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nous réunir et faire un magnifique repas. Cela a toujours été des moments importants.
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ce que j’ai raté, mais dans toutes mes réussites vous avez eu un rôle essentiel et ce doctorat ne

fait pas exception.

Une pensée pour toi mamie Hélène qui est partie quelque peu avant la fin de mon aventure
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Abstract

This thesis is devoted to the study of different non-perturbative aspects of supersymmetric

quantum field theory (SQFT). We analyze SQFTs living in different space-time dimensions

and preserving different number of supercharges but with a special emphasis to the minimally

supersymmetric theories in 4d (N = 1).

In the first part of this thesis, we generalize a technique called sequential deconfinement al-

lowing us to prove various 4dN = 1 infrared (IR) dualities by iterative use of more fundamental

ones. It includes all the S-confining dualities, meaning gauge theories dual to a Wess-Zumino

model, with simple gauge group, vanishing superpotential and matter fields transforming in

rank-1 and/or rank-2 representations. As well as the self-duality of the 4dN = 1 USp(2N)

gauge theory with an antisymmetric field and 8 fundamentals.

In the second part, we consider 5d KK-dualities, that is multiple 5d gauge theories with the

same 6d infinite coupling limit. Then we use these KK-theories to construct new non-trivial

4dN = 1 IR dualities.

In the last part, we propose new classes of 4dN = 1 S-confining gauge theories and discuss

some 3d reductions. These 3d S-confining theories provide an understanding of a recently

proposed 4dN = 1 theory that flows to the same conformal manifold of N = 4 super Yang-

Mills with SU(2N+1) gauge group. The 3d perspective allows us to generalize the construction

by providing another example of a flow with supersymmetry enhancement.
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Chapter 1

Introduction

Quantum field theory (QFT) is a pillar of theoretical physics. QFT emerges as the unification

between quantum mechanics and special relativity. It is by now unavoidable, present in so

many domains of physics that we can affirm, without taking too much risk, that it will still be

the basis of physics in the 21st century. Let us name a few of these domains

• Particle physics. The field that gave birth to QFT and which culminates with the Stan-

dard Model (SM), a particular type of QFT which describes our world with an incredible

accuracy. Some of the predictions of the SM have been verified experimentally with the

greatest precision in human history. It is still an ongoing quest to study the SM and

physics beyond it [5].

• Condensed Matter Physics. The study of symmetry breaking, phase transitions and

phases of matter are crucial concepts in condensed matter physics and QFT is well suited

to study them.

• Statistical Physics. QFT techniques, contribute to the understanding of universal aspects

of critical phenomena and phase transitions in statistical physics. We can give for example

the computation of the critical exponents.

• Quantum Gravity (QG). The ultimate quest of unifying all forces of nature including

gravity. String theory (ST), the leading candidate for such unification is written in a

QFT language. The holography principle also establishes a clear connection between

QFT and ST. See the following reports highlighting further this relationship between

QFT and ST [6–8].

• Cosmology. QFT is applied in cosmology, particularly in the context of inflationary

theory, to model the dynamics of fields during the early universe, explain the origin of

cosmic structures, and provide a theoretical framework for understanding the observed

features of the cosmos at large scales. QFT in curved background is used to describe the

thermodynamics of black holes [9].

• Mathematics. QFT has provided valuable tools for understanding and classifying three-

dimensional manifolds, particularly in the field of topology and knot theory [10, 11].
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• Finance. At first we can think of it as a joke but quantum finance is an emerging

field that explores the mathematical underpinning of QFT to formulate a comprehensive

mathematical theory of asset pricing as well as of interest rates [12]. We included this

example to illustrate the importance of QFT and its potential use outside of physics.

However QFT has a problem1 and an obvious one, it is hard to solve. In the generic situation,

it is almost impossible to do any exact computation. Usually we can do computations only in

some regime of the parameters defining the theory. When one of the parameters is small, we said

that we are in a weak coupling regime and we can use perturbation theory to do computations.

This has been the most successful strategy to obtain results in QFT. One of the main reasons

why it is so hard to do computations in QFT (but at the same time the source of its richness and

beauty) is the renormalization group (RG) flow. It is the idea that the couplings of the theory

depend on the energy scale. Going to low energy, following the RG flow, usually some coupling

becomes strong. Perturbation theory breaks down and we lose computational control. Some

remarkable phenomena could occur along this flow like confinement, symmetry enhancements

and dualities. This is what we will be the main focus of this thesis.

In order to study these phenomena, we will restrict to a particular class of QFT called

supersymmetric quantum field theory (SQFT). Supersymmetry (SUSY) is a symmetry under

the exchange of bosons and fermions [13–17]. It is a space-time symmetry and the only possible

extension of the Poincaré symmetry [18]. One objection we can immediately rise is the following,

our world as we observe now (including all particles experiments that have been done) is non-

supersymmetric. We can then ask: why should we study SUSY theories? There are, of course,

good reasons to explore them2:

• SUSY is still a viable extension of the SM and not ruled out as a symmetry of nature

[19–21].

• SUSY is crucial in string theory to ensure the consistency of the theory [22, 23].

• SUSY as application in mathematics. Most often, when there is a relationship between

theoretical physics and pure mathematics SUSY is involved [10, 11]. To give one particular

example, by studying some SUSY theories there have been conjectures about some integral

identities that have been later proven by mathematicians [24–27].

• SUSY offers tools to study strong coupling phenomena and obtain exact results that are

out of reach for ordinary QFTs. Therefore SQFT is a useful playground to study QFT

because of this gain of computational power.

Let us expand a little bit on the last point because it is in this spirit that SUSY has been

used in this thesis. An important example of the power of SUSY is through localization, see

[28] for a review. It is a technique used to compute exactly partition function and others

conserved quantities in SUSY theories defined on some compact manifolds (like spheres Sd).

1Probably here the word problem is not well suited. There is no a priori reason why it should be possible to

describe nature in an easy way by humans.
2Therefore good reasons to pay a PhD student to do it.
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There are, of course, limitations to this technique. It cannot be applied to correlators of

generic local operators and it can be used only to Lagrangian theories. However for the class

of observables to which localization works, it offers the opportunity to study the full non-

perturbative answer. Therefore it is a precious tool to inspect interacting SQFT. It turns out

that some of these observables (for example the partition functions on some compact manifolds

like the superconformal index [29, 30]) are invariant along the RG flow. We can therefore

use the ultraviolet (UV) description to compute these quantities and have access to some IR

properties that are hard to get. It is therefore an extremely valuable tool.

For now on, let us review in turn the phenomena that will play an important role in this

thesis.

The first one is confinement. It is an important scenario that can occur in the IR of gauge

theories. It is the idea that at low energy the correct set of degrees of freedom (d.o.f) to describe

the IR physics should be gauge singlets of the UV gauge theory. This is the phenomenon

that is conjectured to happen in real world quantum chromodynamics (QCD) and is generally

summarized by saying that quarks are confined inside hadrons. It is a long-standing problem

(even a millennial problem [31]) to have a mathematical proof of this conjecture. When adding

SUSY, the situation is under better analytical control. Let us review a little bit the situation

in 4d.

For gauge theories with eight supercharges (4dN = 2), Seiberg and Witten [32, 33] found

a way to determine the low energy effective action and therefore the IR dynamics of these

theories. A remarkable feature of their solution is the presence of massless monopoles or dyons.

However these theories are not confining. We can reach confining ones by softly breaking N = 2

SUSY to N = 1 (technically it is done by giving a mass to the adjoint chiral field). By using the

Seiberg-Witten solution, we can study this deformation and prove confinement. The upshot is

that the magnetic monopoles condense which leads to the screening of the magnetic charges and

confinement for the electric ones. It is the electro-magnetic (EM) dual of the Higgs mechanism

that is responsible for the Meissner effect (confinement of the magnetic charges) taking place

in superconductors. This is a concrete realization of an old idea by ’t Hooft and Mandelstam

that confinement in non-abelian gauge theories is associated to condensation of magnetic object

[34–36].

Theories with four supercharges (4dN = 1) are less constraint but still the IR dynamics can

be determined in some cases. It is mainly due to the power of holomorphy [37–39] and was

applied by Seiberg to obtain the IR dynamics of 4dN = 1 SQCD. For SU(N) with F flavors3,

Seiberg argues that the theory confines for 0 ≤ F ≤ 3
2
N . The way the theory confines vary

depending on F . Let us briefly state the results, we will come back to SU(N) SQCD in Section

2.1.1. Nice lectures about this subject can be found in [40–42]

• For F = 0, we have N = 1 super Yang-Mills (SYM) which enjoys strict confinement4 and

3A flavor corresponds to two chiral fields, one in the fundamental representation and one in the anti-

fundamental of SU(N).
4The word strict means that not only quarks are confined but also the chromoelectric field. It cannot spread

out in space over regions larger than about Λ−1 (the dynamical scale) in radius. See [43] for a nice explanation

of confinement and strict confinement.
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generation of a mass gap.

• For 0 < F < N , the theory does not properly exist because there is a runaway behavior.

It means that there is not an absolute minimum, at finite distance in field space, of the

non-perturbatively generated superpotential.

• For F = N, N + 1, the theory confines with charge screening and no mass gap. The

asymptotic states are mesons and baryons. In the F = N case, the origin of the moduli

space is removed by a non-perturbatively generated constraint and therefore there is

always a chiral symmetry breaking. This situation is referred to quantum deformed moduli

space. Instead for F = N +1, the origin is part of the moduli space and at this point the

global symmetry is not spontaneously broken. This case is called S-confinement.

• For N + 1 < F < 3
2
N , the theory confines, the asymptotic states are still mesons and

baryons (composite of the elementary electrically charged fields). However the surprising

result of Seiberg is that the IR can also be described by freely interacting quarks and

gluons magnetically charged under a gauge group that is not visible under the electric

description of the theory. This phase is called the free magnetic phase. It is an instance

of what is now called Seiberg duality. A concept that we will review shortly.

• For F ≥ 3
2
N the theory does not confine.

Let us expand on the S-confinement case because it will play an important role in this thesis.

The S in S-confinement stands for smooth. More precisely this terminology has been introduced

in [44] for “smooth confinement without chiral symmetry breaking and with a non-vanishing

confining superpotential”. The IR behavior of an S-confining gauge theory, by definition, can

be captured by a theory with trivial gauge dynamics, that is a Wess-Zumino (WZ) model. The

elementary fields of the IR WZ description map with the gauge invariant operators of the UV

gauge theory, more precisely they are in one-to-one correspondence with the generators of the

chiral ring of the UV gauge theory. In addition, we require that this WZ description is valid

everywhere on the moduli space including the origin where therefore all global symmetries are

unbroken. The two paradigmatic, and simplest, examples of S-confining gauge theories are [37,

45]

• SU(N) with N + 1 flavors, described by a theory of mesons and baryons.

• USp(2N) with N + 2 flavors5, described by a theory of mesons.

There are also other examples of S-confining gauge theories. In particular, [46] classified all the

S-confining gauge theories with a simple gauge group and vanishing tree-level superpotential.

These theories were argued to be S-confining by proposing a WZ description and checking that

all the ’t Hooft anomalies of the UV gauge theory match the ’t Hooft anomalies of the WZ

description. We review this work in section 2.8.

5For USp gauge group, we call a flavor two chiral fields in the fundamental representation.
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As anticipated in the last paragraph, duality is an important phenomenon and will be the

main protagonist of this thesis. There are a lot of different situations than physicists regroup

under the name of duality:

• Exact EM duality as in pure Maxwell theory (free U(1) gauge theory) and the maximally

supersymmetric theories 4dN = 4 SYM.

• 4dN = 2 S-dualities.

• Seiberg duality in N = 1.

• Mirror symmetry in 3d and 2d6.

• UV duality in 5d.

• Conformal dualities.

• Holographic duality (AdS/CFT).

Loosely speaking, we talk about duality for situations in which we have two (or more) apparently

different theories which, however, agree when computing some physical quantities. We can

either search for a proof of the duality statement, it is, however, an extremely rare situation

when we can succeed, or we can more modestly gain confidence on the claim by performing non-

trivial checks. A duality statement can be extremely useful because some physical quantities

could be at strong coupling in one description (therefore impossible to compute usually) but

at weak coupling in the dual frame (therefore accessible). We have already discussed one such

example in the context of the free magnetic phase of SU(N) SQCD. This is the power of duality

[51] and what makes dualities among the most powerful tool to analyze QFT at strong coupling.

There is another use of a duality statement worth stating. We can use a duality in order to

define precisely one side when such clear definition does not exist. For example, in AdS/CFT

we can use the clear CFT definition part in order to define what we mean by quantum gravity

in AdS space.

The kind of dualities that will mainly talk about in this thesis is the Seiberg ones. A

more proper definition is the following. A given CFT TA in the UV deformed by a relevant

deformation flow in the IR to a theory that can be obtained starting from a different CFT

TB and a relevant deformation. The first example [38] involves SU(N) SCQD with F flavors

for TA and TB is given by SU(F − N) SQCD with F flavors (qi, q̃
i), F 2 gauge singlets M i

j

and superpotential W = qiM
i
j q̃
j. After this discovery by Seiberg, a lot of other examples have

been found for other gauge group, matter content and superpotential [45, 52–67]. Up to now,

we have talk about the situation in 4d. However this kind of duality is not restricted to this

dimension and examples have been found in 3d and 2d [68–79].

One of the main lines of research in this thesis has been to organize and find new dualities.

By organizing, we have this specific meaning of which dualities are independent and which ones

could be obtained by use of the independent ones. Another way of formulating the problem

6See [47–50] for a recent discussion of this class of duality in a 4d context.
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would be, could we find a basis of dualities? This question is open and it is not clear that we

have enough understanding of strong coupling dynamics to give a definitive answer. The best

we can do for now is to prove as many dualities as possible among the ones that already exist

in the literature. To be clear, by proving the duality between theory T1 and theory Tk, we mean

constructing a sequence of quiver gauge theories Ti, i = 1, . . . , k, such that Ti is related to Ti+1

by the application of an elementary duality on a single node. So all the theories T1, . . . , Tk are

infrared dual. Assuming, as is standard, that the renormalization group flows commute with

dualizing a single node, this amounts to a proof of the non-elementary duality T1 ↔ Tk. The

recent line of research in this direction is concerned with the derivation of dualities involving

rank-two matter applying iteratively known more basic dualities involving gauge theories with

fundamental matter, like Seiberg [38], Intriligator-Pouliot [45] in 4d and Aharony dualities [68]

in 3d. The strategy we are going to use goes under the name of sequential deconfinement [1–3,

58, 60, 63, 80–87].7 The idea is to use a confining duality with fundamental matter fields (the

S-confining theories that we mentioned previously) to trade the rank-two field for a new gauge

node. This gives a quiver gauge theory that can be further dualized using basic dualities so to

reach the desired dual frame. In three dimensions, [82, 83] proved a 3dN = 2 S-confining duality

for U(N) with adjoint and (1, 1) fundamentals [91–93] iterating Aharony duality. [85] proved

3d N = 2 self-dualities of U(N) with adjoint and (2, 2) fundamentals and of USp(2N) with

antisymmetric and 6 fundamentals [92, 93], iterating Aharony dualities. Iterative application

of confining monopole dualities [94] have been proven very useful in 3d also in [80, 81, 95,

96]. In this thesis, we will see a proof of the S-confining dualities in the classification of [46]

that we mentioned before. The dualities that we use as basic building blocks are the two

S-confining dualities discussed above, that is SU(N + 1)/USp(2N) with N + 2 flavors. Our

strategy is similar to the strategy of [82, 83, 87], implemented in 3 dimensions.8 One immediate

lesson that can be drawn from these results is that the basic Seiberg dualities, involving only

fundamental matter, seem to be strong enough to prove dualities involving more general matter

content. Recent results that corroborate this expectation appeared recently in [47–50] where

a similar logic of the sequential deconfinement allowed to derive 4d and 3d mirror symmetry

with eight and four supercharges from the Intriligator–Pouliot [45] and the Aharony duality

[68], respectively. Interestingly, the deconfinement procedure also has an avatar in the math

literature once implemented at the level of some supersymmetric partition function such as the

4d N = 1 supersymmetric index, see e.g. [24–27].

Another organizing principle to study QFT phenomena, that is going to play a role in this

thesis, is the one of dimensional reduction. The idea of relating theories defining in different di-

mensions is old, the Kaluza-Klein (KK) original idea of unifying gravity and electromagnetism

using a fifth dimension is more than 100 years old [99, 100]. After the intrusion of string theory

inside theoretical physics, the study of compactification has received much more attention, see

7Similar deconfinements appear in [88, 89] in the study of orientifolded dimer models, and were used in [90]

to construct N = 1 Lagrangians for 4d N = 2 SCFTs.
8Indeed, dimensional reducing USp(2N) with antisymmetric and 6 fundamentals on a circle and turning on

appropriate real mass deformations as in [92, 94], it is possible to flow to the S-confining duality of 3d N = 2

U(N) with adjoint and (1, 1) fundamentals discussed in [82, 83]. See [97] for a study of 3d N = 2 S-confining

single node quivers and [98] for a relation between 4d and 3d S-confinements.
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[101] for a recent review and references therein. In more recent years, the idea of compactifi-

cation has been used to study strong coupling effects like IR dualities in field theory without

gravity. The schematic way dimensional reduction of a duality works is the following. We start

with a pair of dual theory, T1 and T2 in d spacetime dimension. Then we compactify both of

the dual theories in a (d− d′)-dimensional manifold (with characteristic length r) and flow to

energy E much smaller than the compactification scale. We obtain two theories in d′ spacetime

dimension and we want to know if they are dual or not. In this process, two limits are involved:

the compactification radius goes to 0 (r → 0) and the flow to low energy (E → 0). The subtlety

is about the order of the two limits. First order: take first E → 0 (r fixed) for T1 and T2, this is

the regime of validity of the duality in d dimension and therefore we reach the same fixed point

theory TIR (still in d dimension). Taking then r → 0 should correspond to the dimensional

reduction of this fixed point and gives a theory T ′
IR living in d′ dimension. Second order: take

first r → 0, we get two theories T ′
1 and T ′

2 in d′ dimension. Then going to low energy E → 0.

If the two limits commute (r → 0 and E → 0) then the two theories T ′
1 and T ′

2 should flow in

the IR to the same fixed point T ′
IR and therefore we obtain a duality statement in d′ spacetime

dimension. The study of the commutativity of the limits has been done in different setups.

From 4dN = 1 to 3dN = 2 in [76, 102–106], from 3dN = 2 to 2dN = (2, 2) in [107, 108] and

from 4dN = 1 to 2dN = (0, 2) in [109]. A lot of previously found 3d dualities have been linked

to a 4d ancestor [68, 70, 110] and new ones have been discovered [92–94]. We will also present

new 3d dualities in this thesis following this path. We could then ask the general question: do

all dualities in d ≤ 3 have a 4d ancestor? This is the same kind of open question than the

previous one and once again it is not clear that we can give a definitive answer. The best we

can do for now is to find a 4d ancestor to all the lower-dimensional IR dualities. Recently some

progress has been made by finding a 4d ancestor to a class of IR dualities in 3d called mirror

symmetry [47–50, 111].

Up to now, we have only talked about compactification when the starting theory is four-

dimensional but a line of research starts with higher dimensional theories (5 or even 6d). Let

us first say few things about these theories. In 5 and 6d all Lagrangians are IR free so for a

long time, it was not clear that non-trivial CFT existed in these dimensions. With the use of

ST and supersymmetry people were able to show that indeed non-trivial SCFTs live at strong

coupling of some gauge theories [112–114]. It has to be seen as a great success both for ST and

SUSY. Up to now, clear existence of higher-dimensional theories has been established only for

supersymmetric theories9.

6d SCFTs are particularly appealing because it is the maximal dimension for which a su-

perconformal algebra can be defined [122], SCFTs are either of the type (2, 0) or (1, 0) corre-

sponding to 16 or 8 supercharges. The (2, 0) theories are organized by an ADE classification

[113, 123–126]. The (1, 0) landscape is much wider. There exists a putative classification com-

ing from ST (from F-theory, the non-perturbative completion of type IIB, to be more specific)

[127–129], see [130] for a review.

The situation for the 5dN = 1 SCFTs (there is a unique superconformal algebra in 5d) is

more delicate and less understood. The most systematic approach so far has been to study

9Recent works have investigated non-supersymmetric fixed point in 5d [115–121].
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5d KK-theories meaning theories which UV complete in 6d. Saying in another way, these are

the theories that we get after compactifying 6d SCFTs on a circle (with possible twists of the

global symmetries) [131–138]. It is conjectured that all 5d SCFTs can be obtained starting

from the KK-theories and flowing from them by deformations (like mass deformation). It is an

open problem understanding if this method gives a full classification or not. A recent review

on the status of the classification, both for 6d and 5d SCFTs, can be found in [11]. It includes

an exhaustive list of references.

Let us now cite some of the uses of these higher-dimensional theories in the study of lower-

dimensional theories. One of the earliest and clearest uses of the (2, 0) theory [139] was to give

a geometric origin of the SL(2,Z) self-duality of the 4dN = 4 SYM conjectured in [140, 141].

The reasoning goes as follows: compactify the 6d (2, 0) on a 2-torus T 2 to get the 4dN = 4 SYM

(no supercharges are broken because T 2 is flat). The complex structure of T 2 is interpreted as

the holomorphic gauge coupling of the 4d theory. Then S-duality (τ → − 1
τ
) of the field theory

comes from the invariance of the complex structure of T 2 under this transformation. Then

the compactification of the 6d (2, 0) has been generalized to other Riemann surfaces with or

without punctures. It leads to the construction of a huge class of 4dN = 2 SCFTs called class

S, see [142–144] for the original work, [145–164] for a lot of generalizations and [165] for a recent

review. The compactification also allows to understand the origin of highly non-trivial duality

transformation in 4d. Indeed distinct 4d theories correspond to different pants decomposition

of the same Riemann surface and therefore should be related by some S-duality (it is the case

because we expect that the 4d theory depends only on the topology of the surface and therefore

all pants decomposition are equivalent). More precisely, the deformation to get from one surface

to the other is interpreted in field theory as moving in the parameter space that connects the

two theories. Later, 4dN = 1 SCFTs have been obtained using similar philosophy. Starting

once again with 6d (2, 0) theories but studying a compactification that preserves only N = 1

in 4d [166–169]. An even larger class of 4dN = 1 theories can be generated by starting with

6d (1, 0) theories instead of the (2, 0) [111, 170–177]. These results about compactification

lead to the discovery of the notion of across dimensions IR duality. It is the search for a 4d

Lagrangian that flows in the IR to the same SCFT has the one we get after compactifying a

6d theory on a surface. More precisely the statement that two theories are across dimension

dual is the following: we have a 6d SCFT deformed by geometry and a 4d SCFT deformed by

a relevant deformation that both flow to the same 4d SCFT in the IR. A recent review on this

topic can be found in [178].

Another way of using ST to study aspects of field theory is to engineer them using D-

branes. It is doable because the low energy dynamics of D-branes is described by SYM on

their worldvolume. Since the original brane setup of Hanany-Witten [179] describing 3dN = 4

theories a lot of work have been done to construct gauge theories in several dimensions, with

different amounts of SUSY and gauge groups. See [180] for a review. In the context of 5dN = 1

gauge theories, the Hanany-Witten brane setup [179], which in this case involve webs of 5-

branes, a.k.a. pq-webs [181–183] is a powerful tool to analyze the strong coupling behavior.

In many instances, there are more than one 5d gauge theories with the same infinite coupling

SCFT. This SCFT can live either in 5d or 6d in the case of KK-theories. This phenomenon
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goes under the name of 5d dualities, even if the language is slightly improper, since the physical

picture is really that the UV SCFT can be relevantly deformed in various different ways,

triggering RG flows to different IR gauge theories. Pq-webs were used to study 5d dualities in

[184–187]. Later, the pq-web technology to deal with KK-theories was developed: [188–193]

discuss many examples of different 5d N = 1 quiver gauge theories with the same 6d SCFT in

the infinite coupling limit, described by Type IIA brane systems [194–196].

Inspired by these ideas, we will present in this thesis an interplay between 5d KK-theories

and 4dN = 1 theories. More precisely, the interplay consists of a prescription to construct

4dN = 1 dualities associated to 5d KK dualities. Starting from a 5d KK quiver with 8

supercharges, the 4d quivers has the same gauge structure (but in 4d the nodes are N = 1 4

supercharges nodes), the same matter fields (but in 4d there are chiral multiplets instead of

hyper multiplets) plus for each bifundamental we add a ”triangle”. A ”triangle” means that if

in 5d there is a bifundamental hyper connecting node A with node B, in 4d there is a chiral

bifundamental going from node A to node B, a fundamental going from node B to a global

SU(2) node, and a fundamental going from the global SU(2) node to node A. We also add

a cubic SU(2) invariant superpotential term. Such triangles are meant to reproduce the 5d

axial symmetries (which are anomalous in 4d but not in 5d) and the 5d instantonic symmetries

(which do not exist in 4d). With this prescription we are able to associate a 4d quiver to 5d

quivers, in such a way that the rank of the global 4d symmetry is equal to the rank of the global

5d symmetry minus 2. We only consider quivers such that this prescription yields a 4d quivers

without gauge anomalies. The claim is that the two 4d quivers constructed with the above

prescription are IR dual. A comment has to be made. We don’t have a clear understanding of

the prescription that we gave. It is an interesting observation that leads to non-trivial dualities

but the reason why it is working is lacking. More precisely, the connection with the story of

compactification from 6d (found the geometry, fluxes, etc) remain to be discovered. It is an

interesting open problem.

Another interesting strong coupling phenomenon is the symmetry enhancement. It is the

idea that the symmetry group at the end of the RG flow is bigger than the one in the UV.

The intuitive explanation of the symmetry enhancement is that some d.o.f that were break-

ing some global symmetry decoupled along the RG flow. Duality can sometimes help to spot

symmetry enhancements. Indeed it is possible that in some duality frame, the IR symmetry

group is manifest but not in the other. Let us see one of the simplest instances. Let us take

the original example of Seiberg duality in the specific case of N = 2 and generic number of

flavor F . Since the fundamental representation of SU(2) is pseudoreal, there is no distinction

between the fundamental and the anti-fundamental and therefore the global symmetry does not

involve SU(F )×SU(F ) but it contains SU(2F ). Now if we look at the dual theory, we have an

SU(F −2) gauge theory with F flavors, F 2 singlets and a non-vanishing superpotential. In this

case the gauge group is complex therefore there is a distinction between the fundamental and

anti-fundamental representation so the symmetry group involves SU(F )×SU(F ). The duality
teaches us that for the dual theory there should be an enhancement of the global symmetry

in the IR. Another situation where symmetry enhancement and duality are linked is the case

of exactly self-dual theories. Usually it goes as follows. We start with a self-dual modulo flips
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statement. By this we mean that the electric and magnetic theory share the same gauge struc-

ture, but differ by gauge singlets fields that are called flippers. Self-dualities modulo flips have

been discussed in [64, 65, 197, 198], the simplest case is SU(2) with 8 doublets. Interestingly,

given a self-duality modulo flips, it is possible to move the singlets across the duality and con-

struct exactly self-dual theories. In this case the duality becomes a true symmetry that leads

to enhanced IR global symmetry, see for instance [177, 198–201]. In particular, [201] studied

the 4dN = 1 USp(2N) gauge theory with antisymmetric and 8 fundamentals. This theory

has been proposed to be self-duality modulo flips long time ago in [65] (in this thesis we will

present a proof, in the sense discussed previously, of this statement). Then, [201] constructed

various exactly self-dual theories and discussed the associated symmetry enhancements. Sym-

metry enhancement can sometimes also be understood when a higher dimensional of the theory

is known, in particular compactifying a 6d (1, 0) SCFT on a Riemann surface. For USp(2N)

with antisymmetric and 8 fundamentals, [177] related the self-duality and specific symmetry

enhancements to a compactification of the rank-N E-string 6d SCFT on a 2-sphere.

In this thesis, we will see another type of enhancement where what gets enhanced is the su-

persymmetry group. We talk about supersymmetry enhancement. During recent years, research

in the area of four-dimensional theories with minimal supersymmetry, 4d N = 1, provided us

with various instances of this phenomenon: N = 1 theories which flow at strong coupling to

superconformal fields theories (SCFTs) with N = 2, 3, 4 supersymmetry [80, 90, 95, 96, 202–

213]. More precisely, N ≥ 2 theories might possess a conformal manifold10 of N = 1 exactly

marginal deformations and one might be able to reach a point of this conformal manifold via

RG flow of some other 4d N = 1 UV theory. This idea of SUSY enhancement was used in

[204] to give Lagrangian to ”non-Lagrangian” theories like Argyres-Douglas theories11. This

was useful because using this Lagrangian it was possible to compute protected quantities like

the superconformal index of some of these strongly coupled theories.

We now summarize the contents of the thesis. In Chapter 2 we review all the facts about

4dN = 1 and 3dN = 2 that we will need in the rest of the thesis. It includes among other

things a discussion about a-maximization, Seiberg-like dualities in 4d and 3d, the classification

of the single gauge node S-confining theories.

In Chapter 3 we start by proving all S-confining dualities presented in Chapter 2 that involve

matter in rank-1 and/or rank-2 representations. The set of theories includes 3 infinite series:

USp(2N) with antisymmetric and 3 flavors, SU(N) with antisymmetric and (4, N) flavors,

SU(N) with antisymmetric, conjugate antisymmetric and (3, 3) flavors. Moreover there are 4

exceptional cases, with SU(5), SU(6), SU(7) gauge group and 2 or 3 antisymmetric fields plus

flavors. Then we present the general sequential deconfinement of USp(2N) with an antisym-

metric and 2F fundamentals. We use this result to prove the self-duality of the theory when

F = 4. We finish this Chapter by showing how to reduce our 4d N = 1 USp(2N) story to

3d N = 2, re-obtaining the results of for U(N) and USp(2N) found in [85]. Along the way

we also derive new sequentially deconfined duals, namely for U(N) with adjoint and (F, F )

10The conformal manifold is the space of exactly marginal deformations meaning deformation of the CFT by

an operator whose scaling dimension is equal to the spacetime dimension d.
11Argyres-Douglas are strongly coupled 4dN = 2 theories which contain fractional scaling dimensions.

24



fundamentals with monopole superpotentials.

In Chapter 4 we present in detail the prescription to build 4dN = 1 dualities starting from

5d KK dualities. Then the rest of the Chapter is devoted to test the prescription. We discuss

two classes of theories that we call RN,k and An,m. In the case of RN,k, we are able to prove

the 4dN = 1 dualities in the same way we did in Chapter 3. For the second class, An,m, we do

not have such a proof and the proposed dualities are tested by matching the ’t Hooft anomalies

and the central charges.

In Chapter 5 we start by proposing new S-confining theories, with simple gauge group

and cubic superpotential. In the case of USp(2n) gauge group and W ∼ app, we discuss the

reduction on a circle, which upon turning on appropriate real masses, leads to a 3d U(n) gauge

theory with 2n+1 flavors and a monopole superpotential which is dual to an adjoint field Φ with

cubic superpotential. We derive some of the previously stated dualities, using deconfinement

techniques and/or Kutasov–Schwimmer-like dualities. Then we turn to the study of various

4d N = 1 theories with SUSY enhancement. We show that the new 3d S-confining duality

that we obtained helps to understand some SUSY enhancements. Specifically, we provide a

3d explanation of the SUSY enhancement of the theory proposed in [213], that is a N = 1

SU(2n + 1) gauging of three copies of the N = 2 theory D2(SU(2n + 1)) of [158, 162, 214]

which flows to a point of the conformal manifold of 4dN = 4 SYM with gauge group SU(2n+1).

Based on the 3d understanding of this case, we are then able to generalize it and give as a new

example the N = 1 SU(2n+1)3 gauging of a single copy of the N = 2 D2(SU(6n+3)) theory

which flows on the conformal manifold of the 4d N = 2 necklace quiver with three SU(2n+1)3

gauge group.
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Chapter 2

Basics of supersymmetric quiver gauge

theories

2.1 Quick review of 4dN = 1 and 3dN = 2 theories

2.1.1 4dN = 1 basics:

In this subsection, we review briefly the main important aspects of minimal SUSY theories in

4d. The main references are [40–42]. We follow, in particular [42].

4dN = 1 superalgebra:

The starting point is the superalgebra. As reviewed in the introduction, the concept of super-

algebra provides a generalization of the no-go theorem of Coleman and Mandula. Superalgebra

allows enlarging the Poincaré group by adding fermionic generators Qα to the standard bosonic

ones. In 4d, the minimal number of supercharges is four: Qα, Qβ̇ where α, β̇ = 1, 2 are spinorial

indices associated to the presentations (1
2
, 0) and (0, 1

2
) of the Lorentz group. The 4dN = 1

superalgebra is the following

{Qα, Qβ̇} = 2σµ
αβ̇
Pµ

{Qα, Qβ} = 0 = {Qα̇, Qβ̇}
[Pµ, Qα] = 0 = [Pµ, Qβ̇]

[Mµν , Qα] = i (σµν)
β
α Qβ

[Mµν , Q
α̇
] = i (σ̄µν)

α̇
β̇ Q

β̇
(2.1)

where σµν = 1
4
[σµ, σν ], σµ = (I, σi), σ̄ν = (I, −σi) and σi are the Pauli matrices. When

studying supersymmetry it is extremely useful to introduce the notion of superspace. It is a

space spanned by the coordinates (xµ, θα, θ
α̇
) where θα, θ

α̇
are fermionic coordinates. In this

space, we can define the following covariant derivatives

Dα = ∂α + iσµ
αβ̇
θ̄β̇∂µ

Dα̇ = ∂α̇ + iθβσµβα̇∂µ (2.2)
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where ∂α, ∂α̇ are the derivatives corresponding to the fermionic coordinates.

The next step is to introduce superfields. A superfield is simply a function on superspace.

We use these superfields in order study representation theory of the superalgebra. Since the

superalgebra contains the Poincaré algebra as a subalgebra, we can write any superfield in

terms of standard component fields. Now let us review the most important multiplets.

SUSY multiplets:

Chiral multiplet Φ: It is a superfield defined by

Dα̇Φ = 0 (2.3)

Φ is composed of

Φ = (ϕ, ψ, F ) (2.4)

where ϕ is a complex scalar field, ψ is a chiral fermion and F is a scalar field that does not

propagate and it thus called auxiliary.

Vector multiplet V : It is a superfield defined by the reality condition

V = V (2.5)

V is composed of

V = (Aµ, λ,D) (2.6)

where Aµ is a vector field, λ is a chiral fermion and D is an auxiliary real field as F .

Using the vector multiplet, we can build a chiral field that is called the gauge-covariant field

strength. It is defined by

Wα = −1

4
D
β̇
Dβ̇ e

−VDαe
V (2.7)

It is a key element to construct SUSY Lagrangians. Before, let us recall the gauge transforma-

tions on the previously defined superfields.

Gauge transformations:

In superspace formalism, gauge transformations are parametrized by a chiral superfield Λ.

If the gauge group G is non-abelian, quantities become matrix valued like Λ = ΛI T
I with

I = 1, . . . , dimG and T I the generators of the gauge group. Under gauge transformations, the

chiral field Φ, the vector field V , the exponential of the vector field eV and the gauge-covariant

field strength Wα transform as

Φ→ e−iΛΦ (2.8)

V → V + Λ+ Λ (2.9)

eV → e−iΛeV eiΛ (2.10)

Wα → e−iΛWαe
iΛ (2.11)
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SUSY Lagrangians:

Using the previous ingredients and the fact that θ has dimension −1/2, chiral superfields have
dimension 1 and vector superfields dimension 0 we can write down SUSY Lagrangians. The

first piece is the gauge part of the Lagrangian

Lgauge =
−i
64π

∫
d2θ

∑
a

τ (a)Tr
(
W(a)αW(a)

α

)
+ h.c (2.12)

=
1

32π
Im

(∫
d2θ

∑
a

τ (a) Tr
(
W(a)αW(a)

α

))
(2.13)

The sum is over the number of factors in the gauge group G =
∑

aGa and the complexified

gauge coupling τ (a) associated to each gauge factor Ga is defined by

τ (a) =
θ
(a)
YM

2π
+

4πi

g(a)2
(2.14)

The second piece involves the chiral superfields and describe the matter content of the SUSY

theory. The Lagrangian is given by

Lmatter =
∫

d2θ d2θ̄
∑
i

(
Φ
i
eVΦi

)
+

∫
d2θW(Φi) +

∫
d2θ̄W(Φ

i
) (2.15)

The sum runs over the matter chiral multiplets Φi and V is in a representation that is appro-

priate for the field Φi. The function W is holomorphic in Φi and is called the superpotential.

In case G has some U(1) factors, we can include another term called Fayet-Illiopoulos (FI)

LFI =
∑
A

ξA

∫
d2θ d2θ̄ V A (2.16)

The sum is over the U(1) factors. The FI parameters are real.

The full Lagrangian, in the holomorphic scheme where the gauge coupling appears only in

the complex parameter τ (a), is given by the sum of (2.13), (2.15) and (2.16)

L = Lgauge + Lmatter + LFI (2.17)

=
1

32π
Im

(∫
d2θ

∑
a

τ (a) Tr
(
W(a)αW(a)

α

))
+
∑
A

ξA

∫
d2θ d2θ̄ V A

+

∫
d2θ d2θ̄Φ

i
e
∑

a V
(a)

Φi +

∫
d2θW(Φi) +

∫
d2θ̄W(Φ

i
) (2.18)

In order to go to the scheme that gives canonical gauge kinetic terms, we have to do the

following rescaling in the vector superfield

V → 2gV (2.19)

This rescaling seems innocuous but the important point is that in this scheme the Lagrangian

is not holomorphic in the combination appearing in (2.14). This fact has consequences on the

renormalization property of the gauge coupling. See [215] for a beautiful discussion. In the
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canonical scheme and in component fields (also suppressing the index a for clarity) the full

Lagrangian reads

L = Tr

[
−1

4
FµνF

µν − iλσµDµλ+
1

2
D2

]
+
θYM

32π2
g2TrFµνF̃

µν + g
∑
A

ξAD
A

+
(
Dµϕ

)
Dµϕ− iψσµDµψ̄ + FF + i

√
2gϕλψ − i

√
2gψλϕ+ gϕDϕ

− ∂W
∂ϕi

F i − ∂W
∂ϕi

F̄ i − 1

2

∂2W
∂ϕi∂ϕj

ψiψj − 1

2

∂2W
∂ϕi∂ϕj

ψiψj (2.20)

Where F̃ µν = 1
2
εµνρσFρσ is the dual field strength. We can also integrate out the auxiliary fields

F and D. Their equations of motion are given by

F i =
∂W
∂ϕi

, DI = −gϕT Iϕ− gξI (2.21)

With ξI = 0 if I ̸= A. Plugging back into (2.18), we get the on-shell Lagrangian

L = Tr

[
−1

4
FµνF

µν − iλσµDµλ

]
+
θYM

32π2
g2TrFµνF̃

µν +
(
Dµϕ

)
Dµϕ− iψσµDµψ

+ i
√
2gϕλψ − i

√
2gψλϕ− 1

2

∂2W
∂ϕi∂ϕj

ψiψj − 1

2

∂2W
∂ϕi∂ϕj

ψiψj − V (ϕ, ϕ) (2.22)

And the scalar potential V (ϕ, ϕ) is

V (ϕ, ϕ) =
∂W
∂ϕi

∂W
∂ϕi

+
g2

2

dim (G)∑
I=1

∣∣ϕT Iϕ+ ξI
∣∣2 = FF +

1

2
D2

∣∣∣∣
on-shell

(2.23)

Moduli space:

The scalar potential (2.23) is a semi-positive definite quantity. Hence, the supersymmetric

vacua are those field configurations on which the scalar potential vanishes or, in other words,

those that solve the so-called F-term and D-term equations

F i(ϕ) = 0, DI(ϕ, ϕ) = 0 (2.24)

The space of scalar field VEVs that satisfied (2.24) is called the classical moduli space. The

moduli space of inequivalent vacua is the set of all zero-energy field configurations modulo gauge

transformations. It exists another useful formulation of the moduli space [216]. It could be

described as the space spanned by all gauge invariant operator VEVs made out of scalar fields,

modulo classical relations and constraints coming from the F-term equations (see a further

discussion in section 2.2). Up to now the discussion of the moduli space was only classical.

In general, some vacua can be lifted by quantum corrections modifying the classical picture.

However due to non-renormalization properties the only way to lift a classical supersymmetric

vacuum are non-perturbative corrections. It is in huge contrast with non-SUSY theories in

which a classically flat direction is generically lifted by radiative corrections in a form of the

Coleman-Weinberg potential.
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R-symmetry:

Supersymmetric theories have global symmetry which rotate the supercharges. It is called the

R-symmetry. For 4dN = 1, the R-symmetry group is U(1)R. The defining feature of the

R-symmetry is the following action on the fermionic coordinates:

θ → eiαθ θ → e−iαθ (2.25)

with α the transformation parameter. It means that θ and θ have R-charges 1 and −1. Since

θ and θ have non-trivial R-charges, the different component fields within a superfield carry

different R-charges. Once we talk about the R-charge of a superfield we refer to the R-charge

of the lowest component. The R-charge of a product of superfields is the sum of the individual

charges of the fields. The vector superfield V has R-charge 0 and the chiral field Φ has R-charge

rΦ. We collect the R-charges of the different quantities in Table 2.1

θ θ d2 θ Dα Wα Aµ λ D W ϕ ψ F

r 1 −1 −2 −1 1 0 1 0 2 rΦ rΦ − 1 rΦ − 2

Table 2.1: U(1)R R-charges of the different quantities.

All Lagrangian terms in (2.18) involving the gauge superfields are automatically R-symmetric.

The term that needs to be checked is the one involving the superpotential. In order for the

theory to conserve R-symmetry, the superpotential must carry R-charge 2.

SU(N) SQCD:

In this subsection, we present briefly the analysis of SQCD with SU(N) gauge group. The

theory consists of a vector multiplet in the adjoint representation of SU(N) and F flavors

which mean F pairs of chiral multiplets Qi respectively Q̃i in the fundamental respectively

antifundamental representation of SU(N). There is no superpotential. At the quantum level,

the global symmetry of the theory is

GSQCD = SU(F )Q × SU(F )Q̃ × U(1)B × U(1)R (2.26)

Classically there is another U(1) symmetry called axial but it is anomalous (see the discussion

in section 2.4). The quantum numbers of the fields are the following

SU(F )Q SU(F )Q̃ U(1)B U(1)R

Qi F 1 1 F−N
F

Q̃i 1 F −1 F−N
F

V 1 1 0 0

Table 2.2: Quantum numbers of SU(N) SQCD.

Classically, the moduli space is parametrized by the meson matrix

M j
i = Qa

i Q̃
j
a (2.27)
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The index a corresponds to the gauge index. The meson matrix transforms in the bifundamental

representation of the SU(F )Q × SU(F )Q̃ global symmetry. When F ≥ N , we have to add

baryons

Bi1...iN ≡ QN = Qa1
i1
. . . QaN

iN
εa1...aN (2.28)

B̃i1...iN ≡ Q̃N = Q̃i1
a1
. . . Q̃iN

aN
εa1...aN (2.29)

These generators are not independent because there exist non-trivial constraints relating the

meson matrix and the baryons. For example, in the case F = N the constraint is

detM −B B̃ = 0 (2.30)

This classical moduli spaceMcl receives quantum correction. As we recall in the introduction,

for F < N a non-perturbative potential is generated and completely liftsMcl. Therefore the

quantum theory has no supersymmetric vacuum.

For F = N ,Mcl is modified but is not completely lifted. In particular the constraint (2.30)

is modified. The origin is now excluded which leads to chiral symmetry breaking.

The F = N + 1 case is the S-confinement situation invocated in the introduction and

discussed more in section 2.6.1. In this case the quantum moduli space includes the origin.

For F ≥ N + 2 the quantum moduli space is identical to the classical one.

To determine what is the IR phase of the gauge theory, it is necessary to look at the behavior

of the β-function of the gauge coupling. For a generic gauge theory, the one loop β-function is

given by

βg = µ
d g

dµ
= − b1

16 π2
g3 (2.31)

The one loop coefficient b1 can be expressed compactly for supersymmetric 4dN = 1 theory as

b1 = 3µ(adjoint)−
∑
i

µ(ri) (2.32)

where the sum is over all the chiral multiplets, µ(r) is the Dynkin index of the representation

r (see section 2.4 for the value of the Dynkin index of the principal representations). In the

particular case of SU(N) SQCD (2.32) gives

b1 = 3N − F (2.33)

We can immediately conclude that for F ≥ 3N , the β-function (2.31) changes sign and SQCD is

no longer asymptotically free. Therefore the gauge coupling decreases in the IR. The potential

between external electric sources behaves like V (R) ∼ 1/(R log(RΛ). This phase is called

non-Abelian free electric phase.

We already said that due to non-perturbative effects there is no supersymmetric vacuum in

the case F < N . This is called a runaway behavior.

The breakthrough of Seiberg was to give the IR behavior in the range N ≤ F ≤ 3N . As

already said multiple times, for F = N,N + 1 the theory is confining with or without chiral

symmetry breaking.
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For 3N
2
< F < 3N the theory reaches a stable non-trivial fixed point in the IR. The theory

in the IR is therefore a SCFT. Quarks and gluons are not confined but are interacting massless

particles. The potential behaves like V (R) ∼ 1/R. This phase is called non-Abelian Coulomb

phase and this range is called the conformal window. The upper bound can be understood from

the change of sign of (2.31). The lower bound can be argued by studying operator dimensions.

For N + 2 ≤ F ≤ 3N
2
, the theory becomes infinitely coupled in the IR. As anticipated in

the introduction, Seiberg found a new set of d.o.f to describe the IR. We will show this new

description in section 2.6.1. This phase is called non-Abelian free magnetic phase.

2.1.2 3dN = 2 basics:

We now turn on a quick review of the 3dN = 2 theories. They share many common properties

with the 4dN = 1 ones because they have the same number of supercharges. In 3d they are not

the minimally supersymmetric theories because it exists 3dN = 1. However 3dN = 1 theories

have no holomorphy properties and therefore the dynamic is less constraint. This section is

based on [217–219].

3dN = 2 superalgebra:

The starting point is once again the superalgebra. It is obtained by dimensional reduction of

the 4dN = 1 one. In particular, we have the following important relations

{Qα, Qβ} = 2σiαβPi + 2i εαβZ

{Qα, Qβ} = 0 = {Qα, Qβ} (2.34)

The index i run from 0 to 2. The central term Z is given by the P3 component in 4d. Also

in 3d we use the superspace formalism. The definition of the covariant derivatives (2.2) is the

same. As in 4d, the R-symmetry compatible with supersymmetry is U(1)R. Now, we review

the principal supermultiplets

SUSY multiplets:

Chiral multiplet Q: It is a superfield defined, as in 4d, by DαQ = 0. In components, Q is

composed of the same fields

Q = (ϕ, ψ, F ) (2.35)

with ϕ is a complex scalar, a 2-component complex fermion ψ and an auxiliary scalar field F .

Vector multiplet V : It is a superfield defined, as in 4d, by V = V . In terms of component

fields, V is formed by

V = (σ,Ai, λ,D) (2.36)

There is an important difference with the 4d vector multiplet. There are still a 2-component

complex fermion λ, a 3d gauge field and an auxiliary scalar D, but there is an additional real

scalar field σ. It corresponds to the component of the 4d gauge field in the reduced direction.
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As usual, the vector superfield transforms in the adjoint representation of the gauge group. The

real scalar field σ offers a new possibility, not present in 4d. It can acquire a VEV that breaks

the gauge group to its maximal Abelian torus, leading to a Coulomb branch of the moduli

space. There is another multiplet that we introduce in 3d

Linear multiplet1 Σ: It is a real superfield defined by

Σ = Σ and εαβDαDβΣ = εαβDαDβΣ = 0 (2.37)

In components, we found inside Σ

Σ = (σ, ji, λ,D) (2.38)

with the bottom component σ a real scalar field.

Now let us make some important comments. When the gauge group is Abelian, the photon

Ai can be dualized into a scalar γ via

∂iγ =
π

e23
εijk F

jk (2.39)

where e3 is the gauge coupling, F
jk is the field strength of Ai. Due to charge quantization, the

dual photon is periodic γ ∼ γ+2π. We can associate a global U(1) symmetry that corresponds

to the shift of the dual photon. This symmetry is called topological and denoted U(1)J . The

conserved current associated to this symmetry is given by

Ji = εijkF
jk (2.40)

The conservation of the current (2.40) is due to Maxwell’s equations.

Starting from a vector multiplet, we can build the standard chiral field strength Wα that,

we also have in 4d (2.7) (it is working both for abelian and non-abelian gauge group). In the

abelian case, we can also construct a linear multiplet as follow

Σ = − i
2
εαβDαDβV (2.41)

This linear multiplet is gauge invariant. The bottom scalar field is the real scalar field σ of the

vector multiplet and it contains the conserved current (2.40).

Last comment we want to make concerns the dual photon γ (2.39). It can be combined

with the real scalar σ of the vector multiplet (or equivalently the linear multiplet) to form a

complex scalar

ϕ =
2π

e23
σ + iγ (2.42)

This complex scalar ϕ is the bottom component of a chiral superfield Γ that corresponds to the

dual of the vector multiplet V .

What we describe concerning the dual photon is true only when the gauge group is Abelian.

In the non-Abelian case, there is no known way to dualize the gauge fields into scalars. Therefore

there is no U(1)J global symmetry in this case.

1This multiplet also exists in 4d. It is to embed conserved currents.
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SUSY Lagrangians:

We have collected all the ingredients to write down 3dN = 2 invariant Lagrangians. We recall

that in 3d, the fermionic coordinate θ has dimension −1
2
, chiral superfields have dimension 1/2

and vector superfields have dimension 0. The first term is similar to (2.12)

Lgauge =
1

e23

∫
d2θTr (WαWα) + h.c (2.43)

In 3d, there is no theta angle. So there is no complexified gauge coupling.

The second piece is the matter part. It is the same as (2.15)

Lmatter =
∫

d2θ d2θ̄
∑
i

(
Q
i
eVQi

)
+

∫
d2θW(Qi) +

∫
d2θ̄W(Q

i
) (2.44)

The superpotential is still a holomorphic function of the chiral superfields. It has still an R-

charge equal to 2 but a dimension equal to 2 because we are in 3d. An important term inside

(2.44) is the following ∑
i

|σQi|2 (2.45)

we see that a VEV of the scalar field σ will give a mass to the chiral superfields. Since σ is

real, it is called a real mass.

If the gauge group contains U(1) factors we can introduce FI parameters as in (2.16). Let

us give a motivation for this term. When we have a global symmetry, we can couple our theory

to a corresponding background vector superfield Vb. We introduce the following term that

preserves SUSY and called BF term

LBF =

∫
d2θ d2θ̄ VbΣ =

∫
d2θ d2θ̄ΣbV (2.46)

to obtain the second equality we have integrated by parts. This term is simply the SUSY ex-

tension of the standard JµAµ. Since the background vector field is non-dynamical by definition,

we can think of it as an additional parameter of the theory. If we take for global symmetry the

U(1)J topological then we see that the BF coupling is precisely the FI parameter.

There is a last term that we can add preserving SUSY. It is the Chern-Simons (CS) coupling.

If the gauge group is U(1) it takes the following form

LCS = k

∫
d2θ d2θ̄ΣV (2.47)

For non-Abelian gauge group, the action written in superspace notation can be found in [220–

222].

The total Lagrangian is the sum of all the previous pieces.

