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Abstract

This thesis is devoted to the study of different non-perturbative aspects of supersymmetric
quantum field theory (SQFT). We analyze SQFTs living in different space-time dimensions
and preserving different number of supercharges but with a special emphasis to the minimally
supersymmetric theories in 4d (N = 1).

In the first part of this thesis, we generalize a technique called sequential deconfinement al-
lowing us to prove various 4d N = 1 infrared (IR) dualities by iterative use of more fundamental
ones. It includes all the S-confining dualities, meaning gauge theories dual to a Wess-Zumino
model, with simple gauge group, vanishing superpotential and matter fields transforming in
rank-1 and/or rank-2 representations. As well as the self-duality of the 4d N = 1 USp(2N)
gauge theory with an antisymmetric field and 8 fundamentals.

In the second part, we consider bd KK-dualities, that is multiple 5d gauge theories with the
same 6d infinite coupling limit. Then we use these KK-theories to construct new non-trivial
4d N =1 IR dualities.

In the last part, we propose new classes of 4d N' = 1 S-confining gauge theories and discuss
some 3d reductions. These 3d S-confining theories provide an understanding of a recently
proposed 4d N" = 1 theory that flows to the same conformal manifold of N' = 4 super Yang-
Mills with SU(2N +1) gauge group. The 3d perspective allows us to generalize the construction

by providing another example of a flow with supersymmetry enhancement.
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Chapter 1

Introduction

Quantum field theory (QFT) is a pillar of theoretical physics. QFT emerges as the unification
between quantum mechanics and special relativity. It is by now unavoidable, present in so
many domains of physics that we can affirm, without taking too much risk, that it will still be

the basis of physics in the 21st century. Let us name a few of these domains

e Particle physics. The field that gave birth to QFT and which culminates with the Stan-
dard Model (SM), a particular type of QFT which describes our world with an incredible
accuracy. Some of the predictions of the SM have been verified experimentally with the
greatest precision in human history. It is still an ongoing quest to study the SM and

physics beyond it [5].

e Condensed Matter Physics. The study of symmetry breaking, phase transitions and
phases of matter are crucial concepts in condensed matter physics and QFT is well suited

to study them.

e Statistical Physics. QFT techniques, contribute to the understanding of universal aspects
of critical phenomena and phase transitions in statistical physics. We can give for example

the computation of the critical exponents.

e Quantum Gravity (QG). The ultimate quest of unifying all forces of nature including
gravity. String theory (ST), the leading candidate for such unification is written in a
QFT language. The holography principle also establishes a clear connection between
QFT and ST. See the following reports highlighting further this relationship between
QFT and ST [61§].

e Cosmology. QFT is applied in cosmology, particularly in the context of inflationary
theory, to model the dynamics of fields during the early universe, explain the origin of
cosmic structures, and provide a theoretical framework for understanding the observed
features of the cosmos at large scales. QFT in curved background is used to describe the

thermodynamics of black holes [9).

e Mathematics. QFT has provided valuable tools for understanding and classifying three-

dimensional manifolds, particularly in the field of topology and knot theory [10, [11].
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e Finance. At first we can think of it as a joke but quantum finance is an emerging
field that explores the mathematical underpinning of QFT to formulate a comprehensive
mathematical theory of asset pricing as well as of interest rates [12]. We included this

example to illustrate the importance of QFT and its potential use outside of physics.

However QFT has a problem[l|and an obvious one, it is hard to solve. In the generic situation,
it is almost impossible to do any exact computation. Usually we can do computations only in
some regime of the parameters defining the theory. When one of the parameters is small, we said
that we are in a weak coupling regime and we can use perturbation theory to do computations.
This has been the most successful strategy to obtain results in QFT. One of the main reasons
why it is so hard to do computations in QFT (but at the same time the source of its richness and
beauty) is the renormalization group (RG) flow. It is the idea that the couplings of the theory
depend on the energy scale. Going to low energy, following the RG flow, usually some coupling
becomes strong. Perturbation theory breaks down and we lose computational control. Some
remarkable phenomena could occur along this flow like confinement, symmetry enhancements
and dualities. This is what we will be the main focus of this thesis.

In order to study these phenomena, we will restrict to a particular class of QFT called
supersymmetric quantum field theory (SQFT). Supersymmetry (SUSY) is a symmetry under
the exchange of bosons and fermions [13-17]. It is a space-time symmetry and the only possible
extension of the Poincaré symmetry [18]. One objection we can immediately rise is the following,
our world as we observe now (including all particles experiments that have been done) is non-
supersymmetric. We can then ask: why should we study SUSY theories? There are, of course,

good reasons to explore themP}

e SUSY is still a viable extension of the SM and not ruled out as a symmetry of nature
[19-21].

e SUSY is crucial in string theory to ensure the consistency of the theory [22, 23].

e SUSY as application in mathematics. Most often, when there is a relationship between
theoretical physics and pure mathematics SUSY is involved [10, [11]. To give one particular
example, by studying some SUSY theories there have been conjectures about some integral

identities that have been later proven by mathematicians [24-27].

e SUSY offers tools to study strong coupling phenomena and obtain exact results that are
out of reach for ordinary QFTs. Therefore SQFT is a useful playground to study QFT

because of this gain of computational power.

Let us expand a little bit on the last point because it is in this spirit that SUSY has been
used in this thesis. An important example of the power of SUSY is through localization, see
[28] for a review. It is a technique used to compute exactly partition function and others

conserved quantities in SUSY theories defined on some compact manifolds (like spheres S?).

!Probably here the word problem is not well suited. There is no a priori reason why it should be possible to

describe nature in an easy way by humans.
2Therefore good reasons to pay a PhD student to do it.
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There are, of course, limitations to this technique. It cannot be applied to correlators of
generic local operators and it can be used only to Lagrangian theories. However for the class
of observables to which localization works, it offers the opportunity to study the full non-
perturbative answer. Therefore it is a precious tool to inspect interacting SQFT. It turns out
that some of these observables (for example the partition functions on some compact manifolds
like the superconformal index [29, 30]) are invariant along the RG flow. We can therefore
use the ultraviolet (UV) description to compute these quantities and have access to some IR
properties that are hard to get. It is therefore an extremely valuable tool.

For now on, let us review in turn the phenomena that will play an important role in this
thesis.

The first one is confinement. It is an important scenario that can occur in the IR of gauge
theories. It is the idea that at low energy the correct set of degrees of freedom (d.o.f) to describe
the IR physics should be gauge singlets of the UV gauge theory. This is the phenomenon
that is conjectured to happen in real world quantum chromodynamics (QCD) and is generally
summarized by saying that quarks are confined inside hadrons. It is a long-standing problem
(even a millennial problem [31]) to have a mathematical proof of this conjecture. When adding
SUSY, the situation is under better analytical control. Let us review a little bit the situation
in 4d.

For gauge theories with eight supercharges (4d N' = 2), Seiberg and Witten [32} 33] found

a way to determine the low energy effective action and therefore the IR dynamics of these
theories. A remarkable feature of their solution is the presence of massless monopoles or dyons.
However these theories are not confining. We can reach confining ones by softly breaking N' = 2
SUSY to N = 1 (technically it is done by giving a mass to the adjoint chiral field). By using the
Seiberg-Witten solution, we can study this deformation and prove confinement. The upshot is
that the magnetic monopoles condense which leads to the screening of the magnetic charges and
confinement for the electric ones. It is the electro-magnetic (EM) dual of the Higgs mechanism
that is responsible for the Meissner effect (confinement of the magnetic charges) taking place
in superconductors. This is a concrete realization of an old idea by 't Hooft and Mandelstam
that confinement in non-abelian gauge theories is associated to condensation of magnetic object
[34-36].
Theories with four supercharges (4d N = 1) are less constraint but still the IR dynamics can
be determined in some cases. It is mainly due to the power of holomorphy [37-39] and was
applied by Seiberg to obtain the IR dynamics of 4d N =1 SQCD. For SU(N) with F ﬂavorﬂ,
Seiberg argues that the theory confines for 0 < F < %N . The way the theory confines vary
depending on F'. Let us briefly state the results, we will come back to SU(NN) SQCD in Section
2.1.1] Nice lectures about this subject can be found in [40-H42]

e For F' =0, we have N' = 1 super Yang-Mills (SYM) which enjoys strict conﬁnementﬁ and

3A flavor corresponds to two chiral fields, one in the fundamental representation and one in the anti-
fundamental of SU(N).
4The word strict means that not only quarks are confined but also the chromoelectric field. It cannot spread

out in space over regions larger than about A=! (the dynamical scale) in radius. See [43] for a nice explanation

of confinement and strict confinement.
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generation of a mass gap.

e For 0 < F' < N, the theory does not properly exist because there is a runaway behavior.
It means that there is not an absolute minimum, at finite distance in field space, of the

non-perturbatively generated superpotential.

e For ' = N, N + 1, the theory confines with charge screening and no mass gap. The
asymptotic states are mesons and baryons. In the F' = N case, the origin of the moduli
space is removed by a non-perturbatively generated constraint and therefore there is
always a chiral symmetry breaking. This situation is referred to quantum deformed moduli
space. Instead for F' = N + 1, the origin is part of the moduli space and at this point the

global symmetry is not spontaneously broken. This case is called S-confinement.

e For N+1 < F < %N , the theory confines, the asymptotic states are still mesons and
baryons (composite of the elementary electrically charged fields). However the surprising
result of Seiberg is that the IR can also be described by freely interacting quarks and
gluons magnetically charged under a gauge group that is not visible under the electric
description of the theory. This phase is called the free magnetic phase. 1t is an instance

of what is now called Seiberg duality. A concept that we will review shortly.
e For I > %N the theory does not confine.

Let us expand on the S-confinement case because it will play an important role in this thesis.
The S in S-confinement stands for smooth. More precisely this terminology has been introduced
in [44] for “smooth confinement without chiral symmetry breaking and with a non-vanishing
confining superpotential”. The IR behavior of an S-confining gauge theory, by definition, can
be captured by a theory with trivial gauge dynamics, that is a Wess-Zumino (WZ) model. The
elementary fields of the IR WZ description map with the gauge invariant operators of the UV
gauge theory, more precisely they are in one-to-one correspondence with the generators of the
chiral ring of the UV gauge theory. In addition, we require that this WZ description is valid
everywhere on the moduli space including the origin where therefore all global symmetries are
unbroken. The two paradigmatic, and simplest, examples of S-confining gauge theories are 37,
45|

e SU(N) with N + 1 flavors, described by a theory of mesons and baryons.
e USp(2N) with N + 2 flavor{’] described by a theory of mesons.

There are also other examples of S-confining gauge theories. In particular, [46] classified all the
S-confining gauge theories with a simple gauge group and vanishing tree-level superpotential.
These theories were argued to be S-confining by proposing a WZ description and checking that
all the 't Hooft anomalies of the UV gauge theory match the 't Hooft anomalies of the WZ
description. We review this work in section [2.8

SFor USp gauge group, we call a flavor two chiral fields in the fundamental representation.
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As anticipated in the last paragraph, duality is an important phenomenon and will be the
main protagonist of this thesis. There are a lot of different situations than physicists regroup

under the name of duality:

e Exact EM duality as in pure Maxwell theory (free U(1) gauge theory) and the maximally
supersymmetric theories 4d N = 4 SYM.

4d N = 2 S-dualities.

Seiberg duality in N = 1.

Mirror symmetry in 3d and 2d0}

UV duality in 5d.

Conformal dualities.

e Holographic duality (AdS/CFT).

Loosely speaking, we talk about duality for situations in which we have two (or more) apparently
different theories which, however, agree when computing some physical quantities. We can
either search for a proof of the duality statement, it is, however, an extremely rare situation
when we can succeed, or we can more modestly gain confidence on the claim by performing non-
trivial checks. A duality statement can be extremely useful because some physical quantities
could be at strong coupling in one description (therefore impossible to compute usually) but
at weak coupling in the dual frame (therefore accessible). We have already discussed one such
example in the context of the free magnetic phase of SU(N) SQCD. This is the power of duality
[51] and what makes dualities among the most powerful tool to analyze QFT at strong coupling.
There is another use of a duality statement worth stating. We can use a duality in order to
define precisely one side when such clear definition does not exist. For example, in AdS/CFT
we can use the clear CFT definition part in order to define what we mean by quantum gravity
in AdS space.

The kind of dualities that will mainly talk about in this thesis is the Seiberg ones. A
more proper definition is the following. A given CFT T, in the UV deformed by a relevant
deformation flow in the IR to a theory that can be obtained starting from a different CFT
T and a relevant deformation. The first example [38] involves SU(N) SCQD with F' flavors
for Ty and Tp is given by SU(F — N) SQCD with F flavors (¢;,q'), F* gauge singlets M;
and superpotential W = ¢;M;¢’. After this discovery by Seiberg, a lot of other examples have
been found for other gauge group, matter content and superpotential |45 52-67]. Up to now,
we have talk about the situation in 4d. However this kind of duality is not restricted to this
dimension and examples have been found in 3d and 2d [68-79).

One of the main lines of research in this thesis has been to organize and find new dualities.
By organizing, we have this specific meaning of which dualities are independent and which ones

could be obtained by use of the independent ones. Another way of formulating the problem

6See [47-50] for a recent discussion of this class of duality in a 4d context.
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would be, could we find a basis of dualities? This question is open and it is not clear that we
have enough understanding of strong coupling dynamics to give a definitive answer. The best
we can do for now is to prove as many dualities as possible among the ones that already exist
in the literature. To be clear, by proving the duality between theory 7; and theory 7., we mean
constructing a sequence of quiver gauge theories 7;, 7 = 1,..., k, such that 7; is related to T;y1
by the application of an elementary duality on a single node. So all the theories 71, ..., 7, are
infrared dual. Assuming, as is standard, that the renormalization group flows commute with
dualizing a single node, this amounts to a proof of the non-elementary duality 77 <+ 7. The
recent line of research in this direction is concerned with the derivation of dualities involving
rank-two matter applying iteratively known more basic dualities involving gauge theories with
fundamental matter, like Seiberg [38], Intriligator-Pouliot [45] in 4d and Aharony dualities [68]
in 3d. The strategy we are going to use goes under the name of sequential deconfinement |13,
58, 60, |63} 80-87] E] The idea is to use a confining duality with fundamental matter fields (the
S-confining theories that we mentioned previously) to trade the rank-two field for a new gauge
node. This gives a quiver gauge theory that can be further dualized using basic dualities so to
reach the desired dual frame. In three dimensions, [82], 83| proved a 3d N/ = 2 S-confining duality
for U(N) with adjoint and (1,1) fundamentals [91-93] iterating Aharony duality. [85] proved
3d N = 2 self-dualities of U(N) with adjoint and (2,2) fundamentals and of USp(2N) with
antisymmetric and 6 fundamentals [92, 93], iterating Aharony dualities. Iterative application
of confining monopole dualities [94] have been proven very useful in 3d also in [80, 81, 95|
96]. In this thesis, we will see a proof of the S-confining dualities in the classification of [46]
that we mentioned before. The dualities that we use as basic building blocks are the two
S-confining dualities discussed above, that is SU(N + 1)/USp(2N) with N + 2 flavors. Our
strategy is similar to the strategy of [82, 83, 87|, implemented in 3 dimensions.ﬁ One immediate
lesson that can be drawn from these results is that the basic Seiberg dualities, involving only
fundamental matter, seem to be strong enough to prove dualities involving more general matter
content. Recent results that corroborate this expectation appeared recently in [47-50] where
a similar logic of the sequential deconfinement allowed to derive 4d and 3d mirror symmetry
with eight and four supercharges from the Intriligator—Pouliot [45] and the Aharony duality
[68], respectively. Interestingly, the deconfinement procedure also has an avatar in the math
literature once implemented at the level of some supersymmetric partition function such as the
4d N = 1 supersymmetric index, see e.g. [24}27].

