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1 Introduction

This thesis introduces a system of coupled equations for a Kdhler metric on a compact
complex manifold and a connection on an holomorphic line bundle over it. It is obtained
intertwining two major problems in complex geometry. The first one, i.e. the existence
of a Kdhler metric of constant scalar curvature (or cscK equation), traces back to the 1950s
[ , ] and it was settled more precisely in the 1980s by Calabi [ , ],in
order to find a suitable notion of canonical Kédhler metric. The setting of this problem
is the following: for a compact complex manifold (M, J), consider a non-empty Kéhler
class Q € H% (M, R). The cscK equation is

s(w) =8, (1.1)

where s(w) denotes the scalar curvature of the Riemannian metric associated to w and
J and § is a constant, depending only on the topology of M and the choice of Q. An
historical overview on this problem is provided in Section 1.3.1.

The second problem is more recent and comes from string theory. Near 2000, Leu-Yau-
Zalsow | ] and Marifio-Minasian-Moore-Strominger [ ], using different
approaches, found the same supersymmetric constraint for D-branes in a superstring
theory of type IIB: this condition was called deformed Hermite-Yang-Mills equation (dHYM
equation). In the string-theoretical setting, such branes correspond to holomorphic line
bundles, supported on analytic subvarieties of a Calabi-Yau manifold; however, since
the dHYM equation does not depend on the Calabi-Yau ambient, Jacob and Yau [ ]
initiated the study of the dHYM equation on a compact Kihler manifold, from a purely
geometric and analytic point of view. In this case, consider an holomorphic line bundle
L over a compact Kédhler manifold (M, |, w); then we look for an hermitian metric & on
L, satisfying

Im (efe (- F(h))") -0, (1.2)

where F(I) denotes the Chern curvature form associated to 1 and 6 is a topological
constant depending on c1(L), 2 and M, which we always assume 0 # 0. For an historical
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overview on the dHYM equation and its string theoretical interpretation, we refer to
Section 1.2.1.

The coupling of these equations is quite natural and exploits the fact that both equa-
tions (1.1) and (1.2) admit a moment map interpretation. In complex geometry and
mathematical physics, it is common to study a PDE from an (infinite-dimensional)
symplectic point of view, whenever it corresponds to the vanishing of a moment map
associated to some Hamiltonian action. Many interesting problems fit in this framework;
besides the aforementioned equations, other noticeable examples are the Hermite-Yang-
Mills equation for a connection on a vector bundle, the Hitchin’s equations for Higgs
bundles or, due to Donaldson, the condition for exact Lagrangian immersions.

This approach is motivated by the Kempf-Ness theorem, that relates GIT quotients
and symplectic reductions, albeit in a finite-dimensional setting. This result implies that
the set of zeroes of a moment map corresponds to "stable" orbits of the complexified
action, in a suitable sense; moreover, the GIT-stability of an orbit can be checked using
different criteria, the most noticeable, the so-called Hilbert-Mumford criterion, being a
simple numerical condition. For a more in-depth exposition of the finite-dimensional
setting, which provides a conceptual guideline for the study of a geometric PDE arising
from a moment map, we refer to Section 1.1.

Despite the lack of a canonical way to generalize the Kempf-Ness theorem to an
infinite-dimensional setting and to define the relevant stability notion, there is a case
in which this approach proved to be extremely fruitul, namely the Hermite-Yang-Mills
equation. The setting is the following: let L — M denote an Hermitian vector bundle
L over a compact Kédhler manifold M. Then we look for an Hermitian connection A
satisfying

F(A)*? =0, 13
AoF(A) = z1d, 13

where F(A) denotes the curvature form associated to the connection A, A, is the contrac-
tion operator on the form-part defined by the metric @ and z is a topological constant.
Due to the work of Atiyah-Bott [ ], the set of Hermitian connections satisfying (1.3)
was identified with the symplectic reduction associated to the Hamiltonian action of the
gauge group G on a suitable subspace A!! of the space of connections A. More con-
cretely, the condition (1.3) was proved to be equivalent to the vanishing of the moment
map associated to the standard action G ~ AL,

This point of view led to a fundamental result: already in 1963, Mumford had pro-
posed a notion of slope-stability for an holomorphic vector bundle, necessary to state
an analogue of the Kempf-Ness theorem in this setting, i.e. the Kobayashi-Hitchin cor-
respondence. Its content is quite straightforward: the HYM equation (1.3) admits a
solution if and only if L is slope-stable. This result had already been proved in 1965
by Narasimhan-Seshadri [ ] for Riemann surfaces and subsequently generalized by
Donalson [ ] in the case n = 2 and by Uhlenbeck-Yau [ ] for n > 2, being the
first success in the application of the moment map framework to the study of geometric
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PDEs. An overview on the basic example of the HYM problem is provided in 1.1.2 and
1.1.4.

The moment map interpretation of the dHYM equation (1.2) is closely related to the
GIT picture for the Hermite-Yang-Mills equation. The relevant Hamiltonian action is
again the standard action G ~ A, but the linear symplectic structure Q*P on the space
AL proposed by Atiyah-Bott in [ ] is replaced with a non-linear symplectic form
QIIYM which is skew-symmetric and closed, but fails to be non-degenerate [ ].
Despite this issue, one still hopes to use the GIT framework as a guideline to study this
problem.

From this picture, one can deduce a noticeable feature of the dHYM equation: in the
large volume limit, i.e. replacing the symplectic form w by tw for t >> 1 and expanding
QIYM i power series of ¢, the leading order term is equivalent to the standard form
QAB. Similarly, the leading order term in ¢ in the dHYM equation is precisely the HYM
equation. The GIT picture for the dHYM equation is explained in detail in Section 1.2.2.

The interpretation of the cscK equation (1.1) as a condition equivalent to the vanishing
of a moment map traces back to the 1990s, due to the work of Fujiki [ ] and
Donaldson [ ]. In this case, the relevant Hamiltonian action is the action by pull-
back of the group H of Hamiltonian symplectomorphisms on the space J parametrizing
almost-complex structures compatible with a fixed Kéhler form w.

As in the Kobayashi-Hitchin correspondence, this framework aims to define an
algebro-geometric notion of stability for the cscK equation which should be equivalent
to the existence of a solution of (1.1). In 1997, Tian introduced the notion of K-stability
for a Fano manifold [ ], which was subsequently generalized by Donaldson for any
polarized Kéhler variety [ ] and led to the famous Yau-Tian-Donaldson conjec-
ture. While this result remains one of the most important open problems in complex
geometry, it proved to hold in many important examples, as for Kahler toric surfaces
[ , , ] or for Fano manifolds, when the Kéhler class € is proportional
to Cl(M) [ ’ ’ ’ ]

In the standard setting for the dHYM problem (1.2), the unique variable is the connec-
tion A, while the Kahler structure is fixed. We propose a system of coupled equations,
in which the first one is the dHYM equation, but the Kédhler metric w is allowed to vary,
being coupled to the connection A via the second equation, which corresponds to the
cscK equation plus an additional term. The coupling is obtained quite naturally using
the moment map picture as a guideline and, following the ideas of [ ], depends
on the symmetry groups H and G associated respectively to the cscK problem and the
dHYM problem.

Our system of PDEs has also a moment map interpretation, associated to the action
of the extended gauge group G, ie. the group of unitary automorphisms of a line
bundle L, covering an Hamiltonian symplectomorphism on the base manifold M. The
group G is an extension of H by the gauge group G and fits into the exact sequence of
(infinite-dimensional) Lie groups

lﬁQ%éL?‘(—)l

vi



Introduction

In order to describe a GIT picture for our equations, we consider a suitable subset of the
product
PCAxXYT,

which is an infinite-dimensional manifold with a natural complex structure, such that
is a complex submanifold. A symplectic structure (2, on ¥ is produced by pulling-back
the symplectic forms on the factors A and J associated to the GIT pictures of the dHYM
problem and the cscK problem, i.e.

Qq = naQIHM 4 QPR 1

The parameter a € R plays the role of a coupling constant; when a > 0, the symplectic
form Q, on P is also Kihler. _

Finally, we observe that there is a Hamiltonian action of G on A X J, preserving #
and its symplectic (possibly Kéhler) structure, and an associated moment map

Ha : P — Lie(G),

(see Theorem 2.1.1 and Corollary 2.1.2). The vanishing of 11, is equivalent of a system of
two equations because, for each A € A, there is an operator 64 inducing an equivariant
vector space splitting

Lie(G)" = Lie(G)" @ Lie(H)". (1.4)
04

With this procedure, we obtain a system of PDEs corresponding to the dHYM equation
coupled to a variable Kihler metric

Im (e“/‘_lé(a) - P(A))”) -0

Re(e-ﬁ@(w—F(A))")
=c,

(1.5)

s(w)—a —
where c is a topological constant; we point out that, due to the definition of #, there is
also the additional constraint

F(A)* = 0.

This construction is exposed in details in Section 2.1.
In order to rephrase the system (1.5) in a more manageable way, we introduce the
radius function r,,(A) and the Lagrangian phase operator ©,(A), respectively defined as

[0

i=1

ro(A) =

4

n

O,(A) = Z arctan(A;),

i=1

1The form QIHYM fails to be non-degenerate everywhere; we will address this issue in the following.

Vil
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where the A;’s denote the real eigenvalues of the Hermitian endomorphism of the

tangent bundle given by w™! (\/—_1P (A)). The system (1.5) we propose is equivalent to

O,(h) = 6 mod 21
s(w) — ary,(h) =85 — af,

where 3, 7 denote respectively the average scalar curvature and the average radius.
In a suitable limit, or with a special choice of the parameters, our system (1.5) corre-
sponds to the systems introduced by Alvarez-Cénsul, Garcia-Fernandez and Garcfa-
Prada [ ] (in the large radius limit, see Proposition 2.3.1) and by Hultgren-Witt
Nystrom [ ] (on complex surfaces, see Section 2.2 and in particular Corollary
2.2.1).

In Chapter 2 we establish several general results about the system (1.5). Following
[ ] Chapter 3, we adapt the usual Futaki invariant for the cscK equation [ ],
producing an obstruction to solutions of the coupled system (see Section 2.1.3).

In Section 2.2, we describe the cohomological condition which allows to lift the
dependence in the equations (1.5) on the metric w to the Ricci curvature; the resulting
system should be interpreted as the coupling of the dHYM problem with the Kéhler-
Einstein equation. While for a Kdhler manifold of higher dimension this condition is
not very explicit (see Formula 2.2.1), the case of a complex surface is quite special, due
to the fact that the dHYM equation is equivalent to a complex Monge-Ampére equation.

When n = 2, the existence of a dHYM connection A on the line bundle L is equivalent
to a geometric stability condition, i.e. the positivity of the class

cos é[a)] —sin é[F] >0, (1.6)

where [F] is a class in H? (M, R) corresponding to [F] = —[V-1F(A)]. Assuming the
additional cohomological condition

C](X) +

[F] = Aw], (1.7)

A

sin 6

in which A is a constant depending on the topology of the bundle L, ¢1(X), Q and the
choice of a, the coupled equations (2.1.4) become the system of complex Monge-Ampére
equations

(\/—_1 sin(6)F(A) + cos(é)a))2 = w?

. _ o A
Ric(w) = Aw + Sin(é)\/ 1F(A).

(1.8)

The reduced system (1.8) provides also a first example of solutions of (1.5), on a del
Pezzo surface with discrete automorphisms (see Corollary 2.2.1).

Notice that the conditions (1.6) and (1.7) are not simply linear in [w] and [F]; cos &
and sin 0 depend non-linearly on such classes. However, assuming to have a solution

viii
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of (1.6) and (1.7) on a surface M, it is possible to induce a new solution on the blow-up
M = Bl,(M) (see Lemmas 2.2.2 and 2.2.3).
In Section 2.3, we consider the family of Kdhler forms

wt =tw, t €Ryg

and analyze the leading behavior of the system (1.5), in the large volume limit (t — o)
and in the small volume limit (t — 0). In the first case, our equations degenerate to the
Kéhler-Yang-Mills coupled equations introduced in [ ], in the particular case of a
line bundle. In the small volume limit, provided that F = —V-1F (A) is a Kahler form,
we obtain a system coupling the famous J-equation of Donaldson [ ] and Chen
[ ] with the cscK equation; this system does not seem to appear in the literature,
except in the case of a complex surface [ ].

In Chapter 3, we study the coupled equations and their limits on abelian varieties.
In this special case, we consider a slightly different problem; note that any constant
coefficient representative for an integral class [F] € H?(M,Z) and for a Kahler class Q
is a solution of (1.5), when M is abelian. We will consider the problem of finding a pair
(A,]) € P such that, in the splitting (1.4) given by 04, the moment map p, vanishes on
Lie(G) and acts as some prescribed element —f € C°(M, w) = Lie(H)* on Hamiltonian
vector fields. This is equivalent to the system

tm (eVT0 (0 - F(A)>")=

-]

(1.9)

The string-theoretical origins of the dHYM equation is the first motivation for consid-
ering such class of varieties: homological mirror symmetry for B-models on a complex
torus has been studied in detail [ , |; in this context, abelian varieties play
a special role also as fibres of holomorphic Lagrangian fibrations (see e.g. [ D.
Moreover, in this setting it is easier to consider the additional problem of realizing
effectively solutions of (1.9) in the B-model (see Proposition 3.1.9).

From an analytic point of view, the system (1.9) is closely related with the the problem
of finding cscK metrics on complex tori, or more generally periodic solutions of Abreu’s
equation, as studied by Feng and Székelyhidi [ ] (see also [ D).

In the special case of abelian surfaces, our main existence results are the following:

Theorem 1.1. Let X be an abelian surface with Kihler classes [w], [F]. Suppose the phase
eV-10 satisfies

sin(6) < 0, cos(9) > 0.
Consider the equations (2.1.4), with coupling constant

a=a' cos(9), a’ >0

and datum f given by the image of any function A, as above, under Legendre duality, that is
f(Vu(x)) = A(x).

1X
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Then, these are solvable provided the classes [F| and [w] are sufficiently close, depending only
on o’ and sup |Al.

By rescaling F and w appropriately, it follows:

Corollary 1.2. Fix negative line bundles L, N on the abelian surface M. Then for all sufficiently
large k, depending only on o', A, the equations (2.1.4) with coupling constant o’ cos(6) and
datum f as in Theorem 3.1.3 are solvable on the line bundle L®* ® N1, with respect to the
Kihler class —kcy(L).

The positivity of L™! is a key ingredient in the proof of Theorem 1.1 and Corollary
1.2; using a similiar argument, we obtain analogous existence results in the large radius
limit, for arbitrary dimension (see Proposition 3.1.5 and Theorem 3.1.6).

Instead of considering an arbitrary datum f, we may assume that f is invariant under
translations with respect to all but one of the symplectic coordinates; in this special
case, we are able to obtain much more precise results (see Theorem 3.1.7 and 3.1.8 and
Proposition 3.1.9).

In Chapter 4, we study the dHYM equation (1.2) and the coupled equations (1.5)
on ruled surfaces, providing many new examples of dHYM connections coupled to a
variable Kédhler metric (see Theorem 4.1.2). We manage to exhibit very explicit solutions,
using the momentum construction, which we set up in Section 4.2, following [ I

It turns out that the unique requirement for solving the system (1.5) is the geometric
stability condition for the dHYM equation (1.6), which for a ruled surface can be stated
in a quite explicit way. Parametrizing a Kahler class [w] and an integral class [F] €
H?(M,Z) in terms of suitable variables 0 < x < 1 and k; € Z for i = 1,2, the stability
condition (1.6) is equivalent to

(1 + (ky + kz)z) > x (1 + (kg — k2)2) . (1.10)

The main limitation of Theorem 4.1.2 is that solutions necessarily require a negative
coupling constant. In Section 4.5 we allow the background metric to develop conical
singularities along certain divisors Eg,E, respectively with cone angles 27y, 27fc.
For 0 < Bo < 1 and provided that the stability condition (1.10) is satisfied, the coupled
system (1.5) admits a solution for a unique value of the angle ., > 1 and the constant
a, which for Sy # 1 has possibly a positive sign (see Corollary 4.1.4).

In Section 4.6 we find an explicit condition, in term of the parameters involved in the
momentum construction, under which the coupled system may be lifted to the Ricci
curvature.

In Section 4.7 we consider the degenerations of the coupled equations; in the large
radius limit, the stability condition 1.10 becomes trivial and our solutions converge
smoothly to the solutions found by Keller and Tennesen-Friedman in [ ]. In the
small radius limit, we have smooth convergence provided that the condition

(k1 + k2)* > x(kq — ka)?
holds.



Introduction

Acknowledgements

I would like to thank my advisor, Prof. Jacopo Stoppa, for suggesting this problem and
for his help and support during my PhD.

I wish to thank also the members of the Kdhler working group at IGAP, Zakarias
Sjostrom Dyrefelt, Prof. Claudio Arezzo, Samreena and especially my dear collegues
Carlo Scarpa, Veronica Fantini and Annamaria Ortu. Many thanks to all the people
who have helped and supported me for this project.

xi



1 Preliminaries

Chapter contents

1.1 Hamiltonian actions, GIT and stability . . . ... ... ........... 1
1.1.1 Hamiltonian actions and symplectic quotients . . . . .. ... .. 1
1.1.2  Example, part I: an infinite-dimensional Kéhler reduction . . . . 6
1.1.3 Geometric Invariant Theory (GIT) . ... .. ... ... ...... 8
1.1.4 Example, part II: an infinite-dimensional Kempf-Ness theorem . 12
1.2 Deformed Hermite-Yang-Mills equation . . . . ... ... ......... 14
121 Overview . ... ... ... .. .. e 14
1.2.2  GIT framework for the dHYM equation . . . . .. ... ... ... 16
1.3 Constant scalar curvature equation for a Kdhler metric . . .. ... ... 22
131 Overview . ... .. ... e 22
1.3.2  GIT framework for the cscK equation . . .. ... ... ...... 25

1.1 Hamiltonian actions, GIT and stability

In this Section we provide some background material for the rest of the thesis, recalling
some basic results in symplectic and algebraic geometry. This introduction has the main
purpose of reviewing the moment map construction and the Kempf-Ness theorem, in a
finite-dimensional setting; the following exposition should clarify the interest for study-
ing geometric PDEs from a GIT perspective, considering also the noticeable example of
the Hermite-Yang-Mills equation.

1.1.1 Hamiltonian actions and symplectic quotients

Let (M, ], w) be a n-dimensional compact Kdhler manifold without boundaries and
g = w(J-, ) the associated Riemannian metric. In the following, we will focus on certain
subgroups of Diff(M), which we now define.

Definition 1.1.1. The group Sp(M, @) of symplectomorphisms of (M, w) is the group
of diffeomorphisms f preserving the symplectic structure, i.e. f*w = w.

The identity component Sp(M, w) is an infinite dimensional Lie group, whose Lie
algebra sp(M, w) corresponds to the space of real vector fields X satisfying Lxw = 0 or
equivalently, via Cartan formula, such that the 1-form (xw is closed.
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The subgroup of Hamiltonian symplectomorphisms Let {H; : M — R} be a family of
smooth functions for ¢ € [0, a]; we will assume that H; € C3°(M, R)., i.e. each function
is normalized /X Hyw™ = 0 to have zero average with respect to the reference volume
form. The Hamiltonian construction associates to {H;} a (time-dependent) Hamiltonian
vector field Xy, satisfying

dHt = —LXHfa)

or, in term of the metric g,
Xp, = JgradH;.

Let @, denote the flow generated by Xp,; we will refer to the family of diffeomorphisms
@', as the Hamiltonian flow of {H;}.

Definition 1.1.2. The group Ham(M, w) of Hamiltonian symplectomorphisms of (M, w)
is the group of diffeomorphisms in the Hamiltonian flow of some time-dependent
Hamiltonian function.

Obviously Ham(M, w) C Diffy(M), but the relevant property is that these transforma-
tions also preserve the symplectic structure, i.e. Ham(M, w) C Sp,(M, w). To see this,
we observe that, for each (possibly time-dependent) Hamiltonian function H, it holds

‘LXH =d (LXHa)) + LXHda) =—ddH = 0.
Proposition 1.1.3. If H'(M,R) = 0, then Ham(M, w) = Spy(M, w).

Proof. Let & be the time-dependent vector field generated by a path of symplectomor-
phisms. The 1-form (¢, w is closed and exact, so there is a function satisfying dHy = —t¢, @,
which is unique if we require the standard normalization. O

In order to characterize the Lie algebra ham(M, w) of the group Ham(M, w), we point
out that a flow of Hamiltonian symplectomorphisms is also the Hamiltonian flow of
some function H;. This important result, which is not a priori obvious, was established
in [ ].

Proposition 1.1.4. ham(M, w) corresponds the Lie algebra of Hamiltonian vector fields; it is
isomorphic (as a Lie algebra) to Cg"(X , R), endowed with the Poisson bracket.

Proof. The proof follows immediately from our previous consideration and from the
formula

[]gradf,]gradg] = —Jgrad {f,g} p

where [, -] denotes the usual commutator and {:, -} the Poisson bracket. O

Remark 1.1.5. Due to its definition, a complete description of Ham(X, @) is not easy
in the general case of a symplectic manifold. It is quite straightforward to prove that
Ham(M, w) C Spy(M, w) is a normal (and obviously path-connected) subgroup [ ,
Chapter 10]. Endowing Sp(M, w) with the C!-topology, it is still an open question
whether Ham(M, ) is C'-closed or, equivalently, a submanifold of Symp(M, w). This
so-called Flux conjecture is known to hold at least when M is a K&hler manifold [ I;
we refer to [ , Chapter 14] for a more in-depth discussion on this problem.
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Hamiltonian group actions and moment maps Let K be a compact Lie group, acting
on (M, w) by symplectomorphisms. In this setting, there is not a general procedure to
define a meaningful quotient on M, which inherits its symplectic structure. However,
when the action K ~ M is Hamiltonian, one can exploit a noticeable construction, called
Marsden-Weinstein quotient or symplectic reduction; in order to define such quotient, we
need some additional concepts, which we define subsequently.

For any element £ € Lie(K) := &, we define the infinitesimal action as the map
K — Vec(X). given by

d
Xe(p) = n OeXP(tE)P-
t=

It is immediate to check that
Xie 01 = [Xe, Xx]

and
XAd(k)*lé = k*Xg,

for any k € K; moreover, since X is a symplectic vector field, tx, w is closed.

Definition 1.1.6. Let K be acting on M via symplectomorphisms; the action is called
Hamiltonian if

1. For every & € &, the infinitesimal action X¢ is an Hamiltonian vector field for
some potential Hg, i.e. —tx,w = dHs. Hence there is amap p : & — C*(M,R),
associating to each element of the Lie algebra & its Hamiltonian potential H.

2. Themap p : & — C*(M, R) is a Lie algebra homomorphism, with respect to the
Poisson structure on C*(M, R).

We notice that this definition implies i) p (Lie(K)) € ham(M, w) = C*(M,R)/R and
ii) that there exists a lift to C*(M, R) that respects the relevant Lie algebra structures.
Such lift, which fixes the average of H¢ possibly adding a real constant, can always be
chosen so that p is a linear map; the obstruction to having an actual Hamiltonian action
is stated in terms of an element in H?>(M, &); for more details on this, see [ ].

To interpret C*°(M, R) as a Lie algebra which is acting infinitesimally, assume that
M is a polarized Kdhler manifold with respect to some line bundle L; this implies that
for some hermitian metric & on L, the curvaturg\Z/—form of the Chern connection of
h is F(h) = 2nV-1w. Consider now the group Ham(L, w) of unitary automorphisms
of (L, h) covering an Hamiltonian symplectomorphism on M. Identifying Lie(Ham) =
C*(M, R), the infinitesimal action of an element H is given by the vector field

Xy + V-1H,

where )~(H is the horizontal lift to L of the Hamiltonian vector field Xy on M, while
V-1H(p) has to be identified with the Lie algebra V—1R of the isometry group U(1) of
the fiber L, = C at p.
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To give an equivalent definition of Hamiltonian actions, suppose that the action of a
group K is Hamiltonian according to Definition 1.1.6; the map p defines a K-equivariant
linear functional on Lie(K), collecting together nicely all of the Hamiltonians functions
associated to its infinitesimal action; it is an easy check that

Hpaq1ye = He ok,

for any k € K. We define the moment map px as the function

px : M — K
satisfying the condition
(u(p), &) = He(p) (1.1.1)
or, equivalently,
Ay, &) = w (Xe, ). (11.2)

Definition 1.1.6 implies that the moment map is K-equivariant, with respect to the
co-adjoint action on {7, i.e.

uk(k(p)) = k- ux(p) - k7.

Hamiltonian action of extended Lie group Suppose now that K C K is a normal sub-
group, such that exists a Lie group extension

15KS5K5HS1, (1.1.3)

Assuming that K admits an Hamiltonian action on M, we want to characterize the
associated moment map in term of the normal subgroup K and the quotient group H,
following [ ]. In order to do so, we need a unique, and in general quite strong,
technical assumption, which we now describe.

From 1.1.3, we consider the associated Lie algebra extension

0 — LieK - LieK 5 LieH — 0 (1.1.4)

and let W ¢ Hom (LieE, LieK) be the affine space of vector space splitting of the short
exact sequence 1.1.4.

Suppose now that exists a smooth, E—equivariant map 0 : M — W, with respect to
the action on 6 € W given by

k-6 =Ad(k)o0oAd(k™!) fork € K.
Notice that each splitting 6 € W uniquely defines a lift 6+ : LieH — LieK by

Id,.z=t06+6"0p,

LieK
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and, considering the K-action on Hom (LieH ,LieK ) given by
k-0+ = Ad(k) o 0+ o Ad(p(k™1)),

the equivariance for the map 6 implies the same property for 6.
With this assumption, we can split the moment map associated to the action K ~ M

(g, &) = (g, 10 () + (ug, 07p (£)) for& € LieK
and define the maps ux : M — LieK" and 0g : M — LieH" given by

(ug, (&) = (uk, &), V& €LieK
and
(ug, 0*n) = (o9, n), Vn € LieH.