Real and complex mass terms:

In 3d there are two types of mass terms. The first one is the standard quadratic term in the

superpotential, present also in 4d. In a vector-like theory, this mass term for a chiral superfield

Q can be written

Wcomplex = mCQQ̃ (2.48)
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We have highlighted the fact that the mass parameter associated to this term is complex.

The second kind of mass term is the real mass that we have already mentioned. A real mass

can be induced by turning on a vector superfield Ṽ as a SUSY preserving background field

σ̃ = mR, Ãi = λ̃ = ˜̄λ = D̃ = 0 (2.49)

The effect is a modification of the Kahler potential∫
d2θ d2θ̄ Q emRθ

2

Q ∼
(mR

2
|ϕQ|2 + imRe

αβψ̄αψβ

)
(2.50)

Since the real masses come from a background vector multiplet, they cannot enter in holomor-

phic objects such as the superpotential.

The physical mass of the chiral superfield is given by the combination

m =
√
m2

R + |mC|2 (2.51)

Moduli space:

The moduli space of vacua of 3dN = 2 gauge theories contains a Coulomb branch and a Higgs

branch. The Higgs branch is parametrized by the scalars VEVs of the chiral superfields ϕQ.

The Coulomb branch is parametrized by the scalar VEVs σ of the vector multiplet.

In a generic point of the Coulomb branch, the gauge group is broken to the Cartan subgroup

U(1)r with r = rankG. Therefore, the Coulomb branch is parametrized by Cartan scalars σj

in Rr/W with W the Weyl group of the original gauge group G and σj the expectation values

of the scalars in the massless Cartan U(1)r vector multiplets V j.

Also in 3d, non-perturbative effects can lead to a dynamically generated superpotential

which lifts the classical moduli space degeneracy of the Coulomb branch.

Parity anomaly:

In this subsection, let us come back to the CS coupling (2.47). To make the situation a bit

more general, let us consider U(1)n as a gauge group. The CS coupling takes the form

LCS =
n∑

a,b=1

kab

∫
d2θ d2θ̄ΣaV b (2.52)

This term is gauge invariant provided that the coupling is an integer kab ∈ Z. Even if this is true

at the classical level, the coupling may receive quantum corrections and become non-integer,

leading to an anomaly. This is called parity anomaly.

At the quantum level, if we integrate out the charged fermions, there is an additional induced

contribution to the CS term, coming from a one-loop diagram with charged fermions running

in the loop.

keffab = kab +
1

2

∑
i

qai q
b
i sign(mi) (2.53)

the sum runs over all fermions, qai is the integer charge of the ith chiral under the ath U(1)

gauge group and mi is the fermion mass given by mi = mR,i +
∑n

a=1 q
a
i σa.
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In order for the theory to be anomaly free, we should have

kab +
1

2

∑
i

qai q
b
i ∈ Z (2.54)

we see that If
∑

i q
a
i q
b
i is odd then necessarily kab ̸= 0 and parity is broken.

A similar parity anomaly also exists for non-abelian gauge group, see the discussion in [217].

Monopole operators

3d gauge theories admit an interesting class of gauge-invariant disorder operators called monopole

operators [223–225]. The word disorder means that they cannot be expressed in terms of a poly-

nomial in the elementary fields. They are defined by prescribing suitable boundary conditions

around a point for the gauge fields in the path integral. These operators carry a magnetic

charge, hence their name monopole, and create some units of magnetic flux on a two-sphere

surrounding their insertion point. Despite being local, these operators are more challenging to

study and in particular to understand what happens when they are added to the Lagrangian.

One kind of problem is for example to determine the scaling dimension ∆[M] of the monopole

operator M. We increase our tools to study monopole operators when we add SUSY and study

3dN = 2 theories.

The presentation we gave to introduce monopole operators as disorder operators is based

on a modern perspective. However this is not the description that was given when 3d SUSY

gauge theories was a developing area. Monopole operators, Mi were introduced coming from

dualizing the vector multiplets on the Coulomb branch. See [94, 103] for additional discussions.

In a free 3d Abelian theory with gauge coupling e23, we saw that the photon Aµ can be

dualized and combine with the scalar in the vector multiplet to form a chiral multiplet whose

lower component is given by

M = exp

(
σ

e23
+ iγ

)
(2.55)

It is expectation value parametrizes the Coulomb branch. The connection between the low-

energy variable M and the definition of monopole operators as disorder operators is the follow-

ing: the latter provide a microscopic definition of the former. More precisely, we can define a

disorder operator by removing the point x and requiring that we sum over gauge field configu-

rations that have one unit of magnetic flux on the S2 around the point x. This operator flows

in the IR to the operator exp(iγ(x)). Similarly for the real scalar in the vector multiplet, if we

define the disorder operator by summing over field configurations in which the field σ(y) has

the singular behavior

σ(y) ≃ 1

2|x− y|
as x→ y (2.56)

it flows in the IR to the operator exp(2πσ(x)/e23). Combining the two definitions, we conclude

that the microscopic definition as disorder operator flows in the IR to the operator M.

In non-Abelian gauge theories, the story is similar. The scalar σ is in the adjoint represen-

tation of the gauge group G, and classically has no potential (just couplings to charged matter

fields). A generic vacuum expectation value for σ breaks the gauge group G → U(1)rG where
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rG is the rank of G, and for generic values of σ where all matter fields and all off-diagonal

vector fields are massive2, one can dualize the rG massless vector multiplets into chiral multi-

plets Mi (i = 1, , rG). The low-energy theory at generic points on the classical Coulomb branch

thus includes rG massless chiral multiplets Mi. In this case, the microscopic definition requires

specifying the magnetic (or GNO) flux around the point x; this flux is in U(1)rG ⊂ G, and is

labelled by a weight of the dual magnetic group GL modulo Weyl transformations. The Weyl

freedom can be fixed by choosing σ1 ≥ · · · ≥ σrG where σi is the eigenvalue of the adjoint scalar

σ.

Let us concentrate on the pure U(N) case. As explained before, the Coulomb branch is

parametrized by chiral operators

Mi = exp

(
σi
g23

+ iγi

)
(2.57)

with i = 1, . . . , rG and σ1 ≥ · · · ≥ σrG . This is, however, not the end because a superpotential is

non-perturbatively generated via instaton effects. This superpotential is called Affleck-Harvey-

Witten (AHW) [226] and takes the form

WAHW =
N−1∑
j=1

1

Xj

(2.58)

This superpotential lifts the entire Coulomb branch.

In the theory with flavors, the instantons described above sometimes have extra fermion

zero modes which prevent them from generating a superpotential. In the theory with F chiral

multiplets Qi in the fundamental of U(N) and F chiral multiplets Q̃i in the anti-fundamental

of U(N), the Coulomb branch that remains after instanton effects is parametrized by

M+ = exp

(
σ1
g23

+ iγ1

)
, M− = exp

(
−σN
g23
− iγN

)
(2.59)

The notation M± comes from the following fact. In the previous section, we introduced the

concept of topological symmetry for 3d gauge theories. Given a theory based on the gauge

group G its topological symmetry is given by the centre Z(G). Monopole operators are the

objects that are charged under this symmetry. Take for definiteness G = U(N): its centre,

hence its topological symmetry group, is U(1). The topological charge of a monopole operator

Mm⃗ with GNO flux m⃗ = (m1,m2, . . . ,mN) is

QT (M
m⃗) =

N∑
i=1

mi (2.60)

The two monopoles M± in (2.59) corresponds to GNO flux m⃗+ = (1, 0, . . . , 0) and m⃗− =

(0, . . . , 0,−1). Therefore, they have topological charge ±1 hence the name. They correspond

to monopole operators with minimal charge.

Additional non-perturbative effects change the Coulomb branch of U(N) with F flavors.

2It is also not known how to dualize the photon in the presence of charged matter fields. Therefore it is

crucial that they are massive at generic point on the Coulomb branch. It is indeed the case because the scalar

σ couples to charged fields as a mass term. So at generic point on the Coulomb branch they are massive and

can be integrated out.
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• For F < N−1: the classical moduli space is lifted completely, there is no supersymmetric

vacuum.

• For F = N + 1: a smooth quantum moduli space exists.

• For F = N + 1: a quantum moduli space exists including the origin.

• For F > N + 1: a quantum moduli space exists but it has a singularity at the origin.

In the case of USp(2N) with flavors, the Coulomb branch that remains after instanton

effects is parametrized by

M ≃ exp

(
2σ1
g23

+ 2iγ1

)
(2.61)

It corresponds to the monopole of minimal charge.

Superpotentials involving monopole operators have appeared in the literature in various

circumstances. For example, they famously appear in the Aharony dual of U(N) or USp(2N)

theories with fundamental quarks as we are going to review in Section 2.7.

Monopole superpotentials can also appear as the effect of reducing a 4d theory on a cir-

cle down to 3d. A careful study of the moduli spaces indicates that, contrary to the naive

dimensional reduction, the compactification on a circle of finite size allows for the generation

of KK monopoles which enter the superpotential. These monopoles play a key role in consis-

tently deriving 3d dualities from 4d ones. When reducing on a circle a pair of dual 4d theories,

at the first step one obtains a 3d dual pair with monopole superpotentials. The monopole

operators are charged under topological and axial symmetries and break these symmetries in

3d (such symmetries would be anomalous or non-existent in 4d). At this point one can turn

on various real mass deformations and recover 3d dualities without monopole superpotentials.

This procedure has been successfully implemented for theories with various gauge and matter

content.

When studying linear quiver, we use the following notation to denote monopoles M0,0,•,•,....

A 0 in the ith position means that there is vanishing GNO flux for the ith gauge group, while

a • in the ith position means that there is minimal GNO flux for the ith gauge group.

For unitary gauge groups U(N), the • can be + or −, + refers to the minimal flux vector

m⃗ = (1, 0N−1) and − to the other minimal flux m⃗ = (0N−1,−1). For a linear quiver with only

unitary gauge groups the • in the monopole M0,0,•,•,... are either all + or all −.
For USp(2N) gauge group, the • refers to the minimal GNO flux vector m⃗ = (1, 0N−1).

The monopoles which are chiral ring generators have minimal GNO fluxes for each node,

and the non-zero fluxes are turned on in a single connected group of nodes (of arbitrary length),

of the form M...,0,0,•,•,•,0,....

Moreover, we need the following formula for computing the charge of a monopole operator

Mm⃗ under abelian global symmetry

Q(Mm⃗) = −1

2

∑
ψi

Q(ψi)|ρψi
(m⃗)| (2.62)
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2.2 Chiral ring

Let us discuss the concept of chiral ring which is characteristic of SUSY theories with at least

four supercharges (therefore for both 4dN = 1 and 3dN = 2). We will see that it is a concept

related to the moduli space of supersymmetric vacua. Let us start by the definition of chiral

operators. Chiral operators, Oi, are simply gauge invariant operators that are annihilated by

the supercharges3 Qα̇.

{Qα̇,Oi} = 0 (2.63)

Chiral operators are defined modulo exact terms of the form {Qα̇, . . . }. The sum of two chiral

operators is also a chiral operator as well as a product of two chiral operators. Therefore it

forms a ring called the chiral ring [227].

Chiral operators enjoy special properties.

• They are independent of position x

∂µO1(x) = [Pµ,O1(x)] ∼ {Qα̇, [Qα,O1(x)]} ∼ 0 (2.64)

• The property (2.64) implies that expectation value of a product of chiral operators is

independent of each of their positions

⟨
∏
i

Oi(xi)⟩ = ⟨
∏
i

Oi⟩ (2.65)

• Finally invoking cluster decomposition and (2.65) we conclude that the correlation func-

tion factorizes

⟨O1(x1)O2(x2) . . .On(xn)⟩ =
n∏
i=1

⟨Oi⟩ (2.66)

From these properties, we can understand why there are no contact terms in the expectation

value of a product of chiral fields. It comes from the independence of correlation functions of the

positions xi. Since they are independent of the positions they cannot contain delta functions.

The chiral operators that generate the chiral ring are called chiral ring generators. Many

other properties can be found in [228].

Before going on, let us connect this brief introduction of the chiral ring to the moduli space

of vacua. When the constraints coming from the equations of motion for the F and D fields

are taken into account, they reproduce the relations between chiral ring operators. Therefore

the chiral ring can be identified with the moduli space of vacua.

2.3 Notation for quiver gauge theories

All along this thesis we will use and abuse of the quiver notation to denote the theories we are

studying. Almost all the time in this thesis, the quivers denote theories with 4-supercharges.

Let us summarize here the notation that we will use.

3When a superspace formalism exists, Qα̇ and Dα̇ are conjugate by exp(θθ∂x), so the chiral ring defined in

terms of operators annihilated by Qα̇ is isomorphic to that defined using Dα̇.
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Quiver diagrams

• a circle node denotes a gauge group and the colour will specify which kind

– a black node N denotes U(N)

– a red node N denotes SU(N)

– a blue node
2N

denotes USp(2N)

– a green node N denotes SO(N)

– a purple node N denotes O(N)

• a square node N denotes a flavor group and we use the same colour code as before4

• An oriented link between two nodes N1 N2 denotes a chiral field in the fundamental

representation of SU(N2) and in the anti-fundamental representation of SU(N1)

• An (oriented or not) arc on a node N denotes a chiral field in a rank-2 representation

(most often in this thesis it will be the antisymmetric representation but it could also be

the symmetric or adjoint representation)

Flips In this thesis, an important role will be played by a class of gauge singlet chiral field σ

called flippers. We say that σ flips an operator O when it enters the superpotential through

the term σ · O. Most of the time, we will not draw these flippers in the quiver. Their presence

can be inferred looking at the superpotential.

Superpotential In theories with 4-supercharges, the holomorphic function W called the

superpotential plays a really important role in the dynamics.

• A term in the superpotential is represented by a closed loop in the quiver notation. Often

we will denote these terms by the geometrical shape and not by the actual names of the

fields. For example, for a cubic term represented by the following quiver

N1 N2

2

a

bc

we will

either write W = abc or W = Triangle

• Concerning the flippers interaction, instead of writing W = σ · O we will often use the

following notationW = Flip[O]. Using this notation, we could avoid giving a name to the

flipper σ. When we want to refer to a specific flipper we will use the notation Flipper[O]
(or an explicit name if we gave one).

4We can already say that there will be exceptions of this colour code. It happens when inside a quiver we

have two (or more) identical nodes and we want the easiest way to distinguish what symmetry we are talking

about.
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2.4 Anomalies and t’Hooft anomaly matching

Here we will focus on zero-form continuous symmetries, though one can consider generalizations

of the discussion to higher form symmetries and higher group structures and non-invertible

symmetries, see the review [229]. This section is based on [178, 230].

Typically the deformation breaks explicitly some of the symmetry of CFTUV and some of

the symmetry might also be spontaneously broken: let us assume GUV is the surviving fraction

of the symmetry. This symmetry will be preserved during RG flow.

Importantly, we can say something more about the symmetry. If a theory possesses a

global symmetry with a corresponding conserved current. We can turn on background gauge

fields Aµ, valued in the Lie algebra of some subgroup of the symmetry group, coupled to this

conserved current, and compute the effective action Γ[A]. As the current is conserved the gauge

field comes with a gauge symmetry. We can then try to promote Aµ to be dynamical fields.

However, there might be an obstruction to doing so, which goes under the name of ‘t Hooft

anomaly. The obstruction comes about as the effective action of the theory might or might not

be invariant under the gauge symmetry.

Γ[Ag]
?
= Γ[A] (2.67)

If the equality does not hold, we say that the (sub)group of the symmetry has a ‘t Hooft anomaly.

In particular this means that the symmetry cannot be gauged, we cannot promote Aµ to be

dynamical fields. The important fact of the ’t Hooft anomalies is that they are computable.

First, the anomaly of a continuous symmetry can be captured in d = 2n dimensions5 by an

n + 1 point one loop amplitude involving the conserved currents. In particular, in d = 4 the

anomaly is proportional to

aG1G2G3 = TrR (G1G2G3) (2.68)

Here R is the representation of the chiral fermions of the model under the Gi which are the

groups corresponding to the three currents.

‘t Hooft anomalies are useful for us since they don’t change during the RG-flow and thus

are the same in the UV and the IR: this fact goes under the name of ‘t Hooft anomaly matching

condition.

The previous discussion did not invoke supersymmetry and it is one of the few non-

perturbative tools available in this case.

For convenience and because we will use the ’t Hooft anomalies, we will present the formula

in the context of 4dN = 1 gauge theory. Let us callG the gauge group, the matter is represented

by the chiral fields Φi, i = 1, . . . , s. The matter transforms under the gauge group as:
s⊕
i=1

ni ri.

The global symmetry of the theory includes U(1)R, some U(1)′s and some non-abelian factors

SU(ni). The number of U(1)′s depends on the number of simple factors in G and on the

superpotential.

Tr(RG2
j ) = µ(adjGj

) +
s∑

i=1

ni (Ri − 1)µ(ri) (2.69)

5There is no ’t Hooft anomalies for continuous global symmetry in odd dimension.
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Tr(FαG
2
j ) =

s∑
i=1

ni q
α
i µ(ri) (2.70)

Fα is the current associated to one of the U(1)α global symmetry and qαi is the charge under

this symmetry.

Tr(R3) = dimG +
s∑

i=1

ni |ri| (Ri − 1)3 (2.71)

Tr(Fα Fβ Fγ) =
s∑

i=1

ni |ri| qαi q
β
i q

γ
i (2.72)

Tr(F3
I ) =

s∑
i=1

ni |ri|A(hI
i) (2.73)

FI is the current associated with one of the non-abelian factor of the globaly symmetry and hIi
is the representation of the matter field under this symmetry.

The two group theoretic data involved in the computation of the anomalies are the Dynkin

Index, µ and the anomaly coefficient A can be found for example in [231]. We report here the

value that we are going to use

SU(N) |r| µ(r) A(r)

fundamenal N 1
2

1

adjoint N2 − 1 N 0

antisymmetric N
2
(N − 1) N−2

2
N − 4

symmetric N
2
(N + 1) N+2

2
N + 4

Table 2.3: Group theoretic data for SU(N).

USp(2N) |r| µ(r) A(r)

fundamenal 2N 1
2

0

adjoint (symmetric) N(2N + 1) N + 1 0

antisymmetric N(2N − 1)− 1 N − 1 0

Table 2.4: Group theoretic data for USp(2N).

SO(N) |r| µ(r) A(r)

vector N 1 0

adjoint (antisymmetric) N
2
(N − 1) N − 2 0

symmetric N
2
(N + 1)− 1 N + 2 0

Table 2.5: Group theoretic data for SO(N).

For conjugate representation r̄, they satisfy the following relations

µ(r̄) = µ(r) (2.74)

A(r̄) = −A(r) (2.75)
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2.5 a-maximization

The SCFT in the UV thus has an R-symmetry which is part of the superconformal group. We

will only discuss deformations which preserve N = 1 supersymmetry. We will also assume that

some combination of this R-symmetry and an abelian subgroup of the global symmetry group

of CFTUV is not broken by the deformation, though, of course, as we introduce a scale the

conformal symmetry is broken. In the IR, if we arrive to a conformal fixed point, we again

acquire the superconformal R-symmetry. However, the superconformal symmetry in the UV

and in the IR might not be the same symmetry. Nevertheless, the fact that the R-symmetry

is intimately related to the superconformal group allows us to determine it in the IR. It goes

under the name of a-maximization [232]. Let us review how it is working. Any conformal

theory, supersymmetric or not, in 4d has two important numbers associated to it: these are

referred to as the a and the c conformal anomalies. The conformal anomalies measure, among

other things, the failure of the expectation value of the trace of the stress-energy tensor to

vanish when the theory is placed on a curved background with metric gµν〈
T µµ
〉
=

c

16π2
W 2 − a

16π2
E4 (2.76)

whereW is the Weyl tensor and E4 is the Euler density, both built from certain combinations of

the metric and its derivatives [233]. In superconformal theories, as the stress-energy tensor and

the R-symmetry are part of the same symmetry algebra the various anomalies are interrelated.

We can show the following extremely useful equations [234]

a =
3

32

(
3TrR3 − TrR

)
(2.77)

c =
1

32

(
9TrR3 − 5TrR

)
(2.78)

Here it is important that R is the R-symmetry in the superconformal group and the Tr is over

the chiral fermions of the theory.

A breakthrough was obtained by Intriligator and Wecht when they gave a recipe to obtain

the correct superconformal R-charges. They define a quantity called atrial based on (2.77), that

depends on real parameters associated with the abelian global symmetries that can mix with

the R-symmetry

atrial({α}) =
3

32

3Tr

(
R+

∑
i

αiU(1)
(i)

)3

− Tr

(
R+

∑
i

αiU(1)
(i)

) (2.79)

Where αi are arbitrary real numbers associated to the ith U(1) global symmetry. Then they

showed that

The superconformal R-symmetry maximizes atrial

This procedure is named, for obvious reason, a-maximization.

Efficient way to implement a-maximization for quiver gauge theories The first thing

to do is to parametrize all the R-charges of the fields in terms of free6 R-charges variables

6The word free means independent in this context and not free fields.
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RJ
free. We have first to write enforce the vanishing of the ABJ anomaly for the R-symmetry. It

corresponds to one equation for every gauge node. Then we have to write the constraints on

the R-charges coming from superpotential terms. Finally, we can have additional constraints if

there is additional discrete symmetry, like charge conjugation.

If there is no additional discrete symmetry imposing further constraints, the number of free

R-charges is the same as the number of U(1)′s global symmetry. The number of U(1)′s global

symmetry is equal to the number of matter chiral fields minus the number of gauge nodes and

minus the number of independent terms in the superpotential.

#U(1)′s global symmetry = #chiral fields−#gauge nodes−# independent terms inW

Once we have parametrized the R-charges of all fields Ri(R
J
free), we can define the following

trial quantity:

atrial =
3

32

(
3TrR(Rj

free)
3 − TrR(Rj

free)
)

(2.80)

By defining

a0[x] =
3

32

(
3(x− 1)3 − (x− 1)

)
(2.81)

we can rewrite (2.80) as

atrial(R
J
free) = dimGa0[2] +

∑
i

ni |r⃗i| a0[Ri] (2.82)

Where G is the gauge group of the theory, Ri is the R-charge of the i chiral fields called Φi,

|r⃗i| is the dimension of the representation under G of Φi and ni is the number of chiral fields

Φi. The first term in (2.82) is the contribution of the gauginos and the sum is over the chiral

fields Φi.

Once atrial is computed, we can maximize it (often numerically). The variables RJ
free that

maximize atrial are the R-charges at the superconformal IR fixed point.

Similarly, we can express the second central charge, c, by

ctrial = dimGc0[2] +
∑
i

ni |r⃗i| c0[Ri] (2.83)

with

c0[x] =
1

32

(
9(x− 1)3 − 5(x− 1)

)
(2.84)

2.6 4dN = 1 IR duality

In this section, we describe the phenomenon of Seiberg duality [38]. We start with the first con-

jectured duality involving SU(N) gauge group and matter in the fundamental representation.

After, we see generalizations to other gauge group and/or matter in different representations.

The work of Seiberg gave new insight on this topic and allowed a deeper comprehension of the

dynamics of SUSY gauge theories, also in the non-perturbative regime.

45



2.6.1 Seiberg-like dualities

Seiberg duality was originally formulated for 4dN = 1 SQCD. The gauge group is SU(N), there

are F flavors Qi, Q̃
j i, j = 1, . . . , F and a vanishing superpotential. The conjecture proposed

by Seiberg [38] is that SQCD for F > N + 1 is dual to another theory at low energies. This

statement is highly non-trivial since the two theories are different in the UV. Nevertheless, the

claim is that they are actually describing the same degrees of freedom when we flow to the

IR. We often call the original theory electric theory (eSQCD) and the dual theory magnetic

theory (mSQCD). The reason is that the gauge coupling of one theory is the inverse of the

one of the dual theory, as it happens in electromagnetism. Indeed, Seiberg duality is often

called electric-magnetic duality. In quiver notation of section 2.3 the duality statement is the

following

Seiberg duality:

N

F F

W = 0

Q̃ Q ←→

F F

F −N

W = Flip[qq̃]

q q̃

Mapping: tr(QQ̃)←→ Flipper[q q̃]

QN ←→ qF−N

Q̃N ←→ q̃F−N
(2.85)

In the original formulation [38], some scales are involved in the duality statement like the

holomorphic scale Λ for eSQCD, Λ̃ for mSQCD and µ the RG scale. For our purpose it will

not be necessary to keep track of these scales and therefore we will be slightly imprecise and

not write them to gain in readability.

Now let us review some of the checks of this conjecture. The first one is the existence of

a consistent mapping of the chiral ring generators. By consistent we mean that the quantum

numbers under the global symmetries are the same for the operators on both sides of the

mapping. In the case of SU(N) SQCD we have written the mapping in (2.85). Another test

that we can perform consists of deforming the electric theory and verifying that it has the

expected effect on the magnetic side. In the SU(N) case, it is easy to check that giving a mass

to one flavor of the electric side corresponds (using the mapping) to an Higgsing in the magnetic

theory. After integrating out the massive flavor, we are left with SU(N) with F − 1 flavors on

the electric side. On the magnetic side, after the Higgsing we are left with a SU(F − N − 1)

with F − 1 flavors and a flipper of the meson matrix. It corresponds precisely to the duality

(2.85) with F → F − 1. It is a non-trivial check of the consistency of the claim.

One of the main checks of a duality statement is the matching of the ’t Hooft anomalies for

the global symmetries. As reviewed in section 2.4, the ’t Hooft anomalies are invariant under
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the RG flow. Therefore they should match between two dual theories. In the case of the Seiberg

duality, it has been shown to be the case. We summarize the ’t Hooft anomalies in Table 2.6.

Tr (SU(F)3) : N Tr (U(1)3R) : −2N4

F 2 +N2 − 1

Tr (SU(F)2U(1)B) :
N
2

Tr (U(1)2RU(1)B) : 0

Tr (SU(F)2U(1)R) : −N2

2F
Tr (U(1)B) : 0

Tr (U(1)3B) : 0 Tr (U(1)R) : −N2 − 1

Table 2.6: ’t Hooft anomalies in SQCD (2.85).

It exists other tests consisting of matching other exact quantities such as the Hilbert series

[235]. Another more recent test is the matching of the superconformal index [29, 30] that is

another RG invariant quantity (see discussion in section 2.10). The matching of the index for

Seiberg duality has been studied in [236] and a detailed analysis of the integral identities that

relate the dualities is given in [26, 27].

Soon after the discovery of Seiberg many other dualities have been found, involving other

gauge groups, different matter content and superpotential interactions. In the following we will

present some of these extensions, the ones that are going to play a role in this thesis. The next

duality is really similar to the Seiberg duality and has been found by Intriligator and Pouliot

(IP) [45]. The electric theory is SQCD with USp(2N) gauge group and 2F fundamentals. For

2F > 2N + 4, this theory admits a magnetic dual theory given by

IP duality:

2N 2F

W = 0

Q
←→ 2F − 2N − 4 2F

W = Flip[q q]

q

Mapping: tr(QQ)←→ Flipper[q q]
(2.86)

This duality is even simpler than the Seiberg duality (2.85) because there is no baryon for the

symplectic group.

Before going to review other extensions of the Seiberg duality in the next subsection, we

want to analyze the lower bound case of the Seiberg and IP dualities. More precisely we want

to comment on the case F = N +1 respectively 2F = 2N +4 for SU(N) respectively USp(2N)

SQCD. As reviewed in the introduction, these two cases corresponds to S-confining theories.

The IR is then, by definition, captured by a theory with trivial gauge dynamics, that is a WZ

model. The elementary fields of the IR WZ description map with the gauge invariant operators

of the UV gauge theory. We can therefore also use our quiver notation of section 2.3 to describe

these cases. Not surprisingly we call Seiberg S-confining duality7 the SU(N) case [37] and IP

S-confining duality the USp(2N) case [45]. In quiver notation they read

7Before [37], [237] pointed out that the ’t Hooft anomalies are matched by the mesons and baryons, but the

confining superpotential was not found.
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Seiberg S-confining duality:

N

N + 1 N + 1

W = 0

Q̃ Q ←→

N + 1 N + 1

1

W = detM− Planar Triangle

B̃

M

B

Mapping: tr(QQ̃) ←→ M

QN ←→ B

Q̃N ←→ B̃
(2.87)

IP S-confining duality:

2N 2N + 4

W = 0

Q
←→ 2N + 4

W = Pfaff (µ)

µ

Mapping: tr(QQ)←→ µ
(2.88)

2.6.2 Kutasov–Schwimmer-like dualities

In this subsection, we present different extensions of the Seiberg duality. They involve gauge

theories with classical gauge group, matter in rank-2 and fundamental representations and

a non-trivial superpotential in the form of a power of the rank-2 matter. The first of these

dualities is for a SU(n) gauge theory with a field in the adjoint representation and is due to

Kutasov and Schwimmer [54, 55]. Later Intriligator proposed the variants for symplectic and

special orthogonal gauge groups [53].

SU(n) case with adjoint

We present the duality for the SU(n) gauge theory with a field X in the adjoint representation8,

F flavors and a non-trivial superpotential W = Xk+1. This duality appeared in [54, 55]. The

8The adjoint field can be both taken to be traceful or traceless. On the dual the adjoint would be corre-

spondingly traceful or traceless.
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quiver summarizing this duality is the following:

n

FF

W = Xk+1

X, 2
k+1

Q̃, 1− 2
k+1

n
F

Q

⇐⇒ kF − n

FF

W = Y k+1 +
k∑
j=1

Flip[q̃ Y k−j q]

Y , 2
k+1

q̃ q, 1− 2
k+1

kF−n
F

(2.89)

We have noted the R-charges next to the fields.

The mapping of the chiral ring generators is the following:

Xj

Q̃X l−1Q
←→

Y j

Flipper[q̃Y k−l+1q]

j = 2, . . . , k

l = 1, . . . , k
(2.90)

USp(2n) case with antisymmetric

The duality for the USp(2n) case with an antisymmetric field A,9 2F fundamentals and a

non-trivial superpotential W = Ak+1 appeared in [53]. The duality is given by the following

quiver:

2n 2F

W = Ak+1

A, 2
k+1

Q

1− 2(n+k)
(k+1)F

⇐⇒ 2k(F − 2)− 2n 2F

W = Bk+1 +
k∑
j=1

Flip[q Bk−j q]

B, 2
k+1

q

1− 2(k(F−1)−n)
(k+1)F

(2.91)

The mapping of the chiral ring generators is the following:

Aj

QAl−1Q
←→

Bj

Flipper[qBk−l+1q]

j = 2, . . . , k

l = 1, . . . , k
(2.92)

SO(n) case with symmetric

The SO(n) case with a field in the symmetric representation,10 2F chirals in the vector repre-

sentation and a non-trivial superpotential W = Sk+1 appeared in [53]. The duality is given by

9The same comment as in the footnote 8 applies for the antisymmetric field.
10The same comment as in the footnote 8 applies for the symmetric field.
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the following quiver:

2n 2F

W = Sk+1

S, 2
k+1

Q

1− 2(n−2k)
(k+1)F

⇐⇒ 2k(F − 2)− 2n 2F

W = T k+1 +
k∑
j=1

Flip[q T k−j q]

T , 2
k+1

q

1− 2(k(F+2)−n)
(k+1)F

(2.93)

The mapping of the chiral ring generators is the following:

Sj

QSl−1Q
←→

T j

Flipper[qT k−l+1q]

j = 2, . . . , k

l = 1, . . . , k
(2.94)

2.6.3 Self-dualities modulo flips

In this subsection, we want to present some examples of the notion of self-dual theories modulo

flips that we introduced in the introduction. We talk about self-duality modulo flips when

the electric and magnetic theory share the same gauge structure, but differ by in the flipper

side. Self-dualities modulo flips have been discussed in [64, 65, 197, 198]. The simplest case is

SU(2) with 8 chiral fields in the fundamental representation that we review now. There are

3 different-looking theories that are equivalent in the IR to the original SU(2). In our quiver

notation, they can be written like

2 8 W = 0
Q

←→

IP frame: 2 8 W = Flip[q q]
q

←→

Seiberg frame: 2

44

W = Flip[q q̃]q̃ q ←→

CSST frame: 2

44

W = Flip[q q] + Flip[q̃ q̃]q̃ q

(2.95)

The first dual frame in (2.95) is an application of the IP duality (2.86) where we think SU(2) as

USp(2). In this frame there are 28 flippers (the dimension of the antisymmetric representation

of the SU(8) global symmetry). The second dual frame is an application of Seiberg duality

(2.85) where we have arbitrarily split the 8 into two groups of 4 and interpreted one of them

as fundamental and the other as antifundamental. In this frame there are 16 flippers (the
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dimension of the Seiberg meson in the bifundamental representation of the SU(4) × SU(4)

global symmetry). The last frame was found by Csaki, Schmaltz, Skiba and Terning (CSST)

in [65].

There is a generalization of this result. It involves a USp(2N) gauge theory with matter in

an antisymmetric representation and 8 chiral fields

2N 8 W = 0
Q

A

←→

Generalization IP frame: 2N 8 W =
N−1∑
k=0

Flip[q Ak q]

A
q

←→

Generalization Seiberg frame: 2N

44

W =
N−1∑
k=0

Flip[l Ak r]

A

l r
←→

Generalization CSST frame: 2N

44

W =
N−1∑
k=0

Flip[l Ak l] +
N−1∑
k=0

Flip[r Ak r]

A

l r

(2.96)

For N = 1 we get the result of (2.95). The first dual frame in (2.96) appears in [62]. The others

dual frames appear in [238]. We will furnish a proof of the generalized IP frame in section 3.4.

Other self-dual theories modulo flips have been conjectured in [65].

2.7 3dN = 2 Seiberg-like dualities

In this section, we discuss the similar phenomenon of Seiberg duality for 3dN = 2 theories.

The prototypical duality of this kind has been discovered by Aharony [68]. The electric theory

consists of SQCD with U(N) gauge group and F pairs of fundamental and antifundamental

chiral superfields. The magnetic dual theory is given by the following quiver
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Aharony U(N) duality:

N

F F

W = 0

Q̃ Q ←→

F F

F −N

W = Flip[qq̃] + Flip[M̃+; M̃−]

q q̃

Mapping: tr (QQ̃)←→ Flipper[q q̃]

M+ ←→ Flipper[M̃+]

M− ←→ Flipper[M̃−]
(2.97)

In 3d there are two U(1) global symmetries that don’t exist in 4d. The first one is the axial

symmetry U(1)A that is anomalous in 4d. The second is the topological symmetry U(1)J .

The important observation of [68] was that the monopoles M̃+ and M̃− in the dual theory

have to be set to zero in the chiral ring for the duality to hold. This is the purpose of the

term Flip[M̃+; M̃−] in the superpotential. Let us not be confused about the notation, this

superpotential term should not be interpreted as a mass term even if it looks like a quadratic

term. The reason is because the monopole operators M̃+; M̃− are not elementary d.o.f. As we

said before, this term should be seen as enforcing the constraints on the chiral ring.

Similarly as the situation in 4d, there are many generalizations of the U(N) duality of

Aharony involving other gauge group, different matter content, superpotential interactions and

also CS interactions. Let us give the example, also discussed in the original work of Aharony

[68], of the USp(2N) SQCD. The quiver notation of this duality is the following

Aharony USp(2N) duality:

2N 2F

W = 0

Q
←→ 2F − 2N − 2 2F

W = Flip[q q] + Flip[M̃]

q

Mapping: tr (QQ)←→ Flipper[q q]

M←→ Flipper[M̃]
(2.98)

2.8 Classification S-confining theories

In [44], Csaki, Skiba and Schmaltz classified all S-confining for theories with simple gauge

group and vanishing superpotential. They did it by founding two criteria which allow them to

decide whether a given theory can be S-confining without having to know the explicit infrared

description.
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The first criterion follows from holomorphy of the dynamically generated superpotential.

More precisely, for theories with no tree-level superpotential and only one gauge group, the

symmetries and holomorphy completely determine the form of any non-perturbatively generated

superpotential [40, 239]. Requiring the smoothness of this superpotential on the whole moduli

space puts a constraint on the matter content of the theory. Concretely, [44] found the following

constraint on the Dynkin indices of the matter11∑
i

µ(ri)− µ(adjoint) = 1 (2.99)

This formula summarizes our first necessary condition for S-confinement, which enables us to

rule out most theories immediately.

The second criterion follows from the study of different regions of the moduli space of the

theory under consideration. The idea is simple and goes back to the definition of S-confining

theory. The theory should have a smooth description in terms of gauge invariants everywhere

on the moduli space. Therefore if we explore the moduli space of an S-confining theory, we

should always end up with another S-confining theory. This observation leads to the second

criterion which is a necessary condition. If by exploring the flat directions of a theory, we end

up in a theory that does not admit a smooth description with only gauge invariant d.o.f then

the original theory cannot be S-confining. The inverse statement is not true, if at some point

of the moduli space we end up in an S-confining case it does not imply that the original theory

is also S-confining.

Applying these two criteria, [44] produces Table 2.1, Table 2.2 and 2.3.

Figure 2.1: Classification of S-confining theories with gauge group SU(N), taken from [44].

11In they used a different normalization for the Dynkin index so they get the following constraint
∑

i µ(ri)−
µ(adjoint) = 2.
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Figure 2.2: TClassification of S-confining theories with gauge group USp(2N), taken from [44].

Figure 2.3: Classification of S-confining theories with gauge group SO(N), taken from [44].
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They also studied the exceptional groups. The only case they found is the G2 gauge theory

with 5 fundamentals. This case has already been discovered in [240].

In order to obtain these tables, they did the following. For each gauge group, they listed all

matter content respecting the criterion (2.99) and then for each theory they studied directions

on the moduli space. If they found a flow that rules out the S-confinement scenario, they give

it on the second column.

2.9 Deconfinement method

Most of the examples of S-confining theories appearing in the classification of [44] reviewed in

section 2.8 involve rank-2 matter, more precisely antisymmetric fields. Therefore if we want to

consider the dualities of section 2.6.1 as building blocks, we need a way to get a situation in

which only fundamental fields are present. This is doable and it is called deconfinement. The

price we have to pay is an additional gauge group. We trade the rank-2 field by a confining

gauge group. This method was introduced by Berkooz [60] and further developed in [63].

The original deconfinement method of [60] was for SU(2N) with an antisymmetric field and

it reads

2N

2N + F − 4 F

W = Pfaff (A)

A

Q̃ Q

←→ 2N − 4 2N

2N + F − 4 F

W = 0

Q̃ Q

b

(2.100)

The justification is straightforward, we start on the r.h.s, we notice that the USp(2N − 4) is

coupled to 2N fields, so we apply the USp building block (2.88) and we get the l.h.s.

We would prefer a situation where the superpotential is zero on the side with the antisym-

metric field. A way has been found by Luty, Schmaltz and Terning [63]. It applies for any

group G and it says

G

W = 0

X

←→ N +K − 4 G

K
W = Planar Triangle +Flip[l l]

l
c̃

b

(2.101)

On the r.h.s, N is the dimension of the fundamental representation of G (the antisymmetric

field has indices Xij with i, j = 1, . . . , N), K is the smallest integer such that N + K − 4 is

even and Flipper[ll] is an antisymmetric field of the flavor group. Few remarks

• Depending on the group G, there is additional matter, that contributes to cancel the

gauge anomaly. However G is a spectator in this deconfinement.
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• Planar Triangle corresponds to the term lbc̃ with the obvious contraction of indices.

• “Xij ←→ bi bj ≡ bci b
d
j J

Usp
cd ”. We put the mapping into quotation mark because it does

not correspond to gauge invariant operators.

• If K > 1 we have a fictitious SU(K) global symmetry. It is fictitious because the only

fields that transform under this symmetry are not present in the low-energy theory.

The justification of (2.101) goes as follows. We start once again from the r.h.s and notice that

USp(N + K − 4) is connected to N + K so we can use our USp building block (2.88). The

result is

G

K

W = c̃p+ αβ + Pfaff

 X
... p

. . . . . . . . . . . .
... α



X

pc̃

αβ
(2.102)

Then since c̃ and β are massive we can integrate them out which put to zero p and α. Now if

we look at the Pfaffian term, we see columns of zero and so it vanishes. Therefore we obtain

the l.h.s of (2.101).

For G = SU(2N)/USp(2N)/SO(2N) K is an even integer greater or equal to 2, so using this

method there is a fictitious global symmetry (this SU(2N) deconfinement appears in Terning

[66]). For our purposes this is not enough, we need a deconfinement without this additional

fake symmetry group. When the theories have at least one matter fields in the fundamental

representation we can avoid it.

Our deconfinement version of SU(2N):

2N

2N + F − 4 F

A

Q̃ Q

≡

W = 0

2N

2N + F − 4 F − 1 1

A

Q̃ q F

←→ 2N2N − 2

2N + F − 4 F − 11 1

W = Plannar Triangle − lhd

Q̃ q

b

l
c̃

d

h

(2.103)

This type of 4d N = 1 deconfinement reduces to the 3d N = 2 deconfinement used in [85] and
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also appeared in [241]. The mapping of the chiral ring generators is

q Q̃

F Q̃

A Q̃2

ε2N Q̃
2N

ε2N A
N

ε2N (AN−J q2J)

ε2N (AN−1 q F )

ε2N (AN−K q2K−1 F )

⇐⇒

q Q̃

l b Q̃

b b Q̃2

ε2N Q̃
2N

h

ε2N (b2N−2J q2J)

c̃ q

ε2N (b2N−2K l b q2K−1)

J = 1, . . . , ⌊F−1
2
⌋

K = 2, . . . , ⌊F
2
⌋

(2.104)

The trick was to split the F fundamental fields into F−1 and 1 and use this extra 1 to deconfine

without introducing any extra ”fake” global symmetry. The proof of (2.103) is similar to the

previous ones. We start on the r.h.s by confining the USp(2N − 2) gauge group. The initial

superpotential terms become mass terms of the unwanted mesons which therefore are set to 0.

This kills the would-be Pfaffian term because, as before, we get a vanishing column. The sign

in the superpotential in (2.103) is designed such that the mapping (2.104) involves only + sign

(if we consider +lhd in(2.103), the mapping (2.104) becomes ε2NA
N ←→ −h).

Our deconfinement version of USp(2N):

2N 2F

W = 0

A

≡ 2N 2F − 1

1

Q0

F0

A0

←→ 2N 2N − 2

2F − 1

1 1

v1 F1

h1

W = Planner Triangle − d1F1h1 + Flip[b1 b1]

b1

d1

Q0

(2.105)

In this situation we should add the Flipper[b1 b1] because we want the antisymmetric A0 on the

l.h.s to be traceless12.

In this case the mapping is

Q0A
i
0 F0

Q0A
N−1 F0

Q0A
j Q0

trAk

trAN

⇐⇒

Q0 b1 (b1 b1)
i F1

Q0 v1

Q0 (b1 b1)
j Q0

tr (b1 b1)
k

h1

i = 0, . . . , N − 2

j = 0, . . . , N − 1

k = 2, . . . , N − 1

(2.106)

Let us write more explicitly the indices of the operators.

12Meaning Aαβ
0 Jαβ = 0 with Jαβ the invariant tensor of USp(2N)
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• Q0A
j
0Q0 ≡ (Q0)

α1
i1
Aα2α3

0 · · · Aα2jα2j+1

0 (Q0)
α2j+2

i2
J2N
α1α2
· · · J2N

α2j+1α2j+2
that transforms in

the antisymmetric representation of the SU(2F − 1) global symmetry.

• Q0 (b1 b1)
j Q0 ≡

(Q0)
α1
i1

((b1)
α2
β1

(b1)
α3
β2
Jβ1β22N−2) · · · ((b1)

α2J
β2J−1

(b1)
α2J+1

β2J
J
β2J−1β2J
2N−2 ) (Q0)

α2j+2

i2
J2N
α1α2
· · · J2N

α2j+1α2j+2

• trAk0 ≡ Aα1α2
0 · · ·Aα2k−1α2k

0 J2N
α2α3
· · · J2N

α2k−2α2k−1
J2N
α2kα1

• tr (b1 b1)
k ≡

((b1)
α1
β1

(b1)
α2
β2
Jβ1β22N−2) · · · ((b1)

α2J−1

β2J−1
(b1)

α2J
β2J

J
β2J−1β2J
2N−2 ) J2N

α2α3
· · · J2N

α2k−2α2k−1
J2N
α2kα1

To summarize with these two ways of deconfining. The advantages are

• W = 0

• No additional matter fields in the deconfined frame that introduces fictitious global sym-

metry

The disadvantage is the apparent breaking of the global symmetry

• SU(2N) case: SU(2N+F−4)×SU(F )×U(1)2 −→ SU(2N+F−4)×SU(F−1)×U(1)3

• USp(2N) case: SU(2F )× U(1) −→ SU(2F − 1)× U(1)2

For G = SU(2N + 1) with F fundamentals we have K = 1 in (2.101). Therefore we have

the following deconfinement version

Deconfinement of SU(2N + 1):

2N + 1

2N + F − 3 F

W = 0

A

Q̃ Q

←→ 2N − 2 2N + 1

2N + F − 3 F1

W = − Plannar Triangle

Q̃ Q

b

l
c̃

(2.107)

The mapping of the chiral ring generators is the following:

QQ̃

A Q̃2

ε2N+1 Q̃
2N+1

ε2N+1 (A
N Q)

ε2N+1 (A
N−J Q2J+1)

⇐⇒

QQ̃

b b Q̃2

ε2N+1 Q̃
2N+1

c̃ Q

ε2N+1 (b
2N−2J Q2J+1) J = 1, . . . , ⌊F

2
⌋ − 1

(2.108)

This form of deconfinement appears first in Pouliot [58]. The sign in (2.107) is once again to

have all + sign in the mapping of the chiral ring generators.
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In the Chapter 3, we will apply the two S-confinements (2.87), (2.88) and the deconfinements

(2.103) (2.105) to prove all S-confining dualities involving antisymmetric fields that we presented

in section 2.8. The strategy is to first deconfine the rank-2 matter, then confine one by one all

the gauge groups.

2.10 4d N = 1 supersymmetric index

In this section, we briefly summarize some facts about the supersymmetric index of a 4d N = 1

theory, which coincides with the superconformal index [29, 30, 236] when computed with the

superconformal R-symmetry (see also [242] for a review).

The index of a 4d N = 1 SCFT is a refined Witten index of the theory quantized on S3×R

IN=1 = Trδ=0(−1)F
(
p

q

)j1
(p q)j2+

R
2

∏
i

fTii , (2.109)

where

δ =
1

2

{
Q,Q†} = 2j2 +

3

2
R (2.110)

with Q = Q̃−̇ one of the Poincaré supercharges and Q† = S the conjugate conformal super-

charge, while j1, j2 are the Cartan generators of the isometry group SO(4) = SU(2)1×SU(2)2
of S3, R is the generator of the IR superconformal R-symmetry and Ti are Q-closed generators

of additional global symmetries of the theory. The parameters p and q are fugacities associated

with the supersymmetry preserving squashing of the S3 [236], while fi are fugacities for the

symmetries associated with the generators Ti.

The index counts gauge invariant operators (“words”) that can be constructed from modes

of the fields (“letters”). The single letter indices for a vector multiplet and a chiral multiplet

transforming in the representation R of the gauge and flavor group and with R-charge R are

ivec (p, q, U) =
2pq − p− q

(1− p)(1− q)
χadj (U) ,

iRchir (p, q, U, V,R) =
(pq)

R
2 χR (U, V )− (pq)

2−R
2 χR (U, V )

(1− p)(1− q)
, (2.111)

where χR (U, V ) and χR (U, V ) are the characters of the representation R and the conjugate

representation R, with U and V gauge and flavor group matrices, respectively.

The index is obtained by symmetrizing of all of such letters into words and then projecting

them to the gauge invariant ones by integrating over the Haar measure of the gauge group.

This takes the general form

IN=1 (p, q, V ) =

∫
[dU ]

∏
k

PE [ik (p, q, U, V )] , (2.112)

where k labels the different multiplets in the theory and PE[ik] is the plethystic exponential of

the single letter index of the k-th multiplet

PE [ik (p, q, U, V )] = exp

[
∞∑
m=1

1

m
ik (p

m, qm, Um, V m)

]
, (2.113)

59



which implements the symmetrization of the letters.

Let us consider the example of an SU(n) gauge group. The contribution of a chiral superfield

in the fundamental representation n or anti-fundamental representation n of SU(n) with R-

charge R can be written as follows:

PE [inchir (p, q, U)] =
n∏
a=1

Γe

(
(pq)

R
2 za

)
, PE

[
inchir (p, q, U)

]
=

n∏
a=1

Γe

(
(pq)

R
2 z−1

a

)
,

(2.114)

where za with a = 1, ..., n and
∏n

a=1 za = 1 are the fugacities parametrizing the Cartan subal-

gebra of SU(n) and the elliptic gamma function is defined as

Γe (x) ≡ Γe (x; p, q) =
∞∏

i,j=1

1− piqjx−1

1− pi+1qj+1x
. (2.115)

We will also use the shorthand notation

Γe
(
x±h
)
= Γe

(
xh
)
Γe
(
x−h
)
. (2.116)

On the other hand, the contribution of the vector multiplet in the adjoint representation of

SU(n) together with the SU(n) Haar measure can be written as

(p; p)n∞(q; q)n∞
n!

∮
Tn−1

n−1∏
a=1

dz a
2πiza

n∏
a̸=b

1

Γe
(
zaz

−1
b

)∣∣∣∣∣∏n
a=1 za=1

(
· · ·
)
, (2.117)

where the
(
· · ·
)
indicates the rest of the index which receives contribution from the chiral matter

fields transforming in various representations of the gauge group. The integration contour is

taken over a unitary circle in the complex plane for each element of the maximal torus of the

gauge group. The prefactor (p; p)n∞(q; q)n∞ is the contribution of n U(1) free vector multiplets,

one for each Cartan element of the gauge group SU(n), where (x; q) =
∏∞

n=0 (1− xqn) is the

q-Pochhammer symbol.

For completeness, we report the parametrization we used for the characters of various repre-

sentations of the groups USp(2n) and SO(n) that appeared in the main text. For USp(2n) we

mainly consider fundamental 2n, adjoint n(2n+1) and (traceless) antisymmetric n(2n−1)−1
representations

χ
USp(2n)
2n =

n∑
a=1

za + z−1
a ,

χ
USp(2n)
n(2n+1) = n+

n∑
a=1

(
z2a + z−2

a

)
+

n∑
a<b

(
zazb + zaz

−1
b + z−1

a zb + z−1
a z−1

b

)
,

χ
USp(2n)
n(2n−1)−1 = n− 1 +

n∑
a<b

(
zazb + zaz

−1
b + z−1

a zb + z−1
a z−1

b

)
. (2.118)

For SO(n) the characters of the representations are different depending on whether n is even

or odd, so it is useful to write n = 2k + ϵ with k the rank of the group and ϵ = 0, 1. The
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main representations that we consider are the vector n, the adjoint n(n−1)
2

and the (traceless)

symmetric representations n(n+1)−2
2

χSO(n)
n = ϵ+

k∑
a=1

za + z−1
a ,

χ
SO(n)
n(n−1)

2

= k + ϵ

k∑
a=1

(
za + z−1

a

)
+

n∑
a<b

(
zazb + zaz

−1
b + z−1

a zb + z−1
a z−1

b

)
,

χ
SO(n)
n(n+1)−2

2

= k + ϵ− 1 + ϵ
k∑
a=1

(
za + z−1

a

)
+

k∑
a=1

(
z2a + z−2

a

)
+

k∑
a<b

(
zazb + zaz

−1
b + z−1

a zb + z−1
a z−1

b

)
.

