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Preamble

This thesis is divided in two independent parts.
In the first one we will present the results concerning the theory of metric measure spaces satisfying
synthetic Ricci curvature lower bounds, obtained in [131,132,185]. The focus will be on the extension
of some analytical tools to this setting and on the derivation on both geometric and analytical rigidities
and almost-rigidities.
In the second part instead we will present the works in [130] and [209] about the bi-Lipschitz version of
Cheeger-Colding’s intrinsic Reifenberg’s theorem in abstract metric spaces.
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Introduction

PART I

Spaces with synthetic Ricci curvature bounds

The theory of singular spaces with Ricci curvature bounds finds its roots and motivations in the
Gromov’s precompactness theorem [133], which states that the class of smooth Riemannian manifolds
with dimension bounded above by N ∈ [1,∞), Ricci curvature bounded below by K ∈ R and uniformly
bounded diameter, is pre-compact in the Gromov-Hausdorff topology (see also [112]). The spaces in
the closure of this class are in general not manifolds and are called Ricci-limits. The study of these
singular-limits has been initiated at the end of the Nineties by Cheeger and Colding in a series of papers
[73–75] in which a deep structure theory was developed. In the following years important results have
been added to the theory, among these let us also mention the so-called constancy of the dimension [89]
and the recent rectifiability of the singular strata [77] (improving [78]). A natural question initially raised
in the seminal papers by Cheeger and Colding (see [73, Appendix 2]) is whether Ricci-limits have ‘Ricci
curvature bounded below’ in some synthetic sense. Rephrasing, we ask if it is possible to give a notion
of metric space with Ricci curvature bounds, without relying neither on a smooth structure nor on an
approximating sequence. There are several motivations to look for such a synthetic formulation:

(i) being able to work directly on the space with synthetic methods, without passing through the
study of smooth Riemannian manifolds,

(ii) to get new results for Riemannian manifolds by proving a result first on a limit space and then
deduce properties on the smooth approximate sequence,

(iii) to have a larger class of spaces which is stable with respect to natural geometric constructions,
for example it is not clear if the cross section of a conical Ricci-limit is again a Ricci-limit, while
this will be true in an (appropriate) synthetic setting,

(iv) if one is interested in the effect of lower Ricci curvature bounds on Riemannian manifolds, it
is conceptually useful to work with objects where these Ricci curvature bounds are the only
assumption.

This is an instance of the general strategy of studying smooth objects by considering a larger, but more
easy to handle class of (possibly) irregular objects, in analogy with smooth functions which are often
analysed by looking at Sobolev functions.

Since Ricci curvature is tightly linked to volumes, the right setting for synthetic Ricci curvature
bounds has proven to be the one of metric measure spaces, that are metric spaces endowed with a non-
negative Borel measure. The notion of synthetic Ricci bounds originated in the independent works by
Lott-Villani [173] and Sturm [200, 201], where it was introduced the concept of metric measure space
with synthetic Ricci curvature bounded below by K ∈ R and dimension bounded above by N ∈ [1,∞], the
so-called CD(K,N) Curvature-Dimension condition. This definition is given via optimal transport and is
based on the equivalence between Ricci curvature bounds and convexity property of entropies proved in
[173] and [90]. A slightly weaker condition than CD(K,N) is the reduced curvature-dimension condition,
CD∗(K,N), introduced by Bacher and Sturm [35] to deal with the local-to-global problem. After the
deep work of Cavalletti and Milman [63] the CD∗(K,N) and the CD(K,N) assumptions are actually
known be equivalent in the essentially non-branching case with finite mass, while they are known to be
different without further assumptions, as shown in [189].

Already from its introduction the CD(K,N) condition has shown to be sufficient to prove many
geometric and analytic results typical of Ricci curvature bounds and comparison geometry. Some of the
most notable are the Bishop-Gromov volume comparison [201], the Brunn-Minkowski inequality [35,201],
the Lichnerowicz’s spectral gap inequality [172] (see also [65] for a general p), the Bonnet-Myers’ diameter
bound [155], the Levy-Gromov’s isoperimetric inequality [62, 64] and the Laplacian comparison [117]
(see also [67]). Nevertheless the CD(K,N) class of spaces is for some purposes too large. Indeed it
contains Finsler manifolds, which are not present in Ricci-limits (see [75]) and fails to have some rigidity-
properties like the Cheeger-Gromoll splitting theorem [76]. To exclude Finsler structures it was proposed
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by Ambrosio, Gigli and Savarè [21] the Riemannian Curvature-Condition RCD(K,∞) (see also [17]). The
definition in the finite dimensional case RCD(K,N) was instead given by Gigli [117], who also proved it
to be sufficient for the splitting theorem to hold [115, 116]. The main idea of the RCD condition is to
add to the CD condition the linearity of the heat flow, or equivalently the assumption that the Sobolev
space W 1,2 is Hilbert. In the same way, adding the linearity of the heat flow to the reduced CD∗(K,N)
condition one defines the RCD∗(K,N) condition. It is conjectured that the RCD(K,N) condition and
the RCD∗(K,N) conditions are actually the same and from the results in [63] (and since the RCD(K,N)
condition implies essentially-nonbranching, [190]), this is known at least in the case of finite reference
measure.

An important question settled in [22] is the equivalence between the Eulerian-formulation of the
RCD(K,∞) condition via optimal transport and the Lagrangian approach of the so-called Bakry-Emery
condition BE(K,∞) coming from the setting of Dirchlet-forms ([38–40]). The finite dimensional coun-
terpart of this result was proved independently in [107] and [26], where it was obtained the equivalence
between the BE(K,N) condition and the RCD∗(K,N) condition.

Functional and geometric rigidities and almost-rigidities. An advantage of working with spaces satisfying
the RCD condition, as opposed to the CD-condition, is that they admit rigidity results analogous the
ones of Riemannian manifolds. The most notable are the generalization of the Cheeger-Gromoll splitting
theorem [115], the maximal diameter theorem [155], the rigidity of the spectral gap [156] (see also [65]
for the p-spectral gap), the volume cone-to-metric cone theorem [95], the rigidity of the Levy-Gromov
isoperimetric inequality [64] and the rigidity of the Polya-Szego inequality [182].

Rigidities in the RCD setting, besides generalizing results for manifolds, sometimes come also with
some new informations even in the smooth case. Examples are the splitting theorem and the volume-cone-
to-metric cone theorem, where the “splitting factor” is also known to satisfy synthetic Ricci curvature
bounds, information that is missing in the classical smooth counterpart of these results.

In addition to this, the most important consequence of rigidities in the RCD setting, is that they
often allow to deduce by compactness their almost-rigid counterpart. In particular with this scheme it
is possible to recover (see [95],[115] and also [30]), in non quantitative form, the almost-volume-cone-
to-metric cone theorems by Cheeger and Colding [72] and the sphere-theorems by Colding ([81, 82]),
see ([143, 151]). Furthermore many almost-rigidity results that have been obtained in the RCD-class
are new even in the smooth case. Among these we mention the Levy-Gromov isoperimetric inequality
([62,64]) and the almost-rigidity of the p-spectral gap [65] (see also [182] for the same result concerning
the Dirichlet p-spectral gap).

Monotonicity formula for the electrostatic potential on RCD spaces

In this section we review the results obtained in [132], that will be presented in detail in Chapter 2.
On a smooth n-dimensional Riemannian manifold M with non-negative Ricci curvature, the classical

Bishop-Gromov inequality implies that for every point p ∈M the quantity |∂Br(p)|
rn−1 is non-increasing in r.

Recalling that |∇dp| = 1 (where dp denotes the distance from p), this is equivalent to the quantity

(1)
1

rn−1

�
{dp=r}

|∇dp|dσ ↓

being monotone non-increasing. In a series of works Colding and Minicozzi ([84,86–88]) proved that an
analogous result holds integrating the Green’s function for the Laplacian. In particular they proved that
on a non-parabolic n-dimensional Riemannian manifold, n ≥ 3, with non-negative Ricci curvature, the
quantities

(2) Aβ(r) :=
1

rn−1

�
{b=r}

|∇b|β+1 dσ, r ∈ (0,∞)

are non-increasing for every β ≥ n−2
n−1 , where b := G(p, .)

1
2−n , G being the (minimal positive) Green’s

function and p ∈M is fixed. As a remarkable geometric application of the above monotonicity, the same
authors proved the uniqueness of tangent cones for Ricci-flat manifolds [87]. Their idea, roughly said,
was to use Aβ as a ‘smooth-substitute’ of the Bishop-Gromov volume ratio to have a better asymptotic
control on the distance of the manifold from the nearest cone (see also Remark 0.6 below). Let us mention
that Colding and Minicozzi derived the existence of other monotone quantities analogous to Aβ , which
however will not be discussed here.

More recently the monotonicity for the Green function has been revisited and generalized by Agos-
tiniani Fogagnolo and Mazzieri [2] to the case of an electrostatic potential (building upon the previous
work of Agostiniani and Mazzieri on the Euclidean space [3]). We recall that given a set E, bounded,
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open and with smooth boundary in a (non-compact) Riemannian manifold M , its electrostatic potential
is defined as the unique solution to:

u = 1 in ∂E,

∆u = 0 in M \ Ē,
u(x)→ 0, as d(x,E)→ +∞,

which is well known to exist if and only if the manifold is non-parabolic (see e.g. [166] or [2]). It has
been proved in [2] that, for an electrostatic potential u, the function

(3) Uβ(t) :=
1

tβ
N−1
N−2

�
{u=t}

|∇u|β+1 dσ, t ∈ (0, 1],

is differentiable and monotone non-decreasing for every β ≥ n−2
n−1 . Note that this result contains the one

of Colding-Minicozzi, as can be seen by taking as u the Green function (see also [2, Appendix]). As the
main geometric application, the monotonicity of Uβ has been used by the same authors in [2] to prove
sharp Willmore-type inequalities on manifolds with Euclidean volume growth, that we will discuss more
in Section “Willmore inequalities on RCD spaces” below.

Additionally in [2] it is proved a rigidity result for the monotonicity of Uβ , saying that Uβ(t)′ = 0 for
some t ∈ (0, 1], if and only if the sublevel {u < t} is a truncated Riemannian cone. The same rigidity is
then inherited and present in the equality case of the Willmore-inequalities (see (W )) as well.

In Chapter 2 we will extend the monotonicity-rigidity for the function Uβ to the setting of non-smooth
RCD(0, N) spaces. The main problems that we will need to address are the existence of the electrostatic
potential, which can be dealt with more or less standard machinery, and the natural lack of regularity of
the objects involved due to the non-smoothness of the ambient space, that requires more recent tools.

Existence of electrostatic potential on RCD(0, N) spaces. In Section 2.2 we prove the existence
of the electrostatic potential for an open set E with sufficiently regular boundary in the setting of non-
parabolic RCD(0, N) spaces (Theorem 2.2.13). In this setting the electrostatic potential is defined exactly
as in the smooth case (see Definition 2.2.11).

They key points is that on an RCD(0, N) space (X, d,m) satisfying the non-parabolicity assumption

(4)

� ∞
1

s

m(Bs(x0))
ds < +∞,

for some (and thus any) x0 ∈ X, we have the existence of a positive Green’s function. This has been
shown by Bruè and Semola [58], who also proved that the Green’s function satisfies an analogue of the
classical estimate by Li and Yau [168] and in particular it vanishes at infinity. Recall also that from a
result of Varopolous [206], (4) is equivalent in the case of smooth manifolds to the usual non-parabolicity
condition.

The presence of the Green’s function will be one of the key ingredients to prove the existence of the
electrostatic potential. More precisely with a comparison argument with the Green’s function we will be
able to force the potential to have the required vanishing-behaviour at infinity.

Concerning the regularity assumption on the boundary of the set, it will be enough to satisfy the
so-called interior corkscrew-condition:

Definition 0.1 (Interior corkscrew-condition). We say that an open set E satisfies the interior corkscrew
condition if for every x ∈ ∂E there exist two numbers r > 0 and λ ∈ (0, 1) such that for every s ∈ (0, r)
there exists a ball of radius λs contained in Br(x) ∩ E.

The crucial fact about this condition is that it is relatively easy to be satisfied, examples are balls or
enlargements of arbitrary sets (see Section 2.2.1). Actually it will be enough to have a weaker (and more
abstract) regularity condition, called Cap-fatness (see Definition 2.2.1).

This regularity on the set E will be needed to get continuity of the solution up to the boundary
and to satisfy the boundary data (u = 1 in ∂E) characterizing the electrostatic potential. To obtain
the desired behaviour at the boundary we will rely on tools coming from a well-developed theory of
elliptic equations and potential theory on metric measure spaces (we refer to [46] for an overview on these
topics). In particular we will exploit and re-prove in the RCD(K,N) setting part of the Wiener criterion
for boundary regularity already obtained in the setting of PI-spaces in [47–49] (see also [171,211] for the
Euclidean case).
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Monotonicity result on RCD(0, N) spaces. Having a notion of electrostatic potential, we can now
present our main rigidity result, that will be proved in Section 2.4

We first see how to write the candidate monotone quantity in this setting. Given an electrostatic
potential u (see Def. 2.2.11) on an non-parabolic RCD(0, N) space (X, d,m) we define (in analogy with
(3)) for every β ≥ N−2

N−1 the function

(5) Uβ(t) :=
1

tβ
N−1
N−2

�
|∇u|β+1 dPer({u < t}), t ∈ (0, 1),

(see Section 1.2.1 for the definition of |∇u|), where we have fixed a Borel representative of |∇u| (which is
defined only m-a.e.). It turns out that different choices of representative change the value of Uβ only a.e.
and thus that Uβ is a well defined equivalence class (up to a.e.-equality) of functions.

To better explain our result we first recall the general scheme used in [2,84,88] to prove the mono-
tonicity of either Uβ or Aβ in the smooth case. The main idea is to integrate the divergence of suitable
vector fields (see also the introduction of [84] where this is discussed). More precisely it is a general fact
that, whenever we have a (smooth) vector field with non-negative divergence, we can produce monotone
quantities. Indeed by the divergence theorem we have that (neglecting integrability issues)

(6)

�
{u=t}

v · ∇u
|∇u|

dσ −
�
{u=s}

v · ∇u
|∇u|

dσ =

�
{s<u<t}

div(v) dVol ≥ 0,

where: v is a smooth vector field satisfying div(v) ≥ 0, u is a smooth function and s, t are regular values
for u. Note that (6) is saying precisely that the function r 7→

�
{u=r} v ·

∇u
|∇u|dσ is monotone non-decreasing.

Moreover applying the coarea formula on the right hand side of (6) we can even compute its derivative:

(7)
d

dt

(�
{u=t}

v · ∇u
|∇u|

dσ

)
=

�
{u=t}

div(v)

|∇u|
dσ.

This scheme in our case is applied choosing u as the electrostatic potential and with the vector field

v := u2∇|∇u
1

2−n |β , n-being the dimension of the manifold. This actually does not prove directly the
monotonicity of Uβ , but it shows instead that the function U ′β(t)t2 is non-decreasing. The monotonicity

of Uβ is then derived integrating its derivative with an argument due to Colding [84] (see also the proof
of Theorem 2.4.4).

There are two main issues in performing the above scheme in the setting of RCD-spaces and are both
linked to the lack of regularity of the objects involved. One is the missing information on the critical set
of the electrostatic potential. Indeed gradients are defined only up to measure zero sets, as they formally
belong to the space of L0-sections of the tangent bundle (see Sec. 1.2.7 for the precise definition), and
thus it is not clear how to define the critical set in general. Additionally, and more importantly, in the
case of an harmonic function it is not known whether the critical set (even if defined up-to measure zero)
can have positive measure. Even worst, the (weak) unique-continuation problem is still open in RCD
setting, which means that we cannot exclude that harmonic functions are constant on some open set.

The second main problem is that the object div(u2∇|∇u
1

2−n |β) is only a measure (see Corollary 2.3.5)
and this clearly poses fundamental problems in both applying the divergence theorem as in (6) and in
writing (7).

These issues will be resolved in Section 2.4.2 by arguing in more distributional sense, rather than
considering single sublevels (as in [84] and [2]), heavily exploiting the coarea formula, which is available
on metric measure spaces in its full form (see [179] and also Section 1.2.6). This however will reflect on
a weaker form of monotonicity and regularity of the functional Uβ . Indeed we will prove:

Theorem 0.2 (Theorem 2.4.4). For every β ≥ N−2
N−1 the function Uβ belongs to W 1,1(0, 1), U ′β ∈

BVloc(0, 1) and

(8) U ′β(t) ≥ C

t2

�
{u<t}

u2|∇|∇v|
β
2 |2dm, a.e. in (0, 1),

where v := u
1

2−N and C = Cβ,N ≥ 0. In particular Uβ has a continuous non-decreasing representative.

The main differences with the result in the smooth setting is that we get lower regularity of Uβ and
only a lower bound on its derivative, while in [2] (and also [84,88]) a pointwise stronger (than (8)) identity
is valid. Nevertheless, the lower bound in (8) is enough to deduce a rigidity result (see Section “Willmore
inequalities on RCD space” below). We also point out that, even if we prove the continuity of Uβ , we do
not have an explicit formula for its continuous representative, since (5) only coincides with it outside a
set of points depending on the representative of |∇u|. It would be natural to take the quasi-continuous
representative of |∇u| (see Section 1.2.5 for the definition of this object), in which case we know that
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formula (5) coincides with Uβ at least at every ‘first-order regular sublevel’ (see Section 3.3 for the precise
definition) thanks to Theorem 3.3.4.

It is worth to mention that the ‘distributional’ technique that we developed for the proof of the
monotonicity formula has proven to be helpful even in the smooth setting in the recent [44], where it has
been adapted to improve the previous monotonicity result for the p-capacitary potential (see [1]).

New estimates for harmonic functions. As described above, the monotonicity of the function Uβ is
proved by ‘integrating’ suitable differential inequalities. More precisely to prove the main monotonicity

result we will first prove (in Section 2.3) a lower bound on div(u2∇|∇u
1

2−n |β). However to approach this
estimate we will first need to prove some new non-trivial regularity and higher-order bounds on harmonic
functions on RCD(0, N) spaces. This regularity can be formally summarised as: for every u harmonic,
the functions

|∇u|α, ∀α ≥ 1

2

N − 2

N − 1
,

are in W 1,2. Note that this is not obvious since N−2
N−1 < 1 and thus we are allowed to take α below 1 (and

even below 1/2). Our precise result is the following, which actually holds in an arbitrary RCD(K,N)
space (see Sec. 1.2.4 for the definition of measure-valued Laplacian).

Theorem 0.3 (Theorem 2.3.1). Let X be an RCD(K,N) space with N ∈ [2,∞), Ω ⊂ X be open, u be

harmonic in Ω and β > N−2
N−1 . Then |∇u|β/2 ∈W 1,2

loc (Ω) and

(9) ∆(|∇u|β) ≥ Cβ,N |∇|∇u|
β
2 |2 m + βK|∇u|2m,

where C = Cβ,N > 0.

The estimate (9) is similar and strongly inspired by a similar result in [79, Sec. 3.1], where a stronger
identity is proven in the case of Riemannian manifolds. Notably the argument in [79] requires bounds
from above on the size of the critical set of u, while for us to derive (9) these are not needed (and currently
not available). The main tool to prove this result will be the improved weak Bochner inequality by Han
[135] (see also (1.4.7)) and a Kato-inequality that will be proved in Lemma 2.3.3.

Thanks to the regularity and estimates provided by the above result, we will be able to get the
key inequality which will imply our main monotonicity result. In particular we will prove that for an
electrostatic potential u in an RCD(0, N) space (X, d,m) it holds that

(10) div(u2∇|∇u
1

2−n |β) ≥ Cu2|∇|∇u
1

2−N |
β
2 |2m, ∀β ≥ N − 2

N − 1
,

where C = Cβ,N ≥ 0, see Corollary 2.3.5 for the precise statement. Note also that the right hand side of
(10) makes sense precisely due to Theorem 0.3.

As a final remark we mention that the regularity given by Theorem 0.3 will also play a crucial role in
Chapter 3, as it will imply that it can be given a notion of mean curvature to the sublevels of harmonic
functions.

Functional (almost)-rigidities. The rigidity part of the monotonicity of Uβ will be derived from an
independent functional rigidity result in the spirit of the Cheeger-Gromoll splitting theorem [76] and the
volume-cone-to-metric-cone theorem (see e.g. [72]). Let us first state this result:

Theorem 0.4 (Theorem 2.5.1). Let (X, d,m) be an RCD(0, N) space with N ∈ [2,∞) and U ⊂ X be
open with ∂U bounded. Suppose there exists a positive function v ∈ C(Ū) satisfying

(11)


v = 1, in ∂U,

v > 1, in U,

∆v2 = 2N, |∇v| = 1, in U.

Then U is (locally isometric to) Y \ B̄1(p), where Y is a cone over an RCD(N − 1, N − 2) space, with tip
p.

This should be interpreted as a sort of “outer-functional-cone-to-outer-metric-cone”, or in other words
as the converse of the fact that in an N -dimensional cone the distance function from the tip satisfies
∆d2 = 2N and |∇d| = 1. A-posteriori we actually get that the function v in (11) is a distance function
(see (2.5.1)).

To explain how Theorem 2.5.1 is linked to the rigidity of the function Uβ we look at the lower bound
for the derivative of U ′β in (8). We see that whenever U ′β(t0) = 0 for some t0 ∈ (0, 1) it holds that |∇v| is
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(a non-zero) constant in {u < t0}, where v := u
1

2−N . From this, a simple computation using the fact that
u is harmonic shows that (up to rescaling)

(12) ∆v2 = 2N, |∇v| = 1, m-a.e. in {u < t0}.

Therefore from Theorem 2.5.1 it follows almost immediately the rigidity of the monotonicity formula for
Uβ :

Theorem 0.5 (Theorem 2.6.1). If Uβ(t0)′ = 0 for some t0 ∈ (0, 1] then {u < t0} is locally isometric to
a truncated cone over an RCD(N − 2, N − 1) space.

One of the main results of Chapter 2 is the almost-version of the above rigidity, which is in the spirit
of the almost-volume-cone-to-almost-metric-cone results in by Cheeger and Colding ([72]). We provide
here only a formal statement, precise results can be found in Theorems 2.5.5 and 2.5.6.

Almost-functional-cone-to-almost-metric-cone: Suppose that v and U are as in Theorem 2.5.1, but v only
satisfying ∆v2 = 2N |∇v|2 in U and assume that |∇v| is almost constant in the following “Sobolev sense”:
for some γ ≥ 1

2
N−2
N−1 �

U

|∇|∇v|γ |
vN−2

dm < δ(γ, ε,N),

Then X is ε-close in the pmGH-sense to another RCD(0, N) space Y which is a truncated cone outside a
ball (of controlled radius). Moreover the sets {s < u < t} are ε-close (with their intrinsic distance) in the
GH-sense to annuli of a fixed cone.

As for the rigidity, from the above result follows an analogous almost-rigidity result for the mono-
tonicity formula (see Theorems 2.6.2 and 2.6.3).

Remark 0.6. Le us point out that an almost rigidity result for the monotonicity formula was already
proved by Colding and Minicozzi in [87] (and announced in [84]) and was one of the main tools used to
prove uniqueness of tangent cones for Ricci-flat manifolds in [87]. Note however that our almost rigidity
result holds for the whole class Uβ , β ≥ N−2

N−1 , while in [84] is stated for β = 2, moreover we also obtain
curvature bounds on the section of the cone. �

Willmore inequalities on RCD spaces

In this section we present the results obtained in [131], that are contained in Chapter 3.
The goal will be both to generalize the Willmore-type inequalities obtained in [2], to RCD spaces,

and to give a meaning of mean curvature and Willmore energy in this setting. To present our results, we
need first to review these inequalities and their proof in the smooth case.

As a consequence of the monotonicity formula, it is proved in [2] that on an n-dimensional Riemannian
manifold M , with Euclidean volume-growth and non-negative Ricci curvature, given an open subset E
with smooth boundary it holds

(W )

�
∂E

∣∣∣∣ H

n− 1

∣∣∣∣β+1

dσ ≥ (AVR(M)|Sn−1|)
β
n−2

(
Cap(E)

n− 2

)n−2−β
n−2

, ∀β ≥ n− 2

n− 1
,

where H is the mean curvature of ∂E and AVR(M) := limr→+∞
Vol(Br(p))
ωnrn

. They also show that equality

holds in (W ) if and only if M \E is a truncated Riemannian cone. We mention that the inequality in (W )
obtained through setting β = n−2 generalizes to Riemannian manifolds the so-called Willmore inequality
in Rn, proved in [212] and [80] (and in quantitative form in [3] using the monotonicity formula).

Remark 0.7. Here Cap(E) denotes the variational-capacity (see Def. 1.2.22) and must not be confused
with what we will call capacity (see (1.2.13)). Note also that here Cap is not renormalized as in [2].

�

Now we briefly recall how inequality (W ) is deduced in [2] from the monotonicity of Uβ . The key
point is the expression of the derivative of U ′β ([2, Thm 1.3] or Proposition 2.4.5):

(13) 0 ≤ U ′β(t) = βt−β
n−1
n−2

�
{u=t}

|∇u|β 〈∇u, ∇|∇u|
|∇u|2

〉︸ ︷︷ ︸
H

−
(
n− 1

n− 2

)
|∇u|β+1

u
dσ,

where u is the electrostatic potential. The main observation is that the quantity H is precisely the mean

curvature of {u = t} (provided t is a regular value), because from the harmonicity of u, H = div
(
∇u
|∇u|

)
.



WILLMORE INEQUALITIES ON RCD SPACES xv

Therefore taking t = 1 in (13) and applying the Hölder inequality with exponent β we obtain

n− 1

n− 2

�
∂E

|∇u|β+1 dσ ≤
�
∂E

|∇u|βH dσ ≤

((�
∂E

|∇u|β+1 dσ

)β
·
�
∂E

|H|β+1 dσ

) 1
β+1

,

elevating to the β + 1 and simplifying we reach(
n− 1

n− 2

)β+1

Uβ(1) =

(
n− 1

n− 2

)β+1 �
∂E

|∇u|β+1 dσ ≤
�
∂E

|H|β+1 dσ

and finally using the monotonicity of Uβ(
n− 1

n− 2

)β+1

lim
t→0+

Uβ(t) ≤
�
∂E

|H|β+1 dσ.

Inequality (W ) is then a consequence of the expression of the limit on the left hand side. In the Euclidean
setting this can be computed with explicit pointwise asymptotics both for u and |Du| (see [3]), while on
Riemannian manifolds it requires a quite involved integral expansion, which is performed in [2] and is
inspired by previous computations present in [73,84,85].

From the above argument, we deduce that there are two steps the are required for the proof of the
Willmore-type inequalities in the RCD setting:

(i) computing the limit limt→0+ Uβ(t),

(ii) understanding in which sense the object 〈∇u, ∇|∇u||∇u|2 〉 represents the mean curvature.

The answers to the above will constitute the content of Chapter 3.
Note that, strictly speaking, point (ii) is not needed to prove the above inequalities in the non-smooth

setting, but it is essential for giving a meaning to the inequality. This is also motivated by the independent
problem of the definition of the mean curvature in RCD spaces, which is in large part still missing (see
also the beginning of Section “Mean curvature and Willmore energy on RCD spaces” below). Observe
also that question (ii) makes sense on an arbitrary RCD(K,N) space.

Expansion of the electrostatic potential in RCD setting. In Section 3.7.3 we will answer to problem
(i) as follows (see Def. 1.2.22 for the variational-capacity Cap):

Theorem 0.8 (Theorem 3.7.9). Let X be an RCD(0, N) space with Euclidean volume growth. Let u be
the electrostatic potential of a bounded open set E ⊂ X and let Uβ as above. Then for every β ≥ N−2

N−1

(14) lim
t→0+

Uβ(t) = (N − 2)β
N−1
N−2 Cap(E)1− β

N−2 (σN−1AVR(X))
β

N−2 ,

where AVR(X) := limr→+∞
m(Br(x0)
ωNRN

.

Our proof of (14) will be along the same lines of [2], which has been in turn inspired by the previous
works in [73, 85]. In particular we will derive an asymptotic expansion at infinity of the electrostatic
potential u (see Theorem 3.7.4) and an integral expansion for its gradient |∇u| (Proposition 3.7.8).

We mention that an essential ingredient for our analysis, as in [2], is the following asymptotic be-
haviour at infinity of the Green’s function on RCD(0, N) spaces with Euclidean volume growth (Theorem
3.7.3):

(15) lim
y→+∞

G(x, y)

d(x, y)2−N =
1

(N − 2)σN−1AVR(X)
, for every x ∈ X.

In Riemannian setting (15) is due to [85] (see also [167]), while on the RCD setting it has been proved
only very recently in [54]. Actually in [54] it is only proved a local expansion, however the argument is
easily adapted to deal with our case (see also Remark 2.5 therein). It is worth to say that the proof of
(15) is very different from the one in smooth-case, as it is based on a blow-down procedure and relies on
the stability properties of the RCD condition and of the heat-kernel under pmGH-convergence (see [124]
and also [25]).

Mean curvature and Willmore energy on RCD spaces. In Sections 3.2 and 3.5 we propose an
answer to (ii) above. More precisely we address the problem of the definition of the Willmore energy and
of the mean curvature on arbitrary RCD(K,N) spaces.

Let us mention that definitions of mean curvature have recently appeared in CD spaces in [157] and
[61] (the last one inspired by the previous work in the synthetic-Lorentzian setting [68]), which contain
generalization to non-smooth setting respectively of the Heinze-Karcher inequality and of the Kasue’s
inscribed-radius bound. However in relation to our problem, both of these notions seem not suitable
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(or not yet sufficiently developed) to answer question (ii) above. Indeed they are given via localization-
techique and thus very difficult to link to the second-order calculus on RCD spaces. In addition to this
they only describe weak bounds on the mean curvature rather than the mean curvature itself.

Going back to the RCD setting, the main obstacle to define the mean curvature and Willmore energy
lies in the fact that they are second-order objects that live on a codimension-1 subset of the ambient space.
Indeed, even if a well developed second order calculus is available (see [118]), objects like Hessian and
covariant derivatives cannot be defined better than up to measure zero sets (with respect to the ambient
measure). This is instead possible for first order objects, as recently shown in [99] and successfully used
in [56] to prove a Gauss-Green formula in the RCD setting.

We will give two approaches to the definition of Willmore energy. In the first one we will perform
a relaxation of an appropriate Willmore functional, while on the second we will introduce a full notion
of mean curvature vector. The main differences between the two is that in the first case we can consider
arbitrary sets, while the second is available only for level sets of smooth functions.

Relaxed Willmore energy. In Section 3.2 we propose a notion of Willmore energy for sets in RCD spaces.
This will be done via relaxation of a Willmore-functional defined on sufficiently smooth functions and will
be partially inspired by the classical notion of Willmore (or elastic) functional appearing in the Euclidean
setting (see e.g. [165,176,177]).

We will assume that (X, d,m) is an arbitrary RCD(K,N) space.
For every sufficiently smooth function u we define

(16) W(u) :=

�
X

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm,
(see Definition 3.2.3). Notice that formally ∆u

|∇u| −
〈∇|∇u|,∇u〉
|∇u|2 = div

(
∇u
|∇u|

)
and in particular from the

coarea formula (again at a formal level)

W(u) =

�
R
‖Ht‖2L2({u=t}) dt,

where Ht is the mean curvature of the level set {u = t} (this will be a-posteriori made rigorous in
Proposition 3.5.17). Our main result for this part will be to show that there are many functions such
that W(u) < +∞. In particular we show that we have enough functions with finite Willmore energy to
approximate (characteristic functions of) compact sets (see Theorem 3.2.6):

(17) {χK : K ⊂ X compact} ⊂ {W < +∞} ∩ LIPc(X)
L1(m)

.

This fact will heavily rely on the estimates for harmonic functions that are developed in Chapter 2. Indeed
from the regularity result that we presented above in Theorem 0.3 we see that for an harmonic functions
u in an open set Ω it holds that

√
|∇u| ∈W 1,2

loc (Ω), which easily implies that∣∣∣∣ 〈∇|∇u|,∇u〉|∇u|2

∣∣∣∣2 |∇u| ∈ L1
loc(Ω).

This shows that, at least locally, harmonic functions have finite Willmore energy. This observation will
allow us to construct many example of functions u such that W(u) < +∞.

Thanks to (17) it is meaningful to define the relaxed Willmore energy for a Borel set E ⊂ X as

W(E) = inf{lim
n
W (un) : un → χE in L1

loc(m),W(un) < +∞}.

As a final existence result we will show that (see Proposition 3.2.8):

almost every sublevel of a function u such that W(u) < +∞, has finite Willmore-energy.

Remark 0.9. We will actually not be able to prove Willmore inequalities with this notion of Willmore
energy, but only for the one that we will define as L2-norm of the mean curvature vector (see below).
Also, we de not now whether the two coincide (see Corollary 3.5.18 for the “≤” inequality). �
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Mean curvature. Our approach to define the mean curvature on RCD setting will be via duality with
the tangential divergence. This is partly inspired by theory of curvature varifolds in the Euclidean space,
where a weak notion of mean curvature can be defined in a similar manner (see e.g. [8,175,196]).

In our construction we will use and rely on some objects and definitions introduced in the recent
[56,99], like the notion of outer normal to a set of finite perimeter and the trace operator.

The main idea is to define the mean curvature vector H for a set of finite perimeter E as the one
satisfying the so-called tangential integration by parts formula:

(18)

�
divT (v)dPer(E) =

�
〈H, trE(v)〉dPer(E),

for every ‘smooth enough’ vector field v, where divT (v) is the tangential divergence and trE is the trace
operator (see Section 1.5 for a precise definition of trace of a vector field). The main problem however
is that it is not obvious how to define neither divT (v) nor its integral appearing in the left hand side of
(18). Indeed we would be tempted to define

(19) divT (v) = div(v)− 〈∇νEv, νE〉,

(where νE is the outer normal to E) however the covariant derivative ∇v of a vector field (introduced in
[118], see also Section 1.4.3) is defined only up to (reference)-measure zero sets, hence it is not obvious
how to localize this object with respect to the perimeter measure. We stress again that this is so because
we are dealing with second order objects, since first order object are a-posteriori defined better than up to
measure-zero (see [99]). To avoid this problem we will employ an averaging approach in which we assume
that the set E is a sublevel E = {u < t} of a smooth function u. We then define for suitably smooth
vector fields

(20)

�
divT (v)dPer(E) := lim

h→0+

1

2h

�
{t−h<u<t+h}

div(v)−∇v
(
∇u
|∇u|

,
∇u
|∇u|

)
dm,

(see Definition 3.4.1 for more details). Note that formally, ∇u|∇u| is the outer normal to the level sets of

u, hence the above formula is an integrated version of (19). In Section 3.4 we will then prove that for
smooth functions u the limit (20) exists for many vector fields v and for a.e. t (see Proposition 3.4.6 and
Corollary 3.4.7 for precise statements). This will allow us to define, not only the integral of the tangential
divergence, but an actual notion of tangential divergence divT (v) ∈ L2(Per(E)) (see Proposition 3.4.2).

Having a tangential divergence, we can hope to define the mean curvature via formula (18). Clearly
this cannot be possible for every set of finite perimeter, but some additional regularity is needed. For this
reason in Section 3.5 we will give a notion of sublevels with second order regularity (see Definition 3.5.1),
that are formally sublevels with L2-mean curvature.

For these type of second-order regular sublevels we will prove that the tangential divergence divT (v)
of a vector field depends only on its trace trE(v). Additionally this independence will come with explicit
bounds on

�
divT (v)dPer(E) in term of the L2-norm of trE(v) (see Theorem 3.5.5 for a precise statement).

This will allow us to define for such sets, via duality, a notion of mean curvature vector H which satisfies
(18) (see Theorem 3.5.7).

The final crucial point is that we will show that there are many smooth functions, for which almost
every sublevel is regular enough to admit a mean curvature vector, in the sense described above (see
Proposition 3.5.9). These examples turns out to be precisely the ones with finite Willmore-functional
defined in (16) above, which includes harmonic functions and in particular the electrostatic potential.

Remark 0.10. Note that, even if we are able to define a mean curvature vector and not only the mean
curvature, to avoid being too technical we are not making precise here in which sense H is a “vector”.
Roughly said H belongs to same space of the outer unit normal, which is the L2-tangent bundle over a
set of finite perimeter that was recently introduced in [56] (and will be reviewed in Section 1.5). �

We have yet to see how this notion of mean curvature answers to the question (ii) posed at the
beginning. The crucial point is that for a smooth function u (with finite Willmore energy) H will satisfy

H =
∆u

|∇u|
− 〈∇u, ∇|∇u|

|∇u|2
〉

(see Proposition 3.5.15 for a precise statement). This in particular answers in a sense to question (ii)
above, since in the case of an electrostatic potential ∆u = 0.
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Willmore inequalities. In Section 3.8 we will prove our version of the Willmore type inequalities for the
electrostatic potential of a set E in an RCD(0.N) spaces with Euclidean-volume growth. In particular we
show that for every β ∈ [N−2

N−1 , 1] and a.e. t ∈ (0, 1) the sublevel {u < t} has a mean curvature H and

(21)

� ∣∣∣∣ H

N − 1

∣∣∣∣β+1

dPer({u < t}) ≥ (σN−1AVR(X))
β

N−2

(
Cap({u ≤ t}c)

N − 2

)N−2−β
N−2

, for a.e. t ∈ (0, 1).

(see Theorem 3.8.1 for more details). Note that if we could plug in t = 1 in the above inequality, we would
get exactly the inequality in the smooth case (W ).

Remark 0.11. Note that by our construction |H| ∈ L2(Per({u < t})), hence the left hand side of (21) is
finite, which makes the inequality meaningful. Indeed (21) holds also for β > 2, however we do not know
whether in these cases we get a non-trivial statement. �

Rigidity and almost rigidity of Sobolev inequalities on compact RCD spaces

In Chapter 4 we will present the work in [185], which contains rigidity and almost-rigidity statements
for optimal constants in the Sobolev inequality, under positive Ricci curvature lower bound. To state the
main results we first need to recall some notions and facts concerning optimal Sobolev constants in the
setting of Riemannian manifolds.

Optimal Sobolev constants on Riemannian manifolds. The standard Euclidean-Sobolev inequality
in sharp form reads as

(22) ‖u‖Lp∗ (Rn) ≤ Eucl(n, p)‖∇u‖Lp(Rn), ∀u ∈W 1,p(Rn),

where p ∈ (1, n) and p∗ := pn
n−p , and Eucl(n, p) is the smallest constants for which the inequality (22)

remains valid. Its precise value (see (1.1.2)) was computed independently by Aubin [32] and Talenti [202]
(see also [91]).

In the setting of compact Riemannian manifolds, the presence of constant functions in the Sobolev
space immediately shows that an inequality of the kind of (22) must fail. Yet, Sobolev embeddings are
certainly valid also in this context and they can be expressed by calling into play the full Sobolev norm:

(?) ‖u‖p
Lp∗ (M)

≤ A‖∇u‖pLp(M) +B‖u‖pLp(M), ∀u ∈W 1,p(M),

where M is a smooth compact n-dimensional Riemannian manifold and A,B > 0. From the presence of
the two parameters A,B, it is not straight-forward which is the notion of optimal constant in this case.
The issue of defining and determine the best constants in (?) has been the central role of the celebrated
AB-program, we refer to [136] for a thorough presentation of this topic (see also [105]). The starting
point of this program is the definition of the following two different notions of “best Sobolev constants”:

αp(M) := inf{A : (?) holds for some B}, βp(M) := inf{B : (?) holds for some A.}

The first natural problem is to determine the value of αp(M) and βp(M). It is rather easy to see that

βp(M) = Vol(M)p/p
∗−1

indeed the constant function gives automatically βp(M) ≥ Vol(M)p/p
∗−1, while the other inequality follows

from the Sobolev-Poincaré inequality (see, e.g. [136, Sec 4.1]). It is instead more subtle to determine
whether βp(M) is attained, in the sense that the infimum in its definition is actually a minimum. This is
true for p = 2 and due to Bakry [37] (see also Proposition 4.6.1), but actually false for p > 2.

Concerning the other optimal constant αp(M), a celebrated result of Aubin [32] says that αp(M) is
precisely the one of the Euclidean space. More precisely he showed that on any n-dimensional compact
Riemannian manifold M with n ≥ 2, we have

(23) αp(M) = Eucl(n, p)p ∀p ∈ (1, n).

The question whether αp(M) is attained is instead more delicate and was proved to be true in in [137]
for the case p = 2, answering affirmatively to a conjecture of Aubin.

On the other hand, knowing the value of βp(M) and that is attained for p = 2, we can define a further
notion of optimal-constant A, “relative” to B = β2(M). More precisely we define

Aopt
2∗ (M) := Vol(M)1−2/2∗ · inf{A : (?) for p = 2 holds with A and B = Vol(M)2/2∗−1}.

For generality will actually consider Aopt also in the so-called subcritical case, meaning that we enlarge
the class of Sobolev inequalities and consider for every q ∈ (2, 2∗]

(??) ‖u‖2Lq(M) ≤ A‖∇u‖
2
L2(M) + Vol(M)2/q−1‖u‖2L2(M), ∀u ∈W 1,2(M),
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for some constant A ≥ 0. Then we define

Aopt
q (M) := Vol(M)1−2/q · inf{A : (??) holds }.

Observe that the infimum above is always a minimum and that Vol(M)2/q−1 is the ‘minimal B’ that we
can take in (??).

Remark 0.12. We bring to the attention of the reader the renormalization factor Vol(M)1−2/q in the
definition of Aopt

q (M). This is usually not present in the literature concerning the AB-program (see e.g.

[136]), however this choice will allow us to to have cleaner inequalities. This also makes Aopt
q invariant

under rescalings of the volume measure of M. �

One of the main questions that we will investigate in Chapter 4 concerns the value of Aopt
q (M). So

far Aopt
q (M) is known explicitly only in the case of Sn and was firstly computed by Aubin in [31] in the

case of q = 2∗ and by Beckner in [43] for a general q:

(24) Aopt
q (Sn) =

q − 2

n
, ∀n ≥ 3.

For positive Ricci curvature we have the following celebrated comparison result originally proven in [145]
(see also [40,163] for the case of a general q):

Theorem 0.13. Let M be an n-dimensional Riemannian manifold, n ≥ 3, with Ric ≥ n− 1. Then, for
every q ∈ (2, 2∗], it holds

(25) Aopt
q (M) ≤ Aopt

q (Sn).

Main rigidity and almost-rigidity results. Our first main result is the characterization of the equality
in (25). In particular we will show:

Theorem 0.14. Equality in (25) holds for some q ∈ (2, 2∗] if and only if M is isometric to Sn.

It is important to point out that the novelty of the above result is that it covers the case q = 2∗.
Indeed, for q < 2∗, Theorem 0.14 was already established (see e.g., [40, Remark 6.8.5]) and follows from
an improvement (only for q < 2∗) of (25) due to [111] involving the spectral gap. On the other hand, up
to the author’s knowledge, this is the first time that it appears in the critical case q = 2∗.

We will also characterize the almost-equality case:

Theorem 0.15 (Almost-rigidity of Aopt
q ). For every n ∈ (2,∞), q ∈ (2, n) and every ε > 0, there exists

δ := δ(n, ε, q) > 0 such that the following holds. Let M be an n-dimensional Riemannian manifold, n ≥ 3,
with Ric ≥ n− 1 and satisfying

Aopt
q (M) ≥ Aopt

q (Sn)− δ,
Then, there exists a spherical suspension (Y, dY,mY) (i.e. there exists an RCD(N − 2, N − 1) space

(Z, dZ,mZ) so that Y is isomorphic as a metric measure space to [0, π]×N−1
sin Z) such that

dmGH((M, d,Vol), (Y, dY,mY)) < ε.

We point out two important facts concerning the two above statements:

i) For q < 2∗ the almost rigidity follows ‘directly’ from the sharper version of (25) cited above and
using the almost-rigidity of the 2-spectral gap [65, 69]. Nevertheless, we are not aware of any
such statement in the literature and in any case our proof will not use any improved version of
(25).

ii) The key feature of Theorems 0.14 and 0.15 is that they include the ‘critical’ exponent. Indeed,
the difference between the ‘subcritical’ case q < 2∗ and q = 2∗ is not only technical but a major
issue linked to the lack of compactness in the Sobolev embedding. For this reason the proof
of the critical case will require several additional arguments that constitute the main part of
Chapter 4.

We will actually prove both Theorem 0.14 and Theorem 0.15 in the setting RCD(K,N) spaces. We first
recall the following generalization to this setting of Theorem 0.13, which has been proved in [187] (see
also [41] for the case of Dirichlet-forms and [65] in the case of essentially non-branching CD spaces):

Theorem 0.16. Let (X, d,m) be an RCD(N − 1, N) space, N ∈ (2,∞). Then, for every q ∈ (2, 2∗]

(26) Aopt
q (X) ≤ q − 2

N
.

Note that in the case of an n-dimensional Riemannian manifold, from (24) we have that (26) is exactly
(25) with N = n. Our main results will be the following rigidity and almost-rigidity of (26):
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Theorem 0.17 (Rigidity of Aopt
q , Theorem 4.8.1). Let (X, d,m) be an RCD(N − 1, N) space for some

N ∈ (2,∞) and let q ∈ (2, 2∗]. Then

(27) Aopt
q (X) =

q − 2

N
,

if and only if (X, d,m) is isomorphic to a spherical suspension, i.e. there exists an RCD(N − 2, N − 1)

space (Z, dZ,mZ) such that (X, d,m) ' [0, π]×N−1
sin Z.

Theorem 0.18 (Almost-rigidity of Aopt
q , Theorem 4.10.1). For every N ∈ (2,∞), q ∈ (2, N) and every

ε > 0, there exists δ := δ(N, ε, q) > 0 such that the following holds. Let (X, d,m) be an RCD(N − 1, N)
space with m(X) = 1 and suppose that

Aopt
q (X) ≥ (q − 2)

N
− δ,

Then there exists a spherical suspension (Y, dY,mY) (i.e. there exists an RCD(N − 2, N − 1) space

(Z, dZ,mZ) so that Y is isomorphic as a metric measure space to [0, π]×N−1
sin Z) such that

dmGH((X, d,m), (Y, dY,mY)) < ε.

Best Sobolev constant in compact RCD spaces. The proof of the rigidity (and almost rigidity) of
Aopt
q in the case q = 2∗, will force us to study also the best Sobolev constant αp defined above (see (23))

in the setting of RCD(K,N) spaces. In particular we will extend to this setting Aubin’s result (see (23)
above). To state it precisely let us first fix some notations.

Let (X, d,m) be an RCD(K,N) space with N ∈ (1,∞) and K ∈ R. For any p ∈ (1, N) set p∗ := Np
N−p

and, in the same fashion of (?), consider:

(∗∗) ‖u‖p
Lp∗ (X)

≤ A‖|Du|‖pLp(X) +B‖u‖pLp(X), ∀u ∈W 1,p(X),

with constant A,B ≥ 0. We then define:

(28) αp(X) := inf{A : (∗∗) holds for some B}.

For every x ∈ X we also recall the N -dimensional density defined as θN (x) := limr→0
m(Br(x))
ωNrN

(where the

limit exists thanks to the Bishop-Gromov inequality). Our result reads as follows:

Theorem 0.19 (Theorem 4.5.1). Let (X, d,m) be a compact RCD(K,N) space with N ∈ (1,∞). Then
for every p ∈ (1, N)

(29) αp(X) =

(
Eucl(N, p)

minx∈X θN (x)
1
N

)p
.

We point out that minx∈X θN (x) always exists because θN is lower semicontinuous (see Section 1.3.2).

Remark 0.20. Note that if X is a n-dimensional Riemannian manifold, θn(x) = 1 for every x ∈ X, hence
in this case (29) (with N = n) is exactly (23). Recall also that here N needs not to be an integer and
thus Eucl(N, p) has to be defined for arbitrary N ∈ (1,∞) (see (1.1.2)). �

Remark 0.21. We are not assuming (X, d,m) to be renormalized. In particular observe that if we rescale
the reference measure m as c ·m, then αp gets multiplied by c−p/N , which is in accordance with the scaling
in (29). �

Remark 0.22. Finally let us say that Theorem 0.19 gives non-trivial information even in the ‘collapsed’
case, i.e. when θN = +∞ in a set of positive (or even full) measure (see [96] for the notion of collapsed/non-
collapsed RCD spaces, which generalizes same notion introduced in [73] for Ricci-limits). Indeed to have
αp(X) > 0 it is sufficient that θN (x) < +∞ at a single point x ∈ X. As an example consider the model

space ([0, π], |.|, sinN−1(t)dt) which is RCD(N − 1, N) with θN (x) < +∞ only for x ∈ {0, π}. �

Application to the Yamabe equation in RCD spaces. As an application of Theorem 0.19 and
of the technical tools developed in Chapter 4 (see Section “Additional results” below) we obtain some
results concerning the existence of solutions to the Yamabe equation in the RCD setting, together with a
continuity result of the Yamabe constant under mGH-convergence.
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Existence of solutions to the Yamabe equation. Let (X, d,m) be a compact RCD(K,N)-space for some
K ∈ R, N ∈ (2,∞) and set 2∗ := 2N/(N − 2). Fix also a function S ∈ Lp(m) with p > N/2. The Yamabe
equation is then given by

(Y) −∆u = λu2∗−1 − uS, λ ∈ R

(see Section 1.2.4 for the definition of Laplacian in this setting). It is easy to see and classical (see Section
4.11.1) that (Y) is the Eulero-Lagrange equation for the following functional:

W 1,2(X) \ {0} 3 u 7→ QS(u) :=

�
|Du|2 dm +

�
S|u|2dm

‖u‖2
L2∗ (m)

,

Observe that by the Sobolev embedding u ∈ L2∗(m), hence the assumption on S grants that Su2 ∈ L1(m).
We now define the generalized Yamabe constant (relative to S) as

(30) λS(X) := inf{QS(u) : u ∈W 1,2(X) \ {0}}.

A now standard result on Riemannian manifolds is that whenever

(31) λS(M) < α2(M)−2,

it holds that (Y) has a non-negative and non-zero solution with λ = λS . We mention that this fact plays a
key role in the solution of the Yamabe problem (see e.g. [164,215] or Section 4.11 for more on this topic).
The same result has been proved in the setting of Ricci-limits by Honda [141]. Here we will extend it to
the RCD setting as follows.

Theorem 0.23 (Theorem 4.11.2 ). Let (X, d,m) be a compact RCD(K,N) space for some K ∈ R,
N ∈ (2,∞). Suppose that for some S ∈ Lp(m) with p > N/2, it holds that

λS(X) < α2(X)−2.

Then there exists a non-negative and non-zero solution to (Y) with λ = λS(X) which is a minimizer for
(4.11.5).

Remark 0.24. As an improvement from the results in [141] note that from Theorem 0.19 we know the

explicit expression α2(X)−2 = minx θN (x)2

Eucl(N,2)2 . �

Continuity of the Yamabe constant under mGH-convergence. We will prove the following continuity result
for the Yamabe constant defined above (see also Section 1.6.2 for the notion Lp-weak convergence of
functions on different spaces)

Theorem 0.25 (Theorem 4.11.5). Let (Xn, dn,mn) be a sequence of compact RCD(K,N)-spaces n ∈ N̄,

for some K ∈ R, N ∈ (2,∞) satisfying Xn
mGH→ X∞. Let also Sn ∈ Lp(mn) be Lp-weak convergent to

S ∈ Lp(m∞), for a given for p > N/2. Then,

lim
n→∞

λSn(Xn) = λS(X∞).

Remark 0.26. Theorem 0.25 was proved in [141, Thm. 1.7, Cor. 1.8] for Ricci-limits assuming an upper
bounds on limn λSn(Xn). Here, exploiting the additional information given by concentration compactness
we sharpen this result getting rid of this additional assumption. �

Additional results.

Concentration compactness under mGH-convergence. The almost rigidity result in Theorem 0.15 will be
proved using the compactness property of the RCD(K,N) class. However, in the case q = 2∗ the Sobolev
embedding has a natural lack of compactness. Hence for the proof we will need an additional tool, which
is a concentration compactness result under mGH-convergence of compact RCD-spaces. In particular,
we will prove a concentration-compactness dichotomy principle (see Lemma 4.7.6 and Theorem 4.7.1) in
the spirit of Lions [170] (see also the monograph [198]), under mGH-convergence. To the author’s best
knowledge this is the first result of this type dealing with varying spaces and we believe it to be interesting
on its own.
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Euclidean-type Polya-Szego inequality on CD(K,N) spaces. One of the main tools that we will need to
develop is a Polya-Szego inequality (see Section 4.2.2), which is an Euclidean-variant of the Polya-Szego
inequality for CD(K,N) spaces, K > 0, derived in [182]. The main feature of this inequality is that it
holds on arbitrary CD(K,N) spaces, K ∈ R, but assumes the validity of an isoperimetric inequality of
the type

PerE ≥ CIsopm(E)
N−1
N , ∀E ⊂ Ω Borel ,

for some Ω ⊂ X open and where CIsop is a positive constant independent of E. For our purposes this
Polya-Szego inequality will be used to derive local Sobolev inequalities of Euclidean-type (see Theorem
4.3.2), however it allows us to obtain also sharp Sobolev inequalities under Euclidean-volume growth
assumption (see below).

Sharp Sobolev inequalities under Euclidean-volume growth. We recall that a CD(0, N) space (X, d,m) has
Euclidean-volume growth if

AVR(X) := lim
R→+∞

m(BR(x0))

ωNRN
> 0,

for some (and thus any) x0 ∈ X. In this setting we will prove the following sharp Sobolev inequality:

Theorem 0.27 (Theorem 4.4.6). Let (X, d,m) be a CD(0, N) space for some N ∈ (1,∞) and with
Euclidean volume-growth. Then, for every p ∈ (1, N), it holds

(32) ‖u‖Lp∗ (m) ≤ Eucl(N, p)AVR(X)
− 1
N ‖|Du|‖Lp(m), ∀u ∈ LIPc(X).

Moreover (32) is sharp.

This extends a result recently proved in [42] in the case of Riemannian manifolds and answer positively
to a question also posed in [42, Sec. 5.2].

PART II

Bi-Lipschitz version of Cheeger and Colding’s metric-Reifenberg’s theorem

In the second part of the thesis, which consists of Chapter 5, we will present the content of the works
in [130,209], that are about the bi-Lipschitz version of Reifenberg’s theorem in metric spaces.

Classical Reifenberg’s and metric-Reifenberg’s theorems. The celebrated Reifenberg’s theorem
[192] (see also [183, 196]) states that if a set in Rd is well approximated at every small scale by n-
dimensional affine planes, then it is (locally) an n-dimensional bi-Hölder manifold. More precisely, for a
set S ⊂ Rd and n ∈ N, with n < d, we set

e(x, r) := r−1 inf
Γ

dH(S ∩Br(x),Γ ∩Br(x)), for every r > 0 and x ∈ S,

where dH is the Hausdorff distance and where the infimum is taken among all the n-dimensional affine
planes Γ in Rd containing x. Then Reifenberg’s result reads as follows:

Theorem 0.28 (Reifenberg’s theorem,[192]). For every n, d ∈ N with n < d and α ∈ (0, 1) there exists
δ = δ(n, d, α) such that the following holds. Let S ⊂ Rd be closed, containing the origin and such that
e(x, r) < δ for every x ∈ S ∩B1(0) and r ∈ (0, 1).

Then there exists an α-bi-Hölder homeomorphism F : Ω → S ∩ BRd
1/2(0), where Ω is an open set in

Rn.

The original motivation in [192] to prove this result was the regularity of minimal surfaces. How-
ever, from its original formulation, Reifenberg’s theorem and more in general the idea behind its proof
have found successful generalizations and applications in harmonic analysis, geometric measure theory,
rectifiability theory and PDE’s (see e.g. [34,36,92,94,106,150,184,203,204] and the references therein).

Coming to the topic of Chapter 5, we will be interested in the Reifenberg’s theorem for metric spaces.
The generalization of Theorem 0.28 in this setting has been obtained in a famous result by Cheeger and
Colding [73, Appendix A]. To state it we need to define the metric-analogue of the ‘flatness’-coefficients
e(x, r) in Reifenberg’s theorem. In this case the comparison with planes, which clearly is not available, is
replaced with the Gromov-Hausdorff distance to Euclidean balls. In particular for a metric space (Z, d)
and a fixed n ∈ N we set

ε(z, r) := r−1dGH(Br(z), B
Rn
r (0)), for every r > 0 and z ∈ Z,

(we refer to Section 5.1 for the definition of dGH).
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Theorem 0.29 (Metric-Reifenberg’s theorem, [73]). For every n ∈ N and α ∈ (0, 1) there exists δ =
δ(n, α) such that the following holds. Let (Z, d) be a complete and connected metric space and suppose
that ε(z, r) < δ for every z ∈ Z and r ∈ (0, 1).

Then there exists an α-bi-Hölder homeomorphism F : M → Z, where M is a smooth n-dimensional
Riemannian manifold.

A local version of this result, more in the spirit of Theorem 0.28 also exists (see [73, Theorem A.1.1]),
however for simplicity we will focus only on the global version. We mention also [93], where metric spaces
satisfying the assumptions of Theorem 0.29 have been further studied.

The original motivation of Cheeger and Colding to prove the metric-Reifenberg’s theorem was to
prove manifold-regularity of the regular set of “non-collapsed” Ricci-limit spaces ([73]). However as
a consequence of their construction they obtained also several improvements of some previous stability
results for Riemannian manifolds with Ricci curvature bounded below [81,83,186]. In addition, this result
has found recently many different applications in the theory of metric measure spaces with synthetic Ricci
curvature lower bounds, see for instance ([55,151,174]). It is worth mentioning that also the more general
Reifenberg-type constructions connected to rectifiability (as in [184]) have found successful applications
on spaces with Ricci bounds (see [55,77] using ideas also from [149]).

Bi-Lipschitz version of the classical Reifenberg’s theorem. Returning to the Euclidean case, it
is now classical that if the approximation by planes improves sufficiently fast as the scale decreases,
the bi-Hölder regularity in Reifenberg’s result can be improved to bi-Lipschitz. This goes back to Toro
[204] and the same idea has been further refined and developed in the context of rectifiability e.g. in
[92,94,106,184].

The right decay condition turns out to be the square summability of the numbers e(x, r) along dyadic
scales:

Theorem 0.30 ([204]). For every ε > 0, n, d ∈ N with n < d, there exists δ = δ(n, d, ε) > 0 such that
the following holds. Let S ⊂ Rd be closed, containing the origin and such that

(33)

∞∑
i=1

sup
x∈S∩B1(0)

e(x, 2−i)2 < δ.

Then there exists a (1+ε)-bi-Lipschitz homeomorphism F : Ω → S ∩ BRd
1/2(0), where Ω is an open set in

Rn.

The square summability assumption is sharp as shown by suitable snowflake-constructions.
We will be interested in answering to the following question:

Question: Can Theorem 0.30 be extended to the setting of metric spaces?

Note that as we mentioned above, some results on metric spaces with Ricci bounds concerning
rectifiability and Reifenberg-type arguments, which also lead to the construction of biLipschitz maps to
the Euclidean space, have been obtained ([55, 77]). However they use the analysis that is available on
such spaces, while here we are interested on a ‘purely’ metric generalization of Theorem 0.30 in the spirit
of Cheeger and Colding’s result (Theorem 0.29).

We will answer this question in two steps. First we will prove a modified version of Cheeger-Colding’s
theorem in the biLipschitz case. Then we will show that this version is sharp and that it is the correct
generalization of Theorem 0.30.

Bi-Lipschitz version of the Cheeger-Colding’s metric Reifenberg’s theorem. A careful analysis
of the Cheeger and Colding argument reveals that a bi-Lipschitz version of their result can be deduced
with small modifications to the proof.

Theorem 0.31. For every n ∈ N the following holds. Let (Z, d) be a complete and connected metric
space. Suppose that for some r > 0

(34)

∞∑
i=1

sup
z∈Z

ε(x, 2−ir) < +∞.

Then for every ε > 0 there exists a smooth n-dimensional Riemannian manifold (Wε, dε) and an homeo-
morphism Fε : Wε → Z that is (uniformly) locally (1 + ε)-bi-Lipschitz.

We refer to Theorem 5.2.2 for a more detailed statement. Note that the condition that appears in
this case is the summability of the numbers ε(x, r) along dyadic scales.
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The above Theorem, even if not present in the literature, seems to be a folklore-result known at least
to some of the experts in the field of set-parametrizations (see [93] for a discussion about Reifenberg’s
parametrization of metric spaces).

The first goal of Chapter 5 is to give a detailed and self-contained proof of Theorem 0.31. We will do
so for two reasons:

• to get the bi-Lipschitz regularity of the map it is necessary that the error-order of every estimate
in the proof is quantified and therefore we need to make explicit every step,
• given the recent growing interest in the metric version of Reifenberg’s theorem we believe it

useful to have available an expanded version, also with a somewhat different presentation, of the
arguments in [73].

Comparison between “Hausdorff flatness” and “Gromov-Hausdorff flatness”. In the second
part of Chapter 5 we discuss the sharpness of Theorem 0.31, in particular we answer to the following
question:

Question: Is it possible to weaken the assumption (34) from summability to square summability, at least
restricting ourselves to some special class of metric spaces?

Indeed, if we interpret the Gromov-Hausdorff numbers ε(x, r) as a metric-generalization of the Reifen-
berg’s numbers e(x, r), it appears that the bi-Lipschitz metric-Reifenberg is weaker than Toro’s bi-Lipschitz
Reifenberg, Theorem 0.30 (as for sequences square summability is strictly weaker than summability).

Perhaps surprisingly, the answer the the above question turns out to be negative even in the classical
case of subsets of the Euclidean space. Even more we have that the above bi-Lipschitz version of the
metric-Reifenberg theorem is already equivalent to Toro’s theorem, when applied to subsets of Rd. The
main insight is that the discrepancy between the result of Toro and Theorem 0.31 is not in the regularity
of the metric space in consideration, but rather on the way the flatness is measured.

Indeed we will show that for a set S ⊂ Rd it holds

(35)

∞∑
i=1

sup
x∈S∩B1(0)

e(x, 2−i)2 < +∞ ⇐⇒
∞∑
i=1

sup
x∈S∩B1(0)

ε(x, 2−i),

where ε(x, 2−i) are computed identifying S as a metric space endowed with the restriction of the Euclidean
distance (see Theorem A and Proposition 5.5.9 for more precise statements). This can be formally
interpreted as the Gromov-Hausdorff numbers ε(x, r) behaving as the square of the Reifenberg’s numbers
e(x, r). This phenomenon was actually already mentioned (but not rigorously explored) by David and
Toro [93]. We also point out that, even if (35) can be made more quantitative (see Theorem 5.6.7), the
inequality ε(x, r) . e(x, r)2 cannot hold in general, as shown by elementary examples (see Section 5.5.2).

We conclude with the following key-example of a very thin triangle, that gives an intuition on why
the numbers ε(x, r) behave as the square of the numbers e(x, r) (see also Example 5.5.7 for more details).

ε

O
1-1

S

P
Q

−
√

1− ε2
√

1− ε2

Π

Figure 1. An example where e(O, 1) ∼ ε, but ε(O, 1) ∼ ε2.

Example 0.32. Fix 0 < ε < 1. Let P,Q ∈ R2 be the two points in the upper half plane that are at
distance 1 from the origin and at distance ε ∈ (0, 1/2) from the x-axis. Then define the set S ⊂ R2 to be
the union of the two segments joining P and Q to the origin. It can be easily checked using the orthogonal
projection Π onto the x-axis (see Example 5.5.7 for the details), that e(O, 1) ∼ ε, while ε(O, 1) ∼ ε2.
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Preliminaries

1.1. Basic notations and definitions

1.1.1. Basic constants. We collect here some constants that will often appear along this part of the
thesis.

For all N ∈ [1,∞), p ∈ (1, N), we define the generalized1 unit ball and unit sphere
volumes by

(1.1.1) ωN :=
πN/2

Γ (N/2 + 1)
, σN−1 := NωN ,

where Γ is the Gamma-function, and the sharp Euclidean-Sobolev constant by

(1.1.2) Eucl(N, p) :=
1

N

(N(p− 1)

N − p

) p−1
p
( Γ(N + 1)

NωNΓ(N/p)Γ(N + 1−N/p)

) 1
N

.

For N > 2 and p = 2, the above reduces to

(1.1.3) Eucl(N, 2) =
( 4

N(N − 2)σ
2/N
N

) 1
2

.

We will sometimes need the following identity:

(1.1.4)

� π

0

sinN−1(t) dt =
σN
σN−1

, ∀N > 1.

1.1.2. Metric measure spaces. Throughout the exposition a metric measure space (abbreviated in
m.m.s.) will be a triple (X, d,m) where

(X, d) is a complete and separable metric space and m is a non-negative and non-zero Borel

measure on X, finite on bounded sets and such that suppm = X.

We will also use the notion of pointed metric measure space (abbreviated in p.m.m.s.), which is a quadruple
(X, d,m, x̄), where (X, d,m) is a metric measure space and x̄ ∈ X.

Two metric measure spaces (Xi, di,mi)i=1,2 are said to be isomorphic, X1 ' X2 in short, if there
exists an isometry ι : X1 → X2 such that ι∗m1 = m2.

We will denote by LIP(X), LIPloc(X), LIPb(X), LIPbs(X), LIPc(X), Cb(X) and Cbs(X), respectively the
spaces of Lipschitz functions, locally Lipschitz functions, bounded Lipschitz functions, Lipschitz functions
with bounded support, Lipschitz functions with compact support, bounded continuous functions and
bounded continuous functions with bounded support in (X, d). For an open set A ⊂ X we also denote
by LIPloc(A) and LIPc(A) the spaces of locally Lipschitz functions and Lipschitz functions with compact
support in A. Moreover for a function f ∈ LIPloc(A) we denote by lipf : A → [0,+∞) its local-Lipschitz
constant defined by

(1.1.5) lipf(x) := lim
y→x

|f(x)− f(y)|
d(x, y)

taken to be 0 if x is an isolated point.
Given a metric space (X, d) and B ⊂ X we will denote by diam(B) the quantity supx,y∈B d(x, y).

Moreover for a point p ∈ X we denote by BX
r (p) := {x ∈ X : d(x, p) < r} the ball of radius r > 0 centered

at p and by Br(p) its topological closure, which in case of a length space coincides with the closed ball
{x ∈ X : d(x, p) ≤ r}.

For a metric space (X, d) and a point p ∈ X we shall indicate by dp : X→ R+ the distance function
from the point p, defined by dp(x) := d(x, p) for every x ∈ X.

1For an integer N , ωN is the volume of the unit ball in RN and σN is the volume of the N -sphere SN .

3
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A subset S of a metric space (X, d) is said to be δ-dense in X if {x ∈ X : d(x, S) < δ} = X. A map
between two metric spaces f : (X, d1)→ (Y, d2) is said to be a δ-isometry if |d2(f(x), f(y))−d1(x, y)| < δ,
for every x, y ∈ S.

A m.m.s. (X, d,m) is said to be uniformly locally doubling, if for every R > 0, there exists a constant
C := C(R) so that

m(B2r(x)) ≤ Cm(Br(x)), ∀x ∈ X, r ∈ (0, R).

Whenever C(R) can be taken independent of R we say that (X, d,m) is doubling. For us a geodesic will
be always a constant length speed minimizing curve between its endpoints and defined on [0, 1], i.e. a
map γ : [0, 1]→ X so that d(γt, γs) = |t− s|d(γ0, γ1), for every t, s ∈ [0, 1]. Also, we denote by Geo(X) the
set of all goedesics (endowed with the sup-distance) and, for every t ∈ [0, 1], we call evaluation map the
assignment et : C([0, 1],X)→ X defined via et(γ) := γt.

For 1 ≤ p ≤ ∞ and a non-negative Borel measure µ on X we denote by Lp(µ) the space of (µ-
a.e. equivalence classes of) p-integrable functions. Moreover we denote by L0(µ) the space of (µ-a.e.
equivalence classes of) Borel functions.

We will denote by Mb(X),Mloc(X),P(X) respectively the spaces of finite Borel measures, boundedly-
finite Borel measures and (non-negative) probability measures.

If (X, d) is proper and given Ω ⊂ X an open set, we say that µ is a non-negative Radon measure on Ω
is µ is a non-negative Borel measure on Ω which is finite on relatively compact sets in Ω. A signed-Radon
measure on Ω will instead denote a set function µ : {Borel sets relatively compact in Ω} → R which
can be written as µ(B) = µ+(B) − µ−(B), for some non-negative Radon measures µ+, µ−. By Riesz
representation theorem we have that every linear functional T : LIPc(Ω) → R such that for any compact
set K ⊂ Ω there exists a constant CK such that

|T (ϕ)| ≤ CK sup |ϕ|, ∀ϕ ∈ Cc(Ω) with supp(ϕ) ⊂ K,

can be represented via integration against a (unique) signed Radon measure on Ω.
The following well-known result (see e.g. [127]) ensures that it is sufficient to check weak convergence

in duality with Cb(X) only against a countable family of functions.

Proposition 1.1.1. Let (X, d) be complete and separable. Then there exists a countable family D ⊂ Cb(X)
such that

µn
Cb(X)
⇀ µ ∈Mb(X) if and only

�
f dµn →

�
fdµ, ∀ f ∈ D.

Proposition 1.1.2. Let (X, d,m) be proper. Then there exists a countable family F ⊂ LIPc(X) such that
F is dense in Lp(µ) for every µ ∈Mb(X).

Proof. Fix x0 ∈ X. Recall that LIPbs(X) is dense in Lp(µ) for every µ ∈ Mb(X) and observe that

we can write LIPbs(X) = ∪n∈NAn, where An := {f ∈ LIP(X), supp(f) ⊂ Bn(x0)}. Moreover, since Bn(x0)

is compact and An ⊂ C(Bn(x0)), there exists a countable family Fn ⊂ An dense in An with respect to
the sup norm. In particular Fn is dense in An also we respect to the Lp(µ)-norm, for every µ ∈Mb(X).
Taking F := ∪nFn concludes the proof. �

1.2. Calculus on metric measure spaces

1.2.1. Sobolev spaces via Cheeger energy. The notion of Sobolev space on metric measure spaces
is by-now classical and goes back to the seminal works of Cheeger [71] and then Shanmugalingam [195],
in turn inspired by the notion of upper gradients introduced by Heinonen-Koskela [138, 139]. Here we
adopt the approach via Cheeger energy introduced in [19] and proved there to be equivalent to the ones
in [71, 195]. For an account on the rich theory of Sobolev spaces on metric measure spaces we refer to
[46,127,134,140].

The p-Cheeger energy Chp : Lp(m)→ [0,∞], p ∈ (1,∞), is defined as the convex and lower semicon-
tinuous functional

Chp(f) := inf
{

lim
n→∞

�
(lipfn)p dm : (fn) ⊂ Lp(m) ∩ LIP(X), lim

n
‖f − fn‖Lp(m) = 0

}
.

The p-Sobolev space is then defined as W 1,p(X) := {Chp <∞} and equipped with the norm ‖f‖pW 1,p(X) :=

‖f‖pLp(m) +Chp(f) which makes it a Banach space. Under the assumption that m is doubling, W 1,p(X) is

reflexive as proven in [13] and in particular the class LIPbs(X) is dense in W 1,p(X) (see also the more recent
[108]). Finally, exploiting the definition by relaxation given for the p-Cheeger energy, it is a standard fact
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(see [19]) that whenever f ∈ W 1,p(X), then there exists a minimal m-a.e. object |Df |p ∈ Lp(m) called
minimal p-weak upper gradient so that

Chp(f) :=

�
|Df |pp dm.

Remark 1.2.1. In general, the dependence on p of such object is hidden and not trivial (that is why we
introduced the p-subscript in the object |Df |p), see for example [101] (or also [19, Sec. 5]). Nevertheless
we will almost always omit this dependence both because we will mainly work with p = 2 and also since
we will consider metric measure spaces where this dependence is ruled out (see Theorem 1.2.3) below.

�

The following elementary calculus rules hold for the weak upper gradient:

• Locality: for every f, g ∈W 1,p(X) it holds that |Df | = |Dg|, m-a.e. in {f = g},
• Leibniz rule: for every f, g ∈ W 1,p(X) ∩ L∞(m), fg ∈ W 1,p(X) and |D(fg)| ≤ |Df |g + f |Dg|

m-a.e.,
• Chain rule: for every f ∈ W 1,p(X) and ϕ ∈ LIP(R) with ϕ(0) = 0, ϕ(f) ∈ W 1,2(X) and
|Df | = ϕ′(f)|Df | m-a.e..

We will sometimes need to consider the case when (X, d,m) is a weighted interval with a weight that
is bounded away from zero, i.e. (X, d,m) = ([a, b], deu, hL 1), a, b ∈ R with a < b where h ∈ L1([a, b])
and for every ε > 0 there exists cε > 0 so that h ≥ cε L 1-a.e. in [a + ε, b − ε]. In this case, we denote
by W 1,p([a, b], deu, hL 1) the p-Sobolev space over the weighted interval according to the metric definition
relying on the Cheeger energy, while we simply write W 1,p(a, b) for the classical definition via integration
by parts. It can be easily shown that (using e.g. [19, Remark 4.10])

(1.2.1) f ∈W 1,p([a, b], deu, hL
1) ⇐⇒ f ∈W 1,1

loc (a, b) with f, f ′ ∈ Lp(hL 1),

in which case |Df |p = |f ′|, L 1-a.e..
Another important quantity that will appear often is the first eigenvalue of the Laplacian, the so-called

spectral gap:

Definition 1.2.2 (Spectral gap). Let (X, d,m) be a metric measure space with finite measure. We define
the first non trivial 2-eigenvalue λ1,2(X) as the non-negative number given by

(1.2.2) λ1,2(X) := inf

{�
|Df |22 dm�
|f |2 dm

: f ∈ LIP(X) ∩ L2(m), f 6= 0,

�
f dm = 0

}
.

Clearly, in light of [19], in the above definition one can equivalently take the infimum among all
f ∈W 1,2(X). In the sequel will use this fact without further notice.

A metric measure space (X, d,m) is said to support a weak (q, p)-Poincaré inequality with q, p ∈ [1,∞)
if there exist constants C > 0 and λ ≥ 1 such that( 

Br(x)

∣∣f − fBr(x)

∣∣q dm

) 1
q

≤ Cr

( 
Bλr(x)

|Df |pp

) 1
p

, ∀f ∈W 1,p(X), x ∈ X, r > 0,

where fBr(x) :=
�
Br(x)

f dm. If we can take λ = 1 we say that (X, d,m) supports a strong local (q, p)-

Poincaré inequality.
A metric measure space which is both locally doubling and supports a weak (1, 2)-Poincaré inequality

is called PI-space . A remarkable property of PI spaces is that the notion of weak-upper gradient does
not depend on the exponent p, as follows from a deep result by Cheeger [71].

Theorem 1.2.3. Let (X, d,m) be a PI-space. Then for every f ∈ LIPbs(X) it holds that |Df |p = lipf
m-a.e..

A notion that will play a key role in the sequel is the following:

Definition 1.2.4 ([117]). We say that a metric measure space (X, d,m) is Infinitesimally Hilbertian if
the space W 1,2(X) is a Hilbert space.

This property reflects that the underlying geometry at small scales looks Riemannian and can equiv-
alently be characterized via the validity of the following parallelogram identity

(1.2.3) |D(f + g)|22 + |D(f − g)|22 = 2|Df |22 + |Dg|22 m-a.e., ∀ f, g ∈W 1,2(X).

This allows to give a notion of scalar product between gradients of Sobolev functions f, g ∈W 1,2(X):

(1.2.4) L1(m) 3 〈∇f,∇g〉 := lim
ε→0

|D(f + εg)|22 − |Df |22
ε

,
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where the limit exists and is bilinear on its entries, as it can be easily checked using (1.2.3). Notice that,
at this level of discussion, the symbol 〈∇f,∇g〉 is purely formal. Nevertheless, after the introduction of
the tangent module and the notion of gradient ∇f , this will be made rigorous.

1.2.2. Sobolev spaces via test plans. We briefly recall another definition Sobolev spaces via test plans
introduced in [20] which is equivalent to the definition via Cheeger energy presented above.

Definition 1.2.5 (Absolutely continuous curve). A curve γ ∈ C([0, 1],X) belongs to the space of absolutely

continuous curves AC([0, 1],X) if there exists f ∈ L1(0, 1) such that d(γt, γs) ≤
� t
s
f(r) dr, for every

0 ≤ s < t ≤ 1.

For an absolutely continuous curve γ, the limit |γ̇t| := limh→0 h
−1d(γt+h, γt) exists for a.e. t ∈ (0, 1)

and is called metric speed at time t. The length L(γ) of an absolutely continuous curve γ is defined by

L(γ) :=

� 1

0

|γ̇t|dt.

Definition 1.2.6 (Test plan). A Borel probability measure π on AC([0, 1],X) is said to be a test plan if

∃C > 0 : et∗π ≤ Cm, ∀t ∈ [0, 1],� � 1

0

|γ̇t|2 dtdπ < +∞.

Definition 1.2.7 (Sobolev class). The Sobolev class S2(X) is the space of all functions f ∈ L0(m) such
that there exists a non-negative G ∈ L2(m), called weak-upper gradient, for which

(1.2.5)

�
|f(γ1)− f(γ0)|dπ ≤

� � 1

0

|γ̇t|G(γt) dtdπ, ∀π test plan.

Thanks to the results in [19] it turns out that S2(X) ∩ L2(X) = W 1,2(X) (the space defined via
Cheeger-energy) and that the minimal 2-weak upper gradient, |Df |2, is an admissible G in (1.2.5) and
actually the minimal one in m-a.e. sense.

1.2.3. Local Sobolev spaces. Let (X, d,m) be a proper and infinitesimally Hilbertian m.m.s. and let
Ω be an open subset of X. We define

W 1,2
loc (Ω) := {u ∈ L2

loc(Ω) | uη ∈W 1,2(X), for every η ∈ LIPc(Ω)}.

For analogous notions of local Sobolev space and their properties see also ([24,117,128]). Since we will
often deal with the above space it is useful to recall the following alternative characterizations:

Proposition 1.2.8 (Characterization of W 1,2
loc (Ω)). Let Ω ⊂ X be open, then u ∈W 1,2

loc (Ω) if and only if
one of the following holds:

(i) for every B ⊂⊂ Ω Borel there exists ũ ∈W 1,2(X) such that u = ũ m-a.e. in Ω,
(ii) for every x ∈ Ω there exists a ball Br(x) ⊂ Ω and a function ũ ∈ W 1,2(X) such that u = ũ

m-a.e. in Ω.

Proof. Clearly u ∈ W 1,2
loc (Ω) implies (i). Conversely given η ∈ LIPc(Ω) we take B := supp(η) and

ũ ∈ W 1,2(X) satisfying ũ = u in B and conclude observing that uη = ũη ∈ W 1,2(X). Hence to conclude
it is sufficient to show that (ii) implies (i). We fix B ⊂⊂ Ω Borel. From (ii) and compactness there exists
balls (Bi)

m
i=1 and functions ui ∈W 1,2(X) such that 2Bi ⊂ Ω u = ui, m-a.e. in Bi and B ⊂ ∪iBi. Consider

then a partition of unity (ϕi)
n
i=1 of functions ϕ ∈ LIPc(2Bi) and such that

∑
i ϕ = 1 in ∪iBi. Then the

function ũ :=
∑
i ϕui ∈W 1,2(X) clearly satisfies ũ = u m-a.e. in B. �

For any u ∈W 1,2
loc (Ω) we define its gradient ∇u as the unique element of L0(TX)|Ω such that

∇u := ∇(ηu), m-a.e. in {η = 1}, ∀η ∈ LIPc(Ω),

which is well defined thanks to the locality property of the gradient. In particular |∇u| ∈ L2
loc(Ω). It is

straightforward to check that ∇u satisfies the expected locality property, Leibniz rule and chain rule. We
state explicitly a version for the the chain rule and Leibniz rule that we will need:

Proposition 1.2.9 (Local chain rule and Leibniz rule). Let u ∈W 1,2
loc (Ω), then

• for every f ∈ LIPloc(Ω) it holds that fu ∈W 1,2
loc (Ω) and ∇(fu) = ∇fu+ f∇u,
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• for every ϕ ∈ LIP(I), with I open interval, such that

(1.2.6) u(Ω′) ⊂⊂ I (up to a m-negligible set), for every Ω′ ⊂⊂ Ω,

it holds that ϕ(u) ∈W 1,2
loc (Ω) and ∇ϕ(u) = ϕ′(u)∇u.

Observe that, since∇u ∈ L0(TX)|Ω, it makes sense to compute the scalar product 〈∇u, v〉 ∈ L0(Ω,m),

for every v ∈ L0(TX)|Ω, moreover this this scalar product also satisfies |〈∇u, v〉| ≤ |∇u||v|, m-a.e. in Ω

(recall the discussion in Section 1.2.7).
We also define the spaces

W 1,2(Ω) := {f ∈W 1,2
loc (Ω) | f, |∇f | ∈ L2(Ω)},

W 1,2
0 (Ω) := LIPc(Ω)

W 1,2(X)
⊂W 1,2(X).

We conclude with the following technical lemma.

Lemma 1.2.10. Let u ∈W 1,2
loc (Ω) be non-negative and α ∈ (0, 1) be such that

χ{u>0}u
α−1|∇u| ∈ L2

loc(Ω).

Then uα ∈W 1,2
loc (Ω) and ∇u = α−1u1−α∇uα, m-a.e. in Ω.

Proof. For the first part it is enough to show that f := ηuα ∈W 1,2(X) for every η ∈ LIPc(Ω) with
|η| ≤ 1. Fix ε ∈ (0, 1) arbitrary and define fε = η(u + ε)α. Then from the non-negativity of u we have
fε ∈W 1,2(X) and recalling that |∇u| = 0 m-a.e. in {u = 0} we have

|∇fε| ≤ Lipη Cα(u+ 2) + αχu>0u
α−1|∇u|, m-a.e..

It follows that the family {fε}ε∈(0,1) is bounded in W 1,2(X). Moreover fε → f in L2, therefore from the

lower semicontinuity of the Cheeger energy it follows that f ∈W 1,2(X). For the second part we observe
that u∧ n = (uα ∧ nα)1/α m-a.e. in Ω and that (t∧ nα)1/α ∈ LIP(R). Therefore from the locality and the
chain rule for the gradient

∇u = α−1u1−α∇uα, m-a.e. in {u ≤ n}
and we conclude from the arbitrariness of n. �

1.2.4. Laplacian and divergence operators. In this section we assume (X, d,m) to be a proper and
infinitesimally Hilbertian m.m.s..

Definition 1.2.11 (Measure-valued Laplacian ([117])). Let Ω ⊂ X open. We say that u ∈ W 1,2
loc (Ω)

belongs to the domain of the (measure-valued) Laplacian D(∆,Ω) if there exists a (unique) signed Radon
measure ∆|Ωu in Ω such that

(1.2.7) −
�

Ω

〈∇f,∇u〉dm =

�
Ω

f d∆|Ωu,

for every f ∈ LIPc(Ω).

Recall Section 1.1.2 for the notion of signed Radon measure and note that it is not a measure on Ω,
but is defined only on relatively compact subsets. We mention also [67] for a discussion on the notion of
Radon measure related to this definition (see also [12]).

When no confusion can occur we will drop the subscript Ω and simply write ∆u. Moreover we will
write D(∆) in place of D(∆,X) and whenever ∆� m we will use the non bold notation ∆. Sometimes,
if ∆u � m and ∆u belongs to some function space V ⊂ L1

loc(Ω), we will write u ∈ DV (∆,Ω), e.g.
u ∈ DL2(∆,Ω) means that ∆u ∈ L2(Ω).

A function u ∈ D(∆,Ω) is said to be subharmonic if ∆u ≥ 0, superharmonic if ∆u ≤ 0 and harmonic
if ∆u = 0.

Finally it easily follows from the definition that the Laplacian operator is linear and satisfies the
following locality property:

if u, v ∈ D(∆,Ω) and u = v m-a.e. in U , with U open and relatively compact in Ω, then ∆u|U = ∆v|U .

The following existence and comparison result is proven in [117, Prop 4.13].

Proposition 1.2.12. Let u ∈W 1,2
loc (Ω) and suppose that there exists g ∈ L1

loc(Ω) such that

−
�

Ω

〈∇f,∇u〉dm ≥
�

Ω

gf dm, ∀f ∈ LIPc(Ω), with f ≥ 0,

Then u ∈ D(∆,Ω) and ∆u ≥ gm|Ω.
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Remark 1.2.13. Let u ∈ D(∆,Ω). Suppose that ∆u � m (resp. ∆u ≥ gm) with d∆u
dm ∈ L2

loc(Ω)

(resp. g ∈ L1
loc(Ω)). Then, recalling that in an infinitesimally Hilbertian m.m.s. Lipschitz functions

are dense in W 1,2(X) (see [19]), by a truncation and cut off argument it follows that (1.2.7) (resp.
−
�
〈∇f,∇u〉dm ≥

�
gfdm) holds also for every f ∈W 1,2(X) (resp. f ∈W 1,2(X)∩L∞(m), f ≥ 0 ) with

support compact in Ω. �

Heat flow. Since Ch2 is a convex and lower semicontinuous functional in L2(m) and its domain of finiteness
is dense in L2(m) we can define the heat flow ht as the gradient flow in L2(m) of Ch2. If additionally
the space is infinitesimally Hilbertian, the heat flow ht : L2(m) → L2(m), t ≥ 0 is linear, continuous,
self-adjoin and satisfies ht(f) ∈ D(∆)∩W 1,2(X). Moreover the curve (0,∞) 3 t 7→ htf ∈ L2(m) is locally
absolutely continuous for every f ∈ L2(m) and

d

dt
ht(f) = ∆ht(f) ∈ L2(m), for a.e. t > 0,

(see [118] for further details).

Divergence.

Definition 1.2.14 (Measure-valued divergence, [122]). Let v ∈ L0(TX)|Ω be such that |v| ∈ L2
loc(Ω), we

say that v ∈ D(div,Ω) if there exists a (unique) signed Radon measure div|Ω(v) in Ω such that

(1.2.8)

�
Ω

〈∇f, v〉dm = −
�

Ω

f d div|Ω(v),

for every f ∈ LIPc(Ω).

It is clear from the definition that given u ∈ W 1,2
loc (Ω), we have ∇f ∈ D(div,Ω) if and only if

u ∈ D(∆,Ω) and in this case div|Ω(∇u) = ∆|Ωu. As for the Laplacian, we will often write simply div(v)

instead of div|Ω(v) and whenever div(v) � m and div(v) belongs to some function space V ⊂ L1
loc(Ω),

we will write v ∈ DV (div,Ω).

Remark 1.2.15. Analogously to the measure valued Laplacian, we have that if div(v) ∈ L2
loc(Ω), then

(1.2.8) holds also for every f ∈W 1,2(X) with support compact in Ω. �

Calculus rules for Laplacian and divergence. We collect and prove here some calculus for the Laplacian
and divergence that will serve our purposes, that are mainly variants of the ones proved in [117].

Proposition 1.2.16 (Leibniz rule for ∆). Let u ∈ D(∆,Ω) and let g ∈ LIPloc(Ω)∩D(∆,Ω) be such that
∆g ∈ L2(Ω). Then ug ∈ D(∆,Ω) and

(1.2.9) ∆(ug) = g∆u+ u∆g + 2〈∇u,∇g〉m.

Proof. Let f ∈ LIPc(Ω). Then using the Leibniz rule for the gradient�
〈∇(ug),∇f〉dm =

�
〈∇u,∇(fg)〉dm +

�
〈∇g,∇(uf)〉dm− 2

�
f〈∇u,∇g〉dm.

Since fg ∈ LIPc(Ω) and fu ∈W 1,2(X) with support compact in Ω, we conclude from Remark 1.2.13. �

Proposition 1.2.17 (Leibniz rule for div). Let v ∈ D(div,Ω). Then

(1) if g ∈ LIPloc(Ω), then gv ∈ D(div,Ω) and

(1.2.10) div(gv) = 〈∇g, v〉m + gdiv(v).

(2) if g ∈W 1,2
loc (Ω) and div(v) ∈ L2

loc(Ω), then gv ∈ D(div,Ω) and (1.2.10) holds.

Proof. Let f ∈ LIPc(Ω). Using the Leibniz rule for the gradient we get

−
�
〈∇f, gv〉dm = −

�
〈∇(fg), v〉dm +

�
f〈∇g, v〉dm.

The conclusion follows in the first case observing that fg ∈ LIPc(Ω) and in the second case observing that
fg ∈W 1,2(X) with compact support in Ω and recalling Remark 1.2.15. �

Proposition 1.2.18 (Chain rule for ∆). Let u ∈ D(∆,Ω) and let ϕ ∈ C2(I), where I is an open interval
such that (1.2.6) holds. Then

(1) if u ∈ LIPloc(Ω) then ϕ(u) ∈ D(∆,Ω) and

(1.2.11) ∆|Ω(ϕ(u)) = ϕ′(u)∆|Ωu+ ϕ′′(u)|∇u|2m|Ω.
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(2) if ∆u ≥ gm|Ω for some g ∈ L1
loc(Ω) then ϕ(u) ∈ D(∆,Ω) and

(1.2.12) ∆|Ω(ϕ(u)) ≥
(
ϕ′(u)g + ϕ′′(u)|∇u|2

)
m|Ω.

Proof. Let f ∈ LIPc(Ω), then from the chain rule and Leibniz rule for the gradient

−
�
〈∇(ϕ(u)),∇f〉dm = −

�
〈∇(ϕ′(u)f),∇u〉dm +

�
f〈∇ϕ′(u),∇u〉dm.

In the first case we conclude from the fact that ϕ′(u)f ∈ Lipc(Ω). In the second case we assume also
f ≥ 0 and observe that ϕ′(u)f ∈ W 1,2(X) ∩ L∞(m) is nonnegative with compact support in Ω, hence
from Remark 1.2.13 it follows that

−
�
〈∇(ϕ(u)),∇f〉dm ≥

�
ϕ′(u)f gm +

�
fϕ′′(u)|∇u|2dm.

The conclusion follows applying Proposition 1.2.12. �

1.2.5. Capacity and quasi continuous functions. For a detailed treatment of the capacity in metric
measure spaces we refer to [99] (see also [46]). The capacity of a set E ⊂ X is defined as

(1.2.13) Cap(E) := inf{‖f‖2W 1,2(X) : f ∈W 1,2(X), f ≥ 1m-a.e. in a nieghborhood of E}.

It turns out that Cap is a submodular outer measure on X and satisfies m(E) ≤ Cap(E) for every Borel
set E ⊂ X. For a function f : X→ [0,∞] the integral of f against Cap is defined as�

f dCap :=

� ∞
0

Cap({f > t}) dt.

Moreover we set
�
E
f dCap :=

�
χEf dCap.

Definition 1.2.19 (Quasi-continuous functions). A function f : X→ R is said to be quasi-continuous if
for every ε > 0 there exists a set E ⊂ X such that Cap(E) < ε and f |X\E is continuous.

Remark 1.2.20. From the very definition of capacity we see that in the above definition it is equivalent
to consider only open sets E. In particular for every quasi-continuous function f there exists a sequence
of increasing closed sets Cn such that Cap(X \

⋃
n Cn) = 0 and f is continuous on Cn. This also shows

that any quasi-continuous function is m-measurable and Cap-a.e. equivalent to a Borel function (see also
the discussion in [99]). �

Following [99] we denote by QC(X) the set of all equivalence classes-up to Cap-a.e. equality-of quasi-
continuous functions. Always in [99] it is proven that Sobolev functions are quasi-continuous in the sense
that they admit a quasi-continuous representative. More precisely under the assumption that continuous
functions are dense in W 1,2(X), there exists a unique map

QCR : W 1,2(X)→ QC(X)

that is linear and such that QCR(f) is (the Cap-a.e. equivalence class of) a function which is quasi
continuous and coincides m-a.e. with f . Moreover QCR satisfies QCR(|f |) = |QCR(f)|. Recall that if X
is infinitesimally Hilbertian, then Lipschitz functions are dense in W 1,2(X) ([19]), hence the map QCR
is available. It is proved in [99] that the quasi continuous representative is unique in the sense given by
the following proposition. The proof in [99] is actually given for U = X, but the same proof works for
arbitrary U open.

Proposition 1.2.21. Let f, g : X→ R be quasi-continuous functions and let U ⊂ X be open. Then f = g
m-a.e. in U implies that f = g Cap-a.e. in U.

The above result (or alternatively the uniqueness of the map QCR) implies immediately that:

(1.2.14) f, g ∈W 1,2 ∩ L∞(X) =⇒ QCR(fg) = QCR(f)QCR(g),

indeed, since QC(X) is an algebra, QCR(f)QCR(g) ∈ QC(X) and coincides m-a.e. with fg ∈W 1,2(X).
We will also need a convergence result obtained in [99]:

(1.2.15) if fn → f in W 1,2(X), up to passing to a subsequence, QCR(fn)→ QCR(f) Cap-a.e..

Finally we define also the relative variational capacity as follows:

Definition 1.2.22 (Variational 2-Capacity). Let Ω ⊂ X be open and E ⊂⊂ Ω. We define

Cap(E,Ω) = inf

{�
Ω

|∇u|2 dm : u ∈ LIPc(Ω) and u ≥ 1 in a neighbourhood of E

}
When Ω = X we will simply write Cap(E) in place of Cap(E,X). Observe also that the natural

setting for the definition of Cap is the one of proper metric measure spaces.
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1.2.6. Functions of bounded variation and sets of finite perimeter. We recall the definition of
function of bounded variation on a metric measure space. For a detailed treatment of this topic see for
example [179] and [14].

Definition 1.2.23 (Functions of bounded variation). We say that function f ∈ L1
loc(m) belongs to the

space BV(X) of functions of bounded variation if there exists a sequence fn ∈ Liploc(X) with fn → f in
L1
loc(m) such that

lim
n→+∞

�
lipfn dm < +∞,

(where lipfn was defined in (1.1.5)). By localizing this construction we also define

‖Df‖(A) := inf

{
lim
n

�
A

lipfn dm : fn ∈ Liploc(A), fn → f in L1(A)

}
,

for any A ⊂ X open.

It is proven in [179] that this set function is the restriction to open sets of a finite and positive Borel
measure on X that we call total variation of f and still denoted by ‖Df‖. Whenever ‖Df‖ � m, for
example when f is also Lipschitz, we denote by |Du|1 the unique function such that

(1.2.16) ‖Du‖ = |Du|1m.

Remark 1.2.24. Note that, following the presentation in [179], we are not requiring a function in BV(X)
to be also in L1(m). This will be more convenient four our applications and will be possible since we
will use functions of bounded variation only to apply the coarea formula, for which integrability is not
required. �

Definition 1.2.25 (Sets of finite perimeter). A Borel set E ⊂ X is said to be of finite perimeter if
χE ∈ BV(X), in which case we denote its total variation ‖DχE‖(.) by Per(E, .)

For simplicity and when no confusion can occur, we will often write Per(E) both for Per(E,X) and
for the perimeter measure Per(E, .).

It has been proven by Ambrosio [9] that on PI-spaces the perimeter measure is absolutely continuous
with respect to the codimension-1 Hausdorff measure (which we do not define here). Moreover it can be
proved (see e.g. [56]) that, again on PI-spaces, the codimension-1 Hausdorff measure is in turn absolutely
continuous with respect to the Capacity outer measure. Combining these two results we have:

Proposition 1.2.26. Let (X, d,m) be a PI-space and E ⊂ X be of finite perimeter. Then Per(E)� Cap.

For a Borel set E ⊂ X of finite measure we also define its Minkowski content as:

m+(E) = lim
δ→0+

m(Eδ)−m(E)

δ
,

where Eδ := {x ∈ X : d(x,E) < δ}. In general it only holds that Per(E) ≤ m+(E), however in [15] it is
shown that the relaxation of the Minkowski content gives back the perimeter. We state here a version of
this result adapted to our purposes.