Another organizing principle to study QFT phenomena, that is going to play a role in this
thesis, is the one of dimensional reduction. The idea of relating theories defining in different di-
mensions is old, the Kaluza-Klein (KK) original idea of unifying gravity and electromagnetism
using a fifth dimension is more than 100 years old [99, 100]. After the intrusion of string theory

inside theoretical physics, the study of compactification has received much more attention, see

"Similar deconfinements appear in |88, 89] in the study of orientifolded dimer models, and were used in [90]

to construct A/ = 1 Lagrangians for 4d N/ = 2 SCFTs.
8Indeed, dimensional reducing USp(2N) with antisymmetric and 6 fundamentals on a circle and turning on

appropriate real mass deformations as in [92] [94], it is possible to flow to the S-confining duality of 3d N = 2
U(N) with adjoint and (1,1) fundamentals discussed in [82, [83]. See [97] for a study of 3d N/ = 2 S-confining

single node quivers and [98| for a relation between 4d and 3d S-confinements.
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[101] for a recent review and references therein. In more recent years, the idea of compactifi-
cation has been used to study strong coupling effects like IR dualities in field theory without
gravity. The schematic way dimensional reduction of a duality works is the following. We start
with a pair of dual theory, 77 and 75 in d spacetime dimension. Then we compactify both of
the dual theories in a (d — d’)-dimensional manifold (with characteristic length r) and flow to
energy F much smaller than the compactification scale. We obtain two theories in d’ spacetime
dimension and we want to know if they are dual or not. In this process, two limits are involved:
the compactification radius goes to 0 (r — 0) and the flow to low energy (E — 0). The subtlety
is about the order of the two limits. First order: take first £ — 0 (r fixed) for 7} and 75, this is
the regime of validity of the duality in d dimension and therefore we reach the same fixed point
theory Trg (still in d dimension). Taking then r — 0 should correspond to the dimensional
reduction of this fixed point and gives a theory 7T/ living in d’ dimension. Second order: take
first r — 0, we get two theories 7/ and 7 in d dimension. Then going to low energy £ — 0.
If the two limits commute (r — 0 and £ — 0) then the two theories 7; and 7, should flow in
the IR to the same fixed point 7/ and therefore we obtain a duality statement in d’ spacetime
dimension. The study of the commutativity of the limits has been done in different setups.
From 4d N =1 to 3d N = 2 in [76, [102-106], from 3d N = 2 to 2d N = (2,2) in [107, [108] and
from 4dN =1 to 2d N = (0,2) in [109]. A lot of previously found 3d dualities have been linked
to a 4d ancestor [68], 70, |110] and new ones have been discovered [92-94]. We will also present
new 3d dualities in this thesis following this path. We could then ask the general question: do
all dualities in d < 3 have a 4d ancestor? This is the same kind of open question than the
previous one and once again it is not clear that we can give a definitive answer. The best we
can do for now is to find a 4d ancestor to all the lower-dimensional IR dualities. Recently some
progress has been made by finding a 4d ancestor to a class of IR dualities in 3d called mirror
symmetry [47-50, 111].

Up to now, we have only talked about compactification when the starting theory is four-
dimensional but a line of research starts with higher dimensional theories (5 or even 6d). Let
us first say few things about these theories. In 5 and 6d all Lagrangians are IR free so for a
long time, it was not clear that non-trivial CF'T existed in these dimensions. With the use of
ST and supersymmetry people were able to show that indeed non-trivial SCF'Ts live at strong
coupling of some gauge theories |[112-114]. Tt has to be seen as a great success both for ST and
SUSY. Up to now, clear existence of higher-dimensional theories has been established only for
supersymmetric theoriesﬂ

6d SCF'Ts are particularly appealing because it is the maximal dimension for which a su-
perconformal algebra can be defined [122], SCFTs are either of the type (2,0) or (1,0) corre-
sponding to 16 or 8 supercharges. The (2,0) theories are organized by an ADFE classification
(113}, 123126]. The (1,0) landscape is much wider. There exists a putative classification com-
ing from ST (from F-theory, the non-perturbative completion of type IIB, to be more specific)
[1275129], see [130] for a review.

The situation for the 5d N' =1 SCFTs (there is a unique superconformal algebra in 5d) is

more delicate and less understood. The most systematic approach so far has been to study

9Recent works have investigated non-supersymmetric fixed point in 5d [115H121].
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5d KK-theories meaning theories which UV complete in 6d. Saying in another way, these are
the theories that we get after compactifying 6d SCFTs on a circle (with possible twists of the
global symmetries) [131H138|. Tt is conjectured that all 5d SCFTs can be obtained starting
from the KK-theories and flowing from them by deformations (like mass deformation). It is an
open problem understanding if this method gives a full classification or not. A recent review
on the status of the classification, both for 6d and 5d SCFTs, can be found in [11]. It includes

an exhaustive list of references.

Let us now cite some of the uses of these higher-dimensional theories in the study of lower-
dimensional theories. One of the earliest and clearest uses of the (2,0) theory [139] was to give
a geometric origin of the SL(2,Z) self-duality of the 4d N = 4 SYM conjectured in [140} [141].
The reasoning goes as follows: compactify the 6d (2,0) on a 2-torus T2 to get the 4d N" = 4 SYM
(no supercharges are broken because 77 is flat). The complex structure of T2 is interpreted as
the holomorphic gauge coupling of the 4d theory. Then S-duality (7 — —%) of the field theory
comes from the invariance of the complex structure of 72 under this transformation. Then
the compactification of the 6d(2,0) has been generalized to other Riemann surfaces with or
without punctures. It leads to the construction of a huge class of 4d N' = 2 SCFTs called class
S, see [142H144] for the original work, [145-164] for a lot of generalizations and [165] for a recent
review. The compactification also allows to understand the origin of highly non-trivial duality
transformation in 4d. Indeed distinct 4d theories correspond to different pants decomposition
of the same Riemann surface and therefore should be related by some S-duality (it is the case
because we expect that the 4d theory depends only on the topology of the surface and therefore
all pants decomposition are equivalent). More precisely, the deformation to get from one surface
to the other is interpreted in field theory as moving in the parameter space that connects the
two theories. Later, 4d NV = 1 SCFTs have been obtained using similar philosophy. Starting
once again with 6d (2,0) theories but studying a compactification that preserves only N = 1
in 4d [166-169]. An even larger class of 4d N = 1 theories can be generated by starting with
6d (1,0) theories instead of the (2,0) [111, 170-177]. These results about compactification
lead to the discovery of the notion of across dimensions IR duality. It is the search for a 4d
Lagrangian that flows in the IR to the same SCFT has the one we get after compactifying a
6d theory on a surface. More precisely the statement that two theories are across dimension
dual is the following: we have a 6d SCF'T deformed by geometry and a 4d SCFT deformed by
a relevant deformation that both flow to the same 4d SCFT in the IR. A recent review on this
topic can be found in [17§].

Another way of using ST to study aspects of field theory is to engineer them using D-
branes. It is doable because the low energy dynamics of D-branes is described by SYM on
their worldvolume. Since the original brane setup of Hanany-Witten [179] describing 3d N = 4
theories a lot of work have been done to construct gauge theories in several dimensions, with
different amounts of SUSY and gauge groups. See [180] for a review. In the context of 5d N =1
gauge theories, the Hanany-Witten brane setup [179], which in this case involve webs of 5-
branes, a.k.a. pg-webs [181-183] is a powerful tool to analyze the strong coupling behavior.
In many instances, there are more than one 5d gauge theories with the same infinite coupling
SCFT. This SCFT can live either in 5d or 6d in the case of KK-theories. This phenomenon
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goes under the name of 5d dualities, even if the language is slightly improper, since the physical
picture is really that the UV SCFT can be relevantly deformed in various different ways,
triggering RG flows to different IR gauge theories. Pq-webs were used to study 5d dualities in
[1841187]. Later, the pg-web technology to deal with KK-theories was developed: [188-193]
discuss many examples of different 5d N' = 1 quiver gauge theories with the same 6d SCFT in
the infinite coupling limit, described by Type IIA brane systems [194-196].

Inspired by these ideas, we will present in this thesis an interplay between 5d KK-theories
and 4d N = 1 theories. More precisely, the interplay consists of a prescription to construct
4dN = 1 dualities associated to 5d KK dualities. Starting from a 5d KK quiver with 8
supercharges, the 4d quivers has the same gauge structure (but in 4d the nodes are N’ =14
supercharges nodes), the same matter fields (but in 4d there are chiral multiplets instead of
hyper multiplets) plus for each bifundamental we add a ”triangle”. A ”triangle” means that if
in 5d there is a bifundamental hyper connecting node A with node B, in 4d there is a chiral
bifundamental going from node A to node B, a fundamental going from node B to a global
SU(2) node, and a fundamental going from the global SU(2) node to node A. We also add
a cubic SU(2) invariant superpotential term. Such triangles are meant to reproduce the 5d
axial symmetries (which are anomalous in 4d but not in 5d) and the 5d instantonic symmetries
(which do not exist in 4d). With this prescription we are able to associate a 4d quiver to 5d
quivers, in such a way that the rank of the global 4d symmetry is equal to the rank of the global
5d symmetry minus 2. We only consider quivers such that this prescription yields a 4d quivers
without gauge anomalies. The claim is that the two 4d quivers constructed with the above
prescription are IR dual. A comment has to be made. We don’t have a clear understanding of
the prescription that we gave. It is an interesting observation that leads to non-trivial dualities
but the reason why it is working is lacking. More precisely, the connection with the story of
compactification from 6d (found the geometry, fluxes, etc) remain to be discovered. It is an

interesting open problem.

Another interesting strong coupling phenomenon is the symmetry enhancement. It is the
idea that the symmetry group at the end of the RG flow is bigger than the one in the UV.
The intuitive explanation of the symmetry enhancement is that some d.o.f that were break-
ing some global symmetry decoupled along the RG flow. Duality can sometimes help to spot
symmetry enhancements. Indeed it is possible that in some duality frame, the IR symmetry
group is manifest but not in the other. Let us see one of the simplest instances. Let us take
the original example of Seiberg duality in the specific case of N = 2 and generic number of
flavor F. Since the fundamental representation of SU(2) is pseudoreal, there is no distinction
between the fundamental and the anti-fundamental and therefore the global symmetry does not
involve SU(F') x SU(F) but it contains SU(2F"). Now if we look at the dual theory, we have an
SU(F —2) gauge theory with F flavors, F'? singlets and a non-vanishing superpotential. In this
case the gauge group is complex therefore there is a distinction between the fundamental and
anti-fundamental representation so the symmetry group involves SU(F) x SU(F). The duality
teaches us that for the dual theory there should be an enhancement of the global symmetry
in the IR. Another situation where symmetry enhancement and duality are linked is the case

of exactly self-dual theories. Usually it goes as follows. We start with a self-dual modulo flips
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statement. By this we mean that the electric and magnetic theory share the same gauge struc-
ture, but differ by gauge singlets fields that are called flippers. Self-dualities modulo flips have
been discussed in [64, (65, 197 [198], the simplest case is SU(2) with 8 doublets. Interestingly,
given a self-duality modulo flips, it is possible to move the singlets across the duality and con-
struct exactly self-dual theories. In this case the duality becomes a true symmetry that leads
to enhanced IR global symmetry, see for instance [177} [198-201]. In particular, [201] studied
the 4d N = 1 USp(2N) gauge theory with antisymmetric and 8 fundamentals. This theory
has been proposed to be self-duality modulo flips long time ago in [65] (in this thesis we will
present a proof, in the sense discussed previously, of this statement). Then, [201] constructed
various exactly self-dual theories and discussed the associated symmetry enhancements. Sym-
metry enhancement can sometimes also be understood when a higher dimensional of the theory
is known, in particular compactifying a 6d (1,0) SCFT on a Riemann surface. For USp(2N)
with antisymmetric and 8 fundamentals, [177] related the self-duality and specific symmetry
enhancements to a compactification of the rank-/N E-string 6d SCFT on a 2-sphere.

In this thesis, we will see another type of enhancement where what gets enhanced is the su-
persymmetry group. We talk about supersymmetry enhancement. During recent years, research
in the area of four-dimensional theories with minimal supersymmetry, 4d N’ = 1, provided us
with various instances of this phenomenon: N = 1 theories which flow at strong coupling to
superconformal fields theories (SCFTs) with N' = 2, 3,4 supersymmetry [80} 90, |95, 96, 202
213]. More precisely, N' > 2 theories might possess a conformal manifolle_U] of N' =1 exactly
marginal deformations and one might be able to reach a point of this conformal manifold via
RG flow of some other 4d N/ = 1 UV theory. This idea of SUSY enhancement was used in
[204] to give Lagrangian to "non-Lagrangian” theories like Argyres-Douglas theoriesE]. This
was useful because using this Lagrangian it was possible to compute protected quantities like
the superconformal index of some of these strongly coupled theories.

We now summarize the contents of the thesis. In Chapter [2] we review all the facts about
4dN =1 and 3d N = 2 that we will need in the rest of the thesis. It includes among other
things a discussion about a-maximization, Seiberg-like dualities in 4d and 3d, the classification
of the single gauge node S-confining theories.

In Chapter [3]we start by proving all S-confining dualities presented in Chapter [2]that involve
matter in rank-1 and/or rank-2 representations. The set of theories includes 3 infinite series:
USp(2N) with antisymmetric and 3 flavors, SU(N) with antisymmetric and (4, N) flavors,
SU(N) with antisymmetric, conjugate antisymmetric and (3, 3) flavors. Moreover there are 4
exceptional cases, with SU(5), SU(6), SU(7) gauge group and 2 or 3 antisymmetric fields plus
flavors. Then we present the general sequential deconfinement of USp(2/N) with an antisym-
metric and 2F fundamentals. We use this result to prove the self-duality of the theory when
F = 4. We finish this Chapter by showing how to reduce our 4d N' = 1 USp(2N) story to
3d N = 2, re-obtaining the results of for U(N) and USp(2N) found in [85]. Along the way

we also derive new sequentially deconfined duals, namely for U(N) with adjoint and (F, F)

10The conformal manifold is the space of exactly marginal deformations meaning deformation of the CFT by

an operator whose scaling dimension is equal to the spacetime dimension d.
1 Argyres-Douglas are strongly coupled 4d V' = 2 theories which contain fractional scaling dimensions.
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fundamentals with monopole superpotentials.

In Chapter [4] we present in detail the prescription to build 4d N = 1 dualities starting from
5d KK dualities. Then the rest of the Chapter is devoted to test the prescription. We discuss
two classes of theories that we call Ry and A, ,,. In the case of Ry, we are able to prove
the 4d N = 1 dualities in the same way we did in Chapter . For the second class, A, ,, we do
not have such a proof and the proposed dualities are tested by matching the 't Hooft anomalies
and the central charges.

In Chapter [5| we start by proposing new S-confining theories, with simple gauge group
and cubic superpotential. In the case of USp(2n) gauge group and W ~ app, we discuss the
reduction on a circle, which upon turning on appropriate real masses, leads to a 3d U(n) gauge
theory with 2n+1 flavors and a monopole superpotential which is dual to an adjoint field ® with
cubic superpotential. We derive some of the previously stated dualities, using deconfinement
techniques and/or Kutasov—Schwimmer-like dualities. Then we turn to the study of various
4d N = 1 theories with SUSY enhancement. We show that the new 3d S-confining duality
that we obtained helps to understand some SUSY enhancements. Specifically, we provide a
3d explanation of the SUSY enhancement of the theory proposed in [213], that is a N = 1
SU(2n + 1) gauging of three copies of the N = 2 theory Dy(SU(2n + 1)) of [158] [162, 214]
which flows to a point of the conformal manifold of 4d N' = 4 SYM with gauge group SU (2n+1).
Based on the 3d understanding of this case, we are then able to generalize it and give as a new
example the N' = 1 SU(2n + 1)3 gauging of a single copy of the N' = 2 Dy(SU(6n + 3)) theory
which flows on the conformal manifold of the 4d N" = 2 necklace quiver with three SU(2n+1)3

gauge group.
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Chapter 2

Basics of supersymmetric quiver gauge

theories

2.1 Quick review of 4d N =1 and 3d N = 2 theories

2.1.1 4dN =1 basics:

In this subsection, we review briefly the main important aspects of minimal SUSY theories in

4d. The main references are [40-42]. We follow, in particular [42].

