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Abstract
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Doctor of Philosophy

Gravitational waves throughout galaxy evolution: stellar BH mergers
and heavy SMBH seeds.

by Lumen Boco

The main goal of my thesis is to carefully characterize di�erent astrophysi-
cal processes leading to gravitational wave (GW) emission, strongly relying
on theoretical and observational astrophysical basis. From an observational
point of view, current interferometers (Advanced Laser Interferometer Grav-
itational wave Observatory/Virgo (AdvLIGO/Virgo)) and future detectors
(Einstein Telescope (ET), Cosmic Explorer (CE), Deci-hertz Interferometer
Gravitational wave Observatory (DECIGO), Laser Interferometer Space An-
tenna (LISA)) will greatly enlarge the number of detected GW events. How-
ever, in order to extract meaningful information about various astrophysical
phenomena and improve our knowledge on cosmology and fundamental
physics from this large sample of observational data, a correct modelization
of the impact of di�erent astrophysical processes on GWs rates is necessary.

The marking feature of all the work is an accurate and deep study of the
galactic environment, making use of classic theoretical arguments and re-
cent observational results in the galaxy formation and evolution �eld. Galac-
tic properties, such as star formation rate, gas and stellar density, metallicity,
can have a profound impact on stellar and compact object evolution and on
the ensuing GW emissions. In particular, throughout the thesis I focused on
the study of 2 di�erent channels of GW production: merging of isolated dou-
ble compact object binaries of stellar origin (neutron stars and stellar black
holes) and dynamical merging of stellar and, eventually, primordial black
holes in the central regions of early-type galaxy progenitors.

In the context of double compact object merging binaries, given the rel-
evance of gas-phase metallicity for all the stellar and binary evolution pro-
cesses, the main e�ort of my work is in the characterization of a metallicity
dependent cosmic star formation rate density. I compute this term in var-
ious ways, highlighting the impact of di�erent galactic prescriptions, such
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as galaxy statistics and metallicity scaling relations. In particular I focus on
the gas-phase metallicity, showing that the two main empirical scaling rela-
tions present in literature, the Mass Metallicity Relation and the Fundamen-
tal Metallicity Relation, hold substantially di�erent results at high redshift
(H ¡ 2), with the Fundamental Metallicity Relation featuring relatively high
metallicitites / � 0“4 � 0“5 / � and the Mass Metallicity Relation predicting
a signi�cant metallicity drop / Ÿ 0“1 / � . I discuss the reasons and possi-
ble biases originating this discrepancy, arguing in favor of the Fundamental
Metallicity Relation or of a slowly declining Mass Metallicity Relation. I also
present a chemical evolution model to deal with metallicity from a theoreti-
cal point of view and I �nd a pleasant agreement between the model and the
Fundamental Metallicity Relation. Finally, I show the impact of these di�er-
ent astrophysical prescriptions on the merging rates and on the properties
of compact objects binaries, such as their chirp mass or time delay distribu-
tion. I complete the work forecasting the ensuing GW detection rates with
present and future detectors, as well as the expected lensed event rates and
the stochastic GW background.

As for the dynamical merging channel, recent observations of the ex-
tremely star-forming and gas-dense environments in the central regions of
early-type galaxy progenitors at H & 1, inspired the idea for the proposal of
a new mechanism for the growth of supermassive black hole seeds. This en-
visages the migration and merging of compact objects via gaseous dynam-
ical friction toward the galactic center where a central black hole accumu-
lates mass thanks to these continuous merging events. I show that, under
reasonable assumptions, the process can build up central BH masses of or-
der 104 � 105 M � within some 10 7 yr, so e�ectively providing heavy seeds be-
fore standard (Eddington-like) disk accretion takes over to become the dom-
inant process for further BH growth. Remarkably, such a mechanism may
provide an explanation, alternative or complementary to other processes,
for the buildup of billion solar masses black holes in quasar hosts at H & 7,
when the age of the Universe . 0“8 Gyr constitutes a demanding constraint.
This process naturally present a possibility to be tested via detections of the
gravitational waves produced by mergers between the migrating compact
objects and the growing central black hole. I also make predictions for the
produced stochastic GW background which extends over a wide range of fre-
quencies 10� 6 . 5 »Hz¼. 10, very di�erent from the typical range origi-
nated by mergers of isolated binaries. I show that both the single events and
the background could be revealed by future ground- and space-based inter-
ferometers as ET, DECIGO and LISA.
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Chapter 1

From cosmology to galaxy
evolution

The observation of the sky has accompanied the history of human kind
since ancient times. Observation of stars, planets and celestial objects and
the study of their positions and motions provided an enormous source for
myths and spiritual beliefs, but they also laid the foundations for the biggest
scienti�c and philosophical revolutions in human history. Even the sun it-
self, with its periodic motion, has always regulated the habits of each liv-
ing organism on the Earth and it made possible to de�ne the concept of
time, which is strictly related to any scienti�c thought. In the modern ages
sky observations led to the scienti�c revolution between the XVII and the
XVIII century with the progressive breakthrough of the heliocentric system,
whose scienti�c and philosophical implications have profoundly marked
the human history up to our days. The detailed observations and study of
the motion of celestial bodies built the bases for the the theory of gravity it-
self, which was the �rst great uni�cation of forces and phenomena made by
human kind, one of the key aspects of modern science.

However it was only on 1920 that cosmology in its modern fashion began
to be talked about. Before that date we were completely blind on the real
size of the Universe, with many scientists believing that all the observable
objects in the sky were contained in the Milky Way. In 1920, Edwin Hubble,
at Mount Wilson observatory, was able to identify a Cepheid variable star in-
side the "Andromeda nebula" and to determine its distance from the Earth,
arriving to the conclusion that "Andromeda nebula", as well as many other
spiral nebulae, were entirely other galaxies. The existence of many distant
galaxies completely changed our way to look at the Universe and, combin-
ing the recent theory of General Relativity with images of galactic spectra,
cosmological studies begun. Cosmology and galaxies observations are two
scienti�c �elds born together and have remained tightly coupled. On the
one hand observations of galaxies at large scales have been and are still ex-
pected to be one of the most promising probes for cosmology, on the other
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hand any galaxy formation and evolution theory must lay on a cosmological
framework.

In the next Section I deal with the description of the structure and evolu-
tion of the Universe (Section 1.1). I then move to the evolution of scalar per-
turbations leading to the formation of dark matter halos (Section 1.2) and
galaxies (Section 1.3). Throughout the Chapter I rely on the following classic
textbooks on cosmology and galaxy evolution: Weinberg 1972, 2008; Ryden
2003; Mo et al. 2010; Cimatti et al. 2020. I warn the reader that this Chap-
ter is introductory and meant to present the main cosmological results and
some elements of galaxy formation and evolution that will be extensively
used throughout the thesis. The reader only interested in new research as-
pects can directly proceed to Chapter 2.

1.1 Universe background

In this Section I aim at describing the background structure of the Universe
at large scales exploiting the cosmological principle (Section 1.1.1), to un-
derstand its dynamical evolution (Section 1.1.2) and to build a predictive
cosmological model based on the main observational results (Section 1.1.3).

