[
a−1
− a+zn+ν−k]

−(z) + O(ρn) .

(I.25)
This expression can be used in (I.16) to find U(n). Before we do so, we use (9.33)

again to get for the first term on the RHS of (I.16):

[
a−1
+ Y(n)z−(n+ν)

]
+
= e−ı(n−1)θ0

[
a−1
+ z−ν

z− eıθ0

](>)

+

− eıθ0

[
a−1
+ z−(n+ν)

z− eıθ0

](>)

+

. (I.26)

The second term is O(ρn) by Lemma 2. Applying Lemma 1 to the first term we get

[
a−1
+ Y(n)z−(n+ν)

]
+
(z) = e−ı(n−1)θ0

[a−1
+ z−ν]+(z)− [a−1

+ z−ν]+(eıθ0)

z− eıθ0
+ O(ρn) . (I.27)

We can now substitute (I.25) in (I.16) and apply Lemma 2 to the second term on the
RHS of (I.16) to get

[
a−1
+ V(n)z−(n+ν)

]
+
(z) = −

ν

∑
k=1

α
(n)
k

[
a−a−1

+ z−(n+ν)
[
a−1
− a+zn+ν−k]

−
]
+
(z) + O(ρn) .

(I.28)
Collecting everything it follows from (I.16)

U(n)z−ν =− e−ı(n−1)θ0 a+(z)
[a−1

+ z−ν]+(z)− [a−1
+ z−ν]+(eıθ0)

z− eıθ0
+

+ a+(z)
ν

∑
k=1

α
(n)
k

(
z−k +

[
a−a−1

+ z−(n+ν)
[
a−1
− a+zn+ν−k]

−
]
+
(z)
)
+ O(ρn).

(I.29)

The coefficients α
(n)
1 , α

(n)
2 , ..., α

(n)
ν remain to be determined. However, if we as-

sume that, for sufficiently small ρ, they satisfy

α
(n)
k O(ρ2n) = O(1), for k = 1, 2, ..., ν, (I.30)
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then, taking a ρ1 such that ρ− < ρ1 < ρ < 1 < ρ−1 < ρ−1
1 < ρ+, the last term in (I.29)

is, by Lemma 2,

a+(z)
ν

∑
k=1

α
(n)
k

[
a−a−1

+ z−(n+ν)
[
a−1
− a+zn+ν−k]

−
]
+
(z) = a+(z)

ν

∑
k=1

α
(n)
k O(ρ2n

1 ) = O
(
(ρ1/ρ)2),

on ρ ≤ |z| ≤ ρ−1.
(I.31)

It follows

U(n)z−ν = −e−ı(n−1)θ0 a+(z)
[a−1

+ z−ν]+(z)− [a−1
+ z−ν]+(eıθ0)

z− eıθ0
+ a+(z)

ν

∑
k=1

α
(n)
k z−k +O(σn),

(I.32)
where σ = max{(ρ1/ρ)2, ρ}. Then (I.32) is consistent with the starting assumption
(I.19), while assumption (I.30) will be checked below for its consistency.

Finally, X(n) is computed using (I.12). The first term in (I.12) is found from (9.33)
and (I.24), using [

a−1
− Y(n)]

+
= a−1

− Y(n) −
[
a−1
− Y(n)]

− . (I.33)

We get
[
a−1
− Y(n)]

+
(z) = e−ı(n−1)θ0

a−1
− (z)zn − a−1

− (eıθ0)eınθ0

z− eıθ0
+ O(ρn). (I.34)

The second term in (I.12) is found from (I.21) and (I.32),
[
a−1
− U(n)zn]

+
= a−1

− U(n)zn −
[
a−1
− U(n)zn]

−

= −e−ı(n−1)θ0 a−1
− (z)a+(z)zn+ν a−1

+ (z)z−ν − a−1
+ (eıθ0)e−ıνθ0

z− eıθ0

+e−ı(n−1)θ0 a−1
− (z)a+(z)zn+ν

ν−1

∑
k=0

(a−1
+ )k

zk−ν − eı(k−ν)θ0

z− eıθ0

+

[
a+a−1

−
ν

∑
k=1

α
(n)
k zn+ν−k

]