4d N = 1 superalgebra:

The starting point is the superalgebra. As reviewed in the introduction, the concept of super-
algebra provides a generalization of the no-go theorem of Coleman and Mandula. Superalgebra
allows enlarging the Poincaré group by adding fermionic generators ), to the standard bosonic
ones. In 4d, the minimal number of supercharges is four: @, @B where a, 8 = 1,2 are spinorial
indices associated to the presentations (3,0) and (0, 5) of the Lorentz group. The 4dN =1
superalgebra is the following

{Qu. @y} = 20", P,

{Qa: Qs} = 0={Qs, Q3}
(P Qal = 0= [P, Q)

My, Qo) = i (00)) Qs

M. QY= i(0,)5 @ (2.1)

where 0, = oy, 0], 0, = (I, 0), 5, = (I, —0;) and o; are the Pauli matrices. When

studying supersymmetry it is extremely useful to introduce the notion of superspace. It is a
space spanned by the coordinates (z*, 9a,§a) where 6%,6" are fermionic coordinates. In this

space, we can define the following covariant derivatives
Dy = 0 + ic” 6%,
D¢ = 04 +i0°04,0, (2.2)
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where 0, 04 are the derivatives corresponding to the fermionic coordinates.

The next step is to introduce superfields. A superfield is simply a function on superspace.
We use these superfields in order study representation theory of the superalgebra. Since the
superalgebra contains the Poincaré algebra as a subalgebra, we can write any superfield in

terms of standard component fields. Now let us review the most important multiplets.

SUSY multiplets:

Chiral multiplet ®: It is a superfield defined by
Dg® =0 (2.3)

® is composed of

® = (¢,1, F) (2.4)

where ¢ is a complex scalar field, 1 is a chiral fermion and F' is a scalar field that does not

propagate and it thus called auxiliary.

Vector multiplet V: It is a superfield defined by the reality condition
V=V (2.5)

V' is composed of
V = (A,,\D) (2.6)

where A, is a vector field, A is a chiral fermion and D is an auxiliary real field as F'.
Using the vector multiplet, we can build a chiral field that is called the gauge-covariant field
strength. It is defined by

1—5—
W, = —leﬁDﬁ' e VD,e" (2.7)

It is a key element to construct SUSY Lagrangians. Before, let us recall the gauge transforma-

tions on the previously defined superfields.

Gauge transformations:

In superspace formalism, gauge transformations are parametrized by a chiral superfield A.
If the gauge group G is non-abelian, quantities become matrix valued like A = A; T! with
I=1,...,dimG and T' the generators of the gauge group. Under gauge transformations, the
chiral field ®, the vector field V, the exponential of the vector field " and the gauge-covariant
field strength W, transform as

d—e o (2.8)
Vs V+A+A (2.9)
eV — e eV et (2.10)
W, — e A W,e™ (2.11)
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SUSY Lagrangians:

Using the previous ingredients and the fact that 6 has dimension —1/2, chiral superfields have
dimension 1 and vector superfields dimension 0 we can write down SUSY Lagrangians. The

first piece is the gauge part of the Lagrangian

Lyauge = g1 / 4’6 ZTW Tr (W®*W®) +hee (2.12)

- %Im (/ 429 ZT Tr ( O‘Wg@)) (2.13)

The sum is over the number of factors in the gauge group G = ) G, and the complexified
gauge coupling 7(*) associated to each gauge factor G, is defined by

o\ 47y
() — Z¥YM 2.14
T 2 g(@)2 ( )

The second piece involves the chiral superfields and describe the matter content of the SUSY
theory. The Lagrangian is given by

Lonatter = / d’0d*0 2(3 evqﬂ) + / 20 W (') + / 0w () (2.15)

The sum runs over the matter chiral multiplets ®; and V is in a representation that is appro-
priate for the field ®;. The function W is holomorphic in ®; and is called the superpotential.

In case G has some U(1) factors, we can include another term called Fayet-Illiopoulos (FI)
Ler=)Y gA/d20 v (2.16)
A

The sum is over the U(1) factors. The FI parameters are real.

The full Lagrangian, in the holomorphic scheme where the gauge coupling appears only in

the complex parameter 7(9), is given by the sum of (2.13)), (2.15)) and (2.16))

L= 'Cgauge + 'Cmatter + *CFI (217)
_ 2 e (a) 2 20 17A
_327T1m</d927 Tr ( Wa)>+ZA:§A/d6d9V
+ / A0 a2 eXa Vo 4 / 2OW(D') + / 0w (') (2.18)

In order to go to the scheme that gives canonical gauge kinetic terms, we have to do the

following rescaling in the vector superfield
V — 29V (2.19)

This rescaling seems innocuous but the important point is that in this scheme the Lagrangian
is not holomorphic in the combination appearing in (2.14]). This fact has consequences on the

renormalization property of the gauge coupling. See [215] for a beautiful discussion. In the
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canonical scheme and in component fields (also suppressing the index a for clarity) the full

Lagrangian reads

1 L. - 1, Oym ~ A
L="Tr _ZFNVFM - l)\O’MDH)\ + iD + % g TI'FW/FM + ng: fAD

+ (D@) D' — iy Db + FF +iv/2gdMb — iv/2g0d + g Do

ow oW 1 0*°W 1 PW
"ot T 9, 3.5 " 20g0 VY - 205,00, (2.20)

Where Fr = e’—:“”pUF vo 1s the dual field strength. We can also integrate out the auxiliary fields

F and D. Thelr equations of motion are given by

z_@ I  Zl I
A LU (2.21)

With &£ =0 if I # A. Plugging back into (2.18)), we get the on-shell Lagrangian

1 _ - _
£=Tr |~ FuF" —iAa"D,X| + M o2 TrF,, F* + (D,¢) D¢ — oD,

32 2
1 PW —— —
+iVEgBAG — VBTG — 3yl — T 00— V(6.9 (222
And the scalar potential V (¢, ¢) is
. OWaW g_2d”“ R R T
V(9.9) = 53 55 2 IZ oT'¢ +¢'[ = FF + 3D o (2.23)

Moduli space:

The scalar potential (2.23)) is a semi-positive definite quantity. Hence, the supersymmetric
vacua are those field configurations on which the scalar potential vanishes or, in other words,

those that solve the so-called F-term and D-term equations

Fi¢)=0, D'(6.9)=0 (2.24)

The space of scalar field VEVs that satisfied is called the classical moduli space. The
moduli space of inequivalent vacua is the set of all zero-energy field configurations modulo gauge
transformations. It exists another useful formulation of the moduli space [216]. It could be
described as the space spanned by all gauge invariant operator VEVs made out of scalar fields,
modulo classical relations and constraints coming from the F-term equations (see a further
discussion in section . Up to now the discussion of the moduli space was only classical.
In general, some vacua can be lifted by quantum corrections modifying the classical picture.
However due to non-renormalization properties the only way to lift a classical supersymmetric
vacuum are non-perturbative corrections. It is in huge contrast with non-SUSY theories in
which a classically flat direction is generically lifted by radiative corrections in a form of the

Coleman-Weinberg potential.

30



R-symmetry:

Supersymmetric theories have global symmetry which rotate the supercharges. It is called the
R-symmetry. For 4dN = 1, the R-symmetry group is U(1)g. The defining feature of the

R-symmetry is the following action on the fermionic coordinates:
0 — e 0 — e (2.25)

with o the transformation parameter. It means that 6 and @ have R-charges 1 and —1. Since
6 and 0 have non-trivial R-charges, the different component fields within a superfield carry
different R-charges. Once we talk about the R-charge of a superfield we refer to the R-charge
of the lowest component. The R-charge of a product of superfields is the sum of the individual
charges of the fields. The vector superfield V' has R-charge 0 and the chiral field ® has R-charge
re. We collect the R-charges of the different quantities in Table

0| 6 | d*0 | D, | Wy |A* [ XD W | 6| o F
ri1l|—-1|-21]-1 1 O [1]0| 2 |re|re—1|re—2

Table 2.1: U(1)g R-charges of the different quantities.

All Lagrangian terms in (2.18]) involving the gauge superfields are automatically R-symmetric.
The term that needs to be checked is the one involving the superpotential. In order for the

theory to conserve R-symmetry, the superpotential must carry R-charge 2.

SU(N) SQCD:

In this subsection, we present briefly the analysis of SQCD with SU(N) gauge group. The
theory consists of a vector multiplet in the adjoint representation of SU(N) and F flavors
which mean F pairs of chiral multiplets @Q; respectively Q' in the fundamental respectively
antifundamental representation of SU(N). There is no superpotential. At the quantum level,

the global symmetry of the theory is
GSQCD:SU(F)Q XSU(F)Q X U(l)B X U(l)R (226)

Classically there is another U(1) symmetry called axial but it is anomalous (see the discussion
in section . The quantum numbers of the fields are the following

SU(F)q | SUF)s | U(1)p | Uk
Qi F 1 1 EN
Q' 1 F -1 | EX
1% 1 1 0 0

Table 2.2: Quantum numbers of SU(N) SQCD.

Classically, the moduli space is parametrized by the meson matrix
M) = Qi) (2.27)
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The index a corresponds to the gauge index. The meson matrix transforms in the bifundamental
representation of the SU(F)q x SU(F)a global symmetry. When F' > N, we have to add

baryons

Bil-..iN = QN = Q?ll cee Q?]f,vgal...aj\r (228)
Ri1...in — )NV i i ai...a
Bireiy = GN = Qi . Qi e (2.29)

These generators are not independent because there exist non-trivial constraints relating the

meson matrix and the baryons. For example, in the case I’ = N the constraint is
det M — BB =0 (2.30)

This classical moduli space M,; receives quantum correction. As we recall in the introduction,
for F' < N a non-perturbative potential is generated and completely lifts M. Therefore the
quantum theory has no supersymmetric vacuum.

For ' = N, M, is modified but is not completely lifted. In particular the constraint
is modified. The origin is now excluded which leads to chiral symmetry breaking.

The FF = N 4+ 1 case is the S-confinement situation invocated in the introduction and
discussed more in section [2.6.1] In this case the quantum moduli space includes the origin.

For ' > N + 2 the quantum moduli space is identical to the classical one.
To determine what is the IR phase of the gauge theory, it is necessary to look at the behavior
of the f-function of the gauge coupling. For a generic gauge theory, the one loop S-function is

given by
d g bl

'udu 1672

The one loop coefficient b; can be expressed compactly for supersymmetric 4d V' = 1 theory as

By = g (2.31)

by = 3u(adjoint) — Z,u r;) (2.32)

where the sum is over all the chiral multiplets, p(r) is the Dynkin index of the representation
r (see section for the value of the Dynkin index of the principal representations). In the
particular case of SU(N) SQCD ([2.32) gives

by=3N—F (2.33)

We can immediately conclude that for /' > 3N, the S-function changes sign and SQCD is
no longer asymptotically free. Therefore the gauge coupling decreases in the IR. The potential
between external electric sources behaves like V(R) ~ 1/(Rlog(RA). This phase is called
non-Abelian free electric phase.

We already said that due to non-perturbative effects there is no supersymmetric vacuum in
the case F' < N. This is called a runaway behavior.

The breakthrough of Seiberg was to give the IR behavior in the range N < F' < 3N. As
already said multiple times, for F' = N, N + 1 the theory is confining with or without chiral

symmetry breaking.
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For % < F' < 3N the theory reaches a stable non-trivial fixed point in the IR. The theory
in the IR is therefore a SCFT. Quarks and gluons are not confined but are interacting massless
particles. The potential behaves like V/(R) ~ 1/R. This phase is called non-Abelian Coulomb
phase and this range is called the conformal window. The upper bound can be understood from
the change of sign of . The lower bound can be argued by studying operator dimensions.

For N+2 < F < %, the theory becomes infinitely coupled in the IR. As anticipated in
the introduction, Seiberg found a new set of d.o.f to describe the IR. We will show this new
description in section [2.6.1] This phase is called non-Abelian free magnetic phase.

2.1.2 3dN = 2 basics:

We now turn on a quick review of the 3d N' = 2 theories. They share many common properties
with the 4d NV = 1 ones because they have the same number of supercharges. In 3d they are not
the minimally supersymmetric theories because it exists 3d N = 1. However 3d N = 1 theories
have no holomorphy properties and therefore the dynamic is less constraint. This section is
based on [217-219).

3d N = 2 superalgebra:

The starting point is once again the superalgebra. It is obtained by dimensional reduction of

the 4d N = 1 one. In particular, we have the following important relations

{Qou @B} = 20—253 + 21 5@45Z
{Qa: Qs} = 0={Q,, Qs} (2.34)

The index 7 run from 0 to 2. The central term Z is given by the P; component in 4d. Also
in 3d we use the superspace formalism. The definition of the covariant derivatives ([2.2)) is the
same. As in 4d, the R-symmetry compatible with supersymmetry is U(1)g. Now, we review

the principal supermultiplets

SUSY multiplets:

Chiral multiplet : It is a superfield defined, as in 4d, by D,Q = 0. In components, Q is

composed of the same fields

Q= (0,9, F) (2.35)

with ¢ is a complex scalar, a 2-component complex fermion ¢ and an auxiliary scalar field F.

Vector multiplet V: It is a superfield defined, as in 4d, by V = V. In terms of component
fields, V' is formed by
V = (0,A;,\,D) (2.36)

There is an important difference with the 4d vector multiplet. There are still a 2-component
complex fermion A, a 3d gauge field and an auxiliary scalar D, but there is an additional real

scalar field o. It corresponds to the component of the 4d gauge field in the reduced direction.
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As usual, the vector superfield transforms in the adjoint representation of the gauge group. The
real scalar field o offers a new possibility, not present in 4d. It can acquire a VEV that breaks
the gauge group to its maximal Abelian torus, leading to a Coulomb branch of the moduli

space. There is another multiplet that we introduce in 3d

Linear multipletﬂ Y. It is a real superfield defined by
=% and  e*D,Ds% =c""D,Ds% =0 (2.37)

In components, we found inside X

Y= (07 jia )‘7 D) (238)

with the bottom component ¢ a real scalar field.
Now let us make some important comments. When the gauge group is Abelian, the photon

A; can be dualized into a scalar v via

€3
where e is the gauge coupling, F7* is the field strength of A;. Due to charge quantization, the
dual photon is periodic v ~ v+ 27. We can associate a global U(1) symmetry that corresponds
to the shift of the dual photon. This symmetry is called topological and denoted U(1);. The

conserved current associated to this symmetry is given by
Ji = 5iijjk (240)

The conservation of the current is due to Maxwell’s equations.

Starting from a vector multiplet, we can build the standard chiral field strength W, that,
we also have in 4d (it is working both for abelian and non-abelian gauge group). In the
abelian case, we can also construct a linear multiplet as follow

5= _% e* D, D4V (2.41)

This linear multiplet is gauge invariant. The bottom scalar field is the real scalar field o of the
vector multiplet and it contains the conserved current .

Last comment we want to make concerns the dual photon . It can be combined
with the real scalar o of the vector multiplet (or equivalently the linear multiplet) to form a

complex scalar

2
6= "20+iy (2.42)
€3

This complex scalar ¢ is the bottom component of a chiral superfield I" that corresponds to the
dual of the vector multiplet V.

What we describe concerning the dual photon is true only when the gauge group is Abelian.
In the non-Abelian case, there is no known way to dualize the gauge fields into scalars. Therefore

there is no U(1), global symmetry in this case.

IThis multiplet also exists in 4d. It is to embed conserved currents.
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SUSY Lagrangians:

We have collected all the ingredients to write down 3d N = 2 invariant Lagrangians. We recall
that in 3d, the fermionic coordinate # has dimension —%, chiral superfields have dimension 1/2

and vector superfields have dimension 0. The first term is similar to (2.12))

1
L gauge = p / d?0 Tr (W*W,) + h.c (2.43)

In 3d, there is no theta angle. So there is no complexified gauge coupling.
The second piece is the matter part. It is the same as (2.15])

Lonattor = / 420 %9 Z (@i eVQi) + / L2OW(Q) + / L2IWQ") (2.44)

The superpotential is still a holomorphic function of the chiral superfields. It has still an R-

charge equal to 2 but a dimension equal to 2 because we are in 3d. An important term inside

(2.44)) is the following
> loQil? (2.45)

we see that a VEV of the scalar field ¢ will give a mass to the chiral superfields. Since o is
real, it is called a real mass.

