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MATHEMATICAL ANALYSIS AND NUMERICAL
APPROXIMATIONS OF DENSITY FUNCTIONAL THEORY
MODELS FOR METALLIC SYSTEMS*

XIAOYING DAIT, STEFANO DE GIRONCOLI¥, BIN YANGS, AND AIHUI ZHOU'

Abstract. In this paper, we investigate the energy minimization model of the ensemble Kohn-
Sham density functional theory for metallic systems, in which a pseudo-eigenvalue matrix and a
general smearing approach are involved. We study the invariance and the existence of the minimizer
of the energy functional. We propose an adaptive double step size strategy and the corresponding
preconditioned conjugate gradient methods for solving the energy minimization model. Under some
mild but reasonable assumptions, we prove the global convergence of our algorithms. Numerical
experiments show that our algorithms are efficient, especially for large scale metallic systems. In
particular, our algorithms produce convergent numerical approximations for some metallic systems,
for which the traditional self-consistent field iterations fail to converge.

Key words. ensemble Kohn-Sham density functional theory, metallic systems, mathematical
analysis, numerical approximation, precondtioned conjugate gradient method, convergence
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1. Introduction. The Kohn-Sham density functional theory (DFT) is widely
used in the electronic structure calculations [2, 4, 25, 30]. The underlying mathemat-
ical model is often formulated as either a nonlinear eigenvalue problem or an energy
minimization problem with an unitary constraint. The most commonly used approach
for computing the Kohn-Sham DFT model is to solve the nonlinear eigenvalue prob-
lem by using the self-consistent field (SCF) iterations. However, the convergence of
the SCF iterations is not guaranteed and the performance of the SCF iterations is
unpredictable, especially for large scale systems. Consequently, people turn to pay
attention to investigating the constrained energy minimization problem (see, e.g.,
[9, 16, 35, 40, 41] and references therein).

We particularly note that the efficient numerical methods for the classical Kohn-
Sham DFT model, in which occupation numbers are either 1 or 0, are inefficient or
even invalid for metallic systems. The main reason is that the gap between the highest
occupied state and the lowest unoccupied state for metallic systems is very small or
absent. More precisely, the classical Kohn-Sham DFT model becomes ill-posed due
to its difficulty to separate the occupied states and unoccupied states.

To provide a well-posed and efficient mathematical model for metallic systems, the
unoccupied states have been incorporated into the classical Kohn-Sham DFT model
and the fractional occupancies has been applied in computations. For instance, the
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ensemble Kohn-Sham DFT (or the finite-temperature Kohn-Sham DFT) is devel-
oped (see, e.g., [22]), in which the associated total energy is a nonlinear functional
of wavefunctions and pseudo-eigenvalues (or occupation numbers). We see that the
ensemble Kohn-Sham DFT can be formulated as a nonlinear eigenvalue problem or a
constrained energy minimization problem. It is not difficult to apply the SCF itera-
tion approach for the classical Kohn-Sham DFT model to the ensemble Kohn-Sham
DFT model. We understand that some preconditioners have been also constructed to
accelerate the SCF iterations [19, 22, 24, 42]. Unfortunately, the convergence of the
SCF iterations for the ensemble Kohn-Sham DFT is not guaranteed yet.

In the context of solving the constrained energy minimization problem of the
ensemble Kohn-Sham DFT, different from the classical Kohn-Sham DFT, we need
to treat the occupation numbers as additional variables. There are more challenges
for designing and analyzing an efficient algorithm. For example, we observe that the
unitary invariance of the energy functional is not clear and applying the unitary trans-
formation to the Kohn-Sham orbitals may not produce the ground states. We also
understand that it is necessary to calculate the Kohn-Sham orbitals exactly [22] and
it is usually required to choose a good unitary transformation of the wavefunctions
when designing an optimization algorithm. We refer to [17, 18, 22] for constructing the
unitary transformation of the wavefunctions to make energy approximations decay.
Ismail-Beigi et al. [21] suggested expressing the unitary transformation as P = e'Z
and minimizing the energy functional with respect to the Hermitian matrix B. How-
ever, the unitary transformation is incorporated into the model when some matrix
representations are applied. Marzari et al. [28] proposed an optimization algorithm
by adopting a matrix representation of the occupation numbers, which we call the
occupation matrix, and they got an unitarily invariant functional of wavefunctions
by minimizing the occupation matrix. It is shown in [28] that it is not necessary to
construct the unitary transformation. Later on, Freysoldt et al. [14] introduced the
so-called pseudo-Hamitonian matrix and proposed a preconditioned conjuagte gra-
dient (PCG) algorithm to minimize the energy functional with respect to the wave-
functions and the pseudo-Hamiltonian matrix, in which the unitary transformation
is constructed automatically by minimizing the energy functional with respect to the
pseudo-Hamiltonian matrix. Recently, Ulbrich et al. [37] studied a proximal gradi-
ent method for the ensemble Kohn-Sham DFT with the Fermi-Dirac smearing. We
may refer to [1, 34] for more works on the direct minimization algorithms for the
ensemble Kohn-Sham DFT model. To our knowledge, there is little mathematical
analysis on the ensemble Kohn-Sham DFT and its approximations. In this paper, we
investigate the energy minimization model of the ensemble Kohn-Sham DFT from a
mathematical aspect, and design and analyze the associated optimization algorithms.

The rest of this paper is organized as follows. In the next section, we introduce
some basic notation and the energy minimization model of the ensemble Kohn-Sham
density functional theory with the pseudo-eigenvalue matrix and the general smearing
method. In section 3, we study the invariance and the exsistence of the minimizer
for the ensemble Kohn-Sham energy functional. In section 4, we propose an adaptive
double step size strategy and the corresponding preconditioned conjugate gradient
(PCG) algorithms to solve the energy minimization problem. Under some mild but
reasonable assumptions, we then prove the global convergence of the PCG algorithms
based on the adaptive double step size strategy we proposed. We report several nu-
merical experiments in section 5 to demonstrate our theory and show the superiority
of our algorithms over the traditional SCF iterations. We give some concluding re-
marks in section 6. Finally, we provide some details of the gradient of the energy
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functional in Appendix A and the derivation process to get the standard Kohn-Sham
equation in Appendix B.

2. Preliminaries.

2.1. Basic notation. Throughout this paper, we consider periodic systems.
Since we usually apply a large enough unit cell when calculating isolated systems,
our definitions and conclusions are applicable to the isolated systems in practice. Let
O = {216 + 298 + 2383 1 71, 72,23 € [0,1)} be the unit cell, where &;, &2, &3 € RS are
three non-coplanar vectors. Then the associated Bravais lattice and the reciprocal
lattice are R = {n1&; +naa+n3és : ny,ne,ng € Z} and R* = {m1 {1 + malo+ms(s :
mi,ma, mg € Z}, respectively. Here, Z represents the set of all integers and

§2 X &3 §3 x &1 &1 x &2
1+ (§2 x &) &2+ (&3 x &) &+ (& x &)’

For G € R*, we denote by eq(r) = || 7/2¢/G" the planewave with wavevector
G, where [Q] is the volume of Q. The family {eq}ger+ forms an orthonormal basis
of the complex valued R-periodic functions space

(2.1) L%(Q,C) = {¢ € L}, (R?,C) : 1 is R-periodic},
and for any v € Li(ﬂ, C),

C1:27T ,(2:271' 7§3:27T

P(r) = Z 7/;(;6(;(7’) with @Z}Gmﬁ%/gw(r)eic.rdr'

GeR*

We define the Sobolev space of complex valued R-periodic functions as

H%(9,C) = {w € LE(R.C): Y (1 4GP lel® < OO}

GER*
with s € R, endowed with the inner product
(¢7¢)H;& = Z (1 + ‘G|2)81/;G(£G7
GeR*
and the induced norm
1l = > A +IGP) el
GeR*

For convenience, unless otherwise specified, (+,-) and || - || always represent the inner
product and the norm of Li (Q2, C), respectively.

Let ¥ = (¢1,...,¢N) € (Li(Q,(C))N,fb = (¢1,...,0n) € (Li(Q,(C))N. Here
N is some positive integer. We can view ¥ and ® as vectors with elements being
functions. Then we have

N
VO™ = " idi, U = (i) .
=1
For any A = (Ai;)};=; € CY*N | we denote by

N N r N N
AT = ZAlj,(Z)j""’ZANj&j s VA= (ZAzlwvaAzNwz> .
j=1 j=1 i=1 i=1
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Define
(U*®) = ((¢s, ¢5))iy € CVN.

For any positive integer n and any ¥ = (U, Uy, ..., U,), & = (P, Ps,...,P,) €
((L2(22,C))N)", we define its inner product as (¥, ®) = > | tr(¥;®;). The induced
norm is ||| = \/(¥, ¥). We shall use the notation

[ = max v
for convenience.
For any A = (Ay,As,...,A,), B = (B, Ba,...,B,) € (CN*N)" we define its
inner product as (A, B) = >, tr(AfB;). And the induced norm is Frobenius norm,
denoted by || - ||p. We shall use the notation || - ||sF defined as

A = mi Iy — A
| AllsF Tcﬂel((r:lHCN 7,

where cIy — A == (cIy — A1, cIy — Ay, ... cIy — Ay). Tt is easy to obtain

o tr A,
(2.2) | Allsr = HZZl’IN _A
nN P
Define
”A”sF,oo = min |caly — AiHFy
i=1,2,....n
where cq = Z?nliNMA Tt is easy to get the following properties for || - [|sr by (2.2).

PROPOSITION 2.1. Let A, B € (CN*N)"then the following properties of || - ||sr
hold true:
1. |A = B|sr =0 if and only if there exists ¢ € C such that A= B + cly;
2. || - |lsF satisfies the triangle inequality, i.e., || A+ Bllsr < |Allsr + | BllsF;

3. || - llsF satisfies the absolute homogeneity, i.e., ||aAlsr = |a|||Allsr for any
aeC;
n
4. ithr A; =0, then
i=1

(A, B) | < [[Allse[1Blls#-

It follows from Proposition 2.1 and (2.2) that ||A||sF is the norm of the following
linear space

{A:(ADAQ,...,AH) (CN*Nyn ZtrA—O}

The Stiefel manifold is defined by
My = (W € (HL(9,0)Y s (WBY) = Iy},
where B: (L*(Q2,C))"N — (L?*(Q,C))" is a bounded and self-adjoint operator. Let
ONN — (p e CV*N . prp = Iy}, SY*N = (A e CV*N . 4" = 4},

If only real values are taken into account, we then remove C or replace C with R
and replace the conjugate transpose symbol * by the transpose symbol T" in the above
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notation. We note that the Fourier coefficients of real valued R-periodic functions
have some symmetry, more precisely,

(2.3) H3(Q) = {w € Hy(Q,C) : VG e R*, ¢ ¢ = zZG} .

We then introduce some projections of wavefunctions. Let ¥ € ./\/lg’ c- We know
that the tangent space of Mz];c at U is

TeMp ={® € (Hy(Q,C)N : (2*BY) + (V*BP) =0 € CN*N}.
Let
Ky ={® € (Hy(Q,C))" : (&*V) 4+ (T*®) =0 € CV*N}.

It is clear that 7?1,./\/[%7 ¢ = Ky provided B = Z, where T is the identity operator. For
any « € R, we define the linear operator onto Ky by

(24)  Pou(®) = (® — BU(T*®)) + aBY((I*®) — (&*V)), V& € (HL(Q,C))Y

We see that

P24 (®) = Pow(®) + a(2a — H)BY((T* Q) — (d*T)), V& € (HL(Q,C))N

which indicates that P, v is a projection if and only if & = 0 or 1/2. Define
(@) = (© — W(U*BD)) + ¥ ((V*BP) — (&*BY)), V& € (HL(Q,C))N

We have that for any ®;, P, € (H#(Q C)HN, (Paw(®1), P2) and <<I>1,P;‘7\I,(Q>2)> have
the same real part. Thus Py y is the adjoint operator of P, v if only real functions
are involved. We mention that Py ¢(®) is orthogonal to ¥ for any ® € (H;E(Q, C)N

2.2. Ensemble Kohn-Sham DFT model for metallic systems. We con-
sider the ensemble Kohn-Sham density functional theory, in which we adopt the ma-
trix representation of occupations [14, 28]. We see from Bloch’s theorem [25] that
the kinetic energy and the electronic density are given by the integral over the Bril-
louin zone (BZ). If BZ sampling is used to discrete the integral over BZ, the ensemble
Kohn-Sham energy functional with a general smearing approach can be formulated
as

(2.5) F(¥,n)=E(T,n) —onktrS< (nk—uIN)>
ke

with wavefunctions ¥ = (¥Uy)kex € ((H#(R%(C))N)“q and the pseudo-eigenvalue
matrices 1 = (ke € (SE™N)IFI, where

n)=> wgtr <<\1/k <—;(ik + V)2 + Vn1> \I'k> Fnk> + /Q Vioe () pw (1) dr

//pq,ﬂ7 oralr )drdr+gxc(P\I’,n)

=
Here IC is a finite subset of BZ, wy is the weight associated to k-points k € K satisfying
S we=>

kel
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N is the number of wavefunctions for one k-point, ¢ = kpT with the Boltzmann
constant kp and the temperature T,

Fo= 1 (50— ).

f is a function which is sometimes called the smearing function, and p is a function
of n which will be determined later, S is a function associated to the entropy term.
The electronic density py , is

pun =Y wietr(Ti¥ + (T M)Q(M* ) F,, )
ke

with M = (¢1,...,¢K) € (L%(Q,C))X and the Hermitian-matrix-valued function
0 = (Qij)i{(j:l € (Li(Q,(C))KXK. Sometimes we shall simply denote pgw,, by p.
Vioc € Li (©2,C) is the local pseudopotential and V}; is the nonlocal pseudopotential

defined by Wy, + Vo (¥y) = MD(M*¥,) with D € SE*¥. Note that the form of (2.5)
is suitable for the full potential calculations, the pseudopotential approximations [36,
38] and the projector augmented wave (PAW) method [3]. For instance, if the norm-
conserving pseudopotential is applied, then @ = 0 and py , = >, cjc Wk tr(Vi ¥y ). In
theory, N should be +oo for the ensemble Kohn-Sham DFT. However, N has to be
set to be finite in practice. We require N > N where N, is the number or the half
number of electrons. For example, in Quantum ESPRESSO, N is set to N + |0.2]N |
by default, where |z is the greatest integer not larger than .
Now we address the function p of 1 in detail. Assume that f and S satisfy the
following properties:
AT f and S are analytic functions on R satisfying S’ (x) = xf(x).
All xgrzloof(x) =1 and xkr}rloof(x) =0.
ATl lim S(z) and lim S(x) exist.
T—r+00 T—r—00
A.IV f is strictly monotonically decreasing.