+

(z) + O(σn) , (I.35)

where we used
[
a−1
+ z−ν

]
+
= a−1

+ z−ν −
ν−1

∑
k=0

(a−1
+ )kzk−ν . (I.36)

Now, summing (I.34) and (I.35) in (I.12) gives

X(n)(z)zν =e−ı(n+ν−1)θ0 a−1
+ (z)a−1

+ (eıθ0)
a+(z)a−1

− (z)zn+ν − a+(eıθ0)a−1
− (eıθ0)eı(n+ν)θ0

z− eıθ0

+ e−ı(n−1)θ0 a−1
− (z)zn+ν

ν−1

∑
k=0

(a−1
+ )k

zk−ν − eı(k−ν)θ0

z− eıθ0
(I.37)

+ a−1
+ (z)

ν

∑
k=1

α
(n)
k

[
a−1
− a+zn+ν−k]

+
(z) + O(σn) .

It remains to determine the coefficients α
(n)
1 , α

(n)
2 , ..., α

(n)
ν from requirement (I.18)

and to see whether (I.30) is satisfied. We compute the coefficients (X(n)z−ν)j by
(9.31), integrating at |w| = ρ. All the terms in (I.37) containing the factor zn result in
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O(ρn) corrections, while

1
2πı

∮

|w|=ρ

a−1
+ (w)

w− eıθ0

dw
wj+1 = −e−ıθ0

j

∑
k=0

(
a−1
+

)
ke−ı(j−k)θ0 . (I.38)

It follows

(
X(n)zν

)
j =

ν

∑
k=1

α
(n)
k

(
a−1
+

[
czn+ν−k]

+

)
j
+ a−1
− (eıθ0)

j

∑
k=0

(
a−1
+

)
ke−ı(j−k)θ0 +O(σn), (I.39)

where c = a+a−1
− .

Thus if the coefficients α
(n)
1 , α

(n)
2 , ..., α

(n)
ν satisfy

0 =
ν

∑
k=1

α
(n)
k

(
a−1
+

[
czn+ν−k]

+

)
j
+ a−1
− (eıθ0)

j

∑
k=0

(
a−1
+

)
ke−ı(j−k)θ0 , for j = 0, 1, ..., ν− 1,

(I.40)
then (

X(n)zν
)

j = O(σn), for j = 0, 1, ..., ν− 1. (I.41)

Using
(

a−1
+

[
czn+ν−k]

+

)
j
=

j

∑
m=0

(
a−1
+

)
mcj−m−n−ν+k (I.42)

it’s easy to see that (I.40) is equivalent to

ν

∑
k=1

α
(n)
k cj−n−ν+k = −a−1

− (eıθ0)e−ıjθ0 , for j = 0, 1, ..., ν− 1. (I.43)

The set of equations (I.43) is solved by Cramer’s rule. The solution is

α
(n)
j = −a−1

− (eıθ0)e−ı(ν−1)θ0
∆̃ν,n(j)

∆ν,n
(I.44)

where ∆ν,n and ∆̃ν,n(j) are defined by (9.12) and (9.14) respectively. We see that the
condition (I.19) of Theorem 4 ensures that the assumption (I.30) is satisfied.

The solution of equations (I.12), (I.13) and (I.16) we have found is consistent with
assumptions (I.19) and (I.30), that we have made to find it, up to O(σn) terms. On
the basis of this solution we construct the functions X(n)

1 , U(n)
1 and V(n)

1 discussed in
sections 9.2.4 and 9.2.5.

I.3 Remarks on rigor

To prove theorems 3 and 4 we have used the intuitive property that a small per-
turbation to the functional equation (I.9) results only in a small perturbation to the
solutions. Here we show it rigorously for the case of a zero winding number of the
symbol, and thus make Theorem 3 rigorous.