If the gauge group contains U(1) factors we can introduce FI parameters as in . Let
us give a motivation for this term. When we have a global symmetry, we can couple our theory
to a corresponding background vector superfield V,. We introduce the following term that
preserves SUSY and called BF term

Lpr = / 020 V,Y = / d’0 d*0 %,V (2.46)

to obtain the second equality we have integrated by parts. This term is simply the SUSY ex-
tension of the standard J*A,,. Since the background vector field is non-dynamical by definition,
we can think of it as an additional parameter of the theory. If we take for global symmetry the
U(1), topological then we see that the BF' coupling is precisely the F'I parameter.

There is a last term that we can add preserving SUSY. It is the Chern-Simons (CS) coupling.
If the gauge group is U(1) it takes the following form

Log =k / d’0 d*0 ¥V (2.47)

For non-Abelian gauge group, the action written in superspace notation can be found in [220-
222).

The total Lagrangian is the sum of all the previous pieces.

Real and complex mass terms:

In 3d there are two types of mass terms. The first one is the standard quadratic term in the
superpotential, present also in 4d. In a vector-like theory, this mass term for a chiral superfield

() can be written
Wcomplea: - m(CQ Q (248)
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We have highlighted the fact that the mass parameter associated to this term is complex.
The second kind of mass term is the real mass that we have already mentioned. A real mass

can be induced by turning on a vector superfield V as a SUSY preserving background field

G=mgp, Ai=A=A=D=0 (2.49)
The effect is a modification of the Kahler potential
[ #0E8Ge T Q o (" ogl + imue ) (2.50)

Since the real masses come from a background vector multiplet, they cannot enter in holomor-
phic objects such as the superpotential.

The physical mass of the chiral superfield is given by the combination

m = \/m& + |mc|? (2.51)

Moduli space:

The moduli space of vacua of 3d N' = 2 gauge theories contains a Coulomb branch and a Higgs
branch. The Higgs branch is parametrized by the scalars VEVs of the chiral superfields ¢g.
The Coulomb branch is parametrized by the scalar VEVs ¢ of the vector multiplet.

In a generic point of the Coulomb branch, the gauge group is broken to the Cartan subgroup
U(1)" with r = rank G. Therefore, the Coulomb branch is parametrized by Cartan scalars o’
in R”/W with W the Weyl group of the original gauge group G and ¢’ the expectation values
of the scalars in the massless Cartan U(1)" vector multiplets V7.

Also in 3d, non-perturbative effects can lead to a dynamically generated superpotential

which lifts the classical moduli space degeneracy of the Coulomb branch.

Parity anomaly:

In this subsection, let us come back to the CS coupling (2.47). To make the situation a bit

more general, let us consider U(1)" as a gauge group. The CS coupling takes the form

n
Los= Y kay / d?0 d*g xevt (2.52)
ab=1

This term is gauge invariant provided that the coupling is an integer k., € Z. Even if this is true
at the classical level, the coupling may receive quantum corrections and become non-integer,

leading to an anomaly. This is called parity anomaly.
At the quantum level, if we integrate out the charged fermions, there is an additional induced
contribution to the CS term, coming from a one-loop diagram with charged fermions running

in the loop.
e 1 ab -
kalJ)Cf = kap + 2 Z q'q} sign(m;) (2.53)

the sum runs over all fermions, ¢¢ is the integer charge of the " chiral under the a'™ U(1)

gauge group and m; is the fermion mass given by m; = mg,; + Y ._, ¢%0,.
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In order for the theory to be anomaly free, we should have
1 a b
by + 5 Zqi ¢ ez (2.54)

we see that If > ¢%q} is odd then necessarily k., # 0 and parity is broken.

A similar parity anomaly also exists for non-abelian gauge group, see the discussion in [217].

Monopole operators

3d gauge theories admit an interesting class of gauge-invariant disorder operators called monopole
operators [223-225]. The word disorder means that they cannot be expressed in terms of a poly-
nomial in the elementary fields. They are defined by prescribing suitable boundary conditions
around a point for the gauge fields in the path integral. These operators carry a magnetic
charge, hence their name monopole, and create some units of magnetic flux on a two-sphere
surrounding their insertion point. Despite being local, these operators are more challenging to
study and in particular to understand what happens when they are added to the Lagrangian.
One kind of problem is for example to determine the scaling dimension A1 of the monopole
operator 2. We increase our tools to study monopole operators when we add SUSY and study
3d N = 2 theories.

The presentation we gave to introduce monopole operators as disorder operators is based
on a modern perspective. However this is not the description that was given when 3d SUSY
gauge theories was a developing area. Monopole operators, 91; were introduced coming from
dualizing the vector multiplets on the Coulomb branch. See |94} 103] for additional discussions.

In a free 3d Abelian theory with gauge coupling e3, we saw that the photon A, can be
dualized and combine with the scalar in the vector multiplet to form a chiral multiplet whose
lower component is given by

M = exp (% + z'fy) (2.55)
3

It is expectation value parametrizes the Coulomb branch. The connection between the low-
energy variable 901 and the definition of monopole operators as disorder operators is the follow-
ing: the latter provide a microscopic definition of the former. More precisely, we can define a
disorder operator by removing the point x and requiring that we sum over gauge field configu-
rations that have one unit of magnetic flux on the S? around the point z. This operator flows
in the IR to the operator exp(iy(x)). Similarly for the real scalar in the vector multiplet, if we
define the disorder operator by summing over field configurations in which the field o(y) has

the singular behavior
1

N as Ty (2.56
2|z — y| )

o(y)

it flows in the IR to the operator exp(2mo(z)/e2). Combining the two definitions, we conclude
that the microscopic definition as disorder operator flows in the IR to the operator 901.

In non-Abelian gauge theories, the story is similar. The scalar ¢ is in the adjoint represen-
tation of the gauge group G, and classically has no potential (just couplings to charged matter

fields). A generic vacuum expectation value for o breaks the gauge group G — U(1)"¢ where
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rg is the rank of GG, and for generic values of o where all matter fields and all off-diagonal
vector fields are massiveﬂ one can dualize the rg massless vector multiplets into chiral multi-
plets M; (i = 1,,7rg). The low-energy theory at generic points on the classical Coulomb branch
thus includes r¢ massless chiral multiplets 91;. In this case, the microscopic definition requires
specifying the magnetic (or GNO) flux around the point x; this flux is in U(1)"¢ C G, and is
labelled by a weight of the dual magnetic group G* modulo Weyl transformations. The Weyl
freedom can be fixed by choosing oy > - -+ > o,, where o; is the eigenvalue of the adjoint scalar
.

Let us concentrate on the pure U(N) case. As explained before, the Coulomb branch is

parametrized by chiral operators
0 .
M; = exp (—2 + 2%) (2.57)
93

withi=1,...,rgand oy > --- > 0,,. This is, however, not the end because a superpotential is
non-perturbatively generated via instaton effects. This superpotential is called Affleck-Harvey-
Witten (AHW) [226] and takes the form

=z

-1 1
X

Wagw = (2.58)

<
Il

This superpotential lifts the entire Coulomb branch.

In the theory with flavors, the instantons described above sometimes have extra fermion
zero modes which prevent them from generating a superpotential. In the theory with F' chiral
multiplets @Q; in the fundamental of U(N) and F' chiral multiplets Q; in the anti-fundamental

of U(N), the Coulomb branch that remains after instanton effects is parametrized by

M = exp (U—; + i’yl) , M~ = exp <—U—J§ - i’yN> (2.59)

93 93
The notation 9+ comes from the following fact. In the previous section, we introduced the
concept of topological symmetry for 3d gauge theories. Given a theory based on the gauge
group G its topological symmetry is given by the centre Z(G). Monopole operators are the
objects that are charged under this symmetry. Take for definiteness G = U(N): its centre,
hence its topological symmetry group, is U(1). The topological charge of a monopole operator

IM™ with GNO flux m = (my, my, ..., my) is

Qr(M™) = Z m; (2.60)

The two monopoles 9M* in corresponds to GNO flux m* = (1,0,...,0) and m~ =
(0,...,0,—1). Therefore, they have topological charge +1 hence the name. They correspond
to monopole operators with minimal charge.

Additional non-perturbative effects change the Coulomb branch of U(N) with F flavors.

2Tt is also not known how to dualize the photon in the presence of charged matter fields. Therefore it is
crucial that they are massive at generic point on the Coulomb branch. It is indeed the case because the scalar
o couples to charged fields as a mass term. So at generic point on the Coulomb branch they are massive and

can be integrated out.
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For F' < N —1: the classical moduli space is lifted completely, there is no supersymmetric

vacuulll.

For FF' = N + 1: a smooth quantum moduli space exists.

For FF'= N + 1: a quantum moduli space exists including the origin.

For FF > N + 1: a quantum moduli space exists but it has a singularity at the origin.

In the case of USp(2N) with flavors, the Coulomb branch that remains after instanton
effects is parametrized by
M ~ exp (2;‘21 + 22'71) (2.61)
93
It corresponds to the monopole of minimal charge.

Superpotentials involving monopole operators have appeared in the literature in various
circumstances. For example, they famously appear in the Aharony dual of U(NN) or USp(2N)
theories with fundamental quarks as we are going to review in Section

Monopole superpotentials can also appear as the effect of reducing a 4d theory on a cir-
cle down to 3d. A careful study of the moduli spaces indicates that, contrary to the naive
dimensional reduction, the compactification on a circle of finite size allows for the generation
of KK monopoles which enter the superpotential. These monopoles play a key role in consis-
tently deriving 3d dualities from 4d ones. When reducing on a circle a pair of dual 4d theories,
at the first step one obtains a 3d dual pair with monopole superpotentials. The monopole
operators are charged under topological and axial symmetries and break these symmetries in
3d (such symmetries would be anomalous or non-existent in 4d). At this point one can turn
on various real mass deformations and recover 3d dualities without monopole superpotentials.
This procedure has been successfully implemented for theories with various gauge and matter
content.

When studying linear quiver, we use the following notation to denote monopoles %0,
A 0 in the i** position means that there is vanishing GNO flux for the i* gauge group, while
a e in the i"" position means that there is minimal GNO flux for the i gauge group.

For unitary gauge groups U(N), the e can be + or —, + refers to the minimal flux vector
m = (1,0N71) and — to the other minimal flux % = (0V~!, —1). For a linear quiver with only
unitary gauge groups the e in the monopole 9%%** are either all + or all —.

For USp(2N) gauge group, the e refers to the minimal GNO flux vector m = (1,0V~1).

The monopoles which are chiral ring generators have minimal GNO fluxes for each node,
and the non-zero fluxes are turned on in a single connected group of nodes (of arbitrary length),
of the form t-0.0:.00,...

Moreover, we need the following formula for computing the charge of a monopole operator

9™ under abelian global symmetry
i 1 -
Q™) = —5 > QW) |py, (1)] (2.62)
i
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2.2 Chiral ring

Let us discuss the concept of chiral ring which is characteristic of SUSY theories with at least
four supercharges (therefore for both 4d N =1 and 3d N' = 2). We will see that it is a concept
related to the moduli space of supersymmetric vacua. Let us start by the definition of chiral
operators. Chiral operators, O;, are simply gauge invariant operators that are annihilated by
the supercharge Q-

Qs O} =0 (2.63)

Chiral operators are defined modulo exact terms of the form {Q,,...}. The sum of two chiral
operators is also a chiral operator as well as a product of two chiral operators. Therefore it
forms a ring called the chiral ring [227].

Chiral operators enjoy special properties.

e They are independent of position x
0,01(z) = [Py, 01(2)] ~ {Q4, [Qa, Or(2)]} ~ 0 (2.64)

e The property (2.64) implies that expectation value of a product of chiral operators is
independent of each of their positions

<H Oi(z;)) = <H O;) (2.65)

e Finally invoking cluster decomposition and (2.65)) we conclude that the correlation func-

tion factorizes
n

(01(21)Os(x2) . .. On () = [ [(O3) (2.66)
i=1

From these properties, we can understand why there are no contact terms in the expectation
value of a product of chiral fields. It comes from the independence of correlation functions of the
positions x;. Since they are independent of the positions they cannot contain delta functions.
The chiral operators that generate the chiral ring are called chiral ring generators. Many

other properties can be found in [228].
Before going on, let us connect this brief introduction of the chiral ring to the moduli space
of vacua. When the constraints coming from the equations of motion for the F' and D fields
are taken into account, they reproduce the relations between chiral ring operators. Therefore

the chiral ring can be identified with the moduli space of vacua.

2.3 Notation for quiver gauge theories

All along this thesis we will use and abuse of the quiver notation to denote the theories we are
studying. Almost all the time in this thesis, the quivers denote theories with 4-supercharges.

Let us summarize here the notation that we will use.

3When a superspace formalism exists, @ and Dg are conjugate by exp(803,), so the chiral ring defined in

terms of operators annihilated by @, is isomorphic to that defined using Ds.
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Quiver diagrams

e a circle node denotes a gauge group and the colour will specify which kind

— a black node @ denotes U(N)

— ared node @ denotes SU(N)

— a blue node @ denotes USp(2N)
— a green node denotes SO(N)

— a purple node @ denotes O(N)

e a square node denotes a flavor group and we use the same colour code as befor

e An oriented link between two nodes denotes a chiral field in the fundamental
representation of SU(Nz) and in the anti-fundamental representation of SU(Ny)

Y
e An (oriented or not) arc on a node @ denotes a chiral field in a rank-2 representation
(most often in this thesis it will be the antisymmetric representation but it could also be

the symmetric or adjoint representation)

Flips In this thesis, an important role will be played by a class of gauge singlet chiral field o
called flippers. We say that o flips an operator O when it enters the superpotential through
the term o - O. Most of the time, we will not draw these flippers in the quiver. Their presence

can be inferred looking at the superpotential.

Superpotential In theories with 4-supercharges, the holomorphic function W called the

superpotential plays a really important role in the dynamics.

e A term in the superpotential is represented by a closed loop in the quiver notation. Often

we will denote these terms by the geometrical shape and not by the actual names of the

c b
fields. For example, for a cubic term represented by the following quiver I we will
either write WW = abc or W = Triangle

e Concerning the flippers interaction, instead of writing WW = o - O we will often use the
following notation W = Flip[OQ]. Using this notation, we could avoid giving a name to the
flipper 0. When we want to refer to a specific flipper we will use the notation Flipper[O)]

(or an explicit name if we gave one).

4We can already say that there will be exceptions of this colour code. It happens when inside a quiver we
have two (or more) identical nodes and we want the easiest way to distinguish what symmetry we are talking

about.
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2.4 Anomalies and t’Hooft anomaly matching

Here we will focus on zero-form continuous symmetries, though one can consider generalizations
of the discussion to higher form symmetries and higher group structures and non-invertible
symmetries, see the review [229]. This section is based on 178 230].

Typically the deformation breaks explicitly some of the symmetry of C'FTyy and some of
the symmetry might also be spontaneously broken: let us assume Gy is the surviving fraction
of the symmetry. This symmetry will be preserved during RG flow.

Importantly, we can say something more about the symmetry. If a theory possesses a
global symmetry with a corresponding conserved current. We can turn on background gauge
fields A,,, valued in the Lie algebra of some subgroup of the symmetry group, coupled to this
conserved current, and compute the effective action I'[A]. As the current is conserved the gauge
field comes with a gauge symmetry. We can then try to promote A, to be dynamical fields.
However, there might be an obstruction to doing so, which goes under the name of ‘t Hooft
anomaly. The obstruction comes about as the effective action of the theory might or might not

be invariant under the gauge symmetry.
(A% < T[A] (2.67)

If the equality does not hold, we say that the (sub)group of the symmetry has a ‘t Hooft anomaly.
In particular this means that the symmetry cannot be gauged, we cannot promote A, to be
dynamical fields. The important fact of the 't Hooft anomalies is that they are computable.
First, the anomaly of a continuous symmetry can be captured in d = 2n dimensions’| by an
n + 1 point one loop amplitude involving the conserved currents. In particular, in d = 4 the
anomaly is proportional to

aG, ¢, 65 = Trr (G G2 G3) (2.68)

Here R is the representation of the chiral fermions of the model under the G; which are the
groups corresponding to the three currents.