1.1.1 Geometry

In order to understand the geometry of the Universe, I make use of the cos-
mological principle, which enforces a set of symmetries that can be used
to uniquely derive the spacetime metric, without even selecting a theory of
gravity. However, throughout the thesis, I will use General Relativity (GR)
as the standard framework. Since GR is a metric theory, its connections are
completely speci�ed by the metric; therefore the determination of the latter
is enough to account also for the dynamics of spacetime, allowing me not to
independently construct a connection �eld.

Cosmological principle

The cosmological principle states that the Universe is spatially homoge-
neous and isotropic on large scales or, equivalently, it is isotropic around any
point. This means that it is symmetric under the 3 spatial translations and
the 3 spatial rotations. For many years the cosmological principle was just
an assumption inspired by the Copernican principle stating that humans are
not privileged observers of the Universe. However, years later, it received a
progressive support by observations from Cosmic Microwave Background
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Figure 1.1: Map of the Cosmic Microwave Background radiation from Planck.
Credits: https://www.esa.int/ESA_Multimedia/Images/2013/03/Planck_CMB .

(CMB) to Large Scale Structure (LSS). In particular, CMB detection gave us
the picture of a highly isotropic Universe even at recombination epoch on
scales much larger than the horizon at that time, with �uctuations in pho-
ton temperature of the order of X) •) � 10� 5 (see Figure 1.1). In addition,
maps of the galaxies distribution at the present time are approximately ho-
mogeneous and isotropic on scales & 100 Mpc, con�rming the validity if the
cosmological principle even at present epoch (see Figure 1.2).

FLRW

Starting from the cosmological principle, I reconstruct the space-time met-
ric, known as Friedmann-Lemaître-Robertson-Walker (FLRW) metric. The
geometrical implication of the cosmological principle is that space has 6
killing vectors, corresponding to the 3 spatial translations and rotations,
which is the maximum number of killing vectors allowed for a 3 dimensional
space, i.e. space is said to be maximally symmetric.

A property of a maximally symmetric space is that its metric is uniquely
speci�ed by the curvature and by the sign of its eigenvalues. In other words
any metric with the same curvature and the same number of eigenvalues
with same sign can be mapped to another metric with the same character-
istics. Therefore, using only the curvature as a free parameter, I can choose
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Figure 1.2: Map of the Large Scale Structure. Credits: Springel et al. 2006.

a convenient coordinate system to study the spatial metric. One of the sim-
plest choices is to write down the general metric of a sphere or a pseudo-
sphere embedded in an higher dimensional Euclidean space. After the de�-
nition of 0 � 1• and 9 �  •j  j, where  is the Gauss curvature, I can write
down the line element for space as:

dA2 = 02
�
d ®F2 ¸ 9

¹ ®Fd ®Fº2

1 � 9 F2

�
(1.1)

The overall space-time is not maximally symmetric, but it contains a 3
dimensional maximally symmetric subspace. This means that it is possible
to choose a universal time Bsuch that the subspaces at constant Bare maxi-
mally symmetric. The line element can be written as:

dA2 = � dB2 ¸ 0¹Bº2 � 7 8¹Fº dF7dF8 (1.2)

where 0¹Bº is a function of the Bcoordinate alone and � 7 8is the metric of
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the maximally symmetric subspace 1. A detailed proof of this can be found
in Weinberg 1972, but, intuitively, it is clear that a dependence of 0 on the
spatial point F would break homogeneity and a dependence of the element
600 on F makes the de�nition of the proper time, and so also the function
0¹Bº, spatial dependent, breaking again homogeneity. The parameter 0¹Bº is
called the scale factor since it sets the scale of the spatial geometry and, in
the case of positive curvature, it can be really regarded as the radius of the
Universe.

Finally, I can rewrite the spatial part of the metric in spherical coordi-
nates, getting the FLRW metric:

dA2 = � dB2 ¸ 0¹Bº2
�

d@2

1 � 9 @2
¸ @2 d
 2

�
(1.3)

The only free parameter is the spatial curvature, which is related both to 9,
taking the value of � 1, 0 or ¸ 1 for a negatively curved, �at or positively curved
Universe, and to 0¹Bº. Being 0¹Bº a function of time, the Universe is not static
a priori and its dynamical evolution is related to the temporal evolution of
the parameter 0¹Bº whose dynamics is determined using Einstein �eld equa-
tions (see Section 1.1.2).

Redshift, cosmological distances and horizons

In a non static Universe with FLRW metric the proper distance to an object,
say a galaxy, is function of time. Assuming to be at the origin of the coordi-
nate system, to compute the proper distance to an object at ¹@” \ ” qº at �xed
time Bobs one should integrate over the radial geodesic of the FLRW metric
de�ned by d A= 0¹Bº d@•

p
1 � 9 @2, obtaining:

3> ¹Bobsº = 0¹Bobsº
¹ @

0

d@0

p
1 � 9 @02

= 0¹Bobsº ( � 1
9 ¹@º (1.4)

with

( 9 ¹@º �

8>>>>>>>><

>>>>>>>>
:

sin @ 9= ¸ 1

@ 9= 0

sinh @ 9= � 1

(1.5)

1Notice that it is always possible to rescale the variable Bsuch that the 600 element of the
metric is � 1. Thus the metric shown in equation (1.2) is fully general for a 4 dimensional
space with a 3 dimensional maximally symmetric subspace.
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Proper distance can also be conveniently rewritten as:

3> ¹Bobsº = 0¹Bobsº
¹ Bobs

Be

dB0

0¹B0º
(1.6)

where Be is the emission time of a photon emitted at the position @of the
considered object.

Since it is related to the scale factor, the proper distance between two free
falling observers at rest, evolves with time as:

¤3> = 3> ¤0•0 (1.7)

where ¤0 is the time derivative of the scale factor. Therefore it is customary
to de�ne the comoving distance as 32 � 3>•0, such that it remains constant
between two free falling observers. A temporal change of the radial coor-
dinate @is instead due to peculiar motions of astronomical objects and the
time derivative 3@•3Bis usually called peculiar velocity.

Unfortunately the proper and comoving distances are not measurable
quantities and, since cosmological results are heavily based on observa-
tions, it is important to have ways to measure distances basing on observ-
able properties.

In order to introduce operative de�nitions of distances, let me �rst de�ne
redshift, a key quantity in cosmology, being tightly connected with observa-
tions, representing the frequency shift of light traveling through spacetime.
For a radial inward light ray:

dB= � 0¹Bº
d@

p
¹1 � 9 @2º

(1.8)

Therefore, if a light ray left the source at ¹B1”@1º, it reaches an observer at the
origin at time B0 de�ned by:

¹ B0

B1

dB
0¹Bº

=
¹ @1

0

d@
p

¹1 � 9 @2º
(1.9)

If the source is comoving with the observer, the right hand side is constant
and, di�erentiating the equation above, it gives:

XB1
XB0

=
0¹B1º
0¹B0º

!
a1

a0
=

0¹B0º
0¹B1º

� 1 ¸ H (1.10)

where XB1 is the time interval between the emission of two light signals by the
source and XB0 is the time interval between the arrival of the two light signals
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at the origin. In the second passage I have used the de�nition of frequency
a = 1•XBand in the last equivalence I set 0¹B0º = 1 and de�ned 1 ¸ H� 1•0¹Bº.
The quantity His called redshift; if H Ÿ 0 it is called blueshift (I will use the
word redshift to generically mean H).