K
Under these assumptions, for given n € (S(JCV xN )I l, there is one and only one p € R

satisfying > wy tr F,,, = N.. Here N, is the number of electrons. Thus, we choose
kek

K
in (2.5) as the unique function of 7 from (SévXN)‘ ' to R such that > witrF = N..
kek
We list several possible choices for the smearing function used in the literature.

e the Fermi-Dirac smearing [5]:

1

fep(®) = 150

Sep () = =[fep () In frp (2)+(1— fep (z)) In(1—frp(2))].

e the Gaussian smearing [12, 15]:

fas(z) = %(1 —erf(z)), Sas(z) = e .

e the Methfessel-Paxton smearing [29]:

fupm () = fas(z) + ZAiniq(CC)@_ﬁ, Smp,m(z) = 5
i=1

6



where H; are the Hermite polynomials (defined as Ho(x) = 1, H;11(z) =
2zH;(x) — H/(z)) and

A; = _(__1) .
i /m

o the Marzari-Vanderbilt smearing [26, 27]:

S

2

av(e) = fas(e) + 1oz (~5eHa@) + Hi@) e

SM\/(I) = ﬁ (;HQ(I) =+ aszl(l‘)> 6712’

where a is a free parameter such that fyv(z) is nonnegative for any = € R.
Marzari suggests choosing a = —0.5634 or a = —4/2/3 in [26].
We see that the assumptions A.I-A.IT imply the existence of y € R such that

K
> wktrF, = N, for any given n € (SévXN)‘ ‘. Further, if A.IV is satisfied, then
kek
u is unique. Thus, p is a function of n when the Fermi-Dirac smearing and the

Gaussian smearing are applied. But for some other smearing such as the Methfessel-
Paxton smearing and the Marzari-Vanderbilt smearing, it is still open whether g
is unique. In practice, we will always assume that p is a function of 7 such that

> witrFy = Ne.
kel
According to the ensemble Kohn-Sham DFT, we solve the following constrained

minimization problem

(2.6) inf F(¥,n)
(\11717)6(/\/11‘2’1@)‘“ X(SéVXN)UC\

to obtain the ground state of the system, where 5 is an operator defined by ¥ —
BY = U+ MQ(M*V¥) with Q = / Q(r)dr. Note that B is bounded and self-adjoint.
Q
The associated Lagrange functional is
(2.7) L(U,n,A) = F(¥,1) = Y wic AL (WLBYx) — L))
kek
with the Lagrange multiplier A = (Ay)kex € ((CNXN)IKl. Note that throughout this

. . . . . . K|
paper, since our discussion with respect to 7 is in the linear space (Sév *N ) over

R, there is no term associated with the constraint n € (Sév *N )llq in the Lagrange
functional (2.7).

Assume that the exchange-correction functional &, is differentiable. We regard
Uy, and Uy as two independent variables for all k € K and view F as a functional of
U, ¥ and 7. Then we get (see Appendix A)

Fu, (U, 1) = wicHy(pw ) Vi Py,
and
(2.8) Ly, (¥,n,A) = wi(Hy(pw,y) Vi Fy, — BYrAy),

where Fy, and Ly, are Wirtinger derivatives,

Hy(p) = —%(ik + V)2 + Vioe(p) + Var(p)
7



with Vioe(p) = Vioe + / PU) G 4 Vi), Vaap) + W o> V(W) + MD (M),

ol =l
0&xe

5p and

Vie(p) =
D= / Vioe(0) (1) Q(r) dr € SEXK.
Q

Here we use the convenient notation F(¥,n) = F(¥, ¥, 1) and L(V,n, A) = L(¥, ¥, 7, A).
Set

Ve, F(¥,n) = 2wk (Hy(pw,y) Yk — BY (VL H (pw,n) Vi) Fry,
and Vg F = (Vy, F)kex- Givenn, we denote by V, F = F and V, F = (V,, F)kek,

where
oF \ N
Fo = I .
Mij /4 j=1

When all 7y are diagonal matrices, —— is given by
8leij
oOF 1 i — L
= i H i) — €)= f | ——— ] 9y
i o ((Wk Klpwa)¥ia) — e )of < o ) K

()
>k Wi Zi’:l f (M)
+ {tg. Hlpy e 1~ S f‘“(l@,-))

€kj — €ki

dy

for any k € /C where Uy = (1/}1(1,1/)1(2,...,1/}1(1\/) Nk = Diag(ekl,ekQ,...,ekN), fki =
fllexi — ) /o) fk]_ fi _ 1f (ek’ ) provided ex; = e,

? €xj—€ki

1 €xrir —
du=)  wi Z Yty Hio (pw ) o) — ek’i’);f/ (M) :

(2
k’ek i'=1

It is clear that L, (¥,n,A) = 0 and £, (¥,n,A) = 0 for all k € K mean that
VeF(¥,n) =0 and V,F(¥,n) =0. And Vg F(¥,n) =0 and V,F(¥,n) = 0 mean
that there exists some A such that L, (V,n,A) =0and £, (¥,n,A) =0forallk € K.
As for the classical Kohn-Sham DFT model, let Lg(®,n,A) =0 and £,(®,n,A) =0,
we will obtain the standard Kohn-Sham equation (see Appendix B for details).

3. Mathematical analysis. In this section, we investigate some basic mathe-
matical properties of the ensemble Kohn-Sham DFT model, including the invariance
and the existence of the minimizer of the energy functional.

3.1. Invariance. We first have the following invariance of the energy functional.
THEOREM 3.1. For any ¢ € R, (U,n) = (Y, m)kex € ((H;E(Q,(C))N)VCI X
(S(JCVXN)W and P = (Py)xex € ((’)(ICVXN)IM, there holds
(3.1) F(UP,P*(n+clIn)P)=F(V,n),

where \I/P = (\I/kpk)ke)C7 P*T]P = (Pgnkpk)keK-
8



Proof. 1t is sufficient to prove that

(3.2) F(¥,n+cly) =F(¥,n),

(3.3) F(UP,P*nP)=F(¥,n)
hold true for any ¢ € R, (¥, 1) € (HL(2,C))K x (SY*M)* and p e (0¥,
We first prove the equation (3.2). By the uniqueness of 4 that > wy tr F,, = N,
kel
we obtain p(n+cIn) = p(n)+c for any ¢ € R. Thus, we have (F, tcry ke = (Fp xek
and

(S (i(nk + ey — p(n + CIN)IN)>)kEK = (S (i(nk - u(n)fzv)))kgC :

which lead to pw ytery = pw,n, and arrive at (3.2).
Next we prove the equation (3.3). Since f and S are analytic on R, we have

BPef(m) B¢ = f(BaneP), PeS(me) PE = S(PancFy)-
By the uniqueness of p that ) witrF, = N., we get u(P*nP) = u(n) for any

kEK
P € (OF*N)K. Note that

pupy =Y witr(PY (W0 + (UF M) Q(M*U,)) B Fy,)

kek
= wietr(U Wy + (UF M) Q(M*Uy)) Fp,p, pyr )
kek
= Pw,PnpP*-
We have
1
F(UP,n) Z wy tr << U, P)* (_2A + Vn1> (\I/kPk)> Fm)
kek
/ Vioe(T) pwpy (r)dr + Exaxc(pupy) — 0 Z wy tr PS ( (e — MD) B
kek
1
= Z w tr (<\1/k (—2(ik +V)? + an) \Ilk> Fpk,,kpg>
kek
1
+ /3 Vioe(r)pw,pnp= (r)dr + Euxc(pw,ppp-) — 0 Y wictr S <U(Pk77kpllk - M1)> ;
R kek
where "
Euxc(pw,y) / / leznr _/7\7117, drdr’ + Exc(pw.n),

namely,
(3.4) F(UP,n) = F(T, PpP*).

Finally we obtain from (3.4) that

F(UP, P*nP) = F(¥, P(P"nP)P*) = F(¥,n). O
9



We may view (3.2) as the translation invariance and (3.3) as the quasi unitary
invariance.
We obtain from (3.1) that

(3.5) inf F(U,n) = inf F(U,n),
(\I’,n)E(Mg,C)W‘ x(DNXN)”C‘ (‘1’777)6(/\/!%7@)‘&' X(SéVXN>I)C\

where DVXN = {4 € RV*N : A is a diagonal matrix}. We see that

inf F(¥,n)
(Wm)e(MFc) " x (@V ) K]

is the original ensemble Kohn-Sham DFT model, which means that the model (2.6)
is equivalent to the original ensemble Kohn-Sham DFT model.

We see from (3.1) that the solution of (2.6) is not unique. Thus we may turn to
consider the following optimization problem

(3.6) inf F(¥,n)
[ e (My o) e (s2N)

which is equivalent to (2.6). Here ~ denotes the equivalence relation defined as follows:
(U, n) ~ (¥,7') if and only if there exist P € (OgXN)m and ¢ € R such that

(\Pl 77’) - (1 P*) (qj 77+CIN> (P P)'

Therefore, the equivalence class [¥, 7] is

[¥,n] = {(WP,P*(5 + cIn)P) : P € (OXM)™ ce R}
Let P € ((’)(]CVXN)“CI and
M = Diag(exiIng s €2 IN, - - - 5 €kdi [Ny, )N x N, VK € K,

then (UP,n) ~ (¥, n) if and only if Py has the same block structure with n, for any
ke
P = Diag(Pkl, Pkg, ey Pkdk)NXN7 P € OévkiXNki.

If n = (In)kek is fixed, then F,, = Iy and (VP,n) ~ (¥,n) for any P € (OévXN)IKl,
i.e., the energy functional is unitarily invariant. It is nothing but the classical Kohn-
Sham DFT model.

Similarly, for the gradient of F, we have the following theorem.

THEOREM 3.2. Given ¢ € R, (U,n) € (HL(Q,C))Kl x (SN and P e

(O(JCVXN)lKl,
1. There hold
Fu(YP, P*(n+cIN)P) = Fu(¥,n)P,
(3.7 VeF(UP, P*(n+cIn)P) = Vg F(VU,n)P,
V,F(UP,P*(n+ cIy)P) = P*V,F(¥,n)P;
2. V. F(¥U,n) is Hermitian matriz for any k € KC;
3. Y ke tr Vi F(¥, (n+cly)) = 0.

The first property tells us how to apply unitary transformations to ¥, n and the
associated gradients consistently. The third property is the another description of
the translation invariance of F with respect to 7 and will be used in our convergence
analysis.
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3.2. Existence of the minimizer. In this subsection, we show the existence of
the minimizer of the ensemble Kohn-Sham DFT model. We consider that the sampling
of k-points is at I point only, for which ¥, 1 and other corresponding functions and
spaces are of real valued. For the general sampling IC, the existence of the minimizer

of the ensemble Kohn-Sham DFT model is still open.
Following [6], we assume that & is of the form

&wzéNwmw

and
(3.8) N e P2(3,(c1,¢2)) (c1 >0) or N € 2(4/3, (c1, c2),

where

Z (p,(c1,c2)) = {f : Ja1,as € R such that c1t? + a1 < f(t) < cot? +ay Vt > 0}

with ¢; € R and p,co € [0,00). We assume that there exists a constant o > 0 such

that for any ¢ € Li(ﬂ), the following inequality holds:

(3.9) (¥, By) > al[y*.

We also assume that the assumptions A.I-A.IV are satisfied. Let

N
Foce ={F =Diag(f1, fa,..., fn) €DVN 12> " f; = N, f; € (0,1),i = 1,2,...

i=1

Obviously,

We first have the following lemma.