The maps o and g are K-equivariant, since K is a normal subgroup, and itis immediate
to check that ux does not depend on the choice of 0, being the moment map for the
Hamiltonian action K ~ M.

Proposition 1.1.7 ([ 1). The K-action on M is Hamiltonian if and only if the K-action

is Hamiltonian, with a E—equivariant moment map g, and there is a K-equivariant map
og : M — LieH" satisfying

w (Xoy, ) = (uk, {d0,n)) +d{o,n), V& € LieK. (1.1.5)
Then the equivariant moment map for the K-action is given by

(g, &) = {uk, 0(&)) + (g0, p (&), VE € LieK.

Notice that o is the piece of the moment map p ¢ associated to the H-action, with the
condition 1.1.5 generalizing the moment map equation 1.2.1. When 40 = 0, i.e. when
the extension 1.1.3 splits, 0g coincides with py.

Symplectic reduction For any submanifold N of a symplectic manifold (M, w), let us
denote by TN“ the symplectic complement of the tangent bundle of N; the submanifold
N is isotropic (resp. coisotropic) when TN C TN (resp. TN® C TN). The basic idea un-
derlying the Marsden-Weinstein quotient is that any coisotropic submanifold is foliated
by isotropic leaves and the quotient, if smooth, inherits a symplectic structure from the
ambient space. Since the zero level of a moment map is a coisotropic submanifold, one
can prove the following;:

Theorem 1.1.8 (Marsden-Weinstein quotient). Let the action of compact Lie group K on M
be Hamiltonian and assume that M//K := y1‘<1 (0)/K is smooth. Then M//K is a symplectic
manifold of dimension equal to dimM - 2 dimK.

We mention that a similar result holds for any coisotropic orbit in &* rather than just
the set of the zeroes ylzl(O), which is obviously a K-invariant subset of M due to the
equivariance of the moment map. This construction is also relevant in Kdhler geometry;
if the action of a compact group K on a Kiahler manifold (M, w, ) is both Hamiltonian
and holomorphic, then the quotient M //K in Theorem 1.1.8 is a Kdhler manifold.
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1.1.2 Example, part I: an infinite-dimensional Kahler reduction

Inspired by the Narasimhan-Seshadri theorem, Atiyah and Bott | ] proved in 1982
that stable bundles over a compact Riemann surface correspond to special unitary con-
nections, satisfying the Hermite-Yang-Mills condition. This was achieved interpreting
the HYM equation as arising from an infinte-dimensional moment map construction, as
we are going to see. We will complete this example in the end of this Section, referring
the reader to [ Jand [ ] for additional details.

Let (L, h) be an Hermitian vector bundle over a n-dimensional compact Kéhler man-
ifold (M, J, w). We consider the space A(L, h) of connections on L, i.e.

A(L) = Ag + V=101 (M, EndL),

where A( denotes any fixed connection. Notice that A is an infinite-dimensional affine
Fréchet space, with Ty:A = () (M, EndL), for any A € A. In particular, we focus on the
submanifold A c A, the space of unitary, J-integrable connections

AV = {A € Alunitary, FS"Z = O,}

which can be endowed with a Kéhler structure. The complex structure | on M induces
a complex structure on A1, which we will also denote by ], given by

Ja = —-V-1a™ + V=129,

for a € Q1 (M, EndL) and a'? (resp. a®!) denoting the (1,0) part (resp. (0, 1)) of a. The
complex structure | extends to the complexification of the tangent bundle of A, i.e. to
Qi (M,EndL) ® C, so that AMlisa complex submanifold of the space of connection. A
Riemannian metric on A is induced by the L2-product

gl f) == [ triansp).

The metric ¢ and the complex structure | are compatible, meaning that the 2-form
Q(,+) = g(J-,-) is closed, skew-symmetric and non-degenerate, defining a symplectic
structure; it is easy to check that these properties hold for

Q(a, p) :_(nil)! /Mtr (@ AB) A,

Endowed with the symplectic structure Q) and the complex structure |, the space of
integrable connections AL is an infinite dimensional Kahler manifold, locally modelled
on some Frechét space.

Consider now the (infinite dimensional, Frechét) Lie group G of gauge transforma-
tions, i.e. the group of the unitary automorphisms of the vector bundle L, covering the
identity on M. The natural action of G on A leaves invariant the submanifold A'! and
preserves the symplectic and the complex structure.
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Theorem 1.1.9 (Donaldson, [ 1). The natural action of G on (A, ], Q) is Hamiltonian.

In the infinite dimensional setting, to prove that an action by symplectomorphisms
is Hamiltonian, it is easier to check the existence of a moment map. To prove Theorem
1.1.9, we will exhibit a map

i A — LieG* = Q*"(M, EndL)

which is G-equivariant and satisfies a condition equivalent to equation (1.1.1), i.e.

dn ( /M u(A) f) B =Q (8 Xf), (1.1.6)

where f € TgA, f € LieG and Xy denotes the infinitesimal action of f.
Consider now the map

tg(A) = - F(A) A 0™, (1.1.7)

1
(n-1)!

where F(A) denotes the curvature (1, 1)-form of the connection A. Under the action of
a gauge transformation g, we get

F(g-A) = Ad(g )Fa,

SO lg is equivariant.
To check that 1.1.7 satisfy 1.1.6, recall that the infinitesimal action associated to an
element f € LieG = Q%M , EndL) is the vector field d4 f € TgA = Qq; moreover

(daF)(B) = dap.

Then we have

dn( [ ws) 6= gy [ o Gtap) o

= _(njl)! /Mtr (BAdaf) A"
=Q (B, Xy).

Notice that we can identify LieG = Q%M, EndL) with its dual LieG* = Q*", by
f — fw"; moreover, we are free to add a constant term z to . Rewriting the moment
map 1.1.7 as

Hg(A) =~ (ALF(A) - 21d),

we observe that the set of J-integrable connections in y; (0) coincides exactly with the
solutions of the Hermite-Yang-Mills equation (1.3). Hence the moduli space of HYM
connections (up to gauge equivalence) can be described as a Kihler quotient, which is
essential in studying its geometry:.
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Finally, we observe that the parameter z € R is fixed by the topology of the problem,
depending only on ¢;(L) and [w] according to the identity

2nn

_ m(cl(u — 0" ], [M]).

z
Remark 1.1.10. We point out that Proposition 1.1.7 holds even in the infinite-dimensional
setting. In Chapter 2 we will use this result to study the Lie group extension

1_>g_‘)§£)q.{_,1’

where the extended gauge group G denotes the group of automorphisms of L covering
an Hamiltonian symplectomorphism of M. In the following, we will define a suitable
é—action on A; for now we point out that, since A is a space of connection, there is a
natural choice for 6.

Since LieG C Lie(AutL), we can identify its elements with vector fields on L and
similarly for LieH C Lie (DiffX). Hence we can define 0 mapping each connection A
to the associated vertical projection 04, so that 0 will correspond to the horizontal lift
defined by A.

1.1.3 Geometric Invariant Theory (GIT)

We consider now M c CP" a (smooth) complex projective variety, with the Kahler
structure induced by the Fubini-Study metric and the standard complex structure | on
CP". Let G be a complex reductive Lie group acting on M via a linear representation
p: G — GL(n+1,C) on the vector space C"*! underlying CP". Geometric invariant
theory (GIT) gives a way to construct a categorical quotient for the action G ~ M, within
the category of projective varities. For a comprehensive exposition on this topic, we
refer to [ 11 ]and [ ] Chapter 5.

Definition 1.1.11. A categorical quotient for the action of an algebraic group G on a
algebraic variety M is a morphism 7t : M — Y such that

1. (G-invariance) mo o = mopy, where o : GXM — M denotes the group action and
p2 the projection on the second factor.

GxM 23> M

S
M ——Y

2. (Universal property) Every G-invariant morphism ¢ : M — Z satisfying (1) factors

uniquely through 7, i.e. thereisa unique morphism x : Y — Zsuchthatiy = yomn.

Notice that Definition 1.1.11 does not imply that each point in Y corresponds to a
single G-orbit; it does not even require 7 to be surjective, even if this will hold in our
setting.
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In general, since M is compact but G is not, any non-trivial G-action o is not proper;
consequently the topological quotient is not even Hausdorff, due to the existence of
non-closed G-orbits, whose closure contains orbits of lower dimension. In order to get
a compact categorical quotient we need to remove certain "bad" (unstable) G-orbits and
restrict only to the open subset M*® C M of semistable orbits.

We will briefly describe how to define the GIT quotient. The projective variety M,
equipped with the ample line bundle O(1)|, is

M = Proj &,>0 H(M, O(r)|m).

The basic idea underlying this construction is to use G-invariant global sections of
O(r)|m, i-e. regular invariant functions on the affine cone C"*1, to separate G-orbits in
the quotient; let HO(M, O(r)|p)® denote the space of G-invariant global sections.

Lemma 1.1.12. Let G be a reductive algebraic group acting linearly on a projective variety
M C CP"; then the ring & H(M, O(r)|m)C is finitely generated.

We simply define the GIT quotient to be

M//G = Proj @50 H'(M, O(r)|m)°. (1.1.8)

Remark 1.1.13. To define G-invariant sections, we observe that there is a natural lin-
earization of the action on the line bundle O(1)y. Since G is acting through a linear
representation of GL(n + 1, C), the action can be lifted to the affine cone C"*! over CP".
Identifying the blow-up at the origin of C"*! with O(~1)¢pr, so that O(=1) c C**1 xCP",
the natural action of G on C"*! x CP" preserves O(—1); this is called linearization of the
G-action on O(1)p. Dually, there is an induced action on O(1)cpr and, provided that
X c CP" is G-invariant, also on O(1);.

In order to clarify Definition 1.1.8, we need to understand what the points in M//G
are representing. We give the following definitions:

e x € M issemistableif there exists o € H'(M, O(r)|y)C for r > Osuch that o(x) # 0.

e x € M is stable if Stabg(x), i.e. the stabilizer of x, is finite and it exists ¢ €
H%(M, O(r)|m)C separating the orbits near x.

e x € M is unstable if it is not semistable.

Remark 1.1.14. The request that o separates G-orbits near x means the following. Since
x is also semistable, there is an invariant section o(x) # 0. Restricting to the open set
Uy ¢ M where o0 # 0, we use it to trivialize O(r)y, dividing its sections by o. Then we
ask that each orbit in U, can be distinguished by G.x using H(M, O(r)|p)®, namely
there is an invariant section which has different values on the two orbits.
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In the following, we will restrict only to the subset M** C M of semistable points,
because G-invariant sections cannot be used to separate unstable points in the quotient.
To understand this, we consider M//G as defined in 1.1.8, together with a projection
map

n:M— M//G

induced by the inclusion
H(M, O(r)|m)® <= H(M, O(r)|m).

From the previous definitions, it is immediate to check that unstable points of M
are not mapped by 7 to closed points in the quotient M//G. Equivalently, Proj @,>¢
HO(M, O(r)|m)C is the image of M under the linear system H(M, O(r)|m)C, for some
r >> 0 and the Koidara embedding to P (H(M, O(r)|m)®) is not well-defined for un-
stable points.

Let M*® C M?*® denotes the subset of stable points; it can be proved that M*® and M**
are both open subsets of M. Notice that restriction of the quotient

n°: M°® > M*//G

is geometric in the sense of [ ], i.e. each point of the quotient is parametrizing a
single G-orbit. On M*® the quotient is only categorical, but from our definitions it can
be checked that the projection 7 is surjective.

Criteria for GIT stability In the framework of GIT, it is essential to determine whether
an G-orbit in M is stable, semistable or unstable. This is not easy in the general case,
but there are essentially two results for characterizing the type of the G-orbits, which
we now state.

Proposition 1.1.15 (Topological criterion for stability). Let G be a reductive algebraic group
acting linearly on a projective variety M c CP"; for any x € M, let X denotes a lift of x to the
affine cone C"*1. Then:

e x is semistable = 0 ¢ GX.

e x is polystable == 0 ¢ G¥, GX is closed.

e x is stable = 0 ¢ G&, G¥ is closed and Stabg(%) is finite.

We have introduced the additional notion of polystable orbits for the reason that,
even if M//G is not a geometric quotient, the (closed) points of the GIT quotient are
in bijective correspondence with the polystable orbits. We will not prove Proposition
1.1.15, but notice that at least one direction should be clear. Any invariant section in
HO(M, O(r)|m)C, lifted to a map on the affine cone C"*!, is constant on a G-orbit and
its closure. Hence the closure of a semistable orbits cannot contain the origin, or every
invariant section should vanish. Similarly, if an orbit is stable, it will coincide with

10
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the zeroes of a collection of invariant sections, since by definition invariant sections are
separating the stable orbit; consequently, it is closed. Notice that proposition 1.1.15 does
not depend on the particular choice of the lift ¥ to C"*!, because two different lifts differ
only by a scaling factor.

One of Mumford’s major result in GIT was a numerical criterion for stability, which
in the literature is usually called Hilbert-Mumford criterion. The basic idea is that, instead
of taking into account the entire group G, it is enough to check (semi-)stability for
1-parameter subgroups of G.

For A : C* < G, i.e. a 1-PS of G, and for any x € CP", let x¢ be the limit

= lim A(t)x.
X0 t1_r)r6()x

The limit point xg € CP" is fixed by the action of the 1-PS A C G, hence the action on
any lift X is given by
A(t)xXo = i"a(x)fo,

with p(x) € Z.

Proposition 1.1.16 (Numerical criterion for stability). With the previous notation, it holds
e x is stable <= p(x) < 0 for every 1-PS of G.
e x is polystable < p(x) < 0 for every 1-PS of G for which xo ¢ Gx.
o x is semistable < p(x) < 0 for every 1-PS of G.

o x is unstable <= p(x) > 0 for some 1-PS of G.

The Kempf-Ness Theorem The assumption of G being a reductive group is crucial to
relate the GIT quotient to a suitable symplectic reduction that can be defined in the GIT
framework. A reductive group G is the complexification of a compact maximal real
subrgroup K < G, such that Lie(G) = g = & + V=18. Since K is compact, up to a change
of basis, we can assume that it is a subgroup of U(n + 1), acting on CP" by its standard
representation on C"*!. To see this, one can average any hermitian form on C"*! over
K, using the Haar measure, to get a new hermitian form which is now preserved by K.
It is a well-known fact that the standard action U(n + 1) ~ CP" is Hamiltonian, with
respect to the Fubini-Study form, and consequently the same holds for the action of K
on M c CP", equipped with the standard Kéahler structure. Consequently, in addition
to the GIT quotient M //G, we can consider also the symplectitc reduction ‘ul_<1 (0)/K.

Theorem 1.1.17 (Kempf-Ness). Let G be a reductive algebraic group acting linearly on a
projective variety M. A point x € M is polystable if and only if the orbit Gx contains a zero
of the moment map ug. If x is polystable, the intersection ylzl(O) N Gx is a unique K-orbit.

Moreover the inclusion uy'(0) C M induces the homeomorphism

Hx (0)/K = M//G.

11
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The Kempf-Ness theorem, together with the different notions of GIT stability, is the
main reason we study geometrical PDEs in terms of an Hamiltonian action. An infinite-
dimensional analogue of GIT would imply that a solution, i.e. the zero of a moment
map, lies on a polystable orbit of the complexified action and, instead of solving a PDE,
we could use the Hilbert-Mumford criterion to check polystability.

In general there is not yet a canonical way to generalize these results to an infinite-
dimensional setting, but this approach proved to be fruitful in many cases. We outlined
one side of this correspondence in Subsection 1.1.2, where we regarded the space A'"!
of integrable unitary connections of an Hermitian vector bundle (L, /1) as an infinite-
dimensional Kihler manifold. The gauge group G acts on Al! by Hamiltonian sym-
plectomorphisms and the set of zeroes of the associated moment map is the space of
Hermitian-Yang-Mills connections.

1.1.4 Example, part II: an infinite-dimensional Kempf-Ness theorem

Let us consider again the setting of Section 1.1.2; to reconstruct the GIT picture, we have
to complexify an infinite-dimensional Lie group. As we will see in Section 1.3, this is
not always possible, but it might be sufficient to complexify the action infinitesimally, in
order to define complex orbits. For the gauge group G, this problem is avoided and its
complexification is

G- = {8 e’ (M,EndL)|g is invertible} .

The group action G ~ A can be extended to a G--action given by

ag(A) = g_l O§A Og,
ag(A) — gx— o aA o g*—ll
where ¢* denotes the adjoint of ¢ with respect to the fixed hermitian metric k; it is

straightforward to check that g(A) is unitary and integrable. Notice that, for ¢ € G,
then ¢* = ¢! and we recover the usual action

dgay=8 " odaog.

Associating to each connection A € Al the corresponding holomorphic structure for

L, through the Cauchy-Riemann operator 5A, it follows that G%-orbits correspond to
equivalent holomorphic structure on L, i.e.

A / QC ~ {isomorphism class of holomorphic structures on L} ,

and, to be precise, we need a suitable notion of stability to construct this quotient.
Let M denote the space of Hermitian metrics on L and consider the G®-action given

by
g-h(,)=nh(gt,g").

12
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For any two metric i, i’ € M there is an endomorphism w = h~' 1’ or, equivalently,
W =w?.h

This implies that the G-action on M is transitive and that
Go1G =M,

where G corresponds to the stabilizer of a fixed metric /. Notice that for h = w2 hy,
we have

troF(h) = troF(ho) + tr,0a (w1 0aw) = w2 o tr, F(w ™2 Ag) o w2, (1.1.9)

where F(h) denotes the Chern curvature associated to h, with respect to the fixed

holomorphic structure d and Ay is the Chern connection associated to hg. It follows
from 1.1.9 that it is equivalent to study the HYM equation fixing a Cauchy-Riemann
operator d on L and varying the Hermitian metrics, rather than along G®-orbits in the
space of connection AL in fact, the first choice seems to be easier.

The Kempf-Ness Theorem suggests that, with the appropriate notion of stability, in
each polystable G"-orbit there is a unique Hermite-Yang-Mills metric (i.e. such that
the associated Chern connection solves the HYM equation); equivalently, keeping the
metric 1 fixed, a polystable holomorphic structure d on L should be isomorphic to the
(0, 1)-part of an Hermitian-Yang-Mills connection A, unique up to the action of G.

Definition 1.1.18 (Mumford, 1963). Let L — M be an holomorphic vector bundle and

define
Jyc1l) Ao
B rankL

w(L)
to be the slope of L. Then
e L is slope stable <= p(F) < u(L) for every holomorphic sub-bundle F.
o L is slope semistable <= u(F) < p(L) for every holomorphic sub-bundle F.
e L is slope polystable < L = ®;L;, where L; is stable and u(L;) = u(L).

The notion of slope stability proved to be the correct one and, for Riemann surfaces,
the analogue of the Kempf-Ness Theorem was proved by Narasimhan and Seshadri
[ ] in 1965, even if the link with HYM connections was discovered in the 80s by
Atiyah and Bott [ ]. The generalization of this result to complex manifold of larger
dimension, called the Kobayashi—Hitchin correspondence, is due to Donaldson [ ]in
the case of Kadhler surfaces and due to Uhlenbeck and Yau [ ] for any dimension.

Theorem 1.1.19 (Donaldson-Uhlenbeck-Yau). Let (M, w) be a compact Kéhler manifold,
and let L be a holomorphic vector bundle over M. Then L admits a Hermite-Yang-Mills metric
if and only if L is polystable; the Hermite-Yang-Mills connection is unique, up to the action of G.

13
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Remark 1.1.20. We conclude this Section with a remark on finite-dimensional GIT. These
results, and the Kempf-Ness Theorem, are usually stated in an algebro-geometric setting,
assuming to have a reductive alegbraic group acting on a non-singular projective variety
M c CP", such that the action can be lifted to an holomorphic line bundle.

In a series of different and independent works [ , , ; ], the
authors developed a framework that allows to drop the projectivity assumption and
adapted the basic concepts of GIT to a differential-geometric setting, dealing with a
general Hamiltonian Lie group action on a Kéhler manifold, without requiring the
symplectic form to be rational or the existence of a linerization. GIT stability is replaced
by the notion of u-stability and, for example, the Hilbert-Mumford criteria are recoverd;
in this case, the Mumford numerical invariants need not to be integers, as in the usual
GIT theory.

1.2 Deformed Hermite-Yang-Mills equation

In this Section we briefly give an historical overview on the dHYM equation and its
string-theoretical interpretation; in 1.2.2 we review the moment map interpretation of
this problem and some relevant developments.

1.2.1 Overview

In the 1990s, at the beginning of the so-called second superstring revolution, the spacetime
of a realistic particle physics model was assumed to be 10-dimensional, consisting
of a 4-dimensional Lorenztian manifold, usually M3+l dS, or AdSs, with the other
six extra dimensions compactified in the form of a Calabi-Yau 3-manifold. Moreover,
theorical physicists were able to describe five different and perturbatively well-defined
superstring theories: type I, type IIA, type IIB and heterotic models with gauge group
either Eg X Eg or SO(32). We refer to [ ] for an introduction on this subject.

The existence of so many possibly inequivalent theories, both in terms of geometries
and models, was addressed in several ways. Witten and others proposed to interpret
them as different limits of a single, 11-dimensional theory, called M-theory. While this
picture is still conjectural, it was also discovered that many superstring models were
equivalent, being related by equivalence transformations, or string dualities: S-duality,
U-duality, T-duality and mirror symmetry. The other groundbreaking development
in the second superstring revolution, due to Polchinski, was the introduction of other
higher-dimensional objects than the fundamental strings, called D-branes, see [ |
and [ ].

Open strings are required to satisfy Dirichlet boundary conditions for their ending
points, which have to lie on such D-branes, the latter being an ingredient also of the
aforementioned string dualities. On a type IIA model compactified on a Calabi 3-fold
()v( , @), D-branes, usually called A-branes, are understood as Lagrangian submanfolds
of }v(, endowed with a flat unitary bundle. On a B-model compactified on (X, w),
B-branes correspond to the derived category of coherent sheaves on X, but for our

14
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purposes is enough to consider them as holomorphic vector bundles, supported on an
analytic subset Y C X, which should correspond to the support of a coherent sheaf
over X. However not every D-brane is physically realistic and one has to restrict only
to the minima of an appropriate brane-action functional, these solutions being called
supersymmetric D-branes or BPS states.

The supersymmetric constraint for A-branes is well understood [ I; in a type
ITA theory, they correspond to special Lagrangian submanifolds (together with a flat

unitary bundle), i.e. a 3-dimensional submanifold Y < X such that

with Q) denoting a nowhere vanishing holomorphic volume form on X. The discovery
of a moment map interpretation for the sLag condition, due to Thomas [ ], led also
to a conjectural stability notion; more precisely, considering a Hamiltonian deformation
class of Lagrangians [L], there should exists a suitable notion of stability for [L] which
is equivalent to admitting a special Lagrangian representative [ I

A precise characterization for the BPS state of a B-model is much more complicated;
at least in the large volume limit, i.e. rescaling the Kahler form as tw for t — oo,
supersymmetric B-branes correspond to holomorphic vector bundles with an Hermite-
Yang-Mills connection. Mirror symmetry, which has already proved to be a powerful
tool in theoretical physics and geometry (see for example [ ]) led to a better
understanding of supersymmetric B-branes.

This duality relates a pair of Calabi-Yau manifold (X, @) and ()v( , @), exchanging the
complex structures moduli space of X with the complexified Kihler moduli space of X;
physically, this is realized as an equivalence between a type IIA model and a type IIB
model, compactified on a mirror pair (}v( , X). In this sense, mirror symmetry predicts a
correspondence between supersymmetric A-branes on X and supersymmetric B-branes
on X [ ].

In 2000, using the SYZ picture for mirror symmetry [ ] and a Fourier-Mukai
transform, Leung, Yau and Zaslow described the mirror object of supersymmetric A-
branes [ ]. For a mirror pair of dual torus fibrations X and X over a torus T, the so-
called semi-flat setting for mirror symmetry, they identified supersymmetric B-branes for
abelian gauge theories with holomorphic linde bundles, supported on an holomorphic,

possibly not proper, submanifold Y < X and equipped with an hermitian metric h
solving

Im (¢’ (w = F(h))") =0,

Re (¢ (w — F(h))") > 0, (1.21)

where F(h) denots the Chern curvature associated to & and 0 is a topological constant.

The system 1.2.1 is now called deformed Hermite-Yang-Mills equation (AHYM); us-
ing different techniques, Marifio, Minasian, Moore and Strominger derived indepen-
dently the dHYM condition as the appropriate supersymmetric constraint for a B-brane
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[ ]. Notice also that, in the large volume limit, the equation 1.2.1 corresponds
to the usual Hermite-Yang-Mills condition, which is the well-established degeneration
of a BPS state in such limit.

We point out that, since the deformed Hermite-Yang-Mills equation does not depend
on the ambient Calabi-Yau X, we will consider 1.2.1 simply as an equation for the
hermitian metric of a line bundle over a compact Kdhler manifold, exiting the domain
of mirror symmetry; it is an additional and interesting problem to understand when
such solutions can be realized as B-branes.

As a final remark, we mention that one can include in the string theoretical picture
also a B-field term, i.e. the equivalent of a background electromagnetic field of a classical
tield theory. This object is described on the ambient Calabi-Yau as a collection of locally
defined 2-forms, such that their pull-backs along ¢ : Y < X defines a global, closed
2-form in B € H2(Y,R). Turning on the B-field action in the equation 1.2.1 amounts to
F(h) — F(h) + V=1; in the following we will mainly consider on the case = 0.