Proposition 1.2.27. Let (X, d,m) be a metric measure space and let E ⊂ Br(x) be Borel with finite
perimeter. Then for every r′ > r there exists a sequence En ⊂ Br′(x) of closed sets such that χEn → χE
in L1(m) and

Per(E) = lim
n

m+(En).

A very general version of the coarea formula has been proved in [179]:

Theorem 1.2.28. Let (X, d,m) be a metric measure space and let u ∈ BV(X). Then {u < t} is of finite
perimeter for a.e. t ∈ R and for every Borel function f : X→ [−∞,∞] such that f ∈ L1(‖Du‖) it holds

(1.2.17)

�
{s<u<t}

f d‖Du‖ =

� t

s

�
fdPer({u < t}), ∀s, t ∈ R, s < t.

1.2.7. Tangent and cotangent module.
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Theory of normed modules. We start recalling some notions of the theory of normed modules on a m.m.s.
(X, d,m), developed in [118] and partly inspired by [210]. We refer to [118,127] for a detailed account
on this theory.

Definition 1.2.29 (L2-normed L∞-module). An L2(m)-normed L∞(m)-module is a triple (M , |.|, ‖‖M ),
where M is a module over the commutative ring L∞(m), (M , ‖‖M ) is Banach space, |.| : M → L∞(m)
is a map satisfying (in the m-a.e. sense)

|v| ≥ 0 for every v ∈M , with equality if and only if v = 0,

|v + w| ≤ |v|+ |w| for every v, w ∈M ,

|fv| = |f ||v| for every f ∈ L∞(m) and v ∈M

and such that ‖|v|‖L2(m) = ‖v‖M .

Definition 1.2.30 (Dual of an L2-normed L∞-module). Given a an L2(m)-normed L∞(m)-module M ,
we define its dual module M ∗ as the space

M ∗ := {L : M → L1(m) : L is continuous and L∞-linear},
endowed with the following operations and norms:

(L′ + L)(v) := L′(v) + L(v),

(f · L)(v) := fL(v),

|L| := ess sup {L(v) : v ∈M , |v| ≤ 1m-a.e.},
‖L‖M∗ := ‖|L|‖L2(m),

which make (M ∗, |.|, ‖‖M∗) an L2(m)-normed L∞(m)-module.

An L2(m)-normed L∞(m)-module M is a Hilbert module if (M , ‖.‖M ) is a Hilbert space or equiva-
lently if for every v, w ∈M it holds

|v + w|2 + |v − w|2 = 2|v|2 + 2|w|2, m-a.e..

If this is the case, by polarization we can define a scalar product 〈, 〉 : M ×M → L1(m) that is symmetric,
L∞(m)-bilinear and satisfies 〈v, v〉 = |v|2, |〈v, w〉| ≤ |v||w|, m-a.e. for every v, w ∈ M . In particular it
holds that

(1.2.18) 〈v, w〉M =

�
〈v, w〉dm, ∀v, w ∈M ,

where 〈., .〉M is the usual scalar product on M .

Theorem 1.2.31 (Riesz, [118]). Let M be an Hilbert L2(m)-normed L∞(m)-module. Then the map
L : M →M ∗ sending v to the element Lv defined by

Lv(w) := 〈v, w〉 ∈ L1(m), ∀w ∈M ,

is an isomorphism of modules.

Definition 1.2.32 (L0-normed L0-module). An L0(m)-normed L0(m)-module is a triple (M , |.|, τ), where
M is a module over the commutative ring L0(m), (M , τ) is a topological vector space, |.| : M → L0(m)
is a map satisfying (in the m-a.e. sense)

|v| ≥ 0 for every v ∈M , with equality if and only if v = 0,

|v + w| ≤ |v|+ |w| for every v, w ∈M ,

|fv| = |f ||v| for every f ∈ L0(m) and v ∈M ,

and such that τ is induced by the distance d0(v, w) :=
�
|v−w|∧1 dm′ (where m′ is a probability measure

on X such that m� m′ � m), which is also assumed to be complete.

An L0-normed module M is a Hilbert module if for every v, w ∈M it holds

|v + w|2 + |v − w|2 = 2|v|2 + 2|w|2, m-a.e..

As above, by polarization we can define a scalar product 〈, 〉 : M ×M → L0(m) that is symmetric,
L0(m)-bilinear and satisfies 〈v, v〉 = |v|2, |〈v, w〉| ≤ |v||w|, m-a.e. for every v, w ∈M 0.

The dual of an L0(m)-normed module M 0 is defined exactly as in Definition 1.2.30 except that we
replace both L1(m) and L∞(m) with L0(m) and skip the definition of ‖‖M∗ . The resulting space (M 0)∗

has a structure of L0(m)-normed L0(m)-module, when endowed with the distance d0 as in Definition
1.2.32.
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Given an L0-normed module M and E a Borel subset of X we define the localized module

M |E := {χEv : v ∈M }.

M |E inherits naturally a structure of L0-normed module and if M is a Hilbert module then M |E is

Hilbert as well with 〈., .〉M |E = χE〈., .〉M . M |E can also be seen as the quotient of M by the equivalence

relation ‘v ∼ w if and only if |v − w| = 0 m-a.e. in E’. This identification will be used in the rest of the
work without further notice.

Finally given an L0(m)-normed module M we have that

M 2 := {v ∈M : |v| ∈ L2(m)}

inherits naturally a structure of L2-normed L∞ module and if M is a Hilbert module then M 2 is Hilbert
as well.

Proposition 1.2.33 (L0-completion). Given an L2(m)-normed L∞(m)-module M , there exists a unique
couple (M 0, ι) where M 0 is an L0(m)-normed module and ι : M →M 0 is linear, with dense image and
preserves the pointwise norm. Moreover

• (M 0)∗ coincides with L0-completion of M ∗,
• ι(M ) = {v ∈M 0 : |v| ∈ L2(m)}, or in other words M can be identified as the set of elements

in M 0 with pointwise norm in L2(m),
• M is a Hilbert module if and only if M 0 is a Hilbert module and

〈v, w〉 = 〈ι(v), ι(w)〉, m-a.e..

We now recall the notion of local dimension and local basis for an L0-module.

Definition 1.2.34 (Local basis). Given an L0(m)-module M , a Borel set E ⊂ X with m(E) > 0 and
{vi}ni=1 ⊂M

• we say that {vi}ni=1 generate M on E if the set of sums of the form
∑n
i=1 viχEi with {Ei}ni=1 a

Borel partition of E is dense in M |E or equivalently if for every v ∈M there exists {fi}ni=1 ⊂
L0(m) such that χEv =

∑n
i=1 fivi,

• {vi}ni=1 are said to be independent on E if for every {fi}ni=1 ⊂ L0(m) such that
∑n
i=1 fivi = 0

m-a.e. in E, we have that fi = 0 m-a.e. in E for every i = 1, ..., n,
• {vi}ni=1 are called a local basis for M in E if they are both independent on E and generate M .

Definition 1.2.35 (Local dimension). Given an L0(m)-module M and a Borel set E ⊂ X with m(E) > 0
we say that M has local dimension in E equal to n ∈ N if there exists a local basis in E of cardinality n.
If instead M has no local dimension on E we say that it has infinite dimension on E.

It can be checked that the local dimension is well defined, since two local bases must have the same
cardinality.

Remark 1.2.36. If M has local dimension in E and is also an Hilbert module a standard Gram-Schmidt
procedure shows the existence of an orthonormal basis e1, ..., en ∈M which satisfies 〈ei, ej〉 = δi,j m-a.e.
in E. In particular for every v ∈M it holds that χEv =

∑n
i=1

χE〈v, ei〉ei. �

The following result can be found in [118]

Theorem 1.2.37 (Existence of the dimensional decomposition). Let M be an L0(m) normed module.
Then there exists a unique (up to m-a.e. sets) Borel partition {E}i∈N∪{∞} such that: for every Ei with
i ∈ N and m(Ei) > 0 M has dimension i on Ei; M has infinite dimension on every E ⊂ E∞ with
m(E) > 0.

Tangent and cotangent module. We are ready to give the notion of cotangent module.

Theorem 1.2.38 (Cotangent module, [118]). Suppose that (X, d,m) metric measure space. Then there ex-
ists a (unique) couple (L2(T ∗X),d), where L2(T ∗X) is an L2(m)-normed L∞(m)-module and d : W 1,2(X)→
L2(T ∗X), called differential operator, is a linear and continuous map such that

|df | coincides with the minimal weak upper gradient of f ,{
n∑
i=1

χEidfi : {Ei}ni=1 Borel partition of X, {fi}ni=1 ⊂W 1,2(X)

}
is dense in L2(T ∗X).
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The differential operator has the following calculus rules, which are parallel to the ones of the weak
upper gradient:

Locality: df = dg, m-a.e. in {f = g},
Leibniz rule: d(fg) = gdf + fdg, for every f, g ∈W 1,2(X) ∩ L∞(m),

Chain rule: d(ϕ(f)) = ϕ′(f)df , for every f ∈W 1,2(X), ϕ ∈ LIP(R) with ϕ(0) = 0.

The tangent module is then defined as follows.

Definition 1.2.39 (Tangent module). The tangent module L2(TX) is defined as the dual module of
L2(T ∗X) and its element are called vector fields.

The following result states that when W 1,2(X) is a Hilbert space, we can essentially identify the
tangent and cotangent modules.

Theorem 1.2.40 ([118]). A metric measure space (X, d,m) is infinitesimally Hilbertian if and only if
L2(T ∗X) (and thus also L2(TX)) is a Hilbert module. Moreover in this case for every f ∈ W 1,2(X) we
define its gradient ∇f ∈ L2(TX) as the one corresponding to df via the Riesz isomorphism.

Remark 1.2.41. Note that as a consequence of the definitions and constructions, the gradient operator
∇ : W 1,2(X)→ L2(TX) is linear, its image generates L2(TX) as a module and

|∇f | = |Df |, m-a.e..

For this reason whenever (X, d,m) is infinitesimally Hilbertian we will freely interchange |∇f | and |Df |
without further notice. �

The gradient operator also satisfies the expected calculus rules:

Locality: ∇f = ∇g, m-a.e. in {f = g},
Leibniz rule: ∇(fg) = g∇f + f∇g, for every f, g ∈W 1,2(X) ∩ L∞(m),

Chain rule: ∇(ϕ(f)) = ϕ′(f)∇f , for every f ∈W 1,2(X), ϕ ∈ LIP(R) with ϕ(0) = 0.

Remark 1.2.42. Observe also that the two objects 〈∇f,∇g〉L2(TX) and 〈∇f,∇g〉, for f, g ∈ W 1,2(X),
where the latter is defined as in (1.2.4), coincide. �

Definition 1.2.43 (Measurable tangent bundle). For an infinitesimally Hilbertian metric measure X
we define L0(TX) as the L0-completion of L2(TX). In particular L0(TX) is an Hilbert L0(m)-normed
L0(m)-module and we can identify L2(TX) as the set {v ∈ L0(TX) : |v| ∈ L2(m)}.

Finally for convenience of notation we set

L∞(TX) := {v ∈ L0(TX) : |v| ∈ L∞(m)}.

1.3. CD and RCD spaces

1.3.1. CD(K,N) spaces. To give a precise definition of the CD(K,N) condition we need first to in-
troduce some basic notions and definitions of optimal transport, we refer to [16, 207] for a detailed
introduction to this topic.

Optimal transport tools. On a complete and separable metric space (X, d) we denote by P2(X) the space
of probability measures with finite second moment, that is the set of all measures µ ∈ P(X) such that
for some (and thus all) x ∈ X it holds

�
X
d(x, y)2 dµ(y) < +∞. For any couple µ0, µ1 ∈P2(X) we define

their 2-Kantorovich-Wasserstein distance as

(1.3.1) W2(µ0, µ1)2 := inf
π∈Adm(µ0,µ1)

�
d(x, y)2 dπ,

where Adm(µ0, µ1) ⊂P(X×X) is the set of admissible transport plans between µ0 and µ1, i.e. the set of
all probability measures π such that (P1)∗π = µ1 and (P2)∗π = µ1. Here Pi : X×X→ X, i = 1, 2, denotes
the projection respectively onto the first and second coordinate. It turns out that (1.3.1) is actually a
minimum and we denote by Opt(µ0, µ1) the set of all π realizing it. It can be checked that W2 is indeed
a distance on P2(X) that is complete if (X, d) is complete. Moreover the metric space (P2(X),W2) is
geodesic if and only if (X, d) is also geodesic. A key fact is that any W2-geodesic µt between µ0 and µ1

can be lifted to probability measure ν ∈ P(Geo(X)) that satisfies (et)∗ν = µt for every t ∈ [0, 1] and
(e0, e1)∗ν ∈ Opt(µ0, µ1). We define the set of optimal geodesic plans OptGeo(µ0, µ1) as the set of all
ν ∈P(Geo(X)) such that (e0, e1)∗ν ∈ Opt(µ0, µ1), which in particular is non-empty if (X, d) is geodesic.
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Curvature Dimension condition. The CD(K,N)-Curvature-Dimension condition for metric measure spaces
has been introduced in the two independent seminal works [173] and [200,201].

Following the presentation in [201], we give the definition of distortion coefficients: for every K ∈
R, N ∈ (0,∞), t ∈ [0, 1] set

σ
(t)
K,N (θ) :=



+∞, if Kθ2 ≥ Nπ2,
sin(tθ

√
K/N)

sin(θ
√
K/N)

, if 0 < Kθ2 < Nπ2,

t, if Kθ2 < 0 and N = 0 or if Kθ2 = 0,
sinh(tθ

√
−K/N)

sinh(θ
√
−K/N)

, if Kθ2 ≤ 0 and N > 0.

Set also, for N > 1, τ
(t)
K,N (θ) := t

1
N σ

(t)
K,N−1(θ)1− 1

N while τ
(t)
K,1(θ) = t if K ≤ 0 and τ

(t)
K,1(θ) =∞ if K > 0.

The last ingredient that we need is the Rènyi-entropy functional EN : P2(X)→ [−∞, 0], given by

EN (µ) := −
�
ρ1−1/N dm,

where µ = ρm + µ⊥ with µ⊥ singular with respect to m.

Definition 1.3.1 (CD(K,N)-spaces). Let K ∈ R and N ∈ [1,∞). A metric measure space (X, d,m)
satisfies the curvature dimension condition CD(K,N) if, for every couple of probability measures µ0 =
ρom, µ1 = ρ1m ∈P2(X) absolutely continuous with respect to m and with bounded supports, there exists
an optimal geodesic plan π ∈ OptGeo(X)) between µ0, µ1 such that µt := (et)∗ν � m and for every
N ′ ≥ N we have

(1.3.2) EN ′(µt) ≤ −
� (

τ
(1−t)
K,N ′ (d(γ1, γ0))ρ0(γ0)−

1
N + τ

(t)
K,N ′(d(γ1, γ0))ρ1(γ1))−

1
N

)
dπ(γ).

Since in the smooth case the curvature is a local object one would would like the CD(K,N) condition
to be local as well. However it turns out that in general this is not true as shown by a counterexample by
Rajala ([189]). To deal with the local-to-global problem Bacher and Sturm [35] introduced the so called
reduced curvature dimension condition CD∗(K,N).

Definition 1.3.2 (CD∗(K,N)-spaces). Let K ∈ R and N ∈ [1,∞). A metric measure space (X, d,m)
satisfies the curvature dimension condition CD(K,N)∗ if, for every couple of probability measures µ0 =
ρom, µ1 = ρ1m ∈P2(X) absolutely continuous with respect to m and with bounded supports, there exists
a dynamical optimal plan π ∈ OptGeo(X)) between µ0, µ1 such that µt := (et)∗ν � m and for every
N ′ ≥ N we have

(1.3.3) EN ′(µt) ≤ −
� (

σ
(1−t)
K,N ′ (d(γ1, γ0))ρ0(γ0)−

1
N + σ

(t)
K,N ′(d(γ1, γ0))ρ1(γ1))−

1
N

)
dπ(γ).

The key fact about this definition is that the CD∗(K,N) condition do enjoy the local-to-global

property as shown again by Bacher and Sturm [35]. It can be verified that it always hold that τ
(t)
K,N (θ) ≥

σ
(t)
K,N (θ) and in particular the CD∗(K,N) condition is weaker than the CD(K,N) condition. However

in the work of Cavalletti and Milmann [63] they are able to show that the CD(K,N) and CD∗(K,N)
conditions agree on essentially non-branching metric measures spaces with finite measure and in particular
proving that the CD(K,N) condition satisfies the local-to-global property on such spaces.

To conclude this part we recall the notion of one-dimensional model space for the CD(N − 1, N)
condition.

Definition 1.3.3 (One dimensional model space). For every N > 1 we define IN := ([0, π], |.|,mN ), where
|.| is the Euclidean distance restricted on [0, π] and

mN := 1
cN

sin(t)N−1L 1
|[0,π]

,

with cN :=
�

[0,π]
sin(t)N−1 dt.

1.3.2. Geometric and functional inequalities on CD(K,N) spaces. Already from its introduction
the CD(K,N) condition turned out to be sufficient to prove geometric and functional inequalities. We
start recalling the Brunn-Minkowski inequality.

Theorem 1.3.4 ([201]). Let (X, d,m) be a CD(K,N) space with N ∈ [1,∞), K ∈ R. For any couple of
Borel sets A0, A1 ⊂ X it holds that

(1.3.4) m(At)
1
N ≥ σ(1−t)

K,N (θ)m(A0)
1
N + σ

(t)
K,N (θ)m(A1)

1
N , ∀t ∈ [0, 1],
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where

At := {γt : γ geodesic such that γ0 ∈ A0, γ1 ∈ A1}
and

θ :=

{
inf(x0,x1)∈A0×A1

d(x0, x1), if K ≥ 0,

sup(x0,x1)∈A0×A1
d(x0, x1), if K < 0.

We remark that (1.3.4) is actually weaker than the statement appearing in [201] and it holds for the
(a priori) larger class of CD∗(K,N) spaces (see [35]). A consequence of the Brunn-Minkowski inequality
is the famous Bishop-Gromov inequality (see [201]):

(1.3.5)
m(BR(x))

vK,N (R)
≤ m(Br(x))

vK,N (r)
, for any 0 < r < R ≤ π

√
N − 1

K+
and any x ∈ X,

where the quantities vK,N (r), N ∈ [1,∞) K ∈ R are defined as

vK,N (r) := σN−1

� r

0

|sK,N (t)|N−1 dt,

where sK,N (t) denotes respectively the function sin
(
t
√

K
N−1

)
, if K > 0, sinh

(
t
√
|K|
N−1

)
, if K < 0 and t

if K = 0. In particular CD(K,N) spaces are uniformly locally doubling and thus proper. We also note
that in the case K = 0 the Bishop-Gromov inequality implies that the limit

AVR(X) := lim
r→+∞

m(Br(x))

ωNrN

exists finite and does not depend on the point x ∈ X. We call the quantity AVR(X) asymptotic volume ratio
of X and if AVR(X) > 0 we say that X has Euclidean-volume growth. We also define the Bishop-Gromov
ratios and density as follows:

θN,r(x) :=
m(Br(x))

ωNrN
, θN (x) := lim

r→0+
θN,r(x), ∀ r > 0, x ∈ X.

Observe that the above limit exists thanks to the Bishop-Gromov inequality and the fact that

lim
r→0+

ωNr
N

vK,N (r)
= 1

for every K ∈ R, N ∈ [1,∞). This in particular grants that

(1.3.6) θN (x) = lim
r→0

m(Br(x))

vK,N (r)
= sup

r>0

m(Br(x))

vK,N (r)
.

This and the fact that m(∂Br(x)) = 0 for every r > 0 and x ∈ X (which follows from the Bishop-Gromov
inequality), implies that θN (x) is a lower-semicontinuous function of x.

It has been proven in [190] that essentially non-branching CD(K,N) spaces satisfy a weak local
(1, 1)-Poincaré inequality. Thanks to Theorem 1.2.3 this also shows that there is no dependence on p on
the weak upper gradient.

Moreover, it goes back to the seminal work [134] that on a doubling metric measure space a (1, p)-
Poincaré inequality improves to a (q, p)-Poincaré inequality with q > 1 depending on the doubling constant.
In the case of CD(K,N) spaces, from the Bishop-Gromov inequality we can obtain the following Sobolev-
Poincaré inequality.

Theorem 1.3.5 ((p∗, p)-Poincaré inequality). Let (X, d,m) be an essentially non-branching CD(K,N)
space for some N ∈ (1,∞), K ∈ R. Fix also p ∈ (1, N) and R > 0. Then, for every Br(x) ⊂ X with
r ≤ R it holds

(1.3.7)
( 

Br(x)

|u− uBr(x)|p
∗

dm
) 1
p∗ ≤ C(K,N, p,R)r

(  
B2r(x)

|Du|p dm
) 1
p

, ∀u ∈W 1,p(X),

where p∗ := pN/(N − p) and uBr(x) :=
�
Br(x)

udm.

We end this part recalling the sharp Sobolev-inequality on theN model space IN = ([0, π], |.|, cN sinN−1 dt),
for N ∈ (2,∞) (see Def. 1.3.3):

(1.3.8) ‖u‖2Lq(mN ) ≤
q − 2

N
‖|Du|‖2L2(mN ) + ‖u‖2L2(mN ), ∀u ∈W 1,2([0, π], deu,mN )),

for every q ∈ (2, 2∗], with 2∗ := 2N/(N − 2), (see e.g. [163] and also [65]).
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1.3.3. RCD(K,N) spaces. To exclude Finsler geometry, which is included in the CD class, it was
introduced in [21] the Riemannian curvature dimension condition (see also [17] for the case of σ-finite
reference measure). This was then extended to the finite dimensional case in [117]:

Definition 1.3.6. A metric measure space (X, d,m) satisfies the RCD(K,N) (resp. RCD∗(K,N)) con-
dition for K ∈ R and N ∈ [1,∞) if it satisfies the CD(K,N) (resp. CD∗(K,N)) condition and it is
infinitesimally Hilbertian.

Recall from Section 1.2.1 that a space is said to be infinitesimally Hilbertian if the Sobolev space
W 1,2(X) is Hilbert, condition which is equivalent to the linearity of the heat flow.

Since RCD(K,N) spaces are essentially non-branching (see [190]) we can apply the result in [63] to
deduce that the RCD(K,N) and RCD∗(K,N) conditions are equivalent at least in the case of a finite
reference measure. For further references and details on the theory of CD and RCD spaces we refer to
the survey [11].

The RCD(K,N) condition can be characterized by the validity of the weak version of the Bochner
inequality (see also the previous [21,22] for the analogue in the infinite dimensional case).

Theorem 1.3.7 ([22,26,107]). A metric measure space (X, d,m) satisfies that RCD(K,N)∗ condition if
and only if the following hold:

• (X, d,m) is infinitesimally Hilbertian,

• there exists a, b > 0 such that m(Br(x)) ≤ aebr2

, for every r > 0 and x ∈ X,
• the Sobolev-to-Lipschitz property holds: every f ∈ W 1,2(X) with |Df | ≤ 1 has a 1-Lipschitz

representative,
• for every f ∈ W 1,2(X) ∩ DL2(∆) with ∆f ∈ W 1,2(X) and every g ∈ W 1,2(X) ∩ D(∆) with

∆g ∈ L∞(X)

(1.3.9)
1

2

�
∆g|∇f |2 dm ≥

�
(∆f)2

N
g + 〈∇f,∇∆f〉g +K|∇f |2gdm.

The formulation via the Bochner inequality can be seen as a sort of Lagrangian formulation of the
Ricci curvature bound, as opposed to the Eulerian characterization given by optimal transport and the
convexity properties of the entropy.

We will also need the following local variant of the Sobolev-to-Lipschitz property.

Proposition 1.3.8 (Local Sobolev-to-Lipschitz property). Let X be an RCD(K,N) space, K ∈ R and

N ∈ [1,+∞) and let Ω ⊂ X be open. Suppose f ∈ W 1,2
loc (Ω) is such that ‖|∇f |‖L∞(Ω) < +∞, then f has

a locally-Lipschitz representative. Moreover for such representative it holds

(1.3.10) |f(x)− f(y)| ≤ ‖|∇f |‖L∞(Ω) d(x, y),

for every x, y ∈ Ω such that d(x, y) ≤ d(x, ∂Ω).

Proof. The fact that f has a locally-Lipschitz representative it follows from the Sobolev-to-Lipschitz
property and a cut-off argument.

For the second part we observe that it is sufficient to consider the case d(x, y) < d(x, ∂Ω), since
the equality case follows by continuity. Hence for some r > 0 we have d(x, y) < r < d(x, ∂Ω) and we

can consider f̃ ∈ W 1,2(X) such that f̃ = f m-a.e. in Br(x). Then for ε < (r − d(x, y))/4 we define
µ0
ε := m|Bε(x)

m(Bε(x))−1, µ1
ε := m|Bε(y)

m(Bε(y))−1. thanks to the results in [188] and [191] there exists

a unique πε ∈ OptGeo(µ0
ε, µ

1
ε) such that et∗π

ε ≤ Cm, ∀t ∈ [0, 1], for some constant C depending on ε. In
particular πε is a test plan. Moreover from the triangle inequality it follows that πε is concentrated on
curves γ with support contained in Br(x). Therefore from (1.2.5)∣∣∣∣� f dµ1

ε −
�
f dµ0

ε

∣∣∣∣ ≤ �
|f̃(γ1)− f̃(γ0)|dπε ≤ ‖|∇f̃ |‖L∞(Br(x))

� � 1

0

|γ̇t|dtdπε ≤ ‖|∇f |‖L∞W2(µ0
ε, µ

1
ε).

Letting r → 0+ from the continuity of f we obtain (1.3.10). �

From Proposition 1.3.8 it also follows that

(1.3.11) if Ω is connected, u ∈W 1,2
loc (Ω) and |∇u| = 0, m-a.e., then u is constant in Ω.

Remark 1.3.9. Being PI-spaces, RCD(K,N) spaces enjoy the independence of the weak upper gradient
of the Sobolev exponent (recall Theorem 1.2.3). In addition to this fact on RCD(K,N) spaces (and more
generally on proper RCD(K,∞) spaces) we have also a non-trivial identification for Sobolev functions
between the total variation and the weak-upper gradient due to Gigli and Han [120]. In particular we
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have that whenever f ∈ W 1,2
loc (Ω) with |Df | ∈ L1(m) it holds that f ∈ BV (X) with ‖Df‖ = |Df |m (see

[120, Remark 3.5]). �

Thanks to the above remark, on RCD(K,N) spaces the following local version of the coarea formula
holds (recall (1.2.17) for the standard coarea formula).

Corollary 1.3.10 (Local coarea formula). Let (X, d,m) be an RCD(K,N) space and Ω ⊂ X be open.
Let u ∈ LIPloc(Ω) be such that for some a, b ∈ R with a < b it holds that {a < u < b} ⊂⊂ Ω and
d({u < b},Ωc) > 0. Then {u < t} has finite perimeter for a.e. t ∈ (a, b) and for any f : Ω → [−∞,+∞]
Borel and such that f ∈ L1

loc(|∇u|m,Ω) it holds that

(1.3.12)

�
{a<u<b}

f |∇u|dm =

� b

a

�
f dPer({u < t}) dt.

Proof. Define ũ := a∨ u∧ b in Ω and ũ := b in Ωc. It is easily seen that the assumptions grant that
ũ ∈ LIP(X) with lipũ = 0 in {a < u < b}c, hence ũ ∈ BV(X). Then the result follows applying (1.2.17),
recalling from Remark 1.3.9 that ‖Dũ‖ = |Dũ|m, the locality of the minimal weak upper gradient and
observing that {ũ < t} = {u < t} for every t ∈ (a, b). �

We go on by recalling the so-called Laplacian comparison for RCD(K,N) spaces proved in [117] (see
also [67]):

Theorem 1.3.11. Let (X, d,m) be an RCD(K,N) space with K ∈ R and N ∈ [1,∞). Then for every
x0 ∈ X we have d(x0, .)

2 ∈ D(∆) with

(1.3.13) ∆d(x0, .)
2 ≤ 2N lK,N (dx0

)m,

where lK,N : [0,∞)→ [0,∞) is a continuous function.

We will not need the precise expression for lK,N , which can be found in [117], we only recall that
l0,N ≡ 1. We stress also that thanks to Theorem 1.2.3 and the fact that CD(K,N) spaces admits a
(1, 1)-Poincaré inequality we have that

(1.3.14) |∇d(x0, .)| = 1, m-a.e..

For a more direct proof of this fact in the setting of RCD(K,N) spaces see also [125, Prop. 3.1].
We go on reporting some further regularities of the heat flow in the setting of RCD(K,N) spaces.

From the results in ([21] and [20]) we have the existence of the so-called heat kernel pt : X×X→ [0,+∞]
that represents the heat flow via integration:

htf(x) =

�
pt(x, y)f(y) dm(y), m-a.e. x ∈ X, ∀f ∈ L2(m).

As a consequence of the results in [199] and the validity of a weak local Poincaré inequality, pt has a
locally Hölder-continuous representative, which satisfies the following pointwise bounds ([148]):

1

C1m(B(x,
√
t))

exp

{
−d2(x, y)

3t
− ct

}
≤ pt(x, y) ≤ C1

m(B(x,
√
t))

exp

{
−d2(x, y)

5t
+ ct

}
,

|∇pt(x, ·)(y)| ≤ C1√
tm(B(x,

√
t))

exp

{
−d2(x, y)

5t
+ ct

}
for m-a.e. y ∈ X,

(1.3.15)

for any x, y ∈ X, for any t > 0 and where c, C1 are positive constants depending only on K,N such that
c = 0 if K = 0. Observe that this combined with the Sobolev-to-Lipschitz property shows that pt has a
Lipschitz representative.

Finally ht has the so called L∞-to Lipschitz regularization property (see [21]), i.e. there exists a
constant C(K) > 0 such that for every f ∈ L∞ ∩ L2(m) it holds that |∇htf | ∈ L∞(m) and

(1.3.16) ‖|∇htf |‖L∞(m) ≤
C(K)√

t
‖f‖L∞(m), ∀ t ∈ (0, 1).

In an RCD(K,N) space the tangent module L0(TX) (see Section 1.2.7 for the definition of this object)
has local dimension which is at most bNc, more precisely we have the following result (see e.g. [135] or
also [126] for a proof).

Theorem 1.3.12. Let X be any RCD(K,N) space with K ∈ R and N ∈ [1,∞) and let {En}n∈N∪{∞} be

the dimensional decomposition of L0(TX) (recall Theorem 1.2.37). Then m(En) = 0 for every n > bNc.
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Following [135] we also define the function dimloc : X → N ∪ {∞} defined by setting dimloc(x) = n
in En, which is well defined as an m-a.e. function. The above result can be equivalently restated as:
dimloc ≤ bNc m-a.e.. Recall also that from Remark 1.2.36 we have for every Ei with m(En) > 0,
the existence of an orthonormal base {e1, ..., en} ⊂ L0(TX) such that 〈ei, ej〉 = δi,j m-a.e. for every
i, j = 1, ..., n. In particular for every v ∈ L0(TX) it holds that v =

∑n
i=1 viei, where vi := 〈v, ei〉 ∈ L0(m).

Remark 1.3.13. It is worth recalling that, even if the above dimensional decomposition is abstract,
thanks to a well developed structure theory for RCD(K,N) spaces and after many contributions ([57,97,
123, 125, 126, 153, 181]) we know much more on the sets En. In particular the set En can actually be
characterized as the set where the tangent cone is unique and isomorphic to the n-dimensional Euclidean
space and turns out to be (up to measure zero) bi-Lipschitz to a subset of Rn. �

Remark 1.3.14. A long-standing open problem has been the constancy of the dimension which consists
in proving that actually m(En) = 0 for every n ∈ N except one. This was recently shown to be true in a
breakthrough result in [58], however we will not take advantage of this fact. We also mention that the
same result for Ricci-limits was previously solved by Colding and Naber [89], but with different techniques,
which have been recently extended also in the RCD case by Deng [100]. �

1.3.4. Stability and rigidity results on RCD spaces. One of the main advantages to work with the
RCD class is that it satisfies some useful stability and rigidity properties. We will list here some of them,
which will be useful for our purposes (see also Theorem 1.6.3 for the stability of the RCD condition under
measure Gromov-Hausdorff convergence).

We recall the definition of spherical suspension and cone over a metric measure space. For any
N ∈ [1,∞) the Euclidean N -cone over a metric measure space (Z,mZ, dZ) is defined to be the space
CN (Z) := [0,∞)× Z/({0} × Z) endowed with the following distance and measure

d((t, z), (s, z′)) :=
√
s2 + t2 − 2st cos(dZ(z, z′) ∧ π),

m := tN−1dt ⊗ mZ.

Analogously the N -spherical suspension over Z is defined to be the space ([0, π]×Nsin Z) := Z× [0, π] /(Z×
{0, π}) endowed with the following distance and measure

d((t, z), (s, z′)) := cos−1 (cos(s) cos(t) + sin(s) sin(t) cos (dZ(z, z′) ∧ π))),

m := sinN−1(t)dt ⊗ mZ.

It turns out that the RCD condition is stable under the action of taking cones and spherical suspensions,
more precisely it has been proven in [155] that

CN (Z) (resp. [0, π]×Nsin Z), N ≥ 2, is an RCD(0, N) (resp. RCD(N − 1, N)) space,

if and only if diam(Z) ≤ π and Z is an RCD(N − 2, N − 1) space.
(1.3.17)

We can now recall the two main rigidity statements that we will need in Chapter 4: the maximal
diameter theorem and the Obata theorem for RCD(K,N) spaces:

Theorem 1.3.15 (Maximal diameter theorem, [155]). Let (X, d,m) be an RCD(N − 1, N) space with
and N ∈ [2,∞) and suppose that diam(X) = π. Then (X, d,m) is isomorphic to a spherical suspension,
i.e. there exists a RCD(N − 2, N − 1) space (Z, dZ,mZ) with diam(Z) ≤ π satisfying X ' [0, π]×Nsin Z.

Theorem 1.3.16 (Obata’s theorem, [156]). Let (X, d,m) be an RCD(N−1, N) space with and N ∈ [2,∞).
Then λ1,2(X) = N if and only if (X, d,m) is isomorphic to a spherical suspension, i.e. there exists a
RCD(N − 2, N − 1) space (Z, dZ,mZ) with diam(Z) ≤ π satisfying X ' [0, π]×Nsin Z.

1.3.5. (Sub)harmonic functions in RCD spaces. In this subsection (X, d,m) is an RCD(K,N)
m.m.s. with N ∈ [1,∞).

Definition 1.3.17. Let Ω ⊂ X be open. We say that a function u ∈ ∆(∆,Ω) is subharmonic (resp.
superharmonic) in Ω if ∆|Ωu ≥ 0 (resp. ≤ 0). Moreover if ∆|Ωu = 0 we say that u is harmonic in Ω.

We will need the following variational characterization of (sub/super)harmonic functions (see [129,
Theorem 2.5] and also [122], [117]).

Proposition 1.3.18. Let Ω ⊂ X be open. A function u ∈W 1,2(Ω) is superharmonic (resp. subharmonic)
in Ω if and only if �

Ω

|∇u|2dm ≤
�

Ω

|∇(u+ ϕ)|2dm,
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for every ϕ ∈ LIPc(Ω) with ϕ ≥ 0 (resp. ϕ ≤ 0) or equivalently for every ϕ ∈W 1,2
0 (Ω) with ϕ ≥ 0 (resp.

ϕ ≤ 0) m-a.e..

It is well established (see e.g. [46]) that the maximum principle for subharmonic functions holds in
the general setting of PI-spaces, for the present formulation and an alternative proof in the special case
of RCD(K,N) spaces we refer to [129].

Proposition 1.3.19 (Maximum principle). Let Ω ⊂ X be an open and bounded and let u ∈ D(∆,Ω) be
such that ∆u ≥ 0. Then

• weak maximum principle: if u is upper semicontinuous in Ω̄, then

ess sup
Ω
u ≤ sup

∂Ω
u,

• strong maximum principle:

if u ∈ C(Ω), Ω is connected and u(x) = sup
Ω
u for some x ∈ Ω, then u is constant.

Proof. For the first part suppose by contradiction that ess supΩ u > sup∂Ω u. Then there exists
c ∈ R such that sup∂Ω u < c < ess supΩ, in particular from the upper semicontinuity and compactness of
∂Ω we have that f −min(f, c) ∈W 1,2(X) with compact support in Ω. From this point the proof continue
exactly as in [129, Thm. 2.3].

For the second part we apply the strong-maximum principle in [129, Thm. 2.8] to a ball Br(x) ⊂ Ω,
obtaining that u is constantly equal to supΩ u in Br(x). In particular the set {u = supΩ u} ∩ Ω is open
(and closed in Ω) and thus must coincide with Ω. �

Since on PI-spaces a class of Sobolev embedding is available (see [134] or also Theorem 1.3.5), a Moser
iteration can be performed to obtain Harnack inequalities for subharmonic functions (see e.g. [46, Chap.
4-5] or also [158] for an alternative approach). For the case of RCD(0, N) spaces (which fall into the
category of in PI-space) see also [144].

Proposition 1.3.20. Let (X, d,m) be an RCD(K,N) m.m.s. with N ∈ [1,∞). For every R0 > 0 there
exists two positive constants Ci = Ci(R0,K

−, N), i = 1, 2, such that the following hold for any R < R0:

(1) if u is subharmonic function in a ball B2R(x), then

ess sup
BR(x)

u ≤ C2

 
B2R(x)

|u|dm,

(2) if u is a nonnegative superharmonic function in a ball B2R(x), then

ess inf
BR(x)

u ≥ C1

 
B2R(x)

udm.

The above Harnack inequalities imply that harmonic functions have a locally Hölder continuous rep-
resentative and that superharmonic functions have a lower semicontinuous representative (see for example
[46, Theorem 8.22]). From now on we will always tacitly consider these special representatives.

The Lipschitz continuity of harmonic functions is instead false on arbitrary PI-spaces and a coun-
terexample can be found in [159]. However in same work the authors proved that Lipschitz continuity
holds under the assumptions of Ahlfors-regularity (see also [146]). Subsequently this result has been
extended by Jiang [147] to the case of lower Ricci curvature bound (see also [152]):

Theorem 1.3.21 (Gradient estimate, [147]). For every R > 0, N ∈ [1,∞) and K ∈ R there exist a
positive constants C = C(N,K), c = c(N,K,R) such that the following holds. Let X be an RCD(K,N)
space and let u ∈ D(∆, B2r(x)) be positive and harmonic in B2r(x), then

(1.3.18)

∥∥∥∥ |Du|u
∥∥∥∥
L∞(Br(x))

≤ C
(

1

r
+ c

)
.

Moreover we can take c = 0 if K = 0.

Thanks to the local version of the Sobolev-to-Lipschitz property (see Proposition 1.3.8) we have the
following ‘pointwise’ version of the above result:

Lemma 1.3.22. For every N ∈ [1,∞) there exist two constants C = C(N) > 0, λ = λ(N) < 1 such that
the following holds. Let X be an RCD(0, N) space and let u be positive and harmonic in BR(x0), then

‖|∇u|‖L∞(BλR) ≤
Cu(x0)

R
.
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Proof. From the gradient estimate (1.3.18) we have

|∇u|(x) ≤ Cu(x)

R
, for m-a.e. x ∈ BR/2(x0),

for some constant C = C(N) > 0. In particular, from the local Sobolev-to-Lipschitz property (Proposition
1.3.8) for any λ < 1/2 we have

‖|∇u|‖L∞(BλR(x0)) ≤
C‖u‖L∞(BλR(x0))

R
≤ Cu(x0)

R
+ Cλ‖|∇u|‖L∞(BλR),

from which the conclusion follows taking λ < C/2. �

Even if not relevant for our purposes we observe that Lemma 1.3.22 immediately implies the following
result which generalizes a famous result by Yau [216] on Riemannian manifolds.

Theorem 1.3.23. On an RCD(0, N) space with N ∈ [1,∞) every positive harmonic function on X is
constant.

We conclude with the following variant of Ascoli-Arzelà theorem for harmonic functions.

Lemma 1.3.24. Let X be an RCD(0, N) space and let {ui} be a sequence of harmonic and continuous
functions in Ω. Suppose that

sup
Ω
|ui| < C,

then there exists a subsequence uik that converges locally uniformly to a function u harmonic in Ω.

Proof. The existence of a (non relabelled) subsequence ui converging locally uniformly to a contin-
uous function u follows from the gradient estimate (1.3.18) and Ascoli-Arzelà. It remains to prove that u
is harmonic in Ω. Fix Ω′ ⊂⊂ Ω and η ∈ Lipc(Ω) with η = 1 in Ω′. Then ηui ∈ W 1,2(X) converges to uη
in L2(Ω′). Moreover, again by (1.3.18), we have

sup
i
‖|∇(ηui)|‖L2(m) < +∞.

In particular (recall that W 1,2(X) is Hilbert) up to a subsequence uiη ⇀ ηu in W 1,2(X) and therefore
(from the locality of the gradient)

�
Ω
〈∇u,∇f〉dm = 0 for every f ∈ LIPc(Ω

′) (see also [117, Prop 5.19]

for a similar limiting argument). From the arbitrariness of Ω′ we deduce both that u ∈W 1,2
loc (Ω) and that

u is harmonic in Ω. �

1.4. Second order calculus on RCD spaces

1.4.1. Hessian. In [118] it has been showed that the presence of Ricci curvature lower bounds on a
metric measure space permits to push the calculus to the second order and in particular define objects
such as Hessians and covariant derivatives. The basic objects to build this calculus is the algebra of test
functions Test(X) firstly introduced by Savarè [193] and defined as

Test(X) := {f ∈ L∞(m) ∩ LIP(X) ∩ DL2(∆) ∩W 1,2(X) | ∆f ∈W 1,2(X)}.
The crucial point is that, thanks to the regularizing properties of the heat flow, the class of test function
is rich. In particular ht ∈ Test(X) for t > 0 whenever f ∈ L2 ∩ L∞(m) and Test(X) is dense in W 1,2(X).

A crucial regularity property, which essentially comes from the validity of the Bochner inequality is
that |∇f |2 ∈ W 1,2(X) for every f ∈ Test(X) and in particular by polarization 〈∇f,∇g〉 ∈ W 1,2(X) for
every f, g ∈W 1,2(X) (see [193], then [118] and also [127]). The key observation to define the Hessian is
the following identity valid in the smooth setting

2Hess(f)(∇g2,∇g2) = ∇g1 · ∇(∇f · ∇g2) +∇g2 · ∇(∇f · ∇g1)−∇f · (∇g1 · ∇g2)

combined with the observation that the right hand side makes sense at least if f, g1, g2 ∈ Test(X). In what

follows, we refer to [118] for the definition of the tensor-module L2((T ∗)⊗
2

X) and we limit ourselves to
recall that it has structure of Hilbert L2(m)-normed L∞(m) module.

Definition 1.4.1. We define W 2,2(X) as the space of all functions f ∈ W 1,2(X) such that there exists

T ∈ L2((T ∗)⊗
2

X) such that for every h, g1, g2 ∈ Test(X) it holds

2

�
hT (∇g1,∇g2)dm =

−
�
〈∇f,∇g1〉div(h∇g1) +∇f,∇g2div(h∇g2)− div(h∇f)〈∇g1,∇g2〉dm,

in which case such element T is unique, called Hessian of f and denoted by Hess(f).
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We endow the space W 2,2(X) with the following norm:

‖f‖2W 2,2,(X) := ‖f‖2L2(m) + ‖|Df |‖2L2(m) + ‖|Hess(f)|HS‖2L2(m),

where |Hess(f)|HS denotes the Hilbert Schmidt norm of Hess(f), that is the pointwise norm of Hess(f)

in L2((T ∗)⊗
2

X). It is proved in [118] that the space (W 2,2(X), ‖.‖W 2,2,(X)) is a separable Hilbert space.

The crucial point is again the fact that we have many W 2,2 functions as shown by the following result
which is [118, Corollary 3.3.9]:

Theorem 1.4.2. It holds that DL2(∆)∩W 1,2(X) ⊂W 2,2(X) and the following quantitative estimate holds

(1.4.1)

�
|Hess(f)|2HS dm ≤

�
(∆f)2 dm−K

�
|∇f |2 dm, ∀f ∈ DL2(∆) ∩W 1,2(X).

We proceed to define the space H2,2(X) as the closure in W 2,2(X) of Test(X).

Proposition 1.4.3 ([118, Prop. 3.3.18]). H2,2(X) coincides with the closure of DL2(∆) ∩W 1,2(X) in
W 2,2(X).

The Hessian enjoys also the usual calculus rules as shown in [118], we recall the locality:

Proposition 1.4.4. Let f, g ∈ H2,2(X), then Hess(f) = Hess(g) m-a.e. in {f = g}.

It is also possible to apply the Hessian to a single vector field to obtain another vector field. More
precisely the Hessian induces an L0-linear and continuous map Hess(f) : L0(TX)→ L0(TX) characterized
by

〈Hess(f)(v), w〉 = Hess(f)(v, w), m-a.e., ∀w ∈ L0(TX)

and which satisfies |Hess(f)(v)| ≤ |Hess(f)|HS |v|. We recall also the following fact proved in [118, Prop.
3.3.22].

Proposition 1.4.5. For every f ∈ H2,2(X) ∩ LIP(X) it holds that |∇f |2 ∈W 1,2(X) and

(1.4.2) 2Hess(f)(∇f) = ∇|∇f |2, ∀f ∈ H2,2,(X).

As a consequence we obtain the following regularity result

Proposition 1.4.6. For every f ∈ DL2(∆) ∩W 1,2(X) it holds that |∇f | ∈W 1,2(X).

Proof. Assume first that f ∈ Test(X). In particular f is also Lipschitz. Then from Proposition
(1.4.5) we have that |∇f |2 ∈W 1,2(X) with |∇|∇f |2| ≤ 2|Hess(f)|HS |∇f | m-a.e.. Then the desired result
follows directly applying Lemma 1.2.10. For a general f ∈ DL2(X) ∩W 1,2(X) the statement follows via
approximation recalling that from Proposition 1.4.3 there exists a sequence fn ∈ Test(X) converging to f
strongly in W 2,2(X). �

Thanks to the finite dimensionality of L0(TX) (recall Theorem 1.3.12) and the existence of local
orthonormal basis, in RCD(K,N) spaces, N < +∞, we can write objects in coordinates. More precisely
for every En with n ∈ {1, ..., bNc} with m(En) > 0 there exists an orthonormal basis e1, ..., en (recall
Remark 1.2.36) of L0(TX) in Ei. Moreover for a function f ∈W 2,2(X) we denote by (Hf)i,j the functions
Hess(f)(ei, ej) ∈ L2(m), for i, j ∈ {1, ..., n}. Then the following identities can be verified:

χEnHess(f)(v) = χEn
∑

1≤i,j≤n

(Hf)i,jvj ei, ∀v ∈ L0(TX),(1.4.3)

|Hess(f)|2HS =
∑

1≤i,j≤n

(Hf)2
i,j , m-a.e. in En.(1.4.4)

Additionally it can be also defined the trace of the Hessian as

(1.4.5) trHess(f) :=
∑

1≤i≤n

(Hf)i,i, m-a.e. in En,

which uniquely determines a function trHess(f) ∈ L2(m), well defined in the sense that it does not depend
on the choice of the basis, as can be easily verified by a direct computation. In general it does not hold
that the trace of the Hessian is the Laplacian, however we have the following result by Han [135]:

Theorem 1.4.7. Let X be any RCD(K,N) space with K ∈ R and N ∈ [1,∞). Then for every f ∈ Test(X)
it holds

(1.4.6) trHess(f) = ∆f, m-a.e. in {dimloc = N}.
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1.4.2. Improvement and localization of the Bochner inequality. With the notion of Hessian
available, in [135] it is proved the following powerful improved version of the Bochner inequality (see
[107],[26] or also (1.3.9) for the “basic version” of the Bochner inequality.)

Theorem 1.4.8 (Improved Bochner-inequality). Let X be any RCD(K,N) space with K ∈ R and N ∈
[1,∞). Then for any f ∈ Test(X) it holds that |∇f |2 ∈ D(∆) and

(1.4.7) ∆

(
|∇f |2

2

)
≥
(
|Hess(f)|2HS +K|∇f |2 + 〈∇f,∇∆f〉+

(∆f − trHess(f))2

N − dimloc(X)

)
m,

where (∆f−trHess(f))2

N−dimloc(X) is taken to be 0 in whenever dimloc = N.

Being an inequality between functions it is natural to expect that the Bochner inequality holds also
in local form. This is indeed true and follows from the existence of the following good cut-off constructed
in [181] (see also [26] for similar constructions).

Proposition 1.4.9 (Good cut-off functions). Let X be an RCD(K,N) space, K ∈ R and N ∈ (1,∞).
Then for every 0 < r < R < +∞, every compact set P and every open set U containing P , such that
diam(U) < R and d(P,U c) > r, there exists a function η ∈ Test(X) such that

(1) 0 ≤ η ≤ 1, η = 1 in P and supp η ⊂ U ,
(2) r|∇η|+ r2|∆η| ≤ C(R,N,K),

moreover C can be taken independent of R in the case K = 0.

Fix Ω an open subset of X. The relevant class of functions is the following

Testloc(Ω) := {u ∈ LIPloc(Ω) ∩D(∆,Ω) | ∆u ∈W 1,2
loc (Ω)}.

This definition is motivated by the following observation:

(1.4.8) η ∈ Test(X) with supp η ⊂⊂ Ω, u ∈ Testloc(Ω) =⇒ ηu ∈ Test(X),

Indeed from Proposition 1.4.6, the fact that ηu ∈ DL2(X)∩W 1,2(X) and the Leibniz rule for the Laplacian
follows that

(1.4.9) if u ∈ DL2
loc

(Ω), then |∇u| ∈W 1,2
loc (Ω)

and in particular |∇u|2 ∈ W 1,2
loc (Ω) for every u ∈ Testloc(Ω). Then (1.4.8) follows again from the Leibniz

rule for the Laplacian which ensures that ∆(uη) ∈ W 1,2(X). Thanks to (1.4.8) we can define for every
u ∈ Testloc(Ω) the functions |Hess(u)|HS , trHess(u) ∈ L2

loc(Ω) as

|Hess(u)|HS := |Hess(ηu)|HS , m-a.e. in Ω′,

trHess(u) := trHess(ηu), m-a.e. in Ω′,

for every η ∈ Test(X) with compact support in Ω and such that η = 1 in Ω′ ⊂⊂ Ω. This definition is well
posed thanks to both the locality property of the Hessian (Proposition 1.4.4) and the existence of many
such functions η as granted by Proposition 1.4.9. The following is a direct consequence of (1.4.7) and the
above definitions, together with the locality property of the gradient and Laplacian.

Proposition 1.4.10 (Local improved Bochner Inequality). Let u ∈ Testloc(Ω), then |∇u|2 ∈ D(∆,Ω)
and

(1.4.10) ∆|Ω(|∇u|2) ≥ 2

(
|Hess(u)|2HS +

(∆u− trHess(u))2

N − dim(X)
+ 〈∇u,∇∆u〉+K|∇u|2

)
m|Ω,

where (∆u−trHess(u))2

N−dim(X) is taken to be 0 in the case dim(X) = N.

Remark 1.4.11. Even if we will not need this fact, let us recall that also the converse of the above holds,
that is to say that a local Bochner inequality implies a global one as shown in ([26]). Since the Bochner
inequality is equivalent to the RCD∗(K,N) condition (recall Theorem 1.3.7 and also [26,107]), this is an
instance of the local-to-global property of the RCD∗(K,N) condition. �

1.4.3. Covariant derivative. Starting from the existence of many second-order regular functions it has
been built in [118] a notion of vector fields with covariant derivative.

In what follows, we refer to [118] for the definition of the tensor-module L2(T⊗
2

X) and we just recall
that it has structure of Hilbert L2(m)-normed L∞(m) module and that it can be identified as the dual

module of L2((T ∗)⊗
2

X) (recall Def. 1.2.30).
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Definition 1.4.12. We define W 1,2
C (TX) as the space of all v ∈ L2(TX) such that there exists T ∈

L2(T⊗
2

X) such that for every h, g1, g2 ∈ Test(X) it holds that

2

�
hT (∇g1 ⊗∇g2)dm = −

�
〈v,∇g1〉div(h∇g2) + hHess(g1)(v,∇f)m,

in this case such element T is unique, called covariant derivative of v and denoted by ∇v.

We endow the space W 1,2
C (TX) with the following norm:

‖v‖2
W 1,2
C (TX)

:= ‖v‖2L2(TX) + ‖|∇v|HS‖2L2(m),

where |∇v|HS denotes the the pointwise Hilbert-Schmidt norm of ∇v in L2(T⊗
2

X). As shown in [118]

(see also ) the space (W 1,2
C (TX), ‖.‖2

W 1,2
C (TX)

) is a separable Hilbert space. As usual the key fact is that

we have many vector fields that admits a covariant derivative:

Proposition 1.4.13 ([118]). For every f ∈W 2,2(X) it holds that ∇f ∈W 1,2
C (TX) and

(1.4.11) ∇(∇f)(v, w) = Hess(f)(v, w), ∀v, w ∈ L0(TX).

The identity (1.4.11) can be equivalently stated via the musical isomorphism (see [118, Section
3.2]) as (Hess(f))# = ∇(∇f). From (1.4.11), (1.4.2) and Proposition 1.4.6 we deduce that for every
f ∈ DL2(∆) ∩W 1,2(X) and w ∈ L0(TX) it holds

(1.4.12) |∇f |〈∇|∇f |, w〉 = ∇(∇f)(∇f, w) m-a.e..

Proposition 1.4.14 (Leibniz rule, [118]). For every f ∈ W 1,2 ∩ L∞(X) and every v ∈ W 1,2
C (TX) it

holds that fv ∈W 1,2
C (TX) and

(1.4.13) ∇(fv) = f∇v +∇f ⊗ v.

Proposition 1.4.13 and the Leibniz rule motivate the following notion of test vector fields:

TestV(X) :=

{
n∑
i=1

gi∇fi : n ∈ N, fi, gi ∈ Test(X)

}
⊂W 1,2

C (TX).

It can be checked that TestV(X) is dense in L2(TX). We proceed defining the set H1,2
C (TX) as the closure

in W 1,2
C (TX) of TestV(X). From Proposition 1.4.13 we clearly have that

(1.4.14) ∇f ∈ H 1,2
C (TX) for every f ∈ H2,2(X).

The following elementary stability result will be needed:

Proposition 1.4.15. Let v ∈ H 1,2
C ∩ L∞(TX) and f ∈W 1,2 ∩ L∞(X), then fv ∈ H 1,2

C (TX).

Proof. We first consider the case in which f ∈ TestV(X). By assumption there exists a sequence

(vn) ⊂ TestV(X) such that vn → v strongly in W 1,2
C (TX). By definition fvn ∈ TestV(X) as well and from

the Leibniz rule for the covariant derivative |∇(fvn)|HS ≤ |f ||∇vn|HS + |∇f ||vn|. Since vn → v strongly

in W 1,2
C (TX) we have that |vn|, |∇vn||HS are uniformly bonded in L2(m), which implies that (fvn) is

uniformly bounded in W 1,2
C (TX). In particular fvn weakly converges to fv in W 1,2

C (TX). However

TestV(X) is a vector space and its weak closure coincides with its strong closure, hence fv ∈ H 1,2
C (TX) as

desired.
Consider now a general f ∈W 1,2∩L∞(X). From heat flow-approximation there exists (fn) ⊂ Test(X)

such that fn → f strongly in W 1,2(X) and supn ‖fn‖L∞(m) < +∞. From the first part we have that fnv ∈
H 1,2
C (TX), moreover it is immediate to check that fnv → fv strongly in L2(TX). Again from the Leibniz

rule for the covariant derivative we have that fnv ∈W 1,2
C (TX) with |∇(fnv)|HS ≤ |fn||∇v|HS + |∇fn||v|,

which is uniformly bounded in L2(m). Therefore fv is in the weak closure of H 1,2
C (TX) which however,

being a vector space, coincides with its strong closure. �

We conclude with the important fact about the compatibility of the covariant derivative with the
scalar product induced by Sobolev spaces:

Proposition 1.4.16 (Compatibility with the metric, [118]). Let v1, v2 ∈ H1,2
C ∩L∞(TX), then 〈v1, v2〉 ∈

W 1,2(X) and

(1.4.15) 〈∇〈v1, v2〉, w〉 = ∇v1(w, v2) +∇v2(w, v1), ∀w ∈ L0(TX).
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A consequence of the above is that for every v ∈ H1,2
C ∩ L∞(TX) it holds |v|2 ∈W 1,2(X) and

(1.4.16) |D|v|2| ≤ 2|∇v|HS |v|,
which combined with Lemma 1.2.10 and an approximation argument (see e.g. [99] Lemma 2.5) we obtain
that

(1.4.17) for every v ∈ H1,2
C it holds that |v| ∈W 1,2(X).

1.5. Tangent module to a set of finite perimeter

Building on top of the existence of many Sobolev vector fields it was shown in [99] that on RCD(K,N)
spaces it can be given a notion of quasi continuous vector field. In particular in [99] it has been built
the tangent L0(Cap)-module, L0

Cap(TX), of vector fields defined Cap-a.e.. Subsequently, exploiting the

fact that the perimeter measure is absolutely continuous with respect to the capacity (recall Proposition
1.2.26), by quotienting this object it has been defined in [56] the tangent module to a set of finite perimeter.

To state this results more precisely we start with the notion of L0(Cap)-module (recall that Cap is
only an outer measure, hence this object does not fall into the category of ‘standard’ L0-modules as in
Section 1.2.7).

Definition 1.5.1 (L0(Cap)-normed L0(Cap)-module,[99]). An L0(Cap)-normed L0(Cap)-module is a
triple (M , |.|, τ), where M is a module over the commutative ring L0(Cap), (M , τ) is a topological vector
space, |.| : M → L0(Cap) is a map satisfying (in the Cap-a.e. sense)

|v| ≥ 0 for every v ∈M , with equality if and only if v = 0,

|v + w| ≤ |v|+ |w| for every v, w ∈M ,

|fv| = |f ||v| for every f ∈ L0(Cap) and v ∈M ,

and such that distance on M given by

dM (v, w) :=
∑
k∈N

1

Cap(Ak) ∨ 1

�
Ak

|v − w| ∧ 1 dCap, for all v, w ∈M ,

is complete and induces τ.

One of the main results in [99] is the construction of the L0(Cap) tangent module:

Theorem 1.5.2 (Tangent L0(Cap)-module, [99]). Let (X, d,m) be an RCD(K,∞) space. Then there

exists a unique couple
(
L0

Cap(TX), ∇̃
)
, where L0

Cap(TX) is a L0(Cap)-module over X and the operator

∇̃ : Test(X)→ L0
Cap(TX) is linear, such that the following properties hold:

• For any f ∈ Test(X) we have that the equality |∇̃f | = QCR
(
|Df |

)
holds Cap-a.e. on X (recall

that |Df | ∈W 1,2(X) by Proposition 1.4.6)

• The space of
∑
n∈N χEn∇̃fn, with (fn)n ⊆ Test(X) and (En)n Borel partition of X, is dense in

L0
Cap(TX).

Additionally (see [99] Theorem 2.14) there exists a linear map ¯QCR : H 1,2
C (TX)→ L0

Cap(TX) which

sends a vector field to its quasi continuous representative (see [99] for a precise definition of quasi contin-

uous vector fields). Moreover recalling that |v| ∈ W 1,2(X) for every v ∈ H 1,2
C (TX) (see [99] Lemma 2.5)

we also have | ¯QCR(v)| = QCR(|v|) Cap-a.e. for every v ∈ H 1,2
C (TX) (where QCR is the quasi continuous

representative map for Sobolev functions, recall Section 1.2.5).
To define the tangent module for a set of finite perimeter we start recalling from Proposition 1.2.26

that in the RCD(K,N) setting it holds that Per(E) � Cap for every set E of finite perimeter. In
particular there exists the projection map πE : L0(Cap) → L0(Per(E)) for the following equivalence
relation: f ∼ g if f = g Per(E)-a.e. for any f, g ∈ L0(Cap). Then following [56] we can define the trace
operator trE : W 1,2(X)→ L0(Per(E)) as trE := πE ◦ QCR.

Theorem 1.5.3 (Tangent module over ∂E, [56]). Let (X, d,m) be an RCD(K,N) space. Let E ⊂ X be
a set of finite perimeter. Then there exists a unique couple

(
L2
E(TX), ∇̄

)
– where L2

E(TX) is an Hilbert

L2(|DχE |)-normed L∞(|DχE |)-module and ∇̄ : Test(X)→ L2
E(TX) is linear – such that:

i) The equality |∇̄f | = trE(|∇f |) holds |DχE |-a.e. for every f ∈ Test(X).
ii)
{∑n

i=1
χEi∇̄fi

∣∣ (Ei)
n
i=1 Borel partition of X, (fi)

n
i=1 ⊂ Test(X)

}
is dense in L2

E(TX).

Finally L2
E(TX) can be identified as the quotient {v ∈ L0

Cap(TX) : |v| ∈ L2(|DχE |)}/∼Per(E)
defined

via the equivalent relation v ∼Per(E) w if and only if |v − w| = 0 Per(E)-a.e., which inherits a natural

structure of Hilbert L2(Per(E))-normed L∞(Per(E))-module.
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We are now able to define the trace of a vector field, that with a slight abuse of notation we denote
by trE : W 1,2

C ∩ L∞(TX)→ L2
E(TX) and which is defined by

trE := π̄E ◦ ¯QCR,

where π̄E : L0
Cap(TX)→ L2

E(TX) is the quotient map of the equivalent relation ∼Per(E) as above. Notice

that since ¯QCR is linear then trE is linear as well.
Since |π̄E(v)| = πE(|v|) and | ¯QCR(v)| = QCR(|v|), we can verify that |trE(v)| = trE(|v|) for every

v ∈ W 1,2
C ∩ L∞(TX). From [56, Lemma 2.7] and the results in [99] we can deduce the following density

result.

Proposition 1.5.4. There exists a countable set V ⊂ H 1,2
C ∩ L∞(TX) ∩ DL2(div) of vector fields with

bounded support, such that trE(V) is dense in L2
E(TX) for every E of finite perimeter.

Proof. It is enough to show the statement without the bounded support-requirement, indeed the
desired result would then follow immediately with a cut-off argument with test cut-off functions (recall
Proposition 1.4.9).

We start observing that TestV(X) ⊂ H 1,2
C ∩ L∞(TX) ∩ DL2(div). In particular

TestV(X) ⊂ ∪m∈NTestVm(X),

where TestVm(X) := {v ∈ TestV(X) : |v| ≤ mm-a.e.}. Moreover the space H 1,2
C (TX) is separable (recall

1.4.3) and by its very definition TestV(X) ⊂ H 1,2
C (TX), hence the sets TestVm(X) are separable as well

with respect to the ‖.‖W 1,2
C (TX)-norm, for every m. We consider Vm ⊂ TestVm(X) dense in TestVm(X)

with respect to the ‖.‖W 1,2
C (TX)-norm. We claim that V := ∪m∈NVm satisfies the desired requirements.

From [56, Lemma 2.7] we know that trE(TestV(X)) = ∪mtrE(Vm) is dense in L2
E(TX). The conclusion

would then follow if we were able to show that trE is continuous on TestVm(X) for every m. To see this

take vn → v in W 1,2
C (TX) with vn, v ∈ TestVm(X). Then from (1.4.16) we have that |vn− v|2 ∈W 1,2(X)

with |∇|vn−v|2| ≤ 2|vn−v||∇(vn−v)| ≤ 4m|∇(vn−v)| → 0 in L2(m). Therefore |vn−v| → 0 in W 1,2(X)
and from (1.2.15) we know that every subsequence nk has a further non-relabelled subsequence such that
|vnk − v|2 → 0 Cap-a.e. and in particular also such that |trE(vnk − v)| = trE(|vnk − v|)→ 0 Per(E)-a.e..
By dominated convergence we deduce that trE(vnk) → trE(v) in L2

E(TX) and from the arbitrariness of
the initial subsequence we obtain also that trE(vn)→ trE(v) in L2

E(TX), which concludes the proof. �

Recall that, being L2
E(TX) an Hilbert module, it admits a scalar product 〈, 〉 : L2

E(TX)×L2
E(TX)→

L1(Per(E)) given by

〈v, w〉L2
E(TX) :=

1

2

(
|v + w|2 − |v|2 − |w|2

)
, ∀ v, w ∈ L2

E(TX).

In particular from the above discussion and the linearity of the trace we deduce that

(1.5.1) 〈trEv, trEw〉L2
E(TX) = trE(〈v, w〉), ∀v, w ∈ H 1,2

C ∩ L∞(TX).

Remarkably in [56] it has been shown that for a set of finite perimeter it is well defined a notion of exterior
normal, which belongs to L2

E(TX) and is characterized by the validity of a Gauss-Green formula (see also
[59]):

Theorem 1.5.5. Let (X, d,m) be an RCD(K,N) space and let E ⊂ X be of finite perimeter and m(E) <
+∞. Then there exists a unique vector field νE ∈ L2

E(TX) such that |νE | = 1 Per(E)-a.e. and

(1.5.2)

�
〈trE(v), νE〉dPer(E) =

�
E

div(v) dm, ∀v ∈ H 1,2
C ∩ L∞(TX) ∩ DL2(div).

Moreover the same is true if m(Ec) < +∞, but assuming in (1.5.2) that v has also bounded support.

Proof. The first part is exactly [56, Theorem 2.2], hence we assume that m(Ec) < +∞. In particular
since Ec has also finite perimeter, (from the finite measure case) there exists νEc ∈ L2

Ec(TX). We claim
that νE := −νEc has the desired properties. First we observe that νE is in the right space, indeed
L2
Ec(TX) = L2

E(TX), which is immediate from the fact that Per(E) = Per(Ec) (as measures) and by how
L2
E(TX) is defined (see the second part of Theorem 1.5.3). To verify (1.5.2) we first observe that for every

v ∈ L2(TX) ∩ DL2(div) with bounded support it holds
�

X
div(v) dm = 0. Therefore from (1.5.2) for Ec

we have �
E

div(v) dm = −
�
Ec

div(v) dm = −
�
〈trE(v), νEc〉dPer(E) =

�
〈trE(v), νE〉dPer(E),

for every v ∈ H 1,2
C ∩L∞(TX)∩DL2(div) with bounded support. This shows that (1.5.2) holds also for E.

The uniqueness of νE follows immediately from the density result in Proposition 1.5.4. �
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1.6. pmGH-convergence and stability properties

1.6.1. Notion of pmGH-convergence. We recall the definition of pointed-measure Gromov Hausdorff
convergence of pointed metric measure spaces. We refer to ([60], [133] [208] and [124]) for discussions
on different notions of convergence of metric spaces and their relations.

Definition 1.6.1 (Pointed-measure Gromov Hausdorff convergence). We say that the sequence
(Xn, dn,mn, xn), n ∈ N, of p.m.m.s. pointed-measure Gromov Hausdorff -converges (pmGH-converges
in short) to the p.m.m.s. (X∞, d∞,m∞, x∞), if there are sequences Rn ↑ +∞, εn ↓ 0 and Borel maps
fn : Xn → X∞ such that

1) fn(xn) = x∞,
2) supx,y∈BRn (xn) |dn(x, y)− d∞(fn(x), fn(y))| ≤ εn,

3) the εn-neighbourhood of fn(BRn(xn)) contains BRn−εn(x∞),
4) for any ϕ ∈ Cbs(X∞) it holds lim

n→∞

�
ϕ ◦ fn dmn =

�
ϕdm∞.

In [124] it is shown that in the case of a sequence of uniformly locally doubling metric measure
spaces the pmGH-convergence is equivalent to the so-called pointed-measure Gromov convergence defined
as follows:

Definition 1.6.2 (Pointed-measure Gromov convergence, [124]). We say that the sequence
(Xn, dn,mn, xn), n ∈ N, of p.m.m.s. pointed-measure Gromov -converges (pmG-converges in short)
to the p.m.m.s. (X∞, d∞,m∞, x∞), if there exist isometric embeddings ιn : Xn → (Z, d), n ∈ N,
ι∞ : X∞ → (Z, d) into a common metric space (Z, d) such that

ιn∗mn ⇀ ι∞∗m∞ in duality with Cbs(Z) and ιn(xn)→ ι∞(x∞).

This equivalence allows in the case of uniformly doubling metric measure spaces to adopt the to
so-called extrinsic approach (see [124]), where the pmGH-convergence is realized by a proper metric
space (Y, d) where Xn, n ∈ N̄, are identified as subsets of Z, with supp(mn) = Xn, n ∈ n̄, and so
that dZ|Xn×Xn

= dn, n ∈ N̄, xn → x∞ in Z and mn ⇀ m∞ in duality with Cbs(Z). Moreover (under the

uniformly locally doubling assumption) this realization can be taken so that dZ
H(BXn

R (xn), BX∞
R (x∞))→ 0

for every R > 0, where dZ
H is the Hausdorff distance in Z.

It is proven in [124] that there exists a distance dpmGH that metrizes the pmGH-convergence for the
class of CD(K,N) (or RCD(K,N)) spaces with K ∈ R and N < +∞ fixed, and more generally for every
family of uniformly locally doubling metric measure spaces.

After the works in [200],[201], [173], [124], [21], [114] and in view of the Gromov compactness
theorem [133, Sec. 5.A], the following fundamental compactness and stability result holds:

Theorem 1.6.3. Let (Xn, dn,mn, xn) be a sequence of pointed CD(Kn, Nn) (resp. RCD(Kn, Nn)) spaces,
with m(B1(xn)) ∈ [v−1, v], for v > 1 and Kn → K ∈ R, Nn → N ∈ [1,∞). Then, there exists a
subsequence (nk) and a pointed RCD(K,N) (resp. RCD(K,N)) space (X∞, d∞,m∞, x∞) satisfying

lim
k→∞

dpmGH
(
(Xnk , dnk ,mnk , xnk), (X∞, d∞,m∞, x∞)

)
= 0.

When dealing with a uniformly bounded compact metric spaces the pmGH-convergence can be re-
duced to measure-Gromov Hausdorff convergence, where we ignore the convergence of the base points.

Definition 1.6.4 (Measure Gromov Hausdorff convergence). We say that the sequence (Xn, dn,mn)
of m.m.s. measure Gromov Hausdorff -converges (mGH-converges in short) to a compact m.m.s.
(X∞, d∞,m∞), if there are Borel maps fn : Xn → X∞ such that

1) supx,y∈BRn (xn) |dn(x, y)− d∞(fn(x), fn(y))| ≤ εn,

2) fn(Xn) is εn-dense in X∞,
3) fn∗mn ⇀ m∞ in duality with C(X∞).

As in the non-compact case there exists a distance dmGH which metrizes the mGH-convergence (see
[124, 200]) on every family of uniformly doubling and uniformly bounded metric spaces. Moreover the
implication

(Xn, dn,mn)
mGH→ (X∞, d∞,m∞) =⇒ dmGH((Xn, dn,mn), (X∞, d∞,m∞))→ 0,

holds without any doubling assumptions.

Remark 1.6.5. For the case of uniformly doubling and uniformly bounded metric measure spaces, the
mGH-convergence can also be characterized with the extrinsic approach exactly as above, but with the
exception that the common ambient space (Z, d) can be also taken to be compact. �
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We end recalling the definitions of Gromov-Hausdorff distance and convergence. For any couple of
compact metric spaces (X1, d1), (X2, d2) we define their Gromov Hausdorff distance as

dGH((X1, d2), (X2, d2)) := inf{ε > 0 : ∃f : X1 → X2 such that f(X1) is ε-dense in X2

and |d1(x, y)− d2(f(x), f(y))| ≤ ε, ∀x, y ∈ X1}.

For a sequence of compact metric spaces (Xn, dn) converging to (X, d) in the GH-sense we say that a
sequence of maps fn : Xn → X realizes the convergence if there exists a sequence εn → 0 such that f(Xn)
is εn-dense in X and |dn(x, y)− d(fn(x), fn(y))| ≤ εn, ∀x, y ∈ Xn.

Note also that mGH-convergence always implies GH-convergence.

1.6.2. Convergence of functions under pmGH-convergence. We now recall some stability and
convergence results for functions along pmGH-convergence. For additional details and analogous results
we refer to [23,124] and also [18, Sec 5.2].

In this subsection (Xn, dn,mn, xn), n ∈ N, is a sequence of CD(K,N) spaces, N < +∞, pmGH-
converging to a CD(K,N) space (X∞, d∞,m∞, x∞) and (Z, d) is a proper metric space which realizes
such convergence through the extrinsic approach (see the previous subsection).

We start defining the basic notion of pointwise and Lp convergence.

Definition 1.6.6 (Locally uniform / uniform convergence). Let fn : Xn → R n ∈ N̄. We say that fn
converges locally uniformly to f∞ if for every y ∈ X∞ and every sequence yn ∈ Xn such that dY (yn, y)→ 0
it holds that limn fn(yn) = f∞(y). We say that fn converges uniformly to f∞ if for every ε > 0 there
exists δ > 0 such that |fn(yn)− f∞(y)| < ε for every n ≥ δ−1 and every yn such that dY (yn, y) < δ.

We point out that in the case of a fixed proper metric space the two notions of convergence in the
above definition coincide respectively with the usual locally uniform and uniform convergence.

The following is a version of the Ascoli-Arzelà theorem for varying metric spaces (see also [208, Prop.
27.20]). The proof can be achieved arguing as in case of a fixed (proper) metric metric space and we will
skip it.

Proposition 1.6.7. Let fi : Xn → R be equi-Lipschitz, equibounded functions with supp fn ⊂ BR(xn),
for some R > 0 fixed, then there exists a subsequence that converges uniformly to a Lipschitz function
f : X∞ → R.

Definition 1.6.8. Let p ∈ (1,∞), we say that

(i) fn ∈ Lp(mn) converges Lp-weak (or weakly in Lp) to f∞ ∈ Lp(m∞), provided
supn∈N ‖fn‖Lp(mn) <∞ and fnmn ⇀ f∞m∞ in Cbs(Z),

(ii) fn ∈ Lp(mn) converges Lp-strong (or strongly in Lp) to f∞ ∈ Lp(m∞), provided it converges
Lp-weak and

sup
n
‖fn‖Lp(mn) ≤ ‖f∞‖Lp(m∞),

(iii) fn ∈W 1,2(Xn) converges W 1,2-weak to f∞ ∈W 1,2(X) provided it converges L2-weak and

sup
n∈N
‖|Dfn|‖L2(mn) <∞,

(iv) fn ∈ W 1,2(Xn) converges W 1,2-strong to f∞ ∈ W 1,2(X) provided it converges L2-strong and
‖|Dfn|‖L2(mn) → ‖|Df∞|‖L2(m∞),

Remark 1.6.9. From the results in [18, Sec. 5.2] (see also [23, Remark 3.2]) we know that the strong
convergence in Lp for p > 1 can be equivalently characterized by

(id× fn)∗mn ⇀ (id× f∞)∗m∞

in duality with Cp(Z × R) := {ψ ∈ C(Z × R) : ψ(z, t) ≤ C|t|p}. �

Moreover, we say that fn is uniformly bounded in Lp if supn ‖fn‖Lp(mn) < ∞. We start with a list
of useful properties of Lp-convergence.

Proposition 1.6.10 (Properties of Lp-convergence). For all p ∈ (1,∞), it holds

(i) If fn converges Lp-strong to f∞, then ϕ(fn) converges Lp-strong to ϕ(f∞) for every ϕ ∈ LIP(R)
with ϕ(0) = 0, and if fn has uniformly bounded support also for every ϕ ∈ C(R) such that
|ϕ(t)| ≤ C(1 + |t|), for some positive constant C > 0,

(ii) If fn (resp. gn) converges Lp-strong to f∞ (resp. g∞), then fn + gn converge Lp-strong to
f∞ + g∞,

(iii) if fn converges Lp-weak to f , then ‖f∞‖Lp(m∞) ≤ limn ‖fn‖Lp(mn),
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(iv) suppose that supn ‖fn‖Lp(mn) < +∞, then up to a subsequence fn converges Lp-weak to some
f∞ ∈ Lp(m∞),

(v) If fn converges Lp-strong (resp. Lp-weak) to f∞, then ϕfn converges Lp-strong (resp. Lp-weak)
to ϕf∞, for all ϕ ∈ Cb(Z),

(vi) If fn, gn ∈ L2(mn) are uniformly bounded in L∞(mn) and converge strongly in L2 respectively to
f, g ∈ L2(m∞), then fngn converge strongly in L2 to fg,

(vii) for every f ∈ Lp(m∞) there exists a sequence fn ∈ Lp(mn) converging Lp-strong to f ,

(viii) if fn are non-negative and converges in Lp strong to f , then for every q ∈ (1,∞), f
p/q
n converge

Lq-strong to fp/q,
(ix) Fix p, q ∈ (1,∞] so that p < q. If the sequence (fn) is uniformly bounded in Lq and converges

Lp-strong to f∞, then it converges also Lr-strong to f∞ for every r ∈ [p, q),

(x) if fn : Xn → R, with supp fn ⊂ BXn
R (xn), converge uniformly to a bounded function f : X∞ → R

then fn converge in L2-strong to f .

Proof. A proof for (ii) to (vi) and the first part of (i) can be found in [23, Prop. 3.3]. For the
second part of (i) from Remark 1.6.9 it enough to show that

�
ψ(x, ϕ(fn(x)) dmn(x)→

�
ψ(x, ϕ(f∞(x)) dm∞(x), ∀ψ ∈ Cp(Z × R).

Take η ∈ Cbs(Z) such that η = 1 on all the supports of fn n ∈ N̄ and notice that ψ(x, ϕ(un(x))) =

ηψ(z, ϕn(z)). Moreover η(z)ψ(z, ϕ(t)) ∈ C(Z × R) and satisfies |η(z)ψ(z, ϕ(t))| ≤ C̃η((1 + C|t|)p) ≤
cpη + c̃p|t|p. The conclusion now follows from [124, (6.6)]. (vii) can instead be found in [124]. (viii)
follows immediately from Remark 1.6.9. For (ix), the case q = ∞ follows immediately from item (i)
(see also [23, e) of Prop. 3.3 ]), hence we can assume q < +∞. Fix r ∈ [p, q). Clearly from the Hölder
inequality fn is uniformly bounded in Lr, hence by definition fn converges Lr-weakly to f∞. Moreover
from item iii) we known that f∞ ∈ Lr(m∞), therefore by truncation and diagonalization we can suppose
that f∞ ∈ L∞(m∞). From (vii) then there exists a sequence gn ∈ Lr(mn) converging to f in Lr-strong
and by item i) we can also assume that gn are uniformly bounded in L∞. Then, from (viii) in the
case q = ∞ we have that gn converge also in Lp-strong to f∞. Then by (ii) we have that gn − fn
converges to 0 in Lp-strong and in particular ‖fn − gn‖Lp(mn) → 0. Finally by the Hölder inequality
(since fn, gn are both uniformly bounded in Lq) we have that ‖fn − gn‖Lr(mn) → 0. In particular
limn ‖fn‖Lr(mn) = limn ‖gn‖Lr(mn) = ‖f∞‖Lr(m∞), which concludes the proof. For (x) we first observe
that from the properness of Y it follows that the functions fn are equibounded, moreover they have uniform
bounded support by hypothesis. Therefore we can apply the generalized version of Fatou lemma for varying
measure (see e.g. [96, Lemma 2.5]), first to fnϕ and then to −fnϕ to obtain that

�
fnϕdmn →

�
fϕdm,

where ϕ is an arbitrary function in Cbs(Y ). Applying the same lemma also the functions f2
n,−f2

n we
deduce that

�
f2
n dmn →

�
f2 dm, concluding the proof. �

We now pass to some convergence and stability results related to Sobolev spaces. We start with the
following generalized version of the compact embedding of W 1,2 ↪→ L2:

Proposition 1.6.11 ([124]). Suppose that fn ∈W 1,2(Xn) satisfies

sup
n∈N

( �
|fn|2 dmn +

�
|Dfn|2 dmn

)
<∞,

lim
R→+∞

sup
n

�
Xn\BR(xn)

|f |2 dmn = 0.

Then (fn) has a L2-strongly convergent subsequence.

Next we recall the Γ-convergences of the 2-Cheeger energies proven in [124]:

• (Γ-lim): for every fn ∈ L2(mn) L2-strong converging to f∞ ∈ L2(m∞), it holds
�
|Df∞|2 dm∞ ≤ lim

n→∞

�
|Dfn|2 dmn;

• (Γ-lim): for every f∞ ∈ L2(m∞), there exists a sequence fn ∈ L2(mn) converging L2-strong to
f∞ so that

lim
n→∞

�
|Dfn|2 dmn ≤

�
|Df∞|2 dm∞.
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We will also need the (Γ-lim) inequality for the p-Cheeger energies as proved in [23, Theorem 8.1]: for
every p ∈ (1,∞) and every f∞ ∈ Lp(m∞), there exists fn ∈ Lp(mn) converging Lp-strong to f∞ so that

lim
n→∞

�
|Dfn|p dmn ≤

�
|Df∞|p dm∞.

The above is stated in [23] only for RCD(K,∞) spaces, but it easily seen that the proof works without
modification also in the case of CD(K,∞) spaces.

In the reminder of this subsection we make the additional assumption that the spaces Xn n ∈ N̄
satisfies the RCD(K,N) condition. First we recall the continuity result of the spectral gap (see [124]): if
Xn, n ∈ N̄, are all compact it holds

(1.6.1) λ1,2(X∞) = lim
n→∞

λ1,2(Xn).

Remark 1.6.12. The continuity of the spectral gap was previously obtained in the setting of Ricci-limit
spaces by Cheeger and Colding [75]. �

We conclude with the following results about stability of Laplacian and gradient with respect to
strong L2 convergence. Here ∆n (resp. ∆∞) represents the Laplacian operator in Xn (resp. X∞) and ∇n
(resp. ∇∞) represents the gradient operator in Xn (resp. X∞) (recall that we are assuming Xn n ∈ N̄ to
be RCD(K,N) spaces).

Theorem 1.6.13 ([24, Theorem 2.7, Theorem 2.8]). Let fn ∈ D(∆n) be such that

sup
n
‖fn‖L2(mn) + ‖∆nfn‖L2(mn) < +∞

and assume that fn converge strongly in L2 to f . Then f ∈ D(∆∞), ∆nf → ∆∞f weakly in L2 and
|∇nfn| → |∇∞f | strongly in L2.

Lemma 1.6.14 ([23, Lemma 5.8]). Let fn ∈ W 1,2(Xn) be such that supn ‖|∇fn|‖L2(mn) < +∞ and

converging strongly in L2 to f ∈W 1,2(X∞), then for any non-negative ϕ ∈ Cb(Z)�
ϕ|∇∞f |2 dm∞ ≤ lim

n

�
ϕ|∇nf |2 dmn.

Additionally for any A ⊂ X∞ open it holds�
A

|∇∞f |2 dm∞ ≤ lim
n

�
A

|∇nf |2 dmn.

1.7. Regular Lagrangian flows

Here we recall the basics of the theory of flows for Sobolev vector fields in metric measure spaces. In
the Euclidean setting this theory has been firstly developed by Di Perna and Lions [103] and subsequently
by Ambrosio [10]. In the work of Ambrosio and Trevisan ([28]) this theory was extended to very general
metric measure spaces and in particular for RCD(K,∞) spaces. We restate here their main results about
existence and uniqueness using the language introduced in [118] and reviewed in Section 1.4.

Definition 1.7.1. Let vt : [0, T ]→ L2(TX) be Borel, we say that a map F : [0, T ]×X → X is a Regular
Lagrangian Flow associated to vt if the following are satisfied:

(1) There exists C > 0 such that

(1.7.1) Ft∗m ≤ Cm, for every t ∈ [0, T ],

(2) for m-a.e. x ∈ X the function [0, T ] 3 t 7→ Ft(x) is continuous and satisfies F0(x) = x.
(3) for every f ∈ Test(X) it holds that for m-a.e. x ∈ X the function (0, T ) 3 t 7→ f ◦ Ft(x) is

absolutely continuous and

(1.7.2)
d

dt
f ◦ Ft(x) = 〈∇f, vt〉 ◦ Ft(x), for a.e. t ∈ (0, T ).

Notice that in (1.7.2) we are implicitly choosing for every t ∈ (0, T ) a Borel representative of 〈∇f, vt〉,
however (1.7.1) ensures that the validity of item 3 in Definition 1.7.1 is independent of this choice.

Observe also that in Definition 1.7.1 we are assuming that the map F is pointwise defined, however
the definition is stable under modification in a negligible set of trajectories in the following sense. If Ft(x)

is a Regular Lagrangian Flow for vt (as in Definition 1.7.1) and for m-a.e. x, F̃t(x) = Ft(x) holds for every

t ∈ [0, T ], for some map F̃ : [0, T ]×X → X then F̃ is also a Regular Lagrangian Flow for vt. In any case
to avoid technical issues, in our discussion we prefer to fix a pointwise defined representative for the flow
map F .
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Remark 1.7.2. If Ft is a regular Lagrangian flow for a vector field vt, then for m-a.e. x it holds that the
curve [0, T ] 3 t 7→ Ft(x) is absolutely continuous and its metric speed is given by

(1.7.3) | ˙Ft(x)| = |vt| ◦ Ft(x), a.e. t ∈ [0, T ].

This follows from [28, Lemma 7.4 and 9.2]. Observe that this statement is independent of the chosen
representative of |vt|, thanks to (1.7.1). �

We will see below in Theorem 1.7.4 that the existence and uniqueness of a Regular Lagrangian Flow
is linked to the existence and uniqueness of a solution to the continuity equation ([119]):

Definition 1.7.3. Let vt : [0, T ]→ L2(TX) be Borel and t 7→ µt ∈P(X), t ∈ [0, T ] be also a Borel map.
Suppose also that ‖|vt|‖L2(m) ∈ L1(0, T ) and µt ≤ Cm for every t ∈ [0, T ] and some positive constant C.
We say that µt with is a weak solution of the continuity equation

d

dt
µt + div(vtµt) = 0,

with initial datum µ0, if for every f ∈ Lipbs(X) the function [0, T ] 3 t 7→
�
f dµt is absolutely continuous

and

(1.7.4)
d

dt

�
f dµt =

�
〈∇f, vt〉dµt for a.e. t ∈ (0, T ).

Recall Section 1.4.3 for the definition of the space W 1,2
C (TX) while we refer to[118, Sec. 3.4] for the

the symmetric part of the covariant derivative ∇symv ∈ L2(T 2⊗X). For our purposes it sufficient to know

that for any f ∈ Test(X) we have ∇f ∈W 1,2
C (TX), with ∇sym∇f = ∇(∇f) = Hess(f)] (see Proposition

1.4.13 or [118, Sec. 3.2]).

Theorem 1.7.4 ([28]). Let vt : [0, T ]→ L2(TX) be Borel and such that vt ∈ D(div) for every t ∈ [0, T ].
Assume furthermore that ‖|vt|‖L2(m) ∈ L1(0, T ), ‖div(vt)

−‖L∞ ∈ L∞(0, T ) and ‖∇symvt‖L2(T⊗2X) ∈
L1(0, T ). Then

(1) there exists a unique Regular Lagrangian flow Ft associated to vt,
(2) for every initial datum µ0 ∈ P(X) with µ0 ≤ Cm there exists a unique weak solution µt to the

continuity equation and it is given given by µt := Ft∗µ0.

We remark that the uniqueness of the Regular Lagrangian Flow in Theorem 1.7.4 has to be intended
up to modification in a negligible set of trajectories, as discussed above.

Remark 1.7.5. Let vt be as in Theorem 1.7.4 and autonomous, i.e. vt ≡ v for some v ∈ D(div) ∩
W 1,2
C (TX) with div(v)− ∈ L∞(m). Then, thanks to the uniqueness given by Theorem 1.7.4, the Lagrangian

flow Ft relative to v can be extended uniquely (up to a set of negligible trajectories) to a map F :
[0,∞)×X → X which satisfies the following group property

(1.7.5) Fs ◦ Ft = Fs+t, m-a.e.

for every s, t ∈ [0,∞).
Moreover if also div(v) ∈ L∞(m), it can be shown (see for example [128, Lemma 3.18]) that, denoting

by F−vt the Lagrangian flow relative to −v (which exists unique for all times t ≥ 0, thanks to Theorem
1.7.4 and the previous observation)

(1.7.6) F−vt ◦ Ft = id, m-a.e,

for every t ≥ 0. Hence setting F−t := F−vt we can extend F to F : (−∞,+∞)×X → X, for which (1.7.5)
is satisfied for every s, t ∈ R. �



CHAPTER 2

Monotonicity formulas for the electrostatic potential on RCD
spaces

Structure of the chapter

We will start in Section 2.1 with the definition of non-parabolic RCD(0, N) spaces and the discussion
of some of their main properties, like the existence of the Green’s function and their number of ends. Then
in Section 2.2 we will prove the existence of the relative electrostatic potential on arbitrary RCD(K,N)
spaces and then of the global electrostatic potential on non-parabolic RCD(0, N) spaces.

In Section 2.3 we will prove the main differential inequality (Corollary 2.3.5) which will lead to the
monotonicity formula and will also prove some higher order regularity for harmonic function in a general
RCD(K,N) space. Finally in Section 2.4 we will introduce the quantity Uβ for an electrostatic potential
and prove its monotonicity.

In the subsequent sections 2.5 and 2.6 we will deal with the rigidity and almost-rigidity of the
monotonicity formula. The key point will be that if the derivative of Uβ vanishes at some point, we
obtain that (a power of) the electrostatic potential solves a precise PDE. In Section 2.5 we will study the
geometric implications of the existence of a solution (or an almost-solution) to this PDE on an RCD(0, N)
space. More precisely we obtain a functional rigidity and almost-rigidity result, that says that the space
has respectively a conical or almost-conical structure. Some key parts of the argument for the rigidity
will be presented in Section 2.5.1, while most of the details will be given in Appendix 2.A. The statement
and proof of the almost-rigidity result are found instead in Section 2.5.2.

We will conclude with Section 2.6 where we derive from the previous rigidity and almost-rigidity
results the corresponding ones for the monotonicity formula for Uβ .

All the results that will be presented in this chapter are contained in [132].

2.1. Non-parabolic RCD spaces

In this section we introduce the notion of non-parabolic RCD(0, N) space, which will be the natural
setting to study the electrostatic potential. Indeed already for smooth manifolds with non-negative Ricci
curvature the existence of the electrostatic potential implies that the manifold is non-parabolic (see for
example Theorem 2.3 in [2]).

We recall that a (non-compact) Riemannian manifold is said to be non-parabolic if it admits a
positive global Green’s function. It has been proved by Varopoulos ([206]) that in the case Ric ≥ 0 the
non-parabolicity is equivalent to (2.1.1). This motivates the following definition.

Definition 2.1.1 (Non-parabolic RCD space). Let (X, d,m) be an RCD(0, N) space with N < +∞. We
say that X is non-parabolic if

(2.1.1)

� +∞

1

s

m(Bs(x))
ds < +∞, for every x ∈ X.

Observe that the above quantity is finite for one x ∈ X if and only if it is finite for all x ∈ X.

We point out that condition (2.1.1) in the context of RCD spaces was already introduced in [58].

Remark 2.1.2. It follows immediately from the Bishop-Gromov inequality that if X is a non-parabolic
RCD(0, N) space then it is non-compact and N > 2. �

In the following two subsections we develop the two main features of a non-parabolic RCD space X,
that we will be crucial in the forthcoming discussion: the existence of a Green’s function vanishing at
infinity and the fact that X has only one end (see Definition 2.1.5).

2.1.1. The Green’s function. It turns out that on a non-parabolic RCD space it can be given a notion
of positive global Green’s function. Following [58] we define the Green’s function G : X×X→ [0,+∞] as

(2.1.2) G(x, y) :=

� ∞
0

pt(x, y) dm.

31
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We also set Gx(y) := G(x, y). For any ε > 0 we also define the quasi Green’s function Gε : X×X→ [0,+∞]
as

(2.1.3) Gε(x, y) :=

� ∞
ε

pt(x, y) dm

and as above we set Gεx(y) := Gε(x, y). It is prove in [58, Lemma 2.5] that Gεx ∈ LIP(X) ∩ D(∆) with
∆Gεx = −pε(x, y)m, in particular Gεx is superharmonic in the whole X.

Proposition 2.1.3 (Estimates for the Green’s functions, [58, Prop. 2.3]). Let (X, d,m) be a non-parabolic
RCD(0, N) m.m.s. Then there exits a constant C = C(N) ≥ 1 such that

(2.1.4)
1

C

� ∞
d(x,y)

s

m(Bs(x))
ds ≤ G(x, y) ≤ C

� ∞
d(x,y)

s

m(Bs(x))
ds, ∀x, y ∈ X.

Proposition 2.1.4. Let X be a non-parabolic RCD(0, N) space. Then Gx is positive, continuous and
harmonic in X \ {x}, for every x ∈ X.

Proof. Fix R, δ > 0 with R > δ and define Aδ,R = BR(x) \ B̄δ(x). It enough to prove that Gx
is harmonic on Aδ,R. Recall that Gεx ∈ LIP(X) ∩ D(∆) with ∆Gεx = −pε(x, y)m and that Gεx → Gx
in L1

loc(X). We now observe that from the heat kernel bounds (1.3.15) we have supt∈(0,1) ‖pt(x, .) +

|∇pt(x, .)|‖L∞(Aδ,R) < +∞ and that supε>0 ‖Gεx‖L∞(Aδ,R) < +∞. From this, following the arguments in

the proof of [58, Lemma 2.5], we can prove that the sequence Gεx is Cauchy in W 1,2(Aδ,R). In particular
Gεx → Gx in W 1,2(Aδ,R) and, since pt(x, .)→ 0 uniformly in Aδ,R, we deduce that Gx is harmonic in Aδ,R
(cf. with Lemma 2.3.4).

We pass to the continuity of Gx in X \ {x}. We first observe that from (1.3.15) we have

‖|∇pt(x, .)|‖L∞(X\Bδ(x)) ≤ C(N)t−1/2m(B√t(x))−1e
−δ2
5t =: β(t, δ)

and that, thanks to the Bishop-Gromov inequality and the non-parabolicity assumption,
�∞

0
β(t, δ) dt <

+∞, for every δ > 0. Therefore from the continuity of pt and Proposition 1.3.8 we deduce that

lim
z→y
|Gx(z)−Gx(y)| ≤

(� ∞
0

β(t, δ) dt

)
lim
z→y

d(z, y) = 0, ∀y ∈ X \ B̄δ(x0),

from which the claimed continuity follows. �

2.1.2. Number of ends. Let us introduce the notion of ends for a metric space. The definition is
usually given for manifolds, however, since the definition is purely metric, it carries over verbatim to
metric spaces.

Definition 2.1.5 (Number of ends of a metric space). Let (X, d) be a metric space and k ∈ N. We say
that X has k ends if both the following are true:

(1) for any K compact, X \K has at most k unbounded connected components,
(2) there exists K ′ compact such that X \K ′ has exactly k unbounded connected components.

The following result generalizes to the non smooth setting a well known result for Riemannian man-
ifolds.

Proposition 2.1.6. Suppose (X, d,m) is a non compact RCD(0, N) space, N ∈ [1,∞). Then exactly one
of the following holds:

(i) X is a cylinder, meaning that X is isomorphic to the product (R×X′, dEucl×d′,L1⊗m′), where
(X ′, d′,m′) is a compact RCD(0, N − 1) m.m.s. if N ≥ 2 and a single point if N ∈ [1, 2),

(ii) for every C bounded subset of X, there exists R > 0 such that the following holds: for every
couple of points x, y ∈ X satisfying d(x,C), d(y, C) > R there exists γ ∈ Lip([0, 1],X) such that
γ(0) = x, γ(1) = y, γ ⊂ X \ C and Lip(γ) ≤ 5d(x, y). In particular X has one end.