Once redshift has been de�ned, I turn to the de�nitions of measurable
distances: the luminosity and the angular diameter distances and to their
relation with the comoving distance. Let me start with the luminosity dis-
tance: if the intrinsic luminosity ! of an object is known a priori and its �ux
5 is measured, the luminosity distance can be de�ned via the inverse square
law:

5 =
!

4c 3 2
!

! 3! =

s
!

4c 5
(1.11)

To �nd the relation between luminosity and comoving distance let me
consider a FLRW Universe. Photons emitted by a source at comoving dis-
tance @, reaching an observer at the origin at B = B0 will be spread over a
sphere of proper radius 3> ¹B0º = ( 9 ¹@º� 1, whose area is 4c ( 9 ¹@º� 2. The in-
trinsic luminosity of a source will be a�ected by redshift in a twofold way:
on the one hand the photon energy is reduced by a factor 1 ¸ Hdue to the fre-
quency shift, on the other hand the arrival time separation XB0 is larger with
respect to the emission time separation XBe by the same factor 1 ¸ H. There-
fore the intrinsic luminosity must be divided by ¹1¸ Hº2, obtaining an inverse
square law of the form:

5 =
!

4c ( 9 ¹@º� 2 ¹1 ¸ Hº2
(1.12)

The ensuing luminosity distance is 3! = ( � 1
9 ¹@º ¹1¸ Hº = 32 ¹1¸ Hº. Luminosity

distance is easy to measure via equation (1.11) once the intrinsic luminosity
of an object is known and, knowing the redshift, it can be promptly related
to the proper and comoving distance.

Similar arguments holds for the angular diameter distance which instead
can be measured once the intrinsic length : of an object in the sky is known
as:

3� =

r
:

X \
(1.13)

with X \ being the observation angle. It can be shown that 3� = ( 9 ¹@º� 1•¹ 1 ¸
Hº = 32•¹ 1 ¸ Hº = 3! •¹ 1 ¸ Hº2.



8 Chapter 1. From cosmology to galaxy evolution

I conclude the Section de�ning some other useful quantities: the cosmo-
logical comoving volume and the particle horizon. The in�nitesimal cosmo-
logical comoving volume is de�ned as:

d+2 � 32
2 d32 d
 (1.14)

The particle horizon is instead de�ned as the maximum distance light
can travel from the beginning of the Universe to the observation time Bobs:

@PH¹Bobsº = 0¹Bobsº
¹ Bobs

0

dB0

0¹B0º
(1.15)

1.1.2 Dynamics

In Section 1.1.1 I focused on the structural and geometrical properties of the
Universe. I want now to study its dynamics in order to understand its past
and, possibly, predict its future history. I start illustrating Hubble observa-
tions and the discovery of the expansion of the Universe and then I derive
the Friedmann equations for the evolution of the scale factor.

The Hubble law

In equation (1.10) I have introduced the concept of redshift or blueshift and
the fact that such a shift in light frequency is dependent on the scale factor
ratio between the time of emission and observation of light. An operative
way to measure redshift of distant objects, such as galaxies, is to measure
their spectral absorption lines and compare their wavelengths with the ones
measured on Earth experiments. By 1925 Vesto Slipher had measured the
redshift of some tens of galaxies �nding that the vast majority of them was
redshifted ( H ¡ 0). In 1929, Hubble extended the galaxy sample con�rm-
ing Slipher's result and was able to measure the distance @from some of the
galaxies in its sample. He found a linear relationship between redshift and
distance known as the Hubble law:

H'
� 0

2
@! D� ' � 0 @ (1.16)

where � 0 ' 500 km s� 1 Mpc � 1, as measured by Hubble, is called the Hub-
ble constant. In the second equality I have enforced the interpretation of
cosmological redshift as a Doppler shift de�ning a radial recessional veloc-
ity D� � 2 H. However this interpretation could be misleading and it is valid
only at H � 1 since cosmological redshift does not depend on the rate of
change of the scale factor when light is emitted, but on the overall change of
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the scale factor during the light travel. The Hubble law, showing that further-
most galaxies are receding from us faster than nearby ones, imply that the
Universe is undergoing an isotropic expansion around any point in space,
con�rming the validity of the cosmological principle. The recessional mo-
tion of galaxies at a rate proportional to their distance from each other is
usually referred to as the Hubble �ow.

With better observations, the determination of the Hubble constant has
been signi�cantly lowered and progressively improved, narrowing its error
to � 1%. Still, a satisfactory value for � 0 has not been agreed, with a � 4f
tension between low and high redshift probes. From low redshift measure-
ments, mainly based on distance ladder calibration of supernova luminosi-
ties by the Supernova � 0 for the Equation of State (SHOES) collaboration,
the Hubble constant attains values � 0 ' 74“0� 1“4 km s� 1 Mpc � 1, while from
high redshift measurements, mainly based on temperature anisotropies of
the cosmic microwave background (CMB) by the Planck collaboration, it is
obtained � 0 ' 67“4 � 0“5 km s� 1 Mpc � 1. This discrepancy appears also ex-
ploiting other low and high redshift probes such as strong lensing, support-
ing the SHOES result, and baryonic acoustic oscillations (BAO) data, sup-
porting the Planck result.

The Hubble law is simply another way of expressing equation (1.7) at
H ' 0, where the Hubble constant is de�ned as: � 0 � ¤0¹B0º•0¹B0º. Since
equation (1.7) is generally valid at any redshift, it is useful to de�ne the Hub-
ble parameter � ¹Hº � ¤0•0 as a function of redshift. The Hubble parameter is
widely used in cosmology and it is customary to express the distances, vol-
ume and horizon de�ned in Section 1.1.1 in terms of it:

3> ¹Hº =
1

1 ¸ Hobs

¹ H

Hobs

dH0

� ¹H0º
(1.17)

32¹Hº =
¹ H

Hobs

dH0

� ¹H0º
(1.18)

d+2 =
1

� ¹Hº

� ¹ H

0

dH0

� ¹H0º

�
dH 3
 (1.19)

@PH =
1

1 ¸ Hobs

¹ 1

Hobs

dH0

� ¹H0º
(1.20)

Another useful and widely used horizon de�nition involving the Hubble
parameter is the Hubble horizon, which better catch the maximum scale of
interactions at a given cosmic time. Hubble horizon is de�ned as:

rH ¹zobsº =
1

H¹zobsº
(1.21)
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Friedmann equations

As shown in Section 1.1.1, once speci�ed the sign of the curvature, the FLRW
metric is dependent only on the scale factor 0¹Bº. Studying the dynamical
evolution of this factor is the key to understand the past history and the fu-
ture of the cosmos. This can be done by plugging the FLRW metric into the
Einstein �eld equations. Since the derivation of FLRW metric comes from
the cosmological principle, I implement the assumption of large scale ho-
mogeneity and isotropy also in the energy-momentum tensor, which takes
the form:

) `a = ¹d ¸ >º C` Ca ¸ > 6̀ a (1.22)

where d is the total density and > the total pressure of the matter and ra-
diation �elds and C` � 3F` •3g. The Einstein �eld equations reduce to 2
independent di�erential equations called Friedmann equations:

�
¤0
0

� 2

¸
9
02

=
8c �

3
d (1.23)

¥0
0

= �
4c �

3
¹d ¸ 3>º (1.24)

The combination of these two equations give the energy conservation equa-
tion:

¤d ¸ 3
¤0
0

¹d ¸ >º = 0 (1.25)

In order to solve the system on the 3 unknown 0¹Bº, d¹Bº and >¹Bº, it is usually
chosen an equation of state (EOS) of the form > = E d, where E can be di�er-
ent for di�erent components of the Universe. Friedmann equations imply
that, once an EOS has been selected for each �eld in the Universe, the time
evolution of the scale factor is strictly connected to the density of matter and
radiation �elds.