LEMMA 3.3. There holds

inf F(¥,n) = inf F(¥, F),
(¥, n)EME xSN*N (¥, F)eME X Foce

where F(U,F) = E(U, F) — o tr(S o f~1)(F),
E(U,F) = tr (<\pT (;A + Vm> qf> F) + Euxc(pu.r)

with py r = 2tr((PTV + (O MYQ(MT W) F).
Proof. Let (¥,n) € MJ x DN*N_ We have

F(W,n) = F(¥, F),

which together with (3.5) yields the conclusion.
11
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Let f(—o0) =1, f(+00) = 0 and S(—o0) = IEIPOO S(x), S(+o0) = mgrfoo S(x),

then f and S are continuous on [—oco, +0o] and f([—o00,c0]) = [0,1]. Thus So f~!is

continuous on [0,1]. By Lemma 3.3, instead of inf F(¥,n), we consider
(¥, F)eMF xSN*N

the following minimization problem

(3.10) inf  F(U,F).
(\I/,F)Gnggocc

We shall prove that F does indeed have a minimizer on MY X Z ge.. Let

E(0) = tr <<\IIT (—;A + Vext> \I/>) + 1 /R Pepw) 44, Exe(pw);

2 |r — /|

where py = 2tr(UVTW + (VT M)YQ(MTW)). Then we have

(3.11) E(VFY?) = E(U, F),Y(V,F) € MY X Foce.

To prove F has a minimizer on Mg X F oce, we need the lower semi-continuity
of € in the weak topology of (H#(Q))N (See, e.g., [6, 7]).

PROPOSITION 3.4. Suppose (3.8) holds. If U™ converges weakly to W in (H%&(Q))N,
then

E() < lim E(T™).
n—oo
Using (3.9), Jensen’s inequality and the similar arguments in [7], we get that

g(\ll, F) is bounded below over MY x Z occ.

PROPOSITION 3.5. If (3.8) and (3.9) hold, then there exist constants C' > 0 and
b > 0 such that

N
E(W,F) >0 ||\1:F1/2|\§I# —b Y(U,F) e MY X Foce.

i=1
Finally, we obtain the existence of a minimizer for (3.10).

THEOREM 3.6. If (3.8), (3.9) and the assumptions A.I-A.IV hold, then there exits
(., Fy) € Mg X F oce SUch that

]-'(<I>*,F*): inf ]-'(\I/,F).
(U, F)eEME XFoce

Proof. Let a = inf  F(¥,F). It follows from Proposition 3.5 and
(¥, F)EME X F e

S([—o00, +0]) being bounded that o > —oco. It is clear that o < 0.
Choose ¥(™) = (1/)5"),..., J(\T,L)) € M} and F") = Diag(fl("),...,fj(\?)) € Z oce
such that

lim F(@™, FM) = q.

n—oo
We then get from Proposition 3.5 that ¥ (F(™))1/2 is uniformly bounded in (H(2))".
We derive from Kakutani’s Theorem (see Theorem 4.2 in page 132 of [8]) that there
12



exists a weakly convergent subsequence of W (F(™)1/2 in (HL(€))N. Without loss
of generality, let

WO (FE2 W, = (o, un)  in (HL ()Y,

where U, € (H%E(Q))N Since (H;#(Q))N is compactly embedded into Li&(Q), we see
that W™ (F()1/2 5 ¥, strongly in L%(9) as n — oo. Let Fi. = (U1'W,). We have

(3.12) ) — <(\1,(n)(F(n))1/2)Tq;(n)(F(n))1/2> - F,,

which shows F, € Z,.. and that there exists ®, € ./\/l]g such that ¢>*F*1/2 = W,.
From (3.11), (3.12), and Proposition 3.4, we obtain

F(®., F,) = E(V(F)Y?) —otr(So f~Y)(F,)
< tim E@O(FM)Y2) 4 lim (o tr(S0 f(F™))

n—oo n—oo

< tim (EWOED)) -~ suso (E™))

n—oo
= lim }N'(q)(n),p(n))
n—oo

= .
This completes the proof. 0

4. Numerical approximations. We apply the planewave method to discrete
(2.6). For any k € K, let

1
Vk,Nc = span{eg :Ge R*7§ |k+G|2 < Ecut}a

where FE, is a given cutoff energy, N¢g is the largest number of planewaves among
k € K. Consequently, a finite planewave discretization of the ensemble Kohn-Sham
DFT minimization problem (2.6) is as follows

(4.1) inf F(U,n),

(T,n)e (kle_[)cMg'C’k’NG> x (‘SéVXNym
where [] is the Cartesian product and Mg, Ck,Ng s the Stiefel manifold
Mg,((:,k,NG ={Ve (Vk,Nc)N (VTBY) = Iy}

Since [] Mg Ck.Ng 1s compact for any finite sampling, we obtain the existence of
ke
a minimizer of the discrete problem (4.1) in the sense of section 3.2. In addition,

the invariance of the energy functional and its gradient in section 3.1 also holds since
IT M o © ((HLEQ,T)N)A.
ke

4.1. Numerical method. We understand that the line search method is widely
used to solve a minimization problem, in which there are two main issues: a search
direction and a step size. In our minimization problem (4.1), we observe that the
iterative behavior for ¥ and n may be different. Hence it is better to apply different
step sizes for ¥ and 1 when we apply the line search method to solve the minimization
problem (4.1). Inspired by the adaptive step size strategy proposed in [10], we propose
an adaptive double step size strategy for the line search method.

13



4.1.1. Adaptive double step size strategy. An adaptive step size strategy is
concluded as the following four steps [10]:
Initialize — Estimate — Judge — Improve.
We suppose that the initial guess of the step sizes (t:},’lmt‘al, tZ’i“itial) at n-th iteration
is given. Then we introduce the other three steps of our adaptive double step size
strategy one by one.

Let DY = (DY))ex € J},ﬁmﬁcwv D = (DM)exe € (SY*M)™,

For the sake of convenience, omiting ¥ 5™ DEI,") and Dgn), we denote
F((ortho("”, DG, tw)exsn™ +t, DY)

by F(tw,t,), where ortho(\Ill(("),D‘(I,t),tq,) means one step from \111((") € Mguk’l%
with the search direction D‘(IZ() and the step size ty to the next point in Mg,((:,k,NG'
More introduction about ortho(\lll({n), D\(IZ), ty) will be provided in section 4.1.2. By a
simple calculation, we have
OF,
Oty

OF,

(0,0) = 2Re(Fu (¥, 1), DY), &
n

(0,0) = Re(V, F(¥™, n(™), D).

We assume <(DEI,TL)) B‘Ill((n)> = 0 for any k € K to ensure

oOF, n

G (0.0) = Re(VaF (¥, 9"), D).
We always assume that all search directions D‘(I,n) and D,(,") are descent directions,
namely,

OF, OF,
4.2 —_— <0, — < =0,1,2,...
(4.2) Dte (0,0) <0, o, (0,0) <0, n=0,1,2,...,
where %T}}(O,O) = 0 if and only if Vg F (U™ n(™) = 0, and %’Z’; (0,0) = 0 if and

only if V,F(¥™ () = 0. For simplicity, we always suppose ||V F (T n)| +
[V, F (@™ n)|| r # 0 in the adaptive double step size strategy, otherwise we have
obtained the minimizer of the problem (4.1).

Estimate. The final step sizes are supposed to satisfy the following non-monotone
condition:
OF,

(n) OFn
¢
at,

v Oty

(0,0) + (™

(4.3) ﬁn(t$‘>,t§7">)—cn§u( (0,0)>,n:0,1,2,...,

where v € (0,1) is a given parameter. Here C,, can be F (¥ 7(™) or that introduced
in [39] as follows

CO = f(\IJ(O)7T’(O))7 QO = 17
(44) Qn = 0[an1 +1,
Cn = (04@»,1716”71 + f(\ll(n)777(n)>)/@nu

where o € [0,1) is a given parameter. We consider the approximation of the energy
functional F around (¥(™), (™)) as follows:
] ] OF,
(4.5)  Ful(tw,ty) = Fn(0,0) + t\paT(O, 0)+t
T

OF, T, 1,
naitn(o,()) + §cn,1t\p + §C”x2t17’

14



where ¢, 1, cn,2 > 0 are approximations of the second derivatives, ¢, 1 = 0 if and only
if Vg F(w, 7)) =0, and cn,2 = 0 if and only if Vn}"(\ll("),n(”)) = 0. Replacing
]?n(tgl), t%n)) in (4.3) by the right hand term of (4.5), we obtain

_ 0F, OF, 1 , 1 )
Fn(0,0) + tg Ot (0,0) +t, o, (0,0) + an,lt\p + 5(:n,2t17 -C,
0F, oF,
< _— = _— =
<v (t\p Oty (0,0) +t, o, (0,0)) ,

or equivalently,

Fn(0,0) 4ty 572(0,0) + £, 572(0,0) + ennty + Fen sty —Co

p) oF, Zv.
tw 52 (0,0) + ty ot (0,0)

Hence, we propose the following estimator

06 bt Fu(0,0) + 4 22(0,0) + 1, %f; (0,0) + Senatd + Seaat? — Cy
. n ‘1/7 n = = —
tw 572-(0,0) + ¢, 572(0,0)

to guide us whether to accept the step sizes or not at the n-th iteration. Since the
estimator (4.6) remains reliable only in a neighborhood of (¥(™) 7(™) it is reason-

able to restrict t‘(l;”)||Dfl,n)\|oo < 6517) and tg,")||D7(7n)HSF,DO < 97(771) for some given small
9\(;), 05,") € (0,1). Thus, we first set

" - 0(") L 9(”)
tEI/) — min <t$,1n1t1al, (:) , tgin) — min t:L’,lnltlal, (n;7 ,
1Dy [l 1Dy | s7,00

and then calculate the estimator ¢, (£, £").
Judge. The estimator Cn(t‘(; ),t%n)) is used to determine whether to accept the
step sizes (tgl),t%n)) or not. If (t&?),t%n)) satisfies

(47) Cn(t‘(;),t%n)) >,

then we accept this step sizes. Otherwise, (tgL )7 t,(7n)) is to be improved.
Improve. If (tgf,l ), _t£,")) is not accepted , then we solve the minimizer of the
approximation (4.5) of F,, and set it to be the step size. Combining the restriction of

approximation in the neighborhood of (¥, 7(") we take

T (n)
tgl) = min (— L 0Fn (0,0) A ) ,

ent Oty = IDGY|o
) 1 OF, 2(”)
ti" = min | ————-"(0,0), — | -
Cn,2 8t’7 HDn HsF,oo
Here and hereaf_ter, - cj’l %T}Z‘(O, 0) is replaced l_)y —i%(o, 0) if Vg F(U) nm) =
0, and — 1 %{ (0,0) is replaced by —1=57=(0,0) if V,F(¥),7™) = 0. Note

that we choose v € (0,1/2] to ensure that step sizes (4.8) satisfy (4.7). To ensure the
15



convergence of the iterations, we may do some adjustments on the above step sizes.

More precisely, if

(4.9) c<_<¢
N

does not hold, we then reduce one of two step sizes to make them satisfy the above

inequalities. Here ¢ > 1 > ¢ > 0 are given constants.

REMARK 4.1. We can always choose ¢y 1,Cn 2 such that the minimizer of (4.5)
satisfies tg = t,), i.e.,

L Fn (0, 0) — _L OFn

Cn,2 8tn

- 0,0).
Cn7lat\lj (7 )

In this case, the minimizer of (4.5) is also the minimizer of the following function
OF,
ot

) OF,
Fa0.0+ (5 0.0+

1
(0, O)) t+ 5(87“1 + Cn,g)t2.
Hence, the approximation of F, with the same step size ty = t, is a special case of
the above discussion.

We summarize the above process as Algorithm 4.1.

Note that it is very difficult to calculate the second derivatives of F,(tw,t,).
Thus we design some strategies to get good approximations ¢, 1 and ¢, 2. We provide
three strategies to get ¢, 1 and ¢, 2 by one trial step with step sizes (ti{fal, t;rial). For
convenience, we use the short notation

Foltuty) = Fu(0,0) —|—t\1,0;’%(0,0) ot

OFy, P
,787%(0,0) + §Cn71tq, + §Cn,2tn-

We shall also simply denote F, (t,t) and F,,(t,t) by F,(t) and F,(t), respectively. In
this case, ¢,,1 + ¢y 2 are denoted by c,,, trial step sizes tEI,“al and tff‘al are denoted by
ttrial'

(S1) Applying the same step size ty = t, for ¥ and 7, we use the energy at ¢'2!
to get the approximation JF,,, namely, F,, satisfies
fn (ttrial) _ ]?n (ttrial)7
where
g(n)
VIDE 12+ D57 124,
™0 and () € (0,1) are given parameters. Then we have

2(-7:—71 (ttrial) _ ]i-n (0) _ ttrialj-rll(o))
n = (tirial)2 ‘

ttrial — min | max (tmin) t(n—l))

We choose

i [ 4 o ()
min | 3,7, , tm’ >0,
ty) =t = < " IS I +HIDEE ) "

oo sF,00
gtrial otherwise,
16



Algorithm 4.1 Adaptive double step size strategy

IHPUt: \Ija 7, D‘I/7 Dn7 ti\II}itial7 tinnitial’ tr\Ir}in’ trv;lina v, c1, Ca2, 0‘117 9777 C
1: Set

ty = min <max(t1\f}ma1, ty'™), D v ) ,
H ‘I/”oo

t — min [ max tlnltlal $min 7 > .
o =i (a7, ).