1.2.2 GIT framework for the dHYM equation

A rigorous analysis of the deformed Hermite-Yang-Mills equation, putting aside its
string theoretical interpretation and regarding it as a purely geometric PDE, was started
in [ ]land [ ]. In| ], the authors proposed a GIT framework for studying
the dHYM equation from the variational point of view, which we are now going to
describe. Notice that this setting is a generalization of the example of the Hermite-Yang-
Mills problem (for a line bundle) that we have sketched in Subsections 1.1.2 and 1.1.4,
the two equations coinciding in the large volume limit.

Let L — M denote an holomorphic line bundle over a n-dimensional compact Kahler
manifold; assume also that L has a unitary structure induced by a fixed hermitian
metric . We consider again the Frechét affine space A'! C A of unitary, integrable
connections, where the integrability constraint for a connection V = d + A is equivalent

to A% = 0. For a line bundle, we can identify ToA = Q1(M, V-1R), so that
Ty AV = {a € (M, V=1R) | 9a = 0.}

As in the HYM example, a complex structure | on M induces a complex structure on
A1, again denoted by ], defined by

Ja = —V-1a'? + V=121,

Assuming that it does not vanish, we define uniquely a phase V10 ¢ U(1) by requiring
/ (@ — E(A))" € Roge¥10. (1.2.2)
M

Notice that the constant angle 6 depends only on the topology of the line bundle and
the Kahler class [w].
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Consider now the 2-form defined as

QM gy = —/ aABARe (e‘/__lé(w - F(A))”_l) ,
M

for a,p € TaAY. In general, QIEYM g (losed and skew-symmetric, but fails to be
non-degenerate; howeverm it can be checked that this holds at least in a neighborhood
of a solution of the dHYM equation. The associated Hermitian metric, defined by
()= QIHYM(. 1) s also degenerate. Regardless this issue, one still hopes to use the
ideas coming from finite-dimensional GIT to study this problem.
We consider again the group of gauge transformations of (L, ), denoted by G. Under
its standard action on A, the submanifold A""! is invariant; moreover ] and Q1M are
preserved. We prove now a Theorem that should be compared with Theorem 1.2.1.

Theorem 1.2.1 ([ 1). The natural action of G on (A1, ], QIEYM) is Hamiltonian.

Proof. We will prove that

e glm (e‘/'_lé(a) - F(A))”) (1.2.3)

is a moment map for the action G ~ AL
Since LieG = C*(M, V=1R), its dual coincides with the space of purely imaginary 2n
forms and there is a non-degenerate pairing

(¢,y)= —/ ¢y, fory €LieG", ¢ € LieG.
M

Moreover, for any ¢ € LieG, the associated infinitesimal action on A'! corresponds to
the vector field d¢.
The expression 1.2.3 is clearly G-invariant, so we only need to prove that the condition

QT M(dg, a) = d(pF™, ¢)(a)

holds for any a € To A It is immediate to check that
V-1 d =y’
™, 0w =32 [0 G m (e - Fay)

_ / ¢da A Re (e‘/__lé(a) - P(A))"—l)
M

t=0

_ / dd A a ARe (eV—_lé(w - F(A))”-l)
A
— QdHYM(d(p, 0().
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Let us introduce the Hermitian endomorphism of the tangent bundle given by
w1 (V—lF (A)), with real eigenvalues A;. Then

W= FAY [ (14500

a)i’l

1

= r(A)e V71O,

where we have introduced the radius function r,(A) and the Lagrangian phase operator
Ou(A), respectively defined as

ro(A) =

( (1+ )\12))
i=1 (1.2.4)

n

O,(A) = Z arctan(A;).
i=1

Notice that we can rephrase the dHYM equation
Im (eﬁé(w - P(A))”) -0
in term of the Lagrangian phase, as
O,(A) = 0 mod 2.

To exploit the GIT framework for studying the dHYM equation, recall that in the
finite-dimensional setting, instead of solving the equation u(x) = 0, we can directly
check GIT-stability; moreover, a point x is polystable if any lift  to C"*! has closed
orbits under the action of 1-parameter subgroups of G (and finite stabilizer, if we
require proper stability).

In order to adapt the Kempf-Ness theorem to this setting, let us sketch briefly its
proof:

1. We consider the space G/K endowed with a Riemannian metric, so to be a sym-
metric space with non-positive sectional curvature, with infinite geodesics given

by 1-parameter subgroups [e V-1t gl for &£ e LieKand g € G.

2. We associate to each point x a K-invariant Kempf-Ness functional f, defined on G/K,
with the properties that 7) [¢] is a critical point if and only if u(g - x) = 0 and i) is
convex along geodesics, i.e. 1-PS of G.

3. It follows that x is stable if and only if f, is a convex, proper function, when
restricted to infinite geodesic rays; this can be evaluated by the limiting behav-
ior along 1-PS, which is used the define the numerical invariants appearing in
Proposition 1.1.16.
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4. From the definition of f,, it follows also that the K-orbit contains a zero of the
moment map p if and only if x is polystable, which is the standard statement of
the Kempf-Ness theorem.

In [ ], the authors introduce a space H, ¢ C*(M,R), which should be the
infinite-dimensional analogue of G/K.

Definition 1.2.2. For a Kéahler form w € [w], [V-1F] € H*(M,Z) and setting Fy =
F+ 85¢>, we define

H,, = {q) € C®(M,R)|Re (e—V—_lé(a) - P¢)”) > 0.}

Notice that H,, depends on the Kdhler form w € [w]; moreover, Definition 1.2.2 is
similar to the definition of the space of w-plurisubharmonic functions, which plays the
same role of H,, in the GIT interpretation of the cscK equation.

The tangent space is TyH = C*(M,R), so there is a natural choice of Riemannian
structure given by

<f1,f2>¢ = [\A flsze (e_‘/—_lé(a) - F(P)n) )

which allows us to define geodesic rays in H.

In[ ] are also introduced certain functionals Z, C and J on ‘H,,, the latter playing
the same role of the Kempf-Ness functional, i.e. it is convex along smooth geodesics and
its critical points correspond to solution of the dHYM equation.

The main problem that arises in the infinite-dimensional setting is that smooth
geodesics do not always exists; one usually tries to prove the existence of suitably weak
geodesics, so that the functionals Z, C and J mantain their properties. Without going
into further details about these regularity issues, the hope is to use the limiting behavior
of the functionals along geodesic rays to produce algebro-geometric obstructions to the
existence of dHYM connections.

Analytic and algebraic obstructions for the dHYM equation In this paragraph, we will
survey some results about the existence of obstructions or solutions for the dHYM
equation.

The first obstruction, being non-trivial in dimensions n > 3, is the following result.

Lemma 1.2.3 ([ 1). If there exists a solution of the dAHY M equation, then

/ (w — F(h))" € C".
M

On the space of hermitian metrics & on L, we define

V(h) = /M ro(h)w".
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The functional V' (k) has remarkable properties: its critical points are hermitian metrics
such that the related Chern connections solve the dHYM equation. Moreover, these
critical points are always absolute minima. Using the properties of V(h), it can be
proved a remarkable uniqueness result:

Theorem 1.2.4 ([ I). Let L be a holomorphic line bundle over a compact Kéihler manifold
M. Suppose there exists a metric h on L such that F(h) solves the dHYM equation. Then any
other solution is a real constant multiple of h.

Let us now introduce a crucial notion into the analysis of the dHYM equation, i.e. the

lifted angle 6. From 1.2.2, the topological angle 6 is defined only mod 2. However, we
can rewrite the equation in terms of the Lagrangian phase operator, as

n
Ou(h) = Z arctan(1;) = 6 mod 27,
i=1

and from Theorem 1.2.4 it follows that, if there is a solution, there is also a unique lift of
6 toR. The space H,, previously defined can be concretely defined in terms of @, ().

Lemma 1.2.5. An equivalent definition of H,, is

H,, = {¢ € C¥(M,R)| ©,(Fy) € (é - g,é +

N3

) mod2r.|

Moreover, from the maximum principle, it follows also

Lemma 1.2.6. If H,, # 0, then there is a well-defined and unique lift of O to R.

Assuming that such lift exists, we will introduce two notions which will play an
important role into the existence results that we are going to list.

Definition 1.2.7. Let § denotes the lifted angle; we will refer to
A T
0l >n-2)=
01> (n-2)7
as supercritical phase condtion and to
A T
—1N=
01> (n=1)7
as hypercritical phase condtion.

In the following, we will assume that 6 > 0; this can always be obtained, possibly
considering the dHYM equation for the line bundle L™! instead of L, which amounts to
replace F — —F. Consider now the real 2-form defined by

Q = cot Ow + V=1F(h).

We will define the line bundle L stable if there is some Hermitian metric & such that
Q> 0,1i.e. Qisa Kahler form.
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Theorem 1.2.8 ([ ). Let L — M be an holomoprhic line bundle over a Kéhler surface.
Then a AHYM metric exists if and only if L is stable.

This results and Theorem 1.2.4 completely clarify the questions about existence and
uniqueness for Kéhler surface; we mention that n = 2 is a very special case, because the
dHYM equation can be rephrased as a complex Monge-Ampére equation; consequently,
these ideas cannot be generalized in higher dimensions. In the supercritical phase, the
stability of L can be proved to be at least necessary, but possible not a sufficient condition.

In higher dimensions, one usually study the so-called line bundle mean curvature flow,
i.e. a flow of Hermitian metrics h(t) = e/ 1y defined by the equation

d a
S| 0 =0uF(e) - 6.
t=0
Working with this evolution equation, in [ ] is proved the following result.

Theorem 1.2.9. Let L — M be an ample line bundle over a compact Kihler manifold M with
non-negative orthogonal bisectional curvature. Then there exists k € N so that L®* admits a
solution to the dAHYM equation. This solution is constructed via a smoothly converging family
of metrics along the line bundle mean curvature flow.

Let us point out that the request for L to be ample it is crucial, ensuring that the 2-form
V-1F(t) remains positive definite along the flow and that the map h — @, (F(h(t)) is
concave. We conclude this section with a conjecture and a very recent result. For any
subvariety N C M, we define

Oy = Arg /N (w — F(h))dimN

Conjecture 1.2.10. [ | The existence of solutions to the dAHYM equation is equivalent to
the condition o
On > Oy — (Tl - dlmN)E (1.2.5)

for every proper subvariety N.

The condition appearing in this conjecture has been proved to be at least necessary;
in dimension 2, it is also sufficient.

In 2020, G. Chen [ ] proposed a different stability notion, which turns out to be
equivalent to the existence of a dHYM connection in the supercritical phase, regardless
the dimension of M; such condition is understood in terms of integrals on subvarieties.
We will state his main result:

Theorem 1.2.11 ([ ). Fix a compact, n-dimensional Kihler manifold M with a Kéihler
metric w and a real closed (1,1)-form F. Assume that there exists a constant 6 € (0, 1) such
that

/ Re(Fy — V=1w)" — Im(Fy — V=1w)" cot 6 = 0.
M

21



1 Preliminaries

Then F is the curvature of a dHYM connection if and only if, for every smooth test family F;,
there exists a constant €1 > 0 independent of t, V such that for any t > 0 and any p-dimensional
subvariety V

/Re(Pt —V-10)’ = Im(F; - V-1w)? cot 6 > (n—p)e / wP.
v

Vv

Here, the author calls a smooth family F;, ¢ € [0, o) of real closed (1, 1)-forms a test
family if and only if

1. Fp = F;
2. For s > t, F; — F; is positive definite;

3. Thereis T > 0 such that F; — cot gw is positive definite for every t > T.

1.3 Constant scalar curvature equation for a Kédhler metric

In this Section we give an historical overview of the cscK problem in 1.3.1 and explain
its moment map interpretation in 1.3.2.

1.3.1 Overview

Consider a compact Kédhler manifold M and a non-empty Kahler class [w]. A natural
question is whether it exists or not a suitable notion of a canonical metric in [w], with
nice properties of existence and uniqueness and possibly parameterized by a finite-
dimensional moduli space. We will briefly review the history of this problem, which
has been central in the development of Kédhler geometry.

In complex dimension n = 1, the question was completely answered by the famous
Uniformization Theorem, proved in 1907 by Poincaré and Koebe. It implies that in each
Kéhler class there is a unique metric of constant curvature, with a sign depending on
the genus of the surface and induced by a metric on its universal covering. On higher
dimensional manifolds, this problem is much more involved.

As a first attempt, consider the class of Kdhler manfiolds whose first Chern class
c1(M) has a definite sign. Looking at Kahler classes suitably proportional to c1(M), one
could investigate the existence of a (possibly unique) metric solving the Kédhler-Einstein
condition

Ric(w) = Aw. (1.3.1)

In the 1950s, Calabi proposed a closely related conjecture, regarding the possibility of
realizing any representative of 27tc1(M) as the Ricci form of a unique Kéhler metric (the
Calabi conjecture, see [ , I). This was proved by Yau in 1976 [ ], implying
the existence of a unique Ricci-flat metric in each Kahler class when c1(M) = 0.

In 1976, the case c1(M) < 0 was solved independently by Aubin [ ] and Yau
[ , ], proving that Kdhler manifolds of general type admit a K-E metric,
unique up to scaling.
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The case c1(M) > 0 proved to be much harder. Let us denote the group of biholo-
morphisms of a complex manifold (M, J) by Aut(M, J). Already in 1950s, Matsushima
showed that the existence of a K-E metric on a Fano manifold it is not guarenteed
[ ]. He proved that a solution of 1.3.1 with ¢;(M) > 0 implies that Aut(M, ]) is
reductive; this obstruction signals, for example, that the projective plane blown-up at
one or two points cannot admit a K-E metric.

The existence of obstructions to solutions of equation 1.3.1 should not be surprising.
The Chern connection of a K-E metric solves the Hermite-Yang-Mills equation, with
respect to the same metric, and this would require the holomorphic tangent bundle to
be polystable.

Returning to the problem of finding a canonical metric, when c1(M) # 0 the Kéhler-
Einstein equation only applies to Kéhler classes proportional to c1(M). In order to find
a more general notion, some other conditions can be considered. The most famous one
is the constant scalar curvature equation for a Kahler metric w, i.e.

s(w) = 8. (1.3.2)

In the attempt to find an more general condition, so to have a unique canonical metric
in each Kéhler classes, Calabi proposed, in two papers [ , ] published in 1982
and 1985, the notion of extremal metric

égradi)’os(a)) =0. (1.3.3)

Extremal metrics are critical points of the Calabi energy functional

Cal(w) := /M s(w)z%, (1.3.4)

the associated Euler-Lagrange equation being precisely the condition 1.3.3.

From the 1980s, new obstructions to the cscK equation were found, the most noticeable
being the Futaki invariant, introduced by Futaki originally as an obstruction to solve the
K-E equation in the Fano case [ ]. Considerametricw € 2mci(M) > 0, let p(w) be the
associated Ricci form and g, € C*(M, R) the function defined by p(w) —w = V-199g,.
The Futaki invariant is a complex-valued function defined on (M, J), the Lie algebra of
Aut(M, ]) or equivalently the space of holomorphic vector fields, defined by

Fu(X) = /M X(gu)a".

Futaki showed that Fj; does not depend on the choice of w; if a K-E metric exists,
necessarily Fpr = 0. In [ ], the author gave also an exampe of a 3-dimensional Fano
manifold, with Aut(M, J) reductive but Fy; # 0, hence not admitting a K-E metric. In
[ ], Tian proved that for a del Pezzo surface, i.e. a complex surface with ¢;(M) > 0, a
K-E metric exists if and only if Aut(M, J) is reductive. In particular, a solution of the K-E
equation automatically exists on a del Pezzo surface with Aut(M, J) = {1}. The same

23



1 Preliminaries

author, in [ ] provided an example of a 3-manifold not admitting a K-E metric,
based on obstructions coming from algebro-geometric considerations.

A new approach to this problem was proposed independently by Fujiki [ ], fora
Ké&hler manifold, and by Donaldson [ ], in the more general almost Kdhler setting.
Taking a GIT point of view, we consider a suitable Hamiltonian action on the space of
almost complex structures, compatible with a fixed symplectic form w. The associated
moment map turns out to be the Hermitian scalar curvature, which coincides with the
Riemannian scalar curvature for an integrable complex structure J, so that the pair (J, @)
defines a Kéhler structure.

In the GIT framework, solving the cscK equation 1.3.2 is equivalent to finding the
zeroes of a moment map. When this is the case, as we have discussed for the dHYM
equation, one hopes to find a notion of stability for the manifold in an algebro-geometric
sense, obtaining a sufficient and necessary condition for the existence of solutions. In
[ ], Mabuchi defined the K-Energy functional on the space of Kdhler potentials,
corresponding to the integral of the moment map from the GIT point of view. Its critical
points correspond to cscK metric and their existence is equivalent to the properness of
the K-Energy [ ]. In 1997 Tian proposed for the Fano case the analytic notion of K-
stability [ ], so called after the K-Energy functional. In [ ] Donaldson propesed
an algebraic notion of K-stability, for any polarized Kéhler variety, which agrees with
Tian’s stability for a Fano manifold.

Conjecture 1.3.1 (Yau-Tian—-Donaldson conjecture). A polarized manifold (M, L) with dis-
crete Aut(M, J) admits a cscK metric in the class of c1(L) if and only if the pair (X,L) is
K-polystable.

The Fano version of this conjecture, suggesting that the K-polistability of the pair
(M, —Kpr) should be equivalent to the existence of a K-E metric, was proved in 2012
by Chen, Donaldson and Sun [ , , , ], using a continuity
method with respect to the cone angle of Kdhler metrics with conical singularities.
Several other proofs followed shortly: firstly by Tian using similarideas [ ], followed
by Datar and Székelyhidi [ 11 ] via a more standard continuity method, by
Chen, Sun and Wang [ ] studying the Kéhler-Ricci flow and by Berman, Boucksom
and Jonsson via variational techniques [ ].

In the general case, the "if" part of the YTD conjecture was confirmed by the work of
Donaldson [ ], Mabuchi [ ] and Stoppa [ ], the latter using a blow-up
argument and the glueing theorem of Arezzo and Pacard [ ]. In 2009, Donaldson
[ , , ] proved the full conjecture for toric Kdhler surfaces.

Remark 1.3.2. There is a version of the YTD conjecture, when M is allowed to admit
holomorphic vector fields, extremal metrics replace cscK metrics in the statement and
is introduced the notion of relative K-stability . Since extremal metrics will not play any
role in this thesis, we will only sketch how they fits into the GIT framework, following
[ ]. The key observation is interpreting the Calabi functional 1.3.4 as the norm
squared of the moment map and extremal metrics as its critical points.
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In the finite-dimensional setting for an Hamiltonian action K ~ M, suppose to have
an inner product on Lie(K) = &, which allows to identify & = &, so the moment map
becomes a map ukx : M — K. Then

Lemma 1.3.3. A point x € M is a critical point of ||ux||? if and only if u(x) is in the Lie algebra
of the stabilizer group of x.

Proof. The lemma follows immediately by a direct computation and the moment map
equation:
d<(UK/ #K)(x) = 2<d!JK(x)/ f/l(x» = _Za)x(Xfu(x)r ) .

d

Now, suppose to have a subgroup H C K, with py : & — b denoting the orthogonal
projection of Lie algebras; a natural moment map py for the Hamiltonian action of the
subgroup H is uk o py.

The idea underlying the definition of relative stability is quite simple. If x is a critical
point of ||uk||?, we consider a subgroup H so that }) is orthogonal to the Lie algebra of
the stabilizer of x. Then up(x) = 0 and we can apply the standard Kempf-Ness theorem.

1.3.2 GIT framework for the cscK equation

Let us discuss the GIT framework for the cscK equation, proposed by Fujiki [ |
in the Kédhler setting and, independently, by Donaldson [ ] in the almost Kéhler
setting; an additional reference on this topic is [ I

Consider a 2n-dimensional, compact, symplectic manifold (M, w); for simplicity, we
will assume M to be simply-connected, so that H I(M,R) = 0. Let J denote the set of
almost-complex structures, compatible with the form w, i. e.

J = {] € End(TM)UZ =-Id, w(-,J-) > 0,0(J-, ]) = w(, )}

and let 7" c J be the subset of integrable almost-complex structures. Here J plays
the role of infinite-dimensional manifold, with tangent space at | given by

1 ={A € End(TM)|A] = -JA, w(JA-,) = w(-,JA-).}

Notice thatif anendomorphism A € T;J, thenalso JA € T} J; this defines an (integrable)
complex structure on J. We can also endow J with an Hermitian metric, defined by

a)n
(A, B)y = / (A, B)g—,
M n:
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which is also compatible with the complex structure, defining at the point | the sym-
plectic 2-form

Again, the spaces J and J nt turn out to be infinite-dimensional Kihler manifolds.
Definition 1.3.4 (Hermitian scalar curvature). Let (M, w,]) be an almost-Kédhler man-
ifold and let J; : Q?’l - Q}’l be the Dolbeault operator induced by J. Consider the

unique gj-unitary connection V; on TM such that V?’l = 5] and let V-1p; be the curva-

ture 2-form of the induced connection on the canonical line bundle Ky, = A(’éT*M. The
function s(J) defined as
" VA pyn! = s())w"

is called Hermitian scalar curvature.

Consider now the group of Hamiltonian symplectomorphisms Ham(M, w) and the
action by pullback Ham(M, w) ~ J given by

fl=dfojodf™

for f € Ham(M, w). This action preserves the Kéhler structure on J; moreover, J int jg
an invariant subspace. Denoting the Nijenhuis tensor by Nj, it is easy to check that, for
every diffeomorphism f, it holds

Ng[X, Y] = f7INJ[£X, £Y].

As we have already discussed in Subsection 1.1.1, the Lie algebra ham can be identified
with the space C°(M, R) and consequently with its dual ham" = ham via the standard
LZ-pairing

wn
(f,8)= /M f& -
Theorem 1.3.5 (Donaldson, Fujiki). The action of Ham(M, w) on J, endowed with the

aforementioned Kdhler structure, is Hamiltonian. Identifying C°(M,R) with its dual via the
L2-product, an equivariant moment map is

u:J — Cy(M,R)
] - S(]) - §I
where s(J) denotes the Hermitian scalar curvature and § its average.

Remark 1.3.6. Notice that the Hermitian scalar curvature of | only coincides with the
Riemannian scalar curvature of the metric g;, when the almost-complex structure | is
integrable. Moreover, the constant 5§ appearing in Theorem 1.3.5 is fixed by the topology
of the manifold and the choice of Kahler class, being equal to

§ = (ai(M) U™ 1], M).
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In this framework, even if we restrict to J"f, we are looking for solutions of the
cscK equation fixing the Kéhler form @ and varying among the w-compatible complex
structures. On the contrary, the usual point of view is to fix the complex structure |
and to move in the Kéhler class [w]. We will now prove that these two pictures are
equivalent.

Consider ], ]’ € J suchthat]’ = f*] for some diffeomorphism f, so that the associated
Hermitian metrics are related by

g, w) = fg(,(f ). (1.3.5)

When f € Ham(M, w), ¢ and g’ are isometric, so we need to complexify Ham(M, w) to
obtain a non-trivial orbits to study. While a "complexified group" Ham(M, ) does not
exist, an infinitesimal complexification of the Lie algebra is possible,

ham® = C°(M, C).

Using the complex structure defined on 7™, we can complexify also the infinitesimal
action, as

]~£Xh] = L]Xh] = LXﬁh]’

defining X, =, := JXj. The idea is that the complexified action induces a foliation of

g™ whose leaves should correspond to the "complex” orbits of Ham®.
For the orbit (Ham - ]), the tangent space is

T](Ham]) = {-EXf]r forf € bam} ’

hence we consider the distribution O defined by

Dy = {.ﬁxf], -[:]Xf], for f € bam.}
Lemma13.7. Oy CcT)Y.

Proof. The only non-trivial thing to prove is that ] £;x, ] is skew-symmetric with respect
to w.
Consider

(L1, ) Y = L1, 0¥) = T Ly, Y
=Xy, JY]I =] Xf, Y]
= [Xr, YI+][X,]Y]
=Lx, Y +]Lx,(JY)
= —Lx,(2Y) + ] Lx, ()
= —(Lx,NJY).
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Then, using the identity —(.Exf])Y = Ljx; (JY), we get

W((Lyx, o, w) + (v, J(Lx, w) = w(J(Lx, Do, @) - (o, [(Lx,])w)
= o(Lx, )]0, Jw) + (o, (Lx,)]w)
=0.

Lemma 1.3.8. D is integrable.

Proof. While D is closed under Lie bracket, in an infinite-dimensional setting this does
not ensure that, at every point | € J'"", there are leaves integrating the distribution D.
To see this, let K, denote the space of Kéhler metrics in [w], so that

Ww:{a)f:a)+\/—_18§f>0},

with f € C*(M,R). Consider now the bundle S % K, where the fiber S §=mn"Ywy)is
the connect component of group of symplectomorphisms of wy; due to our assumption
HY(M, R) = 0, the structure group of S is isomorphic to Ham(M, ). By Moser’s lemma,
for each wy € K, there is a diffeomorphism ¢ such that tp}a) f=w.