As for the EOS, non relativistic cold particles, such as baryons and dark
matter (see Section 1.1.3), are, to a good approximation, considered pres-
sureless (E ' 0), while for relativistic particles, like photons, it can be shown
that E ' 1•3 is a good approximation. Vacuum energy also deserves a men-
tion: since for vacuum ) `a / 6`a it can be shown that energy and pressure
are related by > = � d, meaning E = � 1.

The density evolution as a function of the scale factor can be found solv-
ing equation (1.25), obtaining d / 0 � 3¹1¸ E º. Therefore for non relativistic
cold matter d / 0 � 3, for relativistic hot radiation d / 0 � 4 and for vacuum
energy d / constant, exactly equal to the behaviour of a cosmological con-
stant.
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Using this result on the �rst Friedmann equation (1.23) gives the time
evolution of the scale factor: 0¹Bº / ¹ B•B0º2•¹ 3¸ 3E º, valid for E < � 1. At
early times, when the density is dominated by radiation 0¹Bº = ¹B•B0º1•2, at
intermediate times, when cold matter is the dominant component 0¹Bº =
¹B•B0º2•3. Finally, at late times, when the energy budget is dominated by
the vacuum energy or cosmological constant the solution of equation (1.23)
reads: 0¹Bº = 4� 0 ¹B� B0º, implying an accelerated expansion of the Universe.

The fact that the scale factor was increasing at early times, lead to the
idea of the Big Bang: a singularity point when the scale factor reaches the
value 0 = 0, thought as the beginning of the Universe. Still, at large enough
density and small scales GR breaks down, failing in the description of the
very early stages of the universe B. 10� 43 s. Models of modi�ed gravity, such
as in�ation or bouncing models, are usually invoked in order to avoid the
initial singularity, but still a full theory of quantum gravity is needed in order
to describe the physics at sub-planckian scales.

1.1.3 Building the � CDM

In Section 1.1.2 I have shown that the evolution of the Universe is tightly
related to its components and their densities. In this Section I discuss the
main cosmological probes used to investigate what is the Universe made
of. Then I proceed to do a cosmic inventory, listing the matter and radia-
tion �elds present in the Universe and the latest constraints on their energy
density. A useful de�nition is the density parameter for a given element - ,
i.e. the ratio between its energy density and the critical density of the Uni-
verse at a given redshift: 
 - ¹Hº � d- ¹Hº•d2¹Hº where the critical density is
d2¹Hº � 3� ¹Hº2•8c � . When the parameter 
 - is evaluated at the present day
(H = 0) it is usually indicated as 
 - ” 0. Notice that the �rst Friedmann equa-
tion (equation (1.23)) can be rewritten as: � ¹Hº = � 0

p Í
- 
 - ” 0 ¹1 ¸ Hº3¹1¸ E - º

with E - being the equation of state of the element - .

Main cosmological probes

Thanks to the many di�erent cosmological probes and to the huge amount
of information they bring about the state of the Universe, we are used to say
that we live in the era of precision cosmology. In this Section I brie�y men-
tion just the most important observables which have helped in the construc-
tion of the current cosmological model: � CDM.

Cosmological probes widely adopted in the near Universe are:

ˆ Type Ia supernovae (SNe): they are extremely bright explosions origi-
nated by white dwarfs accreting mass from a stellar companion. Their
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absolute luminosity ! is related to the shape of the light curve. For this
reason they have been extensively used as standard candles to mea-
sure luminosity distances and, consequently, determining cosmologi-
cal parameters. Thought being very bright and easy to detect, their lu-
minosity is not know a priori and must be calibrated using other types
of closer standard candles such as chepeid variable stars.

ˆ Galaxy clustering: it is often used to measure Baryonic Acoustic Os-
cillations, whose scale is �xed by early Universe physics. Therefore,
measuring the 2 point correlation function between galaxies is a way
to obtain angular distances. Moreover matter power spectrum, traced
by the distribution of galaxies, and in particular the scale at which it
peaks, provides useful constraint for the total matter energy density
parameter.

ˆ Weak lensing of galaxies: measuring the distortion of distant galaxies
images due to weak gravitational lensing from intervening structures
in the photons path is a good probe of the matter distribution at inter-
mediate redshifts ( H � 1), which in turn, can be converted in an esti-
mation of cosmological parameters

ˆ CMB lensing: it is the study of the distortion of CMB photons due to
the Large Scale Structure between H = 0 and H � 1100. As for the case
of galaxies weak lensing it can be a good probe for cosmological pa-
rameters

ˆ Strong lensing: it could be used for cosmological parameters estima-
tion since geometrical properties and time delays of lensed multiple
images are dependent on cosmology and on the theory of gravity it-
self. However, errors in the time delay measurements are huge and, in
order to be a probe as good as the aforementioned, thousand strong
lensing events would be needed.

Early Universe probes are instead:

ˆ Big Bang Nucleosynthesis (BBN): it is the process of formation of light
nuclei such as deuterium, helium and lithium in the �rst � 15 min-
utes of the Universe life, when temperature dropped below � 109 K.
Abundances predicted by BBN theory are dependent on the baryon en-
ergy density parameter 
 1”0. Measurements of pristine light elements
abundances in primordial gas clouds, through Lyman alpha forest ob-
servations, or in stars, once enrichment due to stellar evolution has
been subtracted, place stringent constraint on this parameter.
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ˆ Cosmic Microwave Background: it is the radiation emitted at H= Hrec '
1100, when temperature drops below � 3000 K and electrons and pro-
tons can recombine to form hydrogen and helium atoms. At that time
photons decouple from baryons and free stream toward us. The strong
isotropy of CMB photons temperature, of the order of X) •) � 10� 5, is a
solid proof of the cosmological principle and of the Big Bang theory in
general (see Figure 1.1). However the power spectrum of temperature
anisotropies provides precious information on cosmological param-
eters. Such a power spectrum is shown in Figure 1.3. It appears �at
on large scales X \ & 1� , bigger than the horizon scale at recombina-
tion, meaning that primordial perturbations have almost equal power
at all scales. At smaller scales, instead, the power spectrum start oscil-
lating due to the gravitational contraction of the baryon photon �uid
in dark matter potential wells and to the subsequent rarefaction due to
photon pressure. The heights and positions of CMB peaks are related
to cosmological parameters. In particular the �rst peak position tells
the apparent size of the horizon at recombination and so it places con-
straints on the curvature of the Universe. The second peak, instead,
corresponds to �uctuations which had time to complete an entire os-
cillation and are at maximum rarefaction. Its height with respect to the
�rst peak, and in general the height of even peaks (rarefactions) with
respect to odd peaks (contractions), is a measure of the baryon en-
ergy density. The third peak is instead related to the total matter den-
sity. The next peaks at smaller scales are damped due to photon pres-
sure which tries to smooth out perturbations. The damping is stronger
especially for perturbations entering in the horizon during radiation
domination, i.e. on smaller scales. Therefore the amplitudes of these
peaks bring information on the matter radiation equality epoch and,
consequently, on the energy density of matter with respect to radia-
tion.