2: Calculate the estimator

7

« ) F(0,0) + ty 22 (0 0) + t, 25(0,0) + Lertd + Seat? — C
ty,ty) = L
v w9 (0,0) + 1,32 (0,0)

Yoty

where F(tw,t;) = F((ortho(Wx, Dy, tw))kex, 1 + tyDy);
3: if {(tw,t,;) < v then

o OF 0
. 1 o )
ty =min [ ——(0,0), —— |,
w=min (2 0.0
1 0F 0
t, =min [ ———=——(0,0 7");
! ( Ca atn( ) 1Dy |5 7,00
5: end if
6: if L < ¢ then
ty
7 ty = %t??’ tn = tVI;
8: else if Iy > ¢ then
ty
9: ty =tg, ty = cty;
10: end if
11: Return (t\p, tﬂ)'
where B - i
qo — _Fa0 RO -
" Cn 2(.7: (tt”al) — ]: (0) — F! (O)ttrlal)

(S2) Applying the same step size tg = ¢, for ¥ and 7, we use the derivative of
Fn(t) at t'al to get the approximation F,, namely, F,, satisfies

-/_:.1/1 (ttrial) _ f;L(ttrial)’
where
o)

VIDS 12, + 105712,

ttrial — min max(tmin, 7f(n—l))

t™in and #(™ € (0,1) are given parameters. Then we have

_ A ) — F(0)

n =

ttrial
17



We choose

. (n) 6™ (n)
min | ¢ tm’ >0
ty) =t = < " ISR+ IDEE ) T

SF,00
gtrial otherwise,
where _ _ i
o B0 e
T e R - F0)

(S3) Applying different step sizes ty # ¢, for ¥ and 7, we use partial derivatives of
Fultw,ty) at (57! t¥14) to get the approximation F,,, namely, F,, satisfies

OFn i ‘ OF, .. . OF, .. . OF. . ,
t r1a17 ttrlal _ n ttrlal) ttrlal , n ttr1a17 ttrlal _ n ttrlal’ ttrlal ,
at‘y ( 4 n ) at\p ( N4 n ) atn ( N4 n ) 8tn ( 4 n )
where
. . B 9(”)
tglal — min max(tmm,\I/, tE; 1))’ (\17;) ,
1Dy oo

. . 9(”)
trial __ : min, n—1 7
t, " = min | max(t 7’7t,(7 )), |
15" ||sP.00

(tmin] t%“i“) and 0&,"), 057”) € (0,1) are given parameters. Then we have

OFn (4trial 4trial OFn, OF, (4trial gtrial\y _ OF,
_ Oty (t\Il 7t77 ) - %(0, 0) o Oty (t\I/ 7tn ) oty (07 O)
Cn,1 = ttrial » Cn2 = ftrial .
v n
We choose

(n) (n)
tgl) = min (t(n) Ou ) , t%n) = min (t(") 9") , tf::’)\l, > 0 and tgff?n > 0,

n m, n
Y DOV DS s ryoe

tgl) =1 t%n) - tszrial’ otherwise,
where
A %i, (0,0) o _%f‘; (0, O)t&lriali |
| o G (05, 157 — 572(0,0)
) 57-(0,0) o o (O,O)t;;ial_
m,n Cn,2 %%:(tgial’t%rial) _ %(0’0).

For strategies (S2) and (S3), we need to calculate the following two partial deriv-
atives

a]:n trial jtrial 8‘}—” trial jtrial
ot (t\ll ﬂtn ), ot (t\IJ 7tn )
v n
A direct calculation shows

OF,
Oty

(t“clfial’ t:}rial)

= <]:\1,((0rth0(\1/1((n)7 D\(IZ)’ tgial))k€ﬁa 77(”) + t;riale;n))v (

0 ortho(\Ill((") , D\(IZ)  tirial)
ot '
ke

18



and

aﬁﬂ i i n n i i
S (L 0) = (9, F((ortho( W, DG, 57 exc,n™) + £ DJ), DY)
n
8ortho(\Ill(("), D\(I,n), tirialy .
We see that k is very difficult to calculate. Instead, we apply

ot
the third order approximation

aortho(\lll({n),D‘(I,T,thfial) N aortho(\Pf{n),D‘(IZ),O) N 02 ortho(\l'l((n),DEI,T,O)
ot ot ot?
3 (n) pn)
1 0% ortho(W, ™, Dy, ”,0)

*3 913

trial
ty

(t‘gial)Z

in practice.

4.1.2. The preconditioned conjugate gradient method. Now we introduce
the preconditioned conjugate gradient method for solving the minimization problem
(4.1). The preconditioned conjugate gradient (PCG) method is a typical line search
based optimization method. For the constrained optimization problem (4.1), we usu-
ally need to keep each iteration point on the constrained manifold. Thus some uni-
tarity preserving strategies are required. We then introduce the preconditioner, the
conjugate gradient parameter and the unitarity preserving strategies one by one.

We first introduce the preconditioner applied to Vg F and V,F. Let (¥,n) €

K . . .
( I1 Mg Ck, Nc) X (Sév *N )‘ ‘, where all 7y are diagonal matrices. We consider a
kek

preconditioner in the form of My (®) = (My" (®x))xex for Vg F, where

M () = by, ()
and My, @ Vk no — Vk,No is a linear operator. In our numerical experiments, we
apply the following preconditioner Mg, used in Quantum ESPRESSO [33]
1
1+ 3k+ G2+ \/1+ (3k+GJ]> - 1)2’

My, |a,c = da,ar

which is independent of wavefunctions. We consider a preconditioner in the form of
M, (A) = (M, (Ax))xex for V,F, where M,, : SN — SE*N is a linear operator
defined by

1 M — Mjj .
4.10 My, (Ax));; = —Awij— ——2 Vi, j=1,2,...,N, Vk € K.
(4.10) (M, (Ax));; “we g — fui ’
Here fu; = f((mii — p)/o) and
Jig—fi 1 <’7k—ﬂ>
Nkii — Mkji O g

when i = My
Applying Mg to

Vi F(¥, 1) = 2w (Hg(pw,) ¥ — BUEK) Fy, ,
19



we obtain
Mg: (Vo F(¥, 1) = My, (H(pw,n)¥ — BUEx).

Here Xy = (U} Hy(pw,,)Vi). Compared to Vi, F(¥,n), Mg (Vy, F(¥,n)) eliminates
the occupation number F;, and 2wy. We see that

(Vo F(¥,n))i = 2w (Hy(pw n) Vi — (BYREK):) (Fy, i

is almost 0 when the occupation number (F), );; is close to 0. Consequently, the
preconditioner Mg* removes F, in Vg, F(¥,7) to eliminate the impact of small
occupation numbers on the convergence rate, which has been mentioned in [21, 28].

Applying M, to V,, F(¥,n), we have
Mnk(vnk‘r(\ljvn)) =cl + Tk — Eka

where c is defined by (B.3). We note that x(nx — X) is the preconditioned gradient
mentioned in [14], where k is some positive constant.

We then introduce the conjugate gradient parameters. The typical choices of
the conjugate gradient parameters include the Hestenes-Stiefel (HS) formula [20], the
Polak-Ribiére-Polyak (PRP) formula [31, 32], the Fletcher-Reeves (FR) formula [13]
and the Dai-Yuan (DY) formula [11]. In our numerical experiments, we choose the
DY formula, which is expressed as

Ro ((Mer (67, 65”) + (M (G, 61))
Re ((D40,647 -6y ™") + (D065 -6 Y))

for the PCG algorithm, where Re gives the real part, G( ") = Vg F (U™ 5, G(")
V, F (U™ n(™)). Hereafter, we shall sometimes use the notations GEI,) and G%n) to
simplify some formulas.

Now we turn to introduce the unitarity preserving strategy we use. Let Dy, €
T MB ¢ 1N We denote by

5(71) —

ortho(¥y, Dy, , ty)

one step from Wy € Mgak,l% with the search direction Dy, and the step size ty

to the next point in Mg Ck.Ng- In our numerical experiments, we apply the QR
strategy, which is defined by

(411) OI‘thOQR(\Ifk, D\Ilk; tq;) = (\I/k + t\pD\pk)Li*,

where L is the lower triangular matrix such that

LL* = Iy + (D}, BDy,).

We refer [9] for some other unitarity preserving strategies such as the PD strategy.
We assume ortho(VUy, Dy, , ty) satisfies the following assumption, which is needed
in our analysis and valid for both QR and PD strategy (see, e.g., [9]).

ASSUMPTION 4.2. There exist constants C1,Co > 0 such that
H OI‘thO(‘I) D@,t) - CDH < CltHD@H, vVt >0,

Hortho (®, Dg,t) — Dg|| < Cot||Dg||?, YVt >0

for any ® € MY and Dy € To M.
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We now propose our preconditioned conjugate gradient method as Algorithm 4.2.

Algorithm 4.2 PCG method

1:

Given o € [0,1), v € (0,1/2], £§™, /", Ecyy > 0, and choose the initial data
\Ill((o) € Mg cion, and 771({0) = Diag(ef{?,...,ef{%) for any k € K. Let D\(I,_l) =
(D ke =0, DYV = (DG ke = 0, n =05

Calculate the gradient G{" = (Ggf)ke;g, G = (GI)iex and the precon-
ditioned gradient C:‘,(;) = Mgi:))(GE;)), é;") = Mnm)(Gs,")), where G‘(;k) =
Calculate the conjugate gradient parameter 3(");

Calculate the search direction

Project the search direction D\(IZ) to the tangent space T\pk/\/lg Ck Ne

Dg) = Py o (D), Wk € K
Set Dfpnk) = —Dfl,"k) sign Re <G§;),D\(1,n)>, D,(;Z) = —D,(;Z) sign Re <G£,n),D7(7n)> for
any k € K;

Choose the appropriate parameters (951,"), 97(7"));

8: Calculate C,, by (4.4);

9: Given the initial guess of the step sizes (ty

10:

11:
12:

13:

n,initial tminitial).
»vn )

Give ¢n1 and ¢, 5 and calculate t0” and " by

(£, )
= Adaptve double step size strategy(®™, n(™ DI DSI"), tl}jinitial, tZ’i“itial,

i i (n) .
by tgun’ V,Cn,1,Cn,2, G\I/ ’ aqgn)vcn),

Set \III(JH_I) = ortho(\Ill(("), Dfﬁ), tgl)), 771({n+1) = 771((”) + t%TL)Dé:) for any k € K;
Pick up pnt+l) — (Plgn—i_l))kelC c (OgXN)“Cl such that (P1£H+1))*771(<n+1)P1£n+1) is
diagonal for any k € K and then update

\I/(n+1) — \I/(n+1)P(n+1)7 (n+1) _ (P(TLJrl))>'=,r](n+1)1:)(77.Jr1)7

n
Dfpn) — D&}n)P(nJrl), D%n) _ (P(n+1))*D7(7n)P(n+1)

)

Let n = n + 1. Convergence check: if not converged, go to step 2; else, stop.

We see that Dfpn) in the 4-th step of Algorithm 4.2 is not in the tangent space

[Tkex Ty ME ¢ i - Thus we project D\(I,TL) t0 Ty, Mg ¢ n ID the 5-th step. In
k T k T
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order to ensure _
Fn
Oty
we apply the projection PJ\I,(") for each k € .
EN

(0,0) = Re(VyF(¥™, 5™y, DMy,

4.1.3. The restarted preconditioned conjugate gradient method. To get
better approximations, we turn to consider the restarted preconditioned conjugate
gradient method.

In practice, we expect that there exists a positive constant a such that

(4.12) lim ~fte (<G$)’ D$L)> * <G£’n)’ D%n)>)

(e g G (6 @)

> 0.

Here GE;) = Vg F (UM n(™) and G%n) =V, F (@™ ). Thus we restart the PCG

method when
“re ({6,087 + (68, DY)

(4.13) (n) 3 )y \ [ (n) (n)
(68 g G|+ (65 My (G )

a <7

for some given parameter v € (0,1). Applying this strategy, we propose a restarted
preconditioned conjugate gradient method shown as Algorithm 4.3.

In the numerical experiments, we observe that retarting directly is sometimes
better than changing the sign of the search direction when the preconditioned conju-
gate gradient direction is not a descent direction. Thus we propose a new restarted
preconditioned conjugate gradient method shown as Algorithm 4.4.

4.2. Convergence analysis. In this subsection, we analyze the convergence of
the restarted PCG methods (Algorithms 4.3 and 4.4). For convenience, we show the
detailed proofs for the case that the sampling of k-points is at I" point only. For the
general sampling /C, the convergence of the restarted PCG method can be obtained by
the similar arguments. We shall sometimes use the notations G\ = V¢ F (L™ (™)
and G%") = V,,}"(\Il(”), n™) to simplify some formulas.

We first give some assumptions which is needed in our analysis.

ASSUMPTION 4.3. There exist ay, oy, > 0 such that

(Vo F(W,n), MYV F(¥,0)) > agl|VeF (L, )|,
(VyF(W,m), My (Vo F (0, 1)) > o[V, F (¥, ) |[25

for (¥,n) € Mgy, x SV,

We obtain from the assumption above that the preconditioner is bounded from
below uniformly. We see that My we applied always satisfies (4.14) and M,, we applied
satisfies (4.14) when f is strictly monotonically decreasing.