(2.119)

Other useful characters are those for the symmetric n(n+1)
2

and anti-symmetric n(n−1)
2

rpere-

sentations of SU(n)

χ
SU(n)
n(n+1)

2

=
n∑
a≤b

zazb ,

χ
SU(n)
n(n−1)

2

=
n∑
a<b

zazb , (2.120)

where as usual for SU(n) fugacities we have
∏n

a=1 za = 1.
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Chapter 3

Power of deconfinement

The content of this Chapter is essentially taken from [1, 2].

3.1 Introduction

A line of research is concerned with the derivation of IR dualities involving rank-two matter

applying known more basic dualities. In this Chapter we will present our contribution in this

project. We will use the deconfinement method reviewed in Section 2.9 to prove all S-confining

dualities involving one node quivers and matter in rank-1 and/or rank-2 representations of Sec-

tion 2.8. The set of theories includes 3 infinite series: USp(2N) with antisymmetric and 3 fla-

vors, SU(N) with antisymmetric and (4, N) flavors, SU(N) with antisymmetric, conjugate anti-

symmetric and (3, 3) flavors. Moreover there are 4 exceptional cases, with SU(5), SU(6), SU(7)

gauge group and 2 or 3 antisymmetric fields plus flavors.1

Then we will work out the sequentially deconfined dual of 4d N = 1 USp(2N) with anti-

symmetric and 2F fundamentals, uplifting the 3d N = 2 results of [85]. This means that we

step by step prove a duality with a linear quiver gauge theories with N nodes and a certain

saw structure, full details of the theory are in (3.3.2). This fully deconfined dual frame enjoys

the nice property that all the chiral ring operators are gauge singlet fields, similarly to what

happens for IP and Aharony dualities.2 We will then use this fully deconfined frame to prove

the known self-duality of USp(2N) with 4 flavors. More precisely, to derive the generalization

of the IP frame in (2.96).

In the two sporadic SU(5) cases and during the sequential deconfinement of USp(2N) with

antisymmetric and 2F fundamentals, we will face a subtlety that we call degenerate holomor-

phic operator ambiguity3. As the name suggests, this phenomenon appears when we reach a

frame that contains more than one gauge invariant holomorphic operator with the same global

symmetry quantum numbers (including U(1)R), but only one combination is a chiral protected

1[46] also found non-quivers S-confining models, with Spin(N) gauge group and spinorial matter, and a

SU(6) model with a rank-3 antisymmetric representation. Our techniques cannot tackle such cases. We leave

this problem to future work.
2This property cannot be enjoyed by theories with general baryonic operators in the chiral ring, such as in

SU(N) SQCD or in the sequentially deconfined 3d N = 2 SO gauge theories [243].
3This subtlety is also present in the 3d version of the sequential deconfinement story [85] but was overlooked.
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operator. If such an operator is flipped by a gauge singlet, only one specific combination ap-

pears in the superpotential. In the examples we encounter in this chapter, it happens that if

we follow the rules of Seiberg duality (as is usually done) we end up with the incorrect result.

In some cases we can determine which is the precise combination of operators appearing in the

chiral ring (equivalently, the combination that can be flipped) by going in a dual frame and

using classical F-terms relations there. Hence, in the original theory with degenerate holomor-

phic operator ambiguity, the ambiguity is resolved by quantum relations. In the case of F = 4,

the precise superpotential is crucial in the proof of the self-duality modulo flips, so this case

provides a good consistency check of our procedure.

This chapter is organized as follows.

In section 3.2, we present the proof of the S-confining one node quivers without superpo-

tential.

In section 3.3, we present the general sequential deconfinement of USp(2N) with an anti-

symmetric and 2F fundamentals.

In section 3.4, we set 2F = 8, which allows to sequentially reconfine the quiver tail, and

prove the self-duality modulo flips of the theory.

In section 3.5, we show how to reduce our 4d N = 1 USp(2N) story to 3d N = 2, re-

obtaining the results of for U(N) and USp(2N) found in [85]. Along the way we also derive

new sequentially deconfined duals, namely for U(N) with adjoint and (F, F ) fundamentals with

monopole superpotentials.

In section 3.6, we give an outlook.

3.2 Proof of the S-confining theories

3.2.1 USp(2N) with + 6 series

Let us start from USp(2N) gauge theory with one antisymmetric and 6 fundamental fields.

This theory has a continuous global symmetry SU(6)×U(1) (on top of the U(1)R symmetry).

We also turn on a superpotential

2N 6

W =
N∑
i=2

Flip[Ai]

A
q

(3.1)

The F-term equations of the Flipper[Ai] set the tr (Ai) to 0 on the chiral ring. In addition,

on the quantum chiral ring these flippers are not generators. We can understand it as follows:

Start with the theory with W = 0. After a-maximization [232], we discover that the operators

tr (Ai) violate the unitary bound. Therefore, we expect that in the IR the theory breaks into

a free and an interacting part. If we want to focus on the interacting part, the procedure

is to flip these operators [95] and the flippers are not generators of the quantum chiral ring.
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The conclusion is that the quantum chiral ring generators of (3.1) are the dressed mesons:

tr (q Aa q), a = 0, . . . , N − 1 and these are the operators that we have to map. We turned on

this superpotential because it will be much easier to keep track of the superpotential when

doing the sequence of confinement/deconfinement.

Now we start by using the trick of splitting the 6 fundamentals into 5 + 1

T0 :

2N 6

W =
N∑
i=2

Flip[Ai]

A
q

≡ 2N 5

1

Q0

F0

W =
N∑
i=2

Flip[Ai0]

A0

(3.2)

The first step is the use of the deconfinement (2.105).

T0′ :

2N 2N − 2

5

1 1

v1 F1

W = Planar Triangle

+Flip[b1 b1] +
∑N−1

i=2 Flip[(b1 b1)
i]

b1

d1

Q0

(3.3)

In this section and in the following, for simplicity, we will not pay attention to the signs in front

of the various terms in the superpotential. Let us remark that the h1 field has been integrated

out using the e.o.m of the massive Flipper[AN0 ]. Now we see that the USp(2N) is coupled to

2N − 2 + 5 + 1 = 2N + 4 fundamental fields. Therefore we can apply the basic S-confining

result (2.88). We get

2N − 2 5

1 1

Q1

F1
O1

W = p1d1 + Flip[A1] +
∑N−1

i=2 Flip[Ai1]

+Pfaff

A1 Q1 p1

M1 O1

0



A1

M1

p1

d1

(3.4)

The E.O.M of Flipper[A1] and d1 set tr (A1) ≡ (A1)
α1α2J2N−2

α1α2
= 0 and p1 = 0. Therefore the
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Pfaffian term becomes

Pfaffµ = Pfaff

A1 Q1 0

M1 O1

0

 ∼ εa1...a2N+4
µa1a2 . . . µa2N+3a2N+4

= ε2N−2 ε5
[
AN−1

1 M2
1O1 + AN−2

1 Q2
1M1O1 + AN−3

1 Q4
1O1

]
(3.5)

Let us focus on the first term: ε2N−2 ε5
[
AN−1

1 M2
1O1

]
= ε2N−2

[
AN−1

1

]
ε5 [M2

1O1]. We claim

that we can drop this term. Indeed the part ε2N−2

[
AN−1

1

]
can be written, by linear algebra,

as the product of the traces of all powers ofAi1 (which are all set to 0 on the chiral ring by

the F-term equations of Flipper[Ai1]). Then using the chiral ring stability argument4 [95] on

ε2N−2 ε5
[
AN−1

1 M2
1O1

]
we conclude that we can remove this term from the full superpoten-

tial in (3.4). More generally, the chiral ring stability allows us to drop terms of the form:

ε2c [A
c] ε5 [MiMj Ok] with c > 05. Therefore from now on we will discard these terms. This is

the reason why we turn on the superpotential in (3.2), to avoid the proliferation of this kind of

term.
T1 :

2N − 2 5

1 1

Q1

F1
O1

W =
∑N−1

i=2 Flip[Ai1]

+ ε2N−2 ε5
[
AN−2

1 Q2
1M1O1

+AN−3
1 Q4

1O1

]

A1

M1

(3.6)

The next step is to deconfine again the antisymmetric field. We get

T1′ :

2N − 2 2N − 4

5

1 1

1

v2 F2

W = Plannar Triangle +Flip[b2 b2] +
∑N−2

i=2 Flip[(b2 b2)
i]

+ε2N−2 ε5
[
b2N−4
2 Q2

1M1O1 + b2N−6
2 Q4

1O1

]b2

d2

Q1

O1

M1

(3.7)

4The chiral ring stability argument says the following [95]: Start with a theory with superpotential WT =∑
iWi. For each i, consider the modified theory Ti where the term Wi is removed. Then, check if the operator

Wi is in the chiral ring of Ti. If it is not, drop Wi from the full superpotential W.
5Even if we don’t want to use the chiral ring stability criterion, these terms will disappear once we reach the

final frame. Indeed every power of the antisymmetric field will at some point be mapped to a singlet ha field.

This singlet will enter in the superpotential as a mass term with one flipper Flipper[A]. Therefore when we

integrate out the massive flipper Flipper[AN−k], its E.O.M set hk+1 to 0. Conclusion, if we are doing enough

confinement/deconfinement steps, these terms ε2c [Ac] ε5 [Mi Mj Ok] with c > 0 are set to 0.
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Now we confine the Usp(2N − 2). It is similar to the previous step between the frames T0′ and
T1. There is once again a confining superpotential given by a Pfaffian term. What is interesting

and non-trivial is the mapping of the existing superpotential terms in (3.7).

Let us start with ε2N−2 ε5
[
b2N−4
2 Q2

1M1O1

]
. In principle when we deconfine the antisymmetric

field A1 with the Usp(2N − 4) gauge group, the b2 fields are contracted pairwise with the

invariant tensor of the Usp group J2N−4. Therefore a term like ε2N−2 ε5
[
b2N−4
2 Q2

1M1O1

]
contain

implicitly N − 2 invariant tensor J2N−4 that are contracted with the 2N − 4 b2 fields. But we

can do something else. Since the number of b2 fields is smaller than the order of ε2N−2, the

epsilon forces to antisymmetrize all the 2N − 4 indices. So we can trade, modulo an irrelevant

numerical factor, the bunch of J2N−4 for ε2n−4. Putting indices we get

ε2N−2 ε5
[
b2N−4
2 Q2

1M1O1

]
∼ ε2N−4 ε5 ε2N−2

[
b2N−4
2 Q2

1M1O1

]
= ε2N−4 ε5 ε2N−2

[
(b2)

α1
β1
. . . (b2)

α2N−4

β2N−4
(Q1)

α2N−3

i1
(Q1)

α2N−2

i2
(M1)i3i4(O1)i5

]
(3.8)

To improve the readability, we have colored the Usp(2N − 4) indices in magenta and the

Usp(2N − 2) indices in green. Using this form, it is easier to see where this term is mapped

to. Indeed, when we confine the Usp(2N − 2), we have two different possibilities. Either we

contract the two Q1 together which gives the mesonM2 or we contract each Q1 with a b2 which

gives a new fundamental Q2.

So after the confinement of Usp(2N − 2), this term is mapped to

• ε2N−4 ε5 ε2N−2

[
b2N−4
2 Q2

1M1O1

]
−→ ε2N−4 ε5

[
AN−2

2 M2M1O1 + AN−3
2 Q2

2M1O1

]
Again we use the chiral ring stability argument to remove the first term.

The second term we have to map is ε2N−2 ε5
[
b2N−6
2 Q4

1O1

]
. The strategy is the same as for

the previous term. We also trade the bunch of J2N−4 with ε2N−6 tensor6. Now there are 4

Q1 to play with. We can form 3 different terms. The first one is contracting the 4 Q1 among

themselves. The second is contracting 2 Q1 with 2 b2 and the remaining 2 Q1 together. The

last one is contracting the 4 Q1 with 4 b2.

So after the confinement of Usp(2N − 2) we get

• ε2N−6 ε5 ε2N−2

[
b2N−6
2 Q4

1O1

]
−→ ε2N−6 ε5

[
AN−3

2 M2
2O1 + AN−4

2 Q2
2M2O1 + AN−5

2 Q4
2O1

]
After eliminating the first term using the chiral ring stability we get

T2 :

2N − 4 5

1 1 1

Q2

F2
O1 O2

W =
∑N−2

i=2 Flip[Ai2] + ε2N−4 ε5
[
AN−3

2 Q2
2M1O1

]
+ε2N−6 ε5

[
AN−4

2 Q2
2M2O1 + AN−5

2 Q4
2O1

]
+ε2N−4 ε5

[
AN−3

2 Q2
2M2O2 + AN−4

2 Q4
2O2

]

A2

M1,M2

(3.9)

6ε2N−6 is an abuse of terminology. What we mean is a totally antisymmetric tensor with 2N − 6 indices but

each index goes from 1 to 2N − 4.
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We iterate this procedure of deconfinement/deconfinement. In the appendix A we present the

theory in the arbitrary Tk frame with the full superpotential.

After N − 1 iterations we get

TN−1 :

2 5

1 1 . . . 1

QN−1

FN−1 O1 ON−1

. . . W =
∑N−1

i=1 ε2 ε5
[
Q2
N−1MiOi

]
+
∑N−2

k=1

∑
k+1≤i≤j≤N−1 ε5 [MiMjOk] δi+j−k,N

M1, . . . ,MN−1

(3.10)

Now since we reach Usp(2) ≃ SU(2) the traceless antisymmetric field simply does not exist

anymore. Therefore there is nothing to deconfine and we can directly apply the building block

once more. We reach the final “deconfined” frame

TDec :

5

1 . . . 1

O1 ON

...

W =
∑N

k=1

∑
k≤i≤j≤N−1 ε5 [MiMjOk] δi+j−k,N

M1, . . . ,MN

≡ 6

... µ1, . . . , µN

W =
∑

N≥a≥b≥c≥1

ε6
[
µa µb µc

]
δa+b+c,2N+1

µa =


5︷ ︸︸ ︷
Ma

...

1︷ ︸︸ ︷
ON+1−a

. . . . . . .
... . . . . . . .
... 0


}
5}
1

(3.11)

In the last equality, we have repackage the superpotential in a manifestly SU(6) invariant way.

We recover the result of [46] and the superpotential for a generic N proposed in [92].

The mapping of the chiral ring generators between the original frame and the final one is the

following

T0
tr (Q0A

i
0Q0)

tr (Q0A
i
0 F0)

⇐⇒
TDEC
Mi+1

ON−i

i = 0, . . . , N − 1

i = 0, . . . , N − 1

(3.12)

In the repackaged form, the mapping becomes: tr (q Aa q)⇐⇒ µa+1, a = 0, . . . , N − 1.

3.2.2 SU(M) with , + 3 + 3 series

Odd rank: M = 2N + 1

The first series is SU(2N +1) gauge theory with fields in the antisymmetric and conjugate an-

tisymmetric representation and (3, 3) fundamentals, antifundamentals. The continuous global

symmetry is SU(3)Q × SU(3)Q̃ × U(1)3.
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T1 :

2N + 1

33

W = 0

A Ã

Q̃Q

(3.13)

The chiral ring generators are

• Q(A Ã)kQ̃ ∼ Qα1
i (Ãα1α2 A

α2α3 Ãα3α4 · · ·Aα2kα2k+1) Q̃I
α2k+1

7 , k = 0, . . . , N − 1

(transforming in the ( , ) of SU(3)Q × SU(3)Q̃)

• Ã (A Ã)kQ2 ∼ Ãα1α2(A
α2α3 Ãα3α4 A

α4α5 · · ·Aα2k+1α2k+2 Ãα2k+2α2k+3
)Q

α2k+3

[i Qα1

j] ,

k = 0, . . . , N − 1 ∼ ( , 1)

• A (A Ã)k Q̃2 ∼ Aα1α2(Ãα2α3 A
α3α4 Ãα4α5 · · · Ãα2k+1α2k+2

Aα2k+2α2k+3) Q̃
[I
α2k+3Q̃

J ]
α1 ,

k = 0, . . . , N − 1 ∼ (1, )

• (A Ã)m ∼ Aα1α2 Ãα2α3 A
α3α4 · · ·Aα2m−1α2m Ãα2mα1 m = 1, . . . , N ∼ (1, 1)

• ε2N+1 (A
N Q) ∼ ε2N+1 (A

α1α2 · · ·Aα2N−1α2N Q
α2N+1

i ) ∼ ( , 1)

• ε2N+1 (ÃN Q̃) ∼ ε2N+1 (Ãα1α2 · · · Ãα2N−1α2N
QI
α2N+1

) ∼ (1, )

• ε2N+1 (A
N−1Q3) ∼ ε2N+1 ε

ijk (Aα1α2 · · ·Aα2N−3α2N−2 Q
α2N−1

i Qα2N
j Q

α2N+1

k ) ∼ (1, 1)

• ε2N+1 (ÃN−1 Q̃3) ∼ ε2N+1 εIJK (Ãα1α2 · · · Ãα2N−3α2N−2
Q̃I
α2N−1

Q̃J
α2N

QK
α2N+1

) ∼ (1, 1)

We deconfine the two antisymmetric fields with the help of (2.107).

T1′ :

2N + 12N − 2 2N − 2

33

1 1

W = 2 Planar Triangles

Q Q̃

b b̃

c̃ cl l̃

(3.14)

7αi = 1, . . . , 2N + 1 are gauge indices. I, J, . . . = 1, . . . , 3 are SU(3)Q̃ flavor indices. i, j, k, l · · · = 1, . . . , 3

are SU(3)Q flavor indices.
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Now we confine the SU node with (2.87).

T2 :

1

2N − 2 2N − 2

3 3

1 1

W = ε2N−2 ε
2N−2 ε3 ε

3
[
K2N−2

2 M3
0TN

+K2N−2
2 M2

0B1B̃1 +K2N−3
2 K1RM

2
0TN

+K2N−3
2 K1RM0B1B̃1

+K2N−4
2 K2

1R
2M0TN +K2N−4

2 K2
1R

2B1B̃1

+ K2N−5
2 K3

1R
3TN

]
+XHNM0

+ 6 Planar Triangles

K1

K2

R

B1

TN

B̃1

X

Y
Ỹ

HN

B3B̃3

M0
(3.15)

Let us give more details. The first 7 terms in the superpotential (3.15) come from the deter-

minant of the meson matrix Φ

detΦ ≡ det

K2 K1 0

R M0 B1

0 B̃1 TN

 = εa1...a2N+4 εb1...b2N+4
Φb1
a1
· · ·Φb2N+4

a2N+4

−→ ε2N−2 ε2N−2 ε
3 ε3

[
K2N−2

2

(
M3

0TN +M2
0B1B̃1

)
+K2N−3

2

(
K1RM

2
0TN

+K1RM0B1B̃1

)
+K2N−4

2

(
K2

1R
2M0TN +K2

1R
2B1B̃1

)
+K2N−5

2 K3
1R

3TN

] (3.16)

The “XHNM0+6 Planar Triangles” terms come from the cubic interaction “meson× baryon

× meson” when the SU group confines. We also rescale the fields such that the coefficient in

front of each term is +1.

The next step is to confine the left Usp(2N − 2) using (2.88).

T3 :

1

2N − 2

3 3

1 1

W = ε3 ε
3 ε2N−2

[
BN−1M3

0TN

+BN−1M2
0 B̃1B1 +BN−2LRM2

0TN

+BN−2LRM0B̃1B1 +BN−2H̃0R
2M0TN

+BN−3L2R2M0TN +BN−2H̃0R
2B1B̃1

+BN−3L2R2B1B̃1 +BN−3H̃0LR
3TN

+BN−4L3R3TN
]
+ TNB3B̃3 +B1HNB3

+ε3 ε2N−2

[
BN−1H̃0B̃1B̃3 +BN−1H̃0M0HN +BN−2L2B̃1B̃3

+BN−2L2M0HN +BN−2LH̃0RHN +BN−3L3RHN

]

B

H̃0

L R

B1

TN

B̃1

HN

B3B̃3

M0

(3.17)
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Let us explain how to get the superpotential in (3.17). The first 7 terms in (3.15) are mapped

to the first 10 terms in (3.17). The additional 3 terms come from

• ε2N−2 ε2N−2

(
K2N−4

2 K2
1R

2M0TN
)
−→ ε2N−2

(
BN−2H̃0R

2M0TN +BN−3L2R2M0TN

)
• ε2N−2 ε2N−2

(
K2N−4

2 K2
1R

2B1B̃1

)
−→ ε2N−2

(
BN−2H̃0R

2B1B̃1 +BN−3L2R2B1B̃1

)
• ε2N−2 ε2N−2

(
K2N−5

2 K3
1R

3TN
)
−→ ε2N−2

(
BN−3H̃0LR

3TN +BN−4L3R3TN

)
Then X and Ỹ of (3.15) get massive from the planar triangles terms. Indeed we obtain the

following mass terms: P1X and P2Ỹ where P1 is the meson [K1Y ] and P2 the meson [K2Y ] in

the frame T2. Therefore after integrating out massive fields, we are left with only two “triangles

terms”: TNB3B̃3 +B1HNB3.

The remaining terms come from the Pfaffian confining superpotential (2.88)

Pfaffϕ ≡ Pfaff

B L P2

H̃0 P1

0

 ∼ εa1...a2N+2
ϕa1a2 · · ·ϕa2N+1a2N+2

−→ ε3 ε2N−2

[
BN−1H̃0P1 +BN−2(L2P1 + LH̃0P2) +BN−3L3P2

]
(3.18)

As we said P1 and P2 are massive fields and their expression are obtained by the E.O.M of

X and Ỹ . We get (after rescaling fields)

E.O.M: from X : P1 = B̃1B̃3 +M0HN

from Ỹ : P2 = RHN

Putting all together, we get the superpotential written in (3.17).

The next step is to confine the Usp(2N−2) node using the result (3.11). In order to apply it and

get a superpotential in a close form, we need to flip the tower of traces of the antisymmetric

field B. Using the mapping (3.19), it amounts to flip in the frame T1 the tower of (A Ã)j.

To simplify even further we also flip the two singlets ε2N+1 (A
N−1Q3) and ε2N+1 (Ã

N−1 Q̃3).

Therefore we kill terms with TN , B3 and B̃3.

T1
QQ̃

Q (A Ã)j Q̃

Ã (A Ã)iQ2

Ã (A Ã)N−1Q2

AQ̃2

A (A Ã)k Q̃2

A (A Ã)N−1 Q̃2

(A Ã)m

(A Ã)N

ε2N+1 (A
N Q)

ε2N+1 (Ã
N Q̃)

ε2N+1 (A
N−1Q3)

ε2N+1 (Ã
N−1 Q̃3)

⇐⇒

T1′
QQ̃

Q (bb b̃b̃)j Q̃

b̃b̃ (bb b̃b̃)iQ2

ε2N+1((bb)
N−1cQ2)

bb Q̃2

bb (bb b̃b̃)k Q̃2

ε2N+1((b̃b̃)
N−1c̃ Q̃2)

(bb b̃b̃)m

c c̃

c̃ Q

c Q̃

ε2N+1 ((bb)
N−1Q3)

ε2N+1 ((b̃b̃)
N−1 Q̃3)

⇐⇒

T2
M0

RK2(K2K2)
j−1K1

R(K2K2)
iR

HN

K1K1

K1(K2K2)
kK1

X

(K2K2)
m

TN

B1

B̃1

B3

B̃3

⇐⇒

T3
M0

LBj−1R

RBiR

HN

H̃0

LBk−1 L

H̃0B
N−1 + LBN−2L

Bm

TN

B1

B̃1

B3

B̃3

j = 1, . . . , N − 1

i = 0, . . . , N − 2

k = 1, . . . , N − 2

m = 1, . . . , N − 1

(3.19)
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The summary of this flipping procedure is the following duality

T1,f lip :

2N + 1

33

W =
∑N

i=1 Flip[(A Ã)i]+

+Flip[ε2N+1 ε
3 [AN−1Q3]]+

+Flip[ε2N+1 ε3 [Ã
N−1 Q̃3]]

A Ã

Q̃Q

←→

T3,f lip :

1

2N − 2

3 3

1 1

W = ε3 ε
3 ε2N−2

[
BN−1M2

0 B̃1B1 +BN−2LRM0B̃1B1

+BN−2H̃0R
2B1B̃1 +BN−3L2R2B1B̃1 +BN−1H̃0M0HN

+BN−2L2M0HN +BN−2LH̃0RHN +BN−3L3RHN

]
+
∑N−1

i=2 Flip[Bi]

B

H̃0

L R

B1B̃1

HN

M0

(3.20)

We can now use our confining result of Section 3.2.1. We rewrite (3.11) after splitting the 6

fundamentals into two groups of 3, getting

2M

33

W =
∑M

i=2 Flip[Bi]

B

RL

⇐⇒ 3 3
.... . . . . .

W =
∑M

i,j,k=1 ε3 ε
3
(
H̃iMj Hk +MiMjMk

)
δi+j+k,2M+1

M1

MM

H1, . . . , HM H̃1, . . . , H̃M

tr (LBk L)←→ H̃k+1

tr (RBk R)←→ Hk+1

tr (LBk R)←→Mk+1

k = 0, . . . ,M − 1

(3.21)
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Apply this result to our frame T3,f lip in (3.20) we get the final WZ

T4,f lip :

3 3

1 1

1

.... . . . . .

W = ε3 ε
3
[
MN−1M0B̃1B1 +

∑N−3
l=0

(
H̃l+1HN−2−lB1B̃1 +Ml+1MN−2−lB1B̃1

)
+HN−1H̃0B1B̃1 + H̃N−1M0HN + H̃0MN−1HN +

∑N−3
l=0

(
H̃l+1MN−2−lHN

)
+
∑N−1

i,j,k=1

(
H̃iMj Hk +MiMjMk

)
δi+j+k,2N−1

]

M0

M1

MN−1H̃1, . . . , H̃N−1 H1, . . . , HN−1

B1B̃1

H̃0 HN

(3.22)

As a consistency check, for N = 2 we recover the superpotential given in [46] Section 3.1.4.

The mapping of the chiral ring in the flipping case is

T1,f lip
QQ̃

Q (A Ã)j Q̃

Ã (A Ã)iQ2

Ã (A Ã)N−1Q2

AQ̃2

A (A Ã)k Q̃2

A (A Ã)N−1 Q̃2

ε2N+1 (A
N Q)

ε2N+1 (Ã
N Q̃)

⇐⇒

T3,f lip
M0

LBj−1R

RBiR

HN

H̃0

LBk−1 L

LBN−2L

B1

B̃1

⇐⇒

T4,f lip
M0

Mj

Hi+1

HN

H̃0

H̃k

H̃N−1

B1

B̃1

j = 1, . . . , N − 1

i = 0, . . . , N − 2

k = 1, . . . , N − 2

(3.23)

Even rank: M = 2N

Let us now study the even rank case of the previous gauge theory.

T1 :

2N

33

W = 0

A Ã

Q̃Q

(3.24)

The chiral ring generators are
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• Q(A Ã)kQ̃ ∼ Qα1
i (Ãα1α2 A

α2α3 Ãα3α4 · · ·Aα2kα2k+1) Q̃I
α2k+1

, k = 0, . . . , N − 1

(transforming in the ( , ) of SU(3)Q × SU(3)Q̃)

• Ã (A Ã)kQ2 ∼ Ãα1α2(A
α2α3 Ãα3α4 A

α4α5 · · ·Aα2k+1α2k+2 Ãα2k+2α2k+3
)Q

α2k+3

[i Qα1

j] ,

k = 0, . . . , N − 1 ∼ ( , 1)

• A (A Ã)k Q̃2 ∼ Aα1α2(Ãα2α3 A
α3α4 Ãα4α5 · · · Ãα2k+1α2k+2

Aα2k+2α2k+3) Q̃
[I
α2k+3Q̃

J ]
α1 ,

k = 0, . . . , N − 1 ∼ (1, )

• (A Ã)m ∼ (Aα1α2 Ãα2α3 · · ·Aα2m−1α2m Ãα2mα1) , m = 1, . . . , N − 1 ∼ (1, 1)

• ε2N A
N ∼ ε2N (Aα1α2 · · ·Aα2N−1α2N ) ∼ (1, 1)

• ε2N Ã
N ∼ ε2N (Ãα1α2 · · · Ãα2N−1α2N

) ∼ (1, 1)

• ε2N (AN−1Q2) ∼ ε2N (Aα1α2 · · ·Aα2N−3α2N−2 Q
α2N−1

[i Qα2N

j] ) ∼ ( , 1)

• ε2N (ÃN−1 Q̃2) ∼ ε2N (Ãα1α2 · · · Ãα2N−3α2N−2
) Q̃

[I
α2N−1 Q̃

J ]
α2N ∼ (1, , )

The next step is to deconfine the antisymmetric and the conjugate antisymmetric fields. To

do so we use a variant of the deconfinement method (2.103), where we don’t have to split the

flavor symmetry. By doing so we don’t have to split the chiral ring generators and it is then

easier.

T1′ :

2N2N 2N

113 3

W = 4 Planar Triangles

+Flip[K1K1] + Flip[RR]

b b̃

K1 Rcc̃d d̃

B2 B̃2

n ñ

(3.25)

Then we confine the SU node with (2.87).

T2 :

1

2N 2N

3 3

1 1

W = Flip[K1K1] + Flip[RR]

+ ε2N ε
2N
[
K2N−1

2 K1RB2B̃2

+K2N
2 αN

]
+ B0B2K1X

+ B̃0B̃2RX̃ +XX̃K2

+ B̃0B0αN

K1

K2

R

B̃2

αN

B2

X X̃

B̃0B0

n ñ

(3.26)
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Once again some terms in the superpotential in (3.26) come from the determinant of the

(2N + 1)× (2N + 1) meson matrix Φ

detΦ ≡ det

(
K2 (bc̃)

(cb̃) αN

)
= εa1...a2N+1 εb1...b2N+1

Φb1
a1
· · ·Φb2N+1

a2N+1

−→ ε2N ε2N

[
K2N−1

2 (bc̃) (cb̃) +K2N
2 αN

]
(3.27)

(bc̃) and (cb̃) are massive fields and their expressions are obtained by the E.O.M of d and d̃

from T1′

E.O.M: from d : (bc̃) = K1B2

from d̃ : (cb̃) = RB̃2

Then we confine the left Usp(2N) node with (2.88) to get

T3 :

1

2N

3 3

1 1

W = Flip[RR] + αN tr
(
BN
)

+Y B0B2 + B̃0B0αN

+ ε2N

(
BN−1LB2RB̃2

)
+ ε2N ε

3
[
BN−1L2Y

+BN−2L3RB̃2B̃0

]

B

L R

B̃2

αN

B2

B̃0B0

ñ

Y

(3.28)

We notice that the fields n and X̃ get a mass. To obtain (3.28) from (3.26) we have to compute

the Pfaffan of the following (2N + 4)× (2N + 4) antisymmetric matrix

Pfaffϕ ≡ Pfaff

B L (K2X)

(K1K1) (K1X)

0

 ∼ εa1...a2N+4
ϕa1a2 · · ·ϕa2N+3a2N+4 (3.29)

E.O.M: from n : (K1K1) = 0

from X̃ : (K2X) = [RB̃2]B̃0

−→ ε2N ε
3
[
BN−1 L2 Y +BN−2 L3(K2X)

]
(3.30)

All in all we get (3.28). The next step is to confine the Usp(2N − 2) node using the result

(3.11). Therefore we have to flip the whole tower of tr (Bk). Notice that the last one tr (BN)

is already flipped by αN . We also flip B̃0 and B0 because we do not want the flipper αN to

appear elsewhere in the superpotential. By doing so we kill 3 terms in the superpotential of

(3.28) : Y B0B2, B̃0B0αN , ε2N ε
3 (BN−2L3RB̃2B̃0).
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Using the mapping (3.31) we see that in the original frame it amounts to flip the tower of

(A Ã)k, k = 1, . . . , N − 1 and also ε2N A
N , ε2N Ã

N .

T1
Q (A Ã)k Q̃

(A Ã)n

Ã (A Ã)mQ2

A (A Ã)m Q̃2

ε2N A
N

ε2N Ã
N

ε2N (AN−1Q2)

ε2N (ÃN−1 Q̃2)

⇐⇒

T1′
K1b (bb b̃b̃)

k Rb̃)

(bb b̃b̃)n

b̃b̃ (bb b̃b̃)m(K1b)
2

bb (bb b̃b̃)m(Rb̃)2

ε2N (bb)N

ε2N (b̃b̃)N

B2

B̃2

⇐⇒

T2
K1K2(K2K2)

kR

(K2K2)
n

K1(K2K2)
m+1K1

R(K2K2)
m+1R

B0

B̃0

B2

B̃2

⇐⇒

T3
LBk R

Bn

LBm L

RBm+1R

B0

B̃0

B2

B̃2

k = 0, . . . , N − 1

n = 1, . . . , N − 1

m = 0, . . . , N − 2

m = 0, . . . , N − 2

(3.31)

The summary of this flipping procedure is the following duality

T1,f lip :

2N

33

W =
∑N−1

i=1 Flip[(A Ã)i]

+Flip[ε2N A
N ] + Flip[ε2N ÃN ]

A Ã

Q̃Q

←→

T3,f lip :

1

2N

3 3

1 1

W = Flip[RR] + ε2N

(
BN−1LRB2B̃2

)
+ ε2N ε

3
(
BN−1L2Y

)
+
∑N

i=2 Flip[Bi]

ñ
Y

B

L R

B̃2
B2

αN

(3.32)

The final step is to confine the Usp(2N) using the result from (3.21). The WZ is

T4,f lip :

3 3

1 1

.... . . . . .

W = B̃2B2MN +
∑N

i,j,k=1 ε3 ε
3
(
H̃iMj Hk +MiMjMk

)
δi+j+k,2N+1

∣∣∣
HN= H̃1 =0

M1

MN
H1, . . . , HN−1 H̃2, . . . , H̃N

B̃2B2

(3.33)

The fields H̃1 and HN have been set to 0 by the E.O.M of Y and ñ. It kills N terms in the

sum. As a consistency check, for N = 2 we recover the superpotential given in [46] Sec.3.1.5.
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The mapping of the chiral ring in the flipping case is

T1,f lip
Q (A Ã)k Q̃

Ã (A Ã)mQ2

A (A Ã)m Q̃2

ε2N (AN−1Q2)

ε2N (ÃN−1 Q̃2)

⇐⇒

T3,f lip
LBk R

LBm L

RBm+1R

B2

B̃2

⇐⇒

T4,f lip
Mk+1

Hm+1

H̃m+2

B2

B̃2

k = 0, . . . , N − 1

m = 0, . . . , N − 2

m = 0, . . . , N − 2
(3.34)

3.2.3 SU(M) with +M + 4 series

Odd rank: M = 2N + 1

The gauge theory is SU(2N + 1) with one antisymmetric field, 2N + 1 antifundamentals and

4 fundamentals, with continuous global symmetry SU(2N + 1)Q̃ × SU(4)Q × U(1)2.

T1 :

2N + 1

2N + 1 4

W = 0

A

Q̃ Q

(3.35)

The chiral ring generators are

• QQ̃ ∼ Qα
i Q̃

I
α (transforming in the ( , ) of SU(2N + 1)Q̃ × SU(4)Q)

• AQ̃2 ∼ AαβQ̃
[I
α Q̃

J ]
β ∼ ( , 1)

• ANQ ∼ εα1...α2N+1
Aα1α2 . . . Aα2N−1α2NQ

α2N+1

i ∼ (1, )

• AN−1Q3 ∼ εα1...α2N+1
εijklAα1α2 . . . Aα2N−3α2N−2Q

α2N−1

i Qα2N
j Q

α2N+1

k ∼ (1, )

• Q̃2N+1 ∼ εα1...α2N+1εI1...I2N+1
Q̃I1
α1
. . . Q̃

I2N+1
α2N+1 ∼ (1, 1)

We deconfine the antisymmetric field using (2.107). We get

T1′ :

2N + 12N − 2

2N + 1 41

W = −1 Planar Triangle
Q̃ Q

b

l
c̃

(3.36)
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We then confine the SU gauge node using (2.87). The field l becomes massive. Then the

determinant of the meson matrix is easily computed. We obtain

T2 :

2N − 2 1

2N + 1 4

1
W = ε2N−2 ε4 ε

2N+1
(
K2N−2M3B1

)
− 3 Planar Triangles

X B̃

B3YK
B1

M (3.37)

We then S-confines the Usp(2N − 2) gauge node using (2.88). The result of the integration

of the massive field Y and the computation of the Pfaffian superpotential is the following WZ

model

T3 :

1

2N + 1 4

1

W = ε2N+1 ε4

(
H̃N−1B1M

3 − H̃NMB3

)
− B̃B1B3

B̃

B3 B1

M

H̃

(3.38)

We recover the result of Section 3.1.3 of [46]. The mapping of the chiral ring generators across

the different frames is given in (3.39).

T1
QQ̃

A Q̃2

ε2N+1 Q̃
2N+1

ε2N+1 (A
N Q)

ε2N+1 (A
N−1Q3)

⇐⇒

T1′
QQ̃

b b Q̃2

ε2N+1 Q̃
2N+1

c̃ Q

ε2N+1 (b
2N−2Q3)

⇐⇒

T2
M

K2

B̃

B1

B3

⇐⇒

T3
M

H̃

B̃

B1

B3

(3.39)

Even rank: M = 2N

Now we study the even rank version of the previous theory. The continuous global symmetry

is SU(2N)Q̃ × SU(4)Q × U(1)2.

T1 :

2N

2N 4

W = 0

A

Q̃ Q

≡ 2N

2N 3 1

W = 0

A

Q̃ q F

(3.40)
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We deconfine the antisymmetric using (2.103) which implies the breaking of the SU(4)Q into

SU(3)q × U(1)F . The chiral ring generators in the split form are

• qQ̃ ∼ qαi Q̃
I
α (transforming in the ( , ) of SU(2N)Q̃ × SU(3)q)

• FQ̃ ∼ FαQ̃I
α ∼ ( , 1)

• AQ̃2 ∼ AαβQ̃
[I
α Q̃

J ]
β ∼ ( , 1)

• AN ∼ εα1...α2N
Aα1α2 . . . Aα2N−1α2N ∼ (1, 1)

• AN−1q2 ∼ εα1...α2N
Aα1α2 . . . Aα2N−3α2N−2q

α2N−1

[i qα2N

j] ∼ (1, )

• AN−1qF ∼ εα1...α2N
Aα1α2 . . . Aα2N−3α2N−2q

α2N−1

i Fα2N ∼ (1, )

• AN−2q3F ∼ εα1...α2N+1
εijk Aα1α2 . . . Aα2N−5α2N−4q

α2N−3

i q
α2N−2

j q
α2N−1

k Fα2N ∼ (1, 1)

• Q̃2N ∼ εα1...α2NεI1...I2N Q̃
I1
α1
. . . Q̃I2N

α2N
∼ (1, 1)

T1′ :

2N2N − 2

2N 31 1

W = Plannar Triangle− ldB0Q̃ q

b

l
c̃

d

B0 (3.41)

The next step is once again to confine the SU gauge group using (2.87).

T2 :

2N − 2 1

2N

3

1 1

W = ε2N−2 ε
2N ε3

(
K2N−2M2

1B
(2)
2

− K2N−3M3
1 lB0

)
− B0B̃Xl

−3 Planar Triangles

X

B̃

B
(1)
2

Y
K

B
(2)
2

M1

l

B0

(3.42)
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The last step is to confine the Usp(2N − 2). We get the following WZ theory

T3 :

1

2N

31

1

W = ε2N ε3

(
H̃NB4 + H̃N−1M2

1B
(2)
2

+H̃N−1M1M2B
(1)
2 − H̃N−2M3

1M2B0

)
− B̃B0B4 − B̃B(2)

2 B
(1)
2

B̃

B
(1)
2

B
(2)
2

M1M2

B0

B4

H̃ (3.43)

The final superpotential can be repackaged in a manifest SU(4) invariant way as

W = ε2N ε4

(
H̃NB4 + H̃N−1M2B2 − H̃N−2M4B0 − B̃B0B4 − B̃B2

2

)
, (3.44)

where QQ̃↔ M = {M1,M2} is a fundamental of SU(4)Q and AN−1Q2 ↔ B2 = {ε3B(1)
2 , B

(2)
2 }

is an antisymmetric of SU(4)Q. We recover the result of Section 3.1.2 of [46]. The mapping of

the chiral ring generators across the frames is given in (3.45).

T1
q Q̃

F Q̃

A Q̃2

ε2N Q̃
2N

ε2N A
N

ε2N (AN−1 q2)

ε2N (AN−1 q F )

ε2N (AN−2 q3 F )

⇐⇒

T1′
q Q̃

l b Q̃

b b Q̃2

ε2N Q̃
2N

B0

ε2N (b2N−2 q2)

c̃ q

ε2N (b2N−4 l b q3)

⇐⇒

T2
M1

l K

K2

B̃

B0

B
(1)
2

B
(2)
2

l X

⇐⇒

T3
M1

M2

H̃

B̃

B0

B
(1)
2

B
(2)
2

B4

(3.45)

3.2.4 Four ’sporadic’ cases: SU(5), SU(6), SU(7)

In this section we show how the strategy of deconfining antisymmetric fields allow proving the

remaining four S-confining cases in the list of [44, 46]. In the two SU(5) cases, there are extra

subtelties when computing the superpotential because of the presence of degenerate operators.
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SU(7) with 2 + 6

The gauge theory is SU(7) with two antisymmetric fields and 6 antifundamentals, with contin-

uous global symmetry SU(2)A × SU(6)Q̃ × U(1).

T1 :

7

6

W = 0

A+1 A−1

Q̃

(3.46)

The chiral ring generators are

• AQ̃2 ∼ Aα1α2
i Q̃

[I
α1Q̃

J ]
α2

8 (transforming in the ( , ) of SU(2)A × SU(6)Q̃).

• ε7 (A
4Q̃) ∼ εα1...α7 ε

klAα1α2
i Aα3α4

j Aα5α6
k Aα7β

l Q̃I
β ∼ ( , )

We will deconfine each antisymmetric field using (2.107). Notice that this step breaks the global

SU(2)A symmetry into a U(1)A. In (3.46), the subscript of the two antisymmetric fields, A±1

correspond to the U(1)A charge (corresponding to the weight of the representation of SU(2)A).

So let us give the chiral ring in this split form

• A+1Q̃
2 ∼ Aα1α2

+1 Q̃
[I
α1Q̃

J ]
α2 ∼ of SU(6)Q̃

• A−1Q̃
2 ∼ Aα1α2

−1 Q̃
[I
α1Q̃

J ]
α2 ∼

• ε7 (A+1A+1A[+1A−1]Q̃) ∼ εα1...α7 A
α1α2
+1 Aα3α4

+1

(
Aα5α6

+1 Aα7β
−1 − Aα5α6

−1 Aα7β
+1

)
Q̃I
β ∼

• ε7 (A(+1A−1)A[+1A−1]Q̃) ∼ εα1...α7 A
α1α2

(+1 A
α3α4

−1) Aα5α6

[+1 Aα7β
−1] Q̃

I
β ∼

• ε7 (A−1A−1A[+1A−1]Q̃) ∼ εα1...α7 A
α1α2
−1 Aα3α4

−1 Aα5α6

[+1 Aα7β
−1] Q̃

I
β ∼

T1′ :

7

4 4

6

1 1

W = −2 Planar Trianglesl− 7
2

l+ 7
2

c̃+3 c̃−3

b+ 1
2

b− 1
2Q̃

(3.47)

8αi = 1, . . . , 7 are gauge indices. i, j, k, l · · · = 1, 2 are SU(2)A flavor indices. I, J, . . . = 1, . . . , 6 are SU(6)Q̃
flavor indices.
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We then confine the SU gauge node with (2.87). The fields l− 7
2
and l+ 7

2
get a mass. After

integrating them out, computing det(mesons) of degree 8, we get

T2 :

1
4 4

6

1 1

W = ε4 ε4 ε
6
(
K3

+ 1
2

K3
− 1

2

C− 5
2
C+ 5

2

)
- 4 Planar Triangles

C− 5
2

C+ 5
2

K− 1
2

K+ 1
2

D− 1
2

D+ 1
2

B+3 B−3

V0

(3.48)

Notice that B+3, B−3 and V0 are gauge singlets but are zero in the chiral ring, this is a quantum

effect that can be seen dualizing the Usp nodes.

We can now S-confine the left Usp(4) with (2.88). After integrating out massive fields,

computing the Pfaffian superpotential we get

T3 :

1 4

6

1

1

W = ε4 ε
6
(
H̃+1N−2K

3
− 1

2

C+ 5
2

)
− ε6

(
H̃2

+1N−2K− 1
2
D+ 1

2

)
−B−3D+ 1

2
C+ 5

2

C+ 5
2

B−3

D+ 1
2

K− 1
2

N−2

H̃+1 (3.49)

Finally, we repeat the same operation with the last gauge group and get the WZ model with

quartic superpotential

T4 :

1

6

1 1

W = ε6
(
H̃+1H̃−1N+2N−2

− H̃2
+1N0N−2 + H̃2

−1N+2N0

)N−2

N0

N+2

H̃+1 H̃−1 (3.50)

The final superpotential can be repackaged in a manifest SU(2)A invariant way as

W = H̃2N2 , (3.51)

where AQ̃2 ↔ H̃ = {H̃+1, H̃−1} is a SU(2)A doublet and A4Q̃ ↔ N = {N+2, N0, N−2} is a

2-symmetric tensor of SU(2)A (also called the triplet). We recover the result of Section 3.1.10
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of [46]. The mapping of the chiral ring generators is

T1
A+1 Q̃

2

A−1 Q̃
2

ε7 (A+1A+1A[+1A−1]Q̃)

ε7 (A(+1A−1)A[+1A−1]Q̃)

ε7 (A−1A−1A[+1A−1]Q̃)

⇔

T1′
b+ 1

2
b+ 1

2
Q̃2

b− 1
2
b− 1

2
Q̃2

b− 1
2
c̃+3 b− 1

2
Q̃

ε7 (b
3
+ 1

2

b3− 1
2

b[+ 1
2
b− 1

2
]Q̃)

b+ 1
2
c̃−3 b+ 1

2
Q̃

⇔

T2
K+ 1

2
K+ 1

2

K− 1
2
K− 1

2

C+ 5
2
K− 1

2

D− 1
2
K+ 1

2
= D+ 1

2
K− 1

2

C− 5
2
K+ 1

2

⇔

T3
H̃+1

K− 1
2
K− 1

2

C+ 5
2
K− 1

2

D+ 1
2
K− 1

2

N−2

⇔

T4
H̃+1

H̃−1

N+2

N0

N−2

(3.52)

SU(6) with 2 + 5 + 1

The second sporadic case is the SU(6) gauge theory with two antisymmetric fields, 5 antifun-

damentals and 1 fundamental, with continuous global symmetry SU(2)A × SU(5)Q̃ × U(1)2.

T1 :

6

51

W = 0
A+1 A−1

Q̃Q

(3.53)

The chiral ring generators are

• QQ̃ ∼ QαQ̃I
α transforming in the (1, ) of SU(2)A × SU(5)Q̃

• AQ̃2 ∼ Aα1α2
i Q̃

[I
α1Q̃

J ]
α2 ∼ ( , )

• ε6A
3 ∼ εα1...α6 A

α1α2

(i Aα3α4
j Aα5α6

k) ∼ ( , 1)

• ε6A
3QQ̃ ∼ εα1...α6 ε

i2i3 Aα1α2
i1

Aα3α4
i2

Aα5β
i3

Qα6Q̃I
β ∼ ( , )

• ε6 (A
4Q̃2) ∼ εα1...α6 ε

ik εjlAα1α2
i Aα3α4

j Aα5β1
k Aα6β2

l Q̃
[I
β1
Q̃
J ]
β2
∼ (1, )

We will deconfine A1, using (2.103) and then our result in Section 3.2.3. This step breaks the

SU(2)A symmetry into U(1)A. In (3.53), the subscript of the two antisymmetric fields, A±1

correspond to the U(1)A charge. So let us give the chiral ring in this split form

• A+1Q̃
2 ∼ Aα1α2

+1 Q̃
[I
α1Q̃

J ]
α2 ∼ of SU(5)Q̃

• A−1Q̃
2 ∼ Aα1α2

−1 Q̃
[I
α1Q̃

J ]
α2 ∼

• ε6A
3
+1 ≡ ε6 (A

3)111 ∼ εα1...α6 A
α1α2
+1 Aα3α4

+1 Aα5α6
+1 ∼ 1

• ε6 (A
2
+1A−1) ≡ ε6 (A

3)112 ∼ εα1...α6 A
α1α2
+1 Aα3α4

+1 Aα5α6
−1 ∼ 1

• ε6 (A+1A
2
−1) ≡ ε6 (A

3)122 ∼ εα1...α6 A
α1α2
+1 Aα3α4

−1 Aα5α6
−1 ∼ 1

• ε6A
3
−1 ≡ ε6 (A

3)222 ∼ εα1...α6 A
α1α2
−1 Aα3α4

−1 Aα5α6
−1 ∼ 1
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• ε6 (A+1A[+1A−1]QQ̃) ∼ εα1...α6 A
α1α2
+1

(
Aα3α4

+1 Aα5β
−1 − Aα3α4

−1 Aα5β
+1

)
Qα6Q̃I

β ∼

• ε6 (A−1A[+1A−1]QQ̃) ∼ εα1...α6 A
α1α2
−1

(
Aα3α4

+1 Aα5β
−1 − Aα3α4

−1 Aα5β
+1

)
Qα6Q̃I

β ∼

• ε6 (A[+1A−1]A[+1A−1]Q̃
2) ∼ εα1...α6

(
Aα1α2

[+1 Aα5β1
−1]

)(
Aα3α4

[+1 Aα6β2
−1]

)
Q̃

[I
β1
Q̃
J ]
β2
∼ 1

T1′ :

64

511

W =Plannar Triangle− l− 1
2
d− 5

2
s+3

A−1

Q̃

b+ 1
2

l− 1
2

c̃+2d− 5
2

s+3 (3.54)

Now we want to use the result of the section (3.2.3), specialized in the case N=3. Before using

the superpotential (3.44), we should split the 6 antifundamentals into 5+1. More precisely, H̃,

the antisymmetric of the global SU(6)Q̃ there, split into H̃−1, an antisymmetric of SU(5)Q̃ and

D+1 a fundamental. Similarly, M , the fundamental of SU(6) there, split into a fundamental,

N+ 1
2
and a singlet (under the global SU(5)Q̃ symmetry) (bc̃)+ 5

2
. We should also split B2, the

antisymmetric of SU(4)Q into a traceless antisymmetric tensor of Usp(4) B−1 and a singlet

s−1. Finally, we rename the three singlets B4, B0 and B̃ there as s+1, s−3 and β+2. After this

splitting, the use of (3.44) give

4 5

11

W = ε5
(
H̃2

−1D+1s+1 +N2
+ 1

2

H̃−1D+1s−1 +B−1N
2
+ 1

2

H̃−1D+1

+N+ 1
2
(bc̃)+ 5

2
H̃2

−1s−1 +B−1N+ 1
2
(bc̃)+ 5

2
H̃2

−1 −N4
+ 1

2

D+1s−3

−N3
+ 1

2

(bc̃)+ 5
2
H̃−1s−3

)
− s+1s−3β+2 − β+2s

2
−1 − β+2B

2
−1

−l− 1
2
d− 5

2
s+3 + d− 5

2
(bc̃)+ 5

2

H̃−1B−1

N+ 1
2

l− 1
2

D+1
(bc̃)+ 5

2d− 5
2

s+3

+ singlets (s+1, s−1, s−3& β+2) (3.55)

After integrating out the massive fields d− 5
2
, (bc̃)+ 5

2
, we obtain

T2 :

4 5

11

W = ε5
(
H̃2

−1D+1s+1 +N2
+ 1

2

H̃−1D+1s−1 +B−1N
2
+ 1

2

H̃−1D+1

+N+ 1
2
l− 1

2
H̃2

−1s+3s−1 +B−1N+ 1
2
l− 1

2
H̃2

−1s+3 −N4
+ 1

2

D+1s−3

−N3
+ 1

2

l− 1
2
H̃−1s+3s−3

)
− s+1s−3β+2 − β+2s

2
−1 − β+2B

2
−1

H̃−1B−1

N+ 1
2

l− 1
2

D+1

s+3

+ singlets (s+1, s−1, s−3& β+2)

(3.56)

Now we want to confine the Usp(4) gauge group with the antisymmetric and 6 flavors. Unfortu-

nately, we cannot immediately use our result about Usp(2N) of Section 3.2.1 for the following
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reason. The flipper β+2 appears in (3.56) in three different terms but we know the final super-

potential only when we flip the whole tower of the traces of the antisymmetric as in (3.2). In

this case since the rank is small, it is easy to apply our strategy of the Section 3.2.1 starting

with W = 0 to get

4 5

1

N+ 1
2

l− 1
2

W = 0

B−1

≡ 5

1 1

D−1 M0

W = ε5

(
T−2H̃

2
+1M0 + Φ0H̃+1D−1 +M0Φ

2
0

)

Φ0, H̃+1

(3.57)

The mapping is N+ 1
2
N+ 1

2
←→ H̃1, N+ 1

2
l− 1

2
←→ M0, N

2
+ 1

2

B−1 ←→ Φ0, N+ 1
2
l− 1

2
B−1 ←→ D−1

and B2
−1 ←→ T−2.