ˆ CMB B-modes: I also mention B-modes of CMB photons polariza-
tion as a possible future proxy for primordial tensor modes. Detection
of these tensor modes could bring a lot of information about mecha-
nisms in act in the very early Universe such as in�ation.

Radiation

Though the number density of photons is vastly larger than the number den-
sity of baryons, with a ratio of the order of � 109, their temperature at present
is so low that the photons energy density is negligible 
 @”0 � 5 � 10� 5. Still,
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Figure 1.3: Power spectrum of CMB temperature anisotropies from Planck. Cred-
its: https://www.cosmos.esa.int/web/planck/picture-gallery .
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when the Universe was younger and hotter, radiation dominated the energy
budget up to the equivalence redshift Heq ' 3400 when cold matter start
dominating. Other contributions to radiation energy comes from gravita-
tional waves produced by various possible mechanism in the early and late
Universe, but their contribution is subdominant even with respect to light. I
will discuss more about GW energy density coming from astrophysical pro-
cesses in Sections 2.6 and 3.6.

Baryonic matter

With the term baryonic matter it is meant the totality of non relativistic par-
ticles included in the standard model of particle physics, i.e. the totality of
baryons, but also mesons, leptons and gauge bosons except the photon and
the graviton. Baryonic matter can be found in stars, but also in compact ob-
jects such as brown and white dwarfs and neutron stars (NSs), in planets
and in the form of gas in the interstellar and intergalactic medium (ISM and
IGM). Measuring the amount of stellar luminosity in a given cosmological
volume and assuming a mass to light ratio it is possible to roughly compute
an energy density for stars, getting 
 ¢”0 � 0“0027 (Fukugita & Peebles 2004).
ISM and IGM can be detected via luminous emission in di�erent bands, de-
pending on temperature, density and composition of the gas, and give a
signi�cant contribution to the total baryonic mass density. Stringent con-
straints on the overall baryonic energy density come from predictions of Big
Bang Nucleosynthesis and measurements of the amount of deuterium and
other light elements in clouds of primordial gas. Other strong constraints
come from the analysis of the spectrum of CMB temperature anisotropies.
The resulting baryon energy density at present is 
 1”0 � 0“05 (see Tumlinson
et al. 2017 for a review of the abundances of di�erent baryonic components).

Dark matter

Dark matter (DM) is a peculiar kind of matter which interacts only gravi-
tationally, not emitting or absorbing electromagnetic radiation. First evi-
dences of a missing unseen mass were found in 1933 by Zwicky who was
studying the dispersion velocity of galaxies in the Coma cluster. Visible stars
and galaxies in the clusters were not enough to provide a deep potential well
to keep the system bounded. He concluded that the cluster should contain
a huge amount of "dunkle Materie" (dark matter, Zwicky 1933). It was only
in the 1970s-1980s that dark matter was invoked to explain galaxies rotation
curves (Rubin et al. 1980), especially the �at outer part traced by neutral hy-
drogen. Other evidences in the late Universe of dark matter existence are
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strong lensing observations with the most striking example being the Bullet
cluster.

However the most important indications for dark matter existence and
constraints on its abundance come from early Universe with CMB obser-
vations. First of all the level of anisotropies of the photon-baryon �uid at
recombination is of the order of � 10� 5, which is too low, at least 2 order
of magnitude, to lead to the overdensities we observe in the late Universe;
another source of anisotropies and gravity is required to form the observed
structures. Moreover, from the CMB anisotropy peaks it is possible to sep-
arately recover the energy density of baryons and of the total non relativis-
tic matter, as explained above. The latest constraint on the dark matter en-
ergy density at present day is 
 DM ”0 ' 0“265, with the total matter density
(DM+baryons) being 
 M”0 ' 0“315.

Since dark matter particles have never been detected, we still do not
know what dark matter is made of. Still, some observationally based con-
siderations are in order. The �rst one is that there are di�erent kind of par-
ticles or objects not emitting light or emitting an undetectable amount of it.
Even standard model particles (baryons) could be dark matter if they are in
collapsed objects such as black holes (BHs). Thought CMB and BBN con-
straints, being able to �x the abundance of baryonic matter at early times,
have ruled out this hypothesis, there is still the possibility that some black
holes formed in the primordial Universe, right after in�ation (primordial
black holes), could constitute a part of dark matter. However, the idea that
they could account for all the necessary DM energy density is now ruled out
combining various observations, mainly microlensing results and CMB con-
straints (see Sasaki et al. 2018; Carr et al. 2017, 2020). Therefore the mostly
accepted hypothesis is that dark matter should be some exotic kind of par-
ticle not included in the standard model, which is able to interact only grav-
itationally.

The DM particles mass is strictly related to their temperature, allowing us
to divide DM models in 3 di�erent categories: hot dark matter (HDM) with
mass ; . 0“2 eV, cold dark matter (CDM) with mass ; & 1 GeV and warm
dark matter (WDM) with mass ; � 1 KeV. Since temperature is a proxy
of typical velocities of DM particles, it is possible to place constraints on
the correct model requiring the DM thermal velocity being smaller or equal
than the typical velocities needed to form gravitationally bound structures
of a certain scale. HDM models, in general, tend to form only large scale
bound structures and so they are ruled out. The most accepted paradigm
for dark matter is CDM, where structures are formed even at small scales.
However, also CDM has its own issues: indeed CDM-only numerical sim-
ulations predict that dark matter should cluster hierarchically, producing a
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large amount of small substructures, called satellites, and a smaller number
of large main structures. While the number of large structures is typically
in agreement with observations, the quantity of substructures predicted by
simulations is order of magnitudes larger than what is detect. This is usually
called the missing satellites problem (Kau�mann et al. 1993; Klypin et al.
1999). For example, for the Milky Way, semi-analytical models and numer-
ical simulations predict & 100 dwarf satellite galaxies, while only � 10 are
observed. Missing satellites problem is a theoretical challenge which any
new dark matter model should face.