(4.14)

ASSUMPTION 4.4. The gradient of F is Lipschitz continuous. That is, there exists
Lo > 0 such that

1 Fo(W1,m) — Fo (Yo, n2)| + [ F (Y1, m) — Fp (Yo, m2)|sp
< Lo([[ W1 — Wl + [lm — m2llsr)

for any (U1,m1), (P2, 1m2) € MGy, x SV*N.
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Algorithm 4.3 Restarted PCG method I

1: Given « € [0,1), v € (0,1/2], a,t{{,‘in,t;“in,Ecut > 0, and choose the initial data
‘Ifl((o) € Mng’Nc and nﬁo) = Diag(el(ﬁ)“..,el((%) for any k € K. Let D&fl) =
(D5, Ve =0, DY = (DY )eexe =0, n = 0;

2: Calculate the gradient GSI:L) = (Ggl))ke;g, Gs,n) = (G%’;))ke,c and the precon-
ditioned gradient C:‘S;) = M\Z((n))(GS;)), é%") = Mnm)(G%n)), where Gglk) =
Vi, F(UO, M), Gl =V, F(U0), )

3. Calculate the conjugate gradient parameter 3(");

4: Calculate the search direction

D‘(Pn) _ _ég;) + B(")D&,"_l), Dr(]") — _(N;%n) + 5(n)D7(7n—1);

5: Project the search direction D‘(IZ) to the tangent space BkMgC7k7NG

D‘(I’T - Pg,\lfi")

(DY), ¥k € K;

6: Set DY) = —DY signRe <G(;),D<J>>, DY = — D sign Re <G£,"),DS7”>> for
any k € IC;
7: if (4.13) holds then

D) = =Py (G, DY) = —GR), e K
9: end if

10: Choose the appropriate parameters (9&,"), 97%”));
11: Calculate C,, by (4.4);
12: Given the initial guess of the step sizes (t@’mltlal, tf‘y’initial);
13: Give ¢,,1 and ¢, 2 and calculate tgl) and t,(7n) by
(tg” 1)
= Adaptve double step size strategy(®™, n™ DI D;"), t";’initial, t:;’initial,
tr\i}ina tnmina V,Cn,1,Cn,2, 9\(1/”)7 07(770 ) Cn)7

14: Set \Ill((nﬂ) = ortho(\lll({n), DSI,"), tgl)), nlinﬂ) = nl({n) + t%n)Dy(ﬁ) for any k € K;

k
15: Pick up P+ = (PlEnH))ke;C € (OF*M)IXl such that (Pénﬂ))*nl((nH)Pk("H) is
diagonal for any k € K and then update

pntl) — \I,(nJrl)P(nJrl)’ ,’7(71+1) _ (P(n+1))*n(’ﬂ+1)P(’ﬂ+l)’
DEIIn) _ D‘(I:L)P(n—i_l), D’E]n) — (P(n-ﬁ-l))*D?(?n)P(n-ﬁ—l)’

16: Let n =n + 1. Convergence check: if not converged, go to step 2; else, stop.
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Algorithm 4.4 Restarted PCG method II

1:

Given a € [0,1), v € (0,1/2], a, t3n, tmin,Ecut > 0, and choose the initial data
\Ill((o) € Mg cin, and 77(0) = Diag(el(g) ekN) for any k € K. Let D( R
(D, e =0, Dy~ = (D5 )ex = 0, n.= 0;

Calculate the gradient G(n) = (Ggl))keic, G%n) = (G,(ﬁ))ke;g and the precon-
ditioned gradient C~¥(n = M‘g(n)(G(n ) éﬁ,”) = Mn<n)(G$,")), where Gglk) =
Vg, F(TM 5, G(”) Vo F (W) ()

Calculate the conjugate gradlent parameter 5();

4: Calculate the search direction

DEI’") _ 7575;) B D(" 1) D(n — G(”) + A n)D(” .

Project the search direction DSI,TL) to the tangent space %kMg’C’k’NG

if sign Re <G517), D\(pn)> > 0 or signRe <G£7n)’ (n)> > 0 or (4.13) holds then
D) = —Ff 4o (GY)), DY = —G, vk € K;

end if
Choose the appropriate parameters (0&7), 97(771));

10: Calculate C,, by (4.4); o
11: Given the initial guess of the step sizes (tg’mmal, t;”initial);
12: Give ¢,,1 and ¢, 2 and calculate tgl) and t,(7n) by
= Adaptve double step size strategy(¥™, n™ DI Dg"), tg’initial, t;"i“itial,
tI\Irllina tglina V,Cn,1,Cn,2, 9\(1/”)7 01(7n) ) C’I’L)7
13: Set \Ill((nﬂ) = ortho(\Il(n) D(n) t(n)) n(nﬂ) ( )+ 45" DL for any k € K;
14: Pick up P(**t1 = (PIEnH)) rex € (OF*N)IKI such that (Pk("'H))* 1(("+1)Pk("+1) is
diagonal for any k € K and then update
pntl) — \I,(nJrl)P(nJrl), n(n+1) _ (P(’I’L+1))*77(TL+1)P(TL+1)’
15: Let n = n 4+ 1. Convergence check: if not converged, go to step 2; else, stop.
ASSUMPTION 4.5. There exists a constant C > 0 such that
(4.15) et + o < CIDG |2 + DS 25), n=0,1,2,...
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ASSUMPTION 4.6. There holds

1 9F,
Cn,2 Oty 0,0

1 9Fa
Cn,1 Otw (07

(4.16) c< <¢ n=0,1,2,...

We observe that the assumption 4.5 is similar to that the Hessian of F is bounded.
If the same step sizes for ¥ and 7 are applied, then we see from Remark 4.1 that
Assumption 4.6 is satisfied. And we can always choose some ¢, ; and ¢, 2 such that
Assumptions 4.5 and 4.6 hold.

ASSUMPTION 4.7. For the subsequence {n;};en satisfying

_ (<G$lj),Dfpnj)> + <G£,nj),D£,nj)>)

Jj—o0 ’<G‘(;'j)7MT]("j) (Gglj))>’a N ‘<G$7nj)’Mn("j)(G£7nj))>

p(ng)

a7 0,

there exists a constant C > 0 such that
(4.17) IDG? || + 1D < €, ¥j € N,

We see that the above assumption can be satisfied by many strategies in practice.
For example, if the preconditioned gradients in the iterations are bounded uniformly,
we can restart the algorithm when the conjugate gradient parameter is very large.
Then we obtain uniformly bounded search directions.

In the following lemma, we need the following assumption for the step sizes.

(4.18) lim ¢ >0, lim ¢ > 0.

n— oo n—oo

LEMMA 4.8. Suppose Assumption 4.3 holds and the sequence {(¥™) n™)}, cy is
generated by Algorithm 4.2. If DEI,") and Dg,") satisfy (4.2) and (4.12), tgl) and tg,")
satisfy (4.3) and (4.18), then either

Ve F (2", 0™ =0, |V, F (2", 7™)|ep =0
for some positive n or

lim (||[VeF (T, ™) + [V, F (T, n™)]|sp) = 0.

n— oo

Proof. Suppose
IV F (U )|+ [V F 8™, ™) |sr # 0,¥n € N,

otherwise the conclusion is true. It follows from the definition of C, that for any
n > 1, there holds

7O‘Qn—1

S () =Coc).

f‘(\IJ(n+1), U(nJrl))*‘/_'.(\I/(n), n(n)) _ f(\I/(n+1), U(nJrl))*Cn

Since
FO, W) = F@O 9 ) = Feh, D) -,
25



summing up all n € N gives that

Z(]:(\Iln’ n(n)) _ ]:(\I,(TL—H)’ n(n-‘rl)))
n=0
_ Z FO™ ) Z e, + Z aln (F(EO+D) 1)y _ )

n=0 Qn+1

= - Z Q (F(Em+t Dy —¢,)
n—0 n+1

> — E t 0,0 0,0
= l/n:O Qn+1 ( v at ( ) 7] at ( )

Note that Q, =1+ Y. a €[l
i=1

, 7], which together with (4.2) leads to

—Zt af (00)<+oo —Z () OFn (0,0) < +oo0.
n=0

n=0 Oty
Hence
im £ () OFn (0,0 =0, lim ) %J; (0,0) = 0.
Then by (4.18), we have
Jim 2}; (0,0) =0, n'_mo (98.7:" (0,0) =0,
which arrive at _
Tim. ( %1 (0,0) — %JZ: (0,0)) = 0.

Since —%f‘; (0,0) — %f” (0,0) is a product of

(n)

(69 a0 @)+ (65 My (G [

- ((e.05”) + (65" D))
{62 G + (G5 Aty G

we obtain from (4.12) that

and

. n M), )\ | @ N IRNE
tim (G5, M0 (G| + (657, My (G5)[ = 0.
n— oo

Consequently, we get from (4.14) that

lim ([|VoF (2", 0™ + [V, F (", 7" |sr) = 0

n— o0

which completes the proof.
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REMARK 4.9. We see from the above proof that we may only need to consider the
subsequence {n;}jen satisfying

_ (n3) y(ny) (nj) yny)
P (L L 0l L ) B
= (e @ )|+ (6 My (65

In addition, (4.18) can be replaced by that (4.9) holds for the above {n;};cn and

(4.19) Z £{1) =

We mention that (4.19) is weaker than (4.18) under the premise of (4.9).

THEOREM 4.10. Suppose F is continuously differentiable in Hy () x SN*N and
Fy is bounded, i.e., there exists Cy > 0 such that

(4.20) [ Fe (T, n)|| < Co, Y(¥,n) € MY n, x SN,

and Assumptions 4.2 - 4.6 hold true. Let {( v ,D(n Vnen and {(T™ M), oy are
generated by Algorithm 4.3 or Algorithm 4.4. If {(Dy, (n) D(n ) bnen satisfies Assump-
tion 4.7, then there exists a positive sequence {(0\(1,"), 057”))}"61\; such that either

Ve F (@™ ™) = 0, [V, F (" 7™)|lsp =0
for somen >0 or

lim (| Ve F (2", 7)) + ||V F (2, 7™)||sr) = 0.

n—oo
Proof. Let
2 ain <) Am)s = OFn aﬁ
(9&1957 )) :sup{(egp)’ﬁ% )) 1 Fu(tw,ty) — Fu(0,0) — ty . "(0,0) — "o, —"(0,0)

1

1
— icn,lt?p — Zepat? < _Z ( (n) OF, ~(0,0) +t(") 0F, (0, 0))

2 2 = o\ Gty ot,

9(") 9(”)
for a’ny (t\I/7 ) € T ("") 0(‘")7 Q = (TL) / ‘Ign) S c
D0 llse /11Dy |

when [[DSY]| # 0 and || DS |45 # 0,

é‘(p") =1 when HD\(I,n)H # 0, and 57(7”) =1 when ||D7(7")HSF = 0}7

where sup is in the sense of lexicographical order and

G g ¢
Ty g = § (tw,ty) : 0 <ty < ‘I(’n),Ogtng(Zi),andgg—gé .
o ||D\1/ || HDn ||aF

Then we prove that the conclusion is valid when above (9\(1,”), 0,(7”)) are taken.

Suppose

IV o F (2", 0| + [V F (2", n™)llsr # 0, ¥n €N,
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otherwise the conclusion is true. In Algorithm 4.3 or Algorithm 4.4, it follows from
Assumption 4.6 that every tf; ) and t%n) satisfies

Gty ) 2 v,
1 11057 < 057, 571D o < 6,

which implies

r £ OFn n) OFn (my2 , L n)\2
Fa(0,0) + t5” 540, 0) + £ o, *(0,0) + Sena(ty”)? + Sena(tf)? = Cn
(n) OFn ) OFn
t
<o (8 520,00+ T2 0.0
Then we obtain from the definition of (63", 65") that
Wty t t 0 0,0) ),
FAd )~ o < 5 (8572 0.0)+ 6 522 0,0

i.e., (4.3) holds.
As shown in Remark 4.9, we only need to take subsequence {n;};en satisfying

- _ (<G("j) D("j)> <G(7Lj),D(7lj)>)

Jj—o0 ’<GEI:7’Z/) ‘IJ((HJJZ(G("J))N ‘<G(7h) M ) (G(m))>

= =0>0

into account.
We observe that the corresponding t‘l, ") has only four options:

(nj)
(n;) iitial jminy () _ Oy (n;) 1 OFy, §n) — Loy
g = t t ty? = ty?) = — 0,0 ~tna),
N HlaX( 4 s b )7 N HD‘(;’)”, N Cny 8tq, ( ) c 77

Consequently, there exists a subsequence of {n;}jen, which is also denoted by {n;};en
for convenience, such that one of the following four cases holds.

Case 1. tng) = max(tinitial 4min) - Obviously

oo o0
Doty 2 Yoty = oo
§=0 §=0

which together with Remark 4.9 yields the conclusion.