The result we need is given by Lemma 3, that we are going to state and prove.
The proof of the lemma uses a similar procedure to the one used in the proof of Szegő
theorem in chapter X of [204], based on the Wiener-Hopf equations. Let us note that
the complication with non-zero winding number is the presence of the third term in
(I.16) and we omit this case.
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Before introducing the lemma let us introduce two norms for functions analytic
on an annulus around the unit circle. The first one is the supremum norm on the
unit circle. Let g be analytic on the annulus ρ− < |z| < ρ+ that includes the unit
circle. We define

‖g‖ = sup
z∈C:|z|=1

|g(z)|. (I.45)

The second norm is defined as the sum of the absolute values of Laurent series coef-
ficients of g, which is well defined since the Laurent series is absolutely convergent
in the interior of its annulus. If g(z) = ∑∞

j=−∞ gjzj, we denote

‖g‖1 =
∞

∑
j=−∞

|gj|. (I.46)

We have clearly
‖g‖ ≤ ‖g‖1 . (I.47)

Let us discuss the properties of the norms related to the components (9.25). From
their integral representation (9.30) we have

‖[g]−‖ ≤
ρ1

1− ρ1
sup

z:|z|=ρ1

{|g(z)|}, ‖[g]+‖ ≤
ρ2

ρ2 − 1
sup

z:|z|=ρ2

|g(z)|, (I.48)

for any choice ρ1 ∈ (ρ−, 1), ρ2 ∈ (1, ρ+). On the other hand, the second norm clearly
satisfies

‖[g]−‖1 ≤ ‖g‖1 , ‖[g]+‖1 ≤ ‖g‖1 . (I.49)

If g and h are two functions analytic on an annulus around the unit circle we
have

‖gh‖ ≤ ‖g‖ ‖h‖ , ‖gh‖1 ≤ ‖g‖1 ‖h‖1 , (I.50)

where the first inequality is trivial and the second is proven easily using the abso-
lute convergence of the Laurent series inside the annulus. Finally, for a sequence of
functions (g(n))n∈N analytic on an annulus around the unit circle and a sequence of
positive numbers (sn)n∈N we have clearly that

g(n)(z) = O(sn) uniformly in z on the unit circle |z| = 1

if and only if
∥∥∥g(n)

∥∥∥ = O(sn).
(I.51)

Lemma 3. Let a be non-zero analytic function on an annulus around the unit circle, defined
by (9.7), and with a zero winding number. Let Y(n)

j , for j = 1, 2 and n ∈N, be polynomials
of degree not greater than n− 1, i.e. analytic functions with

[
Y(n)

j

]
− = 0,

[
Y(n)

j z−n]
+
= 0, (I.52)

and let X(n)
j , U(n)

j , V(n)
j , for j = 1, 2, be analytic solutions of the functional equation

aX(n)
j = Y(n)

j + U(n)
j zn + V(n)

j (I.53)

on the annulus, such that they satisfy the properties

[
X(n)

j

]
− = 0,

[
X(n)

j z−n]
+
= 0,

[
U(n)

j

]
− = 0,

[
V(n)

j

]
+
= 0 . (I.54)
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If
Y(n)

1 (z)−Y(n)
2 (z) = O(sn) uniformly in z on the unit circle |z| = 1 (I.55)

then

X(n)
1 (z)− X(n)

2 (z) = O(nsn) uniformly in z on the unit circle |z| = 1. (I.56)

Proof. Defining

Y(n) = Y(n)
1 −Y(n)

2 , X(n) = X(n)
1 −X(n)

2 , U(n) = U(n)
1 −U(n)

2 , V(n) = V(n)
1 −V(n)

2 ,
(I.57)

proving the lemma becomes equivalent to showing that if
∥∥∥Y(n)

∥∥∥ = O(sn) then the

solution X(n) of the problem (I.9) (for ν = 0) and (I.10) satisfies
∥∥∥X(n)

∥∥∥ = O(nsn).
The lines of the proof are the following. First we use the Wiener-Hopf equations

(I.13) and (I.16) to show that
∥∥∥U(n)

∥∥∥ = O(nsn) and
∥∥∥V(n)

∥∥∥ = O(nsn). Then we
recognize that directly from (I.9) and the properties of the norm it follows

‖Xn‖ ≤
∥∥∥a−1

∥∥∥
( ∥∥∥Y(n)

∥∥∥+
∥∥∥U(n)

∥∥∥+
∥∥∥V(n)

∥∥∥
)

, (I.58)

and conclude that since the right hand side of the inequality is O(nsn), so is the left
side.