Dark energy

Dark energy (DE) is an unknown form of energy which leads the Universe
to an accelerated expansion phase at present day. In order to have acceler-
ated expansion an equation of state with E Ÿ � 1•3 is required (see equa-
tion (1.24)). As for the case of dark matter, even evidences for dark energy
are plenty and deriving from various probes at di�erent scales and cosmic
times. Historically, the �rst evidence comes from stellar archaeological ob-
servations. If the contribution of dark energy to the total energy density of
the Universe is not taken into account, the age of the Universe can be esti-
mated as: B0 = 2•3 � 0 ' 9“2 � 1 Gyr. However some of the oldest globular
clusters ages are constrained to be � 12 � 13 Gyr (see Jimenez et al. 1996;
Carretta et al. 2000; Hansen et al. 2002) and most of globular clusters show
a stellar population with age & 11 Gyr, larger than the estimated age of the
Universe. The inclusion of dark energy into the game enlarges the cosmic
age estimation circumventing the problem. But the �rst clear evidence for
the accelerated cosmic expansion and the �rst measurement of dark energy
density came in 1998 from Riess and Perlmutter (Riess et al. 1998; Perlmutter
et al. 1999), respectively in the High-z Supernova Search Team and in the Su-
pernova Cosmology Project. They used type Ia supernovae as standard can-
dles to measure the luminosity distance as a function of redshift. They were
able to �t a value for the local deceleration parameter ?0 � � ¥0¹B0º•� 0 ' � 0“55
consistent with a dark energy equation of state EDE ' � 1 and an energy den-
sity 
 DE”0 ' 0“7. Other constraints on dark energy can be inferred by CMB
angular power spectrum. The position of the �rst peak is a probe of the cur-
vature of the Universe which is found to be almost �at 9 ' 0, so that the
�rst Friedmann equation evaluated at B0 reduces to 
 M”0 ¸ 
 DE”0 ' 1. As
explained above, from smaller scales acoustic peaks it is possible to derive

 M”0 ' 0“315, so obtaining 
 � � ” 0 ' 0“685. The latest determination of the DE
equation of state is EDE ' � 1“03 � 0“03.
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Di�erent theoretical models have been proposed to explain dark energy
and the accelerated expansion. The most accepted one is the cosmologi-
cal constant � , which enters in the GR lagrangian as L = ' � 2� and in the
Friedmann equations acts as a term with constant d� = � •8c � , exactly as
a vacuum energy. However, the cosmological constant interpretation has
its own drawbacks such as the famous �ne tuning and coincidence prob-
lems. These issues can be mitigated in other models of dark energy such as
quintessence models (Caldwell et al. 1998) at the price of adding a scalar
�eld, the quintessence, with a dynamically changing equation of state. Un-
der suitable conditions it can be demonstrated that such a scalar �eld mim-
ics the behaviour of the cosmological constant in the present day Universe.
Up to now the most accepted model remains the cosmological constant that,
in combination with the cold dark matter paradigm, gives the name to the
entire cosmological model: � CDM.

1.2 Evolution of perturbations and DM halos

In Section 1.1 I have dealt with the background structure and dynamics of
the Universe, also mentioning the behaviour of density perturbations in the
baryon-photon �uid before recombination, at H � 1100. In this Section,
instead, I focus on the evolution of non relativistic matter perturbations,
which lead to structure formation. This treatment well represents CDM per-
turbations before decoupling, when baryons are still relativistic, and the
whole matter content of the Universe after decoupling, when baryons be-
come non relativistic. Still, baryonic physics, being governed also by elec-
tromagnetic interactions, can be complicated, so here I neglect the role of
such interactions and I consider all the non relativistic matter to behave as
dark matter, an approximation which is not too crude given that dark mat-
ter makes � 85% of the total non relativistic matter. In Section 1.2.1 I focus
on the evolution of a matter overdensity in the linear and non linear regime
and I de�ne the concept of virialized dark matter halo, in Section 1.2.2 I de-
rive the DM halo mass function and in Section 1.2.3 I study the structure and
evolution of DM halos.

1.2.1 Evolution of the density contrast

In order to study non relativistic perturbations evolution, it is useful to de-
�ne the density constrast at the point ®@and time B:

X¹®@”Bº �
d¹®@”Bº � 	d¹Bº

	d¹Bº
(1.26)
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where d¹®@”Bº is the matter density at ®@at time Band 	d¹Bº is the average density
of the Universe at time B. As time goes on Universe expands, but overdense
regions expands slower with respect to underdense regions and the density
contrast Xtends to increase. As far as jXj � 1 the perturbation is in the linear
regime and it can be treated with the linear density evolution theory. At suf-
�ciently large times X & 1 and the perturbation is said to be in the non-linear
regime. In the next Subsections these two regimes are studied.

Linear regime

As said above, I consider a non relativistic pressureless �uid with density
d = 	d ¹1 ¸ Xº and velocity given by the Hubble �ow plus peculiar velocity.
Combining the Euler and continuity equations and neglecting all the non
linear terms O¹X2º, a dynamical equation for X is obtained, reading:

m2X
mB2

¸ 2 �
mX
mB

= 4c � 	d X (1.27)

Equation (1.27) is a linear ordinary di�erential equation, so the solution can
be written in the form X¹ ®F”Bº = � ¹Bº X¹ ®F”B0º, where ®F � ®@•0 is the comoving
coordinate, � ¹Bº is called growth factor and X¹ ®F”B0º is the density contrast
extrapolated at present time. In linear theory the spatial dependence of the
density contrast does not change with time and only the amplitude evolves
through the factor � ¹Bº, whose value at present is � ¹B0º = 1. Fixing the back-
ground cosmology, equation (1.27) can be solved for the growth factor. For
a matter only Universe � ¹Bº = 0¹Bº, which can be considered a good approx-
imation also for � CDM. Therefore in linear regime perturbations tend to
grow at the same rate of the scale factor.

Non linear regime

AsXgrows with time, it eventually reaches X & 1 and it goes out of the linear
regime. The non linear evolution can be determined numerically or through
some analytical approximations. Here I brie�y sketch the simplest analytical
approximation: the spherical collapse model (see Lahav et al. 1991; Eke et
al. 1996). The spherical collapse model takes into account a spherical region
with constant density contrast X, in the linear regime at the initial time B7. As
cosmic time goes on X increases since the spherical region expands slower
than the background up to a turn around time Bta at which the spherical re-
gion stops expanding and start collapsing back. In the spherical collapse
model this occurs when 1 ¸ X¹Btaº ' 5“55. Extrapolating the linear theory up
to this point the linear density constrast would have been Xlin ¹Btaº ' 1“062.
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The time of collapse of the spherical region is Bcoll = 2Bta at which the den-
sity contrast diverge. In linear theory, instead, the density contrast at Bcoll
can be computed as Xlin ¹Bcoll º ' 1“686, which is called critical overdensity for
collapse X2. At a given cosmic time, only regions with linearly extrapolated
density contrast Xlin ¹Bº ¡ X2 are collapsed. This implies that regions with
higher initial density contrast collapsed earlier than lower density contrast
regions. In order to compute the redshift of collapse for an overdensity with
present day density contrast X¹B0º ¡ X2 it is su�cient to solve X¹B0º = X2•� ¹Bº
for redshift. For this reason the function X2¹Hº � X2•� ¹Bº is usually de�ned.

Spherical collapse model assumes a matter only universe as background
cosmology. However, its predictions are weakly dependent on cosmological
parameters and, even in � CDM, matter dominates over other kind of ener-
gies for most of the time. Therefore results of the spherical collapse model
can be extended to � CDM case to a good extent.