(n;)
Case 2. t&z”) 0y
1Dy I

(nj)

(nj)

Ahm ty
J*)OO

>0,

then Lemma 4.8 leads to the conclusion. Otherwise, there exists a subsequence of
(n;)

{n;}jeso also denoted by {n;};en such that hm D ‘I(’n i lim t(n’) =0.
J j—o0
We first prove that there holds !
_ _ OF, OF, 1, 5
t - (0,0) — ¢ 0,0 0,0 1t — =t
(421) Fn(tw,ty) — Fn(0,0) — ‘I’a\y( ) — nat< ) = 3Cnaty = Senaty

= O(t3 | DSV |I? + 2| DS |12 5)
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when (tw,t,) satisfies (4.9).
For convenience, we denote by F,, s(t) = Fy(t, st), ¥ (t) = ortho(¥ (™), D\(I,n)7 t),

n™(t) = n™ + DY, By Assumptions 4.2 and 4.4, (4.20) and ¥ (0) = D{, we
have

‘ﬁ;z,s(t) - ‘/—:'7/%3(0”

= [2Re (Fo (W0 (1), 1" (51)), § (1)) 4 5 (V, FO (1), 0" (s1)), DY )

- 2Re (Fu (00, 5(0). 50) - 5 (7,7 0),170),0f7),

IN

2(FaW 0.1 60), 50 - §(0))
+ ‘2 (Fu (@O (1), (1)) — Vo F (B (0), 7 (0)), ¥ (0)) ’

+ s

(TP 0.7 60) = T, F (0 0).57(0), D) |
< 2CCot [ DSV |2 + 2Lo (Cot| DSV|| + st| DL ) [ DSV
+ Lo(Chst| DSV + %t DS |5 ) |GV ||

for any s,t > 0, where Proposition 2.1 and Theorem 3.2 are used in the last inequality.
Applying Young inequality, we obtain that

[F0,5(8) = 7, (0)]

< 2C,Cat | D2 + 2L, <01tIID$”II2 + 5

D12 4 s2¢| DUY|2
o (Ol DS+ AP | gy o,

# DSV |12 + 52| DY ||§F>

< Ct(| DSV + 2| DSV|2),
where

~ 5 1
C = max (20002 + Lo + 501[/07 2Ly + 201L0) .

Hence we have

OF, OF,
Dt (0,0) — st o,

‘]—'n(t,st) — Ful(0,0) —t (070)‘

< |f711,s(7_) - ﬁrlL,s(O)| dr
0

< CE(|DSY|1? + 2| DM |12 5)

for any s,t > 0. Therefore, if (tg,t,) satisfies (4.9), then we arrive at (4.21) by (4.15).
By the definition of (64,6%"), Assumption 4.3, (4.9), (4.14) and (4.17), for
any n; large enough, there exists

*,M 5 A L *MG ok *,M 4 <t <@
(4.22) £ e (0, o] + nj) Lt = sh by, e < s <@

29



such that

O((t5™ 1D 12 + (£574)2 || D)2 )

J *,M afn]
(0,0) — ;™ (0,0)

oy OF,
(0,0) — t5 5

KMk,
:]:nj(t\p J,tnn') ‘Fn at\l}

3

QCn 1(t J)2 - Ecn,2(tn7 1)2
Ly P R 9w (0,0)
2\ Y oty ot,,

— %2 min(1,c) min(1,1/¢) (a}—

y (0,0) + %52(0,0))

<QﬁwF+K@”J@wmﬁﬂwr

1 *nJ (nj) 2 £omi 2 (nj)2 1/2
-( — —— (PP + ) 1Df )
IDSI12 + D512,

N N - s
(e al @]+ (e e (€5)
1 — . a a *n ey *,M 5 n;
v min(l,¢) min(L,1/¢) min(a, ) ((65™)2 1052 + (£;)* | DS |2 )
(IGS7 1P + 1G5 1% )

- (n;) (n5)
KG M

1/2

Y

ie.,

O(((#5™ 21D |12 + (£ 2| DS |[2)1/?)
(4.23) vémin(1, ¢) min(1,1/¢) min(a$,, a®)

) = ’ v @ n; a ni a
> i 2 (IG5 + G2 )
(nj)
We see from hm HZ“’ij)” =0, (4.17) and (4.22), that
. *m\ 211 () )12 *,15\2 n;)||2 /2 _
Jim (™2 IDG7 1P + ()PP 12 ) T = 0.

Let j — oo in (4.23), we get

vé min(1, ¢) min(1,1/¢) min(a$, a?) (n,) »
> ) ) s Uy . nj)12a (nj)12a
> T Jim (6571 + 1651%))

which produces the conclusion.

(ny) _ 1 0Fn;
Case 3. t,’" = ~en, 1 O

_(ev”.0y”)

Cnj1

1(0,0) = . We get from Assumption 4.6

that ¢ has only three options:

(ny) initial jmin (nj) _ n (ny) —
tﬁ - max(tn ’ t )a tﬂ || D7(7nj) || ’ t"7 an’Q 8t (O O)

If t%nj ) is one of the first two options, the similar arguments in Cases 1 and 2 can be
(nj) - (n)
<Gn 3 pira

Cnj .2

applied to tnn'j). Thus, let t%nj) = % Bt 1(0,0) = . Then we obtain

2
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from Assumptions 4.5 and 4.7, (4.9), and (4.14) that

(1+ &)ty
> 15 4 400

<G$lj),D‘(1,nj)> + <G7(7nj) D(nj)>

C(IDS? 12 + | DY 12,)

~ ({08 pi) + (G D))

T (T
20 A

C(IDY |12 + ||D%"J’HSF>

Z_

(nj)
(ev )

d min(ay,, ay)

> —re (IGg 12 + 16512

provided j > 1. Consequently, either

itfﬁ”) =00
=0

or

lim ([ F (@) )P 4 |7, F (00, 7))

Jj—+oo

124) =0

)

which leads to the conclusion.

1
Case 4. t1(7”-7’) = 7t57”-7‘). We observe that the corresponding t( ") has only two

c

options:

(n,) witial miny ) _ 01"

t Tl]' — maX(tlIll 1a. 7tm1n), t n] — . .

n n n I D(n,)Hs

Thus applying similar arguments in Cases 1 and 2 for t(nJ) to t("”) we complete the

proof. ]

5. Numerical experiments. In this section, we apply the PCG method and
its restarted versions to simulate several gold clusters (see Figure 1 for their config-
urations) and two complicated multicomponent periodic systems (see Figure 2 for
their configurations). We implement the PCG method and its restarted versions in
the software package Quantum ESPRESSO [33]. All calculations are carried out on
LSSC-IV in the State Key Laboratory of Scientific and Engineering Computing of the
Chinese Academy of Sciences.

In our numerical experiments, we do not restrict the step sizes to satisfy (4.9) for
some given parameters ¢ and ¢, which can be viewed as ¢ = 0, ¢ = +o0o0. Although
(4.9) is necessary in our theoretical analysis, numerical results show that the step sizes
can be more relaxed. Therefore, we directly apply the step size strategies (S1), (S2)
or (S3) to get the step sizes in the numerical simulations.

In the following tables and figures, PCG-S1, PCG-S2 and PCG-S3 stand for
the corresponding PCG method (Algorithm 4.2) when the step size strategy (S1),
strategy (S2) and strategy (S3) are applied, respectively. We denote the restarted
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Fig. 1: The configurations of the gold clusters

(a) Au14 (b) Alhs (C) Au20
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Fig. 2: The configurations in the unit cell for the multicomponent periodic systems

(a) NdCusSis (b) AICrTiV

versions Algorithm 4.3 and Algorithm 4.4 by PCG-Sx-r1 and PCG-Sx-r2 respectively,
where * can be 1, 2 or 3. We mention that “Error” for the SCF iteraions is the error

of density and “Error” for the PCG methods is (||3VeF|? + ||V,,.7-"H§F)1/2.

We will compare our PCG methods with the SCF iterations. It is known that
we have to solve a linear eigenvalue problem at each SCF iteration, for which the
Davidson iterative diagonalization and the CG diagonalization are commonly used in
Quantum ESPRESSO. The Davidson iterative diagonalization is faster, but the CG
diagonalization uses less memory and is more robust [33].

We list all the parameters used in our numerical experiments. The Ultrasoft pseu-
dopotentials and the Gaussian smearing with ¢ = 0.05 Ry are applied for gold clusters.
We use the DY approach to get the CG parameter and the QR strategy as (4.11) for

the orthogonalization operation. We apply ") = min{0.8, \/HD\(I,TL) 12+ [|DSY)12,5 )

sF, 00
for strategies (S1) and (S2) and 9\(;) = min{0.8, HD\(;)HOO}, 9,(7") = min{0.8, ||D7(7n) l|lsF.00
for strategy (S3). We set t™in = ¢oin = tnmi“ = 0.001 and initial trial step sizes
girial — ggial — grial — 0.4, For the restarted versions, we set y = 0.5 and a = 1. The
convergence criterion is

1 1/2
(||2vqu;f||2 + Vn}'||§p) <1.0x107°

for the PCG method and its restarted versions, and the convergence threshold for
density is 1.0 x 1072 for the SCF iterations. For the SCF iterations, We apply the
Broyden mixing method. The initial guess for the wavefunctions is generated by the
superposition of atomic orbitals [33] if not specified.

We see that whether or not to restart has almost no effect for the simulation
of gold clusters for the strategies (S2) and (S3). As a result, we mainly show the
numerical results obtained by the PCG method (Algorithm 4.2) for gold clusters. In
addition, we will also mention some improvement of the restarting approach for the
strategy (S1) in Figure 3.

First, we take a look at the results of all the gold clusters. The results obtained by
the PCG method (Algorithm 4.2) based on different step size strategies are listed in
Table 1. In Table 1, “Iter.” means the number of iterations required to terminate the
algorithm and “A.T.P.I” is the average CPU time required per iteration. As shown in
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Table 1, the strategy (S3) with different step sizes for ¥ and 7 is indeed the best. More
precisely, the strategy (S3) needs less iteration and the CPU time to achieve similar
accuracy than the strategies (S1) and (S2) with same step sizes for ¥ and 7, especially
for large systems. We see that the strategies (S2) and (S3) are more expensive than
the strategy (S1) per iteration. However, by comparing the strategies (S1) and (S2),
we see that the strategy (S1) need more iterations to achieve the same accuracy than
the strategy (S2). Even the iterations for Aujg, Aura, Auge, Aujsr and Ausgg do
not converge after 200 iterations under the strategy (S1). We point out that whether
or not to restart has no effect on the strategies (S2) and (S3) for the simulation of
these gold clusters under the convergence criterion discussed in this section. However,
it will improve the convergence of the iteration a little for the strategy (S1). If we
restart the PCG method as Algorithm 4.3, the calculations for Aujg, Auzs and Augs
can also converge under the strategy (S1). Due to limited space, we only show the
results of Augy obtained by the restarted PCG method I (Algorithm 4.3) later.

To compare the three step size strategies more clearly, we take Augs as an example
and show the convergence curves for F — Fuin, 3/|VeF|| and ||V, F||sr in Figure 3,
where Fiuin is a high-accuracy approximation of the exact total energy. We also
illustrate the benefit of the restarting approach for the strategy (S1). First, the
strategy (S3) is indeed faster than the other two strategies. Secondly, by comparing
the convergence curves for the error of the energy, we see that the strategy (S1) is not
much different from the strategy (S2), and the strategy (S1) seems to be better when
the energy has not converged. But there may be some fluctuation for the strategy
(S1) when the energy almost converges. From the convergence curves for 1||VyF||
and ||V, F||sr, we see that the descent speed of the gradient obtained by the strategy
(S1) slows down suddenly when the energy almost converges and then is much smaller
than the strategy (S2). Finally, by comparing PCG-S1 and PCG-S1-r1, we find that
the restarting approach does improve the convergence of the iteration for the strategy
(S1).

We conclude from the above that the strategy (S3) seems to be the best one among
the three strategies. We then choose the PCG method based on the step size strategy
(S3) to be compared with the SCF iterations based on the CG diagonalization. The
detailed results are shown in Table 2. We see from Table 2 that, apart from Auiy,
the PCG method converges faster than the SCF iterations, especially for large scale
systems. For instance, the PCG method converges in half the CPU time of SCF
iterations for Auys, and the PCG method converges in less than 1/3 the CPU time of
the SCF iterations for Auj47. We also mention that the energy obtained by the PCG
method is slightly smaller than that obtained by SCF iterations for Ausg, Augs, Ausg,
Augo and Auggg, which means that SCF iterations may require a smaller convergence
threshold to obtain the same energy obtained by the PCG method. However, SCF
iterations has already cost more CPU time even with the accuracy in the table.

Now, we show the numerical results for the two complicated periodic systems
shown in Figure 2. Different from the gold clusters, for these two systems, the spin
polarization is taken into account and the cases using different initial guesses of wave-
functions are tested. Since these two systems show more obvious metallicity, more
smearing strategies may be used. Here, we consider the Gaussian smearing and the
Marzari—Vanderbilt smearing, which are some typical smearing functions used in the
simulation of metallic systems. The detailed results are reported in Tables 3 and 4.
Here, Ny = 2|K|, “atomic” means that the initial guess of wavefunctions is generated
by the superposition of atomic orbitals, and “atomic+random” means that the initial
guess of wavefunctions is generated by the superposition of atomic orbitals plus a
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Table 1: The numerical results for gold clusters obtained by the PCG method (Algo-

rithm 4.2) based on different step size strategies.