We now use this result into (3.56). We see that the singlets β+2 and T−2 become massive.

After integrating them out and rescaling fields, we get the final result

T3 :

1

5

1 1
W = ε5

(
H̃2

−1D+1s+1 + H̃+1H̃−1D+1s−1 + H̃2
−1D−1s+3

−H̃2
+1D+1s−3 + Φ0H̃−1D+1 − Φ0H̃+1D−1 −M0H̃+1H̃−1s+3s−3

+M0H̃
2
−1s+3s−1 −M0H̃

2
+1s+1s−3 −M0H̃

2
+1s

2
−1 +M0Φ

2
0

)
M0D+1

D−1

H̃+1, H̃−1

Φ0

+ singlets (s+3, s+1, s−1& s−3)

(3.58)

The final superpotential can be repackaged in a manifest SU(2)A invariant way as

W = H̃2DS + Φ0H̃D +M0H̃
2S2 +M0Φ

2
0 , (3.59)

where A3 ↔ S = {s+3, s+1, s−1, s−3} is a completely symmetric 3-tensor of SU(2)A, AQ̃
2 ↔

H̃ = {H̃+1, H̃−1}, A3QQ̃↔ D = {D+1, D−1} are SU(2)A doublets and QQ̃↔M0, A
4Q̃2 ↔ Φ0

are SU(2)A singlets. We recover the result of Section 3.1.9 of [46]. The final mapping of the
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chiral ring generators is

T1
QQ̃

A+1 Q̃
2

A−1 Q̃
2

ε6A
3
+1

ε6 (A
2
+1A−1)

ε6 (A
2
−1A+1)

ε6A
3
−1

ε6 (A+1A[+1A−1]QQ̃)

ε6 (A−1A[+1A−1]QQ̃)

ε6 (A[+1A−1]A[+1A−1] Q̃
2)

⇐⇒

T1′
l− 1

2
b+ 1

2
Q̃

b+ 1
2
b+ 1

2
Q̃2

A−1 Q̃
2

s+3

ε6 (b
4
+ 1

2

A−1)

ε6 (b
2
+ 1

2

A2
−1)

ε6 (A
3
−1)

A−1 c̃+2 Q̃

ε6 (A
2
−1 b

3
+ 1

2

l− 1
2
Q̃)

ε6 (b
4
+ 1

2

A2
−1 Q̃

2)

⇐⇒

T2
l− 1

2
N+ 1

2

N+ 1
2
N+ 1

2

H̃−1

s+3

s+1

s−1

s−3

D+1

N+ 1
2
l− 1

2
B−1

N2
+ 1

2

B−1

⇐⇒

T3
M0

H̃1

H̃−1

s+3

s+1

s−1

s−3

D+1

D−1

Φ0

(3.60)

SU(5) with 2 + 4 + 2

The third case is the SU(5) gauge theory with 2 antisymmetric, 4 antifundamental and 2

fundamental fields with continuous global symmetry SU(2)A × SU(4)Q̃ × SU(2)Q × U(1)2.

T1 :

5

42

W = 0
A+1 A−1

Q̃Q

(3.61)

The chiral ring generators are

• QQ̃ ∼ Qα
i Q̃

I
α transforming in the (1, , ) of SU(2)A × SU(4)Q̃ × SU(2)Q

• AQ̃2 ∼ Aα1α2
a Q̃

[I
α1Q̃

J ]
α2 ∼ ( , , 1)

• ε5 (A
2Q) ∼ εα1...α5A

α1α2

(a Aα3α4

b) Qα5
i ∼ ( , 1, )

• ε5 (A
3 Q̃) ∼ εα1...α5 ε

b1b2 Aα1α2
a Aα3α4

b1
Aα5β
b2

Q̃I
β ∼ ( , , 1)

• ε5 (A
2Q2 Q̃) ∼ εα1...α5 ε

b1b2 εi1,i2 Aα1α2
b1

Aα3β
b2

Qα4
i1
Qα5
i2
Q̃I
β ∼ (1, , 1)

We now deconfine the two antisymmetric using (2.107) and so we break SU(2)A into U(1)A.

In (3.61), the subscript of the two antisymmetric fields, A±1 correspond to the U(1)A charge

(corresponding to the weight of the representation of SU(2)A). After the splitting, the chiral

ring generators become

• A+1Q̃
2 ∼ Aα1α2

+1 Q̃
[I
α1Q̃

J ]
α2 ∼ ( , 1) of SU(4)Q̃ × SU(2)Q
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• A−1Q̃
2 ∼ Aα1α2

−1 Q̃
[I
α1Q̃

J ]
α2 ∼ ( , 1)

• ε5 (A
2
+1Q) ∼ εα1...α5A

α1α2
+1 Aα3α4

+1 Qα5
i ∼ (1, )

• ε5 (A+1A−1Q) ∼ εα1...α5A
α1α2

(+1 A
α3α4

−1) Qα5
i ∼ (1, )

• ε5 (A
2
−1Q) ∼ εα1...α5A

α1α2
−1 Aα3α4

−1 Qα5
i ∼ (1, )

• ε5 (A+1A[+1A−1] Q̃) ∼ εα1...α5 A
α1α2
+1 Aα3α4

[+1 Aα5β
−1] Q̃

I
β ∼ ( , 1)

• ε5 (A−1A[+1A−1] Q̃) ∼ εα1...α5 A
α1α2
−1 Aα3α4

[+1 Aα5β
−1] Q̃

I
β ∼ ( , 1)

• ε5 (A[+1A−1]Q
2 Q̃) ∼ εα1...α5 ε

i1,i2 Aα1α2

[+1 Aα3β
−1]Q

α4
i1
Qα5
i2
Q̃I
β ∼ ( , 1)

T1′ :

52 2

42

1 1

W = −2Planar Triangles

Q Q̃

b+ 1
2

b− 1
2

c̃+2 c̃−2l− 5
2

l+ 5
2

(3.62)

Once again, the subscripts in (3.62) correspond to the U(1)A charges of the fields. The next

step is to confine the SU(5) gauge group with (2.87). Notice that l− 5
2
and l+ 5

2
will become

massive. After integrating them out, computing the det(mesons) of degree 6, we obtain

T2 :

1

2 2

4

1 1

2

W = ε4 ε
2 ε2 ε2

[
M2

0C− 3
2
K+ 1

2
C+ 3

2
K− 1

2

−K2
+ 1

2

K2
− 1

2

S−2S+2 − K2
+ 1

2

C+ 3
2
K− 1

2
S−2M0

+K2
− 1

2

C− 3
2
K+ 1

2
S+2M0

]
− S0V0M0

- 6 Planar Triangles

C− 3
2

C+ 3
2

S−2 S+2

S0

K− 1
2

K+ 1
2

D− 1
2

D+ 1
2

B+2

B−2

V0

M0 (3.63)

Then we use (2.88) for the left Usp(2). The fields B+2 and V0 get a mass. We have to

integrate them out and compute the Pfaffian superpotential. Let us write more explicitely

the Pfaffian term because it will be useful later. The mesons involving in the Pfaffian are

n−1 ≡ [C− 3
2
K+ 1

2
], H̃+1 ≡ [K+ 1

2
K+ 1

2
], [D− 1

2
K+ 1

2
] and [C− 3

2
D− 1

2
]. We didn’t give a name to the

last two mesons because they are massive and will be integrate out by the E.O.M of V0 and
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B+2. The Pfaffian is then given by

Pfaff

H̃+1 [D− 1
2
K+ 1

2
] n−1

0 [C− 3
2
D− 1

2
]

0

 ∼ ε4

[
H̃2

+1[C− 3
2
D− 1

2
] + H̃+1n−1[D− 1

2
K+ 1

2
]
]

(3.64)

E.O.M: from V0 : [D− 1
2
K+ 1

2
] = −K− 1

2
D+ 1

2
− S0M0

from B+2 : [C− 3
2
D− 1

2
] = −S−2S0

Where we rescaled the fields. Therefore the Pfaffian gives the following contribution

Pfaff () = ε4

[
−H̃2

+1S−2S0 − H̃+1n−1

(
K− 1

2
D+ 1

2
+ S0M0

)]
(3.65)

The theory after this Usp(2)left confinement is

T3 :

1

2

4

1 1

2

W = ε4 ε
2 ε2

[
M2

0n−1C+ 3
2
K− 1

2

− H̃+1K
2
− 1

2

S+2S−2 − H̃+1C+ 3
2
K− 1

2
S−2M0

+K2
− 1

2

n−1S+2M0

]
− ε4

[
H̃2

+1S−2S0

+ H̃+1n−1

(
K− 1

2
D+ 1

2
+ S0M0

)]
−S0B−2S+2 − B−2D+ 1

2
C+ 3

2

S−2 S+2

S0

C+ 3
2

K− 1
2

B−2

D+ 1
2

n−1

M0

H̃+1 (3.66)

The last step is to confine the other Usp(2). The field B−2 gets a mass. As in the last step, let

us write the Pfaffian term. The mesons involve are: H̃−1 ≡ [K− 1
2
K− 1

2
], f0 ≡ [K− 1

2
D+ 1

2
], n+1 ≡

[C+ 3
2
K− 1

2
] and [C+ 3

2
D+ 1

2
]. The last one is massive and will be integrate out with the E.O.M of

B−2. The Pfaffian is

Pfaff

H̃−1 f0 n+1

0 [C+ 3
2
D+ 1

2
]

0

 ∼ ε4

[
H̃2

−1[C+ 3
2
D+ 1

2
] + H̃−1n+1f0

]
(3.67)

E.O.M: from B−2 : [C+ 3
2
D+ 1

2
] = −S+2S0

Where we rescaled the fields. Therefore the Pfaffian gives the following contribution

Pfaff () = ε4

[
−H̃2

−1S+2S0 + H̃−1n+1f0

]
(3.68)
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We get the following WZ model

T4 :

1

4

1 1

2

W = ε4
(
M2

0n−1n+1 − H̃+1H̃−1S+2S−2

− H̃2
+1S−2S0 − H̃2

−1S+2S0 − H̃+1n1S−2M0

+ H̃−1n−1S+2M0 − H̃+1n−1 (f0 + S0M0)

+ H̃−1n+1f0+ H̃−1n+1S0M0

)
H̃+1 H̃−1

M0
S−2 S0 S+2

n+1n−1
f0

(3.69)

The final superpotential can be repackaged in a manifest SU(2)A invariant way as

W =M2
0N

2 + H̃2S2 + H̃Nf0 + H̃NSM0 , (3.70)

where A2Q↔ S = {S+2, S−2, S0} is a symmetric 2-tensor of SU(2)A, A
3Q̃↔ N = {n+1, n−1},

AQ̃2 ↔ H̃ = {H̃+1, H̃−1} are SU(2)A doublets and QQ̃ ↔ M0, A
2Q2Q̃ ↔ f0 are SU(2)A

singlets. We recover the result of Section 3.1.8 of [46].

Before moving on, we should comment on the red term in (3.69): H̃−1n+1S0M0. Indeed, if

we combine the superpotential in (3.66) with the Pfaffian term (3.68) we get the superpotential

in (3.69) without this red term. So why did we add it and where does it come from? First, we

remark that without this term it would not be possible to repackage the superpotential in a

manifestly SU(2)A invariant way as in (3.70). In addition, this term is invariant under all the

global symmetries including the U(1)2 × U(1)A. There is another argument that suggest the

presence of this term. Suppose that after the frame T2, we decide to confine in the reverse order

meaning that we first confine the Usp(2)right and then the Usp(2)left. With this order, the term

H̃−1n+1S0M0 is present in the frame T4 and it would be the term H̃+1n−1S0M0 missing. The

last observation is that it would have been possible to add an extra term that respect all the

global symmetries in all the previous frame (T1 to T3) and which lead to the red term in T4.
However, we believe that this extra term is forbidden in the frames T1, T2, T3 because of chiral

ring stability. Therefore, chiral ring stability will force us to wait up to the last frame before

adding this extra term allowed by the global symmetries.

This subtle point seems to come from the fact that we have degenerate holomorphic op-

erators in T2: [D− 1
2
K+ 1

2
], [K− 1

2
D+ 1

2
] and S0M0. It suggests that in presence of degenerate

operators, applying a duality locally (to a particular node inside a quiver) would miss some

informations. We will see another instance of this phenomenon in the next section.

One prescription that lead to the correct final superpotential is the following: When going

from T3 to T4, during the computation of the Pfaffian superpotential (3.68), we should not use

f0 but the combination f0 + S0M0. One can understand this prescription in the following way:

In the frames T1 to T2 there is a Z2 symmetry, corresponding to the Weyl reflection inside

SU(2)A, which maps a field with U(1)A charge x to the field with charge −x. When we go to

the frame T3, this symmetry is not explicit anymore. Imposing the restoration of this symmetry

in T4 is enough to give the correct superpotential. This is the role of this prescription.
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The mapping of the chiral ring generators is

T1
QQ̃

A+1 Q̃
2

A−1 Q̃
2

ε5 (A
2
+1Q)

ε5 (A
2
−1Q)

ε5 (A+1A−1Q)

ε5 (A−1A[+1A−1] Q̃)

ε5 (A+1A[+1A−1] Q̃)

ε5 (A[+1A−1]Q
2 Q̃)

⇔

T1′
QQ̃

b+ 1
2
b+ 1

2
Q̃2

b− 1
2
b− 1

2
Q̃2

c̃+2Q

c̃−2Q

ε5 (b+ 1
2
b+ 1

2
b− 1

2
b− 1

2
Q)

b+ 1
2
c̃−2 b+ 1

2
Q̃

b− 1
2
c̃+2 b− 1

2
Q̃

ε5 (b+ 1
2
b− 1

2
b[+ 1

2
b− 1

2
]Q

2 Q̃)

⇔

T2
M0

K2
+ 1

2

K2
− 1

2

S+2

S−2

S0

C− 3
2
K+ 1

2

C+ 3
2
K− 1

2

D+ 1
2
K− 1

2

⇔

T3
M0

H̃+1

K2
− 1

2

S+2

S−2

S0

n−1

C+ 3
2
K− 1

2

D+ 1
2
K− 1

2

⇔

T4
M0

H̃+1

H̃−1

S+2

S−2

S0

n−1

n+1

f0

(3.71)

We stress that the last line in the mapping (3.71) is ambiguous in the intermediate frames. In-

deed, in the frames T2 and T3 there are multiple holomorphic operators with the same quantum

numbers under all the global symmetries which should map to a single chiral ring generator.

SU(5) with 3 + 3

Our last case is the SU(5) gauge theory with 3 antisymmetric and 3 antifundamental fields

with continuous global symmetry SU(3)A × SU(3)Q̃ × U(1).

T1 :

5

3

W = 0
A1

A2

A3

Q̃

(3.72)

The chiral ring generators are

• AQ̃2 ∼ Aα1α2
a Q̃

[I
α1Q̃

J ]
α2 transforming in the ( , ) of SU(3)A × SU(3)Q̃

• ε5 ε5A
5 ∼ εα1...α5 εβ1...β5 ε

b1b2b3 Aα1β1
(a1

Aα2β2
a2)

Aα3β3
b1

Aα4β4
b2

Aα5β5
b3
∼ ( , 1)

• ε5 (A
3 Q̃) ∼ εα1...α5 ε

c b1b2 Aα1α2
a Aα3α4

b1
Aα5β
b2

Q̃I
β ∼ ( , )

Now we deconfine the three antisymmetric, breaking SU(3)A to U(1)2A. Contrary to the others

“sporadic” cases, the subscripts here do not correspond to the U(1)A charges. After the splitting

the chiral ring generators are given by

• A1Q̃
2 ∼ Aα1α2

1 Q̃
[I
α1Q̃

J ]
α2 transforming in the of SU(3)Q̃

• A2Q̃
2 ∼ Aα1α2

2 Q̃
[I
α1Q̃

J ]
α2 ∼

• A3Q̃
2 ∼ Aα1α2

3 Q̃
[I
α1Q̃

J ]
α2 ∼
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• ε5 ε5 (A1A1A[1A2A3]) ≡ (A5)11 ∼ εα1...α5 εβ1...β5 A
α1β1
1 Aα2β2

1 Aα3β3
[1 Aα4β4

2 Aα5β5
3] ∼ 1

• ε5 ε5 (A(1A2)A[1A2A3]) ≡ (A5)12 ∼ εα1...α5 εβ1...β5 A
α1β1
(1 Aα2β2

2) Aα3β3
[1 Aα4β4

2 Aα5β5
3] ∼ 1

• ε5 ε5 (A(1A3)A[1A2A3]) ≡ (A5)13 ∼ εα1...α5 εβ1...β5 A
α1β1
(1 Aα2β2

3) Aα3β3
[1 Aα4β4

2 Aα5β5
3] ∼ 1

• ε5 ε5 (A2A2A[1A2A3]) ≡ (A5)22 ∼ εα1...α5 εβ1...β5 A
α1β1
2 Aα2β2

2 Aα3β3
[1 Aα4β4

2 Aα5β5
3] ∼ 1

• ε5 ε5 (A(2A3)A[1A2A3]) ≡ (A5)23 ∼ εα1...α5 εβ1...β5 A
α1β1
(2 Aα2β2

3) Aα3β3
[1 Aα4β4

2 Aα5β5
3] ∼ 1

• ε5 ε5 (A3A3A[1A2A3]) ≡ (A5)33 ∼ εα1...α5 εβ1...β5 A
α1β1
3 Aα2β2

3 Aα3β3
[1 Aα4β4

2 Aα5β5
3] ∼ 1

• ε5 (A1A[2A3] Q̃) ≡ (A3 Q̃)11 ∼ εα1...α5 A
α1α2
1 Aα3α4

[2 Aα5β
3] Q̃I

β ∼

• ε5 (A1A[3A1] Q̃) ≡ (A3 Q̃)12 ∼ εα1...α5 A
α1α2
1 Aα3α4

[3 Aα5β
1] Q̃I

β ∼

• ε5 (A1A[1A2] Q̃) ≡ (A3 Q̃)13 ∼ εα1...α5 A
α1α2
1 Aα3α4

[1 Aα5β
2] Q̃I

β ∼

• ε5 (A2A[2A3] Q̃) ≡ (A3 Q̃)21 ∼ εα1...α5 A
α1α2
2 Aα3α4

[2 Aα5β
3] Q̃I

β ∼

• ε5 (A2A[3A1] Q̃) ≡ (A3 Q̃)22 ∼ εα1...α5 A
α1α2
2 Aα3α4

[3 Aα5β
1] Q̃I

β ∼

• ε5 (A2A[1A2] Q̃) ≡ (A3 Q̃)23 ∼ εα1...α5 A
α1α2
2 Aα3α4

[1 Aα5β
2] Q̃I

β ∼

• ε5 (A3A[2A3] Q̃) ≡ (A3 Q̃)31 ∼ εα1...α5 A
α1α2
3 Aα3α4

[2 Aα5β
3] Q̃I

β ∼

• ε5 (A3A[3A1] Q̃) ≡ (A3 Q̃)32 ∼ εα1...α5 A
α1α2
3 Aα3α4

[3 Aα5β
1] Q̃I

β ∼

We didn’t include ε5 (A3A[1A2] Q̃) ≡ (A3 Q̃)33 ∼ εα1...α5 A
α1α2
3 Aα3α4

[1 Aα5β
2] Q̃I

β because the trace of

the SU(3)A adjoint matrix should vanish which imposes the relation

(A3 Q̃)11 + (A3 Q̃)22 + (A3 Q̃)33 = 0

T1′ :

5

2

2

2

3

1

1

1

W = −3 Planar Trianglesl1

l2

l3
c̃1

c̃2

c̃3

b1

b2

b3Q̃

(3.73)
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Then we confine the SU(5) using (2.87). Once again we integrate out the massive fields (l1, l2

and l3), we compute the determinant of the meson matrix. We get

T2 :

1

2 2

2

1

1 1

3
+

+

W = ε3 ε
2 ε2 ε2 [K5M2K2K3M

2
1

+K2M3K4K5M
2
1 + K1M1K4K5M

2
3

+K6M1K2K3M
2
2 − K3M3K1K6M

2
2

−K4M2K1K6M
2
3 + K1M1K5M2K3M3

+K6M1K4M2K2M3]−B7B1M1

−B7B3M3 −B7B5M2- 6 Planar Triangles

K1

K2 K3

K4

K5K6

B1

B2

B3
B4

B5
B6

B7

M1
M2

M3

(3.74)

The next step is to confine the Usp(2)up, B2, B4 and B7 get a mass. The result is

T3 :

1

2 2

1

1 1

3

W = ε3 ε
2 ε2

[
K5M2s12M

2
1

+o21K4K5M
2
1 + K1M1K4K5H̃3

+K6M1s12M
2
2 − o12K1K6M

2
2

−K4M2K1K6H̃3 + K1M1K5M2o12

+K6M1K4M2o21
]
− B1B6K6

−B5B6K5 − ε3
[
o21o12B1M1

− o21o12B5M2 + o21K4B5H̃3

− o12K1B1H̃3 + B1M1s12H̃3 + B5M2s12H̃3

]

K1 K4

K5K6

B1 B5

B6

M1 M2

s12

o21 o12

H̃3 (3.75)
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In the next two steps, we confine Usp(2)left and Usp(2)right. It is really similar to the previous

step. We obtain

T4 :

1

2

1

1 1

3

+

+

W = ε3 ε
2
[
K5M2s12H̃1

+ o21K4K5H̃1 + o23K4K5H̃3

+ o32s12M
2
2 − o12s23M

2
2 − K4M2s23H̃3

+o23K5M2o12 + o32K4M2o21
]

+ε3
[
− o21o12o11 − o21o12B5M2

+o21K4B5H̃3 − o12s22H̃3 + o11s12H̃3

+B5M2s12H̃3 + o23o32o11 + o23o32B5M2

+o23K5B5H̃1 + o32s22H̃1 − o11s23H̃1 −B5M2s23H̃1

]

K4

K5

B5

M2

s12

s23

s22

o21 o12

o23

o32

o11

H̃1, H̃3 (3.76)

T5 :

1

1

1 1

3

+ +

+ +

W = ε3
[
o31s12H̃1 + o21s13H̃1 + o23s33H̃1

+o32s22H̃1 − o11s23H̃1 − o22s23H̃1

−o12s23H̃2 + o32s12H̃2 − o13s33H̃2

+o31s11H̃2 − o22s13H̃2 − o11s13H̃2

−o13s23H̃3 − o21s11H̃3 − o12s22H̃3

+o23s13H̃3 + o11s12H̃3 + o22s12H̃3

+o23o31o12 + o32o13o21 − o21o12o11 − o21o12o22

+o23o32o11 + o23o32o22 + o13o31o22 + o13o31o11
]

s12

s23

s22

s13

s11

s33

o21 o12

o23

o32

o11 o13

o31

o22

H̃1, H̃2, H̃3

(3.77)

The final superpotential can be repackaged in a manifest SU(2)A invariant way as

W = OSH̃ +O3 , (3.78)

where

A3Q̃↔ O ≡

o11 o12 o13

o21 o22 o23

o31 o32 −o11 − o22

 , A5 ↔ S ≡

s11 s12 s13

s12 s22 s23

s13 s23 s33

 andAQ̃2 ↔ H̃ ≡

H̃1

H̃2

H̃3
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O transforms in the adjoint, S as a symmetric 2-tensor and H̃ in the fundamental of SU(3)A.

We recover the result of Section 3.1.7 of [46]. The mapping of the chiral ring generators is

T1
A1 Q̃

2

A2 Q̃
2

A3 Q̃
2

(A5)11

(A5)12

(A5)13

(A5)22

(A5)23

(A5)33

(A3 Q̃)11

(A3 Q̃)12

(A3 Q̃)13

(A3 Q̃)21

(A3 Q̃)22

(A3 Q̃)23

(A3 Q̃)31

(A3 Q̃)32

⇐⇒

T1′
b1b1 Q̃

2

b2b2 Q̃
2

b3b3 Q̃
2

b21 b
2
2 b

2
3 c̃1

b3b3 c̃1 c̃2)

b2b2 c̃1 c̃3)

b21 b
2
2 b

2
3 c̃2

b1b1 c̃2 c̃3)

b21 b
2
2 b

2
3 c̃3

ε5 (b1 b
2
2 b

2
3) b1 Q̃

b3b3 c̃1 Q̃

b2b2 c̃1 Q̃

b3b3 c̃2 Q̃

ε5 (b2 b
2
1 b

2
3) b2 Q̃

b1b1 c̃2 Q̃

b2b2 c̃3 Q̃

b1b1 c̃3 Q̃

⇐⇒

T2
M2

1

M2
2

M2
3

B3K3

K2K3

K4K5

B1K1

K1K6

B5K5

B1M1

K3M3

K4M2

K2M3

B5M2

K1M1

K5M2

K6M1

⇐⇒

T3
M2

1

M2
2

H̃3

B5K4

s12

K4K5

B1K1

K1K6

B5K5

B1M1

o12

K4M2

o21

B5M2

K1M1

K5M2

K6M1

⇐⇒

T4
H̃1

M2
2

H̃3

B5K4

s12

K4K5

s22

s23

B5K5

o11

o12

K4M2

o21

B5M2

o23

K5M2

o32

⇐⇒

T5
H̃1

H̃2

H̃3

s11

s12

s13

s22

s23

s33

o11

o12

o13

o21

o22

o23

o31

o32

(3.79)

The same phenomenon with degenerate operators appears here, as in Section 3.2.4. In this

case they are the operators B1M1, B5M2 and B3M3 in T2. They are related by the F-term

equation of B7 : B1M1 + B5M2 + B3M3 = 0, which reproduces the traceless condition (3.73).

To reproduce the correct superpotential in the final frame T5, we use our prescription of Sec-

tion 3.2.4. Concretly, when we go from T3 to T4 it is the combination o11+B5M2 that enters in

the computation of the Pfaffian superpotential. Similarly from T4 to T5 it is the combination

o11 + o22 that should enter. Taking into account this subtle point, we can recover the final

superpotential (3.78) with the correct SU(3)A global symmetry.

3.3 Sequential deconfinement of 4dN = 1 gauge theories

3.3.1 Case study: USp(6) with + 8

In this subsection we study the 4dN = 1 USp(6) gauge theory with matter in the antisymmetric

representation and 8 fundamentals, that is 4 flavors before turning to the general case in the

next subsection. It is known that this theory is self-dual modulo flips [62]. We will prove the

self-duality using the basic moves (2.86), (2.88) and (2.105).

Sequential deconfinement

The first step is the deconfinement of the antisymmetric with (2.105). We get the following

two frames T0 and T0′
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T0 :

6 7

1

Q, RQ

P, 4− 4RA − 7RQ

W = 0

A, RA

←→

T0′ :

6 4

7

1 1
h1, 3RA

p1

4− 2RA − 7RQ

p2

4− 9
2
RA − 7RQ

W =Plannar Triangle −h1d1p2 + Flip[c1 c1]

c1, 1
2
RA

d1
−2 + 3

2
RA + 7RQ

RQ, q1

The global symmetry of the original theory is SU(8) × U(1)A × U(1)R. When we split the 8

chirals into 7+1, we split the SU(8) into SU(7)×U(1)P . So in the splitted form, the R-charges

of the fields should be a function of two variables (for the two global U(1)’s that can mix with

the U(1)R). We choose to write the R-charges in terms of RQ and RA. Then the R-charges of

the other fields are determined by the U(1)R ABJ anomaly9 and by the requirement that any

superpotential term should have R-charge equal to 2. We have written the R-charges of the

fields next to them.

Then we dualize the USp(6) node with (2.86). The fields d1 and Flipper[c1 c1] get a mass.

After integrating them out and rescaling the fields to put a +1 in front of each term in the

superpotential, we get

T1 :

2 4 7

1 1

W = Flip[Q1Q1;V1Q1] +Q1C1Q2

+tr (C1ΦC1) +H1V1C1P2

Q1, 1−RQ

Q2

1
2
RA +RQ

V1
−3 + 2RA + 7RQ

P2

4− 9
2
RA − 7RQ

C1, 1− 1
2
RA

H1, 3RA

Φ, RA

(3.80)

In T1 the antisymmetric field, Φ, is traceless because the trace component has been killed by

the equation of motion (E.O.M) of the Flipper[c1 c1]. The mapping of the chiral ring generators

after this first step is the following

T0
QQ

tr (QAiQ)

tr (QAjP )

tr (QA2P )

tr (A2)

tr (A3)

⇐⇒

T0′
q1q1

tr (q1 (c1c1)
i q1)

tr (q1 c1(c1c1)
j p2)

q1 p1

tr ((c1c1)
2)

h1

⇐⇒

T1
Flipper[Q1Q1]

tr (Q2Φ
i−1Q2)

tr (Q2Φ
j P2)

Flipper[V1Q1]

tr (Φ2)

H1

i = 1, 2

j = 0, 1 (3.81)

9This is the same as requiring the vanishing of the NSVZ β function.
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It can be checked that the mapping (3.81) is consistent with the R-charges of the operators.

Now we iterate the procedure.

We now deconfine the traceless antisymmetric field Φ.

T1′ :

2 4 2

7

1 1 1

W = Flip[c2 c2; q1 q1; v1 q1] + q1c1q2

+tr (c1c2c2c1) + h1v1c1c2p3

+h2d2p3 + p2c2d2

d2
−2 + 3RA + 7RQ

1−RQ, q1 q2, 1
2
RA +RQ

v1

−3 + 2RA + 7RQ

p2

−4− 7
2
RA − 7RQ

p3

4− 5RA − 7RQ

c1

1− 1
2
RA

c2

1
2
RA

h1, 3RA

h2, 2RA

(3.82)

Now we dualize the Usp(4) node. There will not be any antisymmetric field for the other gauge

groups because they are Usp(2)10. The fields q1, d2 and Flipper[c2 c2] get a mass. Moreover,

tr (c1c2c2c1) becomes a mass term therefore there will be no link between the two Usp(2) gauge

groups. After integrating these massive fields out and a rescaling we get

T2 :

2 4 2 7

1 1 1

W = Flip[B1B1;B1Q2Q2B1;Q2Q2;V1B1Q2;V2Q2] + tr (C2ΦC2)

+ tr (B1C2C2B1) +R1B1V2 +Q2C2Q3 +H1V1B1C2P3 +H2?

R1

5− 4RA − 7RQ

V1

−3 + 2RA + 7RQ

V2

−3 + 7
2
RA + 7RQ

P3

4− 5RA − 7RQ

B1, 1
2
RA

C2, 1− 1
2
RA

H1, 3RA + singlet H2, 2RA

Q2, 1− 1
2
RA −RQ

Q3, RA +RQ

(3.83)

At this step, we face a feature that we call the degenerate holomorphic operator ambiguity

already eluded in the last section. It arises when we ask what is the operator flipped by the

singlet H2.

Degenerate holomorphic operator ambiguity

If we apply the rules of Seiberg duality locally in the quiver, as is usually done, using the

mapping (2.86), we would conclude that it is O1 = V2C2P3, so the superpotential should contain

10The dualization creates however singlets that correspond to the trace part of the would be antisymmetric.

We call the singlet on the left Flipper[B1 B1]. The one on the right will receive a mass with the singlet

Flipper[c2 c2] so we do not need to give it a name.
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H2O1. However, for the quiver at hand, there is another candidate, O2 = V1R1. Both O1 and

O2 are gauge singlets, singlets under the SU(7) flavor symmetry and have R-charge: R(V1R1) =

R(V2C2P3) = 2 − 2R(A) (which implies that the two operators have the same charges under

the flavor U(1)′s). Therefore they are degenerate operators.11. So it might be that the precise

operator flipped by H2 is not exactly O1, but some linear combination of O1 and O2.

We claim that the correct answer is that the operator flipped by H2 is O2 = V1R1, instead

of the naive O1. Our argument in favor of this statement comes from dualizing some nodes in

the quiver, as we will explain soon. So in a sense the fact the the correct operator is not the

naive one is due to quantum relations, which become classical relation after Seiberg duality.

Our strategy to decide the correct operator is to use dualities in order to go to a frame

where F-term equations can answer the question. In this case, we apply IP S-confining duality

(2.88) on the left Usp(2) gauge node of theory T2 with the singlet H2 removed. We consider

the same theory with the flipping removed, the question becomes which linear combination of

the two degenerate holomorphic operators O1 and O2 is non zero in the chiral ring. Since the

answer, as we will see, is that O2 is non zero in the chiral ring, the quantum relation in the

unflipped theory is O1 = 0.

The Usp(2) we dualize is coupled to 6 fundamentals and so it confines, producing a traceless

antisymmetric field B (the trace part is killed by the flipper Flipper[B1B1]). We get

4 2 7

1 1 1

W = Flip[Q2BQ2;Q2Q2;P Q2;V2Q2] + tr (C2BC2) +XV2 +Q2C2Q3

+H1PC2P3 +H2? + Pfaff



B
... P

... X

. . . . . . . . . . . . . . .
... 0

... s

. . . . . . . . .
... 0



B

P
−3 + 5

2
RA + 7RQ

X V2 P3

C2

H1 + singlet H2

Q2

Q3

s, 2− 2RA

(3.84)

The Pfaffian term gives: Pfaff



B
... P

... X

. . . . . . . . . . . . . . .
... 0

... s

. . . . . . . . .
... 0


∼ ε4 (B

2)s+ ε4 (BPX)

The fields X and V2 are massive. The E.O.M of X gives: V2 +BP = 0.

In addition, the F-term equation for the singlet H1 gives: PC2P3 = 0.

11Let us emphasize that there is no ambiguity with H1 because there is only one operator which is singlet

under the gauge symmetry, the SU(7) flavor symmetry and has R-charge equal to 2− 3R(A). This operator is

V1B1C2P3.
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Combining these two informations, we can resolve the ambiguity about the operators O1

and O2. Indeed in this frame these operators become

O1 = V2C2P3 −→ V2C2P3
E.O.M X

= BPC2P3
F-term H1≃ 0 (3.85)

O2 = V1R1 −→ s (3.86)

The symbol ≃ in the last of equality in (3.85) means an equivalence in the chiral ring.

Therefore we conclude that the non-zero operator in the chiral ring is O2 = V1R1 and so it

should be this one that enters in the superpotential with H2.

Fully deconfined frame

We now go back to our deconfining procedure, and dualize the right Usp(2) node in T2 using

(2.86). We reach a frame that we call “fully deconfined” as in [85].

TDec :

2 4 6 7

1 1 1

W = Flip[b1 b1; b2 b2; b1b2q3q3b2b1; b2q3q3b2; q3 q3; v1b1b2q3; v2b2q3; v3q3]

+ tr (b1a2b1) + tr (b2a2b2) + r1b1v2 + r2b2v3 + h1v1b1r2 + h2v1r1

r1 r2

a2

5− 4RA − 7RQ

v1

−3 + 2RA + 7RQ

v2

−3 + 7
2
RA + 7RQ

v3

4− 5RA + 7RQ

b1, 1
2
RA b2, 1

2
RA

h1, 3RA

h2, 2RA

q3, RA +RQ

(3.87)

The antisymmetric field a2 is traceless, as all the antisymmetric field of Usp that will appear

in this paper. Once again there is the question of the operator flipped by h2 because v2 r2 has

the same quantum numbers as v1 r1. Using the same procedure of confining from the left, we

would obtain that the operator v2r2 is 0 on the chiral ring. Therefore we claim that the correct

final superpotential is the one with this switching procedure and not the one that we would

have got using naive iteration of IP dualities. The final mapping of the chiral ring generators

is

T1
Flipper[Q1Q1]

Q2Q2

tr (Q2ΦQ2)

Q2 P2

tr (Q2ΦP2)

Flipper[V1Q1]

tr (Φ2)

H1

⇐⇒

T1′
Flipper[q1 q1]

q2 q2

tr (q2 (c2c2) q2)

q2 c2 p3

q2 p2

Flipper[v1 q1]

h2

h1

⇐⇒

T2
Flipper[B1Q2Q2B1]

Flipper[Q2Q2]

Q3Q3

Q3 P3

Flipper[V2Q2]

Flipper[V1B1Q2]

H2

H1

⇐⇒

TDec
Flipper[b1b2q3 q3b2b1]

Flipper[b2q3 q3b2]

Flipper[q3 q3]

Flipper[v3 q3]

Flipper[v2b2q3]

Flipper[v1b1b2q3]

h2

h1

(3.88)
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Combining the two mappings (3.81) and (3.88), we get the mapping between T0 and TDec

T1
tr (QAiQ)

tr (QAj P )

tr (Ak)

⇐⇒

TDEC
Flipper[bi+1bi+2 . . . b2q3 q3b2 . . . bi+2bi+1]

Flipper[v3−jb3−jb3−j+1 . . . b2q3]

hN+1−k

i = 0, 1, 2

j = 0, 1, 2

k = 2, 3

(3.89)

Self-duality

We already said that this theory is self-dual [62]. Let us see now how we can use our TDec frame

to prove the self-duality. The strategy is to reconfine the quiver tail. We notice that the left

Usp(2) has 6 fundamentals, so we start confining from the left. The effect of this confinement

is to kill the antisymmetric field a2. In addition, the fields Flipper[b1 b1], v2 and h2 get a mass

and we produce a Pfaffian superpotential as in (3.84). We get

R1 :

4 6 7

1 1

W = Flip[b2 b2; b2b2b2q3q3b2; b2q3q3b2; q3 q3; p1b2q3; v3q3; p1b2b2b2q3] + r2b2v3 + h1p1r2

r2
5− 11

2
RA − 7RQ

p1

−3 + 5
2
RA + 7RQ

v3
4− 5RA − 7RQ

b2, 1
2
RA

h1, 3RA

q3, RA +RQ

(3.90)

Then we can confine the Usp(4) node. We will reach the self-dual frame of the original the-

ory. Indeed, we produce a traceless antisymmetric field, B, for the Usp(6) and the fields h1,

Flipper[b2 b2] and v3 get a mass. The final quiver reads

R2 ≡ Rfinal :

6 7

1

W =
3∑
j=1

Flip[q3B
3−j q3]

+
3∑
j=1

Flip[p2B
j−1 q3]

p2

q3

B

(3.91)

We can repackage the final result into a manifestly SU(8) invariant way

Rfinal :

6 8 W =
3∑
j=1

Flip[Q̃B3−j Q̃]
Q̃

B

(3.92)

Where we define

Flipper[Q̃B3−j Q̃] =


7︷ ︸︸ ︷

Flipper[q3B
3−j q3]

...

1︷ ︸︸ ︷
Flipper[p2B

3−j q3]

. . . . . . . . . . . . . . . . . . . . . .
... . . . . . . . . . . . . . . . . . .
... 0


}
7}
1

, (3.93)
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Q̃ =
( 7︷ ︸︸ ︷

q3
...

1︷︸︸︷
p3−1

)
(3.94)

During this sequential reconfinement, from TDec and Rfinal, the mapping is

TDec
Flipper[b1b2q3 q3b2b1]

Flipper[b2q3 q3b2]

Flipper[q3 q3]

Flipper[v3 q3]

Flipper[v2b2q3]

Flipper[v1b1b2q3]

h2

h1

⇐⇒

R1

Flipper[b2b2b2q3 q3b2]

Flipper[b2q3 q3b2]

Flipper[q3 q3]

Flipper[v3 q3]

Flipper[p1b2b2b2q3]

Flipper[p1b2q3]

tr (b2b2)
2

h1

⇐⇒

Rfinal

Flipper[q3B
2 q3]

Flipper[q3B q3]

Flipper[q3 q3]

Flipper[p2B
2 q3]

Flipper[p2B q3]

Flipper[p2 q3]

tr (B2)

tr (B3)

(3.95)

Comparing with the mapping (3.89), we read the mapping for the self-duality

T1
tr (QAiQ)

tr (QAi P )

tr (Ak)

⇐⇒

Rfinal

Flipper[q3B
2−i q3]

Flipper[q3B
2−i p2]

tr (Bk)

i = 0, . . . , 2

i = 0, . . . , 2

k = 2, . . . , 3

(3.96)

This is precisely the mapping given in [62].

Notice that in the reconfinement the precise operator flipped by the singlet H2 was crucial to

obtain the duality with the correct amount of gauge singlets. In the next section we generalize

our discussion to arbitrary N and F .

3.3.2 General case: USp(2N) with + 2F

In this section we study the general case. The Usp(2N) gauge theory with a traceless anti-

symmetric field A and 2F complex chiral fields (the number of fundamentals should be even to

avoid the global anomaly).

We proceed as in [85] to derive a chain of 2N dual frames consisting of quiver theories, with

number of gauge nodes ranging from 1 to N . Let us start with the first T0 quiver

T0 :

2N 2F

W = 0

A

≡ 2N 2F − 1

1

Q

P

W = 0

A

(3.97)
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Deconfine and dualize: first step

We start by using the deconfinement (2.105), we obtain

T0′ :

2N 2N − 2

2F − 1

1 1

p1 p2

h1

W =Plannar Triangle −h1d1p2 + Flip[c1 c1]

c1

d1

q1

(3.98)

Then we dualize the USp(2N) node with (2.86). This step is the same as in (3.80).

T1 :

2F − 6 2N − 2 2F − 1

1 1

W = Flip[Q1Q1;V1Q1] +Q1C1Q2

+tr (C1ΦC1) +H1V1C1P2

Q1

Q2

V1 P2

C1

H1

Φ

(3.99)

The mapping of the chiral ring generators after this first step is the following

T0
QQ

tr (QAiQ)

tr (QAjP )

tr (QAN−1P )

tr (Am)

tr (AN)

⇐⇒

T0′
q1q1

tr (q1 (c1c1)
i q1)

tr (q1 c1(c1c1)
j p2)

q1 p1

tr ((c1c1)
m)

h1

⇐⇒

T1
Flipper[Q1Q1]

tr (Q2Φ
i−1Q2)

tr (Q2Φ
j P2)

Flipper[V1Q1]

tr (Φm)

H1

i = 1, . . . , N − 1

j = 0, . . . , N − 2

m = 2, . . . , N − 1

(3.100)

Now we iterate the procedure. We deconfine the traceless antisymmetric field, Φ and then we

dualize. Let us write explicitly another step and then it will be enough to obtain the general

story.

Second step

After the deconfinement we get
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T1′ :

2F − 6 2N − 2 2N − 4

2F − 1

1 1 1

W = Flip[c2 c2; q1 q1; v1 q1] + q1c1q2

+tr (c1c2c2c1) + h1v1c1c2p3

+h2d2p3 + p2c2d2

d2

q1 q2

v1 p2 p3

c1 c2

h1

h2

(3.101)

Now we dualize the USp(2N − 2) node. The fields q1, d2 and Flipper[c2 c2] get a mass. In

addition tr (c1c2c2c1) becomes a mass term therefore there will be no link between the USp(2F−
6) and USp(2N − 4) gauge group. The result of the integration out (and rescaling) is

T2 :

2F − 6 2(2F − 6) 2N − 4 2F − 1

1 1 1

W = Flip[B1B1;B1Q2Q2B1;Q2Q2;V1B1Q2;V2Q2] + tr (C2ΦC2) + tr (B1A1B1)

+ tr (B1C2C2B1) +R1B1V2 +Q2C2Q3 +H1V1B1C2P3 +H2V2C2P3

R1
V1 V2

P3

B1

C2

H1

H2

Q2

Q3

ΦA1

(3.102)

We recall that the antisymmetric field A1 is traceles, as well as Φ.

The mapping after this second step is given by12

T1
Flipper[Q1Q1]

Q2Q2

tr (Q2Φ
i−1Q2)

tr (Q2Φ
j P2)

tr (Q2Φ
N−2 P2)

Flipper[V1Q1]

tr (Φm)

tr (ΦN−1)

H1

⇐⇒

T1′
Flipper[q1 q1]

q2 q2

tr (q2 (c2c2)
i−1 q2)

tr (q2 c2(c2c2)
j p3)

q2 p2

Flipper[v1 q1]

tr ((b2b2)
m)

h2

h1

⇐⇒

T2
Flipper[B1Q2Q2B1]

Flipper[Q2Q2]

tr (Q3Φ
i−2Q3)

tr (Q3Φ
j P3)

Flipper[V2Q2]

Flipper[V1B1Q2]

tr (Φm)

H2

H1

i = 2, . . . , N − 1

j = 0, . . . , N − 3

m = 2, . . . , N − 2

(3.103)

12Using the table of R-charges of the fields given in appendix B in Table B.1, it is easy to check that the

mapping is consitent.
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After k steps

After the iteration of k steps, we get the following quiver

Tk :

2F − 6 2(2F − 6) . . . k(2F − 6) 2N − 2k 2F − 1

1 1 1 . . . 1 1

W =
k−1∑
j=1

Flip[Bj Bj] +
k∑
i=1

Flip[BiBi+1 . . . Bk−1QkQk Bk−1 . . . Bi+1Bi]

+
k∑
i=1

Flip[ViBiBi+1 . . . Bk−1Qk] +
k−1∑
j=1

RjBjVj+1 +
k−1∑
j=1

tr (Bj Aj Bj) +
k−2∑
l=1

tr (BlAl+1Bl)

+ tr (Ck ΦCk) + tr (Bk−1CkCkBk−1) +QkCkQk+1 +
k∑
i=1

HiViBiBi+1 . . . Bk−1CkPk+1

V1 V2 Vk Pk+1R1
R2 Rk−1

B1 B2 Bk−1 Ck

H1 H2 H3

Hk

Qk

Qk+1

A1

A2
Φ

(3.104)

The last term in the superpotential should be taken with a grain of salt. Indeed as ex-

plained in the appendix B, when k is great enough some operators become degenerate with

ViBiBi+1 . . . Bk−1CkPk+1 and then the superpotential should be modified. This is the degen-

erate holomorphic operator ambiguity that we described in (3.83). Since it is a k-dependent

statement, we decided to be cavalier when writing this term in (3.104) and write the modified

version in TN−1.

The mapping of the chiral ring generators is the following

T(k−1)′

Flipper[bjbj+1 . . . bk−2qk−1qk−1bk−2 . . . bj+1bj]

Flipper[vjbj . . . bk−2qk−1]

h1,...,k

qk qk

tr (qk (ck ck)
i−k+1 qk)

tr (qk ck (ck ck)
j pk+1)

qk pk

tr ((ckck)
m)

⇐⇒

Tk
Flipper[BjBj+1 . . . Bk−1QkQkBk−1 . . . Bj+1Bj]

Flipper[VjBj . . . Bk−1Qk]

H1,...,k

Flipper[QkQk]

tr (Qk+1Φ
i−kQk+1)

tr (Qk+1Φ
j Pk+1)

Flipper[VkQk]

tr (Φm)

j = 1, . . . , k − 1

j = 1, . . . , k − 1

i = k, . . . , N − 1

j = 0, . . . , N − k − 1

m = 2, . . . , N − k
(3.105)
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After N-1 steps

TN−1 :

2F − 6 2(2F − 6) . . . (N − 1)(2F − 6) 2 2F − 1

1 1 1 . . . 1 1

W =
N−2∑
j=1

Flip[Bj Bj] +
N−1∑
i=1

Flip[BiBi+1 . . . BN−2QN−1QN−1BN−2 . . . Bi+1Bi]

+
N−1∑
i=1

Flip[ViBiBi+1 . . . BN−2QN−1] +
N−2∑
j=1

RjBjVj+1 +
N−2∑
j=1

tr (Bj Aj Bj) +
N−3∑
l=1

tr (BlAl+1Bl)

+tr (BN−2CN−1CN−1BN−2) +QN−1CN−1QN + H1V1B1 . . . BN−2CN−1PN +
N−1∑
i=2

HiV1B1 . . . BN−1−iRN−i

V1 V2 VN−1
PNR1

R2 RN−2

B1 B2 BN−2 CN−1

HN−1

HN−2

H2

H1

QN−1

QN

A1

A2

(3.106)

The last term in the superpotential is the one after switching, see Appendix B. Since the last

node is Usp(2), there is no antisymmetric and we can directly use (2.86).

Final step and fully deconfined frame

TDec :

2F − 6 2(2F − 6) . . . (N − 1)(2F − 6) N(2F − 6) 2F − 1

1 1 1 . . . 1 1

W =
N−1∑
j=1

Flip[bj bj] +
N∑
i=1

Flip[bibi+1 . . . bN−1 qN qN bN−1 . . . bi+1bi; vibibi+1 . . . bN−1qN ]

+
N−1∑
j=1

rjbjvj+1 +
N−1∑
j=1

tr (bj aj bj) +
N−2∑
l=1

tr (bl al+1 bl) +
N−1∑
j=1

hjv1b1 . . . bN−1−jrN−j

v1 v2 vN−1
vNr1 r2 rN−2

rN−1

b1 b2 bN−2 bN−1

hN−1

hN−2
h2 h1

qN

a1 a2 aN−1

(3.107)

We have obtained the fully “deconfined” frame. The mapping is
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TN−1

Flipper[BjBj+1 . . . BN−2QN−1QN−1BN−2 . . . Bj+1Bj]

Flipper[VjBj . . . BN−2QN−1]

H1,...,N−1

QN QN

QN PN

⇐⇒

TDEC
Flipper[bjbj+1 . . . bN−1qNqNbN−1 . . . bj+1bj]

Flipper[vjBj . . . bN−1qN ]

h1,...,N−1

Flipper[qN qN ]

Flipper[vN qN ]

j = 1, . . . , N − 1

j = 1, . . . , N − 1

(3.108)

Collecting all the mappings, we write the mapping from the T0 frame to TDec

T0
tr (QAiQ)

tr (QAj P )

tr (Ak)

⇐⇒

TDEC
Flipper[bi+1bi+2 . . . bN−1qN qNbN−1 . . . bi+2bi+1]

Flipper[vN−jbN−jbN−j+1 . . . bN−1qN ]

hN+1−k

i = 0, . . . , N − 1

j = 0, . . . , N − 1

k = 2, . . . , N

(3.109)

In the “deconfined” frame, all chiral ring generators are elementary gauge singlets.

3.4 Reconfinement and self-duality for USp(2N) with

+ 8

As reviewed in (2.96), the USp theory in the F = 4 case is known to be self-dual modulo flips.