Let us define the map
T K X S —>ji"t
(ws, @) = & (7))

It is easy to check that w and any complex structure | € (K X Sp) are compatibile. A
much more involved computation shows that

DTloso € D)

and that D1 is surjective, proving that the distribution is integrable. O

In this picture, the image 7;(K X Sp) should correspond to the orbit of | under the
complexification of Ham(M, ). As observed in 1.3.5, we get something isometric if,
instead of exploring 1;(K X Sp), we fix ] and we move along the flow of @ with respect
to the vector field —X]Xf. A direct compurtation shows that the derivative of w along
this flow is

—.[:]Xfa) = 2\/—_185_](,

hence we are moving inside the Kahler class of w.
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In this Chapter we introduce and study the dHYM equation with a variable Kédhler
metric, involving at the same time both the Lagrangian phase and the radius function
defined in (1.2.4). The basic idea is that the radius function should be used to couple
the dHYM metric & to a variable Kéhler metric w. The equations we propose are

{@w(h) =0 mod2n 2o
s(w) — ary(h) =5 — af,

where s(w), 8, 7 denote the scalar curvature and its average, respectively the average
radius, and a > 0 is an arbitrary coupling constant. The quantities §, 7 are fixed by
cohomology, and in particular

o 1 "
' n!Vol(M, w) ’/X(a) ~F()

Our coupled equations (2.0.1) are natural as they are obtained by lifting the moment
map interpretation of dHYM connections, due to Collins-Yau [ ] and mirror to
Thomas” moment map for special Lagrangians [ ], to the extended gauge group
of bundle automorphisms covering Hamiltonian symplectomorphisms (see Theorem
2.1.1). The well-known Donaldson-Fujiki picture of scalar curvature as a moment map
then allows coupling to the underlying Kéhler metric, through the scalar (or, in special
cases, the Ricci) curvature (see Corollary 2.1.2 and Section 2.2). The resulting moment
map partial differential equations (2.0.1) describe special pairs formed by a holomorphic
line bundle L, regarded as a B-model object, and a K&hler class, and it is natural to expect
that these should satisfy a mixture of Bridgeland-type stability (as in [ ], see e.g.
the inequality (1.2.5)), and K-stability (see e. g. [ D.
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In special limits, or in special cases, we recover the very interesting systems introduced
by Alvarez-Cénsul, Garcia-Fernandez and Garcia-Prada [ ] (in the large radius
limit, see Proposition 2.3.1) and Hultgren-Witt Nystrom [ ] (on complex surfaces,
see Section 2.2 and in particular Corollary 2.2.1).

Remark 2.0.1. When dim¢M = 1, the coupled system (2.0.1) is equivalent to the cscK
equation and the existence and uniqueness of its solutions are a consequence of the
Uniformization theorem. Fixing a Kédhler structure w on M, it is straightforward to
check that each line bundle L, with first Chern class c1(L) = k[w] € H*(M, Z), admits
a dHYM connection with curvature form F = 2nkw. Moreover, the second equation in
(2.0.1) is equivalent to s(w) = §, without any dependence on the coupling constant a or
the line bundle L.

Remark 2.0.2. One can allow a general class in H"!(M, R) in the dHYM equation (1.2.1),
not necessarily the first Chern class of a line bundle. At least in the absence of holo-
morphic 2-forms, this can be interpreted as allowing a nontrivial B-field, as discussed
in [ ] Section 8. Thus our coupled equations (2.0.1) also admit a different (although
closely related) interpretation: we may replace [V=1F(h)] with a minimal lift of a B-field
class [B] € H%(M,R)/H?*(M, Z) (which exists under suitable assumptions), and regard
the equations as trying to prescribe a canonical representative w + V~1B of a complefixied
Kihler class [w] + V=1[B], much as the cscK equation s(w) = § tries to find a canonical
representative for [w]. Note that in the Calabi-Yau case, at zero coupling a = 0 and
in the large radius limit discussed in Proposition 2.3.1, these equations for @ + V-1B
reduce to the conditions

Ay,B =0

Ric(w) =0,

which are standard in the physics literature (see e.g. [ ] Section 1.1).

In the following, we will study the coupled equations (2.0.1) from the moment map
point of view, establishing several general results and analysing concrete cases in more
detail in the next Chapters.

2.1 Main results

Thomas [ ] gave a moment map interpretation of the special Lagrangian equation
on submanifolds of M. Mirror to this, there is a moment map description of the dHYM
equation (1.2.1), due to Collins and Yau, which in fact is intrinsic to M. As we have
explained in details in Section 1.2.2, one considers for a fixed metric i the space A!!
of h-unitary integrable connections on L, endowed with the natural action of the gauge
group G of unitary bundle automorphisms of L covering the identity on M, and the
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(nonstandard, nonlinear, possibly degenerate') symplectic form given at A € Al! by

QMg p) = —/

4 Ab ARe (e_‘/__lé(a) - P(A))"—l) ,
X

with a,b € T4AY ¢ AYX,V-1R). According to [ ] Section 2 the action of G
on AY! is Hamiltonian, with equivariant moment map at A € AL evaluated on

¢ € Lie(G), given by

(g(A), p) = ? /X p1m (V10w - F(A))") (2.1.1)

A standard argument then shows that the dHYM equation (1.2.1) becomes precisely the
problem of finding zeroes of the moment map ug inside the orbits of the complexified
gauge group G°.

2.1.1 Lift to the extended gauge group

Fix a Hermitian metric /1 on L as above. The extended gauge group G of L consists of unitary
bundle automorphisms of (L, #) which cover a Hamiltonian symplectomorphism of M,
with respect to the fixed symplectic (in fact Kdhler) form w. It can be shown that é fits
into an exact sequence of infinite-dimensional Lie groups

15656 H-1, 2.1.2)

where H denotes the group of Hamiltonian symplectomorphisms of (M, ).

As observed by Alvarez-Cénsul, Garcia-Fernandez and Garcia-Prada [ ], there
is a natural action of G on the space of all unitary connections (A, given by thinking of
a connection A as a projection operator 04 on the vertical bundle,

Oa:TL—VL, g-04=g.0040(g)" (2.1.3)

The resulting action was studied in detail in [ ], in the much more general context
of arbitrary principal bundles for a compact real Lie group. The main application
considered in [ ] concerns the case when the space of connections is endowed
with the standard, linear Atiyah-Bott symplectic form, which for a line bundle is

QQB(a,b) = —/Xa Ab A"

However we can use this general setup to obtain a result for the symplectic form Q4HYM,

T According to [ ] Section 2, it is nondegenerate at least in an open neighbourhood of a solution to the
dHYM equation.
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Theorem 2.1.1. The action of the extended gauge group G on the space of all unitary connections
A, endowed with obvious extension of the symplectic form QM is Hamiltonian, with

equivariant moment map at A € A, evaluated on C € Lie(G), given by

(ig(4), ) = (g(4), 040 + 1 [ puORe (" Tw = F)")

where g is defined as in (2.1.1) and p is the projection appearing in (2.1.2).

Notice that we are identifying ham with the space C;°(X, @) of Hamiltonian functions
with zero average. Theorem 2.1.1 is proved in Section 2.4. Its analogue for the standard
symplectic form QAB s (a special case of) [ ], Proposition 1.6: we will return to
this below.

2.1.2 Coupling to a variable metric

It was shown by Jacob and Yau [ ] that solutions of the dHYM equation are unique.
It follows that the naive problem of looking for zeroes of the extended moment map 5
is overdetermined.

The fundamental work of Donaldson [ ] and Fujiki [ ] on scalar curvature
as a moment map suggests that the right thing to do instead is to let the extended gauge
group act on a larger space. Let A be the space of all unitary connections on (L, 1), as
above, and let J be the space of w-compatible almost complex structures on M. We
endow A with the symplectic form given by the obvious extension of QM and J
with the Donaldson-Fujiki form QPF. We consider the induced action of the extended

gauge group G on the product A x ., which on the second factor is given by

g-J=p(g)oTop(g):t

This preserves the space £ C A X J consisting of pairs (A, ]) of a unitary connection
A and an integrable complex structure J, such that A is integrable with respect to J. We
denote by s(J) the scalar curvature of the metric determined by w and J, and let a be a
real positive "coupling constant”.

Corollary 2.1.2. The action of G on A x g, endowed with the symplectic form
Qq = naQIMM 4+ OPF,

for a > 0, is Hamiltonian, with equivariant moment map at (A, J), acting on C € Lie(é), given
by
wi’l
a4, 1,0 == [ pu @5+ naz4), 0.
X n:

The proof is given in Section 2.4. The analogue of this for the Atiyah-Bott symplectic
formis [ ], Proposition 2.1.
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For each A € A, the operator 04 induces an equivariant vector space splitting

Lie(G) = Lie(G) @ Lie(H).
04

We may consider the general problem of finding a pair (4, ) € ¥ such that, in the above
splitting with respect to 04, the moment map 1, vanishes on Lie(G) and acts as some
prescribed element —f € C°(M, w) = Lie(H)* on Hamiltonian vector fields:

(ua(A, ), ©) = (pa(A,]), T @g, C") = - /X - %
This is equivalent to the equations
Im (e—\’—_lé(w - F(A))”) ~0

Re(e-ﬁé(w—F(A))n) ~

S(])_a o —f+C;

where the only possible constant ¢ is determined once the coupling « is chosen, de-
pending only on [w] and c1(L). Note that the problem of finding a zero of the moment
map U, corresponds to the choice f = 0.

Formally complexifying the action of G, following Donaldson [ ], we keep the
complex structures on L and M fixed and vary the Hermitian metric & on L and the
Kéhler form w in its Kdhler class instead. Thus we arrive at the dHYM equation coupled
to a variable Kihler metric

Im (e—\’—_lé(a) - F(h))”) =0
e e"gé w— n
@) - R (e 10 (@-Fny) _f

[

(2.1.4)

where we absorbed the constant c in the datum f.

These equations are the main object of study in the present thesis. Important motiva-
tion for this study comes from the fact that, when the datum f is constant, so that we are
looking for zeroes of the moment map, it is natural to expect that solutions should satisfy
a mixture of Bridgeland-type stability and K-stability. Note that it is straightforward to
rewrite (2.1.4) in terms of the Lagrangian phase operator and the radius function, as we
did in (2.0.1).

Remark 2.1.3. Given the origin of the dHYM equation, it is natural to ask whether a
given solution of the coupled equations (2.1.4) can be effectively realised in the B-model,
that is if the pair (M, w) underlying a solution can be embedded holomorphically and
isometrically in a Calabi-Yau M. Note that, at the infinitesimal level, this is always
possible: for example, by the results of [ ], we may embed (M, w) isometrically as
the zero section of the holomorphic cotangent bundle T*M, endowed with a hyperkéhler
metric defined in a formal neighbourhood of the zero section.
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Remark 2.1.4. As we mentioned in the Remark 2.0.2, the dHYM equation makes sense
and plays a role in mirror symmetry even when we replace c;(L) with some arbitrary
class [F] of type (1, 1), not necessarily rational. The same holds for the coupled equations
(2.1.4). When [F] is rational, we can obtain solutions in a class c¢1(L) from solutions in
[F] by rescaling F and w appropriately. We will often use this fact, sometimes without
further comment.

2.1.3 Futaki invariant

We find a first obstruction to the existence of solutions of the coupled equations (2.1.4),
which generalises the classical Futaki character [ ], following closely the approach
of [ ]. Fix a complex line bundle L — M and the associated principal GL(1, C)-
bundle £ — M. Let Jr be the space of holomorphic structures on £, namely the
integrable GL(1, C)-equivariant almost complex structures on £, acting as multiplication
by V-1 onthe verticalbundle V£ = £xgl(1,C). An elementf € Jr determines uniquely
a complex structure | on M and an holomorphic structure on L. Let Aut(Z, f) denote
the group of automorphisms g of the holomorphic principal bundle (£, )), covering
an automorphism g of the complex manifold (M, J). Each { € Lie Aut(.[:,f) covers a
(unique) real holomorphic vector field C on (M, J). For any symplectic 2-form w on M,
which is J-compatible, we have the Hodge-type decomposition

C =1¢y +]77<P2 +B,

where 74, denotes the Hamiltonian vector field of ¢; € C(°)°(M ,w), while B is the Rie-
mannian dual of an harmonic 1-form, with respect to the metric w(-,]-) (see [ D.
Fixing also a Hermitian metric / over the line bundle L, we define a C-linear map

¥ : LieAut(L,]) — C

given by

7i(0) =aV-1 / orCtm (e~ (w - F())")
X
- / o (s(a))a)” — aRe (e—V—_w(w - F(h))”)) ,
X
where ¢ = 1 + V=1 ¢2. One can show that 7 is a character of Lie Aut(L, I) and does
not depend on the choice of w and h. The proof is essentially the same as in [ |

Section 3, up to replacing QAP with QIHYM, Then clearly 7] must vanish identically if
the coupled equations (2.1.4) have a solution.

2.2 Reduction to Ricci curvature

We describe a special case in which the dependence on the scalar curvature in the
equations (2.1.4) can be reduced to the Ricci curvature. To see this we note that by using
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the dHYM equation in order to eliminate the top power (F(h))" we can always write

Re (e“/__lé(a) - F(h))") _ ”Z‘i AEALEWY
i0

a)}’l

for unique coefficients Ai(é). It follows that we may rewrite the equation in (2.1.4)
involving the scalar curvature as

n-1

A, (Ric(a)) - a/\l(é)F(h)) —a ; Ai(O)AL(F(h)) = ¢

for a unique constant c. Now we can uniquely solve

_ n—1 L n—1 . ' o
VEIALGIh = k= Y MOIAF () - ) A6 [ L FL
i=2 i=2 X '
with the normalisation /M haw™ = 0. Thus we may rewrite our equation as
Ric(w) — aA1(O)F(h) — addh = Aw
for a unique A, provided the cohomological condition
c1(M) = Aw] + aA1(B)[F(h)] (2.2.1)

is satisfied.

2.2.1 The case of complex surfaces

In the special case of complex surfaces the computation above amounts to expressing
(F(h))? in terms of w? and F(h) A @ by using the dHYM equation. Moreover it is
well known that the dHYM equation on surfaces reduces to a complex Monge-Ampere
equation (see e.g. the proof of Proposition 3.1.1 below). Thus under the condition (2.2.1)

24

c1(X) + ——[F] = Aw], 2.2.2)

A

sin 6

the coupled equations (2.1.4) on surfaces become the system of complex Monge-Ampére
equations

(V—_lsin(é)F(h) + cos(é)a))2 = w?

. _ o A
Ric(w) = Aw + Sin(é)\/ 1F(h).

(2.2.3)

With the assumption
V=1sin(6)F(h) + cos(f)w > 0
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and provided the equalities
A =1+cos(h), a = sin?(6)

hold, the system (2.2.3) is given precisely by the coupled Kahler-Einstein equations in
the sense of Hultgren-Witt Nystrom [ ]

Ric (\/__1 sin(0)F(h) + cos(é)w) ~ Ric(w)

. . (2.2.4)
Ric(w) = (\/—_1 sin(0)F(h) + Cos(Q)a)) + w,

of Fano type.

Hultgren-Witt Nystrom ([ ] Theorem 1.7) showed that the K&hler-Einstein
coupled equations are solvable on a Kéhler-Einstein Fano manifold with discrete au-
tomorphisms, provided the corresponding decomposition of c1(M) > 0 is sufficiently
close, in the Kdhler cone, to a "parallel" decomposition of the form c1(M) = 3};(Aic1(M)),
Ai > 0. By the discussion above, this implies immediately the following existence result

for our coupled equations (2.1.4). It is convenient to set y = V-1 sin(6)E(h) + cos(0)w.

Corollary 2.2.1. Suppose that M is a del Pezzo surface with discrete Aut(M,]) and the
conditions [x] > 0, c1(M) = [w] + [x] are satisfied. Assume moreover that the classes [w], [ x]
are sufficiently close, in the Kihler cone, to (positive) multiples of c1(M). Then there is a solution

to our coupled equations (2.1.4) in the classes [F(h)], [w], with coupling constant o = sinZ(é).

As the phase eV-10 depends on [F(h)], [w] (through explicit formulae which we give
below in (3.1.1)), the conditions appearing in this Corollary are nonlinear constraints in
these cohomology classes. To obtain examples in which they are satisfied we consider
the choices

[w] = 5e1(M) + i,
V() = 361 (M) ~ b

where 1) is a fixed class satisfying /M c1(M)Un = 0 and the real parameter f is sufficiently
small. Then [w], V=1[F(h)] are positive and by (3.1.1) we have cos(é) =0, sin(é) =1.
Since clearly [w] + V=1[F(h)] = c1(M), we do obtain solutions to the coupled equations
(2.1.4) in these classes, for all sufficiently small ¢.

Duality We have seen that in special cases our coupled equations on surfaces reduce
to the coupled Kéahler-Einstein equations (2.2.4), that is, setting

x=V-1 sin(é)F(h) + cos(é)a),
we obtain the equations

Ric(x) = Ric(w)
Ric(w) = x + w.
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We observe that these are now symmetric in x, @, so that the term x involving the
dHYM connection curvature F(h) is interchanged with the variable Kéhler form w. It
could be interesting to interpret this duality in terms of the origin of the dHYM equation
in the B-model.

Cohomological conditions for surfaces In the following, we consider a compact Kih-

ler surface M and [F] € H?(M,Z) N H"}(M,R) will denote an integral class, to be

identified with the Chern class of some holomorphic line bundle over M. We will also

assume that the coupling constant a appearing in the coupled equation is positive.
The topological angle 6 appearing in the dHYM equation is defined by

V10K :/ (@ — iF)?
M

with K > 0. Consequently,

K(a),F)=\/(—/Ma)2—1:2)2+4(/Ma)/\F)2,

fyo-F
K(w,F) '

cos O =

and

" -2 [, wAF
sin _—K(a),F)

Lemma 2.2.2. For any choice of [w] and [F], there is t > 0 such that the dHYM equation admits
a solution in the classes [tw] and [F), for t > t.

Proof. Under re-scaling of the Kéahler class, for w; = tw with t > 0, it is immediate to
derive that cos §; — 1 and sin; — 0, for t >> 1. Consequently, for every choice of
[w] and [F], up to a suitable re-scaling of the Kahler class [w], we can assume that the
stability condition for the dHYM equation

cos B[w] —sinO[F] > 0 (2.2.5)
is satisfied and by Theorem 1.2.8 the dHYM equation admits a solution. O
Consider now the condition
c1(M) + ——[F] = Ma], (2.2.6)
sin 0
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which is the cohomological constraint for to the second equation in 2.2.3. Consider any
triple ([w], [F], @) which is a solution of (2.2.6); setting

K(w, F)

=t ,
M =1, F)

then the triple (t[w], [F], at) satisfies (2.2.6) with Ay = A/t and for any ¢ > 0. Hence, up
to a suitable re-scaling of @ and «, we can assume that any solution of (2.2.6) satisfies
also the stability condition (2.2.5).

In order to ease the notation, we assume to normalize (2.2.6) setting A = +1, depending
on the sign of

/ Ric(w) A w — M.
X 2

Lemma 2.2.3. Let M be a Kihler surface, such that ([w], [F], @) is a solution of (2.2.6) with
a’ = a/sin € Q. Then there exist a solution of (2.2.6) (@], [F], @) on M = Bl,(M).

Proof. We claim that any solution of (2.2.6) on M will induce a solution on M = Bl p(M),

provided that the rationality condition a’ = a/sin @ € Q is satisfied. Let p : M- M
denote the projection and consider

c1(M) = p*er (M) -
[@] = p*lw] - €E,
[F] = p"[F] - zE,

where E is the exceptional divisor and € is the size of the blow-up; we will assume that
also € € Q. Then equation (2.2.6) for [w] and [P] becomes

1+a'zxe)E-p(ci(M)+a’Frw)=(1+a’z+e)E=0,

which is satisfied if

a’

Notice that the coupling constant for the equation (2.2.6) on M is given by
a=ua (sin 5/sin é) ,

which we can assume to be positive, provided that € is small enough. In general z € Q
and consequently [F] € H?(M,Q); in order to produce an actual solution we have

consider [F’] = [NF] € H*(M, Z) for some N € N, re-scaling also the coupling constant

as
— K(wy, Fy)

N = Y K(wy, NFy)’
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Figure 2.1: The Delzant polytope and the associated fan of CP?

Example: CP* In the following, we will consider the equation (2.2.6) for CP?, proving
that each triple ([w], [F], a) is a solution. From Lemma (2.2.3), it follows that we can
produce infinitely many solutions on the blow-ups of CP?, satisfying the rationality
conditions on «a’.

Since CP? is a toric surface, we can associate to each Kéhler class [w] the corresponding
Delzant polytope A, i.e. the convex hull of the set {(0,0), (/,0),(0,1)}, for some [ > 0.
To describe H 2(CIE’Q, R), we consider the polynomial ring R[v1, v2, v3], associating each
variable to a vertex of the polytope; moreover, let /\;'( denotes the i-th component of the
primitive vector normal to the k-th edge of A,, withi =1,2and k = 1,2, 3. Then

R[ov1, 02, R[v1, va,
H2(CP?,R) = 1[01 vzzvs] _ [01, V2, 03] R, 227
(Aor), A op) (01— 03), (02— 03)

with HZ(CP2,Z) corresponding to Z, the Kdhler cone to R, and the intersection form
to the standard scalar product. For an explicit correspondence, we can use the general
formula ,

Area(Ay) = P

Vol(X, w),
so, for example, wrs = 473 and Irs = 1/2.
Using (2.2.7), we can rephrase (2.2.6) as the polynomial equation
a

1+ ——=F = Awk +ad +bAZ,
sin 0

forany a, b € R. Identifying H 2(CP?,R) with R asin (2.2.7), we may assume Fy = wi =0
fork=1,2,s0a =b = 1. Setting

aK(w, F)

a = > ’

39



2 dHYM equation with variable Kéihler metric

the topological constant A is given by

1= 3&)3 2— o
@3
and (2.2.6) becomes the trivial equality
~ Seom — T
1- " Fy= 2220, -2.
F3ws w3

2.3 Large and small radius limits
Large radius limit Let us consider the family of Kidhler forms
w; = tw, t € Ryyg.

The large radius limit, roughly mirror to a large complex structure limit on M, refers to
the leading behaviour of the moment maps gz, 1o, computed with respect to wy, as
f — oo,

Proposition 2.3.1. Let F(h) = V-1F, c = M. As t — oo, there is an expansion
(ug(A), 0)
v-1
= T/ 64(0) ((—na)”_1 AF + ca)”) g O(t”_S))
X

+%/Xp*(C)

-1 1
(a)”t” - (%w”_z AFAF—cnw™ ' AF+ Eczw”) 72 4 O(t”_4)) .

As a consequence, the Kihler-Yang-Mills coupled equations introduced in [ I, in the
particular case of line bundles, arise as the large radius limit of the coupled equations (2.1.4).

Indeed, up to higher order terms as t — oo, the system (2.1.4), becomes in the large
radius limit

nw 'AF =co"
w”if”—(—"("2_1)w”‘z/\F/\F—cnw”‘l/\F+%czcu”)t""2

S(a)t) - (@) = f/

or equivalently

ALF=c
ts(w) — a (1= t72A2(F AF) — 3t72c%) = f.
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Thus choosing the appropriate scaling behaviour for the coupling constant and datum,

f
t

a=a't, f=-at+

we arrive at the equations

o 2.3.1
s(w) + & (A2(FAF)+1c?) = 7. (23.1)

When f is a (topologically fixed) constant, these are precisely the coupled Kihler-Yang-
Mills equations studied in [ ], in the particular case of a holomorphic line bundle.

Proof. We prove now Proposition 2.3.1. As usual, it is convenient to write F(h) = V-1F

andsetz = fX(ta) —V—=1F)". Identifying top classes with their integrals, we may expand
ast — oo

z = (t"[w]" - t”_zw[w]”_z U[F]U[F]) = V-1"n[w]" P U [F] + O(t"3).

By definition, we have

e_V_lé — i

|z|

3 (n[w]" P U[F))? 1 nlw]*1U[F]1 1
= (1— 2([0)]”)2 t—2)+\/—_1T?+O(t—3)

It follows that we have

Im (e_ﬂé(ta) - \/—_1F)”) =n (—w"_l AF + [C()]H—U[F]a)") L O(1"73),

[w]”

and similarly

Re (e_\/__lé(ta) - \/—_1F)”)

- a)ntn
_ n—1 n—1 2
(r=1) e nlel T OLEL e O
2 [w]" 2([w]™)?
+O(t" ™).
Now Proposition 2.3.1 follows at once from the definition of u G O
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Small radius limit The small radius limit refers to the leading behaviour of the moment
maps g, Ha, computed with respect to w¢, ast — 0.

nlw]V[F]"!

Proposition 2.3.2. Let F(h) = V-1F, ¢ = BE

. Ast — 0, there is an expansion

(5(4), ) = g /X 0.4(0) ((nw A "™ = cF") £ + O(#?))
N % /X p.(O) (F" + O()) .

Thus, up to higher order terms as t — 0, the system (2.1.4), becomes in the small
radius limit

{na) AF"-1 = cpn

S(a)t)_a%:f/

or equivalently, provided F is a Kéhler form,

Apa) =cC
ts(w) - aan—nt,, = f.

With the appropriate scaling behaviour

we arrive at the system

A =
ST (23.2)
s(w)—a’'5 = f
This comprises the J-equation of Donaldson [ ] and Chen [ ], well-known to
be a scaling limit of the dHYM equation (see e.g. [ I). However, unlike the large

radius limit, it seems that the system (2.3.2) does not appear in the literature, except for
the case when M is a complex surface. In that case setting

xX=cF-w

we may rewrite (2.3.2) as the system

¥2 = w?
s(w) — ?—;wa =f+ ‘C"—;
In the particular case when f is a constant this comprises a complex Monge-Ampére

equation coupled to a twisted cscK equation, and it is precisely of the type studied by
Datar and Pingali [ ].
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2 dHYM equation with variable Kéihler metric

Proof. The case of small radius, Proposition 2.3.2, is similar to proof of Proposition 2.3.1.
We have,ast — 0

z = (=V=1)"([F]" + V=1n[w] U [F]" "'t + O(t?)),

SO

e~V-16 _ 2

Ed
n-1
= (V=1)" (1 -V=1 —”[“’][z][f . O(tz)) :
and
N n-1
e V10t — VIR = F* + V-1 (na) AF"T - —”[“’][;]Ef] F”) t+O(t?).