Though the spherical collapse model is useful, allowing to analytically
estimate the collapse time of a given perturbation, overdensities, in gen-
eral, are not uniform and the collapse is not spherical. DM particles undergo
phase mixing and violent relaxation processes (Lynden-Bell 1967; Binney &
Tremaine 2008) forming a virial system at equilibrium, called dark matter
halo. The typical timescale of virial relaxation is Bvir ' 2Bta at which the sys-
tem has a radius @vir ' @ta•2 and a density d¹Bvir º• 	d¹Bvir º = 18c 2 ' 178. This
leads to the de�nition of the virial radius as the radius containing a density
dvir = � 2 d2. In a matter only Universe d2¹Bº = 	d¹Bº and � 2 � 18c 2 is called
the critical overdensity for virialization. Relaxing the assumption of a mat-
ter only Universe, but still imposing 
 M ¸ 
 DE = 1, � 2 becomes a redshift
dependent quantity that can be approximated as:

� 2¹Hº ' 18c 2 ¸ 82G� 39G2 (1.28)

with G� 
 M � 1. As said above, for a given � 2, it is possible to de�ne the virial
radius and, consequently, the virial mass as:

" vir �
4
3

c � 2 d2 @3
vir =

� 2¹Hº � 2¹Hº @3
vir

2�
(1.29)

and the virial velocity:

Dvir �

r
� " vir

@vir
= ¹� " vir � ¹Hºº1•3

�
� 2¹Hº

2

� 1•6

(1.30)

In the rest of the thesis I will refer to the halo mass " � and radius ' � meaning
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the virial mass and radius. Other commonly used de�nitions of these quan-
tities are " < 	d and ' < 	d where < indicates a speci�c overdensity with respect
to the average density chosen to de�ne the halo boundary. Typical choices
are < = 200 and < = 500.

1.2.2 Halo mass function

In this Section I apply the main results of the spherical collapse model to
theoretically derive the halo mass function d 2# •d" � •d+ , i.e. the number
density of halos with given mass " � per unit comoving volume + , at given
redshift. The statistics of DM halos is of fundamental importance for any
theory of galaxy formation and evolution since halos provide the potential
wells where baryons collapse, cool and form stars.

Observations of the halo mass function are extremely challenging (e.g.,
Castro et al. 2016; Dong et al. 2019; Li et al. 2019; Sonnenfeld et al. 2019;
Cueli et al. 2021), given the nature of DM particles and the statistical and sys-
tematic uncertainties in the relations linking halo mass to observable galac-
tic properties. The main way to derive the halo mass function in modern
cosmology is via numerical N-body DM only simulations with volumes large
enough to account for a good statistics (see Sheth & Tormen 1999b; Jenkins
et al. 2001; Warren et al. 2006; Tinker et al. 2008; Crocce et al. 2010; Bhat-
tacharya et al. 2011; Watson et al. 2013). However, simulations results can
be limited in mass and redshift range and are dependent on the chosen al-
gorithm to identify halos.

I sketch here the derivation of the halo mass function from theoretical ba-
sis, relying on the Press-Schechter formalism (Press & Schechter 1974) and
its subsequent developments. The idea is that the initial density contrast
�eld is a Gaussian random �eld and a DM halo collapses if it is in a suf-
�ciently overdense region of such a �eld. However, since the overdensity
around a point depends on the considered scale, it is useful to smooth the
overdensity over a scale ' , averaging out all the �uctuations at scales smaller
than ' . The variance of the smoothed density �eld ( ¹' º decreases increasing
the scale ' . Bond et al. 1991 developed the excursion set formalism (see also
Lapi et al. 2013), demonstrating that an overdensity around a given location
executes a random walk as a function of the variance ( , or, equivalently, of
the smoothing scale. The scale at which the smoothed density contrast �rst
crosses the value X2¹Hº represent the scale of the collapsing region. It can
be proven that the halo mass function is related to the distribution of �rst
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crossing scales 5¹( º as:

d#
d" �

=
	d

" 2
�

�
�
�
�

d log (
d log " �

�
�
�
� ( 5 ¹( º (1.31)

where

5¹( º =
1

p
2c

X2¹Hº
( 3•2

exp
�
�

X2¹Hº2

2(

�
(1.32)

is the �rst crossing distribution in the case of spherical collapse where col-
lapse occurs whenever X ¡ X2¹Hº.

Successive models (Sheth et al. 2001; Sheth & Tormen 2002) re�ned the
excursion set formalism, considering an ellipsoidal collapse and setting a
mass dependent collapse threshold better in agreement with simulations.
In Figure 1.4 I show an example of a random walk for the overdensity X as
a function of the variance. In the Figure are represented the threshold for
collapse in the case of a spherical collapse and ellipsoidal collapse models,
at H = 0 and H = 2. At smaller redshift the threshold for collapse decrease,
leading overdensities with smaller variance (larger scales) to collapse, cor-
responding to the formation of a more massive halo.

1.2.3 Halo structure

In Sections 1.2.1 and 1.2.2 I have reviewed the overdensity evolution, giving
the de�nition of dark matter halo and I have shown the formalism to theo-
retically derive the halo mass function. In this Section I focus on the internal
structure of halos, in particular on their density pro�le, extensively relying
on results of cosmological N-body DM only simulations, on their substruc-
tures and on their accretion rate.

Halo density pro�le

A nice property shared by all simulations is that the DM density pro�le does
not signi�cantly depend on the halo mass, meaning that every collapsed
DM overdensity has almost the same radial distribution once virialised. A
good �t for such a density distribution is given by the Navarro-Frank-White
(NFW) pro�le (Navarro et al. 1996):

d¹@º =
4 dA

¹@•@Aº ¹1 ¸ @•@Aº2
(1.33)
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Figure 1.4: Example of a random walk executed by an overdensity Xaround a given
point as a function of the variance ( . The black solid line represents the random
walk. The dotted lines illustrate the constant (green), square-root (blue), and ellip-
soidal barriers (red) at two redshifts H = 0 and H0 = 2, with the dots indicating the

locations of �rst crossing. Credits: Lapi et al. 2013.
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where @A is called scale radius and dA � d¹@Aº. The mass inside radius @is
given by:

" ¹@º = 4c
¹ @

0
d@0@02 d¹@0º = 16c dA@3

A

�
ln

�
1 ¸

@
@A

�
�

@•@A

1 ¸ @•@A

�
(1.34)

De�ning the concentration parameter 2 � @vir •@A and 6¹2º � 1•¹ ln ¹1 ¸ 2º �
2•¹ 1 ¸ 2ºº, the NFW pro�le can be rewritten in terms of the virial radius and
mass de�ned in Section 1.2.1:

d¹@º =
" vir

4c @3
vir

22 6¹2º
¹@•@vir º ¹1 ¸ 2 @•@vir º

(1.35)

with

" ¹@º = " vir 6¹2º
�
ln

�
1 ¸ 2

@
@vir

�
�

2 @•@vir

1 ¸ 2 @•@vir

�
(1.36)

The concentration parameter has a slight mass and redshift dependence; in
particular it decreases at larger halo masses and at higher redshifts via power
law relations. As an halo accretes mass over cosmic time, the concentration
parameter tends to increase since matter is accumulated in the outskirt re-
gions, increasing @vir , but leaving the central overdensity almost untouched.

Finally, I remark that, while NFW pro�le predicts a central logarithmic
density slope W¹@' 0º � d ln d•d ln @j@' 0 ' � 1, observational data do not
seem to favor such central cuspy pro�les, but rather cored ones with W¹@'
0º & 0“5. This could be interpreted as the e�ect of gravitational interactions
between DM particles and baryons which are not kept into account in DM
only simulations.