In this section we use our TDec frame (3.107) to prove this result. Let us rewrite first (3.107)

specifying F = 4:

R0 :

2 4 . . . 2(N − 1) 2N 7

1 1 1 . . . 1 1

W =
N−1∑
j=1

Flip[bj bj] +
N∑
i=1

Flip[bibi+1 . . . bN−1 qN qN bN−1 . . . bi+1bi; vibibi+1 . . . bN−1qN ]

+
N−1∑
j=1

rjbjvj+1 +
N−1∑
j=1

tr (bj aj bj) +
N−2∑
l=1

tr (bl al+1 bl) +
N−1∑
j=1

hjv1b1 . . . bN−1−jrN−j

v1 v2 vN−1
vNr1 r2 rN−2

rN−1

b1 b2 bN−2 bN−1

hN−1

hN−2
h2 h1

qN

a2

aN−1

(3.110)
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T0
tr (QAiQ)

tr (QAj P )

tr (Ak)

⇐⇒

R0

Flipper[bj+1bj+2 . . . bN−1qN qNbN−1 . . . bj+2bj+1]

Flipper[vN−jbN−jbN−j+1 . . . bN−1qN ]

hN+1−k

j = 0, . . . , N − 1

j = 0, . . . , N − 1

k = 2, . . . , N

(3.111)

We see that the USp(2) gauge group is coupled to 4 + 1 + 1 chiral fields in the fundamental

representation and so it confines (2.88). This step is similar as in (3.90). The confinement will

give a mass to the traceless antisymmetric field a2 as well as v2, Flipper[b1 b1] and hN−1. The

result after integrating them out (See discussion below (3.84)) is

R1 :

4 . . . 2(N − 1) 2N 7

1 1 . . . 1 1

W =
N−1∑
j=2

Flip[bj bj] + Flip[b2b2b2 . . . bN−1 qN qN bN−1 . . . b2] +
N∑
i=2

Flip[bibi+1 . . . bN−1 qN qN bN−1 . . . bi+1bi]

+Flip[l1p1b2 . . . bN−1qN ; p1b2b2b2 . . . bN−1qN ] +
N∑
i=3

Flip[vibibi+1 . . . bN−1qN ] +
N−1∑
i=2

ribivi+1

+
N−1∑
i=3

tr (bi ai bi) +
N−2∑
i=2

tr (bi ai+1 bi) +
N−2∑
i=1

hip1b2 . . . bN−1−irN−i

vN−1
vNr2 rN−2

rN−1

b2 bN−2 bN−1

hN−2

h2 h1

p1

qN

aN−1

(3.112)

The mapping of the chiral ring generators is

R0

Flipper[b1b2 . . . bN−1qN qNbN−1 . . . b2b1]

Flipper[bj+1bj+2 . . . bN−1qN qNbN−1 . . . bj+2bj+1]

Flipper[vN−jbN−jbN−j+1 . . . bN−1qN ]

Flipper[v2b2b3 . . . bN−1qN ]

Flipper[v1b1b2 . . . bN−1qN ]

hi

hN−1

⇐⇒

R1

Flipper[b2b2b2b2 . . . bN−1qN qNbN−1 . . . b2b1]

Flipper[bj+1bj+2 . . . bN−1qN qNbN−1 . . . bj+2bj+1]

Flipper[vN−jbN−jbN−j+1 . . . bN−1qN ]

Flipper[p1b2b2b2b3 . . . bN−1qN ]

Flipper[p1b2 . . . bN−1qN ]

hi

tr (b2b2)
2

j = 1, . . . , N − 1

j = 0, . . . , N − 3

i = 1, . . . , N − 2

(3.113)

We can now iterate. Indeed the USp(4) group is coupled to 6 + 1 + 1 fundamentals and so it

also confines
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R2 :

6 . . . 2(N − 1) 2N 7

1 1 . . . 1 1

W =
N−1∑
j=3

Flip[bj bj] + Flip[(b3b3)
3b4 . . . bN−1 qN qN bN−1 . . . b4; (b3b3)

2b4 . . . bN−1 qN qN bN−1 . . . b4]

+
N∑
i=3

Flip[bibi+1 . . . bN−1 qN qN bN−1 . . . bi+1bi] + Flip[p2b3 . . . bN−1qN ; p2(b3b3)b3 . . . bN−1qN ]

+Flip[p2(b3b3)
2b3 . . . bN−1qN ] +

N∑
i=4

Flip[vibibi+1 . . . bN−1qN ] +
N−1∑
i=3

ribivi+1

+
N−1∑
i=4

tr (bi ai bi) +
N−2∑
i=3

tr (bi ai+1 bi) +
N−3∑
i=1

hip2b3 . . . bN−1−irN−i

vN−1
vNr3 rN−2

rN−1

b3 bN−2 bN−1

hN−3

h2 h1

p2

qN

aN−1

(3.114)

We can iterate. After k confinement, we get

Rk :

2k + 2 . . . 2(N − 1) 2N 7

1 1 . . . 1 1

W =
N−1∑
i=k+1

Flip[bi bi] +
k∑
j=1

Flip[(bk+1bk+1)
k+2−j bk+2 . . . bN−1 qN qN bN−1 . . . bk+2]

+
N∑

i=k+1

Flip[bibi+1 . . . bN−1 qN qN bN−1 . . . bi+1bi] +
k+1∑
j=1

Flip[pk(bk+1bk+1)
j−1 bk+1 . . . bN−1qN ]

+
N∑

i=k+2

Flip[vibibi+1 . . . bN−1qN ] +
N−1∑
i=k+1

ribivi+1 +
N−1∑
i=k+2

tr (bi ai bi) +
N−2∑
i=k+1

tr (bi ai+1 bi)

+
N−k−1∑
i=1

hipkbk+1 . . . bN−1−irN−i

vN−1
vNrk+1 rN−2

rN−1

bk+1 bN−2 bN−1

hN−k−1

h2 h1

pk

qN

aN−1

(3.115)
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The mapping between two successive reconfinement is

Rk−1

Flipper[(bkbk)
k−1−abk . . . bN−1qN qNbN−1 . . . bk]

Flipper[bj+1bj+2 . . . bN−1qN qNbN−1 . . . bj+2bj+1]

Flipper[vN−jbN−j . . . bN−1qN ]

Flipper[vk+1bk+1 . . . bN−1qN ]

Flipper[pk−1(bkbk)
N−1−abk . . . bN−1qN ]

hi

hN−k

tr (bkbk)
k

...

tr (bkbk)
2

⇐⇒

Rk

Flipper[(bk+1bk+1)
k−abk+1 . . . bN−1qN qNbN−1 . . . bk+1]

Flipper[bj+1bj+2 . . . bN−1qN qNbN−1 . . . bj+2bj+1]

Flipper[vN−jbN−j . . . bN−1qN ]

Flipper[pk(bk+1bk+1)
k−1bk+1 . . . bN−1qN ]

Flipper[pk(bk+1bk+1)
N−1−abk+1 . . . bN−1qN ]

hi

tr (bk+1bk+1)
k+1

tr (bk+1bk+1)
k

...

tr (bk+1bk+1)
2

a = 0, . . . , k − 1

j = k, . . . , N − 1

j = 0, . . . , N − k − 2

a = N − k, . . . , N − 1

i = 1, . . . , N − k − 1

(3.116)

For k = N − 2, there won’t be any antisymmetric field left. We get

RN−2 :

2N − 2 2N 7

1 1

W = Flip[bN−1 bN−1] +
N−2∑
j=1

Flip[(bN−1bN−1)
N−j qN qN) + Flip[bN−1 qN qN bN−1; qN qN ]

+
N−1∑
j=1

Flip[pN−2 (bN−1bN−1)
j−1 bN−1 qN ] + Flip[vNqN ] + rN−1bN−1vN + h1pN−2rN−1

vNrN−1

bN−1

h1

pN−2

qN

(3.117)

Now we can do the last confinement with the Usp(2N − 2) group. It will produce the traceless

antisymmetric field, B for Usp(2N) (the trace part is killed by the flipper Flipper[bN−1 bN−1])

RN−1 :

2N 7

1

W =
N∑
j=1

Flip[qN B
N−j qN ]

+
N∑
j=1

Flip[pN−1B
j−1 qN ]

pN−1

qN

B

(3.118)
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The mapping for this last reconfinement is given by

RN−2

Flipper[(bN−1bN−1))
N−2−abN−2bN−1qN qNbN−1bN−2]

Flipper[bN−1qN qNbN−1]

Flipper[qN qN ]

Flipper[vN qN ]

Flipper[pN−2(bN−1bN−1)
N−1−abN−1qN ]

h1

tr (bN−1bN−1)
N−1

tr (bN−1bN−1)
N−2

...

tr (bN−1bN−1)
2

⇐⇒

RN−1

Flipper[qN B
N−1−a qN ]

Flipper[qN B qN ]

Flipper[qN qN ]

Flipper[pN−1B
N−2 qN ]

Flipper[pN−1B
N−1−abN−1qN ]

tr (BN)

tr (BN−1)

tr (BN−2)
...

tr (B2)

a = 0, . . . , N − 3

a = 1, . . . , N − 1

(3.119)

We can repackage the last frame into a manifestly SU(8) invariant way to obtain the final frame

Rfinal :

2N 8 W =
N∑
j=1

Flip[Q̃BN−j Q̃]
Q̃

B

(3.120)

Where we define

Flipper[Q̃BN−j Q̃] =


7︷ ︸︸ ︷

Flipper[qN B
N−j qN ]

...

1︷ ︸︸ ︷
Flipper[pN−1B

N−j qN ]

. . . . . . . . . . . . . . . . . . . . . . . .
... . . . . . . . . . . . . . . . . . . . . . .
... 0


}
7}
1

, (3.121)

Q̃ =
( 7︷ ︸︸ ︷

qN
...

1︷ ︸︸ ︷
pN−1

)
(3.122)

Now combining the mappings, we see that the reconfinement procedure gives

R0

Flipper[bj+1 . . . bN−1qN qNbN−1 . . . bj+1]

Flipper[vN−jbN−jbN−j+1 . . . bN−1qN ]

hi

⇐⇒

Rfinal

Flipper[qN B
N−1−j qN ]

Flipper[pN−1B
N−1−j qN ]

tr (BN+1−i)

j = 0, . . . , N − 1

j = 0, . . . , N − 1

i = 1, . . . , N − 1

(3.123)

Now if we compare the original frame T0 and the last frame after reconfinement Rfinal we see

the self-duality and we obtain the following mapping

T0

tr (QAj Q)

tr (QAj P )

tr (Ai)

⇐⇒

Rfinal

Flipper[qN B
N−1−j qN ]

Flipper[qN B
N−1−j pN−1]

tr (Bi)

j = 0, . . . , N − 1

j = 0, . . . , N − 1

i = 2, . . . , N

(3.124)

Which is precisely the mapping proposed in [62].
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3.5 Reduction to 3d N = 2 sequential deconfinement

It is possible to reduce 4d N = 1 theories on a circle, obtaining 3d N = 2 theories. Generically,

this steps introduces a superpotential term linear in the basic monopole operator (exceptions

are, for instance, theories with 8 supercharges). Once in 3d, it is possible to turn on real

mass deformations, that do not exist in 4d. Starting from a 4d USp(2N) gauge theory, 3d

real masses allow to flow to USp(2N) or U(N) gauge groups with or without various types of

monopole superpotentials. This process has been discussed in detail in the case without rank-2

matter [94], and for the case of 2F = 8 [92, 93]. A brane interpretation has been found in

[244]. Examples of 4d N = 1 simplectic quivers reduced and deformed to 3d N = 2 or 3d

N = 4 unitary quivers have been discussed in [83, 111], mostly from the superconformal index

perspective.

On the electric side, the story is as follows:

USp(2N) 2F + 2 W4d = 0

reduction on S1

USp(2N) 2F + 2 W3d = M

real masses (+F+1,−F+1)real masses (02F ,+,−)

USp(2N) 2F W = 0 U(N) (F + 1, F + 1) W = M+ +M−

real masses (0F ,+; 0F ,−)

U(N) (F, F ) W = M+

real masses (0F−1,+; 0F−1,−)

U(N) (F − 1, F − 1) W = 0 (3.125)

Where the rank-2 field is a traceless antisymmetric for USp(2N) and a traceless adjoint for

U(N). The monopoles M, M± are the monopoles with minimal GNO charges introduced in

Section 2.1.2. See [94] for more details.

We could also turn on different real masses, possibly leading to non-zero Chern-Simons

terms as in [85, 92, 93], but we refrain to do this in the present paper.
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In the remaining of this section we perform the reduction and deformation of the fully

deconfined dual, recovering the results found in [85] working in 3d.

Reduction to the deconfined dual of USp(2N) with antisymmetric and 2F + 2 fun-

damentals, W = M

We put the 4d duality on a circle. On the electric side we get 3d N = 2 USp(2N) with

antisymmetric and (2F +1)Q+1P fundamentals,W = M, with global symmetry SU(2F +2)×
U(1). On the magnetic side we obtain the same quiver as in 4d, (3.107), with F → F +1. The

difference is that the superpontential now includes N additional terms, linear in the monopole

operators with GNO charges for a single gauge group,
∑N

i=1M
0i−1,•,0N−i

:

USp(2F−4) USp(2(2F−4)) . . . USp((N−1)(2F−4)) USp(N(2F−4)) 2F + 1

1 1 1 . . . 1 1

. . .

...a1 a2 aN−1

l1

l1

l2
lN−1 lN

lN

v1 v2 vN−1
vNr1 r2 rN−2

rN−1

b1 b2

hN−1

hN−2
h2 h1

m1, . . . ,mN

qN

W =
N−1∑
i=1

Flip[bi bi] +
N∑
i=1

mi tr (bibi+1 . . . bN−1 qN qN bN−1 . . . bi+1bi) +
N∑
i=1

livibibi+1 . . . bN−1qN

+
N−1∑
i=1

ribivi+1 +
N−1∑
i=1

tr (bi ai bi) +
N−2∑
i=1

tr (bi ai+1 bi) +
N−1∑
i=1

hiv1b1 . . . bN−1−irN−i

+
N∑
i=1

M0i−1,•,0N−i

(3.126)

One remark about notation. In this section, we have given an explicit name to the flip-

pers. Concretely in (3.126) we have used Flipper[bibi+1 . . . bN−1 qN qN bN−1 . . . bi+1bi] → mi

and Flipper[vibibi+1 . . . bN−1qN ]→ li.

For convenience we reproduce also the mapping of the chiral ring generators:

tr (QAiQ)

tr (QAj P )

tr (Ak)

⇐⇒
mi+1

lN−j

hN+1−k

i = 0, . . . , N − 1

j = 0, . . . , N − 1

k = 2, . . . , N

(3.127)

This is the same mapping as in 4d, at this level there are no monopoles in the chiral ring, due

to the presence of linear monopole terms in the superpotential.

Flow to the deconfined dual of USp(2N) with antisymmetric and 2F fundamentals,

W = 0

We now discuss what happens on the fully deconfined quiver 3.126 upon turning on real masses.

We first turn on a real mass of the form (02F ,+,−) (that is we are moving to the left in
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the diagram 3.125), on the electric side Q2F+1 and P become massive. Notice that the rank

of the global symmetry decrease by one unit. Accordingly the mesons tr (QI A
iQ2F+1) and

tr (QI A
i P ) have non-zero real mass, for I = 1, . . . , 2F . Notice that tr (Q2F+1A

i P ) has zero

total real mass. The electric theory becomes 3d N = 2 Usp(2N) with antisymmetric and 2F

fundamentals, W = 0, with global symmetry SU(2F )× U(1)× U(1).
It follows from the mapping 3.127 that the singlets (li)I and (mi)I,2F+1 become massive for

I = 1, . . . , 2F , while (li)2F+1 remain massless. The lj’s and (mi)I,2F+1’s become massive imply

that also the elementary gauge variant fields vi, ri and (qN)2F+1 become massive. In other words

the saw structure in the fully deconfined quiver disappears, and we are left with

USp(2F−4) USp(2(2F−4)) . . . USp((N−1)(2F−4)) USp(N(2F−4)) 2F

W =
N−1∑
i=1

Flip[bi bi] +
N∑
i=1

mi tr (bibi+1 . . . bN−1 q q bN−1 . . . bibi+1) +
N−1∑
i=1

tr (bi ai bi)

+
N−2∑
i=1

tr (bi ai+1 bi) +
N−1∑
i=1

hiM
•N−i,0i +

N∑
i=1

(li)2F+1M
0i−1,•N−i+1

...a1 a2 aN−1

b1 b2

m1, . . . ,mN

q

(3.128)

Notice that the linear monopole superpotential
∑N

i=1M
0i−1,•,0N−i

is lifted, while the massless

gauge singlets hi and (li)2F+1 now flip monopole operators. (this is similar to the dimensional

reduction of Seiberg and IP dualities [103]). These interactions are generated dynamically, one

way to understand them is that such interactions are allowed by all global symmetries, and if

they are not generated the gauge singlets would be free fields, which cannot be correct.

Equation (3.128) agrees with the results of section 2.4 of [85] (modulo renaming hi → γi

and (li)2F+1 → σi), obtained by sequentually decofining in 3d, using the deconfining duality

antisymm2N×2N ↔ USp(2N −2)− [2N ],W = γM. The only difference is the precise extended

monopole flipped by hi, the subtlety related to the degenerate holomorphic operators which

can in principle be flipped by hi was not appreciated in [85]. One can check that with the

superpotential above, setting F = 3, the tail reconfines appropriately and it is possible to derive

the self-duality modulo flips of 3d N = 2 USp(2N) with antisymmetric and 6 fundamentals,

W = 0, at each step one hi singlet is eaten, while the extended monopoles flipped by (li)2F+1

’shorten’ according to the rules of [245].

Flow to the deconfined dual of U(N) with adjoint and F + 1 flavors, W = M+ +M−

We now start from the 3d duality USp(2N) with 2F + 2, W = M ↔ 3.126, and turn on a

real mass of the form (+F+1,−F+1) (that is we are moving to the right in the diagram 3.125).

This type of real mass induces a Higgsing of the form USp(2Ni) → U(Ni) on both sides of

the duality, the antisymmetric fields are replaced by adjoints and a pair of fundamentals is

replaced by a fundamental plus an antifundamental. The Higgsing is induced by a vev of

’Coulomb branch type’, that is, on both sides of the duality, we are going to a specific sublocus

of the moduli space of vacua (inside the so called N = 2 Coulomb branch) where there is the
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maximum amount of massless fields. Moreover, the monopole superpotentials M’s are replaced

by (M+ +M−)’s. See [83, 94, 111] for more details.

On the electric side we flow to U(N) with adjoint and (FQ + 1P , (F + 1)Q̃) flavors and

W = M+ + M−, with global symmetry SU(F + 1) × SU(F + 1) × U(1)13. The rank of the

global symmetry decreases by one unit, as it should.

On the magnetic side, we end up with a fully deconfined quiver

U(F−2) U(2(F−2)) . . . U((N−1)(F−2)) U(N(F−2))

F

F+1

1 1 1 1

q

q̃

Mi
. . .

. . .

l1 lN
l1 l2 lN−1 lN

v1 v2 vN−1
vNr1 rN−2

rN−1

b1, b̃1 b2, b̃2

a1 a2 aN−1

W =
N−1∑
i=1

Flip[bi b̃i] +
N∑
i=1

Mi tr (bibi+1 . . . bN−1 q q̃ b̃N−1 . . . b̃ib̃i+1)

+
N∑
i=1

litr (q̃b̃N−1 . . . b̃i+1b̃ivi) +
N−1∑
i=1

tr (ribivi+1) +
N−1∑
i=1

tr (bi ai b̃i) +
N−2∑
i=1

tr (bi ai+1 b̃i)

+
N−1∑
i=1

hitr (rN−ib̃N−1−i . . . b̃1v1) +
N∑
i=1

(
M0i−1,+,0N−i

+M0i−1,−,0N−i
)

(3.129)

Where we did not draw the hi singlets
14. The global symmetry of (3.129) is SU(F + 1) ×

SU(F )× U(1)× U(1).
The mapping is15

tr (Q̃I A
iQJ)

tr (Q̃I A
i P )

tr (Ak)

⇐⇒
(Mi+1)

J
I

(lN−i)I

hN+1−k

i = 0, . . . , N − 1

i = 0, . . . , N − 1

k = 2, . . . , N

(3.130)

In the special case F = 3, we can use the confining duality for U(N) with (N +2, N +2) flavors

and W = M− +M+ [94] and reconfine the tail in 3.129, deriving the self-duality modulo flips

of 3d N = 2 U(N) with adjoint and (4, 4) fundamentals, W = M+ +M−, discussed in [92].

Flow to the deconfined dual of U(N) with adjoint and F flavors, W = M+

We now turn on real masses (0F ,+; 0F ,−) in the previous duality.

On the electric side one monopole superpotential is lifted and we flow to U(N) with adjoint

and (FQ, FQ̃) flavors andW = M+, with global symmetry SU(F )×SU(F )×U(1)×U(1). The
rank of the global symmetry decreases by one unit, as expected.

13We split the global symmetry artificially into SU(F +1)Q̃×SU(F )Q×U(1)P ×U(1)A to match the visible

symmetries in the magnetic side.
14The double arrows U(N1)↔ U(N2) stand for a pair of bifundamentals with opposite orientation.
15We have checked that the mapping is consistent by computing the R-charges of the operators (as a function

of two variables coressponding to the two U(1) symmetries) on both sides.
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On the magnetic side, using 3.130, the singlets (lj)I and (Mi)
J
F+1 become massive. This in

turn implies that q̃F+1 gets a mass, together with the vi’s and the ri’s. Hence the saw disappears

and we end up with

U(F−2) U(2(F−2)) . . . U((N−1)(F−2)) U(N(F−2))

F

F

q

q̃

Mi
. . .b1, b̃1 b2, b̃2

a1 a2 aN−1

W =
N−1∑
i=1

Flip[bi b̃i] +
N∑
i=1

Mi tr (bibi+1 . . . bN−1 q q̃ b̃N−1 . . . b̃ib̃i+1) +
N−1∑
i=1

tr (bi ai b̃i)

+
N−2∑
i=1

tr (bi ai+1 b̃i) +
N∑
i=1

(li)2F+1M
0i−1,+N−i+1

+
N−1∑
i=1

hiM
+N−i,0i +

N∑
i=1

M0i−1,−,0N−i

(3.131)

Notice that half of the linear monopole superpotential disappeared and that the massless gauge

singlets (li)F and hi now flip monopole operators instead of mesons constructed with the saw.

In the special case F = 3, we can use the confining duality for U(N) with (N + 1, N + 1)

flavors andW = M−+hM+ [94] to reconfine the tail in 3.131, deriving the self-duality modulo

flips of 3d N = 2 U(N) with adjoint and (3, 3) fundamentals, W = M+ [92].

Flow to the deconfined dual of U(N) with adjoint and F − 1 flavors, W = 0

We now turn on real masses (0F−1,+; 0F−1,−) in the previous duality.

On the electric side one monopole superpotential is lifted and we flow to U(N) with adjoint

and F − 1, F − 1 flavors and W = 0, with global symmetry SU(F − 1)× SU(F − 1)× U(1)3.
Again, the rank of the global symmetry decreases by one unit.

On the magnetic side,

U(F−2) U(2(F−2)) . . . U((N−1)(F−2)) U(N(F−2))

F−1

F−1

q

q̃

Mi
. . .b1, b̃1 b2, b̃2

a1 a2 aN−1

W =
N−1∑
i=1

Flip[bi b̃i] +
N∑
i=1

Mi tr (bibi+1 . . . bN−1 q q̃ b̃N−1 . . . b̃ib̃i+1) +
N−1∑
i=1

tr (bi ai b̃i)

+
N−2∑
i=1

tr (bi ai+1 b̃i) +
N∑
i=1

(
(li)2F+1 M

0i−1,+N−i+1

+ (Mi)F,F M0i−1,−N−i+1
)

+
N−1∑
i=1

hiM
+i,0N−i

+
N−1∑
i=1

M0i−1,−,0N−i

(3.132)

The result 3.132 agrees with section 3.2 of [85] (modulo renaming hi → γi, (li)2F+1 → σ+
i ,

(Mi)F,F → σ−
i and F → F + 1). Also here, the difference is the precise extended monopole

flipped by hi, the subtlety related to the degenerate holomorphic operators which can in prin-

ciple be flipped by hi was not appreciated in [85]. In the special case F = 3, we can use the

confining duality for U(N) with (N + 1, N + 1) flavors and W = M− + hM+ to reconfine the
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tail in 3.132 and derive the self-duality modulo flips of 3d N = 2 U(N) with adjoint and (2, 2)

fundamentals, W = 0, discussed in [92].16

3.6 Outlook

In this chapter we have shown that all 4d N = 1 S-confining gauge theories with a single gauge

group, vanishing tree-level superpotential and rank-1 and/or rank-2 matter can be obtained

from the basic Seiberg (2.87) and Intriligator-Pouliot (2.88) S-confining dualities. We have

also obtained the confining superpotential in a closed form for all theories. We did this using

new versions of the deconfinement technique of [60]. Then we have work out the sequential

deconfinement of the 4dN = 1 USp(2N) with antisymmetric and 2F fundamentals gauge

theory. As an application we gave a proof of the self-dual modulo flips of this theory for the

special case F = 4. Our result participates to the project of reducing the number of apparently

independent dualities. We finished by studying the dimensional reduction to 3d of this fully

deconfined frame. We recovered previously known 3d dualities and found new ones.

There are other directions to explore. An obvious one is trying to go beyond the classification

of [46] by considering more than one node quivers and/or non-vanishing tree-level superpotential

[246]. There are also S-confining theories involving non-quivers type of matter as rank-3 and

Spin gauge theories with chirals in the spinor representation [46]. It would be really interesting

if we can also obtain these theories from simpler dualities. It would also be worth exploring

beyond S-confining theories. For example, more general IR dualities involving rank-2 matter

[53, 55, 56, 61].

We can also try to prove the USp version of the Kutasov-Schwimmer type duality, recalled

in Section 2.6.2, using our sequentially deconfined dual of USp(2N) with an antisymmetric and

2F fundamentals. Namely one can turn on a superpotential term tr(Aj) on the electric side,

such term maps to a singlet on the magnetic, so a Higgsing process is induced. The study

of this Higgsing might shed light on the dualities of [53–55, 247]. We expect the degenerate

holomorphic operator ambiguity encountered in this paper to play an important role. It would

also be interesting to study degenerate holomorphic operator ambiguity in other examples,

possibly involving different kinds of gauge groups.

There are quite a few self-dualities modulo flips proposed in the literature [62, 64, 65, 197,

198], such as SU(2N) with antisymmetric, conjugate antisymmetric and (4, 4) fundamentals,

or SU(6) with 2 antisymmetrics and (2, 6) fundamentals, or SU(8) with 2 antisymmetrics

and (0, 8) fundamentals. A natural question is if such self-dualities can be proven using only

the basic Seiberg and Intriligator-Pouliot dualities, as done in this chapter for USp(2N) with

antisymmetric and 8 fundamentals. Notice that many self-dual gauge theories have been con-

16At each reconfining step, one linear monopole term disappears, one hi is eaten, while the (Mi)
J
I ’s (I, J = 1, 2)

and the two towers (li)2F+1 and (Mi)F,F survive. The self-duality reads

U(N) + Φ + (2Q, 2Q̃),W = 0.⇔ U(N) + ϕ+ (2q, 2q̃),W =
∑
i

(
Mitr(q̃ϕ

iq) + (li)2F+1M
+
ϕi + (Mi)F,FM

−
ϕi

)
.

(3.133)

115



structed simply ’adding one flavor’ to an S-confining gauge theory [65, 197], so the fact that

the S-confining dualities can be proven is encouraging.

Related to the above point, many S-confinements and many self-dualities have been proposed

for 4d N = 1 Spin(N) theories with spinors and vectors [65, 197, 198, 200]. It would be very

interesting to find a way to deconfine spinorial matter and try to prove such proposals.

S-confinements for 3d N = 2 theories with SO/Usp gauge groups and adjoint matter where

recently proposed in [87], and [98] pointed out a relation to 4d N = 1 S-confinements for

Usp gauge group and antisymmetric matter. It might be interesting to deform the 4d N = 1

sequential deconfinements as in [98]. See [243] for the sequential deconfinement of 3d N = 2

rank-2 matter with SO/USp gauge groups.
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Chapter 4

4dN = 1 dualities from 5d dualities

The content of this Chapter is essentially taken from [3].

4.1 Introduction

In this Chapter, we are interested in 5d quiver gauge theories whose UV completion is actually a

6d SCFT. These are the KK-theories evocated in the introduction chapter. In many instances,

there are more than one 5d gauge theories with the same infinite coupling SCFT (5d or 6d).

This phenomenon goes under the name of 5d dualities. The physical picture is really that the

UV SCFT can be relevantly deformed in various different ways, triggering RG flows to different

IR gauge theories. The main point of this Chapter is to give a recipe to construct 4d N = 1

dualities from 5d KK dualities and test this prescription on concrete examples.

Prescription

Starting from a 5d KK quiver with 8 supercharges, the 4d quivers has the same gauge structure

(but in 4d the nodes are N = 1 4 supercharges nodes), the same matter fields (but in 4d

there are chiral multiplets instead of hyper multiplets) plus for each bifundamental we add a

”triangle”. A ”triangle” means that if in 5d there is a bifundamental hyper connecting node A

with node B, in 4d there is a chiral bifundamental going from node A to node B, a fundamental

going from node B to a global SU(2) node, and a fundamental going from the global SU(2)

node to node A. We also add a cubic SU(2) invariant superpotential term. See eq. 4.1. Such

triangles are meant to reproduce the 5d axial symmetries (which are anomalous in 4d but not

in 5d) and the 5d instantonic symmetries (which do not exist in 4d). With this prescription

we are able to associate a 4d quiver to 5d quivers, in such a way that the rank of the global 4d

symmetry is equal to the rank of the global 5d symmetry minus 2. We only consider quivers such

that this prescription yields a 4d quivers without gauge anomalies. The previous prescription

is illustrated by the following example, where round red nodes are SU gauge groups1

1In the second quiver of (4.1) we didn’t respected our color code, evocated in the introduction chapter, for

all the SU flavor nodes. We did so to more easily distinguish which symmetry we are talking about in what

follows. We precise here that in this quiver all the flavor nodes are of the SU type.

117



5d : N + 2 N N N N + 2

⇓
(4.1)

4d : N N N N N

2 22 2

W = 2Triangles + Flips

One remark about the prescription is that when we go from a hyper in 5d to a chiral in

4d we are free to choose it in the fundamental or anti-fundamental representation of the gauge

group. The constraint on gauge anomaly cancellation fixes the choice of the representation. In

the example that we show the N +2 hypers on the left in 5d have been split in N fundamentals

and 2 anti-fundamentals. Another remark is that the 4d dualities involve flipping fields. They

play a crucial role in the validity of the dualities.

The main point of this chapter is that starting from two 5d dual KK quivers, hence with

the same 6d SCFT UV completion, the two 4d quivers constructed with the above prescription

are infrared dual.

This chapter is organized as follows.

In section 4.2, we present the first class of theories call RN,k. We are able to prove the new

4d N = 1 dualities that we get in the same spirit of the last chapter.

In section 4.3, we study the second class of theories, An,m. For the new dualities that we

derive we do not have a proof. The proposed dualities are tested by matching the t’Hooft

anomalies and the central charges.

In section 4.4, we discuss a set of theories obtaining by Higgsing the class RN,k.

In section 4.5, we give an outlook.

4.2 First class: rectangular pq-webs, the RN,k theories

4.2.1 A simple class: RN,2 and its two duals

In this subsection we consider a simple class of theories, which are special cases of the more

general class studied in the next subsection 4.2.2.
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5d triality

The first 5d dualities that we are studying combine into a triality:

⋆1)

N 2N + 4

⋆2)

2N − 2 2N + 4

⋆3)

4 2 . . . 2 4

N − 1 (4.2)

To understand why the three theories in (4.2) are dual to each other, we recall the analysis

done in [189–191]. We start from the 6d Type IIA brane setup Figure 4.4. Then, we do a circle

compactification and perfom T-duality along the compactified direction. We obtain a Type IIB

brane setup. The O8− plane becomes two O7− planes and the D8 become D7. The resulting

brane web, for N = 3, is shown on the left in Figure 4.1. Then in order to read the gauge

theory we have to resolve the O7− plane by 7-branes [248]. We have the choice to resolve the

two O7− or just one. If we resolve the two O7− we get the brane web in the middle of Figure

4.1. After pulling-out the 7-branes we obtain the SU(3) gauge theory with 10 fundamental

hypers shown in the right of Figure 4.1. The general N case corresponds to the left theory in

(4.2) and we call it RN,2. This name will be clear when we consider the generalization in the

next subsection.
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Figure 4.1: Resolution of the two O7− planes leading to R3,2: a SU(3) gauge theory with 10

fundamental.

Now, if we resolve only one O7− plane we obtain, after pulling out the 7-branes, the USp(4)

gauge theory on the right of Figure 4.2. It correponds to the middle theory in (4.2).
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Figure 4.2: Resolution of one of the two O7− planes leading to the USp(4) with 10 fundamental

hypers gauge theory.

If we perform an S-duality on the right figure of Figure 4.1 (which amounts to a 90◦ rotation

of the pq-web), we obtain Figure 4.3 which describes 4F +SU(2)−SU(2)+4F 2 quiver theory.

It corresponds to the right theory in (4.2).
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Figure 4.3: 4F + SU(2)− SU(2) + 4F

Since the theories in (4.2) are either coming from the same brane system or are related by

S-duality, it is clear that they are UV dual in the sense of completed by the same theory.

6d UV completion: (DN+2, DN+2) Minimal Conformal Matter

The 6d UV completion of the 5d theories in (4.2) is given by the following Type IIA brane

setup [189–191]:

2The notation means that the first and the second SU(2) are coupled to 4 fundamental hypers and the

horizontal bar represents a bifundamental hyper between the two gauge nodes.
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Figure 4.4: Type IIA brane setup corresponding to the 6d UV completion of RN,2.

This theory is called the (DN+2, DN+2) Minimal Conformal Matter. On the tensor branch,

the system flows to the following gauge theory:

2N − 4 2N + 4

(4.3)

4d triality

We can now apply our prescription described in section 4.1. Starting from the left theory in

(4.2), we replace the hypers in 5d by a chiral field in 4d. We also have to split the 2N + 4

hypers into N + 2 chirals and N + 2 anti-chirals for the theory to be non-anomalous. We

get the theory ⋆1) in (4.4). We have also added a gauge singlet in the bifundamental of the

SU(N + 2)Q × SU(N + 2)Q̃ flavor symmetry and a flipping type superpotential. The role of

this flipper is essential for the duality to be true as we will see in the following. Our procedure

applied to the theory in the middle of (4.2) produces the theory ⋆2) in (4.4). Finally, we focus

to the right theory of (4.2). In this case, since we have a quiver in 5d our procedure tells us that

for each bifundamental we have to associate a “triangle” with an explicit SU(2) symmetry. We

obtain the following 4d quiver ⋆3) in (4.5) with the correct set of flippers.

⋆1)

N

N + 2 N + 2

W = Flip[QQ̃]

Q Q̃

←→

⋆2)

2N − 2 2N + 4

W = Flip[QQ]

Q

(4.4)
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←→

⋆3)

4 2 2 . . . . . . 2 4

2 2 2

W = (N − 2)Triangles + Flip[LL] + Flip[RR] +
N−2∑
i=1

Flip[BiBi]

L B1 B2 BN−2 R

V1 D1 V2 D2 VN−2 DN−2

(4.5)

The mapping of the chiral ring generators between the different frames is

⋆1)


Flipper[QQ̃]

QN

Q̃N

⇐⇒

⋆2)

Flipper[QQ] ⇐⇒

⋆3)

Flipper[LL]

Flipper[RR]

LB1 . . . BN−2R

LB1 . . . BiVi+1

DjBj+1 . . . BN−2R

Flipper[Bk Bk]

DiBi+1 . . . BjVj

i = 0, . . . , N − 3

j = 1, . . . , N − 2

k = 1, . . . N − 2

i = 1, . . . , N − 3&

j = i+ 1, . . . , N − 2

(4.6)

We have to understand the mapping (4.6) in the following way. In the UV, the manifest global

symmetries in ⋆1), ⋆2) and ⋆3) are different. In the IR, there is the emergence of the global

symmetry. Therefore some operators in the UV will combined into an operator transforming

into the bigger symmetry group. In our case the global symmetry group3 in the IR is SU(2N +

4). Then we claim that in the frame ⋆1) the three operators Flipper[QQ̃], QN and Q̃N will

combine into an operator that transforms into an antisymmetric representation of the emergent

SU(2N+4) global symmetry group. One necessary condition to make sense is that the number

of degrees of freedom (d.o.f) corresponds to the dimension of the representation. In this case

Flipper[QQ̃] contains N2+4N +4 d.o.f, QN and Q̃N 1
2
(N +2)(N +1) each. The sum equals to

2N2 + 7N + 6 which indeed correspond to the dimension of the antisymmetric representation

of SU(2N + 4). The same kind of counting works for the frame ⋆3).

Proof of the 4d dualities

In this subsection, we provide a “proof” of the 4d triality (4.4)-(4.5). By “proof”, we mean the

use of a sequence of well-established dualities as in Chapter 3. Starting from ⋆1) and apply the

Seiberg duality (2.85), we obtain

2 2N + 4 W = 0
(4.7)

We see that the role of the flipper in ⋆1) in (4.4) is to give a mass to the singlet present in the

Seiberg duality and therefore get W = 0 in (4.7).

3We don’t pay attention to the global structure of the global symmetry.
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Now starting from ⋆2) in (4.4) and applying the IP duality (2.86), we once again get (4.7).

This implies that also ⋆1) and ⋆2) are dual.

More work has to be done in order to prove that also ⋆3) is dual. It goes as follows. We

first apply the CSST duality (2.95) to the left SU(2). The form of this duality that is useful

for our purpose is the following

24

2

2

W = 0

L B1

V1

←→ 24

2

2

W = Flip[l l] + Flip[b1b1] + Flip[v1v1] + Triangle
(4.8)

The important effect of this duality is to give a mass to the field D1 in (4.5). Indeed, we are

left with

4 2 2 . . . . . . 2 4

2 2 2

W = (N − 3)Triangles + Flip[RR] +
N−2∑
i=2

Flip[BiBi]

l b1 B2 BN−2 R

v1 V2 D2 VN−2 DN−2

(4.9)

Now we realize that the second SU(2) is coupled to 6 chirals and therefore we can use the IP

confinement (2.88) for this SU(2). The form useful of this confinement is the following

2 22

2

W = Flip[b1 b1] + Flip[B2B2]

b1 B2

V2 D2

←→ 2 2

2

W = Flip[b2 b2]

b2

(4.10)

After the confinement of the second SU(2) we can see that the next one on the right is also

coupled to 6 chirals and therefore we can iterate the use of (4.10). We can do (N − 4) more

s-confining (4.10). We get

2 24 4

2 22

W = Flip[bN−2 bN−2] + Flip[RR]

l

v1 v2

. . .

vN−2

bN−2 R

(4.11)

The last SU(2) is once again coupled to 6 chirals and therefore we can use for the last time the
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confinement (2.88). We end up with

24 4

2 22

W = 0

l

v1 v2

. . .

vN−2

r
≡ 2 2N + 4

W = 0

p

(4.12)

To summarize, starting from ⋆3) in (4.5) and doing the CSST duality followed by (N − 2)

s-confining duality we get (4.7) which proves the 4d triality (4.4)-(4.5).

Notice that the duality between ⋆3) and (4.12) is one of the simplest instances of the 4d

mirror symmetry of [48, 49, 82], and it uplifts the 3d mirror symmetry between U(1) with N

flavors and the linear Abelian quiver U(1)N−1.

Now using the proof we can justify the mapping (4.6). Indeed we can obtain the mapping

from the frame (4.5) to the frame (4.12) by following the mapping of the basic dualities (CSST

and the IP confinement). We get

(4.5)

Flipper[LL]

Flipper[RR]

LB1 . . . BN−2R

LB1 . . . BiVi+1

DjBj+1 . . . BN−2R

Flipper[Bk Bk]

DiBi+1 . . . BjVj

⇐⇒

(4.12)

l l

r r

l r

l vi+1

r vj

v2k

vi vj

i = 0, . . . , N − 3

j = 1, . . . , N − 2

k = 1, . . . N − 2

i = 1, . . . , N − 3&

j = i+ 1, . . . , N − 2

(4.13)

Then since there is no superpotential in (4.12) all the operators in the RHS of the mapping

(4.13) combine into pp which transforms in the antisymmetric representation of the SU(2N+4)

global symmetry as previously claimed.

4.2.2 Generalization: the RN,k theories

5d theories and duality RN,k ↔ Rk,N

RN,k theories: In this subsection, we generalize the discussion of subsection 4.2.1 by consid-

ering the following two-parameter family of 5d theories, that we call RN,k:

RN,k :

N + 2 N N . . . N N + 2

k − 1 (4.14)

The brane web associated to the RN,k is shown on the left of Figure 4.5. We can perform

S-duality on this brane system and we obtain the web on the right of Figure 4.5.
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Figure 4.5: Brane setup for (N + 2)F + SU(N)k−1 + (N + 2)F on the left and for (k + 2)F +

SU(k)N−1 + (k + 2)F for the right. The two brane systems are S-dual.

At first, it is not completely obvious how to read of the gauge theory for the S-dual theory.

Let us illustrate how we can do in the case of N = 2 and k = 3, Figure 4.6:
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Figure 4.6: The S-dual brane system of 4F + SU(2)2 + 4F .
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Figure 4.7: Brane system after pulling out the [0, 1] 7-branes of Figure 4.6.
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Then, we pull out the [0, 1] 7-branes through the D5 branes. Due to the Hanany-Witten

effect, we get Figure 4.7. The second step is to pull out the [1, 1] and [1,−1] 7-branes through
the D5 branes. We get
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Figure 4.8: Brane system after pulling out the [1, 1] and [1,−1] 7-branes of Figure 4.7 through

the D5.

The final step is to pull out the [1, 1] and [1,−1] 7-branes through the NS5 brane. We get
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Figure 4.9: Brane system after pulling out the [1, 1] and [1,−1] 7-branes of Figure 4.8 through

the NS5. In this frame, it is easy to read of the gauge theory that is SU(3) + 10F .

It is easy to generalize the previous discussion and we find that the brane system on the

right of Figure 4.5 describes (k + 2)F + SU(k)N−1 + (k + 2)F gauge theory which corresponds

to Rk,N . This result is valid for arbitrary N and k. Therefore we have shown that RN,k and

Rk,N are UV duals.

As in the previous section, for general k and N , there is a third dual frame involving an Usp

gauge group or an antisymmetric field. While this dual frame will not play a role in 4d, let us

discuss it for completeness. In order to get this 5d UV dual, we assume N ≥ k and distinguish

between the case k even and k odd (as we will discuss later, also the 6d UV completion depends

on the parity of this parameter).
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k even: k = 2l

The 5d triality reads

⋆1)

N + 2 N N . . . N N + 2

2l − 1 (4.15)

⋆2)

2N − 2l 2N − 2l + 4 2N − 2l + 8 . . . 2N + 2l − 4 2N + 2l + 2

l − 1 (4.16)

⋆3)

2l + 2 2l 2l . . . 2l 2l + 2

N − 1 (4.17)

First remark, if we put l = 1 we recover the triality studied in section 4.2.1. The logic to

understand why these theories are UV duals is the same as before. We start from the brane

system in Figure 4.10 describing a 6d theory. Then we compactify this system into an S1 and

we perform T-duality along the compactified dimension. The O8− plane becomes two O7−.

Then we have the choice to resolve one or the two O7. If we resolve the two, we get the theory

⋆1) and if we resolve only one, we get ⋆2). Finally, as we have seen, ⋆1) and ⋆3) are S-dual

one to each other. We have been very brief about the derivation because all the details can be

found in [190, 191].

k odd: k = 2l + 1

Using similar arguments [190, 191] show that the triality reads

⋆1)

N + 2 N N . . . N N + 2

2l (4.18)

⋆2)

2N − 2l + 1 2N − 2l + 5 2N − 2l + 9 . . . 2N + 2l − 3 2N + 2l + 3

l − 1 (4.19)
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⋆3)

2l + 3 2l + 1 2l + 1 . . . 2l + 1 2l + 3

N − 1 (4.20)

6d UV completion

The 6d UV completion of the theory RN,k, N ≥ k, theory depends on the parity of k.

k even: k = 2l

The 6d completion is given by the following Type IIA brane setup [190, 191]:
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Figure 4.10: Type IIA brane setup corresponding to the 6d UV completion of RN,2l theory.

The gauge theory corresponding to this brane system is a linear quiver with one USp gauge

node and l − 1 SU gauge nodes:

2N − 4l 2N − 4l + 8 2N − 4l + 16 . . . 2N + 4l − 8 2N + 4l

(4.21)

k odd: k = 2l + 1

The 6d completion is given by the following Type IIA brane setup [190, 191]:

128






































































































family

in a I as 19 0 0 19
15 ID I a

Grove system for I N D5
07 XO 07

oo oo oo D7

I N DS
10,1 10,1

brom system for
i i G N D5

07

0

j
7

In
NS5

Got completion

I EE.EE I

08 808 2 D8

B
D
z B

D
z oops

NSS NSS NSS NSS NSS

Nt I NSS

Figure 4.11: Type IIA brane setup corresponding to the 6d UV completion of RN,2l+1 theory.

The gauge theory corresponding to this brane system is a linear quiver with l SU gauge

nodes and an antisymmetric hyper attached to the first node:

2N − 4l + 2 2N − 4l + 10 2N − 4l + 18 . . . 2N + 4l − 6 2N + 4l + 2

(4.22)

4d duality

Having recalled the two 5d UV trialities (4.15)-(4.17) and (4.18)-(4.20) we can run our prescrip-

tion of section 4.1. We quickly realize that for generic l the theories ⋆2) ((4.16) and (4.19)),

that is the ones involving an USp node or an antisymmetric, cannot be made non-anomalous

in 4d, this is because the ranks of the chain of SU nodes are not constant4. Therefore, we do

not consider these theories and treat uniformly the case k even and k odd. The proposed 4d

IR duality that we obtain using our prescription is the following:

⋆1)

N N . . . N . . . N N

2 2 2 22 2

k − 1

W = (k − 2)Triangles + Flip[L l;Rr;LN ;RN ;LB1 . . . Bk−2R; l
2BN−2

1 . . . BN−2
k−2 r

2] +
k−2∑
i=1

Flip[BN
i ]

L

l

B1 Bk−2 R

r
V1

D1 V2 Dk−2

(4.23)

4It is an interesting question if the prescription can be generalized to include quivers with non constant ranks

for the SU nodes.
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←→

⋆3)

k k . . . k . . . k k

2 2 2 22 2

N − 1

W = (N − 2)Triangles + Flip[L̃ l̃; R̃ r̃; L̃k; R̃k; L̃ B̃1 . . . B̃N−2 R̃; l̃
2 B̃k−2

1 . . . B̃k−2
N−2 r̃

2] +
N−2∑
i=1

Flip[B̃k
i ]

(4.24)

We have denoted the fields appearing in (4.24) with a tilde. We remark that in order to get a

non-anomalous 4d quiver we have to split the flavor symmetries. For example, SU(N + 2) is

split into SU(2) and SU(N). The expression of the superpotential in (4.23) and (4.24) will be

justified in the next section. The mapping of the chiral ring generators is

⋆1)


Flipper[LB1 . . . Bk−2R]

LN−2BN−2
1 . . . BN−2

k−2 r
2

l2BN−2
1 . . . BN−2

k−2 R
N−2

⇐⇒

⋆3)

D̃i B̃
k−1
i+1 . . . B̃

k−1
j Ṽj+1 i = 1, . . . , N − 4& j = i+ 1, . . . N − 3

l̃ B̃k−1
1 . . . B̃k−1

i Ṽi+1 i = 1, . . . , N − 3

D̃j+1 B̃
k−1
i+2 . . . B̃

k−1
N−2 r̃ j = 0, . . . , N − 4

l̃Ṽ1; D̃1Ṽ2; D̃2Ṽ3; . . . ; D̃N−3ṼN−2; D̃N−2r̃

Flipper[B̃k
i ] i = 1, . . . , N − 2

l̃ B̃k−1
1 . . . B̃k−1

N−2 r̃

Flipper[L̃k]; Flipper[R̃k]

(4.25)

The total number of d.o.f on both sides is 2N2 −N .



DiB
N−1
i+1 . . . BN−1

j Vj+1 i = 1, . . . , k − 4& j = i+ 1, . . . k − 3

l BN−1
1 . . . BN−1

i Vi+1 i = 1, . . . , k − 3

Dj+1B
N−1
i+2 . . . BN−1

k−2 r j = 0, . . . , k − 4

lV1; D1V2; D2V3; . . . ; Dk−3Vk−2; Dk−2r

Flipper[BN
i ] i = 1, . . . , k − 2

l BN−1
1 . . . BN−1

N−2 r

Flipper[LN ]; Flipper[RN ]

⇐⇒


Flipper[L̃B̃1 . . . B̃N−2R̃]

L̃k−2 B̃k−2
1 . . . B̃k−2

N−2 r̃
2

l̃2 B̃k−2
1 . . . B̃k−2

N−2 R̃
k−2

(4.26)

The total number of d.o.f on both sides is 2k2 − k.
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Flipper[L l]; Flipper[Rr]

LN−1BN−1
1 . . . BN−1

i Vi+1 i = 0, . . . , k − 3

Dk−2−iB
N−1
k−2−i+1 . . . B

N−1
k−2 R

N−1 i = 0, . . . , k − 3

LN−1BN−1
1 . . . BN−1

k−2 r

l BN−1
1 . . . BN−1

k−2 R
N−1

⇐⇒



Flipper[L̃ l̃]; Flipper[R̃ r̃]

L̃k−1 B̃k−1
1 . . . B̃k−1

i Ṽi+1 i = 0, . . . , N − 3

D̃N−2−i B̃
k−1
N−2−i+1 . . . B̃

k−1
N−2 R̃

k−1 i = 0, . . . , N − 3

L̃k−1 B̃k−1
1 . . . B̃k−1

N−2 r̃

l̃ B̃k−1
1 . . . B̃k−1

N−2 R̃
k−1

(4.27)

The total number of d.o.f on both sides is 4kN .

Flipper[l2BN−1
1 . . . BN−1

k−2 r
2] ⇐⇒ Flipper[l̃2 B̃k−1

1 . . . B̃k−1
N−2 r̃

2]

The total number of d.o.f on both sides is 1. (4.28)

The way to read this mapping is the same as in (4.6). In the IR there is an enhancement of

the global symmetry. The claim is that all the operators inside a bracket will combine, in the

IR, into an operator transforming in a specific representation of the emergent global symmetry.

The justification on the mapping will be clearer with the proof of the duality.

Proof of the 4d duality

Start with ⋆1) and do the following operations:

• k-1 Seiberg dualities on the SU nodes from left to right. This step transforms all the

SU(N) gauge nodes into SU(2) and the flavor SU(N) is moved to the right. We get

(4.29).

• CSST duality (4.8) on the left SU(2) that will give a mass to the adjacent vertical field

as in (4.9), we obtain (4.30).

• k − 3 confinements (4.10). We end up with (4.31).

In terms of the quiver, we get the following sequence

⋆1)

2 2 2 . . . 2 2

N

N

2 2 2 22 2

k − 1

(4.29)
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⋆1)

2 2 2 . . . 2 2

N

N

2 2 2 22 2

k − 1

(4.30)

⋆1)

2 2

N

N

2

2

2

2

...