Proposition 2.3.2 follows immediately. O

2.4 Extended gauge group and scalar curvature

This Section is devoted to the proofs of Theorem 2.1.1 and Corollary 2.1.2. Let M
be a compact n-dimensional Kadhler manifold, with Kéhler form w, and L — M a
complex line bundle with a Hermitian metric 1. We consider the space A of h-unitary

connections on L, endowed with the symplectic structure given by QM. The G-
equivariant map O defined as

0: A — Hom(Lie G, Lie G)
A QA

associates to each connection A the projection operator 0,4 introduced in (2.1.3). We
consider also the map 6+ given by

0+: A — Hom(Lie H, Lie é)
A Qi

where the lifting operator 0 is uniquely defined by Id = ¢ o0 64 + 05 o p, with ¢ and
p asin (2.1.2). For any C € Lie G, Y denotes the vector field on A associated to the
infinitesimal G-action on A':

d
Yea = Tt tzoexp(tC) -A.

In particular we have
Yorx,a = —X¢ 2 Fa
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2 dHYM equation with variable Kéihler metric

for any Xy € LieH (see e. g. [ ], Lemma 1.5). It follows from [ 1,

Proposition 1.3, that the G-action on A is Hamiltonian if and only if there is a G-
equivariant map o: A — (Lie H)* satisfying

QUM (Ypix 14, 0) = (g, a(Xg)) + d{o, X)(a). (2.4.1)
We claim that this holds for the equivariant map defined by
1 V16 "
(0(A), Xo) = — [ dRe (e - F(A)"),
nJx

for all X, € Lie H.
Since V-1a AIm (e‘\/‘_lé(a) - F (A))”) = 0, contracting with X we obtain the identity

- \/—_11’111 A (X(f) a a)) AIm (6_\/__1@(0) - F(A))n_l)
+na A (Xy 2 F(A)) ARe (e“/"_lé(w - F(A))"_l)

+ V=1a(X) Im (e—V—_lé(w - F(A))”) - 0. (2.42)
On the other hand, by the above identity for the infinitesimal generator, we have
QIM(Yy x4, 0) = - / a A (X5 o F(A)) ARe (e—\/—_lé(w - P(A))"—l) .
X

Also, by definition,

g, a(Xe) =+~ [ a(Xo)tm (e - Fla)y),
and similarly
d — 1 —\/—_19 n-1
(0, Xy)(a) = _E/ ¢ Re (n da A e~ V10w — F(A)) )
X
- V1 / ¢da ATm (e—V—_lé(w - P(A))”—l)
X
_ _«/—1/ a A (Xy @) Alm (e—‘/—_lé(a) - P(A))”—l) .
X

Hence, using theidentity (2.4.2), we see that the condition (2.4.1) is satisfied and Theorem
2.1.1 follows.
Now we endow A X J with the infinite dimensional Kahler structure given by the
form
Qa — anHYM + QDF

44



2 dHYM equation with variable Kéihler metric

with @ > 0. The G-action on A X J preserves #, and combining our computation
above with the well-known results of Donaldson [ ] and Fujiki [ ] we see that
it is Hamiltonian, with equivariant moment map p,: A X J — (Lie G)* given by

A1), == [ pa@s(o + ap(4), 0
= V-1a /X 04CIm (e—V—_lé(w - F(A))”)
- [0 (st0" - are ("0 - Fa)"))
X

forall (A,]) e Ax T, C € LieG and p«(0) = X,.
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3 Coupled equations on abelian varieties
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In this Chapter, we focus on the equations and their large/small radius limits on
abelian varieties, with a source term, following ideas of Feng and Székelyhidi [ ].
In particular we prove a priori estimates (see Propositions 3.1.1, 3.1.5) from which we
can deduce existence in some cases (see Theorems 3.1.3, 3.1.6, 3.1.7, 3.1.8). Our main
results, together with the necessary background, are contained in Section 3.1.

3.1 Background and main results

The equations on abelian varieties After establishing the general results described in
Chapter 2, here we focus on studying the coupled equations (2.1.4), and their scaling
limits, when M is an abelian variety. Note that in this special case the equations (2.1.4)
for constant f are always solvable by taking constant coefficients representatives, so in
fact it is necessary here to include a suitable non-constant source term.

Considering abelian varieties is motivated in part by the origin of the dHYM equations
in the B-model: for example, homological mirror symmetry for abelian varieties has
been studied in detail [ , |; moreover abelian varieties also play a special role
in this context as fibres of holomorphic Lagrangian fibrations (see e.g. [ D).

A more analytic reason is that the coupled equations (2.1.4) interact nicely with the
theory of the scalar curvature of Kdhler metrics on complex tori, or more generally of
periodic solutions of Abreu’s equation, as developed by Feng and Székelyhidi [ |
(see also [ I). This is exploited in our results Theorems 3.1.3,3.1.6 and 3.1.7.

Further motivation comes from the fact that the problem of realising solutions of the
coupled equations (2.1.4) effectively in the B-model, as in Remark 2.1.3, is more tractable
when M is a complex torus. We explain this, in a special case, in Proposition 3.1.9.

We can now discuss our existence results on abelian varieties. As in the work of Feng
and Székelyhidi [ ] we may assume, without loss of generality, that M is the abelian

variety C" /(Z"®V—-1Z") and [wo] is the class of the constant metric wg = V-1 };; dz; Adz;.
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3 Coupled equations on abelian varieties

The group U(1)" acts on M, by translations in the direction V—1R”. We will restrict to
U(1)"-invariant tensors and thus work effectively over the real torus T = R"/Z". Note
that an invariant Kdhler metric g is given by the real Hessian of a convex function v(y)
on R" of the form

o(y) = 31yl + ()

where 1: R" — RisZ"-periodic (so we have wy = V-1 Zi,j v;jdz; /\Ej). Such a function
has a well-defined Legendre transform u(x): R" — R, where the "symplectic coordinates”
x and "real holomorphic" coordinates y are related by the diffeomorphism y = Vu(x).

We begin by studying the special case when M is an abelian surface. As a preliminary
step we derive a priori estimates for invariant solutions of (2.1.4), under a semipositivity
condition, and a condition on the phase eV=10 These rely heavily on the results of [ ]
and may be of independent interest.

As before, it is convenient to set F(h) = V-=1F, for a real 2-form F, and to formulate
our results in terms of F.
Proposition 3.1.1. Let M be an abelian surface, and (wg, F) be a U (1)*-invariant solution of
the coupled equations (2.1.4), for a fixed function f. Suppose we have F > 0, and the phase
V10 satisfies

sin(é) <0, cos(é) > 0.

Then there are a priori C* estimates on (g, F) of all orders, with respect to the background flat
metric wg, depending only on f, the phase V10 and the coupling constant a. Moreover the
metric g is uniformly positive, depending on sup |f|, o and V10,

Remark 3.1.2. The necessary conditions that the class [F] is (semi)positive and that we

have sin() < 0, cos(f) > 0 are indeed compatible. A straightforward computation
shows that on a complex surface we have

2 2
cos(6) = fza) il VL
((for-r) +a(/Fnol]
sin(6) = — 2[Ene (3.1.1)

((/a)2—P2)2+4(fF/\a))2)1/2/

so it is enough to choose a positive class [F] with smaller volume than [w].

Proposition 3.1.1 is proved in Section 3.2. Similarly to the work of Feng-Székelyhidi
[ ] in the case of the scalar curvature, using the Legendre transform we can apply
Proposition 3.1.1 to obtain an existence result for the coupled equations (2.1.4) on an
abelian surface M. Let A be any U (1)*-invariant function on M, satisfying the necessary
cohomological condition

/A%z - _a / Re (e—V—_lé(w - F(h))z) .
X X
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3 Coupled equations on abelian varieties

Theorem 3.1.3. Let M be an abelian surface with Kihler classes [w], [F]. Suppose the phase
eV-10 satisfies
sin(8) < 0, cos() > 0.
Consider the equations (2.1.4), with coupling constant
a=a cos(6), a’ >0

and datum f given by the image of any function A, as above, under Legendre duality, that is
f(Vu(x)) = A(x).

Then, these are solvable provided the classes [F| and [w] are sufficiently close, depending only
on o’ and sup |Al.
Theorem 3.1.3 is proved in Section 3.2. The following application follows at once, by

rescaling suitably (recall Remark 2.1.4).

Corollary 3.1.4. Fix negative line bundles L, N on the abelian surface M. Then for all suffi-
ciently large k, depending only on a’, A, the equations (2.1.4) with coupling constant o’ cos(6)
and datum f as in Theorem 3.1.3 are solvable on the line bundle L®* ® N1, with respect to the
Kihler class —kcy(L).

Theorem 3.1.3 suggests a similar approach, based on the positivity of L™}, in the case

of the large radius limit, that is, of the Kdhler-Yang-Mills equations studied in [ ],
AJF =
s =8 (3.12)
s(g) +aAG(FAF) =f,

for a smooth function f. Indeed it turns out that in this case we can obtain analogues of
Proposition 3.1.1 and Theorem 3.1.3, for arbitrary dimension. Following [ Jas above,
we may assume, without loss of generality, that M is the abelian variety C" /(Z" @ V-1Z")
and [wo] is the class of the metric wg = V=1 2idzi A dz;.

Proposition 3.1.5. Let (g, ) be a U(1)"-invariant solution of (3.1.2) on a line bundle L — M,
for a fixed function f. Suppose we have F > 0. Then there are a priori C estimates on (g, h) of
all orders, with respect to the background flat metric wo, depending only on f, the dimension n,
the degree i of L™, and the coupling constant a.. Moreover the metric ¢ is uniformly positive,
depending only on sup |f|, a and p.

Let A be any U(1)"-invariant function on M, satisfying

n n
[ 4% -kl
M n! n!

where the topological constant A is given by
(L) Vlw]"?
[w]” '

Suppose [w] is the class of the curvature of an ample line bundle N on M. We also fix a
negative line bundle L, with degree —pu.

A=an(n-1)
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3 Coupled equations on abelian varieties

Theorem 3.1.6. There exists an integer K > 0 such that, for all k > K, there are a Hermitian
metric h on the fibres of L" ® (k — 1)uN and an invariant Kihler metric § € c1(N), solving the
equations

AgF =nkp
s(g) + #Aé(F ANF)=f,

where f is the image of any function A, as above, under Legendre duality, that is

f(Vu(x)) = A(x).

The integer K depends only on sup |f|, the dimension n, the degree 11, and the coupling constant
a.

Note that Theorem 3.1.6 is not obtained by "perturbation" around @ = 0 and the
solution of the corresponding problem s(g) = f found by Feng-Székelyhidi. Indeed for
all k as in the statement we have

n

/M AZ(F A F)% = (nk)’A = O(k?),

(ﬂi)2
actual coupling constant is a, not ;3.

Theorems 3.1.3 and 3.1.6 apply when the datum f (or rather its Legendre transform
A with respect to the unknown g) is arbitrary. We can obtain much more precise
results when A has a particular form. We consider here the case when A is invariant
under translations with respect to all but one of the symplectic coordinates, say x1. For
simplicity we analyse the case when M is the abelian surface C2/(Z2V-172), although
similar results hold much more generally.

so the term Aé (F AF) coupling the metric to the connection is of order O(1) and the

Theorem 3.1.7. Suppose M is the abelian surface C2/(Z? & V—1Z?). Then, the coupled
equations (2.1.4) are solvable on any L, with respect to the class [wy], with coupling constant
a > 0, and datum f(y1) given by the image of any function A(x1), as above, under Legendre
duality, that is

f(Vu(x)) = Axy).
We also prove an analogue of this result for the large and small radius limits.

Theorem 3.1.8. In the situation of Theorem 3.1.7, the coupled Kihler-Yang-Mills equations
(2.3.1) are always solvable on L, with respect to the class [wo], with coupling constant a > 0,
and datum f(y1) given by the image of any function A(x1) under Legendre duality.

The same holds for the small radius limit coupled equations (2.3.2), under the condition

det(F%) > 0, where FO(h) = %, ; P?jdzi A dz; is a constant curvature form for a metric on L.
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3 Coupled equations on abelian varieties

Let us return to the question of realising the solutions of the coupled equations
(2.1.4) effectively in the B-model. As recalled in Remark 2.1.3, it is always possible to
embed (M, w) isometrically as the zero section of the holomorphic cotangent bundle
T*M, endowed with a hyperkéhler metric defined in a formal neighbourhood of the zero
section. It is natural to ask when this metric extends at least to an open neighbourhood
of the zero section, in the analytic topology. By the main result of [ ], this is the case
if and only if w is real analytic.

Proposition 3.1.9. Suppose the datum A(x1) is real analytic. Then, the metric w underlying
a solution of the coupled equations (2.1.4) given by Theorem 3.1.7 is also real analytic. It
follows that these solutions can be realised effectively in the B-model of an open neighbourhood
of M C T*M endowed with a hyperkihler metric, extending w.

The proof is given in Section 3.4. Naturally it would be interesting to understand
when these extensions are complete.

The Appendix to this Chapter is devoted to the linearised Kéhler-Yang-Mills equa-
tions in symplectic coordinates on a torus. In particular we prove that these linearised
equations correspond to a scalar linear differential operator which has trivial kernel and
is formally self-adjoint, with respect to the Lebesgue measure. Besides its application
in our proof of Theorem 3.1.6, we believe this may be a useful result in view of future
applications.

3.2 A priori estimates and Theorem 3.1.3

We consider the coupled equations (2.1.4) when M is an abelian surface C?>/A. In
particular we will soon assume that L is semipositive. In order to simplify our exposition,
following [ ], we can further assume that M = C2/(Z? & V-1Z2), and that the
background Kihler form is wg = V=13;dz; A dz;. The general case only differs by
slightly more complicated notation.

The group U(1)? acts on M, by translations in the direction V=1R", and we will look
for invariant solutions, so we are effectively considering equations on the real torus
R2/Z2. Following [ ], Section 5 we may formulate the problem (using invariant
complex coordinates, with real part y) in terms of a convex function

o(y) = 31y + ()

where ¢: R" — R is periodic, with fundamental domain Q = [0, 1] x [0, 1], normalised
by ¥(0) = 0. The invariant metric g is given by the real Hessian of v(y), namely
wg =V-1 Zi,]- vjjdz; A dzj. Then, by a standard formula in Kédhler geometry, we have

1 ..
s(g) = _ZUZ] [log det(vap)]i;-
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3 Coupled equations on abelian varieties

We set F(h) = V-1F, and abusing notation slightly we think of F as a periodic function
with values in symmetric matrices (so we have F(h) = Zi,j Fijdz; A dzj). Then the
coupled equations (2.1.4) become

Im (e‘\/‘_lé det(vi]- - \/—_11:1']')) =0

—1v'i[logd - Re(e_ﬁé det(”"f_‘/__lF"f)) _ @21)
i g det(vap)]ij — det() =7
where the phase V=10 is determined by the cohomological condition
/Q det(v;j — V=1Fjj) € Ruge ¥ 10 (32.2)
and the datum f must satisfy the necessary cohomological constraint
Lf det(v,p) = —a /Q Re (e_\/__lé det(v;; — \/—_1Fij)) . (3.2.3)

It is especially convenient to formulate the problem in terms of symplectic coordinates,
that is, in terms of the Legendre transform u(x) of v(y), see [ ] Section 5. Recall that
u(x) is defined by the equation

ux)+o(y) =x-y,
where we set x = Vu(y). Then u(x) has the form
u(x) = %|x|2 + o). (3.2.4)
where ¢: R" — R is periodic, with domain €2, and we have the inverse relation
y = Vu(x).

Using a well-known result of Abreu for the scalar curvature in symplectic coordinates
(see [ 1), as well as the fundamental Legendre duality property

0'(y) = uij(x),
the coupled equations (2.1.4) become
Im (e“/‘_lé det(u'l — V—_lFij(Vu))) -0 .
—%[uif]i]- —aRe (e‘\/‘_lé det(u’l — V—_lPij(Vu))) det(uqzp) = A, o

where the datum A is given by the relation A(x) = f(y) = f(Vu).
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3 Coupled equations on abelian varieties

A key advantage of formulating the problem in symplectic coordinates is that it is
now trivial to take the cohomological constraint (3.2.3) into account: the datum A(x)
must simply satisfy

‘/QA(x)dy(x) = -« ‘/Q Re (e_‘/__lé det(v;; — ‘/—_1Fz’j))

with respect to the fixed Lebesgue measure dp(x).
In the following we start from the equations in symplectic coordinates with datum
A(x) and define f(y) through the relation

f(Vu(x)) = A(x).

Our first task is to establish the necessary a priori estimates for this problem, Proposition
3.1.5. Asin| ], the first step for this is obtaining a uniform bound for the determinant.

Lemma 3.2.1. Suppose the phase eV-10 satisfies
sin(é) <0, cos(é) > 0.

Then, there are uniform constants c1,c2 > 0, depending only on the coupling constant «, the
phase V10 and on sup | f|, such that a solution of (3.2.1) with F > 0 satisfies

0 < ¢1 < det(vyp) < 2.
(Recall A(x), f(y) and u(x), v(y) are related by Legendre transform,).
Proof. Feng-Székelyhidi [ ] study Abreu’s equation
[u]j = A

in all dimensions and for an arbitrary smooth periodic function A (with zero average).
In loc. cit. Section 3 it is shown that solutions satisfy a uniform bound of the form

0 < ¢} < det(uzp) < cj

where the constants ¢/, ¢ depend only on the dimension 7 and a bound on sup |A].
In our case, we can write the equations in symplectic coordinates (3.2.5) in the form
[u'];j = A with the choice

A =—4aRe (e_\/__lé det(u’/ — V—_lFij(VM))) det(uqp) — 4A.

We claim that, under our assumptions, there is a uniform a priori bound for sup |A],

depending only on sup |A|, a, V10, Equivalently, we claim that there is a uniform
bound for the quantity

Re (e‘\/‘_lé det(vij — \/—_1Fz'j)) Re(eV"19(w — V=1F)?)

det(v,p) w?
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3 Coupled equations on abelian varieties

In order to see this, note that in the two-dimensional case the coupled equations (2.1.4)
may be written as

F2sin(0) — 2F A w cos(0) — w? sin(B) = 0
s(a)) —a —F? cos(é)—21:/\212'sin(é)+w2 cos(6) — f

In particular the dHYM equation is

FAw

5 cos(8) = sin(H).
)

~ F?
sin(E))—2 -2
@

So under the conditions sin(8) < 0, cos(8) > 0, together with semipositivity F > 0, the
dHYM equation implies the a priori bounds

F2? FAw |tan(d)|
E < 1, o2 < > ’ (326)
which immediately give the required bounds on A. O

It is possible to obtain higher order estimates from the bound on the determinant
given by Lemma 3.2.1. Following [ ] Section 4 the key idea is to write the second
equation in (3.2.5) in the form

Ulw;; = A (3.2.7)

where U is the cofactor matrix of the Hessian u; j, while
w = (det(iqp)) ",
A = —4aRe (e-\’-_lé det(u'l - V—lFij(Vu))) det(itgp) — 4A.

Note that this rewriting is possible because of the identity [U%]; = 0. Then (3.2.7) can
be regarded as a non-homogeneous linearised Monge-Ampére equation satisfied by w.

Lemma 3.2.2. Suppose the phase eV-10 satisfies
sin(é) <0, cos(é) > 0.

Then, there are uniform constants 0 < Ag < A1,0 < 6 <1, A5 > 0, depending only on e‘/‘_lé,
a and A, such that for a solution u, F of (3.2.5) with F > 0 we have

A()I < Ujj < All, ||u||C2,o < Az/@.

Proof. We first observe that by [ ] Lemma 4 we have a uniform C! bound on u. This
is independent of the equation satisfied by # and holds simply by periodicity, positivity
ujj > 0 and the normalisation ¢(0) = 0. In particular we have a uniform C° bound on u.

Let us now show that we have an estimate on ||u||c26 for some 6 > 0, depending only

onsup |A|, a, V10 In [TW] Section 3.7, Corollary 3.2, Trudinger-Wang give an interior
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3 Coupled equations on abelian varieties

Hoélder estimate for a C2 solution of the non-homogeneous linearised Monge-Ampére
equation on the ball B1(0) ¢ R”, for all n. Note that, adapting to our present notation,
they would actually write (3.2.7) as

oo = [ ———

Then their estimate takes the form

A n
w < Cl|lw +/ ‘—‘ det(u d),
llwllcss, 0 (|| Il cogsy(0)) N oy (Ugp)dpt

where du is the Lebesgue measure (so det(u,;)du is the Monge-Ampere measure asso-
ciated with u), where the constants 6, C > 0 depend only on 7 and a pinching for the
quantity det(u), that is, on constants c7, ¢, > 0 such that

0 < ¢] < det(ugp) < c5.

In the proof of Lemma 3.2.1 we have shown that our current assumptions on eV10and F
imply a uniform C 0 bound for the function A, depending only on tan(é), a, sup |A, see
(3.2.6). Moreover Lemma 3.2.1 shows that the pinching constants ¢}, ¢, > 0 canbe chosen
uniformly, depending only on the same quantities. Recalling that w = (det(uqp))~t, we
find that there is a uniform C° bound on w on the ball B; /2(0), in terms of tan(é),
a, sup |A|. With our current conventions, the ball By/,(0) does not contain a period
domain Q = [0,1] x [0, 1], but this is only a matter of notation. For example we could

have started with the lattice A = 17? & %zz. So we get a uniform a priori C® bound
on w everywhere.

By the definition of w, and the regularity we just obtained, the function u satisfies the
Monge-Ampeére equation

w(x) det(uqp(x)) =1,
with C? coefficients. A well-known Schauder estimate due to Caffarelli [ ] shows
that then there is a uniform a priori C>° bound on u(x), depending only on sup |A], @,
V10,

We claim that this implies a uniform bound Agl < u;; < A1l. Equivalently, we need
to show that the eigenvalues of the Hessian u;; are uniformly bounded, and bounded
away from 0, in terms of the usual quantities. But this follows immediately from the
uniform bound on the determinant 0 < ¢] < det(us) < ¢} and the uniform bound on
||u]]|c2, which we established above. O

Remark 3.2.3. The proof and (3.2.6) actually show that the bounds only depend on an

upper bound for the quantities «, a| tan(6)| and sup |Al.

We can now complete the proof of Proposition 3.1.1. Recall that this claims that there
are a priori bounds of all orders on solutions (g, F) of (3.2.1) and on the positivity of the

metric g, depending only on V10 g, f, under the conditions

sin(6) < 0, cos(9) > 0, F > 0.
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It is convenient to write
1
Fij = [EyTBy + fp(y)]
ij
where B is a fixed, symmetric positive semidefinite matrix, and ¢(x) is periodic, with
period domain Q, and satisfies ¢(0) = 0.
We will use the well-known reduction of the dHYM equation to complex Monge-
Ampeére equation in the case of a complex surface (see e.g. [ ]). As in the proof of

Lemma 3.2.1, we write the dHYM equation as
-F? sin(é) +2F A w cos(é) = —w? sin(é).
We consider a general equation of the form
(c1F + cow)? = c3w?
for some choice of constants ¢;. This is of course
C%FZ +2c1coF A w = (c3 — c%)a)z.
Recall we have sin(é) <0, cos(é) > 0. Then choosing

@ e O 1
c1 = (—sin(0))"/*, ¢ (—sin(é))l/zlcg sin(6)

shows that the dHYM condition becomes the complex Monge-Ampere equation

A 2
(csin@)2p——O0 N1 .
(= sin(0))1/2 sin(0)
or equivalently
12 = o?

where . .
X = —sin(0)F + cos(0)w.

We should think of this as an equation for yx, and so F, given w. Note that x is
automatically a Kéhler class. By the Calabi-Yau Theorem, this Monge-Ampere equation

is solvable iff
/f=/&,

which of course determines ¢ V10 just as before. In our situation, this reduces to the
real Monge-Ampere

det(— sin(é)Fi]- + cos(é)vi]-) = det(v;)). (3.2.8)
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3 Coupled equations on abelian varieties

By Lemma 3.2.2 and the Legendre transform we have a uniform estimate on ||v||c2s,
depending only on sup |4, a, V=19 Moreover, just as in the proof of that Lemma, we
observe that by [ ] Lemma 4 we have a uniform C! bound on ¢. This is independent
of the equation satisfied by ¢ and holds simply by periodicity, (semi)positivity F;; > 0
and the normalisation 1(0) = 0. In particular we have a uniform C° bound on ¢.
Caffarelli’s Holder estimates for the real Monge-Ampére equation then give a uniform
bound on ||¢||c2s, depending only on sup |A], a, V10, In particular we have a uniform
C® bound on Fij.

We use the latter estimate on the bundle curvature F in the linearised Monge-Ampére
equation (3.2.7), yielding a uniform C??° bound on w = (det(,;))~! and so in turn a
uniform bound on ||u||css, depending only on ||Al|cs, «a, V=10,

We can now proceed inductively, using the equations (3.2.7) and (3.2.8), to obtain esti-
mates of all orders on v and ¢, depending only on A, «, V10, Proposition 3.1.1 follows.

Given the a priori estimates of Proposition 3.1.1, we are in a position to prove Theorem
3.1.3. Recall that this involves the choice of coupling constant

a = o cos(6)

for some fixed @’ > 0. The proof relies on the continuity method. We apply this to the
family of equations, depending on a parameter t € [0, 1], given by

{Im (e‘\/‘_lé det(ul — V—_lFij(Vu))) =0

) . (3.2.9)
[l = Ay =401 = 1) [y A(x)du(x),

where we set
A; = —4a’ cos(6) Re (e_‘/__lé det(u'l — V—le-j(Vu))) det(u,y) — 4tA.

For t = 0 the equations are solvable by choosing v;; = u'/ and Fj; to be constant repre-
sentatives of their cohomology classes.