‘t Hooft anomalies are useful for us since they don’t change during the RG-flow and thus
are the same in the UV and the IR: this fact goes under the name of ‘¢ Hooft anomaly matching
condition.

The previous discussion did not invoke supersymmetry and it is one of the few non-
perturbative tools available in this case.

For convenience and because we will use the 't Hooft anomalies, we will present the formula

in the context of 4d V' = 1 gauge theory. Let us call G the gauge group, the matter is represented

by the chiral fields ®;, 7 = 1,...,s. The matter transforms under the gauge group as: @ n; r;.
i=1
The global symmetry of the theory includes U(1)g, some U(1)’'s and some non-abelian factors

SU(n;). The number of U(1)'s depends on the number of simple factors in G and on the

superpotential.

Tr(RG}) = p(adjg,) + Z n; (Ri — 1) p(r;) (2.69)

5There is no 't Hooft anomalies for continuous global symmetry in odd dimension.
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r(Fo G?) = Z n; o (2.70)

F, is the current associated to one of the U(1 )a global symmetry and ¢ is the charge under

this symmetry.
Tr(R%) = dim G + Z n; |ri| (R; — 1)° (2.71)

Tr(F,FsF, an il q” o (2.72)

= Z n; |r;] A(hl) (2.73)

F7y is the current associated with one of the non-abelian factor of the globaly symmetry and hiI
is the representation of the matter field under this symmetry.

The two group theoretic data involved in the computation of the anomalies are the Dynkin
Index, p and the anomaly coefficient A can be found for example in [231]. We report here the

value that we are going to use

SU(N) x| p(r) | Alr)
fundamenal N 3 1
adjoint N?2 -1 N 0
antisymmetric | $(N —1) | 2 | N —4
symmetric | S(N+1) | &2 | N +4

Table 2.3: Group theoretic data for SU(N).

USp(2N) r| p(r) | A(r)

fundamenal 2N % 0
adjoint (symmetric) N(2N +1) N+1| 0
antisymmetric N2N-1)—1|N—-1| 0

Table 2.4: Group theoretic data for USp(2N).

SO(N) r] pr) | Alr)
vector N 1 0
adjoint (antisymmetric) S(N-1) | N=2| 0
symmetric S(N+1)—1|N+2| 0

Table 2.5: Group theoretic data for SO(N).

For conjugate representation r, they satisfy the following relations



2.5 oc-maximization

The SCFT in the UV thus has an R-symmetry which is part of the superconformal group. We
will only discuss deformations which preserve N = 1 supersymmetry. We will also assume that
some combination of this R-symmetry and an abelian subgroup of the global symmetry group
of CFTyy is not broken by the deformation, though, of course, as we introduce a scale the
conformal symmetry is broken. In the IR, if we arrive to a conformal fixed point, we again
acquire the superconformal R-symmetry. However, the superconformal symmetry in the UV
and in the IR might not be the same symmetry. Nevertheless, the fact that the R-symmetry
is intimately related to the superconformal group allows us to determine it in the IR. It goes
under the name of a-maximization [232]. Let us review how it is working. Any conformal
theory, supersymmetric or not, in 4d has two important numbers associated to it: these are
referred to as the a and the ¢ conformal anomalies. The conformal anomalies measure, among
other things, the failure of the expectation value of the trace of the stress-energy tensor to
vanish when the theory is placed on a curved background with metric g,
a

ny — _C 2
(Tl oWV gk (2.76)

where W is the Weyl tensor and Fj is the Euler density, both built from certain combinations of

the metric and its derivatives [233]. In superconformal theories, as the stress-energy tensor and
the R-symmetry are part of the same symmetry algebra the various anomalies are interrelated.

We can show the following extremely useful equations [234]

a= 3% (3TrR* — TrR) (2.77)
c= 3% (9TrR® — 5TrR) (2.78)

Here it is important that R is the R-symmetry in the superconformal group and the Tr is over
the chiral fermions of the theory.

A breakthrough was obtained by Intriligator and Wecht when they gave a recipe to obtain
the correct superconformal R-charges. They define a quantity called a,;,; based on , that
depends on real parameters associated with the abelian global symmetries that can mix with

the R-symmetry

aria({}) = 3% 3Tr (R + Z aiU(l)(i)> —Tr (R + Z OZiU(l)(i)> (2.79)

Where «; are arbitrary real numbers associated to the i U(1) global symmetry. Then they
showed that

The superconformal R-symmetry mazimizes Griq

This procedure is named, for obvious reason, a-maximization.

Efficient way to implement a-maximization for quiver gauge theories The first thing

to do is to parametrize all the R-charges of the fields in terms of fred’| R-charges variables

6The word free means independent in this context and not free fields.
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Rfree. We have first to write enforce the vanishing of the ABJ anomaly for the R-symmetry. It
corresponds to one equation for every gauge node. Then we have to write the constraints on
the R-charges coming from superpotential terms. Finally, we can have additional constraints if
there is additional discrete symmetry, like charge conjugation.

If there is no additional discrete symmetry imposing further constraints, the number of free
R-charges is the same as the number of U(1)’s global symmetry. The number of U(1)’s global
symmetry is equal to the number of matter chiral fields minus the number of gauge nodes and

minus the number of independent terms in the superpotential.

#U(1)'s global symmetry = # chiral fields — # gauge nodes — # independent terms in W

J

tree)> We can define the following

Once we have parametrized the R-charges of all fields R;(R
trial quantity:

it = 5 (TR (RL,)* — TIR(RL,,)) (2.80)
By defining
3
aplz] = 3 (3(z —1)° = (z — 1)) (2.81)
we can rewrite (2.80]) as
atm’al<R;ree) = dim GCZO [2] + Z n; ’ﬁ’ Qo [Rl] (282)

Where G is the gauge group of the theory, R; is the R-charge of the 7 chiral fields called ®;,
73| is the dimension of the representation under G of ®; and n; is the number of chiral fields
®;. The first term in (2.82)) is the contribution of the gauginos and the sum is over the chiral
fields ;.

Once aypiqr 18 computed, we can maximize it (often numerically). The variables Rfree that

maximize ay.;,; are the R-charges at the superconformal IR fixed point.

Similarly, we can express the second central charge, ¢, by

Criar = dim G ¢o[2] + Z n; |7 co[Ri (2.83)
with
colz] = % (9(x — 1) — 5(z — 1)) (2.84)

2.6 4dN =1 IR duality

In this section, we describe the phenomenon of Seiberg duality [38]. We start with the first con-
jectured duality involving SU(N) gauge group and matter in the fundamental representation.
After, we see generalizations to other gauge group and/or matter in different representations.
The work of Seiberg gave new insight on this topic and allowed a deeper comprehension of the

dynamics of SUSY gauge theories, also in the non-perturbative regime.
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2.6.1 Seiberg-like dualities

Seiberg duality was originally formulated for 4d N” = 1 SQCD. The gauge group is SU(N), there
are F flavors Q;, Q7 1, 7 =1,..., F and a vanishing superpotential. The conjecture proposed
by Seiberg [38] is that SQCD for F' > N + 1 is dual to another theory at low energies. This
statement is highly non-trivial since the two theories are different in the UV. Nevertheless, the
claim is that they are actually describing the same degrees of freedom when we flow to the
IR. We often call the original theory electric theory (eSQCD) and the dual theory magnetic
theory (mSQCD). The reason is that the gauge coupling of one theory is the inverse of the
one of the dual theory, as it happens in electromagnetism. Indeed, Seiberg duality is often

called electric-magnetic duality. In quiver notation of section the duality statement is the

QSEQ — q(j
F F

following

Seiberg duality:

F F
W =0 W = Fliplqq]
Mapping: tr(QQ) +— Flipper|q ]
QN +— ¢V
QY = N (2.85)

In the original formulation [38], some scales are involved in the duality statement like the
holomorphic scale A for eSQCD, A for mSQCD and g the RG scale. For our purpose it will
not be necessary to keep track of these scales and therefore we will be slightly imprecise and
not write them to gain in readability.

Now let us review some of the checks of this conjecture. The first one is the existence of
a consistent mapping of the chiral ring generators. By consistent we mean that the quantum
numbers under the global symmetries are the same for the operators on both sides of the
mapping. In the case of SU(N) SQCD we have written the mapping in (2.85)). Another test
that we can perform consists of deforming the electric theory and verifying that it has the
expected effect on the magnetic side. In the SU(N) case, it is easy to check that giving a mass
to one flavor of the electric side corresponds (using the mapping) to an Higgsing in the magnetic
theory. After integrating out the massive flavor, we are left with SU(N) with F' — 1 flavors on
the electric side. On the magnetic side, after the Higgsing we are left with a SU(F — N — 1)
with ' — 1 flavors and a flipper of the meson matrix. It corresponds precisely to the duality
(2.85) with FF — F' — 1. It is a non-trivial check of the consistency of the claim.

One of the main checks of a duality statement is the matching of the 't Hooft anomalies for

the global symmetries. As reviewed in section [2.4] the 't Hooft anomalies are invariant under
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the RG flow. Therefore they should match between two dual theories. In the case of the Seiberg
duality, it has been shown to be the case. We summarize the 't Hooft anomalies in Table [2.6]

Tr (SU(F)?) : N | Tr(U(1)3) : N
Tr (SU(F)2U(1)p) : 21 Tr (U()ZUQ)sp) : 0
Tr(SUF)?U()g): —2% | Tr (U(1)p) - 0
Tr (U(1)3) : 0| Tr(U(1)R) : ~N2 -1

Table 2.6: 't Hooft anomalies in SQCD ([2.85)).

It exists other tests consisting of matching other exact quantities such as the Hilbert series
[235]. Another more recent test is the matching of the superconformal index |29, 30] that is
another RG invariant quantity (see discussion in section . The matching of the index for
Seiberg duality has been studied in [236] and a detailed analysis of the integral identities that
relate the dualities is given in 26, [27].

Soon after the discovery of Seiberg many other dualities have been found, involving other
gauge groups, different matter content and superpotential interactions. In the following we will
present some of these extensions, the ones that are going to play a role in this thesis. The next
duality is really similar to the Seiberg duality and has been found by Intriligator and Pouliot
(IP) |45]. The electric theory is SQCD with USp(2N) gauge group and 2F fundamentals. For
2F > 2N + 4, this theory admits a magnetic dual theory given by

IP duality:

W =0 W = Flip|g ¢]
Mapping: tr(QQ) <— Flipper[qq] (2.86)

This duality is even simpler than the Seiberg duality because there is no baryon for the
symplectic group.

Before going to review other extensions of the Seiberg duality in the next subsection, we
want to analyze the lower bound case of the Seiberg and IP dualities. More precisely we want
to comment on the case F' = N + 1 respectively 2F = 2N +4 for SU(N) respectively USp(2N)
SQCD. As reviewed in the introduction, these two cases corresponds to S-confining theories.
The IR is then, by definition, captured by a theory with trivial gauge dynamics, that is a WZ
model. The elementary fields of the IR WZ description map with the gauge invariant operators
of the UV gauge theory. We can therefore also use our quiver notation of section to describe
these cases. Not surprisingly we call Seiberg S-confining dualityﬂ the SU(N) case [37] and IP
S-confining duality the USp(2N) case [45]. In quiver notation they read

"Before [37], |237] pointed out that the 't Hooft anomalies are matched by the mesons and baryons, but the

confining superpotential was not found.
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Seiberg S-confining duality:

1
Q Q — i/ \\B
N +1 N+1 N+1 - N+1
M
W=0 W = det M — Planar Triangle

Mapping: rQQ) +— M
QY +— B

QY +— B

(2.87)
IP S-confining duality:
W
0 F Y
@—k ON +4| = [2N+4
W=0 W = Piaff (1)
Mapping: tr(QQ) «— (2.88)

2.6.2 Kutasov—Schwimmer-like dualities

In this subsection, we present different extensions of the Seiberg duality. They involve gauge
theories with classical gauge group, matter in rank-2 and fundamental representations and
a non-trivial superpotential in the form of a power of the rank-2 matter. The first of these
dualities is for a SU(n) gauge theory with a field in the adjoint representation and is due to
Kutasov and Schwimmer [54, 55]. Later Intriligator proposed the variants for symplectic and

special orthogonal gauge groups [53].

SU(n) case with adjoint

We present the duality for the SU(n) gauge theory with a field X in the adjoint representationﬁ,
F flavors and a non-trivial superpotential W = X**1. This duality appeared in [54} |55]. The

8The adjoint field can be both taken to be traceful or traceless. On the dual the adjoint would be corre-

spondingly traceful or traceless.
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quiver summarizing this duality is the following:

X, e
g -
Q Q. 1-ht q ¢, 1 —
F F F F
W = Xk

k
W = Y"1+ 3 "Flip[gY* ¢
= (2.89)

We have noted the R-charges next to the fields.

The mapping of the chiral ring generators is the following:

X7 Y i=2,...k

- — 2.90
QX'1Q Flipper[qgY* g l=1,....k (2.90)

USp(2n) case with antisymmetric

The duality for the USp(2n) case with an antisymmetric field Af] 2F fundamentals and a
non-trivial superpotential WW = A¥1 appeared in [53]. The duality is given by the following

quiver:

B

2
Y k+1

@—F 2F — 2F
Q q
1— 2(n+k) _ 2(k(F=1)-n)
G+ F (kT F
k
W = Akt W = B!+ Fliplg B g
= (2.91)
The mapping of the chiral ring generators is the following:
AJ BJ j=2,...,k

— 2.92
QA~Q Flipper[qBf~t1q] l=1,....k (2.92)

SO(n) case with symmetric

The SO(n) case with a field in the symmetric representationm 2F chirals in the vector repre-

sentation and a non-trivial superpotential W = S**1 appeared in [53]. The duality is given by

9The same comment as in the footnote @ applies for the antisymmetric field.
10The same comment as in the footnote @ applies for the symmetric field.
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the following quiver:

T, =
A~ e
2F — 2F
Q
2(n—2k) 2(k(F+2)—n
1 - ((Hl)/” 1= %
k
W = gkt W =T+ "Flip[g T q]
=t (2.93)
The mapping of the chiral ring generators is the following:
Si T i=2,... .k

— 2.94
QS1Q Flipper[¢T*~"*1q] I=1,...,k ( )

2.6.3 Self-dualities modulo flips

In this subsection, we want to present some examples of the notion of self-dual theories modulo
flips that we introduced in the introduction. We talk about self-duality modulo flips when
the electric and magnetic theory share the same gauge structure, but differ by in the flipper
side. Self-dualities modulo flips have been discussed in |64} 65, (197, |198]. The simplest case is
SU(2) with 8 chiral fields in the fundamental representation that we review now. There are
3 different-looking theories that are equivalent in the IR to the original SU(2). In our quiver
notation, they can be written like

OESHEEIE
IP frame: @+ 8 W = Flipl[q q] —

Seiberg frame:

4

4

CSST frame:
W = Flip|q q] + Flip[G q]

Q

q
f](( » 4 W =Flipl¢q] <+—
(i/< >\q

4 4

(2.95)

The first dual frame in is an application of the IP duality where we think SU(2) as
USp(2). In this frame there are 28 flippers (the dimension of the antisymmetric representation
of the SU(8) global symmetry). The second dual frame is an application of Seiberg duality
(2.85) where we have arbitrarily split the 8 into two groups of 4 and interpreted one of them

as fundamental and the other as antifundamental. In this frame there are 16 flippers (the
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dimension of the Seiberg meson in the bifundamental representation of the SU(4) x SU(4)
global symmetry). The last frame was found by Csaki, Schmaltz, Skiba and Terning (CSST)
in [65].

There is a generalization of this result. It involves a USp(2N) gauge theory with matter in

an antisymmetric representation and 8 chiral fields

v
!

A
q N-1
Generalization IP frame: @+ 8 W = Flip[q A* ¢] —
k=0
A
Generalization Seiberg frame: N1 PN
l r W =Y Flip[l A*r]
k=0
4 4
A
Generalization CSST frame: No1
! r W = Flip[l A% 1] Z Flip[r A* 7]
A . k=0
(2.96)

For N = 1 we get the result of (2.95)). The first dual frame in (2.96]) appears in |[62]. The others
dual frames appear in [238]. We will furnish a proof of the generalized IP frame in section [3.4]

Other self-dual theories modulo flips have been conjectured in [65].