Algorithm |  Energy (Ry) Iter. Error CPU time (s) A.T.P.I (s)
Auyy  Ng =322453 N =92 cores = 36
PCG-S1 -1194.49861028 90  9.3E-6 587.0 6.52
PCG-S2 -1194.49861028 50 9.7E-6 397.7 7.95
PCG-S3 -1194.49861028 37  8.5E-6 299.2 8.09
Auig  Ng =322453 N =119 cores = 36
PCG-S1 -1536.01945578 200 1.4E-5 1626.6 8.13
PCG-S2 -1536.01945578 62 7.2E-6 647.3 10.44
PCG-S3 -1536.01945578 37  8.9E-6 384.6 10.39
Ausy Ng =322453 N =132 cores = 36
PCG-S1 -1706.76524000 109 9.1E-6 963.3 8.84
PCG-S2 -1706.76524000 55  8.3E-6 621.6 11.30
PCG-S3 -1706.76524000 38 9.1E-6 429.7 11.31
Auzs Ng =429409 N =211 cores = 36
PCG-S1 -2731.11762824 90 8.3E-6 1808.6 20.10
PCG-S2 -2731.11762824 48  8.4E-6 1270.7 26.47
PCG-S3 -2731.11762824 38 8.3E-6 1019.1 26.82
Augy Ng =429409 N =277 cores = 36
PCG-S1 -3584.66580292 78  1.0E-6 2133.8 27.36
PCG-S2 -3584.66580292 55  5.8E-6 2011.6 36.57
PCG-S3 -3584.66580292 39 8.5E-6 1390.6 35.66
Ausg Ng =429409 N =330 cores = 36
PCG-S1 -4267.69535810 114  6.8E-6 3700.7 32.46
PCG-52 -4267.69535810 58  9.4E-6 2626.5 45.28
PCG-S3 -4267.69535810 39 9.2E-6 1786.2 45.80
Auys  Ng = 556667 N =475 cores = 36
PCG-S1 -6145.78233806 200 1.1E-4 13959.2 69.80
PCG-S2 -6145.78233806 89  9.8E-6 8557.1 96.15
PCG-S3 -6145.78233806 40  9.0E-6 3760.7 94.02
Augo Ng = 556667 N =607 cores = 36
PCG-S1 -7853.07110320 200 2.3E-5 19697.0 98.49
PCG-S2 -7853.07110320 91 T7.9E-6 12229.9 134.39
PCG-S3 -7853.07110320 40  9.8E-6 5535.4 138.39
Auyyr Ng =1320073 N =971 cores = 72
PCG-S1 | -12547.62980551 200 4.4E-5 37056.7 185.28
PCG-S2 | -12547.62980551 88  9.7E-6 23166.6 263.26
PCG-S3 | -12547.62980551 42  9.0E-6 11193.5 266.51
Auggg Ng =1320073 N =2040 cores ="T72
PCG-S1 | -26379.41930504 200 1.5E-4 134638.7 673.19
PCG-S2 | -26379.41930504 124 9.1E-6 119025.8 959.89
PCG-S3 | -26379.41930507 51  6.8E-6 49831.2 977.08
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Fig. 3: Convergence curves for F —Fpin, 3||VwF|l and ||V, F|sr obtained by different
step size strategies for Augs.
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Table 2: Comparison of the SCF iterations based on the CG diagonalization and the
PCG method based on the step size strategy (S3). The density mixing factor for the
SCF iterations is 0.3.

Algorithm | Energy (Ry) Iter.  Error  CPU time (s)
Auiy  Ng =322453 N =92 cores = 36
SCF -1194.49861028 16 9.5E-10 271.9
PCG-S3 -1194.49861028 37 8.5E-6 299.2
Auig  Ng =322453 N =119 cores = 36
SCF -1536.01945578 18 5.5E-10 452.7
PCG-S3 -1536.01945578 37 8.9E-6 384.6
Ausg Ng =322453 N =132 cores = 36
SCF -1706.76523999 15 8.3E-10 470.2
PCG-S3 -1706.76524000 38 9.1E-6 429.7
Auzs Ng =429409 N =211 cores = 36
SCF -2731.11762824 16 3.5E-10 1476.1
PCG-S3 -2731.11762824 38 8.3E-6 1019.1
Augy Ng =429409 N =277 cores = 36
SCF -3584.66580291 20 2.2E-11 2870.1
PCG-S3 -3584.66580292 39 8.5E-6 1390.6
Ausg Ng =429409 N =330 cores = 36
SCF -4267.69535809 17 7.8E-10 3629.5
PCG-S3 -4267.69535810 39 9.2E-6 1786.2
Auys Ng = 556667 N =475 cores = 36
SCF -6145.78233806 24  1.9E-10 10766.7
PCG-S3 -6145.78233806 40 9.0E-6 3760.7
Augs Ng = 556667 N =607 cores= 36
SCF -7853.07110315 21  4.8E-10 16142.4
PCG-S3 -7853.07110320 40 9.8E-6 5535.4
Auyyr Ng =1320073 N =971 cores = 72
SCF -12547.62980551 30 3.8E-10 39669.2
PCG-S3 -12547.62980551 42 9.0E-6 11193.5
Auggg Ng =1320073 N =2040 cores ="T72
SCF -26379.41930501 23 3.5E-10 154451.0
PCG-S3 | -26379.41930507 51 6.8E-6 49831.2

superimposed “randomization” of atomic orbitals [33]. We observe from Tables 3 and
4 that, for both the two smearing methods, except for the system NdCuySis with the
initial guess of wavefunctions being given by the superposition of atomic orbitals, the
SCF iterations fail to converge after 500 iterations. We also see that both the PCG
method and the restarded PCG methods can obtain convergent approximations for
both the two systems, no matter what kind of initial guesses and smearing meth-
ods are used. Comparing the results for PCG-S3 with the results for PCG-S3-r1 and
PCG-S3-r2, we observe that the restarting strategy does accelerate the convergence of
the PCG method except for the system NdCusySiy calculated by PCG-S3-r2 with the
initial guesses of wavefunctions being given by “atomic+random” and the Gaussian
smearing. Comparing the results for PCG-S3-r1 with the results for PCG-S3-r2, we
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Table 3: Comparison of the SCF iterations based on the Davidson iterative diagonal-
ization, the PCG method and the restarted PCG methods. The density mixing factor
for the SCF iterations is 0.4, and the Gaussian smearing with ¢ = 0.01 Ry is applied.

Algorithm \ Initial orbitals \ Energy (Ry) Tter.  Error
NdCugSia Ng=3837 N =36 N, =576 cores=36

SCF atomic -1368.00296219 24 1.9E-10

atomic+random | -1367.99467076 500 6.8E-6

PCG-S3 atomic -1368.00296213 440  9.9E-6

atomic+random | -1367.99713429 255 9.8E-6

atomic -1368.00296213 313  9.9E-6

P OG-Sl e Frandom | -1367.99713420 239 9.5

atomic -1368.00296205 308  8.0E-6

PCG-83-r2 atomic+random | -1367.99713429 290  8.8E-6
AICITiV. Ng=1759 N =25 N =144 cores = 36

SCF atomic -479.31372455 500 2.1E-4

atomic+random | -479.31491981 500 7.0E-4

PCG-S3 atomic -479.36755754 200 9.9E-6

) atomic+random | -479.36755753 283 9.3E-6

atomic -479.36755753 136  9.2E-6

PCG-S3-r1 atomic+random | -479.36755753 234  9.6E-6

PCG-S312 atomic -479.36755753 109 8.5E-6

atomic+random | -479.36755754 115 8.0E-6

also see that the second restarting approach (Algorithm 4.4) is better than the first
restarting approach (Algorithm 4.3) for the system AICrTiV, but the first restarting
approach is better than the second restarting approach for the system NdCuySis. We
conclude that the PCG method and the restarted PCG methods are more stable when
different initial orbitals are used and our methods are suitable for different smearing
functions.

6. Concluding remarks. In this paper, we have first investigated the energy
minimization model of the ensemble Kohn-Sham density functional theory from a
mathematical aspect, in which the pseudo-eigenvalue matrix and the general smear-
ing approach are involved. We have shown the invariance and the existence of the
minimizer of the energy functional and proposed a preconditioned conjugate gradient
method to solve the numerical approximations of the energy minimization problem.
In particular, we have presented an adaptive double step size strategy since the it-
erative behavior for ¥ and n may be different. Under some mild and reasonable
assumptions, we have obtained the global convergence of the PCG algorithm based
on the adaptive double step size strategy. We have reported a large number of numer-
ical experiments which can not only verify our theory, but also show the superiority
over the traditional SCF iterations. In particular, our numerical experiments have
demonstrated that our algorithm can produce convergent numerical approximations
for some metallic systems, for which the traditional self-consistent field iterations fails
to converge.

Appendix A. Gradient of the energy functional. In this appendix, we
introduce the gradient of F with respect to ¥ and 1. Assume that the exchange-
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Table 4: Comparison of the SCF iterations based on the Davidson iterative diagonal-
ization, the PCG method and the restarted PCG methods. The density mixing factor
for the SCF iterations is 0.4, and the Marzari—Vanderbilt smearing with ¢ = 0.01 Ry

is applied.
Algorithm ‘ Initial orbitals ‘ Energy (Ry)  Iter.  Error
NdCu2Si2 Ng=3837 N =36 N, =576 cores=236
SCF atomic -1368.00214304 24  4.0E-10
atomic+random | -1367.99221653 500  5.6E-6
PCG-S3 atomic -1368.00214302 313  9.7E-6
) atomic+random | -1368.00214304 541 9.9E-6
atomic -1367.99610068 309  8.0E-6
PCG-53-11 atomic+random | -1368.00214304 226 9.4E-6
atomic -1368.00214301 310 9.5E-6
PCG-53-12 atomic+random | -1368.00214303 315  9.1E-6
AICITiV. Ng=1759 N =25 N =144 cores = 36
SCF atomic -479.31161107 500 9.6E-4
atomic+random | -479.30711971 500 2.1E-3
PCG-S3 atomic -479.36717223 204  9.8E-6
atomic+random | -479.36717223 154  9.2E-6
atomic -479.36717223 104 9.8E-6
PCG-5311 atomic+random | -479.36717223 128 9.2E-6
atomic -479.36717223 90 8.5E-6
POG-53-r2 atomic+random | -479.36717223 109  9.5E-6

correction functional &, is differentiable.

Since Uy is complex valued and F is real valued, F is not differentiable with
respect to Wy. Let WUy = Wy ge + i¥k m, where Wy ge and Wiy, are real valued.
We see that F is differentiable with respect to Wy re and Wy 1n. Thus we apply
the Wirtinger derivatives. More precisely, we view ¥y and Wy as two independent
variables for all k € K, then the energy functional (2.5) is a differentiable functional
of W, ¥ and 7, which is still denoted by F for convenience, namely, F(¥, ¥, n). A
direct calculation shows

1 .
‘F‘IJk = i(f\I}k,Re - lf\Pk,Im)'

We refer to [23] for more details. We use the convenient notation F (¥, n) = F(¥, ¥, )
and L(¥,n,A) = L(V, ¥, n,A). Then there holds

and

where

with f/vloc(p) - ‘/loc +/

]:‘Ifk(\Ilvn) = wka(P‘l/m)\Ilank
Ly, (V,n,A) = wi(Hy(pw,y) Vi Fy, — BYAy),

Hi(p) = — 5 ik + ) + Vioe(p) + V(o)

70 g ~
|P( i|d7ﬂ + Vie(p), Va(p) : ¥y = Via (Vi) + MD (M*Wy),
ol —
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0Exc

ch(p) =

D= [ Tuclp)r)Qr)
It is clear that at any minimizer (¥,n), we have
A = <‘I’1tH(P\P’n)\I/k>Fnk~
Hence we set
Vi, F(¥,n) = 2Ly, (.0, (Vi H (pw,n) Vi) Fy, )iek)

and Vg F = (Vq;k]:)ke)c. Obviously, ‘C‘I’k,Re = quk,lm =0 if and only if E‘I’k =0.

P N
Then we calculate F,, = (8 a ) by referring to Appendix E in [21]. We
nkij i,j=1
see that
(Al) deki = (P;d’l]kpk)”, = 1, . 7]\7
and
A e — pl
(dFp)ij = > P (Pﬁf ( . ) Pk) By
i/,j/::l i/j/
al 1 €ki’ — [
A2 — P ! i L
(A-2) = ; Pkn’Pki’j Jf ( i ) (dewir — dp)
+3 Pkii/P;j,jM(P;dnka)m
€xjl — €kt

i3’

K .
where P = (Pk)kelC S (OévXN)I l, Pﬁnkpk = Dlag(ekl, ey 61(1\/)7 fki = f((eki—u)/cr).
We get from ) wytr Fy, = N, that
ke

_ > kek Wk Zzlil f! (%) dey

(A.3) d —
8 Zkelc Wk Zf\; f! (%)

Moreover, we have

d (UtrS’ (i(nk - ul))) — Uﬁ:dS (eki,a_u>




It follows from (A.2) and (A.4) that

OF
Onij
otrS (L (e — pl
= 886-- — Z Wy O : (B(nk H ))
Mij e Mij
_ Z i o€ a(Fnk/)i’j’ _ Z wkraatrs (%(771(/ *,UI))
KK il =1 O(Fny )iy Ol K ex i

N

K€K =1 \i/,j/=1

N N

0
Meij o =1 \arj=1

i//#j// Z J/ 1
which together with (A.1) and (A.3) leads to

OF
Oneij
N

N
* 1
Z Wy Z Z <1/}k/j/’ Hk' (P\If,n)wk’i’>Pk’i’i”Pk’i”j’ — Ek/i// + N‘ ;f/ (

0 *
E Y we Do D2 Wy Ho(pw) i) Poirin Birin s — e + o o!