Proof. We closely follow [2, Prop. 2.10]. Suppose that ii) does not hold, it follows that there exists
a bounded set C, two sequences of points (xk), (yk) ⊂ X and geodesics (γk) between xk and yk such that
d(xk, C), d(yk, C) → +∞ and γk intersects C for all k. Indeed for a geodesic, Lip(γk) = d(xk, yk). Since
X is proper and C is compact, with a compactness argument (re parametrizing all the γk by arc length)
we deduce that X contains a line. In particular, being X an RCD(0, N) space, by the splitting theorem
[115] we infer that X is is isomorphic to the product (R×X′, dEucl × d′,L1⊗m′), where (X ′, d′,m′) is an
RCD(0, N − 1) space if N ≥ 2 and a single point if N ∈ [1, 2). It remains to prove that X′ is bounded.

Suppose it is not. We claim that this would imply the validity of ii) and thus a contradiction. Indeed
suppose that C ⊂ X is bounded, then C ⊂ BR(p) for some R > 0 and p ∈ X. It is enough to show
that for every couple of points x0, x1 ∈ B2R(p)c there exists γ ∈ Lip([0, 1],X) joining them and with
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image contained in BR(p)c. In the case d(x0, x1) ≤ R we conclude immediately by taking a geodesic
between x0 and x1, hence we can suppose that d(x0, x1) > R. Identifying X with R × X′ we have that
p = (t̄, x′), xi = (ti, x

′
i) i = 0, 1, for some t̄, t0, t1 ∈ R and x′, x′0, x

′
1 ∈ X′. Hence I × B′ ⊂ B2R(p), where

I := [t̄ − R, t̄ + R] and B′ := BR(x′). In particular xi ∈ (I × B′)c, i = 0, 1, i.e. for every i = 0, 1 either
ti /∈ I or xi /∈ B′. We claim that it is sufficient to deal with the case t0 /∈ I and x′1 /∈ B′, indeed the other
cases follow from this one by concatenating two paths of this type as follows: if t0, t1 /∈ I and x′0, x

′
1 ∈ B′

we choose y′ /∈ B′ (which exists since X′ is unbounded) and we join (t0, x
′
0) to (t0, y

′) and then (t0, y
′)

to (t1, x
′
1); if t0, t1 ∈ I and x′0, x

′
1 /∈ B′ we pick s /∈ I and we join (t0, x

′
0) to (s, x′0) and then (s, x′0) to

(t1, x
′
1).
Hence we can assume that t0 ∈ R\I and x′1 ∈ X′ \B′. To build the required path, consider a geodesic

η : [0, 1]→ X ′ going from x′0 to x′1 and define the function s : [0, 1]→ R as s(t) = t1 t+ (1− t) t0. Then
the curve

γ(t) =

{
(t0, η(t)), t ∈ [0, 1),

(s(t), x′1), t ∈ [1, 2],

is Lipschitz and has image contained in (I × B′)c ⊂ BR(p)c, hence (up to a reparametrization) satisfies
all the requirements.

To estimate Lip(γ) we observe that, up to a reparametrization, we can assume that Lip(γ) = L(γ),
hence it is sufficient to bound the length of γ. In the case t0 ∈ R \ I and x′1 ∈ X′ \ B′ it is sufficient to
observe that L(γ) = d′(x′0, x

′
1) + |t0− t1| ≤ 2(dEucl×d((t0, x

′
0), (t1, x

′
1))), where γ is the curve constructed

above. The general case follows concatenating two paths as described above, where we pick y′ and s
so that d′(y′, x′) < 2R, |t̄ − s| < 2R. Indeed it can be easily checked these two resulting paths have
respectively length not grater than 2R and 2R + d(x0, x1). Since we are assuming d(x0, x1) ≥ R, this
concludes the proof. �

Corollary 2.1.7. If X is a non-parabolic RCD(0, N) space, then it is not a cylinder and in particular
item ii) of Proposition 2.1.6 holds and X has only one end.

Proof. Suppose by contradiction X is a cylinder R×X′. Then for any r > 0 and any (x, t) ∈ X′×R
we have

m(Br((x, t))) = (L1 ⊗m′)(Br((x, t))) ≤ (L1 ⊗m′)(X′ × [t− r, t+ r]) = m′(X′) 2r,

which clearly contradicts the fact that X is non-parabolic. �

2.2. The electrostatic potential on RCD spaces

As we mentioned in Section 2.1 the existence of the electrostatic potential on RCD spaces is not
granted, in particular already for Riemannian manifolds with non-negative Ricci curvature, its existence is
equivalent to the manifold being non-parabolic. In this section we prove that on non-parabolic RCD(0, N)
spaces there exists the electrostatic potential for open sets with sufficiently regular boundary (Theorem
2.2.13).

We will first prove the existence of a relative electrostatic potential of a set E, with regular boundary
(Theorem 2.2.3), with respect to a larger open set. Then, following a classical argument via comparison
and exhaustion (see e.g. [166] or [2]) we will prove by compactness the existence of a global electrostatic
potential.

To deal with the existence of a relative electrostatic potential for sufficiently regular sets, we will make
use of the so-called Wiener criterion, developed for PI-spaces in [47–49]. To make the work self-contained
we will revisit and reprove in details the results that we need in the setting of RCD(K,N) spaces and in
doing so we will mainly follow the exposition in [46].

As a corollary of the construction of the relative electrostatic potential we will prove the existence
of ‘harmonic-cut-off’ functions that will be used in the next Chapter (see Corollary 2.2.4 and Section 3.2
respectively). For this reason and for generality, even if in this chapter we are working with K = 0, in
this section we will consider arbitrary K.

2.2.1. Relative electrostatic potential. We first need to introduce the notion of boundary regularity
that we will use:

Definition 2.2.1 (Cap-fat boundary points). We say that an open set E is Cap-fat at a point x ∈ ∂E if
there exists r, c > 0 such that

Cap(Bs(x) ∩ E,B2s(x))

Cap(Bs(x), B2s(x))
≥ c , ∀ s ∈ (0, r).
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Moreover we say that E has (uniformly) Cap-fat boundary if it is Cap-fat at every point x ∈ ∂E (with
global parameters c, r > 0).

A geometric condition that is enough to ensure Cap-fatness of the boundary is the following interior
corkscrew condition. This follows essentially from the doubling property of the measure and the Poincaré
inequality (see for example [46, Prop. 6.16]).

Definition 2.2.2 (Corkscrew-condition). Let λ ∈ (0, 1) and r > 0. We say that E satisfies the (interior)
(λ, r)-corkscrew condition at x ∈ ∂E if for every s ∈ (0, r) there exists an ball of radius λs contained in
Bs(x) ∩ E.

It is easily verified that any ball of radius > δ satisfies the (interior) (1/4, δ)-corkscrew condition.
Moreover arbitrary unions of sets satisfying the (interior) (λ, r)-corkscrew condition still satisfies the
(interior) (λ/2, r)-corkscrew condition. In particular union of balls with radius uniformly bounded below
satisfies the interior corkscrew condition. It follows that any ε-enlargements of a set, i.e. a set of the form
Sε = {x : d(x, S) < ε}, with ε > 0 and S an arbitrary set, satisfies the interior corkscrew condition.

Our main result will be to prove the existence of relative electrostatic potential for sets with Cap-fat
boundary.

Theorem 2.2.3 (Existence of relative electrostatic potential). Let (X, d,m) be an RCD(K,N) metric
measure space with N < +∞. Let Ω, E ⊂ X be bounded open sets with E ⊂⊂ Ω. Suppose also that E has
Cap-fat boundary. Then there exists u ∈ W 1,2

0 (Ω) ∩ C(Ω), superharmonic in Ω and harmonic in Ω \ Ē
with 0 ≤ u ≤ 1, u = 1 in E and

Cap(E,Ω) =

�
Ω

|∇u|2 dm.

Moreover the following continuity estimate holds: for every x ∈ ∂E it holds

1− u(y) ≤ Cxd(y, x)αx , ∀y ∈ Brx/2(x) ∩ Ω,

for some positive constants Cx = Cx(rx, cx,K,N, δ) > 0, αx = α(rx, cx,K,N, δ) > 0, where rx, cx are the
Cap-fatness parameters of x and δ > 0 is such that d(E,Ωc) ≥ δ.
Finally u satisfies the following comparison principle: for every v ∈ W 1,2(Ω) superharmonic and such
that v ≥ χE m-a.e. in Ω, it holds that

u ≤ v, m-a.e. in Ω.

Before passing to the proof of the above result we deduce from it the existence of a class of harmonic
cut-off functions, which is of independent interest and will be used in Chapter 3

Corollary 2.2.4 (Existence of harmonic cut-off functions). Let (X, d,m) be an RCD(K,N) metric measure
space with N < +∞. Then for every compact set P ⊂ X and any U open set with P ⊂ U , there exists a
continuous function u ∈ C(X)∩W 1,2

0 (U) such that 0 ≤ u ≤ 1, u = 1 in P , u = 0 in U c and u is harmonic
in {0 < u < 1}.

Proof. If U = X to there is nothing to prove since we can just take u ≡ 1. Hence we can assume that
U c 6= ∅ and in particular d(P,U c) > 0. We choose numbers r1, r2 ∈ R+ so that r1 < r2 < d(P,U c). We
consider the sets P r1 , P r2 , where P r := {x : d(x, P ) < r}, which obviously satisfy P ⊂⊂ P r1 ⊂⊂ P r2 ⊂
U . In particular C := X \ P r2 6= ∅. We then fix δ ∈ (0, (r2 − r1)/2) and take V := {x : d(x,C) > δ}.
Clearly by the triangle inequality P ⊂⊂ P r1 ⊂⊂ V ⊂ P r2 . Moreover, P r1 being the enlargement of a set,
it satisfies the interior cork-screw condition. Therefore we can apply Theorem 2.2.3 to have existence of a
function u ∈ C(V ), with 0 ≤ u ≤ 1, u = 1 in P r1 and harmonic in V \ P r1 . To conclude is then sufficient
to show that u(x) → 0 as x → ∂V . To do so we fix x̄ ∈ ∂V arbitrary. We will follow a barrier-type
argument. More precisely we aim to exploit the comparison principle in Theorem 2.2.3 to compare u near
x̄ with a suitable superharmonic function. We claim that for every r > 0 small enough there exists a ball
Br(y) ⊂ V c with d(x, y) = r. Indeed observe that by definition d(x̄, C) = δ. Therefore by compactness
and by the fact that X is geodesic, there exists a geodesic γ connecting x̄ with a point c ∈ C such that
d(x, c) = δ. From this the claim easily follows recalling that by definition V = {x : d(x,C) > δ}. For
every r > 0 and y as in the claim we define the function fr : V → R as fr := (r)−2α − d−2α

y , with α� 1

fixed and to be chosen later. By definition fr ∈ LIP(V ) ⊂ W 1,2(V ). Moreover by construction fr ≥ 0
in V and fr|P r1 ≥ (r)−2α − ((r2 − r1)/2)−2α, in particular if r > 0 is small enough we have fr ≥ 1 in

P r1 (we stress that the choice of α will not depend on r and there is no circular reasoning). Therefore
fr ≥ χP r1 . We claim that fr is superharmonic in V . Indeed from the chain rule for the Laplacian 1.2.16
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and the Laplacian comparison (1.3.13) (recalling also (1.3.14)) we have that fr ∈ D(∆, V ) with

∆fr = αd2(−α−1)
y ∆d2

y + 4α(−α− 1)|Ddx0
|2d2(−α−1)

y m ≤ αd2(−α−1)
y 2N lK,N (dxn)− 4α(α+ 1)d2(−α−1)

y

= αd2(−α−1)
y (2NlK,N (dy)− 4(α+ 1))m.

Since lK,N : [0,∞) → [0,∞) is a continuous function it is locally bounded, hence lK,N (dy) ≤ C in V
for some constant C depending on the diameter of V and on the numbers N and K. Therefore if we
take α large enough we obtain that ∆fr ≤ 0 and thus the desired superharmonicity of fr. From this, the
comparison principle in Theorem 2.2.3 and the continuity of both u and fr ensure that u ≤ fr in V . Then

0 ≤ lim
U3z→x

u(y) ≤ lim
U3z→x

fr(y) = lim
U3z→x

fr(z) = fr(x) = 0.

From the arbitrariness of x ∈ ∂V the conclusion follows. �

The relative electrostatic potential will be constructed as a solution of the obstacle problem.

The obstacle problem. Given an open and bounded set Ω ⊂ X and a (Borel) set E ⊂⊂ Ω we consider the
following minimization problem

(O) Obs(E,Ω) := inf
u∈FE,Ω

�
Ω

|∇u|2 dm,

where FE,Ω = {u ∈W 1,2
0 (Ω) : u ≥ χE m-a.e. in Ω}. Note that FE,Ω is non-empty as soon as E ⊂⊂ Ω.

It is clear that if E ⊂⊂ Ω is open, then

Obs(E,Ω) = Cap(E,Ω).

The proof of the following result is a straightforward application of the direct method of the calculus
of variations, recalling that the embedding W 1,2

0 (Ω) ↪→ L2(X) is compact (see Proposition 1.6.11) and
from the lower semi continuity and (strict) convexity of the Cheeger energy.

Proposition 2.2.5. Whenever FE,Ω 6= ∅, there exists a unique minimizer to (O). Moreover this mini-
mizer is superharmonic in Ω.

We now show the two main properties of a minimizer u of (O): the first is that u is harmonic far
from the obstacle E and the second says that u is essentially the smallest superharmonic function which
stays above χE .

We will need the following technical lemma, whose simple proof is omitted.

Lemma 2.2.6. Let u ∈W 1,2
0 (Ω), then u+ ∈W 1,2

0 (Ω).

Let v ∈W 1,2(Ω), u ∈W 1,2
0 (Ω) be such that 0 ≤ v ≤ u, then v ∈W 1,2

0 (Ω)

Proposition 2.2.7. Let u be the minimum of (O) for some E ⊂ Ω. Then u = 1 m-a.e. in E and the
following hold:

(1) u is harmonic in Ω \ Ē,
(2) comparison principle: for every v ∈ W 1,2(Ω) superharmonic and such that v ≥ χE, m-a.e., it

holds that
u ≤ v, m-a.e. in Ω.

Proof. We start by showing that u ≤ 1 m-a.e. in Ω. Indeed u ∧ 1 ∈ FE,Ω and
�

Ω
|∇(u ∧ 1)|2 ≤�

Ω
|∇u|2dm, from which the claim follows. Since u ≥ χE , m-a.e. it also follows that u = 1 m-a.e. in E.

We pass to the harmonicity. Fix ϕ ∈ LIPc(Ω \ Ē). Clearly (u+ ϕ)+ ∈ FE,Ω, therefore�
Ω\Ē
|∇(u+ ϕ)|2 dm ≥

�
Ω\Ē
|∇(u+ ϕ)+|2 dm

=

�
Ω

|∇(u+ ϕ)+|2 dm−
�
Ē

|∇u|2 dm ≥
�

Ω\Ē
|∇u|2dm,

where in the equality step we have used that ϕ = 0 in Ē and the locality of the gradient. This and
Proposition 1.3.18 prove the claimed harmonicity.

It remains to prove the comparison principle. We start claiming that (u − v)+ ∈ W 1,2
0 (Ω) and

min(u, v) ∈ FE,Ω. Indeed we have that 0 ≤ (u− v)+ ≤ u, m-a.e. in Ω and χE ≤ min(u, v) ≤ u m-a.e. in
Ω, therefore the claim follows applying Lemma 2.2.6.

Observe that max(u, v) = v+ (u− v)+, hence from the superharmonicity of v, Proposition 2.2.5, and
the locality of the gradient we have�

{u>v}
|∇u|2 dm ≥

�
{u>v}

|∇v|2 dm.
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Therefore from the locality of the gradient it follows that�
Ω

|∇min(u, v)|2 dm ≤
�

Ω

|∇u|2 dm,

that combined with min(u, v) ∈ FE,Ω and the uniqueness of the solution to (O) implies that min(u, v) = u
m-a.e. in Ω. �

We conclude this part with the following technical result.

Lemma 2.2.8. Let u be the minimum of (O) for some E ⊂⊂ Ω. Then for every m ∈ (0, 1], F{u>m},Ω is
non-empty and the function u

m ∧ 1 is the minimum of (O) in Ω with E = {u > m}.

Proof. Set um = u
m ∧1. Observe that um ≥ χ{u>m} and that um ∈W 1,2

0 (Ω) by Lemma 2.2.6, hence
um ∈ F{u>m},Ω and in particular F{u>m},Ω is non-empty. Fix now v ∈ F{u>m},Ω. Define the function

ū := u + m(v − um) and observe that ū ∈ W 1,2
0 (E). Moreover ū ≥ u ≥ 0 m-a.e. in Ω and, since from

Proposition 2.2.7 u = 1 m-a.e. in E, we also have that ū = 1 m-a.e. in E. Therefore ū ∈ FE,Ω. This and
the fact that ū = mv m-a.e. in {u ≤ m} and ū = u m-a.e. in {u > m} gives�

Ω

|∇v|2 dm ≥
�
{u≤m}

|∇v|2 dm ≥ 1

m2

�
{u≤m}

|∇u|2 dm =

�
Ω

|∇um|2 dm.

Since v ∈ F{u>m},Ω was arbitrary we conclude. �

Wiener-criterion on RCD spaces. We now come to the core of this section. The Wiener criterion is used
to characterize the regular boundary points in the Perron-method for the solution of the Dirichlet problem
for the Laplacian operator (see [46, Chp. 10]). Here we will not prove such a general result, however we
will use core ideas coming from this theory, which will allow us to control from below the solution of the
obstacle problem in term of the capacity of balls at the boundary of the obstacle.

Proposition 2.2.9. For every r0 < 4diam(X) there exists C = C(r0,K,N) > 0 such that the following
holds. Let E ⊂ Br(x) be open, r < r0 let 2B = B2r(x) and let u be the solution to (O) for E in 2B. Then

u ≥ CCap(E, 2B)

Cap(B, 2B)
, m-a.e. in Br(x).

Proof. Set B′ = B 3
2 r

(x) and observe that, since r0 < 4diam(X), ∂B′ 6= ∅. Define m := max∂B′ u,

which exists because u is continuous in ∂B′. We claim that m > 0. Indeed if m = 0, from the maximum
principle (Proposition 1.3.19) we would have that u = 0 in the ball 2B (recall that balls are connected),
and thus u = 0 in E, which contradicts the fact that u = 1 m-a.e. in E with E open. We now claim that

(2.2.1) u ≤ m, in 2B \B′.

To see this let m′ > m and observe that (u−m′)+ ≤ u+ hence by Lemma 2.2.6 (u−m′)+ ∈W 1,2
0 (2B).

Moreover, from the continuity of u and the definition of m we have that (u−m′)+ = 0 in a neighbourhood

of ∂B′. These two observations together imply that (u−m′)+ ∈W 1,2
0 (2B\B′). Observe that min(u,m′) =

u− (u−m′)+ hence from harmonicity of u we deduce that�
2B\B̄′

|∇u|2 d m ≤
�

2B\B̄′
|∇min(u,m′)|2 dm,

which combined with the locality of the gradient gives that |∇u| = 0 m-a.e. in {2B \ B̄′} ∩ {u ≥ m′}.
Therefore again by locality |∇(max(u,m′))| = 0 m-a.e. in 2B\B̄′. This implies that max(u,m′) is constant
in every connected component of 2B \ B̄′. However the boundary of any such connected component must
intersect ∂B′ (because 2B is connected), hence we deduce that u ≤ m′ in 2B \ B̄′. Since m′ > m was
arbitrary (2.2.1) follows.

Define the functions u1 = u
m ∧ 1, u2 = u−mu1

1−m and observe that u1, u2 ∈ FE,2B . In particular for

every t ∈ (0, 1) tu1 + (1− t)u2 ∈ FE,2B and�
2B

|∇u|2 dm ≤ t2I1 dm + (1− t)2I2,

where Ii =
�

2B
|∇ui|2 dm. Optimizing in t we obtain that

(2.2.2)
1�

2B
|∇u|2 dm

≥ 1

I1
+

1

I2
.
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Observe now that u2 = 0 in {u ≤ m} and u2 = (1 − m)−1(u − 1) in {u > m} , therefore |∇u2| =
χ{u>m}|∇u|(1 − m)−1 m-a.e. in 2B. In particular I2 ≤ (1 − m)−2

�
2B
|∇u|2 dm, that combined with

(2.2.2) gives

Cap(E, 2B) =

�
2B

|∇u|2 dm ≤ (2m−m2)I1 ≤ 2mI1.

This combined with Lemma 2.2.8 gives

(2.2.3) Cap(E, 2B) ≤ 2mObs({u > m}, 2B) ≤ 2mObs(B′, 2B) = 2mCap(B′, 2B),

where in the second inequality we have used (2.2.1).
From the definition of m there exists a ball B′′ = Br/2(y) with y ∈ ∂B′ such that supB′′ u ≥ m.

Applying twice the Harnack inequality, recalling that u is harmonic in B′′ and superharmonic in B, and
using the doubling property we obtain that

m ≤ sup
B′′

u ≤ C(r0,K,N) ess inf
B

u.

The conclusion then follows from (2.2.3) and recalling that thanks to the doubling condition and the
Poincaré inequality we have Cap(B′, 2B) ≤ cCap(B, 2B), for some constant c depending only on r0,K
and N (see [46, Prop. 6.16]) �

Theorem 2.2.10. For every r0 < 4diam(X) there exists C = C(r0,K,N) > 0 such that the following
holds. Let E ⊂ Br(x) be open, r < r0, and set Bi := B21−ir(x) for i ∈ N0. Let u be the capacitary potential
for E in B0, then for every i ≥ 1 it holds that

1− u ≤ exp

−C i∑
j=1

Cap(E ∩Bj , Bj−1)

Cap(Bj , Bj−1)

 , m-a.e. in Bi.

Proof. Let ui be the solution to (O) for E ∩ Bi in Bi−1 (in particular u = u1) and define ai :=
Cap(E∩Bi,Bi−1)

Cap(Bi,Bi−1)
for i ∈ N. Proposition 2.2.9 ensures that

(2.2.4) ess inf
Bi
ui ≥ Cai ≥ 1− e−Cai .

Define the functions vi ∈ W 1,2
0 (B0) inductively as v1 = u1 and vi = 1 − eCai−1(1 − vi−1), for i ≥ 2.

Observe that, since u1 is superharmonic in B0, vi is superharmonic in B0 for all i ≥ 1. We claim that

(2.2.5) vi ≥ 0, m-a.e. in Bi−1.

We will actually show the stronger estimate vi ≥ ui m-a.e. in Bi−1. We proceed by induction. By definition
v1 = u1, now suppose that vi ≥ ui in Bi−1. It follows from (2.2.4) that vi+1 ≥ 1− eCai(1− ui) ≥ 0 m-a.e.
in Bi. Moreover, since u1 = 1 in E ∩ B1, evidently vi+1 = 1 m-a.e. in E ∩ Bi+1. Combining these two
observations we obtain that vi+1 ≥ χE∩Bi+1

m-a.e. in Bi. Recalling that vi is superharmonic in B (and
thus also on Bi) we can apply the comparison principle of Proposition 2.2.7 to deduce that vi+1 ≥ ui+1

m-a.e. in Bi. This proves the claim. Therefore from (2.2.5)

1− u = 1− v1 = e−C(a1+...+ai−1)(1− vi) ≤ e−C(a1+...+ai−1), m-a.e. in Bi−1,

that concludes the proof. �

With the above powerful result, we can now easily proof the existence of the relative electrostatic
potential.

Proof of Theorem 2.2.3. Fix x ∈ ∂E and let c, r be its Cap-fat parameters. Let B := Br0(x)
with r0 := (δ∧ r)/4 and let u to be the solution to (O) for E ∩B in 2B. Fix y ∈ B \ Ē with d(y, x) < r/2.
There exists i ∈ N0 such that 2−i−1r0 < d(x, y) < 2−ir0 < r. Therefore from Theorem 2.2.10 (observe
that we must have r0 < diam(X)) and the continuity of u in B \ Ē we have

(2.2.6) 1− u(y) ≤ (e−i)c·C ≤ (2−i)c·C ≤ (2r−1
0 d(x, y))c·C = (8δ ∧ r)−c·C(d(x, y))c·C .

Consider now any Ω ⊂ X open with E ⊂⊂ Ω and d(E,Ωc) ≥ δ and let ū to be the solution of (O) for E
in Ω. Fix x ∈ ∂E and let u as in the previous part of the proof. Since B2r0(x) ⊂ Ω, from the comparison
principle of Proposition 2.2.7 we have that ū ≥ u m-a.e. in Br0(x) and since both ū and u are continuous
in Br0(x) \ Ē we have that (2.2.6) holds for ū and every y ∈ B \ Ē with d(y, x) < r/2. This proves that
limBr0 (x)\Ē3y→x ū(y) = 1 for every x ∈ ∂E (recall that ū ≤ 1) and since ū is also lower semicontinuous

we deduce that ū = 1 in Ē.
The comparison principle is already contained in Proposition 2.2.7. �
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2.2.2. Existence of electrostatic potential on non-parabolic RCD(0, N) spaces.

Definition 2.2.11 (Electrostatic potential). Given (X, d,m) an (unbounded) infinitesimally Hilbertian
m.m.s. and E ⊂ X open and bounded, an electrostatic potential for E is a function u ∈ D(∆,X \ Ē) ∩
C(X \ E) solution to 

∆|X\Ēu = 0,

u = 1, in ∂E,

u(x)→ 0 as d(x, ∂E)→ +∞.

Remark 2.2.12. If X is a non-parabolic RCD(0, N) space, than the electrostatic potential (if it exists) is
unique. This follows immediately from the maximum principle (see Proposition 1.3.19) and the fact that
X \ Ē has only one unbounded connected component (recall Corollary 2.1.7). �

We pass to our main existence result for the electrostatic potential, which holds for sets with suffi-
ciently regular boundary, namely with Cap-fat regular boundary. See the previous section for the definition
of Cap-fat regular boundary and for examples of sets satisfying this condition.

Theorem 2.2.13. Let (X, d,m) be a non-parabolic RCD(0, N) m.m.s. and let E ⊂ X be open and bounded
with Cap-fat boundary. Then the electrostatic potential u for E exists. Moreover the following continuity
estimate holds: for every x ∈ ∂E it holds

(2.2.7) 1− u(y) ≤ d(y, x)αx , ∀y ∈ Brx/2(x) ∩ Ec,

for some positive constant αx = α(rx, cx, N) > 0, where rx, cx are the Cap-fatness parameters of x.

Finally, extending u to be identically 1 in Ē, it holds that u ∈W 1,2
loc (X) and

(2.2.8)

�
X

|∇u|2 dm ≤ Cap(E).

Proof. We will actually build a globally defined function ũ and then define u to be the restriction
of ũ to Ec. The argument is by compactness. Fix x0 ∈ E and set Bn := Bn(x0) with n ∈ N and

n > diam(E) + 100. Theorem 2.2.3 grants the existence of a function un ∈ W 1,2
0 (Bn) ∩ C(B) harmonic

in Bn \ E, such that 0 ≤ un ≤ 1, un = 1 on Ē and
�

X
|∇un|2 dm = Cap(E,Bn). Moreover from the

comparison principle in Theorem 2.2.3 we must have that un ≤ un+1 in Bn.
It follows from Lemma 1.3.24 that, up to a (non relabelled) subsequence, un converges in X \ Ē

uniformly on compact sets to a function ũ ∈ C(X \ Ē) harmonic in X \ Ē. In particular un → ũ m-a.e..
Moreover, since Cap(E,Br(x0)) is decreasing in r, we have that supn ‖|∇un|‖L2(X) < +∞. Then with a

cut-off argument it can be easily seen that ũ ∈W 1,2
loc (X) and that (see e.g. Lemma 1.6.14)�

X

|∇ũ|2 dm ≤ lim
n

�
X

|∇un|2 dm ≤ lim
n

Cap(E,Bn) = lim
r→+∞

Cap(E,Br(x0))Cap(E).

The continuity estimate follows directly from the fact that un ≤ ũ ≤ 1 for every n and from the
continuity estimate in Theorem 2.2.3.

It remains to show that u goes to 0 at infinity. We prove it by comparison with the quasi Green’s
function G1

x0
(recall (2.1.3)). We have that G1

x0
is Lipschitz and superharmonic in X. Moreover G1

x0
is

positive, hence λG1
x0
≥ χE for a large enough constant λ > 0. In particular the comparison principle in

Theorem 2.2.3 implies that un ≤ λG for every n, which in turn gives u ≤ λG1
x0
. Finally from the estimate

for the Green’s function in (2.1.4) we have

G1
x0
≤ Gx0(x) ≤

� ∞
d(x,x0)

s

m(Bs(x))
ds,

in particular G1
x0

(x)→ 0 at infinity. This concludes the proof. �

2.3. New estimates for harmonic functions

2.3.1. Laplacian estimates. The following result can be interpreted as a generalization of the well know
fact that in a Riemannian manifold with nonnegative Ricci curvature the square norm of the gradient of
an harmonic function is subharmonic.

Theorem 2.3.1. Let X be an RCD(K,N) space with N ∈ [2,∞), let u be harmonic in Ω and β > N−2
N−1 .

Then |∇u|β/2 ∈W 1,2
loc (Ω), |∇u|β ∈ D(∆,Ω) and

(2.3.1) ∆(|∇u|β) ≥ Cβ,N |∇|∇u|
β
2 |2 m|Ω + βK|∇u|2m|Ω,
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where Cβ,N = 4
β

(
β − N−2

N−1

)
. Moreover |∇u|β ∈ D(∆,Ω) also for β = N−2

N−1 with (2.3.1) holding without

the term containing Cβ,N .

Before passing to the proof of Theorem 2.3.1 we isolate an immediate but important corollary, which
will crucial in Chapter 3.

Corollary 2.3.2. Let (X, d,m) be an RCD(K,N) space, N ∈ [2,∞), and let u be harmonic in Ω ⊂ X.

Then
√
|∇u| ∈W 1,2

loc (Ω) and in particular

(2.3.2)
|∇|∇u||2

|∇u|
∈ L1

loc(Ω),

where the whole function is taken to be zero whenever |∇u| = 0.

The main ingredient for the proof of Theorem 2.3.1 is the following new Kato-type inequality. Observe
that on the set {dimloc = N}, where trHess(u) = ∆u (recall (1.4.6)), letting t→ 0 we recover the standard
refined Kato-inequality for harmonic functions.

Lemma 2.3.3 (Generalized refined Kato inequality). Let X be an RCD(K,N)space, with N ∈ [1,+∞).
Then for any u ∈ Testloc(Ω) (see Sec. 1.4.2) it holds

(2.3.3)
t+ dimloc

t+ dimloc−1
|∇|∇u||2 ≤ |Hess(u)|2HS +

(trHess(u))2

t
, m-a.e. in Ω, ∀t > 0.

Proof. We make the following preliminary observation. Let A be any symmetric n× n real matrix,
then the following inequality holds for every t > 0

(2.3.4)
t+ n

t+ n− 1
|A · v|2 ≤ |v|

2(trA)2

t
+ |v|2|A|2, ∀v ∈ Rn, ∀N ≥ n.

where |A| is the Hilbert-Schmidt norm of A. To prove it we can assume that A is diagonal with diagonal
entries λ1, ..., λn, where λn ≥ λi, i ≤ n and also that |v| ≤ 1. Applying twice Cauchy-Schwartz we obtain

(λ1 + ...+ λn)2

t
+ λ2

1 + ...+ λ2
n−1 + λ2

n ≥
(λ1 + ...+ λn)2

t
+

(λ1 + ...+ λn−1)2

n− 1
+ λ2

n

≥ λ2
n

t+ n− 1
+ λ2

n ≥
t+ n

t+ n− 1
|A · v|2,

which proves (2.3.4).
Observe that it is enough to prove (2.3.3) for u ∈ Test(X). Moreover it is enough to prove (2.3.3) in

every En with m(En) > 0, where En = {dimloc = n} for every n ∈ {1, ..., bNc} (recall Theorem 1.3.12).
Hence we fix one of such En. Let e1, ..., en ∈ L0(TX) be an orthonormal base for L0(TX) in En. Consider

the n × n real matrix A : X → L0(m)n
2

defined by {Ai,j(x)}i,j = {Hess(u)(ei, ej)(x)}i,j . Define also the
vector v : X→ L0(m)n as vi(x) := 〈∇u, ei〉(x). From (1.4.2) and the formula (1.4.3) we have that

2χEn |∇u|∇|∇u| = χEn∇|∇u|2 = 2χEn

n∑
i=1

n∑
j=1

Ai,jvjei, in L0(TX).

Taking the square pointwise norm on both sides we obtain

|∇u|2|∇|∇u||2 = |A · v|2, m-a.e. in En.

Since from (1.4.4) and (1.4.5) we have that |Hess(u)|2HS = |A|2HS m-a.e. in En and trHess(u) = trA m-a.e.
in En, the conclusion follows combining the above identity with (2.3.4). �

The second ingredient for the proof is the following simple technical lemma (cf. with [117, Prop.
4.15])

Lemma 2.3.4. Let X be an RCD(K,N)space, with N < +∞. Let (un) ⊂ D(∆,Ω) and u ∈ W 1,2
loc (Ω)

be such that |∇un − ∇u|2 → 0 in L1
loc(Ω). Moreover assume that ∆un ≥ gnm for some gn ∈ L1

loc(Ω)
such that

�
gnf dm →

�
gf dm +

�
hf dm, for every f ∈ LIPc(Ω) with f ≥ 0, for some fixed functions

g ∈ L0(Ω,m) and h ∈ L1
loc(Ω), with g ≥ 0 m-a.e.. Then g ∈ L1

loc(Ω), u ∈ D(∆,Ω) and ∆u ≥ (g + h)m.

Proof. The assumptions grant that
�
〈∇un,∇f〉dm→

�
〈∇u,∇f〉dm, for every f ∈ LIPc(Ω), there-

fore we can pass to the limit on both sides of −
�
〈∇un,∇f〉dm ≥

�
gnf dm to obtain that

−
�
〈∇u,∇f〉dm ≥

�
gf dm +

�
hf dm, ∀f ∈ LIPc(Ω), with f ≥ 0.
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From this it follows that g ∈ L1
loc(Ω), indeed we can take for any K compact in Ω a function f ∈ LIPc(Ω)

such that f ≥ 0 and f = 1 in K and then bring
�
hf dm to the other side of the inequality. The conclusion

then follows applying Proposition 1.2.12. �

Proof of Theorem 2.3.1. The proof is based on a inductive bootstrap argument. We make the
following claim

if β >
N − 2

N − 1
is such that |∇u|β ∈W 1,2

loc (Ω), then |∇u|β/2 ∈W 1,2
loc (Ω) and (2.3.1) holds.

Observe that, since we already know that |∇u|β ∈W 1,2
loc (Ω) for every β ≥ 1 (recall (1.4.9)), the first part

of the conclusion follows iterating the above statement.
We pass to the proof of the claim, hence we fix β > N−2

N−1 such that |∇u|β ∈ W 1,2
loc (Ω). Since

u ∈ Testloc(Ω), from the local Bochner inequality (1.4.10) combined with the Kato inequality (2.3.3) (with
t = N − dimloc whenever dimloc < N and letting t→ 0 in the set where N = dimloc (recalling that in the
latter case 0 = ∆u = trHess(u) from (1.4.6)) we have |∇u|2 ∈ D(∆,Ω) and

(2.3.5) ∆(|∇u|2) ≥
(

2N

N − 1
|∇|∇u||2 + 2K|∇u|2

)
m|Ω,

Hence from the chain rule for the Laplacian (second version in Proposition 1.2.18, applied with ϕ ∈ C2(R)

as ϕ(t) = (t+ ε)
β
2 ) we have that (|∇u|2 + ε)

β
2 ∈ D(∆,Ω) and

∆((|∇u|2 + ε)
β
2 ) ≥

[
β(|∇u|2 + ε)

β
2−1|∇|∇u||2

(
N

N − 1
+

(β − 2)|∇u|2

|∇u|2 + ε
∧ (β − 2)

)
+Kβ(|∇u|2 + ε)

β
2
|∇u|2

|∇u|2 + ε

]
m|Ω,

(2.3.6)

for every ε > 0. Note that the above holds without the term “∧(β − 2)”, however this will be useful to

deal with the case β < 2. Setting vε := ∇(|∇u|2 + ε)
β
2 it is easy to see using dominated convergence that

|vε −∇(|∇u|β)|2 → 0 in L1
loc(Ω) as ε→ 0+. Moreover for every β > N−2

N−1 , denoting by gβ,ε ∈ L1
loc(Ω) the

function on the right hand side of (2.3.6), we have that
�

Ω
gβ,εfdm→

�
Ω
gβfdm+ 2Kβ

�
Ω
|∇u|βfdm, for

every f ∈ Lipc(Ω) with f ≥ 0, where gβ ∈ L0(Ω,m) is given by

gβ := β

(
β − N − 2

N − 1

)
χ|∇u|>0|∇u|β−2|∇|∇u||2.

This can be seen applying dominated convergence for the second term in (2.3.6) and using respectively
dominated convergence in the case β ≥ 2 and monotone convergence in the case N−2

N−1 < β < 2, for the

first term. We are therefore in position to apply Lemma 2.3.4 and deduce both that gβ ∈ L1
loc(Ω) and that

|∇u|β ∈ D(∆,Ω) with ∆(|∇u|β) ≥ (gβ + Kβ|∇u|β)m|Ω. Moreover the fact that gβ ∈ L1
loc(Ω) together

with Lemma 1.2.10 implies that |∇u|β/2 ∈ W 1,2
loc (Ω). This shows the claim and thus concludes the proof

of the first part.
We pass to the case β = N−2

N−1 . From the previous part we know that |∇u|β ∈W 1,2
loc (Ω), hence we can

repeat the above argument and observe that in this case gβ = 0, from which the conclusions follows. �

2.3.2. Divergence estimates.

Corollary 2.3.5. Let X be an RCD(K,N) space with N ∈ (2,∞). Suppose u is positive and harmonic

in Ω, set v = u
−1
N−2 and let β > N−2

N−1 . Then |∇v|β/2 ∈W 1,2
loc (Ω), u2∇|∇v|β/2 ∈ D(div,Ω) and

(2.3.7) div(u2∇|∇v|β) ≥ C̃β,N u2|∇|∇v|
β
2 |2 m|Ω + βKu−β

N−1
N−2 |∇u|β m|Ω,

where C̃β,N = 4(N−2)β

β

(
β − N−2

N−1

)
. Moreover u2∇|∇v|β/2 ∈ D(div,Ω) also for β = N−2

N−1 with (2.3.7)

holding without the term containing C̃β,N .

Proof of Corollary 2.3.5. We start observing that from the positivity and local Lipschitzianity
of u follows that u−1 ∈ Liploc(Ω) and thus uα ∈W 1,2

loc (Ω) for every α ∈ R. Moreover, from the chain rule
for the Laplacian (first version in Proposition 1.2.18, applied with u and ϕ(t) = tα, α ∈ R) and by the
harmonicity of u, we deduce that uα ∈ D(∆,Ω) with ∆(uα) = α(α − 1)uα−2|∇u|2m|Ω. Hence from the

Leibniz rule for the Laplacian (Proposition 1.2.16) and Theorem 2.3.1 we have that |∇u|βuα ∈ D(∆,Ω)
with

∆(|∇u|βuα) ≥
(
uαgβ + α(α− 1)uα−2|∇u|β+2 + 2αuα−1〈∇|∇u|β ,∇u〉

)
m|Ω +Kβuα|∇u|β m|Ω,
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for every β ≥ N−2
N−1 and every α ∈ R, where gβ is the same as in the proof of Theorem 2.3.1.

Applying the Leibniz rule for the divergence (Proposition 1.2.17) we deduce that u2∇(|∇u|βuα) ∈
D(div,Ω) with

div(u2∇(|∇u|βuα)) ≥
(
uα+2gβ + α(α+ 1)uα|∇u|β+2 + 2(α+ 1)uα+1〈∇|∇u|β ,∇u〉

)
m|Ω

+Kβuα+2|∇u|β m|Ω,
(2.3.8)

for every β ≥ N−2
N−1 and every α ∈ R.

We now assume that β > N−2
N−1 . Since |∇v| = (N − 2)−1u

1−N
N−2 |∇u| and since from Theorem 2.3.1 we

have |∇u|β/2 ∈W 1,2
loc (Ω), it follows that |∇v|β/2 ∈W 1,2

loc (Ω).

To see (2.3.7) we just take α = −βN−1
N−2 in (2.3.8). Then a direct computation gives that the right

hand side of (2.3.8) equals the right hand side of (2.3.7).
Finally choosing β = N−2

N−1 , α = −1 in (2.3.8) and recalling that in this case gβ = 0, shows also the
second part of the statement, thus finishing the proof. �

2.4. The monotonicity formula

2.4.1. Decay estimates for the electrostatic potential. Throughout this subsection (X, d,m) is a
non-parabolic RCD(0, N) space (recall from Remark 2.1.2 that in this caseN > 2) and u is the electrostatic
potential (recall Def. 2.2.11) of an open and bounded set E ⊂ X. The main goal will be to derive some
explicit decay estimates and controls on u and its gradient.

We start setting Ω := X \ Ē and we fix x0 ∈ E. From the maximum principle (Proposition 1.3.19)

0 < u ≤ 1, in Ω.

Proposition 2.4.1. Set R0 := 3diam(E) + 1, then

(2.4.1)
|∇u|(x)

u(x)
≤ C

d(x, x0)
, for m-a.e. x ∈ BR0(x0)c,

where C = C(N) is a positive constant depending only on N .

Proof. Immediate from the gradient estimate (1.3.18) with R = d(x, x0)/4. �

Proposition 2.4.2. For every D > 0 and N ∈ (2,∞) there exists a positive constant C2 = C2(N,D)
such that the following holds. Let u, Ω, E and x0 ∈ E as above and assume that diam(E) ≤ D. Then
setting δ := d(x0, {u ≤ 1/2}) ∧ 1 we have

(2.4.2)
δN−2

2
d(x0, x)2−N ≤ u(x) ≤ C2

� +∞

d(x,x0)

s
m(B1(x0))

m(Bs(x0))
ds, ∀x ∈ BR0

(x0)c,

where and R0 := 3diam(E) + 1 and the first inequality actually holds in Ω ∩Bδ(x0)c.

Before passing to the proof we notice that, since u = 1 in ∂E, we have d(x0, {u ≤ 1/2}) > 0, in
particular the left inequality in (2.4.2) is non-trivial.

Proof of Proposition 2.4.2. We start with the first inequality.
From Laplacian comparison (1.3.13) we know that d2

x0
∈ D(∆) and ∆d2

x0
≤ 2Nm. Moreover from

(1.3.14) |∇d2
x0
|2 = 4d2

x0
. Define now the function h = d2−N

x0
, then from the chain rule for the Laplacian

we have that h ∈ D(∆,X \ {x0}), and

∆h =
2−N

2
d−Nx0

∆d2
x0

+
2−N

2

(
2−N

2
− 1

)
4d2
x0
d−N−2
x0

=
N − 2

2
d−Nx0

(2Nm−∆d2
x0

) ≥ 0.

Hence h is subharmonic in X \ {x0}. Moreover we have that λh ≤ 1/2 in Bδ(x0)c, where λ := δN−2/2.
Finally from the assumption d(x0, {u ≤ 1/2}) > δ we have u ≥ λh in Ω ∩ Bδ(x0)c. Fix now r > 0 and
define the open set Ωr := {x ∈ Ω : d(x,Ωc) > r}. Observe that the function λh − u is subharmonic in
Ωr. Therefore from the weak maximum principle (see Proposition 1.3.19) we deduce that

sup
Ωr∩BR(x0)∩Bδ(x0)c

(λh− u) ≤ max
∂Ωr∩Bδ(x0)c

(λh− u) ∨ max
∂Bδ(x0)∩Ωr

(λh− u) ∨ max
∂BR(x0)

(λh− u)

≤ max
∂Ωr

(1/2− u) ∨ 0 ∨ max
∂BR(x0)

(λh− u) ,

for every R > R0. Sending R to +∞ and r to 0, recalling that both h and u vanish at infinity (since
N > 2) and that limx→∂Ω u(x) ≥ 1, we conclude that λh ≤ u in Ω ∩ Bδ(x0)c. This proves the first
inequality in (2.4.2).
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We now pass to the second inequality in (2.4.2). We argue by comparison with the quasi Green’s
function G1(x) := G1(x0, x) (recall its definition in (2.1.3)). Recall that G1 is superharmonic in X.
Moreover, using the upper bound for the Green’s function and the estimates of the heat kernel we deduce
that

(2.4.3) c−1
1

� +∞

1

e−
d(x0,x)2

3s

m(B√s(x0))
ds

(1.3.15)

≤ G1(x) ≤ G(x, x0)
(2.1.4)

≤ c1

� +∞

d(x,x0)

s

m(Bs(x0))
ds,

for every x ∈ X \ {x0}, for some positive constant c1 = c1(N) > 1. From Bishop-Gromov inequality and
using the change of variable s = td(x0, x)2 we obtain

G1(x) ≥ c−1
1

d(x0, x)2−N

m(B1(x0))

� +∞

1
d(x0,x)2

e−
1
3t

t
N
2

dt ≥ C1
d(x0, x)2−N

m(B1(x0))
, ∀x ∈ B1(x0)c,

for some constant C1 depending only on N . Therefore, taking λ := m(B1(x0))
RN−2

0

C1
, we have λG1 ≥ 1 ≥ u

in ∂BR0
(x0). Hence, since λG1 − u is superharmonic in Ω, from the weak maximum principle it follows

that for every R > R0

inf
BR(x0)∩BR0

(x0)c
(λG1 − u) = min

∂BR(x0)∪∂BR0
(x0)

(λG1 − u) ≥ min(0, min
∂BR(x0)

(λG1 − u) ).

Sending R to +∞ and recalling that both G1 and u go to 0 at infinity we conclude that u ≤ λG1 in
BR0(x0)c, which combined with the second bound in (2.4.3) gives the second inequality in (2.4.2). �

2.4.2. Monotonicity. Here we prove our main monotonicity result for the electrostatic potential (see
Theorem 2.4.4 below).

As in the previous section (X, d,m) is assumed to be a non-parabolic RCD(0, N) space, u is the
electrostatic potential of an open and bounded set E ⊂ X and Ω := X \ Ē.

We start with the following simple remark, which allows to define our candidate monotone quantity
Uβ and will be needed to justify several applications of the coarea formula along all this section.

Remark 2.4.3. Since u is locally Lipschitz (recall Proposition 2.4.1), satisfies u = 1 in ∂Ω and vanishes
at infinity, it follows that u satisfies the hypotheses needed to apply the coarea formula (1.3.12) in Ω. In
particular for every f ∈ L1

loc(Ω) with fm|Ω � |∇u|m|Ω and every ϕ : [0, 1] → R Borel, with supp(ϕ) ⊂
(0, 1), we have

(2.4.4)

� 1

0

ϕ(t)

�
g dPer({u < r}) dr =

�
Ω

ϕ(u)f dm < +∞,

where g is any Borel representative of the function f
|∇u| taken to be zero whenever |∇u| = 0. Therefore,

by the arbitrariness of ϕ, we also deduce that:

for any f ∈ L1
loc(Ω) with fm|Ω � |∇u|m|Ω and for any choice of the Borel representative g,

the function (0, 1) 3 r 7→
�
g dPer({u < r}) is in L1

loc(0, 1) and (its a.e. equivalence class)

does not depend on the choice of the representative g.

(2.4.5)

�

Choosing in the above remark f = |∇u|β+2

u
β N−1
N−2

∈ L1
loc(Ω), with β > −2, and observing that supp(Per({u <

t})) ⊂ {u = t} we deduce that, fixed a Borel representative of |∇u|, the function

(2.4.6) Uβ(t) :=
1

tβ
N−1
N−2

�
|∇u|β+1 dPer({u < t}) ∈ L1

loc(0, 1),

is well defined and independent of the representative chosen for |∇u|.
We are ready to state our main monotonicity result.

Theorem 2.4.4. Let X be a non-parabolic RCD(0, N) space and let u be an electrostatic potential for a
bounded open set E (see Def. 2.2.11). Letting Uβ ∈ L1

loc(0, 1), with β ≥ N−2
N−1 , be the function defined in

(2.4.6), it holds that Uβ ∈W 1,1
loc (0, 1), U ′β ∈ BVloc(0, 1) and

(2.4.7) U
′−
β (t) ≥ C̃β,N

t2

�
{u<t}

u2|∇|∇u
1

2−N |
β
2 |2dm, ∀ t ∈ (0, 1],
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(recall that |∇u
1

2−N |
β
2 ∈ W 1,2

loc (Ω) for every β > N−2
N−1 by Corollary 2.3.5) where C̃β,N = (N −

2)β 4
β

(
β − N−2

N−1

)
, U

′−
β being the left continuous representative of U ′β and where the left hand side is taken

to be 0 if β = N−2
N−1 . In particular Uβ is non-decreasing.

To prove Theorem 2.4.4 we start computing the first derivative of Uβ (which does not evidently carry
a sign).

Proposition 2.4.5. With the same assumptions as in Theorem 2.4.4, the function Uβ belongs to

W 1,1
loc (0, 1) and its derivative is given by

(2.4.8) U ′β(t) =

�
〈 ∇u
|∇u|

,∇
(
|∇u|β

uβ
N−1
N−2

)
〉dPer({u < t}), a.e. t ∈ (0, 1),

where the right hand side has to be intended as in (2.4.5) with f = 〈∇u,∇
(
|∇u|β

u
β N−1
N−2

)
〉.

Proof. Consider the vector field v := ∇u|∇u|β

u
β N−1
N−2

∈ L0(TX)|Ω for β ≥ N−2
N−1 and observe that from the

Leibniz rule for the divergence (second version in Proposition 1.2.17) v ∈ D(div,Ω) with

div(v) = 〈∇u,∇
(
|∇u|β

uβ
N−1
N−2

)
〉 ∈ L1

loc(Ω),

thanks to the harmonicity of u. In particular div(v)m � |∇u|m, hence recalling (2.4.4) and integrating
by parts we have� 1

0

�
div(v)

|∇u|
dPer({u < t})ϕ(t)dt

(2.4.4)
=

�
div(v)ϕ(u)dm = −

�
|∇u|β+2

uβ
N−1
N−2

ϕ′(u)dm
(1.3.12)

= −
� 1

0

Uβ(t)ϕ′(t)dt,

for every ϕ ∈ C1
c (0, 1), where in the last step we used that supp(Per({u < t}, .)) ⊂ {u = t} and having

fixed a Borel representative of div(v)
|∇u| . The conclusion follows. �

To prove that U ′β is nonnegative we need to push our analysis to the second order and in particular to

compute the derivative of U ′β(t)t2. The reason for the term t2 is that the key vector field with nonnegative

divergence of Corollary 2.3.5 presents a term u2.

Proposition 2.4.6. With the same assumptions as in Theorem 2.4.4, the function Uβ(t)′t2 belongs to
BV loc(0, 1) and

(2.4.9) (U ′β(t)t2)′ ≥ C̃β,N

(�
u2|∇|∇u

1
2−N |

β
2 |2

|∇u|
dPer({u < t})

)
L1
|(0,1)

≥ 0,

where C̃β,N = (N − 2)β 4
β

(
β − N−2

N−1

)
and where the right hand side has to be intended as in (2.4.5) with

f = u2|∇|∇u
1

2−N |
β
2 |2 when β > N−2

N−1 (recall also that from Corollary 2.3.5 |∇u
1

2−N | ∈ W 1,2
loc (Ω)), and

identically 0 in the case β = N−2
N−1 .

Proof. Consider any non-negative ϕ ∈ C1
c (0, 1). Applying formula (2.4.8) and the coarea formula

(2.4.4) � 1

0

(U ′β(t)t2)ϕ′(t)dt =

� 1

0

�
〈 ∇u
|∇u|

, u2∇
(
|∇u|β

uβ
N−1
N−2

)
〉ϕ′(u)dPer({u < t})

(2.4.4)
=

�
〈∇(ϕ(u)), u2∇

(
|∇u|β

uβ
N−1
N−2

)
〉dm,

observing that ϕ(u) ∈ LIPc(Ω) and recalling from Corollary 2.3.5 that u2∇
(
|∇u|β

u
β N−1
N−2

)
∈ D(div,Ω), we

obtain

−
� 1

0

(U ′β(t)t2)ϕ′(t)dt =

�
ϕ(u) ddiv

(
u2∇

(
|Du|β

uβ
N−1
N−2

))
.

We now plug in (2.3.7) and (when β > N−2
N−1 ) apply the coarea formula (2.4.4) (observe that

||∇|∇u
1

2−N |
β
2 |2|m� |∇u|m ) to obtain

(2.4.10) −
� 1

0

(U ′β(t)t2)ϕ′(t)dt ≥ C̃β,N
� 1

0

�
u2|∇u|−1|∇|∇u

1
2−N |

β
2 |2 m|ΩdPer({u < t})ϕ(t) dt ≥ 0,
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for any Borel representative of u2|∇u|−1|∇|∇u
1

2−N |
β
2 |2. The proof is concluded observing that (2.4.10)

gives at once that the distributional derivative of U ′(t)t2 is a locally finite measure (it is positive) and
that (2.4.9) holds. �

Justified by Proposition 2.4.5, from this point on we will identify Uβ with its continuous representative.

Moreover Proposition 2.4.6 grants that U ′β ∈ BV loc(0, 1), thus we will denote by U
′−
β its representative

which is left-continuous in (0, 1] (notice that U
′−
β might take value +∞ at t = 1). We observe also that

(2.4.9) implies that

(2.4.11) (0, 1] 3 t 7→ U
′−
β (t)t2 is a non decreasing function.

To prove Theorem 2.4.4 we aim to integrate (2.4.9), however to do so we still need to know that Uβ is
bounded close to 0. In particular we prove the following:

Proposition 2.4.7. With the same assumptions as in Theorem 2.4.4,

(2.4.12) Uβ ∈ L∞(0, 1/2).

Proof. It is enough to show that

(2.4.13)

∣∣∣∣∣
� 1

2

0

Uβϕdt

∣∣∣∣∣ ≤ C
� 1

2

0

|ϕ|, ∀ϕ ∈ C1
c (0, 1/2),

for some positive constant C independent of ϕ.
We start observing that, integrating by parts and applying the coarea formula (2.4.4),

0 =

�
Ω

∆uϕ(u) dm = −
�

Ω

|∇u|2ϕ′(u),dm = −
� 1

0

�
|∇u|dPer({u < r})ϕ′(r)dr, ∀ϕ ∈ C1

c (0, 1),

in particular
�
|∇u|dPer({u < r}) = D for a.e. r ∈ (0, 1), for some constant D. Therefore using again

the coarea formula∣∣∣∣∣
� 1

2

0

Uβϕdt

∣∣∣∣∣ ≤
�
uβ

1−N
N−2 |∇u|β+2|ϕ(u)|dm ≤

∥∥∥|∇u|βuβ 1−N
N−2

∥∥∥
L∞({u≤1/2})

�
|∇u|2|ϕ(u)|dm

(2.4.4)
=

∥∥∥|∇u|βuβ 1−N
N−2

∥∥∥
L∞({u≤1/2})

� 1
2

0

�
|∇u|dPer({u < r})|ϕ(r)|dr

= D
∥∥∥|∇u|βuβ 1−N

N−2

∥∥∥
L∞({u≤1/2})

� 1
2

0

|ϕ|, ∀ϕ ∈ C1
c (0, 1/2).

Therefore to prove (2.4.13) it remains to show that
∥∥∥|∇u|βuβ 1−N

N−2

∥∥∥
L∞({u≤1/2})

< +∞. Let R0 be as in

Proposition 2.4.2 and observe that u, being positive and satisfying u = 1 on ∂Ω, is bounded away from
zero in BR0

(x0) ∩ Ω. Moreover again thanks to u = 1 on ∂Ω we have d(∂Ω, {u ≤ 1/2}) > 0. Therefore,
since u ∈ LIPloc(Ω), we have ∥∥∥|∇u|βuβ 1−N

N−2

∥∥∥
L∞({u≤1/2}∩BR0

(x0))
< +∞.

Moreover combining Proposition 2.4.1 and the lower bound in (2.4.2) we obtain

‖|∇u|βuβ
1−N
N−2 ‖L∞(Ω∩BR0

(x0)c) ≤

∥∥∥∥∥
(

C(N)

d(., x0)N−2u

)β∥∥∥∥∥
L∞(Ω∩BR0

(x0)c)

< +∞.

Combining the two estimates we conclude. �

We are now ready to prove the main monotonicity result.

Proof of Theorem 2.4.4. We start observing that, thanks to (2.4.9), setting µ := (Uβ(t)′t2)′ ≥ 0
we have

(2.4.14) U
′−
β (t)t2 − U

′−
β (s)s2 = µ([s, t)) ≥

� t

s

�
gdPer({u < r}) dr

(2.4.4)
=

�
{s<u<t}

Φ(u)dm,

for every 0 < s < t ≤ 1, with Φ(u) = C̃β,Nu
2|∇|∇u

1
2−N |

β
2 |2 when β > N−2

N−1 , Φ(u) = 0 when β = N−2
N−1 and

where g is a Borel representative of Φ(u)
|∇u| . Therefore to conclude it is enough to prove that there exists a

sequence sn → 0+ such that U
′−
β (sn)s2

n → 0.
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To achieve this we first prove that U
′−
β (t) ≥ 0 for every t ∈ (0, 1). We assume by contradiction that

there exists T ∈ (0, 1) such that U
′−
β (T ) < 0. From (2.4.11)

U
′−
β (s) ≤ U

′−
β (T )

T 2

s2
, ∀s < T,

from which integrating with respect to s on the interval (t, T )

Uβ(T )− Uβ(t) ≤ U
′−
β (T )T 2

(
1

t
− 1

T

)
.

Sending t → 0+ and recalling that U
′−
β (T ) < 0 we obtain Uβ(t) → +∞ as t → 0+, which however

contradicts (2.4.12).

Since U
′−
β (t) ≥ 0 we have that Uβ is non-decreasing and also non-negative, hence it admits a limit as

t→ 0+. In particular U
′

β ∈ L1(0, 1
2 ), therefore

an :=

� 2−n

2−(n+1)

U
′

β(t)dt→ 0, as n→ +∞.

Moreover from Markov inequality we have |{U
′−
β > an2n+2} ∩ (2−(n+1), 2−n)| ≤ 1

22−(n+1), thus for every

n we can find sn ∈ (2−(n+1), 2−n) such that U
′−
β (sn) ≤ an2n+2. Therefore

U
′−
β (sn)sn ≤ an2n+2sn < 4an → 0

and the proof is complete. �

2.5. Functional versions of the rigidity and almost rigidity

2.5.1. From outer functional cone to outer metric cone. The following result is a variant of the
“from volume cone to metric cone” theorem for RCD spaces (see [95]). The two main differences with the
work in [95] are that here we start from a function satisfying an equation (instead that from a condition
on the measure), from which we deduce a conical structure on the complement of a bounded set (instead
that on a ball).

Theorem 2.5.1. Let (X, d,m) be an RCD(0, N) space with N ∈ [2,∞) and U ⊂ X be open with ∂U

bounded. Suppose there exists a positive u ∈ D(∆, U)∩C(Ū) such that ∆u = N m-a.e. in U , |∇
√

2u|2 = 1
m-a.e. in U , u0 := limx→∂U u(x) < +∞ and {u > u0} 6= ∅.

Then

i) there exists unique an RCD(N − 2, N − 1) space (Z, dZ ,mZ) with diam(Z) ≤ π and a bijective
measure preserving local isometry S : {u > u0} → Y \ Br(OY ), with r :=

√
2u0 and where

(Y, dY ,mY ) is the Euclidean N -cone built over Z with vertex OY ,
ii) – if DZ := diam(Z) < π then the local isometry of point i) is an isometry between Y \BrZ (OY )

and
{
u > r2

Z/2
}

, where rZ := r(1− sinDZ/2)−1 > r,

– if diam(Z) = π, then (X, d,m) isomorphic to (Y, dY ,mY ),
iii) the function u has the following explicit form

(2.5.1) u(x) =
1

2
dY (S(x), OY )2 =

1

2
(d(x, ∂{u > u0}) +

√
2u0)2, ∀x ∈ {u > u0},

in particular the level set {u = t2

2 }, for every t > u0, is Lipschitz-path connected and isometric
(with its induced intrinsic distance) to (Z, tdZ).

We observe that the uniqueness part of Theorem 2.5.1 is an immediate consequence of the rest of the
statement. Indeed, from the last part of iii) we deduce that the metric space (Z, dZ) (and thus (Y, dY ))
is uniquely determined up to isometries. Moreover, since S is measure preserving, the measure mY is
uniquely determined as well, hence from the definition of the measure in an N -cone we obtain that also
mZ is uniquely determined.

As already said, the proof of the above Theorem is mainly an adaptation of the proof in [95]. However
some parts will require new arguments. The first main point is that the in [95] the starting point is the
gradient flow of the distance function d, which is used to deduce analytical informations on d. Here
instead we start from an analytical information, i.e. a PDE, and we want to build a flow. This will be
done through the tool of Regular Lagrangian Flows. One of the main tools we need to develop in this
regard is an a-priori estimate of local type, which seems to be missing in literature and does not follows
immediately from the standard global a-priori estimates in [28].
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The second main difference is that here the analysis takes place in the complementary of a bounded
set, while in [95] all the work is done inside a fixed ball. Among other things, this difference will mainly
affect the way in which we deduce that the cone is itself an RCD(0, N) space. Indeed in [95] this follows
from the fact that a whole ball with center x0 is isometric to a ball centered at the tip of the cone, therefore
any blow up of the space at x0 will converge to the said cone. Then from the closedness of the RCD(0, N)
condition the conclusion follows. However in our case the same argument cannot be applied, indeed our
isometry is by nature far from the tip of the cone. This issue will be overcome noticing that our isometry
is almost global, meaning that the space is isometric to the cone outside a bounded set. This allow us to
deduce that any blow down of the space will converge to the cone, which gives the conclusion again by
the closedness of the RCD(0, N) class.

Since they are interesting on their own and independent of the rest of the proof, we isolate the two
ingredients that we just described in the following two subsections. The remaining part of the argument
will be outlined in Appendix 2.A.

The blow down argument.

Proposition 2.5.2. Let (X, dX,mX) be a m.m.s. and let U ⊂ X be closed and bounded. Suppose that
there exists an Euclidean N -cone (Y, dY ,mY ) over a m.m.s. Z, N ∈ [1,∞), with tip OY and a bijective
local isometry T : U c → Y \BR(OY ), which is measure-preserving, i.e. T∗mX|Uc = mY |BR(OY )

.

Then for every x0 ∈ X and every sequence rn → +∞ it holds that

(X, r−1
n dX, r

−N
n mX, x0)

pmGH−→ (Y, dY ,mY , OY ).

In particular if X is an RCD(0, N) space, then Y is an RCD(0, N) space as well.
Finally if X is RCD(0, N) and diam(Z) = π then X is isomorphic to Y as m.m.s..

Proof. Fix x0 ∈ X and observe that, up to increase R and enlarge U , it is not restrictive to assume
that x0 ∈ U .

Set D := diam(U), δn := 1
4rn

(D + R) and define Xn := (X, r−1
n dX, r

−N
n mX, x0). Without loss of

generality we will assume that rn ≥ 1.
We consider the map in : Yn → Y , defined as in(t, z) := (t/rn, z) in polar coordinates, which satisfies

dY (in(y1), in(y2)) = r−1
n dY (y1, y2) for every y1, y2 ∈ Y and in(BYr (OY )) = BY

r−1
n r

(OY ) for every r > 0.

Observe that in particular in∗mY = rNn mY .
We extend T to the whole X by setting T (x) = OY for every x ∈ U and we denote this new map

again by T . It is straightforward to check that

(2.5.2) |dX(x1, x2)− dY (T (x1), T (x2))| ≤ 2(R+D), ∀x1, x2 ∈ X.

Define now the map Tn : Xn → Y as Tn = in ◦ T. It follows from (2.5.2) and the properties of in that
Tn is a δn-isometry. Moreover it can be readily checked that the R-neighbourhood of T (BX

r (x0)) contains
BYr−R−D(OY ), for any r � R + D. In particular it follows that the δn neighbourhood of Tn(BXn

r (x0))

contains BYr−δn(OY ), for every r > R + D. Finally we let ϕ ∈ Cb(Y ) be of bounded support, since T is
measure preserving we have

r−Nn

�
ϕ ◦ Tndm = r−Nn

�
U

ϕ ◦ Tndm + r−Nn

�
Y \BR(OY )

ϕ ◦ indmY

= r−Nn

�
U

ϕ ◦ Tnm +

�
Y \B

r
−1
n R

(OY )

ϕdmY .

Passing to the limit, observing that the first term on the right hand side vanishes as rn → +∞, we obtain
r−Nn

�
ϕ ◦ Tndm→

�
ϕdmY as rn → +∞. This concludes the first part.

The second part follows immediately from the closedness of the RCD(0, N) condition under pmGH-
convergence.

Suppose now that X is an RCD(0, N) space and diam(Z) = π. Then Y must contain a line. Therefore,
since from the previous part Y is an RCD(0, N) space, it follows from the splitting theorem ([115], [116])
that Y is isomorphic to (R×Y ′, dEucl×d′,L1⊗m′Y ) for some m.m.s. (Y ′, d′,mY ′). In particular OY = (t̄, ȳ)
for some t̄ ∈ R and ȳ ∈ Y ′ and mY (Br(OY )) = mY (Br(s, ȳ)), for any r > 0 and any s ∈ R.

Therefore taking s big enough we have that O′ := (s, ȳ) ∈ Y satisfies O′ ∈ {dY (., OY ) > R + 1}.
Therefore, since T |Uc is a measure preserving local isometry, mY (Br(O

′)) = mX(Br(T
−1(O′))) holds for

every r ∈ (0, 1). Hence

lim
r→0+

m(Br(T
−1(O′)))

rN
= lim
r→0+

mY (Br(O
′))

rN
= lim
r→0+

mY (Br(OY ))

rN
= mY (B1(OY )) =: θ,
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since OY is the vertex of Y . On the other hand, since Xn := (X, r−1
n dX, r

−N
n mX, x0)

pmGH−→ (Y, dY ,mY , OY )
we have

lim
rn→+∞

m(Brn(T−1(O′)))

rnN
= lim
rn→+∞

mX(Brn(x0))

rNn
= lim

n
mXn(B1(x0)) = mY (B1(OY )) = θ.

From Bishop-Gromov inequality we deduce that m(Br(T−1(O′)))
rN

= θ for every r > 0 and from [95, Thm.
1.1] we must have that X is a cone, which must evidently coincide with Y. �

Local a priori estimate for Regular Lagrangian Flows in RCD spaces. The following local version of the
a priori estimates in [28, Prop. 4.6] will be crucial for the argument of Appendix 2.A to work (see
Proposition 2.A.6).

Proposition 2.5.3. Let {vt, µt}t∈[0,T ] be as in Theorem 1.7.4. Assume additionally that {µt}t∈[0,T ] are

all concentrated in a common bounded Borel set B. Then setting ρt := dρt
dm , t ∈ [0, T ], it holds that

(2.5.3) sup
t∈(0,T )

‖ρt‖L∞ ≤ ‖ρ0‖L∞e
� T
0
‖div(vt)

−‖L∞(Bt)
dt ,

for any family {Bt}t∈[0,T ] of Borel sets such that supp(ρt) ⊂ Bt and the map (x, t) 7→ χBt(x) is Borel.

For the proof of Proposition 2.5.3 we will need the following :

Lemma 2.5.4 (Commutator estimate [28, Lemma 5.8]). Let X be an RCD(K,∞) m.m.s., then there exists

a positive constant C = C(K) > 0 such that the following holds. Let v ∈W 1,2
C (TX) with div(v) ∈ L∞(m),

then

(2.5.4)

�
〈∇ht(f), v〉gdm +

�
fdiv(ht(g)vt)dm ≤ C

(
‖∇v‖L2(T⊗2X) + ‖div(v)‖L∞

)
‖f‖L2∩L4‖g‖L2∩L4 ,

for every f, g ∈ L2(m) ∩ L4(m) and every t > 0. In particular for fixed g the left hand side of (2.5.4)

defines a functional in (L2(m) ∩ L4(m))∗ = L2(m) + L4′(m), denoted by C t(g, v), which satisfies

(2.5.5) ‖C t(g, v)‖L2(m)+L4′ (m) ≤ C
(
‖∇symv‖L2(T⊗2X) + ‖div(v)‖L∞

)
‖g‖L2∩L4 .

Moreover it holds that

(2.5.6) ‖C t(g, v)‖L2(m)+L4′ (m) → 0, as t→ 0+.

We can now pass to the proof of the local a priori estimate.

Proof of Proposition 2.5.3. We start with the preliminary observation that, combining the fact
that µt = Ft∗µ0 with (1.7.1) and recalling that B is bounded, we have

(2.5.7) sup
t∈[0,T ]

‖ρt‖Lq(m) < +∞, ∀ q ∈ [1,∞].

To conclude it is sufficient to prove that for every p > 1 the function [0, T ] 3 t 7→
�

(ρt)
pdm is absolutely

continuous and

(2.5.8)
d

dt

�
(ρt)

pdm ≤ (p− 1)

�
(ρt)

pdiv(vt)
−dm, for a.e. t ∈ (0, T ).

Indeed (2.5.3) would follow first applying Gronwall Lemma (noticing that ρt = 0 m-a.e. outside Bt) and
then letting p→ +∞.

So we fix p > 1. Pick a sequence sn ↓ 0 and define ρnt := hsnρt. From the fact that ρt is a solution of
the continuity equation and the selfadjointedness of the heat flow, we obtain that for every f ∈ LIPbs(X),
the function t 7→

�
fρnt dm is absolutely continuous and

(2.5.9)
d

dt

�
fρnt dm =

�
〈∇hsnf, vt〉ρt dm =

�
f [C sn(ρt, vt)− div(ρnt vt)]dm, for a.e. t ∈ (0, T ),

where C sn(ρt, vt) is defined as in Lemma 2.5.4. Set now ηnt := C sn(ρt, vt)− div(ρnt vt). From the Leibniz
rule and the L∞-to Lipschitz regularization of the heat flow (1.3.16) we have that

‖div(ρnt vt)‖L2 ≤ ‖ρt‖L2‖div(vt)‖L∞ + c(K)
‖ρt‖L∞√

sn
‖|vt|‖L2 .

This bound together with (2.5.5), (2.5.7) and the hypotheses on vt, grants that ηnt ∈ L1((0, T ), L2(m) +

L4′(m)). Denote by V the Banach space L2(m) + L4′(m) and observe that L2 ∩ L4 = V ∗. Then (2.5.9)
can be restated as: for a weakly*-dense set of ϕ ∈ V ∗ the function [0, T ] 3 t 7→ ϕ(ρnt ) is absolutely
continuous and d

dtϕ(ρnt ) = ϕ(ηnt ). It follows (see e.g. Remark 4.9 in [28]) that ρnt is absolutely continuous

in L1((0, T ), V ) and strongly differentiable a.e. with d
dtρ

n
t = ηnt .
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Pick a convex function β : [0 +∞)→ [0 +∞) such that β(t) = tp for every t ≤ 2 supt∈(0,T ) ‖ρt‖L∞ <

+∞ and such that β′ is globally bounded. In particular from the maximum principle for the heat flow
we have that β(ρnt ) = (ρnt )p for every t and n. Moreover, since ρt are uniformly bounded in Lq(m) for
every 1 ≤ q ≤ ∞, from the contractivity of the heat flow we have also that ρnt are bounded in Lq(m) for
every 1 ≤ q ≤ ∞, uniformly in t and n. Finally, observing that β′(t)/t is globally bounded, we deduce
that β′(ρnt ) are again bounded in Lq(m) for every 1 ≤ q <∞, uniformly in t and n.

Observe now that from the convexity of β we have that

(2.5.10)

�
β(ρnt )− β(ρns )dm ≤

�
β′(ρnt )(ρnt − ρns )dm, ∀t, s ∈ [0, T ].

This in turn gives�
β(ρnt )− β(ρns )dm ≤ sup

t∈[0,T ]

‖β′(ρnt )‖L2∩L4(m)‖ρnt − ρns ‖L2+L4′ ≤ sup
t∈[0,T ]

‖β′(ρnt )‖L2∩L4

� t

s

‖ηnr ‖L2+L4′dr,

for every t, s ∈ [0, T ], with s ≤ t. Hence the function
�
β(ρnt )dm is absolutely continuous in [0, T ] and from

(2.5.10) we deduce that

d

dt

�
β(ρnt )dm ≤

�
β′(ρnt )ηnt dm, for a.e. t ∈ (0, T ).

Then from the definition of ηnt and β and integrating by parts we obtain

d

dt

�
β(ρnt )dm ≤ −

�
[β′(ρnt )ρnt − β(ρnt )]div(vt)dm +

�
C sn(ρt, vt)β

′(ρnt )dm

≤ (p− 1)

�
(ρnt )pdiv(vt)

−dm + p

�
C sn(ρt, vt)(ρ

n
t )p−1dm,

for a.e. t ∈ (0, T ). Observe now that combining (2.5.5) with (2.5.6), an application of dominated

convergence gives that
� T

0
‖C sn(ρt, vt)‖L2+L4′ → 0 as sn → 0. Then, recalling that div(vt)

− ∈
L∞((0, T ), L∞(m)) and (2.5.7), we can let sn → 0 in the above and obtain at once the absolute con-
tinuity of

�
(ρt)

pdm together with (2.5.8). �

2.5.2. From almost outer functional cone to almost outer metric cone. Our aim in this section
is to prove the following.

Theorem 2.5.5. For every ε ∈ (0, 1/3), R0 > 0, γ > 1
2
N−2
N−1 , N ∈ [2,∞), L > 0 there exists 0 <

δ = δ(ε, γ,N,R0, L) such that the following holds. Let (X, d,m, x0) be a pointed RCD(−δ,N) m.m.s. with
m(B1(x0)) ∈ (ε, ε−1). Let U ⊂ X be open with U c ⊂ BR0(x0) and v ∈ D(∆, U)∩C(U) be positive and such

that limx→∂U v(x) ≤ 1, ∆v = N |∇
√

2v|2, v ≥ 1+ε in BR(x0)c 6= ∅, with R < R0 and ‖|∇
√
v|‖L∞(U) ≤ L.

Suppose furthermore that

(2.5.11)

�
U

1

vN−2

∣∣∇|∇√v|γ∣∣2 dm < δ,

where it is intended that vN−2 ≡ 1 in the case N = 2.
Then there exists a pointed RCD(0,N) space (X′, d′,m′, x′) such that

dpmGH((X, d,m, x0), (X′, d′,m′, x′)) < ε

and (X′, d′,m′, x′) is a truncated cone outside a compact set K ⊂ B(1+ε)R(x′), i.e. there exists an
RCD(0,N) N -cone Y , with vertex OY , over an RCD(N − 2, N − 1) space Z, and a measure preserv-
ing local isometry T : X′ \K → Y \ B̄r(OY ), for some r > L−1.

Observe that (2.5.11) makes sense thanks to Corollary 2.3.5.
Notice also that the assumption u ≥ 1 + ε in BR0

(x0)c is necessary as the function v ≡ 1 shows. We
will also prove another version of the above result, which is Theorem 2.5.6. Before passing to its statement
we need to introduce the notion of intrinsic metric.

Finally, for any (X, d) complete metric space and A ⊂ X we define the intrinsic metric on A to be
the distance function dA : A→ [0,+∞] defined by

dA(x, y) := inf
γ
L(γ), ∀x, y ∈ A,

where the infimum is taken among all curves γ ∈ AC([0, 1],X) with values in A and such that γ(0) = x,
γ(1) = y.

If we also assume that A is relatively compact, then for every x, y ∈ A such that d(x, y) < +∞ there
exists an absolutely continuous curve γ with values in Ā such that dA(x, y) = L(γ).
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We are ready to state the second version of Theorem 2.5.5, which is more in the spirit of the ‘volume
annulus implies metric annulus’ theorem of Cheeger and Colding (see [72, Theorem 4.85]).

Theorem 2.5.6. For every ε ∈ (0, 1/3), R0 > 0, γ > 1
2
N−2
N−1 , N ∈ [2,∞), L > 0, η ∈ (0, ε−1) there exists

0 < δ = δ(ε, γ,N,R0, L, η) such that, given X, U and v as in Theorem 2.5.5, there exists an RCD(0,N)
N -cone (Y, dY ,mY ) with vertex OY , over an RCD(N − 2, N − 1) space Z, and a constant λ ∈ (0, L) such
that the following holds.

For every 1 + ε+ η < t1 ≤ t2 < ε−1 satisfying {
√
v ≤ t2 + 2η} ⊂ BR0(x0), it holds

(2.5.12) dGH
(
({t1 ≤

√
v ≤ t2}, dηX), ({t1 ≤ λdOY ≤ t2}, d

η
Y )
)
< ε,

where dOY := dY (., OY ) and dηX and dηY denote the intrinsic metrics on {t1 − η <
√
v < t2 + η} and on

{t1 − η < λdOY < t2 + η} (see definition above). Moreover, provided that t1 + ε < t2,

(2.5.13) dmGH

((
{t1 ≤

√
v ≤ t2}, dεX,m|{t1≤√v≤t2}

)
,
(
{t1 ≤ λdOY ≤ t2}, dεY ,mY |{t1≤λdOY ≤t2}

))
< ε.

Moreover the cone Y can be taken so that the conclusion of Theorem 2.5.5 holds (with the same ε, R0 and
L) with Y and for some RCD(0, N) space X′.

We point out that in general we cannot say anything better than λ ≤ L. This is immediately seen
by taking v = L2|x|2 in Rn and U = Rn \ B̄1/L(0).

It is important to notice that the information in (2.5.12) is not contained in (2.5.13), indeed it
is not clear if, fixed ε, γ,N,R0, L as in Theorem 2.5.6, the metric measure spaces ({

√
t1 ≤

√
v ≤√

t2}, dηX,m|{t1≤√v≤t2}), for arbitrary v, t1, t2 as in the hypotheses, satisfy some uniform doubling condi-

tion.
For the proof of Theorem 2.5.6 we will need the following elementary lemma. The proof is a direct

consequence of the definition of distance in a cone and will be omitted.

Lemma 2.5.7. Let (Y, d) be an Euclidean cone of vertex OY and for any 0 < a < b let da,b be the intrinsic
metric on {a < d(., OY ) < b}. Then for every 0 < ε < a < b it holds

da−ε,b+ε ≤ da,b ≤
a

a− ε
da−ε,b+ε, in {a < d(., OY ) < b}.

Moreover for any two sequences (an), (bn) such that an → a, bn → b it holds

({an ≤ d(., OY ) ≤ bn}, dan−ε,bn+ε)
GH→ ({a ≤ d(., OY ) ≤ b}, da−ε,b+ε)

and the map fn(t, z) :=
(

(t−an)(b−a)
(bn−an) + a, z

)
(in polar coordinates) realizes such convergence.

Proof of Theorem 2.5.5 and Theorem 2.5.6. The proof of Theorem 2.5.5 is essentially the
same as Theorem 2.5.6, except that it stops earlier. For this reason we will prove both theorems to-
gether. The reader interested only in the proof of the first result can ignore the second half of the
argument.

Proof of Theorem 2.5.5:
We argue by contradiction. Suppose that there exist numbers ε ∈ (0, 1/3), N ∈ [2,∞), R0 > 0,

γ ≥ 1
2
N−2
N−1 , L > 0, a sequence δn → 0, a sequence (Xn, dn,mn, xn) of RCD(−δn, N) m.m.s., a sequence

of open sets Un ⊂ Xn, with U cn ⊂ BR0
(xn), a sequence Rn with Rn < R0, functions vn ∈ D(∆, Un)

satisfying ∆vn = 2N |∇√vn|2 such that:

a) limx→∂Un vn(x) ≤ 1, vn ≥ 1 + ε in BRn(x0)c 6= ∅, ‖|∇
√
vn|‖L∞(Un) ≤ L,

b) mn(B1(xn)) ∈ (ε, ε−1),
c) (2.5.11) holds (with vn, mn, γ and δ = δn),
d) for every n the conclusion of Theorem 2.5.5 does not hold.

We first observe that, since vn ≥ 1 + ε in BR0
(x0)c, removing the set {vn ≤ 1} from Un does not

effect neither the hypotheses of the theorems nor their conclusions, therefore it is not restrictive to assume
that vn > 1 in Un.

Moreover by compactness, up to passing to a non relabelled subsequence, we can assume that the
p.m.m. spaces (Xn, dn,mn, xn) pmGH-converge to a to an RCD(0,N) pointed m.m.s. (X∞, d∞,m∞, x∞).

Passing to the extrinsic approach, we consider a proper metric space (Y, dY ) that realizes such con-
vergence, in particular we identify the metric spaces Xn and X∞ with the corresponding subsets of Y
such that dY (xn, x∞)→ 0, mn ⇀ m∞ in duality with Cbs(Y ) and dYH(BXn

R (xn), BX∞
R (x∞))→ 0 for every

R > 0. In particular for every x ∈ X∞ there exists a sequence yn ∈ Xn such that dY (x, yn) → 0 and
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conversely for every R > 0 and every sequence yn ∈ BXn
R (xn) there exists a subsequence converging to a

point x ∈ X∞. This two facts will be used repeatedly in the proof without further notice.
Define the compact sets Kn = U cn ⊂ Xn and observe that, since Kn ⊂ BR0

(xn), they are all contained
in a common ball in Y centered at x∞. Hence from the metric version of Blaschke’s theorem (see [60,
Theorem 7.3.8]) there exists a compact set K∞ ⊂ X∞ such that, up to a subsequence, dYH(K∞,Kn)→ 0.

Define the open (in the topology of X∞) set U∞ := X∞ \K∞ and for every r > 0, define the open
sets U<rn = {x ∈ Xn : dn(x,Kn) < r} and U<r∞ = {x ∈ X∞ : d∞(x,K∞) < r}. Analogously we define
the sets U>rn , U≤rn , U≥rn and the corresponding ones for n =∞.

From the assumptions limx→∂Un vn(x) ≤ 1 and ‖|∇
√
vn|‖L∞(Un) ≤ L, applying Proposition 1.3.8 it

follows that

(2.5.14) vn ≤ (1 +RL)2, in BR(xn) ∩ Un, vn ≤ 1 + ε/4 in U≤4ρ
n ∩ Un,

for every R > 0 and for some small constant 0 < ρ = ρ(ε, L) < ε, independent of n.
For every n and every k ∈ N with k ≥ R0 + 100, thanks to Proposition 1.4.9, there exists a cut off

function ηnk ∈ Test(X), 0 ≤ ηnk ≤ 1, such that supp ηkn ⊂ U
>ρ/2
n ∩ Bk+2(xn), ηkn = 1 on U≥ρn ∩ Bk+1(xn)

and Lipηkn + |∆ηkn| ≤ C, for some constant C depending only on ε,N,L. Observe also that we can choose
ηkn so that ηkn = ηk+1

n in Bk+1(xn), for every k.
Define the functions vkn := vnη

k
n, ṽ

k
n :=

√
vnη

k
n and observe that from (2.5.14) and the assumption

‖|∇
√
vn|‖L∞(Un) ≤ L they are equi-Lipschitz, equi-bounded in n and all supported on Bk+2(xn). Hence

by Ascoli-Arzelà (see Prop. 1.6.7), up to a subsequence, as n→ +∞ they converge uniformly to functions
vk∞, ṽ

k
∞ ∈ C(X∞) with support in B̄k+2(x∞).
From Proposition 1.6.10 it follows that vkn, ṽ

k
n converge also strongly in L2 respectively to vk∞, ṽ

k
∞. It

is clear from the construction and the uniform convergence that vk∞ = vk+1
∞ on Bk(x∞). Therefore the

assignment v∞ := vk∞ in Bk(x∞) for every k, well defines a function v∞ ∈ C(X∞). Analogously we can
define ṽ∞ ∈ C(X∞) and we observe that ṽ∞ =

√
v∞ in U≥2ρ

∞ .
We make the following two claims:

(A) v∞ ≤ 1 + ε/4 in U≤3ρ
∞ ,

(B) {v∞ > 1 + ε/4} 6= ∅, v∞ ∈ D(∆) and (up to multiplying v∞ by a positive constant C0) it holds
that ∆v∞ = N , |∇v∞|2 = 2v∞ m-a.e. in {v∞ > 1 + ε/4}.

We start with claim (A). It is clearly enough prove that

vk∞ ≤ 1 + ε/4, in U≤3ρ
∞

for any k. Pick any y ∈ U≤3ρ
∞ , then there exists a sequence yn ∈ Xn such that yn → y in Y and by

uniform convergence vkn(yn)→ vk∞(y). Moreover it must hold that dY (yn,Kn) < 4ρ if n is big enough. If
yn /∈ Un, then vkn(yn) = 0 by construction. If instead yn ∈ Un from the second in (2.5.14) and the fact
that ηnk ≤ 1 we deduce that vkn(yn) ≤ vn(yn) ≤ 1 + ε/4. Combining these two observations we get claim
(A).

We pass to the proof of claim (B). It is easy to check, since vn ≥ 1 in Un (recall the observation
made at the beginning of the proof), that supn ‖∆vkn‖L∞(Xn) < +∞ and supn ‖∆ṽkn‖L∞(Xn) < +∞.
Moreover by Bishop-Gromov inequality we have supnmn(BR(xn)) < +∞, for every R ≥ 1. Therefore
supn ‖∆vkn‖L2(Xn), supn ‖∆ṽkn‖L2(Xn) < +∞ and applying Theorem 1.6.13 we deduce that vk∞, ṽ

k
∞ ∈

D(∆), that ∆vkn converges to ∆vk∞ weakly in L2 and that |∇ṽkn| → |∇ṽk∞| strongly in L2. From the
locality of Laplacian follows that v∞ ∈ D(∆). Additionally, since L′ := supn ‖|∇ṽkn|‖L∞ < +∞ and vkn
have uniformly bounded support, applying (i) of Proposition 1.6.10 (with ϕ(t) = (t∧L′)α) we also deduce
that |∇ṽkn|α → |∇ṽk∞|α strongly in L2, for every α > 0. We make the intermediate claim that

(2.5.15) ∆v∞ = N |∇
√

2v∞|2, m-a.e. in U>2ρ
∞ ∩Bk(x∞).

In particular from Corollary 2.3.5 this implies that |∇√v∞|γ ∈W 1,2
loc (U>2ρ

∞ ∩Bk(x∞)). To prove (2.5.15)

pick any ϕ ∈ LIPc(U
>2ρ
∞ ∩ BX∞

k (x∞)). Consider also a function η ∈ LIP(Y ) such that η ≡ 1 in supp ϕ,
dY (supp η,K∞) > 2ρ and supp η ⊂ BYk (x∞). Moreover, since dYH(Kn,K∞) → 0, for n big enough we
have {y : dY (y,K∞) > 2ρ} ⊂ {y : dY (y,Kn) > ρ} and analogously, since xn → x∞ in Y , for n big

enough BYk (x∞) ⊂ BYk+1(xn). Therefore supp η∩Xn ⊂ U>ρn ∩B
Xn
k+1(xn) for n big enough. We now extend

ϕ to a function ϕ′ ∈ LIP(Y ) and define ϕ̄ = ηϕ′ ∈ LIPbs(Y ). Since by the locality of the Laplacian and
gradient we have ∆vkn = ∆vn = N |∇

√
2vn|2 = 2N |∇ṽkn|2 mn-a.e. in supp ϕ̄, we can compute�

ϕ∆vk∞dm∞ =

�
ϕ̄∆vk∞dm∞ = lim

n

�
ϕ̄∆vkndmn = lim

n

�
ϕ̄2N |∇ṽkn|2dmn

=

�
ϕ̄2N |∇ṽk∞|2dm∞ =

�
ϕ̄2N |∇

√
v∞|2dm∞.
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This and the locality of the Laplacian prove (2.5.15).
For every n and every k as above we consider a cut-off function ξkn ∈ LIP(Xn) analogous to ηkn but

with smaller support, more precisely we require that 0 ≤ ξnk ≤ 1, supp ξkn ⊂ U>ρn ∩ Bk+2(xn), ξkn = 1 on
U≥2ρ
n ∩Bk+1(xn) and Lipξkn ≤ C ′, for some constant C ′ depending only on ε,N,L. Up to a subsequence,

from Ascoli-Arzelà we have that ξkn → ξk∞ uniformly, for some ξk∞ ∈ LIP(X∞) satisfying ξk∞ = 1 in

U>2ρ
∞ ∩BX∞

k (x∞). In particular the same convergence holds also strongly in L2.

We set wn,k := ξkn|∇
√
vn|γ ∈ W 1,2(Xn) and w∞,k := ξk∞|∇ṽk∞|γ ∈ W 1,2(X∞) and observe that by

construction and the locality of the gradient wn,k = ξkn|∇ṽkn|γ mn-a.e.. In particular, since we proved that
|∇ṽkn|γ → |∇ṽk∞|γ strongly in L2 and recalling supn ‖|∇ṽkn|‖L∞ < +∞, we have from Proposition 1.6.10
that wn,k → w∞,k strongly in L2.

Combining (2.5.11) with the first in (2.5.14) and Lipξn,k ≤ C ′ we deduce that supn ‖|∇wn,k|‖L2(mn) <

+∞. We now apply Lemma 1.6.14 with the open set A = {dY (K∞, .) > 3ρ} ∩ BYk (x∞) that, combined
with the observation that A ∩Xn ⊂ U≥2ρ

n ∩Bk+1(xn) for n big enough, gives�
U>3ρ
∞ ∩Bk(x∞)

|∇|∇ṽk∞|γ |2 dm∞ ≤ lim
n

�
U
≥2ρ
n ∩Bk+1(xn)

|∇|∇
√
vn|γ |2 dmn

(2.5.14)

≤ (1 +RL)2N−4 lim
n

�
Un

v2−N
n |∇|∇

√
vn|γ |2 dmn

(2.5.11)
= 0.

Therefore, from the locality of the gradient and the arbitrariness of k we obtain that |∇|∇√v∞|γ | = 0
m∞-a.e. in U>3ρ

∞ . Consider now the open set {v∞ > 1 + ε/4} ⊂ U>3ρ
∞ . Observe that from the assumption

vn ≥ 1+ε in BR0
(xn)c 6= ∅ and (2.5.14) we deduce that for every n there exists yn ∈ Xn∩B2R0

(xn)∩U>4ρ
n

such that vkn(yn) = vn(yn) ≥ 1 + ε for every k, therefore by compactness and uniform convergence we
deduce that {v∞ > 1+ε/4} 6= ∅. From (A) it holds ∂{v∞ > 1+ε/4} = {v∞ = 1+ε/4}, in particular since

v
(2−N)/2
∞ ( ln(v

−1/2
∞ ) if N = 2) is harmonic in U>2ρ

∞ (recall (2.5.15)), from the maximum principle it follows
that the connected components of {v∞ > 1 + ε/4} are unbounded. Let U ′ be one of these components.
It follows that |∇√v∞| ≡ C m-a.e. in U ′ for some constant C, that must be positive. Indeed if C = 0, we
would have that v∞ is constant in U ′, but since ∂U ′ ⊂ {v∞ = 1 + ε/4}, v∞ should be constantly equal to
1 + ε/4, which contradicts U ′ ⊂ {v∞ > 1 + ε/4}. Finally the assumption vn ≥ 1 + ε in BR0(xn)c ensures
that X∞ \U ′ ⊂ B2R0(x∞). It follows that the function (2C2)−1v∞|U ′ satisfies the hypotheses of Theorem

2.5.1 with U = U ′. In particular X∞ has Euclidean volume growth and from Corollary 2.1.7 it has one
end, from which we deduce that {v∞ > 1 + ε/4} is connected. Therefore repeating the above argument
for U ′ = {v∞ > 1 + ε/4} proves claim (B) with C0 := (2C2)−1.

Combining (A) and (B), from Theorem 2.5.1 we deduce the existence of an RCD(0, N) N -cone
(Y ′, dY ′ ,mY ′) with vertex OY ′ and a bijective measure preserving local isometry T : {1 + ε/4 < v∞} →
{ r < dY ′(OY ′ , .)}, for some r > 0 which also satisfies (recall (2.5.1))

(2.5.16)
√
v∞(x) = λdY ′(OY ′ , T (x)), for every x ∈ {v∞ > 1 + ε/4},

where λ := (2C0)−1/2 (C0 being the constant in (B)). We claim that λ ≤ supn ‖|∇
√
vn|‖L∞ , which in

particular gives that r ≥ λ−1(1 + ε/4) ≥ L−1. Indeed from (2.5.16), the fact that Y ′ is geodesic and the
fact that T is a local isometry we deduce that for every x ∈ {v∞ > 1 + ε/4} and every r′ > 0 small

enough, there exists y ∈ BX∞
r′ (x) such that |

√
v∞(x) −

√
v∞(y)| = λd∞(x, y),. The claim now follows

from uniform convergence and the Sobolev to Lipschitz property. Since clearly for every n big enough it
holds {1 + ε/4 < v∞}c ⊂ B(1+ε)Rn(x∞), the conclusion of Theorem 2.5.5 holds for every sufficiently large
n, which contradicts item d) above. This concludes the proof of Theorem 2.5.5.

Proof of Theorem 2.5.6: We argue by contradiction exactly as above, except that we substitute
the assumption d) with the following:

d′) there exist a number η > 0 and two sequences (tn1 ), (tn2 ) ⊂ (1 + ε + η, ε−1) with tn1 ≤ tn2 , such
that {

√
vn ≤ tn2 + 2η} ⊂ BR0

(xn) and the conclusion of Theorem 2.5.6 is false with tn1 , t
n
2 , for

every n.

Since assumption d) was not used until the very end of the proof of Theorem 2.5.5 above, we can, and
will, repeat all the first part of the proof up to this point together with all the constructions and objects
introduced along the argument.

Up to passing to a subsequence we can assume that tni → t∞i ∈ [1 + ε+ η, ε−1], i = 1, 2.
It will be useful later to remark that

(2.5.17)
√
vn = ṽkn in {1 + ε/2 ≤

√
vn ≤ tn2 + 2η}, for every k,
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which follows from the second in (2.5.14) and the assumption {√vn ≤ tn2 + 2η} ⊂ BR0
(xn).

We claim that

(2.5.18) an := sup
s∈(t∞1 −η,t∞2 +η)

dYH({
√
vn = s}, {

√
v∞ = s})→ 0, as n→ +∞.

(We point out that this does not follows form the uniform convergence, indeed we need first to prove some
regularity of the level sets of

√
v∞.) The key observation is that for every ε′ > 0 there exists δ′ > 0 such

that for every t ∈ [1 + ε, 2ε−1] it holds

(2.5.19) BX∞ε′ (x) ∩ {
√
v∞ = t′} 6= ∅, ∀x ∈ {

√
v∞ = t},∀t′ ∈ [t− δ′, t+ δ′].

This is an immediate consequence of (2.5.16), the fact that T is a local isometry and the fact that, since
Y ′ is a cone, for every y′ ∈ Y ′ there exists a ray emanating from OY ′ and passing through y′.

Suppose now that (2.5.18) does not hold. Then, up to a passing to non relabelled subsequence, there
exists a sequence (sn) ⊂ (t∞1 − η, t∞2 − η) and ε′ > 0 such that sn → s̄ ∈ [t∞1 − η, t∞2 + η] ⊂ [1 + ε, 2ε−1]
and

dYH({
√
vn = sn}, {

√
v∞ = sn}) > ε′, ∀n.