We now work out the details. Note first that the Laurent series coefficients y(n)j of

the function Y(n)(z) = ∑n−1
j=0 y(n)j zj satisfy |y(n)j | ≤

∥∥∥Y(n)
∥∥∥, which can be seen easily

from the integral representation of the coefficients. It follows
∥∥∥Y(n)

∥∥∥
1
≤ n

∥∥∥Y(n)
∥∥∥ . (I.59)

From the Wiener-Hopf equation (I.13) we get
∥∥∥V(n)

∥∥∥ = ‖a−‖
∥∥∥
[
a−1
− Y(n)]

−

∥∥∥+ ‖a−‖
∥∥∥
[
a−1
− U(n)zn]

−

∥∥∥ . (I.60)

To bound the first term we notice
∥∥∥
[
a−1
− Y(n)]

−

∥∥∥ ≤
∥∥∥
[
a−1
− Y(n)]

−

∥∥∥
1
≤
∥∥∥a−1
− Y(n)

∥∥∥
1
≤
∥∥∥a−1
−
∥∥∥

1

∥∥∥Y(n)
∥∥∥

1
≤
∥∥∥a−1
−
∥∥∥

1
n
∥∥∥Y(n)

∥∥∥ ,
(I.61)

where all the inequalities except the last follow simply from the discussed properties
of the norms, and the last one follows from (I.59). To bound the second term in (I.60)
we use (I.48) with ρ1 = ρ for some ρ defined by (9.10). We have

∥∥∥
[
a−1
− U(n)zn]

−

∥∥∥ ≤ ρn+1

1− ρ
sup

z:|z|=ρ

{|a−1
− (z)U(n)(z)|}. (I.62)

Since the Laurent series coefficients of U(n) define a function analytic inside the
whole circle |z| < ρ−1 we can apply the maximum modulus principle to conclude

sup
z:|z|=ρ

{|U(n)(z)|} ≤ sup
z:|z|=1

{|U(n)(z)|} =
∥∥∥U(n)

∥∥∥ . (I.63)
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It follows ∥∥∥
[
a−1
− U(n)zn]

−

∥∥∥ ≤ ρn+1

1− ρ
sup

z:|z|=ρ

{|a−1
− (z)|}

∥∥∥U(n)
∥∥∥ . (I.64)

We conclude that there are positive constants λ1 and λ2 (independent of n) such
that ∥∥∥V(n)

∥∥∥ ≤ λ1n
∥∥∥Y(n)

∥∥∥+ λ2ρn
∥∥∥U(n)

∥∥∥ . (I.65)

Using the same methods we conclude from the Wiener-Hopf equation (I.16) that
there are positive constants λ3 and λ4 such that

∥∥∥U(n)
∥∥∥ ≤ λ3n

∥∥∥Y(n)
∥∥∥+ λ4ρn

∥∥∥V(n)
∥∥∥ . (I.66)

We have obtained a system of two inequalities. Inserting the second into the first,
and rearranging the terms, we get

(1− λ2λ4ρ2n)
∥∥∥V(n)

∥∥∥ ≤ (λ1 + λ2λ3ρn)n
∥∥∥Y(n)

∥∥∥ . (I.67)

For sufficiently large n the factor on the right is positive and greater than, say, 1/2,
so we conclude ∥∥∥V(n)

∥∥∥ = O(nsn). (I.68)

Using (I.66) again we get also
∥∥∥U(n)

∥∥∥ = O(nsn). (I.69)

Finally, from (I.58) we get then
∥∥∥X(n)

∥∥∥ = O(nsn), which completes the proof.

In applying Lemma 3 for functions Y(n)
2 and Y(n) in section 9.2.4 we have sn = ρn,

for any ρ defined by (9.10). Note that since ρ can always be made smaller, the factor
n in O(nsn) in (I.56) is irrelevant.
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