W = 0

k − 2 ≡ 2 2

2N2k

W = 0

k

b

n

(4.31)

Once again following the mapping of the basic dualities we can see that the operators in the

LHS of (4.25)-(4.28) are mapped in the frame (4.31) in the following way

⋆1)
Flipper[LB1 . . . Bk−2R]

LN−2BN−2
1 . . . BN−2

k−2 r
2

l2BN−2
1 . . . BN−2

k−2 R
N−2

⇐⇒

(4.31)

nn

(4.32)

The total number of d.o.f on both sides is 2N2 −N .

DiB
N−1
i+1 . . . BN−1

j Vj+1 i = 1, . . . , k − 4& j = i+ 1, . . . k − 3

l BN−1
1 . . . BN−1

i Vi+1 i = 1, . . . , k − 3

Dj+1B
N−1
i+2 . . . BN−1

k−2 r j = 0, . . . , k − 4

lV1; D1V2; D2V3; . . . ; Dk−3Vk−2; Dk−2r

Flipper[BN
i ] i = 1, . . . , k − 2

l BN−1
1 . . . BN−1

N−2 r

Flipper[LN ]; Flipper[RN ]

⇐⇒ kk

(4.33)

The total number of d.o.f on both sides is 2k2 − k.

Flipper[L l]; Flipper[Rr]

LN−1BN−1
1 . . . BN−1

i Vi+1 i = 0, . . . , k − 3

Dk−2−iB
N−1
k−2−i+1 . . . B

N−1
k−2 R

N−1 i = 0, . . . , k − 3

LN−1BN−1
1 . . . BN−1

k−2 r

l BN−1
1 . . . BN−1

k−2 R
N−1

⇐⇒ kbn

(4.34)
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The total number of d.o.f on both sides is 4kN .

Flipper[l2BN−1
1 . . . BN−1

k−2 r
2] ⇐⇒ bb

The total number of d.o.f on both sides is 1. (4.35)

Since in (4.31) we reach a frame where N and k enter symmetrically, it proves the duality

TN,k ↔ Tk,N in 4d, that is (4.23) ↔ (4.24) and the mapping (4.25)-(4.28).

4.3 Second class: systems with two O7 planes, the An,m

theories and its dual

In this section, we want now to test our prescription with another family of theories. We

consider theories which involve two O7− planes in the Type IIB brane setup. For each O7,

the 5d quivers contain either an SU gauge group with antisymmetric or an USp gauge node,

depending on whether a NS5 is stuck at the orientifold plane or not. We are going to see that

also in this case our prescription works and leads to 4d dualities. Contrary to the previous

family, we are not able to prove the 4d dualities using basic Seiberg dualities. The 4d dualities

that we obtain are more complicated, but are still a rather non-trivial check of the 5d-to-4d

prescription.

4.3.1 A simple class: An,1 theory

Concretely, in this section we will study the following 5d KK theory, that we call An,1.

n

8
(4.36)

An,1 admits a dual theory. The form of the dual depends on the parity of n.

n odd: 5d duality A2N+1,1 ↔ U2N+1,1

We call U2N+1,1 the dual of A2N+1,1 and the duality statement is the following

⋆1)

2N + 1

8

⋆2)

4 2N 2N 4

(4.37)

The analysis showing the UV duality (4.37) is morally the same as in the previous family. We

have to start with the 6d type IIA brane setup shown in Figure 4.14, do the circle reduction,
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T-duality and the resolution of the O7-planes. Then, we have a choice on how to resolve the

O7’s. Depending on this choice, we get two different Type IIB brane setups, see Figure 4.12,

which justify the duality (4.37). The details can be found in [190] and will not be reproduced

here.
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Figure 4.12: Brane setup for 2A + SU(2N + 1) + 8F on the left with an NS5 stuck on each

O7− plane and for 4F + USp(2N)2 + 4F on the right.

n even: 5d duality A2N,1 ↔ U2N,1

We call U2N,1 the dual of A2N,1. This duality appears in [249] and corresponds to

⋆1)

2N

8

⋆2)

6 2N 2N − 2 2

(4.38)
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Figure 4.13: Brane setup for 2A + SU(2N) + 8F on the left with an NS5 stuck on each O7−

plane and for 4F + USp(2N)− Usp(2N − 2) + 2F on the right.
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6d UV completion

n odd: n = 2N + 1

The UV completion of the 5d theories in (4.37) is a 6d given by the following Type IIA brane

setup [190, 191]:
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Figure 4.14: Type IIA brane setup corresponding to the 6d UV completion of A2N+1,1.

On the tensor branch, the theory is given by the following gauge theory:

8 2 2 . . . 2 2

N (4.39)

n even: n = 2N

The UV completion of the 5d theories in (4.38) is a 6d given by the following Type IIA brane

setup [190, 191]:
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On the tensor branch, the theory is given by the following gauge theory:

6 0 2 2 . . . 2

2

2

N (4.40)

4d duality

n odd

Applying our prescription of section 4.1 to the KK duality (4.37) leads to the following 4d

theories that we claim are IR dual

⋆1)

2N + 1

44

W = Flip[aN q; ãN q̃]

a ã

q q̃

⋆2)

4 2N 2N 4

2

W = 1Triangle +
N−1∑
i=0

Flip[qL(bb)
iqL; qR(bb)

iqR; qLb(bb)
iqR]

qL b qR

VL DR

(4.41)

Of course, our prescription does not tell us what the precise flippers, which are crucial in order

for the duality to be correct. In section 4.3.2 we provide a strategy to obtain such flippers, and

we apply it to a quiver duality that generalizes (4.41).

The mapping of the chiral ring generators is given by

⋆1)

q q̃ (a ã)i

q q ã (a ã)i

q̃ q̃ a (a ã)i

(a ã)jFlipper[aN q]

aN−1 q3Flipper[ãN q̃]

ãN−1 q̃3

⇐⇒

⋆2)

Flipper[qL b(bb)
N−1−i qR]

Flipper[qL (bb)
N−1−i qL]

Flipper[qR (bb)N−1−i qR]

(bb)j

qL VL

qRDR

i = 0, . . . , N − 1

i = 0, . . . , N − 1

i = 0, . . . , N − 1

j = 1, . . . , N

(4.42)

For N = 1, we go back to the situation (4.4)-(4.5). For generic N , we don’t have a proof of

the duality (4.41) involving more basic Seiberg dualities. The non-trivial check of this duality

is the matching of the ’t Hooft anomalies and of the central charges with a-maximization.

136



n even

In this case the 4d duality constructed from the 5d duality (4.38) is

⋆1)

2N

44

W = Flip[aN ; ãN ] +

⌊N−1
2 ⌋∑
j=0

Flip[q (aã)j q̃]

+

⌊N−2
2 ⌋∑
i=0

Flip[ã (aã)i q2; a (aã)i q̃2]

a ã

q q̃

⋆2)

6 2N 2N − 2 2

2

W = 1Triangle +

⌊N−2
2 ⌋∑
i=0

Flip[qL (bb)
i qR;

qR(bb)
iqR; qLb(bb)

iqR]

qL b qR

Vl Dr

(4.43)

To write the mapping of the chiral ring generators we have to distinguish once again between

N even and odd.

N even: ⋆1)Flipper[qq̃]

q (aã)N−1 q̃
⇐⇒

⋆2)
Flipper[qLqL]

qL (bb)
N−1 qL

Flipper[qRqR]

V 2
l

(4.44)

The total number of d.o.f on both sides is 32.

Flipper[q (aã)i q̃]

q (aã)N−i−1 q̃
⇐⇒


Flipper[qL (bb)

i qL]

qL (bb)
N−i−1 qL

Flipper[qR (bb)i qR]

qR (bb)N−i−1 qR

i = 1, . . . , N−2
2

(4.45)

The total number of d.o.f on both sides is 16(N − 2).


Flipper[ã (aã)j q2]

ã (aã)N−j−2 q2

Flipper[a (aã)j q̃2]

a (aã)N−j−2 q̃2

⇐⇒

Flipper[qL b (bb)
j qR]

qL b (bb)
N−j−2 qR

j = 1, . . . , N−2
2
− 1

(4.46)

The total number of d.o.f on both sides is 12(N − 2)− 24.


Flipper[ã (aã)(N−2)/2 q2]

aN−1 q2

Flipper[a (aã)(N−2)/2 q̃2]

ãN−1 q̃2

⇐⇒

Flipper[qL b (bb)
(N−2)/2 qR]

qL Vl

(4.47)
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The total number of d.o.f on both sides is 24.


Flipper[aN ]

Flipper[ãN ]

aN−2 q4

ãN−2 q̃4

⇐⇒ Dr qR

(4.48)

The total number of d.o.f on both sides is 4.

(aã)m ⇐⇒ (bb)m m = 1, . . . , N − 1

(4.49)

The total number of d.o.f on both sides is N − 1.

N odd: ⋆1)Flipper[qq̃]

q (aã)N−1 q̃
⇐⇒

⋆2)
Flipper[qLqL]

qL (bb)
N−1 qL

Flipper[qRqR]

V 2
l

(4.50)

The total number of d.o.f on both sides is 32.

Flipper[q (aã)i q̃]

q (aã)N−i−1 q̃
⇐⇒


Flipper[qL (bb)

i qL]

qL (bb)
N−i−1 qL

Flipper[qR (bb)i qR]

qR (bb)N−i−1 qR

i = 1, . . . , N−3
2

(4.51)

The total number of d.o.f on both sides is 16(N − 3).

Flipper[q (aã)(N−1)/2 q̃] ⇐⇒

qL (bb)(N−1)/2 qL

qR (bb)(N−1)/2 qR

(4.52)

The total number of d.o.f on both sides is 16.
Flipper[ã (aã)j q2]

ã (aã)N−j−2 q2

Flipper[a (aã)j q̃2]

a (aã)N−j−2 q̃2

⇐⇒

Flipper[qL b (bb)
j qR]

qL b (bb)
N−j−2 qR

j = 0, . . . , N−3
2

(4.53)

The total number of d.o.f on both sides is 12(N − 1).aN−1 q2

ãN−1 q̃2
⇐⇒ qL Vl

(4.54)

The total number of d.o.f on both sides is 12.


Flipper[aN ]

Flipper[ãN ]

aN−2 q4

ãN−2 q̃4

⇐⇒ Dr qR

(4.55)
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The total number of d.o.f on both sides is 4.

(aã)m ⇐⇒ (bb)m m = 1, . . . , N − 1

(4.56)

The total number of d.o.f on both sides is N − 1.

Also for this case we don’t have a proof of this duality (4.43). The non-trivial check of this

duality is the matching of the central charges with a-maximization.

4.3.2 Generalization: the An,m theories

An,m theories: In this subsection, we generalize the discussion of subsection 4.3.1 by consid-

ering the following two-parameter family of 5d theories, that we call An,m:

An,m :

4 n n . . . n n 4

m (4.57)

The duality statement will depend on the parity of the parameter n as in the last subsection.

n odd: 5d duality A2N+1,m ↔ U2N+1,m

This case is the generalization of the duality (4.37). We call the dual of A2N+1,m, U2N+1,m.

A2N+1,m respectively U2N+1,m contains a hyper in the antisymmetric representation of the

gauge group respectively a USp(2N) gauge node at each end of the quiver. The quiver for

A2N+1,m/U2N+1,m is shown in (4.58)/(4.59). We have also depicted the brane systems in Figure

4.16. The claim is that A2N+1,m and U2N+1,m are UV dual. The analysis of the brane systems

that lead to this duality can be found in [190].

⋆1) A2N+1,m :

4 2N + 1 2N + 1 . . . 2N + 1 2N + 1 4

m (4.58)

⋆2) U2N+1,m :

3 2N 2N + 1

1

2N + 1 . . . 2N + 1 2N + 1

1

2N 3

m+ 1

(4.59)
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Figure 4.16: Brane setup for A2N+1,m on the left with an NS5 stuck on each O7− plane and

for U2N+1,m on the right.

6d UV completion

The UV completion of the 5d theories in (4.58)-(4.59) is a 6d given by the following Type IIA

brane setup [190, 191]:
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Figure 4.17: Type IIA brane setup corresponding to the 6d UV completion of A2N+1,m.

On the tensor branch, the system flows to the following gauge theory:

8 2m 2m . . . 2m 2m

N (4.60)
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4d duality

Our prescription of section 4.1 applied to the 5d duality (4.58)-(4.59) gives the following 4d

duality

⋆
∼
1)

3

1

2N + 1

2

2N + 1

2

. . .

2

2N + 1

1

3
L

Fl

Al

B1 B2 Bm−1

Ar

R

Fr
V1 D1 Dm−1

(4.61)

⋆
∼
2)

3 2N

2

2N + 1

1

2

2N + 1

2

. . .

2

2N + 1

2

2N + 1

1

2

2N 3
L̃

F̃l

Ũl B̃1 B̃2
B̃m−2

F̃r

Ũr R̃

Ṽl D̃l Ṽ1 D̃1 Ṽm−2
Ṽr D̃r

(4.62)

Without the flippers, these two theories are not dual to each other.

Strategy to get the set of flippers

In order to obtain the correct set of flippers to make ⋆
∼
1) and ⋆

∼
2) dual, we did the following

procedure.

Starting with ⋆
∼
1) and do the following operations:

• deconfinement of the two antisymmetric

• m Seiberg dualities on the m SU nodes

• CSST duality on the left SU(2)

• m-2 confinements

We get ⋆
∼
1)

2

2

2N − 2 2N − 2

3 3

1 1 1 1

2 2. . .

+

+

•

•

W = 6Quartic + 6Triangles

+Flip[b b] +
m−1∑
i=1

Flip[pi pi]

m− 1

bαl αr

sl

dl dr

sr

p1 pm−1

η

(4.63)
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Then, we start with ⋆
∼
2) and do the following operations:

• m-1 Seiberg dualities on the m-1 SU nodes

• CSST duality on the left SU(2)

• m-3 confinements

We get

⋆
∼
2)

2

2

2N 2N3 3

1 1

2 2

2 2. . .

• • W = 2Quartic + 4Triangles

+Flip[b̃ b̃; p̃l p̃l; p̃r p̃r] +
m−2∑
i=1

Flip[p̃i p̃i]
b̃α̃l α̃r

p̃l p̃r

p̃1 p̃m−2

η̃

m− 2 (4.64)

Then we can play with (4.63) and (4.64) to make manifest a bigger flavor symmetry group.

Concretely, we flip the following set of operators in (4.63) (αl;αr; dl; dr; sl; sr; η;σi) and in (4.64)

(α̃l; α̃r; η̃; σ̃l; σ̃r; σ̃i). We therefore consider the following theories

⋆
∼∼
1)

2

2

2N − 2 2N − 2

3 3

1 1

2m

W = 2Quartic + 3Triangles

c c̃

o õ

s s̃

u ũ

n ñ

l

b

f

⋆
∼∼
2)

2

2

2N 2N3 3

1 1

2m

W = 3Triangles

q̃ q

k k̃

t̃ t

d̃ d

p

w

f

(4.65)

Once again, at this stage ⋆
∼∼
1) and ⋆

∼∼
2) are not dual. Now to make progress, we will focus on the

case N = 1 and generic m. Moreover we saw that in the m = 1 case we had to flip the whole

142



towers in the frame ⋆2) (4.41). Therefore we decide to study the following theory

⋆2)

2

2

2 23 3

1 1

2m

×

W = 3Triangles + Flip[ww; qq; qd; q̃q̃; q̃d̃;

qpq̃; qpd̃; q̃pd; dpd̃]

q̃ q

k k̃

t̃ t

d̃ d

p

w

f

(4.66)

Now we start by doing a CSST duality on the Usp(2) ≡ SU(2). We get

2

2

2 23 3

1 1

2m

×

+

×

W = 1Triangle + 1Quartic + Flip[pp; kk;ww;

qq; qd; qpq̃; q̃pd; qpd̃; dpd̃]

(4.67)

Then we use the IP confinement (2.88) on the Usp(2). We obtain

2

2

23 3

1 1

2m

×

×

W = 2Triangles + Flip[mm;ww; c̃d̃;

cd; cc̃; dd̃]

c̃ c

t̃ t

d̃ d
m

w

f

(4.68)
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The last step is the IP confinement on the middle SU(2) to get

2

2

3 3

1 1

2m

×

W = Flip[bb; cc̃; cbs̃; c̃bs; bsbs̃]

cc̃

ss̃
b

f

(4.69)

Which is of the form ⋆
∼∼
1) in (4.65) specified to the case N = 1. This result motivates the

following educated guess for generic N :

⋆1)

2

2

2N − 2 2N − 2

3 3

1 1

2m

W = 2Quartic + 3Triangles

+Flip[bb, cc̃, cbs̃, c̃bs, bsbs̃]

c c̃

o õ

s s̃

u ũ

n ñ

l

b

f

⋆2)

2

2

2N 2N3 3

1 1

2m

W = 3Triangles + Flip[ww]

+
N−1∑
i=o

Flip[q(pp)iq; q̃(pp)iq̃; q(pp)id; q̃(pp)id̃;

qp(pp)iq̃; qp(pp)id̃; q̃p(pp)id; dp(pp)id̃]

q̃ q

k k̃

t̃ t

d̃ d

p

w

f

(4.70)

We claim that ⋆1) and ⋆2) in (4.70) are dual. For generic N and m, we don’t have a proof of

this statement. However we provided a proof for the special case of N = 1 and generic m. The

first non-trivial test of this duality is the matching of the central charges for generic N and m.

Then we can match ’t Hooft anomalies. We have reported the computation in the appendix

C.1.
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The mapping of the chiral ring generators is given by

⋆1)

n (l l)i n

ñ (l l)i ñ

n (l l)i u

ñ (l l)i ũ

n l (l l)i ñ

n l (l l)i ũ

ñ l (l l)i u

u l (l l)i ũ

(l l)j

cbs

c̃bs̃

cc

c̃c̃

Flipper[cc̃]

Flipper[cbs̃]

Flipper[c̃bs]

Flipper[bsbs̃]

ss̃

cõũ

c̃ou

cbf

c̃bf

oo

õõ

Flipper[bb]

sf

s̃f

ff

⇐⇒

⋆2)

Flipper[q (pp)N−1−i q]

Flipper[q̃ (pp)N−1−i q̃]

Flipper[q (pp)N−1−i d]

Flipper[q̃ (pp)N−1−i d̃]

Flipper[q p (pp)N−2−i q̃]

Flipper[q p (pp)N−2−i d̃]

Flipper[q̃ p (pp)N−2−i d]

Flipper[d p (pp)N−2−i d̃]

(pp)j

Flipper[q q]

Flipper[q̃ q̃]

Flipper[q d]

Flipper[q̃ d̃]

Flipper[q p (pp)N−1 q̃]

Flipper[q p (pp)N−1 d̃]

Flipper[q̃ p (pp)N−1 d]

Flipper[d p (pp)N−1 d̃]

(pp)N

qk̃t̃

q̃kt

qk̃wf

q̃kwf

kk

k̃k̃

tt̃

twf

t̃wf

ff

i = 0, . . . , N − 2

i = 0, . . . , N − 2

i = 0, . . . , N − 2

i = 0, . . . , N − 2

i = 0, . . . , N − 2

i = 0, . . . , N − 2

i = 0, . . . , N − 2

i = 0, . . . , N − 2

j = 1, . . . N − 1

(4.71)

n even: 5d duality A2N,m ↔ U2N,m

This case is the generalization of the duality (4.38). We call the dual of A2N,m, U2N,m. A2N,m

respectively U2N,m contains a hyper in the antisymmetric representation of the gauge group

respectively a USp gauge node at each end of the quiver. The quiver for A2N,m/U2N,m is shown

in (4.72)/(4.73). We have also depicted the brane systems in Figure 4.18. The claim is that

A2N,m and U2N,m are UV dual. The analysis of the brane systems that lead to this duality can

be found in [190].

⋆1) A2N,m :

4 2N 2N . . . 2N 2N 4

m (4.72)
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⋆2) U2N,m :

4 2N 2N 2N . . . 2N 2N

2

2N − 2 2

m+ 1 (4.73)

pa web for new sd duality
Eng Ftd D

151g I

i n I Ds
oo oo oo 157bone system for

o g 07
does it make sens

i n I

see Bergman Zofia Sol fixedNss stuck on the 07 co Il o it
points E 07 planes p.is

brown system for
N I f i i N I D5

does it make sens

07 iii of

i gn

see Ha hi et figs
p 45

n t I i

NS

Generalization

I ID in D 20 10 11
Indef Im k ti in Zofia

m I Ns 5

n I I n I Ds

07 XO OF
o o o D7

n I I n t
10,1 10,1

N I f i i i i i i f n I D5

07 0 i i II
N l f i i i i i i f n n

m Ns 5

m 1 get the correct result p 0 in.IT
I think the way we have to think about the m t is to fire the

Ns 5 Grove from the left and the right The 137 that one on the left
of the night as 5 go on the left usp the Dt that one on the right

of the left Nss go on the right Usp

R
m n II in 0 in.AT

Figure 4.18: Brane setup for A2N,m on the left with an NS5 stuck on each O7− plane and for

U2N,m on the right.

6d UV completion

The UV completion of the 5d theories in (4.72)-(4.73) is a 6d given by the following Type IIA

brane setup [190, 191]:
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Figure 4.19: Type IIA brane setup corresponding to the 6d UV completion of A2N,m.

On the tensor branch, the system flows to the following gauge theory:
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6 2N − 2 2m

2

2m . . . 2m 2m

N (4.74)

4d duality

Our prescription of Sec.4.1 applied to the 5d duality (4.72)-(4.73) gives the following 4d duality

⋆
∼
1)

3

1

2N

2

2N

2

. . .

2

2N

1

3
L

Fl

Al

B1 B2 Bm−1

Ar

R

Fr
V1 D1 Dm−1

(4.75)

⋆
∼
2)

4 2N

2

2N

2

2N

2

. . .

2

2N

2

2N

2

2

2N − 2 2
L̃ Ũl B̃1 B̃2

B̃m−2

F̃r

Ũr R̃

Ṽl D̃l Ṽ1 D̃1 Ṽm−2
Ṽr D̃r

(4.76)

Without the flippers, these two theories are not dual to each other.

Strategy to get the set of flippers

Once again in order to find the correct set of flippers we do a similar procedure as in the odd

case. We first put the two theories ⋆
∼
1) and ⋆

∼
2) in a simpler form. It means that we do to each

theories the following set of manipulations.

Starting with ⋆
∼
1):

• deconfinement of the two antisymmetric

• m Seiberg dualities on the m SU nodes

• CSST duality on the left SU(2)

• m-2 confinements

We end up with a frame similar to (4.63).

Starting with ⋆
∼
2):

• m-1 Seiberg dualities on the m-1 SU nodes
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• CSST duality on the left SU(2)

• m-3 confinements

We end up with a frame similar to (4.64).

Then we arrange the two resulting theories by a flipping procedure equivalent to the one

after (4.64). We are lead to consider the following theories

⋆
∼∼
1)

2

2

2N − 2 2N − 2

2 2

1 1

2m

1 1

W = 2Quartic + 3Triangles

r̃ r

c̃ c

s s̃

ñ(2) n(2)

ñ(1) n(1)

M

b

f

⋆
∼∼
2)

2

2

2N − 2 2N

2 4

2

2m

W = 3Triangles

R L(1)

c r

t

L(2)

B

f̃

f

(4.77)

Once again at this stage ⋆
∼∼
1) and ⋆

∼∼
2) are not dual, it misses the set of flippers in both sides. In

the odd case, in order to make progress at this stage we studied the N = 1 case. It allowed

us to come up with the educated guess (4.70) for generic N . This educated guess turned out

to be correct because it passes the non-trivial checks of matching the central charges as well

as ’t Hooft anomalies. Now, for the even case we consider a different procedure to obtain an

educated guess. We do the following steps:

• Start with the theory with no flipper

• Compute the R-charges of all the chiral ring generators

• Flip all operators with R-charge less than 1

• Compute again all R-charges

• Flip additional chiral ring generators with R-charge less than 1 if present

• Repeat this procedure until reaching a frame with only chiral ring generators with R-

charge bigger than 1
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After applying these algorithm to (4.77) we obtain

⋆1)

2

2

2N − 2 2N − 2

2 2

1 1

2m

1 1

W = 2Quartic + 3Triangles + Flip[b b]

+

⌊N−4
2 ⌋∑

a=0

Flip[n(1) (MM)a ñ(1)]

+

⌊N−3
2 ⌋∑
b=0

Flip[n(1) (MM)b n(1); ñ(1) (MM)b ñ(1);

l M(MM)b n(1); l̃ M(MM)b ñ(1);n(1)M(MM)b ñ(2);

ñ(1)M(MM)b n(2)] +

⌊N−2
2 ⌋∑
c=0

Flip[n(1) (MM)c n(2);

ñ(1) (MM)c ñ(2); l M(MM)c ñ(2); l̃ M(MM)c n(2);

n(1) (MM)c l̃; ñ(1) (MM)c l; l M(MM)c l̃;

n(2)M(MM)c ñ(2)] +

⌊N−1
2 ⌋∑

d=0

Flip[n(2) (MM)c l̃;

ñ(2) (MM)c l]

r̃ r

c̃ c

s s̃

ñ(2) n(2)

ñ(1) n(1)

M

b

f

⋆2)

2

2

2N − 2 2N

2 4

2

2m

W = 3Triangles + Flip[f̃ f̃ ]

+

⌊N−3
2 ⌋∑

a=0

Flip[L(2) (BB)a L(2);

L(2)B(BB)aR]+

⌊N−2
2 ⌋∑
b=0

Flip[L(1) (BB)b L(2);

L(1)B(BB)bR]+

⌊N−1
2 ⌋∑
c=0

Flip[L(1) (BB)c L(1);

R (BB)cR]

R L(1)

c r

t

L(2)

B

f̃

f

(4.78)

We claim that ⋆1) and ⋆2) in (4.78) are dual. For generic N and m, we do not have a proof of

this statement. The non-trivial check of the claim is the matching of the central charges.
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4.4 Higgsing of RN,k

In the last section, we start the study of Higgsing of the 5d RN,k theories (4.14).

5d UV duality

Concretely we will study two different Higgsing in 5d that is mapped to the same deformation

of the 6d SCFT. Therefore we are left with another example of 5d UV duality. The question

that we can ask: does the 5d UV duality that we obtain after the Higgsing procedure leads to

another 4d IR duality? We don’t have a general answer to this question but we will study the

simplest Higgsing and the answer will turn out to be true. At the level of the brane systems,

the Higgsing is manifested by breaking 5-branes on the same 7-brane [183]. The example of

Higgsing that we consider is the following. We start with the brane web on the left of Figure

4.5 and force two pairs of 5-branes to end on the same 7-brane. We have the choice to take

the two pairs either on the same side of the brane web or the opposite side. We obtain the

brane systems of Figure 4.20 and the gauge theories associated are shown in (4.79)-(4.80). The

details of this example can be found in [191].

⋆1)

N − 2 N − 2 N

2

N . . . N N N + 2

k − 1 (4.79)

⋆2)

N N − 1 N

1

N . . . N N

1

N − 1 N

k − 1 (4.80)
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Figure 4.20: Brane setup for (4.79) on the left and for (4.80) on the right.
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6d UV completion

The 6d UV completion of the theories (4.79)-(4.80) depends on the parity of k and can be

obtain by doing the Higgsing at the level of the Type IIA brane setup corresponding to the 6d

UV completion of RN,k.

k even: k = 2l

In this case, the 6d completion is given by the following Type IIA brane setup [190, 191]:
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Figure 4.21: Type IIA brane setup corresponding to the 6d UV completion of (4.79)-(4.80) for

k = 2l. It is obtained by Higgsing the Type IIA brane system (4.10) corresponding to the UV

completion of RN,2l.

The gauge theory corresponding to this brane system is a linear quiver with one USp gauge

node and l − 1 SU gauge nodes:

2N − 4l 2N − 4l + 8 2N − 4l + 16 . . . 2N + 4l − 16 2N + 4l − 10 2N + 4l − 4

2

(4.81)

k odd: k = 2l + 1

The 6d completion is given by the following Type IIA brane setup [190, 191]:
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Figure 4.22: Type IIA brane setup corresponding to the 6d UV completion of (4.79)-(4.80) for

k = 2l + 1. It is obtained by Higgsing the Type IIA brane system (4.11) corresponding to the

UV completion of RN,2l+1.

The gauge theory corresponding to this brane system is a linear quiver with l SU gauge

nodes and an antisymmetric hyper attached to the first node:

2N − 4l + 2 2N − 4l + 10 2N − 4l + 18 . . . 2N + 4l − 14 2N + 4l − 8 2N + 4l − 2

2

(4.82)

4d duality

Applying our procedure to the 5d UV duality (4.79)-(4.80) we produce the following 4d N = 1

theories

⋆1)

N − 2 N − 2

2

N

2

2

N

2

. . .

2

N

2

N

2

N

(4.83)

⋆2)

N − 1 N − 1

1

2

N

1

2

N

2

. . .

2

N

2

N

1

2

N − 1

1

N − 1

(4.84)
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Let us remark that in order to get non-anomalous theories we were forced to split the flavor

nodes at the edge of the quiver compared to the 5d avatars.

Proof of the 4d duality

The proof is really similar to the subsection 4.2.2 so we will be brief. Start with ⋆1) and do the

following operations:

• k − 1 Seiberg dualities on the SU nodes from left to right

• CSST duality on the left SU(2)

• k − 3 confinements

Then start with ⋆2) and do the following operations:

• k − 1 Seiberg dualities on the SU nodes from left to right

• CSST duality on the left SU(2)

• k − 3 confinements

Finally, we introduce some flippers and both ⋆1) and ⋆2) take the same following form which

proves the duality

2 22k − 2 2N − 2

2

W = Triangle (4.85)

4.5 Outlook

In this chapter, we have applied our prescription to known examples of 5d dualities, involving

KK-theories, to construct non trivial 4dN = 1 dualities. We saw that our prescription produces

a non-anomalous 4d N = 1 theory only if the ranks of the SU nodes are constant. It would be

interesting to generalize it to more general quivers, e.g. unitary tails with non-constant rank

or ortho-symplectic quivers present in [190, 193].

We provided a prescription to obtain 4d duality from 5d dualities, but we did not investigate

why our prescription works, that is why the 5d UV KK duality is transferred to a 4d IR duality.

This is obviously an important question, so let us close this outlook with some speculations

about a possible explanation. Obviously, it would deserve more investigations.
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Possible interpretation

There should be a connection between our prescription and the compactfication of 6d (1, 0)

SCFT’s on tubes. Such compactification is usually done in two steps: first, one compactified

the 6d brane system on a circle, geting a pq-web and the associated infrared 5d KK gauge

theory (this is exactly what we are doing in this paper). Second, one constructs a 4d N = 1

supersymmetric duality wall [111, 170–177, 250–254]. This second step is very similar to our

prescription, the difference is that we are adding the triangle terms and we are gauging the 5d

gauge groups also in 4d. Gauging such puncture symmetry should be related to gluing the two

boundaries of the tube into a torus.

This suggests that our 4d gauge theories are related to their mother 6d SCFT on a Riemann

surface with flux, but no punctures (a puncture would reveal itself as some global symmetry

descending from a 5d gauge symmetry). More precisely, since the rank of the 4d global symmetry

for our theories is the rank of the 6d global symmetry minus one, one can expect them to be

a relevant superpotential deformation of the 4d SCFTS obtained by 6d SCFT on a Riemann

surface with flux (which instead have the rank of the 4d global symmetry equal to the rank of

the 6d global symmetry).
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Chapter 5

New S-confining theories and

supersymmetry enhancement

The content of this Chapter is essentially taken from [4].

5.1 Introduction

This Chapter is divided into two parts. In the first part, we propose new 4d N = 1 S-confining

theories, with non-zero, cubic, superpotential and a simple gauge group, that can be symplectic,

orthogonal or special unitary. The matter content of our gauge theories is given by a rank-two

matter field ϕ (which for symplectic, orthogonal or special unitary gauge group sits in the

antisymmetric, symmetric and adjoint representation, respectively) and fundamental matter p.

The number of fundamental fields is tuned in such a way that the gauge theory is confining. Our

examples generalize in particular those of [46], studied in Section 2.8 by having a non-trivial

superpotential for these fields. One class of such S-confining dualities has a superpotential of the

form ϕpp, and all the fundamentals enter the superpotential. Another class has a superpotential

of the form ϕ3 + ϕpp, and only a subset of the fundamentals enter the superpotential. Among

this second class, the special unitary case is actually not S-confining, but more precisely it has

a quantum deformed moduli space, similarly to what happens e.g. for the SU(2) SQCD with

four fundamental chirals [37]. Then, we derive some of the previously stated dualities, using

deconfinement techniques as in Chapter 3 and/or Kutasov–Schwimmer-like dualities of Section

2.6.2. We provide additional checks of our proposals by matching ’t Hooft anomalies. Another

important result of this first part is the reduction to 3d of one of this new 4d S-confining duality.

More precisely, using the methods of [94], the reduction of USp(2n) with antisymmetric a and

W ∼ app gives the following 3d N = 2 S-confining duality:

n 2n+ 1

W = ϕqq̃ +M+ +M−

ϕ
q

q̃ ⇐⇒ 2n+ 1

W = Φ3

Φ

(5.1)

On the left hand side of (5.1) the superpotential includes monopole terms, while on the right

side it is important that a cubic SU(2n+ 1)-invariant superpotential is present.
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In the second part of the chapter, we use the 3d duality (5.1) to explain and generalize the

4d susy enhancement recently proposed in [213]. Indeed, [213] provided compelling evidence

that an N = 1 SU(2n+1) diagonal gauging of three copies of the N = 2 non-Lagrangian theory

D2(SU(2n+ 1)) [158, 162, 214] flows to the conformal manifold of 4d N = 4 SYM with gauge

group SU(2n + 1). The work [213] was a result of a detailed analysis of the landscape of 4d

N = 1, 2 theories that have a = c conformal central charges at finite N [255–258]. From their

analysis, in particular the matching of anomalies, superconformal indices and certain operators

in the spectrum, the intuition that one gets is that each copy of D2(SU(2n + 1)) is morally

replacing an adjoint chiral in the SYM theory (see also [259]).

We reduce this proposed duality on a circle and use the fact that the D2(SU(2n + 1))

theory becomes Lagrangian in 3d, namely it is the 3d N = 4 U(n) SQCD with 2n + 1 flavors

[158, 260–262]. Modulo the monopole superpotential, which as we will argue is dynamically

generated once we compactify the 4d theory on a point of its conformal manifold that breaks all

the abelian symmetries, this is the left hand side of (5.1). The 3d interpretation is summarized

by the following diagram:

Non-Lagrangian
4d N = 1

2n+ 1

D2(SU(2n+ 1))D2(SU(2n+ 1))

D2(SU(2n+ 1))

S1 reduction

3d N = 2

2n+ 1

nn

n

W =Wcubic+

+Wmonopole

S-confining duality (5.1)
on the three U(n) nodes

2n+ 1
Φ1Φ2

Φ3

W ∼ Φ1Φ2Φ3 +
3∑
i=1

Φ3
i

2n+ 1

Conformal manifold
of 4d N = 4 SYM

S1 reduction

(5.2)

Since the 3d reduction of the non-Lagrangian 4d N = 1 theory is, thanks to the S-confinement

(5.1), dual to the 3d reduction of N = 4 SYM, it is natural to expect that also the 4d theories

on the left side of (5.2) are dual to each other. Notice in particular that the 3d S-confining

duality confirms the 4d intuition that each copy of D2(SU(2n+1)) plays the role of one of the

adjoint chirals of N = 4 SYM. We point out that leveraging the S3 permutation symmetry of

the 4d non-Lagrangian theory atW = 0, it is possible to determine the R-charges without using

a-maximization. Such symmetry also implies that the 4d non-Lagrangian theory at W = 0 is

dual to a point of the β-deformation [263] line with β = π in the conformal manifold of N = 4

SYM.

Armed with this 3d understanding, we provide a new example of supersymmetry enhance-

ment, which follows a very similar logic. We consider the 4d N = 2 non-Lagrangian theory

D2(SU(6n+3)) and perform an N = 1 gauging of an SU(2n+1)3 subgroup of the SU(6n+3)
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global symmetry. We provide strong evidence that this should flow to a point of the conformal

manifold of the 4d N = 2 necklace quiver theory with three SU(2n + 1) gauge nodes. In this

case, the D2(SU(6n+ 3)) theory plays the role of the three adjoint and the six bifundamental

chirals. These can be understood as coming from the decomposition of the moment map for

the SU(6n + 3) global symmetry of D2(SU(6n + 3)) under the gauged subgroup, as it again

becomes evident from the 3d perspective.

Upon reduction to 3d, indeed, we get a four node quiver, which after dualizing the middle

unitary gauge group with the S-confining duality becomes an SU(2n+ 1)3 gauge theory which

is precisely the 3d reduction of the 4d N = 2 necklace quiver with three nodes. The diagram

summarizing the duality and the reductions if very similar to (5.2)

Non-Lagrangian
4d N = 1

D2(SU(6n+ 3))

2n+ 12n+ 1

2n+ 1

S1 reduction

3d N = 2

3n+ 1

2n+ 12n+ 1

2n+ 1

W =Wcubic+

+Wsextic+

+Wmonopole

S-confining duality (5.1)
on the U(3n+ 1) node

2n+ 12n+ 1

2n+ 1

Q̃1Q1

Q̃2

Q2

Q̃3 Q3

Φ1Φ2

Φ3

W ∼ ΦQQ̃+
3∑
i=1

Φ3
i +Q1Q2Q3 + Q̃3Q̃2Q̃1

2n+ 12n+ 1

2n+ 1

Conformal manifold
of 4d N = 2 necklace

S1 reduction

(5.3)

This logic strongly suggests that the 4d N = 1 theory in the top left of (5.3) flows to the same

conformal manifold of the 4d N = 2 theory on the bottom left of (5.3). On top of the 3d

analysis, we also check this statement by matching anomalies and superconformal indices.

The chapter is organized as follows.

In Section 5.2, we propose the new S-confining theories, with simple gauge group and cubic

superpotential. In the case of USp(2n) gauge group andW ∼ app, we discuss the reduction on

a circle, which upon turning on appropriate real masses, leads to a 3d U(n) gauge theory with

2n + 1 flavors and a monopole superpotential which is dual to an adjoint field Φ with cubic

superpotential.

In Section 5.3, we derive some of the previously stated dualities, using deconfinement tech-

niques and/or Kutasov–Schwimmer-like dualities. Pole pinching in the superconformal index

is also helpful.

In Section 5.4, we turn to the study of various 4dN = 1 theories with susy enhancement and
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their understanding using the 3d S-confining duality upon circle compactification. Specifically,

in Subsection 5.4.1 we provide a 3d explanation of the susy enhancement of the theory proposed

in [213], that is anN = 1 SU(2n+1) gauging of three copies of theN = 2 theoryD2(SU(2n+1))

which flows to a point of the conformal manifold of 4dN = 4 SYM with gauge group SU(2n+1).

Based on the 3d understanding of this case, in Subsection 5.4.2 we are then able to generalize

it and give as a new example the N = 1 SU(2n + 1)3 gauging of a single copy of the N = 2

D2(SU(6n+3)) theory which flows on the conformal manifold of the 4d N = 2 necklace quiver

with three SU(2n+ 1)3 gauge group.

In section 5.5, we give an outlook.

5.2 New 4d and 3d S-confining theories with cubic super-

potential

In this section we discuss new S-confining theories by lifting the assumption of zero superpoten-

tial of [46]. Here we will only state the results and some of the associated supersymmetric index

identities, while in Section 5.3 we will provide a derivation of some of those and in Appendix

C.2 we will show additional tests based on anomaly matching for all of them.

5.2.1 Theories with W ∼ ϕpp

We start in this subsection by considering the new S-confining dualities where the superpotential

is of the form W ∼ ϕpp, where ϕ is a generic chiral field in some rank-2 representation of the

gauge group.

USp(2n) gauge group: U1[n] theories

The first example involves a USp(2n) gauge group1 with an antisymmetric traceless chiral field

a and 4n+ 2 chiral fields p in the fundamental representation. We turn on the superpotential2

W = app = ailpjαp
k
βJ

(2n)
ij J

(2n)
kl Jαβ(4n+2) . (5.4)

This changes the non-abelian flavor symmetry into USp(4n+2) and breaks one abelian global

symmetry, so that the total non-anomalous global symmetry of the theory is

USp(4n+ 2)× U(1)R . (5.5)

The theory without superpotential and arbitrary number of fundamentals has been studied in

Section 3.3.

The Wess–Zumino (WZ) model that describes the IR physics of the gauge theory consists

of a field in the antisymmetric traceless representation of the USp(4n+2) flavor symmetry and

1For most of this section we will only specify the Lie algebras and ignore issues related to the global structure

of groups.
2Here J (2n) = 1n ⊗ iσ2 is the totally antisymmetric invariant tensor of USp(2n). In the following we will

often omit the contraction of indices.
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the trace part3. The proposed duality can be summarized by the following quiver:

U1[n] :

2n 4n+ 2
p

W = app

a, 4
3

1
3

⇐⇒ 4n+ 2

W = A3 + tr (A)A2

A, 2
3

(5.6)

The combination of the constraint from the vanishing of the U(1)R ABJ anomaly and the

constraint from the superpotential fixes the R-charges of the fields to be

R[a] =
4

3
, R[p] =

1

3
. (5.7)

These are indicated in green in the quiver (5.6). Another consequence of the superpotential is

the truncation of the chiral ring of the theory. The mapping of the chiral ring generators is

given by4

p p

tr [p p]
←→

A

trA
(5.8)

At the level of the supersymmetric, this duality translates into the following non-trivial

integral identity (see Section 2.10 for our conventions):

(p; p)n∞(q; q)n∞
2n n!

∮ n∏
a=1

dz a
2πi za

∏n
a=1

∏2n+1
i=1 Γe

(
(pq)

1
6 z±1
a f±1

i

)
∏n

a=1 Γe (z
±2
a )
∏n

a<b Γe
(
z±1
a z±1

b

)
× Γe

(
(pq)

2
3

)n−1
n∏
a<b

Γe

(
(pq)

2
3 z±1
a z±1

b

)
= Γe

(
(pq)

1
3

)2n+1
2n+1∏
i<j

Γe

(
(pq)

1
3f±1

i f±1
j

)
, (5.9)

where fi for i = 1, · · · , 2n+ 1 are the USp(4n+ 2) flavor fugacities.

We show the matching of anomalies for this duality in Appendix C.2, while in Subsec-

tion 5.3.3 we will derive it by iterative applications of more elementary dualities. This latter

derivation can be translated at the level of the index to prove the identity (5.9).

It would be interesting to understand whether it is possible to derive this S-confining duality

from compactification of some 6d SCFT on a Riemann surface with flavor fluxes. For example,

in [177] the duality between the USp(2n) gauge theory with one antisymmetric, 6 fundamental

chirals and no superpotential and the WZ model with 16n chirals and cubic superpotential of

[46] has been derived from compactification of the 6d N = (1, 0) E-string SCFT on a sphere

with flux.

Reduction to 3d U(n) S-confining gauge theory

It is interesting to consider the reduction to three dimensions of the duality U1[n]. Similar

dimensional reduction limits have been studied in [2, 48, 50, 94, 111].

The limit we want to consider consists of two main steps. First, we consider the S1 compact-

ification of U1[n]. This produces a similar 3d N = 2 duality, but with a dynamically generated

3The trace part is the USp(4n+ 2) singlet defined as trA ≡ Aij J
(4n+2)
ij .

4We use the following notation: tr [p p] ≡ pi1a1
pi2a2

Ja1a2

(2n) J
(4n+2)
i1i2

.
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monopole superpotential on the gauge theory side [103, 104]. Requiring that the fundamental

monopole, i.e. with minimal magnetic flux, of the USp(2n) gauge group is exactly marginal in

3d indeed enforces the same constraint on the global symmetries as the cancellation of the ABJ

anomaly in 4d. In particular, it implies that, as in 4d, also the 3d theory has no abelian global

symmetry and the R-charges of the fields are as in (5.7). We hence get the following 3d N = 2

duality:

2n 4n+ 2
p

W = app+M

a, 4
3

1
3

⇐⇒ 4n+ 2

W = A3 + tr (A)A2

A, 2
3

(5.10)

The second step consists of a combination of a real mass deformation and a Coulomb branch

vacuum expectation value (vev) that has the effect of breaking all the symplectic groups, both

flavor and gauge, down to a unitary subgroup. Specifically, for each symplectic symmetry

USp(2N) we consider the subgroup

USp(2N) ⊃ U(1)× SU(N) , (5.11)

where the embedding is

2N→ N1 ⊕N
−1
, (5.12)

and we perform a real mass deformation or a Coulomb branch vev for the U(1) part, depending

on whether it is a flavor or a gauge symmetry. This means that we turn on the scalar component

for the background vector multiplet of such U(1) subgroup if the symmetry is flavor and a vev

for the scalar component of the dynamical vector multiplet of such a U(1) subgroup if the

symmetry is gauged, such that their values are tuned to be equal. Flowing to low energy,

this combined deformation has the effect of integrating out some of the chirals and partially

Higgsing the gauge group, so that we are left with a similar duality but where all the original

symplectic symmetries are now unitary. In the process, a second monopole is generated in the

superpotential, so that both of the fundamental monopoles of the U(n) gauge group, i.e. with

magnetic flux equal to ±1, are turned on. Eventually, we obtain the following 3d N = 2 duality:

U (3d)
1 [n] :

n 2n+ 1

W = ϕqq̃ +M+ +M−

ϕ
q

q̃

⇐⇒ 2n+ 1

W = Φ3

Φ

(5.13)

on the l.h.s. ϕ is taken to be in the adjoint representation of the U(n) gauge symmetry including

the trace part, while on the r.h.s. Φ is in the adjoint representation of the SU(2n + 1) flavor

symmetry and so it does not include the trace part.5

The global symmetry of both of the dual theories is just

SU(2n+ 1) . (5.14)

5In order to achieve such a configuration, we have to move one singlet corresponding to the trace part from

one side of the duality to the other compared to what we had in 4d.
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On the gauge theory side, the topological symmetry and the axial symmetry, i.e. the symmetry

assigning charge +1 to both q and q̃ and −2 to ϕ, are broken by the monopole superpotential,

while as usual the baryonic symmetry acting with charges +1 and −1 on q and q̃ respectively

is part of the gauge symmetry. Since there is no abelian symmetry that can mix with the

R-symmetry in the IR, the R-charges of the fields can just be determined by imposing that

they are compatible with the superpotential. We get the same R-charges as in 4d

R[ϕ] =
4

3
, R[q] = R[q̃] =

1

3
. (5.15)

The operator map works similarly to the original 4d duality, since the monopole superpo-

tential completely lifts the Coulomb branch

q q̃ ←→ Φ , (5.16)

where the trace part of the meson q q̃ is set to zero by the F-term equation of ϕ.

Similarly to the comment we made at the end of the previous subsection for the U1[n] duality,
it would be interesting to understand whether this 3d S-confining duality or some other related

to it by RG flow can be derived from compactifications of 5d SCFTs on Riemann surfaces with

flux, which have been recently investigated in [264–267].

O(n) gauge group: O1[n] theories

The second theory is a O(n) gauge theory with a chiral s in the symmetric traceless represen-

tation and 2n− 2 chirals p in the vector representation. We turn on the superpotential6

W = spp . (5.17)

This changes the non-abelian flavor symmetry into SO(2n− 2) and breaks one abelian global

symmetry, so that the total non-anomalous global symmetry of the theory is

SO(2n− 2)× U(1)R . (5.18)

The WZ model that describes the IR physics of the gauge theory consists of a field in the

symmetric traceless representation of the SO(2n−2) flavor symmetry and the trace part7. The

proposed duality can be summarized by the following quiver:

O1[n] :

n 2n− 2
p

W = spp

s, 4
3

1
3

⇐⇒ 2n− 2

W = S3 + tr (S)S2

S, 2
3

(5.19)

we point out that with this matter content the gauge theory O1[n] is IR free. Nevertheless

when such a gauge node is part of a bigger quiver, which we may want to dualize with this

6The indices are contracted with the totally symmetric invariant tensor δ
(n)
ij of SO(n)

7The trace part is the singlet defined as trS ≡ Sij δ
(2n−2)
ij .

161



confining duality, the behaviour of the gauge coupling might change and the theory might

become asymptotically free.

The combination of the constraint from the vanishing of the U(1)R ABJ anomaly and the

constraint from the superpotential fixes the R-charges of the fields to be

R[s] =
4

3
, R[p] =

1

3
. (5.20)

Another consequence of the superpotential is the truncation of the chiral ring of the theory.

The mapping of the chiral ring generators is given by8

p p

tr [p p]
←→

S

trS
(5.21)

From the operator map we can see that it is crucial to take the gauge group to be O(n)

rather than SO(n). Indeed, in the SO(n) gauge theory we would have an additional chiral

operator corresponding to the baryon9

ϵa1···anp
a1 · · · pan (5.22)

which would not be mapped under the duality. This operator is charged under the 0-form ZC
2

charge conjugation symmetry of the SO(n) gauge theory. The O(n) gauge theory is obtained

by gauging ZC
2 , which has thus the effect of projecting out the baryonic operator and make the

duality consistent.

Let us briefly comment on the structure of higher-form symmetries [268] in this duality.

The O(n) gauge theory has a Z2 1-form symmetry coming from the center of the SO(n) part

that acts trivially on the matter fields. It also has a Z2 2-form symmetry that arises from

gauging the 0-form ZC
2 charge conjugation symmetry of the SO(n) gauge theory. None of these

symmetries is present on the WZ side. The two possibilities are that either these symmetries

end up acting trivially at low energies or in the dual there should also be a topological sector

that carries these symmetries. The latter is well-known to occur for example in dualities for

3d N = 2 theories, such as the duality appetizer of [110]. The simplest possibility for such a

topological theory is a BF theory with action of the form

π

∫
X4

δA1 ∪B2 , (5.23)

where A1 ∈ C1(X4,Z2) is a dynamical gauge field for a Z2 0-form symmetry and B2 ∈
C2(X4,Z2) is a dynamical gauge field for a Z2 1-form symmetry. Such a BF theory indeed

has both a Z2 1-form symmetry whose charged line operators are exp
(
iπ
∫
L
A1

)
and a Z2 2-

form symmetry whose charged surface operators are exp
(
iπ
∫
S
B2

)
. Each of these operators

charged under one of the two higher-form symmetries is also the topological operator that

generates the other symmetry, where the fact that they are topological is a consequence of

8We use the following notation: tr [p p] ≡ pi1a1
pi2a2

δa1a2

(n) δ
(2n−2)
i1i2

.
9The presence of this baryonic operator in the spectrum of the SO(n) gauge theory can be explicitly checked

with index computations for low values of n. We have checked that to low orders the index of the SO(n) theory

matches that of the WZ theory up to the contribution of the baryon.
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the equations of motion, e.g. the e.o.m. of B2 sets δA1 = 0 and viceversa upon integration

by parts. Nevertheless, such a topological symmetry cannot be detected with the tools at our

disposal, e.g. the anomalies for continuous symmetries and the index, and so we cannot make

any conclusive statement about it. It would be interesting to clarify this issue by matching

supersymmetric partition functions that are sensitive to such a topological sector.10

5.2.2 Theories with W ∼ ϕ3 + ϕqq

In this subsection, we present other examples of S-confining theories involving matter in a

rank-2 representation under the gauge group, but with a different superpotential with respect

to the previous examples. Specifically, we will also have a cubic superpotential term ϕ3 for the

rank-2 field ϕ.