Therefore, up to passing to a further subsequence, there exists either a sequence yn ∈ {
√
vn = sn} such

that dY (yn, {
√
v∞ = sn}) > ε′, for all n, or a sequence yn ∈ {

√
v∞ = sn} such that dY (yn, {vn = sn}) > ε′,

for all n. In the first case, since by assumption {
√
vn = sn} ⊂ {tn1 − 2η ≤ √vn ≤ tn2 + 2η} ⊂ BR0

(xn)
for n big enough, up to passing to a further subsequence we have that yn → y∞ ∈ X∞ and by uniform
convergence (recall (2.5.17)) that

√
v∞(y∞) = s̄. In particular d(y∞, {{

√
v∞ = sn}}) > ε′/2 for every

n big enough, which contradicts (2.5.19). In the second case, again up to a subsequence and from the
continuity of

√
v∞, we have that yn → y∞ ∈ {

√
v∞ = s̄}. Moreover from (2.5.19) it follows the existence

of a δ′ > 0 and points y+
∞, y

−
∞ ∈ B

X∞
ε′/4(y∞) such that

√
v∞(y±∞) = t̄±δ′. Finally, from uniform convergence

(recall again (2.5.17)), for every n big enough there exist y+
n , y

−
n ∈ Xn such that dY (y±n , y

±
∞) < ε′/4 and

|vn(y±n ) − (s̄ ± δ′)| < δ′/2. In particular by the continuity of vn, for every n big enough, there exists zn
which lies on a geodesic connecting y+

n and y−n such that zn ∈ {vn = sn}. From the triangle inequality it
follows that d(zn, yn) < ε′ if n is big enough, which is a contradiction since yn ∈ {

√
v∞ = sn}.

From (2.5.18) it follows that dYH({tn1 ≤
√
vn ≤ tn2}, {tn1 ≤

√
v∞ ≤ tn2})→ 0 as n→ +∞. Moreover it

is clear that dYH({tn1 ≤
√
v∞ ≤ tn2}, {t∞1 ≤

√
v∞ ≤ t∞2 })→ 0 as n→ +∞ (recall (2.5.16)), therefore

(2.5.20) bn := dYH({tn1 ≤
√
vn ≤ tn2}, {t∞1 ≤

√
v∞ ≤ t∞2 })→ 0, as n→ +∞.

In particular, since both sets are compact, we can build a Borel map fn : {tn1 ≤
√
vn ≤ tn2} → {t∞1 ≤√

v∞ ≤ t∞2 } that has bn-dense image and such that dY (x, fn(x)) ≤ 2bn for all x ∈ {tn1 ≤
√
vn ≤ tn2}.

We claim that

(2.5.21) fn∗

(
mn|{tn1≤

√
vn≤tn2 }

)
⇀ m∞|{t∞1 ≤

√
v∞≤t∞2 }

, in duality with C({t∞1 ≤
√
v∞ ≤ t∞2 }).

From the fact that dY (., fn(.)) ≤ 2bn and using dominated convergence it is enough to show that

mn|{tn1≤
√
vn≤tn2 }

⇀ m∞|{t∞1 ≤
√
v∞≤t∞2 }

, in duality with Cbs(Y ).

To prove the above we first define for every δ > 0 the closed set Cδ := {y ∈ Y : dY (y, {√v∞ =
t∞1 } ∪ {

√
v∞ = t∞2 }) ≤ δ} and observe that for every ε′ > 0 there exists δ′ such that

(2.5.22) m∞(Cδ′) < ε′.

This can be seen using the fact that T is a measure preserving local isometry, the Bishop-Gromov inequality
and formula (2.5.16).

We also define for any δ > 0 the sets Aδ := {y ∈ Y : dY (y,X∞ \ {t∞1 ≤ √v∞ ≤ t∞2 }) ≥ δ}
and Bδ := {y ∈ Y : dY (y, {t∞1 ≤

√
v∞ ≤ t∞2 } ≤ δ)}. We claim that Bδ1 \ Aδ2 ⊂ C2δ1+2δ2 , for every

δ1, δ2 > 0. To see this let y ∈ Bδ1 \ Aδ2 , which implies d(y, {t∞1 ≤
√
v∞ ≤ t∞2 }) ≤ δ1, d(y,X∞ \ {t∞1 ≤√

v∞ ≤ t∞2 }) < δ2. Taking two points y1, y2 ∈ X∞ which realize these two distances we must have that
d∞(y1, y2) = dY (y1, y2) ≤ δ1 + δ2. Moreover any geodesics in X∞ from y1 to y2, by the continuity of v∞,
must intersects {√v∞ = t∞1 } ∪ {

√
v∞ = t∞2 }, from which the claim follows.

We finally fix ϕ ∈ Cbs(Y ) and ε′ > 0 arbitrary. Let δ′ = δ′(ε′) be the one given by (2.5.22) and pick
η ∈ Cb(Y ) such that 0 ≤ η ≤ 1, η = 1 in Aδ′/4 and supp(η) ⊂ Aδ′/8. Observe that by uniform convergence
(recall also (2.5.17)), for n big enough we have that Aδ′/8 ∩ supp(ϕ) ∩Xn ⊂ {tn1 ≤

√
vn ≤ tn2} ⊂ Bδ′/4,
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therefore

lim
n

∣∣∣∣� ϕdmn|{tn1≤√vn≤tn2 }
−
�
ϕdm∞|{t∞1 ≤√v∞≤t∞2 }

∣∣∣∣ ≤ lim
n

∣∣∣∣� ϕη dmn −
�
ϕη dm∞

∣∣∣∣+
+ lim

n
‖ϕ‖∞mn(Bδ′/4 \Aδ′/4) + ‖ϕ‖∞m∞({t∞1 ≤

√
v∞ ≤ t∞2 } \Aδ′/4)

≤ lim
n

mn(Cδ′) + m∞(Cδ′)
(2.5.22)

≤ 2ε′.

From the arbitrariness of ε′ and ϕ ∈ Cbs(Y ) the convergence in (2.5.21) follows.
We now pass to the study of the behaviour of fn with respect to the intrinsic metrics. More precisely

for every τ > 0 we set Aτn := {tn1 − τ <
√
vn < tn2 + τ}, Aτ∞ := {t∞1 − τ <

√
v∞ < t∞2 + τ}, Aτ∞,n :=

{tn1 − τ <
√
v∞ < tn2 + τ} and denote by dτn, d

τ
∞, d

τ
∞,n the intrinsic metrics on Aτn, A

τ
∞, A

τ
∞,n respectively

(see the beginning of this section). It is clear that the metrics dτn, d
τ
∞, d

τ
∞,n induce on the sets {tn1 ≤√

vn ≤ tn2}, {t∞1 ≤
√
v∞ ≤ t∞2 }, {tn1 ≤

√
v∞ ≤ tn2} the same topology induced by the metrics dn, d∞.

Notice also that, from (2.5.16) and since T is a local isometry on {
√
v∞ > 1 + ε/4},

(2.5.23) ({s ≤
√
v∞ ≤ t}, ds,t,τ∞ ) is isometric to ({s ≤ λdOY ′ ≤ t}, d

s,t,τ
Y ′ ), ∀τ ∈ (0, η), ∀ t ≥ s > 1+ε+η,

where ds,t,τ∞ and ds,t,τY ′ are the intrinsic metrics respectively on {s − τ < √v∞ < t + τ} and on {s − τ <
λdOY ′ < t + τ}, the isometry being T itself, which also measure preserving. In particular there exists a
constant D > 0 such that for every τ ∈ (0, η) it holds diam({t∞1 ≤

√
v∞ ≤ t∞2 }, dτ∞) ≤ D.

Observe that from (2.5.17) we deduce that the functions
√
vn,
√
v∞ are equi-Lipschitz on {tn1 − η ≤√

vn ≤ tn2 + η}, {t∞1 − η ≤
√
v∞ ≤ t∞1 + η} and we fix M ≥ 2 a bound on their Lipschitz constant.

Putting εn := 2 max(bn, an) (where an, bn are the ones in (2.5.18) and (2.5.20)) it is not restrictive to
assume both that

√
εn < η/(2M) and that |tn1 − t∞1 |, |tn2 − t∞2 | < εn, for every n.

Pick any x0, x1 ∈ {tn1 ≤
√
vn ≤ tn2} and set yi = fn(xi) ∈ {t∞1 ≤

√
v∞ ≤ t∞2 }, i = 0, 1, where

fn was defined above and recall that dY (xi, fn(xi)) ≤ εn. Consider an absolutely continuous curve

γ : [0, 1] → A
ε−2M

√
εn

∞ such that γ(i) = yi, i = 0, 1 and L(γ) = d
η−2M

√
εn

∞ (y0, y1) ≤ D. Letting Nn :=
b2D/√εnc, there exist 0 = t0 < t1 < ... < tNn = 1 such that d∞(γ(ti), γ(ti+1) ≤ L(γ|[ti,ti+1]

)) ≤ L(γ)/Nn,

for every i = 0, ..., Nn − 1. Thanks to (2.5.18) and the M -Lipschitzianity of
√
vn there exist points

xi ∈ A
η−M√εn
n i = 1, ..., Nn − 1, such that dY (xi, γ(ti)) < εn, i = 1, ..., Nn − 1, and in particular

|dn(xi, xi+1)−d∞(γ(ti), γ(ti+1)| ≤ 2εn, for every i = 0, ..., Nn. Therefore dn(xi, xi+1) < L(γ)/Nn + 2εn ≤√
εn, and thus any geodesic (in Xn) γi from xi to xi+1 has image contained in Aηn. We define γ̄ : [0, 1]→ Aηn

as the concatenation of all the geodesics γi (appropriately reparametrized), in particular

(2.5.24) dηn(x0, x1) ≤ L(γ̄) ≤ Nn
(
L(γ)

Nn
+ 2εn

)
≤ d

η−2M
√
εn

∞ (fn(x0), fn(x1)) + 4D
√
εn.

Conversely pick an absolutely continuous curve γ̄ : [0, 1] → Aηn such that γ̄(i) = xi, i = 0, 1 and L(γ̄) =
dηn(x, y) ≤ 2D, which exists thanks to (2.5.24). Arguing exactly as above we can construct an absolutely

continuous curve γ : [0, 1]→ A
η+2M

√
εn

∞ such that γ(i) = yi, i = 0, 1 and

d
η+2M

√
εn

∞ (fn(x0), fn(x1)) ≤ L(γ) ≤ dηn(x0, x1) + 4D
√
εn.

Recalling (2.5.23) we are in position to apply Lemma 2.5.7 and deduce that

d
η±2M

√
εn

∞ (fn(x0), fn(x1)) → dη∞(fn(x0), fn(x1)) as n → +∞, uniformly in x0, x1 ∈ {tn1 ≤
√
vn ≤ tn2}.

Moreover again from Lemma 2.5.7 we have that the image of fn is cbn-dense in {t∞1 ≤
√
v∞ ≤ t∞2 } w.r.t.

the metric dη∞, for some constant c independent of n.
Combing this with the above inequalities and (2.5.21) we obtain

(2.5.25) ({tn1 ≤
√
vn ≤ tn2}, dηn, µn)

mGH→ ({t∞1 ≤
√
v∞ ≤ t∞2 }, dη∞, µ∞) ,

with µn := mn|{tn1≤
√
vn≤tn2 }

, µ∞ := m∞|{t∞1 ≤
√
v∞≤t∞2 }

and where, if t∞1 = t∞2 , the convergence

is intended only in the GH-sense. Finally from Lemma 2.5.7 and recalling (2.5.23) we have that(
{tn1 ≤

√
v∞ ≤ tn2}, dη∞,n

) GH→ (
{t∞1 ≤

√
v∞ ≤ t∞2 }, dη∞

)
, and that such convergence can be realized by a

map gn : {tn1 ≤
√
v∞ ≤ tn2} → {t∞1 ≤

√
v∞ ≤ t∞2 } that (if tn1 6= tn2 ) also satisfies gn∗

(
m∞|{tn1≤√v∞≤tn2 }

)
=

(t∞2 )N−(t∞1 )N )
((tn2 )N−(tn1 )N )

m∞|{t∞1 ≤√v∞≤t∞2 }
. In particular

(2.5.26)
(
{tn1 ≤

√
v∞ ≤ tn2}, dη∞,n, µ∞,n

) mGH→ ({t∞1 ≤
√
v∞ ≤ t∞2 }, dη∞, µ∞) ,
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with µ∞,n := m∞|{tn1≤√v∞≤tn2 }
and where in the case t∞1 = t∞2 the convergence is intended only in the

GH-sense.
If t∞1 = t∞2 , combining (2.5.25) with (2.5.26), and recalling (2.5.23), we obtain that (2.5.12) holds for

n big enough. Therefore, since we are assuming d′) (see above), up to a subsequence, we must have that
either (2.5.13) is false every n big enough or the last claim about Y in Theorem 2.5.6 is false. The latter
cannot happen, indeed in the first half of the proof we proved precisely that Theorem 2.5.5 holds with
the same Y and with the same ε, L,R0. Hence we must be n the first case and in particular t∞1 + ε < t∞2
and from (2.5.25) and (2.5.26) and obtain that (2.5.13) holds for n big enough, which is a contradiction.
This concludes the proof of Theorem 2.5.6. �

2.6. Rigidity and almost rigidity from the monotonicity formula

2.6.1. Rigidity. The following rigidity result follows almost immediately combining the explicit lower
bound on the derivative of U ′β in (2.4.7) and Theorem 2.5.1 about “from outer functional cone to outer
metric cone”.

Theorem 2.6.1. Let X, Ω, u, Uβ, with β > N−2
N−1 , be as in Theorem 2.4.4 and suppose that U

′−
β (t0) = 0

for some t0 ∈ (0, 1].Then the hypotheses of Theorem 2.5.1, and in particular also its conclusions, are

satisfied choosing u = Cu
2

2−N , u0 = Ct
2

2−N
0 and U = {u < t0}, for some constant C > 0.

Proof. Suppose U
′−
β (t0) = 0 for some t0 ∈ (0, 1] and observe that, thanks to (2.4.7), since C̃β,N > 0,

we must have that |∇|∇u
1

2−N |β/2| = 0 m-a.e. in {u < t0}. We claim that {u < t0} is connected. Indeed,
if t0 < 1, from the continuity of u follows that ∂{u < t0} ⊂ {u = t0}, hence from the strong maximum
principle we deduce that all the connected components of {u < t0} are unbounded. Moreover ∂{u < t0} is
bounded and thus from Corollary 2.1.7 it follows that that {u < t0} is connected. If t0 = 1, we conclude

observing that {u < 1} is the union of the sets {u < t} with t < 1. Therefore we have that |∇u
1

2−N |2 ≡ C
m-a.e. in {u < t0}, for some constant C. We now claim that C > 0. Indeed if C = 0 we would have that

∇u = −(2−N)u
N−1
N−2 ∇u

1
2−N = 0 m-a.e. in {u < t0} and therefore u would be constant in {u < t0} (recall

(1.3.11)). However u goes to 0 at +∞ and {u < t0} is unbounded, therefore u ≡ 0 in {u < t0}, but this

violates the positivity of u. Setting v = u
1

2−N , by the chain rule for the Laplacian, the harmonicity of u
and by locality we have

∆
v2

2
=

1

2
∆(u

2
2−N ) =

N

(2−N)2

|∇u|2

u2N−1
N−2

= CN, m-a.e. in {u < t0}.

Moreover |∇v2/2|2 = v2|∇v|2 = 2C v2

2 . Therefore the function u = C−1v2/2 satisfies the hypotheses of

Theorem 2.5.1 with U = {u < t0} and u0 = C−1t
2/(2−N)
0 /2. This concludes the proof. �

2.6.2. Almost rigidity. The goal of this subsection is to prove the following.

Theorem 2.6.2. For all numbers ε ∈ (0, 1/3), R0 > 0 β > N−2
N−1 , N ∈ (2,∞) and for every function

f : (1,+∞) → R+ in L1(1,+∞) there exists 0 < δ = δ(ε, β,N, f) such that the following holds. Let
(X, d,m, x0) be a pointed RCD(0, N) m.m.s. such that m(B1(x0)) ≤ ε−1 and s

m(Bs(x0)) ≤ f(s) for s ≥ 1.

Let u be an electrostatic potential for some E ⊂ BR0
(x0) and suppose that there exists t ∈ (ε, 1] satisfying

d(x0, {u ≤ t}) > ε, ‖|∇u|‖L∞({u<t}) ≤ ε−1 and

(2.6.1) U−β
′
(t) < δ.

Then there exists a pointed RCD(0,N) space (X′, d′,m′, x′) such that

dpmGH((X, d,m, x0), (X′, d′,m′, x′)) < ε

and (X′, d′,m′, x′) is a truncated cone outside a compact set K ⊂ B(1+ε)R(x′), where {u < t − tε}c ⊂
BR(x0), i.e. there exists an RCD(0,N) Euclidean N -cone Y , with vertex OY , over an RCD(N −2, N −1)
space Z and a measure preserving local isometry T : X′ \K → Y \ B̄r(OY ), for some r > 0.

We will also prove the following alternative version of the above statement (see Section 2.5.2 for the
definition of intrinsic metric).

Theorem 2.6.3. For all numbers ε ∈ (0, 1/3), R0 > 0 β > N−2
N−1 , N ∈ (2,∞), η > 0 and for every

function f : (1,+∞) → R+ in L1(1,+∞) there exists 0 < δ = δ(ε, β,N, f, η) such that, given X, v
and t as in Theorem 2.5.5, there exists an RCD(0,N) Euclidean N -cone (Y, dY ,mY ), with vertex OY ,
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over an RCD(N − 2, N − 1) space Z and a constant λ > 0 such that the following holds. For every

(1 + ε+ η)t
1

2−N < t1 < t2 < ε−1t
1

2−N it holds

dGH
(

({t1 ≤ u
1

2−N ≤ t2}, dηX), ({t1 ≤ λdOY ≤ t2, d
η
Y )
)
< ε,

where dOY := dY (., OY ) and dηX and dηY denote the intrinsic metrics on {t1−ηt
1

2−N < u
1

2−N < t2 +ηt
1

2−N }
and on {t1 − η < λdOY < t2 + η}. Moreover, provided that t1 + εt < t2,

dmGH

((
{t1 ≤ u

1
2−N ≤ t2}, dηX,m|

{t1≤u
1

2−N ≤t2}

)
,
(
{t1 ≤ λdOY ≤ t2}, d

η
Y ,mY |{t1≤λdOY ≤t2}

))
< ε.

Before passing to the proof we explain why the bound on ‖|∇u|‖L∞({u<t}) is natural and often
satisfied. The immediate observation is that from the gradient bound for harmonic functions (1.3.18) we
deduce

(2.6.2) |∇u| ≤ C(N)

ε
, m-a.e. in {u < 1} ∩ {x : d(x, ∂Ω) > ε}, ∀ ε > 0.

In particular for fixed ε > 0, thanks to the assumption limx→∂Ω u(x) ≥ 1, for t sufficiently small (but
depending on u) the gradient bound ‖|∇u|‖L∞({u<t}) ≤ C(N)ε−1 is always satisfied. An estimate on the
value of t can be given in the case Bε(x0) ⊂ Ω. Indeed applying the lower bound for u given by (2.4.2),

it is immediately seen that {u < t} ⊂ {x : d(x, ∂Ω) > ε} for any 0 < t < 1
2

(
ε

diam(Ωc)+ε

)N−2

.

Something more explicit can be said if we consider u to be an electrostatic potential. Indeed combining
(2.6.2) with the continuity estimate (2.2.7) one can easily prove the following:

Proposition 2.6.4. For all numbers ε ∈ (0, 1/3), N ∈ (2,∞) there exists 0 < C = C(ε,N) such that the
following holds. Let (X, d,m) be a non compact RCD(0, N) m.m.s. and let E ⊂ X be open and bounded
with uniformly Cap-fat boundary with parameters (ε, ε) (see Def. 2.2.1). Let u be the capacitary potential
relative to E (see Theorem 2.2.13). Then

|∇u| ≤ C(ε,N), m-a.e. in {u < t}, for every t ∈ (0, 1− ε).

We pass to the proof of Theorem 2.6.2 and Theorem 2.6.3, which are almost corollaries of Theorem
2.5.5 and Theorem 2.5.6.

Proof of Theorem 2.6.2 and Theorem 2.6.3. Observe first that by Bishop Gromov inequality

m(B1(x0)) ≥ m(Bε−1)εN ≥ εN−1/f(ε−1).

From the second inequality in (2.4.2) we have that there exist a positive constant C1 = C1(ε,R0, N), such
that

(2.6.3) u(x) ≤ C1

� ∞
d(x,x0)

f(s) ds, ∀ x ∈ B4R0+1(x0)c.

In particular, since t > ε, diam({u < t}c) ≤ diam({u < ε}c) ≤ C2, for some constant C2 depending only
on ε,R0, N, f . Therefore, again since t > ε, up to rescaling u as ut−1 we can assume that t = 1 (observe

also that, called Ũβ the function relative to t−1u, it holds that Ũβ(s) = Uβ(ts)tβ
N−1
N−2−β−1, s ∈ (0, 1)).

Define v := u
2

2−N and set Ω′ = {u < 1}. From the harmonicity of u we have that ∆v = N |∇
√

2v|2,
m-a.e. in Ω′ and that limx→∂Ω′ v(x) ≤ 1. Moreover (2.6.3) ensures that v ≥ 1 + ε in BR̄(x0)c for some
R̄ = R̄(ε,N, f,R0).

To apply Theorems 2.5.5 and 2.5.6 it still remains to check the bounds on |∇
√
v|.

Observe that from the assumption d(x0, {u ≤ 1}) > ε and the first in (2.4.2) we deduce that

(2.6.4) un(x) ≥ cd(xn, x)2−N , for every x ∈ Ω′,

for some positive constant c = c(ε). Combining (2.6.4), the assumption ‖|∇u|‖L∞({u<1}) ≤ ε−1 and the
gradient estimate (1.3.18), it easily follows that

|∇
√
v| = (N − 2)−1|∇u|u

1−N
N−2 ≤ C3,

for some positive constant C3 = C3(ε). Finally from (2.4.7) and (2.6.1) we have�
{u<1}

1

vN−2

∣∣∣∇|∇√v|β/2∣∣∣2 dm ≤ C̃−1
β,NU

−
β

′
(1) < C−1

β,Nδ.

We are therefore in position to apply Theorem 2.5.5 and conclude the proof of Theorem 2.6.2.

Theorem 2.6.3 follows from Theorem 2.5.6 and observing that {u = s
1

2−N } = {
√
v = s} and that,

thanks to (2.6.3), for every t > 0
{
√
v ≤ t} ⊂ BR1

(x0),
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for some R1 = R1(t, ε,N, f,R0). �

2.A. Appendix: From outer functional cone to outer metric cone - additional details

This appendix is devoted to the proof of Theorem 2.5.1 given the two results presented in Section
2.5.1. Since the proof is in large part the same as [95] some steps will be only outlined, however there will
be differences and new arguments that will be explained in detail and emphasized along the exposition.

2.A.1. The gradient flow of u and its effect on the measure. From the chain rule for the Laplacian
(1.2.11), the positivity of u and recalling that ∆u = N and |∇u|2 = 2u m-a.e. in U , it follows that

v :=

{
u

2−N
2 , if N > 2,

ln( 1√
u

), if N = 2,
is harmonic in U .

In particular the maximum principle and the fact that u0 = limx→∂U u(x) ensure that

(2.A.1) every connected component of {u > u0} is unbounded.

Since by assumption {u > u0} is nonempty we must have that X is unbounded.
For technical reasons we will work locally, in particular we fix a set V open and relatively compact

in U and consider η ∈ Test(X) such that η = 1 in V , 0 ≤ η ≤ 1 and supp η ⊂ U , which exists thanks to
Proposition 1.4.9. We then define

u := ηu.

Since u ∈ Testloc(U) from (1.4.8) we deduce that u ∈ Test(X).
We point out that we would like to take right away V to be of the form {t0 < u < T0}, however to

ensure that this set is relatively compact in U we need first to know that u blows up at infinity. This will
be proved in Lemma 2.A.2.

We now consider the regular Lagrangian flow F : [0, T ]×X → X associated to the autonomous vector
field v = −∇u. Observe that since ∆u ∈ L∞(m) and u ∈ Test(X) the assumptions of Theorem 1.7.4 are
satisfied. In particular the flow F exists unique. Moreover, again thanks to ∆u ∈ L∞(m) and Remark
1.7.5 we can extend the map F to (−∞,+∞)×X.

Proposition 2.A.1. (1) For m-a.e. x ∈ X it holds that Ft(Fs(x)) = Fs+t(x) for every s, t ∈ R.
(2) For m-a.e. x ∈ U it holds that (−∞,∞) 3 t 7→ Ft(x) is continuous. Moreover denoted by

(ax, bx) the maximal interval such that Ft(x) ∈ U for all t ∈ (ax, bx) (which in particular satisfies
ax < 0, bx > 0 and possibly ax = −∞ or bx = +∞), it holds

(2.A.2) u(Ft(x)) = e−2tu(x), ∀t ∈ (ax, bx)

and

(2.A.3) d(Fs(x), Ft(x)) ≤ |e−t − e−s|
√

2u(x), ∀t, s ∈ (ax, bx).

Proof. The first is just (1.7.5).
(2.A.2) follows observing that from (1.7.2), since |∇u|2 = 2u m-a.e. in U , for m-a.e. x ∈ U it holds

that
d

dt
u(Ft(x)) = −2u(Ft(x)), for a.e. t ∈ (ax, bx).

(2.A.3) instead can be derived from the fact that, recalling Remark 1.7.2, for m-a.e. x ∈ U it holds
.

|Ft(x)| =
√

2u(Ft(x)) for a.e. t ∈ (ax, bx). �

Recall that, as remarked at the beginning of the section, X is unbounded, hence the following result
makes sense.

Lemma 2.A.2.

(2.A.4) u(x)→ +∞ as d(x, U c)→ +∞.

Proof. Suppose (2.A.4) is false. Then we can find a ball B2R(x̄) ⊂ U such that R > 100
√

u(x̄) + 1.

We choose η ∈ Test(X) such that η = 1 in BR(x̄), 0 ≤ η ≤ 1 and supp η ⊂ U , which exists from Proposition
1.4.9. We define u := uη ∈ Test(X) and consider the regular Lagrangian flow Ft relative to −∇u. Then
from (2.A.3) (with the choice V = BR(x̄)), the continuity of u and the choice of R we can find x′ ∈ B1(x̄)
such that the curve Ft(x

′) is contained in BR(x̄) for all t > 0. This together with (2.A.2) contradicts the
positivity of u. �
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From now until the very last part of the proof we fix t0, T0 ∈ R+ such that u0 < t0 + 1 <
T < T0 − 1, where T is to be chosen later.

Thanks to both (2.A.4) and u0 = limx→∂U u(x) we have that {t0 < u < T0} is compactly contained
in U . Hence we can pick a cut off function η ∈ Test(X) such that η = 1 in {t0 ≤ u ≤ T0}, 0 ≤ η ≤ 1,
supp η ⊂ U and define u := ηu ∈ Test(X). As above we consider Ft the flow relative to −∇u, which is
defined for all positive and negative times.

Define for every a, b ∈ [u0,∞) the open set

Aa,b := {a < u < b}.

From the definition of u, the hypotheses on u and the locality of the gradient and the Laplacian we have

∆u = N, m-a.e. in At0,T0
.

|∇u|2 = 2u, m-a.e. in At0,T0 .
(2.A.5)

The following can be proven arguing as in [95, sec. 3.6.1], however we give a shorter proof, which use the
improved Bochner inequality (1.4.7).

Proposition 2.A.3.

(2.A.6) Hess(u) = id m-a.e. in At0,T0
.

Proof. Localizing (1.4.7) to At0,T0 and recalling (2.A.5) we obtain

N ≥ |Hess(u)|2HS +
(N − trHess(u))2

N − dimloc
m-a.e. in At0,T0 .

By Cauchy-Swartz and recalling (1.4.4), (1.4.5) we observe that

|Hess(u)|2HS =
∑

1≤i,j≤dim(X)

Hess(u)(ei, ej)
2

≥
dimloc∑
i=1

Hess(u)(ei, ei)
2 ≥ trHess(u)2

dimloc
.

Plugging this in the above inequality and applying again Cauchy-Swartz we obtain

N ≥ trHess(u)2

dimloc
+

(N − trHess(u))2

N − dimloc
≥ N m-a.e. in At0,T0 .

Hence all the inequality we used were actually equalities, in particular Hess(u)(ei, ej) = 0 m-a.e. in At0,T0
,

for every i 6= j and Hess(u)(ei, ei) = 1 m-a.e. in At0,T0
for every i, j = 1, ...,dimloc, which concludes the

proof. �

Proposition 2.A.4. (1) For m-a.e. x ∈ X it holds that Ft(Fs(x)) = Fs+t(x) for every s, t ∈ R.
(2) For m-a.e. x ∈ At0,T0

it holds that Ft(x) ∈ At0,T0
and

(2.A.7) u(Ft(x)) = e−2tu(x),

for every t ∈ ( 1
2 log u(x)

T0
, 1

2 log u(x)
t0

), moreover

(2.A.8) d(Fs(x), Ft(x)) = |e−t − e−s|
√

2u(x),

for every s, t ∈ ( 1
2 log u(x)

T0
, 1

2 log u(x)
t0

), in particular the curve ( 1
2 log u(x)

T0
, 1

2 log u(x)
t0

) 3 t 7→ Ft(x)
is supported on a geodesic.

Proof. Everything except for the equality in (2.A.8) follow Proposition 2.A.1 together with the

observation that in this case ax = 1
2 log u(x)

T0
and bx = 1

2 log u(x)
t0

.

To show equality in (2.A.8) it is enough to show it for t = 0 and s > 0. Hence we fix s ∈ (0, 1
2 log u(x)

t0
).

Thanks to (2.A.3) we only need to show that

(2.A.9) d(Fs(x), Ft(x)) ≥ (1− e−s)
√

2u(x).

We make the intermediate claim that

(2.A.10) d(x, U c) ≥
√

2u(x)−
√

2u0, ∀x ∈ U.

To prove it we first observe that, since u is positive, we have that
√

u ∈W 1,2
loc (U) and |∇

√
2u| = 1 m-a.e.

in U .
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The properness of the space X ensures that there exists x̄ ∈ ∂U such that d(x, x̄) = d(x, ∂U).
Moreover, since X is geodesic, there exists a sequence (xn) ⊂ U such that xn → x and d(x, xn) ≤ d(x, ∂U).

Hence recalling that |∇
√

2u| = 1 m-a.e., we are in position to apply (1.3.10) and deduce that

d(x, x̄) = lim
n

d(x, xn) ≥ lim
n

√
2u(x)−

√
2u(xn) ≥

√
2u(x)−

√
2u0,

which proves (2.A.10).

From (2.A.3) and by how we chose s we have that d(Fs(x), x) ≤ (1−e−s)
√

2u(x) ≤
√

2u(x)−
√

2t0 ≤√
2u(x) −

√
2u0. Hence from (2.A.10) we deduce d(Fs(x), x) ≤ d(x, ∂U) and applying again (1.3.10)

combined with (2.A.7) we obtain (2.A.9). �

Lemma 2.A.5. For every t ∈ (0, 1
2 log T0

t0
) it holds that

(2.A.11) m(Ae2tt0,T0
) = eNtm(At0,e−2tT0

).

Proof. The argument is essentially the same as in [95, Prop. 3.7] but reversed, indeed here we start
from ∆u = N and |∇u|2 = 2u and deduce information on the measure. �

The following result has not a direct counterpart in [95], however it morally substitutes the bound
(3.1) in [95, Prop. 3.2] (cf. with (2.A.13) below). We remark that the proof of the following Proposition
relies on the local estimate of Proposition 2.5.3.

Proposition 2.A.6. For every t ∈ (0, 1
2 log T0

t0
) it holds that

(2.A.12) (Ft∗m)|At0,e−2tT0

= Ft∗(m|Ae2tt0,T0

) = eNtm|At0,e−2tT0

.

Proof. Consider the probability measure µ0 =
m|Ae2tt0,T0

m(Ae2tt0,T0
) . By Theorem 1.7.4 {Fs∗µ0}s∈[0,t] are all

Borel probability measures, absolutely continuous with respect to m and solve the continuity equation
with initial datum µ0. Moreover (2.A.7) implies that Fs∗µ0 is concentrated on At0,T0 for every s ∈ [0, t].
Therefore setting Ft∗µ0 = ρtm we are in position to apply (2.5.3), that combined with (2.A.5) gives

(2.A.13) ‖ρt‖∞ ≤ m(Ae2tt0,T0
)−1eNt.

However applying now (2.A.11) and observing that Ft∗µ0 is concentrated in At0,e−2tT0
, again thanks to

(2.A.7), we can compute

0 ≤
�
At0,e−2tT0

m(Ae2tt0,T0
)−1eNt − ρtdm = m(Ae2tt0,T0

)−1eNtm(At0,e−2tT0
)− 1 = 0,

that gives the second in (2.A.12).
The first in (2.A.12) follows directly from (2.A.7). �

Having at our disposal (2.A.12) and (2.A.8), we can argue exactly as in [95, Cor. 3.8] to obtain the
following

Proposition 2.A.7 (Continuous disintegration). We have

(2.A.14) u∗m|At0,T0

= cr
N
2 −1L1

|(t0,T0)
,

where c := N
2

m(At1,t2 )

t
N/2
1 −tN/22

, for any t1, t2 ∈ R+ with t0 ≤ t2 < t2 ≤ T0. Moreover there exists a weakly

continuous family of Borel measures (t0, T0) 3 r 7→ mr ∈ P(X) such that

(2.A.15)

�
ϕdm = c

� T0

t0

�
ϕdmrr

N/2−1dr, ∀ϕ ∈ Cc(At0,T0
).

Finally, for every t ∈ (0, log T0

t0
) the measures mr satisfies

(2.A.16) Ft∗mr = me−2tr, for a.e. r ∈ (e2tt0, T0).

The following result has not a counterpart in [95], since it deals with large scales, while the analysis
in [95] is local.

Corollary 2.A.8. X has Euclidean volume growth, in particular {u > u0} is unbounded, connected with
{u > u0}c bounded.
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Proof. Combining (2.A.7) and (2.A.8) it can be shown that At0,T0
⊂ B4

√
T0+C(x0) for every T0 > 2t0

for some fixed constant C > 0 (recall that what we proved so far holds for an arbitrary T0 > T ). Therefore
A
t0,

(R−C)2

16

⊂ BR(x0) for every R big enough and the conclusion follows using (2.A.15).

Since X has Euclidean volume growth it is not compact and not a cylinder in the sense of i) of
Proposition 2.1.6. Now observe that ∂{u > u0} is bounded (as a consequence of (2.A.4)), hence compact,
and that each connected component of {u > u0} is unbounded (by (2.A.1)). Hence the conclusion follows
from Proposition 2.1.6 and the fact that {u > u0} is not empty. �

Lemma 2.A.9 ([95, Lemma 3.11]). Let f ∈ Lp(m) with p < +∞, then the map t 7→ f ◦Ft is continuous
in Lp(m). Moreover if f ∈W 1,2(X) the map t 7→ f ◦ Ft is C1 in L2 and its derivative is given by

d

dt
f ◦ Ft = −〈∇f,∇u〉 ◦ Ft.

2.A.2. Effect on the Dirichlet Energy. Thanks to (2.A.5) and (2.A.12) we can repeat almost verbatim
the analysis done in [95, Sec. 3.2]. Indeed all the proofs contained there rely only on the analogous
properties of the function b and Flt, i.e. “|Db|2 = 2b,∆b = N and Flt∗m = eNtm”.

This said, we will only state, adapted to our case and without proof, the final result in [95, Sec. 3.2]
(i.e. Corollary 3.17), since it is the only statement that is needed for the rest of the argument.

Theorem 2.A.10. Let t ∈ (0, log T0

t0
), and f ∈ L2(m) with support in At0,e−2tT0

. Then f ∈ W 1,2(X) if

and only if f ◦ Ft ∈W 1,2(X) and in this case

(2.A.17) |∇(f ◦ Ft)| = e−t|∇f | ◦ Ft,m− a.e.

2.A.3. Precise representative of the flow. The following proposition is the analogous of [95, Thm.
3.18]. We point out that the proof in [95] contains an oversight in the proof that Flt has a locally-Lipschitz
representative. Indeed it is claimed that this follows from the fact that Flt is Lipschitz in Fl−1

t (Br(x0)) for
every small enough ball Br(x0). However, since Flt is not yet proven to be continuous, we do not know
enough information on the sets Fl−1

t (Br(x0)) to ‘patch’ them and obtain the claimed local Lipschitzianity.
For this reason we will give a complete proof which also fixes the original argument.

Proposition 2.A.11. Let Ut0,T0 ⊂ R×X be the open set given by

Ut0,T0
:=

{
(x, t) : x ∈ At0,T0 and t ∈

(
1

2
log

u(x)

T0
,

1

2
log

u(x)

t0

)}
.

Then the map

F : Ut0,T0
→ At0,T0

,

has a continuous representative w.r.t the measure L1 ⊗ m. Moreover for such representative (which we
denote again by F ) the map Ft : Ae2tt0,T0

→ At0,e−2tT0
is locally e−t-Lipschitz having F−t as its inverse,

which is locally et-Lipschitz. Also for every x ∈ At0,T0 and every s, t ∈ ( 1
2 log u(x)

T0
, 1

2 log u(x)
t0

)

(2.A.18) d(Ft(x), Fs(x)) = |e−s − e−t|
√

2u(x)

and

(2.A.19) u(Ft(x)) = e−2tu(x).

Finally for every t ∈ (0, log T0

t0
) and every curve γ with values in Ae2tt0,T0

, putting γ̃ := Ft ◦ γ we have

(2.A.20) |
.
γ̃s| = e−t| .γs|, for a.e. s ∈ [0, 1],

meaning that one is absolutely continuous if and only if the other is absolutely continuous, in which case
(2.A.20) holds.

Proof. Fix t ∈ [0, log T0

t0
). We start claiming that

Ft|Ae2tt0,T0

has a continuous representative that we denote by F̄t and

F̄t(Ae2tt0,T0
) = At0,e−2tT0

.
(2.A.21)

For the first part it is sufficient to show that for every a, b ∈ R such that e2tt0 < a < b < T0 the map Ft|Aa,b
has a continuous representative. Hence we fix such a, b ∈ R and define the open sets A′ := Ae−2ta,e−2tb and
A := At0,e−2tT0

. Observe that the continuity of u implies d(A′, Ac) =: δ > 0. Consider now the countable
family of 1-Lipschitz functions D ⊂ LIP(X) defined as

D := {fn,k | n, k ∈ N} = {max(min(d(., xn), k − d(., xn)), 0) | n, k ∈ N},



60 2. MONOTONICITY FORMULAS FOR THE ELECTROSTATIC POTENTIAL ON RCD SPACES

where {xn}n∈N is dense subset of A. We pick a cut off function η ∈ LIPc(A) such that 0 ≤ η ≤ 1 and
η ≡ 1 in A′ and define the set ηD ⊂ LIPc(A) as ηD := {ηf | f ∈ D}. For any f ∈ D it holds

Lip(fη) ≤ Lipη sup
A
|f |+ Lipf ≤ Lipη diam(A) + 1 =: L,

hence the functions in ηD are L-Lipschitz. We now make the key observation that

(2.A.22) d(x, y) = sup
f∈D
|f(x)− f(y)| = sup

f∈D
|ηf(x)− ηf(y)| = sup

f∈ηD
|f(x)− f(y)|,

for every x, y ∈ A′. Thanks to Corollary (2.A.10) we know that f ◦ Ft ∈ W 1,2(X) for every f ∈ ηD and
|D(f ◦ Ft)| = e−t|Df | ◦ Ft ≤ e−tL m-a.e. Then from the Sobolev-to-Lipschitz property of X, we deduce
that f ◦ Ft has an L-Lipschitz representative. Thus there exists an m-negligible set N ⊂ X such that
for every f ∈ ηD the restriction of f ◦ Ft to X \ N is L-Lipschitz. Moreover from (2.A.7) it follows the
existence of an m-negligible set N ′ such that Ft(Aa,b \N ′) ⊂ A′. Therefore from (2.A.22) it follows that
for every x, y ∈ Aa,b \ (N ∪N ′)

d(Ft(x), Ft(y)) = sup
f∈ηD

|f(Ft(x))− f(Ft(y))| ≤ e−tLd(x, y).

This proves the first part of (2.A.21). We now show ⊂ of the second part. From (2.A.7) it follows
the existence of a negligible set N such that for every set U relatively compact in Ae2tt0,T0

we have that
F̄t(U \N) is relatively compact in At0,e−2tT0

. Moreover, since negligible sets have empty interior we deduce

that U \N contains U. Therefore F̄t(U) ⊂ F̄t(U \N) ⊂ F̄t(U \N) which is contained in Ae2tt0,T0
thanks

to the first observation. We now show ⊃. Again thanks to (2.A.7) the set N := At0,e−2tT0
\ F̄t(Ae2tt0,T0

) is

negligible. Pick any set U relatively compact in At0,e−2tT0
and define V := F̄−1

t (U \N) which is relatively
compact in Ae2tt0,T0

. Therefore, since F̄t is continuous, the set Ft(V̄ ) is compact in At0,e−2tT0
and, since

negligible sets have empty interior, contains U. This concludes the proof of (2.A.21).
For any t ∈ (log t0

T0
, 0) we can now argue exactly as above, to deduce that

Ft|At0,e2tT0

has a continuous representative that we denote by F̄t and

F̄t(At0,e2tT0
) = Ae−2tt0,T0

.
(2.A.23)

In particular, since Ft(F−t) = id m-a.e., we deduce that F̄−t is the continuous inverse of F̄t.
Having proved (2.A.21) and (2.A.23) we can complete the proof arguing as in [95] with the obvious

modifications. �

From now on we denote by F a representative of F : R× X→ X which is continuous (in
space and time) on Ut0,T0

.

2.A.4. Properties of level set {u = T}. In this short subsection we prove that the level set {u = T}
is Lipschitz-path connected when T is big enough. We remark that the argument will rely on Proposition
2.1.6 and is different from the one used in [95] to prove the same property for the “sphere”.

For the following result recall from Section 2.A.1 that in our construction we first choose T and then
we choose t0 and T0 accordingly.

Lemma 2.A.12. There exists T > u0 and a constant c > 0 (depending only on T, t0 and u) such that,
if T0 is big enough, for every couple of points x, y ∈ {u = T} there exists γ ∈ LIP([0, 1],X) joining x and
y and such that γ ⊂ At0+1,T0−1 and Lip(γ) ≤ 5d(x, y).

Proof. From (2.A.4) we know that d({u = T}, {u > t0 + 1}c) → +∞ as T → +∞. Moreover
{u > t0 + 1}c is bounded and, as proven in Corollary 2.A.8, X has Euclidean volume growth and in
particular is not compact and not a cylinder in the sense of i) of Proposition 2.1.6. Therefore from
Proposition 2.1.6, provided T is big enough, we have that for every couple of points x, y ∈ {u = T} there
exists a Lipschitz path γ from x to y and such that γ ⊂ {u > t0 + 1} and Lip(γ) ≤ 5d(x, y). Therefore,
again from (2.A.4) and since {u = T} is bounded, if T0 is big enough then it holds that γ ⊂ At0+1,T0−1. �

Consider now the closed set ST := {u = T} and the projection map Pr : At0,T0 → ST defined as

Pr(x) := F 1
2 log

u(x)
T

(x).

Note that from Proposition 2.A.11 and (2.A.18), we have that Pr is well defined and locally Lipschitz.

Proposition 2.A.13. The set ST is Lipschitz path connected, meaning that for every couple of points
x, y ∈ ST there exists a Lipschitz curve γ taking values in ST , joining x and y. Moreover we can choose
γ so that Lip(γ) ≤ c d(x, y), for some uniform constant c > 0.
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Proof. From Proposition 2.A.12 we now that there exists a Lipschitz path connecting x and y taking
values in At0+1,T0−1, which is relatively compact in At0,T0

, then we simply consider the curve

γ̃ := Pr ◦ γ,

which remains a Lipschitz curve, since Pr is locally Lipschitz. The claimed bound on Lip(γ̃) follows from
the bound on Lip(γ) given in Proposition 2.A.12 and again by the local Lipschitzianity of Pr. �

2.A.5. The level set equipped with the induced distance and measure.

Definition 2.A.14. We put X′ := ST . For x′, y′ ∈ ST we define d′(x′, y′) as

(2.A.24) d′(x′, y′)2 := inf

� 1

0

|γ̇t|2dt,

where the infimum is taken among all Lipschitz path γ : [0, 1]→ X ′ ⊂ X joining x′ and y′ and the metric
speed is computed w.r.t. the distance d.

Lemma 2.A.15.

(2.A.25) d(x, y) ≤ d′(x, y) ≤ cd(x, y), for every x, y ∈ X′,

where c > 0 is the constant given in Proposition 2.A.13

Proof. The first in (2.A.25) is immediate from the definition of d′, while the second follows directly
from Proposition 2.A.13. �

Corollary 2.A.16. The topology induced by d′ on X ′ is the same as the one induced by the inclusion
X ′ ⊂ X.

We now define the measure m′ on X ′ as

(2.A.26) m′ := mT ,

where mT is given in Proposition 2.A.7. Observe that, thanks to Corollary 2.A.16, m′ is a Borel probability
measure on X ′.

A straightforward computation, exploiting (2.A.15), gives also that

(2.A.27) Pr∗m|Aa,b = ca,bm
′,

for every a, b ∈ R such that t0 ≤ a < b ≤ T0, where ca,b = c
� b
a
rN/2−1dr, with c as in Proposition 2.A.7.

The proof of the following Proposition, which is the analogous of [95, Prop. 3.23], is postponed to
the following section.

Proposition 2.A.17. Let [a, b] ⊂ (t0, T0) and let π be a test plan on X such that u(γt) ∈ [a, b] for every
t ∈ [0, 1] and π-a.e. γ. Then for π-a.e. γ the curve γ̃ := Pr ◦ γ is absolutely continuous and satisfies

| ˙̃γt| ≤

√
T

u(γt)
|γ̇t|, a.e. t.

The following result relies on Proposition 2.A.17 and it is the counterpart of [95, Thm. 3.24]. Since
its proof use the exact same arguments as in [95], we will omit it.

Theorem 2.A.18. Let [a, b] ⊂ (t0, T0), h ∈ LIP(R) with support in (t0, T0) and identically 1 on [a, b] and
f ∈ L2(X) of the form f(x) = g(Pr(x))h(u(x)) for some g ∈ L2(m′).

Then f ∈W 1,2(X) if and only if g ∈W 1,2(X′) and in this case we have

(2.A.28) |Df |X(x) =

√
T

u(x)
|Dg|X′(Pr(x)), for m-a.e. x such that u(x) ∈ [a, b].

The following Proposition can be proved following verbatim the argument of [95, Prop. 3.26]. We
refer to [121] for the definition of measured-length space.

Proposition 2.A.19. (X′, d′,m′) is infinitesimally Hilbertian, doubling and a measured-length space.
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2.A.6. Speed of projection. This section is devoted to the proof of Proposition 2.A.17. The arguments
and the results are the same as in [95, Sec. 3.6.2], however some differences are present in the set up,
since we will use the language of Regular Lagrangian Flows.

To avoid confusion we point out that we will continue to indicate by Ft the continuous representative
of the flow relative to −∇u, as in Proposition 2.A.11.

Fix t̄0, T̄0 ∈ R+ such that T ∈ (t̄0, T̄0) ⊂ [t̄0, T̄0] ⊂ (t0, T0) and pick a function ψ ∈ C2(R) with

compact support contained in (t0, T0) and such that ψ(z) = (
√
z−
√
T )2 for every z ∈ [t̄0, T̄0]. Define also

the function û := ψ ◦ u|At0,T0
and notice that, thanks to expression of ψ, the chain rule for the gradient,

Laplacian and Hessian and recalling (2.A.5) we have that û ∈ TestX and

∇û = ψ′(u)∇u, Hess(û) = ψ′(u)id + ψ′′(u)∇u⊗∇u, m-a.e.,

|∇û|2 = 2û, Hess(û) = ψ′(u)id +

√
T

2u
√
u
∇u⊗∇u m-a.e. in At̄0,T̄0

.
(2.A.29)

It follows from Theorem 1.7.4 and Remark 1.7.5 that there exists a unique Regular Lagrangian Flow
relative to the autonomous vector field vt ≡ −∇u, which is defined for all times t ∈ (−∞,+∞).

Our goal is now to build an explicit representation for the flow map and prove some of its useful
properties. To this aim we need the following definition. For every r ∈ R+ define the function rept(r) ∈
C1(R) as the one such that rep0(r) = 0 and

(2.A.30) ∂trept(r) = ψ′(e−2rept(r)r), t ∈ R.

It is clear that

(2.A.31) |rept(r)| ≤ t‖ψ′‖∞, t ∈ R, r ∈ R+.

Let a, b ∈ R+ be such that suppψ ⊂ [a, b] ⊂ (t0, T0), then

rept(r) ≡ 0, t ∈ R, r ∈ R+ \ (a, b),

rept(r) ∈
(

1

2
log

r

T0
,

1

2
log

r

t0

)
, t ∈ R, r ∈ (t0, T0).

(2.A.32)

We also define the function R×X 7→ repxt ∈ R as repxt = rept(u(x)) and the function F̂t : R×X→ X as

F̂t(x) = Frepxt (x).

Observe that, from (2.A.32), the continuity of u, the continuity of rept(r) w.r.t. r and the continuity
of Ft(x), jointly in space and time, as given by Proposition 2.A.21, it is easy to check that the map
X 3 x 7→ Frepxt (x) is well defined and continuous for every t ∈ R.

If follows from the continuity of x 7→ F̂t(x), (2.A.19) and the second in (2.A.32) that

F̂t(At0,T0) ⊂ At0,T0 , t ∈ R

and from the first in (2.A.32) that

F̂t = id, on X \Aa,b, t ∈ R,

where a, b are as in (2.A.32).
In the following result we refer to [95] for the definition of a map of bounded deformation and its

differential. Its proof can be carried out as in [95, Sec. 3.6.2] using the above properties of rept and it
will be omitted. We limit ourselves to observe that in the smooth setting the estimate given in (2.A.33)

are an immediate consequence of the fact that the flow map F̂t (provided û is smooth) is differentiable

both in time and space and F̂0 = id

Theorem 2.A.20. The map F̂ : R × X → X is the unique regular Lagrangian flow for the vector field
−∇û.

Moreover For every t ∈ R the map F̂t : X → X is of bounded deformation with inverse of bounded
deformation. Moreover there exists a positive constant C such that

(2.A.33) |d(f ◦ F̂s)| ≤ (1 + |s|C)|df | ◦ F̂s, and |dF̂s(v)| ◦ F̂s ≤ (1 + |s|C)|v|
m-a.e. for every f ∈W 1,2(X), v ∈ L2(TX) and s ∈ (−1, 1).

Notice now that (1.7.2) and û ∈ Test(X) give that [0,∞) 3 t 7→ û(F̂t(x)) is non increasing for m-a.e.

x. Therefore, since û = (
√
u −
√
T )2 in At̄0,T̄0

and T ∈ (t̄0, T̄0), we deduce that for every x ∈ At̄0,T̄0
the

map [0,∞) 3 t 7→ |u(F̂t(x))− T | is non increasing. In particular this entails that

(2.A.34) F̂t(At̄0,T̄0
) ⊂ At̄0,T̄0

, t ∈ [0,∞).
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Lemma 2.A.21. The map F̂t converges to Pr as t→ +∞ uniformly in At̄0,T̄0
.

Proof. Similarly to the proof of (2.A.2), recalling also that both F̂t and û are continuous, we can

prove that û(F̂t(x)) = e−2tû(x), for every t ≥ 0 and every x ∈ At̄0,T̄0
. Combining this with (2.A.34) and

the definition of û we obtain

(2.A.35)

(√
u(F̂t(x))−

√
T

)2

= e−2tû(x), t ≥ 0, x ∈ At̄0,T̄0
.

From this using (2.A.18) and (2.A.19) we conclude. �

We now pass to the proof the following result, which is the analogue of Proposition 3.30 in [95]. The
argument there however is not completely correct, since it makes use of the notion of essential limsup
(and liminf), which however does not seem to be the right one to perform the proof that is presented. We
here substitute this notion with the one below in Definition 2.A.23 and correct the original proof. Let us
stress that in doing so we still cannot prove the m-a.e. convergence claimed in [95], which fortunately is
never actually used.

Proposition 2.A.22. Let v ∈ L2(TX) and put vs := dF̂s(v). Then the map s 7→ 1
2 |vs|

2 ◦ F̂s ∈ L1(m) is

C1 and its derivative in L1(m) exists and it is given by the formula

(2.A.36)
d

ds

1

2
|vs|2 ◦ F̂s = −Hess(û)(vs, vs) ◦ F̂s.

If v is also bounded, then the curve s 7→ 1
2 |vs|

2 ◦ F̂s is C1 also when seen with values in L2(X) and in this

case the difference quotients in (2.A.36) also converge in L2(X) to the right hand side.

To prove such proposition it is useful to recall the following definition.

Definition 2.A.23. Let {fs}s≥0 ⊂ L0(m), g ∈ L0(m), we say that m- lim
s→0

fs ≤ g if m({fs > g + ε}) → 0

as s → 0, for every ε > 0. Analogously we say that m- lim
s→0

fs ≥ g if m({fs < g − ε}) → 0 as s → 0, for

every ε > 0.

Remark 2.A.24. It can be easily proved that, in the case m(X) < +∞, m- lim
s→0

fs ≤ g is equivalent to the

the statement “for every sequence sn → 0, there exists a subsequence snk such that limk→∞ fsnk (x) ≤ g(x)

m-a.e. x.” The analogous is true for m- lim
s→0

fs ≥ g. �

Proposition 2.A.25. (i) m- lim
s→0

f is ≥ gi i = 1, 2 =⇒ m- lim
s→0

(f1
s + f2

s ) ≥ g1 + g2,

(ii) m- lim
s→0

fs ≥ g =⇒ m- lim
s→0

fsχB ≥ gχB, for every B ⊂ X Borel,

(iii) fs ≥ gs m-a.e. and gs
Lp→ g =⇒ m- lim

s→0
fs ≥ g,

(iv) fs
Lp→ f and m- lim

s→0
fs ≥ g =⇒ f ≥ g m-a.e.,

(v) gn
Lp→ g, fns

Lp→ fs uniformly in s and m- lim
s→0

fns ≥ gn, n ∈ N =⇒ m- lim
s→0

fs ≥ g,

(vi) F : X → X of bounded compression, m- lim
s→0

fs ≥ g =⇒ m- lim
s→0

fs ◦ F ≥ g ◦ F .

The analogous statements exchanging ≥ with ≤, hold for the m-lim.

Proof. We only prove only (v), since the others are straightforward. Observe that for every ε > 0
and n ∈ N the following inclusion holds

{fs − g < −ε} ⊂ {fns < gn − ε

2
} ∪ {|fns − gn − (fs − g)| > ε

2
},

applying Markov inequality

m({fs − g < −ε}) ≤ m({fns < gn − ε

2
}) + ‖fns − gn − (fs − g)‖Lp

2p

εp
.

Passing to the lim in s and then letting n → +∞ (recalling that fns
Lp→ fs uniformly in s) we get the

conclusion. �

Proof of Proposition 2.A.22. Step 1: v is the gradient of a test function and s = 0. Assume
that v = ∇ϕ for some ϕ ∈ Test(X). For any s ∈ R we have

(2.A.37)
1

2
|vs|2 ◦ F̂s ≥ dϕ(vs) ◦ F̂s −

1

2
|dϕ|2 ◦ F̂s m− a.e.,
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with equality m-a.e. for s = 0. The right hand side of this last inequality is C1 when seen as a curve
depending on s with values in L2(X) and its derivative at s = 0 is given by

d

ds

(
dϕ(vs) ◦ F̂s −

1

2
|dϕ|2 ◦ F̂s

)
|s=0

= −Hess(û)(v, v),

(see [95] for details). From (2.A.37) and (iii) of Proposition 2.A.25 we obtain

(2.A.38) m-lim
s↑0

|vs|2 ◦ F̂s − |v|2

2s
≤ −Hess(û)(v, v) ≤ m-lim

s↓0

|vs|2 ◦ F̂s − |v|2

2s
,

Step 2: v is locally the gradient of a test function and s = 0. From the locality property of
the differential and items (i), (ii) of Proposition 2.A.25 we deduce that (2.A.38) holds for v of the form∑
i
χAi∇ϕi ∈ L2(TX) for a given Borel partition (Ai)i∈N of X and functions ϕi ∈ Test(X).

Step 3: generic v ∈ L2(TX) and s = 0. Let Qs : L2(TX)→ L1(X) be the quadratic form defined by

Qs(v) :=
|vs|2 ◦ F̂s − |v|2

s
.

Arguing exactly as in [95], using (2.A.33), we can prove that the Qs’s are uniformly continuous in s ∈
(−1, 1).

We pick a sequence vn ⊂ L2(TX), made of elements as in Step 2, that converges to v strongly in
L2(TX). Then the boundedness of Hess(û), given by (2.A.29), and the local uniform continuity of the Qs’s,
grant that Qs(vn) → Qs(v) strongly in L1(X), uniformly on s, and that Hess(û)(vn, vn) → Hess(û)(v, v)
in L1(X). Therefore from (v) of Proposition 2.A.25 we deduce that (2.A.38) holds also for a generic

v ∈ L2(TX). Step 4: conclusion. Since the F̂s’s form a group, by what we just proved and (vi) of
Proposition 2.A.25 we know that for any v ∈ L2(TX) and any s0 ∈ R we have

(2.A.39) m-lim
s↑s0

|vs|2 ◦ F̂s − |vs0 |2 ◦ F̂s0
2(s− s0)

≤ −Hess(û)(vs0 , vs0) ◦ F̂s0 ≤ m-lim
s↓s0

|vs|2 ◦ F̂s − |vs0 |2 ◦ F̂s0
2(s− s0)

.

Now assume for a moment that v ∈ L2 ∩L∞(TX), so that using again the group property and keeping in

mind the bound (2.A.33) we have that R 3 s 7→ 1
2 |vs|

2 ◦ F̂s ∈ L2(X) is Lipschitz and hence - since Hilbert
spaces have the Radon-Nikodym property - it is a.e. differentiable. Letting s0 be a point of differentiability,
from (2.A.39) and using twice (iv) of Proposition 2.A.25 we deduce that

(2.A.40) lim
s→s0

|vs|2 ◦ F̂s − |vs0 |2 ◦ F̂s0
2(s− s0)

= −Hess(û)(vs0 , vs0) ◦ F̂s0 ,

the limit being in L2(m).
Finally, let v ∈ L2(TX) be arbitrary and notice that the bound (2.A.33) grants that for any s0 ∈ R

the different quotients
|vs|2◦F̂s−|vs0 |

2◦F̂s0
2(s−s0) are, for s ∈ [s0 − 1, s0 + 1], dominated in L1(X). To conclude,

put vn := χ{|v|≤n}v ∈ L2 ∩ L∞(TX) , n ∈ N, and notice that for a.e. s0 ∈ R the L2-limit in in (2.A.40)
holds with vn in place of v, for every n ∈ N, in particular the same limit holds also in measure. Therefore
from the identity |dF̂s(vn)| ◦ F̂s = |vs| ◦ F̂sχ{|v|≤n} m-a.e., for all s ∈ R, we deduce that (2.A.40) holds
also for v, the limit being intended in measure. Recalling that the different quotients are dominated in
L1(m), we conclude that (2.A.40) holds for v in strong L1(m) topology.

The stated C1 regularity is then a consequence of the continuity in L1(X) of s 7→ Hess(û)(vs, vs) ◦ F̂s
which in turn is a consequence of the L2(TX) continuity of s 7→ vs and the boundedness of Hess(û). �

From this point on the proof of Proposition 2.A.17 follows exactly as in [95], combining Proposition
2.A.22, Lemma 2.A.21 and (2.A.29), and we shall therefore skip it.

2.A.7. Cone over the rescaled level set. Let us define the (Z, dZ ,mZ) as
(
X ′, d′√

2T
,m′
)

and note

that f : Z → R belongs to W 1,2(Z) if and only if it belongs to W 1,2(X ′) and in this case

(2.A.41) |Df |Z =
√

2T |Df |X′ , mZ-a.e. (equivalently m′-a.e).

We then define the metric measure space (Y, dY ,mY ) as the N -Euclidean cone over the metric measure
space (Z, dZ ,mZ).



2.A. APPENDIX: FROM OUTER FUNCTIONAL CONE TO OUTER METRIC CONE - ADDITIONAL DETAILS 65

2.A.8. Isometry of Sobolev spaces. For every t0 ≤ a < b ≤ T0 we introduce the set AYa,b = {y ∈ Y :

dY (y,OY ) ∈ (
√

2a,
√

2b)} = {(r, z) ∈ Y : r ∈ (
√

2a,
√

2b)} ⊂ Y.
We then introduce the map T : AYt0,T0

→ At0,T0
as

(2.A.42) T ((r, z)) := F 1
2 log 2T

r2
(z),

which is well defined thanks to (2.A.19), and the map S : At0,T0
→ AYt0,T0

defined as

(2.A.43) S(x) := (
√

2u(x),Pr(x)).

It is immediate from the definition that S(Aa,b) = AYa,b and T (AYa,b) = Aa,b for every t0 ≤ a < b ≤ T0.

Moreover it is clear from the definition of Pr, (2.A.19) and the fact that F−t = F−1
t , that S and T

are one the inverse of the other.
The following result follows from the definitions, Proposition 2.A.11, Proposition 2.A.7 and the local

Lipschitzianity of Pr (see [95] for details).

Proposition 2.A.26. The maps S : At0+ε,T0−ε → AYt0+ε,T0−ε and T : AYt0+ε,T0−ε → At0+ε,T0−ε are

Lipschitz for every ε ∈ (0, T0−t0
4 ). Moreover

(2.A.44) S∗m|At0,T0

= mY |AYt0,T0

and T∗mY |AYt0,T0

= m|At0,T0

.

The following result follows combining Theorem 2.A.18, Proposition 2.A.26, Lemma 2.A.9, (2.A.41)
and Proposition 2.A.19. The proof is identical to the one of [95, Theorem 3.37] and we shall skip it.

Theorem 2.A.27. For every ε ∈ (0, T0−t0
4 ) we have that f ◦ S ∈ W 1,2

0 (At0+ε,T0−ε) if and only if f ∈
W 1,2

0 (AYt0+ε,T0−ε) and in this case

(2.A.45) |D(f ◦ S)|X = |Df |Y ◦ S, m-a.e. in AYt0+ε,T0−ε.

2.A.9. Back to the metric and conclusion.

Proof of Theorem 2.5.1. Arguing exactly as in [95, Sec. 3.9] we can show, exploiting Theorem
2.A.27, that the maps S and T are locally isometries from At0,T0 to AYt0,T0

and viceversa.

Pick now any t′0, T
′
0 ∈ [ū0,∞) such that t′0 < t0 < T < T0 < T ′0, then we can repeat all the

arguments in the previous sections with t′0, T
′
0 in place of t0, T0 (but using the same T to define X ′ as

in subsection 2.A.4) to obtain a map S′ : At′0,T ′0 → AYt′0,T ′0
that is a local isometry, with an inverse T ′,

which is also a local isometry. The key observation is that S′ agrees with S in At0,T0
. Indeed from

(2.A.43) we deduce that S′ on At0,T0
depends only on the value of the function u′ and the map Pr′ on

At0,T0
. From the construction is clear that u′ agrees with u on At0,T0

, since both agree with u on this
set. Therefore we need to show that the two projection maps Pr,Pr′ : At0,T0

→ ST agree. Suppose they
do not, i.e. there exists x ∈ At0,T0

such that Pr(x) 6= Pr′(x). Recall that Pr(x) = F 1
2 log

u(x)
T

(x) and that

the curve γ1
t = Ft(x) for t ∈ [0, 1

2 log u(x)
T ] is (up to a reparametrization) a minimizing geodesic joining x

to Pr(x) and with values in At0,T0
, as shown in Proposition 2.A.4. With the same argument we deduce

the existence of a geodesic γ2 joining x and Pr′(x) with values in At0,T0
. Moreover from (2.A.18) we have

that d(x,Pr(x)) = d(x,Pr′(x)) =
√

2|
√
T −

√
u(x)|, in particular γ1, γ2 are geodesics with same length.

Since S is a local isometry we have that the curves S(γit) are both geodesics in Y with the same length.
In particular dY (S(x), S(Pr(x))) = dY (S(x), S(Pr′(x))) which using the expression for S gives

√
2|
√
T −

√
u(x)| = dY ((

√
2u(x),Pr(x)), (

√
2T ,Pr(x))) = dY ((

√
2u(x),Pr(x)), (

√
2T ,Pr′(x))).

However, recalling that Pr(x) 6= Pr′(x) and from the definition of dY we easily deduce that the rightmost

term in the above identity is strictly bigger than
√

2|
√
T −

√
u(x)|, which is a contradiction.

We can now send t0 → u0 and T0 → +∞ and obtain a map S : {u > u0} → Y \ B√2u0
(OY )

which is a surjective and measure preserving local isometry. Moreover extending analogously the maps
T : AYt0,T0

→ At0,T0 , which are the inverses of the maps S, we obtain a map T : Y \ B√2u0
(OY ) → U ,

which is the inverse of S and a local isometry as well.
Observe now that, since S and T are a local isometries, they send geodesics to geodesics. This easily

implies that

(2.A.46) d(x, ∂{u > u0}) = dY (S(x), B√2u0
(OY )) =

√
2u(x)−

√
2u0,

from which (2.5.1) follows.
We are now in position to apply Proposition 2.5.2 to obtain that Y is an RCD(0, N) space, which

is the unique tangent cone at infinity to X. Moreover from the fact that Y is an RCD(0, N) and from
(1.3.17) it follows that (Z, dZ ,mZ) is an RCD(N − 2, N − 1) space satisfying diam(Z) ≤ π.
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Suppose now that diam(Z) = π, then again from Proposition 2.5.2 we obtain that X is isomorphic
to Y.

The fact that X has Euclidean volume growth was already proved in Corollary 2.A.8.
It remains to prove the first part of ii). Let r =

√
2u0 and rZ as in the statement. It is enough

to show that for every couple of points y1, y2 ∈ Y such that dY (yi, OY ) > rZ , i = 1, 2, all the geodesics
connecting them are contained in {d(., OY ) > r}. Moreover we can clearly restrict ourselves to consider
points y1, y2 of the form yi = (t, zi), with zi ∈ Z, i = 1, 2 and t > rZ . For such points we have that

dY (y1, y2) = t
√

2− 2 cos(d(z1, z2)) ≤ t
√

2− 2 cos(diam(Z))

Let now γ be a geodesic between y1 and y2, then by the triangle inequality

d(γt, OY ) ≥ t− dY (y1, y2)

2
> rZ

(
1−

√
1− cos(diam(Z))

2

)
= r, ∀t ∈ [0, 1],

where the last identity follows from the definition of rZ . �



CHAPTER 3

Willmore inequalities on RCD(K,N) spaces

Structure of the chapter

First, we will recall in Section 3.1 some objects and notations that will be used frequently. Then in the
first main Section 3.2 we will define a notion of relaxed Willmore energy for sets in an RCD(K,N) space
and prove the existence of sets with finite Willmore energy. Then in Section 3.3 we introduce a notion
of regular sublevels for a smooth function on an RCD(K,N) space, by requiring a sort of infinitesimal
version of the coarea formula and a non-vanishing of the gradient. We will also prove in this part that
almost every sublevel of a sufficiently smooth function is regular, which will be used in the subsequent
sections to define the tangential divergence and the mean curvature with an averaging procedure.

The definition of tangential divergence will be given in Section 3.4, where we will study and prove
some of its main properties. Then in Section 3.5 we will define the notion of mean curvature for regular
sublevels on RCD(K,N) spaces, in duality with the tangential divergence.

In the last three sections we will restrict ourselves to the setting of RCD(0, N) spaces with Euclidean
volume growth. First in Section 3.6 we will relate the variational capacity Cap with the ‘electrostatic-
capacity’ obtained using the electrostatic potential. Section 3.7 will contain the asymptotic analysis of
the electrostatic potential, which will ultimately lead to the computation of limt→0+ Uβ , where Uβ is
the monotone quantity for the electrostatic potential introduced in the previous chapter. We will finally
combine this result with the notion of mean curvature to derive in Section 3.8 a class of Willmore-type
inequalities for RCD(0, N) spaces with Euclidean volume growth.

All the results that will be presented in this chapter are contained in [131].

3.1. Notations and facts used frequently

In this section we recall some objects and notations used frequently in the chapter. Here we assume
(X, d,m) to be an RCD(K,N) space.

A quasi-continuous function is a function f : X → R that is continuous outside a (open) set of
arbitrary small capacity (see Def. 1.2.19). We denote by QC(X) the algebra of equivalence classes of up
to Cap-a.e. equality of quasi-continuous functions.

For a set of finite perimeter E ⊂ X it holds that Per(E)� Cap (see Prop. 1.2.26). Hence there is a
natural projection map

πE : L0(Cap)→ L0(Per(E)).

We clearly have that πE(fg) = πE(f)πE(g) and πE(f−1) = πE(f)−1 for every f, g ∈ L0(Cap).
Moreover there exists a unique linear quasi-continuous representative map

QCR : W 1,2(X)→ QC(X)

such that QCR(f) = f m-a.e., for every f ∈W 1,2(X) (see Sec. 1.2.5). Note that QCR does not behave as
well as πE with respect to products and ratios, but it holds that

QCR(fg) = QCR(f)QCR(g) ∀f, g ∈W 1,2 ∩ L∞(X)

(see (1.2.14)). The trace map trE : W 1,2(X)→ L0(Per(E)) is defined by

trE := πE ◦ QCR.

For a set E of finite perimeter L2
E(TX) denotes the “tangent bundle over the boundary” of E (see

Theorem 1.5.3) and is an L2(Per(E))-normed L∞(Per(E))-module (see Sec. 1.2.7). The outer unit normal
to E is the vector νE ∈ L2

E(TX) characterized by the Gauss-Green formula:�
〈trE(v), νE〉dPer(E) =

�
E

div(v) dm, ∀v ∈ H 1,2
C ∩ L∞(TX) ∩ DL2(div)

(see Theorem 1.5.5). There exists a vector-trace map trE : H 1,2
C ∩ L∞(TX)→ L2

E(TX) that satisfies:

|trE(v)| = trE(|v|), trE(〈v, w〉) = 〈trE(v), trE(w)〉L2
E(TX),

67
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for every v, w ∈ H 1,2
C ∩ L∞(TX).

3.2. Relaxed Willmore energy

We start recalling two results from Chapter 2 concerning harmonic functions on RCD spaces, which
are fundamental for our arguments in this section. These are respectively Corollaries 2.3.2 and 2.2.4, that
we restate here for the convenience of the reader.

Corollary 3.2.1 (Second order estimates for harmonic functions). Let (X, d,m) be an RCD(K,N) space,

N ∈ [2,∞), and let u be harmonic in Ω ⊂ X. Then
√
|∇u| ∈W 1,2

loc (Ω) and in particular

(3.2.1)
|∇|∇u||2

|∇u|
∈ L1

loc(Ω),

where the whole function is taken to be zero whenever |∇u| = 0.

Corollary 3.2.2 (Existence of harmonic cut-off functions). Let (X, d,m) be an RCD(K,N) metric measure
space with N < +∞. For every compact set P ⊂ X and any U open set with P ⊂ U , there exists a
continuous function u ∈ C(X)∩W 1,2

0 (U) such that 0 ≤ u ≤ 1, u = 1 in P , u = 0 in U c and u is harmonic
in {0 < u < 1}.

We now define the Willmore energy functional for smooth functions:

Definition 3.2.3 (Willmore functional). We define the functional W : W 1,2(X) ∩ DL2(∆)→ [0,+∞] as

(3.2.2) W(u) :=

�
X

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm,
with the convention that whenever |∇u| = 0, the whole integrand is taken to be 0.

Observe that the expression in (3.2.2) makes sense since |∇u| ∈W 1,2(X) (recall Proposition 1.4.6).

The intuition behind the functional W is that formally ∆u
|∇u| −

〈∇|∇u|,∇u〉
|∇u|2 = div

(
∇u
|∇u|

)
and in par-

ticular from the coarea formula

W(u) =

�
R
‖Ht‖2L2({u=t}) dt,

where Ht is formally the mean curvature of the level set {u = t} (this will be a-posteriori made rigorous
in Proposition 3.5.17, when we will develop a notion of mean curvature).

We denote by D(W) the domain of finiteness of W, that is

D(W) := {u ∈W 1,2(X) :W(u) < +∞}.
For an arbitrary Borel set we define the Willmore energy as the L1-lower semicontinuous-relaxation

of the above functional.

Definition 3.2.4 (Relaxed Willmore energy). For every E ⊂ X Borel we define

(3.2.3) W(E) = inf{lim
n
W (un) : un ∈ D(W) un → χE in L1

loc(m)}.

Moreover, whenever W(E) < +∞, we say that E has finite Willmore energy.

Remark 3.2.5. An alternative reasonable definition of energy would be to take instead the relaxation
of the functional W(u) +

�
|∇u|dm, so that a set with finite energy would have also finite perimeter.

Another possibility would be to ask also the convergence of the term
�
|∇u|dm (to the perimeter) along

the approximating sequence, in order to have a sort order-one (instead of an order-zero) convergence,
indeed the functional that we are considering is of second order.

We will not however investigate these directions in this work. �

The above definition of Willmore energy is motivated by the following approximation result.

Theorem 3.2.6. Let (X, d,m) be an RCD(K,N) space with N ∈ [2,∞). Then

(3.2.4) {χP : P ⊂ X compact} ⊂ D(W) ∩ LIPc(X)
L1(m)

.

The proof of the above Theorem relies on the following technical lemma.

Lemma 3.2.7. Let u be harmonic in Ω. Then for every ϕ ∈ C2(R) with ϕ′, ϕ′′ bounded it holds that

ϕ(u) ∈ Liploc(Ω) ∩ DL2
loc

(∆,Ω), |∇ϕ(u)| ∈W 1,2
loc (Ω) and

�
Ω′

∣∣∣∣ ∆ϕ(u)

|∇ϕ(u)|
− 〈∇|∇ϕ(u)|,∇ϕ(u)〉

|∇ϕ(u)|2

∣∣∣∣2 |∇ϕ(u)|dm < +∞,

for every Ω′ ⊂⊂ Ω, where the whole integrand is taken to be 0 whenever |∇ϕ(u)| = 0.
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Proof. We first prove the regularity claims on ϕ(u). Recall from Theorem 1.3.21 that u ∈ LIPloc(Ω),
hence from the chain rule for the Laplacian (see Proposition 1.2.11) we have that ϕ(u) ∈ D(∆,Ω) with
∆(ϕ(u)) = ϕ′′(u)|∇u|2 ∈ L2

loc(Ω). From the chain rule (Proposition 1.2.9) for the gradient we have
|∇ϕ(u)| = |ϕ′(u)||∇u| m-a.e. in Ω. Moreover, since ϕ′(u) ∈ LIPloc(Ω), again from the chain rule for the
gradient we have |ϕ′(u)| ∈ LIPloc(Ω) with ∇|ϕ′(u)| = sgn(ϕ′(u))|ϕ′′(u)|∇u|. Recall also that from (1.4.9)

we have that |∇u| ∈ W 1,2
loc (Ω). Combining these observations with the Leibniz rule for the gradient

(Proposition 1.2.9) we obtain that |∇ϕ(u)| ∈W 1,2
loc (Ω) with

∇|∇ϕ(u)| = sgn(ϕ′(u))(ϕ′′(u)∇u|∇u|+ ϕ′(u)∇|∇u|), m-a.e. in Ω.

Combining the above formulas we obtain

∆ϕ(u)

|∇ϕ(u)|
− 〈∇|∇ϕ(u)|,∇ϕ(u)〉

|∇ϕ(u)|2
= −sgn(ϕ′(u))

〈∇|∇u|,∇u〉
|∇u|2

, ma.e. in Ω

where both sides are taken to be 0 whenever |∇u| = 0 or |∇ϕ(u)| = 0. Combining this with (3.2.1) gives
the desired conclusion. �

We can prove the main approximation result of sets with functions with finite Willmore energy.

Proof of Theorem 3.2.6. Fix K ⊂ X and let ε > 0 be arbitrary. Define the open set Kε := {x :

d(x,K) < ε}. From Corollary 3.2.2 we know that there exists a function u ∈ C(X) ∩W 1,2
0 (Kε) with

0 ≤ u ≤ 1, u = 1 in K, supp(u) ⊂ Kε and which is harmonic in Ω := {0 < u < 1}. Choose a function
ϕ ∈ C2(R) so that 0 ≤ ϕ ≤ 1, ϕ ≡ 0 in (−∞, 1/3) and ϕ ≡ 1 in (2/3,+∞). Obviously 0 ≤ ϕ(u) ≤ 1,
ϕ(u) = 1 in 1 and supp(ϕ(u)) ⊂ Kε, hence ϕ(u)→ χK in L1(m). It remains to show that ϕ(u) ∈ D(W).
Since u ∈ LIPloc(Ω) we have that ϕ(u) ∈ LIP(X) ∩W 1,2(X). Moreover from Lemma 3.2.7 we have that

ϕ(u) ∈ DL2
loc

(∆,Ω) and |∇ϕ(u)| ∈ W 1,2
loc (Ω). Additionally from the locality property of the gradient and

Laplacian we have that

∆|Ωϕ(u) = |∇|∇ϕ(u)|| = 0, m-a.e. in Ω \ {1/3 ≤ u ≤ 2/3}.

In particular, since by continuity {1/3 ≤ u ≤ 2/3} ⊂⊂ Ω, from Lemma 3.2.7 we obtain that

�
Ω

∣∣∣∣∣∆|Ωϕ(u)

|∇ϕ(u)|
− 〈∇|∇ϕ(u)|,∇ϕ(u)〉

|∇ϕ(u)|2

∣∣∣∣∣
2

|∇ϕ(u)|dm < +∞.

Therefore we would have concluded if we were able to show that ϕ(u) ∈ DL2(∆,X) and |∇ϕ(u)| ∈W 1,2
loc (X).

The latter is clear from the fact that |∇ϕ(u)| = 0 m-a.e. in a neighbourhood of ∂Ω (and outside Ω) (recall
Proposition 1.2.8). To show that ϕ(u) ∈ DL2(∆) we argue as follows. let again η ∈ LIPc(X) be arbitrary
and let η′ ∈ LIPc(Ω) be such that η′ ≡ 1 in supp η ∩ {1/3 ≤ u ≤ 2/3}. From the linearity of the gradient
operator �

〈∇ϕ(u),∇η〉dm =

�
〈∇ϕ(u),∇(ηη′)〉dm +

�
X\{1/3≤u≤2/3}

〈∇ϕ(u),∇(η(1− η′))〉dm

=

�
〈∇ϕ(u),∇(ηη′)〉dm,

where in the third equality we used that |∇ϕ(u)| = 0 m-a.e. in X \ {1/3 ≤ u ≤ 2/3}. Moreover since now
ηη′ ∈ LIPc(Ω) we can use that ϕ(u) ∈ D(∆,Ω) with to deduce that�

〈∇ϕ(u),∇η〉dm = −
�
η′η∆ϕ(u)m = −

�
Ω

η′η∆|Ωϕ(u) dm,

which implies that ϕ(u) ∈ D(∆,X) with ∆ϕ(u) = χΩ∆|Ωϕ(u). However, since ∆|Ωϕ(u) = 0 in Ω\{1/3 ≤
u ≤ 2/3} we also deduce that ∆ϕ(u) ∈ L2(X), which is what we wanted. �

We have not shown so far whether there exists non-trivial sets with finite Willmore energy. We answer
positively in the following result (recall that D(W) ∩ LIPc(X) is a rich set thanks to Theorem 3.2.6).

Proposition 3.2.8 (Existence of sets with finite Willmore energy). For every u ∈ DL2(∆)∩ LIPc(X) and
every t ∈ R it holds

(3.2.5) W ({u < t}) ≤ lim
h→0+

1

2h

�
{t−h<u<t+h}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm.
Moreover if also u ∈ D(W) then (3.2.5) is finite for a.e. t ∈ R and in particular

(3.2.6) W ({u < t}) < +∞, for a.e. t ∈ R.
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Proof. The argument is similar to Lemma 3.2.7.
For every ε > 0 we consider a function ϕ ∈ C2(R) such that ϕ = 0 in [1,+∞), ϕ = 1 in (−∞, 0] and

|ϕ′| ≤ 1 + ε. Such function can easily be built via mollification and rescaling. Then for every n ∈ N we
define the function ϕn ∈ C2(R) as ϕn(x) = ϕ(nx− nt0 + 1). In particular ϕn = 0 in [t0,+∞), ϕn = 1 in
(−∞, t0 − 1

n ] and |ϕ′n| ≤ (1 + ε)n.

Using the Dominated Convergence Theorem it is easily seen that ϕn(u)→ χ{u<t0} in L1
loc(m).

From the chain rule for the gradient (Proposition 1.2.9) we have ϕn(u) ∈W 1,2
loc (X) with |∇ϕn(u)| =

|ϕ′n|(u)|∇u| m-a.e.. Moreover from u ∈ DL2
loc

(∆) and recalling (1.4.9) we have |∇u| ∈W 1,2
loc (X). Moreover,

since u ∈ LIPloc(X), we also have that |ϕ′n|(u) ∈ LIPloc(X). Therefore again by the chain rule we deduce

|∇ϕn(u)| ∈W 1,2
loc (X) with

∇|∇ϕn(u)| = sgn(ϕ′n(u))(ϕ′′n(u)∇u|∇u|+ ϕ′n(u)∇|∇u|).

Finally the chain rule for the Laplacian (Proposition 1.2.11) we have ϕn(u) ∈ DL2
loc

(∆) with

∆(ϕn(u)) = ϕ′n(u)∆u+ ϕ′′n(u)|∇u|2

Combining the above identities, as in the proof of Lemma 3.2.7, we get

∆ϕn(u)

|∇ϕn(u)|
− 〈∇|∇ϕn(u)|,∇ϕn(u)〉

|∇ϕn(u)|2
=

{
sgn(ϕ′n)

(
∆u
|∇u| −

〈∇|∇u|,∇u〉
|∇u|2

)
, m-a.e. in {t0 < u < t0 + 1

n},
0 m-a.e. in X \ {t0 < u < t0 + 1

n},

where both sides are taken to be 0 whenever |∇u| = 0 or |∇ϕn(u)| = 0. Therefore from (3.2.7)

W2(ϕn(u)) ≤
�
{t0<u<t0+ 1

n}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u||ϕ′n|dm
≤ (1 + ε)n

�
{t0<u<t0+ 1

n}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm,
where we are always taking the integrand to be 0, whenever |∇u| vanishes. This, combined with the
arbitrariness of ε > 0, concludes the proof of (3.2.5). It remains to prove that

(3.2.7) lim
h→0+

1

2h

�
{t−h<u<t+h}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm < +∞, for a.e. t ∈ R.

To show the above fix f a Borel representative of the function χ|∇u|>0

∣∣∣ ∆u
|∇u| −

〈∇|∇u|,∇u〉
|∇u|2

∣∣∣2. Then by the

coarea formula (1.3.12) (recalling also Remark 1.3.9) and the fact that u ∈ D(W) we get both that the
function g(t) :=

�
fdPer({u > t}, .) is in L1(R) and that

 t+h

t−h
g(r) dr =

1

2h

�
{t−h<u<t+h}

f |∇u|dm,∀t ∈ R, h ∈ (0, 1).

Then (3.2.7) holds for every t which is Lebesgue point for g.
�

We summarize what we obtained. We have proven that there is a rich family of functions with finite
Willmore energy, which approximates in L1 every compact set. Moreover we have proved that there exist
many sets with finite Willmore energy (i.e. sublevels of functions with finite Willmore energy). However
we can not exclude at the moment, that every set has either zero or infinite Willmore energy. In particular
the following question arises naturally:

Question: Is there a set with finite and non-zero Willmore energy? Or more generally can we give
a of lower bound for the Willmore energy?

Unfortunately we are not able to answer to this question at this time, however in the case of RCD(0, N)
spaces with Euclidean volume growth we will obtain a sort of weak-lower bound (given by the Willmore-
type inequality in Theorem 3.8.1) which indicates that the answer to the above question should be positive.

As a final remark we anticipate that in Section 3.5 we will give a notion of level sets with L2-mean
curvature vector, which will be related to the notion of Willmore energy defined here. In particular sets
with L2-mean curvature vector will have finite relaxed Willmore energy and we will be able to give a
representation of the functional W(u) in term of the mean curvature of its sublevels
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3.3. Sublevels of first-order regularity

In this section we will develop some technical tools that will be used in the next two sections to build
notions of tangential divergence and mean curvature. Concretely we will provide sufficient conditions to
be able to express the integral of a quasi-continuous function, with respect to a perimeter measure, as a
limit of suitable averages.

The following notion will be central:

Definition 3.3.1 (Sublevels of first order regularity). Let u ∈ LIPc(X) ∩ DL2(∆) be continuous with
bounded sublevels. We say that a sublevel {u < t} is first-order regular if the following hold

(i) {u < t} is of finite perimeter,
(ii) tr{u<t}(|∇u|) 6= 0 Per({u < t})-a.e.,

(iii)

(3.3.1) m({u < t})′ := lim
h→0+

m({t− h < u < t+ h})
2h

< +∞,

(iv)

(3.3.2) µht :=
|∇u|
2h

m|{t−h<u<t+h} ⇀ Per({u < t}) as h→ 0+, in duality with Cb(X).

Remark 3.3.2. Note that (ii) makes sense, since the assumptions on u grant that |∇u| ∈ W 1,2(X) as
stated in Proposition 1.4.6. �

They key feature of this definition is that it allows the existence of many non-trivial first order regular
sublevels. This is the content of the following Proposition, whose short proof will be given at the end of
this subsection.

Proposition 3.3.3. Let u ∈ LIPc(X) ∩ DL2(∆), then for a.e. t ∈ R the set {u < t} is first order regular.

The goal of this subsection is to prove the following convergence result.

Theorem 3.3.4. Let u ∈ LIPc(X) ∩ DL2(∆). Let t ∈ R be such that {u < t} is first order regular. Then

(3.3.3) lim
h→0+

�
f dµht =

�
πE(f) dPer({u < t}),

for every f ∈ QC(X) ∩ L∞(Cap). Moreover (3.3.3) holds also for every function f ∈ L∞(Cap) and such
that fQCR(|∇u|)2 ∈ QC(X) (recall that |∇u| ∈W 1,2(X) by Proposition 1.4.6).

The proof of Theorem 3.3.4 is done via approximation with continuous functions and relies on the
following Capacity estimate.

Proposition 3.3.5. Let u ∈ LIPc(X) ∩ DL2(∆). Let t ∈ R be such that {u < t} has finite perimeter and
(3.3.2) hold. Then

(3.3.4) lim
h→0+

µht (A)2 ≤ 2m({u < t})′
√

Cap(A)
(
‖∆u‖L2(m) + ‖|∇u|‖L2(m)

)
,

for every A ⊂ X Borel.

Proof of Theorem 3.3.4 given Proposition 3.3.5. Let f ∈ QC(X) be bounded. With a slight
abuse of notation we denote by f its quasi-continuous representative. From Remark 1.2.20 and Tietze
extension theorem we have the existence of functions gn ∈ Cb(X) and open sets Ωn ⊂ X such that
Cap(Ωn)→ 0+, gn = f in X \ Ωn and ‖gn‖∞ ≤ ‖f‖∞. In particular gn → f Cap-a.e.. We proceed with
the following estimate∣∣∣∣ � fdµht −

�
fdPer({u < t})

∣∣∣∣
≤
�
|f − gn|dµht +

∣∣∣∣� gndµht −
�
gndPer({u < t}, .)

∣∣∣∣+

�
|gn − f |dPer({u < t}, .).

Observing that the middle term on the right hand side vanishes as h→ 0+ thanks to (3.3.2) and estimating
the first term using Proposition 3.3.5 we reach

lim
h→0+

∣∣∣∣� fdµht −
�
fdPer({u < t})

∣∣∣∣ ≤ Cu‖f‖∞√m({u < t})′ (Cap(Ωn))
1
4 +

�
|gn − f |dPer({u < t}, .),

where Cu is a positive constant depending only on the function u. Sending n → +∞, recalling that by
hypothesis m({u < t})′ < +∞ and applying dominated convergence to the last term, we obtain (3.3.3).

We pass now to the second part of the statement.
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Let f ∈ L0(Cap) be bounded and such that fQCR(|∇u|)2 ∈ QC(X). For every ε > 0 we have that
QCR(|∇u|)2

(QCR(|∇u|)+ε)2 f ∈ QC ∩ L∞(X). Therefore the first part of the theorem gives that

(3.3.5) lim
h→0+

�
|∇u|2

(|∇u|+ ε)2
fdµht =

�
tr{u<t}(|∇u|)2

(tr{u<t}(|∇u|) + ε)2
π{u<t}f dPer({u < t}),

where we have used that by definition tr{u<t} = π{u<t} ◦QCR. Moreover, recalling that tr{u<t}(|∇u|) 6= 0
Per({u < t}, .)-a.e., we can apply dominated convergence to infer

(3.3.6) lim
ε→0+

�
tr{u<t}(|∇u|)2

(tr{u<t}(|∇u|) + ε)2
π{u<t}f dPer({u < t}) =

�
π{u<t}f dPer({u < t}).

Finally a straight-forward computation gives the following estimate∣∣∣∣1− |∇u|2

(|∇u|+ ε)2

∣∣∣∣ ≤ 2ε

|∇u|+ ε
, m-a.e..

Therefore we obtain

(3.3.7) lim
h→0+

� ∣∣∣∣ |∇u|2

(|∇u|+ ε)2
f − f

∣∣∣∣dµht ≤ 2‖f‖∞m({u < t})′ε.

Combining (3.3.7), (3.3.6) and (3.3.5) and we conclude. �

It remains to prove Proposition 3.3.5. Its proof passes through the following maximal-type estimate.

Proposition 3.3.6. Let u ∈ LIPc(X) ∩ DL2(∆). Let t ∈ R be such that {u < t} has finite perimeter and
(3.3.2) hold. Then for every f ∈W 1,2 ∩ L∞(X)

(3.3.8) lim
h→0+

∣∣∣∣� f |∇u|dµht
∣∣∣∣ ≤ 2‖f‖W 1,2(X)

(
‖∆u‖L2(m) + ‖|∇u|‖L2(m)

)
.

Proof. From the coarea formula (1.3.12) (recall also Remark 1.3.9) we have that the function g(s) :=�
f |∇u|dPer({u < s}, .) is in L1(R) and does not depend on the choice of the Borel representative of f |∇u|.

We claim that g ∈ BV(R) and

(3.3.9) |Dg|(R) ≤ 2‖f‖W 1,2(X)

(
‖∆u‖L2(Bδ) + ‖|∇u|‖L2(Bδ)

)
.

To see this fix ϕ ∈ C1
c (R) and observe that ϕ(u) ∈ W 1,2(X). Moreover by the Leibniz rule for the

divergence (Proposition 1.2.17) f∇u ∈ DL1(div) with div(f∇u) = f∆u + 〈∇f,∇u〉. Hence from the
coarea formula (1.3.12) and integrating by parts�

ϕ′(s)g(s)dt =

�
ϕ′(u)f |∇u|2dm =

�
〈∇ϕ(u),∇uf〉dm = −

�
ϕ(u)div(f∇u)dm,

which yields∣∣∣∣� ϕ′(t)g(t)dt

∣∣∣∣ ≤ ‖ϕ‖∞‖div(∇uf)‖L1(m) ≤ 2‖ϕ‖∞‖f‖W 1,2(X)

(
‖∆u‖L2(m) + ‖|∇u|‖L2(m)

)
,

which proves the claim.
Recall that, since g ∈ BV(R) the functions Dg(−∞, s)), Dg((−∞, s]) are respectively left and right

continuous and coincide with g a.e.. Hence∣∣∣∣∣ lim
h→0+

 t+h

t−h
g(s)ds

∣∣∣∣∣ =

∣∣∣∣Dg((t− δ, t)) +Dg((t− δ, t)]
2

∣∣∣∣ ≤ |Dg|(R).

Applying again coarea to the left hand side and combining it with (3.3.9) we get the conclusion. �

We can finally prove the capacity estimate in Proposition 3.3.5, which was the main tool to prove
Theorem 3.3.4.

Proof of Proposition 3.3.5. Fix f ∈W 1,2 ∩ L∞(X). From of Holder inequality we have∣∣∣∣∣ 1

2h

�
{t−h<u<t+h}

f |∇u|dm

∣∣∣∣∣
2

≤ m({t− h < u < t+ h})
2h

�
f2|∇u|dµht .

Passing to the limh→0+ , observing that f2 ∈W 1,2(X) and applying (3.3.8) we obtain

(3.3.10) lim
h→0+

∣∣∣∣� f |∇u|dµht
∣∣∣∣2 ≤ 2m({u < t})′‖f2‖W 1,2(X)

(
‖∆u‖L2(m) + ‖|∇u|‖L2(m)

)
.
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We now pick any Borel set A and consider f ∈ W 1,2(X) with 0 ≤ f ≤ 1 and such that f ≥ 1 in a
neighbourhood of A. From (3.3.10) and |∇f2| ≤ 2|∇f | m-a.e., we deduce

lim
h→0+

µht (A)2 ≤ 2m({u < t})′
(
‖∆u‖L2(m) + ‖|∇u|‖L2(m)

)
‖f‖W 1,2(X),

from which passing to the infimum among all functions f of this kind we obtain the desired conclusion. �

We conclude this subsection with the proof of Proposition 3.3.3, which was stated at the beginning
of this section and ensures that there are many sublevels of first order regularity. This in turn shows that
the hypotheses of Theorem 3.3.4 are not too much restrictive.

Proof of Proposition 3.3.3. Clearly by the coarea formula {u < t} is of finite perimeter for a.e.
t ∈ R. For (ii) we fix g a quasi-continuous Borel representative of |∇u| (recall Remark 1.2.20) and define
the Borel set B := {g = 0}. From the coarea formula we have

0 =

�
B

gdm =

�
B

|∇u|m =

� ∞
−∞

Per({u < t}, B) dt,

which implies that Per({u < t}, B) = 0 for a.e. t ∈ R. In particular for a.e. t ∈ R it holds that g 6= 0
Per({u < t})-a.e.. However by definition of the trace we have that tr{u<t}|∇u| = g Per({u < t})-a.e.
for every t, from which the conclusion follows. We now prove (iii), i.e. that (3.3.1) holds for a.e. t ∈ R.
Denote now by u+, u− the positive and negative part of u respectively. Cavalieri’s formula gives that�
X
u+m =

� +∞
0

m(u+ > t) dt. This implies that the function [0,∞) 3 t 7→ m(u+ > t) belongs to L1(R+)

and an application of Lebesgue differentiation Theorem gives that limh→0+
m({t−h<u+<t+h})

2h < +∞ for
a.e. t ∈ [0,∞). The same holds for u−. It is also clear that {t − h < u < t + h} = {t − h < u+ < t + h}
whenever t > 0 and h is small enough and that {t− h < u < t+ h} = {−t− h < u− < −t+ h} whenever
t < 0 and h is small enough. Combining these remarks we deduce (3.3.1). It remains to prove that (3.3.2)
holds for a.e. t ∈ R. Fix ϕ ∈ Cb(X) with ϕ ≥ 0. From the coarea formula we get both that the function
g(t) :=

�
ϕdPer({u > t}, .) is in L1(R) and that

 t+h

t−h
g(r) dr =

�
ϕdµht , ∀t ∈ R, h ∈ (0,∞).

Hence by Lebesgue differentiation theorem we obtain that
�
ϕdµht →

�
ϕdPer({u > t}, .), for a.e. t ∈ R.

Therefore, writing any ϕ ∈ Cb(X) as the difference between its positive and negative part, we obtain that
for every ϕ ∈ Cb(X),

�
ϕdµht →

�
ϕdPer({u > t}, .) holds for a.e. t ∈ R. The conclusion then follows

recalling that it is enough to test weak convergence against a countable family D ⊂ Cb(X) (Proposition
1.1.1). �

3.4. Tangential divergence

In this section we give a notion of tangential divergence of a smooth vector field over the level set of
a smooth function. We will always assume that (X, d,m) is an RCD(K,N) space with N < +∞.