2.7 3dN =2 Seiberg-like dualities

In this section, we discuss the similar phenomenon of Seiberg duality for 3d N = 2 theories.
The prototypical duality of this kind has been discovered by Aharony [68]. The electric theory
consists of SQCD with U(N) gauge group and F pairs of fundamental and antifundamental
chiral superfields. The magnetic dual theory is given by the following quiver
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Aharony U(N) duality:

Q Q — q q
F F F F
W =0 W = Flip[qq] + Flip[9t*; ]
Mapping: tr (QQ) +— Flipper|qq]

Mt «—  Flipper[M*]
M~ «—  Flipper[9n-] (2.97)
In 3d there are two U(1) global symmetries that don’t exist in 4d. The first one is the axial
symmetry U(1)4 that is anomalous in 4d. The second is the topological symmetry U(1);.
The important observation of [68] was that the monopoles 9™ and 9t~ in the dual theory
have to be set to zero in the chiral ring for the duality to hold. This is the purpose of the
term Flip[iﬁﬁ;iﬁ?‘] in the superpotential. Let us not be confused about the notation, this
superpotential term should not be interpreted as a mass term even if it looks like a quadratic
term. The reason is because the monopole operators M*; 9~ are not elementary d.o.f. As we
said before, this term should be seen as enforcing the constraints on the chiral ring.

Similarly as the situation in 4d, there are many generalizations of the U(N) duality of
Aharony involving other gauge group, different matter content, superpotential interactions and
also CS interactions. Let us give the example, also discussed in the original work of Aharony
[68], of the USp(2N) SQCD. The quiver notation of this duality is the following

Aharony USp(2N) duality:

Q q
2F — 2F

W =0 W = Flip[q q] + Flip[IN]

Mapping: tr (QQ) «— Flipper[q ¢

I < Flipper[M] (2.98)

2.8 Classification S-confining theories

In [44], Csaki, Skiba and Schmaltz classified all S-confining for theories with simple gauge
group and vanishing superpotential. They did it by founding two criteria which allow them to
decide whether a given theory can be S-confining without having to know the explicit infrared

description.
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The first criterion follows from holomorphy of the dynamically generated superpotential.
More precisely, for theories with no tree-level superpotential and only one gauge group, the
symmetries and holomorphy completely determine the form of any non-perturbatively generated
superpotential [40, [239]. Requiring the smoothness of this superpotential on the whole moduli
space puts a constraint on the matter content of the theory. Concretely, [44] found the following

constraint on the Dynkin indices of the matter!]
>t

This formula summarizes our first necessary condition for S-confinement, which enables us to

p(adjoint) = 1 (2.99)

rule out most theories immediately.

The second criterion follows from the study of different regions of the moduli space of the
theory under consideration. The idea is simple and goes back to the definition of S-confining
theory. The theory should have a smooth description in terms of gauge invariants everywhere
on the moduli space. Therefore if we explore the moduli space of an S-confining theory, we
should always end up with another S-confining theory. This observation leads to the second
criterion which is a necessary condition. If by exploring the flat directions of a theory, we end
up in a theory that does not admit a smooth description with only gauge invariant d.o.f then
the original theory cannot be S-confining. The inverse statement is not true, if at some point
of the moduli space we end up in an S-confining case it does not imply that the original theory
is also S-confining.

Applying these two criteria, [44] produces Table [2 - Table [2 - 2(and |2 -

Figure 2.1: Classification of S-confining theories with gauge group SU(N), taken from [44].

SU(N) (N+1)(0+0) | s-confining

SU(N) H+ NO+40 s-confining

SU(N) H+H+3(0+05) | s-confining

SU(N) Adj+o+O Coulomb branch
SU(4) Adj +H Coulomb branch
SU(4) 3H+2@0+0) SU(2): 80

SU(4) 4H+0+0 SU(2): M+ 40
SU(4)  5H Coulomb branch
SU(5)  3H+0) s-confining

SU()  2H+ 20440 s-confining

Su(s) 2H+b) Sp(4): 3H+ 20
SU() 2H+H+28+0| SUM4): 3H+2(0+0)
SU6) 2H+ 50+0 s—conﬁnlng

SU®6) 2H+H+20 SU(4): 3H+2(0+D)
SU6) H+40O+0D) s—conﬁnlng

su) H+H+so+o |sus): 2B+H+20+0
sue) H+H+H Sp(6) .H+H+D
SU(6) ZB-HZH-E 20+
SuU(7)  2(H+30) s—conﬁning

SU(n H+40+20 'E+B+3E+D
su(m) H+H+o Sp( ) H+B+o

HTn they used a different normalization for the Dynkin index so they get the following constraint > m(ry) —
u(adjoint) = 2.
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Sp(2N) (2N +4)0 | s-confining
Sp(2N) H+e6o s-confining
Sp(2N) tm+20 | Coulomb branch
Sp(4) 2H+40 | SU(2): 80
Sp(4)  3H+20 | SU(2): +40
Sp(4)  4H SU(2): 2t
Sp(6)  2H+20 | Sp(4): 2H+40O
Sp(6) H+5D Sp(4): 2H+ 40
Sp(6) E+E|+D SU(2): O+40
Sp6) 2 SU(3): o+
Sp(8) 24 Sp(4): 5H

Figure 2.2: TClassification of S-confining theories with gauge group USp(2N), taken from .

SO(14) | (1,0,5) | s-confining

SO(13) | (1,4) |s-confining

SO(12) | (1,0,7) | s-confining

SO(12) | (2,0,3) | s-confining

S0(12) | (1,1, 3) | s-confining

SO(11) | (1,6) |s-confining

SO(11) | (2,2) |s-confining

S0O(10) | (4,0,1) | s-confining

SO(10) | (3,0,3) | s-confining

SO(10) | (2,0,5) | s-confining

SO(10) | (3,1,1) | s-confining

SO(10) | (2,1, 3) | s-confining

S0O(10) | (1,1,5) | s-confining

S0O(10) | (2,2,1) | s-confining

SO(10) | (1,0,7) | SU(4) with 3 B+ 2 (0 +0)
SO(9) | (4,0) |s-confining

SO(9) | (3,2) |s-confining

SO(9) | (2,4) |s-confining

SO(9) | (1,6) |SU(4) with 3H+2 (Oo+0)
SO(8) |(7,0,0) | Coulomb branch

SO(8) | (6,1,0) | Coulomb branch

SO(8) |(5,2,0) | SU(4) with 3H+2 (O+0)
SO(8) |(5,1,1) | SU(4) with 3H+ 2 (O+0)
SO(8) |(4,3,0) | s-confining

SO(8) |(4,2,1) | s-confining

SO(8) |(3,3,1) | s-confining

SO(8) |(3,2,2) | s-confining

SO(7) | (6,0) |s-confining

SO(7) | (5,1) |s-confining

SO(7) | (4,2) |s-confining

SO(7) | (3,3) |s-confining

SO(7) | (2,4) |SU(4) with 3H+2 (0+0)
SO(7) | (1,5) |Coulomb branch

Figure 2.3: Classification of S-confining theories with gauge group SO(N), taken from .
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They also studied the exceptional groups. The only case they found is the G gauge theory
with 5 fundamentals. This case has already been discovered in [240].

In order to obtain these tables, they did the following. For each gauge group, they listed all
matter content respecting the criterion and then for each theory they studied directions
on the moduli space. If they found a flow that rules out the S-confinement scenario, they give

it on the second column.

2.9 Deconfinement method

Most of the examples of S-confining theories appearing in the classification of [44] reviewed in
section [2.§| involve rank-2 matter, more precisely antisymmetric fields. Therefore if we want to
consider the dualities of section as building blocks, we need a way to get a situation in
which only fundamental fields are present. This is doable and it is called deconfinement. The
price we have to pay is an additional gauge group. We trade the rank-2 field by a confining
gauge group. This method was introduced by Berkooz [60] and further developed in [63].

The original deconfinement method of [60] was for SU(2N) with an antisymmetric field and

it reads
A
g @
(=) =)
—

Q Q 9] Q
2N + F — 4 F 2N + F — 4 F

W = Pfaff (A) W =0

(2.100)

The justification is straightforward, we start on the r.h.s, we notice that the USp(2N — 4) is
coupled to 2N fields, so we apply the USp building block and we get the L.h.s.

We would prefer a situation where the superpotential is zero on the side with the antisym-
metric field. A way has been found by Luty, Schmaltz and Terning [63]. It applies for any
group G and it says

X

@ — N+K—4 0 G

W=0

o

W = Planar Triangle + Flip[l{]
K

(2.101)

On the r.h.s, N is the dimension of the fundamental representation of G (the antisymmetric
field has indices X;; with 4,7 = 1,..., N), K is the smallest integer such that N + K —4 is

even and Flipper[ll] is an antisymmetric field of the flavor group. Few remarks

e Depending on the group G, there is additional matter, that contributes to cancel the

gauge anomaly. However GG is a spectator in this deconfinement.
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e Planar Triangle corresponds to the term [b¢ with the obvious contraction of indices.

o “Xij > bib; = b5 b} Jgfp ”. We put the mapping into quotation mark because it does

not correspond to gauge invariant operators.

e If K > 1 we have a fictitious SU(K) global symmetry. It is fictitious because the only

fields that transform under this symmetry are not present in the low-energy theory.

The justification of (2.101)) goes as follows. We start once again from the r.h.s and notice that
USp(N + K — 4) is connected to N + K so we can use our USp building block (2.88)). The
result is

X

(3

6Hp W = ép + aff + Pfaff
K Y
Ié] Qa

Then since ¢ and  are massive we can integrate them out which put to zero p and a. Now if

(2.102)

we look at the Pfaffian term, we see columns of zero and so it vanishes. Therefore we obtain
the Lh.s of .

For G = SU(2N)/USp(2N)/SO(2N) K is an even integer greater or equal to 2, so using this
method there is a fictitious global symmetry (this SU(2N) deconfinement appears in Terning
[66]). For our purposes this is not enough, we need a deconfinement without this additional
fake symmetry group. When the theories have at least one matter fields in the fundamental

representation we can avoid it.

Our deconfinement version of SU(2N):

A A

2 b
@ = N —  [an—2 2\
Q @ Q' ¢\ \F . .
l d Q %1
IN+F—4| | F| |oN+F—4| |[F—1||1
L 1] 2N+ F 4] F -1

W = Plannar Triangle — [hd (2.103)

This type of 4d N' = 1 deconfinement reduces to the 3d N’ = 2 deconfinement used in [85] and
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also appeared in [241]. The mapping of the chiral ring generators is

QQ qQN
FQ 1bQ
AQ? bb O
2N 42N
eav @ — ean Q (2.104)
EaN AN h
ean (AV7 g on BNV @) T =1, [
€aN (AN_qu) E(]
e (AN TR eon (PN bR Y) K =2, (]

The trick was to split the F' fundamental fields into F'—1 and 1 and use this extra 1 to deconfine
without introducing any extra ”fake” global symmetry. The proof of is similar to the
previous ones. We start on the r.h.s by confining the USp(2N — 2) gauge group. The initial
superpotential terms become mass terms of the unwanted mesons which therefore are set to 0.

This kills the would-be Pfaffian term because, as before, we get a vanishing column. The sign
in the superpotential in (2.103) is designed such that the mapping (2.104) involves only + sign
(if we consider +Ihd in(2.103)), the mapping (2.104) becomes eoy AN <— —h).

Our deconfinement version of USp(2N):

9F — 1
A AO QO
b
@—FQF = D@ Hro1] <o 2N L [oN—2
_ Fy dy
W=20 U1 Fl
1
1 1
hi

W = Planner Triangle — d; F1hy + Flip[by by ] (2.105)

In this situation we should add the Flipper[b; b;] because we want the antisymmetric Ay on the
Lh.s to be tracelesd™

In this case the mapping is

Qo Ap Fo Qo b1 (b1b1)' Fy i=0,...,N—2
Qo AN Fy Qo vy
QAQ =  Qbibh)Q  j=0,...,N-1 (2.106)
tr A tr (by by)* k=2,...,N—1
tr AN hy

Let us write more explicitly the indices of the operators.

12Meaning AS‘BJQB = 0 with J,g the invariant tensor of USp(2N)
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e QuAlQy = (Qo)5* AG2%s ... AGHOUHL (Qq)s2 2 J2N ... 2N that transforms in

i1 12 aja Q2541002542

the antisymmetric representation of the SU(2F — 1) global symmetry.
® Qo(bib) Qo=

(Q)it (b5 (ba)2 Ji20) -+ ()2, ()™ TR Qo)™ By -+ Ja s

k — Qf 10
o tr A= A0 AGEIR PN L pN pN
o tr(b b)) =
B18 - B2s-18
(0 (br)g; Jon=s) -+ (b))~} (b1)53) Jon'™") Jagas - Joesane s Jazken

To summarize with these two ways of deconfining. The advantages are
e W=0

e No additional matter fields in the deconfined frame that introduces fictitious global sym-

metry
The disadvantage is the apparent breaking of the global symmetry
e SU(2N) case: SURN+F—4)x SU(F)xU(1)? — SUQRN+F—4)x SU(F —-1)xU(1)?
e USp(2N) case: SU2F) x U(1) — SU(2F — 1) x U(1)?

For G = SU(2N + 1) with F' fundamentals we have K = 1 in (2.101)). Therefore we have

the following deconfinement version

Deconfinement of SU(2N + 1):

Y/\YA

b
— 2N —2 2N +1
0 Q , ¢ Q \@
2N+ F -3 F 1 2N+ F -3 F
W =0 W = — Plannar Triangle (2 107)
The mapping of the chiral ring generators is the following:
QQ Qa
AQ? bbQ?
EaN+1 Q2N+1 <~ EaN+1 Q2N+1 (2108)
€aN+1 (AN Q) cQ
an i1 (A7 Q) con1 (PN T=1,.., 5] -1

This form of deconfinement appears first in Pouliot [58]. The sign in (2.107)) is once again to

have all 4 sign in the mapping of the chiral ring generators.
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In the Chapter[3| we will apply the two S-confinements (2.87)), (2.88) and the deconfinements
(2.103]) (2.105)) to prove all S-confining dualities involving antisymmetric fields that we presented
in section [2.8] The strategy is to first deconfine the rank-2 matter, then confine one by one all

the gauge groups.

2.10 4d N =1 supersymmetric index

In this section, we briefly summarize some facts about the supersymmetric index of a 4d N' =1
theory, which coincides with the superconformal index [29, 30, 236] when computed with the
superconformal R-symmetry (see also [242] for a review).

The index of a 4d N' = 1 SCFT is a refined Witten index of the theory quantized on S% x R

In—1 = Trs_o(—1)" (g) (pq)=t> 11" (2.109)

where

5:%{@, o'} :2j2+§R (2.110)

with @ = Q- one of the Poincaré supercharges and Q' = S the conjugate conformal super-
charge, while j;, jo are the Cartan generators of the isometry group SO(4) = SU(2); x SU(2),
of S3, R is the generator of the IR superconformal R-symmetry and T; are Q-closed generators
of additional global symmetries of the theory. The parameters p and ¢ are fugacities associated
with the supersymmetry preserving squashing of the S [236], while f; are fugacities for the
symmetries associated with the generators 7.

The index counts gauge invariant operators (“words”) that can be constructed from modes
of the fields (“letters”). The single letter indices for a vector multiplet and a chiral multiplet

transforming in the representation R of the gauge and flavor group and with R-charge R are

ivec (P, q,U) = %Xadj (P
B (pq ULV, R) = PDXR (%V—);o_)((fq—)(;XMU’ 23 (2.111)

where xgr (U, V) and xg (U, V) are the characters of the representation R and the conjugate
representation R, with U and V' gauge and flavor group matrices, respectively.

The index is obtained by symmetrizing of all of such letters into words and then projecting
them to the gauge invariant ones by integrating over the Haar measure of the gauge group.