Subhalos

Dark matter halos are not standalone entities, but are characterized by the
presence of many substructures, called subhalos. Subhalos are smaller and
less massive halos orbiting in the potential well of a larger halo and may host
small satellite galaxies. The evolution of a subhalo is driven by many phe-
nomena, such as tidal forces from the the host halo leading to tidal stripping,
dynamical friction with respect to the background DM particles subtract-
ing its energy and angular momentum and gravitational interactions with
other subhalos. These processes may lead to destruction of many subhalos
and the probability of surviving is related to the subhalo initial mass, density
pro�le and orbit. For this reason it is usually de�ned an unevolved subhalo
mass function in which subhalos are counted at the time of accretion and an
evolved subhalo mass function in which subhalos are counted after a time
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B. Both the unevolved and evolved subhalo mass functions can be described
by the same functional form:

d2#
d+ d log `

/ W `U4� V` l
(1.37)

where ` � " sub•" host is the mass ratio between the subhalo and the host
halo and the set of parameters ¹W” U” V” lº is di�erent for the unevolved and
the evolved case.

The subhalo mass function can be used to retrieve the average halo oc-
cupation number, i.e. the average number of subhalos in a host halo of given
mass" � at redshift H: h# i¹ " � ” Hº. Numerical simulations and halo occupa-
tion distribution models (Zehavi et al. 2005, 2011; Zheng et al. 2007, 2009;
Tinker et al. 2013) suggest that the halo occupation distribution %¹# jh# iº
follow a Poisson distribution around the average number h# i . The halo oc-
cupation distribution can be very important since it allows to obtain the
galactic halo mass function (GHMF), i.e. the mass function of halos not con-
taining subhalos and possibly hosting only a single galaxy (see Aversa et al.
2015):

d2# � � " �

d+ d log " �
=

d2#
d+ d log " �

%¹Ÿ # = 1jh# iº (1.38)

In Figure 1.5 it is shown the galactic halo mass function compared with the
overall halo mass function at di�erent redshifts.

Halo mergers and accretion

In � CDM growth of DM halos occurs bottom up, i.e. smaller structure are
formed �rst and grow by merging with other DM halos or accreting not viri-
alized matter in the surroundings. A merger is the coalescence of two viri-
alized halos to form a new single virialized object. The process of growth
of a DM halo through subsequent mergers with smaller systems is known
as hierarchical merging, usually schematized in the famous merger tree.
Mergers are divided in two categories depending on the merger mass ra-
tio ` � � " 0

� •" � where " 0
� is the less massive halo mass and " � the most

massive halo mass. Mergers with ` � . 0“3 are called minor mergers, while
mergers characterized by ` � & 0“3 are called major mergers. The merging
rates per descendant halo per unit cosmic time and merger mass ratio are
described by the �tting formula (Fakhouri & Ma 2008):

d2# merge

dBd` �
= #

�
" �

1012 " �

� 0

` � 1� 2
� 4¹` � • �̀ � º2 dX2¹Bº

dB
(1.39)
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Figure 1.5: Solid lines represents the galactic halo mass function, dashed lines the
total halo mass function at H = 0 (orange), H = 1 (red), H = 3 (green), H = 6 (blue),
and H = 10 (cyan). The dotted line at H = 0 is the substraction of the two, i.e. the
cluster and group halo mass function; this is compared with the determinations by
Boehringer et al. 2014 (circles) from X-ray observations of groups and clusters and
by Martinez et al. 2002 (stars) from optical observations of loose groups. Credits:

Aversa et al. 2015.

The parameters of such a relation have been determined by Genel et al.
2010 comparing with results of the Illustris-Dark simulations, yielding: # =
0“065 Gyr� 1, 0 = 0“15,1 = � 0“3, 2 = 0“5, �̀ � = 0“4.

The other main mechanism driving the growth of DM halos is accretion
from cosmic web. However, as many authors have pointed out (see Diemand
et al. 2005; Cuesta et al. 2008; Diemer et al. 2013, 2017; Zemp 2014; More et
al. 2015) such a growth should be interpreted carefully, remembering the
de�nition of virial radius as the radius enclosing an overdensity � 2¹Hºd2¹Hº.
Such a de�nition can lead to spurious evolution of the DM halo mass, due to
the redshift evolution of the reference density d2¹Hº. Since d2¹Hº decreases at
larger cosmic times, the virial radius increases just because of its de�nition
and, consequently, also the halo mass grows. This phenomenon is called
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pseudo evolution and it is present even when other de�nitions of the halo
mass are adopted, such as the commonly used " 200 	d and " 500 	d. The au-
thors cited above compared the mass evolution of DM halos using di�erent
de�nitions and showed that pseudo evolution is responsible for a large part
of the observed halo mass increase with redshift. More et al. 2015 also pro-
posed a formula to study the growth of halo mass inside a region of �xed
physical size, typically 4 @A, corresponding approximately to the initial virial
radius. It's formula is useful to get rid of pseudo evolution and to keep into
account only the physical evolution of the inner halo mass, which is more
related to the central galaxy properties:

" inner ¹Hº ' " � ¹Hº
ln ¹1 ¸ 2form º � 2form •¹ 1 ¸ 2form º

ln ¹1 ¸ 2º � 2•¹ 1 ¸ 2º
(1.40)

where 2form is the concentration parameter at formation time of the halo.
In Figure 1.6, I show the growth of halo mass as a function of cosmic time

for halos of di�erent descendant mass. It is shown the evolution of the mass
de�ned as the DM mass contained in a region with spherical overdensity
200 	d¹Hº (blue), which is similar to the usual de�nition of the virial radius and
includes pseudo evolution, the evolution of the mass inside a �xed phys-
ical radius (red), de�ned as the virial radius at H � 0, which is depurated
from pseudo evolution and the evolution of the mass inside a region with
�xed spherical overdensity (orange), de�ned as 200 	 d¹0º, which seems to be
scarcely a�ected by pseudo evolution.

1.3 Galaxy statistics and evolution

In Section 1.2 I reviewed the formation, the growth and the statistics of dark
matter halos. They are extremely important for galaxy formation and evolu-
tion, since they provide the potential wells in which baryonic gas collapse,
cool and forms stars, creating bound structures called galaxies. In this Sec-
tion I summarize the main observational �ndings about galaxies, focusing
on their statistical properties and on some scaling relations between di�er-
ent observables. I remark that this treatment is far from being complete
since galaxy evolution is a wide �eld, still very open and rapidly evolving.
The idea of this Section is to describe some basic elements and tools that
will be used in the rest of the thesis.
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Figure 1.6: Mass evolution as a function of cosmic time for halos of di�erent de-
scendant mass. The blue curve shows the evolution of the mass contained in a re-
gion with spherical overdensity 200 	 d¹Hº, the red curve the evolution of the mass
inside a �xed physical radius, i.e. the virial radius at H � 0, the orange curve the
evolution of the mass inside a region with �xed spherical overdensity, de�ned as
200 	d¹0º. Shaded areas represent the 15th to 85th percentile ranges. Credits: Zemp

et al. 2014

1.3.1 Galaxy classi�cation

Galaxy classi�cation is not an easy task even at H� 0 since galaxies are com-
plex systems that can be made of di�erent stellar populations and can show
a vast variety of properties. Categorizing them by one speci�c attribute is
limiting, since galaxies of the same group can behave di�erently with respect
to other features that they have in common with galaxies of other groups.
Moreover, since any classi�cation is observationally based, it can be biased
by degeneracies between parameters, by systematics of the observational
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