We start with the following definition.

Definition 3.4.1 (Vector fields with tangential divergence). Let u ∈ LIPc(X) ∩ DL2(∆). Suppose that
{u < t} is first-order regular (see Def. 3.3.1). We define the domain of the tangential divergence (at

{u < t}) to be the set D(divT,{u<t}) of elements v ∈ H1,2
C ∩ L∞(X) ∩ DL2(div) satisfying:

(1)

(3.4.1) C(v) := lim
h→0+

� (
div(v)2 + |∇v|2

)
dµht < +∞,

where as usual µht := (2h)−1m|{t−h<u<t+h},
(2) there exists a set D ⊂ Cb(X) dense in L2(X,Per({u < t}, .)) such that the limit

(3.4.2) TanDivv(ϕ) := lim
h→0+

�
ϕ

(
div(v)−∇v

(
∇u
|∇u|

,
∇u
|∇u|

))
dµht

exists for all ϕ ∈ D, where the integrand is taken to be 0 whenever |∇u| = 0.

Notice that the integral in (3.4.2) is well defined and finite, since div(v)−∇v
(
∇u
|∇u| ,

∇u
|∇u|

)
∈ L2(m).

Moreover when no confusion can occur we will often drop the subscript {u < t} and simply write D(divT ).
Observe also that in the above we have only formally defined D(divT ) as the set of vector fields

with suitable properties of the covariant derivative, but we still have to define a notion of tangential
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divergence. This will be done by showing that the map D 3 ϕ 7→ TanDivv(ϕ) extends to a functional on
L2(Per({u < t})).

Proposition 3.4.2. Let u ∈ LIPc(X) ∩ DL2(∆). Let {u < t} be a first-order regular sublevel (see Def.
3.3.1) and v ∈ D(divT ). Then TanDivv (as in Definition 3.4.1) extends uniquely to an element in the dual
of L2(Per({u < t})) still denoted by TanDivv. Moreover the limit in (3.4.2) exists and equals TanDivv(ϕ)
also for every ϕ ∈ Cb(X).

Proof. We start observing that if limit in (3.4.2) exists for some ϕ,ϕ′ ∈ Cb(X) then it also exists for
aϕ+ bϕ′ a, b ∈ R, with TanDivv(aϕ

′ + bϕ) = aTanDivv(ϕ
′) + bTanDivv(ϕ). In particular we can assume

that D is a linear subspace of Cb(X), on which TanDivv is linear. Moreover applying the Hölder inequality
to (3.4.2) and using the first-order regularity of {u < t} we obtain

|TanDivv(ϕ)| ≤ 2
√
C(v)

(
lim
h→0+

�
ϕ2dµht

) 1
2 (3.3.2)

= 2
√
C(v)‖ϕ‖L2(Per({u<t},.)),

for every ϕ ∈ D, where C(v) is as in (3.4.1). Therefore, since by assumption C(v) < +∞, we deduce
that TanDivv is bounded in L2(Per({u < t}, .)) and thus extends uniquely to a linear functional on
L2(Per({u < t}, .)).

Fix now a generic ϕ ∈ Cb(X) and consider a sequence (ϕn) ⊂ D converging to ϕ in L2(Per({u < t}, .)).
Arguing as in the above estimate we obtain

lim
h→0+

∣∣∣∣TanDivv(ϕ)−
�
ϕ

(
div(v)−∇v

(
∇u
|∇u|

,
∇u
|∇u|

))
dµht

∣∣∣∣ ≤ |TanDivv(ϕ− ϕn)|

+ lim
h→0+

∣∣∣∣TanDivv(ϕn)−
�
ϕn

(
div(v)−∇v

(
∇u
|∇u|

,
∇u
|∇u|

))
dµht

∣∣∣∣
+ 2
√
C(v)‖ϕ− ϕn‖L2(Per({u<t},.)),

which implies that (3.4.2) holds also for ϕ. �

With the previous result at hand, we can now give a notion of tangential divergence.

Definition 3.4.3 (Tangential divergence). Let u ∈ LIPc(X) ∩ DL2(∆). Suppose that {u < t} is of
finite perimeter and let v ∈ D(divT,{u<t}). We define the tangential divergence of v as the unique

divT,{u<t}(v) ∈ L2(Per({u < t})) representing TanDivv as a functional in L2(Per({u < t})).

Remark 3.4.4. We observe that from the second part of Proposition 3.4.2 we have the following repre-
sentation formula for the tangential divergence: for every v ∈ D(divT,{u<t}) it holds that

(3.4.3)

�
ϕdivT (v) dPer({u < t}) = lim

h→0+

�
ϕ

(
div(v)−∇v

(
∇u
|∇u|

,
∇u
|∇u|

))
dµht .

�

As for D(divT ), when no confusion can occur we will often drop the subscript {u < t} and simply
write divT (v). Notice also that to define the set D(divT ) we only used that {u < t} is of finite perimeter,
while to define divT (v) the first-order regularity of {u < t} entered into play.

Proposition 3.4.5 (Linearity of divT ). The domain of the tangential divergence D(divT ) is a vector

subspace of H1,2
C ∩L∞(X)∩DL2(div) and the tangential divergence operator divT : D(divT )→ L2(Per({u <

t})) is linear.

Proof. Clearly any linear combination of elements in D(divT ) still satisfies condition 1 in Definition
3.4.1, hence we only need to show that condition 2 is stable for linear combinations. To see this we fix
any v1, v2 ∈ D(div). From the last part of Proposition 3.4.2 we know that the limit in (3.4.2) exists both
for v = v1 and v = v2 and for every ϕ ∈ Cb(X). Moreover the expression in (3.4.2) is clearly linear in
v, which shows that the same limit exists also for v = av1 + bv2, a, b ∈ R. This shows that D(divT ) is a
vector space. For the linearity of divT , we notice that the previous observations imply that

TanDivav1+bv2
(ϕ) = aTanDivv1

(ϕ) + bTanDivv2
(ϕ), ∀ϕ ∈ Cb(X),

from which the claimed linearity follows by density. �

We have yet to show that the above definitions are meaningful in the sense we have many examples
of vector field admitting a tangential divergence. This is the content of the following result.
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Proposition 3.4.6. Let u ∈ LIPc(X) ∩ DL2(∆). Then for every v ∈ H1,2
C ∩ L∞(X) ∩ DL2(div), v ∈

D(divT,{u<t}) for a.e. t ∈ R.

Moreover, fixing a Borel representative of the function div(v) − ∇v
(
∇u
|∇u| ,

∇u
|∇u|

)
(taken to be 0 when

|∇u| = 0), the identity

(3.4.4) divT,{u<t}(v) = div(v)−∇v
(
∇u
|∇u|

,
∇u
|∇u|

)
Per({u < t})-a.e.,

holds for a.e. t ∈ R (the negligible set of t’s depending on the representative chosen).

Proof. Fix v ∈ H1,2
C ∩ L∞(X) ∩ D(div). We already know from Proposition 3.3.3 that {u < t}

is first-order regular for a.e. t. Moreover from the coarea formula and Lebesgue differentiation theorem
follows that limh→0+

� (
div(v)2 + |∇v|2

)
dµht < +∞, for a.e. t. Analogously coarea ensures that the limit

in (3.4.2) exists for a.e. t, once we fix ϕ ∈ Cb(X). The first part of the statement then follows recalling
that from Proposition 1.1.2 there exists a countable family F ⊂ Cb(X) dense L2(Per({u < t})), for every
t such that {u < t} is of finite perimeter.

For the second part we fix g a Borel representative of div(v)−∇v
(
∇u
|∇u| ,

∇u
|∇u|

)
. We also fix a function

ϕ ∈ F , where F is as above. By coarea and Lebesgue differentiation we have that g ∈ L2(Per({u < t}))
for a.e. t ∈ R and

lim
h→0

�
ϕg dµht =

�
ϕg dPer({u < t}), for a.e. t ∈ R.

However from the first part v ∈ D(divT,{u<t}) for a.e. t ∈ R, hence by Proposition 3.4.2

lim
h→0

�
ϕg dµht =

�
ϕdivT,{u<t}(v) dPer({u < t}), for a.e. t ∈ R.

Combining the two identities above and using that F is countable we reach: for a.e. t ∈ R�
ϕdivT,{u<t}(v) dPer({u < t}) =

�
ϕg dPer({u < t}), ∀ϕ ∈ F .

The conclusion then follows from the density of F in L2(Per({u < t})), for all t. �

We end this section with a final but fundamental density result, which says that there are many
vector fields with tangential divergence also at the level of ‘trace’.

Corollary 3.4.7. Let u ∈ LIPc(X) ∩ DL2(∆). Then tr{u<t}(D(divT,{u<t})) is dense in L2
{u<t}(TX) for

a.e. t ∈ R.

Proof. From Proposition 1.5.4 there exists a countable set V ⊂ H 1,2
C ∩ L∞(TX) ∩ DL2(div) such

that tr{u<t}(V) is dense in L2
{u<t}(TX) for every t such that {u < t} has finite perimeter. Moreover from

Proposition 3.4.6 we infer that for every v ∈ V tr{u<t}(v) ∈ D(TanDiv{u<t}) for a.e. t ∈ R, from which
the conclusion follows. �

3.5. Mean curvature

The goal of this section is to define a notion of mean curvature starting from the notion of tangential
divergence developed in the previous section. Also here it always assumed that (X, d,m) is an RCD(K,N)
space with N < +∞.

We start giving a definition of sublevel with L2-mean curvature:

Definition 3.5.1 (Sublevels of second order regularity). Let u ∈ LIPc(X) ∩ DL2(∆). We say that the
sublevel set {u < t} is second-order regular if it is first order regular and the following hold:

(1)

(3.5.1) ν{u<t} =
tr{u<t}(∇u)

tr{u<t}(|∇u|)
, Per({u < t}, .)-a.e.,

(2)

(3.5.2) H ({u < t}) :=

(
lim
h→0+

1

2h

�
{t−h<u<t+h}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm
) 1

2

< +∞.

.

Notice that we can write (3.5.2) since by Proposition 1.4.6 |∇u| ∈W 1,2(X).
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Remark 3.5.2. Note that any sublevel with second-order regularity has also finite relaxed Willmore
energy by Proposition 3.2.8. �

As we did for the first-order regular sublevels, it is important to check that this definition is meaningful
in the sense that there exist many non trivial second order regular sublevels. We start showing that (3.5.1)
is often satisfied.

Proposition 3.5.3. Let u ∈ LIPc(X)∩DL2(∆). Then for every a.e. t ∈ R it holds that tr{u<t}(|∇u|) 6= 0
Per({u < t})-a.e. and

ν{u<t} =
tr{u<t}(∇u)

tr{u<t}(|∇u|)
.

Proof. Fix v ∈ H1,2
C ∩ L∞(TX) ∩ DL2(div) with bounded support. Let us define the following two

functions

fv1 (t) :=

�
tr{u<t}(|∇u|)〈tr{u<t}v, ν{u<t}〉dPer({u < t}, .),

fv2 (t) :=

�
〈tr{u<t}v, tr{u<t}∇u〉dPer({u < t}, .),

which are well define and finite for a.e. t ∈ R. From hypotheses and Proposition 1.4.6 we have that
|∇u| ∈ W 1,2(X), hence from Proposition 1.4.15 and the Leibniz rule for the divergence (Prop. 1.2.10)

we have that |∇u|v ∈ H 1,2
C ∩ L∞(TX) ∩ DL2(div). Fix t 6= 0 such that {u < t} has finite perimeter and

observe that either {u < t} or {u > t} has finite measure. Therefore we are in position to apply the
Gauss-Green formula (1.5.2) and coarea to obtain

fv1 (t) =

�
{u<t}

div(v|∇u|)dm =

� t

−∞

�
div(v|∇u|)
|∇u|

dPer({u < t}),

having chosen a representative of div(v|∇u|)
|∇u| . Fix now ϕ ∈ C1

c (−∞, t). Then by coarea�
R
ϕ′fv2 =

�
ϕ′(u)|∇u|〈v,∇u〉dm = −

�
div(v|∇u|)ϕ(u) = −

�
R
ϕ

�
div(v|∇u|)
|∇u|

dPer({u < t})dt.

This proves that fv1 , f
v
2 ∈ W 1,1(R) and have the same distributional derivative. Hence for every v ∈

H1,2
C ∩L∞(TX)∩DL2(div) with bounded support it holds fv1 (t) = fv2 (t) for a.e. t. Recall that Proposition

1.5.4 that there exists a countable set V ⊂ H 1,2
C ∩ L∞(TX) ∩ DL2(div) such that tr{u<t}(V) is dense

in L2
{u<t}(TX) for every t ∈ R. Hence by density we obtain that tr{u<t}(∇u) = ν{u<t}tr{u<t}(|∇u|) as

elements of L2
{u<t}(TX), for a.e. t. Recalling that by Proposition 3.3.3 tr{u<t}(|∇u|) 6= 0 Per({u < t})-a.e.

for a.e. t ∈ R concludes the proof. �

The result below shows that there area many functions with many second-order regular sublevels,
indeed recall that that D(W) ∩ LIPc(X) is a rich family thanks to Theorem 3.2.6.

Proposition 3.5.4. Let u ∈ D(W) ∩ LIP(X), then for a.e. t ∈ R the sublevel {u < t} is second order
regular.

Proof. In light of propositions 3.3.3 and 3.5.3 we only need to show (3.5.2), which immediately
follows by the coarea formula and Lebesgue differentiation theorem. �

The following is the fundamental result of this section. It shows that for sublevels which are second-
order regular, the integral of tangential divergence of a vector field is bounded above by the L2-norm of
its trace. Its proof is based on the approximation results developed in Section 3.3.

Theorem 3.5.5. Let u ∈ LIPc(X) ∩ DL2(∆) and let {u < t} be second-order regular. Then for every
v ∈ D(divT ) and ϕ ∈ LIPb(X), it holds
(3.5.3)∣∣∣∣� ϕdivT (v) dPer({u < t})

∣∣∣∣ ≤ (H ({u < t})‖ϕ‖∞ + 2Lipϕ
√

Per({u < t})
)
‖tr{u<t}(v)‖L2

{u<t}(TX),

where H ({u < t}) is the constant defined in (3.5.2). In particular divT (v) depends only on tr{u<t}(v)
and

(3.5.4)

∣∣∣∣� divT (v) dPer({u < t})
∣∣∣∣ ≤H ({u < t})‖tr{u<t}(v)‖L2

{u<t}(TX), ∀v ∈ D(divT ).

The proof of the above theorem relies on the following technical result, which can be formally inter-
preted as an averaged version of the integration by-parts formula.
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Lemma 3.5.6. Let v ∈ H1,2
C ∩L∞(TX)∩DL2(div) and let u ∈W 1,2(X)∩LIP(X)∩DL2(∆) be continuous.

Then for every a, b ∈ R with a < b�
{a<u<b}

|∇u|
(

div(v)−∇v
(
∇u
|∇u|

,
∇u
|∇u|

))
dm

= −
�
{a<u<b}

〈v,∇u〉
(

∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dm,

(3.5.5)

where both integrand are taken to be 0 whenever |∇u| = 0.

Proof. We start observing that, since u ∈ H2,2(X), then ∇u ∈ H 1,2
C (TX) (recall (1.4.14)). Therefore

combining (1.4.15) and (1.4.12) we obtain that 〈v,∇u〉 ∈W 1,2(X) and

∇v(∇u,∇u) = 〈∇〈v,∇u〉,∇u〉 − |∇u|〈∇|∇u|, v〉, m-a.e..

Fix ϕ ∈ C1(R) bounded and fix also ε > 0. Using the above identity, integrating by parts and rearranging
the terms we obtain�

ϕ(u)|∇u|div(v)− ϕ(u)

|∇u|+ ε
∇v(∇u,∇u) dm =

� (
|∇u|
|∇u|+ ε

− 1

)
(〈∇u, v〉ϕ′(u)|∇u|+ 〈v,∇|∇u|ϕ(u)〉) + 〈v,∇u〉

(
∆u

|∇u|+ ε
− 〈∇|∇u|,∇u〉

(|∇u|+ ε)2

)
ϕ(u) dm.

Using the following m-a.e. bounds:∣∣∣∣∇v(∇u,∇u)

|∇u|+ ε

∣∣∣∣ ≤ |∇v|HS |∇u|, ∣∣∣∣( |∇u|
|∇u|+ ε

− 1

)
〈∇u, v〉|∇u|

∣∣∣∣ ≤ ε|∇u||v|,∣∣∣∣( |∇u|
|∇u|+ ε

− 1

)
〈v,∇|∇u|〉

∣∣∣∣ ≤ |∇|∇u|||v|, ∣∣∣∣〈v,∇u〉 ∆u

|∇u|+ ε

∣∣∣∣ ≤ |v||∆u|,∣∣∣∣〈v,∇u〉 〈∇|∇u|,∇u〉(|∇u|+ ε)2

∣∣∣∣ ≤ |∇|∇u|| |v|,
where all the functions on the right-hand sides are in L1(m), we can apply the dominated converge theorem
sending ε→ 0+ to obtain�

ϕ(u)|∇u|
(

div(v)−∇v
(
∇u
|∇u|

,
∇u
|∇u|

))
dm =

�
ϕ(u)〈v,∇u〉

(
∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dm,

where both integrand are taken to be 0 whenever |∇u| = 0. Finally, taking a sequence ϕn ∈ C1(R),
uniformly bounded in L∞ and such that ϕn → χ(a,b) pointwise, plugging ϕn in the above identity,
sending n→ +∞ and applying dominated convergence we reach (3.5.5). �

Proof of Theorem 3.5.5. Fix ϕ ∈ LIP(X) bounded and v ∈ D(divT ). From the Leibniz rule for
the divergence (Proposition 1.2.17)and the covariant derivative 1.4.13 we obtain the following identity

ϕ

(
div(v)−∇v

(
∇u
|∇u|

,
∇u
|∇u|

))
= div(ϕv)−∇(ϕv)

(
∇u
|∇u|

,
∇u
|∇u|

)
− 〈v,∇ϕ〉+ |∇u|−2〈v,∇u〉〈∇ϕ,∇u〉, m-a.e.,

where as usual both sides are intended to be 0 whenever |∇u| = 0. Integrating in dµht and passing to the
limh→0+ , recalling that (3.4.2) holds for any ϕ ∈ Cb(X) and applying the Hölder inequality to the last
two terms we obtain

|TanDivv(ϕ)| ≤ lim
h→0+

∣∣∣∣� div(ϕv)−∇(ϕv)

(
∇u
|∇u|

,
∇u
|∇u|

)
dµht

∣∣∣∣
+ lim
h→0+

2Lipϕ
√
µht (X)

(�
|v|2dµht

) 1
2

.

(3.5.6)

The second term can be computed recalling that {u < t} is first order regular. More precisely recalling
from (1.4.16) that |v| ∈W 1,2∩L∞(X), we have that QCR(|v|) is well defined, coincide with |v| m-a.e. and
belongs to QC(X) ∩ L∞(Cap). In particular also QCR(|v|)2 ∈ QC(X) ∩ L∞(Cap) and coincide with |v|2
m-a.e.. Therefore combining (3.3.2) and (3.3.3) we obtain

(3.5.7) lim
h→0+

2Lipϕ
√
µht (X)

(�
|v|2dµht

) 1
2

= 2Lipϕ
√

Per({u < t}) ‖tr{u<t}v‖L2
{u<t}(TX),
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where we have used that |π{u<t}(QCR(|v|)2)| = |π{u<t}(QCR(|v|))|2 = tr{u<t}(|v|)2 = |tr{u<t}(v)|2. For

the first term observe that by Lemma 1.4.15 we have ϕv ∈ H1,2
C (TX), hence applying (3.5.5) and recalling

that {u < t} is second order regular we have

lim
h→0+

∣∣∣∣� div(ϕv)−∇(ϕv)

(
∇u
|∇u|

,
∇u
|∇u|

)
dµht

∣∣∣∣
(3.5.5)

= lim
h→0+

∣∣∣∣∣ 1

2h

�
{t−h<u<t+h}

〈ϕv,∇u〉
(

∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dm

∣∣∣∣∣
≤ lim
h→0+

(
1

2h

�
{t−h<u<t+h}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm
) 1

2

lim
h→0+

(
1

2h

�
{t−h<u<t+h}

ϕ2|v|2|∇u|dm

) 1
2

(3.5.2),(3.3.3)

≤ H ({u < t})‖ϕ‖∞‖|tr{u<t}(v)|‖L2(Per({u<t})) = H ({u < t})‖ϕ‖∞‖v‖L2
E(TX).

Plugging this estimate together with (3.5.7) in (3.5.6), we obtain (3.5.3). For (3.5.4) we simply take
1-Lipschitz functions with bounded support ϕr ∈ LIPbs(X), r → +∞, such that 0 ≤ ϕr ≤ 1 with ϕr = 1
in Br(x0) for some fixed x0 ∈ X and apply dominated convergence. �

Thanks to the fundamental estimates proved in Theorem 3.5.5 we can now prove the existence of a
mean curvature vector.

Theorem 3.5.7 (Existence of mean curvature vector). Let u ∈ LIPc(X) ∩ DL2(∆) and suppose that
{u < t} is second-order regular and that tr{u<t}(D(divT )) is dense in L2

{u<t}(TX). Then there exists a

unique H ∈ L2
{u<t}(TX), called mean curvature vector, such that

(3.5.8)

�
〈H, tr{u<t}(v)〉dPer({u < t}) =

�
divT (v) dPer({u < t}), ∀v ∈ D(divT ).

Proof. We define the functional IntDiv : D(divT )→ R as

IntDiv(v) :=

�
divT (v) dPer({u < t}), ∀v ∈ D(divT ).

From the linearity of the tangential divergence (Proposition 3.4.5) it follows that IntDiv is a linear. The
key observation is now that, thanks to (3.5.4), the induced map IntDiv : tr{u<t}(D(divT ))→ R given by

IntDiv(tr{u<t}(v)) := IntDiv(v), ∀v ∈ D(divT ),

is well defined, linear and satisfies

(3.5.9) IntDiv(v̄) ≤H ({u < t})‖v̄‖L2
E(TX), ∀ v̄ ∈ tr{u<t}(D(divT )).

From the density of D(divT ) in L2
{u<t}(TX) we have that IntDiv extends uniquely to an element H̄ in the

dual (L2
{u<t}(TX))′ (in the sense of Hilbert spaces). Then the Riesz theorem (for Hilbert spaces) ensures

that H̄(.) = 〈H, .〉L2
{u<t}(TX) for some H ∈ L2

{u<t}(TX),. Then recalling (1.2.18) we have:

H̄(v) =

�
〈H,w〉Per({u < t}), ∀w ∈ L2

{u<t}(TX).

This concludes the proof. �

Theorem 3.5.7 motivates the following definition:

Definition 3.5.8 (Mean curvature of a sublevel set). Let u ∈ LIPc(X)∩DL2(∆). We say that the sublevel
set {u < t} admits a mean curvature vector if it is second-order regular and tr{u<t}(D(divT )) is dense in

L2
{u<t}(TX). Moreover we define its mean curvature vector to be H{u<t} = H ∈ L2

{u<t}(TX), the one

given by Theorem 3.5.7.

The following crucial result says that there are many functions u and many sublevels {u < t} that
admits a mean curvature vector.

Proposition 3.5.9. Let u ∈ D(W) ∩ LIPc(X). Then for a.e. t ∈ R the set {u < t} admits a mean
curvature vector.

Proof. Simply combine Proposition 3.5.4 and Corollary 3.4.7. �
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Remark 3.5.10. Notice that the fact that {u < t} admits a mean curvature vector (defined as above)
is a property both of the set {u < t} and of the function u combined. This is due to a limitation of our
analysis, since we do not know if the resulting mean curvature vector is intrinsic of the set or truly depends
on the function u. However it is easily seen that it depends only on the value of u in a neighbourhood
{u = t}. This is made precise by the following proposition. �

Proposition 3.5.11 (Locality of the mean curvature). Let u, v ∈ LIPc(X) ∩DL2(∆) and t ∈ R such that
{u < t} = {v < t}. Suppose furthermore that for some δ > 0 it holds {t−δ < u < t+δ} = {t−δ < v < t+δ}
and u = v in this set. Then {u < t} admits a mean curvature vector if and only it does {v < t}, in which
case the two mean curvature vectors coincide.

Proof. We first check that {u < t} is first order regular if and only if {v < t} is first order regular
(Def. 3.3.1). Clearly {u < t} is of finite perimeter if and only if {v < t} is of finite perimeter. Moreover
(iii) and (iv) of Definition 3.3.1 are clearly satisfied for {u < t} if and only if they are for {v < t} by the
assumptions and the locality of the weak upper gradient. Finally for (ii) we observe that by Proposition
1.2.21 and the locality of the weak-upper gradient we have that QCR(|∇u|) = QCR(|∇v|) Cap-a.e. in
{t− δ < u < t+ δ} = {t− δ < v < t+ δ}, from which (ii) follows by the definition of trace. Moreover, by
the same argument we deduce that (i) of Definition 3.5.1 is satisfied for {u < t} if and only if it is satisfied
for {v < t}. Finally by locality of the gradient and Laplacian the same is true for (ii) of Definition 3.5.1.
This proves that {u < t} is second order regular if and only if it is {v < t}. Moreover from Definition 3.4.1
and the locality of the gradient and Laplacian we deduce also that D(TanDiv{u<t}) = D(TanDiv{v<t}).
It remains to check that the mean curvature vector for {u < t} = {v < t} given by Theorem 3.5.7, when
it exists (observe that it exists for u if and if it exists for v), is the same for u and v. However this is
immediate from the fact that the mean curvature vector, as defined in Theorem 3.5.7, depends only on
the map TanDivv (see Definition 3.4.1) which is the same both for v and u. �

Remark 3.5.12. It can also be proved that the mean curvature vector is invariant under composition
with smooth functions. That is to say that if {u < t} has a mean curvature vector H, also {ϕ(u) < ϕ(t)}
has the same mean curvature vector, provided {u < t} = {ϕ(u) < t}, ϕ ∈ C2(R) and ϕ′(t) 6= 0. We will
however not prove (or use) this fact here. �

The mean curvature vector was defined in a rather indirect way via duality, however in the next
proposition we derive a more direct representation formula.

Proposition 3.5.13 (Formula for the mean curvature). Let u ∈ LIPc(X) ∩ DL2(∆) and suppose that

{u < t} admits a mean curvature vector H ∈ L2
{u<t}(TX). Then for every w ∈ H1,2

C ∩ L∞(TX) it holds

(3.5.10)

�
〈H, tr{u<t}w〉dPer({u < t}) = lim

h→0+

�
〈w, ∇u
|∇u|

〉
(

∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dµht ,

where the integrand on the right hand side is taken to be 0 whenever |∇u| = 0 and its integral makes sense
thanks to assumption 2 in Definition 3.5.1.

Proof. From (3.5.8) we have�
〈H, tr{u<t}v〉dPer({u < t}, .) =

�
divT (v)dPer({u < t}, .), ∀v ∈ D(divT ).

Moreover from (3.4.3) we know that the right hand side of the above equals limh→0+

�
div(v) −

∇v
(
∇u
|∇u| ,

∇u
|∇u|

)
dµht . This combined with (3.5.5) gives

�
〈H, tr{u<t}v〉dPer({u < t}, .) = lim

h→0+

�
〈v, ∇u
|∇u|

〉
(

∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dµht , ∀v ∈ D(divT ).

Fix now w ∈ H1,2
C ∩L∞(TX) and consider a sequence (vn)n ⊂ D(divT ) such that tr{u<t}vn → tr{u<t}v in

L2
{u<t}(TX). Applying the Hölder inequality we obtain

lim
h→0+

∣∣∣∣� 〈v − vn, ∇u|∇u| 〉
(

∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dµht

∣∣∣∣
≤H ({u < t}) lim

h→0+

(�
|v − vn|2 dµht

)
(3.3.3)

= H ({u < t})‖tr{u<t}v − tr{u<t}vn‖L2
{u<t}(TX),

where in the last step we argued exactly as in (3.5.7). Since, by hypothesis H ({u < t}) < +∞, this
concludes the proof. �
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The assumption that the renormalized gradient is the normal to the sublevel, i.e. (3.5.1), on the
definition of second-order regular sublevel was not used to prove the existence of the mean curvature.
However it is needed to prove that the mean curvature is parallel to the normal:

Proposition 3.5.14 (The mean curvature vector is parallel to the normal). Let u ∈ LIPc(X) ∩ DL2(∆).
Then for a.e. t ∈ R it holds that H = H̄ν{u<t} for some function H̄ ∈ L2(Per({u < t})).

Proof. Fix t ∈ R so that {u < t} admits a mean curvature vector (recall Definition 3.5.8). By how
we constructed H we have that tr{u<t}(D(divT )) is dense in L2

{u<t}(TX) and�
〈H, tr{u<t}v〉dPer({u < t}, .) =

�
divT (v)dPer({u < t}, .), ∀v ∈ D(divT ).

This combined with (3.4.2) implies that∣∣∣∣� 〈H, tr{u<t}v〉dPer({u < t}, .)
∣∣∣∣2 = lim

h→0+

∣∣∣∣� div(v)−∇(v)

(
∇u
|∇u|

,
∇u
|∇u|

)
dµht

∣∣∣∣2 .
From the assumptions and Proposition 1.4.16 we have that 〈v,∇u〉 ∈ W 1,2(X), hence it makes sense to
consider its continuous representative QCR(〈v,∇u〉). Making use of (3.5.5) and subsequently applying
the Hölder inequality gives∣∣∣∣� 〈H, tr{u<t}v〉dPer({u < t}, .)

∣∣∣∣2 =

∣∣∣∣∣ lim
h→0+

1

2h

�
{t−h<u<t+h}

〈v,∇u〉
(

∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dm

∣∣∣∣∣
2

≤H ({u < t}) lim
h→0+

�
QCR(〈v,∇u〉)2

QCR(|∇u|)2
dµht

(3.3.3)
= H ({u < t})

� 〈tr{u<t}v, tr{u<t}∇u〉2
tr{u<t}(|∇u|)2

dPer({u < t}, .)

(3.5.1)
= H ({u < t})

�
〈tr{u<t}(v), ν{u<t}〉2dPer({u < t}, .),

where in the penultimate equality we have used that

π{u<t}(QCR(〈v,∇u〉)2) = (π{u<t}(QCR(〈v,∇u〉)))2 = (tr{u<t}〈v,∇u〉)2 (1.5.1)
= 〈tr{u<t}v, tr{u<t}〉2,

that π(QCR(|∇u|)) = tr{u<t}(|∇u|), and the fact π{u<t}(f)−1 = π{u<t}(f
−1) for every f ∈ L0(Cap). This

estimate coupled with the density of D(divT ) and the fact that the map v 7→
�
〈v, ν{u<t}〉dPer({u < t})

is continuous in L2
{u<t}(TX) (indeed |ν{u<t}| ≤ 1), implies that�
〈H,w〉dPer({u < t}, .) = 0,

∀w ∈ L2
{u<t}(TX) : 〈w, ν{u<t}〉 = 0 Per({u < t})-a.e..

(3.5.11)

Consider now the vector H= ∈ L2
{u<t}(TX) defined by H= := H − 〈H, ν〉ν and observe that to conclude

it is sufficient to show that H= = 0 Per({u < t})-a.e..
We have that 〈H=, ν〉 = 0 Per({u < t})-a.e. and that |H=|2 = 〈H,H=〉 Per({u < t})-a.e.. Therefore

from (3.5.11) we deduce that�
|H=|2dPer({u < t}) =

�
〈H,H=〉dPer({u < t}) = 0,

that is what we wanted. �

We now show a representation formula similar to the one for the tangential divergence obtain in
Proposition 3.4.6.

Proposition 3.5.15 (Expression of the mean curvature vector). Suppose that u ∈ D(W) ∩ LIP(X), then
for a.e. t ∈ R it holds that

(3.5.12) H{u<t} = ν{u<t}

(
∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
,

where we have chosen a Borel representative of the function ∆u
|∇u|−

〈∇|∇u|,∇u〉
|∇u|2 (taken to be 0 when |∇u| = 0)

and the negligible set of t’s depends on the choice of such representative.

Remark 3.5.16. A posteriori an alternative but equivalent definition of mean curvature and tangential
divergence would be to take instead as definitions respectively formula (3.5.12) and formula (3.4.4) and
then working ‘backwards’ to prove the tangential integration by parts formula in (3.5.8). �
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Proof of Proposition 3.5.15. Let η ∈ LIPc(X) and consider the vector field v := η∇u
|∇u|+ε . Since

by assumption ∇u ∈ H 1,2
C (TX), from Proposition 1.4.15 we have that v ∈ H 1,2

C ∩ L∞(TX). Therefore we
can apply Proposition 3.5.10 (recall also Proposition 3.5.9) to deduce that for a.e. t ∈ R

(3.5.13)

�
〈H, tr{u<t}v〉Per({u < t}) = lim

h→0+

�
η|∇u|
|∇u|+ ε

(
∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dµht .

From Proposition 3.5.14 we have that H{u<t} = H̄{u<t}ν{u<t} for some H̄{u<t} ∈ L2(Per({u < t})).
Moreover from (3.5.1) ν{u<t} =

tr{u<t}∇u
tr{u<t}(|∇u|)

. Therefore (omitting the subscript {u < t})
�
〈H, tr(v)〉Per({u < t}) =

�
H̄

tr(|∇u|)
〈tr∇u, tr(v)〉Per({u < t}) (1.5.1)

=

�
H̄tr(〈∇u, v〉)

tr(|∇u|)
Per({u < t})

=

�
H̄tr(|∇u|2η(|∇u|+ ε)−1)

tr(|∇u|)
Per({u < t})

(1.2.14)
=

�
η
H̄tr(|∇u|)

tr(|∇u|+ ε)
Per({u < t}),

where we have used that η is continuous. Fix a Borel representative g of the function ∆u
|∇u| −

〈∇|∇u|,∇u〉
|∇u|2

taken to be 0 when |∇u| = 0. Observe that, since u ∈ D(W), g ∈ L2(|∇u|m). Therefore, fixing also a
representative for ∇u, from the coarea formula we have that for a.e. t ∈ R

lim
h→0+

�
η|∇u|
|∇u|+ ε

(
∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
dµht =

�
η|∇u|g
|∇u|+ ε

dPer({u < t}).

Combining the two identities above we obtain that for a.e. t ∈ R�
η
H̄tr(|∇u|)

tr(|∇u|+ ε)
Per({u < t}),=

�
η|∇u|g
|∇u|+ ε

dPer({u < t}).

Recalling that for every representative of |∇u| it holds that |∇u| 6= 0 Per({u < t})-a.e. for a.e. t ∈ R, we
can now send ε →+ and use dominated convergence (recall that g ∈ L2(Per({u < t})) for a.e. t ∈ R) to
get �

ηH̄ Per({u < t}),=
�
ηg dPer({u < t}), for a.e. t ∈ R.

The conclusion now follows recalling that there exists a countable family of functions in LIPc(X) which is
dense in L2(Per({u < t})) for every t ∈ R (see Proposition 1.1.2). �

As an immediate corollary of the above proposition we obtain the following formula, which connects
the mean curvature defined in this section with the Willmore functional defined in the Section 3.2.

Corollary 3.5.17. Suppose that u ∈ D(W) ∩ LIPc(X), then for a.e. t ∈ R it holds that

(3.5.14) ‖H‖L2
{u<t}(TX) = lim

h→0+

(
1

2h

�
{t−h<u<t+h}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm
) 1

2

and in particular

(3.5.15) W(u) =

� ∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm =

�
R

�
|H|2 dPer({u < t})dt.

We already observed that a sublevel that admits a mean curvature vector has also finite relaxed
Willmore energy (see Remark 3.5.2). A natural question is whether the relaxed Willmore energy coincides
with the L2-norm of the mean curvature. Combining (3.5.14) and Proposition 3.2.8 we can prove one of
the two inequalities.

Corollary 3.5.18. Suppose that u ∈ D(W), then

(3.5.16) W({u < t}) ≤ ‖H‖L2
{u<t}(TX), for a.e. t ∈ R.

We now prove that the tangential divergence satisfies the expected Leibniz rule. To it state we need
first to give a notion of tangential gradient:

Definition 3.5.19 (Tangential gradient). Let E ⊂ X be a set of finite perimeter and let f ∈ DL2(∆) ∩
W 1,2(X) ∩ LIPb(X). We define its tangential gradient ∇T f ∈ L2

E(TX) as

∇T f := tr∇f − 〈tr∇f, νE〉.
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Proposition 3.5.20 (Leibniz rule). Let u ∈ LIPc(X) ∩ DL2(∆) and suppose that v ∈ D(divT,{u<t}) for

some t ∈ R. Then for every f ∈ DL2(∆) ∩W 1,2(X) ∩ LIPb(X) it holds that fv ∈ D(divT,{u<t}) and

(3.5.17) divT (fv) = fdivT (v) + 〈∇T f, tr{u<t}v〉, Per({u < t}, .)-a.e..

Proof. Recall that by Proposition 1.4.15 and by (1.4.14) we have that ∇f, fv ∈ H 1,2
C ∩ L∞(TX).

We begin by showing that fv ∈ D(divT ), which amounts to verify conditions 1 and 2 in Definition 3.4.1.
We start with 1. From the chain rule for the divergence operator vf ∈ DL2(div)

lim
h→0+

�
div(fv)2dµht ≤ 2‖f‖2L∞ lim

h→0+

�
div(v)2dµht + 2(Lipf)2‖v‖2L∞ lim

h→0+

�
dµht < +∞,

where we used (3.3.2). Analogously, from the Leibniz rule for the covariant derivative (1.4.13) we obtain

sup
0<h<1

�
|∇(fv)|2dµht ≤ 2‖f‖2∞ sup

0<h<1

�
|∇v|2dµht + 2(Lipf)2‖v‖2∞ sup

0<h<1

�
|id|2HSdµht < +∞,

this proves point 1. We pass to point 2. From the Leibniz rule for the divergence and the covariant
derivative ((1.4.13)) we obtain the following identity

div(fv)−∇(fv)

(
∇u
|∇u|

,
∇u
|∇u|

)
= f

(
div(v)−∇v

(
∇u
|∇u|

,
∇u
|∇u|

))
+ 〈v,∇f〉+ |∇u|−2〈v,∇u〉〈∇f,∇u〉, m-a.e.,

(3.5.18)

where both sides are assumed to be zero whenever |∇u| = 0. From Proposition 1.4.16 follows that
all three of the functions 〈v,∇f〉, 〈v,∇u〉, 〈∇f,∇u〉 belong to W 1,2 ∩ L∞(X) and in particular they all
admits a quasi-continuous representative that we denote with the same symbol. Therefore setting g :=
|∇u|−2〈v,∇u〉〈∇f,∇u〉 ∈ L∞(Cap) (taken to be 0 whenever |∇u| = 0) we have that ϕ〈v,∇f〉, ϕg|∇u|2 ∈
QC ∩L∞(X), for every ϕ ∈ Cb(X). Therefore arguing as in the proof of Proposition 3.5.14 using Theorem
3.3.4 we infer

lim
h→0+

�
ϕ

(
〈∇f, v〉−|∇u|−2〈∇f,∇u〉〈v,∇u〉

)
dµht =

�
ϕ
(
〈tr∇f, tr(v)〉 − 〈tr∇f, ν{u<t}〉〈tr(v), ν{u<t}〉

)
dPer({u < t}), ∀ϕ ∈ Cb(X),

where tr stands for tr{u<t} and where we have used also (3.5.1). Moreover, since for v the limit in (3.4.2)
exists for all ϕ ∈ Cb(X), we also have that

lim
h→0+

�
ϕf

(
div(v)−∇v

(
∇u
|∇u|

,
∇u
|∇u|

))
dµht = TanDivv(ϕf) =

�
ϕfdivT (v) dPer({u < t}).

The two above limits combined with (3.5.18) prove point 2 and thus that fv belongs to the domain of the
tangential divergence.

Finally to see that (3.5.17) holds it is enough to observe that 〈∇f, trv〉 − 〈∇f, ν〉〈trv, ν〉 =
〈∇T f, tr{u<t}v〉 Per({u < t})-a.e. and use again the above limits together with (3.4.2) for the vector
field fv. �

We end stating an integration by parts formula which is an immediate consequence of (3.5.8) and
the Leibniz rule for the divergence proved above.

Proposition 3.5.21 (Tangential-integration by parts formula). Let u ∈W 1,2(X)∩ LIP(X)∩DL2(∆) and
let t ∈ R be such that {u < t} admits a mean curvature H. Then

�
〈∇T f, tr{u<t}v〉dPer({u < t}) = −

�
fdivT (v) dPer({u < t}) +

�
f〈tr{u<t}v,H〉dPer({u < t})

∀f ∈ Test(X), ∀v ∈ D(divT ).

(3.5.19)

As an immediate corollary of (3.5.19) we get that, if f, g ∈ Test(X) are such that ∇f,∇g ∈
D(divT,{u<t}) and f = g Per({u < t})-a.e., then ∇T f = ∇T g.

3.5.1. The local version. In all the above discussion we defined the mean curvature vector for sublevels
for functions defined globally. However when we will prove Willmore inequalities in Section 3.8, we will
need to consider level sets of the electrostatic potential, which is not globally defined. This is a minor
issue, since all the analysis developed in the previous sections was local in nature. More precisely we can
give the following definition:
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Definition 3.5.22 (Mean curvature vector - local case). Let Ω ⊂ X be open and let u ∈ LIPloc(Ω) ∩
DL2

loc
(∆,Ω). We say that the sublevel {u < t} admits a mean curvature vector if for some (and thus any)

ũ ∈ DL2(∆)∩ LIPc(X) satisfying {t− δ < ũ < t+ δ} = {t− δ < u < t+ δ} for some δ > 0 and with ũ = u
in this set, the sublevel {ũ < t} admits a mean curvature vector (in the sense of Def. 3.5.8 with ũ). In
this case we define the mean curvature vector H ∈ L2

{u<t}(TX) as the one given by ũ.

Remark 3.5.23. The fact that the above definition is well-posed follows from Proposition 3.5.11, which
in particular shows that the mean curvature vector H is independent of the function ũ. �

Proposition 3.5.24 (Existence mean curvature - local case). Let Ω ⊂ X be open and let u ∈ LIPloc(Ω)∩
DL2

loc
(∆,Ω). Let t, s > 0 be such that {s < u < t} is bounded, d({u < t},Ωc) > 0 and X \ {u < t} is

bounded. Suppose furthermore that�
{s<u<t}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm < +∞.

Then for a.e. r ∈ (s, t) the sublevel {u < r} admits a mean curvature vector H satisfying

(3.5.20) H{u<r} = ν{u<r}

(
∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

)
.

Proof. Fix ε > 0 small. Consider an increasing function ϕ ∈ C2(R) satisfying ϕ ≡ t in [t,∞), ϕ ≡ 0
in (−∞, s), such that ϕ(t) = t in (s+ ε, t− ε) a neighbourhood of t and set

ũ :=

{
ϕ(u), in Ω,

t, in Ωc.

The assumptions grant that ũ ∈ LIPc(X). Moreover it holds that ũ ∈ DL2(∆). Indeed from chain rule
for the Laplacian (Proposition 1.2.11) and the locality of the Laplacian we have that ϕ(u) ∈ DL2

loc
(∆,Ω)

with ∆ϕ(u) = 0 m-a.e. in Ω \ {s + ε < u < t − ε}. Then, since by hypothesis d({u < t},Ωc) > 0 we can
argue exactly as in the end of the proof of Theorem 3.2.6 to show that ũ ∈ DL2(∆) with ∆ũ = χΩ∆ϕ(u).
Finally from Lemma 3.2.7 (observe that in there the harmonicity is used only to show that the integral is
finite) we see that

W(ũ)2 =

�
{s+ε<u<t−ε}

∣∣∣∣ ∆u

|∇u|
− 〈∇|∇u|,∇u〉

|∇u|2

∣∣∣∣2 |∇u|dm < +∞,

(see also the proof of Theorem 3.2.6 for a similar computation). Therefore ũ ∈ D(W) and from Proposition
3.5.9 we deduce that {ũ < r} admits a mean curvature vector for a.e. r ∈ R. Moreover ũ is admissible in
Definition 3.5.22 for every {u < r} with r ∈ (s + ε, t − ε). This proves the first part of the statement.
Formula (3.5.10) is then immediate from (3.5.12) and the locality of the gradient and Laplacian. �

Remark 3.5.25. Proposition 3.5.24 is tailored to fit the case of an electrostatic potential, which we will
need to consider in the sequel. However it is clear that analogous suitably modified statements holds in
different conditions, e.g. in the case s, t < 0 or if we replace sublevels with superlevels. �

3.6. Electrostatic capacity

In this short section we introduce the notion of electrostatic capacity and deduce some of its properties.
We assume that (X, d,m) is a non-parabolic RCD(0, N) space.

Definition 3.6.1 (Electrostatic capacity). Suppose that E ⊂ X admits an electrostatic potential u (see
Def. 2.2.11), we define its electrostatic capacity as

eCap(E) :=

�
X\Ē
|∇u|2 dm.

We start with a basic scaling property:

Lemma 3.6.2. Suppose that E ⊂ X admits an electrostatic potential u, then

eCap({u < t}) =
eCap(E)

t
, ∀t ∈ (0, 1].

Proof. By definition of electrostatic potential we have that u/t is the electrostatic potential for
{u < t}, hence by coarea

eCap({u < t}) = t−2

�
{u<t}

|∇u|2 dm = t−2

� t

0

�
|∇u|dPer({u < s} ds.
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However in Proposition 2.4.7 we showed that there exists a constant D > 0 such that
�
|∇u|dPer({u <

t}) = D for a.e. t ∈ (0, 1), from which the conclusion immediately follows. �

The following technical lemma provides a useful formula for the electrostatic capacity. Observe that
morally we could take u instead of ũ in the statement, however from a technical point of view we have
defined the trace only for everywhere defined functions.

Lemma 3.6.3. Whenever eCap(E) is defined it holds that

eCap(E) =

�
〈trBR(x)∇ũ, ν〉dPer(BR(x), .),

for every ball BR(x) with finite perimeter and such that E ⊂⊂ BR(x), where ũ ∈ Test(X) is any function
such that ũ = u in a neighbourhood of ∂BR(x).

Proof. As proven in Proposition 2.4.7, there exists a constant D > 0 such that
�
|∇u|dPer({u <

t}) = D for a.e. t ∈ (0, 1), where we are fixing a representative of |∇u|. From the coarea formula follows
immediately that D =

�
X\Ē |∇u|

2 = eCap(E). Let now BR(x) be as in the statement. From the definition

of electrostatic potential, there exists δ > 0 small enough so that ∂BR(x) ⊂ {u < 1−2δ} and in particular
BR(x)c ⊂ {u < 1− 2δ}. Consider a cut-off function (recall Proposition 1.4.9) η ∈ Test(X) such that η = 1
in {1−2δ ≤ u ≤ 1−δ}∩BR+1(x) and supp η ⊂⊂ Ω. Define the function ũ := ηu ∈ Test(X) (recall (1.4.8))
that clearly satisfies u = ũ in a neighbourhood of ∂BR(x). Moreover by the locality of the Laplacian we
have that ũ is harmonic in {1 − 2δ < u < 1 − δ} ∩ BR+1(x). We observe that it is enough to prove the
statement with this particular ũ, indeed then we would conclude recalling Proposition 1.2.21.

We claim that:

(3.6.1) ∃ t̄ ∈ (1− 2δ, 1− δ) : eCap(E) =

�
{u<t̄}

∆ũdm.

To show this we define the function f(t) :=
�
〈|∇u|−1∇ũ,∇u〉dPer({u < t}) (where we have fixed a Borel

representative for 〈|∇u|−1∇ũ,∇u〉 taken to be 0 whenever |∇u| = 0). From the coarea formula (2.4.4)

we can deduce that f ∈ W 1,1
loc (0, 1) and, denoting again by f its continuous representative, also that

f(t) − f(s) =
�
{s<u<t}∆ũdm, for every s, t ∈ (0, 1) with s < t. Moreover f(s) = 0 for every s close

enough to zero. Therefore we f(t) =
�
{u<t}∆ũdm for every t ∈ (0, 1). Finally from the locality of the

gradient we have that f(t) =
�
|∇u|dPer({u < t}) = eCap(E) for a.e. t ∈ (1 − 2δ, 1 − δ), from which

(3.6.1) follows. Recalling that ũ is harmonic in {1− 2δ < u < 1− δ} and that BR(x)c ⊂ {u < 1− 2δ} we
can write

0 =

�
{u<t̄}∩BR(x)

∆ũdm =

�
{u<t̄}

∆ũdm−
�
BR(x)c

∆ũdm

(3.6.1)
= eCap(E)−

�
BR(x)

∆ũdm,

where we have used that
�

∆ũdm = 0. Applying the Gauss-Green formula (1.5.2) we reach the sought
conclusion. �

In Theorem 2.2.13 it is shown that the electrostatic capacity is less or equal than the variational
capacity: eCap(E) ≤ Cap(E). Here prove that under the Euclidean-volume growth assumption they
actually coincide.

Proposition 3.6.4. Suppose that (X, d,m) is an RCD(0, N) space with N > 2 and Euclidean volume
growth. Then for every set E ⊂ X that admits an electrostatic potential it holds

eCap(E) = Cap(E)

(see Def. 1.2.22 for the definition of Cap).

Proof. From Theorem 2.2.13 we already know that eCap(E) ≤ Cap(E) is always verified, hence
we need only to show the converse inequality. Fix x0 ∈ X. We consider cut-off functions ηk ∈ LIPc(X),
k ∈ N, such that 0 ≤ ηk ≤ 1, ηk = 1 in B2k(x0), supp(ηk) ⊂ B2k+1(x0) and Lip(ηk) ≤ 2k−1. Then we
observe that |Dηk| ≤ 2d−1

x0
m-a.e.. From the Euclidean volume growth assumption and (2.4.2) we have

that u ≤ Cd2−N
x0

outside a fixed large ball B. This implies, again from the Euclidean volume growth

assumption, that u2d−2
x0
∈ L1(Bc). Define now the functions uk := (u∧ (1− 1/k)ηk ∈ LIPc(X) (recall that
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u is locally Lipschitz far from ∂E). Therefore from the definition of Cap(E) and locality of the weak
upper gradient

Cap(E) ≤
�
|Duk|2 dm =

�
{u<1−1/k}∩B

2k
(x0)

|Du|2 dm +

�
B

2k
(x0)c

|D(uηk)|2 dm

≤
�
{u<1−1/k}∩B

2k
(x0)

|Du|2 dm + 2

�
B

2k
(x0)c

|Du|2 + Cd−2
x0
u2 dm.

Sending k → +∞ and recalling that u2d−2
x0

is integrable outside a large ball, we get the desired conclusion.
�

3.7. Asymptotics for the electrostatic potential

The ultimate goal of this section is to prove an asymptotic expansion (at infinity) for the electrostatic
potential defined on an RCD(0, N) space with Euclidean-volume growth.

3.7.1. Asymptotics for the Green’s function. In this short section we prove an expansion at infinity
for the Green’s function, which extends the analogous result on smooth Riemannian manifolds proved
in [85] (se also [167]). The argument is the same of the local asymptotic recently derived in [54] (see
Remark 2.5 therein). For completeness we report here most of the argument, which is base on a blow-down
procedure.

We will assume that (X, d,m) is an RCD(0, N) space with N > 2 and Euclidean-volume growth and
we will denote by G(x, y) its Green’s function (recall Section 2.1.1)

Proposition 3.7.1. Let X be an RCD(0, N) with N ∈ (2,∞) and Euclidean volume growth and let
Ri → +∞ be a sequence of radii such that

Xi := (X, R−1
i d, R−Ni m, x0)

pmGH→ (Y, ρ, µ, p).

Then, denoted by GY the Green’s function on Y , it holds

(3.7.1) lim
i→+∞

RN−2
i G(x0, xi) = GY (p, y),

for Xi 3 xi → y ∈ Y and y 6= p.

Proof. Called pit the heat kernel of the space Xi, it holds that pit(x, y) = RNi pR2
i t

(x, y) for every

x, y ∈ X. In particular, denoted by Gi, the Green’s function for Xi we have that Gi(x, y) = RN−2
i G(x, y)

for every x, y ∈ X. Therefore (3.7.1) would follow after we prove that Gi(x0, xi) → GY (x0, y) for every
Xi 3 xi → y ∈ Y and y 6= p. To show this we first observe that

pit(x0, xi) = RNi pR2
i t

(x0, xi) ≤ C(N)
RNi

m(BRi
√
t(xi))

e

(
−d(x0,xi)

Ri

)2
1
5t ≤ C(N)

e
−dY (x0,y)2

5t

AVR(X)tN/2
,

where we have used the heat kernel bounds (1.3.15) and the fact that r−Nm(Br(x)) ≥ AVR(X) for every
x ∈ X, r > 0, thanks to the Bishop-Gromov inequality. Arguing as in [54] we combine the pointwise-
convergence of the heat-kernel under pmGH-convergence (see [25] and also [54]) with the dominated
converge theorem (justified by the above estimate) to finally deduce that Gi(x0, xi) =

�∞
0
pit(x0, xi) dt→�∞

0
pYt (x0, y) = GY (x0, y), where pYt denotes the heat kernel for Y . �

The following simple lemma is a well-known consequence of separation of variables. We refer to [102]
for a proof in the case of Ricci-limit spaces, which easily adapts to this setting (see also [54, Lemma 2.7]
Lemma 2.7 and [98] for analogous computations).

Lemma 3.7.2. Suppose that (Y, dY ,mY ) is an RCD(0,N) space that is also an N -cone (see Section 1.3.4)
with N > 2. Then, denoted by p the tip of Y and by GY the Green’s function on Y , we have

(3.7.2) GY (p, y) =
dY (p, y)2−N

N(N − 2)mY (B1(p))
, for every y ∈ Y .

Combining Proposition 3.7.1 and Lemma 3.7.2 we obtain the following asymptotic expansion at
infinity for the Green’s function.

Theorem 3.7.3. Let X be an RCD(0, N) space with Euclidean volume growth. Then

(3.7.3) lim
y→+∞

G(x, y)

d(x, y)2−N =
1

(N − 2)σN−1AVR(X)
, for every x ∈ X.
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Proof. Fix x ∈ X. and consider a sequence yi ∈ X such that d(x, yi)→ +∞. Setting Ri := d(x, yi),

there exists a subsequence ik such that Xk := (X, R−1
ik

d, R−Nik m, x) converges in the pmGH-topology to
an RCD(0, N) space (Y, dY ,mY , p) and such that yik → y ∈ Y . From the Euclidean volume growth
assumption we have that for every r > 0

mY (Br(p)) = lim
i
R−Nik m(BRikr(x0)) = rNωNAVR(X).

In particular from the volume cone to metric cone theorem [95] we deduce that Y is an Euclidean N -cone.
Therefore combining (3.7.1) with (3.7.2) we obtain

lim
i→+∞

d(x, yik)N−2G(x, yik) =
dY (p, y)2−N

N(N − 2)mY (B1(p))
=

1

N(N − 2)ωNAVR(X)
.

Since the last term of the above identity is independent both of the initial subsequence and of the sequence,
it directly implies (3.7.3). �

3.7.2. Expansion of the electrostatic potential. The main goal is to prove the following expansion
result of the electrostatic potential, proved in [2] in the setting of Riemannian manifolds.

Theorem 3.7.4. Let X be an RCD(0, N) space with Euclidean volume growth. Let u be the electrostatic
potential of a bounded open set E ⊂ X. Then

(3.7.4) lim
y→+∞

u(x)

d(x, x0)2−N =
Cap(E)

(N − 2)σN−1AVR(X)
, for every x0 ∈ X.

We will follow the idea used in [2], which are based on representation results for harmonic functions
derived in [167] (improving the previous [85]).

The following lemma make rigorous the fact that G is the fundamental solution for the Laplacian
(see also [58]).

Lemma 3.7.5. Let u ∈ L2(m) ∩ DL∞∩L1(∆). Then

(3.7.5) u(x) = −
�
G(x, y)∆u(y) dm(y), for m-a.e. x ∈ X.

Proof. From the definition of G(x, y) we have�
G(x, y)∆u(y) dm(y) =

� � +∞

0

pt(x, y)dt∆u(y) dm(y) =

� +∞

0

�
pt(x, y)∆u(y) dm(y) dt.

Observe that since ∆u ∈ L1 ∩ L∞(m), G(x, y) ∈ L1
loc(m(y)) ∩ L∞y (X \ B1(x)), we have�

|G(x, y)∆u(y)| dm(y) < +∞, hence all the integrals above are well defined and the application of
Fubini’s theorem is justified (recall also that pt ≥ 0). In particular we obtain

(3.7.6)

�
G(x, y)∆u(y) dm(y) =

� +∞

0

ht(∆u)(x) dt, for every x ∈ X.

We now make the intermediate claim that

(3.7.7) htu(x)→ 0 as t→ +∞, for every x ∈ X,

where we are taking as representative of htu(x) precisely
�
upt(x, y)dm(y). To see this we fix x ∈ X, ε > 0

arbitrary and choose R > 0 such that
�

X\BR(x)
u2dm < ε. From the heat kernel estimates (1.3.15) and the

fact that
�
pt(x, y)dm(y) = 1, we have for every t ≥ 1

ht(u)(x) =

�
BR(x)

pt(x, y)u(y) dm +

�
X\BR(x)

pt(x, y)u(y) dm

≤ ‖u‖L2(m)

�
BR(x)

pt(x, y)2 dm + ‖pt(x, .)‖L2(m)

�
X\BR(x)

u2dm

≤ C(N)
m(BR(x))‖u‖L2(m)

m(B√t(x))
+

C(N)

m(B1(x))
ε.

Letting t→ +∞ and from the arbitrariness of ε we deduce the claim.
We have that ∂tht(u) = ht(∆u) for every t ∈ [0,∞), the derivative being in the L2-sense. In particular

for every T > 0

hT (x)− u(x) =

� T

0

ht(∆u)(x) dt for m-a.e. x ∈ X.
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Hence fixed a sequence Tn → +∞ we have that

hTn(x)− u(x) =

� Tn

0

ht(∆u)(x) dt for every n, for m-a.e. x ∈ X.

Letting Tn → +∞ and using (3.7.7) and (3.7.6) we obtain the desired conclusion. �

Restricting to the case of an electrostatic potential allows to get a pointwise version of the above
integral formula.

Corollary 3.7.6. Suppose that (X, d,m) is an RCD(0, N) space with N > 2 and Euclidean-volume growth.
Let u be an electrostatic potential of some open and bounded set E ⊂⊂ BR(x0). Suppose that ũ ∈
LIPb(X) ∩ DL∞∩L1(∆) satisfies u = ũ in X \BR(x0), then

(3.7.8) u(x) = −
�
G(x, y)∆ũ(y) dm(y), for every x ∈ X \BR(x0).

Proof. We start claiming that

(3.7.9) ũ(x) = −
�
G(x, y)∆ũ(y) dm(y), for m-a.e. x ∈ X.

We would like to we use Lemma 3.7.5, however we do not have the assumption that ũ ∈ L2(m), hence we
need to perform a cut-off argument. From Proposition 1.4.9 there exist cut-off functions (ηk) ∈ Test(X),
k ∈ N, such that 0 ≤ ηk ≤ 1, ηk = 1 in B2kR(x0), supp(ηk) ⊂ B2k+1R and 2kR|Dη|+ (2kR)2|∆η| ≤ C(N).
In particular we have that

(3.7.10) dx0
|Dηk|+ d2

x0
|∆ηk| ≤ 4C(N), m-a.e., for every k ∈ N.

Define uk := ηkũ ∈ L2(m). From the Leibniz rule for the Laplacian (Proposition 1.2.16) we have that
uk ∈ DL∞∩L1(∆) with

∆uk = ηk∆ũ+ 2〈∇ũ,∇ηk〉+ ũ∆ηk.

From Lemma 3.7.5 we have

(3.7.11) uk(x) = −
�

∆uk(y)G(x, y) dm(y), for m-a.e. x ∈ X.

We want to pass to the limit in the above identity. To do so we first recall that from the estimates in
Section 2.4 (in particular from propositions 2.4.1 and 2.4.2) and the Euclidean volume growth assumption
we have that u(x) ≤ Cd2−N

x0
in BR(x0)c and |∇u| ≤ Cd1−N

x0
m-a.e. in BR(x0)c for some constant C.

Moreover from the estimates for the Green’s functions (2.1.4) we have that G(x, y) ≤ Cxd(x, y)2−N .
Combining these estimates with (3.7.10) we obtain that for every x ∈ X there exists a radius Rx and a

constant C̃x such that

(3.7.12) |Dηk||Dũ||G(x, .)|, |∆ηk||ũ||G(x, .)| ≤ C̃xχBRx (x0)cd
4−2N
x0

, m-a.e..

It is easy to see that, thanks to the Euclidean volume growth assumption, the function on the right hand
side of (3.7.12) is in L1(m). This allows us to use the dominated convergence theorem in (3.7.11) and
deduce (3.7.9).

To prove (3.7.8) it sufficient to prove that the right hand side of (3.7.8) is continuous in X \BR(x0).
We first need to observe that for every δ > 0

(3.7.13) sup
{y∈B̄R(x0), x∈X : d(x,y)>δ}

G(x, y) ≤ C(BR(x0), δ),

where C(K) is a constant depending only on BR(x0) and the parameter δ. Indeed from the estimates for
the Green’s function in (2.1.4) and the Bishop-Gromov inequality we have

G(x, y) ≤ C
� ∞
δ

s

m(Bs(y))
ds ≤ C(N)

� 4R

δ∧4R

s(4R)N

sNm(BR(x0))
ds+ C(N)

� ∞
4R

s

m(Bs/2(x0))
ds,

for every δ > 0, every y ∈ BR(x0) and every x ∈ X satisfying d(x, y) > δ. This proves (3.7.13). We can
now prove the claimed continuity. Recall from Proposition 2.1.4 that G(., y) is continuous in in X \ {y}.
Thanks to (3.7.13) and the assumption ∆u ∈ L1(m) we can apply Fatou lemma and obtain

lim
z→x

�
|G(x, y)−G(z, y)|∆u(y) dm(y) ≤

�
K

lim
z→x
|G(x, y)−G(z, y)|∆u(y) dm(y) = 0,

for every x ∈ X \K. �

This result is a weaker version of a stronger result concerning the representation of harmonic functions
on Riemannian manifolds proved first in[85] (see also [167]). In our arguments we will follow [167].
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Theorem 3.7.7. Suppose that (X, d,m) is an RCD(0, N) space with N > 2 and Euclidean-volume growth.
Let u be an electrostatic potential of some open and bounded set E. Then there exists a ball BR(x0) and
a positive constant C > 0 such that E ⊂ BR(x0) and

(3.7.14) |u(x)− Cap(E)G(x0, x)| ≤ CG(x0, x)

d(x, x0)
, for every x ∈ X \BR(x0).

Proof. Fix R > 0 big enough so that E ⊂⊂ BR(x0). Choose a cut off function η ∈ Test(X) such
that 0 ≤ η ≤ 1, η = 1 in B̄R+2 \BR+1(x0) and supp η ⊂ X \BR(x0) (recall Proposition 1.4.9). Define the
function ũ as

ũ =

{
ηu, in BR+1(x0),

u, in X \BR+1(x0).

It immediate to check that ũ ∈ LIPb(X) ∩ DL1∩L∞(∆) with ũ harmonic in X \ B̄R+1(x0). Therefore from
Corollary 3.7.6 we have that u(x) =

�
G(x, y)∆ũ(y) dm(y) for every X \ B̄R+1(x0). We can now compute

ũ(x) = −
�

(G(x, y)±G(x, x0))∆ũ(y) dm(y) =

= −G(x, x0)

�
BR̄(x0)

∆ũ(y) dm(y)︸ ︷︷ ︸
b:=

−
�

(G(x, y)−G(x, x0))∆ũ(y) dm(y)︸ ︷︷ ︸
v(x):=

,

for every x ∈ X \ B̄R+1(x0) and every R̄ ∈ (R + 1, R + 2). Since ũ is harmonic in X \ B̄R+1(x0) we can
estimate the decay of v as follows

|v(x)| ≤ ‖∆ũ‖L1(BR+1(x0)) sup
y∈BR+1(x0)

|G(x, y)−G(x, x0)|,

for every x ∈ X \ B̄R+1(x0). By the local Sobolev-to Lip property (Proposition 1.3.8) and Lemma 1.3.22
we have

sup
y∈BR+1(x0)

|G(x, y)−G(x, x0)| ≤ C(R+ 1)‖|∇G(x, .)|‖L∞(BR+2(x0))

≤ C(R+ 1)G(x0, x)

d(x, x0)
,

provided d(x, x0) > λ−1(R + 2), where λ = λ(N) < 1 is given by Lemma 1.3.22. Finally if BR̄(x0) has
finite perimeter the Gauss-Green formula (1.5.2) gives that�

BR̄(x0)

∆ũ(y) dm(y) =

�
BR̄(x0)

∆(ηu)(y) dm(y) =

�
〈trBR̄(x0)∇(ηu), νBR̄(x0)〉dPer(BR̄(x0), .).

Then the conclusion follows from Lemma 3.6.3. �

Combining (3.7.3) with Theorem 3.7.7 and Lemma 3.6.3 we obtain the following asymptotic expansion
for the electrostatic potential.

3.7.3. Integral asymptotics for |∇u|. From the ‘order-zero’ asymptotics derive in (3.7.4) we will now
pass to ‘first order’ integral asymptotics for the gradient of the electrostatic potential. Even if we will
closely follow the argument in [2], these type of computations and the idea to get higher order bounds
from zero-order bounds were already present in [72,85].

From (3.7.4) (actually the Euclidean volume growth assumption and the decay estimates for u proven
in Section 2.4.1 are enough) and the gradient estimate in Proposition 2.4.1 follows immediately that:

(3.7.15) |∇u| ≤ Cd1−N
x0

, m-a.e. in X \BR(x0),

for R big enough and with C = C(N,E) > 0.

Proposition 3.7.8 (Asymptotics for |∇u|). Let X be an RCD(0, N) space with Euclidean volume growth.
Let u be the electrostatic potential of a bounded open set E ⊂ X. Then for every x0 ∈ E

(3.7.16) lim
R→+∞

R−1

�
AR,2R

||∇u| − ld1−N
x0
| dm = 0,

where AR,2R := B2R(x0) \ B̄R(x0) and l := eCap(E)
σN−1AVR(X) .
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Proof. Set L := eCap(E)
(N−2)σN−1AVR(X) (i.e. the right hand side of (3.7.4)). Fix x0 ∈ E and set Ar,r′ :=

Br′(x0) \ B̄r(x0) for every 0 < r ≤ r′. Fix also ε > 0. From the asymptotic estimate for u in (3.7.4)
there exists R0 > 0 such that |udN−2

x0
−L| ≤ ε in X \BR(x0). We also fix R > R0. For every δ ∈ (0, R/2)

there exists a cut-off function ϕ ∈ LIPc(AR,2R) such that 0 ≤ ϕ ≤ 1 and satisfying ϕ = 1 in AR+δ,2R−δ,
Lipϕ ≤ 1/δ. Integrating by parts (recalling that d2−N

x0
∈ D(∆,X \ {x0})) and using the harmonicity of u

we have�
AR,2R

|∇u− L∇d2−N
x0
|2ϕ dm

≤ L

∣∣∣∣∣
�
AR,2R

ϕ(u− Ld2−N
x0

)∆d2−N
x0

∣∣∣∣∣︸ ︷︷ ︸
I1:=

+

�
AR,2R

|〈∇u− L∇d2−N
x0

,∇ϕ〉||u− Ld2−N
x0
|dm︸ ︷︷ ︸

I2:=

.

We now proceed estimating I1. Recalling that ∆d2−N
x0

≥ 0 (see the proof of Proposition 2.4.2) and
integrating again by parts we have

I1 ≤ εR2−N
�
AR,2R

ϕ∆d2−N
x0

≤ εR2−N
�
AR,2R

|〈∇ϕ,∇d2−N
x0
〉|dm

≤ εR2−N (N − 2)δ−1

�
AR,R+δ∪A2R−δ,2R

d1−N
x0

dm

≤ εR2−N (N − 2)

(
m(AR,R+δ)

δRN−1
+

m(A2R,2R+δ)

δ(2R− δ)N−1

)
≤ CεR2−N (N − 2)

(
(R+ δ)N −RN

δRN−1
+

(2R)N − (2R− δ)N

δ(2R− δ)N−1

)
= CεR2−N (N − 2)

(
(1 + δ/R)N − 1

δ/R
+

1− (1− δ/(2R))N

δ/(2R)(1− δ/(2R))N−1

)
≤ CεR2−N ,

with C a constant depending only on x0 and N and where in the third-ultimate step we used the Bishop-
Gromov inequality. The second term I2 can be estimated in a similar way using the gradient estimate
(3.7.15):

I2 ≤ εR2−N
�
AR,2R

(
|∇u|+ L|∇d2−N

x0
|
)
|∇ϕ|dm

≤ CεR2−N
(
m(AR,R+δ)

δRN−1
+

m(A2R−δ,2R)

δ(2R− δ)N−1

)
≤ CεR2−N ,

where C = C(E,N). Plugging in the estimates for I1 and I2 and letting δ → 0 we obtain�
AR,2R

|∇u− L∇d2−N
x0
|2 dm ≤ CεR2−N , for every R > R0.

The conclusion now follows sending ε→ 0, observing that ∇d2−N
x0

= (2−N)d1−N
x0

, applying the Hölder in-

equality and from the observation that limR→+∞m(A2R,R)R−N < +∞, as a consequence of the Euclidean
volume growth assumption. �

With the asymptotics for |∇u| proved above we can finally compute the limit of the monotone
quantity Uβ associated to an electrostatic potential. We recall here the definition of Uβ for convenience
of the reader:

Uβ(t) := t−
N−1
N−2

�
|∇u|1+β dPer({u < t}) ∈ L1

loc(0, 1), β ≥ N − 2

N − 1
,

where a representative of |∇u| has been fixed. Recall from Section 2.4.2 that the function Uβ is well
defined a.e. and does not depend on the chosen representative. Moreover from Theorem 2.4.4 we know
that Uβ has continuous representative which is non-decreasing. From now on we will denote by Uβ such
representative.

Theorem 3.7.9. Let X be an RCD(0, N) space with Euclidean volume growth. Let u be the electrostatic
potential of a bounded open set E ⊂ X and let Uβ as above. Then

(3.7.17) lim
t→0+

Uβ(t) = (N − 2)β
N−1
N−2 Cap(E)1− β

N−2 (σN−1AVR(X))
β

N−2 .
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Proof. Set b := (u/L)
1

2−N . From (3.7.4) there exists R0 > 0 such that

(3.7.18)
3

4
dx0 ≤ b ≤

5

4
dx0 , in X \BR0(x0).

In particular { 5
4R ≤ b ≤ 6

4R} ⊂ {R ≤ dx0
≤ 2R}, for every R > R0. Combining this with (3.7.16) and

the bound on |∇u| in (3.7.15) gives

(3.7.19) lim
R→+∞

RN−2

�
{ 5

4R≤b≤
6
4R}
||∇u| − ld1−N

x0
| |∇u|dm = 0,

Moreover

lim
R→+∞

R−1

�
{ 5

4R≤b≤
6
4R}
|d1−N
x0

− b1−N |dm ≤ lim
R→+∞

R−1

�
{ 5

4R≤b≤
6
4R}
|d1−N
x0

bN−1 − 1|b1−N dm

≤ lim
R→+∞

(6/4R)−Nm(A2R,R) sup
AR,2R

|d1−N
x0

bN−1 − 1| = 0.

This combined with (3.7.19) gives

(3.7.20) lim
R→+∞

RN−2

�
{ 5

4R≤b≤
6
4R}
||∇u| − lb1−N | |∇u|dm = 0.

We now apply the coarea formula together with the change of variable t = R2−N , recalling from Section
3.6 that Cap(E) = eCap(E) =

�
|∇u|dPer({u < t}) for a.e. t ∈ (0, 1), and obtain

(3.7.21) lim
t→0

t−1

� c2t

c1t

∣∣∣Cap(E)− l(sL−1)
N−1
N−2 Per({u < s})

∣∣∣ ds = 0,

with c1 :=
(

6
4

)2−N
L <

(
5
4

)2−N
L =: c2. From (3.7.20), since thanks to (3.7.15) and (3.7.18) the function

||∇u|b1−N | is bounded in X \BR0
(x0) for R0 big enough, we also obtain

lim
R→+∞

RN−2

�
{ 5

4R≤b≤
6
4R}
|(|∇u|bN−1)1+β − l1+β |b1−N |∇u|dm = 0.

Apply again the coarea formula and setting t = R2−N as above we deduce

(3.7.22) lim
t→0

t−1

� c2t

c1t

∣∣∣LβN−1
N−2Uβ(s)− l1+β(sL−1)

N−1
N−2 Per({u < s})

∣∣∣ ds = 0,

with c1, c2 as above. Combining (3.7.21) and (3.7.22) we finally reach

lim
t→0

t−1

� c2t

c1t

∣∣∣LβN−1
N−2 l−βUβ(s)− Cap(E)

∣∣∣ ds = 0.

This and the Markov-Chebyshev’s inequality grant the existence of a sequence tn → 0 such that

Lβ
N−1
N−2 l−βUβ(tn)→ Cap(E).

Since Uβ is also non decreasing this concludes the proof. �

3.8. Willmore inequality

We can finally put together the expression for the limit of Uβ and the notion of mean curvature vector
developed in Section 3.5 to produce Willmore-type inequalities:

Theorem 3.8.1 (Willmore-type inequalities). Let X be an RCD(0, N) space with Euclidean volume
growth. Let u be the electrostatic potential of a bounded open set E ⊂ X. Then for a.e. t ∈ (0, 1)
the sublevel {u < t} admits a mean curvature H (in the sense of Definition 3.5.22) satisfying for every
β ≥ N−2

N−1 :

� ∣∣∣∣ H

N − 1

∣∣∣∣β+1

dPer({u < t}) ≥ (|σN−1|AVR(X))
β

N−2

(
Cap({u ≤ t}c)

N − 2

)N−2−β
N−2

, for a.e. t ∈ (0, 1).

Proof. The fact that {u < t} admits a mean curvature vector for a.e. t ∈ (0, 1)(in the sense of
Definition 3.5.22) follows immediately from Proposition 3.5.24, which also says that for a.e. t ∈ (0, 1)

|H{u<t}| =
∣∣∣∣〈 ∇u|∇u|2 ,∇|∇u|〉

∣∣∣∣ , Per({u < t})-a.e..
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We now pass to the proof of the Willmore inequality. From the fact that U ′β ≥ 0 a.e. in (0, 1) and the

formula for U ′β (see Proposition 2.4.5) we obtain

N − 1

N − 2
t−β

N−1
N−2−1

�
|∇u|β+1 dPer({u < t}, .) ≤ t−β

N−1
N−2

�
|∇u|β 〈 ∇u

|∇u|2
,∇|∇u|〉dPer({u < t}, .),

for a.e. t ∈ (0, 1), applying the Hölder inequality on the right hand side with exponent p = (β + 1)/β and
then simplifying, we reach(

N − 1

N − 2

)β+1

Uβ(t) ≤ t1−
β

N−2

� ∣∣∣∣〈 ∇u|∇u|2 ,∇|∇u|〉
∣∣∣∣β+1

dPer({u < t}, .), for a.e. t ∈ (0, 1).

Taking into account the monotonicity of Uβ and the expression for its limit in (3.7.17) the conclusion
follows (recalling also Lemma 3.6.2). �

Remark 3.8.2. We make a few comments on the above inequality:

(i) For every β ≤ 1 we know that the inequality is non-trivial in the sense that the left-hand side is
finite for a.e. t ∈ (0, 1). This because the mean curvature is in L2(Per({u < t})). On the other
hand for β > 1 we do not now whether the same left hand side is identically +∞ for every
t ∈ (0, 1),

(ii) If we could plug in t = 1 we would get exactly the Willmore-type inequalities obtained in [2]
(see also [109]) with the same sharp constant. �





CHAPTER 4

Rigidity and almost-rigidity of Sobolev inequalities in compact
RCD(K,N) spaces

Structure of the chapter

After briefly recalling in Section 4.1 some of the notations that are important for this chapter, we
will pass to the first main Section 4.2, which is about rearrangement inequalities on CD(K,N) spaces. In
the first part we will review the Polya-Szego inequality for positive K, due to [182], while on the second
part we will prove an Euclidean-variant of this inequality which is valid for arbitrary CD(K,N) spaces.
On Section 4.3 will be derived a class of local Sobolev inequalities of Euclidean-type in CD(K,N) spaces.
The proof will rely on local isoperimetric inequalities of Euclidean-type, contained in Section 4.3.1, and
on the Euclidean-Polya Szego inequality previously obtained.

Section 4.4 deals with the stability of Sobolev embeddings with respect to mGH-convergence. We
will employ both blow-up and blow-down arguments to derive some sharp lower bounds on the constant
appearing in the Sobolev inequality. These results will be combined in Section 4.5, with the Local Sobolev
inequalities mentioned above, to compute the optimal Sobolev constant αp on compact CD(K,N) spaces
(see (4.5.2) or Section 4.1 for the definition of αp).

The analysis concerning the optimal constant Aopt
q (see (4.6.1) or Section 4.1) will start in Section

4.6, where we will extend some of its classical properties and estimates to the setting of CD spaces. Then
in Section 4.7 we will develop our main tools in concentration-compactness under mGH-convergence. We
will apply these results in Section 4.8, together with a quantitative linearization of the Sobolev inequality
(in Section 4.8.1), to prove the rigidity of Aopt

q in RCD setting. In Section 4.10 we will finally prove the

continuity of Aopt
q under mGH-convergence and use it to prove the almost-rigidity of Aopt

q .
We will conclude in Section 4.11 applying some of the results and the tools developed in the chapter to

analyse the Yamabe equation on RCD(K,N) spaces. We will prove a classical existence result in Section
4.11.1 while in Section 4.11.2 we will show a continuity result for the generalized Yamabe constant under
mGH-convergence, which is new also for Ricci-limits.

All the results that will be presented in this chapter are contained in [185].

4.1. Notations and constants used frequently

For every N ∈ [1,∞) and p ∈ (1, N) the constants

ωN , σN−1, Eucl(N, p),

will denote respectively the (generalized) volume of the N -dimensional unit ball, the (generalized) volume
of the (N − 1)-dimensional sphere and the (generalized) optimal constant in the p-Euclidean-Sobolev
inequality (see (1.1.1) and (1.1.2)). Here generalized means that N is not necessary an integer.

Given a metric measure space (X, d,m), numbers q, p ∈ (1,∞) and constants A,B ≥ 0, we say that
(X, d,m) supports a (q, p)-Sobolev inequality with constants A,B if

‖u‖pLq ≤ A‖|Du|‖
p
Lp +B‖u‖pLp , ∀u ∈W 1,p(X)

(note that the norms are raised to the p-th power). We now recall the two main notions of optimal
constants for the Sobolev inequality that will be investigated in this chapter.

Given a compact CD(K,N) metric measure space (X, d,m) and p ∈ (1, N) and consider the following
(p∗, p)-Sobolev inequality:

(?) ‖u‖pLp∗ ≤ A‖|Du|‖
p
Lp +B‖u‖pLp , ∀u ∈W 1,p(X),

where p∗ := pN
N−p . We define

αp(X) := inf{A : (?) holds with A for some B < +∞}.

Moreover for every q ∈ (2, 2∗] we consider the (q, 2)-Sobolev inequality:

(??) ‖u‖pLq ≤ A‖|Du|‖
2
L2 + m(X)2/q−1‖u‖2L2 , ∀u ∈W 1,p(X),
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and set
Aopt
q (X) := inf{A : (??) holds with A} ·m(X)1−2/q.

4.2. Rearrangement inequalities on RCD(K,N) spaces

4.2.1. Polya-Szego inequality for positive Ricci curvature. In this part we recall the Polya-Szego
inequality for CD(K,N) spaces, with K > 0, derived in [182]. We will also introduce some definitions
and collect some technical results from [182] that will be used in Section 4.2.2 to prove a variant of this
inequality.

Definition 4.2.1 (Distribution function). Let (X, d,m) be a compact metric measure space, Ω ⊆ X an
open set with m(Ω) < +∞ and u : Ω→ [0,+∞) a non-negative Borel function. We define µ : [0,+∞)→
[0,m(Ω)], the distribution function of u, as

(4.2.1) µ(t) := m({u > t}).

For u and µ as above, we let u# be the generalized inverse of µ, defined by

u#(s) :=

{
ess supu if s = 0,

inf {t : µ(t) < s} if s > 0.

It can be checked that u# is non-increasing and left-continuous.
We recall the definition of the one-dimensional CD(N − 1, N)-model space IN = ([0, π], deu,mN ),

where IN := ([0, π], deu,mN ), deu is the Euclidean distance restricted on [0, π] and

mN := 1
cN

sin(t)N−1L 1
|[0,π]

,

with cN :=
�

[0,π]
sin(t)N−1 dt.

Then, given Ω ⊆ X an open set and u : Ω → [0,+∞) a non-negative Borel function, we define the
monotone rearrangement into IN as follows: first we consider r > 0 so that m(Ω) = mN ([0, r]) and define
Ω∗ := [0, r], then we define the monotone rearrangement function u∗N : Ω∗ → R+ as

u∗N (x) := u#(mN ([0, x])), ∀x ∈ [0, r].

In the sequel, whenever u and Ω are fixed, Ω∗ and u∗N will be implicitly defined as above.

Theorem 4.2.2 (Polya-Szego inequality, [182]). Let (X, d,m) be an essentially non branching CD(N −
1, N) space for some N ∈ (1,∞) and Ω ⊆ X be open. Then, for every p ∈ (1,∞), the monotone

rearrangement in IN maps Lp(Ω) (resp. W 1,p
0 (Ω)) into Lp(Ω∗) (resp. W 1,p(Ω∗)) and satisfies:

(4.2.2) ‖u‖Lp(Ω) = ‖u∗N‖Lp(Ω∗), ∀u ∈ Lp(Ω)

(4.2.3)

�
Ω

|Du|p dm ≥
�

Ω∗
|Du∗N |p dmN , ∀u ∈W 1,p

0 (Ω).

We will also need the following rigidity of the Polya-Szego inequality proven in [182, Theorem 5.4].

Theorem 4.2.3. Let (X, d,m) be an RCD(N − 1, N) space for some N ∈ [2,∞) with m(X) = 1 and
p ∈ (1,∞). Let Ω ⊂ X be an open set and assume that there exists a non-negative and non-constant

function u ∈W 1,p
0 (Ω) achieving equality in (4.2.3).

Then (X, d,m) is isomorphic to a spherical suspension, i.e. there exists an RCD(N − 2, N − 1) space
(Z, dZ,mZ) with mZ(Z) = 1 so that X ' [0, π]×Nsin Z.

Remark 4.2.4. Observe that in Theorem 4.2.3 we did not assume that m(Ω) < 1, assumption that is
actually present in Theorem 5.4 of [182]. This is intentional, since we will need to apply Theorem 4.2.3
precisely in the case Ω = X. This is possible since the arguments in [182] work also in the case Ω = X
without modification. The only part where the argument does not cover the case Ω = X is the proof of
the approximation Lemma 3.6 in [182], which however can be easily adapted (see Lemma 4.2.5 below).

�

The following technical result will be needed in Section 4.2.2. We include a sketch of the argument in
the case Ω = X, to further justify the validity of Theorem 4.2.3 also in this case (see the above Remark).
Recall also that |Du|1 denotes the absolutely continuous part of the total variation (see Section 1.2.6).

Lemma 4.2.5 (Approximation with non-vanishing gradients). Let (X, d,m) be a CD(K,N) metric mea-
sure space with N < +∞, and let Ω ⊂ X be open with m(Ω) < +∞. Then for any non-negative u ∈ LIPc(Ω)
there exists a sequence of non-negative un ∈ LIPc(Ω) satisfying |Dun|1 6= 0 m-a.e. in {un > 0} and such
that un → u in W 1,p(X).
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Proof. The case Ω 6= X has been proven in [182, Lemma 3.6 and Corollary 3.7]. The proof presented
there, as it is written, does not cover the case Ω = X with X compact. However, the argument can be
easily adapted by considering a sequence εn → 0 such that m({lip(un) = εn}) = 0 and taking

un := u+ εnv,

with v(x) := d(x0, x), for an arbitrary fixed point x0 ∈ X. Since v ∈ LIP(X) and lip(v) = 1 m-a.e. in
X, arguing exactly as in [182, Lemma 3.6] we get that un → u in W 1,p(X) and lip(un) 6= 0 m-a.e. in
{un > 0}. To get the claimed non-vanishing of |Dun|1, as in [182, Corollary 3.7] we use the existence of
a constant c > 0 such that

|Du|1 ≥ clip(u), m-a.e.,

for every u ∈ LIPloc(X), which holds from the results in [27] and the fact that CD(K,N) spaces are
PI-spaces. �

Lemma 4.2.6 (Derivative of the distribution function). Let (X, d,m) be a metric measure space and let
Ω ⊆ X be an open subset with m(Ω) < +∞. Assume that u ∈ LIPc(Ω) is non-negative and |Du|1(x) 6= 0
for m-a.e. x ∈ {u > 0}. Then its distribution function µ : [0,+∞) → [0,m(Ω)], defined in (4.2.1), is
absolutely continuous. Moreover it holds

(4.2.4) µ′(t) = −
�

1

|Du|1
dPer({u > t}) for a.e. t,

where the quantity 1/|Du|1 is defined to be 0 whenever |Du|1 = 0.

4.2.2. Polya-Szego inequality of Euclidean-type. The goal of this section is to produce an
Euclidean-version of the Polya-Szego inequality for CD(K,N) spaces derived in [182] and recalled in
the previous section. The main difference is that our inequality holds for arbitrary K ∈ R and assumes
the a-priori validity of an Euclidean-type isoperimetric inequality, while the one in [182] is only for K > 0
and is based on the Lévy-Gromov isoperimetric inequality for the CD(K,N) condition. As opposed to
Section 4.2.1 where the symmetrization has as target the model space for the CD(K,N) condition with
K > 0, we will use a notion of symmetrization that lives in the weighted half line ([0,∞), deu, t

N−1L 1). It
should be remarked that, in general, there is not a natural curvature model space to symmetrize functions
defined on an arbitrary CD(K,N)-space with K ≤ 0. This is because there is not a unique model-space
for the Lévy-Gromov isoperimetric inequality in the case K ≤ 0 (see [178]). Therefore, it is unclear in this
high-generality where the rearrangements should live. For this reason we will equip the metric measure
spaces under consideration with a (possibly local) isoperimetric inequality of Euclidean-type:

Per(E) ≥ Cm(E)
N−1
N ,

for N > 1 and C a non-negative constant.
We start with the definition of Euclidean model-space (I0,N , deu,m0,N ), N ∈ (1,∞):

I0,N := [0,∞), m0,N := σN−1t
N−1L 1,

where deu is the Euclidean distance. Next, we define the Euclidean monotone rearrangement.

Definition 4.2.7 (Euclidean monotone rearrangement). Let (X, d,m) be a metric measure space and
Ω ⊂ X be open with m(Ω) < +∞. For any Borel function u : Ω → R+, we define Ω∗ := [0, r] with
m0,N ([0, r]) = m(Ω) (i.e. rN = N

σN−1
m(Ω)) and the monotone rearrangement u∗0,N : Ω∗ → R+ by

u∗0,N (x) := u#(m0,N ([0, x])) = u#
(σN−1x

N

N

)
, ∀x ∈ Ω∗,

where u# is the generalized inverse of the distribution function of u, as defined in Section 4.2.1.

In the sequel, whenever we fix Ω and u : Ω → [0,∞), the set Ω∗ and the rearrangement u∗0,N are
automatically defined as above.

Proposition 4.2.8. Let (X, d,m) be a metric measure space and Ω ⊂ X be open and bounded with
m(Ω) < +∞. Let u : Ω → [0,+∞) be Borel and let u∗0,N : Ω∗ → [0,+∞) be its Euclidean monotone
rearrangement. Then, u and u∗0,N have the same distribution function. Moreover

(4.2.5) ‖u‖Lp(Ω) = ‖u∗0,N‖Lp(Ω∗), ∀1 ≤ p < +∞,

and the decreasing rearrangement operator Lp(Ω) 3 u 7→ u∗0,N ∈ Lp(Ω∗) is continuous.
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The proof of the above proposition is classical, following e.g. [154], with straightforward modification
for the metric measure setting which plays no role (see also [182]). Observe also that, given u ∈ Lp(m),
its monotone rearrangement must be defined by fixing a Borel representative of u. However, this choice
does not affect the outcome object u∗0,N , as clearly the distribution function µ(t) of u is independent of
the representative.

We now introduce the additional assumption that will make this section meaningful. For some open
set Ω ⊂ X and a number N ∈ (1,∞) we require the validity of the following local Euclidean-isoperimetric
inequality

(4.2.6) Per(E) ≥ CIsopm(E)
N−1
N , ∀E ⊂ Ω Borel.

where CIsop is a positive constant independent of E.

Remark 4.2.9. There is a rich literature about Euclidean-type isoperimetric inequalities in metric mea-
sure spaces. In particular inequalities as in (4.2.6) have been proven to hold, at least on balls, in the
general setting of locally doubling metric measure spaces satisfying a weak (1, 1)-Poincaré inequality(see,
e.g., [9,179]). In the context of CD(K,N) spaces, local almost-Euclidean isoperimetric inequalities have
ben derived in [66], while in the recent [42], a global version of (4.2.6) is proven to hold in CD(0, N)
spaces with Euclidean-volume growth. In our specific case the validity of (4.2.6) will come from Theorem
4.3.1. �

Proposition 4.2.10 (Lipschitz-to-Lipschitz property of the rearrangement). Let (X, d,m) be a metric
measure space and let Ω ⊂ X be open with m(Ω) < +∞. Assume furthermore that for some N ∈ (1,∞)
and CIsop > 0 the isoperimetric inequality in (4.2.6) holds in Ω. Finally, let u ∈ LIPc(Ω) be non-negative
with Lipschitz constant L ≥ 0 and such that |Du|1(x) 6= 0 for m-a.e. x ∈ {u > 0}.

Then u∗0,N ∈ LIP(Ω∗) with Lip(u∗0,N ) ≤ Nω
1
N

N L/CIsop.

Proof. We closely follow [182]. Let µ be the distribution function associated to u and denote by
M := supu < +∞. The assumptions grant that µ is continuous and strictly decreasing. Therefore for
any s, k ≥ 0 such that s+ k ≤ m(Ω) we can find 0 ≤ t− h ≤ t ≤ M in such a way that µ(t− h) = s+ k
and µ(t) = s. Then from the coarea formula (1.3.12) and the L-Lipschitzianity of u we get

(4.2.7)

� t

t−h
Per({u > r}) dr =

�
{t−h≤u<t}

|Du|1 dm ≤ L(µ(t− h)− µ(t)) = kL.

Observe that {u > r} ⊂ Ω for every r > 0, therefore we can apply the isoperimetric inequality (4.2.6) and
obtain that

Per({u > r}) ≥ CIsopµ(r)
N−1
N , ∀r > 0.

Therefore from (4.2.7) and the monotonicity of µ we obtain

kL ≥ CIsop

� t

t−h
µ(r)

N−1
N dr ≥ CIsophµ(t)

N−1
N ,

from which, observing that in this case u# is the inverse of µ, we reach

u#(s)− u#(s+ k) ≤ s−1+1/NC−1
IsopkL.

In particular u# is locally-Lipschitz and at every one of its differentiability points s ∈ (0,m(Ω)) it holds
that

− d

ds
u#(s) ≤ s1−1/NC−1

IsopL.

Fix now two arbitrary and distinct points x, y ∈ Ω∗ and assume without loss of generality that y > x.
Recalling the definition of u∗0,N we have that u∗0,N (x) ≥ u∗0,N (y) and

u∗0,N (x)− u∗0,N (y) = u#
(σN−1x

N

N

)
− u#

(σN−1y
N

N

)
=

� σN−1y
N

N

σN−1x
N

N

− d

ds
u#(s) ds

≤
� σN−1y

N

N

σN−1x
N

N

s−1+1/N

CIsop
Lds =

(σN−1

N

) 1
N NL

CIsop
|x− y|,

which proves that u∗0,N : Ω∗ → [0,∞) is Nω
1
N

N L/CIsop-Lipschitz. �

The proof of the following result is exactly the same as in Lemma 3.11 of [182], since the only relevant
fact for the proof is that m0,N = hNL 1 with a weight hN which is bounded away from zero out of the
origin (recall also (1.2.1)).
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Lemma 4.2.11. Let p ∈ (1,∞). Let u ∈ W 1,p([0, r], deu,m0,N ), with r ∈ (0,∞), be monotone. Then

u ∈W 1,1
loc (0, r) and it holds that

|Du|1(t) = |u′|(t) = |Du|(t), for a.e. t ∈ [0, r].

We can finally state and prove our version of the Polya-Szego rearrangement inequality.

Theorem 4.2.12 (Euclidean Polya-Szego inequality). Let (X, d,m) be a CD(K,N ′) space, K ∈ R N ′ ∈
(1,∞) and let Ω ⊂ X be open with m(Ω) < +∞. Assume furthermore that for some N ∈ (1,∞) and
CIsop > 0 the isoperimetric inequality in (4.2.6) holds in Ω.

Then the Euclidean rearrangement maps W 1,p
0 (Ω) to W 1,p(Ω∗, deu,m0,N ) for any 1 < p < +∞.

Moreover for any u ∈W 1,p
0 (Ω) it holds

(4.2.8)

�
Ω

|Du|pdm ≥
(

CIsop

Nω
1/N
N

)p �
Ω∗
|Du∗0,N |pdm0,N .

Proof. The proof is a minor modification of the arguments in [182], we will however include most
of the details. We first prove the result assuming that u ∈ LIPc(Ω) and |Du|1(x) 6= 0 for m-a.e. x ∈
{u > 0}, then the general case will follow by approximation. Set M := supu and define the functions
ϕ,ψ : [0,M ]→ R+ as follows

ϕ(t) :=

�
{u>t}

|Du|p1 dm, ψ(t) :=

�
{u>t}

|Du|1 dm.

An application of the coarea formula (1.2.17) gives at once that both ϕ and ψ are absolutely continuous
with

ϕ′(t) = −
�
|Du|p−1

1 dPer({u > t}), ψ′(t) = −Per({u < t}), for a.e. t ∈ [0,M ],

for any fixed Borel representative of |Du|1. For this reason we fix from now until the end of the proof one
of such representatives. From the Hölder inequality we have

ψ(t− h)− ψ(t) ≤ (ϕ(t− h)− ϕ(t))1/p(µ(t− h)− µ(t))(p−1)/p, 0 ≤ t− h ≤ t < M,

where µ denotes the distribution function of u. From Lemma 4.2.6, we know that also µ is absolutely
continuous, in particular we have that a.e. t ∈ [0,M ] is at the same time a differentiability point for ϕ,ψ
and µ. Choosing one of such t’s in the above inequality, dividing by h and passing to the limit as h→ 0+

we obtain

−ψ′(t) ≤ (−ϕ′(t))1/p(−µ′(t))(p−1)/p, for a.e. t ∈ [0,M ].

Moreover, by the validity of (4.2.6), we have that Per({u > t}) ≥ CIsopµ(t)(N−1)/N . Therefore

−ϕ′(t) ≥
CpIsopµ(t)

(N−1)p
N

(−µ′(t))p−1
, for a.e. t ∈ [0,M ].

and integrating we reach

(4.2.9)

�
Ω

|Du|p1 dm =

� M

0

−ϕ′(t) dt ≥
� M

0

CpIsopµ(t)
(N−1)p
N

(−µ′(t))p−1
dt.