USp(2n) gauge group: U2[n, h] theories

The first example is a two parameters family. It is the USp(2n) gauge theory with a traceful

antisymmetric chiral field a and 2n + 8 − 2h fundamental chirals that we split in two groups:

2n+ 8− 4h, q and 2h, p. The superpotential is

W = a3 + aqq + Flip[pp; app; qp] . (5.24)

Notice that we also added flippers that fllip some gauge invariant operators involving p. The

non-anomalous global symmetry of the theory that is preserved by the superpotential is

SU(2h)× USp(2n+ 8− 4h)× U(1)R . (5.25)

We claim that in the IR we obtain the trivial theory without any d.o.f.. We summarize this

claim by the following quiver

U2[n, h] :

2n 2n+ 8− 4h

2h

q

p

W = a3 + aqq + Flip[pp; app; qp]

a, 2
3

2
3

h−n
3h

⇐⇒ Trivial theory

(5.26)

The range of validity for the parameter h is 0 ≤ h < n
2
+ 2. h cannot be taken to be n

2
+ 2

because otherwise we cannot turn on the deformation aqq which is crucial.

10There is also a question of whether the gauge group should be O(n) or Pin(n), both of which have the ZC
2

charge conjugation symmetry gauged. The difference is that in the former the Z2 1-form symmetry is electric,

i.e. it comes from its center, while in the latter it is magnetic, i.e. it comes from the center of the dual group.

One can move from one variant to the other by gauging these symmetries. If our guess about the presence of

the topological sector in the duality is true, then as a consequence of the duality we can deduce that the two

variants are actually equivalent, since under the gauging of the 1-form symmetry the topological theory (5.23)

gives an identical theory, but expressed in terms of the dual field.
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The associated index identity is

2h∏
k<l

Γe

(
(pq)

2h+n
3h v−1

k v−1
l

)
Γe

(
(pq)

h+n
3h v−1

k v−1
l

) n+4−2h∏
i=1

2h∏
l=1

Γe

(
(pq)

3h+n
6h f±1

i v−1
l

)

× (p; p)n∞(q; q)n∞
2n n!

∮ n∏
a=1

dz a
2πi za

∏n
a=1

∏n+4−2h
i=1 Γe

(
(pq)

1
6 z±1
a f±1

i

)∏2h
l=1 Γe

(
(pq)

h−n
6h z±1

a vl

)
∏n

a=1 Γe (z
±2
a )
∏n

a<b Γe
(
z±1
a z±1

b

)
× Γe

(
(pq)

1
3

)n n∏
a<b

Γe

(
(pq)

1
3 z±1
a z±1

b

)
= 1 , (5.27)

where fi for i = 1, · · · , n+4− 2h are the USp(2n+8− 4h) fugacities while vl for l = 1, · · · , 2h
with

∏
l vl = 1 are the SU(2h) fugacities.

We show the matching of anomalies for this duality in Appendix C.2, while in Subsection

5.3.1 we will derive it by iterative applications of more elementary dualities.

We can formulate the duality in a little bit more general form where on the r.h.s. we don’t

have a trivial theory. In order to do this, we have to flip on the l.h.s. mesons involving the

field q. For generic n and h, the only meson that we can flip is qq. The reason is because the

R-charge of the field p becomes quickly very negative. Therefore, the meson built from this

field p will map to a fundamental field in the WZ with large negative R-charge and it becomes

impossible to write down a superpotential. When we flip only qq we get on the dual frame a

field A in the traceful antisymmetric representation of USp(2n+ 8− 4h):

2n 2n+ 8− 4h

2h

q

p

W = a3 + aqq + Flip[pp; app; qp; qq]

a, 2
3

2
3

h−n
3h

⇐⇒ 2n+ 8− 4h

A, 2
3

W = A3 + tr (A)A2

(5.28)

The mapping is the following:

Flipper[q q] ←→ A (5.29)

Special case of h = 1. In this case, we can write the duality in yet another equivalent form

with more fields on the r.h.s.. We obtain it by splitting the fundamental of SU(2h) = SU(2),

p into two independent fields p1 and p2. The duality is the following:

2n 2n+ 4

1 1

W = a3 + aqq + Flip[p1p2; ap1p2; qp2; ap1q; qq]

+β Flipper[ap1p2] p1p2 + β Flipper[ap1q] p1q

a, 2
3

q, 2
3

0, p1 p2,
6−4n

3

β, 2
3

⇐⇒ 2n+ 4

1 1

A, 2
3

W = A3 + Axy + xyz

2
3
, x y, 2

3

z, 2
3

(5.30)
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The mapping is the following:

Flipper[q q]

p1 q

Flipper[ap1q]

β

←→

A

x

y

z

(5.31)

We specified this duality because we will use this version in Subsection 5.3.3 in the derivation

of the dual of U1[n].

SO(n) gauge group: S2[n, h] theories

The second example consists again of a two parameters family, but this time we have the

SO(n) gauge theory with a traceful symmetric chiral field s and n− 8− h chirals in the vector

representation splitted in n − 8 − 2h, q and h, p. The superpotential is the same as in the

previous subsection, but in this case the non-anomalous global symmetry is

SU(h)× SO(n− 8− 2h)× U(1)R . (5.32)

We claim that in the IR this theory flows to a trivial theory without any d.o.f.

S2[n, h] :

n n− 8− 2h

h

q

p

W = s3 + sqq + Flip[pp; spp; qp]

s, 2
3

2
3

h−n
3h

⇐⇒ Trivial theory

(5.33)

The range of validity for the parameter h is 0 ≤ h < n
2
− 4. h cannot be taken to be n

2
− 4

because otherwise we cannot turn on the deformation sqq which is crucial.

We show the matching of anomalies for this duality in Appendix C.2.

SU(n) gauge group: A2[n, h] theories

The last example is the SU(n) gauge theory with a field ϕ in the adjoint plus the singlet

trace and two sets of flavors, one of n − 2h flavors q, q̃ and a second of h flavors p, p̃. The

superpotential is

W = ϕ3 + ϕqq̃ + Flip[pp̃;ϕpp̃; qp̃; p̃q] . (5.34)

The non-anomalous global symmetry of the theory that is preserved by the superpotential is

SU(h)× SU(h)× SU(n− 2h)× U(1)b × U(1)s × U(1)R , (5.35)

where U(1)b acts with charges ±1 on q, q̃ and U(1)s acts with charges ±1 on p, p̃.
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We claim that the IR of this theory is not trivial but is given by 3 singlets, two of R-charge

equal to 0 and one of R-charge 2. The quiver summarizing this claim is the following:

A2[n, h] :

n n− 2h

h h

W = ϕ3 + ϕqq̃ + Flip[pp̃;ϕpp̃; pq̃; p̃q]

ϕ, 2
3

q, 2
3

q̃

h−n
3h

, p p̃

⇐⇒ 3 singlets with superpotential:

W = N(B B̃ + 1)

(5.36)

The range of validity for the parameter h is 0 ≤ h < n
2
. h cannot be taken to be n

2
because

otherwise we cannot turn on the deformation ϕqq̃ which is crucial.

In order to understand better the physical implications of this result, it is useful to look at

the operator map

tr [phϕn−h]

tr [p̃hϕn−h]
←→

B

B̃
(5.37)

where the flavor indices are contracted with the h-dimensional ϵ tensor so that the operator

is a flavor singlet. The singlet N instead is not in the chiral ring since it is turned on in the

superpotential, but it is associated with the superpotential term ϕqq̃ on the l.h.s. as it can be

understood from the derivation of this result that we give in Subsection 5.3.2.

If we focus now on the r.h.s., we can understand the singlet N of R-charge 2 as the analogue

of the Lagrange multiplier that appears in the SU(n) SQCD with n flavors [37]. Indeed,

its e.o.m. forces B and B̃ to have a non-vanishing vev and the theory has thus a quantum

deformed moduli space of vacua. Remembering the operator map above, our result is then

telling us that the theory on the l.h.s. has a quantum deformed moduli space of vacua with a

spontaneous breaking of the U(1)s symmetry, due to the fact that the operators tr [phϕn−h] and

tr [p̃hϕn−h] acquire a vev quantum mechanicaly triggered by the deformation ϕqq̃, while all the

other operators trivialize at low energies.

At the level of the supersymmetric index, this duality translates into the following non-trivial

integral identity:

h∏
k,l=1

Γe

(
(pq)

2h+n
3h vkw

−1
l

)
Γe

(
(pq)

h+n
3h vkw

−1
l

)

×
n−2h∏
i=1

h∏
l=1

Γe

(
(pq)

3h+n
6h b s−1f−1

i vl

)
Γe

(
(pq)

3h+n
6h b−1s fiw

−1
l

)

× (p; p)n∞(q; q)n∞
n!

∮ n∏
a=1

dz a
2πi za

∏n
a,b=1 Γe

(
(pq)

2
3 zaz

−1
b

)
∏n

a̸=b Γe
(
zaz

−1
b

)
×

n∏
a=1

n−2h∏
i=1

Γe

(
(pq)

1
3

(
b zaf

−1
i

)±1
) h∏
l=1

Γe

(
(pq)

h−n
6h s zav

−1
l

)
Γe

(
(pq)

h−n
6h s−1z−1

a wl

)
=

2πi

(p; p)∞(q; q)∞
δ
(
sh − 1

)
, (5.38)
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where fi for i = 1, · · · , n− 2h with
∏

i fi = 1 are the SU(n− 2h) flavor fugacities, while vl, wl

for l = 1, · · · , h with
∏

l vl =
∏

l wl = 1 are the fugacities for the two SU(h) symmetries. The

singular behaviour of the index is typical of theories with a quantum deformed moduli space

of vacua, as discussed in [48, 269]. It can be understood as a singular limit of the index of

the three chirals N , B, B̃ interacting with a cubic superpotential when the linear term in N is

turned on

lim
ϵ→1

Γe
(
pq ϵ2

)︸ ︷︷ ︸
N

Γe
(
ϵ−1sh

)︸ ︷︷ ︸
B

Γe
(
ϵ s−h

)︸ ︷︷ ︸
B̃

=
2πi

(p; p)∞(q; q)∞
δ
(
sh − 1

)
. (5.39)

5.3 Derivation of the S-confining dualities

In this Section we provide a derivation of the dualities for the theories U1[n] and U2[n, h]
with symplectic gauge group by combining the study of various Higgs mechanisms and the

deconfinement technique. The proof that we will give for U2[n, h]11 is also working both for

S2[n, h] and A2[n, h]. However the proof for U1[n] does not generalize to O1[n].

5.3.1 Derivation of U2[n, h]

We will start from the duality U2[n, h] (5.26), since we will then use it in the derivation of U1[n].
We will first show how this can be understood as a consequence of the duality (2.91) proposed

by Intriligator in [53], which generalizes the Kutasov–Schwimmer duality [54, 55] to the case of

symplectic gauge group and so in the following we will refer to it as “symplectic KS duality”.

Then we will show how for the case h = 1 the same result can be obtained by studying the

Higgsing due to a vev for some operator, which we do at the level of the supersymmetric index.

Higgsing via symplectic KS duality. We first show how to the derive the U2[n, h] duality
(5.26) for generic n and h from the symplectic KS duality of [53], whose statement we recall in

(2.91). Applying it to our case, we obtain the following:

2n 2n+ 8− 4h

2h

q

p

W = a3

a, 2
3

1− 2(n+2)
3(n+4−h

⇐⇒
KS

2n+ 8− 4h 2n+ 8− 4h

2h

Q

P

W = A3 + Flip[PP ;QQ;PQ;PAP ;QAQ;PAQ]

A, 2
3

1− 2(n+6−2h)
3(n+4−h

(5.40)

Here we consider the antisymmetric fields on both sides to be traceful, with the trace parts

being mapped to each other under the duality.

Now we deform this duality by the superpotential term aqq and some flippers on the l.h.s..

Following the mapping of the KS duality shown in (2.92), the term aqq is mapped to the term

11We will use an abuse of language by calling the duality statement in the same way as the original theory.
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Flipper[QQ]. We also use the mapping to understand the flipping terms. We obtain:

2n 2n+ 8− 4h

2h

q, 2
3

p

W = a3 + aqq + Flip[pp; app; pq]

a, 2
3

h−n
3h

⇐⇒ 2n+ 8− 4h 2n+ 8− 4h

2h

Q, 0

P

W = A3 + Flip[PP ;QQ;PQ;PAP ;QAQ;PAQ]

+Flipper[QQ] + Flip[Flipper[PAP ]; Flipper[PP ]; Flipper[PAQ]]

A, 2
3

h+n
3h

(5.41)

We see that a lot of flippers get a mass. After integrating out the massive ones and naming

the others, we get

2n+ 8− 4h 2n+ 8− 4h

2h

Q, 0

P

W = A3 + ηQQ + ηQQQQ+ ηPQPQ+ ηQAQQAQ

A, 2
3

h+n
3h

(5.42)

At this point we notice that the e.o.m. of the flipper ηQQ implies that the operator QQ takes

a vev which initiates an Higgsing of the gauge group. In the color-flavor space the field Q can

be taken to be diagonal

QI
α =

λ1 . . .

λn+4−2h

⊗ iσ2 (5.43)

Due to the e.o.m. of the flipper ηQQ, the operator QQ satisfies

QQ ≡ QI
αQ

J
β J

αβ
Gauge = −JFlav (≡ −1n+4−2h ⊗ iσ2) (5.44)

Using the presentation (5.43) for Q, the equation (5.44) becomesλ
2
1

. . .

λ2n+4−2h

⊗ iσ2 = 1n+4−2h ⊗ iσ2 (5.45)

We obtain that the field Q takes the following vev:

Q = 1n+4−2h ⊗ iσ2 (5.46)

The conclusion of this vev is that the USp(2n+8− 4h) gauge group and the USp(2n+8− 4h)

flavor group are broken to the diagonal USp(2n+ 8− 4h) flavor group. It is the mechanism of
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color-flavor locking. If we forget for a moment the two flippers ηPQ and ηQAQ, we would say

that the result of the Higgsing is the following:

2n+ 8− 4h 2n+ 8− 4h

2h

Q, 0

P , h+n
3h

W = A3 + ηQQ + ηQQQQ

A, 2
3

−→
Higgsing

2n+ 8− 4h

2h

A, 2
3

P , h+n
3h

W = A3
(5.47)

The fields on the r.h.s. are obtained as follows. The field Q gets a vev so it disapears as well as

the flipper ηQQ. The fields A and P are instead unaffected and transform under the remaining

USp(2n+ 8− 4h) flavor symmetry.

Starting from the result (5.47), we can go back to (5.42) and study the effect of adding the

two flippers ηPQ and ηQAQ. Once we plug the vev of Q (5.46) in the term ηPQPQ, it becomes a

mass term and then both P and ηPQ are integrated out. Similarly, ηQAQQAQ becomes a mass

term and both A and ηQAQ disappear12. On the dual side, since A and P disappeared, we are

left with no d.o.f. and we obtain a trivial theory as claimed in (5.26).

This proof using the KS duality can be applied in the same way in the case of the SO

duality (5.33). The specific form of the KS duality is recalled in (2.93). The SU duality (5.36)

can also be obtain in a very similar way but there is a little difference that we are going to

explain in the next subsection.

Higgsing via the index. For the special case of h = 1 we can also derive the U2[n, h = 1]

duality by directly studying a Higgsing that is triggered by a vev for a specific operator, without

having to apply any other more fundamental duality. We point out that the duality U2[n, h = 1]

is the one we will need to derive the duality U1[n], as we will explain in the Subsection 5.3.3.

In order to understand which operator is taking a vev and study the associated Higgs

mechanism, it is more convenient to use the perspective of the index, which for the theory

U2[n, h = 1] is given on the l.h.s. of (5.27) with h = 1

Γe

(
(pq)

n+2
3

)
Γe

(
(pq)

n+1
3

)
Γe

(
(pq)

n+3
6

) (p; p)n∞(q; q)n∞
2n n!

×
∮ n∏

a=1

dz a
2πi za

∏n
a=1

∏n+2
i=1 Γe

(
(pq)

1
6 z±1
a f±1

i

)
Γe

(
(pq)

1−n
6 z±1

a v±1
)

∏n
a=1 Γe (z

±2
a )
∏n

a<b Γe
(
z±1
a z±1

b

)
× Γe

(
(pq)

1
3

)n−1
n∏
a<b

Γe

(
(pq)

1
3 z±1
a z±1

b

)
. (5.48)

12Here the assumption of the antisymmetric to be traceful is important. Indeed if A is traceless, the trace

part of the flipper ηQAQ would not receive a mass and would stay in the IR.
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Let us focus on the following combination of Gamma functions:

Γe

(
(pq)

1−n
6 z−1

1 v
) n−1∏
a=1

Γe

(
(pq)

1
3 zaz

−1
a+1

)
Γe

(
(pq)

1−n
6 znv

−1
)
. (5.49)

These provide the following sets of poles:

z1 = v(pq)
1−n
6 pk1ql1 ,

za+1 = za(pq)
1
3pka+1qla+1 , a = 1, · · · , n− 1 ,

zn = v(pq)
n−1
6 p−kn+1q−ln+1 , (5.50)

where ka, la = 0, · · · ,∞ for a = 1, · · · , n + 1. These collide so to pinch the n-dimensional

integration contour at the points corresponding to ka = la = 0 (for more details about this type

of pinching see [270])

z1 = v(pq)
1−n
6 ,

z2 = z1(pq)
1
3 = v(pq)

3−n
6 ,

· · ·

zn−1 = zn−2(pq)
1
3 = v(pq)

n−3
6 ,

zn = zn−1(pq)
1
3 = v(pq)

n−1
6 . (5.51)

Following [271], the interpretation of this pinching is that there is an operator that is taking a

vev. Specifically, such operator is the one constructed from the chirals whose index contribution

is (5.49) (this type of vev has been studied also in [50, 270])

⟨tr [an−1p2]⟩ ≠ 0 . (5.52)

Notice indeed that this operator has zero R-charge and it is also uncharged under any global

symmetry, which is consistent with it getting a vev. The prescription of [271] is to then take the

residue at the points (5.51), which implements at the level of the index the Higgs mechanism

triggered by such a vev. Observe that in this way we completely get rid of the n-dimensional

integral, which means that the gauge group is Higgsed completely by the vev. Evaluating the

residue we can figure out what massless fields survive at the end of the Higgsing and we find

in this case that there are none, which is compatible with our claim that the theory flows to a

trivial theory.

5.3.2 Derivation of A2[n, h]

Higgsing via KS duality. The derivation is similar to the symplectic case so we will be

brief and just highlight the key differences. We start by using the KS duality (2.89) deformed
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by the cubic superpotential ϕqq̃. We get the following duality:

A2[n, h] :

n n− 2h

h h

W = ϕ3 + ϕqq̃ + Flip[pp̃;ϕpp̃; pq̃; p̃q]

ϕ, 2
3

q, 2
3

q̃

h−n
3h

, p p̃

⇐⇒ n− 2h n− 2h

h h

W = Φ3 + ηQQ̃ + ηQQ̃QQ̃+ Flip[ΦQQ̃;PQ̃; P̃Q]

Φ, 2
3

Q, 0

Q̃

n+h
3h

, P P̃

(5.53)

On the r.h.s., we have named the Flipper[QQ̃] as ηQQ̃, while we didn’t give a name to the other

flippers.

Now, as in the USp case, the e.o.m. of ηQQ̃ gives a vev to Q and Q̃ equal to the identity.

This vev triggers the color-flavor locking mechanism. The SU(n − 2h) gauge group and the

SU(n− 2h) flavor group are broken to the diagonal SU(n− 2h) flavor symmetry. In terms of

this diagonal symmetry, the fields Q, Q̃ and ηQQ̃ decompose as adjoint plus singlet (each field

has (n − 2h)2 d.o.f.’s), so we have 3 adjoints and 3 singlets. We denote the singlets by B, B̃

and N , respectively. In the Higgsing one adjoint recombines with the broken generators of the

gauge group, while the other two become massive. On the other hand, the 3 singlets (B, B̃

have R-charge 0 and N has R-charge 2) survive the Higgsing13.

We are interested in A2[n, h], where there are additional flippers with respect to (5.53). In

A2[n, h], after the KS duality and the Higgsing, the fields P, P̃ combine with the flippers of

PQ̃, P̃Q and become massive, hence disappearing in the IR. The field Φ combines with the

flipper of ΦQQ̃ and become massive (the adjoint field Φ is traceful, hence all of the components

of the Flipper[ΦQQ̃] become massive).

To summarize, A2[n, h] is dual to a theory of 3 singlets, two of R-charge 0 (B and B̃,

coming from Q and Q̃) and one of R-charge 2 (N , coming from ηQQ). From the superpotential

tr (ηQQ̃) + tr (ηQQ̃QQ̃) in the KS dual, after the Higgsing only the following superpotential

survives:

W = N +NBB̃ (5.54)

This is precisely the claim of (5.36).

5.3.3 Derivation of U1[n]

In this subsection, we show how to obtain the U1[n] duality of (5.6)14. We use a combination

of the deconfinement technique, the iteration of more fundamental dualities and a recursive

argument. Indeed from now on, we assume that the duality U1[n − 1] is correct and we want

to obtain the statement for U1[n].
The first step is the splitting of the flavors into 4n + 1 + 1 fundamentals. Of course this

step doesn’t change anything but it is the correct form to apply the deconfinement of Section

13This is the main difference with respect to the USp case, where only two singlets are produced, and they

give a mass to each other, disappearing in the IR.
14We assume that n ≥ 3, the n = 2 case is a bit different and is done in the Appendix D.
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2.9. We get

U1[n] :

2n 4n+ 2
p

W = app

a, 4
3

1
3

≡ 2n 4n

11

W = aqq + ap1p2

a, 4
3

q, 1
3

p2,
1
3

1
3
, p1

(5.55)

Now we can deconfine the antisymmetric traceless field a. We obtain

2n− 2 2n 4n

1 1 1

b, 2
3

q, 1
3

p2,
1
3−1

3
, v d

7−4n
3

4n−3
3
e

W = bqqb+ vb3p2 + bde+ Flip[vd; bb] (5.56)

At this stage, the USp(2n) gauge group is coupled only to fields in the fundamental represen-

tation. We can therefore apply the IP duality (2.86) to it. After the dualization, the term bqqb

becomes a mass term and then no link is created between the USp(2n− 2) gauge node and the

USp(4n− 4) flavor node. The term bde becomes a mass term for the field d. After integrating

it out, we obtain

2n− 2 4n− 4 4n

1 1 1

B, 1
3

Q, 2
3

E, 6−4n
3−1

3
, v 1, R 2

3
, P

4
3
, A

W = BQQB + ABB + vAR +BRP + Flip[vBE;QQ;PE;EQ;PQ] (5.57)

Here the antisymmetric field A is traceless because the trace part has been killed by the super-

potential term Flip[bb].

We can now use our recursive hypothesis. In the splitted form, the statement of the U1[n−1]
duality is the following:

2n− 2 4n− 4

1 1

B

W = ABB + vAR

A

Rv

⇐⇒ 4n− 4

1 1

W = B3 +BXY +XY Z

+tr (B)B2 + tr (B)XY

B

X Y

Z

(5.58)
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Applying it to (5.57) we get

4n− 4 4n

1 1 1

W = Bqq + Y P + Flip[XE; qq;EP ;Eq;Pq;XY ]

+B3 +BXY + tr (B)B2 + tr (B)XY

B

q

EX
Y P

(5.59)

where the superpotential term XY Z in (5.58) is now indicated as Flip[XY ], so the field Z in

corresponds to the flipper of XY . At this stage, the antisymmetric field B is traceful. We also

see that the fields Y and P are massive. After integrating them out, we obtain

4n− 4 4n

1 1

W = B3 + tr (B)B2 +Bqq + Flip[XE;BXE;Eq;BXq; qq]

+β Flipper[BXE]XE + β Flipper[BXq]Xq + Flipper[BXE] tr (B)XE + Flipper[BXq] tr (B)Xq

B, 2
3

q, 2
3

E, 6−4n
3

0, X

β, 2
3

(5.60)

The theory that we obtained is precisely of the form of the one appearing in the l.h.s of

(5.30), the special form of the U2[2n− 2, h = 1] duality. We saw that the dual is given by

4n

1 1

a, 2
3

W = a3 + axy + xyz

2
3
, x y, 2

3

z, 2
3

≡ 4n+ 2

W = A3 + tr (A)A2

A, 2
3

(5.61)

Where on the r.h.s. we simply recombined the fields into a USp(4n+2) traceful antisymmetric.

The conclusion of this chain of dualities is that the l.h.s. of (5.55) is dual to the r.h.s. of

(5.61), which is precisely the statement of the U1[n] duality claimed in (5.6).

5.4 Understanding 4d SUSY enhancements using 3d S-

confining dualities

Recently in [213] a 4d N = 1 theory that flows on a point of the N = 1 conformal manifold of

the N = 4 SYM with gauge group SU(2n+ 1) was constructed. In this section we propose an

173



understanding of this result from the perspective of the 3d reduction of these theories, which

uses one of the S-confining dualities we previously discussed. The 3d perspective naturally

suggests how to generalize the result of [213] and as an appetizer we propose a 4d N = 1 theory

that flows on a point of the same N = 1 conformal manifold of an N = 2 necklace quiver

theory.

5.4.1 4d N = 1 theory flowing to N = 4 SYM

The theory considered in [213] is obtained via an N = 1 gauging of the global symmetry of

an N = 2 SCFT (the same theory and similar ones were previously studied in [256]). The

N = 2 SCFT in question is the non-Lagrangian D2(SU(2n+ 1)) theory [158, 162, 214], which

can be engineered either as Type IIB on a 3-fold Calabi–Yau hypersurface singularity or as

a class S theory of type A2n on a sphere with one irregular and one regular puncture. The

latter realization makes it manifest that the theory has an SU(2n + 1) flavor symmetry. The

construction of [213] consists of taking three copies of thisD2(SU(2n+1)) theory and performing

an N = 1 gauging of their diagonal SU(2n+ 1) symmetry. The theory can be summarized by

the following quiver:

2n+ 1

D2(SU(2n+ 1))D2(SU(2n+ 1))

D2(SU(2n+ 1))

W = 0

(5.62)

The claim of [213] is that the resulting model flows to a point of the N = 1 conformal manifold

of the N = 4 SYM with gauge group SU(2n+ 1).

The N = 1 theory has naively three U(1) symmetries. In fact, on top of the SU(2n + 1)

flavor symmetry, eachD2(SU(2n+1)) theory has anN = 2 R-symmetry SU(2)R×U(1)r, which
when thought of as an N = 1 theory decomposes to U(1)R0×U(1)F where U(1)R0 is the N = 1

R-symmetry while U(1)F is a flavor symmetry from the N = 1 perspective. After the N = 1

gauging of three copies of D2(SU(2n+1)), the U(1)R0 symmetries of each of them get identified

and give the reference R-symmetry of the resulting theory, while the three U(1)F symmetries

remain as flavor symmetries. Nevertheless, one combination of them is gauge anomalous, so

that the full continuos non-anomalous symmetry is only U(1)2. This is then identified with the

Cartan of the SU(3) flavor symmetry of the N = 4 SYM when considered as an N = 1 theory.

The conclusion of [213] is that the N = 1 theory obtained by gauging three copies of

D2(SU(2n+1)) flows to a point of the conformal manifold of the N = 4 SYM with gauge group

SU(2n+ 1) where only N = 1 supersymmetry and the U(1)2 flavor symmetry is manifest. We

next want to review the structure of the conformal manifold of the SYM theory and clarify

which one is the specific point reached by the N = 1 theory of [213].

The N = 4 SYM when considered as an N = 1 theory consists of an SU(2n + 1) gauge

group and three adjoint chiral fields Φi with i = 1, 2, 3. These have U(1)R R-charge 2
3
and are
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rotated by the SU(3) flavor symmetry. The N = 1 superpotential compatible preserving these

symmetries is

WN=4
SYM = λTr (Φ1 [Φ2,Φ3]) , (5.63)

where λ is related to the gauge coupling τ and the trace is taken over the SU(2n + 1) color

indices.

The N = 1 conformal manifold is three dimensional [263]. One direction is parametrized by

the gauge coupling τ and preserves the full N = 4 supersymmetry as well as the SU(3) flavor

symmetry. The other two directions, along which only N = 1 is preserved, are parametrized

by some cubic invariants constructed from the adjoint chirals Φi that correspond to exactly

marginal deformations. These can be found by looking at space of all the marginal deformations,

which are in the 10 ⊕ 1 of SU(3) where 1 is the gauge coupling, and quotienting by the

complexified flavor symmetry [272–275]. The generic point of the N = 1 conformal manifold is

reached by turning on the superpotential

WN=1
SYM = λTr

(
Φ1

(
eiβΦ2Φ3 − e−iβΦ3Φ2

))
+ ηTr

(
Φ3

1 + Φ3
2 + Φ3

3

)
. (5.64)

When β = η = 0 we go back to the N = 4 line. When η = 0 but β ̸= 0 we have the so-called

β-deformation, which breaks supersymmetry to N = 1 and also the SU(3) flavor symmetry to

its Cartan U(1)2. When η ̸= 0 the continuous flavor symmetry is broken completely.

The direction of the conformal manifold to which the N = 1 theory of [213] flows is the one

parametrized by the β-deformation. In particular, since the N = 1 theory (5.62) with W = 0

has an S3 symmetry that permutes the threeD2(SU(2n+1)) building blocks, this implies that it

flows to a point of the conformal manifold of N = 4 SYM with β = π. Indeed, β = π is the only

value of β for which (5.64) is S3-symmetric in the Φi (at β = 0 there is the Weyl group of SU(3),

which is an S3 acting as the signed permutations of the three Φi’s, so it does not seem possible

that (5.62) with W = 0 flows to a point on the line β = 0, which is the N = 4 supersymmetric

locus). Notice that the S3 permutation symmetry imposes that the moment maps µi from the

SU(2n + 1) symmetry of the three D2(SU(2n + 1)) theories share the same R-charge, which

can be determined by the vanishing of the ABJ anomaly. Hence a-maximization [232] is not

really required to conclude that under the superconformal R-symmetry the operators µi have

the canonical R-charge 2
3
, which is crucial for the claim that this theory is related to N = 4

SYM.

We would like to reduce both the N = 1 theory of [213] and the dual β, η-deformed N =

4 SYM on a circle to three dimensions. Before doing the dimensional reduction, we thus

further deform (5.62) with also the two marginal η and β deformations, so to go on the most

generic point of the conformal manifold. On the side of the N = 1 gauging of three copies of

D2(SU(2n+ 1)) this means that we are turning on the superpotential deformation

δW = λ̂Tr
(
µ1

(
eiβ̂µ2µ3 − e−iβ̂µ3µ2

))
+ η̂Tr

(
µ3
1 + µ3

2 + µ3
3

)
, (5.65)

where again µi is the moment map operator for the SU(2n + 1) flavor symmetry of the i-th

D2(SU(2n+ 1)) theory and it is mapped to Φi on the SYM side. The variables η̂, β̂, λ̂} should
map to the variables {η, β, λ}. We do not know the precise mapping, but for symmetry reasons
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it must be that η̂ = 0 if and only if η = 0, and that when η = 0, β̂ = 0, π if and only if β = 0, π,

which is all that we need to know for our purposes.

Reduction to 3d

Our next goal is to show that the resulting 3d N = 2 theory is dual to the 3d N = 8 SYM

with gauge group SU(2n+ 1) on a generic point of the three-dimensional 4d N = 1 conformal

manifold, where supersymmetry is broken to 3d N = 2 and the flavor symmetry is completely

broken.

In order to show this, we use the remarkable fact that the circle reduction of the 4d N = 2

D2(SU(2n+ 1)) SCFT is Lagrangian and it is given by the 3d N = 4 SQCD with U(n) gauge

group and 2n + 1 fundamental hypermultiplets [158, 260–262]. Hence, the circle reduction of

the 4d N = 1 theory of [213] obtained by gauging three copies of D2(SU(2n+1)) is a 3d N = 2

Lagrangian theory that can be summarized with the following quiver:

2n+ 1

nn

n

q1

q̃1
q2

q̃2

q3 q̃3

a1a2

a3

(5.66)

We claim that, after starting from the 4d theory with the deformation (5.65), the superpo-

tential of this 3d N = 2 theory is

W3d = λ̂
(
µ1

(
eiβ̂µ2µ3 − e−iβ̂µ3µ2

))
+ η̂

(
3∑
i=1

µ3
i

)
+

3∑
i=1

(
aiqiq̃i +M+

i +M−
i

)
, (5.67)

where µi = qiq̃i with the contraction of the U(n) indices being understood and M±
i are the

fundamental monopoles of the i-th U(n) gauge group. The terms aiqiq̃i come from the superpo-

tential of the 3d N = 4 theory when considered as a 3d N = 2 theory. Instead, we claim that

the monopole superpotentials M+
i +M−

i are dynamically generated in the compactification by

the same arguments of [103, 104]. The above superpotential sets the R-charges of the 3d fields

to the values

R[ai] =
4

3
, R[qi] = R[q̃i] =

1

3
, (5.68)

which implies that the monopoles M±
i have R-charge 2 and can thus be dynamically generated

in the superpotential.

This monopole superpotential is crucial, since now we can apply the S-confining duality

U (3d)
1 [n] in (5.13) to each of the three U(n) nodes. The net effect is to replace each of these

gauge nodes with an adjoint chiral Φi for the middle SU(2n + 1) node, which are mapped

to µi = qiq̃i before applying the duality. In the dualization we also produce the Φ3
i terms
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in the superpotential, but these were already present due to the original η-deformation. To

summarize, we obtain the following quiver15

2n+ 1
Φ1Φ2

Φ3

W3d = λ̂Tr
(
Φ1

(
eiβ̂Φ2Φ3 − e−iβ̂Φ3Φ2

))
+ η̃Tr

(∑3
i=1Φ

3
i

)
(5.69)

It corresponds precisely to the 3d N = 8 SYM with gauge group SU(2n+1) on a generic point

of the 4d conformal manifold, in agreement with the claim of [213].

5.4.2 4d N = 1 theory flowing to an N = 2 necklace quiver

Using the 3d perspective we can quite naturally understand how to possibly generalize the

findings of [213] to other N = 1 gaugings of D2(SU(2n + 1)) so to get an N = 2 Lagrangian

theory. The idea is to replace adjoint chirals with copies of the D2(SU(2n+1)) theory, and also

bifundamental hypermultiplets, if we consider gauging only a subgroup of the flavor symmetry,

which would come from the related decomposition of the moment map µ. From our previous

analysis it seems that a crucial necessary requirement in order for the construction to work

is that the N = 2 theory admits an N = 1 preserving exactly marginal deformation which

completely breaks the continuos flavor symmetry and that can be eventually related to the Φ3

superpotential in the 3d S-confining duality.

As an example, let us consider the 4d N = 2 necklace quiver theory with three SU(2n+ 1)

gauge nodes

2n+ 12n+ 1

2n+ 1

Q̃1Q1

Q̃2

Q2

Q̃3 Q3

Φ1Φ2

Φ3

(5.70)

which we drew in N = 1 notation. The superpotential is

WN=2
necklace =

3∑
i=1

λiTr(Φi(QiQ̃i −Qi+1Q̃i+1)) , (5.71)

where Q4 = Q1 and Q̃4 = Q̃1.

The continuous global symmetries of the theory depend on the position on the conformal

manifold. There is a 3-complex dimensional conformal manifold with N = 2 supersymmetry,

parameterized by the 3 gauge couplings. On this N = 2 conformal manifold the superpotential

couplings λi are set by supersymmetry in terms of the gauge couplings. The global symmetry

15Here η̃ is different from η̂ in (5.67) due to the application of the duality.
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is
∏3

i=1 U(1)i,baryonic × SU(2)R ×U(1)r, where the ith baryonic U(1) acts on the fields {Qi, Q̃i}
with charges {+1,−1} and with zero charge on the other fields.

In N = 1 language the visible global symmetry is

3∏
i=1

U(1)i,baryonic × U(1)F × U(1)R0 , (5.72)

where U(1)F acts with charges +2,−1,−1 on Φi, Qi, Q̃i, respectively, while U(1)R0 is the canon-

ical N = 1 R-symmetry under which all the fields Φi, Qi, Q̃i have R-charge 2
3
.

N = 1 conformal manifold of the necklace quiver

We are interested in the full N = 1 conformal manifold of the SU(N)3 necklace (in Appendix

E we discuss the general Zk orbifold of N = 4 SYM, which as far as we are aware was never

determined in the literature). We use the method of [272], of quotienting the space of marginal

deformations (that is the chiral ring operators with U(1)R0 R-charge R0 = 2) by the broken

global symmetries.

There are 6 operators with R0 = 2 in the chiral ring

Tr(ΦQQ̃) , Tr(Φ3
1) , Tr(Φ3

2) , Tr(Φ3
3) , Tr(Q1Q2Q3) , Tr(Q̃3Q̃2Q̃1) , (5.73)

where Tr(ΦQQ̃) represents the only operator in the chiral ring of the form ΦQQ̃, since all of the

operators of this form are equal in the chiral ring due to the F-terms relations, more precisely

we can write this operator as

Tr(ΦQQ̃) =
3∑
i=1

Tr(ΦiQiQ̃i + ΦiQi+1Q̃i+1) , (5.74)

This is the operator which drives the so-called β-deformation, which exists in all SCFTs on

D3-branes at toric Calabi–Yau singularities [273].

Turining on the operators in (5.73), the global symmetry (5.72) is broken to U(1)2baryonic ×
U(1)R0 . The rank of the global symmetry decreases by 2 units. This implies that there are

6− 2 = 4 directions in the full N = 1 conformal manifold, which is thus 7-dimensional.

One submanifold which is useful for us has a special point where the S3 exchange symmetry

of the 3 nodes is preserved. Such submanifold has superpotential

WN=1
necklace = λ

3∑
i=1

Tr(Φi(e
iβQiQ̃i − e−iβQi+1Q̃i+1))

+ η1

3∑
i=1

Tr(Φ3
i ) + η2(Tr(Q1Q2Q3) + Tr(Q̃3Q̃2Q̃1)) . (5.75)

This is a 3-dimensional manifold parameterized by the gauge coupling, λ, β (in terms of which

the couplings η1 and η2 are set). In particular, we observe that the point β = π is invariant

under the S3 exchange symmetry of the three gauge nodes. The superpotential (5.75) will

also be useful when compactifying to 3d because the last two terms force the R-charges of the

elementary fields to be 2
3
also in 3d, which as we have seen in the previous subsection is crucial

for our analysis.
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Construction via N = 1 gauging of the D2(SU(6n+ 3)) theory

We claim that we can construct an N = 1 theory that flows to point on the direction of the

conformal manifold of the N = 2 necklace quiver theory corresponding to the β-deformation

by taking one copy of the D2(SU(6n+ 3)) theory and gauging its SU(2n+ 1)3 subgroup. The

symbolic quiver representing this theory is as follows:

D2(SU(6n+ 3))

2n+ 12n+ 1

2n+ 1

W = Flip[s1; s2]

(5.76)

The moment map µ in the adjoint representation of the SU(6n + 3) flavor symmetry de-

composes under the SU(2n+ 1)3 × U(1)2 subgroup as

adj[µ] → 2× (1,1,1)
(0,0)
[s1,s2]

⊕ (adj,1,1)
(0,0)
[Φ1]
⊕ (1, adj,1)

(0,0)
[Φ2]
⊕ (1,1, adj)

(0,0)
[Φ3]

⊕ (2n+ 1,1,2n+ 1)
(0,−1)
[Q1]

⊕ (2n+ 1,1,2n+ 1)
(0,1)

[Q̃1]
⊕ (2n+ 1,2n+ 1,1)

(−1,0)
[Q2]

⊕ (2n+ 1,2n+ 1,1)
(1,0)

[Q̃2]
⊕ (1,2n+ 1,2n+ 1)

(1,−1)
[Q3]

⊕ (1,2n+ 1,2n+ 1)
(−1,1)

[Q̃3]
, (5.77)

where the superscripts are the U(1)2 charges while the subscripts indicate the field in the N = 2

necklace quiver to which each state corresponds. Hence, the intuition from the 3d perspective

is that after applying the S-confining duality µ will decompose into the three adjoint chirals

and the three pairs of bifundamental chirals that form the necklace quiver. Notice that µ also

supplements two extra singlets that we will need to flip in order to get the N = 2 theory and

we will see momentarily that this is further justified by the fact that if we don’t do so they

would give a decoupled free sector.

We claim that the theory (5.76) with superpotential W = Flip[s1; s2] flows to a point on

the conformal manifold of the N = 2 necklace quiver that sits on the β-deformation line. If we

want instead to go to a more generic point of the conformal manifold corresponding to (5.75),

then the superpotential is (the name of the fields are the ones appearing in the decomposition

of the moment map (5.77))

W = λ̂
3∑
i=1

Tr(Φi(e
iβ̂QiQ̃i − e−iβ̂Qi+1Q̃i+1)) + η̂1

3∑
i=1

Tr(Φ3
i )

+ η̂2(Tr(Q1Q2Q3) + Tr(Q̃3Q̃2Q̃1)) + Flip[s1; s2] . (5.78)

Let us analyze this N = 1 model more in details. First of all, it naively has three abelian

symmetries, where two of them come from the decomposition SU(6n+3)→ SU(2n+1)3×U(1)2,
while the third U(1)F is the commutant of the N = 1 U(1)R0 R-symmetry inside the N = 2

SU(2)R × U(1)r R-symmetry

R0 =
1

3
r +

4

3
I3 , F = −r + 2I3 , (5.79)
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where R0, F and r are the generators of U(1)R0 , U(1)F and U(1)r respectively, while I3 is

the generator of the Cartan of SU(2)R. We use here the usual parametrization where for a

hypermultiplet scalar r = 0 and I3 =
1
2
while for a gaugino r = 1 and I3 = 0. Nevertheless, the

U(1)F symmetry is anomalous and so the actual symmetry of the model is only U(1)2.

We also observe that the N = 1 theory has an S3 symmetry that comes from the Weyl group

of the original SU(6n+ 3) symmetry which is not part of the Weyl of the gauged SU(3n+ 1)3

symmetry and which acts by permuting these three factors. These considerations about the

continuous and discrete global symmetries of the model, remembering our observation below

(5.75), suggest that the particular point of the conformal manifold of the 4d N = 2 necklace

theory to which the N = 1 theory in (5.76) with only the flipping superpotential flows is the

one with β = π. At this point indeed the theory has N = 1 supersymmetry, U(1)2 continuous

symmetry and S3 discrete symmetry.

In order to that the U(1)F symmetry is anomalous, we first define the trial U(1)Rtrial
R-

symmetry obtained by mixing U(1)R0 with U(1)F

Rtrial = R0 + ϵ F . (5.80)

Notice that we didn’t consider a mixing with the other U(1)2 symmetries. This is because

they come from the non-abelian symmetry SU(6n+ 3) of the D2(SU(6 + 3)) symmetry whose

cubic anomaly vanishes, and so all anomalies that do not involve these U(1)2 symmetries

quadratically vanish implying that any mixing coefficient with them would be set to zero by

the a-maximization. Then we want to compute its ABJ anomaly

TrRtrialSU(2n+ 1)2 = 2n+ 1 + TrRtrialSU(2n+ 1)2
∣∣∣
D2(SU(6n+3))

, (5.81)

where the first part is the contribution of the gauginos while the second part is the contribution

of the D2(SU(6n+ 3)) theory. The latter can be obtained as follows:

TrRtrialSU(2n+ 1)2
∣∣∣
D2(SU(6n+3))

=

(
1

3
− ϵ
)
Tr rSU(6n+ 3)2

∣∣∣
D2(SU(6n+3))

+

(
4

3
+ 2ϵ

)
Tr I3SU(6n+ 3)2

∣∣∣
D2(SU(6n+3))

= −
(
1

3
− ϵ
)
k
SU(6n+3)
4d

2
= −

(
1

3
− ϵ
)

6n+ 3

2
, (5.82)

where we used that the embedding index fo SU(2n + 1) inside SU(6n + 3) is trivial and that

for a 4d N = 2 SCFT

Tr rF 2 = −k
F
4d

2
, Tr I3F

2 = 0 , (5.83)

with kF4d is the flavor symmetry central charge, which for the SU(N) symmetry of a Dp(SU(N))

theory is [276]

k
SU(N)
4d = 2N − 2N

p
. (5.84)

Overall, we then find the ABJ anomaly

TrRtrialSU(2n+ 1)2 = 2n+ 1−
(
1

3
− ϵ
)

6n+ 3

2
(5.85)
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and requiring that it vanishes fixes

ϵ = −1

3
. (5.86)

As we mentioned before the other U(1)2 symmetries cannot mix with the R-symmetry,

so the previous computation determines what will be the superconformal R-symmetry of the

theory

Rs.c. = R0 −
1

3
F =

2

3
(r + I3) . (5.87)

Notice in particular that this gives the R-charge 2
3
to the moment map µ, which is necessary

to connect with the N = 2 necklace theory where as we commented above the components of

µ are associated to the fields Φi, Qi and Q̃i. On the other hand, we see that the two singlets

in the decomposition (5.77) are gauge invariants with the free R-charge and so they should be

flipped.

We now want to compute the a and c central charges and check that they match those of

the N = 2 necklace theory. For this, we first compute

TrRs.c. = 3× 4n(n+ 1) + 2

(
4

3
− 1

)
+

2

3
Tr r

∣∣∣
D2(SU(6n+3))

= −2 (5.88)

where the first term is the contribution of the gauginos, the second one is from the flipper fields

and the last term is the contribution of D2(SU(6n+ 3)) which was computed using [162, 207,

277]

Tr r
∣∣∣
D2(SU(6n+3))

= 48
(
aD2(SU(6n+3)) − cD2(SU(6n+3))

)
= −2

(
9n2 + 9n+ 2

)
. (5.89)

We then compute

TrR3
s.c. = 3× 4n(n+ 1) + 2

(
4

3
− 1

)3

+
8

9
Tr rI23

∣∣∣
D2(SU(6n+3))

+
8

27
Tr r3

∣∣∣
D2(SU(6n+3))

=
2

9

(
48n2 + 48n− 1

)
, (5.90)

where we used that

Tr rI23

∣∣∣
D2(SU(6n+3))

= 4aD2(SU(6n+3)) − 2cD2(SU(6n+3)) =
1

2

(
9n2 + 9n+ 2

)
,

Tr r3
∣∣∣
D2(SU(6n+3))

= 48
(
aD2(SU(6n+3)) − cD2(SU(6n+3))

)
= −2

(
9n2 + 9n+ 2

)
. (5.91)

We finally find the conformal a and c central charges (2.77)-(2.78)

a =
3

32

(
3TrR3

s.c. − TrRs.c.

)
= 3n2 + 3n+

1

8
,

c =
1

32

(
9TrR3

s.c. − 5TrRs.c.

)
= 3n2 + 3n+

1

4
, (5.92)

which precisely coincide with those of the N = 2 necklace quiver theory

a =
5nv + nh

24
= 3n2 + 3n+

1

8
,

c =
2nv + nh

12
= 3n2 + 3n+

1

4
, (5.93)

where nv = 12n(n + 1) is the number of N = 2 vectors and nh = 3(2n + 1)2 is the number of

hypers.
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Reduction to 3d

Now we want to reduce the theory (5.76) with superpotential (5.78) to 3d. Using once again the

Lagrangian theory corresponding to the circle reduction of D2(SU(6n+3)) we get the following

quiver:

3n+ 1

2n+ 12n+ 1

2n+ 1

q1

q̃1
q2

q̃2

q3 q̃3

a

W =
3∑
i=1

Tr((qiq̃i)
3) + (Tr([q3q̃1][q1q̃2][q2q̃3]) + Tr([q̃3q1][q̃1q2][q̃2q3]))

+Flip[Tr(q1q̃1); Tr(q2q̃2)] + a

3∑
i=1

qiq̃i +M+ +M−

(5.94)

Now we can apply the S-confining duality U (3d)
1 [n] of Section 5.2.1 to the central U(3n+1) node

to obtain

2n+ 12n+ 1

2n+ 1

Q̃1Q1

Q̃2

Q2

Q̃3 Q3

Φ1Φ2

Φ3

W =
3∑
i=1

Tr(Φi(e
iβ̂QiQ̃i − e−iβ̂Qi+1Q̃i+1))

+
3∑
i=1

Tr(Φ3
i ) + (Tr(Q1Q2Q3) + Tr(Q̃3Q̃2Q̃1))

(5.95)

It corresponds precisely to the 3d reduction of the 4d necklace quiver (5.70) on a generic point

of its conformal manifold which sustains our proposed 4d duality.

Superconfomal index

We can perform a further check of our claim that the N = 1 gauging of the SU(2n + 1)3

subgroup of one copy of D2(SU(6n+ 3)) flows to a direction of the conformal manifold of the

N = 2 necklace quiver theory that preserves a U(1)2 flavor symmetry. This was also done in

[213] for their N = 4 example and it consists of matching a limit of the superconformal index.

We reviewed more in details our conventions for the 4d superconformal index in Section 2.10,

while here we only use some specific facts that are useful for our analysis.
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The superconformal index of a 4d N = 1 theory is defined as

IN=1 = Trδ=0(−1)F
(
p

q

)j1
(p q)j2+

R
2

∏
i

fTii , (5.96)

where δ = 2j2 +
3
2
R, R is the generator of the IR superconformal R-symmetry and fi, Ti

are fugacities and generators for additional global symmetries of the theory. As we have seen

previously, for our N = 1 model the superconformal R-symmetry is given by R = R0+ ϵF with

ϵ = −1
3
and the global symmetry is U(1)2, so we can write

IN=1 = Trδ=0(−1)F
(
p

q

)j1
(p q)j2+

R0
2
+ ϵF

2

2∏
i=1

fTii . (5.97)

Instead, the superconformal index of a 4d N = 2 theory is defined as

IN=2 = Trδ=0(−1)F
(
p

q

)j1
(p q)j2+

r
2 tI3−

r
2

∏
i

fTii , (5.98)

where now δ = 2j2 + 2I3 +
r
2
and we have one additional fugacity t due to the fact that the

R-symmetry is larger. Remembering (5.79), we can rewrite this as

IN=2 = Trδ=0(−1)F
(
p

q

)j1
(p q)j2+

R0
2
−F

3 t
F
2

∏
i

fTii . (5.99)

As we have seen above, when we perform the N = 1 gauging of the N = 2 D2(SU(6n + 3))

theory one combination of U(1)R0 and U(1)F is broken by the ABJ anomaly. At the level of the

index this means that we should lose one fugacity and indeed we can go from (5.99) to (5.97)

by setting t = (p q)
2
3
+ϵ = (p q)

1
3 .

The above considerations lead us to write the index of the N = 1 gauging of the SU(2n+1)3

subgroup of one copy of D2(SU(6n+ 3)) as

IN=1(f1, f2, p, q) =
(
IN=1
chir

(
(p q)

2
3 ; p, q

))2 1

(2n+ 1)!3

∮ [ 3∏
a=1

(
2n+1∏
i=1

dz
(a)
i

2πiz
(a)
i

)
IN=1
vec

(
z⃗(a); p, q

)]
× ID2(SU(6n+3))

(
z⃗(1), z⃗(2), z⃗(3), f1, f2; p, q, t = (p q)

1
3

)
. (5.100)

The first factor is the contribution of the flipper fields, which is written in terms of the index

of a chiral multiplet with R-charge ∆

IN=1
chir

(
(p q)

∆
2 x; p, q

)
= PE

[
(p q)

∆
2 x− (p q)

2−∆
2 x−1

(1− p)(1− q)

]
. (5.101)

The integral is over the Cartan of the gauge group SU(2n + 1)3, where the fugacities satisfy∏
i z

(a)
i = 1. The contribution of an N = 1 vector multiplet is

IN=1
vec (z⃗; p, q) = PE

[
2p q − p− q
(1− p)(1− q)

χ
SU(2n+1)
adj (z⃗)

]
, (5.102)
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where χ
SU(2k+1)
adj (u⃗) is the character of the adjoint representation of SU(2k + 1), which in the

following we are going to parametrize as

χ
SU(2n+1)
adj (z⃗) =

2n+1∑
i,j=1

zi
zj
− 1 . (5.103)

Finally, ID2(SU(6n+3)) is the N = 2 index of the D2(SU(6n+3)) theory, where the fugacities for

its SU(6n+3) haven been decomposed in terms of those of the SU(2n+1)3×U(1)2 subgroup.
The D2(SU(6n+3)) theory is non-Lagrangian and so its full index is in general not known.