By Proposition 3.1.1 the set of times ¢ € [0, 1] for which the equations (3.2.9) are
solvable is closed as long as the solution satisfies F > 0. We claim that if the classes
[F] and [w] are sufficiently close, depending only on sup |A| and «’, then the bundle
curvature actually remains negative, i.e. the condition F > 0is closed along the continuity
path. To see this we use the complex Monge-Ampére equation

(- sin(é)F + cos(é)cu)2 = w?

satisfied by F. We have shown in the proof of Lemma 3.2.1 that, assuming only semi-
posivity F > 0, one has a priori bounds on w,

0 < Aqwo < w < Mwo, [|wlleswy) < N2,
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3 Coupled equations on abelian varieties

depending only on an upper bound for the quantities «, | tan(é)l, sup |A| (see Remark
3.2.3). Thus, with our choice of coupling constant & = &’ cos(8) for some fixed o/, we see
that the constants Ag, A1, Az,s above can be chosen uniformly in terms of a’, sup |A| only,
and in particular do not depend on t € [0, 1] and on [F]. Then with our assumptions, if
[F] - [w] = 0 € HY1(X, R) we have cos() — 0%, —sin(8) — 1~ and ||F — @||» — 0. So
by choosing [F] and [w] to be sufficiently close, depending only on a’, sup |A| we can
make sure that F remains strictly positive along the continuity path.

It remains to check openness of the continuity path. The condition F > 0 is clearly
open, so we only need to show that, with our choice @ = o’ cos(é), the linearisation of
the equations (3.2.9) at any point of the path are always solvable provided [F], [w] are
sufficiently close, in a uniform way. Consider the equations obtained in the limiting
case cos(é) =0:

F2 — Cl)2
{s(a)) = f(Vu).

By the results of [ ] Section 2, the corresponding linearised equations are uniquely
solvable, so the same holds for the linearisation of (3.2.9) for cos(é) sufficiently small,
depending only on our a priori estimates on solutions of (3.2.9), and so on a’, A. This
completes the proof of Theorem 3.1.3.

3.3 Kéhler-Yang-Mills equations on abelian varieties and
Theorem 3.1.6

We proceed to prove our main results concerning the Kidhler-Yang-Mills system on an
abelian variety M of arbitrary dimension 1, Proposition 3.1.5 and Theorem 3.1.6. Recall
the system is given by

ANgF =u
s(g) + aAé(F ANF)=f,

where F(h) = V-1F is the curvature of a Hermitian metric on the fibres of a holomorphic
line bundle L — M, of degree —u, and f € C*(M) is a prescribed function. Note that a
solution ¢ must satisfy the cohomological constraint

wg a)g‘2
/A/IfW:a/MF/\F/\(n_Z)!. (3.3.1)

Using the identity (involving pointwise norms)

AZ(F AF) =2||AgF|I3 —2[F|I;
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3 Coupled equations on abelian varieties

the equations can be written in the form

AgF =y,
s(g)=f +20z||F||§ —2ap?.

Following [ ] we may assume, without loss of generality, that M is the abelian variety
C"/(Z" & V-1Z") and [wo] is the class of the metric wy = V=13, dz; A dz;. Then U(1)"
acts on M, by translations in the V—1R" direction. We suppose that f is U(1)"-invariant
and look for U(1)"-invariant solutions. As in the previous Section, we formulate the
problem in terms of the convex function

o(y) = 1y + p(y)

where 1 : R" — R is periodic, with period domain Q = [0,1]", and of its Legendre
transform .
M@=§MF+¢@) (3.3.2)

where ¢: R" — R is periodic with the same period domain Q). As before, the invariant
metric ¢ is given by the real Hessian of v(y), namely wg = V=12, ; vijdz; A dzj. Then
we have
1 ..
s(g) = —Zv’][logdet(vab)]zj,
IFII = 00" Fy Fy;.
So the equations become

v/Fyj = u ) (3.3.3)
v'i[log det(vap)]ij = —4f + 8au? — 8av' /v Fy,. -

Here F = Fj; is regarded as a periodic function with values in symmetric matrices (so
we have F(h) = - }; i Fijdz; A dzj).
In terms of the Legendre transform, the equations are

u;jFij(Vu) = u
y , (3.3.4)
[u”]i]’ =—4A + 80([1 - Sauijuleil(Vu)ij(Vu),

where we set A(x) = f(y) = f(Vu). From this symplectic viewpoint, it is trivial to take
the constraint (3.3.1) into account: the datum A(x) must simply satisfy

a)n—Z

_ g
/QA(x)dy(x)—oz/MF/\F/\(n_z)!

with respect to the fixed Lebesgue measure du(x). As in the previous Section, we start
from the equations in symplectic coordinates with datum A(x) and define f(y) through
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3 Coupled equations on abelian varieties

the relation f(Vu(x)) = A(x).

We can now establish our a priori estimates, Proposition 3.1.5. A simple computation
shows that we have

vijFij = tr(Hess(v)_lF),
00 Fy Fy; = tr (Hess(v) 'F)?) .

So our equations, in invariant complex coordinates, are equivalent to

tr(Hess(v)'F) = y,

v'i[log det(vap)]ij = —4f + 8au? — 8a tr ((Hess(v)F)?) .
Suppose v, F give a solution with F > 0 (so in particular the bundle L is seminega-
tive). Note that Hess(v)™'F is a product of symmetric matrices and so it is similar to
a symmetric matrix, hence it has real eigenvalues A;. Since both Hess(v)™! and F are
positive definite and semidefinite respectively, by assumption, we have in fact A; > 0.
The condition

tr(Hess(v) 'F) = u > 0

immediately gives the bound 0 < A; < u. Therefore

0 < tr ((Hess(v)'F)?) = Z AT < np?.

It follows immediately that under the semipositivity assumption F > 0 there is a uniform
CY bound for the image under Legendre duality of the quantity

A = —4A + 8ap® — 8aujju Fii(Vu)Fij(Vu), (3.3.5)

depending only on sup |f|,n,u. This bound is preserved under pullback by the diffeo-
morphism induced by Legendre duality. On the other hand the second equation in
(3.3.4) is precisely [u'l lij = A. If follows that we have a uniform a priori bound on the
quantity [u"];;, depending only on sup |f|, n, u. From here, proceeding exactly as in the
proof of Lemma 3.2.2, we find that there are uniform constants 0 < Ag < A1,0< 6 <1,
Ao,5 > 0, depending only on A, n, u, such that for a solution u, F of (3.3.4) with F > 0
we have

AOI < ui]‘ < A1I,
lullc2s < Ags- (3.3.6)

Let us now consider the bundle curvature, or equivalently the form F. Recall that, on
the universal cover, this is given by the Hessian of a function,

1
Fjj = [EyTBy + w(y)] ,

)

59



3 Coupled equations on abelian varieties

where B is a fixed, symmetric positive semidefinite matrix, and ¢(x) is periodic, with
period domain ). We can normalise ¢ so that ¢(0) = 0. The HYM equation AgF = u
satisfied by h can be seen as a second order linear elliptic PDE, with periodic coefficients,
satisfied by the periodic function ¢,

Z)ij(pl'j =u- ’UijBl'j. (3.3.7)
By standard Schauder theory and periodicity there is a bound

lpllczoiq) < Cas (Il@llco + i = 07 Bijllczo(q)

where Cy,5 > 0 depends only on ||v| |c25(q) and the ellipticity constants. By our previ-
ous a priori bounds (3.3.6) and the Legendre transform, both quantities are uniformly
bounded in terms of sup |f|, n, p. It follows that in fact we have an a priori bound of
the form

llellc2oi) < Casll@lleo) + Ch s
where the constants Cy 5, C; , > 0 depend only on sup |f/, 1, . Moreover, just as in the

proof of Lemma 3.2.2 and by [ ] Lemma 4, we have a uniform C! bound on ¢, so we
see that ||@||c2s(q) is controlled only by sup |f|, n, p.

As in the proof of Proposition 3.1.1, we can use this estimate on ¢ in the linearised
Monge-Ampére equation (3.2.7), with A now given by (3.3.5). The resulting C® bound on
A givesa C%° bound on w = (det(u,5))~! and so a uniform bound on ||u ||+, depending
only on ||Al|cs, p, 1.

We can now proceed inductively, using the linearised Monge-Ampere (3.2.7) (with
right hand side given by (3.3.5)) and the Poisson equation (3.3.7), to obtain estimates of
all orders on v and ¢, depending only on A, u, n. Proposition 3.1.5 follows.

3.3.1 Proof of Theorem 3.1.6

We are in a position to prove Theorem 3.1.6. Recall for this result we have a negative
line bundle L, respectively an ample line bundle N on M, where L has degree —u and
[w] = c1(N). We are concerned with the system

uijFij(Vu) = ku
[ul]]i]' =—4A + 8%#2 - S%Mijuleil(Vu)ij(Vu).

Here V—1F is the curvature of a metric on the fibres of L ® (k —1)uN for some k > 1. We
claim that by taking k sufficiently large, depending only on sup |A|, 1, i1, we can find u
and F solving the equations.

For the proof it is convenient to work instead with the Q-line bundle (1 — )L + éN .
Here f is a parameter in the construction, to be chosen appropriately. At the end of the
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3 Coupled equations on abelian varieties

argument we will see how to obtain from this a solution on a genuine line bundle. So
we have

Fij=(1-p)E; + 5%0,-]-, Be(0,1)NQ

where V-1F is the curvature of some metric on the fibres of L.
The proof relies on the continuity method. We apply this to the family of equations,
depending on the parameter 3, given by

uiiFij(Vu) = u
[uij]i]‘ =—4tA-4(1-1) /Q A(x)du(x) + 80([12 - 4uijule,-l(Vu)ij(Vu) (3.3.8)
F >0,

fort € [0,1].
When t = 0 a solution of (3.3.8) is given in complex coordinates by taking

1
o(y) = 31y, Fy = (1= B)By + vy >0

for all B € (0,1) N Q, where B > 0 is a constant symmetric matrix.

We will show in the Appendix that the linearised equations corresponding to the
system (3.3.4) are uniquely solvable. This implies that the set of times t € [0, 1] for
which (3.3.8) has a solution is open.

We claim that this set is also closed. By Proposition 3.1.5 we have a priori C¥ estimates
of all orders on solutions of (3.3.8), as well as on the positivity of the solution metric g,
which only depend on A, 1, u, and in particular are independent of t € [0,1]. Then it
follows from the Ascoli-Arzela Theorem that we can take the limit of a (sub)sequence
of solutions, corresponding to times t; — t € [0, 1] and obtain a solution at time ¢.

It remains to be seen that the positivity condition F > 0 is also closed. Arguing by
contradiction we assume that for the limit solution we have F > 0 but not F > 0. So we
have

(1= B)Fy() + pLoy(&) =0

for some unit vector &. Recall that F takes the form

~ 1
Fij = [EyTBy + @(y)] )

g

for a periodic function ¢, so we find

Hess()(&) = —B(&) — %% Hess 0(¢). (3.3.9)

The equation satisfied by F;; = (1 — ﬁ)ﬁij + BLv;; in complex coordinates is

o (1= pFy + fLoy) = .
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3 Coupled equations on abelian varieties

It follows that F satisfies the equation
o'F ij =t

or is terms of ¢
v/ pij = p = v/ Byj.
Recall we are free to normalise ¢ with an additive constant. In particular we can assume

that ¢ is L2-orthogonal with respect to the metric g to constant functions, that is, to the
kernel of the Laplacian A,. With this assumption we have a standard Schauder estimate

lpllczoiqy < Kool = 07 Bijllcoqy,

where K5 > 0 depends only on |[v”/]|cs(q) and the ellipticity constants. By the proof
of Proposition 3.1.5 all these quantities, with ||y — 0¥/ Bijl|cs(q), are uniformly bounded
in terms of sup |A|, n, p, assuming only F > 0 (in particular, independently of t € [0, 1]
and § € (0,1) N Q). It follows that we have a uniform bound on [|¢[|c2q). But (3.3.9),
together with the strictly positive uniform lower bound on Hess(v) given by Proposition
3.1.5, implies that Hess(¢)(&) can be made arbitrarily large by taking f sufficiently close
to 1. This is a contradiction, arising from our assumption that at some time F is only
semipositive.

The upshot is that for all rational g sufficiently close to 1, depending only on sup |A]|,
n, u, we have g, F, providing a solution on the Q-line bundle (1 - )L + ﬁ%N . In general,
if g, F give a solution to the Kdhler-Yang-Mills equations (2.3.1) on a line bundle, then
the same g together with the rescaled 2-form pF solve the system

Ag(pF) = pul
5(2) + SA(pF) A (pF) = A,

We apply this simple consideration to our solution g, F above, choosing § = 1 — 1 for
sufficiently large k, and with scaling factor p = nk. This yields a solution defined on the
fibres of L" ® (k — 1)uN, and with parameter as claimed by Theorem 3.1.6.

_a
(nk)2”

3.4 Proof of Theorems 3.1.7 and 3.1.8

In the present context M is the abelian surface C?/(Z? & V-1Z?) and the datum f only
depends on a single coordinate, say y;. Equivalently, its Legendre transform A only
depends on x1. The coupled equations (2.1.4) are equivalent to the system

Im (e“/__lé det(vi]- - \/—_11:1']')) =0

1 i Re(e_ﬁé det(v,-j—\/—_lFij))
— ;0" [logdet(vap)]ij — a Tt = f(y1),
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to be solved for matrices v, F of the form

L+y” 0 ” + @” b
i = ( l% ) 1) , Fij = Fjy + 0" (y1)81:61 = (a ([;) ) C).

Here we have, a priori, 1 + ¢”(y1) > 0, while we are not imposing positivity conditions
on Fjj. The phase eV-10 is determined by the constraint

/ det(Ui]' - V—lFi]‘) € R>0€\/__19.
Q

We have
det(vi; — V=1F;j) = (1 — det(F%) + " — c@”) = V=1(tr(F°) + ¢” + cy}”),
so integrating using the periodic boundary conditions shows

N0 1= det(F%) — V=1 tr(FO)
((1 = det(F9))* + (tr(F0)*)"/*

Similarly we have

Im (e_‘/__lé det(v;; — \/—_1131-]-))

= —sin(0) (1 - det(F%) — cp” + ¢") — cos() (tr(F®) + cy” + ¢”),
so that the dHYM equation becomes the algebraic identity

_sin(0) (1 = det(F?)) + cos(0) tr(F®) + " (x)(c cos(0) + sin(0))
cos(é) - sin(é) .

"

Using this identity for ¢” gives

Re (e“/‘_lé det(v;; — \/—_1Fz‘j))
det(vah)
b2 B c2+1
(¥ +1) (cos(8) — csin(B))  c¢sin(B) — cos(8)

On the other hand the scalar curvature is given by

_1 (log(l + 17b//))//

1.
—_pY = .,
4U [log det(vab)]l] 4 1+ l)b” ’

so that the coupled equations (2.1.4) become the single nonlinear ODE

1 (log(1 +¢"))” i ab? N a(c?+1)
4 1+y” (V7 +1) (cos(6) — csin(B))  c¢sin(B) — cos()

= f(y1).
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Now consider the Legendre transform of the convex function of a single variable

1

Ey% +Y(y1).
This takes the form .

Ex% + P(x1)

for some periodic ¢(x1), and by the standard Legendre property

80 = Ty

together with the one-dimensional case of Abreu’s formula for the scalar curvature
_1(0ogl+y(y)")” 1 ( 1 )
4 1+ l,b(yl)" 4 \1+ (P"(JC1)

we find that the above nonlinear ODE, to which we reduced the coupled equations
(2.1.4), can be written in terms of ¢(x1) as

BYNETN R LR
4\1+¢” cos(0) — csin(f) ¢ sin(6) — cos(6)

—A(x1) =0, (3.4.1)

where A(x1) denotes the image of f(y1) under the Legendre transform diffeomorphism,
as usual. We are assuming of course the cohomological compatibility condition

1
/ A = — Aabz _ a(Ac2+1) _
0 cos(B0) — csin(0)  c¢sin(0) — cos(0)

In order to prove the existence of a periodic solution ¢, satisfying 1 + ¢” > 0, we argue
precisely as in the proofs of Theorems 3.1.3 and 3.1.6, relying on the same continuity
method and the results of Feng-Székelyhidi. Thus in order to obtain closedness it is
enough to prove that a periodic solution ¢ of (3.4.1), with 1 + ¢” > 0, would satisfy a
priori a uniform C° bound on the scalar curvature. Equivalently it is enough to prove a
uniform a priori C° bound for the quantity

ab?(1+ ¢”)
cos(8) — ¢ sin(H)

for a solution of (3.4.1). But since we have 1 + ¢” > 0 by assumption, we only need to
show that there is a uniform a priori bound from above, ¢” < C. Thus suppose X; is a
point at which 1 + ¢”(x1) attains its maximum. Then at ¥; the quantity (1 + ¢ (x1))~}
attains its minimum, so we have

1 14
(1 T (1)”(9?1)) = 0.
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Using the equation (3.4.1) this shows

A+ o"n) o+l ) <suplal
cos(9) — csin(f)  csin(f) — cos(8) V= SEPAL

Since we already know 1 + ¢”(%1) > 0, and we have a > 0, if we further assume the
condition

b2
~ — >
cos(60) — csin(0)
the above inequality immediately gives the required uniform bound ¢” < C. But a little
computation shows that we have in fact

ab? b2

cos(f) — csin(d) 1+b%+c?

1/2

((1 — det(FY)* + (tr(F%))?)

so this quantity is nonnegative, and only vanishes for b = 0, in which case (3.4.1) reduces
to the (solvable) Abreu equation.
To obtain openness for the continuity method, we need to show that the operator given

by the left hand side of (3.4.1), mapping Cg’“(Sl, du) to C§_4’“(Sl,dy), has surjective

differential at a solution. The differential maps ¢ to L (%), where we set, for any
B e Cha(st, dy),

ab®(1+ ¢”)*p
cos(é) -c sin(é)'
The operator L acting on C*%(S?, du) is formally self-adjoint and has trivial kernel by
all periodic y, and if y € Cg_z’“(Sl, du) the unique solution g € Ck¥(S!, du) satisfies

L(ﬁ) — 2‘81/ _

the condition > 0. Thus the equation L(f) = y is uniquely solvable for

f (1+ ¢”)*8 =0, so in turn the equation p is solvable.

¢ _
(1+¢//)2 -

Theorem 3.1.8 follows from similar arguments. The large and small radius limit
equations are given by

oFyj =
—}Ivif[logdet(vub)],-j - Zavijvleilej + Zayz = f(y1),

respectively
Fijvi]‘ =K
—}Evij [log det(v,p)]ij — agig:i; = f(n),
where . )
H=olF), K= Gy
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Inboth cases, the HYM (i.e. Poisson) equation and the J-equation can be solved explicitly,
giving the identities
g0// — ulp//,
respectively
_cdet(F%)
b2+ 2 v

”

Using these identities, we find that the large radius limit becomes the nonlinear ODE

1 (log(1 +¢"))” 2, 2 4ab? o2 _
IO T 2a(a” +c¢%) - T 0700 + 2a(tr(F7)" = f(y1),
and similarly the small radius limit becomes
_l(log(l +9"))” B ab? det(F°) _ ac?det(F%) Fly)
i 1ty Or+ed) (L+grx)  bPcz IV

Taking the Legendre transform §x? + ¢ of the convex function 3y? + 1, we obtain the
ODE

> ( m ) ~2a(a® + %) — 4ab*(1 + ¢ (x)) + 2a(tx(F))? = A(yn),

respectively

_1 1 ” B ab? det(PO) (1 + ¢"(x)) _ ac? det(FO) ~ A( )
4 (1 + (p//(xl)) (bZ + CZ) bz T C2 = Y1).

We can now apply the same maximum principle argument used in the proof of
Theorem 3.1.7, to conclude that the large radius limit equations are solvable provided
the condition

ab® >0

is satisfied, and the same holds for the small radius limit equations under the condition

ab? det(F°)

0.
(b2 + c?) g

Of course the large radius limit condition holds unless b = 0, in which case we reduce
to the (solvable) Abreu equation. On the other hand the small radius limit condition
det(F°) > 0 does give a nontrivial constraint.

Finally, let us prove Proposition 3.1.9. Recall that in the proof of Theorem 3.1.7
we reduced the coupled equations (2.1.4) to the single nonlinear ODE (3.4.1) for the
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Legendre transform 1 + ¢”(x1). We only need to show that if A(x1) is real analytic, then
sois 1+ ¢”(x1). Setting U(x1) = (1 + ¢”(x1))7}, (3.4.1) is equivalent to the system

r_ _ 4ab? 1 da(®+)y
Vi= (COS(é)—c sin(é)) u CSin(é)—cos(é) 4:A(.X'1)

If (U, V) is a solution with U > 0 and A(x1) is real analytic, it follows from the Cauchy-
Kovalevskaya Theorem that U, V are also real analytic. The solution constructed in
Theorem 3.1.7 satisfies U > 0, so Proposition 3.1.9 follows.

3.A Appendix - Linearised equations

This Appendix studies the linearisation of the Kdhler-Yang-Mills equations formulated
in symplectic coordinates on a torus. In particular we prove that these linearised
equations correspond to a scalar linear differential operator which has trivial kernel and
is formally self-adjoint, with respect to the Lebesgue measure.

Thus we consider the system (3.3.4), replacing the datum A with A; = tA + (1 -
f) fQ A(x)du(x) for t € [0,1]. In complex coordinates

Fl']'(]/) = Bl‘]‘ + (Pij(]/), (3.A.1)

where B;; denotes a constant symmetric matrix; using this notation, the system (3.3.4)
in symplectic coordinates has the form:

ul’]’Bi]’ + ajuijaj(p =u
[177];5 + (i ("™ o)) (@1 (™" 1) (B.A2)
+BixBjiuijurs + 2(9;(u*" @) upBji + A = 0,

where, with a small abuse of notation, ¢ denotes also the Legendre transform of the
function in (3.A.1). In order to study the linearization of (3.A.2), we consider the linear
operator L(1) associated to the second equation, which has the form
L(it) = = 97 (u " itapu®) + 20i ("™ (i) (1 (4™ 1))
= 2(9;(u" iLap "™ @) (1 (" Py)) + 2B Bjriijug
+2(9;(u*" (1)) )i By + 2(9; (X" @i ))iti By
= 2(9;(u* gy ) uiBj1,

(3.A.3)

where ¢(i1) is the unique solution of the linearization of the first equation in (3.A.2):
1iiBij + AQ — 9i(u™ ™ igpu¥ ;) = 0 (3.A4)

with the normalization /M ¢dy = 0 and with A = J;ju’/9;. In order to prove that the
operator L: Cé\] T — Cé\’ _4’“(T”), at a solution of (3.A.2), is invertible for a sufficently
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large N € Nand 0 < a < 1, is enough to show that L is injective and formally self-adjoint
with respect to the L2-product defined by the volume form du. Then, by the implicit
function theorem, if we have a smooth solution of (3.A.2) for f € [0, 1], there exist CN¢
solutions for t + ¢, with ¢ << 1. By standard bootstraping technique, these solutions
are actually smooth.

We prove that, for any y, ¢ € Cé\l’“(T”) with N >> 1, fX EL(y) = fX yL(&), omitting
in the following the volume form, in order to ease the notation. We split L(y) =
Lo(y) + L1(¢(y)), with

Lo(y) == 0 (u" yapu") + 2(9;(u*" 1)) yxiBj1

= 20i(t" "y ap " o)) (A1 (™ Pu)) + 2Bk Bj1yijuixi (3.A5)
= 209;(u* y 1" @) )uriBj1,
Li(y) =+ 2(0;(u " ¢()n))uriBj + 2(0; ("™ §(7)m)) (@1 (1" ). (3.A.6)

We will show that

/ (ELo(y) - yLo(&) = - / (ELi() = yLi(€).
M M

At a solution of (3.A.2), integrating by parts, we get the following identities for the
different terms of fM ELo(y):

1.
/£8§(ui“7/abubf)=/y(?;?"j(ui“éabubj);
2.
/cf)/lejlaj(uk”QDn) =
/Ekjuk”%)/lle+/€kuk"§0n)/lj31j—/EVlleajAQO;
3.

/ £yt o)) (D1 (1™ ) =
/éiui"mnaj(uf“yabub’@z)—/ybub’”qomc?j(ujaéabu“(pz)
+/V(ul”éabubmqom)az(NP)—/é(u’“yabubmq)m)az(AQO)

. / AU o)y (4 i1 o)
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3 Coupled equations on abelian varieties

/5Bik3jl)/ijukl =

/VBikszukzéij+/yBikszuk1j§i—IEBikleukuVj;

/Euszjlaj(uk”Vahub”qon) =
/VbubnfpnéjaBja—/Vithjaaa(Mbn(Pn)—/VéijﬁaA(P
+/5ybub”¢nuf§“ujk13jz+/Euk”ujk131j7/b9a(ubnfpn)
+/57bukaub"¢nujkla31j—/Véau;'f“ubnfpnujszz]'
—/Véaukaujlele(P—/Vub”(Pnéau”kuijbBlj

+/@‘(uk”éabub"@n))ulele+/5abuk”ub"¢nulelej-

Hence, after several cancellations, we get

—/MELO(V)JF/MVLO(E)Z

=/Eiui%n&j(uf”yubu”@z)—/(Vbub’”(pm)ij(uj”éahub’(pz)

(1) (i)
+/§jaBjaybub”(pn—/yjquuébub”gon.

(i) (iv)
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3 Coupled equations on abelian varieties
Consider now (i) and (iv); using (3.A.4), we get:

/ £ (D yast? 91) = ViaBja)
- [ .09
== [ prneaen - [ oot gue,
- [ o prrn@u e + [ et g0nane
—/qb(y)nu""éiku"’”qom
- [0 omeaon + [ o0t s en)
—/f'P(V)nuk”Eukszzm
= [ oo o+ [ ot e e,
+ [ EOu gD+ [ £0g 0B
= [ 0w 1)@ ) + [ EuaBundnu )
v [ 9.