Recall now from Proposition 4.2.8 that µ(t) = m({u∗0,N > t}), where u∗0,N : Ω∗ → R+ is the Euclidean

monotone rearrangement. Moreover, thanks to the non-vanishing assumptions on |Du|1, we have from
Proposition 4.2.10 that u∗0,N ∈ LIP(Ω∗). Additionally u∗0,N is strictly decreasing in (0,M) and in particular

{u∗0,N > t} = [0, rt) for some rt ∈ [0,m(Ω)], for every t ∈ (0,M). Combining these observations with
Lemma 4.2.6 and recalling also Lemma 4.2.11 we have following expression for the derivative of µ:

−µ′(t) =

�
{u∗0,N=t}

|Du∗0,N |−1
1 dPer({u∗0,N > t}) =

Per({u∗0,N > t})
|(u∗0,N )′|(rt)

for a.e. t ∈ (0,M),

where rt is as above. It is clear that Per([0, r)) = σN−1r
N−1 for every r ∈ (0,∞) (where the perimeter is

computed in the space (I0,N , deu,m0,N )), therefore

(4.2.10) µ(t)
N−1
N =

(σN−1

N

)N−1
N rN−1

t =
Per({u∗0,N > t})

Nω
1
N

N

,

and thus we can finally obtain that

−µ′(t) = Nω
1
N

N

µ(t)
N−1
N

|(u∗0,N )′|(rt)
for a.e. t ∈ [0,M ].
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Plugging this identity in (4.2.9) and using again (4.2.10) (recalling also Lemma 4.2.11)�
Ω

|Du|p1 dm ≥ CpIsop(Nω
1/N
N )1−p

� M

0

|(u∗0,N )′|(rt)p−1µ(t)
(N−1)
N dt

=
( CIsop

Nω
1/N
N

)p � M

0

|(u∗0,N )′|(rt)p−1Per({u∗0,N > t}) dt

=
( CIsop

Nω
1/N
N

)p � M

0

�
|(u∗0,N )′|(rt)p−1dPer({u∗0,N > t}) dt =

( CIsop

Nω
1/N
N

)p �
Ω∗
|Du∗0,N |p dm.

Recalling that |Du|1 ≤ lip u m-a.e. for every u ∈ LIPbs(X), we obtain (4.2.8). In the case of a general

u ∈ W 1,p
0 (Ω) the result follows via approximation exploiting Lemma 4.2.5 exactly as in the proof of

Theorem 1.4 in [182]. �

Remark 4.2.13. It follows from its proof that Theorem 4.2.12 holds with the weaker assumption that
(X, d,m) is uniformly locally doubling and supports a weak (1, 1)-Poincaré inequality. Recall also from
Remark 4.2.9 that under these assumptions an isoperimetric inequality as in (4.2.6) is available. �

4.3. Local Sobolev inequalities

The main goal of this section is to prove a class of local almost-Euclidean Sobolev inequalities. The
strategy of the proof will be first to derive some almost-Euclidean isoperimetric inequalities and then to
apply the rearrangement inequality that we developed in Section 4.2.2.

4.3.1. Local almost-Euclidean isoperimetric inequalities. In this short section we are going to
prove a class local almost-Euclidean isoperimetric inequalities in the non-smooth setting. Our proof relies
on the Brunn-Minkowski inequality and it is mainly inspired by [42], where sharp global isoperimetric
inequalities for CD(0, N) spaces have been proved (see also [29] for a refinement and the previous [52] and
[110] for the same result in the smooth case). It is worth to mention that a class of ‘almost-Euclidean’
isoperimetric inequalities in essentially nonbranching CD-spaces, similar to the following ones, were proved
in [66] via localization-technique. However, the results in [66] present a set of assumptions that are not
suitable for our purposes. Moreover our argument is different and does not assume the space to be
essentially non-branching.

Theorem 4.3.1 (Almost-Euclidean isoperimetric inequality). Let (X, d,m) be a CD(K,N) space for some

N ∈ (1,∞),K ∈ R. Then for every 0 < r < R < 1
2

√
N/K− (where

√
N/K− = +∞ for K ≥ 0) and

x ∈ X we have

(4.3.1) PerE ≥ m(E)
N−1
N Nω

1
N

N θ
1
N

N,R(x)(1− (2C1/N + 1)δ − 2η), ∀E ⊂ Br(x),

where δ := r
R , η := R

√
K−/N and C := θN,r(x)/θN,R(x).

Proof. It is sufficient to prove (4.3.1) with the Minkowski content m(E)+ instead of the perimeter.
Indeed we could then apply the approximation result in Proposition 1.2.27 to deduce that for every
r′ ∈ (r,R), (4.3.1) holds with r = r′ (this time with Per(E)). Noticing that θN,r′(x)→ θN,r(x) as r′ ↓ r,
sending r′ → r would give the conclusion.

Let r,R ∈ R+ with r < R and fix E ⊂ Br(x0) with m(E) > 0. We aim to apply the Brunn-Minkowski
inequality to the sets A0 := E, A1 := BR(x0). The triangle inequality easily yields that At ⊂ Et(r+R) for
every t ∈ (0, 1) (recall that Eε is the ε-enlargement of the set E, while At is the set of t-midpoint between
A0, A1). We consider first the case K ≥ 0. From the Brunn-Minkowski applied with K = 0 we obtain

m+(E) = lim
ε→0+

m(Eε)−m(E)

ε
= lim
t→0+

m(Et(r+R))−m(E)

t(r +R)

(1.3.4)

≥ lim
t→0+

(
tm(BR(x0))1/N + (1− t)m(E)1/N

)N −m(E)

t(r +R)

= Nm(E)
N−1
N

m(BR(x0))1/N −m(E)1/N

r +R

≥ Nm(E)
N−1
N

m(BR(x0))1/N −m(Br(x0))1/N

r +R
,

where we have used that E ⊂ Br(x0). If instead K < 0, arguing analogously we obtain

m+(E) ≥ Nm(E)
N−1
N

r +R

( θ
√
−K/N

sinh(θ
√
−K/N)

m(BR(x0))
1
N −

θ
√
−K/N cosh(θ

√
−K/N)

sinh(θ
√
−K/N)

m(Br(x0))
1
N

)
,
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where as above θ denotes the maximal length of geodesics from A0 to A1. It is clear that θ ≤ r + R.
Moreover for t ≤ 1 we both have 1− t ≤ t/ sinh(t) ≤ 1 and cosh(t) ≤ 1+ t. In particular if R ≤ 1

2

√
−N/K

we obtain that

m+(E) ≥ Nm(E)
N−1
N

(1−
√
−K/N(r +R))m(BR(x0))1/N − (1 +

√
−K/N(r +R))m(Br(x0))1/N

r +R
.

Going back to the case of a general K ∈ R, combining the above estimates and rearranging the terms we
reach

m+(E) ≥
m(E)

N−1
N Nω

1
N

N θN,R(x)
1
N

1 + r/R

(
(1−

√
K−

N (r +R))− (1 +

√
K−

N (r +R))
r

R

( θN,r(x)

θN,R(x)

) 1
N
)
,

provided R ≤ 1
2

√
N/K−. Setting δ := r

R , η := R
√
K−/N and C := θN,r(x)/θN,R(x), the above gives

m+(E) ≥ m(E)
N−1
N Nω

1
N

N θN,R(x)
1
N

1

1 + δ

(
(1− 2η)− (1 + 2η)δC

1
N

)
that easily implies the conclusion. �

4.3.2. Proof of the local Sobolev inequalities. In this section we will prove the following result.

Theorem 4.3.2 (Local Euclidean-Sobolev inequality). For every ε > 0, N ∈ (1,∞) and D > 0 there
exists δ = δ(ε,D,N) > 0 such that the following holds. Let (X, d,m) be a CD(K,N) space, N < +∞. Let

r,R ∈ (0, 1
2

√
N/K−) and x ∈ X be such that r < δR, R < δ

√
N/K− (with

√
N/K− := +∞ if K ≥ 0)

and m(Br(x))
m(BR(x)) ≤ D

rN

RN
. Then

(4.3.2) ‖u‖Lp∗(m) ≤ (1 + ε)Eucl(N, p)

(
m(BR(x))

RNωN

)− 1
N

‖|Du|‖Lp(m), ∀u ∈ LIPc(Br(x)).

The strategy of the proof will be to argue via symmetrization exploiting the local isoperimetric
inequalities obtained in the previous and the following classical one-dimensional inequality by Bliss [50]
(see also [33,202]).

Lemma 4.3.3 (Bliss inequality). Let u ∈ ACloc(R). Then for any 1 < p < N it holds

(4.3.3)
(
σN−1

� ∞
0

|u|p
∗
tN−1 dt

) 1
p∗ ≤ Eucl(N, p)

(
σN−1

� ∞
0

|u′|p tN−1 dt
) 1
p

,

whenever one side is finite and where p∗ = pN/(N − p). Moreover the functions vb(r) := (1 + br
p
p−1 )

p−N
p ,

b > 0, satisfy (4.3.3) with equality.

Proof of Theorem 4.3.2. Fix u ∈ LIPc(Br(x)) and consider u∗0,N : Br(x)∗ → [0,∞) be the

Euclidean-rearrangement of u as in Definition 4.2.7, where Br(x)∗ = [0, t] for some t > 0. The lo-
cal Euclidean-isoperimetric inequality given by Theorem 4.3.1 implies that the hypotheses of Theorem

4.2.12 are fulfilled with Ω = Br(x) and CIsop = (1 − (2D1/N + 1)δ′ − 2η)Nω
1
N

N θN,R(x)
1
N , with δ′ := r

R ,

η := R
√
K−/N and D := θN,r(x)/θN,R(x). In particular it holds that u∗0,N ∈W 1,p([0, t], |.|,m0,N ), which

implies (recall (1.2.1)) that u∗0,N ∈ W
1,1
loc (0, t) with (u∗0,N )′ ∈ Lp((0, t),m0,N ) and |Du∗0,N | = |(u∗0,N )′| a.e.

and thus that u∗0,N satisfies the assumptions for the Bliss inequality. Recall also from Proposition 4.2.8

that ‖u∗0,N‖Lp(m0,N ) = ‖u‖Lp(m) for every p ∈ [1,∞). Therefore we are in position to apply the Euclidean

Polya-Szego inequality given by (4.2.8), that combined with the Bliss-inequality (4.3.3) gives

‖u‖Lp∗(m) = ‖u∗0,N‖Lp∗ (m0,N )

(4.3.3)

≤ Eucl(N, p)‖|Du∗0,N |‖Lp(m0,N )

(4.2.8)

≤ Eucl(N, p)θN,R(x)−
1
N

(1− (2D1/N + 1)δ′ − 2η)
‖|Du|‖Lp(m).

Finally, we manipulate in the above to notice that there is an admissible δ := δ(ε,D,N) so that (4.3.2)
holds. �

We end this section with another simpler variant of local Sobolev inequality. It will be needed to
deal with cases in which θN (x) = +∞, when Theorem 4.3.2 degenerates to trivial informations at small
scales.
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Proposition 4.3.4 (Local Sobolev embedding). Let (X, d,m) be a CD(K,N) space for some N ∈ [1,∞),
K ∈ R. Then, for every p ∈ (1, N) and every Br(x) ⊂ X with r ≤ 1, it holds

(4.3.4)
(�

Br(x)

|u|p
∗

dm
) p
p∗ ≤

(Cm(Br(x))

rN

)− p
N

�
B2r(x)

|Du|p dm + 2pm(Br(x))−
p
N

�
Br(x)

|u|p dm,

for every u ∈ LIP(X), where p∗ = pN/(N − p) and C = C(K,N, p).

Proof. Applying (1.3.7) and the Bishop-Gromov inequality(�
Br(x)

|u|p
∗

dm
) 1
p∗ ≤ C1r

m(Br(x))1/p∗

m(B2r(x))1/p

( �
B2r(x)

|Du|p
) 1
p

+ m(Br(x))1/p∗ |uBr(x)|

≤ C2r
m(Br(x))1/p∗

m(Br(x))1/p

( �
B2r(x)

|Du|p
) 1
p

+ m(Br(x))
1
p∗−

1
p

(�
Br(x)

|u|p dm
) 1
p

,

for suitable positive constants C1, C2 depending only on K,N, p. The desired conclusion follows elevating
to the p the above inequality. �

4.4. Stability of Sobolev embeddings under mGH-convergence

In this section we show that if a pmGH-converging sequence of spaces satisfy a Sobolev embedding
with some constants, then also the limit space satisfy the same embedding with the same constants (see
Lemma 4.4.1). We will then combine this fact with both blow-up and blow-down arguments to derive
lower bounds for Sobolev constants.

4.4.1. Blow-up analysis of Sobolev constants. We start proving the following stability result for
Sobolev embeddings (see also [141, Thm. 3.1] for a similar result for Ricci-limits).

Lemma 4.4.1 (pmGH-Stability of Sobolev constants). Let (Xn, dn,mn, xn), n ∈ N̄, be a sequence of

CD(K,N) spaces for some K ∈ R, N ∈ (1,∞) with Xn
pmGH→ X∞. Suppose Xn support a (q, p)-Sobolev

inequality for 1 < p < q with constants A,B. Then also X∞ supports a (q, p)-Sobolev inequality with the
same constants A,B.

Proof. Fix u ∈ LIPc(X∞). From the Γ-lim inequality of the Chp energy, there exists a sequence

un ∈ W 1,p(X∞) such that un converges in Lp-strong to u and limn

�
|Du|p dmn ≤

�
|Du|p dm∞. In

particular

lim
n
‖un‖pLq(mn) ≤ lim

n→∞
A‖|Dun|‖pLp(mn) +B‖un‖pLp(mn)

≤ A‖|Du|‖pLp(m∞) +B‖u‖pLp(m∞) < +∞.

Therefore un converge also Lq-weak to u. From the lower semicontinuity of the Lq-norm with respect to
Lq-weak convergence and the arbitrariness of u ∈ LIPc(X∞) the conclusion follows. �

Our goal will be to employ the above result to get lower bounds for the constants in critical Sobolev
inequalities. To key fact is the following scaling properties of the Sobolev constants: if a space (X, d,m)

supports a (p∗, p)-Sobolev inequality with constants A,B, where p ∈ (1, N) and p∗ := pN
N−p , then for every

r > 0 we have that

(4.4.1) (X, d/r,m/rN ) supports a (p∗, p)-Sobolev with constants A,Brp.

We now show that if a space satisfies m(Br(x0))
ωNrN

= 1 for every r ∈ (0,∞), then its Sobolev constant is
at least the one of the Euclidean space.

We need the following result, that is a consequence of the existence of the disintegration and can be
found for example in [95, Corollary 3.8].

Lemma 4.4.2. Let (X, d,m) be a CD(0, N) space with N ∈ [1,∞). Suppose that for some x0 ∈ X it holds

that m(Br(x0))
ωNrN

= 1 for every r ∈ (0,∞), then�
ϕ(d(x0, x)) dm = σN−1

� ∞
0

ϕ(r)rN−1 dr, ∀ϕ ∈ Cc([0,∞]).

Lemma 4.4.3. Let (X, d,m) be a CD(0, N) space, N ∈ [1,∞) and set p∗ := pN
N−p . Suppose that for some

x0 ∈ X it holds that m(Br(x0))
ωNrN

= 1 for every r ∈ (0,∞). Then there exists a sequence of non-constant

functions un ∈ LIPc(X) satisfying

lim
n

‖un‖Lp∗ (m)

‖|Dun|‖Lp(m)
≥ Eucl(N, p).
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Proof. Let v : [0,∞) → [0,∞), v ∈ C∞(0,∞), be an extremal function for the Bliss inequality
(4.3.3) as given by Lemma 4.3.3. It can be easily shown that we can approximate v with functions
vn ∈ LIPc([0,∞)) so that ‖vn‖Lp∗ (hNL 1) → ‖v‖Lp∗ (hNnL 1) and ‖v′n‖Lp∗ (hNL 1) → ‖v′‖Lp∗ (hNL 1), where

hN L 1 = σN−1t
N−1 L 1. For example we can take vn := ϕn(ub) with ϕn ∈ LIP[0,∞), ϕn ≥ 0, ϕn(t) ≤ |t|,

Lip(ϕn) ≤ 2, ϕn(t) = t in [2/n,∞) and supp(ϕn) ⊂ [1/n,∞). The claimed approximation of the norms
then follows immediately from the fact that v is decreasing and vanishing at infinity. Therefore we have

(4.4.2) lim
n

‖vn‖Lp∗ (hnL 1)

‖v′n‖Lp(hnL 1)
= Eucl(N, p).

We can now define un := vn ◦dx0
, where dx0

(.) := d(x0, .). We clearly have that un ∈ LIPc(X) and from the
chain rule also that |Dun| = |v′n| ◦ dx0

|Ddx0
| ≤ |v′n| ◦ dx0

m-a.e., since dx0
is 1-Lipschitz. Hence applying

Lemma 4.4.2 we obtain ‖un‖Lp∗ (m) = ‖vn‖Lp∗ (hNL 1) and ‖|Dun|‖Lp(m) ≤ ‖v′n‖Lp(hNL 1). This combined

with (4.4.2) (up to passing to a subsequence) gives the conclusion. �

We can now prove our main lower bound on the Sobolev constant in terms of the local density.

Theorem 4.4.4 (Lower bound on Sobolev constants). Let (X, d,m) be a CD(K,N) space, K ∈ R, N ∈
(1,∞) that supports a (p∗, p)-Sobolev inequality with constants A,B for some p ∈ (1, N). Then

(4.4.3) A ≥ Eucl(N, p)p

θN (x)
p
N

, ∀x ∈ X.

Proof. If θN (x) = ∞, there is nothing to prove. Hence we can assume that θN (x) < +∞. From
the compactness and stability of the CD(K,N) condition, there exists a sequence ri → 0 such that
Xi := (X, d/ri,m/ri

N , x) pmGH-converge to a CD(0, N) space (Y, dY,mY, p). Moreover, from (4.4.1) we
have that Xi supports a (p∗, p)-Sobolev inequality with constants A, rpiB. This combined with Lemma 4.4.1
shows that (Y, dY,mY) supports a (p∗, p)-Sobolev inequality with constants A, 0. However we clearly have

that mY satisfies mY(Br(p))
ωNrN

= θN (x) for every r > 0. Therefore Lemma 4.4.3 ensures that A ≥ Eucl(N,p)p

θN (x)
p
N

,

which is what we wanted. �

4.4.2. Sharp Sobolev inequality under Euclidean volume growth. With the same technique of
the previous section, arguing instead via blow-down we recover a result (see Theorem 4.4.5 below) proved
in [160] (see also [161] for the case p = 2), which is the non-smooth analogue of a result due to Ledoux
[162] and improved by Xia [213]. We mention also [104] and [214] for analogous statements for different
classes of embeddings. In all the cited works the arguments are based on intricate ODE-comparison
(originated in Ledoux [162] and inspired by the previous[41]) and heavily rely on the explicit knowledge
of the extremal functions. However we are able to give a short proof of Theorem 4.4.5, which uses a more
direct blow-down procedure, that we believe being interesting on its own. The main advantage of this
approach is that we will never need, as opposed to the ODE-comparison approach, the explicit expression
of the extremals functions in the Euclidean Sobolev inequality.

Theorem 4.4.5. Let (X, d,m) be an CD(0, N), N ∈ (1,∞) such that for some p ∈ (1, N) and A > 0

‖u‖Lp∗ (m) ≤ A‖|Du|‖Lp(m), ∀u ∈ LIPc(X),

where p∗ := pN
N−p . Then X has Euclidean volume-growth and

(4.4.4) AVR(X) ≥
(Eucl(N, p)

A

)N
.

Proof. The fact that m(X) = +∞ can be immediately seen by plugging in the Sobolev inequality
functions uR ∈ LIPc(X) so that uR = 1 in BR(x0) supp(uR) ⊂ B2R(x0) and Lip(uR) ≤ 1/R and sending
R→ +∞. The fact that X has Euclidean volume growth follows by considering instead functions uR(.) :=
(R− dx0(.))+ as R→ +∞ with fixed x0 ∈ X and using the Bishop-Gromov inequality.

It remains to prove (4.4.4). We argue via blow-down. Let Ri → +∞. From the Euclidean volume-
growth property, up to passing to a non relabelled subsequence, the rescaled spaces (X, d/Ri,m/R

N
i , x0),

x0 ∈ X, pmGH-converge to an CD(0, N) space (Y, dY,mY ,oY) satisfying m(BR(oY))
ωNrN

= AVR(X). Then

(4.4.4) follows from Lemma 4.4.3. �

We conclude combining the above result with the local-Sobolev inequalities in Theorem 4.3.2 to derive
sharp Sobolev inequalities on CD(0, N) spaces with Euclidean volume growth. We mention that the a
proof of the following result via symmetrization was suggested in [42, Sec. 5.2].
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Theorem 4.4.6. Let (X, d,m) be a CD(0, N) space for some N ∈ (1,∞) and with Euclidean volume
growth. Then, for every p ∈ (1, N), it holds

(4.4.5) ‖u‖Lp∗ (m) ≤ Eucl(N, p)AVR(X)
− 1
N ‖|Du|‖Lp(m), ∀u ∈ LIPc(X).

Moreover (4.4.5) is sharp.

Proof. Fix x ∈ X. From the definition of AVR(X), for every r big enough θN,r(x) ≤ 2AVR(X). Fix
one of such r > 0. From the Bishop-Gromov inequality we also have that θN,R(x) ≥ AVR(X) for every
R > 0. In particular θN,r(x)/θN,R(x) ≤ 2 for every R > 0. Hence by Theorem 4.3.2 (for K = 0) we have
that for every ε > 0, there exists δ = δ(ε) > 0 so that for every R > r/δ the following local Euclidean
Sobolev inequality holds:

‖u‖Lp∗(m) ≤ (1 + ε)Eucl(N, p)θN,R(x)−
1
N ||Du|‖Lp(m), ∀u ∈ LIPc(Br(x)).

Taking R→∞ we achieve

‖u‖Lp∗(m) ≤ (1 + ε)Eucl(N, p)AVR(X)−
1
N ||Du|‖Lp(m), ∀u ∈ LIPc(Br(x)).

Finally, since ε was chosen independently of r > 0, we can first take ε ↓ 0 and then send r → +∞
to achieve the first part of the statement. The sharpness of (4.4.5) follows immediately from Theorem
4.4.5. �

4.5. Best Sobolev constant in compact CD spaces

We recall the following notion of best constant in the Sobolev inequality. Let (X, d,m) be a CD(K,N)
space with N ∈ (1,∞), p ∈ (1, N) and consider the following inequality

(4.5.1) ‖u‖p
Lp∗ (X)

≤ A‖|Du|‖pLp(X) +B‖u‖pLp(X), ∀u ∈W 1,p(X).

We define

(4.5.2) αp(X) := inf{A : (4.5.1) holds for some B}.
Extending a famous result by Aubin for Riemannian manifolds [32] we compute the constant αp(X)

in every compact CD(K,N) space:

Theorem 4.5.1. Let (X, d,m) be a compact CD(K,N) space with N ∈ (1,∞). The for every p ∈ (1, N)

(4.5.3) αp(X) =

(
Eucl(N, p)

infx∈X θN (x)
1
N

)p
,

where θN (x) := limr→0
m(Br(x))
ωNrN

, x ∈ X.

In view of Theorem 4.4.4 to prove Theorem 4.5.1 it is sufficient to prove the following result. The
strategy of the proof is by-now classical and combines local-Sobolev inequalities and partitions of unity
(see [32], [33, Chp. 2], [136, Theorem 4.5] and also [5, Prop. 3.3]).

Theorem 4.5.2 (Upper bound on αp). Let (X, d,m) be a compact CD(K,N) space, for some N ∈ [1,∞),
K ∈ R. Then, for every ε > 0 and every p ∈ (1, N), there exists a constant B = B(ε, p,X) > 0 such that

(4.5.4) ‖u‖pLp∗(m) ≤
( Eucl(N, p)p

infX θN (x)p/N
+ ε
)
‖|Du|‖pLp(m) +B‖u‖pLp(m), ∀u ∈ LIP(X).

Proof. We start claiming that the following local version of (4.5.4) holds: for any x ∈ X and every
ε > 0 there exists r = r(ε, x) > 0 and C = C(ε, p, x) < +∞ such that

(4.5.5) ‖u‖p
Lp∗ (m)

≤
( Eucl(N, p)p

infX θN (x)p/N
+ ε
)
‖|Du|‖pLp(m) + C‖u‖pLp(m), ∀u ∈ LIPc(Br(x)).

To show the above we observe first that in the case that θN (x) = +∞, (4.5.5) follows immediately
from (4.3.4) for r small enough. We are left with the case 0 < θN (x) < +∞. We start by fixing
ε ∈ (0, 1/2). From the definition of θN (x), there exists r′ = r′(x, ε) so that for every r ∈ (0, r′) it holds

that θN,r(x) ∈ ((1− ε)θN (x), (1 + ε)θN (x)). In particular we have that
θN,r(x)
θN,R(x) ≤ 4 for every r,R ∈ (0, r′).

We are therefore in position to apply Theorem 4.3.2 and deduce that there exists δ = δ(ε,N) so that for

every r,R ∈ (0, r′ ∧ δ
√
N/K−), with r < δR, the following inequality holds for every u ∈ LIPc(Br(x))

‖u‖p
Lp∗ (m)

(4.3.2)

≤ (1 + ε)p
Eucl(N, p)p

θN,R(x)p/N
‖|Du|‖pLp(m) ≤

(1 + ε)p

(1− ε)p/N
Eucl(N, p)p

infX θN (x)p/N
‖|Du|‖pLp(m),

where in the second inequality we have used θN,R(x) ≥ (1 − ε)θN (x). Therefore (4.5.5) (with C = 0)
follows from the above provided we choose ε small enough.
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Since X is compact we can extract a finite covering of balls {Bi}Mi=1 from the covering
∪x∈XBr(ε,x)/2(x). We also set C := maxi Ci and

A :=
Eucl(N, p)p

infX θN (x)p/N
+ ε.

We claim that there exists a partition of unity made of functions {ϕi}Mi=1 such that ϕi ∈ LIPc(2Bi),

0 ≤ ϕi ≤ 1 and ϕ
1/p
i ∈ LIPc(2Bi) for all i, having denoted 2Bi, the ball of twice the radius. To build

such partition of unity we can argue as follows: start considering functions ψi ∈ LIPc(2Bi), such that
0 ≤ ψi ≤ 1 and ψi ≥ 1 in Bi. Then we fix β > p and take

ϕi :=
ψβi∑M
j=1 ψ

β
j

.

Since by construction
∑M
j=1 ψ

β
j ≥ 1 everywhere on X, we have that ϕ

1/p
i ∈ LIPc(2Bi). Finally it is clear

that
∑M
i=1 ϕi = 1.

We are now ready to prove (4.5.4). Fix u ∈ LIP(X) and observe that

‖u‖p/p∗Lp∗(m) =
∥∥∥∑

i

ϕi|u|p
∥∥∥
Lp∗/p(m)

≤
∑
i

‖ϕi|u|p‖Lp∗/p(m) =
∑
i

∥∥ϕ1/p
i |u|

∥∥p
Lp∗ (m)

.

Since ϕ
1/p
i |u| ∈ LIPc(2Bi) we can apply (4.5.5) to obtain

‖u‖p/p∗Lp∗(m) ≤
M∑
i=1

A

� (
|Dϕ1/p

i ||u|+ |Du|ϕ
1/p
i

)p
dm + C

�
ϕi|u|p dm

≤
M∑
i=1

A

�
ϕi|Du|p + c1|Du|p−1ϕ

p−1
p

i |Dϕ1/p
i ||u|+ c2|Dϕ1/p

i |
p|u|p dm + C

�
ϕi|u|p dm,

where c1, c2 ≥ 0 are such that (1+t)p ≤ 1+c1t+c2t
p for all t ≥ 0. Recalling that the functions 0 ≤ ϕ1/p

i ≤ 1
are Lipschitz we obtain

‖u‖p/p∗Lp∗(m) ≤ A
�
|Du|p dm + C̃

�
|Du|p−1|u|dm + C̃

�
|u|p dm,

where C̃ = C̃(p,M,L), L begin the maximum of the Lipschitz constants of ϕ1/p. Finally from the Young
inequality we have

�
|Du|p−1|u|dm ≤ pδ

p
p−1

p− 1

�
|Du|p dm +

1

pδp

�
|u|p dm, ∀δ > 0

and plugging this estimate above, choosing δ small enough (but independent of u), we obtain that

‖u‖p/p∗Lp∗(m) ≤ (A+ ε)

�
|Du|p dm + C ′

�
|u|p dm,

for some C ′ = C ′(ε, L,M, p). Since ε > 0 and u ∈ LIP(X) were arbitrary, this concludes the proof. �

4.6. The constant Aopt
q in metric measure spaces

In this section we will prove some upper and lower bounds on Aopt
q (X) in the case of metric measure

spaces. The results in Section 4.6.3 are actually not used anywhere-else in the chapter, however we include
them here for completeness and to give a more clear picture around the value of Aopt

q (X). Let us also
remark that the results of this part are valid for a general lower bound K ∈ R.

We start giving a precise definition of Aopt
q (X). For a metric measure space (X, d,m), with m(X) = 1,

and for every q ∈ (2,+∞) we define Aopt
q (X) ∈ [0,+∞] as the minimal constant satisfying

(4.6.1) ‖u‖2Lq(m) ≤ A
opt
q (X) ‖|Du|2‖2L2(m) + ‖u‖2L2(m), ∀u ∈W 1,2(X),

with the convention that A := +∞ if no such A exists. In the following sections we will prove three type
of bounds on Aopt

q (X): an upper bound in the case of synthetic Ricci curvature and dimension bounds; a
lower bound in terms of the first non-trivial eigenvalue; a lower bound related to the diameter.
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4.6.1. Upper bound on Aopt
q in terms of curvature and diameter bounds. Here extend to the non-

smooth setting a classical estimate on Aopt
q (X) depending only on the curvature, dimension and diameter

of a manifold (see [136]). The two key ingredients for the proof are the Sobolev-Poincaré inequality and
an inequality due to Bakry:

Proposition 4.6.1. For every K ∈ R N ∈ (2,∞) and D > 0 there exists a constant A = A(K,N,D) > 0
such that the following holds. Let (X, d,m) be a compact CD(K,N) space with N ∈ (1,∞), K ∈ R,
m(X) = 1 and diam(X) ≤ D. Then for every q ∈ (2, 2∗] we have

(4.6.2) ‖u‖2Lq(m) ≤ A‖|Du|‖
2
L2(m) + ‖u‖2L2(m), ∀u ∈W 1,2(X)

and in particular Aopt
q (X) ≤ A(K,N,D).

Proof. The proof is based on the following inequality: for every q ∈ (2,∞)

(4.6.3)
(�
|u|q dm

)2/q

≤ (uX)2 + (q − 1)
(�
|u− uX|q dm

)2/q

∀u ∈ Lq(m),

where uX =
�
udm. See ([37] or [40, Prop. 6.2.2] ) for a proof of this fact. Then (4.6.2) follows combining

(4.6.3) with (1.3.7) and the Jensen inequality. �

Recall that in the case K > 0 an explicit and sharp upper bound on Aopt
q (X) exists and has been

proven in [65] (see Theorem 0.16). The argument in [65] relies on the powerful localization technique.
However, it is worth to point out that Theorem 0.16 can also be deduced from the Polya-Szego inequality
proved in [182] (see Theorem 4.2.2) and the Sobolev inequality on the model space (1.3.8).

4.6.2. Lower bound on Aopt
q in terms of the first eigenvalue. It is well known that a tight-Sobolev

inequality as in (4.6.1) (i.e. with a constant 1 in front of ‖u‖L2 when X is normalized with unit volume)
implies a Poincaré-inequality (see e.g. [40, Prop. 6.2.2]). This can be rephrased as a lower bound on Aopt

q

in terms of the first non-trivial eigenvalue:

Proposition 4.6.2. Let (X, d,m) be a metric measure space with m(X) = 1. Then for every q ∈ (2,+∞)
it holds

(4.6.4) Aopt
q (X) ≥ q − 2

λ1,2(X)
,

(meaning that if λ1,2(X) = 0, then Aopt
q (X) = +∞).

We will give a detailed proof this result, which amounts to a linearization procedure. Indeed a
refinement of the same argument will also play a key role on the rigidity and almost-rigidity results in the
sequel (see Section 4.8.1).

We start with a preliminary elementary linearization-Lemma.

Lemma 4.6.3. Let (X, d,m) be a metric measure space with m(X) = 1 and fix q ∈ (2,∞). Let f ∈
L2 ∩ Lq(m) with

�
fdm = 0. Then∣∣∣( � |1 + f |q dm

)2/q

−
�

(1 + f)2 dm− (q − 2)

�
|f |2 dm

∣∣∣
≤ Cq

(�
|f |3∧q + |f |q dm +

( �
|f |q dm

)2

+
( �
|f |2 dm

)2)
,

(4.6.5)

where Cq is a constant depending only on q.

Proof. We start defining I :=
�
|1 + f |q − 1 and observe that

(4.6.6)
∣∣∣(� |1 + f |q dm

)2/q

− 1− 2

q
I
∣∣∣ ≤ cq|I|2,

which follows from the inequality ||1+t|2/q−1−2t/q| ≤ cqt2, t ≥ 0. It remains to investigate the behaviour
of I. Exploiting the inequality ||1 + t|q − 1− qt| ≤ c̃q(|t|2 + |t|q), t ≥ 0, and the fact that f has zero mean
we have the following simple bound

(4.6.7) |I| ≤ c̃q
�
|f |2 + |f |q dm.

We will also need a more precise estimate of I, which will follow from the following inequality

(4.6.8)
∣∣∣|1 + t|q − 1− qt− q(q − 1)

2
t2
∣∣∣ ≤ Cq(|t|3∧q + |t|q), ∀t ∈ R,
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that can be seen using Taylor expansion when |t| ≤ 1/2 and elementary estimates in the case |t| ≥ 1/2.
Using (4.6.8) we obtain that∣∣∣I − �

qf +
q(q − 1)

2
|f |2 dm

∣∣∣ ≤ Cq � |f |3∧q + |f |q dm

and since we are assuming that f has zero mean, we deduce

(4.6.9)
∣∣∣I − q(q − 1)

2

�
|f |2 dm

∣∣∣ ≤ Cq � |f |3∧q + |f |q dm.

Combining (4.6.6), (4.6.7) and (4.6.9) we deduce that (4.6.5). �

We can now prove the above lower bound on Aopt
q (X).

Proof of Proposition 4.6.2. If Aopt
q (X) = +∞ there is nothing to prove, hence we assume that

Aopt
q (X) < +∞. Let f ∈ LIP(X) ∩ L2(m) with

�
f dm = 0 and ‖f‖L2(m) = 1. Observe also that, since

Aopt
q (X) < +∞, f ∈ Lq(X). Therefore applying (4.6.5) we obtain( �

|1 + εf |q dm
)2/q

−
�

(1 + εf)2 dm− (q − 2)

�
|εf |2 dm = o(ε2),

which combined with (4.6.1) gives

Aopt
q (X)ε2

�
|Df |22 dm− (q − 2)

�
|εf |2 dm ≥ o(ε2).

Dividing by ε2 and sending ε→ 0 gives that λ1,2(X) ≥ q−2

Aopt
q (X)

, which concludes the proof. �

4.6.3. Lower bound on Aopt
q in terms of the diameter. We start recalling the following result,

which was proved in [41] in the context of Dirichlet-forms and which proof (that we shall omit) works
with straightforward modifications also in the setting of metric measure spaces (see also [136] for an
exposition of the argument on Riemannian manifolds). We stress that, since this result is used only on
this section, the exposition of the rest of the chapter remains self-contained.

Theorem 4.6.4. Let q ∈ (2,∞) and define N(q) := 2q
q−2 . Let (X, d,m) be a compact metric measure with

diam(X) = π, m(X) = 1 and suppose that

(4.6.10) ‖u‖Lq(m) ≤
q − 2

N(q)
‖|Du|‖2L2 + ‖u‖2L2(m), ∀u ∈W 1,2(X).

Then there exists a non-constant function f ∈ LIP(X) realizing equality in (4.6.10).

Note that q = 2N(q)/(N(q)− 2), so that in a sense “q = 2∗(N(q))”.
With Theorem 4.6.4 we can now prove the following lower bound on Aopt

q (X). The proof uses a
scaling argument due to Hebey [136, Proposition 5.11].

Proposition 4.6.5. Let (X, d,m) be a compact metric measure space with m(X) = 1 and diam(X) ≤ π.
Then for every q ∈ (2,∞) it holds

(4.6.11) Aopt
q (X) ≥

(
diam(X)

π

)2
q − 2

N(q)
.,

where N(q) = 2q
q−2 .

Proof. Set D := diam(X) and, by contradiction, suppose that Aopt
q (X) < (Dπ )2 q−2

N(q) . Define the

scaled the metric measure space

(X′, d′,m′) := (X, 1
D/πd,m).

It can be directly checked that X′ satisfies the hypotheses of Theorem 4.6.4. Hence there exists a non-
constant function u ∈ LIP(X) satisfying (4.6.10) with equality (in the space X′), which rewritten on the
the original space X reads as

‖u‖Lq(m) =

(
D

π

)2
q − 2

N(q)
‖|Du|‖2L2(m) + ‖u‖2L2(m),

which however contradicts the assumption Aopt
2∗ (X) < (Dπ )2 q−2

N(q) . �
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4.7. Concentration Compactness and mGH-convergence

In this section we assume that (Xn, dn,mn) is a sequence of compact RCD(K,N) spaces, for some fixed
K ∈ R, N ∈ (2,∞), which converges in mGH-topology to a compact RCD(K,N) space (X∞, d∞,m∞).
We will also adopt the extrinsic approach identifying Xn,X∞ as subsets of a common compact metric
space (Z, dZ), with supp(mn) = Xn, supp(m∞) = X∞, mn ⇀ m∞ in duality with Cb(Z) and Xn → X∞
in the Hausdorff topology of Z. To lighten the discussion, we shall not recall in the following statements
these facts and assume (Xn, dn,mn), n ∈ N̄ = N ∪ {∞} and (Z, d) to be fixed as just explained. Also, we
will set 2∗ := 2N/(N − 2) without recalling its expression in the statements.

Our main goal is to prove the following dichotomy for the behaviour of extremizing sequence in the
Sobolev inequality on varying metric measure spaces.

Theorem 4.7.1 (Concentration-compactness for Sobolev-extremals). Suppose that mn(Xn), m∞(X∞) =
1 and that Xn supports a (2∗, 2)-Sobolev inequality

‖u‖2L2∗ (mn) ≤ A‖|Du|‖
2
L2(mn) +B‖u‖2L2(mn), ∀u ∈W 1,2(Xn),

for some constants A,B > 0. Suppose that un ∈W 1,2(Xn) is a sequence of non-zero functions satisfying

‖un‖2L2∗ (mn) ≥ An‖|Dun|‖
2
L2(mn) +Bn‖un‖2L2(mn),

for some sequences An → A, Bn → B.
Then, setting ũn := un‖un‖−1

Lq(mn), there exists a non relabelled subsequence such that only one of the

following holds:

I) ũn converges L2∗-strongly to a function u∞ ∈W 1,2(X∞);
II) ‖ũn‖L2(mn) → 0 and there exists x0 ∈ X∞ so that |un|2

∗
mn ⇀ δx0 in duality with Cb(Z).

The principle behind the concentration compactness technique is very general and was originated in
[169,170]. In our case, since we will work in a compact setting, the lack of compactness is formally due
to dilations or rescalings (and not to translations) and the fact that we deal with the critical exponent in
the Sobolev embedding. The main idea behind the principle is first to prove that in general the failure
of compactness can only be realized throughout concentration on a countable number of points. The
second step is then exploit a strict sub-additivity property of the minimization problem to show that
concentration can happen only at a single point.

4.7.1. Preliminary technical results. We start by proving necessary results towards the proof of
Theorem 4.7.1.

A variant of the following appears also in [142, Prop. 3.27]. For the sake of completeness, we provide
here an complete proof.

Proposition 4.7.2. Let p, q ∈ (1,∞) with 1
p + 1

q = 1. Suppose that un converges Lq-strong to u∞ and

that vn converges Lp-weak to v∞, then�
unvn dmn →

�
u∞v∞ dm∞.

Proof. It is sufficient to consider the case un ≥ 0, u∞ ≥ 0, then the conclusion will follow recalling
that u+

n → u+
∞, u−n → u−∞ strongly in Lq.

The argument is similar to the one for the case p = 2 (see, e.g., in [23]), except that we need to

consider the functions u
q/p
n + tvn, t ∈ R. Observe first that u

p/q
n → u

q/p
∞ strongly in Lp (by (viii) of Prop.

1.6.10). In particular u
q/p
n + tvn converges to u

q/p
∞ + tv∞ weakly in Lp and in particular from (iii) of Prop.

1.6.10 we have

(4.7.1) ‖uq/p∞ + tv∞‖Lp(m∞) ≤ lim
n
‖uq/pn + tvn‖Lp(mn).

The second ingredient is the following inequality

(4.7.2)
∣∣|a+ |b||p − |b|p − pa|b|p−1

∣∣ ≤ Cp(|a|p∧2|b|p−p∧2 + |a|p), ∀a, b ∈ R,

which is easily derived from
∣∣|1 + t|p − 1− pt

∣∣ ≤ Cp(|t|p∧2 + |t|p), ∀t ∈ R. Combining (4.7.2) and (4.7.1)
we have�

|u∞|q dm∞ + pt

�
u∞v∞ dm∞ − Cptp∧2

�
|v∞|p∧2|uq/p∞ |p−p∧2 dm∞ − Cptp

�
|v∞|p dm∞

≤ ‖uq/p∞ + tv∞‖pLp(m∞) ≤ lim
n
‖uq/pn + tvn‖Lp(mn)

≤ lim
n

�
|un|q dmn + pt

�
unvn dmn + Cpt

p∧2

�
|vn|p∧2|uq/pn |p−p∧2 dmn + Cpt

p

�
|vn|p dmn
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Observe that in the case p < 2 we have

lim
n

�
|vn|p∧2|uq/pn |p−p∧2 = lim

n

�
|vn|p dmn < +∞,

while for p ≥ 2 using the Hölder inequality

lim
n

�
|vn|p∧2|uq/pn |p−p∧2 ≤ lim

n
‖vn‖2Lp(mn)‖un‖

q(p−2)/p
Lq(mn) < +∞.

In particular, recalling that
�
|un|qdmn →

�
|u∞|qdm∞ and choosing first t ↓ 0 and then t ↑ 0 above we

obtain the desired conclusion. �

The following is a variant for varying-measure of the famous Brezis-Lieb Lemma [53]. The key
difference with the classical version of this result, is that in our setting it does not makes sense to write
‘|u∞ − un|’, since u∞ and un will be integrated with respect to different measures. Hence we need to
replace this term in (4.7.3) with |vn − un|, where vn is sequence approximating u∞ in a strong sense.

Lemma 4.7.3 (Brezis-Lieb type Lemma). Suppose that mn(Xn),m∞(X∞) = 1, let q ∈ [2,∞) and q′ ∈
(1, q). Suppose that un ∈ Lq(mn) satisfy supn ‖un‖Lq(mn) < +∞ and that un converges to u∞ strongly in

Lq
′

to some u∞ ∈ Lq
′
(m∞) ∩ Lq(m∞). Then for any sequence vn ∈ Lq(mn) such that vn → u∞ strongly

both in Lq
′

and Lq, it holds

(4.7.3) lim
n

�
|un|q dmn −

�
|un − vn|q dmn =

�
|u∞|q dm∞.

Proof. The proof is based on the following inequality:

(4.7.4)
∣∣|a+ b|q − |b|q − |a|q

∣∣ ≤ Cp(|a|q|b|q−1 + |a|q−1|b|q), ∀a, b ∈ R.

Indeed, if a = vn − un and b = vn, we get from the above

(4.7.5)

� ∣∣|un|q − |vn − un|q − |vn|q∣∣ dmn ≤ Cq � |vn − un||vn|q−1 + |vn − un|q−1|vn|dmn.

Since
�
|vn|q dmn →

�
|u∞|q dm∞, to conclude it is sufficient to show that the right hand side of (4.7.5)

vanishes as n→ +∞. We wish to apply Proposition 4.7.2. It follows from our assumptions that |vn| → |v∞|
strongly in Lq and |vn|q−1 → |v∞|q−1 strongly in Lp, with p := q/(q − 1). Hence it remains only to show
that |vn − un|, |vn − un|q−1 converges to 0 weakly in Lq and weakly in Lp respectively. We have that
supn ‖un− vn‖Lq(mn) < +∞, hence by (iv) in Prop. 1.6.10 up to a subsequence |un− vn| converge weakly
in Lq to a function w ∈ Lq(m). However by assumption the sequences (vn), (un) both converge strongly

in Lq
′

to u, hence vn−un → 0 strongly in Lq
′

(recall (ii) in Prop. 1.6.10) and in particular by from (i) of

Prop. 1.6.10 we have that |vn − un| → 0 strongly in Lq
′
, which implies that w = 0. Analogously we also

get that up to a subsequence |un − vn|q−1 converge weakly in Lp to a non-negative function w′ ∈ Lp(m).
Suppose that q′ ≤ q − 1. taking t ∈ [0, 1] such that q − 1 = tq′ + (1− t)q we have�

w′ dm∞ = lim
n

�
|un − vn|q−1 dmn ≤ ‖vn − un‖tq

′

Lq′ (mn)
‖vn − un‖(1−t)qLq(mn) → 0,

where we have used again that un− vn → 0 strongly in Lq
′

and that un− vn is uniformly bounded in Lq.
If instead q′ ≥ q − 1 by Hölder inequality we have

�
w′ dm∞ = lim

n

�
|un − vn|q−1 dmn ≤

(�
|un − vn|q

′
dmn

)(q−1)/q′

→ 0.

In both cases we deduce that w′ = 0, which concludes the proof. �

Lemma 4.7.4 (Mixed recovery sequence). Let q ∈ [2,∞) and let u∞ ∈W 1,2(X∞)∩Lq(m∞). Then, there
exists a sequence un ∈W 1,2(Xn) ∩ Lq(Xn) that converges both Lq-strong and W 1,2-strong to u∞.

Proof. By truncation and a diagonal argument we can assume that u∞ ∈ L∞(X∞). By the Γ-
lim inequality of the Ch2 energy, consider a sequence vn ∈ W 1,2(Xn) converging strongly in W 1,2 to
u∞. Defining un := (vn ∧ C) ∨ −C, with C ≥ ‖u∞‖L∞(X∞), we have by (i) of Proposition 1.6.10

that un converges in L2-strong to u∞. Moreover |Dun| ≤ |Dvn| mn-a.e., therefore limn

�
|Dun|2 dmn ≤

limn

�
|Dvn|2 =

�
|Du∞|2 dm, which grants that un converges also W 1,2-strongly to u∞. Finally, the

sequence un is uniformly bounded in L∞ and converges to u∞ in L2-strong, hence by (ix) of Proposition
1.6.10. we have that that un is also Lq-strongly convergent to u∞. �
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The following statement is the analogous in metric measure spaces of [170, Lemma I.1]. We shall omit
its proof, since the arguments, presented there in Rn, extend to this setting with obvious modifications
(see also Remark I.5 in [170]).

Lemma 4.7.5. Let (X, d,m) be a metric measure space and µ, ν ∈M +
b (X). Suppose that(�

|ϕ|q dν

)1/q

≤ C
(�
|ϕ|p dµ

)1/p

, ∀ϕ ∈ LIPb(X),

for some 1 ≤ p < q < +∞ and C ≥ 0. Then there exists a countable set of indices J , points (xj)j∈J ⊂ X
and positive weights (νj)j∈J ⊂ R+ so that

(4.7.6) ν =
∑
j∈J

νjδxj , µ ≥ C−p
∑
j∈J

ν
p/q
j δxj .

4.7.2. Lion’s concentration-compactness lemma. Next, we present a generalized Concentration-
Compactness principle, with underlying varying ambient space. The rough idea is that weakly convergent
absolutely continuous measure are converging strongly except at possibly countable points, where Dirac
masses eventually appears in the limit. For the sake of generality and for an application to Yamabe
constants in Section 4.11, we will be working with a slightly more general Sobolev inequality containing
an arbitrary Lq-norm.

Lemma 4.7.6 (Concentration-Compactness Lemma). Suppose that mn(Xn),m∞(X∞) = 1 and that for
some fixed q ∈ (1,∞) the spaces Xn satisfy the following Sobolev-type inequalities

(4.7.7) ‖u‖2L2∗ (m) ≤ An‖|Du|‖
2
L2(m) +Bn‖u‖2Lq(m), ∀u ∈W 1,2(X),

with uniformly bounded constants An, Bn. Let also un ∈ W 1,2(Xn) be W 1,2-weak and both L2-strong and
Lq-strong converging to u∞ ∈ W 1,2(X∞) and suppose that |Dun|2mn ⇀ µ, |un|2

∗
mn ⇀ ν in duality with

Cb(Z) for two given measures µ, ν ∈M +
b (Z).

Then,

(i) there exists a countable set of indices J , points (xj)j∈J ⊂ X∞ and positive weights (νj)j∈J ⊂ R+

so that
ν = |u∞|2

∗
m∞ +

∑
j∈J

νjδxj ;

(ii) there exist (µj)j∈J ⊂ R+ satisfying ν
2/2∗

j ≤ limnAnµj so that

µ ≥ |Du∞|2m∞ +
∑
j∈J

µjδxj .

In particular, we have
∑
j ν

2/2∗

j <∞.

Proof. We subdivide the proof in two steps.
Step 1. We assume that u = 0. Let ϕ ∈ LIPb(Z) and consider the sequence (ϕun) ∈ W 1,2(Xn) which
plugged in (4.7.7) for each Xn gives(�

|ϕ|2
∗
|un|2

∗
dmn

)1/2∗

≤
(
An

�
|D(ϕun)|2 dmn +Bn

(�
|ϕ|quqn dmn

)2/q
)1/2

, ∀n ∈ N.

It is clear that, by weak convergence, the left hand side of the inequality tends to (
�
|ϕ|2∗ dν)1/2∗ .

While for the right hand side we discuss the two terms separately. First, by Lq-strong conver-
gence, we have

�
ϕquqn dmn → 0, while an application of the Leibniz rule gives

�
|D(ϕun)|dmn ≤�

|Dϕ||un|+ |ϕ||Dun|dmn. Combining these observations we reach(�
|ϕ|2

∗
dν

)1/2∗

≤
(

lim
n
An
)1/2(� |ϕ|2 dµ

)1/2

, ∀ϕ ∈ LIPb(Z).

Thus, Lemma 4.7.5 (applied in the space (Z, dZ)) gives (i)-(ii), for the case u∞ = 0, except for the fact that
we currently do no know whether the points (xj)j∈J are in X∞. This last simple fact can be seen as follows.

Fix j ∈ J . From the weak convergence |un|2
∗
mn ⇀ ν, there must be a sequence yn ∈ supp(mn) = Xn

such that dZ(yn, xj) → 0. Then the GH-convergence of Xn to X∞ ensures that xj ∈ X∞, which is what
we wanted.
Step 2. We now consider the case of a general u∞. Observe that from Lemma 4.4.1 X∞ supports a
(2∗, 2)-Sobolev inequality hence, u ∈ L2∗(m∞). From Lemma 4.7.4 there exists a sequence ũn ∈W 1,2(Xn)
such that ũn converges to u both strongly in W 1,2 and strongly in L2∗ . Consider now the sequence
vn := un − ũn. Clearly vn converges to zero both in L2-strong and in W 1,2-weak. Moreover the measures
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|vn|2
∗
mn and |Dvn|2mn have uniformly bounded mass. Since (Z, d) is compact, passing to a non-relabelled

subsequence we have |vn|2
∗
mn ⇀ ν̄ and |Dvn|2mn ⇀ µ̄ in duality with Cb(Z) for some ν̄, µ̄ ∈ M +

b (Z).
Therefore we can apply Step 1 to the sequence vn to get ν̄ =

∑
j∈J νjδxj , µ̄ ≥

∑
j∈J µjδxj for a suitable

countable family J , (xj) ⊂ X∞ and weights (νj), (µj) satisfying ν
2/2∗

j ≤ (limnAn)µj . To carry the

properties of vn to the sequence un we invoke Lemma 4.7.3 (with q′ = 2) to deduce that

(4.7.8) lim
n→∞

�
|ϕ|2

∗
|un|2

∗
dmn −

�
|ϕ|2

∗
|vn|2

∗
dmn =

�
|ϕ|2

∗
|u∞|2

∗
dm∞,

and, taking into account the weak convergence, this implies that�
ϕ2∗ dν −

�
ϕ2∗ dν̄ =

�
|u∞|2

∗
ϕ2∗ dm∞,

for every non-negative ϕ ∈ Cb(Z). In particular, this is equivalent to say that ν = |u∞|2
∗
m∞ + ν̄ =

|u∞|2
∗
m∞+

∑
j∈J νjδxj , which proves i). Next, we claim that µ ≥

∑
j∈J µjδxj and, to do so, we consider

for each j ∈ J and ε > 0, χε ∈ LIPb(Z), 0 ≤ χε ≤ 1, χε(xj) = 1 and supported in Bε(xj). The key
ingredient is the following estimate∣∣∣ � χε|Dun|2 dmn −

�
χε|Dvn|2 dmn

∣∣∣ ≤ �
χε
∣∣|Dun| − |Dvn|∣∣(|Dun|+ |Dvn|)dmn

≤
�
χε|Dũn|

(
|Dun|+ |Dvn|

)
dmn

≤
(�

χ2
ε|Dũn|2 dmn

)1/2(
‖|Dun|‖L2(mn) + ‖|Dvn|‖L2(mn)

)
.

Observe now that Theorem 1.6.13 |Dũn| → |Du∞| strongly in L2 and in particular
�
χ2
ε|Dũn|2 dmn →�

χ2
ε|Dũ|2 dm∞. Moreover un, vn are uniformly bounded in W 1,2(Xn). Therefore taking in the above

inequality first n→ +∞ and afterwards ε→ 0+ we ultimately deduce that

µ({xi}) = µ̄({xi}) ≥ µj , ∀ j ∈ J.
In particular µ ≥

∑
j∈J µjδxj , as claimed. Finally, by weak lower semicontinuity result in Lemma 1.6.14,

we have �
ϕ|Du∞|2 dm∞ ≤ lim

n

�
ϕ|Dun|2 dmn =

�
ϕdµ

for every non-negative ϕ ∈ Cb(Z). Therefore, we get µ ≥ |Du∞|2m∞ and, by mutual singularity of the
two lower bounds, we have (ii) and the proof is now concluded. �

4.7.3. Proof of Theorem 4.7.1. We are finally ready to prove the main result of this section.

Proof of Theorem 4.7.1. By assumption

(4.7.9) 1 ≥ An‖|Dũn|‖2L2(mn) +Bn‖ũn‖2L2(mn), ∀n ∈ N.

In particular supn ‖ũn‖W 1,2(Xn) <∞, hence up to a not relabelled subsequence, Proposition 1.6.11 grants

that ũn converges L2-strongly to a function u∞ ∈W 1,2(X∞). Moreover, the measures |Dũn|2mn, |ũn|2
∗
mn

have uniformly bounded mass. In particular up to a further not relabelled subsequence, there exists
µ, ν ∈ M +

b (Z) so that |Dũn|2mn ⇀ µ and |ũn|2
∗
mn ⇀ ν in duality with Cb(Z). We are in position to

apply Lemma 4.7.5 to get the existence of at most countably many points (xj)j∈J and weights (νj)j∈J , so

that ν = |u∞|2
∗
m∞ +

∑
j∈J νjδxj and µ ≥ |Du∞|2m∞ +

∑
j∈J µjδxj , with Aµj ≥ ν2/2∗

j and in particular∑
j ν

2/2∗

j < ∞. Finally from Lemma 4.4.1 we have that X∞ supports a (2∗, 2)-Sobolev inequality with
constants A,B. Therefore we can perform the following estimates

1 = lim
n
‖ũn‖2L2∗ (mn) ≥ lim

n
An‖|Dũn|‖2L2(mn) +B‖ũn‖2L2(mn)

= Aµ(X∞) +B

�
|u∞|2 dm∞

≥ A
�
|Du∞|2 dm∞ +B

�
|u∞|2 dm∞ +

∑
j∈J

ν
2/2∗

j

≥
(�
|u∞|2

∗
dm∞

)2/2∗

+
∑
j∈J

ν
2/2∗

j

≥
( �
|u∞|2

∗
dm∞ +

∑
j∈J

νj

)2/2∗

= ν(X∞)2/2∗ = 1,



110 4. RIGIDITY AND ALMOST-RIGIDITY OF SOBOLEV INEQUALITIES IN COMPACT RCD(K,N) SPACES

where in the last inequality we have used the concavity of the function t2/2
∗
. In particular all the in-

equalities must be qualities and, since t2/2
∗

is strictly concave, we infer that every term in the sum�
|u∞|2

∗
dm∞ +

∑
j∈J ν

2/2∗

j must vanish except for one that must be equal to 1. If
�
|u∞|2

∗
dm∞ = 1

then I) in the statement of Theorem 4.7.1 must hold. If instead νj = 1 for some j ∈ J , then u∞ = 0 and

by definition of ν, |ũn|2
∗
mn ⇀ δxj , which is exactly II) in the statement of Theorem 4.7.1. �

4.8. Rigidity of Aopt
q

In this section we prove our main rigidity result that we restate for convenience of the reader:

Theorem 4.8.1 (Rigidity of Aopt
q ). Let (X, d,m) be an RCD(N − 1, N) space for some N ∈ (2,∞) and

let q ∈ (2, 2∗]. Then

(4.8.1) Aopt
q (X) =

q − 2

N
,

if and only if (X, d,m) is isomorphic to a spherical suspension, i.e. there exists an RCD(N − 2, N − 1)

space (Z, dZ,mZ) such that (X, d,m) ' [0, π]×N−1
sin Z.

The idea of the proof will be to seek the existence of non-constant extremal functions for the Sobolev
inequality and then exploit the rigidity of the Polya-Szego inequality proved in [66] (see Theorem 4.2.3.
The difficult part is that it is not clear if in general such extremal functions exist. However we will show
that non-existence will imply some extra information on the space that will allow us to the deduce the
rigidity also in that case.

4.8.1. Quantitative linearization. A key point in our argument for the rigidity, and especially for
the almost-rigidity, of Aopt

q will be a more ‘quantitative’ version of the linearization of a tight Sobolev

inequality (see Section 4.6.2). To state our result, given q ∈ (2,∞) and u ∈W 1,2(X) with
�
|Du|2dm > 0,

it is convenient to define the Sobolev ratio associated to u as the quantity

(4.8.2) QX
q (u) :=

‖u‖2Lq(m) − ‖u‖
2
L2(m)

‖|Du|2‖2L2(m)

.

Observe that, if λ1,2(X) > 0,
�
|Du|2 dm > 0 as soon as uf is not (m-a.e. equal to a) constant.

Lemma 4.8.2 (Quantitative linearization). For all numbers A,B ≥ 0, q > 2 and λ > 0 there exists a
constant C = C(q, A,B, λ) such that the following holds. Let (X, d,m) be a metric measure space with
m(X) = 1, λ1,2(X) ≥ λ and supporting a (q, 2)-Sobolev inequality with constants A,B. Then, for every
non-constant f ∈W 1,2(X) satisfying ‖f‖L2(X) ≤ 1/2, it holds

(4.8.3)
∣∣∣QX

q (1 + f)−
(q − 2)

� (
f −

�
fdm

)2
dm�

|Df |22 dm

∣∣∣ ≤ C(‖f‖3∧q−2
W 1,2(X) + ‖f‖q−2

W 1,2(X) + ‖f‖2q−2
W 1,2(X)

)
.

Proof. We claim that it is enough to prove the statement for functions f ∈ W 1,2(X) with zero
mean (and arbitrary L2-norm). Indeed for a generic f ∈W 1,2(X) satisfying ‖f‖L2(X) ≤ 1/2, we can take

f̃ :=
f−

�
f dm

1+
�
f dm

, which clearly has zero mean. Then the conclusion would follow observing that the left

hand side of (4.8.3) computed at f̃ coincides with the left hand side of (4.8.3) computed at f and from
the fact that

‖f̃‖W 1,2(X) ≤ ‖f‖W 1,2(X)

(
1 +

�
f dm

)−1

≤ ‖f‖W 1,2(X)(1− ‖f‖L2(X))
−1 ≤ 2‖f‖W 1,2(X).

Therefore we can now fix f ∈ W 1,2(X) with
�
f dm = 0. We start with a basic estimate of the Lr norm

of f for r ∈ [1, q]. Combining the Hölder and the (q, 2)-Sobolev inequality we have

(4.8.4)

�
|f |r dm ≤

( �
|f |q dm

) r
q ≤ (Ar/2 +Br/2)‖f‖rW 1,2(X)

In the case r ∈ (2, q] the following refined estimate holds:�
|f |r dm�
|Df |22 dm

≤ CqAr/2
(�
|Df |22 dm

) r
2−1

+ CqB
r/2
(�
|f |2 dm

) r
2−1

�
X
|f |2 dm�

X
|Df |22 dm

≤ Cq(Ar/2 +Br/2λ−1)‖f‖r−2
W 1,2(X).(4.8.5)
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We now apply (4.6.3) to f , which we rewrite here for the convenience of the reader:∣∣∣(� |1 + f |q dm
)2/q

−
�

(1 + f)2 dm− (q − 2)

�
|f |2 dm

∣∣∣
≤ C̃q

(�
|f |3∧q + |f |q dm +

(�
|f |q dm

)2

+
(�
|f |2 dm

)2)
,

where C̃q is a constant depending only on q. Dividing by
�
|Df |22 dm the above inequality and rearranging

terms, using the definition of λ1,2(X) and the estimates (4.8.4), (4.8.5) we obtain (4.8.3). �

4.8.2. Existence of extremal function for the Sobolev inequality. Here we prove a result about
existence of extremal functions for the tight Sobolev inequality. This can be summarized as: either
there exist non-constant extremals, or we have informations on the first eigenvalue λ1,2(X), or we have
informations on the density θN .

Theorem 4.8.3 (The Sobolev-alternative). Let (X, d,m) be a compact RCD(K,N) space for some K ∈ R,
N ∈ (2,∞) and with m(X) = 1. Let q ∈ (2, 2∗], with 2∗ := 2N/(N − 2). Then at least one of the following
holds:

(i) there exists a non-constant function u ∈W 1,2(X) satisfying

(4.8.6) ‖u‖2L2∗ (m) = Aopt
q (X)‖|Du|‖2L2(m) + ‖u‖2L2(m),

(ii) Aopt
q (X) = q−2

λ1,2(X) ,

(iii) q = 2∗ and Aopt
2∗ (X) = Eucl(N,2)2

inf θN (x)2/N (see the introduction and (1.1.2) for the definition of

Eucl(N, 2)).

Proof. By definition of Aopt
q there exists a sequence of non-constant functions un ∈ LIP(X) such

that QX
q (un) → Aopt

q (X) (recall (4.8.2)). By scaling we can suppose that ‖un‖L2∗ (m) ≡ 1. In particular

(un) is bounded in W 1,2(X). We distinguish two cases.
Subcritical: q < 2∗. By compactness (see Proposition 1.6.11), up to passing to a subsequence, un → u
strongly in Lq to some function u ∈W 1,2(X) such that QX

q (u) = Aopt
q (X). If u is non-constant (i) holds and

we are done, so suppose that u is constant. Then from the renormalization we must have u ≡ 1. Moreover,
since ‖un‖Lq(m), ‖un‖L2(m) → 1 and QX

q (un)→ Aopt
q , we deduce that ‖|Du|‖2L2(m) → 0. Consider now the

functions fn := un − 1 ∈ LIP(X), which are non-constant and such that fn → 0 in W 1,2(X). We are
therefore in position to apply Lemma 4.8.2 and deduce that

Aopt
q (X) = lim

n→∞
QX
q (un) = lim

n

(q − 2)
� (
fn −

�
fndm

)2
dm�

|Dfn|2 dm
≤ q − 2

λ1,2(X)
.

Combining this with (4.6.4), we get that Aopt
q (X) = q−2

λ1,2(X) and conclude the proof in this case.

Critical q = 2∗. We apply the concentration-compactness result in Theorem 4.7.1 and deduce that up
to a subsequence: either un → u in L2∗ to some u ∈W 1,2(X) or ‖un‖L2(m) → 0. In the first case we argue
exactly as above using Lemma 4.8.2 and deduce that either (i) or (ii) holds. Hence we are left to deal with
the case ‖un‖L2(m) → 0. From the definition of α2(X), for every ε there exits Bε so that a (2∗, 2)-Sobolev
inequality with constants α2(X) + ε and Bε is valid. Hence we have

QX
2∗(un)‖|Dun|‖2L2(m) + ‖un‖2L2(m) = ‖un‖L2∗ (m) ≤ (α2(X) + ε)‖|Dun|‖2L2(m) +Bε‖un‖2L2(m),

which gives

QX
2∗(un) ≤ (α2(X) + ε) +Bε‖un‖2L2(m)(‖|Dun|‖

2
L2(m))

−1.

Observing that limn ‖|Dun|‖2L2(m) > 0 (which follows from the Sobolev inequality, ‖un‖2L2(m) → 0 and

‖un‖L2∗ (m) = 1) and letting n → +∞ we arrive at Aopt
2∗ (X) ≤ (α2(X) + ε). From the arbitrariness ε we

deduce that Aopt
2∗ (X) ≤ α2(X) and the proof is concluded, indeed α2(X) ≥ Aopt

2∗ (X) is always true. �

4.9. Proof of the rigidity of Aopt
q

Proof of Theorem 4.8.1. The result will follow from three different rigidity results, one for each
of the alternatives in Theorem 4.8.3. Up to scaling the reference measures, we can suppose m(X) = 1.
Case 1: i) in Theorem 4.8.3 holds. Let u be the non-constant function satisfying (4.8.6). Observe that
we can assume that u is non-negative. We aim to apply the Polya-Szego inequality with the model space
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IN as in Section 4.2.1. Let u∗N : IN → [0,∞] be the monotone-rearrangement of u. From the Polya-
Szego inequality in Theorem 4.2.2 we have both that u∗N ∈W 1,2(IN , deu,mN ) and that ‖|Du∗N |‖L2(mN ) ≤
‖|Du|‖L2(m). Combining this with (1.3.8) we have

‖u‖2Lq(m) = ‖u∗N‖2Lq(mN ) ≤
q−2
N ‖|Du

∗
N |‖2L2(mN ) + ‖u∗N‖2L2(mN )

≤ q−2
N ‖|Du|‖

2
L2(m) + ‖u‖2L2(m) = ‖u‖2Lq(m).

Therefore ‖|Du∗N |‖L2(mN ) = ‖|Du|‖L2(m) and, since u is non-constant, we are in position to apply the
rigidity of the Polya-Szego inequality of Theorem 4.2.3 and conclude the proof in this case.
Case 2: ii) in Theorem 4.8.3 holds. We immediately deduce that λ1,2(X) = N and the thesis follows
from the Obata’s rigidity (Theorem 1.3.15).
Case 3: iii) in Theorem 4.8.3 holds. from Theorem 4.5.2 we have that

2∗ − 2

N
= Aopt

2∗ (X) = α2(X) =
Eucl(N, 2)2

infX θN (x)2/N
=

2∗ − 2

Nσ
2/N
N infX θN (x)2/N

,

therefore infX θN (x) = σ−1
N . On the other hand by the Bishop-Gromov inequality and identity (1.3.6)

1
σN

= inf
X
θN (x) ≥ m(X)

vN−1,N (diam(X))
=

1

vN−1,N (diam(X))
,

which, from the definition of vN−1,N and (1.1.4) forces diam(X) = π. The conclusion then follows by the
rigidity of the maximal diameter (Theorem 1.3.16).

It remains to show that for any spherical suspension it holds that Aopt
q = q−2

N , however this is
immediate from the lower bound in Proposition 4.6.2 (recall also Theorem 1.3.15) and the upper bound
given in (4.6.4). �

4.10. Almost rigidity of Aopt
q

In this section we will prove our main almost-rigidity result.

Theorem 4.10.1 (Almost-rigidity of Aopt
q ). For every N ∈ (2,∞), q ∈ (2, N) and every ε > 0, there

exists δ := δ(N, ε, q) > 0 such that the following holds. Let (X, d,m) be an RCD(N − 1, N) space with
m(X) = 1 and suppose that

Aopt
q (X) ≥ (q − 2)

N
− δ,

Then, there exists a spherical suspension (Y, dY,mY) (i.e. there exists an RCD(N − 2, N − 1) space

(Z, dZ,mZ) so that Y is isomorphic as a metric measure space to [0, π]×N−1
sin Z) such that

dmGH((X, d,m), (Y, dY,mY)) < ε.

Theorem 4.10.1 will follow from a continuity result of the constant Aopt
q with respect to mGH-

convergence (see Theorem 4.10.3) and a compactness argument.

4.10.1. Behaviour at concentration points. The following technical result has the role of replacing
in the varying-space case, the Sobolev inequality with constants α2(X) + ε,Bε which we used in the fixed-
space case (see the proof of Theorem 4.8.3). Indeed it is not clear how to control the constant Bε in a
sequence of mGH-converging spaces. Therefore we need a more precise local analysis which fully exploits
the local Sobolev inequalities in Theorem 4.3.2 and Proposition 4.3.4).

Lemma 4.10.2 (Behaviour at concentration points). Let (Xn, dn,mn, xn), n ∈ N̄, be a sequence of

RCD(K,N) spaces K ∈ R, N ∈ [1,∞), so that Xn
pmGH→ X∞. Fix p ∈ (1, N), set p∗ := pN/(N − p) and

assume that un ∈ LIPc(Xn) is a sequence satisfying

(4.10.1) ‖un‖pLp∗(mn) ≥ An‖|Dun|‖
p
Lp(mn) −Bn‖un‖

p
Ls(mn),

for some constants An, Bn ≥ 0 uniformly bounded and for some fixed s ∈ [p, p∗). Assume furthermore
that un → 0 strongly in Lp, ‖un‖Lp∗(mn) = 1 and that |un|p

∗
mn ⇀ δy0

for some y0 ∈ X∞ in duality with
Cbs(Z) (where (Z, dZ) is a proper space realizing the convergence in the extrinsic approach).

Then

(4.10.2) θN (y0) ≤ Eucl(N, p)N (lim
n
An)−N/p,

meaning that if θN (y0) = +∞, then limnA
1/p
n = 0.
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Proof. We subdivide the proof in two cases.
Case 1: θN (y0) < +∞.

Fix ε < θN (y0)/4 arbitrary. Since θN,r(y0)→ θN (y0) as r → 0+ there exists r̄ = r̄(ε) such that

(4.10.3) |θN,r(y0)− θN (y0)| ≤ ε, ∀r < r̄.

Let δ := δ(2ε,D,N), with D = 4, be the constant given by Theorem 4.3.2 and fix two radii r,R ∈ (0, r̄)

such that R < δ
√
N/K− and r < δR. Consider now a sequence yn ∈ Xn such that yn → y0. From the

convergence of the measures mn to m∞ we have that θN,r(yn) → θN,r(y0) and θN,R(yn) → θN,R(y0). In
particular by (4.10.3) there exists n̄ such that

(4.10.4) |θN,R(yn)− θN (y0)|, |θN,r(yn)− θN (y0)| ≤ 2ε, ∀n ≥ n̄.

From the choice of ε this also implies that θN,r(yn)/θN,R(yn) ≤ 4 for every n ≥ n̄. We are in position to
apply Theorem 4.3.2 and get that

(4.10.5) ‖f‖Lp∗(mn) ≤
(1 + 2ε)Eucl(N, p)

(θN (y0)− 2ε)
1
N

‖|Df |‖Lp(mn), ∀f ∈ LIPc(Br(yn)).

Choose ϕ ∈ LIP(Z) such that ϕ = 1 in BZ
r/8(y0), supp(ϕ) ⊂ BZ

r/4(y0) and 0 ≤ ϕ ≤ 1. From the

assumptions, we have that
�
ϕ|un|p

∗
dmn → 1, in particular up to increasing n̄ it holds that

�
ϕ|un|p

∗
dmn ≥

1 − ε for all n ≥ n̄. Moreover, again up to increasing n̄, we have that dZ(yn, y0) ≤ r/4 for all n ≥ n̄,
therefore

(4.10.6) 1− ε ≤
�
Br/2(yn)

|un|p
∗
dmn, ∀n ≥ n̄.

For every n we choose a cut-off function ϕn ∈ LIP(Xn) such that ϕn = 1 in Br/2(yn), 0 ≤ ϕn ≤ 1,
supp(ϕn) ⊂ LIPc(Br(yn)) and Lip(ϕn) ≤ 2/r. Plugging the function unϕn ∈ LIPc(Br(yn)) in (4.10.5) and
using (4.10.6) we obtain

(4.10.7) (1− ε)
1
p∗ ≤ ‖unϕn‖Lp∗ (mn) ≤

(1 + 2ε)Eucl(N, p)

(θN (y0)− ε) 1
N

(
‖|Dun|‖Lp(mn) + 2

r‖un‖Lp(mn)

)
.

Moreover recalling that ‖un‖Lp∗(mn) = 1 and the assumption (4.10.1), from (4.10.7) we reach

(1− ε)
1
p∗
(
A1/p
n ‖|Dun|‖Lp(mn) −Bn‖upn‖Ls(mn)

)
≤ (1 + 2ε)Eucl(N, p)

(θN (y0)− ε) 1
N

(
‖|Dun|‖Lp(mn) + 2

r‖un‖Lp(mn)

)
.

We also observe that from the assumption ‖un‖Lp(mn) → 0 and the fact that ‖un‖Lp∗ (mn) = 1, we have by

(viii) in Proposition 1.6.10 that ‖un‖Ls(mn) → 0. Finally by (4.10.7) and the assumption ‖un‖Lp(mn) → 0
it holds that limn ‖|Dun|‖Lp(mn) > 0. In particular for n big enough we can divide by ‖|Dun|‖Lp(mn) the
above inequality and letting n→ +∞ we eventually get

lim
n
A1/p
n ≤ (1 + 2ε)Eucl(N, p)

(1− ε)1/p∗(θN (y0)− 2ε)
1
N

.

From the arbitrariness of ε, the conclusions follows.
Case 2: θN (y0) =∞.

The argument is similar to Case 1, but we will use Proposition 4.3.4 instead of Theorem 4.3.2. Let
M > 0 be arbitrary. There exists r ≤ 1 such that θN,r(y0) ≥ 2M . As above we choose a sequence yn → y0.
For n big enough we have that

(4.10.8) θN,r(yn) ≥M.

Applying Proposition 4.3.4, from (4.10.8) we get that

(4.10.9) ‖f‖Lp∗(Br(yn)) ≤
CK,N,p

M
p
N

‖|Df |‖Lp(Br(yn)) +
Cp,N‖f‖Lp(Br(yn))

rp/NM
p
N

, ∀f ∈ LIP(Xn).

Observing that (4.10.6) is still satisfied with ε = 1/M and n big enough, we can repeat the above argument,
using (4.10.1), to obtain

lim
n
A1/p
n ≤ CK,N,p

(1− 1/M)1/p∗M
1
N

,

which from the arbitrariness M implies the conclusion. �
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4.10.2. Continuity of Aopt under mGH-convergence. In Lemma 4.4.1, we proved that Sobolev
embedding are stable with respect to pmGH-convergence. A much more involved task it to prove that

optimal constants are also continuous: indeed, if Xn
mGH→ X∞, in general Lemma 4.4.1 ensures only that

Aopt
q (X∞) ≤ limnA

opt
q (Xn). With the concentration compactness tools developed in Section 4.7, the

‘quantitative-linearization’ result in Lemma 4.8.2 and the technical tool developed in the previous section
we can now prove the continuity of Aopt

q (Xn):

Theorem 4.10.3 (Continuity of Aopt
q under mGH-convergence). Let (Xn, dn,mn) be a sequence, n ∈

N ∪ {∞} of compact RCD(K,N)-spaces with mn(Xn) = 1 and for some K ∈ R, N ∈ (2,∞) so that

Xn
mGH→ X∞. Then, Aopt

q (X∞) = limnA
opt
q (Xn), for every q ∈ (2, 2∗].

Proof. By definition of optimal constants on every Xn, there exists a non-negative sequence un ∈
LIP(Xn)+ satisfying

(4.10.10) ‖un‖2Lq(mn) ≥ An‖|Dun|‖
2
L2(mn) + ‖un‖2L2(mn),

having set An := Aopt
q (Xn)− 1

n . By scaling invariance, it is not restrictive to suppose ‖un‖Lq(mn) = 1 for

every n ∈ N. Observe that thanks to Lemma 4.4.1 we already have that 0 < Aopt
q (X∞) ≤ limnA

opt
q (Xn),

hence we only need to show that Aopt
q (X) ≥ limnA

opt
q (Xn). To this aim, we distinguish two cases.

Subcritical: q < 2∗. It is clear that An is uniformly bounded from below whence the sequence un has
uniformly bounded W 1,2 norms. Then, by Proposition 1.6.11 and the Γ-lim inequality of the Ch2 energy,
there exists a (not relabelled) subsequence L2-strongly converging to some u∞ ∈ W 1,2(X∞). Suppose
first that the function u∞ is not constant. Then, we can set up the chain of estimates

1 = ‖u∞‖2Lq(m∞) ≥ lim
n→∞

An‖|Dun|‖2L2(mn) + ‖un‖2L2(mn)

≥ lim
n→∞

Aopt
q (Xn)‖|Du∞|‖2L2(m∞) + ‖u∞‖2L2(m∞).

Since u∞ is not constant this in turn yields limnA
opt
q (Xn) ≤ Aopt

q (X∞) which is what we wanted.
Suppose now that u∞ is constant. Then, necessarily u∞ = 1 since ‖un‖Lq(mn) = 1 for every n ∈ N.

Define now fn := 1 − un and observe that ‖fn‖w1,2(Xn) → 0, which follows from (4.10.10) and the fact

that ‖un‖L2(mn) → 1. Moreover from (1.6.1) we have that λ1,2(Xn) are uniformly bounded below away
from zero. Therefore we can apply Lemma 4.8.2 to deduce
(4.10.11)

lim
n→∞

An = lim
n→∞

QXn
q (un) = lim

n→∞

(q − 2)
� ∣∣fn − �

fn dmn
∣∣2 dmn�

|Dfn|2 dmn
≤ lim
n→∞

(q − 2)

λ1,2(Xn)
≤ (q − 2)

λ1,2(X∞)
,

having used, in the last inequality, again the continuity of the spectral gap (1.6.1). This combined with
(4.6.4) gives that limnA

opt
q (Xn) ≤ Aopt

q (X∞).
Critical exponent: q = 2∗. Observe that we are now in position to invoke Theorem 4.7.1 and, up
to a further not relabelled subsequence, we just need to handle one of the two different situations I),II)
occurring in Theorem 4.7.1. If the case I) occurs, we argue exactly as in the case q < 2∗, to conclude
that limnA

opt
q (Xn) ≤ Aopt

q (X∞). Hence suppose we are in the situation II), with a concentration point

x0 ∈ X∞ of the sequence un. Recalling Lemma 4.10.2, either θN (x0) = ∞ and limnA
opt
2∗ (Xn) = 0 or

θN (x0) < ∞. The first situation cannot happen, since Aopt
2∗ (X∞) > 0. In the second one rearranging in

(4.10.2) we have

lim
n→∞

Aopt
2∗ (Xn)

(4.10.2)

≤ Eucl(N, 2)2

θN (x0)2/N

(4.5.2)

≤ α2(X∞) ≤ Aopt
2∗ (X∞).

�

4.10.3. Proof of the almost rigidity. Combining the rigidity result for Aopt
q with the continuity result

proved in the previous part we can now prove the almost-rigidity result for Aopt
q .

Proof of Theorem 4.10.1. We argue by contradiction, and suppose that there exists ε > 0, q ∈
(2, 2∗] and a sequence (Xn, dn,mn) of RCD(N − 1, N)-spaces with mn(Xn) = 1 so that so that

(4.10.12) dmGH((Xn, dn,mn), (Y, dY,mY)) > ε,

for every spherical suspension (Y, dY,mY) and limnA
opt
q (Xn) = q−2

N . From Theorem 1.6.3 (and the as-

sumption mn(Xn) = 1) ensures that up to passing to a non-relabelled subsequence we have Xn
mGH→ X∞,

for some RCD(N − 1, N)-space (X∞, d∞,m∞) with m∞(X∞) = 1. Moreover from (4.10.12)

(4.10.13) dmGH((X∞, d∞,m∞), (Y, dY,mY)) ≥ ε,
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for every spherical suspension (Y, dY,mY). Finally by Theorem 4.10.3 we deduce that

Aopt
q (X∞) = lim

n
Aopt
q (Xn) =

q − 2

N

. Therefore, by invoking the rigidity Theorem 4.8.1, we get that (X∞, d∞,m∞) is isomorphic to a spherical
suspension. This contradicts (4.10.13) and concludes the proof. �

4.11. Application: The Yamabe equation on RCD(K,N) spaces

In this section we apply Theorem 4.5.1 and the concentration compactness results of Section 4.7 to
study the Yamabe equation to the RCD(K,N) setting. In particular we prove an existence result for the
Yamabe equation and continuity of the generalized Yamabe constants under mGH-convergence, extending
and improving some of the results proved in [141] in the case of Ricci limits. For results concerning the
Yamabe problem and the Yamabe constant in non-smooth spaces see also also [4–6,180].

4.11.1. Existence of solutions to the Yamabe equation on compact RCD spaces. We recall
that the Yamabe problem [215] asks if a compact Riemannian manifolds admits a conformal metric with
constant scalar curvature. This has been completely solved and shown to be true after the works of Aubin,
Schoen and Trudinger [31, 194, 205]. We also refer to [164] for an introduction to this problem and a
complete and self-contained proof of this result.

The Yamabe problem turns out to be linked to the so-called Yamabe equation:

(4.11.1) −∆u+ S u = λu2∗−1, λ ∈ R, S ∈ L∞(M),

where 2∗ = 2n
n−2 . Indeed solving the Yamabe problem is equivalent to find a non-negative and non-zero

solution to (4.11.1) for some λ ∈ R and with S = Scal, the scalar curvature of M . In this direction, it is
relevant to see that the Yamabe equation is the Euler-Lagrange equation of the following functional:

Q(u) :=

�
|Du|2 + S|u|2 dVol

‖u‖2
L2∗ (M)

, u ∈W 1,2(M) \ {0},

where Vol is the volume measure of M . One then defines the Yamabe constant as the infimum of the
above functional:

λS(M) := inf
u∈W 1,2(M)\{0}

Q(u).

A crucial step in the solution of the Yamabe problem is the following by-now classical result (recall that
Eucl(n, 2) denotes the optimal constant in the sharp Euclidean Sobolev inequality (22)):

Theorem 4.11.1 ([31, 205, 215]). Let M be a compact n-dimensional Riemannian manifold satisfying
λS(M) < Eucl(n, 2)−2. Then there is a non-zero solution to (4.11.1) with λ = λS(M).

Recall also that as showed by Aubin [32] (see also [164]) it always holds that

(4.11.2) λS(M) ≤ Eucl(n, 2)−2.

We will extended this inequality in the setting of RCD spaces at the end of this subsection.
The relevant point for our discussion is that Theorem 4.11.1 turns out to be linked to the notion

of optimal Sobolev constant α2(M) (see e.g. [136]). Since we characterized this constant on compact
RCD(K,N) spaces (see Theorem 4.5.1), it is natural to ask if an analogue of Theorem 4.11.1 holds also
in this setting.

We start by clarifying in which sense (4.11.1) will be intended in the non-smoooth setting. To this
aim, we fix (X, d,m) a compact RCD(K,N) space for some K ∈ R, N ∈ (2,∞) with m(X) = 1. We will
also denote by 2∗ the Sobolev-exponent defined as 2∗ := 2N/(N − 2). We fix S ∈ Mb(X) satisfying for
some p > N

2

(4.11.3) S ≥ gm, g ∈ Lp(m) and S� Cap,

where Cap denotes the capacity of X (see (1.2.22)). We also denote by |S| the total variation of S which
for instance can be characterized by the formula S = S+ + S−, being S± the Hahn’s decomposition of
a general signed measure. The reason for this more general choice of S is the fact that on RCD(K,N)
spaces a ‘scalar curvature’ that is bounded is not natural (recall that to solve the Yamabe problem one
would like to take S = Scal). Indeed requiring only a synthetic lower bound on the Ricci curvature, it is
more desirable to require only lower bounds on S.

Recall from Section 1.2 that every function u ∈W 1,2(X) has a well defined and unique quasi contin-
uous representative QCR(u) defined Cap-a.e.. In particular, thanks to (4.11.3), the object QR(u) is also
defined |S|-a.e.. To avoid heavy notation, for any u ∈ W 1,2(X), we shall denote in the sequel by u its
quasi-continuous representative without further notice.
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The goal is then to discuss positive solutions u ∈ D(∆) ∩ L2(|S|) of

(4.11.4) −∆u = λu2∗−1m− uS, λ ∈ R.

Observe that if u ∈ D(∆) ⊂ W 1,2(X), by the Sobolev embedding we have that u ∈ L2∗(m) and thus,
the right hand side of (4.11.4) is a well defined Radon measure on X. A solution for this equation will
be deduced with a variational approach as described above. More precisely we define the functional
QS : W 1,2(X) \ {0} → R defined as

u 7→ QS(u) :=

�
|Du|2 dm +

�
|u|2 dS

‖u‖2
L2∗ (m)

.

Observe that from the first in (4.11.3) the integral
�
|u|2 dS makes sense, i.e. its value (possibly +∞) is

well defined. We then define

λS(X) := inf{QS(u) : u ∈W 1,2(X) \ {0}}
= inf{QS(u) : u ∈W 1,2(X), ‖u‖L2∗ (m) = 1},

(4.11.5)

and immediately claim that

(4.11.6) λS(X) ∈ (−∞,+∞).

Indeed, λS(X) < +∞ as can be seen considering constant functions. On the other hand for every u ∈
W 1,2(X) with ‖u‖L2∗ (m) = 1, Holder inequality (recalling that m(X) = 1) yields

QS(u) ≥ −‖g‖Lp(m)‖u‖L2∗ (m) = −‖g‖Lp(m).

The ultimate goal of this subsection is to prove the following:

Theorem 4.11.2. Let (X, d,m) be a compact RCD(K,N) space for some K ∈ R, N ∈ (2,∞) with
m(X) = 1 and let S ∈Mb(X). Suppose that S satisfies (4.11.3) and

(4.11.7) λS(X) <
min θN (x)2/N

Eucl(N, 2)2
.

Then there exists a non-negative and non-zero u ∈ D(∆) ∩ L2(|S|) which is a minimum for (4.11.5) and
satisfies (4.11.4).

We start by showing that (4.11.4) are the Euler-Lagrange equations for the minimization problem
(4.11.5).

Proposition 4.11.3. Let (X, d,m) be a compact RCD(K,N)-space for some K ∈ R, N ∈ (2,∞) with
m(X) = 1. Suppose u ∈W 1,2(X) ∩ L2(|S|) is a minimizer for (4.11.5) satisfying ‖u‖L2∗ (m) = 1. Then

(4.11.8)

�
〈∇u,∇v〉dm = −

�
uv dS + λS(X)

�
u2∗−1v dm, ∀v ∈ LIP(X).

Proof. We consider for every ε ∈ (−1, 1) and v ∈ LIP(X), the function uε := ‖u+ εv‖−1
L2∗ (m)

(u+ εv),

whenever ‖u+ εv‖L2∗ (m) is not zero. It can be seen that for a fixed v then uε is well defined at least for

ε close to zero. Indeed, the fact that
�
|u|2∗ ,dm = 1 grants that ‖u+ εv‖L2∗ (m) → 1 as ε→ 0 (see below)

and in particular ‖u+ εv‖L2∗ (m) does not vanish for |ε| small enough. By minimality we have (recall also

(1.2.4))

0 ≤ lim
ε↓0

QS(uε)−QS(u)

ε
= lim

ε↓0

1

ε

(
1

I2
ε

− 1

)
λS(X) +

2

I2
ε

�
〈∇u,∇v〉dm +

�
uv dS,

where Iε := ‖u + εv‖L2∗ (m). Furthermore, from the elementary estimate ||a + εb|q − |a|q| ≤ q|εb|
∣∣|a +

εb|q−1 + |a|q−1
∣∣, with q = 2∗, and the fact that u, v ∈ L2∗(m), we have that

�
|u + εv|q m → 1 as ε → 0.

Thanks to the same estimates, the dominated convergence theorem grants that

lim
ε↓0

1− I2
ε

ε
=

2

2∗
lim
ε↓0

�
|u|2∗ − |u+ εv|2∗

ε
dm = −2

�
u2∗−1v dm.

Arguing analogously considering ε ↑ 0 gives (4.11.8). �

We can now prove Theorem 4.11.2, which thanks to the previous proposition, amounts to show the
existence of a minimizer for (4.11.5). We will do so using the concentration-compactness tools developed
in Section 4.7, here employed with a fixed space X. We mention that the application of concentration-
compactness arguments to the study of the Yamabe equation goes back to the seminal work [170].
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Proof of Theorem 4.11.2. Let un ∈ W 1,2(X) ∩ L2(|S|) be such that QS(un) → λS(X) and
‖un‖L2∗ (m) = 1. We claim that un are uniformly bounded in W 1,2(X). Indeed, this can be seen from the
estimate�
|Dun|2 + |un|2 dm ≤

�
|Dun|2 dm+

�
|un|2 dS + (1 + ‖g‖Lp(m))‖un‖L2∗ (m) = QS(un) + (1 + ‖g‖Lp(m)),

obtained combining the Hölder inequality with (4.11.3). Hence, by compactness (see Proposition 1.6.11),
up to a not relabelled subsequence, we have un → u in L2(m) for some u ∈W 1,2(X). Observe that, since
u ∈W 1,2(X), u admits a quasi-continuous representative (still denoted by u) and thus thanks to (4.11.3)
it makes sense to integrate u2 against |S|. We claim that u ∈ L2(|S|) and

(4.11.9)

�
u2 dS ≤ lim

n

�
u2
n dS.

Observe first that, by (4.11.3), we have S− ≤ |g|m. Hence, since un → u in L2(m), we get that u ∈ L2(S−)
and un → u also in L2(S−). To prove (4.11.9) it remains to prove that

�
u2 dS+ ≤ limn

�
u2
n dS+. Observe

first that up to passing to a further non-relabeled subsequence we can assume that the right hand side is
actually a limit. From Mazur’s lemma there exists a sequence (Nn) ⊂ N and numbers (αn,i)

Nn
i=n ⊂ [0, 1]

such that
∑Nn
i=n αni = 1 for every n ∈ N and vn :=

∑Nn
i=n αniui converges to u strongly in W 1,2(X).

In particular from (1.2.15) up to a subsequence vn → u also Cap-a.e. and thus, since S+ � Cap (recall
(4.11.3)), also S+-a.e.. Therefore, from Fatou’s Lemma and the convexity of the L2-norm we have

‖u‖L2(S+) ≤ lim
n
‖vn‖L2(S+) ≤

Nn∑
i=n

αni‖ui‖L2(S) ≤ lim
n
‖un‖L2(S+),

since we are assuming that the last limit exists. This proves the claim.
We now distinguish two cases:

Case 1. λS(X) < 0. By lower semicontinuity of the Cheeger-energy and (4.11.9) we have

0 > λS(X) = lim
n
QS(un) ≥

�
|Du|2 dm +

�
u2dS.

In particular u is not identically zero and by the lower semicontinuity of the L2∗(m)-norm we have
0 < ‖u‖L2∗ (m) ≤ 1. Moreover, from the above we have that

�
|Du|2 dm +

�
u2dS is negative, hence

λS(X) ≥ ‖u‖−2
L2∗ (m)

(�
|Du|2 dm +

�
u2dS

)
= QS(‖u‖−1

L2∗ (m)
u).

Therefore ‖u‖−1
L2∗ (m)

u is a minimizer for QS(u).

Case 2. λS(X) ≥ 0. Recall that the sequence (un) is uniformly bounded both in L2∗(m) and in W 1,2(X).
Therefore since X is compact, again up to a subsequence, |Dun|2m ⇀ µ and |un|2

∗
⇀ ν for some

µ ∈ M +
b (X) and ν ∈ P(X) in duality with C(X). By assumption there exists ε > 0 such that λS(X) <

min θN (x)2/N

Eucl(N,2)2+ε =: λε. We fix one of these ε > 0 and define Aε = λ−1
ε . From Theorem 4.5.1 there exists a

constant Bε > 0 so that

‖u‖2L2∗ (m) ≤ Aε‖|Du|‖
2
L2(m) +Bε‖u‖2L2(m), ∀u ∈W 1,2(X).

Hence we are in position to apply Lemma 4.7.6 (with fixed space X) to deduce that there exists a countable

set of indices J , points (xj)j∈J ⊂ X and weights (µj) ⊂ R+, (νj) ⊂ R+ such that µj ≥ λεν
2/2∗

j for every
j ∈ J and

ν = |u|2
∗
m +

∑
j∈J

νjδxj , µ ≥ |Du|2m +
∑
j∈J

µjδxj .

We now observe that

(4.11.10)

�
|Du|2 dm +

�
u2 dS ≥ ‖u‖2L2∗ (m)λS(X).

Indeed, this is obvious if u = 0 m-a.e., hence we assume that u 6= 0 m-a.e.. In this case, (4.11.10) follows
noticing that λS(X) ≤ QS(u‖u‖−1

L2∗ (m)
) = ‖u‖−2

L2∗ (m)

(�
|Du|2dm +

�
u2 dS

)
. Therefore using again (4.11.9)
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we have

λS(X) = lim
n
QS(un) ≥ µ(X) +

�
u2 dS ≥

�
|Du|2dm + λε

∑
j∈J

ν
2/2∗

j +

�
u2 dS

(4.11.10)

≥ ‖u‖2L2∗ (m)λS(X) + λε
∑
j∈J

ν
2/2∗

j ≥ λS(X)(‖u‖2L2∗ (m) +
∑
j∈J

ν
2/2∗

j )

≥ λS(X)
(�
|u|2

∗
dm +

∑
j∈J

νj

)2/2∗

= λS(X)ν(X) = λS(X),

where in the last line, we used the concavity of the function t2/2
∗
, the fact that ν ∈P(X) and finally that

λS(X) ≥ 0. Hence all the inequalities are equalities and in particular from the strict concavity of t2/2
∗

we deduce that either
�
|u|2∗dm = 1 or u = 0 (and the numbers νj are all zero except one that is equal

to one). In the second case, plugging u = 0 in the above chain of inequalities, we infer that λε = λS(X)
which is a contradiction. Hence, we must have ‖u‖L2∗ (m) = 1 and un → u strongly in L2∗(m) and in

particular u is a minimizer for (4.11.5). This together with Proposition 4.11.3 concludes the proof. �

We conclude by extending the upper bound of Aubin (4.11.2) to the setting of RCD(K,N) spaces.
This in particular shows that (4.11.7) is a reasonable assumption. Unfortunately, at present, we are able
to prove this comparison only adding integrability conditions on S.

Proposition 4.11.4. Let (X, d,m) be a compact RCD(K,N) space for some K ∈ R, N ∈ (2,∞) and let
S ∈ Lp(m), with p > N

2 . Then

λS(X) ≤ min θN (x)2/N

Eucl(N, 2)2
.