N
+ w Z Z (Y7 Hi(pw,n)¥xir ) Pairir Pegrr o Jigr = Fua

Ekj” — €xq!

g

1 / (Eki” — M
g

*
Pki”ipkjj"a

~ ~ 1 €xi/ — *
= wic Y (Pt Hi(pi ) iir) — €rcir + M);f’ (kTu) Piri Pejir

/=1

Wy fo:l I (fkiliu) P Pojv
Zk'EKwklZ' lf/ (ek,/ H) ke i'=1
i -

Fwe Y (Prjr, Hipg pp )t ) ———5

€xi/ — €
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*
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N
7 7 1 €ki’! — *
= wi ( D (wirs Hi(pg ) rcir) — €ki/);f/ (kT“) Byiri Pejir
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SIS () P P

: 5t s ot i) ) 7 (2

Swex Wi Dy I ( K M) WeKk =1
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When all 7 are diagonal matrix, we see from P, = Iy for all k € K that

oOF
OMij

1 -
= wg ((<¢kiaHk(p\I/,n)wki> - €ki);f/ <6k > ,u> 0ij
f/ (Ek/zf_l‘) 52]

— d
o we X0, £ (S=)
+ g Hpu)ia) 9041 = 5, )
J i

for any k € IC, where

N
(A.5) du = Z Wi Z(<wk'i"Hk’(p‘I’ﬂ7)¢k'i’> — €wir) lf/ (w> :

g g
kel =1

N AT
We denote by V,, F = Fl = <( 07 ) 1) y Vo F = (Vi Fkek-

Onkij

J

Appendix B. Kohn-Sham equation. In this appendix, we show the associ-
ated standard Kohn-Sham equation for the ensemble Kohn-Sham DFT.
Let Lg(®,n,A) =0, i.e.,

(B].) Hk(pé,n)éank = B(I)kAk, vk € K.
Thus we have
(B2) Efbk,nank = Ak7

where Yo, n. = (PLH (pso,n)Px). Let L£,(®,n,A) = 0. Without loss of generality,
let all m be diagonal. If not, by (3.7), we still have Ly, = 0 and £,, = 0 after
diagonalizing ny and then rotating the @, and performing a similarity transformation
on Ay accordingly.

Denote n, = Diag(ex,...,exn). Since f is strictly monotonic decreasing, the
derivatives of f are always less than 0. We obtain from 7, being diagonal and
Ly (®,m,A) =0 that o, , = nx + cl is diagonal, where

d,
lz w EN f! (%ﬂ*#) '
o k Yk =1 o

Here d,, is defined as (A.5). Denote ey; = €x; + ¢, then Yo, , = Diag(eki, ..., cxn)-
Consequently, we arrive at the standard Kohn-Sham equation

(B.3) c=

(B4) H(p)¢kz = Eki8¢ki7 1= ]., 2, ey N.

where p = Z wi tr((Pp ¥y + (P M) Q(M™*®y)) Fy, ), m« = Diag(exi, €k, - - -, €xn)-
ke
If Ay are forced to be Hermitian, then we can derive the Kohn-Sham equation

without the condition £, (®,n, A) = 0. Indeed, it is clear that g, », = (PLH (po n)Px)
are Hermitian since Hamiltonian operator H(pg ,) is self-adjoint. It follows from
Af = Ay and F. = F,, that

(B'5) Ei’k,nank - Fnk E‘Pkmk'
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Thus there exists P € (ONXN)“C‘ such that

are

D % *
Eq:‘kPImP]:V]kPk = sz‘bk,ﬂkpkv FPQHP}( _PankPk7 PkAkPk

diagonal. Let Diag(ek1,...,exn) = P;Aan*klPk. We still denote @ P, and

PPy by Ok and 1, respectively. Consequently, we arrive at (B.4).

The Kohn-Sham equations (B.4) are usually solved by the SCF iterations which

is stated as Algorithm B.1.

Algorithm B.1 The SCF iteration method for solving ensemble Kohn-Sham DFT

1: Given € > 0, o and initial guess of the input density pi,. Set pout = 0;
2: while ||pout — pin|| > € do
3:  Obtain the input density p;i, by some mixing schemes from p,y; and the density
of previous steps;
4:  Solve the linear eigenvalue problems
H(pin)ri = €xidris
to get eigenpairs (¢x;,exi), k € K, i=1,2...,N;
5:  Calculate g and occupation numbers fy; corresponding to eigenfunctions ¢y;
N
such that > wy > fxi = Ne and
kek =1
E1i —
i =f <1M> ;
o
6:  Calculate output density
Pout = Z Wy tr((\ylt\l]k + <\IIEM>Q<M*\IJ1<>)F771<)’
ke
where Fnk = Diag(fkl, fkg, ey ka);
7: end while
Acknowledgments. The authors would like to thank Professor Zhigang Wang
for providing the configurations of the gold clusters, Professor Nicola Marzari for

providing the configurations of the multicomponent systems, and Dr. Liwei Zhang
for his helpful discussions.

REFERENCES

K. BAARMAN, V. HAavu, AND T. EIROLA, Direct minimization for ensemble electronic structure
calculations, J. Sci. Comput., 66 (2016), pp. 1218-1233.

A. D. BECKE, Perspective: Fifty years of density-functional theory in chemical physics, J.
Chem. Phys., 140 (2014), p. 18A301.

P. E. BLOCHL, Projector augmented-wave method, Phys. Rev. B, 50 (1994), pp. 17953-17979.

C. L. BRris, ed., Special Volume: Computational Chemistry, vol. X of Handbook of Numerical
Analysis, North-Holland, 2003.

J. CALLAWAY AND N. MARCH, Density functional methods: Theory and applications, in Solid
State Physics, vol. 38, Elsevier, 1984, pp. 135-221.

H. CHEN, X. GoNG, L. HE, Z. YANG, AND A. ZHOU, Numerical analysis of finite dimensional
approzimations of Kohn-Sham models, Adv. Comput. Math., 38 (2013), pp. 225-256.

43



27]

(31]
32]

[33]

M.

M.

M.

M.

M.

=

E.

B.

=B TN B~ H o W I

. CHEN, X. GONG, AND A. ZHOU, Numerical approzimations of a nonlinear eigenvalue problem

and applications to a density functional model, Math. Methods Appl. Sci., 33 (2010),
pp. 1723-1742.

. B. ConwAy, A Course in Functional Analysis, Springer, New York; London, 2007.
. DA1, Z. Liu, L. ZHANG, AND A. ZHOU, A conjugate gradient method for electronic structure

calculations, SIAM J. Sci. Comput., 39 (2017), pp. A2702-A2740.

. Dal, L. ZHANG, AND A. ZHOU, Adaptive step size strategy for orthogonality constrained line

search methods, arXiv: 1906.02883, (2020), pp. 1-24.

. H. Da1 AND Y. YUAN, A Nonlinear Conjugate Gradient Method with a Strong Global Con-

vergence Property, SIAM J. Optim., 10 (1999), pp. 177-182.

. ELsASSER, M. FAHNLE, C. T. CHAN, AND K. M. Ho, Density-functional energies and forces

with Gaussian-broadened fractional occupations, Phys. Rev. B, 49 (1994), pp. 13975-13978.

. FLETCHER AND C. M. REEVES, Function minimization by conjugate gradients, Comput. J.,

7 (1964), pp. 149-154.
FREYSOLDT, S. BOECK, AND J. NEUGEBAUER, Direct minimization technique for metals in
density functional theory, Phys. Rev. B, 79 (2009), p. 241103.

. L. Fu aAND K. M. Ho, First-principles calculation of the equilibrium ground-state properties

of transition metals: Applications to Nb and Mo, Phys. Rev. B, 28 (1983), pp. 5480-5486.

. Gao, X. L, X. CHEN, AND Y.-X. YUAN, A new first-order algorithmic framework for

optimization problems with orthogonality constraints, SIAM J. Optim., 28 (2018), pp. 302—
332.

J. GILLAN, Calculation of the vacancy formation energy in aluminium, J. Phys.: Condens.
Matter, 1 (1989), pp. 689-711.

P. GRUMBACH, D. HoHL, R. M. MARTIN, AND R. CAR, Ab initio molecular dynamics with
a finite-temperature density functional, J. Phys.: Condens. Matter, 6 (1994), p. 1999.

F. HERBST AND A. LEVITT, Black-box inhomogeneous preconditioning for self-consistent
field iterations in density functional theory, J. Phys.: Condens. Matter, 33 (2021),
p- 085503.

R. HESTENES AND E. STIEFEL, Methods of conjugate gradients for solving linear systems,
J. Res. Nat. Bur. Standards, 49 (1952), pp. 409-436.

. IsMAIL-BEIGI AND T. ARIAS, New algebraic formulation of density functional calculation,

Comput. Phys. Commun., 128 (2000), pp. 1-45.

. KRESSE AND J. FURTHMULLER, Efficiency of ab-initio total energy calculations for metals

and semiconductors using a plane-wave basis set, Comput. Mater. Sci., 6 (1996), pp. 15-50.

. KREUTZ-DELGADO, The complex gradient operator and the CR-calculus, arXiv: 0906.4835,

(2009), pp. 1-74.

. LiN AND C. YANG, Elliptic preconditioner for accelerating the self-consistent field iteration

in Kohn—Sham density functional theory, STAM J. Sci. Comput., 35 (2013), pp. S277-S298.

. M. MARTIN, Electronic Structure: Basic Theory and Practical Methods, Cambridge Univer-

sity Press, Cambridge, United Kingdom; New York, NY, second edition ed., 2020.

. MARZARI, Ab-Initio Molecular Dynamics for Metallic Systems, PhD thesis, University of

Cambridge, 1996.

. MARzARI, D. VANDERBILT, A. DE VitA, AND M. C. PAYNE, Thermal Contraction and

Disordering of the Al(110) Surface, Phys. Rev. Lett., 82 (1999), pp. 3296-3299.

. MARZARI, D. VANDERBILT, AND M. C. PAYNE, Ensemble density-functional theory for ab

initio molecular dynamics of metals and finite-temperature insulators, Phys. Rev. Lett.,
79 (1997), pp. 1337-1340.

METHFESSEL AND A. T. PAXTON, High-precision sampling for Brillouin-zone integration in
metals, Phys. Rev. B, 40 (1989), pp. 3616-3621.

. G. PARR AND W. YANG, Density-Functional Theory of Atoms and Molecules, no. 16 in

International Series of Monographs on Chemistry, Oxford University Press, New York,
1994.

PorLAK AND G. RIBIERE, Note sur la convergence de méthodes de directions conjuguées, Rev.
Francaise Informat Recherche Opertionelle, 16 (1969), pp. 35-43.

PoLYAK, The conjugate gradient method in extremal problems, USSR Comp. Math. and
Math. Phys., 9 (1969), pp. 94-112.

Quantum ESPRESSO. https://www.quantum-espresso.org/.
(34] A. Ru1z-SERRANO AND C.-K. SKYLARIS, A variational method for density functional theory

calculations on metallic systems with thousands of atoms, J. Chem. Phys., 139 (2013),
p. 054107.

[35] R. SCHNEIDER, T. ROHWEDDER, A. NEELOV, AND J. BLAUERT, Direct minimization for calcu-

lating invariant subspaces in density functional computations of the electronic structure,

44



J. Comput. Math., 27 (2009), pp. 360-387.

N. TROULLIER AND J. L. MARTINS, Efficient pseudopotentials for plane-wave calculations, Phys.
Rev. B, 43 (1991), pp. 1993-2006.

M. ULBRICH, Z. WEN, C. YANG, D. KLOCKNER, AND Z. LU, A prozimal gradient method for
ensemble density functional theory, SIAM J. Sci. Comput., 37 (2015), pp. A1975-A2002.

D. VANDERBILT, Soft self-consistent pseudopotentials in a generalized eigenvalue formalism,
Phys. Rev. B, 41 (1990), pp. 7892-7895.

H. Zuanc AND W. W. HAGER, A nonmonotone line search technique and its application to
unconstrained optimization, STAM J. Optim., 14 (2004), pp. 1043-1056.

X. ZHANG, J. ZHu, Z. WEN, AND A. ZHOU, Gradient type optimization methods for electronic
structure calculations, STAM J. Sci. Comput., 36 (2014), pp. 265—289.

Z. ZHAO, Z.-J. BAl, AND X.-Q. JIN, A Riemannian Newton algorithm for nonlinear eigenvalue
problems, SIAM J. Matrix Anal. Appl., 36 (2015), pp. 752-774.

Y. Zunou, H. WaNG, Y. Liu, X. GAao, AND H. Sona, Applicability of Kerker precondition-
ing scheme to the self-consistent density functional theory calculations of inhomogeneous
systems, Phys. Rev. E, 97 (2018), p. 033305.

45



	1 Introduction
	2 Preliminaries
	2.1 Basic notation
	2.2 Ensemble Kohn-Sham DFT model for metallic systems

	3 Mathematical analysis
	3.1 Invariance
	3.2 Existence of the minimizer

	4 Numerical approximations
	4.1 Numerical method
	4.1.1 Adaptive double step size strategy
	4.1.2 The preconditioned conjugate gradient method
	4.1.3 The restarted preconditioned conjugate gradient method

	4.2 Convergence analysis

	5 Numerical experiments
	6 Concluding remarks
	Appendix A. Gradient of the energy functional
	Appendix B. Kohn-Sham equation
	Acknowledgments
	References