Notice that the first two terms coincide with /M &L1(y), while the third one is symmetric
in £ and y. An identical computation for (ii) and (iii) shows that L is formally self-
adjoint.

A similar argument using repeated integration by parts proves that /M yL(y) <0,
with /M yL(y) = 0if and only if y = 0, so that L has trivial kernel.
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In this Chapter, we study deformed Hermitian Yang-Mills (dHYM) connections on
ruled surfaces explicitly, using the momentum construction. As a main application we
provide many new examples of dHYM connections coupled to a variable background
Kéhler metric. These are solutions of the moment map partial differential equations
given by the Hamiltonian action of the extended gauge group, coupling the dHYM
equation to the scalar curvature of the background. The large radius limit of these cou-
pled equations is the Kihler-Yang-Mills system of Alvarez-Cénsul, Garcia-Fernandez
and Garcia-Prada, and in this limit our solutions converge smoothly to those constructed
by Keller and Tennesen-Friedman [ ]. We also discuss other aspects of our ex-
amples including conical singularities, realisation as B-branes, the small radius limit
and canonical representatives of complexified Kahler classes. While this is a classical
test bed for equations in complex differential geometry, here we allow a rather general
setup, as we now discuss. Our main results, together with the necessary background,
are contained in Section 4.1. In Section 4.2 we set up the momentum construction on
our ruled surfaces. Section 4.3 solves the dHYM equation on our ruled surfaces explic-
itly using the momentum construction, under the necessary "stability condition" (4.1.2).
This result is applied in Section 4.4 in order to solve the coupled equations (2.0.1). All
of this is extended to allow conical singularities in Section 4.5; the main advantage is
that in this case there exist solutions with positive coupling constants. Finally Section
4.7 contains our results on the large and small radius limits.
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4 Coupled equations on rules surfaces

4.1 Background and main results

Let X be a compact Riemann surface of genus /1, with Kdhler metric gy, of constant scalar

curvature 2sy, and let £ LN X denote a holomorphic line bundle of degree k € Z.(, with
2ntcy (L) = [ws]. Since Vol (X) = 27k, by the Gauss-Bonnet formula we have

L1 /S 1 / _2(1-h)
ETVl@) AT T Vol LLPET T

where py denotes the Ricci 2-form of gs.
We will construct solutions of the coupled equations (2.0.1) on ruled surfaces of
Hirzebruch type, obtained by the projectivization

M=P(L®O0)—>7L,

where O denotes the trivial holomorphic line bundle. (It is well known that such M
does not admit cscK metrics). Our solutions are obtained by extending the classical
momentum construction (also known as the Calabi ansatz, see [ ]) to the equations
(2.0.1): see (4.2.2), (4.3.1) for our ansatz.

Let Eg = P(0® O) and E,, = P(L @ 0) denote respectively the zero section and the
infinity section of the CP'-bundle M over £, with general fibre C. We introduce the real
parameters ki, ko and k” > 0, and consider the cohomology classes

[w] = 2m[2Ey + k'C],
[F] = 27’([2([{1 - kz)E() + (2kk2 + k’(kl + kz)C], (4.1.1)

where we slightly abuse the notation and denote the Poincaré duals of Eg and C re-
spectively by [Eg] and [C]. Then [w] is a K&hler class and [F/(2m)] is integral, provided
ki,ky, k" are integers and k” > 0, so it is possible to find a holomorphic line bundle
L — X such that —27ntc1(L) = [F].

Remark 4.1.1. The first equation (2.0.1) is equivalent to
N n
m (e_‘/__m (a) - V—lF) ) =0

and the latter condition is preserved when F — —F and 0 — —é, which should be
interpreted geometrically as considering the dHYM equation on L™! instead of L. With
our choice of parametrization, this implies that the set of parameters corresponding to
solutions of the system (2.0.1) is invariant under k; — —k;, for i = 1,2. When k; = 0,
it follows from (4.1.1) that, for any choice of Kdhler class, the unique solution of the
dHYM equation is given by F = kjw. In this case, the Lagrangian radius is also constant
rolkiw) = (1 + k%)2 and, since M does not admit cscK metrics, the system (2.0.1) has no
solution. In Section 2 it will be clear that also for k1 = 0 the dHYM equation has a trivial
solution; in this case, O = 0 and we can solve also (2.0.1). In the following, we will focus
on the nontrivial choices of parameters, i.e.

ki1 <O, ko # 0.
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4 Coupled equations on rules surfaces

It is also convenient to introduce the quantity

B k
T k+k

X €(0,1).

Theorem 4.1.2. Suppose the "stability condition”
1+ (k1 + k2)?) > x(1 + (k1 — k2)?) (4.1.2)

holds. Then, there exist a unique Kéihler form w and curvature form F, with cohomology classes
given by (4.1.1), such that they are obtained by the momentum construction (see (4.2.2), (4.3.1))
and solve the coupled equations (2.0.1) on the ruled surface M, for the unique value of the
coupling constant

. JHE+ (1=K + B2
C2(1+ (k- ko)2)K2

If equality holds instead in (4.1.2), then there is a smooth solution on M \ E, with underlying
metric w € CYV/2(M) N C®(M \ Ew).

(—2+ szx).

Theorem 4.1.2 is proved in Section 4.4.

4.1.1 Solutions with conical singularities

The main limitation of Theorem 4.1.2 concerns the sign of the coupling constant: it is
straightforward to check that in the situation of that result we always have @ < 0, since
sy < 2and x < 1. In order to gain more flexibility we allow the background metric w to
develop conical singularities along the divisors Ep, Ec.. Fix 0 < fp < 1 and let

-2
_ + Bo(1+ x) 51
-1+x

ﬁOO

Theorem 4.1.3. Suppose the “stability condition” (4.1.2) holds. Then, there exist a unique
Kihler form w and curvature form F, such that they are obtained by the momentum construction
(see (4.2.2), (4.3.1)),  has conical singularities with cone angles 2nfy along Eg and 21f«
along E«, the corresponding cohomology classes (in the sense of currents) are given by (4.1.1),
and they solve the coupled equations (2.0.1), for the unique value of the coupling constant

3 \/4k% (A -k +K5P3 4y +sxx? = 3(1 + x)Bo
T 201+ (k1 - ka)?)K2 x '

Theorem 4.1.3is proved in Section 4.5. Note that this gives a generalisation of Theorem
4.1.2: when By = 1 we recover precisely the smooth solutions provided by that result.

Corollary 4.1.4. For sufficiently small cone angle 2nfo and sufficiently large k' > 0, the
coupling constant « is positive.
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4 Coupled equations on rules surfaces

4.1.2 Relation to twisted KE metrics

As usual, under a suitable cohomological condition, the equation in (2.0.1) involving
the scalar curvature may be reduced to a condition involving the Ricci curvature. In our
case, this condition is given by

o S —af
—[F]
2sin 6

[Ric(w)] +

Il
B

Then, the equation
s(w)— ary(F) =8 —af

reduces to the twisted Kahler-Einstein equation

Ric(w) + ———F = w. (4.1.3)
2sin 6 4
We provide an explicit criterion for when this reduction occurs for the class of examples

provided by Theorem 4.1.3 (in which case Ric(w), F and w extend to closed currents on
M).

Proposition 4.1.5. The condition s(w)—ar(F) = §—af reduces to the twisted Kihler-Einstein
equation (4.1.3) iff we have

(1+ k2 +k3)(x = 1) (sgx? = 3Bo(x + 1) + x + 3)
= 2kiky (=3B0 + szx® — x*(Bo + 55 — 1) + 3).. (4.1.4)
Morevoer, there are infinitely many admissible values of ki, kp, k" which satisfy this equality for

some Bo and for which the “stability condition” (4.1.2) holds (so that the corresponding coupled
equations are solvable).

This result is proved in Section 6. Writing the dHYM equation on the surface M in
Monge-Ampere form (as in [ 1) we see that in the twisted K&hler-Einstein case the
coupled equations (2.0.1) become

R A \2
(— sin(O)F + cos(@)a)) = w?
; o — S—af
Ric(w) + 2SméF = TS o,
and so they are closely related to the systems of coupled Monge-Ampere equations
studied by Hultgren and Wytt-Nystréom [ I
4.1.3 Realisation as B-branes

Given the origin of the dHYM equation in mirror symmetry, it seems interesting to ask
whether the special dHYM connections appearing in Theorem 4.1.2, i.e. solutions of
the coupled equations (2.0.1), can in fact be realised as B-branes (i.e. for our purposes,
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4 Coupled equations on rules surfaces

holomorphic submanifolds endowed with a dHYM connection) in some ambient Calabi-
Yau manifold (this is how the dHYM equation appears in mathematical physics, see e.g.
[ ). Thus we are asking for a Calabi-Yau manifold N with a Ricci flat Kéhler
metric w,y, and a holomorphic embedding t: M — N , such that the Kihler form w
constructed in Theorem 2.0.1 is given by the restriction w = (*wy. We show that this
can be achieved at least locally around M, relying on the classical results on Feix [ |
on the hyperkdhler extension of real analytic Kdhler metrics.

Proposition 4.1.6. The Kihler form w and curvature form F provided by Theorem 4.1.2 are
real analytic. Thus, w extends to a hyperkihler metric defined on an open neighbourhood of the
zero section in the holomorphic cotangent bundle T*M, and F extends to the curvature form of a
hyperholomorphic line bundle defined on the same open neighbourhood.

This result is proved in Section 4.4.

4.1.4 Large and small radius limits

In the mathematical physics literature (see e.g. [ ], Chapter 1), the dHYM equa-
tion involves a "slope" parameter a’ > 0 (related to the "string length" by a’ = [2),
which appears simply as a scale parameter for the curvature form, F — a’F. The
corresponding coupled equations (2.0.1) are given by

{@a,(a’F) =6 mod2n (4.1.5)

s(w) — ary,(a’F) =8 — af.

The expressions "large radius limit" (or "zero slope limit") refer to the behaviour of the
dHYM equations and their solutions as @’ — 0. As explained in Chapter 2 Section
2.3, the large radius limit of our coupled equations is the (rank 1 case of) the Kéhler-
Yang-Mills system introduced by Alvarez-Cénsul, Garcia-Fernandez and Garcia-Prada
[ ]. We can prove a much stronger result, at the level of solutions, on the ruled
surface M.

Theorem 4.1.7. For all sufficiently small o', depending only on the fixed parameters k1, ka, k’,
(i.e. on the fixed cohomology classes [w], [F]), the coupled equations (4.1.5) are uniquely solvable
on M with the momentum construction. Moreover, as o’ — 0, the corresponding solutions w-,
F o converge smoothly to a solution of the Kihler-Yang-Mills system

AoF=pu
- (4.1.6)
s(w)+aA;,(FAF)=c¢

for some (explicit) coupling constant & < 0.

The particular solutions of the Kadhler-Yang-Mills system obtained in this limit are
due to Keller and Tennesen-Friedman |[ ].

Similarly, the "small radius limit" (or "infinite slope limit") concerns the behaviour of
the coupled equations (4.1.5) as a’ — oo.
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Theorem 4.1.8. Fix parameters ki, ko, k' (i.e. cohomology classes [w], [F]) such that the
"stability condition”
(k1 + k2)* > x(k1 = k2)?

holds. Then the coupled equations (4.1.5) are uniquely solvable on M with the momentum
construction, for all &’ > 0. Moreover, as a’ — oo, the corresponding solutions wgs, Fer
converge smoothly to a solution of the system

FAw= C1F2
s(w) — & A,F = c3.

for some (explicit) coupling constant Q.

At least in the case when F is Kéhler, this system couples the J-equation Arw = ¢] for
F to a twisted cscK equation for w. In general, these limiting equations belong to a class
of coupled PDEs studied by Datar and Pingali [ ].

Theorems 4.1.7 and 4.1.8 are proved in Section 4.7.

4.1.5 Complexified Kahler classes

Complexified Kdhler classes are expressions of the form [w + V-1B], where w is a Kihler
form and [B] € H?(M,R)/H*(M,Z) is known as the B-field. They play an important
role in mirror symmetry (see e.g. [Tho] Section 2). Let M be a compact Kéhler manifold
with no holomorphic 2-forms. Collins and Yau (see [ ] Section 8) consider a dHYM
equation on M of the form

©.,(F+B)=6 mod 27,

where V-1F is the unknown curvature form of a Hermitian holomorphic line bundle
L — M and B is a fixed representative of a (lift of a) B-field. Arguing from mirror
symmetry, they propose that the existence of a solution F should be related, conjecturally,
to the a suitable notion of stability of the object L with respect to the complexified Kéhler
class [w + V-1B].

In the special case then L is the trivial bundle Oy, the equation becomes
Ou(B+V-199u) =6 mod 27,

so we are effectively trying to find a canonical representative of the B-field [B] with
respect to a background Kéhler form w; the existence of such a representative should
be related to the stability of the object Op with respect to [w + V=1B].

Our coupled equations

(4.1.7)

©,(B)=6 mod 2n
s(w) - ary(B) =§ — af,
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with [B] a (lift of a) class in H%(M,R)/H%(M,Z), can then be thought of as trying to
prescribe a canonical representative of the complexified Kéhler class [@ + V=1B]. Note
that in the Calabi-Yau case, at zero coupling @ = 0 and in the large radius limit, these
equations for the complex form w + V-1B reduce to the conditions

AyB =0
Ric(w) =0,
which are standard in the physics literature (see e.g. [ ] Section 1.1).

As an example we shall discuss the existence of such a canonical representative for
the complexified Kahler class

[ + V=1B] = 2r(2E + (K’ + Y-1k”)C)

on our ruled surfaces M, where the Kéhler condition is equivalent to k" > 0. The key
observation is that this can be expressed in the form

[w] =2m[2Ey + kK'C],
[B] = 2m[2(k1 — k2)Eo + (2kko + k' (k1 + k2)C]
with the special choices
ky = K ,
2(k + k)
provided we have k” < 0. Thus we may apply Theorem 4.1.2 (and, more generally, The-

orem 4.1.3 in the case of conical singularities) to show that the coupled equations (4.1.7)
are solvable, uniquely under the momentum construction, iff the “stability condition"

ki =

144

2
1+ (k1 +k)?) =1+ (ﬁ) > x(1+ (k1 — kp)?) =

k
k+ k'

holds. But, clearly, this is automatically satisfied. By Remark 4.1.1, the same argument
works for the case k” > 0.

Corollary 4.1.9. The complexified Kihler class
[w + V=1B] = 2r(2E + (K’ + V-1k")C),

where k" > 0, k” # 0, admits a canonical representative. This also holds allowing conical
singularities; the corresponding coupling constant is given by

24/(k + k)2 + (k7)2 (K2(=6B0 + 55 + 4) + (7 = 9Bo)kk’ — 3(Bo — 1)(K')?)
o=
k(k//)Z
Note that a canonical representative with vanishing B-field B = 0 would correspond

to a cscK metric, which does not exist. The coupling constant o diverges as k” — 0. It
seems interesting that a nontrivial B-field can stabilise the unstable ruled surface X.
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4.2 Momentum construction

Let M = P(L @ O) — X be a ruled surface as in the Section 4.1. Let
Eg=P(060), Ex=P(L&0)

denote respectively the zero section and the infinity section of the CP'-bundle M over
Y, with general fibre C. We have the straightforward intersection formulae:

Eo-Eg=-Ew-Ew=k, C-C=0, C-Eg=C-Ee=1. (4.2.1)

We will follow the standard momentum construction (sometimes called the Calabi ansatz,
seee.g. [ ]) for metrics on the complement of the zero section My = L \ Eo, which
extend across the zero and infinity sections of M under suitable conditions.

Thus we consider metrics of the form

sz

+ V=199 (s), (4.2.2)

w =

where x is a real parameter satisfying 0 < x <1, while f is a strictly convex function,
such that f” : My — (=1,1). The real coordinate s is the log-norm of the Hermitian
metric 1(z) on £ for which -9, log(h) = F(h) = —V-1wy. Considering a trivialization
U c L with adapted bundle coordinates (z, w), s is given by

s = log| (z, w) |%1 = log |w|* + log h(z),

and it follows that

\/Tlawgwf(S) = V—_lf"(s)%

and

V=10.0.f(s) = —f'(s)wz + V-1f"(s )a ho:

If we choose U such that dlog h(zp) = 0 in (zo, wp), at this pomt all the mixed deriva-
tives vanish and so we find

1-xf'(s) ., dw A do
=T, ez +V-1f (S)W’
moreover we also have, globally,

e 2 1—xf(s)

[w]?

————f"(s)ws A V-1dw A d.

Since f(s) is strictly convex, we may consider its Legendre transform u(7), a function of
the variable T = f’(s), and define the momentum profile

P(0) = = f"s),
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which must satisfy the condition
¢(1) >0, for —1<t<1, (4.2.3)

required for w to be positive. Moreover the momentum construction shows that in
order to extend w across w = 0 and w = oo, ¢(7) must satisfy the boundary conditions

lim ¢(r) =0, lim ¢'(7) =F1. (4.2.4)
T—=+1 T—=+1
The space H%(M, R) is generated by the Poincaré duals of Eg and C. Following [ 1,
we define the 2-form
x2 1-xf'(s) o dw A dw
B = . f ws = V=1f"(s)————|.
(1-xfs)?\ ¥ o]

A direct computation shows that f8 is a closed (1, 1)-form, traceless with respect to w,
and {a), ﬁ} is a basis for the space H2(M, R). We consider now a real (1, 1) cohomology
class and its representative

Fo =Clw + CZ‘B. (4.2.5)

In order to identify V—1F, with the curvature form of a connection on some line bundle
over M, [Fo/(2m)] must be an integral class. For [Fo] = a [Eo] + b [C], using the identities

(4.2.1), we have
a:/F, b:/ Po—k/Po. (4.2.6)
C Ep C

Since Eg = (f')"1(-1), we get

_(1+x) 3 (1+x)
PRy pE

X X
Eoﬁ: (1+x)/z“’2:2”k(1+x)‘

For the general fibre C, let w denote the bundle adapted coordinate along the fibre and
define r = |w|, such that s = 2logr and d/ds = 5d/dr. Using the boundary conditions

(4.2.4), we have
/a) _ / Vo1 f(s) DA 4D
C c\{0} |w]

+00 21 d
=[m /0 af’(s)dr/\de

= 2 (lim £/(5) - lim_f'(5)

=4mn

and
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2
X

=—4 .

/Cﬁ 7T1—x2

2
1-
[FO] (2C1 2 al C2)E0+( ka1+ al kC2 C.
1-x2 X

and similarly

Using (4.2.6), we obtain

2n 1-x
If we introduce the new parameterization

1 —x2

C1 = kl, Cy) = kz, (4.2.7)

T k+k’
for real k1, k and k” > 0, then a direct calculation shows that the cohomology classes of
[w] and [Fp] are given by our previous formulae

[w] = 27[2Eq + K'C],
[Po] = 27’([2(](1 - kz)EQ + (Zkkz + k'(kl + kz)C].

In particular we see that the choices k' € Z,¢ and k; € Z for i = 1,2 correspond to
integral classes.

4.3 dHYM on ruled surfaces

In this Section we will solve the dHYM equation on M explicitly, with respect to a
fixed Kdhler metric w obtained by the momentum construction (4.2.2). Given a class
[F] satisfying the integrality conditions (4.2.7), we may fix a holomorphic line bundle
L — M with first Chern class —27t [c1(L)] = [F].

Recall that the parameter 6 is a topological constant determined by the condition

/ (@ — V=1F)? € Ryge V1.
M
Lemma 4.3.1. We have

(1=K + K - 2V=Tk
VA=K + 1) + (2K

Proof. Since f is traceless with respect to w, we only need to compute the quantities
/M w?, /M ﬁz. We have

/ 0)2 — 2/ f”(S)(l - xf,(S))C()): A dw A dw
M

V-16

e =

|w|?
’ 2
_471/@2/ da f(S) (f(ZS)) i
_ 1672k
o x
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/ Clem’k xt
p*= x  (1-x2)2
Using (4.2.7), we find

/ (w- \/—_11:)2 - 167;2" (1-1 + 1 -2V=1k ),
M

and similarly

from which the claim follows immediately. O

In order to solve the dHYM equation in the class [Fo] we extend the momentum
construction by making the ansatz

F = Fg = Fo + V=199g(s). (4.3.1)

It will be convenient to introduce the function v(t) given by the image of g’(s) under
the Legendre transform diffeomorphism relative to f(s).

Lemma 4.3.2. The form V—lagg(s) extends smoothly to an exact form on M iff v(t) extends
smoothly to the interval [-1, 1] and vanishes at the boundary points.

Proof. The component of V=19 (s) in the fibre direction is

Vg () AT Ty () TN

|w] |wl?

So V—lagg(s) extends smoothly to M iff v(7) extends smoothly to [-1,1]. In order
to derive the appropriate boundary behaviour so that this extension is still exact, we
compute

ddg = —2mk (sgrpoo g’(s))

Eo
and

/85g =27 (lim g’'(s)— lim g’(s)) .
C S—00 S§—>—00
Using (4.2.6), the only conditions we need to impose are

lim v(t) =0. (4.3.2)

T—+1

d

Our next result shows how to reduce the dHYM equation to an ODE. It is convenient
to introduce the new variable
t=1/x—-1

as well as the auxiliary function

H(t) = kit + k1=

(4.3.3)
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4 Coupled equations on rules surfaces

Proposition 4.3.3. Under the momentum construction (4.2.2), (4.3.1), the dAHYM equation is
equivalent to the ODE
tsin O + H(t) cos 6

H'(t) = = ~ (4.3.4)
H(t)sin6 —t cos 0
together with the boundary conditions
H(1+x) =k1(1+x)+k2(1—x)/
X X X
H(l_x):kl(l_x)+k2(1+x). (4.3.5)
X X x
Proof. At a point (zo, wo) such that dlog h(zp) = 0, we have
(1= v7Ti) 5 - VR L
x 1—xf’
[ 1= VATl VTl =20 ) - VeI v AR,

and we obtain the global identity
1 A
EIm( ( \/—F))/\/—dw dw A =
A ,,1—Xf, ’ ks 147 ky ’ ” ” ” - x?
—sm@(f . +(g—¥1_——;+k1f " +kif kf( _xf)

A 1—Xf ” 1-x7 R ” ” /_&1_x2 _ﬁ ’
+COSG( (kf 0 —xf) g klf)+f (g I _xF x+k1f)).

This expression becomes much simpler under the Legendre transform diffeomorphism
in terms of the variable T = f’(s), for which d7/ds = ¢(7), and the additional affine
change of variable t = 1/x — 7. Setting

H(t) = kit + k1=

the dHYM equation is equivalent to
2¢ (Cosé (H+tH') +sin0 (t - HH’)) =0
and, since ¢ > 0, also to

tsin® + H cos O

HsinO —tcosf
A direct computation shows that the boundary conditions (4.3.2) for g(s), rephrased in
term of H(s), become the constraints (4.3.5). O

H' =
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4 Coupled equations on rules surfaces

Corollary 4.3.4. The ODE (4.3.4) is solvable with the boundary conditions (4.3.5) iff the
“stability condition”

(1 + (k1 + k2)2) > x (1 + (k1 - kz)z)
holds.

Proof. Setting tv = H, equation (4.3.4) becomes

, &(v)
to' = -2 , 4.3.7
&) (37
with &(v) = v sin 0 — 2v cos O —sin 6. Solving (4.3.7) by separation of variables, we get
C
&) = 2
which has two solutions given by
Ha(t) = tcot O + \/ (cot2 0+ 1) (2 +C), (4.3.8)

with C’ = C sin §. We need to impose the appropriate boundary conditions (4.3.5). The
first condition at 1/x + 1 holds iff we choose the solution H_ in (4.3.8) and set

—2k, (1 + (ky + k) = 22 = (ky — ko)? x2)
C= .

2y (1= k2 + K2)° + (2Kr)?

In this case, at 1/x — 1 we have

H_(l;x) _ 2x1k1 (k2 (-1+x)+ (1 +k3) (-1 +x))

’—1 —(kl +k2)2+x+(k1 —kz)zx
+
2k1x
Ky (122) + &y (L22) i (1 +(ky + kz)z) > x (1 +(ky - kz)z)

2)(x—1)—
(L) kika(les) e (14 (ke + k?) < x (14 (1 - 2)?),

k1x

so the second condition in (4.3.5) holds iff we have

(1 +(ky + k2)2) > x (1 +(ky - k2)2) .
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4 Coupled equations on rules surfaces

Remark 4.3.5. Jacob and Yau |[ ] showed that the solvability of the dHYM equation
on compact Kdhler surfaces is equivalent to a certain geometric "stability condition".
Considering the closed, real (1, 1)-form

chotéa)—F,

the relevant condition is [Q] > 0. In our setting, when we regard H*(M, R) as R? with
the basis provided by the Poincaré duals of Eg and C and coordinates (a1, a2), the Kéhler
cone is identified with the subset {a; > 0,4, > 0}. A computation shows that the [Q] is
positive precisely when the condition (4.1.2) is satisfied.

Remark 4.3.6. Suppose equality holds instead in our "stability condition" (4.1.2),
(1 +(ky + kz)Z) = x (1 +(ky - k2)2) .

A direct computation then shows that the quantity t> + C’ vanishes at the endpoint
t = 1/x — 1. By our explicit formula (4.3.8) we see that the function H_(t) is smooth on
the interval (1/x —1,1/x + 1] and extends to a C/2 function on its closure. Thus, for
fixed background w, we obtain a corresponding solution to the dHYM equation which
is smooth on M \ E and extends to a form with C1/2 coefficients on M. This should be
compared with a result of Takahashi [ ] which holds for a general compact Kédhler
surface M, and states that under suitable assumptions, when the class [Q2] above is only
semipositive, then there exists a solution to the dHYM equation which is smooth on
the complement of finitely many holomorphic curves of negative self-intersection and
which extends to a closed current on M.