Proof. The argument is almost the same as for Theorem 4.4.4. We start noticing that in the
case min θN (x) = +∞, evidently there is nothing to prove. We are left then to deal with the case
0 < min θN (x) < +∞. Let p ∈ X such that θN (p) = min θN (x). Then there exists a sequence ri → 0
such that the sequence of metric measure spaces (Xi, di,mi, xi) := (X, d/ri,m/r

N
i , p) converges in the

pmGH-topology to an RCD(0, N) space (Y, dY,mY,oY) satisfying mY(Br(oY)) = ωNθN (p)rN for every
r > 0 (this space is actually a cone by [95]). In particular from Lemma 4.4.3 for every ε > 0 there exists a

non-zero u ∈ LIPc(Y) such that
‖u‖2

L2∗ (mY)

‖|Du|‖2
L2(mY)

≥ Eucl(N,2)2−ε
θN (p)2/N . Then by the Γ-convergences of the 2-Cheeger

energies there exists a sequence ui ∈ W 1,2(Xi) such that ui → u strongly in W 1,2. Moreover, since ui
are uniformly bounded in W 1,2 (meaning in W 1,2(Xi)), by the Sobolev embedding (recall also the scaling
property in (4.4.1)) we have supi ‖ui‖L2∗ (mi) < +∞. In particular from the lower semicontinuity of the

L2∗ -norm we get

(4.11.11) lim
i

‖ui‖2L2∗ (m)

‖|Dui|‖2L2(m)

= lim
i

‖ui‖2L2∗ (mi)

‖|Dui|i‖2L2(mi)

≥
‖u‖2

L2∗ (mY)

‖|Du|‖2L2(mY)

≥ Eucl(N, 2)2 − ε
min θN (x)2/N

,

where |Dui|i denotes the weak upper gradient computed in the space Xi.
Denote by p′ := p/(p− 1) the conjugate exponent of p and observe that by hypothesis 2p′ < 2∗. This

and the fact that ui are bounded in L2∗ from Proposition 1.6.10 imply that ui converges in L2p′ -strong
to u. Finally using the Hölder inequality we can write

lim
i
QS(ui) ≤ lim

i

�
|Dui|2 dm

‖ui‖2L2∗ (m)

+ lim
i

�
S|ui|2 dm

‖ui‖2L2∗ (m)

(4.11.11)

≤ min θN (x)2/N

Eucl(N, 2)2 − ε
+ lim

i
‖S‖Lp(m)

( �
|ui|2p

′
dm
)1/p′

‖ui‖2L2∗ (m)

,

=
min θN (x)2/N

Eucl(N, 2)2 − ε
+ lim

i
‖S‖Lp(m)r

N
(

1
p′−

2
2∗

)
i

‖ui‖2L2p′ (mi)

‖ui‖L2∗ (mi)2

=
min θN (x)2/N

Eucl(N, 2)2 − ε
.

where we have used that 1/p′ < 2/2∗, that limi ‖ui‖L2∗ (mi) ≥ ‖u‖L2∗ (mY) > 0 and as observed above

‖|ui‖L2p′ (mi)
→ ‖u‖L2p′ (mY). From the arbitrariness of ε > 0 the proof is now concluded. �

4.11.2. Continuity of the generalized Yamabe constants under mGH-convergence. In [141] it
has been proven in the case of Ricci-limits a result about continuity of the generalized Yamabe constant,
under some additional boundedness assumption on the sequence. In the following result we extend this
fact in the setting of RCD-spaces and we also remove such extra assumption.
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Theorem 4.11.5 (Continuity of λS under mGH-convergence). Let (Xn, dn,mn) be a sequence of compact

RCD(K,N) spaces with m(Xn) = 1, n ∈ N̄, for some K ∈ R, N ∈ (2,∞) satisfying Xn
mGH→ X∞. Let also

Sn ∈ Lp(mn) be Lp-weak converging to S ∈ Lp(m∞), for some p > N/2. Then,

lim
n→∞

λSn(Xn) = λS(X∞).

We start proving that λS is upper semicontinuous under mGH-convergence.

Lemma 4.11.6. Let (Xn, dn,mn) be a sequence of compact RCD(K,N)-spaces with m(Xn) = 1, n ∈ N̄,

for some K ∈ R, N ∈ (2,∞) and satisfying Xn
mGH→ X∞. Let also Sn ∈ Lp(mn) be Lp-weak convergent to

S ∈ Lp(m∞), for a given for p > N/2. Then,

(4.11.12) lim
n→∞

λSn(Xn) ≤ λS(X∞).

Proof. Fix a non-zero u ∈W 1,2(X∞). By the Sobolev embedding on X∞ we know that u ∈ L2∗(m∞),
therefore by Lemma 4.7.4 there exists a sequence un ∈W 1,2(Xn) that convergeW 1,2-strong and L2∗ -strong
to u. By definition of λSn(Xn), we have

‖un‖2L2∗ (mn)λSn(Xn) ≤
�
|Dun|2 dmn +

�
Sn|un|2 dmn, ∀n ∈ N.

From the assumption that p > N/2, we have that its conjugate exponent p′ satisfies 2p′ < 2∗, there-

fore from (viii), (ix) in Proposition 1.6.10 we have that |un|2 Lp
′
-strongly converges to u2. Recalling

Proposition 4.7.2, we get that all the above quantities pass to the limit and thus we reach

‖u‖2L2∗ (m∞) lim
n→∞

λSn(Xn) ≤
�
|Du|2 dm∞ +

�
S|u|2 dm∞.

By arbitrariness of u, we conclude. �

We shall now come to the proof of the main continuity result for the generalized Yamabe constant.

Proof of Theorem 4.11.5. Observe that by Lemma 4.11.6 we only have to prove that:

lim
n→∞

λSn(Xn) ≥ λS(X∞).

It is also clearly not restrictive to assume that the lim is actually a limit.
For every n ∈ N, we take un ∈W 1,2(Xn) non-zero so that QSn(un)−λSn(Xn) ≤ n−1. In other words

(4.11.13) ‖un‖2L2∗ (mn)

(
λSn(Xn) + 1

n

)
≥
�
|Dun|2 dmn +

�
Sn|un|2 dmn.

It is also clearly not restrictive to suppose that un ∈ LIPc(Xn) are non-negative and such that
‖un‖L2∗ (mn) ≡ 1. Hence, arguing as in the proof of Theorem 4.11.2 (using also (4.11.12)), we get that

un is uniformly bounded in W 1,2. Then, by compactness (see Proposition 1.6.11), up to a not rela-
beled subsequence, we have that un converge L2-strong and W 1,2-weak to some u∞ ∈ W 1,2(X∞). From
‖un‖L2∗ (mn) ≡ 1 and the assumption p > N/2, Proposition 1.6.10 implies that u2

n converges Lp/(p−1)-

strongly to u2
∞ and that un converges L2p/(p−1)-strongly to u∞. From this point we subdivide the proof

in three cases.
Case 1: limn λSn(Xn) < 0. In this case, by (4.11.13) we know by lower semicontinuity of the 2-Cheeger
energy and Proposition 4.7.2, we have that

0 > lim
n
λSn(Xn) ≥

�
|Du∞|2 dm∞ +

�
Su2
∞ dm∞.

In particular, u∞ is not m∞-a.e. equal to zero and by weak-lower semicontinuity, we have that 0 <
‖u∞‖L2∗ (m∞) ≤ 1. Therefore

‖u∞‖L2∗ (m∞) lim
n
λSn(Xn) ≥ lim

n
λSn(Xn) ≥

�
|Du∞|2 dm∞ +

�
Su2
∞ dm∞ ≥ λS(X∞)‖u∞‖L2∗ (m∞),

which concludes the proof in this case.
Case 2: limn λSn(Xn) > 0. Before starting, notice that by using the Hölder inequality, for any n ∈ N
and any u ∈W 1,2(Xn) we have by the definition of λSn(Xn) that

(4.11.14) ‖u‖2L2∗ (mn) ≤ λSn(Xn)−1

�
|Du|2 dmn + λSn(Xn)−1‖Sn‖Lp(mn)‖u‖2L2p/p−1(mn).

Moreover, since all Xn are compact and renormalized, there are µ ∈M +
b (Z), ν ∈P(Z) so that, up to a not

relabelled subsequence, |Dun|2mn ⇀ µ and |un|2
∗
mn ⇀ ν in duality with C(Z) as n goes to infinity, where
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(Z, dZ) is a (compact) space realizing the convergences via extrinsic approach. Since we are assuming that
limn λSn(Xn) > 0, the constant in (4.11.14) are uniformly bounded (for n big enough) and we are in
position to apply Lemma 4.7.6. In particular we get the existence of an at most countable set J , points

(xj)j∈ J ⊂ X∞ and weights (µj), (νj) ⊂ R+, so that µj ≥ limn λSn(Xn)ν
2/2∗

j with j ∈ J and

ν = |u∞|2
∗
m +

∑
j∈J

νjδxj , µ ≥ |Du∞|2m +
∑
j∈J

µjδxj .

Moreover, recalling Proposition 4.7.2 we have

(4.11.15) µ(X) +

�
Su2
∞ dm∞ = lim

n→∞
QSn(un)

(4.11.13)

≤ lim
n→∞

λSn(Xn),

and, arguing as in the proof of (4.11.10), u∞ is so that ‖u∞‖L2∗ (m∞)λS(X∞) ≤
�
|Du∞|2 dm∞ +�

S|u∞|2 dm∞. Finally, we can perform the chain of estimates

lim
n→∞

λSn(Xn)
(4.11.15)

≥ µ(X) +

�
Su2
∞ dm∞ ≥

�
|Du∞|2dm∞ + lim

n→∞
λSn(Xn)

∑
j∈J

ν
2/2∗

j +

�
Su2
∞ dm∞

≥ λS(X∞)‖u∞‖2L2∗ (m∞) + lim
n→∞

λSn(Xn)
∑
j∈J

ν
2/2∗

j

(4.11.12)

≥ lim
n→∞

λSn(Xn)
(
‖u∞‖2L2∗ (m∞) +

∑
j∈J

ν
2/2∗

j

)
≥ lim
n→∞

λSn(Xn)
(�
|u∞|2

∗
dm∞ +

∑
j∈J

νj

)2/2∗

≥ lim
n→∞

λSn(Xn),

where in the last line, we used the concavity of t2/2
∗
, the fact that ν ∈P(X). In particular, all inequalities

must be equalities and by the strict concavity of t2/2
∗

either ‖u∞‖L2∗ (m∞) = 1 and all νj = 0, or u∞ = 0
m∞-a.e. and all the weights are zero except one νj = 1. The first situation is the easier one, as in this case
the above inequalities which are actually equalities imply that λS(X∞) = limn λSn(Xn), which is what we
wanted. Therefore we suppose that we are in the second case, i.e. that there exists a point y0 ∈ X∞ so
that |un|2

∗
mn ⇀ δy0

in duality with C(Z) and that un converges in L2-strong to zero. Moreover, from
(4.11.13) and Hölder inequality we get

‖un‖2L2∗ (mn) ≥
(
λSn(Xn) + 1

n

)−1
(�
|Dun|2 dmn − ‖Sn‖Lp(mn)‖un‖2L2p/(p−1)(mn)

)
, ∀n ∈ N.

We can therefore apply Lemma 4.10.2 to get that θN (y0) ≤ Eucl(N, 2)N limn λSn(Xn)N/2. Finally, we can
rearrange and invoke Proposition 4.11.4 to get

lim
n
λSn(Xn) ≥ θN (y0)2/N

Eucl(N, 2)2
≥ λS(X∞).

Case 3: limn λSn(Xn) = 0. The argument is the same as in the previous case, only that we replace
(4.11.14) with the Sobolev inequality given in Proposition 4.6.1:

(4.11.16) ‖u‖2Lq(m) ≤ A(K,N,D)‖|Du|‖2L2(m) + ‖u‖2L2(mn), ∀u ∈W 1,2(Xn),

where D > 0 is constant such that diam(Xn) ≤ D. Then we can apply exactly as in the previous case

Lemma 4.7.6, except that in this case we obtain µj ≥ A(K,N,D)−1ν
2/2∗

j for every j ∈ J . Then the above
chain of estimates becomes

0 = lim
n→∞

λSn(Xn)
(4.11.15)

≥ µ(X) +

�
Su2
∞ dm∞ ≥

�
|Du∞|2dm∞ +A(K,N,D)−1

∑
j∈J

ν
2/2∗

j +

�
Su2
∞ dm∞

≥ λS(X∞)‖u∞‖2L2∗ (m∞) +A(K,N,D)−1
∑
j∈J

ν
2/2∗

j

(4.11.12)

≥ lim
n→∞

λSn(Xn)‖u∞‖2L2∗ (m∞) +A(K,N,D)−1
∑
j∈J

ν
2/2∗

j ≥ 0.

Therefore we must have that νj = 0 for every j ∈ J and in particular that ‖u∞‖2L2∗ (m∞)
= 1 and thus

that λS(X∞) = 0. This concludes the proof. �
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CHAPTER 5

Bi-Lipschitz metric Reifenberg’s theorem

Structure of the chapter

We will start in Section 5.1 with some elementary preliminaries on metric spaces and Gromov-
Hausdorff distance. Then we will move to the proof of the bi-Lipschitz version of the Cheeger and
Colding’s metric Reifenberg’s theorem, which is contained in Sections 5.2, 5.3 and 5.4. In Section 5.2 we
will first give the main statement and some remarks on it (Section 5.2.1) and then give a proof assuming
the existence of a suitable family of approximating manifolds and mappings (Section 5.2.2). Sections 5.3
and 5.4 will be devoted to the constructions of these objects and will constitute the main portion of the
proof. In section 5.3 we will develop the two main tools which are at the core of the argument. One is the
mappings modification theorem (Section 5.3.2) that will allow us to build the approximating manifolds.
Roughly said this result will produce a family of compatible transition functions starting from a set of
almost-compatible transition functions. The second tool which we will develop in Section 5.3.3 allows to
patch together a family of embeddings from a manifold to another, which almost agree on the intersection
of their domains, to obtain a globally defined embedding. This will be used to build the diffeomorphisms
between the approximating manifolds. Section 5.4 constitutes the main body of the proof where, starting
from the irregular charts for the metric space given by the Gromov-Hausdorff approximations, we will
build smooth atlases to construct smooth manifolds that approximate the metric space at smaller and
smaller scales.

The second part of the chapter, Sections 5.5, 5.6 and 5.7, will be concerned with the comparison
between the “Hausdorff flatness” and “Gromov-Hausdorff flatness” for subsets of the Euclidean space.
In Section 5.5.1 we will introduce the parameters e, b that measure the flatness (of a subset of Rd)
via comparison with planes and of their metric counterparts ε, β defined in terms of Gromov-Hausdorff
distance and almost-isometries. In Section 5.5.2 we will first prove the elementary inequalities ε . e,
β . b and then show, with examples, that they cannot be improved in general. Finally we will give a
key-example for which ε . e2 and β . b2. In Section 5.5.3 we will state our main result which roughly
says that the numbers ε, β behave as the square of the numbers e, b. The difficult part will be to show
that, in a weak sense, ε . e2 and β . b2, which will be proved in Section 5.6. In the last Section 5.7 we
will instead show the more direct inequalities e2 . ε and b2 . b.

All the results that will be presented in this chapter are contained in [130,209].

5.1. Preliminaries and notations

In this short preliminary section we list the very few notations and definitions that we will need along
the chapter, which are mainly linked to the Gromov-Hausdorff distance between metric spaces and related
concepts (some of them were already present in the first part of this thesis, but we will include them for
completeness).

The only non-standard result contained here will be Lemma 5.1.11, which gives a quantified approx-
imation of an almost-isometry with an isometry and will be the starting point for the construction in the
proof of the bi-Lipschitz metric Reifenberg’s theorem.

Notations. For an n × n real-matrix A ∈ Rn×n we will denote by ‖A‖ its operator norm and by
{ai,j}i,j∈1,...,n its entries. We recall also the following elementary inequality, which will be used in several
proofs:

(5.1.1)
1

n2
‖A‖ ≤ max

i,j
|ai,j | ≤

√
n‖A‖, ∀A ∈ Rn×n.

Given a C1 function f : Rn ⊃ A → Rn we will denote with fk, k = 1, .., n its components and with
Df : A→ Rn×n its differential, which will be always treated as an n× n matrix-valued map.

In the first part of this chapter a central role will be played by the following Ck-norm:

123
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Definition 5.1.1 (Ck-scaling invariant norm). Let f ∈ C1(A;Rn) where A is any open set of Rn, for any
t > 0 we write

‖f‖C1(A),t ≤ C

if |f | ≤ Ct and ‖Df‖ ≤ C on A, where ‖.‖ denotes the operator norm of the matrix Df . If moreover
f ∈ C2(A;Rn) and |∂i,jfk| ≤ C/t, for every i, j, k ∈ {1, ..., n} (fk being the k-th component of f) we write
‖f‖C2(A),t ≤ C.

Remark 5.1.2. The reason for us to work with this norm is the following observation: ‖f‖C1(A),t ≤ C
(resp. ‖f‖C2(A),t ≤ C) if and only if ‖ft‖C1(A/t),1 ≤ C (resp. ‖ft‖C2(A/t),1 ≤ C), where A/t := {x/t :

x ∈ A} and ft(x) := f(tx)
t . �

Given a metric space (X, d) and a point p ∈ X we denote by BX
r (p) := {x ∈ X : d(x, p) < r} the

ball of radius r > 0 centered at p and by Br(p) its topological closure, which in case of a length space
coincides with the closed ball {x ∈ X : d(x, p) ≤ r}.

Hausdorff and Gromov-Hausdorff distance. Here we introduce some basics on the Gromov-Hausdorff dis-
tance and GH-approximation maps, for a more detailed presentation we refer to [60].

Definition 5.1.3 (δ-dense set). Let (X, d) be a metric spaces and fix a number δ > 0. We say that a set
S ⊂ X is δ-dense in X if for every x ∈ X there exists s ∈ S such that d(x, s) < δ.

Definition 5.1.4 (δ-isometry). Let (X1, d1), (X2, d2) be two metric spaces and fix a number δ > 0. We
say that a function f : S → X2 for some S ⊂ X1 is a δ-isometry if

|d2(f(x), f(y))− d1(x, y)| < δ, ∀x, y ∈ S.

Definition 5.1.5 (Hausdorff- distance). Let (X, d) be a metric space and let A,B ⊂ X. We define the
Hausdorff distance between A and B as the number

dX
H(A,B) := inf{r | B ⊂ (A)r and A ⊂ (B)r},

where (S)r denotes the open r-tubular neighbourhood of a set S ⊂ X.

Definition 5.1.6 (Gromov-Hausdorff distance). Let (X1, d1), (X2, d2) be two metric spaces, we define the
Gromov-Hausdorff distance between X1 and X2 as the number

dGH(X1,X2) := inf
(Z,d)

i1:X1→(Z,d)
i2:X2→(Z,d)

dZ
H(i1(X1), i2(X2)),

where the infimum is taken among all the triples (Z, d), i1, i2 such that i1, i2 are isometric embeddings of
X1,X2 into Z.

It will be sometimes more convenient to work with an equivalent characterization of the Gromov-
Hausdorff distance through Gromov-Hausdorff approximation maps defined as follows.

Definition 5.1.7 (GH-approximations). Let (X1, d1), (X2, d2) be two metric spaces and fix a number
δ > 0. We say that a function f : X1 → X2 is a δ-Gromov-Hausdorff approximation map (δ-GH-app. in
short) if

• f is a δ-isometry,
• f(X) is δ-dense in X2.

(Observe that we do not require f to be continuous. )

We can now characterize the Gromov-Hausdorff distance as follows.

Theorem 5.1.8 ([60, Corollary 7.3.28]). Let (X1, d1), (X2, d2) be two metric spaces. Then

(1) if dGH(X1,X2) ≤ δ, then there exists a 2δ-GH-app. f : X1 → X2,
(2) if there exists a δ-GH-app. f : X1 → X2, then dGH(X1,X2) ≤ 2δ.

We point out that in [60] δ-isometry maps are what we here call δ-GH-app. maps.
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Properties of the Gromov-Hausdorff distance. The following result shows that GH-approximations be-
tween two metric spaces can be chosen to be almost the inverse of each other.

Proposition 5.1.9. Let (X1, d1), (X2, d2) be two metric spaces and suppose f : X1 → X2 is a δ-GH-app.
then there exists a 3δ-GH-app. g : X2 → X1 such that

(5.1.2) d2(f(g(y)), y) < 2δ,

(5.1.3) d1(g(f(x)), x) < 2δ,

for every x ∈ X1 and y ∈ X2.

Proof. We can construct g explicitly as follows. For every y ∈ X2 by definition there exists at
least one x ∈ X1 satisfying d2(f(x), y) < δ, we define g(y) to be one of such points (chosen arbitrarily).
We prove (5.1.2). Pick any y ∈ X2, then by definition g(y) is a point in X1 such that d2(f(g(y)), y) <
δ and we conclude. We now prove (5.1.3). Pick any x ∈ X1, then by definition of g we have that
d2(f(g(f(x))), f(x)) < δ and since f is a δ-isometry we deduce that d1(g(f(x)), x) < 2δ. Notice now that
(5.1.3) already proves that g(X2) is 2δ-dense in X1. It remains to prove that g is a 3δ-isometry. Pick
y1, y2 ∈ X2. From (5.1.2) we have d2(f(g(yi)), yi) < δ, therefore by the triangle inequality we have

|d2(f(g(y1)), f(g(y2)))− d2(y1, y2)| < 2δ.

Recalling that f is a δ-isometry we obtain that

|d1(g(y1), g(y2))− d2(y1, y2)| < 3δ.

�

In general a GH-approximation between two balls in different metric spaces needs not to send the
center near the center, however this holds if one the spaces is the Euclidean space:

Proposition 5.1.10. Let (X, d) be a metric space and let B1(x0) the ball of radius 1 centered at x0 ∈ X.

Suppose f : B1(x)→ BRk
1 (0) is a δ-GH-app., then

|f(x0)| ≤ 7δ.

Proof. Suppose by contradiction that |f(x0)| > 7δ, then there exists a point y ∈ B1(0) such that
|y − f(x0)| > 1 + 6δ. Let g be the almost-inverse map given by Proposition 5.1.9. Then from (5.1.3) we
have d(g(f(x0)), x0) < 2δ. Moreover, since g is a 3δ-isometry, we get

d(g(y), g(f(x0))) > 1 + 3δ.

Hence by the triangle inequality

d(g(y), x0) ≥ d(g(y)), g(f(x0))− d(g(f(x0)), x0) ≥ 1 + δ,

but g(y) ∈ B1(x0) and thus we have a contradiction. �

Isometry-approximation of a δ-isometry. The following technical lemma shows that a δ-isometry between
Euclidean spaces is close to an isometry. The crucial point is that the closeness is quantified: proportional
to δ if the source and target have the same dimension and proportional to

√
δ otherwise. We point out

that a non-quantified version of this statement could be more directly derived by compactness, however
for our goal of proving the bi-Lipschitz Reifenberg’s theorem, this explicit control will be essential. A
version of this result in the case m = n can also be found in [93, Lemma 7.11].

Lemma 5.1.11. For every n ∈ N exists a constant C(n) such that the following holds. For every map
f : Rn ⊃ Bt(0)→ Rm with m ≥ n such that

(5.1.4) ||x− y| − |f(x)− f(y)|| ≤ δt,

for some δ < 1, there exists an isometry I : Rn → Rm with I(0) = f(0), such that

(5.1.5) |I − f | ≤ C(n)δt, on Bt(0), if m = n,

and

(5.1.6) |I − f | ≤ C(n)
√
δt on Bt(0), if m > n.
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Proof. Without loss of generality we can suppose f(0) = 0. Moreover, since the statement is scaling
invariant, it’s also enough to prove the case t = 2. We start by noticing that from (5.1.4), the fact that
f(0) = 0 and from the assumption δ < 1 we have that f(B2(0)) ⊂ B4(0). This fact will be used without
further comments on the computations contained in this proof. Moreover we remark that constant C(n)
that will appear may change from line to line, but will depend only on n. Denote now by {e1, ..., en} ⊂
B2(0) the canonical orthonormal frame in Rn. We claim that there exists an orthonormal frame {f1, ..., fm}
in Rm such that |f(ei) − fi| ≤ C(n)δ for every i ≤ n. To see this it’s sufficient to apply Gram-Schmidt
orthogonalization procedure to the vectors {f(e1), ..., f(en)} : define

f1 :=
f(e1)

|f(e1)|

and inductively

f̃k := f(ek)−
k−1∑
i=1

〈f(ek), fi〉fi

fk :=
f̃k

|f̃k|
.

Then we complete {f1, ..., fn} to an orthonormal frame {f1, ..., fm}. We need to verify that |f(ei)− fi| ≤
C(n)δ for every i ≤ n. We argue by induction. First observe that by (5.1.4) and f(0) = 0 it follows that

(5.1.7) ||f(ei)| − 1| ≤ δ,

for every i = 1, .., n. In particular ||f(e1)| − 1| ≤ δ, therefore |f1 − f(e1)| = |f(e1) 1−|f(e1)|
|f(e1)| | ≤ δ, hence the

case i = 1 is verified. Suppose now the claim is true up to i = k − 1. Again by (5.1.4) and induction

hypothesis we also have ||f(ek)− fi| −
√

2| ≤ ||f(ek)− f(ei)| −
√

2|+ |f(ei)− fi| ≤ C(n)δ for every i < k.
This and (5.1.7) imply

|〈f(ek), fi〉| ≤ ||f(ek)|2 − 1− 2〈f(ek), fi〉|+ ||f(ek)|2 − 1| =
= ||f(ek)− fi|2 − 2|+ ||f(ek)|2 − 1|

≤ 8||f(ek)− fi| −
√

2|+ 4||f(ek)| − 1| ≤ C(n)δ.

Therefore

|
k−1∑
i=1

〈f(ek), fi〉fi| ≤ C(n)δ,

that implies |f(ek) − f̃k| ≤ C(n)δ. From this and (5.1.7) we also deduce that ||f̃k| − 1| ≤ C(n)δ and
combining this two facts, we easily deduce |f(ek) − fk| ≤ C(n)δ. We define now the isometry I as the
unique isometry such that I(0) = 0 and I(ei) = fi, i.e. I(x) = Ax where A is the n × n matrix having
f1, ..., fn as columns. Consider now x ∈ B2(0), then x =

∑n
i=1 aiei for some ai and T (x) =

∑n
i=1 aifi.

Moreover f(x) =
∑n
i=1 bifi +

∑m
i=n+1 cifi for some real numbers bi, ci. Then

ai = 〈T (x), fi〉 =
|T (x)|2 + 1− |T (x)− fi|2

2
=
|x|2 + 1− |x− ei|2

2

and for every i ≤ n

bi = 〈f(x), fi〉 =
|f(x)|2 + 1− |f(x)− fi|2

2
.

Define now f= =
∑n
i=1 bifi and f⊥ =

∑m
i=n+1 cifi so that f= ⊥ f⊥ and f(x) = f= + f⊥. Then

|f= − T (x)| ≤
∑
i

|ai − bi| ≤
||f(x)|2 − |x|2|+ ||f(x)− fi|2 − |x− ei|2|

2

≤ 8||f(x)| − |x||+ 8||f(x)− fi| − |x− ei||
2

≤ C(n)δ + 4|fi − f(ei)|
2

≤ C(n)δ.

If n = m, then f= = f(x) and (5.1.5) is proved. Suppose now m > n. Observe that

||f(x)|2 − |T (x)|2| = ||f(x)| − |x||(|f(x)|+ |x|) ≤ 6δt,
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therefore |f(x)|2 ≤ |T (x)|2 + 6δ. Moreover |f(x)|2 = |f=|2 + |f⊥|2, thus

|f⊥|2 = |f(x)|2 − |f=|2 ≤ |T (x)|2 − |f=|2 + 6δ

≤ ||T (x)|2 − |f=|2|+ 6δ

≤ ||T (x)| − |f=||(|T (x)|+ |f(x)|) + 6δ ≤ C(n)δ.

This implies that |f(x)− T (x)|2 = |f⊥|2 + |f= − T (x)|2 ≤ C(n)(δ2 + δ) ≤ C(n)δ, that is (5.1.6). �

5.2. Cheeger-Colding’s Bi-Lipschitz metric Reifenberg’s theorem

5.2.1. Statement and remarks. To state the main result we need first to introduce the key quantities
of this section, which are the the following Gromov-Hausdorff ‘flatness-coefficients’.

Definition 5.2.1. Let (Z, d) be a metric space. For every r > 0, n ∈ N and i ∈ N0 define

(5.2.1) εi(r, n) :=
2i

r
sup
z∈Z

dGH(BZ2−ir(z), B
Rn
2−ir(0)).

Theorem 5.2.2 (Bi-Lipschitz metric-Reifenberg’s theorem). For every n ∈ N the following holds. Let
(Z, d) be a connected and complete metric space. Suppose that for some r > 0 we have that

(5.2.2)
∑
i≥0

εi(r, n) < +∞.

Then for every ε > 0 there exists a smooth n-dimensional Riemannian manifold (Wε, dε) and a surjective
homeomorphism Fε : Wε → Z that is (uniformly) locally (1 + ε)-bi-Lipschitz. That is to say that there
exists ρ > 0 such that

(5.2.3) Lip Fε|Bρ(w), Lip Fε
−1|Bρ(z) < 1 + ε,

for every w ∈ Wε and every z ∈ Z. Moreover for every ε1, ε2 > 0 the manifolds Wε1 ,Wε2 can be chosen
to be diffeomorphic to each other.

Remark 5.2.3. Differently from [73] we are not assuming that (Z, d) is separable. Indeed separability
is a consequence of the assumptions of Theorem 5.2.2, as we will prove at the beginning of Section 5.4.1.

�

Remark 5.2.4. Observe that, since Wε is complete and connected, the map Fε is always globally 1 + ε
Lipschitz. Analogously, if (Z, d) is a length space, we also obtain that F−1

ε is globally 1 + ε bi-Lipschitz.
On the contrary, without further assumptions of Z we can only say that Fε

−1 is Lipschitz on any bounded
set, with a Lipschitz constant that depends only on the diameter of the set (see also Example 5.2.5 below).
In particular if Z is bounded, then Fε is always bi-Lipschitz. �

The following example shows that Fε in Theorem 5.2.2 cannot be taken to be globally Lipschitz in
general.

Example 5.2.5. Take the real line R with the following distance

d(t, s) :=

{
|s− t| if |t− s| ≤ 4,

2
√
|t− s| otherwise .

Clearly (R, d) satisfy the hypothesis of Theorem 5.2.2 with r = 1 and n = 1. Then for any ε > 0 we can
take Wε = (R, |.|) and Fε to be identity. Since Fε is locally an isometry, it satisfies (5.2.3). However Fε
is not globally bi-Lipschitz. We point out the these Wε and Fε are really the ones that come up in the
construction in the proof of Theorem 5.2.2, provided that at the beginning of the proof we pick the maps
αi,j , βi,j to be the identity. This can be checked simply following the steps of the proof and observing
that most of the construction trivializes. �

Local version. A local version of Theorem 5.2.2, more in the spirit of Theorem 0.30 also holds. To state
it we need the following variants of the numbers εi defined above.

Definition 5.2.6. Let (Z, d) be a metric space and z0 ∈ Z. For every n ∈ N and every i ∈ N0 define

(5.2.4) εi(n) := 2i sup
z∈B1−2−i (z0)

dGH(BZ2−i(z), B
Rn
2−i(0)).
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Theorem 5.2.7 (Bi-Lipschitz metric-Reifenberg’s theorem - local version). For every n ∈ N there exist
constants ε(n) > 0,M = M(n) > 1 such that the following is true. Let B1(z0) be a a ball inside a complete
metric space (Z, d). Suppose that εi(n) ≤ ε(n) for every i ≥ 0 and

(5.2.5)
∑
i≥1

εi(n) < +∞.

Then there exists a bi-Lipschitz map F : BRn
1 (0)→ Z such that B1−Mε0(z0) ⊂ F (B1(0)).

We observe that, contrary to Theorem 5.2.2, in Theorem 5.2.7 we do not have an arbitrary small
bi-Lipschitz constant. This is due to the fact that in Theorem 5.2.2 we have the freedom to choose the
manifold to which we compare the metric space, while in Theorem 5.2.7 the manifold is fixed to be the unit
Euclidean ball. We will not include the proof of Theorem 5.2.7, which in any case is a minor modification
of the one that we will present for Theorem 5.2.2.

It is also worth to point out that we cannot improve Theorem 5.2.7 to have B1(z0) = F (B1(0)),
indeed it might even happen that B1(z0) is not connected, as shown in the following example.

Example 5.2.8. Fix ε > 0 small and n ∈ N. Consider the metric space (Z, d) obtained as union of two

closed Euclidean balls B1 := BRn
1 (01), B2 := BRn

1 (02) by setting d(02, 01) = 1 − ε. It is straight-forward
to verify that BZ1 (01) satisfies the hypotheses of Theorem 5.2.7 with ε0 = 3ε and εi = 0 for every i ≥ 1.
However BZs (01) is disconnected for every 1− ε < s ≤ 1. �

5.2.2. Setup and main argument.

Notations and constants. We start by fixing once and for all a positive constant C = C(n), that will
appear both on the present and on the following sections. Its value will be determined along the proof
and may change from line to line, but will in any case remain dependent only on n. Moreover we also
pick ε(n) = ε(n,C) another positive constant that may change along the proof, but will depend only on
C and n. In particular ε(n) at the end will depend only on n. Since r and n are fixed along all the proof
we will also write εi in place of εi(r, n), for every i ∈ N0.

We observe that Theorem 5.2.2 holds for a metric space (Z, d) if and only if it holds for all the rescaled
spaces (Z, dλ), with λ > 0. Moreover, denoted by ελi (r, n) the numbers in Definition 5.2.1 relative to the
rescaled space (Z, λd), it easy to verify that

ελi (λr2−j , n) = εi+j(r, n),

for every i, j ∈ N and every r > 0. Therefore, since by (5.2.2) εi → 0+ as i → +∞, up to rescaling the
metric d we can assume both that

(5.2.6) r = 200

and that

(5.2.7) εi ≤ ε(n) for every i ≥ 0.

In particular whenever in the present and following sections we will say that εi is small enough, we will
implicitly assume that the constant ε(n) is chosen sufficiently small.

Main argument. The rough idea of the proof is to construct for every scale 2−i a manifold (Wi, di) that
approximates the metric space Z in the sense that there exists a map fi : Wi → Z that is roughly an
εi2
−i-isometry. Moreover we build maps hi : Wi → Wi+1 that are bi Lipschitz with constant ∼ (1 + εi).

Then the required map F will be obtained as limit of the maps fi ◦ hi ◦ hi−1 ◦ · · · ◦ h1.
CLAIM: For the proof it is sufficient to construct a sequence of (complete and connected) n-

dimensional Riemannian manifolds (Wn
i , di), symmetric maps ρi : Wn

i ×Wn
i → [0,∞), surjective dif-

feomorphisms hi : Wn
i →Wn

i+1 and maps fi : Wn
i → Z, for i ∈ N0, satisfying the following statements.

(1) For every w1, w2 ∈Wn
i it holds that

ρi(w1, w2) = di(w1, w2),

whenever ρi(w1, w2) ≤ 2−i or di(w1, w2) ≤ 2−i.
(2)

1

1 + C(εi + εi+1)
≤ ρi+1(hi(w1), hi(w2))

ρi(w1, w2)
≤ 1 + C(εi + εi+1),

for every w1, w2 ∈Wn
i ,

(3) |d(fi(w1), fi(w2))− ρi(w1, w2)| ≤ C2−iεi, for every w1, w2 ∈Wn
i ,

(4) d(fi+1(hi(w)), fi(w)) ≤ C2−i(εi + εi+1), for every w ∈Wn
i ,

(5) fi(W
n
i ) is 20 · 2−i-dense in Z.
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We now briefly comment the statement of the claim. The function ρi substitutes the Riemannian
distance, coincides with di at small scales and it is built to approximate the distance d (see item 3). It is
needed because we do not have a good control on the relation between di and d at large scales. The map
fi is a kind of GH-approximation between Wi and Z. Indeed it is almost surjective (see item 5) and it
is a quasi isometry (see item 3), however not with respect to the Riemannian distance, but with respect
to ρi. Item 2 is the bi-Lipschitz property of the maps hi. Finally, item 4 ensures that hi does not move
points too much, from the prospective of the metric space.

Proof of the CLAIM: Pick any ε > 0. Start by fixing an integer m ≥ 0 large enough, that
will be chosen later. Set θm := supi≥m εi. For every i > m define the function Fi : Wn

m → Z as
Fi := fi ◦ hi−1 ◦ ... ◦ hm+1 ◦ hm and set Fm := fm. From 4 we get that for every w ∈Wn

m

(5.2.8) d(Fi+1(w), Fi(w)) ≤ (εi + εi+1)C2−i ≤ 2Cθm2−i,

for every i ≥ m. Hence the sequence {Fi(w)}i≥m is Cauchy in Z and we call F (w) its limit. We will prove
that the manifold Wn

m and the map F : Wn
m → Z satisfy the conclusions of Theorem 5.2.2 with ε. Notice

first that from (5.2.8) we obtain

(5.2.9) d(F (w), Fi(w)) ≤ 2C2−iθm,

for every i ≥ m. Consider now any couple of distinct points w1, w2 ∈Wm and set

sm := ρm(w1, w2) > 0.

Define also inductively for every i ≥ m the points wi1, w
i
2 ∈ Wn

i and the numbers si by setting wm1 :=
w1, w

m
2 := w2,

wi+1
1 := hi(w

i
1), wi+1

2 := hi(w
i
2)

and

si := ρi(w
i
1, w

i
2).

Observe that from 2

(1 + C(εi + εi+1))−1si ≤ si+1 ≤ si(1 + C(εi + εi+1)),

for every i ≥ m. Iterating the above inequality we get

(5.2.10) sm

i∏
j=m

(1 + C(εj + εj+1))−1 ≤ si ≤ sm
i∏

j=m

(1 + C(εj + εj+1)),

for every i > m. Moreover from 3 we deduce that

(5.2.11) |d(Fi(w1), Fi(w2))− si| ≤ Cεi2−i,
for every i ≥ m. This implies that si → d(F (w1), F (w2)) as i→ +∞. Then passing to the limit in (5.2.10)
we obtain

+∞∏
j=m

1

1 + C(εj + εj+1)
≤ d(F (w1), F (w2))

sm
≤

+∞∏
j=m

(1 + C(εj + εj+1)).

Observe now that, since by hypothesis
∑
j≥0 εj < +∞, we have that

∏+∞
j=0(1 +C(εj + εj+1)) < +∞ and∏+∞

i=0 (1+C(εj +εj+1))−1 > 0. In particular
∏+∞
j=k(1+C(εj +εj+1)) ↓ 1 and

∏+∞
j=k(1+C(εj +εj+1))−1 ↑ 1

as k goes to +∞. Therefore, up to choosing m big enough,

1

1 + ε
≤ d(F (w1), F (w2))

sm
≤ 1 + ε.

Recall now that by 1 we have that dm(w1, w2) ≤ 2−m implies sm = dm(w1, w2), hence

(5.2.12)
1

1 + ε
≤ d(F (w1), F (w2))

dm(w1, w2)
≤ 1 + ε,

whenever dm(w1, w2) ≤ 2−m. This already proves the first part of (5.2.3), provided we take ρ < 2−m−1.
Combining now (5.2.11) with (5.2.9) for i = m and observing that θm → 0+ as m goes to +∞, we obtain
that

|d(F (w1), F (w2))− sm| ≤ 6Cθm2−m <
1

4
2−m,

provided m is big enough. Therefore, whenever d(F (w1), F (w2)) ≤ 2−m−1, it holds that sm ≤ 2−m and
thus from 1 also that dm(w1, w2) ≤ 2−m. Combining this observation with (5.2.12) we obtain that

(5.2.13)
1

1 + ε
≤ d(F (w1), F (w2))

dm(w1, w2)
≤ 1 + ε,
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whenever d(F (w1), F (w2)) ≤ 2−m−1. This proves both that F is injective. We now claim that F is
surjective. We start proving that F (Wn

m) is dense. To see this consider z ∈ Z and δ > 0. Take now i ≥ m
such that 20 ·2−i ≤ δ/8, then by 5 and the fact that the maps hk are surjective, there exists w ∈Wn

m such
that d(Fi(w), z) < δ/2. Moreover from (5.2.9) d(F (w), Fi(w)) < 4C2−iθm ≤ 4Cδθm ≤ δ/2, provided m is
big enough. Hence d(F (w), z) < δ and thus F (Wn

m) is dense from the arbitrariness of δ > 0. Pick now any
z ∈ Z, by density, there exists a sequence wk ∈Wm such that F (wk)→ z. In particular (F (wk)) forms a
Cauchy sequence in (Z, d). From (5.2.13) we deduce that also wk is Cauchy and by the completeness of
Wm it converges to a limit w ∈ Wm. From the continuity of F we have that F (w) = z. This proves that
F is surjective. The second part of (5.2.3) now follows from (5.2.13) provided we choose ρ < 2−m−2.
Finally the last part of the Theorem follows directly form the fact that the maps hk : Wn

k → Wn
k+1 are

diffeomorphisms. This concludes the proof of the CLAIM.

5.3. Core tools needed in the proof

5.3.1. Basic modification result. Here we state and prove Theorem 5.3.1, which is the main building
block for the results that we will prove in Sections 5.3.2 and 5.3.3. The key feature of this theorem is that
the constants appearing in the statement do not depend on the scale t. We also point out that Theorem
5.3.1 is in a sense the C1 counterpart of Lemma 3.5 in [70].

Main statement.

Theorem 5.3.1. For every n ∈ N and η > 0, there exists constants C2 = C2(n, η) > 0, δ2 = δ2(n, η) ∈
(0, 1) with the following property. Let m ∈ {1, 2}. Let U1, U2 open bounded subsets of Rn such that
Ū1 ⊂ U2 and d(Ū1, U

c
2 ) ≥ ηt with t > 0. Suppose H ∈ Ck(U2;Rn), with k ≥ 2, satisfies

‖H − id‖Cm(U2),t ≤ ε

for some ε < δ2.
Then there exists a smooth global diffeomorphism Ĥ : Rn → Rn such that H|U1

= Ĥ|U1
, Ĥ|Uc2 = id,

Ĥ(x) = H(x) whenever H(x) = x and

(5.3.1) ‖Ĥ − id‖Cm(Rn),t ≤ C2(n, η)ε.

Moreover Ĥ−1 is Ck and

(5.3.2) ‖Ĥ−1 − id‖Cm(Rn),t ≤ C2(n, η)ε.

Technical lemmas. For the proof of Theorem 5.3.1 we will need two elementary technical results.

Lemma 5.3.2. Let f ∈ Ck(Rn;Rn), k ∈ N, be such that

‖Df(x)− I‖ ≤ 1/2,

{|f(x)− x| | x ∈ Rn} is bounded .

Then f is a diffeomorphism (from Rn to Rn) with inverse of class Ck.

Proof. Fix x ∈ Rn. Then for every v ∈ Rn

|v| ≤ |v −Df(x)v|+ |Df(x)v| ≤ 1/2|v|+ |Df(x)v|

hence 1/2|v| ≤ |Df(x)v|, thus Df(x) is invertible. Then by the Inverse Function Theorem f is a local
diffeomorphism and an open map. Now observe that f − id is 1/2−Lipschitz, thus for every x, y ∈ Rn

|x− y| − |f(x)− f(y)| ≤ |(id− f)(x)− (id− f)(y)| ≤ |x− y|/2,

hence |x − y| ≤ 2|f(x) − f(y)| and in particular f is injective. Moreover f−1 is Ck again thanks to the
Inverse Function Theorem. We claim now that f is proper, i.e. that f−1(K) is compact for every K
compact. Indeed K is closed and bounded, hence f−1(K) is closed and it is also bounded by second
hypothesis on f , in particular it is compact. Since f is proper, it a closed map, but we already observed
that it is also open, hence it is surjective. This concludes the proof. �

Lemma 5.3.3. For every n ∈ N there exist δ = δ(n) > 0 and C = C(n) > 0 with the following property.
Let m ∈ {1, 2}. Let H ∈ Ck(Rn;Rn), k ≥ m, be such that ‖H − id‖Ck(Rn),t ≤ ε, for some ε ∈ (0, 1/4).

Then H is a diffeomorphism (from Rn to Rn) with Ck inverse and satisfying

‖H−1 − id‖Cm(Rn),t ≤ Cε.
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Proof. The fact that H is a global diffeomorphism of Rn with Ck inverse follows from Lemma 5.3.2.
To prove the require bound we first observe that

|H−1 − id| = |H−1 −H(H−1)| ≤ εt.
Moreover

‖D(H−1)− In‖ = ‖[DH(H−1)]−1 − In‖ ≤ ‖[DH(H−1)]−1‖‖DH(H−1)− In‖ ≤ 2ε,

where we have used the fact that ‖D(H−1)(x)‖ ≤ 2 for every x ∈ Rn, as a can be easily derived from
‖DH(x) − In‖ ≤ 1/2 for every x ∈ Rn. Finally, exploiting the formula for the derivative of the inverse
matrix, we have

∂jD(H−1) = ∂j [DH(H−1)]−1 = [DH(H−1)]−1∂j(DH(H−1))[DH(H−1)]−1

= D(H−1)∂j(DH(H−1))D(H−1)

where ∂j is component-wise derivative. Therefore, recalling (5.1.1) and that ‖DH‖, ‖D(H−1)‖ ≤ 2,

|∂i,j(H−1)k| ≤
√
n‖∂jD(H−1)‖ ≤ 4

√
n‖∂j(DH(H−1))‖

≤
√
nn2 max

l,m
|∂j(∂lHm(H−1))|

≤
√
nn2 max

l,m

∑
h

|∂h,lHm(H−1)||∂jH−1
h |

≤ n · n3 ε

t
‖D(H−1)‖ ≤ 2n4 ε

t
.

�

Proof of Theorem 5.3.1. Is is enough to consider t = 1, since the case of a general t follows by
scaling observing that the norms ‖.‖Cm,t are scaling invariant (recall Remark 5.1.2). Let ϕ ∈ C∞c (Rn) be
such that ϕ = 1 on U1 and ϕ = 0 on U c2 and such that |∂i,jϕ|, |∂iϕ| ≤ c = c(n, η) and |ϕ| ≤ 1 (for example
ϕ := χ

U1
∗ ρ with an appropriate convolution kernel.) Define

Ĥ := (H − id)ϕ+ id.

Then using (5.1.1)

|Ĥ − id| ≤ ε,
|∂i(Ĥ − id)k| ≤ |∂i(H − id)k||ϕ|+ |(H − id)k||∂iϕ| ≤

√
n(1 + c)ε,

|∂i,j(Ĥ − id)k| ≤ |∂i,jHk||ϕ|+ |∂i(H − id)k||∂jϕ|+ |∂j(H − id)k||∂jϕ|+ |(H − id)k||∂i,jϕ|
≤ c̃(δ, n)ε

on Rn, where c̃ is a constant depending only on δ and n. This proves (5.3.1). It’s also clear that

H|U1 = Ĥ|U1 , Ĥ|Uc2 = id and Ĥ(x) = H(x) whenever H(x) = x. Moreover from the first and second

bound above, if ε is small enough with respect to c and n, Ĥ is a diffeomorphism and Ĥ−1 is Ck by
Lemma 5.3.2. Then (5.3.2) is a direct consequence of Lemma 5.3.3. �

5.3.2. Mappings modification theorem. This section is devoted to the proof of the most important
technical result which will be needed in Section 5.4.1 (in particular in the proof of Lemma 5.4.9) when
building the manifolds that will approximate the metric space. Roughly said these manifolds will be built
starting from a family of transition maps, but without the knowledge of charts, which instead need to
be constructed by hand. However these transitions maps (which are actually isometries of Rn) will not
in general be compatible with each other and thus need to be suitably modified in order to produce an
actual manifold. This modification procedure is precisely the content of this section.

Let us also say that the result that we will prove concerns only mappings of Rn into itself and thus
it is independent of the rest of the chapter.

Before stating the result we introduce a key notion for this section:

Cocyclical maps.

Definition 5.3.4. Let f, g, h : Rn → Rn be bijective maps and fix a radius r > 0. Define the maps
{Iab}a,b∈{1,2,3} as follows: I12 := f, I23 := g, I13 := h and then set Iba = I−1

ab for every distinct a, b ∈
{1, 2, 3}. We say that the maps f, g, h are r-cocyclical if for any distinct a, b, c ∈ {1, 2, 3} we have that

for any point x ∈ Br(0) such that Iba(x) ∈ Br(0), Icb(Iba(x)) ∈ Br(0),

it holds Ica(x) = Icb(Iba(x)).
(5.3.3)
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We point out that the above definition is independent of the order of the three functions, i.e. f, g, h are
r-cocyclical if and only if g, f, h are r-cocyclical and so on. Moreover it is immediate from the definition
that f, g, h are r-cocyclical if and only if f−1, g, h are r-cocyclical. Finally observe that if f, g, h are
r-cocyclical, then they are also s-cocyclical for any s < r.

Remark 5.3.5. It is worth to observe that asking (5.3.3) is equivalent to ask that the following binary
relation, defined on the the disjoint union B1 t B2 t B3, of three copies of the Euclidean ball BRn

r (0), is
transitive and symmetric:

x ∼ y with x ∈ Ba, y ∈ Bb ⇐⇒ Iba(x) = y,

where {Iab}a,b∈{1,2,3} are defined as above. �

Remark 5.3.6. We observe that if (5.3.3) is satisfied for a particular choice a, b, c, then it is au-
tomatically satisfied also for the choice c, b, a. Therefore it is for example enough to check it with
(a, b, c) = (1, 2, 3), (3, 1, 2), (1, 3, 2). �

The following simple result will be useful to quickly check the cocyclical condition. Roughly said it
tells us that if three maps are almost cocyclical at some radius and (5.3.3) is verified for one choice of
a, b, c and for that same radius, then they are fully cocyclical on a slightly smaller radius.

Proposition 5.3.7. Let f, g, h and {Iab}a,b∈{1,2,3} be as in Definition 5.3.4. Suppose that for every
a, b, c ∈ {1, 2, 3} distinct it holds

|Icb ◦ Iba − Ica| < ε, in Br(0)

and that

for any point x ∈ Br(0) such that I21(x) ∈ Br(0), I32(I21(x)) ∈ Br(0),

it holds I31(x) = I32(I21(x)).
(5.3.4)

Then te maps f, g, h are (r − ε)-cocyclical.

Proof. Thanks to Remark 5.3.6 we need to verify (5.3.3) only for (a, b, c) in the cases (1, 2, 3), (3, 1, 2)
and (1, 3, 2). The case (a, b, c) = (1, 2, 3) is true by hypothesis.

Suppose now that x, I13(x), I21(I13(x)) ∈ Br−ε(0). From (5.3.4) follows that |I32(I21(I13(x))) −
x| < ε. In particular I32(I21(y)) ∈ Br(x) with y := I13(x) ∈ Br(x). Moreover we are assuming that
I21(y) = I21(I13(x)) ∈ Br(x), therefore from (5.3.4) we have x = I31(y) = I32(I21(y)) = I32(I21(I13(x))),
from which applying the map I23 we obtain I23(x) = I21(I13(x)).

Suppose now that x, I31(x), I23(I31(x)) ∈ Br−ε(0). From (5.3.4) follows that |I23(I31(x))− I21(x)| <
ε. In particular I21(x) ∈ Br(x). Moreover again from (5.3.4) |I32(I21(x)) − I31(x)| < ε, hence also
I32(I21(x)) ∈ Br(x). Therefore from (5.3.4) we have I32(I21(x)) = I31(x), from which applying I23 we
conclude. �

Statement of the main result. To state the main result of this section we need some notations:

• J is a countable set of indices,
• {Ji}Ni=1, N ≥ 3, is a partition of J and for every j ∈ J we denote by n(j) the unique integer

such that j ∈ Jn(j),
• A ⊂ J × J is a set with the following two properties:

(5.3.5) (j1, j2) ∈ A =⇒ (j2, j1) ∈ A,

(5.3.6) (j1, j2), (j1, j3) ∈ A =⇒ n(j1) 6= n(j2) 6= n(j3) 6= n(j1).

Theorem 5.3.8 (Modification theorem). For every n,M ∈ N, there exist C = C(n,M) > 0 and β̄ =
β̄(n,M) > 0 such that the following holds. Fix t > 0 and let J , {Ji}1≤i≤N and A be as above and such
that N ≤M . Suppose {Ij1,j2}(j1,j2)∈A is a family of global isometries of Rn with the following properties:

A) Ij2,j1 = I−1
j1,j2

,

B) Ij3,j2(Ij2,j1(B8t(0))) ∩B9t(0) 6= ∅ =⇒ (j3, j1) ∈ A,
C) if (j1, j2), (j2, j3), (j3, j1) ∈ A, then

(5.3.7) |Ij3,j2 ◦ Ij2,j1 − Ij3,j1 | < βt, in B10t(0),

for some β < β̄.
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Then there exists another family {Ĩj1,j2}(j1,j2)∈A of C∞-global diffeomorphisms of Rn such that

Ĩj2,j1 = Ĩ−1
j1,j2

and satisfying the following compatibility condition. For every (j1, j2), (j3, j2) ∈ A for

which the set {x ∈ B8t(0) : Ĩj2,j1(x), Ĩj3,j2(Ĩj2,j1(x)) ∈ B8t(0)} is not empty, we have (j3, j1) ∈ A and

the maps Ĩj2,j1 , Ĩj3,j2 , Ĩj3,j1 are 8t-cocyclical. Moreover for every (j1, j2) ∈ A it holds that

(5.3.8) ‖Ii,j1,j2 − Ĩi,j1,j2‖C2(Rn),t ≤ Cβ.

We briefly explain the role of the subclasses Ji in which of the family of indices J is partitioned. The key
point is that the triples of maps Ij2,j1 , Ij3,j2 , Ij3,j1 for which we need to obtain the compatibility conditions
do not contain maps with the same couple of indices (this comes from (5.3.6)). In particular every map
takes part only in a finite (and uniform) number of the triples of maps that we need to consider. This
will allow to modify every map only a finite (and controlled) number of times, even if we have no control
on the total number of maps (which might be even infinite).

Remark 5.3.9. Similarly to Remark 5.3.5, we observe that the compatibility condition required in
Theorem 5.3.8 is equivalent to ask that the following binary relation is transitive and symmetric. Let⊔
j∈J Bj , the disjoint union of copies of the Euclidean ball B8t(0), indexed by J , set

x ∼ y with x ∈ Bj1 , y ∈ Bj2 ⇐⇒ Ĩj2j1(x) = y.

�

One step-modification Lemma. The modification procedure to prove Theorem 5.3.8 is based on the iter-
ation of the following result. Formally, it shows that given three maps which are both close to isometries
and almost cocyclical at a given scale, we can slightly modify one of them to make them cocyclical at a
smaller scale. The crucial part of this result is that this said map is modified only where strictly needed
and left unchanged everywhere else (see (5.3.11) and (5.3.12)). This will allow us in the modification
algorithm to modify the same map more than once, without disrupting the work done in the previous
steps.

Some elementary technical lemmas will be used in the proof, which are postponed to the end of it.

Proposition 5.3.10 (One Step modification). Fix N ∈ N and n ∈ N. Then there exists C1 = C1(n,N)
and δ1(n,N) such that the following holds for every t > 0 and r ≥ 2. Suppose we have (for k ≥ 2)
Ck-global diffeomorphisms of Rn Iab for a, b = 1, 2, 3 and a 6= b and for which Iab = I−1

ba . Suppose we have
also some corresponding global isometries I ′ab (again I ′ab = (I ′ba)−1) for which

(5.3.9) |I ′ab − I ′ac ◦ I ′cb| ≤ εt
in Brt(0) for every distinct a, b, c. Suppose finally that

(5.3.10) ‖Iab − I ′ab‖C2(Rn),t ≤ ε
for every a, b, where ε < δ1(n,N).

Then there exists a Ck-global diffeomorphism Î32 of Rn such that

(5.3.11) Î32 = I32 outside I21(Brt(0)),

(5.3.12) Î32(x) = I32(x) for any x ∈ Brt(0) such that I32(I21(x)) = I31(x),

(5.3.13) I21, I31, Î32 are
(
1− 1

N

)
rt-cocyclical,

and finally

(5.3.14) ‖I32 − Î32‖C2(Rn),t, ‖I23 − Î23‖C2(Rn),t ≤ C1ε,

where Î23 = Î−1
32 .

Proof. It’s clear from (5.3.9) that

|I ′32(I ′21(I ′13))− id| ≤ εt
in Brt(0). Moreover from (5.3.10)

(5.3.15) |I32(I21(I13))− id| ≤ 4εt

in Brt(0). Define now the set A := I32(I21(B(1− 1
2N )rt(0))) ∩B(1− 1

2N )rt(0). We distinguish two cases:

Case 1: A = ∅. We simply take Î32 = I32. Indeed in this case I21, I32, I31 are vacuously (1 − 1
N )rt-

cocyclical, i.e. the set of points where we need to check (5.3.3) is empty. To see this denote B(1− 1
N )rt(0)

by B. Suppose that there exists x ∈ B such that I21(x), I32(I21(x)) ∈ B, then we would have A 6= ∅.
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Suppose instead that there exists x ∈ B such that I31(x), I23(I31(x)) ∈ B, then applying to I31(x) the
map in (5.3.15), if ε < 1/(100N), we deduce that A 6= ∅. Finally suppose there exists x ∈ B such that
I13(x), I21(I13(x)) ∈ B and set y := I13(x) ∈ B. Then from (5.3.15) we deduce I32(I21(y)) ∈ B(1− 1

2N )rt(0),

therefore again A 6= ∅. From Remark 5.3.6, this is enough to prove that I21, I32, I31 are (1− 1
N )rt-cocyclical.

Case 2: A 6= ∅. Since S := I ′31(I ′12(I ′23)) is an isometry, from Lemma 5.3.13 (recall r ≥ 2) we get
‖DS − id‖ ≤ 4ε and thus ‖S − id‖C2(Rn),t ≤ 4ε. Therefore from (5.3.10), assuming ε < 1 and applying
Lemma 5.3.12 we obtain

(5.3.16) ‖I31(I12(I23))− id‖C2(Rn),t ≤ Cε,

where C is a constant depending only on n. Define now the following open sets

U2 := I32(I21(Brt(0))) ∩Brt(0)

U1 := A = I32(I21(B(1− 1
2N )rt(0))) ∩B(1− 1

2N )rt(0)

that are non empty, since we assumed A 6= ∅. Clearly U1 ⊂ U2 and notice that, by (5.3.10), if say ε ≤ 1
100N ,

we have d(Ū1, U
c
2 ) ≥ t/(10N). Define now H := I31 ◦ I12 ◦ I23 : U1 → Rn. Thanks to (5.3.16) we can now

apply Theorem 5.3.1 (provided ε ≤ δ2(n, 1/(10N))C−1, where δ2 is the one given by Theorem 5.3.1) with

H, with U1,U2,t and ε to deduce the existence of Ĥ Ck-global diffeomorphism such that

(5.3.17) Ĥ|U1
= I31 ◦ I12 ◦ I23,

(5.3.18) Ĥ(x) = H(x) whenever H(x) = x,

(5.3.19) Ĥ|Uc2 = id,

(5.3.20) ‖Ĥ−1 − id‖C2(Rn),t, ‖Ĥ − id‖C2(Rn),t ≤ C̃ε,

where C̃ is constant depending only on n and N . We define Î32 = Ĥ ◦ I32 and call Î23 its inverse. Clearly
(5.3.12) is satisfied thanks to (5.3.18). Moreover (5.3.11) holds from (5.3.19), since I32(I21(Brt(0)c)) ⊂ U c2 .
We now verify (5.3.14). The first bound follows directly from (5.3.20) and (5.3.10), applying Lemma

5.3.11. The bound for the inverse, Î23, follows from Lemma 5.3.3, provided ε is small enough. Finally
we need to prove the cocyclical condition in (5.3.13). Suppose first that there exists x ∈ B(1− 1

3N )rt(0)

such that I21(x), Î32(I21(x)) ∈ B(1− 1
3N )rt(0). Then, if say ε < 1/(100N), from (5.3.14) we deduce that

I32(I21(x)) ∈ B(1− 1
2N )rt(0), that implies I32(I21(x)) ∈ U1, therefore from (5.3.17)

Î32(I21(x)) = Ĥ(I32(I21(x))) = I31 ◦ I12 ◦ I23 ◦ I32(I21(x)) = I31(x).

(5.3.13) then follows from Proposition 5.3.7, indeed notice that its hypotheses are satisfied thanks to
(5.3.9) and (5.3.14), provided ε is small enough. �

In the previous proof we used the following elementary technical lemmas.

Lemma 5.3.11. For every n ∈ N and every δ > 0 there exists positive constants C(n, δ) such that the
following holds. Fix m ∈ {1, 2}. Let fi ∈ Cm(Ui;Rn) with i = 1, 2, with Ui ⊂ Rn open sets, and let
I1, I2 : Rn → Rn be two isometries. Suppose that ‖fi − Ii‖Cm(Ui),t ≤ δi ≤ δ, then letting W any open set
where f1 ◦ f2 is defined,

(5.3.21) ‖f1 ◦ f2 − I1 ◦ I2‖Cm(W ),t ≤ C(n, δ)(δ1 + δ2).

Proof. The proof is just a straightforward computation.

|f1 ◦ f2 − I1 ◦ I2| ≤ |f1 ◦ f2 − I1 ◦ f2|+ |I1 ◦ f2 − I1 ◦ I2|
≤ δ1t+ |f2 − I2| ≤ δ1t+ δ2t,

‖D(f1 ◦ f2)−D(I1 ◦ I2)‖ = ‖Df1(f2)Df2 −DI1DI2‖
≤ ‖Df1(f2)−DI1‖‖Df2‖+ ‖DI1‖‖Df2 −DI2‖
≤ δ1(1 + δ2) + δ2 ≤ C(δ)(δ1 + δ2).
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Moreover, recalling (5.1.1) and that ‖Dfi − Ii‖ ≤ δi,

|∂ij(f1(f2))k| = |
n∑

m,h=1

∂hm(f1)k(f2)∂j(f2)m∂i(f2)k +

n∑
h=1

∂ij(f2)k∂h(f1)k(f2)|

≤
√
n(1 + δ2)2

n∑
m,h=1

|∂hm(f1)k(f2)|+
√
n(1 + δ1)

n∑
h=1

|∂ij(f2)k|

≤ C(n, δ)
δ1 + δ2

t
.

�

Observe that iterating Lemma 5.3.11 we also get the analogous statement also for more than two
maps, for example we can prove the following.

Lemma 5.3.12. For every n ∈ N and every δ > 0 there exists positive constants C(n, δ) such that the
following holds. Fix m ∈ {1, 2}. Let f1, f2, f3, f4 : Rn → Rn be Cm functions and let I1, I2, I3, I4 : Rn →
Rn be isometries. Suppose that ‖fi − Ii‖Cm,t(Rn) ≤ δi < δ, then

(5.3.22) ‖f1 ◦ f2 ◦ f3 ◦ f4 − I1 ◦ I2 ◦ I3 ◦ I4‖Cm(Rn),t ≤ C(n, δ)(δ1 + δ2 + δ2 + δ3 + δ4).

Lemma 5.3.13. Let F : Rn → Rn be an isometry such that |F − id| ≤ rε on some ball Br(x), then
‖DF − I‖ ≤ 4ε.

Proof. We may suppose x = 0. Recall that F = DF · x + v for some vector v and notice that
|v| = |F (0)− 0| ≤ rε. Hence |DF · y − y| ≤ 2εr, thus for every y such that |y| = r/2

|DF · y − y|
|y|

≤ 4ε,

the conclusion then follows from the definition of operator norm. �

Proof of Theorem 5.3.8. The maps Ĩj1,j2 are constructed by modifying slightly the original maps. This will
be achieved by iterating Proposition 5.3.10. The proof is divided in the following steps: first we describe
the iterative algorithm that we use to modify the maps; after this we see the effect of this modification;
then we prove that the algorithm is applicable, by showing that the hypotheses of Proposition 5.3.10 are
satisfied at every step; finally we prove that the maps that we obtain satisfy the compatibility conditions
required by Theorem 5.4.9.

Preparation :
We choose β ≤ δ1

100M3(C1+1)M3 where δ1 = δ1(n,M3), C1 = C1(n,M3) are given in Proposition 5.3.10.

Define also the numbers βk := (C1 + 1)kβ for k = 0, 1, ..., N3.
In the modification of the maps will need to proceed in very precise ordered fashion. To formalize

such procedure we need to introduce the following notation.

Set N3 :=
(
N
3

)
(= N(N−2)(N−1)

6 ). Define the set

T := {(a, b, c) | 1 ≤ c < b < a ≤ N}

and consider the enumeration of the elements of T = {T1, ..., TN3} defined as follows. Set T1 := (3, 2, 1).
If Tk = (a, b, c) then set:

• Tk+1 = (a, b, c+ 1) if c < b− 1,
• Tk+1 = (a, b+ 1, 1) if c = b− 1 and b < a− 1,
• Tk+1 = (a+ 1, 2, 1) if Tk = (a, a− 1, a− 2).

In other words: T1 = (3, 2, 1), T2 = (4, 2, 1), T3 = (4, 3, 1), T4 = (4, 3, 2), T5 = (5, 2, 1)... and so on.

Modification procedure :
We divide the modification in a finite number of steps k = 1, ..., N3. At every step we produce for

every map Ij1,j2 , (j1, j2) ∈ A, a modified map that will be called Ikj1,j2 .

We start by setting I0
j1,j2

:= Ij1,j2 for every (j1, j2) ∈ A.
• For every k = 1, ..., N3 we do the following:
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Step k: Consider Tk = (a3, a2, a1) and for every triple of maps Ik−1
j2j1

, Ik−1
j3j1

, Ik−1
j3j2

with n(j1) =

a1, n(j2) = a2, n(j3) = a3, apply Proposition 5.3.10 (see the next part for the verification of the
hypotheses) with

I21 = Ik−1
j2j1

, I31 = Ik−1
j3j1

, I32 = Ik−1
j3j2

,

I ′21 = I0
j2j1 , I

′
31 = I0

j3j1 , I
′
32 = I0

j3j2 ,

t = 2−i

N = M2

r = 10− k − 1

N3

ε = βk

to produce a modified map Ikj3j2 (that is the map Î32 given by the Lemma) and then set Ikj2j3 :=

(Ikj3j2)−1. Moreover set Ikj1,j2 := Ik−1
j1,j2

, Ikj1,j3 := Ik−1
j1,j3

and the same for their inverses.

Finally for every map Ik−1
j,j̄

that does not belong to any triple considered above and neither does

its inverse, we simply set Ik
j,j̄

:= Ik−1
j,j̄

, Ik
j̄,j

:= Ik−1
j̄,j

.

Important remark: Note that assumption (5.3.6) ensures that every map Ik−1
j,j̄

belong to at most one of

triple considered at Step k, hence the above procedure makes sense and we are not modifying the same
map more than once in the same step.

At the end of the iteration define Ĩj1,j2 := IN3
j1,j2

.

Effect of the modification :
We gather here the properties of the new maps produced by the modification. From Proposition

5.3.10 (given that we can apply it) we have that

(5.3.23) ‖Ikj3j2 − I
k−1
j3j2
‖C2(Rn),t, ‖Ikj2j3 − I

k−1
j2j3
‖C2(Rn),t ≤ βkC1,

(5.3.24) Ikj3j2 = Ik−1
j3j2

in Ik−1
j2,j1

(B(10− k−1

N3 )t(0))c.

(5.3.25) Ikj3j2(x) = Ik−1
j3j2

(x) for any x ∈ B(10− k−1

N3 )t(0) such that Ik−1
j3j2

(Ik−1
j2j1

(x)) = Ik−1
j3j1

(x),

and

(5.3.26) Ikj2j1 , I
k
j3j1 , I

k
j3j2 are

(
10− k

N3

)
t-cocyclical.

Observe that (5.3.26) holds because N ≤ M and being r-cocyclical implies being s-cocyclical for any
s < r.

Verification of the hypotheses needed to apply Proposition 5.3.10:
The fact that Iab = I−1

ba and I ′ab = I ′−1
ba is granted by (5.3.5) and the fact that at the end every modification

step, we set Ikj2j3 := (Ikj3j2)−1. Our initial assumption on β implies that βk ≤ δ1(n,N) for every k, therefore
we only need to prove that (5.3.9) and (5.3.10) are satisfied for some ε ≤ βk. (5.3.9) is always satisfied by
assumption C) with ε = β ≤ βk. Therefore we only need to prove that

(5.3.27) ‖Ik−1
j1j2
− I0

j1j2‖C2(Rn),t ≤ βk.
We can prove this by induction. It is trivial if k = 1. So suppose it is true for k, in particular we can
perform the above modification at least up to Step k. Then from (5.3.23) (that we are assuming to hold
at Step k) we have

‖Ikj1j2 − I
0
j1j2‖C2(Rn),t ≤ ‖Ik−1

j1j2
− I0

j1j2‖C2(Rn),t + ‖Ik−1
j1j2
− Ikj1j2‖C2(Rn),t ≤ Cβk + βk = βk+1,

that proves (5.3.27). Notice also that from (5.3.27), (5.3.8) already follows, indeed

‖Ĩj1j2 − Ij1j2‖C2(Rn),t = ‖IN3
j1j2
− I0

j1j2‖C2(Rn),t ≤ βN3
= β(C1 + 1)N3 ≤ β(C1 + 1)M

3

,

hence it is sufficient to take C ≥ (C1 + 1)M
3

, which depends only on n,M , since C1 depends only on n.

Proof of compatibility conditions :
To prove Theorem 5.3.8 it remains only to prove the compatibility conditions. We report them here

for the convenience of the reader:
Compatiblity conditions: for every (j1, j2), (j3, j2) ∈ A for which the set

{x ∈ B8t(0) : Ĩj2,j1(x), Ĩj3,j2(Ĩj2,j1(x)) ∈ B8t(0)}
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is not empty, we have (j3, j1) ∈ A and that the maps Ĩj2,j1 , Ĩj3,j2 , Ĩj3,j1 are 8t-cocyclical.

We first describe the idea of the argument.
Idea: After Step k of the procedure we clearly have, thanks to (5.3.26), that the maps relative to the
triple Tk are cocyclical at scale (10−k/N3)t. Therefore what we need to do is check that the modification
at Step k does not destroy the compatibility conditions created at the previous steps. For this turns out
to be crucial the fact that we are decreasing the scale at every step and that we are modifying the maps
only where is strictly needed (see in particular (5.3.24) and (5.3.25)).

We pass now to the rigorous part. We claim that to prove the above compatibility conditions is
enough to show that the following statement, denoted by S(k), is true for every k = 1, ..., N3.

S(k): For every m ≤ k consider Tm = (a3, a2, a1). Let Ikj1j2 , I
k
j1j3

, Ikj2j3 be such that

n(j1) = a1, n(j2) = a2, n(j3) = a3, then they are (10− k
N3 )t-cocyclical.

To see that this would be sufficient to to conclude, suppose there exists two maps Ĩj2,j1 , Ĩj3,j2 and

a point x ∈ B8t(0) such that Ĩj2,j1(x), Ĩj3,j2(Ĩj2,j1(x)) ∈ B8t(0). Then from (5.3.8) and by how we
chose β at the beginning, we have Ij3,j2(Ij2,j1(x)) ∈ B9t(0). Then, thanks to assumption B) we have
that (j3, j1) ∈ A. Moreover from (5.3.6) we must have that n(j1) 6= n(j2) 6= n(j3) 6= n(j1), therefore

(n(j1), n(j2), n(j3)) = Tm, for some m ≤ N3. Therefore S(N3) implies that Ĩj2,j1 , Ĩj3,j2 , Ĩi,j3,j1 are 8t-
cocyclical (indeed N3 ≤ 6N3.)

Observe that we actually used only statement S(N3), however to prove it we will need to argue by
induction and prove every S(k).

Proof of S(k):
We prove it by induction on k. First we observe that after the step k is completed in the modification
procedure, any triple of maps Ikj1j2 , I

k
j1j3

, Ikj2j3 such that Tk = (n(j1), n(j2), n(j3)), is (10− k
N3 )t-cocyclical

by (5.3.26). Hence S(1) is clearly true.

Suppose now that S(k) is true for k. Consider Tk+1 = (b3, b2, b1). Since Ik+1
jj̄
6= Ik

jj̄
only if j ∈ Jb3 , j̄ ∈ Jb2

(or the opposite), we only need to check S(k+1) for Tm = (b3, b2, a1) with a1 ≤ b1. Indeed the other cases
are true by induction hypothesis. The case a1 = b1 is immediately verified from the initial observation.
Let now Tm = (b3, b2, a1) with a1 < b1, then m ≤ k. We need to show that Ik+1

j1j2
, Ik+1
j1j3

, Ik+1
j2j3

are (10− k+1
N3 )t-

cocyclical. To this aim set Bk := B(10− k
N3 )t(0), Bk+1/2 := B

(10− k+1/2

N3 )t
(0) and Bk+1 := B(10− k+1

N3 )t(0) so

that Bk+1 ⊂ Bk+1/2 ⊂ Bk. We claim that is sufficient to show that:

for any point x ∈ Bk+1/2 such that Ik+1
j3,j2

(Ik+1
j2,j1

(x)), Ik+1
j2,j1

(x) ∈ Bk+1/2,

it holds Ik+1
j3,j2

(Ik+1
j2,j1

(x)) = Ik+1
j3,j1

(x).
(♠)

Indeed the full cocyclical condition on the smaller ball Bk+1 would then follow from Proposition 5.3.7,
which hypotheses are satisfied thanks to assumption C), (5.3.8) and our initial choice of β.

Proof of (♠): Let x ∈ Bk+1/2 be such that Ik+1
j3,j2

(Ik+1
j2,j1

(x)), Ik+1
j2,j1

(x) ∈ Bk+1/2. Notice first that from

(5.3.23) and how we chose β, we have that Ikj3,j2(Ikj2,j1(x)), Ikj2,j1(x) ∈ Bk, therefore by S(k) and induction

hypothesis Ikj3,j2(Ikj2,j1(x)) = Ikj3,j1(x). Hence we need to show

(5.3.28) Ikj3,j2(y) = Ik+1
j3,j2

(y)

where y = Ikj2,j1(x). If the map Ikj3,j2 was not modified at the step k+1, i.e. Ikj3,j2 = Ik+1
j3,j2

, there is nothing

to prove. Hence we can assume that Ik+1
j3,j2

has been modified at step k + 1 of the modification procedure

by applying Proposition 5.3.10 to the maps Ikj3,j2 , I
k
j2,j0

, Ikj3,j0 for some j0 ∈ Jb1 . We divide two cases.

Case 1: There is not any z ∈ Bk such that Ikj2,j0(z) = y. In this case (5.3.28) follows immediately from
(5.3.24).
Case 2: There exists z ∈ Bk such that Ikj2,j0(z) = y. The idea is that in this case the map Ikj3,j2 was already

correct and needed not to be modified. Observe first that x = Ikj1,j2(Ikj2,j0(z)), Ikj2,j0(z) ∈ Bk. Moreover
by (5.3.23) and by how we chose β at the beginning, we have Ij1,j2(Ij2,j0(z)) ∈ B10t(0), hence thanks to
assumption B) we have that (j1, j0) ∈ A. Therefore by induction hypothesis, since Tl = (b2, b1, a1) with
l ≤ k, we have Ikj1,j0(z) = x. From this we infer that Ikj3,j1(Ikj1,j0(z)) = Ikj3,j1(x) ∈ Bk. Therefore again by
induction hypothesis since Th = (b3, b1, a1) with h ≤ k, we have

Ikj3,j0(z) = Ikj3,j1(Ikj1,j0(z)) = Ikj3,j1(x) = Ikj3,j2(y) = Ikj3,j2(Ikj2,j0(z)).

Therefore Hence from (5.3.25) we deduce (5.3.28). This concludes the proof of Theorem 5.3.8.
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Figure 1. Scheme for the proof of (♠).

5.3.3. A tool to show that two manifolds are diffeomorphic. In this section we prove Theorem
5.3.14 stated below, which is essentially a result due to Cheeger [70, Lemma 3.5 and Lemma 4.1]. Roughly
said this result provides a criterion for two two manifold are diffeomorphic. More in details it says that
given a manifold M , a family of coordinate-charts and for each chart a smooth embedding from that chart
to another manifold, given that they don’t differ too much on the intersection of the charts (condition
(5.3.31)), we can modify them by a small amount and glue them together to obtain a smooth immersion
map defined in the whole M .

This result will be used to build the maps hi : Wi →Wi+1 in the proof of Theorem 5.2.2 (see Section
5.4.4).

Theorem 5.3.14. For every N,n ∈ N and L ≥ 1 there exist C3 = C3(n,N,L) > 0 and ε3(n,N,L) with
the following property. Let q ∈ N with q ≥ 2. Let M,X be smooth n-dimensional Cq manifolds and let
ϕj : B2t(0) ⊂ Rn → M , j = 1, ...,m (m possibly +∞), be Cq embeddings and set for every j = 1, . . . ,m

and i = 0, . . . , N Bji := ϕj(B(2−i/N)t(0)). Suppose that that M ⊂ ∪jϕj(Bt(0)) and that for some t > 0
for and every j1, j2 = 1, ...,m

(5.3.29) ‖D(ϕ−1
j1
◦ ϕj2)‖, |∂ij(ϕ−1

j1
◦ ϕj2)k|t ≤ L,

on the domain of definition of ϕ−1
j1
◦ ϕj2 (if it is defined). Moreover suppose that we can partition the set

of indices {1, ...,m} into partitions I1, I2..., IN such that for every j, j0 ∈ Ik we have Bj0 ∩B
j̄
0 = ∅. Finally

suppose that there exists a family of Cq embeddings hj : Bj0 → X for j = 1, . . . ,m such that for every

couple of indexes j1 ∈ Ih, j2 ∈ Il with 1 ≤ h < l for which Bj1l−1 ∩B
j2
l−1 6= ∅

(5.3.30) hj1(Bj1l−2 ∩B
j2
l−2) ⊂ hj2(Bj20 ),

(5.3.31) ‖Hj1,j2 − id‖
C1(ϕ−1

j2
(B

j1
l−2∩B

j2
l−2)),t ≤ ε.

for some ε ≤ ε3, where Hj1,j2 = ϕ−1
j2
◦ h−1

j2
◦ hj1 ◦ ϕj2 (that is well defined by (5.3.30)).

Then there exists a Cq-immersion h : M → X such that h is obtained by modifying slightly the maps
hj in the following sense

(5.3.32) h = hj ◦ ϕj ◦Hj ◦ ϕ−1
j

in ϕj(Bt(0)) for every j ∈ Ik where Hj : B2t(0) → B2t(0) is a diffeomorphism of class Cq such that
‖Hj − id‖C1(B2t(0)),t ≤ C3ε.
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Remark 5.3.15. The above theorem does not appear in [70, Lemma 4.1] as it is stated here. The main
difference is that here we have an infinite number of maps and that we have also an explicit C1 control
on the error of the modification, which will be crucial in our application in Section 5.4.4. This forces us
also to assume a C2 control on the charts (see (5.3.29)), which is not present in [70]. For these reasons,
even if the proof is analogous to the one in [70], we will include it here for completeness. �

We will need the following elementary technical result.

Lemma 5.3.16. Let f : U → V be a bijective C2 function with C2 inverse, where U, V ⊂ Rn are open
sets. Let g : Rn → Rn be a C1 function satisfying ‖g − id‖C1(Rn),t ≤ δ < 1 for some t > 0. Moreover
suppose that

‖Df‖, ‖Df−1‖, t|∂ij(f)k|, t|∂ij(f−1)k| ≤M,

everywhere on U (for f) and everywhere on V (for f−1).
Then letting W ⊂ Rn be any open set where the function f ◦ g ◦ f−1 is defined, we have

‖f ◦ g ◦ f−1 − id‖C1(W ),t ≤ δc,

where c = c(n,M) > 1 is positive constant that depends only on M and n.

Proof. Observe first that by the mean value theorem

|f ◦ g ◦ f−1 − id| = |f ◦ g ◦ f−1 − f ◦ f−1|
≤ ‖Df‖|g(f−1)− f−1| ≤ ‖Df‖δt.

Moreover

‖D(f ◦ g ◦ f−1)− In‖ ≤ ‖Df(g(f−1))Dg(f)Df−1 − In‖
≤ ‖Df(g(f−1))−Df(f−1)‖‖Dg‖‖Df−1‖+ ‖Df(f−1)DgDf−1 − In‖.

To bound the first term we need to exploit the bound on the second derivatives of f as follows. From the
mean value theorem and recalling (5.1.1),

‖Df(g(f−1)−Df(f−1)‖ ≤ n2 sup
i,k
|∂ifk(g(f−1(x)))− ∂ifk(f−1)|

≤ n2|g(f−1)− f−1| sup
i,j,k
|∂ijfk|

≤ n2δt sup
i,j,k
|∂ijfk|.

To bound the second term, recall that Df(f−1)Df−1 = In and argue in the following way

‖Df(f−1)DgDf−1 − In‖ = ‖Df(f−1)(Dg − In)Df−1‖ ≤ ‖Df‖‖Df−1‖δ.

�

We can now move to the proof of the main result, which build upon the basic modification result in
Section 5.3.1.

Proof of Theorem 5.3.14. Before starting, we need to define constants ηi for i = 1, ..., N in the
following way. Let C2 = C2(n, 1

LN ), δ2 = δ2(n, 1
LN ) < 1 the constants given in Theorem 5.3.1. Moreover

let c = C(n,L) > 1 the constant given in Lemma 5.3.16. Define η1 := ε and inductively ηk+1 := ηkD
for some constant D = D(L,C2, N, n) > 1, big enough, to be determined later. Moreover we take
ε3 = ε3(n,N,L) small enough to satisfy

(5.3.33) ε3 ≤
δ2

cLNC2DN
.

Before moving to the main body of the proof, we state a preliminary technical claim, which elementary
proof will be given at the end.
Claim: Suppose that Bjr∩B j̄r 6= ∅ for some r ≥ 2 and some indices j, j̄. Define the set Ωr := ϕ−1

j (Bjr∩B j̄r).
Then the set {x ∈ B2t(0) | d(x,Ωr) <

t
LN } is contained in the domain of ϕ−1

j̄
◦ ϕj .

We can now pass to the core of the argument. We will construct by induction Cq maps

ĥk :
⋃
j∈Ii

i=1,..,k

Bjk → X
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with the following properties. For every h < k

(5.3.34) ĥk = ĥh, in
⋃
j∈Ii

i=1,..,h

Bjk.

Moreover for every j1 ∈ Ik, j2 ∈ Il with l > k such that Bj1l−1 ∩B
j2
l−1 6= ∅ then

(5.3.35) ĥk

(
Bj1l−1 ∩B

j2
l−1

)
⊂ hj2(Bj20 ).

Notice that (5.3.35) implies that the map Ĥj1,j2 := ϕ−1
j2
◦ h−1

j2
◦ ĥk ◦ ϕj2 is a well defined map Ĥj1,j2 :

ϕ−1
j2

(
Bj1l−1 ∩B

j2
l−1

)
→ B2t(0), then we also require

(5.3.36) ‖Ĥj1,j2 − id‖C1,t ≤ ηk

on ϕ−1
j2

(
Bj1l−1 ∩B

j2
l−1

)
.

To start the induction for k = 1 we set ĥ1 := hj1 in Bj11 for every j1 ∈ I1. Recall that Bj11 , with

j1 ∈ I1, are all disjoint and hence ĥ1 is well defined. Then we need only to check (5.3.35), (5.3.36), but
these are clearly satisfied thanks to (5.3.30) and (5.3.31), since η1 = ε.

Suppose now we have constructed maps ĥ1, ..., ĥk and consider any jk+1 ∈ Ik+1. By induction

hypothesis for every jh ∈ Ih with h ≤ k by the map Ĥjh,jk+1
:= ϕ−1

jk+1
◦ h−1

jk+1
◦ ĥh ◦ ϕjk+1

is well

defined and satisfies ‖Ĥjh,jk+1
− id‖C1,t ≤ ηh ≤ ηk on on ϕ−1

jk+1

(
Bjhk ∩B

jk+1

k

)
. Moreover from (5.3.34)

ĥh = ĥk on Bjhk for every jh as above. Thus we can patch the maps Ĥjh,jk+1
together to get a map

Ĥjk+1
:= ϕ−1

jk+1
◦ h−1

jk+1
◦ ĥk ◦ ϕjk+1

defined on the whole set U2 := ϕ−1
jk+1

(
(
⋃k
i=1

⋃
j∈Ii B

j
k) ∩Bjk+1

k

)
and

satisfying ‖Ĥjk+1
− id‖C1(U2),t ≤ ηk ≤ δ2 (by (5.3.33)). Set now U1 := ϕ−1

jk+1

(
(
⋃k
i=1

⋃
j∈Ii B

j
k+1) ∩Bjk+1

k+1

)
.

Clearly U1 ⊂ U2 and we also claim that

(5.3.37) dRn(Ū1, U
c
2 ) ≥ t 1

LN

To prove this is sufficient to show that

dRn
(
ϕ−1
jk+1

(Bjk+1 ∩B
jk+1

k ), (ϕ−1
jk+1

((Bjk)c ∩Bjk+1

k )
)
≥ t 1

LN
,

for every j ∈ Ji, and i = 1, ..., k. This can be seen using (5.3.29). Indeed suppose the above is false, then

there exist x ∈ B(2−(k+1)/N)t(0) and y ∈ ϕ−1
jk+1

((Bjk)c ∩ Bjk+1

k ) such that dRn(ϕ−1
jk+1

(ϕj(x)), y) < t 1
LN .

Then the Claim above implies that the whole segment joining ϕ−1
jk+1

(ϕj(x)) and y is in the domain of

ϕ−1
j ◦ ϕjk+1

. Hence by (5.3.29) we must have that dRn(x, ϕ−1
j (ϕjk+1

(y))) < t/N , however by construction

ϕ−1
j (ϕjk+1

(y)) ∈ B(2−k/N)t(0)c which is a contradiction. This prove (5.3.37). Therefore we can apply

Theorem 5.3.1 with U1, U2, H = Ĥjk+1
, ε = ηk, η = 1

LN , t = t. Thus we obtain, after an obvious restriction,

a Cq-diffeomorphism H̃jk+1
: B2t(0)→ B2t(0) such that H̃jk+1

|U1
= Ĥjk+1

|U1
and

(5.3.38) ‖H̃jk+1
− id‖C1(B2t(0)),t ≤ C2ηk <

1

NLc
,

where the last inequality follows by (5.3.33). We now define the function

(5.3.39) h̃jk+1
:= hjk+1

◦ ϕjk+1
◦ H̃jk+1

◦ ϕ−1
jk+1

,

on B
jk+1

0 . Clearly h̃jk+1
= ĥk on ϕjk+1

(U1) = (
⋃k
i=1

⋃
j∈Ii B

j
k+1) ∩ Bjk+1

k+1 . Repeat now the above con-

struction and define maps h̃jk+1
for every jk+1 ∈ Ik+1. From the previous observation and the fact that

B
jk+1

0 ∩Bjk+1

0 = ∅ for every jk+1, jk+1 ∈ Ik+1 the map

(5.3.40) ĥk+1 :=

{
ĥk on

⋃k
i=1

⋃
j∈Ii B

j
k+1,

h̃jk+1
on B

jk+1

k+1 for jk+1 ∈ Ik+1,

is a well defined Cq map ĥk+1 :
⋃k+1
i=1

⋃
j∈Ii B

j
k+1 → X. Moreover it’s clear from the definition and from

the induction hypothesis that (5.3.34) is verified for ĥk+1. We need now to verify (5.3.35) and (5.3.36).
Observe that it is enough to check these two conditions for j1 ∈ Ik+1, j2 ∈ Il with l > k + 1, since in the
other cases they are true by (5.3.40) and induction hypothesis.
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For (5.3.35) take j1 ∈ Ik+1, j2 ∈ Il with l > k + 1, such that Bj1l−1 ∩B
j2
l−1 6= ∅ and pick x in such set.

In particular x = ϕj1(y) = ϕj2(z) for some y, z ∈ B(2− l−1
N )t(0). Since Bj1l−1 ⊂ Bj1k+1, ĥk+1(x) = h̃j1(x).

Thus from (5.3.38) we have that

(5.3.41) h̃j1(x) = hj1 ◦ ϕj1 ◦ H̃j1(y) ∈ hj1(ϕj1(B(2− l−2
N )t(0))) = hj1(Bj1l−2).

On the other hand we have that

h̃j1(x) = hj1 ◦ ϕj1 ◦ H̃j1 ◦ ϕ−1
j1

(ϕj2(z)),

moreover from the Claim and (5.3.38), we deduce that H̃j1(ϕ−1
j1

(x)) is in the domain of ϕj1 ◦ ϕ−1
j2

.
Therefore we can write

h̃j1(x) = hj1 ◦ ϕj2 ◦ (ϕ−1
j2
◦ ϕj1) ◦ H̃j1 ◦ (ϕ−1

j1
◦ ϕj2)(z).

From the above, using (5.3.38) and Lemma 5.3.16 we deduce that

(5.3.42) h̃j1(x) ∈ hj1(ϕj2(B(2− l−2
N )t(0))) = hj1(Bj2l−2).

Then (5.3.35) follows combining (5.3.41) and (5.3.42), using (5.3.30). It remains to show (5.3.36) for

j1 ∈ Ik+1, j2 ∈ Il for l > k+ 1. Observe that by (5.3.35) that we just proved we can define the map Ĥj1,j2

on ϕ−1
j2

(Bj1l−1 ∩B
j2
l−1) as above. Moreover since ϕ−1

j2
(Bj1l−1 ∩B

j2
l−1) ⊂ ϕ−1

j2
(Bj1k+1) we deduce from (5.3.40)

Ĥj1,j2 = ϕ−1
j2
◦ h−1

j2
◦ ĥk ◦ ϕj2 = ϕ−1

j2
◦ h−1

j2
◦ h̃j1 ◦ ϕj2 =

= ϕ−1
j2
◦ h−1

j2
◦ (hj1 ◦ ϕj1 ◦ H̃j1 ◦ ϕ−1

j1
) ◦ ϕj2 =

= (ϕ−1
j2
◦ h−1

j2
◦ hj1 ◦ ϕj2) ◦ ϕ−1

j2
◦ ϕj1 ◦ H̃j1 ◦ ϕ−1

j1
◦ ϕj2 =

= Hj1,j2 ◦ (ϕ−1
j2
◦ ϕj1) ◦ H̃j1 ◦ (ϕ−1

j1
◦ ϕj2),

on ϕ−1
j2

(Bj1l−1 ∩ B
j2
l−1), where Hj1,j2 is the map in the hypothesis of the theorem. (Observe that in order

to plug in the term ϕj2 ◦ϕ−1
j2

in the third line, we used the Claim as above). Set now f := ϕ−1
j2
◦ϕj1 and

g := f ◦ H̃j1 ◦ f−1. With this notation Ĥj1,j2 = Hj1,j2 ◦ g. From (5.3.38), (5.3.29) and Lemma 5.3.16 we
have that

(5.3.43) ‖g − id‖C1,t ≤ cC2ηk < 1,

on ϕ−1
j2

(Bj1l−1 ∩B
j2
l−1). Therefore combining (5.3.43), (5.3.31) and Lemma 5.3.11 we obtain

‖Ĥj1,j2 − id‖C1,t ≤ C̃(ηk + ε) ≤ ηk(C̃ + 1),

on ϕ−1
j2

(Bj1l−1 ∩B
j2
l−1), where C̃ is constant depending only on C2 and L. Hence (5.3.36) follows provided

we choose D ≥ C̃ + 1.
Since the induction procedure is now proved, we can define the required map as h := ĥN . The

assumption M ⊂ ∪jϕj(Bt(0)) and (5.3.40) grant that h is defined on the whole M and it of class Cq.
Moreover (5.3.38),(5.3.39) and (5.3.40) imply (5.3.32) together with the bound

‖H̃j − id‖C1(B2t(0)),t ≤ C2ηN ≤ εDNC2,

hence it is sufficient to take C3 ≥ DNC2. Recall also that ĥ1 := hj1 in Bj11 for every j1 ∈ I1. Thus, up to
proving the Claim, the proof is concluded.

Proof of the Claim: Define the sets Ωr−1 := ϕ−1
j (Bjr−1 ∩ B

j̄
r−1), Ω0 := ϕ−1

j (Bj0 ∩ B
j̄
0), which are

both contained in the domain of ϕ−1
j ◦ ϕj̄ . Thus it is enough to prove that

{x ∈ B2t(0) | d(x,Ωr) <
t

LN
} ⊂ Ωr−1.

Pick x ∈ B2t(0) \ Ωr−1 and and set ρ := d(x,Ωr) > 0. Fix ε > 0 arbitrary. There exists a point y ∈ Ωr
such that |y − x| ≤ ρ+ ε. Moreover, since y ∈ Ωr, x ∈ Ωcr−1 and Ωr ⊂ Ωr−1, then there must be at least
one point p, lying in the segment joining x and y, with p ∈ ∂Ωr−1. However, since the maps ϕj , ϕj̄ are
homeomorphisms, we must have that Ωr−1 ⊂⊂ Ω0 and

∂Ωr−1 ⊂ ∂B(2− r−1
N )t(0) ∪ ϕ−1

j ◦ ϕj̄(∂B(2− r−1
N )t(0)).

Moreover Ωr ⊂ B(2− r
N )t(0) ∩ ϕ−1

j ◦ ϕj̄(B(2− r
N )t(0)). Hence if p ∈ ∂B(2− r−1

N )t(0) it holds |p− x| ≥ t/N ≥
1/(LN). If instead p ∈ ϕ−1

j ◦ ϕj̄(∂B(2− r−1
N )t(0)), since the map ϕ−1

j̄
◦ ϕj is L-Lipschitz by (5.3.29), we

must have that

|x− y| ≥ |x− p| ≥ t

LN
.
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Hence ρ+ ε ≥ t
LN and from the arbitrariness of ε we conclude. �

5.4. Proof of the metric bi-Lipschitz Reifenberg theorem

In this section we build all the objects that were introduced in Section 5.2.2 where we also proved
that they imply the validity of the main Theorem 5.4.20. We will first build all the required objects and
at the end verify that they satisfy all the properties presented in Section 5.2.2. The construction of the
manifolds in Section 5.4.1 and the construction of the manifold-to-manifold mappings in Section 5.4.4 will
heavily rely on the tools developed in Section 5.3.

Along all this section we assume that (Z, d) satisfies the hypotheses of Theorem 5.4.20 with n ∈ N.
Moreover C = C(n), ε(n), (εi)

∞
i=1, are the same chosen in the initial setup done in Section 5.2.2. Recall

also that (as shown in Section 5.2.2) we can assume both that r = 200 and εi ≤ ε(n), in particular
whenever we will say that εi is small enough we mean that ε(n) has been chosen small enough (always
only with respect to n).

5.4.1. Construction of the approximating manifolds: Wn
i .

Construction of the coverings. We start by showing that under our assumptions (Z, d) is separable and
locally compact.

To prove this we exploit the following result due to Alexandroff.

Theorem 5.4.1 ([7]). Let (Z, d) be a connected metric space that is locally separable, i.e. for every z ∈ Z
there exists a separable ball that contains z. Then Z is separable.

Therefore to prove that (Z, d) is separable it’s enough to prove the following Lemma.

Lemma 5.4.2. Br(z0) (with r the one in the hypotheses of Theorem 5.2.2) is totally bounded for every
z0 ∈ Z.

Proof. We start with the following claim. For every z ∈ Z and every t = r2−k with k ∈ N,
there exists a finite set Sz,t ⊂ Bt(z) that is t/2-dense in Bt(z). To prove this first observe there exists a

finite subset Et of BRn
t (0) that is t/8 dense in BRn

r (0). Moreover by hypothesis dGH(BZt (z), BRn
t (0)) <

ε(n)t ≤ t/16, therefore there exists a t/8-GH approximation f : BRn
t (0)→ Bt(z). Define St,z := f(Et). By

definition of GH-approximation, for every p ∈ Bt(z), there exists x ∈ BRn
t (0) such that d(f(x), p) ≤ t/8.