This takes the general form

Lt (pa.V) = [ A0) [ PG (.0, U] (2.112)

where k labels the different multiplets in the theory and PE[é] is the plethystic exponential of
the single letter index of the k-th multiplet

o)

PE[zk(p,q,U,V)]—eXp[ i (" U VT (2.113)
1

m=
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which implements the symmetrization of the letters.
Let us consider the example of an SU(n) gauge group. The contribution of a chiral superfield
in the fundamental representation n or anti-fundamental representation n of SU(n) with R-

charge R can be written as follows:

n n

PE (15 (p,¢,U HF( )22 ) . PE[i%, (n.q.U)] =]]T. ((PQ)§Z;1> :

a=1

:0

(2.114)

where z, with a =1, ...,n and [[|_, z, = 1 are the fugacities parametrizing the Cartan subal-

gebra of SU(n) and the elliptic gamma function is defined as

B e
e (z) =T (zip,q) = [ T gty (2.115)
ij=1
We will also use the shorthand notation
L. (") =T, (2") Te (27") . (2.116)

On the other hand, the contribution of the vector multiplet in the adjoint representation of
SU(n) together with the SU(n) Haar measure can be written as

(pp qq %Enln dza 1 — ()’ (2117)

.l 27mza i T, (zazb )

a=1 z‘lzl

where the ( e ) indicates the rest of the index which receives contribution from the chiral matter
fields transforming in various representations of the gauge group. The integration contour is
taken over a unitary circle in the complex plane for each element of the maximal torus of the
gauge group. The prefactor (p; p)= (q; )% is the contribution of n U(1) free vector multiplets,
one for each Cartan element of the gauge group SU(n), where (z;q) = [[,_, (1 — zq¢") is the
g-Pochhammer symbol.

For completeness, we report the parametrization we used for the characters of various repre-
sentations of the groups USp(2n) and SO(n) that appeared in the main text. For USp(2n) we
mainly consider fundamental 2n, adjoint n(2n+1) and (traceless) antisymmetric n(2n—1)—1

representations

USp(Qn Z 2+ Z

XU‘Z’;(_QS n—i—z 22+ 2z +Z(zazb+zazb +2 w2, )
a<b
Xg(g’:fi?)_l =n—1+ Z (zazb + zazy 27 + za_lzb_l) i (2.118)
a<b
For SO(n) the characters of the representations are different depending on whether n is even

or odd, so it is useful to write n = 2k + € with k£ the rank of the group and ¢ = 0,1. The

60



main representations that we consider are the vector n, the adjoint
. . 1)-2
symmetric representations %

n(n—1)

xom) —e—i—Zza—i-z

k n
Xion 0 k+eZ(za+za_1) +Z(zazb+zazb +2 w2y )
2 a=1 a<b
k k k
i(on(-:ll))—2 =k+€—1+62(za+Z;1) +Z(22+Z;2) —i—Z(zazb—l—zazb + z, zb—l—z lzb_l) .
? a=1 a=1 a<b
(2.119)
Other useful characters are those for the symmetric % and anti-symmetric —"(n;l) rpere-
sentations of SU(n)
SU(n
Xn(ng—l)) - Z Z(lzb 9
2 a<b
SU(n
Xn<n( 1> Z Za% (2.120)
a<b

where as usual for SU(n) fugacities we have [['_, 2z, = 1
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Chapter 3

Power of deconfinement

The content of this Chapter is essentially taken from |1, [2].

3.1 Introduction

A line of research is concerned with the derivation of IR dualities involving rank-two matter
applying known more basic dualities. In this Chapter we will present our contribution in this
project. We will use the deconfinement method reviewed in Section to prove all S-confining
dualities involving one node quivers and matter in rank-1 and/or rank-2 representations of Sec-
tion [2.8] The set of theories includes 3 infinite series: USp(2N) with antisymmetric and 3 fla-
vors, SU(N) with antisymmetric and (4, N) flavors, SU (V) with antisymmetric, conjugate anti-
symmetric and (3, 3) flavors. Moreover there are 4 exceptional cases, with SU(5), SU(6), SU(7)
gauge group and 2 or 3 antisymmetric fields plus ﬂavors.E]

Then we will work out the sequentially deconfined dual of 4d N' =1 USp(2N) with anti-
symmetric and 2F fundamentals, uplifting the 3d N' = 2 results of [85]. This means that we
step by step prove a duality with a linear quiver gauge theories with /N nodes and a certain
saw structure, full details of the theory are in . This fully deconfined dual frame enjoys
the nice property that all the chiral ring operators are gauge singlet fields, similarly to what
happens for IP and Aharony dualities] We will then use this fully deconfined frame to prove
the known self-duality of USp(2N) with 4 flavors. More precisely, to derive the generalization
of the IP frame in (12.96]).

In the two sporadic SU(5) cases and during the sequential deconfinement of USp(2N) with
antisymmetric and 2F fundamentals, we will face a subtlety that we call degenerate holomor-
phic operator ambz’guityﬂ. As the name suggests, this phenomenon appears when we reach a
frame that contains more than one gauge invariant holomorphic operator with the same global

symmetry quantum numbers (including U(1)g), but only one combination is a chiral protected

1146] also found non-quivers S-confining models, with Spin(N) gauge group and spinorial matter, and a
SU(6) model with a rank-3 antisymmetric representation. Our techniques cannot tackle such cases. We leave
this problem to future work.

2This property cannot be enjoyed by theories with general baryonic operators in the chiral ring, such as in
SU(N) SQCD or in the sequentially deconfined 3d A/ = 2 SO gauge theories [243].

3This subtlety is also present in the 3d version of the sequential deconfinement story [85] but was overlooked.
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operator. If such an operator is flipped by a gauge singlet, only one specific combination ap-
pears in the superpotential. In the examples we encounter in this chapter, it happens that if
we follow the rules of Seiberg duality (as is usually done) we end up with the incorrect result.
In some cases we can determine which is the precise combination of operators appearing in the
chiral ring (equivalently, the combination that can be flipped) by going in a dual frame and
using classical F-terms relations there. Hence, in the original theory with degenerate holomor-
phic operator ambiguity, the ambiguity is resolved by quantum relations. In the case of F' = 4,
the precise superpotential is crucial in the proof of the self-duality modulo flips, so this case
provides a good consistency check of our procedure.

This chapter is organized as follows.

In section [3.2] we present the proof of the S-confining one node quivers without superpo-
tential.

In section , we present the general sequential deconfinement of USp(2N) with an anti-
symmetric and 2F fundamentals.

In section we set 2F = 8, which allows to sequentially reconfine the quiver tail, and
prove the self-duality modulo flips of the theory.

In section we show how to reduce our 4d N = 1 USp(2N) story to 3d N = 2, re-
obtaining the results of for U(NN) and USp(2N) found in [85]. Along the way we also derive
new sequentially deconfined duals, namely for U (V) with adjoint and (F, F') fundamentals with
monopole superpotentials.

In section [3.6] we give an outlook.

3.2 Proof of the S-confining theories

3.2.1 USp(2N) with H + 60| series

Let us start from USp(2N) gauge theory with one antisymmetric and 6 fundamental fields.
This theory has a continuous global symmetry SU(6) x U(1) (on top of the U(1)g symmetry).

We also turn on a superpotential

A

@_L
6
W= Flip[A’]
=2 (3.1)

The F-term equations of the Flipper[A’] set the tr (A?) to 0 on the chiral ring. In addition,
on the quantum chiral ring these flippers are not generators. We can understand it as follows:
Start with the theory with W = 0. After a-maximization [232], we discover that the operators
tr (A") violate the unitary bound. Therefore, we expect that in the IR the theory breaks into
a free and an interacting part. If we want to focus on the interacting part, the procedure

is to flip these operators [95] and the flippers are not generators of the quantum chiral ring.
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The conclusion is that the quantum chiral ring generators of (3.1) are the dressed mesons:
tr(¢A%q), a =0,...,N — 1 and these are the operators that we have to map. We turned on
this superpotential because it will be much easier to keep track of the superpotential when

doing the sequence of confinement/deconfinement.

Now we start by using the trick of splitting the 6 fundamentals into 5 + 1

To : A Ay
q
( fi R = @
N
4 F
W =" Flip[A7] °
i=2 1

N
W =) Flip[A}]

=2 (3.2)
The first step is the use of the deconfinement ([2.105]).
To
)
Qo
by :
2N 2N -2 W = Planar Triangle
dy +Flip[by by] + 20" Flip[(by by )]
(%) Ja
1
! ! (3.3)

In this section and in the following, for simplicity, we will not pay attention to the signs in front
of the various terms in the superpotential. Let us remark that the h; field has been integrated
out using the e.o.m of the massive Flipper[A)']. Now we see that the USp(2N) is coupled to
2N — 2+ 5+ 1 = 2N + 4 fundamental fields. Therefore we can apply the basic S-confining

result (2.88)). We get

a

o My N—1 i
5 :) W = pidy + Flip[Ay] + 37,0, Flip[Af]
m AOl A Q1 m
£ +Pfaff M, O
dy
0
1 1 (3.4)

The E.O.M of Flipper[A;] and d; set tr (A4;) = (A;)**2J2N~2 = ( and p; = 0. Therefore the

Q12
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Pfaffian term becomes

A Qv 0
Pfaff = Pfaff M, O] ~ Ear..aan1a Qo2 | 02N +302N 44
0

= E9N—-2¢€5 [Ajlvil M1201 + Ai\[72 Q%MlOl —+ Aing Q%Ol] (35)

Let us focus on the first term: ean_s €5 [A{V_l MIQOJ = E9N_2 [A{V_l] g5 [M}2O,]. We claim
that we can drop this term. Indeed the part eon_o [A{V _1] can be written, by linear algebra,
as the product of the traces of all powers of A} (which are all set to 0 on the chiral ring by
the F-term equations of Flipper[A}]). Then using the chiral ring stability argumentf] [95] on
€aN—_2 €5 [Af[ -1 Mlel} we conclude that we can remove this term from the full superpoten-
tial in . More generally, the chiral ring stability allows us to drop terms of the form:
€9 [A°] €5 [M; M; O] with ¢ > qﬂ Therefore from now on we will discard these terms. This is
the reason why we turn on the superpotential in , to avoid the proliferation of this kind of
term.

Ti:
M,
5 ) W = SN Flip[Ai]
Aol +Ean_2¢€5 [AiV_Q Q%MlOl
+AY 7 Q101]
! ! (3.6)
The next step is to deconfine again the antisymmetric field. We get
71’ : ﬁMl
5 e 1
O,
Q . . —2 o -
' W = Plannar Triangle + Flip[by by] + 31,7 Flip[(by by)']
b ,
2N —2 2 2N —4 +ean—2 &5 B3 T QIM Oy + bV °Q10,
dy
%) F2
1
! (3.7)

4The chiral ring stability argument says the following [95]: Start with a theory with superpotential Wy =
> W;. For each i, consider the modified theory 7; where the term W; is removed. Then, check if the operator

W; is in the chiral ring of 7;. If it is not, drop W; from the full superpotential W.
5Even if we don’t want to use the chiral ring stability criterion, these terms will disappear once we reach the

final frame. Indeed every power of the antisymmetric field will at some point be mapped to a singlet h, field.
This singlet will enter in the superpotential as a mass term with one flipper Flipper[A]. Therefore when we
integrate out the massive flipper Flipper[AY ] its E.O.M set hpy;1 to 0. Conclusion, if we are doing enough
confinement /deconfinement steps, these terms eo. [A€| e5 [M; M; O] with ¢ > 0 are set to 0.
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Now we confine the Usp(2N — 2). It is similar to the previous step between the frames 7y and
T1. There is once again a confining superpotential given by a Pfaffian term. What is interesting
and non-trivial is the mapping of the existing superpotential terms in .

Let us start with eyn_o €5 [ng _4Q%M101]. In principle when we deconfine the antisymmetric
field A; with the Usp(2N — 4) gauge group, the by fields are contracted pairwise with the
invariant tensor of the Usp group J*¥~%. Therefore a term like eon_s €5 [ng QM 104] contain
implicitly N — 2 invariant tensor J?V~* that are contracted with the 2N — 4 b, fields. But we
can do something else. Since the number of by fields is smaller than the order of ey _o, the
epsilon forces to antisymmetrize all the 2N — 4 indices. So we can trade, modulo an irrelevant

numerical factor, the bunch of J2¥=* for £2"~*. Putting indices we get

ean—2€s (b3 L QIMO] ~ Nt esean o [3V QI MO, ]
=N esean s [(52)3; o (b2) e (Q)y T (@) (M) iy (O1)is | (3.8)

To improve the readability, we have colored the Usp(2N — 4) indices in magenta and the
Usp(2N — 2) indices in green. Using this form, it is easier to see where this term is mapped
to. Indeed, when we confine the Usp(2N — 2), we have two different possibilities. Either we
contract the two ) together which gives the meson M; or we contract each )1 with a by which
gives a new fundamental Q5.

So after the confinement of Usp(2N — 2), this term is mapped to
[ J €2N_4 €5 EQN—2 [b§N74 Q%MlOl] — €2N_4 €y [AéviQ M2M101 + Aé\]i‘g Q3M101:|

Again we use the chiral ring stability argument to remove the first term.

The second term we have to map is eony_s¢;5 [ng_F’Q‘llOl}. The strategy is the same as for
the previous term. We also trade the bunch of J?N~* with £2¥=6 tensoifl Now there are 4
(21 to play with. We can form 3 different terms. The first one is contracting the 4 ); among
themselves. The second is contracting 2 )1 with 2 by and the remaining 2 (); together. The
last one is contracting the 4 Q)1 with 4 b,.

So after the confinement of Usp(2N — 2) we get

o 2N-6 E5E2N_2 [ng_GQéllOl] — g2N-6 €5 [Aév_3 M2201 + Aév_4 Q%MQO] + A§V_5 Q%Ol]

After eliminating the first term using the chiral ring stability we get

Ty
Ap
‘ Ml; M2
Q2 S92 e[
5 @ W = 25122 th[AlZ} + gZN—4 €5 [Aévjs Q%MlOl]
N O +e2N =0 g5 [AY ™ Q3M0; + AY > Q30 ]
F, 1 2
+e2N ey [AY 72 Q3ML0, + AY * Q30,]
1 1 1

(3.9)
622N=6 is an abuse of terminology. What we mean is a totally antisymmetric tensor with 2N — 6 indices but

each index goes from 1 to 2N — 4.
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We iterate this procedure of deconfinement/deconfinement. In the appendix [A] we present the
theory in the arbitrary 7, frame with the full superpotential.
After N — 1 iterations we get

TN71 .

t

Qn-1 : ) -
:) e W = Zi]\ill E9E€5 [Q?\[,lMiOi]
01// \\ONI 4y D kricicjen—1 €5 [MiMO] 65t jrn

Frnoy

(3.10)

Now since we reach Usp(2) ~ SU(2) the traceless antisymmetric field simply does not exist
anymore. Therefore there is nothing to deconfine and we can directly apply the building block

once more. We reach the final “deconfined” frame

CV M, My ﬂ ub N
YQT Y a
5

= 6

TDec :

01// \\ON W= Z €6 [Ma ,Ub MC] Oatbtc2N+1

N>a>b>c>1
1 5 1
N ——
Ma ON+1—a } 5
W = Zli;v:1 ZkgiSjSNfl €5 [MiMjOk} 5i+j—k~,N pt=1 . o
. 0 1
j (3.11)

In the last equality, we have repackage the superpotential in a manifestly SU(6) invariant way.
We recover the result of [46] and the superpotential for a generic N proposed in [92].

The mapping of the chiral ring generators between the original frame and the final one is the

following
To Toec
tr (QO A6 Q()) <~ Mi+1 1= 0,...,N— 1 (312)
tI'(QoA%F()) ON—i ZZO,,N—l

In the repackaged form, the mapping becomes: tr (¢ A% q) <= u*™, a =0, ...