4.4 Coupled equations

In the previous Section we solved the dHYM equation in suitable integral classes,
determining explicitly the Legendre transform of the curvature form F in terms of the
Kéhler metric w. More precisely, let us assume that the “stability condition"

(1 + (k1 + k2)2) > x (1 + (k1 - kz)z)

holds, and let us denote by F = F(w) the unique curvature form constructed in the
previous Section.

In this Section we will complete the proof of Theorem 4.1.2 by solving the second
equation in (2.0.1). We also establish the real analyticity of our solutions, Proposition
4.1.6.

Recall we are concerned with the equation

ey (a) — \/—_1F)2

s(w)—aRele =3 —ar, (4.4.1)
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4 Coupled equations on rules surfaces

where the constants 5§ and 7 can be computed as

§=2xsy +2, ?:\/(1—k%+k§)2+4k%.

Lemma 4.4.1. In terms of the variable t = 1/x — 7 and the function H(t) appearing in (4.3.4),
we have

2
e-\/-_lé (a) — \/—_1F)
W2
= cos 0 (1 - w) (H (t)+ H(t))

Proof. As in the proof of Proposition 4.3.3, at a point (zg, wo) such that dlog h(zg) = 0,
we have the global identities

. 2 7
1Re (e_‘/__le (a) - \/—_ng) ) /\/—_1% A Wy, =

2
Al 1=xf ,_El—xz _E ’ ” ” ” —x?
COSQ(f — +(g 1-xf x +k1f)(g +kif” = kaof R —xf) ))
—xf’ 42 —x?
+sin6( f (kf"(1 xj;) _g”_klf”)"'f”(g,_%ll——;f’_%+k1f/)).

and
2 o —xf\/—dw/\dw

|w|?

N wy.

In terms of the variable ¢ and the auxiliary function H(t) we have

1-xf’ ko 1-x% k — x?
(fu xf +(g/_¥21_x __1+k1f/)(g//+k1f// kf// ))

xfrox (1 —xf)?

_ ., HM®H({)

=l-—
respectively

1-xf’ —x? ( ky 1-x2 Kk )

k ” _k ” + 144 I__—__+k1/
( (f(—Xf) N f) AT
Tt

from which our claim follows immediately. O
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4 Coupled equations on rules surfaces

Lemma 4.4.2. Equation (4.4.1) becomes the ODE for the momentum profile ¢(t) given by

2sy 1 cosé_ o t

(— - - (2tq>(t))”) 20— — ——
P sin®6 sin’ 0 \/(cot2 0+ 1) (t2+C)

N A\/(cotzé+1) (t2+C") =5 —at,
tsin @

with the boundary conditions

lim (=0, lim ¢'(t)=F1.
t—);il

1
t—);il

Proof. By a standard computation, the scalar curvature of @ can be expressed in terms
of the variable 7 as

2Syx
1—-x1

s(w) =

n”
1—-x1
7
X

X
— (2¢<T>

with ¢(7) satisfying (4.2.4). After the affine change of variable t = 1/x — 7, our claim
follows directly from Lemma 4.4.1 and the explicit formula (4.3.8) for H(t). O

Setting ¢(t) = 2t¢(t), we obtain the ODE

A

P(t) = (Za COSQA -5+ a?) I ,\\/(cot2 0 + 1) (t2+C)
sin® O sin 0
o’ t2
T o +2sy (4.4.2)
s \/(cotz 6 + 1) (t2+C)
with the boundary conditions
. . ’ —_ 1
lim (t)=0, lim ¢’(t)=F2 (— + 1) , (4.4.3)
t—>3—1cil t—>%il X
and the positivity condition
1 1
Y(t) >0, ;—1 <t< ;+l. (4.4.4)

By integrating twice, we get the general solution of (4.4.2) with integration constants
do, dy

acosh &—af a A A 3
) =syt? + = - 3 - Zsi (( t2 1) #2 )
P(t) =sst’ + 3520 6 ) 3 sin0 ((cot? 0+1) (1 +C)

+do + dit, (4.4.5)
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which satisfies (4.4.3) if and only if we set

(=2 + s5.x) (—3 — 3k2 — 2kyk — 3k2 + 3 (1 4 (ky — kz)z) x2)
do = — ,
3 (1 + (k1 - kz)z) x3

(—2 (1+Kk2+k3) + (1 + (k- kz)z) s;x) (-1+x?)
dl - 4k1k2x2 !

) VA2 + (1 K2 + K2)

2 (1 +(ky - kz)z) K2

(—2 + Szx) .

In order to check the positivity condition (4.4.4), we observe that

d417b 3 C/Z 2 N
W__Za(k_l) (t +C)

Moreover, setting f_ =1/x —1and t; =1/x + 1, we get

Pt =7 (L)

3 (1 + (ky + k2)2)2 + (1 (kg — k2)2)2 22 (x + 5y)
4 . . >0, (4.47)
- (1 +(ky + kz)z) + (1 +(ky - kz)z) 22

Nl

> 0. (4.4.6)

since sy + x < 3. Thus 1p” is a convex function defined on the interval [¢_, ¢, ], such that
Y”(t-) > " (t+), and this, toghether with (4.4.3), implies the positivity condition (4.4.4).
Finally let us note that if equality holds in our "stability condition",

(1 +(ky + kz)z) = x (1 +(ky - kz)z)

then the quantity t?+C’ vanishes at the endpoint t = 1/x—1and by our explicit formulae
(4.3.8), (4.4.5) we obtain a solution w, F which is smooth on M \ E, and such that F
extends to a form with C1/2 coefficients on M, while w extends with C}1/2 coefficients.
This completes the proof of Theorem 4.1.2.

Remark 4.4.3. As we will be interested in the small and large limits of the coupled
equations, we point out that (4.4.6) and (4.4.7) hold uniformly as the scaling parameter
a’ — 0 and, provided the “stability condition"

(k1 + k2)* > x(ky1 — ka)?

is satisfied, also for a’ — .
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4 Coupled equations on rules surfaces

We can now prove Proposition 4.1.6. We first claim that the Kéhler form w constructed
above is real analytic. Recall w is obtained by the momentum construction (4.2.2),

o= VT03f(s),

X

for a suitable convex function f: R — R, where we have s = log|w|? + log h(z) with
respect to bundle adapted holomorphic coordinates (z, w). The hyperbolic metric wy is
real analytic, so we can choose a local holomorphic coordinate z such that its coefficients
are real analytic. On the other hand the real function /(z) satisfies -v-19.0, log h(z) =
wy, with the same choice of local coordinate, and so it is also real analytic. So our claim
follows if we can show that the function f: R — R is real analytic. But f is related to
the momentum profile ¢ by the ODE

f7(s) = P(7) = P(f'(s)),

and the momentum profile ¢(7) of our solution is clearly a real analytic function of the
variable T € (-1,1) by (4.4.5). Thus f(s) is real analytic and our claim on w follows.
In order to see that the curvature form F is also real analytic, recall that it is given by
our ansatz (4.3.1), F = Fy + V=190 g(s), and that the dHYM equation satisfied by F can
be expressed in terms of g(s) as the vanishing of the right hand side of the expression
(4.3.6). Thus, the real analitycity of g(s) follows from that of f(s).

4.5 Conical singularities

In the present Section we prove Theorem 4.1.3. This extends our existence result Theo-
rem 4.1.2 to allow a Kdhler form w with conical singularities. Our main motivation for
this extension is describing examples of solutions to the coupled equations (2.0.1) with
positive coupling constant « > 0.

We consider again Kdhler forms w given by the momentum construction (4.2.2),

PO% | T93f(s),

X

w =

with momentum profile ¢(7) > 0 defined on the interval (-1, 1).

Lemma 4.5.1. The Kdhler form w extends to a form with conical singularities on M, with
cone angle 2ntfo along Ey, respectively 2mB o along E«, iff the momentum profile satisfies the
boundary conditions

lim ¢(7) =0, lim ¢'(r) = o, lim ¢'(7) = —Bs.

Proof. For any open neighborhood U C M, in term of the bundle adapted coordinates
(z,w), EoNU = {w = 0}. We assume that, near r = |w| = 0, f” has the form

f7(s) = cor? + A(r)
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4 Coupled equations on rules surfaces

with cg # 0 and A(r) = o(r%%). Then we have

X h?2

woz = N1 £ ()9 = OGP,

1—xf’ ohdh
o= (oo v 22 o0,

s = V12 ()9 = OG0
Wy = V=172 (1+ A(r)/r*P),

hence the metric w given by the momentum construction has a conical singularity along
Eo of angle 2rtf¢. Since d/ds = 5d/dr, f”(s) = ¢(t) and f"'(s) = ¢(7)¢’(7), this implies

Jim, 0t0) =0

and
lim ¢’(1) = o.
-1
The proof for E, is the same, up to a change of variable. O

As in the previous Section, it is convenient to consider the parameterization

v k
T k+ Kk

for k” > 0. Similarly, we introduce the (1, 1)-forms

B x2 1—xf"(s) ey AW A dD
e VIO )
F=kow+ 1 ;szkzﬁ,

as well as the ansatz, extending the momentum construction
F¢ = F +V=1d9g(s).

We also denote by v(7) the image of ¢’(s) under the Legendre transform diffeomorphism
relative to f(s). The proof of the following result is almost identical to the smooth case
and we leave it to the reader. A Kdhler form @ with conical singularities as above is a
closed (1, 1)-current on M, with cohomology class

[w] =2nr[2Ey + K'C].
Similarly, F is a closed (1, 1)-current on M with cohomology class

[P] = 27'([2(](1 - kz)Eg + (Zkkz + k’(k1 + kZ)C].
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Moreover, V-199 g(s) extends to a closed (1, 1)-current on M, which has vanishing
cohomology class iff v(7) satisfies the boundary conditions

lim v(t) =0.

To+1
We are now in a position to complete the proof of Theorem 4.1.3. Let us first note that,
precisely as in the proof of Theorem 4.1.2, under the momentum construction the dHYM
equation for w and F becomes the ODE (4.3.4), together with the boundary conditions
(4.3.5). By Lemma 4.5, the cone angles do not play a role in this reduction. It follows
that the second of our coupled equations (2.0.1) also reduces to the same ODE (4.4.2)
for a single function (f) > 0 of the variable

t=1/x—-1

appearing in the proof of Theorem 4.1.2. By Lemma 4.5.1, the boundary conditions
corresponding to general cone angles fy, S are

tl—igll (6 =0, tE?}—l ¥t = =260 (% " 1) ’ tE?l Y(t) = 2w (% - 1) '

However, as (4.4.2) is second order ODE, this problem is overdetermined. If we consider
the general solution (4.4.5) and impose the boundary condition

lim ¢'(f) = —280 (1 + 1)
t—>)—1r+1 X

corresponding to a cone angle 273y along Ey, we find that the integration constant d;
can be expressed in terms of fy and the coupling constant a as

p (x +1)(2k1(x(=2B0 + sx(x = 1) +1) + 1)
1=

2k1x2
ol = 1)Kt = 2K203 = 1) + (K + 1))
-« . 4.5.1)
2k1x2
Similarly, imposing the condition
lim ¢(t)=0
t—>%+1

and using our expression for d; gives the relation

k% (x3(k1 - kz)z + (k1 + kz)2 +x3 4+ 1)
do =4

3x3\/(—k% + K2 +1)° + 4k2

(x + 12K =2k (2 = 1) + (K2 +1)2(x(=6B0 + s5(2x = 1) +2) +2)

3x3\/(—k% + k2 +1)7 + 4k2
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Further, imposing the condition
lim (t)=0
t—>%—l

and using our expressions for dy, d; determines the coupling constant uniquely as

\/(—kf + k2 +1)% + 4Kk2 (5522 = 3Bo(x + 1) + x +3)
a= . (4.5.2)
2k§x ((k] — k2)2 + 1)

We can now compute directly that a solution 1(t) corresponding to a cone angle 27
along E satisfies

_ _2(ﬁ0 + Box -2) _ 2—2+ﬁ0(1 + X) (l 3 1)

-1 X -1+x X

which yields a cone angle 21, along E., with

=2+ Bo(1+x)
- -1+x

ﬁoo

In order to prove the positivity of 1(t), we consider again (4.4.6), with the coupling
constant a given by (4.5.2). When

3(1+x)Bo—3>x(1+sxx),
d*y

o > 0. Moreover

we construct solutions for & < 0 and hence
#}I/(t_) _ #}l/(t_'—)
2

4Bﬂ+xﬂ%—$(1+@1+bf) x2@+(h—kgﬂ2@w¥+x) .
= >
(1 + (k1 + k2)2)2 X — (1 + (k1 - k2)2)2 x3

and we can use essentially the same argument given in the proof of Theorem 4.1.2.
When a > 0, an explicit analysis of the momentum profile is more complicated and the
positivity of ¢(t) is best checked with the assistance of a numerical software package
(see Figure 4.1). This completes the proof of Theorem 4.1.3.

4.6 Twisted Kahler-Einstein equation

This Section is devoted to the proof of Proposition 4.1.5, which states explicitly when
the equation in (2.0.1) involving the scalar curvature of @ reduces to a twisted Kahler-
Einstein equation. For a general complex surface, we should require that

=Y, (4.6.1)
2sin 6

[Ric(w)] +
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04f
<
02}
0,
| | | | |
5 5.5 6 6.5 7
t

Figure 4.1: The momentum profile ¢(t) of the solution when k; = —k; =1, h = 0 and
x=1/6.

and we will make this condition explicit in our current setting.
For any Kdhler form @w on M given by the momentum construction, with cone angle
2nfo along Ey, respectively 27mS along E., the cohomology class of Ric(w) is given by

[Rigff))] = (Bo + Beo) [Eo] + (2(1 = h) = kBo) [C].

Proof. We recall that
Ric(w) = —\/—_18510g detw
= V=199 log det (i (% - f’) "a)z)

|w|?
— _V-193log det ((% _ f’) f”a)z) ,

hence, by a straightforward calculation, we get

44

—V=19.9-log det ((% - f’) ”a)z) = (];— +px - ﬁf) ws
and

s (-7 ) VL (-
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Using the identities f"’(s)/f”(s) = ¢'(7), f”(s) = ¢(1) and the boundary conditions
required for the momentum profile and its derivative, we compute

/EORiC(a)) (qb( 1)+ 201 h) qi(l__l)l)/za)gdz/\df

=21 (2(1 - h) + kﬁo)

and
e Y
c C\0 lw? ds \(1-xf") f
27 "
d x f )
" dr A dO
/ / ( )f f//
=27 (Bo + Bo) ,
so our claim follows directly from (4.2.6). O

For the following computations, it is convenient to introduce the quantity
3+x+syx?—3(1+x Kk’ 1-h
- - - A0 _y_ 6p0 +3-(1 o) + 25—

Using Lemma 4.5 and Lemma 4.6, we can then rephrase the general condition (4.6.1) as
the system of equations

1+(k1+k ) 1-h
{ #r 24485 -2 (Bo+ Boo) (462)

1 k k / ’ ,
%r(k k) =2(1 - h) 24K _2kB., — k

k+k’

Notice that the two equations in (4.6.2) actually coincide when

2k + k 1-h

-2(1-h) Py +2kBoo + k' = 2k + k') ,80+ﬁ00—1—2m ,

or, equivalently,
2(k" + k) = 2k + k") Bo + k' Beo- (4.6.3)

Recall however that in order to have solutions to our equations in the momentum
construction the cone angle 27f is not arbitrary but must satisty
foo = -2+ Bo(1+x)
T (-1+x)
in which case (4.6.3) holds automatically. Then the general condition (4.6.1) corresponds
to

1+ (ki + ko) 1-h
TRy T GRS
1-h _k
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In order to show that this coincides with the condition (4.1.4) spelled out in Proposition
4.1.5, we rewrite the latter as

(-1 +x) (1 + (k1 + kz)z)r_4k1k2 (1+sz —x (1452 +2p0)) =0,

which implies

1+(k1+k2) l
2kiks I= 2 (1+Sg—x( 1+Sz+2ﬁ0))
1+
(Szx+2ﬁo + 1+xx)
(szx+2— po-1)-1)

B (k+k' ﬁ_l)_l)‘

Reading these identities backwards shows that the two conditions (4.1.4), (4.6.4) are
indeed equivalent.

It remains to establish the second claim of Proposition 4.1.5, namely that the condition
(4.6.4) actually holds for infinitely many solutions of the system (2.0.1). It is convenient
to rewrite (4.6.4) in the form

F(ki, ko) = H(k, k', 1, Bo), (4.6.5)
with )
1+ (ky + ko)
F(ky, k) = ks
and
’ 2 —h
H(k,K 1, Bo) = T (27 +1-Bo—Bes

211+kf +2(Bo - 1)% -
210 1+ 3K(1 - Bo) +4 - 680

We assume that k, < 0, so the stability condition (4.1.2) is automatically satisfied, and
the system (2.0.1) is solvable. We observe that, under this assumption, the Lh.s. of
(4.6.5) satisfies

F (kl , kz) > 2.

On the other hand H(k, k’, i, B), as a function of the single variable §, has a vertical

asymptote at
ymp 4 , . 2(1-h)k
_ k+K+3555

p= K+ 2k
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and it is easy to check that 0 < E <1, for k" > M(k, h) > 0. Moreover, at § = 1 we have

k+k+2(h-1)
k+k+h-1

0<H(k kK, h1) = <2,

and

d 4k 2(6+ %) -1+ 252
aglite kb 1) = 2(1-h) * 2
k' (_2 T e ) (—2 + 2,((1_;,(’1))

dp
(Figure 4.2 shows the graph of H () for k = k" = 1 and = 6). This implies that

<0,

F(kq,k2) € (2,00) Cim H|ge(o,1),

which completes the proof of Proposition 4.1.5.

20 ¢

H@B =1)~1.71 |

Figure 4.2: H(k, k', h,p) fork =k’ =1and h = 6.

Remark 4.6.1. A direct computation using (4.5.1), shows that the condition (4.1.4) holds
precisely when the coefficient of the linear term d; in 1(t) vanishes, i.e. a solution w is
twisted Kahler-Einstein precisely when the linear term is missing from the momentum
profile.

4.7 Large and small radius limits

Let us first prove Theorem 4.1.7. As we have already observed, the "slope parameter”
a’ appears in the coupled equations (4.1.5) simply as a scale factor for the curvature
form F. In other words, a pair w, F solves (4.1.5) iff the pair w, a’F solves (2.0.1): the
cohomology parameters are simply rescaled (ki, k2) — (a’ki, a’kz). Thus, according
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to Theorem 4.1.2, there exists a (unique) solution of (4.1.5) given by the momentum
construction iff the “stability condition"

1+ @)k +kp)? > x (1 + (@) (ky - kz)z)

holds. Since x < 1 by construction, this inequality holds for all sufficiently small a’,
depending only on k1, ko and k’. Let us write w,/, Fy for the corresponding family of
solutions.

The attached function H,/(t) = H-(t) appearing in (4.3.4) is also obtained from (4.3.8)
simply by rescaling (k1, k2) — (a’k1, a’k;), and so it can be computed explicitly as

Hy(t) = tcot Oy — \/(co’c2 O + 1) (t2+C),

(1 — (@)K + (K2 — 2\/—_10z’k1)

N6, _

\/ (1 - (@)% + (@)2k3)” + (2(a’)2k1)2,

A —(a’)zk% + (a’)zkg +1
cotO, = — ,
2a'kq

1 1
(ki —a'k)?+1) (ki +a'kp)?+1)
By elementary computations using these explicit formulae, recalling that we also have
ki1 <0, we find
k> ( 1

Hy(t) = (klt +—=|-1+ —2)) o +(a')?R(d, t) 4.7.2)
t x

C! = 4(a’)kiky ( (4.7.1)

for some function R(a’, t), smooth up to a’ = 0.

As a first consequence, we can show that the sequence of Kihler forms w, converges
smoothly to a Kdhler form w as a’ — 0. It will be enough to show the smooth conver-
gence of the momentum profiles ¢/ (t). According to Lemma 4.4.2 and the subsequent
explicit formulae for the coupling constant a and average radius 7, the profile ¢ (t) is
obtained by integrating twice the identity

2y 1 ~ H(t)H’(t)) _
t

== (2top(t)" = a (cos 6 (1 HE)

sin é (H,(t) + T))
+5—af, (4.7.3)

where all quantities are understood as evaluated at (a’k;, @’ky), and in particular

t t

V@K + (1 (@ PR + (2R

(-2 + syx)
2 (1 +(aky - a’kz)z) ()2K2

F= \/ (1= (@)2k2 + (a)2k2)* + 4(a")2K2, (4.7.4)
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4 Coupled equations on rules surfaces

By the latter explicit formulae and (4.7.2), the quantity
A H(t)H’ A H
a (cos@ (1 - M) —sin 6 (H'(t) + %) —~ ?)

has a smooth limit as @’ — 0, so the same holds for the right hand side of (4.7.3) and
for the momentum profile ¢(t) = ¢ (t). The positivity of ¢, (t) and its limit for o’ — 0
follows from Remark 4.4.3. We can now show that the curvature forms F, also converge
smoothly as a’ — 0. By construction we have F,» = Fo o + \/—_1&8(0/)‘1 Q' (s), where
Fo = ciwy + 2 and the potential g, (s) corresponds to the solution for the parameters
(a’k1, a’ky) (i.e. for the cohomology class a’[Fy]). By the smooth convergence of the
Kéhler forms w,+, which we just established, it will be enough to show that the potentials
(a’)tgu(s) converge smoothly. In fact they converge smoothly to the zero potential.
Indeed by (4.3.3) and (4.7.2) we have

()7 gar(s) = (@) var(7)
, ko1 - x2

n-1 ’
=(a a’kit +a’'—
@) @kt + 0

- Hoz’(t)
=a'R(a’,t)

where R(a’, t) is smooth in a neighbourhood of a’ = 0. It follows that we have, smoothly
asa’ — 0,
FO/ — Fo =Clw + Czﬁ,

which is indeed a solution of the HYM equation A, F = p.
Finally, this allows to write down the equation satisfied by the limit Kéhler form w.
Recall w, solves the equation

2
(wa/ - V—la’Fa/)

2
o’

=T

= § —_ aari’\ar,

S(wy) —ay Rele
w

Expanding around a’ = 0 we find

Re (e_\/__lé“’ (o — \/—104’13“,)2)
= a)i, - (Fa/ AN Fa/ —Z1Wy A F(X’ + Zzwi/) (al)z + O(O(,4)

for certain cohomological constants z1, z,. Similarly,

+ O(a’)

Ay

7

- (a)2 2k3
for =1+ 0O(a)).

1 (—2+szx
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4 Coupled equations on rules surfaces

Thus, taking the smooth limit as @’ — 0, and using our result that the limit curvature
form satisfies A, F = 1, we see that w satisfies

s(w)+aA2(FAF) =c
where

-2+ syx

& =
212

and c is a cohomological constant. This completes the proof of Theorem 4.1.7.

The proof of Theorem 4.1.8 is quite similar. Our assumption
(k1 + k2)* > x(k1 = k2)?
implies that, for any a’ > 0, the “stability condition"
1+ (a'k1 + a’ko)? > x(1 + (@'ky — a’kp))?

holds. Thus, by Theorem 4.1.2, the coupled equations (4.1.5) are uniquely solvable with
the momentum construction. We denote the corresponding solutions by w,’, Fy as
before. By (4.7.1), as a’ — oo, we have an expansion

2 12)\2 4 4 2 2
\/(k1 -K3) (klkZ (xz(kl—kz)z - (k1+k2)2) + tz) + kit — kat
Ha/(t) = 2k1 a

+S((a)7 1) (4.7.5)

where S(y, t) is a smooth function near y = 0. By this expansion and (4.7.4), the quantity

(1 _ H(t)H’(t)) ~ H(t)
t

sin O (H’(t) + T) - ?)

a (cos 0
has a smooth limit as @’ — oo, so the same holds for the right hand side of (4.7.3) and
for the momentum profile ¢(t) = ¢ (t). Since we are assuming (k1 + k2)* > x(k1 — k2)?,
¢ (t) and its limit satisfy the positivity condition, by Remark 4.4.3. Thus the sequence
of Kdhler forms w, converges smoothly to a Kdhler form w as a’ — oo.

Considering now the curvature forms Fo = Fo o + \/—_188(0/)‘1 Qw(s) as before, we
find

(@) gw(s) = (@) va(7)

ko1 —x?
= (&) a’k1t+a’72 xzx — Ho(t)
ko1 — x? e
= kit + —F—— = (&) Ha(h),
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where by (4.7.5) we have the smooth convergence, as a’ — oo,

2 2

N— 1 2
(') Hy(t) — o K.(t),

where

Ko(t)=t£Vt2+C,

1 B 1
x2(ky — k2)? (k1 + k2)?

C = 4k1k2(

and the sign + agrees with the sign of the quantity k — k3. Thus, by the convergence of
the Kdhler forms w,, the curvature forms F, also have a smooth limit F as a’ — .

Finally we may write down the equations satisfied by the limit Kahler form @ and
curvature form F. By our previous results we have expansions, as a’ — oo,

Im (e"/'_lé“’(a)a/ - V—la’Fa,)Z) = (Z1wa A Far — ZoF2) &’ + O(1),
Re (e_‘/__léa’(a)a/ - ‘V—la’FD/)Z) = F2,(a')* + O(1),
for some cohomological constants Z1, Z,. Similarly,

K-k (-
_ |1 2| (2+SZ.’X)+O( 1 ),
2k — ko)2k2  (a)? (a’)

Por = |K2 = K2|(a')? + O(a).

0(0/

Thus, passing to the limit as @’ — oo in the equations (4.1.5), we find that w, F satisfy
the equations

FAw= C1P2
2
s(w)—am% =0

for a unique @ and cohomological constants c1, c;. Using the first equation, the second
can also be written in the twisted cscK form as

s(w) — aA F =3

for some unique &. This completes the proof of Theorem 4.1.8.
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