The only case for which it is known is for the D2(SU(3)) = (A1, D4) theory, for which one

can compute it using the N = 1 Lagrangians of [203–205, 211]. This corresponds to the case

n = 1 which is degenarate since the N = 2 necklace quiver doesn’t have any gauge symmetry

and only consists of 3 free hypers or 6 free chirals. In particular, since there is no gauge

symmetry there is no reason to impose the constraint on the fugacities t = (p q)
1
3 due to the

ABJ anomaly. Nevertheless, we curiously observe that the index of the D2(SU(3)) theory

computed in eq. (5.12) of [205] still reduces to the index of eight chirals of R-charge 2
3
after

the specialization t = (p q)
1
3 , where the two extra chirals are removed once we add the flipper

fields.

For the general n case, we can still match a particular limit of the full index. Indeed, there

is a famous limit of the N = 2 index known as the Schur limit [278] which is known for a

generic D2(SU(2k + 1)) theory [276, 279]

ID2(SU(2k+1))(u⃗; p, q, t = q) = PE

[
q

1− q2
χ
SU(2k+1)
adj (u⃗)

]
, (5.104)

with
∏

i ui = 1. Hence, in our case we have

ID2(SU(6n+3))

(
z⃗(1), z⃗(2), z⃗(3), f1, f2; p, q, t = q

)
= PE

[
q

1− q2
χ
SU(6n+3)
adj

(
z⃗(1), z⃗(2), z⃗(3), f1, f2

)]
,

(5.105)

where we decompose the character of the adjoint representation of SU(6n+3) according to the

branching rule (5.77)

χ
SU(6n+3)
adj

(
z⃗(1), z⃗(2), z⃗(3), f1, f2

)
= 2 +

3∑
a=1

χ
SU(2n+1)
adj

(
z⃗(a)
)

+ f−1
2 χ

SU(2n+1)
fund

(
z(1)
)
χ
SU(2n+1)

fund

(
z(3)
)
+ f2χ

SU(2n+1)

fund

(
z(1)
)
χ
SU(2n+1)
fund

(
z(3)
)

+ f−1
1 χ

SU(2n+1)

fund

(
z(1)
)
χ
SU(2n+1)
fund

(
z(2)
)
+ f1χ

SU(2n+1)
fund

(
z(1)
)
χ
SU(2n+1)

fund

(
z(2)
)

+
f1
f2
χ
SU(2n+1)

fund

(
z(2)
)
χ
SU(2n+1)
fund

(
z(3)
)
+
f2
f1
χ
SU(2n+1)
fund

(
z(2)
)
χ
SU(2n+1)

fund

(
z(3)
)
. (5.106)

This means that we can study the limit of the index of the N = 1 theory in which q = t =

(p q)
1
3 , that is p = q2. First of all, in this limit the contribution of the flipper fields becomes(

IN=1
chir

(
(p q)

2
3 ; p, q

))2∣∣∣∣
p=q2

= PE

[
− 2q

1− q2

]
(5.107)

and so it simplifies against that of the first two singlets in (5.106), as expected since their

purpose was to remove this decoupled free sector from the theory. Instead, the remaining
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contribution of the D2(SU(6n+3)) theory in (5.105) becomes equivalent to the index of chiral

multiplets in the representations appearing in (5.106) except the singlets and with R-charge 2
3
.

This is because the index of a chiral of R-charge 2
3
in the limit p = q2 is (remember (5.101))

IN=1
chir

(
(p q)

1
3 ; p, q

)∣∣∣
p=q2

= PE

[
q

1− q2

]
. (5.108)

Hence, we end up precisely with the index of the N = 2 necklace quiver theory in the limit

p = q2

IN=1

(
f1, f2, p = q2, q

)
=

1

(2n+ 1)!3

∮ [ 3∏
a=1

(
2n+1∏
i=1

dz
(a)
i

2πiz
(a)
i

)
IN=1
vec

(
z⃗(a); p = q2, q

)]

× 1(
IN=1
chir

(
(p q)

1
3 ; p = q2, q

))3 3∏
a=1

2n+1∏
i,j=1

IN=1
chir

(
(p q)

1
3
z
(a)
i

z
(a)
j

; p = q2, q

)

×
2n+1∏
i,j=1

IN=1
chir

(
(p q)

1
3f−1

2

z
(1)
i

z
(3)
j

; p = q2, q

)
IN=1
chir

(
(p q)

1
3f2

z
(3)
i

z
(1)
j

; p = q2, q

)

×
2n+1∏
i,j=1

IN=1
chir

(
(p q)

1
3f−1

1

z
(2)
i

z
(1)
j

; p = q2, q

)
IN=1
chir

(
(p q)

1
3f1

z
(1)
i

z
(2)
j

; p = q2, q

)

×
2n+1∏
i,j=1

IN=1
chir

(
(p q)

1
3
f1
f2

z
(3)
i

z
(2)
j

; p = q2, q

)
IN=1
chir

(
(p q)

1
3
f2
f1

z
(2)
i

z
(3)
j

; p = q2, q

)
= Inecklace(f1, f2, p = q2, q) . (5.109)

5.5 Outlook

In this chapter, we have proposed new S-confining theories both in 3d and 4d. We have then

used these results to explain and generalize the SUSY enhancement appearing in [213]. The 3d

perspective also suggests that many examples of 4d susy enhancements can be produced in a

similar way that we did. Essentially by replacing the chiral fields of a 4d N = 2 theory by one

or multiple copies of D2(SU(odd)) theories of which (part of) the global symmetry is gauged

in an N = 1 fashion. It would be nice to work out other examples in details.
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Appendix A

Superpotential of Section 3.2.1 in

frame Tk

In this appendix, we will obtain the form of the USp(2N) with one antisymmetric and 6 fun-

damentals, studied in Section3.2.1, after k iterations of deconfinement/confinement. What is

complicated is to keep track of the superpotential terms. We will do it in several steps. The

key ingredient is to follow terms with the field Op because we know how they start to appear.

For example, when we go from the frame T0′ to the frame T1, the confining Pfaffian super-

potential has created 2 terms containing the field O1: ε2N−2 ε5
[
AN−2

1 Q2
1M1O1 + AN−3

1 Q4
1O1

]
.

But it is true more generally, when we go from the frame T(p−1)′ to Tp the confining Pfaffian

superpotential creates 2 terms with the field Op: ε2N−2p ε5
[
AN−p−1
p Q2

pMpOp + AN−p−2
p Q4

pOp

]
.

So let us call Θ(p) all the terms containing Op. As a first step, we need to understand what

is Θ(p) in a frame Tk. Let us see how it is working for Θ(1). In other words, we have to study

the evolution of the two terms in T1.
• ε2N−2 ε5

[
AN−2

1 Q2
1M1O1

]
: It is easy to follow the evolution of this term. Indeed after 1

iteration it gives

In T2 : ε2N−4 ε5
[
((((((((
AN−2

2 M2M1O1 + AN−3
2 Q2

2M1O1

]
The first term is killed by the chiral ring stability argument near (3.5). To get the second,

one power of the antisymmetric A1 has been used with Q2
1 to produce Q2

2. We can repeat this

k-times and we get

In Tk : ε2N−2k ε5
[
AN−k−1
k Q2

kM1O1

]
• ε2N−2 ε5

[
AN−3

1 Q4
1O1

]
: this term is trickier to keep track. After 1 iteration it produces

In T2 : ε2N−6 ε5

[
�������
AN−3

2 M2
2O1 + AN−4

2 Q2
2M2O1

⋆1

+ AN−5
2 Q4

2O1
⋆2

]
Once again the first term vanishes due to chiral ring stability. The term ⋆1 has been obtained

by using one power of A1 in combination with Q2
1 to produce Q2

2 and Q2
1 produces M2. It is of

the same kind as the one previously studied. Therefore ⋆1 produces in Tk

In Tk : ε2N−2k−2 ε5
[
AN−k−2
k Q2

kM2O1

]
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The term ⋆2 has been produced by using two powers of A1 with Q4
1 to get Q4

2. It will once

again produce 3 terms in T3: 1 killed by chiral ring stability, 1 with Q2
3 and one less power of

the antisymmetric and 1 with Q4
3 and two less power of the antisymmetric.

Therefore in Tk, ⋆2 produces a sum of terms with Q2
k and only one term with Q4

k. The first

term in the sum is: ε2N−2k−4 ε5
[
AN−k−3
k Q2

kM3O1

]
and the last one is:

ε2N−4k+2 ε5
[
AN−2k
k Q2

kMkO1

]
and there are all the terms in between. The term with Q4

k is given

by: ε2N−4k+2 ε5
[
AN−2k−1
k Q4

kO1

]
. So the term ⋆2 produces

In Tk : ε2N−4k+2 ε5
[
AN−2k−1
k Q4

kO1

]
+

k∑
i=3

ε2N−2k−2i+2 ε5
[
AN−k−i
k Q2

kMiO1

]
The last result is valid until N−2k−1 ≥ 0, which correspond to the power of the antisymmetric

field in the term with Q4
k. Since k should be an integer, it should satisfy: k ≤ ⌊N−1

2
⌋.

To summarize: Θ(1) in the frame Tk with 1 ≤ k ≤ ⌊N−1
2
⌋ is given by

Θ(1) = ε2N−4k+2 ε5
[
AN−2k−1
k Q4

kO1

]
+

k∑
i=1

ε2N−2k−2i+2 ε5
[
AN−k−i
k Q2

kMiO1

]
Applying the same reasoning, it is not complicated to get the expression for the generic case:

Θ(p) in the frame Tk with p ≤ k ≤ k
(p)
max ≡ ⌊N+p−2

2
⌋ is

Θ(p) = ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

]
+

k∑
i=p

ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

]
(A.1)

The value of k
(p)
max is obtained by requiring that the power of Ak, in the term with Q4

k, is positive.

This finishes the first step.

The second step is to determine the evolution of Θ(p) from Tk(p)max
to the end TN−1 and in a

general frame in between. It will be useful to distinguish when the combination that enters in

k
(p)
max: N + p− 2 is even or odd.

• ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

]
:

1. Case: N + p− 2 even: k
(p)
max =

N+p−2
2

In T
k
(p)
max

: ε5

[
Q4

k
(p)
max

Op

]
In T

k
(p)
max+1+t

: ε5

[
M2

k
(p)
max+1

Op

]
t ≥ 0 (A.2)

2. Case: N + p− 2 odd: k
(p)
max =

N+p−3
2

In T
k
(p)
max

: ε2 ε5

[
A
k
(p)
max

Q4

k
(p)
max

Op

]
In T

k
(p)
max+1

: ε5

[
M

k
(p)
max+1

Q2

k
(p)
max+1

Op

]
(A.3)

In T
k
(p)
max+2+t

: ε5

[
M

k
(p)
max+1

M
k
(p)
max+2

Op

]
t ≥ 0 (A.4)

•
∑k

i=p ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

]
:
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1. Case: N + p− 2 even: k
(p)
max =

N+p−2
2

In T
k
(p)
max

:

k
(p)
max∑
i=p

ε
2k

(p)
max+4−2i

ε5

[
Ak

(p)
max+1−i
k
(p)
max

Q2

k
(p)
max

MiOp

]

In T
k
(p)
max+1

:

k
(p)
max∑
i=p

ε
2k

(p)
max+2−2i

ε5

[
Ak

(p)
max−i
k
(p)
max+1

Q2

k
(p)
max+1

MiOp

]

In T
k
(p)
max+2

: ε5

[
M

k
(p)
max

M
k
(p)
max+2

Op

]
+

k
(p)
max−1∑
i=p

ε
2k

(p)
max−2i

ε5

[
Ak

(p)
max−1−i
k
(p)
max+2

Q2

k
(p)
max+2

MiOp

]
...

In T
k
(p)
max+1+t

:
t∑
i=1

ε5

[
M

k
(p)
max+1−iMk

(p)
max+1+i

Op

]
t = 0, . . . , k(p)max − p

+

k
(p)
max−t∑
i=p

ε
2k

(p)
max+2−2i−2t

ε5

[
Ak

(p)
max−t−i
k
(p)
max+1+t

Q2

k
(p)
max+1+t

MiOp

]
(A.5)

Notice that 2k
(p)
max + 1− p = N − 1. So we have the expression up to the end.

2. Case: N + p− 2 odd: k
(p)
max =

N+p−3
2

In T
k
(p)
max

:

k
(p)
max∑
i=p

ε
2k

(p)
max+6−2i

ε5

[
Ak

(p)
max+2−i
k
(p)
max

Q2

k
(p)
max

MiOp

]

In T
k
(p)
max+1

:

k
(p)
max∑
i=p

ε
2k

(p)
max+4−2i

ε5

[
Ak

(p)
max+1−i
k
(p)
max+1

Q2

k
(p)
max+1

MiOp

]
(A.6)

In T
k
(p)
max+2

:

k
(p)
max∑
i=p

ε
2k

(p)
max+2−2i

ε5

[
Ak

(p)
max−i
k
(p)
max+2

Q2

k
(p)
max+2

MiOp

]

In T
k
(p)
max+3

: ε5

[
M

k
(p)
max

M
k
(p)
max+3

Op

]
+

k
(p)
max−1∑
i=p

ε
2k

(p)
max−2i

ε5

[
Ak

(p)
max−1−i
k
(p)
max+3

Q2

k
(p)
max+3

MiOp

]
...

In T
k
(p)
max+2+t

:
t∑
i=1

ε5

[
M

k
(p)
max+1−iMk

(p)
max+2+i

Op

]
t = 0, . . . , k(p)max − p

+

k
(p)
max−t∑
i=p

ε
2k

(p)
max+2−2i−2t

ε5

[
Ak

(p)
max−t−i
k
(p)
max+2+t

Q2

k
(p)
max+2+t

MiOp

]
(A.7)

Once again 2k
(p)
max + 2− p = N − 1. So we have the expression up to the end.

This finishes the second step. The third and last step is to combine all the previous ingredients

to write the superpotential in a generic frame. So let us fix k (1 ≤ k ≤ N − 1) we want the

superpotential in Tk. As we said it contains terms with Op with 1 ≤ p ≤ k. Also, depending on
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p, there are two kinds of terms depending on whether k
(p)
max is greater or smaller than k. The

terms with M2Op&Q2
k as in (A.5)-(A.7) that we call terms A and the terms with Q4

k&Q2
k as

in (A.1) that we call terms B. Let us call p⋆, the precise p that is at the junction between the

terms A and B. It is given by

N + p⋆ − 2

2
!
= k ⇒ p⋆ = 2k + 2−N (A.8)

Therefore obviously k
(p⋆)
max = k. Then for p ≥ p⋆: k

(p)
max = ⌊N+p−2

2
⌋ ≥ k and for p < p⋆: k

(p)
max < k

which is what we wanted. To recap, for 1 ≤ p ≤ p⋆− 1 we have terms A and for p⋆ ≤ p ≤ k we

have terms B. So the superpotential takes the following form

Wk = H(−p⋆)
k∑
p=1

Θ(p)︸ ︷︷ ︸
B

+H(p⋆ − ε)


p⋆−1∑
p=1

Θ(p)︸ ︷︷ ︸
A

+
k∑

p=p⋆

Θ(p)︸ ︷︷ ︸
B

 (A.9)

We have included the Heavyside step function: H(x) =

1 if x ≥ 0

0 if x < 0
to treat also the case

p⋆ ≤ 0. ε is a small positive quantity (≪ 1) to avoid double counting in the case p⋆ = 0. Now

let us look in turn at terms A and B.

Terms B: By definition they satisfy p ≤ k ≤ k
(p)
max ∀p ∈B≡ ∀p ≥ p⋆. In this case it is easy

and Θ(p) is given by (A.1).

Terms A: By definition we have k > k
(p)
max ∀p ∈A≡ ∀p < p⋆. It is more complicated in this

case. The first thing to notice is that N + p⋆ − 2 (= 2k) is necessarily even. Equivalently we

can say that p⋆ has the same parity has N .

For p = p⋆ − 1 : k
(p⋆−1)
max = ⌊N+p⋆−2−1

2
⌋ = ⌊k + −1

2
⌋ = k − 1. So in the frame Tk we are 1 frame

above k
(p⋆−1)
max . In addition N +(p⋆− 1)− 2 is odd therefore we are in the situation of (A.3) and

(A.6). Conclusion Θ(p⋆−1) is given by

Θ(p⋆−1) = ε5
[
MkQ

2
kOp⋆−1

]
+

k−1∑
i=p⋆−1

ε2k+2−2i ε5
[
Ak−ik Q2

kMiOp⋆−1

]
(A.10)

Then we go on. For p = p⋆ − 1 − t : k(p⋆−1−t)
max = k + ⌊−1−t

2
⌋ and t = 1, . . . , p⋆ − 2. In addition

N + (p⋆ − 1− t)− 2 has the opposite parity of t. therefore to continue and use our (A.5) and

(A.7) we should separate between the odd and even value of t. That is, we rewrite the sum A

as
p⋆−1∑
p=1

Θ(p) = Θ(p⋆−1) +

tmax
odd∑′

todd=1

Θ(p⋆−1−todd)︸ ︷︷ ︸
Even parity

+

tmax
even∑′

teven=2

Θ(p⋆−1−teven)︸ ︷︷ ︸
Odd parity

(A.11)

Where the “
∑′

” means tmin, tmin + 2, tmin + 4, . . . It is not complicated to get the expression

for tmaxodd and tmaxeven. They are given by tmaxodd = 2⌈p⋆
2
⌉ − 3 and tmaxeven = 2⌊p⋆

2
⌋ − 2.
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Now Θ(p⋆−1−todd) in Tk is given by (A.2) and (A.5). To use these formulas we need to do the

following translation: k
!
= k

(p⋆−1−todd)
max + 1 + t = k − 1+todd

2
+ 1 + t ⇒ t = 1+todd

2
− 1. Also

kp⋆−1−todd
max − t = k + 1− (1 + todd) = k − todd. So

Θ(p⋆−1−todd) =

1+todd
2

−1∑
i=0

ε5

[
M

k− 1+todd
2

+1−iMk− 1+todd
2

+1+i
Op⋆−1−todd

]
+

k−todd∑
i=p⋆−1−todd

ε2k+2−2i−2todd ε5

[
Ak−todd−ik Q2

kMiOp⋆−1−todd

]
(A.12)

Similarly, Θ(p⋆−1−teven) in Tk is found using (A.4) and (A.7). Once again to use the formula

we need to impose : k
!
= k

(p⋆−1−teven)
max + 2 + t = k − teven

2
+ 1 + t ⇒ t = teven

2
− 1. Also

kp⋆−1−teven
max − t = k − teven. So

Θ(p⋆−1−teven) =

teven
2

−1∑
i=0

ε5

[
Mk− teven

2
−iMk− teven

2
+1+iOp⋆−1−teven

]
+

k−teven∑
i=p⋆−1−teven

ε2k+2−2i−2teven ε5
[
Ak−teven−ik Q2

kMiOp⋆−1−teven
]

(A.13)

Combining all results, the superpotential in Tk is

Wk = H(−p⋆)
k∑
p=1

(
k∑
i=p

ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

]
+ ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

])
+H(p⋆ − ε)

k∑
p=p⋆

(
ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

]
+

k∑
i=p

ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

])

+H(p⋆ − 1− ε)

(
ε5
[
MkQ

2
kOp⋆−1

]
+

k−1∑
i=p⋆−1

ε2k+2−2i ε5
[
Ak−ik Q2

kMiOp⋆−1

])

+H(p⋆ − 2− ε)
2⌈ p⋆

2
⌉−3∑′

todd=1

 1+todd
2

−1∑
i=0

ε5

[
M

k− 1+todd
2

+1−iMk− 1+todd
2

+1+i
Op⋆−1−todd

]

+

k−todd∑
i=p⋆−1−todd

ε2k+2−2i−2todd ε5

[
Ak−todd−ik Q2

kMiOp⋆−1−todd

])

+H(p⋆ − 3− ε)
2⌊ p⋆

2
⌋−2∑′

teven=2

 teven
2

−1∑
i=0

ε5

[
Mk− teven

2
−iMk− teven

2
+1+iOp⋆−1−teven

]

+
k−teven∑

i=p⋆−1−teven

ε2k+2−2i−2teven ε5
[
Ak−teven−ik Q2

kMiOp⋆−1−teven
])

(A.14)

By renaming indices it is possible to write Wk as
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Wk = H(−p⋆)
k∑
p=1

(
k∑
i=p

ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

]
+ ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

])
+H(p⋆ − ε)

k∑
p=p⋆

(
ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

]
+

k∑
i=p

ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

])

+H(p⋆ − 1− ε)

(
ε5
[
MkQ

2
kOp⋆−1

]
+

k−1∑
i=p⋆−1

ε2k+2−2i ε5
[
Ak−ik Q2

kMiOp⋆−1

])

+H(p⋆ − 2− ε)
2k−N∑′

l=N−2⌈N
2
⌉+2

N+l−k∑
j=N+l

2

ε5 [MjMN+l−jOl]
⋆1

+
N+l−k−1∑

i=l

ε2N+2l−2i−2k ε5
[
AN+l−i−k−1
k Q2

kMiOl

]
⋆1

)

+H(p⋆ − 3− ε)
2k−N−1∑′

m=N−2⌊N
2
⌋+1

N+m−k−1∑
j=N+m−1

2

ε5 [MjMN+m−jOm]
⋆2

+
N+m−k−1∑

i=m

ε2N+2m−2i−2k ε5
[
AN+m−k−i−1
k Q2

kMiOm

]
⋆2

)
(A.15)

Where we recall that “
∑′

” means lmin, lmin + 2, lmin + 4, . . . and similar for m.

We can do even better, ⋆1 + ⋆2 can combine together to give

2k−N∑
p=1

N+p−k−1∑
i=p

ε2N+2p−2i−2k ε5

[
AN+p−k−i−1
k Q2

kMiOp

]
Less obviously, ⋆1 + ⋆2 can be packaged together. To do so we notice

•
∑′2k−N

l=N−2⌈N
2
⌉+2

+
∑′2k−N−1

m=N−2⌊N
2
⌋+1

=
∑2k−N

p=1

• Mi,Mj and Op that enter in the sum satisfy i+ j − p = N

• In addition, the above i and j satisfy N + p− k ≤ i ≤ j ≤ k

• All terms satisfying the above 3 criteria are present in the sums

Therefore ⋆1 + ⋆2 can be written

2k−N∑
p=1

∑
N+p−k≤i≤j≤k

ε5 [MiMjOp] δi+j−p,N
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So the last version of the superpotential is

Wk = H(−p⋆)
k∑
p=1

(
k∑
i=p

ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

]
+ ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

])
+H(p⋆ − ε)

k∑
p=p⋆

(
ε2N−4k+2p ε5

[
AN−2k−2+p
k Q4

kOp

]
+

k∑
i=p

ε2N−2k−2i+2p ε5

[
AN−k−i−1+p
k Q2

kMiOp

])

+H(p⋆ − 1− ε)

(
ε5
[
MkQ

2
kOp⋆−1

]
+

k−1∑
i=p⋆−1

ε2k+2−2i ε5
[
Ak−ik Q2

kMiOp⋆−1

])

+H(p⋆ − 2− ε)
2k−N∑
p=1

(
N+p−k−1∑

i=p

ε2N+2p−2i−2k ε5

[
AN+p−k−i−1
k Q2

kMiOp

]
+

∑
N+p−k≤i≤j≤k

ε5 [MiMjOp] δi+j−p,N

)
(A.16)

with p⋆ = 2k + 2−N and H(x) =

1 if x ≥ 0

0 if x < 0

With Wk we can write the quiver of the theory in the frame Tk

Tk :

2N − 2k 5

1 1 . . . 1

Qk

Fk
O1 Ok

. . .

W =
N−k∑
i=2

Flip[(Aik)] +Wk

Ak
M1, . . . ,Mk

(A.17)

To finish, when k = N − 1 then p⋆ = N and it is easy to see that (A.17) becomes (3.10).
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Appendix B

R-charges and degenerate holomorphic

operator ambiguity in the generic

frame Tk of Section 3.3.2

We start by writing the R-charges of the fields in the generic frame Tk (3.104).

Fields R-charges in Tk
Vi 5− 2F + (N − 5

2
+ 3i

2
)RA + (2F − 1)RQ

Flipper[ViBi . . . Bk−1Qk] 2F − 4− (N − 2 + i)RA − (2F − 2)RQ

Flipper[Bi . . . Bk−1QkQkBk−1 . . . Bi] 2RQ + (i− 1)RA

Hi (N − i+ 1)RA

Rj 2F − 3− (N + 3j
2
− 1

2
)RA − (2F − 1)RQ

Bj
1
2
RA

Aj 2−RA

Ck 1− 1
2
RA

Qk 1 + 1
2
(1− k)RA

Qk+1 RQ + k
2
RA

Pk+1 2F − 4− (2N − 2 + k
2
)RA − (2F − 1)RQ

Φ RA

Table B.1: R-charges in the frame Tk with k = 1, . . . , N − 1, i = 1, . . . , k and j = 1, . . . , k − 1.

Now we want to find the degenerate operators that can couple to Hi, as we did in (3.83) in

the case of Usp(6). In order to so, we look at the R-charges of the operator ViBi . . . Bk−1CkPk+1

which is the natural candidate to be coupled to Hi. We find

R(ViBi . . . Bk−1CkPk+1) = 2− (N − i+ 1)RA (B.1)

The potential degenerate operators should be a singlet under the non-abelian global symmetry

and should have the same R-charges (B.1). We can build the degenerate operators from the

fields Va, Bb and Rc. Indeed, we start from Vm, then we put some Bb and end with Rn (n ≥ m)1.

1We cannot end with Vj+1 because the F-term equation of Rj sets the combination BjVj+1 to 0.
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The form of these operators is then: VmBm . . . Bn−1Rn. The number of fields B is n−m. The

R-charge is

RVm + (n−m)RBb
+RRn = 2− (2 + (n−m))RA (B.2)

If we compare with (B.1), we find the following condition

n−m = N − i− 1 (B.3)

with 1 ≤ m ≤ n ≤ k − 1, i = 1, . . . , k and k = 1, . . . , N − 1.

We can already make two remarks:

• For i = 1, the constraint becomes n−m = N −2 but the maximal value of n−m is k−2

and k satisfies k ≤ N − 1. We conclude that there is never a solution for i = 1. Therefore

there is never a degenerate operator associated to H1.

• If k = 1 then n and m don’t exist. Conclusion, in order to get degenerate operators we

should have N ≥ 3 which means that degenerate operators will pop up in frames with at

least 3 gauge groups (which correspond to k = 2).

We can ask the more precise question: What is the first frame, Tkmin
, when some operators

degenerate? In order to answer that we have to try to maximize the l.h.s of (B.3) and minimize

the r.h.s. Therefore it is enough to look at n = kmin − 1, m = 1 and i = kmin to determine

kmin (it could also have degenerate operators in Tkmin
not associated to n = kmin − 1, m = 1

and i = kmin). We obtain

kmin − 2 = N − kmin − 1 ⇒ kmin =

⌈
N + 1

2

⌉
(B.4)

So when we reach Tkmin
we start having this issue of degenerate operators.

Now let us solve (B.3) in the case k = N − 1. In this case, 1 ≤ m ≤ n ≤ N − 2

i = 2 : n = N +m− 3

∃ solution for m = 1

i = 3 : n = N +m− 4

∃ solution for m = 1, 2
...

i = N − 1: n = m

∃ solution for m = 1, . . . , N − 2

Conclusion, the degenerate operators (with respect to ViBi . . . BN−2CN−1FN) that potentially

coupled to Hi in TN−1 are:

H2 : V1B1 . . . BN−3RN−2 1 operator

H3 : V1B1 . . . BN−4RN−3, V2B2 . . . BN−3RN−2 2 operators
...

HN−1 : V1R1, V2R2, . . . , VN−2RN−2 N-2 operators
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Finally, we can study the final frame TDec. The R-charges are the following

Fields R-charges in TDec
vi 5− 2F + (N − 5

2
+ 3i

2
)RA + (2F − 1)RQ

Flipper[vibi . . . bN−1qN ] 2F − 4− (N − 2 + i)RA − (2F − 2)RQ

Flipper[bi . . . bN−1qNqNbN−1 . . . bi] 2RQ + (i− 1)RA

hj (N − i+ 1)RA

rj 2F − 3− (N + 3j
2
− 1

2
)RA − (2F − 1)RQ

bj
1
2
RA

aj 2−RA

qN 1−RQ − 1
2
(N − 1)RA

Table B.2: R-charges in TDec with i = 1, . . . , N and j = 1, . . . , N − 1.

Now using the previous result for TN−1, we can summarize all the candidates to be coupled

to hi in the final frame TDec
h1 : v1b1 . . . bN−2rN−1 No degenerate operator

h2 : v1b1 . . . bN−3rN−2, v2b2 . . . bN−2rN−1 2 operators

h3 : v1b1 . . . bN−4rN−3, v2b2 . . . bN−3rN−2, v3b3 . . . BN−2rN−1 3 operators
...

hN−1 : v1r1, v2r2, . . . , vN−2rN−2, vN−1rN−1 N-1 operators

Now the question is obvious, which operator is the correct one?

In the special case of F = 4, we could use the same argument that we used in Section 3.3.1. It

goes as follows. When we reach the frame Tkmin
some operators become degenerate. In order to

decide the correct operator, we start confining from the left (it is possible because in the case

of F = 4 the gauge group becomes Usp(2)). Then at some point we will discover that using

the F-term equation for H1 (which is never associated to a degenerate operator as we saw)

we can select the correct operator associated to some Ha (as in (3.85)). Then, the procedure

is iterative meaning that we should re-use our previous results for Ha and do more and more

reconfinement to select all the correct operators associated to the other Hb. All in all, we end

up in the frame TN−1 with the following superpotential term

δWN−1 = H1V1B1 . . . BN−2CN−1PN +
N−1∑
i=2

HiV1B1 . . . BN−1−iRN−i (B.5)

which becomes in the final frame TDec

δWDec =
N−1∑
i=1

hiv1b1 . . . bN−1−irN−i (B.6)

Unfortunately, in the case of F > 4 the previous argument fails because we cannot reconfine

from the left. In this case we can deconfine the antisymmetric field A1 but we didn’t manage

to find constraints and remove the degeneracy. Therefore, in this case the superpotential that

we wrote in (3.106) and (3.107) are ambiguous. We wrote them with the results (B.5), (B.6)

obtain in the case F = 4 but it is logically possible that they are wrong for F > 4.
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Appendix C

Matching of ’t Hooft anomaly matching

As explained in Section 2.4, ’t Hooft anomalies are invariant along the RG flow. Their matching

is therefore a good check of a duality statement. The formula used in this appendix have been

taken from Section 2.4 and Section 2.5.

C.1 Matching of ’t Hooft anomalies for the duality of

Section 4.3.2

In this appendix we present the matching of the t’Hooft anomalies for the duality (4.70) that

we report in C.1 for convenience. On both LHS and RHS of the duality, the theories have 4

U(1)’s global symmetries. The following charges assignments respect the constraints coming

from ABJ anomalies and the superpotential terms. The matching of the t’Hooft anomalies are

really non-trivial, especially the ones involving the U(1)’s symmetries, and relies on having the

correct set of flipper fields.

⋆1)

2

2

2N − 2 2N − 2

3 3

1 1

2m

W = 2Quartic + 3Triangles

+Flip[bb, cc̃, cbs̃, c̃bs, bsbs̃]

c c̃

o õ

s s̃

u ũ

n ñ

l

b

f

⋆2)

2

2

2N 2N3 3

1 1

2m

W = 3Triangles + Flip[ww]

+
N−1∑
i=o

Flip[q(pp)iq; q̃(pp)iq̃; q(pp)id; q̃(pp)id̃;

qp(pp)iq̃; qp(pp)id̃; q̃p(pp)id; dp(pp)id̃]

q̃ q

k k̃

t̃ t

d̃ d

p

w

f

(C.1)
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Fields LHS U(1)1 U(1)2 U(1)3 U(1)4

f 0 0 1
2m

0

s 0 1 −1
2

−1
2

s̃ 0 −1 −1
2

−1
2

b 0 0 0 1
2

u −1 −2 2N−1
4N

− 1
4N

ũ 1 2 2N−1
4N

− 1
4N

c −2
3

−1 −N−1
6N

−2N−1
6N

n −1
3

0 1
3
2N−5
4N

4N−5
12N

ñ 1
3

0 1
3
2N−5
4N

4N−5
12N

o 1 1 1
4N

1
4N

õ −1 −1 1
4N

1
4N

l 0 0 − 1
2N

− 1
2N

Table C.1: U(1)’s charges of the fields in LHS of (C.1).

Fields RHS U(1)1 U(1)2 U(1)3 U(1)4

f 0 0 1
2m

0

w 0 0 −1
2

0

t 0 −1 0 −1
2

t̃ 0 1 0 −1
2

d 1 2 − 1
4N

2N−1
4N

d̃ −1 −2 − 1
4N

2N−1
4N

k 1 1 1
4N

1
4N

k̃ −1 −1 1
4N

1
4N

q 1
3

0 4N−1
12N

2N−1
12N

q̃ −1
3

0 4N−1
12N

2N−1
12N

p 0 0 − 1
2N

− 1
2N

Table C.2: U(1)’s charges of the fields in RHS of (C.1).

’t Hooft anomalies involving non-abelian symmetries:

• LHS:

tr (SU(3)3) = (2N − 2)A( ) + 2A(¯) + 3A( ) + A( ) = 2N (C.2)

tr (SU(3)3) = −2N (C.3)

tr (SU(2m)3) = 2 (C.4)
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• RHS:

tr (SU(3)3) = 2NA(¯) +N
(
A( ) + A( ) + 3A( ) + A( )

)
= 2N (C.5)

tr (SU(3)3) = −2N (C.6)

tr (SU(2m)3) = 2 (C.7)

Where the group theoretic constants can be found in Table 2.3.

’t Hooft anomalies involving abelian symmetries:

• LHS:

tr (SU(3)2U(1)i) = (2N − 2) qin µ(¯) + 2 qic µ( )− 3(qic + qic̃)µ(¯)− (qic + qib + qis̃)µ(¯)

i = 1 : = −N
3

i = 2 : = 0

i = 3 : =
2N + 1

12

i = 4 : =
4N + 1

12

tr (SU(3)2U(1)i) = (2N − 2) qiñ µ(¯) + 2 qic̃ µ( )− 3(qic + qic̃)µ(¯)− (qic̃ + qib + qis)µ(¯)

i = 1 : =
N

3

i = 2 : = 0

i = 3 : =
2N + 1

12

i = 4 : =
4N + 1

12
Where the group theoretic constants can be found in Table 2.3.

Same kind of computations give for the linear anomalies:

tr (U(1)1) = 0

tr (U(1)2) = 0

tr (U(1)3) = 2N + 2

tr (U(1)4) = 2N − 1

• RHS:

tr (SU(3)2U(1)i) = (2N) qiq µ(¯)−
N−1∑
j=0

[
(2 qjq + 2j qjp)µ( ) + (qjq + 2j qjp + qjd)µ( )

+ 3(qjq + qjq̃ + (2j + 1) qjp)µ( ) + (qjq + qj
d̃
+ (2j + 1) qjp)µ( )

]
i = 1 : = −N

3

i = 2 : = 0

i = 3 : =
2N + 1

12

i = 4 : =
4N + 1

12
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tr (SU(3)2U(1)i) = (2N) qiq µ( )−
N−1∑
j=0

[
(2 qjq̃ + 2j qjp)µ(¯) + (qjq̃ + 2j qjp + qj

d̃
)µ(¯)

+ 3(qjq + qjq̃ + (2j + 1) qjp)µ(¯) + (qjq̃ + qjd + (2j + 1) qjp)µ(¯)
]

i = 1 : =
N

3

i = 2 : = 0

i = 3 : =
2N + 1

12

i = 4 : =
4N + 1

12

tr (U(1)1) = 0

tr (U(1)2) = 0

tr (U(1)3) = 2N + 2

tr (U(1)4) = 2N − 1

We can indeed see the matching of the anomalies.

C.2 Matching of ’t Hooft anomalies for the duality of

Section 5.2

Similarly, in this Section we show the matching of the ’t Hooft anomalies and the central charges

of the different 4d S-confining theories presented in Section 5.2.

U1[n]

The first thing we compare on both sides is the central charges. On the gauge theory side, the

formula (2.82) and (2.83) give

al.h.s. = n(2n+ 1)a0[2] + (n(2n− 1)− 1)a0

[4
3

]
+ (4n+ 2)(2n)a0

[1
3

]
(C.8)

=
1

48

(
8n2 + 6n+ 1

)
= a0

[2
3

] (
8n2 + 6n+ 1

)
, (C.9)

cl.h.s. = n(2n+ 1)c0[2] + (n(2n− 1)− 1)c0

[4
3

]
+ (4n+ 2)(2n)c0

[1
3

]
(C.10)

=
1

24

(
8n2 + 6n+ 1

)
= c0

[2
3

] (
8n2 + 6n+ 1

)
. (C.11)

The first term is the contribution of the gauginos, the second is the contribution of the an-

tisymmetric traceless field a and the last term comes from the fundamental p. The various

contributions are written in terms of

On the WZ side, the central charges are given by

ar.h.s. = (2n+ 1)(4n+ 1)a0

[2
3

]
= a0

[2
3

] (
8n2 + 6n+ 1

)
, (C.12)
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cr.h.s. = (2n+ 1)(4n+ 1)c0

[2
3

]
= c0

[2
3

] (
8n2 + 6n+ 1

)
. (C.13)

In the first equality we have the contribution of the USp(4n + 2) antisymmetric A with the

trace part. We can indeed see the matching between (C.9)-(C.12) and (C.11)-(C.13).

We can also consider the ’t Hooft anomalies for the global symmetries

Tr
(
U(1)RUSp(4n + 2)2

)
l.h.s.

=

(
1

3
− 1

)
2n× 1

2
= −2n

3
, (C.14)

Tr
(
U(1)RUSp(4n + 2)2

)
r.h.s.

=

(
2

3
− 1

)
2n = −2n

3
, (C.15)

where we used the values of Dynkin indices reported in Table 2.4.

O1[n]

Once again we can start by computing the central charges of the gauge theory

al.h.s. =
1

2
n(n− 1)a0[2] +

1

2
n(n+ 1)− 1)a0

[4
3

]
+ n(2n− 2)a0

[1
3

]
(C.16)

=
1

48

(
2n2 − 3n+ 1

)
= a0

[2
3

] (
2n2 − 3n+ 1

)
, (C.17)

cl.h.s. =
1

2
n(n− 1)c0[2] +

1

2
n(n+ 1)− 1)c0

[4
3

]
+ n(2n− 2)c0

[1
3

]
(C.18)

=
1

24

(
2n2 − 3n+ 1

)
= c0

[2
3

] (
2n2 − 3n+ 1

)
. (C.19)

The first term is the contribution of the gauginos, the second is the contribution of the sym-

metric traceless field s and the last term comes from the chiral p in the vector representation.

On the WZ side, the central charges are given by

ar.h.s. = (n− 1)(2n− 1)a0

[2
3

]
= a0

[2
3

] (
2n2 − 3n+ 1

)
, (C.20)

cr.h.s. = (n− 1)(2n− 1)c0

[2
3

]
= c0

[2
3

] (
2n2 − 3n+ 1

)
. (C.21)

We can indeed see the matching between (C.17)-(C.20) and (C.19)-(C.21).

We can also consider other ’t Hooft anomalies

Tr
(
U(1)R SO(2n− 2)2

)
l.h.s.

=

(
1

3
− 1

)
n× 1 = −2n

3
(C.22)

Tr
(
U(1)R SO(2n− 2)2

)
r.h.s.

=

(
2

3
− 1

)
2n = −2n

3
, (C.23)

where we used the values of Dynkin indices reported in Table 2.5.
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U2[n, h]
The central charges of the gauge theory are

al.h.s. = n(2n+ 1)a0[2] + n(2n− 1)a0

[2
3

]
+ 2n(2n+ 8− 4h)a0

[2
3

]
(C.24)

+ (2h)(2n)a0

[h− n
3h

]
+ h(2h− 1)a0

[
2− 2

h− n
3h

]
+ h(2h− 1)a0

[
2− 2

h− n
3h

− 2

3

]
+ 2h(2n+ 8− 4h)a0

[
2− h− n

3h
− 2

3

]
= 0 , (C.25)

cl.h.s. = n(2n+ 1)c0[2] + n(2n− 1)c0

[2
3

]
+ 2n(2n+ 8− 4h)c0

[2
3

]
(C.26)

+ (2h)(2n)c0

[h− n
3h

]
+ h(2h− 1)c0

[
2− 2

h− n
3h

]
+ h(2h− 1)c0

[
2− 2

h− n
3h

− 2

3

]
+ 2h(2n+ 8− 4h)c0

[
2− h− n

3h
− 2

3

]
= 0 . (C.27)

We can see that they vanish, in accordance with our claim that the theory is trivial in the IR.

Also the other ’t Hooft anomalies vanish

Tr
(
U(1)R SU(2h)2

)
=

[
2n

(
h− n
3h

− 1

)
+ (2n+ 8− 4h)

(
2− 2

3
− h− n

3h
− 1

)]
× 1

2

+

[(
2− 2

h− n
3h

− 1

)
+

(
2− 2

3
− 2

h− n
3h

− 1

)]
(h− 1) = 0 , (C.28)

Tr
(
U(1)RUSp(2n + 8− 4h)2

)
=

[
2n

(
2

3
− 1

)
+ 2h

(
2− 2

3
− h− n

3h
− 1

)]
× 1

2
= 0 , (C.29)

S2[n, h]
The central charges of the gauge theory are

al.h.s. =
1

2
n(n− 1)a0[2] +

1

2
n(n+ 1)a0

[2
3

]
+ n(n− 8− 2h)a0

[2
3

]
(C.30)

+ hna0

[h− n
3h

]
+

1

2
h(h+ 1)a0

[
2− 2

h− n
3h

]
+

1

2
h(h+ 1)a0

[
2− 2

h− n
3h

− 2

3

]
+ h(n− 8− 2h)a0

[
2− h− n

3h
− 2

3

]
= 0 , (C.31)

cl.h.s. =
1

2
n(n− 1)c0[2] +

1

2
n(n+ 1)c0

[2
3

]
+ n(n− 8− 2h)c0

[2
3

]
(C.32)

+ hnc0

[h− n
3h

]
+

1

2
h(h+ 1)c0

[
2− 2

h− n
3h

]
+

1

2
h(h+ 1)c0

[
2− 2

h− n
3h

− 2

3

]
+ h(n− 8− 2h)c0

[
2− h− n

3h
− 2

3

]
= 0 . (C.33)

The other ’t Hooft anomalies are

Tr
(
U(1)R SU(h)2

)
=

[
n

(
h− n
3h

− 1

)
+ (n− 8− 2h)

(
2− 2

3
− h− n

3h
− 1

)]
× 1

2

+

[(
2− 2

h− n
3h

− 1

)
+

(
2− 2

3
− 2

h− n
3h

− 1

)]
h+ 2

2
= 0 , (C.34)

Tr
(
U(1)R (SO(n + 8− 2h))2

)
=

[
n

(
2

3
− 1

)
+ h

(
2− 2

3
− h− n

3h
− 1

)]
× 1 = 0 , (C.35)
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A2[n, h]

The central charges are

al.h.s. = (n2 − 1)a0[2] + n2a0

[2
3

]
+ 2n(n− 2h)a0

[2
3

]
(C.36)

+ 2hna0

[h− n
3h

]
+ h2a0

[
2− 2

h− n
3h

]
+ h2a0

[
2− 2

h− n
3h

− 2

3

]
+ 2h(n− 2h)a0

[
2− h− n

3h
− 2

3

]
= a0[0] = ar.h.s. , (C.37)

cl.h.s. = (n2 − 1)c0[2] + n2c0

[2
3

]
+ 2n(n− 2h)c0

[2
3

]
(C.38)

+ 2hnc0

[h− n
3h

]
+ h2c0

[
2− 2

h− n
3h

]
+ h2c0

[
2− 2

h− n
3h

− 2

3

]
+ 2h(n− 2h)c0

[
2− h− n

3h
− 2

3

]
= c0[0] = cr.h.s. . (C.39)

Some other ’t Hooft anomalies are

Tr
(
U(1)R SU(h)2p

)
= Tr

(
U(1)R SU(h)2p̃

)
= n

(
h− n

3h
− 1

)
+ h

(
2− 2

h− n
3h

− 1

)
+ h

(
2− 2

h− n
3h

2

3
− 1

)
+ (n− 2h)

(
2− 2

3
− h− n

3h
− 1

)
= 0 ,

(C.40)

Tr
(
U(1)R SU(n− 2h)2

)
=

[
2n

(
2

3
− 1

)
+ 2h

(
2− 2

3
− h− n

3h
− 1

)]
1

2

= 0 (C.41)

Everything is compatible with the claim that in the IR the theory is given by 2 singlets of

R-charge 0 and one of R-charge 2 which are uncharged under the non-abelian symmetries.
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Appendix D

Deconfinement derivation for U1[2]

In this appendix we derive the S-confinement result U1[n = 2]. The first step is the same as in

the general n case of Subsection 5.3.3. We have to split the 10 fundamental into 8 + 1+ 1. We

obtain the following quiver:

U1[2] :

4 10
p

W = app

a, 4
3

1
3

≡ 4 8

11

W = aqq + ap1p2

a, 4
3

q, 1
3

p2,
1
3

1
3
, p1

(D.1)

As in the general n case, we deconfine the antisymmetric traceless field a so to get

2 4 8

1 1 1

b, 2
3

q, 1
3

p2,
1
3−1

3
, v −1

3
, d 5

3
, e

W = bqqb+ p2e+ bde+ Flip[vd; bb] (D.2)

The mass term in the superpotential p2e after the deconfinement is what makes the case

n = 2 specific. Indeed in the higher n case (5.56), it is no longer a mass term for the fields e

and p2. We can then integrate out the fields p2 and e to get:

2 4 8

1 1

b, 2
3

q, 1
3

−1
3
, v −1

3
, d

W = bqqb+ Flip[vd; bb]

≡ 2 4 82
b, 2

3
q, 1

3
f , −1

3

W = bqqb+ Flip[ff ; bb]

(D.3)

Then we dualize the USp(4) gauge node using the IP duality [45]. Due to the term bqqb

in the superpotential, we don’t produce a link between the USp(2) ≡ SU(2) gauge node and
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USp(8) flavor node, since it becomes a mass term for such field. We obtain the following quiver

after integrating out the massive field:

2 2 82
B, 1

3
Q, 2

3
f , −1

3

W = BQQB + Flip[QQ; ff ] (D.4)

We now see that the USp(2) on the left is connected to 4 fundamental chirals. This situation

is referred as the quantum deformed moduli space (QDMS) [37, 38]. It triggers an Higgsing

that leads to a complete breaking of the the two USp(2) gauge nodes. The low energy d.o.f.’s

consist of a traceful antisymmetric field A1 of the USp(8) flavor symmetry, a bifundamental

field P between the SU(2) and USp(8) and a singlet η. The R-charges of all the fields are 2
3
.

The WZ theory that we obtain is the following:

2 8×

W = A1PP + A3
1 + tr (A1)A

2
1 + ηPP

A1,
2
3

P , 2
3

≡ 10

W = A3 + tr (A)A2

A, 2
3

(D.5)

The mapping between (D.4) and (D.5) is

Flipper[QQ]

f B Q

BB

←→
A1

P

η

(D.6)

On the left of (D.5), we have written the most general superpotential compatible with the

R-charges. We also combined all the fields on the l.h.s. so to form a traceful antisymmetric of

USp(10). The r.h.s. of (D.5) is precisely the desired result.
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Appendix E

N = 1 conformal manifolds of N = 2

necklace quivers

We consider the Zk orbifold of N = 4 SU(N) SYM. The resulting theory is a SU(N)k quiver

with a cubic superpotential consisting of 2k terms

W =
k∑
i=1

λiTr(ΦiQiQ̃i − ΦiQi+1Q̃i+1) , (E.1)

where Φi is the adjoint of each gauge group and Qi, Q̃i are bifundamental hypermultiplets, with

{Qk+1, Q̃k+1} = {Q1, Q̃1}. Each elementary chiral multiplet has the N = 1 R-charge R = 2
3
on

the whole conformal manifold, which includes the free theory.

The N = 2 conformal manifold is k-complex dimensional and is parameterized by the k

gauge couplings. The precise 2k superpotential couplings are set by N = 2 supersymmetry in

terms of the gauge couplings τi, which are related by supersymmetry to the couplings λi in the

N = 1 superpotential.

We now want to determine the N = 1 conformal manifold, which contains the N = 2

conformal manifold as a submanifold. We use the method introduced in [272], of quotienting

the space of marginal deformations (that is the chiral ring operators with R0 = 2) by the broken

global symmetries. If k > 3, there are k + 1 chiral ring operators with R0 = 2 (if k ≤ 3 there

are additional operators which we discuss below)

k∑
i=1

Tr
(
ΦiQiQ̃i + ΦiQi+1Q̃i+1

)
Tr(Φ3

i ) , i = 1, . . . , k . (E.2)

The global symmetry, in N = 1 language, on the N = 2 conformal submanifold is

U(1)F × U(1)kbaryonic × U(1)R0 , (E.3)

where U(1)F acts with charges +2,−1,−1 on Φi, Qi, Q̃i, respectively, the i
th baryonic U(1)

acts with charge ±1 on Qi, Q̃i leaving the remaining fields uncharged, and U(1)R0 assigns the

canonical R-charge R0 = 2
3
to all the chirals. We conclude that the barionic U(1)’s are not

broken by the marginal operators, while the U(1)F is broken.
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Hence, there are k + 1 − 1 = k additional N = 1 directions on the conformal manifold.

The full N = 1 conformal manifold is 2k-dimensional for k > 3. One deformation is the β-

deformation, which exists for any SCFT on D3-branes at toric Calabi–Yau singularities [273],

while the other operators are linear combinations of the Tr(Φ3
i ) operators.

Special cases with k ≤ 3

Let us briefly comment on the cases with k ≤ 3, where additional direction in the N = 1

conformal manifold arise.

• If k = 1 the theory is N = 4 SYM and the N = 1 conformal manifold is 3-dimensional,

as we briefly reviewed in the previous subsection.

• If k = 2 there are 2 additional marginal operators in the chiral ring

Tr(Φ1Q1Q̃2) ∼ Tr(Φ2Q2Q̃1) , Tr(Φ1Q2Q̃1) ∼ Tr(Φ2Q1Q̃2) , (E.4)

where the equivalences are due to the F-term relations. These operators break one of

the 2 baryonic symmetries, hence they provide one additional direction in the conformal

manifold, which is 5-dimensional.

• If k = 3 the operators

Tr(Q1Q2Q3) , Tr(Q̃1Q̃2Q̃3) , (E.5)

are chiral ring operators with R-charge R0 = 2. These operators break one of the 3 bary-

onic symmetries, hence they provide one additional direction in the conformal manifold,

which is 7-dimensional.
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