Moreover there exists e ∈ Et with |e − x| ≤ t/8, hence d(f(e), p) ≤ 3/8t < t/2 and the claim is proved.
We start defining sets Sk with k ∈ N inductively as follows. Set S1 := Sz0,r/2 and

Sk+1 :=
⋃
z∈Sk

Sz, r

2k+1
.

Then define

Ak :=
⋃
z∈Sk

B r

2k
(z).

Observe that Ak ⊂ Ak+1, indeed

Ak =
⋃
z∈Sk

B r

2k
(z) ⊂

⋃
z∈Sk

⋃
z̄∈Sz, r

2k+1

B r

2k+1
(z̄) =

⋃
z∈Sk+1

B r

2k+1
(z) = Ak+1.

Notice also that that Br(z0) ⊂
⋃
z∈S1

B r
2
(z) = A1 ⊂ Ak for every k. Moreover Ak is union of a finite

number of balls of radius r/2k, therefore Br(z0) is totally bounded. �

Remark 5.4.3. Instead of Theorem 5.4.1 we could have used the fact that a metric space is paracompact
and then the fact that every connected, locally compact and paracompact tolopogical space is separable
(see e.g. [197, Appendix A]). �

Consider for every i ∈ N a set Xi ⊂ Z, such that for every x1, x2 ∈ Xi it holds that d(x1, x2) ≥ 2−i and
Xi is maximal with this property with respect to inclusion. In particular Xi is also 2−i-dense. Moreover,
since the balls of radius 2−i−1 centered in Xi are pairwise disjoint and Z is separable, Xi is countable.

For every i label the elements of Xi as Xi = {xi,1, xi,2, ....} = {xi,j}j∈Ji where Ji = {1, 2, ...,#|Xi|}.
For every i we partition every set Xi into disjoint subsets in the following way. Let Qi1 ⊂ Xi, maximal
(with respect to inclusion), with the property that d(x, y) ≥ 100 · 2−i for every x, y ∈ Qi1. Consider also
Qi2 ⊂ Xi \Qi1 maximal such that d(x, y) ≥ 100 · 2−i for every x, y ∈ Qi2. Keep defining inductively (non-

empty) sets Qi1, Q
i
2, ..., Q

i
Ni
. Partition also the set of indices Ji as Ji =

⋃Ni
k=1 J

k
i where Jki = {j ∈ Ji |xi,j ∈

Qik}. The next result shows that cardinality of these partitions is uniformly bounded in i.
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Lemma 5.4.4. Under the initial assumptions there exists an integer N = N(n) such that Ni ≤ N(n) for
every i.

Proof. Suppose that Qi
k̄

is non-empty for some k̄ > 1 and fix any x ∈ Qi
k̄
. In particular x ∈

Xi \ (Qi1 ∪ ... ∪ Qik̄−1
). We claim that B100·2−i(x) ∩ Qik 6= ∅ for every 1 ≤ k ≤ k̄. Suppose not and let

k be such that B100·2−i(x) ∩ Qik = ∅. Observe that d(x̄, x) ≥ 100 · 2−i for every x̄ ∈ Qik. Moreover, as
we observed earlier, x ∈ Xi \ (Qi1 ∪ ... ∪ Qik−1). This two facts, together with the maximality of Qik,

imply that we could have added x to Qik during its construction, but this is a contradiction. Set now
S := Xi ∩ B100·2−i(x). The above claim implies that S ∩ Qik 6= ∅ for every 1 ≤ k ≤ k̄ and in particular
k̄ ≤ #|S|.

We now aim to give an upper bound on #|S|. Recall that by hypothesis there exists a Cεi2
−i-isometry

f : B200·2−i(x)→ B200·2−i(0). Recall also that by construction the points in S are at distance at least 2−i

from each other. Therefore, assuming εi small enough, we deduce both f |S is injective and that the points
in f(S) ⊂ B200·2−i(0) are at distance at least 2−i/4 from each other. Thus #|S| = #|f(S)| ≤ N(n), for
some integer N(n) depending only on n, that in turn implies k̄ ≤ N(n). �

Construction of the irregular transition maps. From hypothesis, combining Theorem 5.1.8, Proposition
5.1.9 and Proposition 5.1.10 (recalling that we are assuming r = 200) we have that for every j ∈ Ji there
exist maps

αi,j : BRn
200·2−i(0)→ BZ200·2−i(xi,j)

and
βi,j : BZ200·2−i(xi,j)→ BRn

200·2−i(0)

that are Cεi2
−i-Gromov-Hausdorff approximations, such that

(5.4.1) dRn(βi,j ◦ αi,j , id), dZ(αi,j ◦ βi,j , id) ≤ Cεi2−i

and

αi,j(0) ∈ BCεi2−i(xi,j), βi,j(xi,j) ∈ BCεi2−i(0).(5.4.2)

For simplicity and to avoid very heavy notations we will often drop the index i on the symbols αi,j , βi,j
and xi,j . Since for most part of the proof and constructions the index i is fixed, this convention should
cause no confusion. Nevertheless when some ambiguity might occur we will use the complete notation
with the double subscript.
An immediate consequence of (5.4.2) is that, provided ε(n) < 1

200C ,

(5.4.3) αj(Bs(0)) ⊂ B
s+ 2−i

100

(xj), βj(Bs(xj)) ⊂ Bs+ 2−i
100

(xj),

for every s < 200 · 2−i.

The maps that we just defined allow us to think of Z as a very irregular manifold. In particular βj
have the role of charts for the metric space Z and βj2 ◦ αj1 (when defined) can be viewed as transition
maps. However all these functions are very rough and could be not even continuous. Therefore the main
idea to build the manifold Wi is to approximate the maps βj2 ◦ αj1 with diffeomorphisms Ĩj2,j1 and then

build a manifold having Ĩj2,j1 as transition maps. The main issue in this procedure is that to be able
to actually build a manifold we need these diffeomorphisms to be compatible with respect to each other.
This will require the modification procedure that we developed in Section 5.3.2.

Approximation of the irregular transition maps with isometries. We start approximating βj2 ◦ αj1 with
isometries as follows.

Lemma 5.4.5. Suppose that j1, j2 ∈ Ji are such that d(xj1 , xj2) < 30·2−i. Then there exist two isometries

Ii,j2,j1 , Ii,j1,j2 : Rn → Rn such that Ii,j2,j1 = I−1
i,j1,j2

and

(5.4.4) |Ii,j2,j1(x)− βi,j2 ◦ αi,j1(x)| ≤ Cεi2−i

(5.4.5) |Ii,j1,j2(x)− βi,j1 ◦ αi,j2(x)| ≤ Cεi2−i

for every x ∈ B45·2−i(0).

Proof. Observe that by hypothesis B90·2−i(xj2) ⊂ B200·2−i(xj1). Thus (recalling (5.4.3)) the map
βj1◦αj2 : B80·2−i(0)→ B200·2−i(0) is well defined and is a Cεi2

−i isometry. Therefore, if εi is small enough,
we are in position to apply Lemma 5.1.11 and deduce that there exists a global isometry Ii,j2,j1 : Rn → Rn
such that

(5.4.6) |Ii,j1,j2(x)− βj1 ◦ αj2(x)| ≤ Cεi2−i
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for every x ∈ B80·2−i(0). This already proves (5.4.4). We define Ii,j2,j1 := I−1
i,j1,j2

. Using (5.4.6) and

(5.4.1)

|Ii,j2,j1(x)− βj2 ◦ αj1(x)| = |x− Ii,j1,j2(βj2 ◦ αj1(x))|
(5.4.6)

≤ |x− βj1(αj2(βj2(αj1(x))))|+ Cεi2
−i

≤ |x− βj1(αj1(x))|+ Cεi2
−i

≤ Cεi2−i

for every x ∈ B45·2−i(0). This proves (5.4.5). Observe that to justify the use of (5.4.6) above we need to
check that

(5.4.7) βj2(αj1(B45·2−i(0))) ⊂ B80·2−i(0).

To prove this observe that from (5.4.3) and the fact that d(xj1 , xj2) < 30 · 2−i, it follows that
αj1(B45·2−i(0)) ⊂ B46·2−i(xj1) ⊂ B76·2−i(xj2). From this, using again (5.4.3), we obtain (5.4.7). �

Definition 5.4.6. For any couple of indices j1, j2 ∈ Ji such that d(xj1 , xj2) < 30 · 2−i we choose once
and for all a couple of maps Ii,j1,j2 , Ii,j2,j1 that satisfies the thesis of Lemma 5.4.5.

We then denote by Ii the union of all these maps, i.e. we set

Ii =
⋃

j1,j2∈Ji such that B15·2−i (xj1 )∩B15·2−i (xj2 )6=∅

{Ii,j1,j2 , Ii,j2,j1}.

Again for simplicity we will often write Ij2,j1 in place of Ii,j2,j1 .

Remark 5.4.7. For any two maps Ij1,j2 , Ij1,j3 ∈ Ii with j2 6= j3, it holds that j1 ∈ Ji,a1
, j2 ∈ Ji,a2

, j3 ∈
Ji,a3 with a1 6= a2 6= a3 6= a1. This follows from the definition of the sets Ji,k and the fact that
d(xj1 , xj2) < 30 · 2−i, d(xj1 , xj3) < 30 · 2−i and thus d(xj2 , xj3) < 60 · 2−i. �

Lemma 5.4.8. Suppose that for some triple of indices j1, j2, j3 ∈ Ji the maps Ij3,j2 , Ij2,j1 , Ij3,j1 are
defined. Then

|Ij3,j2(Ij2,j1(x))− Ij3,j1(x)| ≤ Cεi2−i

for every x ∈ B12·2−i(0).

Proof. Observe that the existence of lala the maps Ij3,j2 , Ij2,j1 , Ij3,j1 is equivalent to the fact that
d(xj1 , xj2) < 30 · 2−i, d(xj1 , xj3) < 30 · 2−i and d(xj3 , xj2) < 30 · 2−i. Applying (5.4.4) multiple times and
the triangle inequality we get

|Ij3,j2(Ij2,j1(x))− Ij3,j1(x)| ≤ |Ij3,j2(Ij2,j1(x))− βj3(αj1(x))|+ Cεi2
−i

≤ |Ij3,j2(βj2(αj1(x)))− βj3(αj1(x))|+ Cεi2
−i

(5.4.4)

≤ |βj3(αj2(βj2(αj1(x))))− βj3(αj1(x))|+ Cεi2
−i

≤ |βj3(αj1(x))− βj3(αj1(x))|+ Cεi2
−i = Cεi2

−i,

for any x ∈ B12·2−i(0), where in the last inequality we used (5.4.1). Observe that, to justify the use of
(5.4.4) in the third inequality above we need to check that

βj2 ◦ αj1(B12·2−i(0)) ⊂ B45·2−i(0), .

To see this observe that by (5.4.3) αj1(B12·2−i(0)) ⊂ B13·2−i(xj1). Then, since d(xj1 , xj2) < 30 · 2−i, we
have αj1(B12·2−i(0)) ⊂ B43·2−i(xj2). Now applying again (5.4.3) we conclude. �

Modification of the isometries to get compatibility. Our plan is now to construct the manifold Wn
i by

gluing together a number of copies of Euclidean balls in the following way:

Wn
i :=

⊔
j∈Ji B

j
10·2−i(0) /∼ ,

where x ∼ y for x ∈ Bj110·2−i(0), y ∈ Bj210·2−i(0) if and only if Ii, j2, j1(x) = y (we set also x ∼ x for every x).
Notice that this is an equivalent relation if and only if the following compatibility relation is true. For every
couple of maps Ii,j1j2 , Ii,j3j2 for which there exists x ∈ B10·2−i(0) such that Ii,j2,j1(x), Ii,j3j2(Ii,j2,j1(x)) ∈
B10·2−i(0) we have that the map Ii,j3,j1 is defined and we have

Ii,j3,j2 ◦ Ii,j2,j1(x) = Ii,j3,j1(x).

However there is no reason for this to be true in general for the maps that we have defined. However it
is almost true in a quantitative sense given by Lemma (5.4.8). Thanks to this we can perform a small

modification of the maps Ii,j1,j2 to obtain new maps Ĩi,j1,j2 such that the above compatibility relations are
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satisfied. This modification is quite involved and is actually independent of the metric space (Z, d), instead
takes place fully in the Euclidean space. For this reason this procedure has been developed separately in
Section 5.3.2 and is contained in Theorem 5.3.8, which immediately implies the following:

Lemma 5.4.9. For every Ii,j1,j2 defined as above there exists a C∞ diffeomorphism Ĩi,j1,j2 : Rn → Rn
such that

(5.4.8) ‖Ii,j1,j2 − Ĩi,j1,j2‖C2(Rn),2−i ≤ Cεi,

Ĩi,j2,j1 = Ĩ−1
i,j1,j2

and the following compatibility condition holds: for every couple of maps Ĩi,j1j2 , Ĩi,j3j2 for

which the set {x ∈ B8·2−i(0) : Ĩi,j2,j1(x), Ĩi,j3j2(Ĩi,j2,j1(x)) ∈ B8·2−i(0)} is non empty, we have that the

map Ĩi,j3,j1 is defined and

Ĩi,j3,j2 ◦ Ĩi,j2,j1(x) = Ĩi,j3,j1(x),

for every x in the above set.

Proof. It is enough to apply Theorem 5.3.8 with t = 2−i and A = Ii, the family of maps in Definition
5.4.6. Indeed observe that thanks Lemma 5.4.4 the upper bound M on the cardinality of the partition
depends only on n, therefore the constants appearing in Theorem 5.3.8 will depend in this case only on
n. Thus we just need to check the hypotheses of Theorem 5.3.8:

(5.3.5) follows by construction and (5.3.6) follows by Remark 5.4.7. Property A) is true again by
construction. Property C) is the content of Lemma 5.4.8. It remains to check property B). Suppose
Ij3,j2(Ij2,j1(x)) ∈ B9·2−i(0) for some x ∈ B8·2−i(0). Recalling now (5.4.4), provided εi is small enough,
we deduce that y := βj3 ◦ αj2 ◦ βj2 ◦ αj1(x) ∈ B10·2−i(0). Observe that we can apply (5.4.4) since
βj2 ◦αj1(x) ∈ B45·2−i(xj2), thanks to (5.4.3) and the fact that d(xj1 , xj2) < 30 · 2−i which holds since the
map Ij1,j2 is defined. Therefore from (5.4.3) it holds that αj1(x) ∈ B10·2−i(xj1) and αj3(y) ∈ B11·2−i(xj3).
Moreover from (5.4.1) we have that d(αj3(y), αj1(x)) ≤ 2−i, if εi is small enough. This implies that
B15·2−i(xi,j3) ∩B15·2−i(xi,j1) 6= ∅, hence the map Ii,j3,j1 exists. This proves property B. �

Construction of the topological manifolds. We can now construct Wn
i as we mentioned above. Specifically

we will construct it starting from its transition maps and their domains of definition. This kind of
construction, even if very natural, needs to be done carefully to ensure that the resulting space is a well
defined Hausdorff manifold. In doing this we will refer to the formalization through Sets of Gluing Data

described in [113, Thereom 3.1]. We start defining maps Îi,j1,j2 that are restriction of the maps Ĩi,j1,j2 .
In particular we set

(5.4.9) Ωij1,j2 := Ĩ−1
i,j1,j2

(B8·2−i(0)) ∩B8·2−i(0)

and Îi,j1,j2 := Ĩi,j1,j2 |Ωij1,j2 . Observe that the sets Ωij1,j2 are open subsets of Rn. Then we define

Wn
i :=

⊔
j∈Ji B

j
8·2−i(0) /∼ ,

where x ∼ y (with x 6= y) if and only if x ∈ Bj18·2−i(0), y ∈ Bj28·2−i(0) and Îi,j2,j1(x) = y. We impose also
x ∼ x for every x. This is now a valid equivalence relation by Lemma 5.4.9 (referring to the construction
in [113], the compatibility condition ensured by Lemma 5.4.9 implies condition (3.c) in Definition 3.1 of
[113]). The set Wn

i comes with a natural quotient map

Π :
⊔
j∈Ji

Bj8·2−i(0)→Wn
i ,

defined as Π(x) := [x], where [x] is the equivalent class containing x. Define now for every j ∈ Ji the map

pj := Π ◦ inj : B8·2−i(0)→Wi,

where B8·2−i(0)
inj
↪−→
⊔
j∈Ji B

j
8·2−i(0) is the natural inclusion map on the j-th component. Observe that, by

construction, the map Π is injective on every Bj8·2−i(0) and thus also pj is injective. We endow Wn
i with

the topology τ defined by

τ = {U ⊂Wi : p−1
j (U) is an open subset of Rn, ∀j ∈ Ji}.

It is easy to check that τ is indeed a topology. We claim that with this topology, the sets pj(B8·2−i(0))
are open for every j ∈ Ji and that the maps pj : B8·2−i(0)→ pj(B8·2−i(0)) are homomorphisms for every
j ∈ Ji. To prove the claim it sufficient to show that pj(V ) ∈ τ , for every j ∈ Ji and every V ⊂ B8·2−i(0)
open (possibly taking V = B8·2−i(0)). This in turn follows observing that by construction

p−1
j2

(pj2(V )) = Ωij1,j2 ∩ V, ∀j1, j2 ∈ Ji
and recalling that the sets Ωij1,j2 are open.
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For every j ∈ Ji we set Bij := pj(B8·2−i(0)) and define the maps ψi,j : Bij → B8·2−i(0) as ψi,j := p−1
j ,

these maps will be the charts of the manifold. (As usual we will write ψj instead of ψi,j when there will be
no ambiguity in doing so.) We need to show that (Wn

i , τ) is Hausdorff. To do this it’s enough to observe
that

Ĩi,j1,j2(∂(Ωij1,j2) ∩B8·2−i(0)) ⊂ ∂B8·2−i(0)

that comes from the fact that Ĩi,j1,j2 is a global diffeomorphism. This fact implies condition (3.d) in
Definition 3.1 of [113], which is there shown to be enough to ensure that Wn

i is a Hausdorff space. It

remains to endow Wn
i with a smooth structure. Observe that by construction, ψi,j2 ◦ (ψi,j1)−1 = Îi,j2,j1

which are diffeomorphisms. Moreover we proved above that the sets Bij are open in (Wn
i , τ). This proves

that (Bij , ψi,j)j∈Ji is a smooth structure for Wn
i .

Lemma 5.4.10. The manifolds (Wn
i )∞i=0 are all connected.

Proof. We argue by contradiction. Suppose Wn
i is disconnected. Pick U a non empty connected

component of Wn
i . Since Wn

i ⊂ Uj∈JiB
i
j and each Bij is connected (is homeomorphic to an Euclidean

ball), we must have that

(5.4.10) U =
⋃
j∈S

Bij

for some proper subset S of J i. Set now S̃ := J i \ S. From (5.4.10) we must have Bij1 ∩B
i
j2

= ∅ for every

j1 ∈ S and every j2 ∈ S̃. We claim that this implies that d(xj2 , xj1) > 5 · 2−i for every j1 ∈ S and every

j2 ∈ S̃. Indeed the transition map Îj1,j2 must not be defined and this by construction can happen only

in two cases. The first case is that the map Ĩj1,j2 is not defined, the second is that Ĩj1,j2 is defined but

Ĩ−1
j1,j2

(B8·2−i(0))∩B8·2−i(0) = ∅. In the first case by construction we must have that d(xj1 , xj2) > 15 · 2−i.
In the second case, by (5.4.8) and (5.4.4) we have that |βj1 ◦ αj2 − Ĩ−1

j2,j1
| ≤ Cεi2

−i in B8·2−i(0). Hence,

if εi is small enough, βj1(αj2(0)) /∈ B7·2−i(0), that combined with (5.4.2) and provided εi small enough,
gives d(αj2(0), xj1) > 6 · 2−i. Then again using (5.4.2) we deduce that d(xj2 , xj1) > 5 · 2−i. Therefore in
both cases d(xj2 , xj1) > 5 · 2−i and the claim is proved. This implies that( ⋃

j∈S
BZ2−i(xj)

)
∩
( ⋃
j∈S̃

BZ2−i(xj)

)
= ∅,

however, since Xi = {xj}j∈Ji is 2−i-dense, this two sets cover Z, which contradicts the connectedness of
Z. �

Construction of the Riemannian-metrics. It remains endow the topological manifolds W i
n with suitable

Riemannian metrics gi.
To construct the metric gi consider a partition of the unity ρi,j subordinate to the cover {Bij}j∈Ji

and define

gi :=
∑
j∈Ji

ρi,jψ
∗
i,jg

where g is the standard Euclidean metric on Rn. Observe that the covering {Bij}j∈Ji is locally finite
with multiplicity less than N = N(n). This is a consequence of Remark 5.4.7. We denote with di the
Riemannian distance function induced by the metric gi (recall that from Lemma 5.4.10 Wi is connected,
hence di is finite). The first key observation is that, with this metric, the charts ψi,j turns out to be
bi-Lipschitz maps, in particular we have the following.

Lemma 5.4.11. For every j ∈ Ji consider ψj as a smooth function ψj : Bij → Rn, then

(5.4.11)
1

1 + Cεi
≤ ‖Dψj‖ ≤ 1 + Cεi,

where ‖.‖ denotes the operator norm.

Proof. Fix p ∈ Bij and pick any v ∈ TpWn
i . We can write v in local coordinates with respect to the

chart ψj = (xj1, ..., x
j
n) as v = ak ∂

∂xjk
. Set w := (Dψj)p · v ∈ Rn and observe that w = (a1, ..., an). We now

need to compute |v|TpWn
i
. Recall that gp =

∑
k∈Ji ρi,k(p)ψ∗kg, thus

|v|2TpWn
i

=
∑
k∈Ji

ρi,k(p)|(Dψk)pv|2 =
∑
k∈Ji

ρi,k(p)|Ak,j ā|2.
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where Ak,j is the Jacobian matrix of the transition function ψk ◦ (ψj)
−1, that by construction coincides

with Îk,j . Therefore from (5.4.8) we have that 1−Cεi ≤ ‖Ak,j‖ ≤ 1 +Cεi (indeed Ii,j1,j2 are isometries).
Thus

(1− Cεi)|w| ≤ |v|TpWn
i
≤ (1 + Cεi)|w|,

which gives
1

1 + Cεi
|v| ≤ |w| ≤ (1 + 2Cεi)|v|,

that is what we wanted. �

Remark 5.4.12. It holds that

BWi
s

1+2Cεi

(ψ−1
j (x)) ⊂ ψ−1

j (Bs(x)) ⊂ BWi

s(1+Cεi)
(ψ−1
j (x))

for every ball Bs(x) ⊂ B8·2−i(0). This follows immediately from the fact that ψj are 1 +Cεi bi-Lipschitz
homeomorphisms. Indeed suppose the first inclusion does not hold. This means that the (non empty)

open set U := BWi
s

1+2Cεi

(ψ−1
j (x))∩ψ−1

j (Bs(x)) is a proper subset of BWi
s

1+2Cεi

(ψ−1
j (x)). This means that there

is a point w ∈ ∂ψ−1
j (Bs(x)) such that w ∈ BWi

s
1+2Cεi

(ψ−1
j (x)). However, since ψ−1

j is an homeomorphism, it

preserves the boundary, that is ∂ψ−1
j (Br(x)) = ψ−1

j (∂Bs(x)). Therefore since ψ−1
j is 1 +Cεi bi-Lipschitz

we obtain that di(w,ψ
−1
j (x)) ≥ s

1+Cεi
, that is a contradiction. The second inclusion follows directly from

the Lipschitzianity of ψj . �

Remark 5.4.13. It turns out that the manifolds Wi endowed with the distance di are also complete,
however we will delay the proof of this fact to the end of the next subsection (see Lemma 5.4.18). �

5.4.2. The manifold-to-metric space mappings: fi. For every w ∈Wn
i we define

fi(w) := αj(ψj(w)),

where j ∈ Ji is the smallest such that w ∈ Bij . We remark that with this definition fi(w) will depend
on the choice of the index j, indeed the map fi will not be even continuous in general. However in the
following statement we prove that fi is almost unique, in the sense that the a different choice of j in its
definition change its value by at most εi2

−i.

Lemma 5.4.14. Suppose that x ∈Wn
i , then for any j ∈ Ji for which and x ∈ Bij we have that

(5.4.12) d(fi(x), αj(ψj(x))) ≤ Cεi2−i.

Proof. By definition fi(x) = αk(ψk((x))) for some k ∈ Ji for which x ∈ Bik. If k = j there is nothing
to prove, so suppose k 6= j. Then

d(fi(x), αj(ψj(x))) = d(αk(ψk(x)), αj(ψj(x))) =

= d(αk(ψk(x)), αj(ψj(ψ
−1
k (ψk(x)))) =

= d(αk(ψk(x)), αj(Îj,k(ψk(x)))

≤ d(αk(ψk(x)), αj(βj ◦ αk(ψk(x))) + Cεi2
−i,

where the last inequality follows combining (5.4.4) and (5.4.8). Recalling now (5.4.1) we obtain (5.4.12).
�

By construction fi sends points in Bji inside B10·2−i(xj). The following statement is the converse of

this, meaning that points mapped by fi near xj must belong to the coordinate patch Bji .

Lemma 5.4.15. Suppose that for some w ∈Wi it holds that fi(w) ∈ Bs·2−i(xj) with s < 6, then

(5.4.13) w ∈ ψ−1
j (B(s+Cεi)2−i(0)),

in particular w ∈ Bij .

Proof. By definition fi(w) = αk(ψk(w)) for some k ∈ Ji. Observe now that from (5.4.2) we deduce

that βj(αk(ψk(w))) = βj(fi(w)) ∈ B(s+Cεi)2−i(0). Therefore, since by (5.4.8) and (5.4.4) |Ĩj,k−βj ◦αk| ≤
Cεi2

−i, we also have Ĩj,k(ψk(w)) ∈ B(s+Cεi)2−i(0), up to increasing the constant C. Since s < 6, if εi
is small enough we have that Ĩj,k(ψk(w)) ∈ B8·2−i(0), which implies ψk(w) ∈ Ωij,k (where Ωij,k is as in

(5.4.9)). Since Ωij,k is the domain of Îj,k we can write

w = ψ−1
j (ψj ◦ ψ−1

k )(ψk(w)) = ψ−1
j (Îj,k(ψk(w)))

and since we showed that Ĩj,k(ψk(w)) ∈ B(s+Cεi)2−i(0), this proves (5.4.13). �
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The following result tells us that, locally, fi is a 2−iCεi-isometry.

Lemma 5.4.16. For every j ∈ Ji it holds

(5.4.14) |d(fi(w1), fi(w2))− di(w1, w2)| ≤ 2−iCεi, for every w1, w2 ∈ Bij.

Proof. By (5.4.12) we can suppose that fi(w1) = αj(ψj(w1)), fi(w2) = αj(ψj(w2)). Thus we need
to bound |d(αj(ψj(w1)), αj(ψj(w2)))− di(w1, w2)|, however since αj is a Cεi2

−i isometry we have

|d(αj(ψj(w1)), αj(ψj(w2)))− |ψj(w1)− ψj(w2)|| ≤ Cεi2−i.

Hence we reduced ourselves to estimate ||ψj(w1)− ψj(w2)| − di(w1, w2)|. To do this first observe that by
Remark 5.4.12, if εi is small enough, we have

Bij = ψ−1
j (B8·2−i(0)) ⊂ B10·2−i(ψ

−1
j (0)),

hence di(w1, w2) ≤ 20 · 2−i. Then recalling that ψj is 1 + Cεi bi-Lipschitz we have

||ψj(w1)− ψj(w2)| − di(w1, w2)| = di(w1, w2)

∣∣∣∣ |ψj(w1)− ψj(w2)|
di(w1, w2)

− 1

∣∣∣∣ ≤ 20 · 2−iCεi,

that is what we wanted.
�

Since the balls centered in Xi of radius 2−i covers Z, it is natural to expect that we can cover Wi

with sets that are significantly smaller than Bij = ψ−1
j (B10·2−i(0)). This essentially is the content of the

following result.

Lemma 5.4.17. For every i ∈ N0 it holds that

(5.4.15) Wn
i ⊂

⋃
j

ψ−1
j

(
B2·2−i(0)

)
⊂
⋃
j

BWi

3·2−i(ψ
−1
j (0))).

Proof. Let w ∈Wi then fi(w) ∈ B2−i(xj) for some j ∈ Ji, since Xi is 2−i-dense in Z by construction.

Therefore from Lemma 5.4.15 we deduce that w ∈ ψ−1
j (B(1+Cεi)2−i(0)) ⊂ ψ−1

j

(
B(2·2−i(0)

)
, provided εi

is small enough. This proves the first inclusion in (5.4.15). The second inclusion follows from Remark
5.4.12. �

Lemma 5.4.18. The manifold (Wi, di) is complete.

Proof. Let w ∈ Wn
i , then from (5.4.15), there exists j ∈ J i such that w ∈ BWi

3·2−i(ψ
−1
j (0)). Hence

BWi

2−i(w) ⊂ BWi

4·2−i(ψ
−1
j (0)). From Remark 5.4.12 we deduce, provided εi small enough, that

BWi

2−i(w) ⊂ BWi

4·2−i(ψ
−1
j (0)) ⊂ ψj(B5·2−i(0)) ⊂ ψj

(
B5·2−i(0)

)
.

Since the last set is compact, we deduce that BWi

2−i(w) is also compact and from the arbitrariness of w we
conclude. �

5.4.3. Construction of the pseudo-distances: ρi. For every w1, w2 ∈Wi we set

(5.4.16) ρi(w1, w2) :=

{
di(w1, w2) if di(w1, w2) ≤ 2 · 2−i,
d(fi(w1), fi(w2)) if di(w1, w2) > 2 · 2−i.

Lemma 5.4.19. It holds that

ρi(w1, w2) = di(w1, w2),

whenever ρi(w1, w2) ≤ 2−i or di(w1, w2) ≤ 2−i.

Proof. If di(w1, w2) ≤ 2−i the statement is trivial from the definition of ρi. So suppose ρi(w1, w2) ≤
2−i. If ρi(w1, w2) = di(w1, w2) we are done, so suppose ρi(w1, w2) = d(fi(w1), fi(w2)). Then the 2−i-
density of Xi implies that fi(w1), fi(w2) ∈ B5·2−i(xj) for some j ∈ Ji. Hence thanks to Lemma 5.4.15 we
have that w1, w2 ∈ Bij . Applying now (5.4.14) we obtain di(w1, w2) ≤ 2−i + Cεi2

−i ≤ 2 · 2−i, but then
from (5.4.16) we deduce ρi(w1, w2) = di(w1, w2).

�
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5.4.4. Construction of the manifold-to-manifold mappings: hi. This section is devoted to to proof
the following Lemma.

Lemma 5.4.20. Under the initial assumptions there exists a 1+C(εi+εi+1)-bi-Lipschitz diffeomorphism
hi : Wi →Wn

i+1 such that

(5.4.17) d(fi+1(hi(w)), fi(w)) ≤ C2−i(εi + εi+1),

for every w ∈Wn
i .

Along this section (ψi+1,j)j∈Ji+1
denote the charts for the manifold Wi+1 as defined in Section 5.4.1.

Construction of the new charts for Wi. The idea of the construction of the maps hi is to build a new atlas
for Wi, but instead of using points in Xi, as in its construction, we use the points in Xi+1. In particular
we will construct charts (ϕi,j)j∈Ji+1 for Wi in direct relation with the charts (ψi+1,j)j∈Ji+1 of Wi+1. In
this way we are able to build maps

hi,j := ψ−1
i+1,j ◦ ϕ

−1
i,j ,

defined locally, from Wi to Wi+1. Then we will patch all these maps using Theorem 5.3.14.

For any j ∈ Ji+1 define k(j) ∈ Ji as the minimal index so that xi+1,j ∈ B2−i(xi,k(j)). k(j) is well

defined thanks to the fact that Xi is 2−i-dense. Consider the maps

αi+1,j : B100·2−i(0)→ B100·2−i(xi+1,j)

βi,k(j) : B200·2−i(xi,k(j))→ B200·2−i(0),

which are respectively a Cεi+12−i-GH approximation and a Cεi2
−i-GH approximation. Analogously we

consider the maps αi,k(j), βi+1,j . It is crucial here that all these maps are the same considered in Section
5.4.1. Since B100·2−i(xi+1,j) ⊂ B200·2−i(xi,k(j)) we have that βi,k(j) ◦ αi+1,j is well defined on the whole

B100·2−i(0) ad it is a 2−iC(εi + εi+1) isometry.

Lemma 5.4.21. For every j ∈ Ji+1 there exists an isometry Ki,j : Rn → Rn such that

(5.4.18) |Ki,j − βi,k(j)(αi+1,j)| ≤ C(εi + εi+1)2−i,

in B15·2−i(0) and

(5.4.19) |K−1
i,j − βi+1,j(αi,k(j))| ≤ C(εi + εi+1)2−i,

in Ki,j(B15·2−i(0)).

Proof. The existence of an isometry Ki,j : Rn → Rn satisfying

(5.4.20) |Ki,j − βi,k(j)(αi+1,j)| ≤ C(εi + εi+1)2−i

in B20·2−i(0) is an immediate consequence of Lemma 5.1.11, provided εi, εi+1 are small enough. To prove
(5.4.19) take any x ∈ B15·2−i(0), then using (5.4.20)

|K−1
i,j (Ki,j(x))− βi+1,j(αi,k(j)(Ki,j(x))| = |x− βi+1,j(αi,k(j)(Ki,j(x))|

≤ |x− βi+1,j(αi,k(j)(βi,k(j)(αi+1,j(x)))|+ C(εi + εi+1)2−i

≤ C(εi + εi+1)2−i,

where in the last inequality we used (5.4.1). This would prove (5.4.19), however these computations needs
justification. More precisely we need to check that βi+1,j ◦ αi,k(j) is defined on βi,k(j)(αi+1,j(B15·2−i(0)))
and on Ki,j(B15·2−i(0)). Since, as remarked previously βi,k(j) ◦αi+1,j is defined on B20·2−i(0), from (5.4.1)
and (5.4.2) we have that

(5.4.21) αi,k(j)(βi,k(j)(αi+1,j(B15·2−i(0)))) ⊂ B20·2−i(xi+1,j),

which is the domain of βi+1,j . Thus the first condition is verified. For the second we start prov-
ing that αi,k(j) is defined on Ki,j(B15·2−i(0)). Indeed from (5.4.21) and (5.4.1) we deduce that
βi,k(j)(αi+1,j(B15·2−i(0)) ⊂ B25·2−i(0). Hence from (5.4.20), provided εi, εi+1 are small enough, follows
that Ki,j(B15·2−i(0)) ⊂ B30·2−i(0), that is in the domain of αi,k(j). Now using again (5.4.20), (5.4.21) and
assuming εi, εi+1 small enough we deduce that

αi,k(j)(Ki,j(B15·2−i(0))) ⊂ B35·2−i(xi+1,j),

which is the domain of βi+1,j . This proves also the second condition and concludes the proof. �



150 5. BI-LIPSCHITZ METRIC REIFENBERG’S THEOREM

Define for every j ∈ Ji+1 the map

ϕi,j := ψ−1
i,k(j) ◦Ki,j |B4·2−i (0).

Notice that this is well defined since Ki,j(B4·2−i(0)) ⊂ B8·2−i(0), by (5.4.18), assuming εi, εi+1 small
enough. For every j ∈ Ji+1 define also the map

(5.4.22) hi,j := ψ−1
i+1,j ◦ ϕ

−1
i,j |ϕi,j(B4·2−i (0)).

xi+1,jxi,k(j)

W n
i W n

i+1

B
k(j)
i

Bj
i+1

B8·2−i(0) B4·2−i(0)Ki,j

αi+1,jβi,k(j)

φi,j

hi,j

Z

ψ−1
i,k(j)

ψ−1
i+1,j

Figure 2. Diagram of definition of the maps ϕi,j and the maps hi,j .

The following is the analogous to Lemma 5.4.15 with respect to the new charts, which also imply
that the new charts cover the manifold.

Lemma 5.4.22. Suppose w ∈Wi and xi+1,j ∈ Xi+1 are such that d(fi(w), xi+1,j) < 2−i−1, then

(5.4.23) w ∈ ϕi,j(B 5
4 ·2−i

(0)).

In particular we have

(5.4.24) Wn
i ⊂

⋃
j∈Ji+1

ϕi,j(B 5
4 ·2−i

(0)).

Proof. Observe that d(fi(x), xi,k(j)) < 3/2 · 2−i. Then by Lemma 5.4.15 we deduce that

x ∈ Bik(j). Applying now (5.4.12) we have d(fi(w), αi,k(j)(ψi,k(j)(x))) ≤ C2−iεi, that gives

d(αi,k(j)(ψi,k(j)(w)), xi+1,j) < 2−i/2 + Cεi2
−i. Then from (5.4.3) βi+1,j(αi,k(j)(ψi,k(j)(x))) ∈ B2−i(0),

provided εi is small enough. We can now apply (5.4.19) (we will check the needed hypothesis at the end
of the proof) to infer that

K−1
i,j (ψi,k(j)(x)) ∈ B 5

4 ·2−i
(0),

provided εi, εi+1 are small enough. Recalling now the definition of ϕi,j , (5.4.23) follows. Finally (5.4.24)
is a consequence of (5.4.23) and the 2−i−1-density of Xi+1.
To justify the use of (5.4.19) above, we need to check that ψi,k(j)(w) ∈ Ki,j(B15·2−i(0)). Call y :=
βi+1,j(αi,k(j)(ψi,k(j)(w))), y ∈ B2−i(0), then from (5.4.18)

|Ki,j(y)− ψi,k(j)(w)| ≤ |βi,k(j)(αi+1,j(y))− ψi,k(j)(w)|+ C(εi + εi+1)2−i =

= |βi,k(j)(αi+1,j(βi+1,j(αi,k(j)(ψi,k(j)(w)))))− ψi,k(j)(x)|+ C(εi + εi+1)2−i

(5.4.1)

≤ C(εi + εi+1)2−i.

Now, since Ki,j is an isometry and y ∈ B2−i(0) , if εi, εi+1 are small enough, we conclude that ψi,k(j)(w) ∈
Ki,j(B2·2−i(0)). �
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Construction of the diffeomorphism hi. Before passing the the actual construction of the map hi we need
a technical lemma. Roughly saying it shows the transition functions relative to the charts ϕi,j are close

to the transition functions Îi+1,j of the manifold Wi+1.

Lemma 5.4.23. Let x ∈ B4·2−i(0) be in the domain of ϕ−1
i,j1
◦ ϕi,j2 for some j1, j2 ∈ Ji+1, then

(5.4.25) |ϕ−1
i,j1
◦ ϕi,j2(x)− Îi+1,j1,j2(x)| ≤ C(εi + εi+1)2−i.

Proof. Consider a point x ∈ B4·2−i(0) and two indices j1, j2 ∈ Ji+1 as in the hypotheses. We start
by claiming that

(5.4.26) d(xi+1,j1 , xi+1,j2) ≤ 9 · 2−i.
Indeed ϕi,j2(x) = ϕi,j1(y) for some y ∈ B4·2−i(0). Then from (5.4.12) we have

d(αi,k(j2)(ψi,k(j2)(ϕi,j2(x))), αi,k(j1)(ψi,k(j1)(ϕi,j1(y))) ≤ 2−iCεi,

that by definition can be written as

d(αi,k(j2)(Ki,j2(x))), αi,k(j1)(Ki,j1(y))) ≤ 2−iCεi,

Applying now (5.4.18) (recalling also (5.4.1) as usual) we deduce

(5.4.27) d(αi+1,j2(x), αi+1,j1(y)) ≤ 2−iC(εi + εi+1).

Therefore from (5.4.3), if εi, εi+1 are small enough, we deduce (5.4.26). We can now proceed with the

proof of (5.4.25). From the definitions we have ϕ−1
i,j1
◦ϕi,j2(x) = K−1

i,j1
◦ Îi,k(j1),k(j2) ◦Ki,j2(x). From (5.4.8)

|ϕ−1
i,j1
◦ ϕi,j2(x)−K−1

i,j1
◦ Ii,k(j1),k(j2) ◦Ki,j2(x)| ≤ Cεi2−i.

Moreover, since x ∈ B4·2−i(0), from (5.4.18)

|ϕ−1
i,j1
◦ ϕi,j2(x)−K−1

i,j1
◦ Ii,k(j1),k(j2) ◦ βi,k(j2) ◦ αi+1,j2(x)| ≤ C(εi + εi+1)2−i.

Observe now that, from (5.4.3) and the fact that d(xi+1,j2 , xi,k(j2)) ≤ 2−i, βi,k(j2)(αi+1,j2(x)) belongs to
B10·2−i(0) (if εi, εi+1 are small enough), thus we can apply (5.4.4) to obtain

|ϕ−1
i,j1
◦ ϕi,j2(x)−K−1

i,j1
◦ βi,k(j1) ◦ αi,k(j2) ◦ βi,k(j2) ◦ αi+1,j2(x)| ≤ C(εi + εi+1)2−i.

Recall now from (5.4.1) that αi,k(j2) ◦ βi,k(j2) is almost the identity, therefore

|ϕ−1
i,j1
◦ ϕi,j2(x)−K−1

i,j1
◦ βi,k(j1) ◦ αi+1,j2(x)| ≤ C(εi + εi+1)2−i.

To write the above we should check that αi+1,j2(x) is in the domain of βi,k(j1), this follows from the fact
that αi+1,j2(x) ∈ B5·2−i(xi+1,j2) ⊂ B15·2−i(xi,k(j1)), where the inclusion is a consequence of (5.4.26) and

the fact that d(xi+1,j1 , xi,k(j1)) ≤ 2−i. We now apply (5.4.19) to get

(5.4.28) |ϕ−1
i,j1
◦ ϕi,j2(x)− βi+1,j1 ◦ αi,k(j1) ◦ βi,k(j1) ◦ αi+1,j2(x)| ≤ C(εi + εi+1)2−i.

Observe that to use (5.4.19) we need to check that βi,k(j1) ◦ αi+1,j2(x) ∈ Ki,j1(B15·2−i(0)). To see this,
we can use (5.4.27) and then (5.4.18) to deduce

|βi,k(j1) ◦ αi+1,j2(x)−Ki,j1(y)| ≤ |βi,k(j1) ◦ αi+1,j1(y)−Ki,j1(y)|+ 2−iC(εi + εi+1)

≤ 2−iC(εi + εi+1).

From this, since Ki,j1 is a global isometry and y ∈ B4·2−i(0), we have βi,k(j1)◦αi+1,j2(x) ∈ Ki,j1(B8·2−i(0)),
provided εi, εi+1 small enough, that is what we wanted. Using once again (5.4.1) in (5.4.28) we obtain
that

|ϕ−1
i,j1
◦ ϕi,j2(x)− βi+1,j1 ◦ αi+1,j2(x)| ≤ C(εi + εi+1)2−i,

that makes sense since αi+1,j2(x) ∈ B14·2−i(xi+1,j1), which follows from (5.4.26). Finally combining (5.4.4)
and (5.4.8) we reach (5.4.25).

�

Lemma 5.4.24. There exists a map hi : Wn
i →Wn

i+1 that is surjective and

(5.4.29)
1

1 + C(εi + εi+1)
≤ ‖Dhi‖ ≤ 1 + C(εi + εi+1).

Moreover for every j ∈ Ji+1 it holds that

(5.4.30) hi|ϕi,j(B2·2−i (0)) = ψ−1
i+1,j ◦H ◦ ϕ

−1
i,j ,

for some diffeomorphism H : B4·2−i(0)→ B4·2−i(0) (depending on j) such that ‖H − id‖C1,2−i ≤ C(εi +
εi+1).
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Proof. We plan to apply Theorem 5.3.14 for every i, with M = Wn
i , X = Wn

i+1, ϕj = ϕi,j , hj = hi,j
(recall their definition in (5.4.22)),t = 2 ·2−i and N = N(n) (given in Lemma 5.4.4). We need to check the

hypotheses of the Theorem. First notice that ϕ−1
i,j1
◦ ϕi,j2 = K−1

i,j1
◦ Îi,k(j1),k(j2) ◦Ki,j2 , hence from (5.4.8)

and the fact that Ki,j1 are isometries we deduce that ‖D(ϕ−1
i,j1
◦ϕi,j2)‖ ≤ 1+Cεi and |∂ij(ϕ−1

i,j1
◦ϕi,j2)k| ≤

Cεi/2
−i. Hence (5.3.29) is satisfied. Moreover the required partition of the indices j ∈ Ji+1 is naturally

induced from the partition Ji+1,1, ..., Ji+1,Ni+1
. Indeed if ϕi,j1(B4·2−i(0)) ∩ ϕi,j2(B4·2−i(0)) 6= ∅, thanks

to Lemma 5.4.23, we have that Bi+1
j1
∩ Bi+1

j2
6= ∅, therefore the transition function Îi+1,j1,j2 exists, and

therefore by Remark 5.4.7 j1, j2 belong to different sets of the partition. Moreover the required condition
that

(5.4.31) Wn
i ⊂

⋃
j∈Ji+1

ϕi,j(B2·2−i(0)).

follows from Lemma 5.4.22.
Finally we need to prove (5.3.30) and (5.3.31). It suffices to prove the following. Define B2 =

B2(2−2/N)2−i(0) and B1 = B2(2−1/N)2−i(0), then for every j1, j2 such that ϕi,j1(B2) ∩ ϕi,j2(B2) 6= ∅, it
holds that

(5.4.32) hi,j1(ϕi,j1(B1) ∩ ϕi,j2(B1) ⊂ hi,j2(ϕi,j2(B4·2−i(0))

and moreover for such j1, j2

(5.4.33) ‖ϕ−1
i,j2
◦ h−1

i,j2
◦ hi,j1 ◦ ϕi,j2 − id‖C1,2−i ≤ Cεi

on ϕ−1
i,j2

(ϕi,j1(B1) ∩ ϕi,j2(B1)). We start with (5.4.32). Suppose

ϕi,j1(B2) ∩ ϕi,j2(B2) 6= ∅

and pick x ∈ ϕi,j1(B1) ∩ ϕi,j2(B1). Then x = ϕi,j2(y) for some y ∈ B1. Thus from (5.4.25)

|ϕ−1
i,j1
◦ ϕi,j2(y)− Îi+1,j1,j2(y)| ≤ C(εi + εi+1)2−i.

Then applying to the above inequality the map ψ−1
i+1,j1

, that is 2-Lipschitz (if εi+1 is small enough), we
have that

di+1(hj1(x), ψ−1
i+1,j2

(y)) = di+1(ψ−1
i+1,j1

◦ ϕ−1
i,j1
◦ ϕi,j2(y), ψ−1

i+1,j2
(y)) ≤ C(εi + εi+1)2−i.

Therefore, since y ∈ B2(2−1/N)·2−i(0), from Remark 5.4.12, assuming εi, εi+1 are small enough, we have

hj1(x) ∈ ψ−1
i+1,j2

(B4·2−i(0)) = hi,j2(ϕi,j2(B4·2−i(0)),

that proves (5.4.32). It remains only to prove (5.4.33). Notice that from the definitions

ϕ−1
i,j2
◦ h−1

i,j2
◦ hi,j1 ◦ ϕi,j2 = Îi+1,j2,j1 ◦ ϕ−1

i,j1
◦ ϕi,j2 .

Therefore from (5.4.25)

|ϕ−1
i,j2
◦ h−1

i,j2
◦ hi,j1 ◦ ϕi,j2 − id| ≤ C(εi + εi+1)2−i,

on ϕ−1
i,j2

(ϕi,j1(B1) ∩ ϕi,j2(B1)). We need now the bound on the first derivatives. To this aim notice that
we can also write

ϕ−1
i,j2
◦ h−1

i,j2
◦ hi,j1 ◦ ϕi,j2 = Îi+1,j1,j2 ◦K−1

j1
◦ Îi,k(j1),k(j2) ◦Kj2

and from what we just proved combined with (5.4.8) we deduce

|Ii+1,j1,j2 ◦K−1
j1
◦ Ii,k(j1),k(j2) ◦Kj2 − id| ≤ C(εi + εi+1)2−i

on ϕ−1
i,j2

(ϕi,j1(B1) ∩ ϕi,j2(B1)). Exploiting Remark 5.4.12 (and the fact that every map ϕi,j is the com-

position of ψ−1
i,k(j) with an isometry) we can observe that, since ϕi,j1(B2) ∩ ϕi,j2(B2) 6= ∅, the (bigger)

set ϕi,j1(B1) ∩ ϕi,j2(B1) contains a metric ball in Wi of radius 2−i

100N , provided εi is small enough. Then,

again by Remark 5.4.12 we deduce that ϕ−1
i,j2

(ϕi,j1(B1) ∩ ϕi,j2(B1)) contains an Euclidean ball of radius
2−i

200N , again if εi+1 is small enough. Therefore, since the above map is an isometry, from Lemma 5.3.13
we deduce

‖D(Ii+1,j1,j2 ◦K−1
j1
◦ Ii,k(j1),k(j2) ◦Kj2)− In‖ ≤ C(εi + εi+1)

on ϕ−1
i,j2

(ϕi,j1(B1) ∩ ϕi,j2(B1)), that implies using (5.4.8) and Lemma 5.3.12

‖D(Îi+1,j1,j2 ◦K−1
j1
◦ Îi,k(j1),k(j2) ◦Kj2)− In‖ ≤ C(εi + εi+1)
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on ϕ−1
i,j2

(ϕi,j1(B1)∩ϕi,j2(B1)). This completes the proof of (5.4.33). Therefore if εi, εi+1 are small enough

we can apply Theorem 5.3.14 and get a map hi : Wn
i → Wn

i+1 . Thanks to (5.3.32) this map has the
property that for every j ∈ Ji+1 it holds

(5.4.34) hi|ϕi,j(B2·2−i (0)) = ψ−1
i+1,j ◦ ϕ

−1
i,j ◦ ϕi,j ◦H ◦ ϕ

−1
i,j = ψ−1

i+1,j ◦H ◦ ϕ
−1
i,j ,

for some diffeomorphism H : B2·2−i(0)→ B2·2−i(0) (depending on j) with ‖H − id‖C1,2−i ≤ C(εi + εi+1).
Thus (5.4.30) is proved. Moreover from this and (5.4.11) we also get (1 + C(εi + εi+1))−1 ≤ ‖Dhi‖ ≤
1 + C(εi + εi+1). Finally we observe that hi(W

n
i ) = Wn

i+1 for every i. Indeed hi|ϕi,j(B2·2−i (0)) = ψ−1
i+1,j ◦

H ◦ ϕ−1
i,j , moreover, since ‖H − id‖C1,t ≤ C(εi + εi+1), if εi, εi+1 are small enough we have B 3

2 2−i(0) ⊂
H(B2·2−i(0)). Thus hi(ϕi,j(B2·2−i(0))) = ψ−1

i+1,j ◦H(B2·2−i(0)) ⊃ ψ−1
i+1,j(B 3

2 2−i(0)). Then we conclude by

Lemma 5.4.17. �

Lemma 5.4.25. It holds that

d(fi+1(hi(w)), fi(w)) ≤ C2−i(εi + εi+1), ∀w ∈Wn
i .

Proof. We need to estimate d(fi+1(hi(w)), fi(w)). By (5.4.31), there exists an index j ∈ Ji+1 such
that w = ϕi,j(x) for some x ∈ B2·2−i(0). Since ϕi,j = ψi,k(j) ◦K−1

i,j we deduce that w ∈ Bik(j) and applying

(5.4.12) we obtain

(5.4.35) d(fi(w), αi,k(j) ◦ ψi,k(j)(w)) ≤ Cεi2−i.

We claim now that hi(w) ∈ Bi+1
j . Indeed, since w ∈ ϕi,j(B2·2−i(0)) from (5.4.30) and recalling the

Lispschitzianity of ψ−1
i+1,j , we obtain

di+1(hi(w), hi,j(w)) = di+1(hi(w), ψ−1
i+1,j ◦ ϕ

−1
i,j (w))

≤ (1 + Cεi+1)|H(ϕ−1
i,j (w))− ϕ−1

i,j (w)| ≤ C(εi + εi+1)2−i,
(5.4.36)

provided εi+1 is small enough. Now by definition hi,j(w) = ψ−1
i+1,j(x) ∈ ψ−1

i+1,j(B2·2−i(0)), therefore from

(5.4.36) and Remark 5.4.12, if εi, εi+1 are small enough, we easily deduce that hi(w) ∈ ψ−1
i+1,j(B4·2−i(0)) =

Bi+1
j . The claim is proved. In particular we have hi(w), hi,j(w) ∈ Bi+1

j and combining (5.4.14) with

(5.4.36) we find that

(5.4.37) d(fi+1(hi(w)), fi+1(hi,j(w))) ≤ C2−i(εi + εi+1).

Moreover we shall also apply (5.4.12) and deduce

(5.4.38) d(fi+1(hi,j(w)), αi+1,j(x)) = d(fi+1(hi,j(w)), αi+1,j ◦ ψi+1,j(hi,j(w))) ≤ Cεi+12−i−1.

Therefore putting (5.4.38), (5.4.37) and (5.4.35) together we obtain

d(fi+1(hi(w)), fi(w)) ≤ C2−i(εi+1 + εi) + d(αi,k(j) ◦ ψi,k(j)(w), αi+1,j(x)).

However w = ϕi,j(x) = ψ−1
i,k(j)(Ki,j(x)), therefore recalling (5.4.18) and (5.4.4)

d(fi+1(hi(w)), fi(w)) ≤ C2−i(εi+1 + εi) + d(αi,k(j)(Ki,j(x)), αi+1,j(x))

≤ C2−i(εi+1 + εi) + d(αi,k(j)(βi,k(j)(αi+1,j(x))), αi+1,j(x))

≤ C2−i(εi+1 + εi).

�

Proof of Lemma 5.4.20. We already know that hi is surjective and the estimate in (5.4.29), hence
we only need to prove that hi is injective. Suppose by contradiction that exist two distinct points
w1, w2 ∈Wn

i such that hi(w1) = hi(w2). First observe that from (5.4.30) we have that hi|ϕi,j(B2·2−i (0)) is

injective for every j ∈ Ji+1. Therefore we cannot have w1, w2 ∈ ϕi,j(B2·2−i(0)) for any j ∈ Ji+1. We claim
that this implies

(5.4.39) di(w1, w2) >
1

4
2−i.

Indeed suppose the contrary. From (5.4.24) we have that w1 ∈ ϕi,j(B 5
4 ·2−i

(0)) for some j ∈ Ji+1. From

definition we have ϕi,j = ψ−1
i,k(j) ◦Ki,j , where Ki,j is an isometry, therefore thanks to Remark 5.4.12 we

deduce that

ϕi,j(B 5
4 ·2−i

(0)) ⊂ BWi
3
2 ·2−i

(ϕi,j(0)).
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In particular w2 ∈ BWi
7
4 ·2−i

(ϕi,j(0)), however again from Remark 5.4.12 we have

BWi
7
4 ·2−i

(ϕi,j(0)) ⊂ ϕi,j(B2·2−i(0)),

but this is a contradiction and (5.4.39) is proved. Observe now that, since hi(w1) = hi(w2), from Lemma
5.4.25, provided εi, εi+1 small enough, we have

(5.4.40) d(fi(w1), fi(w2)) ≤ 1

8
2−i.

This, together with the 2−i-density of Xi implies that fi(w1), fi(w2) ∈ B2·2−i(xj) for some j ∈ Ji.
Therefore Lemma 5.4.15 gives that w1, w2 ∈ Bij1 , hence we are in position to apply (5.4.14), that coupled
with (5.4.40) provides

di(w1, w2) ≤ 1

8
2−i + Cεi2

−i,

which, if εi is sufficiently small, contradicts (5.4.39). �

5.4.5. Final verifications and conclusion. To prove Theorem 5.2.2 it remains to show that all the
objects that we built on the previous sections satisfy the requirements 1, 2, 3, 4 and 5 stated in Section
5.2.2. Almost all the verifications are straightforward:
1- It is the content of Lemma 5.4.19.
3- If di(w1, w2) > 2 · 2−i we are done by (5.4.16). Suppose di(w1, w2) ≤ 2 · 2−i. Then observe that from
(5.4.15) w1 ∈ B3·2−i(ψ

−i
i,j (0)) for some j and thus w1, w2 ∈ B6·2−i(ψ

−i
i,j (0)) ⊂ Bij from Remark 5.4.12.

Then we can apply (5.4.14) and conclude.
4- This is 5.4.17.
2- Suppose first that ρi+1(hi(w1), hi(w2)) ≤ 2 · 2−(i+1) and ρi(w1, w2) ≤ 2 · 2−i, and observe that by
Lemma 5.4.19 ρi+1(hi(w1), hi(w2)) = di+1(hi(w1), hi(w2)) and ρi(w1, w2) = di(w1, w2). Thus we conclude
by the fact that hi is 1 + C(εi + εi+1) bi-Lipschitz, which comes from Lemma 5.4.20. Suppose now that
ρi+1(hi(w1), hi(w2)) > 2 · 2−(i+1). By 3 and 4 using triangle inequality we get

|ρi+1(hi(w1), hi(w2))− ρi(w1, w2)| ≤ C2−i(εi + εi+1).

Then dividing by ρi+1(hi(w1), hi(w2)) follows that∣∣∣∣1− ρi(w1, w2)

ρi+1(hi(w1), hi(w2))

∣∣∣∣ ≤ C(εi + εi+1)

that is what we wanted. The case ρi(w1, w2) > 2−i is analogous.
5- Take any xi,j ∈ Xi and take any w ∈ Bij , then from (5.4.3) αi,j(ψi,j(w)) ∈ B9·2−i(xi,j), if εi is sufficiently

small. Moreover from (5.4.12) we have d(fi(w), αi,j(ψi,j(w))) ≤ C2−iεi, therefore, if εi is small enough
we conclude from the 2−i-density of Xi.

5.5. Comparison between Reifenberg’s numbers “e” and Gromov-Huasdorff numbers “ε”

5.5.1. Definitions and notations. Here we define several quantities that measure the flatness of a
subsets of the Euclidean space. Basic relations between these quantities will be listed in the following
section.

We will assume S ⊂ Rd and n ∈ N with n < d to be fixed. Moreover we will denote by dH the
Hausdorff distance between sets in Rd and we will denote by d(x,Γ) the distance between a point x ∈ Rd
and an affine plane Γ in Rd.

We start with the classical quantities appearing in the Reifenberg’s theorem:

Definition 5.5.1 (Reifenberg’s e-numbers).

(5.5.1) e(x, r) := r−1 inf
Γ

dH(S ∩Br(x),Γ ∩Br(x)), for every r > 0 and x ∈ S,

where the infimum is taken among all the n-dimensional affine planes Γ containing x.

Then we define the metric-counterpart of the above numbers, where the Husdorff distance from planes
is replaced with the more abstract Gromov-Hausdorff distance.

Definition 5.5.2 (Gromov-Hausdorff ε-numbers).

ε(x, r) := r−1dGH(B(S,dEucl)
r (x), BRn

r (0)), for every r > 0 and x ∈ S,

where (S, dEucl) is the metric space obtained by endowing S with the Euclidean distance (see Section 5.1
for the definition of dGH).
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Next we pass to the one-sided versions of the numbers e’s, that is to say that we measure how well
the set is approximated by planes, but we ignore how well the plane is approximated by the set.

Definition 5.5.3 (Jones’ b-numbers).

(5.5.2) b(r, x) := r−1 inf
Γ

sup
y∈S∩Br(x)

d(y,Γ), for every r > 0 and x ∈ S,

where the infimum is taken among all the n-dimensional affine planes Γ containing x .

The numbers b(x, r) are usually refer to as L∞-Jones’ numbers (see for example [94], [45] and [150]).
Finally we define a metric version of the Jones’s b-numbers.

Definition 5.5.4 (Metric Jones’ β-numbers).

β(r, x) := r−1 inf
{
δ : there exists a δ-isometry f : (S ∩BRd

r (x), dEucl)→ (BRn
r (0), dEucl)

}
(see Section 5.1 for the definition of δ-isometry).

Remark 5.5.5. It is clear that in the case of a set S ⊂ Rd the metric-numbers ε(x, r) and β(x, r) defined
above appear overcomplicated, since the approximation by planes is more explicit and natural. However
the main features of the metric version of the above quantities is that they can be immediately generalized
to an arbitrary metric space. Our goal is here precisely to investigate the behaviour of these abstract
quantities in relation to the more classical approach via comparison by planes, in order to understand
better how to translate statements from the Euclidean setting to the metric setting. �

5.5.2. Preliminary observations. In this section we will first show some elementary comparisons be-
tween the quantities introduced above. Then we will present an important example to give an intuition
on why the metric quantities sometimes behave as the square of the one computed via plane-comparison.

We start observing that the Gromov-Hausdorff numbers are always smaller than the Reifenberg’s
numbers:

(5.5.3) ε(x, r) ≤ e(x, r), for every r > 0 and x ∈ S.

Indeed the inclusions S ∩Br(x) ↪→ Rd, Γ∩Br(x) ↪→ Rd, with Γ affine n-dimensional plane, are particular
cases of the isometric embedding of the metric spaces (S ∩ Br(x), dEucl), (BRn

r (0), dEucl) into a third
metric space (Z, d). Therefore (5.5.3) follows directly from the definitions. Analogously we can show that

(5.5.4) β(x, r) ≤ b(x, r), for every r > 0 and x ∈ S .

To see this fix δ > 0, let Γ be a plane such that supy∈S∩Br(x) d(y,Γ) < r(b(x, r) + δ) and consider

f : S ∩Br(x)→ Γ the orthogonal projection onto Γ. Then by the Pythagorean theorem we have

0 ≤ (|y − z| − |f(y)− f(z)|)(|y − z|+ |f(y)− f(z)|) = |y − z|2 − |f(y)− f(z)|2

≤ r2(b(x, r) + δ)2, ∀ z, y ∈ S ∩Br(x),

hence if |y − z| ≥ rb(x, r) we obtain ||y − z| − |f(y)− f(z)|| ≤ r(b(x, r) + δ)2/b(x, r). On the other hand
if |y − z| ≤ rb(x, r) we obviously have ||y − z| − |f(y)− f(z)|| ≤ rb(x, r). From the arbitrariness of δ > 0
this shows (5.5.4).

It is also easy to see that (5.5.3) and (5.5.4) are sharp (up to constants). Indeed the following example
shows that we can have

e(x, r) ≤ 4ε(x, r), b(x, r) ≤ 4β(x, r)

with b(x, r), e(x, r) 6= 0 and arbitrary small.

Example 5.5.6. Fix 0 < ε < 1. Let S ⊂ B1(0) ⊂ R2 defined as S :=
(
{(0, t) | t ≤ 0} ∪ {(t, ε) | t ≥

0}
)
∩B1(0) as in Figure 3. Then it is immediate to see that

b(O, 1), e(O, 1) ≤ ε,

by taking for example as 1-dimensional plane Γ the x-axis. Let now f : S → (−1, 1) be a δ-isometry for
some δ > 0. Define P := (−1, 0), Q := (0, ε), R := {(t, ε) | t ≥ 0} ∩ ∂B1(0) and O := (0, 0) (see Figure 3).
Define the points x1 := f(P ), x2 := f(O), x3 := f(Q), x4 := f(R) (P and R are not really in the domain
of S, but there exist points in its domain arbitrary close to them). Then |x1−x2| ≥ 1−δ, |x2−x3| ≥ ε−δ,
|x3 − x4| ≥ 1 − δ and |x1 − x4| ≥ 2 − 4ε2 − δ if ε is small enough (indeed |P − R|2 ≥ 2 − 8ε2 if ε small
enough). Moreover xi ∈ (−1, 1) for every i = 1, 2, 3, 4. These conditions together can be easily seen to
imply that δ ≥ ε/4. Therefore β(O, 1), ε(O, 1) ≥ ε/4. �
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ε

O
1-1

S

P

Q R

Figure 3.

Even if (5.5.3) and (5.5.4) cannot be improved in general, there are important non-trivial examples
satisfying

ε(x, r) ≤ 4e(x, r)2, β(x, r) ≤ 2b(x, r)2,

always with ε(x, r), β(x, r) 6= 0 and arbitrary small. The key example is the following:

ε

O
1-1

S

P
Q

−
√

1− ε2
√

1− ε2

Π

Figure 4. An example where e(O, 1) ∼ ε, but ε(O, 1) ∼ ε2.

Example 5.5.7. Fix 0 < ε < 1. Let P,Q ∈ R2 be the two points in the upper half plane that are at
distance 1 from the origin and at distance ε ∈ (0, 1/2) from the x axis. Then define the set S ⊂ R2 to be
the union of the two segments joining P and Q to the origin. Observe that for every straight line through
the origin Γ ⊂ R2 we have that

dH(Γ ∩B1(0), S ∩B1(0)) > ε, sup
y∈S∩B1(O)

d(y,Γ) > ε,

therefore e(O, 1), b(O, 1) ≥ ε. However if we consider the vertical projection map Π from S to the x-axis, it

follows by the Pythagorean theorem that 1−ε2 ≤
√

1− ε2 ≤ |Π(x)−Π(y)|
|x−y| ≤ 1 for every x, y ∈ S. Therefore

||Π(x)−Π(y)| − |x− y|| ≤ 2ε2

for every x, y ∈ S and in particular Π : S → [−1, 1] is a 2ε2-isometry. In particular β(O, 1) ≤ 2ε2

Moreover, again by the Pythagorean theorem Π(P ) = −
√

1− ε2 and Π(Q) =
√

1− ε2, therefore Π(S) =

[−
√

1− ε2,
√

1− ε2] and in particular Π : S → [−1, 1] is ε2-dense. This implies that

ε(O, 1) = dGH((S, |.|), ([−1, 1], |.|) ≤ 2ε2.

�

Our main result will be to make rigorous the above phenomenon, that is to clarify to which extent
and in which cases the quantities ε(x, r) behave like the square of the quantities e(x, r).

5.5.3. Main results: ε ∼ e2 and b ∼ b2. We gather here the results that makes rigorous the fact
that the metric quantities ε(x, r) and β(x, r) behave as the square of the classical Reifenberg’s and Jones’
numbers e(x, r) and b(x, r). It turns out that the inequalities of the type ε(x, r) . e(x, r)2, β(x, r) .
b(x, r)2 do hold, while the converse inequalities are more subtle and hold in a more weaker form.

To state our main results we need the following notation: fixed δ ∈ (0, 1/2), S ⊂ Rd and n ∈ N with
n < d, for every i ∈ Z we set

ei := sup
x∈S∩B1(0)

e(x, 2−i), εi := sup
x∈S∩B1−δ(0)

ε(x, 2−i),(5.5.5)

where we neglected the dependence on δ, n and S. Our main result reads as follows:
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Theorem A. For every n ∈ N there exists η(n) > 0 such that the following holds. Let S ⊂ Rd, with
d > n, δ ∈ (0, 1/2) and define the numbers ei, εi as in (5.5.5). Suppose that ei ≤ η for every i ≥ ī− 2, for

some ī ∈ N with 2−ī < δ, then

(5.5.6)
∑
i≥ī

ελi < Cλ
∑
i≥ī−2

e2λ
i , ∀λ > 0,

where Cλ is a positive constant depending only on λ and n. In particular for every λ > 0 it holds that

(5.5.7)
∑
i≥0

e2λ
i < +∞ =⇒

∑
i≥0

ελi < +∞.

Remark 5.5.8. Notice that there is a small discrepancy between the definition of ei and εi, indeed for
the second quantity we had to restrict to the ball B1−δ(0). However this is only a technical point and it is
not relevant from a conceptual and practical point of view. Indeed in applications one always consider the
numbers e(x, r) (or ε(x, r)) for x in some ball to then deduce properties of the set S in a definite smaller
ball (see e.g. Theorem 0.28). �

It has to be said that the fact that the numbers ε(x, r)’s “behave” as the square of numbers e(x, r)’s
was already noted, at least at an intuitive level, by David and Toro (see [93]). However, to the author’s
best knowledge, both the statement and the proof of Theorem A are new.

Similarly to the numbers ei, εi we define for a given S ⊂ Rd, n ∈ N with n < d, a fixed δ ∈ (0, 1/2)
and every i ∈ Z

bi := sup
x∈S∩B1(0)

b(x, 2−i), βi := sup
x∈S∩B1−δ(0)

β(x, 2−i),(5.5.8)

where we neglected the dependence on δ, n and S. Then we can prove the following:

Theorem B. For every n ∈ N there exists η(n) > 0 such that the following holds. Let S ⊂ Rd, with
d > n, δ ∈ (0, 1/2) and define the numbers βi, bi as in (5.5.8). Suppose that ei ≤ η for every i ≥ ī − 2,

for some ī ∈ N with 2−ī < ε (where ei are as in (5.5.5)), then

(5.5.9)
∑
i≥ī

βλi < Cλ
∑
i≥ī−2

b2λ
i , ∀λ > 0,

where Cλ is a positive constant depending only on λ and n.

In particular Theorem B implies that, whenever limi→+∞ ei < η(n) (with η(n) as in the statement
of the above theorem), we have that

(5.5.10)
∑
i≥0

b2λ
i < +∞ =⇒

∑
i≥0

bλi < +∞,

for every λ > 0.
Both Theorem A and Theorem B will follow from a ‘weak’ version of the inequalities ε(x, r) . e(x, r)2,

β(x, r) . b(x, r)2 (see Theorem 5.6.7), which as showed in the previous section cannot hold in its ‘strong’
form.

As anticipated above however that the inequalities e(x, r)2 ≤ Cε(x, r) and b(x, r)2 ≤ Cβ(x, r) do
hold in general:

Proposition 5.5.9. Let S ⊂ Rd and n ∈ N with n < d. Then

e(x, r)2 ≤ Cε(x, r), for every x ∈ S, r > 0,

where e(x, r) is as in (5.5.1) and C = C(n) > 0.

The following results states instead that b(x, r) ≤ C
√
β(x, r), provided e(x, r) is not big.

Proposition 5.5.10. Let S ⊂ Rd and n ∈ N with n < d. The for every x ∈ S and r > 0 such that
e(x, r) < 1/8, it holds

b(x, r) ≤ C(n)
√
β(x, r).

We will actually show a stronger statement of the above, which roughly says that b(x, r) ≤ C
√
β(x, r)

provided there exist n points which are ‘sufficiently independent’ in the sense that they span a simplex
with large volume.

5.6. Proof of the main comparison result

In this section we will prove Theorem A and Theorem B.
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5.6.1. Preliminary technical results. We gather in this section some elementary and well known
results that will be needed in the sequel.

We first define a notion of distance between n-dimensional affine planes in Rd.

Definition 5.6.1. Let Γ1,Γ2 be two affine n-dimensional planes in Rd, we put

d(Γ1,Γ2) := dH(Γ̃1 ∩B1(0), Γ̃2 ∩B1(0)),

where Γ̃i is the n dimensional plane parallel to Γi and passing through the origin.

Notice that the function d just defined clearly satisfies d(Γ1,Γ3) ≤ d(Γ1,Γ2) + d(Γ2,Γ3).
The following elementary Lemma is well known in literature (see for example Lemma 12.62 in [94]).

Roughly said, it shows that if n “almost-orthonormal” points in a n-dimensional plane are close to another
n-dimensional plane, then the two planes are close in the distance d.

Lemma 5.6.2 (Improvement of plane-distance). For every n ∈ N with n there exists a constant C =
C(n) > 0 such that the following holds. Suppose that Γ1,Γ2 are two affine n-dimensional planes in Rd,

with d > n, and that there exist points {xi}ni=0 ⊂ Γ2 ∩BRd
1 (0) satisfying

|xi − x0 − ei| ≤
1

10
, for every i = 1, ..., n,

d(xi,Γ1) ≤ ε, for every i = 0, ..., n,

where e1, ..., ed are orthonormal vectors in Rd and ε ∈ (0, 1/100). Then

d(Γ1,Γ2) ≤ Cε.

The following elementary lemma says that if two affine planes are sufficiently close with respect to
the distance d, then they are not orthogonal to each other.

Lemma 5.6.3. Let Γ1,Γ2 two n-dimensional affine planes in Rd such that d(Γ1,Γ2) < 1. Write Γi as
pi + Vi where pi ∈ Rd and Vi is a n-dimensional subspace of Rd. Then

(5.6.1) V ⊥1 ⊕ V2 = Rd.

In particular for every p ∈ Γ1 there exists q ∈ Γ2 such that Π(q) = p, where Π is the orthogonal projection
onto Γ1.

Proof. It’s enough to prove that V ⊥1 ∩ V2 = {0}. Suppose v ∈ V ⊥1 ∩ V2, then we can regard V1, V2

as affine planes through the origin and parallel to Γ1,Γ2. Therefore by hypothesis

|v| = d(v, V1) ≤ d(Γ1,Γ2)|v|
and thus v = 0. �

The following simple technical result will be the main tool for the proof of Theorem 5.6.7.

Lemma 5.6.4. Let Γ1,Γ2 two n-dimensional affine planes in Rd. Then for any x ∈ Γ1 and any y ∈ Rd
(different from x)

|x− y|2 ≤ |Π(x)−Π(y)|2 + |x− y|2
(
d(Γ1,Γ2) +

d(y,Γ1)

|x− y|

)2

,

where Π denotes the orthogonal projection onto Γ2.

Proof. Let e := d(Γ1,Γ2). Up to translating both the plane Γ1 and the points x, y by the vector
Π(x)− x, we can suppose x ∈ Γ2 and x = 0. Let now p be the orthogonal projection of y onto Γ1. Since
both Γ1 and Γ2 contain the origin, we have that

d(p,Γ2) ≤ dH(Γ2 ∩B|p|(0),Γ1 ∩B|p|(0)) ≤ |p|e ≤ |y|e.

Therefore d(y,Γ2) ≤ d(y, p) + d(p,Γ2) = d(y, p) + d(p,Γ2) ≤ d(y,Γ1) + |y|e. Then by Pythagoras’ theorem

|y|2 = |Π(y)− y|2 + |Π(y)|2 = d(y,Γ2)2 + |Π(y)|2 ≤ (d(y,Γ1) + |y|e)2 + |Π(y)−Π(x)|2,
since Π(x) = 0. This concludes the proof. �

We conclude with two results about the numbers e(x, r) and b(x, r) (recall their definition in (5.5.1),
(5.5.2)). The first one shows that there exists a plane which realizes b(x, r) (i.e. that minimizes (5.5.2))
and at the same time almost realizes e(x, r). The second is a classical tilting estimates, which says that
the orientation of such realizing plane do not vary too much from scale to scale and between points close
to each other.
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Proposition 5.6.5 (Realizing plane). For every n ∈ N there exists a constant C = C(n) ≥ 1 such that
the following holds. Let S ⊂ Rd with d > n, let x ∈ S and r > 0 be such that e(x, r) ≤ 1/100, then there
exists an n-dimensional affine plane Γrx that realizes b(x, r) (i.e. that minimizes (5.5.2)) and such that

r−1dH(S ∩Br(x),Γrx ∩Br(x)) ≤ Ce(x, r).

Proof. The existence of two planes Γ and Γ′ that realize respectively b(x, r) and e(x, r), follows
by compactness. Without loss of generality we can assume that x = 0 and r = 1. Since 0 ∈ Γ′ there
exist orthonormal vectors e1, ..., en ∈ Γ′ and points x1, ..., xn ∈ S ∩ B1(0) such that |xi − ei| ≤ e(0, 1),
i = 1, ..., n. Moreover there exist points y0, y1, ..., yn ∈ Γ such that |yi − xi|, |y0| ≤ b(0, 1) ≤ e(0, 1),
i = 1, ..., n. In particular |yi − y0 − ei| ≤ 4e(0, 1), i = 1, ..., n and we can apply Lemma 5.6.2 to deduce
that dH(Γ ∩B1(0),Γ′ ∩B1(0)) ≤ Ce(0, 1), which concludes the proof. �

Proposition 5.6.6 (Tilting estimate). For any n ∈ N there exist η = η(n), C = C(n) > 0 such that the
following holds. Let S ⊂ Rd with n > d and let r > 0 and x, y ∈ S be such that e(x, r), e(y, r) ≤ η(n) and
|x− y| < 1

2r. Then it holds

d(Γrx,Γ
2r
x ) ≤ C(b(x, r) + b(x, 2r)),

d(Γrx,Γ
r
y) ≤ C(b(x, r) + b(y, r)),

for any choice of realizing planes Γrx,Γ
r
y,Γ

2r
x (as given by Prop. 5.6.5).

Proof. We prove only the second, since the first is analogous.
As usual, the scaling and translation invariant nature of the statement allows us to assume that r = 1

and x to be the origin. Then (if e(x, 1) is small enough) there exist orthonormal vectors e1, ..., en ∈ Γ1
x

and points x = x0, x1, ..., xn ∈ S ∩ B1/2(0) such that |xi − 1/4ei| ≤ C(n)e(x, 1), i = 1, ..., n. Moreover

xi ∈ B1(y), hence there exist points y0, ..., yn ∈ Γ1
y such that |xi − yi| ≤ b(y, 1), i = 0, ..., n. Finally

there exist points z1, ..., zn ∈ Γ1
x such that |zi − xi| ≤ b(x, 1), i = 1, ..., n. Putting all together we have

|yi−y0−1/4ei| ≤ Ce(x, 1)+2b(y, 1)+b(x, 1), i = 1, ..., n and d(yi,Γ
1
x) ≤ b(0, 1)+b(y, 1), i = 0, ..., n, hence

(if e(x, 1), e(y, 1) are small enough) we can apply Lemma 5.6.2 to deduce that d(Γ1
x,Γ

1
y) ≤ C(b(x, 1) +

b(y, 1)). �

5.6.2. Proof of theorems A and B. Both Theorem A and Theorem B will be deduced as corollaries
of the following more precise result.

Theorem 5.6.7. For every n ∈ N there exist C = C(n) > 0, η = η(n) > 0 such that the following holds.
Let i ∈ N0, S ⊂ Rd with d > n and assume that ej ≤ η for every j ≥ i − 2 (where ej are as in (5.5.5)).
Then

(A) ε(x, 2−i) ≤ C

(
sup
j∈N0

(
bi−2 + ...+ bi+j

)2
2j

)
∨ Ce2

i , ∀x ∈ S, |x| ≤ 1− 2−i,

(B) β(x, 2−i) ≤ C sup
j∈N0

(
bi−2 + ...+ bi+j

)2
2j

, ∀x ∈ S, |x| ≤ 1− 2−i,

where bj are as in (5.5.8).

Inequalities (A) and (B) should be thought as weak versions of the formal inequalities “ε(x, r) ≤
Ce(x, r)2” and “β(x, r) ≤ Cb(x, r)2” that are not true in general since, as we saw in Section 5.5.2, (5.5.3)
and (5.5.4) cannot be improved.

Proof of Theorem A and Thoerem B, given Theorem 5.6.7. Let δ ∈ (0, 1/2) and ī ∈ N be

as in the hypotheses of Theorem A and Theorem B. Since δ > 2−ī, from Theorem 5.6.7 and the definition
of the numbers εi we have

(εi)
λ ≤ sup

x∈S,
|x|≤1−2−i

ε(x, 2−i)λ ≤ C

(
sup
j∈N0

(
bi−2 + ...+ bi+j

)2λ
2λj

)
∨ Ce2λ

i

≤ Ce2λ
i + C

∑
j≥0

(j + 3)2λ−1 ∨ 1

2λj
(b2λ
i−2 + · · ·+ b2λ

i+j), ∀i ≥ ī.

(5.6.2)
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An analogous estimate holds for bi, ∀i ≥ ī. Recalling that bi ≤ ei we obtain∑
i≥ī

ελi ≤ C
∑
i≥ī

e2λ
i + C

∑
i≥ī

∑
j≥0

(j + 3)2λ−1 ∨ 1

2λj
(e2λ
i−2 + · · ·+ e2λ

i+j)

≤ C
∑
i≥ī

e2λ
i + C

∑
j≥0

(j + 3)2λ−1 ∨ 1

2λj

∑
i≥ī

(e2λ
i−2 + · · ·+ e2λ

i+j)

≤ C
∑
i≥ī

e2λ
i + C

∑
j≥0

(j + 3)2λ ∨ (j + 3)

2λj

 ∑
i≥ī−2

e2λ
i

 ,

which proves (5.5.6). The exact same computations yields also (5.5.9). �

Proof of Theorem 5.6.7. Observe that it is sufficient to consider the case x = 0 and i = 0 for
both (A) and (B), since the conclusion then follows by translating and scaling.

We define

θ := C2 sup
j∈N0

(
b−2 + ...+ bj

)2
2j

,

θ′ := max(θ, Ce2
0),

where C is a big enough constant depending only on n, to be determined later. Before proceeding we
make the following observation

(5.6.3) C2(b−2 + ...+ bj)
2 > λ > 0 =⇒ θ >

2λ

2j
.

Along the proof, for a given x ∈ S and r > 0 we will denote by Γrx one of the realizing planes given by
Proposition 5.6.5 (the choice of the particular plane is not relevant).

Proof of (B): Let Π be the orthogonal projection onto Γ1
0. It is sufficient to show that

(5.6.4) Π : S ∩B1(0)→ Γ1
0 ∩B1(0), is a θ-isometry,

with respect to the Euclidean distance.
Choose x, y ∈ S ∩B1(0) distinct and observe that there exists a unique integer j ≥ 0 such that

(5.6.5)
1

2j
≤ |x− y| < 1

2j−1
.

Applying Proposition 5.6.6 multiple times (assuming ej ≤ η(n) for every j ≥ i − 2, with η(n) as in the
statement of Prop. 5.6.6) and observing that |x− y| < 2 we have

d(Γ1
0,Γ

2−j+1

x ) ≤ d(Γ1
0,Γ

2
0) + d(Γ2

0,Γ
22

0 ) + d(Γ22

0 ,Γ
22

x ) + d(Γ22

x ,Γ
2
x) + ...+ d(Γ2−j+2

x ,Γ2−j+1

x )

≤ D(b(0, 0) + b(0, 2) + b(0, 22) + b(x, 22) + ...+ b(x, 2−j+1))

≤ D(b−2 + ...+ bj−1),(5.6.6)

for some constant D depending only on n. We consider now two cases, when (D+ 4)(b−2 + ...+bj−1) > 1
or the opposite. In the first case, assuming that C ≥ D + 4, from (5.6.3) we have θ ≥ 2

2j and therefore

||Π(x)−Π(y)| − |x− y|| ≤ |x− y| ≤ 2

2j
< θ,

that is what we wanted. Hence we can suppose that (D + 4)(b−2 + ... + bj−1) ≤ 1. Since from (5.6.5) it
holds that |x− y| ≥ 2−j , we have that

(5.6.7) d(y,Γ2−j+1

x ) ≤ 4b(x, 2−j+1)|x− y|.

We can now apply Lemma 5.6.4 to the planes Γ1
0,Γ

2−j+1

x , that coupled with (5.6.6) and (5.6.7) gives

|Π(x)−Π(y)| ≥ |x− y|
√

1− (D(b−2 + ...+ bj−1) + 4bj−1)2.

Hence

|x− y| − |Π(x)−Π(y)| ≤ |x− y|
(

1−
√

1− ((D + 4)(b−2 + ...+ bj−1))
2

)
.
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Thanks to the assumption (D + 4)(b−2 + ... + bj−1) ≤ 1, we can use the elementary the inequality

1−
√

1− x ≤ x, valid for 0 ≤ x ≤ 1, to finally obtain

||x− y| − |Π(x)−Π(y)|| ≤ |x− y|((D + 4)(b−2 + ...+ bj−1))2

(5.6.5)

≤ ((D + 4)(b−2 + ...+ bj−1))2

2j−1
≤ θ,

where we have used the definition of θ and assuming C ≥ 2(D + 4). This concludes the proof of (5.6.4)
and thus the proof of (B).

Proof of (A): In view of (5.6.4), we only need to show that Π is also θ′-surjective.
Claim: Let C ′ = C ′(n) ≥ 1 be the constant given by Proposition 5.6.5. For every p ∈ Γ1

0 ∩B1(0) and
x ∈ S ∩B1(0) such that C ′e0 ≥ |p−Π(x)| ≥ θ′ it holds

B 3
4 |p−Π(x)|(p) ∩Π(S ∩B1(0)) 6= ∅.

Before proving the claim, we show that it implies that Π is θ′-surjective. Indeed suppose it is not,
i.e. there exists p ∈ Γ1

0 ∩B1(0) such that

R := sup{r |Br(p) ∩Π(S ∩B1(0)) = ∅} ≥ θ′.
Since dH(Γ1

0 ∩B1(0), S ∩B1(0)) ≤ C ′e0 (recall that Γ1
0 was chosen as a realizing plane as given by Prop.

5.6.5), there exists x ∈ S ∩B1(0) such that |x− p| ≤ C ′e0 and in particular |Π(x)− p| ≤ C ′e0. Therefore
R ≤ C ′e0. This implies, from the definition of R, that there exists a point x′ ∈ S ∩ B1(0) such that
θ′ ≤ R ≤ |Π(x′)− p| ≤ min( 5

4R,C
′e0). However the Claim gives that

∅ 6= B 3
4 |Π(x′)−p|(p) ∩Π(S ∩B1(0)) ⊂ B 15

16R
(p) ∩Π(S ∩B1(0)),

that contradicts the minimality of R.
Proof of the Claim: Set R := |p− Π(x)|. To make the proof more easy to follow we first explain the

intuition behind it. The key idea is that near x the set S is distributed in a horizontal manner, near a
plane passing through x. We can then move along this plane towards p and thus find a point y in S∩B1(0)
such that |Π(y) − p| ∼ R

2 . However, since p can be near the boundary of B1(0), in this movement we

might go outside the ball B1(0). To avoid this issue we consider a point q such that |p−q| ∼ R
2 but placed

radially towards the origin and then find a point y (using the idea described above of moving horizontally
near x) that projects near q.
Start by noticing that (if e0 is small enough w.r.t. n) R ≤ C ′e0 < 1/4. Therefore there exists a unique
integer j ≥ 2 such that

(5.6.8)
1

2j+1
≤ R <

1

2j
.

Since by assumption θ ≤ θ′ ≤ R ≤ 1/2j , from (5.6.3) we have (C(b−2 + ...+ bj))
2 ≤ 1/2. Define now the

point q ∈ Γ1
0 ∩B1(0) as

q = p− p

|p|
R

2
.

Then

(5.6.9) |q| =
∣∣∣∣|p| − R

2

∣∣∣∣ ≤ 1− R

2
,

indeed |p| < 1 and R < 1. Moreover |p− q| = R/2 and |q−Π(x)| ≤ |p−Π(x)|+ |p− q| = 3/2R. Consider

the plane Γ2−j

x , arguing as in (5.6.6) we can show that

d(Γ1
0,Γ

2−j

x ) ≤ C(b−2 + ...+ bj) < 1,

provided C is big enough. Then by Proposition 5.6.3 there exists a point e ∈ Γ2−j

x such that Π(e) = q.
Applying Lemma 5.6.4 we obtain

|e− x|2 ≤ |q −Π(x)|2 + |e− x|2/2

that implies |e − x| ≤
√

2|q − Π(x)| ≤ 3R ≤ 1/2j−2. Therefore there exists y ∈ S ∩ B2−j+2(x) such that
|y − e| ≤ ej−22−j+2 < R/4 (provided ej−2 is small enough). Thus

|Π(y)− p| ≤ |Π(y)−Π(e)|+ |p− q| ≤ |y − e|+R/2 < 3/4R,

that means Π(y) ∈ B 3
4R

(p). It remains to prove that y ∈ B1(0). First we observe that from (5.6.8) and

the assumption R ≤ C ′e0 we have

|y − x| ≤ 4

2j
≤ 8R ≤ 8C ′e0.
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Hence, since x ∈ B1(0),

d(y,Γ1
0) ≤ |x− y|+ d(x,Γ1

0) ≤ 9C ′e0.

From previous computations we know that that |Π(y) − q| = |Π(y) − Π(e)| ≤ |y − e| ≤ R/4, therefore
from (5.6.9) |Π(y)| ≤ |q|+R/4 ≤ 1−R/4. From Pythagoras Theorem we obtain

|y|2 = |Π(y)|2 + d(y,Γ1
0)2 ≤

(
1− R

4

)2

+ (9C ′)2e2
0 =

= 1 +R

(
R

16
+

(9C ′)2e2
0

R
− 1

2

)
.

Thus to conclude it is enough to show that

R

16
+

(9C ′)2e2
0

R
<

1

2
.

Since by assumption R ≥ θ′ and by definition θ′ ≥ Ce2
0, we deduce that

e20
R ≤

1
C . Therefore recalling that

R < 1, the above inequality is satisfied as soon as C < 4(9C ′)2. This concludes the proof. �

5.7. Proof of the converse inequalities

We conclude by proving Proposition 5.5.9 and Proposition 5.5.10. We start with the first one which
we restate for convenience.

Proposition 5.7.1. Let S ⊂ Rd and n ∈ N with n < d. Then

e(x, r)2 ≤ Cnε(x, r), for every x ∈ S, r > 0.

Proof. Set e := e(x, r). Up to rescaling we can suppose r = 1. There exists a map f : BRn
1 (0) →

S ∩ BRd
1 (0) that is a 2e−GH-approximation. Moreover, since |f(0) − 0| ≤ 7e (recall Proposition 5.1.10),

up to modifying the image of the point 0, we can suppose that f(0) = 0 and that f is a 10e−GH-
approximation. Then from Lemma 5.1.11 we have that there exists an isometry I : Rk → Rn such that
|I − f | ≤ C(n)

√
e, for some constant C(n) depending only on n. We consider the n-dimensional affine

plane given by Γ = I(Rn). Then Γ ∩BRd
1 (0) = I(BRn

1 (0)) and this clearly implies that

Γ ∩BRd
1 (0) ⊂ (B1(0) ∩ S)C(n)

√
e.

Moreover take any s ∈ S∩BRd
1 (0), then since f is a GH-approximation, there exists y ∈ BRn

1 (0) such that
|x− f(y)| ≤ 10e, hence |x− I(y)| ≤ C(n)

√
e + 10e ≤ (C(n) + 10)

√
e. This proves that

B1(0) ∩ S ⊂ (Γ ∩BRn
1 (0))(C(n)+10)

√
e ,

that completes the proof. �

We will now prove a stronger version of Proposition 5.5.10. We first need to introduce some notations.
Given a set of n+ 1 points x0, ..., xn ∈ Rd we denote by Voln(x0, ..., xn) the volume of the n-dimensional
simplex with vertices x0, ..., xn. It is well know that for every n ∈ N there exists a polynomial Pn :
R(n+1)n/2 → R such that

(5.7.1) Voln(x0, ..., xn)2 = Pn({|xi − xj |2}0≤i<j≤n),

see for example [51, Sec. 40] for a proof.

The following results states that b(x, r) ≤ C
√
β(x, r), provided Br(x) ∩ S contains n points which

are ‘sufficiently independent’ in the sense that they span a simplex with large volume.

Proposition 5.7.2. Let S ⊂ Rd and n ∈ N with n < d. Then

b(x, r) ≤ C

(√
β(x, r)

Vn
∧ V

1
n
n

)
, for every x ∈ S, r > 0,

where Vn = sup{xi}ni=0⊂S∩Br(x) r
−nVoln(x0, ..., xn), b(x, r) is as in (5.5.2) and C = C(n) > 0. In particu-

lar, if e(x, r) < 1/8 (e(x, r) is as in (5.5.1)), then

b(x, r) ≤ 100C
√
β(x, r), for every x ∈ S, r > 0,
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Proof. After a rescaling we can consider only the case r = 1. We can also suppose that Vn > 0,
otherwise there is nothing to prove. Fix ε > 0. There exists a map f : S ∩ B1(0) → BRn

1 (0) that is a
(β(x, 1) + ε)-isometry. Moreover there exist {xi}ni=0 ⊂ S ∩ B1(x) such that Voln(x0, ..., xn) > Vn − ε.
Let xn+1 ∈ S ∩B1(x) be arbitrary and observer that, since f(x0), ..., f(xn), f(xn+1) ∈ Rn, we must have
Voln+1(f(x0), ..., f(xn), f(xn+1)) = 0. From (5.7.1) and the fact that Pn+1 is locally Lipschitz, it follows
that

Voln+1(x0, ..., xn, x̄)2 ≤ C(n) sup
0≤i<j≤n

||f(xi)− f(xj)|2 − |xi − xj |2| ≤ 4C(n)(β(x, 1) + ε).

Therefore, denoted by Γ the n-dimensional plane spanned by x0, ..., xn, it holds

d(xn+1,Γ) =
Voln+1(x0, ..., xn, xn+1)

Voln(x0, ..., xn)
≤ C(n)

√
β(x, 1) + ε

Vn − ε
.

Moreover it is clear that there exists a constant C ′(n) > 0 such that Voln+1(x0, ..., xn, xn+1) ≤ C ′V
n+1
n

n .
From the arbitrariness of xn+1 ∈ S ∩B1(x) and ε > 0 the conclusion follows. �
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spheres, Bulletin des sciences mathématiques (Paris. 1885), 121 (1997), pp. 71–96.

[112] K. Fukaya, Collapsing of Riemannian manifolds and eigenvalues of Laplace operator, Inventiones mathematicae, 87
(1987), pp. 517–547.

[113] J. Gallier, D. Xu, and M. Siqueira, Parametric pseudo-manifolds, Differential Geometry and its Applications, 30

(2012), pp. 702–736.
[114] N. Gigli, On the heat flow on metric measure spaces: existence, uniqueness and stability, Calc. Var. Partial Differential

Equations, 39 (2010), pp. 101–120.

[115] , The splitting theorem in non-smooth context, arXiv preprint arXiv:1302.5555, (2013).
[116] , An overview of the proof of the splitting theorem in spaces with non-negative Ricci curvature, Analysis and

Geometry in Metric Spaces, 2 (2014).

[117] , On the differential structure of metric measure spaces and applications, Mem. Amer. Math. Soc., 236 (2015),
pp. vi+91.

[118] , Nonsmooth differential geometry—an approach tailored for spaces with Ricci curvature bounded from below,
Mem. Amer. Math. Soc., 251 (2018), pp. v+161.

[119] N. Gigli and B.-X. Han, The continuity equation on metric measure spaces, Calculus of Variations and Partial

Differential Equations, 53 (2015), pp. 149–177.
[120] , Independence on p of weak upper gradients on RCD spaces, Journal of Functional Analysis, 271 (2016), pp. 1–

11.

[121] , Sobolev spaces on warped products, Journal of Functional Analysis, 275 (2018), pp. 2059–2095.
[122] N. Gigli and A. Mondino, A PDE approach to nonlinear potential theory in metric measure spaces, Journal de
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[124] N. Gigli, A. Mondino, and G. Savaré, Convergence of pointed non-compact metric measure spaces and stability of
Ricci curvature bounds and heat flows, Proceedings of the London Mathematical Society, 111 (2015), pp. 1071–1129.

[125] N. Gigli and E. Pasqualetto, Behaviour of the reference measure on RCD spaces under charts, arXiv preprint
arXiv:1607.05188, (2016).

[126] , Equivalence of two different notions of tangent bundle on rectifiable metric measure spaces, arXiv preprint

arXiv:1611.09645, (2016).
[127] , Lectures on Nonsmooth Differential Geometry, vol. 2 of SISSA Springer Series, Springer International Publish-

ing, 2020.

[128] N. Gigli and C. Rigoni, Recognizing the flat torus among RCD(0, N) spaces via the study of the first cohomology
group, Calculus of Variations and Partial Differential Equations, 57 (2018), pp. 1–39.

[129] , A note about the strong maximum principle on RCD spaces, Canadian Mathematical Bulletin, 62 (2019),

pp. 259–266.
[130] N. Gigli and I. Y. Violo, Lectures notes on the bi-lipschitz version of the Cheeger-Colding’s Reifenberg’s theorem,

In preparation.
[131] , Willmore inequalities and mean curvature in RCD spaces, in preparation.

[132] , Monotonicity formulas for harmonic functions in RCD(0, N) spaces, arXiv preprint arXiv:2101.03331, (2021).

[133] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces (Modern Birkhäuser Classics),
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