3.2.2 SU(M) with H,EJr 3[ 1+ 3] series

Odd rank: M =2N +1

The first series is SU(2N + 1) gauge theory with fields in the antisymmetric and conjugate an-
tisymmetric representation and (3, 3) fundamentals, antifundamentals. The continuous global
symmetry is SU(3)q x SU(3)5 x U(1).
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Th: .
A

e
W=20
Q Q
’ (3.13)
The chiral ring generators are
° Q(A A)k@ ~ le(fialag Acz20s Aa3a4 . Aazka2k+1) Qé%ﬂ k=0,..., N—1
(transforming in the ([J,[]) of SU(3)q x SU(3)p)
d 121 (A A)k Q2 ~ ‘/21041042 (Aa?aB Aoé3044 Ao AC2102k12 121042k-+2042k+3) Q§2k+3 Q?]l ’
k=0,...,N—1 N(E’l)
e A (A A)k QQ ~ Aorez (Aaza:s Adsaa Aa4a5 e "21042k+10121c+2 Aa2k+2a2k+3) ngkﬁi Qé]l )
E=0, N =1~ (L)
o (AA)™ ~ A2 A (A0 Ao2moam Ao =1 N ~ (1,1)
o cony1 (AN Q) ~ eanyy (AM02 .- ACan—iean QENT)  ([)1)
o 2NHL (AN Q) ~ g2N+1 (Aalaz U AaQN-lOQN £é2N+1) ~ <1’D)
® Songl (AN—I Q3) ~ EaNi1 gijk (Aa1a2 . .AazN,sagN,g Q?QN—l Q?QN QZ2N+1) ~ (1’ 1)
o 2NHL(AN-LG3Y o 2N 4 o (A e AQQN%%N?Z Qéw_l in Q@NH) ~(1,1)
We deconfine the two antisymmetric fields with the help of ([2.107]).
71/ .
1
W = 2 Planar Triangles
(3.14)
Taj = 1,...,2N + 1 are gauge indices. I,.J,... =1,...,3 are SU(B)Q flavor indices. 4,5, k,l---=1,...,3

are SU(3)q flavor indices.
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Now we confine the SU node with ([2.87).
Ts:

W = ean_o g2N-2 E3 o [KQZNiQMg’TN

+K3N P M3B, By + K3V K\ RMZTy

+ K2V 3K\ RMyB, B,

+IGN KRR MO Ty + K3V K2R2B, B,

+ KNP K R¥Ty| + X Hy My

+ 6 Planar Triangles (3.15)

Let us give more details. The first 7 terms in the superpotential (3.15) come from the deter-
minant of the meson matrix ®

Ky Ki 0
detd=det | R My By | =emomveiz, o @l ol
0 B Ty

N2, By [K%N—Q <M§TN + M331E31> + K23 (K RM2Ty
. . (3.16)
+K1RMOBlBl) + KN (KfRQMOTN + K3R23131> + KNS K3 RT
The “X HyMy+6 Planar Triangles” terms come from the cubic interaction “meson x baryon

x meson” when the SU group confines. We also rescale the fields such that the coefficient in
front of each term is +1.

The next step is to confine the left Usp(2N — 2) using ([2.88)).

I R W =e3 g3 EaN—2 [BN_IMS’TN
+BN'MZ BB, + BN2LRMZTy

+BN"2LRMyB,B; + BN"2HyR*M,Ty

Ts -

+BN3L2R2M Ty + BN 2HyR2B, B,

+BN3[2R2B, B, + BN 3H,LR3Ty

+BNTULPR3Ty ] + Ty B3 Bs + By Hy DBs
+E3EaN_2 [BN_lfzf()Bl.ég + BN_lﬁgMoHN + BN_2L231§3

+BN2[2 0N Hy + BN2LH,RHy + BN-?’LSRHN} 517)
3.17
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Let us explain how to get the superpotential in (3.17)). The first 7 terms in (3.15)) are mapped
to the first 10 terms in (3.17). The additional 3 terms come from

o N 2oyy s (KEVUKIREMOT) — ean o (B2 HoR2MoTy + BY S LXRAM,Ty )
o 2N-2 EIN_2 <K22N74K12R231B1> — E9N_2 (BN_2F[0R231B1 +BN_3L2R231B1>
o N ogy sy (KEVPKIRTY) — ean-2 (BY SH,LRTy + BN UL RPTy )

Then X and Y of get massive from the planar triangles terms. Indeed we obtain the
following mass terms: P,.X and P,Y where P; is the meson [K1Y] and P, the meson [K,Y] in
the frame 7T;. Therefore after integrating out massive fields, we are left with only two “triangles
terms”: TNBg_Bg + B1HyBs.

The remaining terms come from the Pfaffian confining superpotential

B L P
Pfaff ¢ = Pfaff [jfo P~ Ear..aznsa P12 . .. HAEN+102N+2
0

— E3E9N_2 BN_lﬁopl + BN_2<L2P1 + Lﬁopg) —+ BN_3L3P2 (318)

As we said P, and P are massive fields and their expression are obtained by the E.O.M of
X and Y. We get (after rescaling fields)

E.OM: from X : P, = B;Bs; + MyHy
from Y : P, = RHy

Putting all together, we get the superpotential written in (3.17)).

The next step is to confine the Usp(2N —2) node using the result . In order to apply it and
get a superpotential in a close form, we need to flip the tower of traces of the antisymmetric
field B. Using the mapping , it amounts to flip in the frame 7; the tower of (A fl)j )
To simplify even further we also flip the two singlets eon i1 (AN "1 Q%) and oy 41 (AN Q3).
Therefore we kill terms with T, Bs and Bg.

T T 72 T3
QQ QQ Mo M
Q(AAYQ Q (bbbd) Q RE, (K, K, K,y LB'R j=1,...,N—
A(AA) Q2 bb (bb bb)* Q* R(K>K,)'R RB'R i=0,...,N—2
(AN Q2 ean1((00)V e @Q?) Hy Hy
AQ? bb Q? KK, Hy
A(AAFQ? bb (bb bb)F Q? K (K, KL K, LB*1L k=1,...,N—2
A(AAN-1Q? con 1 ()N 1EQ?) X HoBN-' 4+ LBN-2L,
(AA™ (bbbb)™ (Ko Ko)™ B™ m=1,...,N—1
(A AN cé Ty Tn
eani1 (AN Q) cqQ B, By
E2N+1 (AN Q) CQ B1 Bl
eany1 (AV1QP) an1 ((00)V1 Q%) By By
E€aN+1 (Zle1 Qs) EaN+1 ((%)N*1 Qd) By By
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The summary of this flipping procedure is the following duality

ﬂ,flip : %,flip :

Q
O]
h
=

3

W =, Flip[(A A)]+

+ Flip[€2N+1 g3 [AN71 Q3H+

+ th[EzNH €3 [AN—l QsH
W = egedeon_o |BN'MZ BB, + BN"2LRM,B, B,
+BN"2H,R2B, B, + BN 3L2R?B,B; + BN"'*H,MyHx

+BY2L2MoHy + BN 2LHRHy + BY*LRHy| + L1 Flip[B] 520
3.20

We can now use our confining result of Section [3.2.1L We rewrite (3.11)) after splitting the 6
fundamentals into two groups of 3, getting

B
4>—.
L R Hy,...,Hy M, ﬁl,...,ﬁM
5 W= Z%,kzl e3¢® <f~fz M; Hy, + M; M; Mk) Oitjrk2M+1
W = sz\iz Flip[B'] tr (L B¥ L) +— ]:Ik+1

tr(RB*R) «— H,,, k=0,...

tr (L B¥ R) <— My (3.21)
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Apply this result to our frame 73 1, in (3.20) we get the final WZ

Tafuip :

~ ~ H
Hy,...,Hn {\YO My _y

W =ese’ [MN—lMﬂélBl +30 ([:Il-i—lHN—Q—lBlBl + Mz+1MN—2—zB1B1>

+Hy 1 HyB\By + Hy MyHy + HyMy_Hy + le\;s (I:[lJrlMNfolHN)

+ 3 (H M; Hy, + M; M; Mk) 6Z-+j+k,2N71]

(3.22)

As a consistency check, for N = 2 we recover the superpotential given in [46] Section 3.1.4.

The mapping of the chiral ring in the flipping case is

Ti,piip
QQ
Q(AAYQ
A(AA)Q?
121 (A A)N—l QZ
AQ?
A(A Ak Q?
A (A A)N—l QQ
an1 (AN Q)
€2N+1 (AN @)

Even rank: M = 2N

75,flip 7Z7flip
M, M,
LB"'R M, j=1,.
RB'R His i =0,
Hy Hy
a0 A,
LB*'L H; k=1,
LBN-2[, Hy 1
B, B,
B, B,

Let us now study the even rank case of the previous gauge theory.

Ti:

The chiral ring generators are

A A
oy
W =0
Q Q
3

73

L N-—1
N =2

(3.23)
LN =2

(3.24)



Q(A A)kQ ~ Q?l (Aoaaz Aazag Aa3a4 Tt Aa2ka2k+1) )! k = 0, ceey N -1

Qgp41 )

(transforming in the (C1,[]) of SU(3)¢ x SU(3)p)

b "21( ) Q2 ~ A0110£2 (Aaza3 Aa 304 ANAGS L A2k O2kt2 Aa2k+20121c+3) Qa2k+3 Q]] ?
k=

N1~ (T

e A (A A)k QQ ~ Ae (Aazas Acsas Aaws e Aa2k+10¢2k+2 Aa%”a%H) Qa2k+3 Qal )
k=0, N =1~ (L))

o (AA)™ ~ (A2 A, - Aczmorczm Ay om=1,...,N -1~ (1,1)

gon AN ~ gon (AM92. . Aoen—192n) ~ (1,])

® S9N AN ~ &N (Aa1a2 to AQZN—IQQN) ~ (17 1)

oy (AN QR) ~ ey (A0 Aravseans QY Qi) ([,1)

® EoN (AN_I QQ) ~ 2N (Aalaz o AOQN 30N — 2) QQQN 1 QOéQN ~ (la 75)

The next step is to deconfine the antisymmetric and the conjugate antisymmetric fields. To
do so we use a variant of the deconfinement method ([2.103)), where we don’t have to split the

flavor symmetry. By doing so we don’t have to split the chiral ring generators and it is then

easier.
T
b b
2N 2N 2N
K, d @ ¢ d R W =4 Planar Triangles
+ Flip[K; K1) + Flip|R R]
n 3 < 1 — n
BQ BQ
(3.25)
Then we confine the SU node with ([2.87)).
T :
W = Flip[K, k1] + Flip[R R]
+ &N 82N [KZQN_lKlRBQBQ
+ K3Nay| + ByBo K1 X
n 7 o )
+ BBy RX + XX K>
1 + BoBoaN
anN (3.26)
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Once again some terms in the superpotential in (3.26) come from the determinant of the
(2N 4 1) x (2N + 1) meson matrix ®

_ K2 (bé) ai...a by b
det ® = det ((cl;) aN) =M N gy oy Doy Pt
SN P [KgN—l (&) (cb) + KN ay (3.27)

(bé) and (cb) are massive fields and their expressions are obtained by the E.O.M of d and d
from 7y

E.OM: from d: (b¢) = KB
from d: (cb) = RB,

Then we confine the left Usp(2N) node with (2.88)) to get

Ts -

W = Flip[R R] + ay tr (BY)

+ YB()BQ + BoBoOéN

T ooy (BNflLBZRBQ)

5 tewe® [BYTULYY

n BN*2L3R§QBO}

an (3.28)

We notice that the fields n and X get a mass. To obtain (3.28)) from (3.26) we have to compute
the Pfaffan of the following (2N +4) x (2N + 4) antisymmetric matrix

B L (KX)
Pfaﬁ'(b = Pfaff (KlKl) (KlX) ~ Eay.amia ¢a1a2 e ¢a2N+3a2N+4 (329)
0

E.OM: from n: (K;K;)=0
from X . (KQX) = [RBQ]BO

— eoye® [BYT'LPY + BN TP L (K X)] (3.30)

All in all we get (3.28). The next step is to confine the Usp(2N — 2) node using the result
(3.11)). Therefore we have to flip the whole tower of tr (B*). Notice that the last one tr (BY)
is already flipped by ay. We also flip By and By because we do not want the flipper ay to

appear elsewhere in the superpotential. By doing so we kill 3 terms in the superpotential of
B.28) : Y ByB,, ByBoyany, ean € (BN 2L RB,By).
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Using the mapping (3.31]) we see that in the original frame it amounts to flip the tower of
(AA* k=1,...,N —1 and also eoy AN, g5y AV.

T Tv T Ts
Q(AARQ Kb (bbbb)* Rb) K Ky (K, Ko)FR LB*R k=0,....N—1
(A A" (bb bb)" (Ko I,)" B" n=1,...,N—1
A(AA)™Q? bb (bb bb)™ (K 1b)? K (Ko Ko)™ K LB™L m=0,...,N—2
A(AA™Q* <= bb(bbbb)™(RD)? <= R(K,K,)"™R <= RB™!'R m=0,...,N—2
ean AN oy (bD)N By By
EIN AN EoN (BB)N BO BO
ean (AN Q?) By By By
€aN (Alef1 Qz) B, By B,
(3.31)
The summary of this flipping procedure is the following duality
Tifuip - Ts. puip
A A @B
H
- L
Q Q i
Y
s 3 1 Dk
W = SN Flip[(A A)) BQ\\ /{%
+ Flip[égN AN] + Flip[E2N AN] 1 an
W = Flip[R R] + o (BNflLRBQBQ)
3 N-172 N : i
+Eon € (B L Y) + Zi:Q th{B] (332)
The final step is to confine the Usp(2N) using the result from (3.21). The WZ is
ﬁ,flip :
H17 7}IN—14 MN [N{Qa 7HN
CE B
o My ~
B2 BQ
1
W = ByByMy + ZZVJ k=1 €3 el (ﬁz M; Hy, + M; M; Mk) 5i+j+k,2N+1‘ ;
. Hy="H1=0 (3.33)

The fields H; and Hy have been set to 0 by the E.O.M of Y and n. It kills N terms in the

sum. As a consistency check, for N = 2 we recover the superpotential given in [46] Sec.3.1.5.
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The mapping of the chiral ring in the flipping case is

Ti, fip T3, piip T, piip
QAA*Q LB*R M1 k=0,...,N—1
A(A f})m C~22 PN LB™L PN PNImH m=0,...,N — (3.34)
A(AA)™Q? RB™'R H, m=0,...,N —
gon (ANLQ?) By By
€2N (leNf1 QZ) B, B,

3.2.3 SU(M) with H +M [ 1+ 4[] series

Odd rank: M =2N +1

The gauge theory is SU(2N + 1) with one antisymmetric field, 2N + 1 antifundamentals and
4 fundamentals, with continuous global symmetry SU(2N 4 1)5 x SU(4)q x U(1)?.

2N +1 4

(3.35)

The chiral ring generators are
e QQ ~ Q*Q! (transforming in the ([J,[]) of SU(2N + 1)g x SU(4)q)
o AQ? ~ APQUQY ~ ([].1)
ANQ e AT AT G (1)
0 AN gy IR AT Ao s QI Q) (1)
o QWF ~goaniigy Lo QL Qi ~ (1,1)

We deconfine the antisymmetric field using (2.107). We get

¢ ~ 0 W = —1 Planar Triangle

1 2N +1 4 (3.36)
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We then confine the SU gauge node using (2.87). The field I becomes massive. Then the
determinant of the meson matrix is easily computed. We obtain

Ts:
B
1 1
W = EoN_2 E4 52N+1 (KQN—2M3B1)
B A B
’ ! — 3 Planar Triangles
2N +1 - 4
M

(3.37)

We then S-confines the Usp(2N — 2) gauge node using ([2.88]). The result of the integration
of the massive field Y and the computation of the Pfaffian superpotential is the following WZ
model

Ts -

o

B, Lp, W =eNte (BB - Y MB)

H
m — BB, B;

2N +1

M

(3.38)

We recover the result of Section 3.1.3 of [46]. The mapping of the chiral ring generators across

the different frames is given in (3.39)).

T Tu Tz Ts

29 09 v
AQz = beQ — K~2 = }{ (3.39)

EaN+1 Q2N+1 EaN41 Q2N+1 B B

eant1 (AN Q) cQ By By

ean+1 (ANTLQP) eany1 (N2 Q) B3 Bs

Even rank: M =2N

Now we study the even rank version of the previous theory. The continuous global symmetry

is SU(2N)g x SU(4)q x U(1).

Ti:

14
Il

W=0 W=0 (3.40)
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We deconfine the antisymmetric using (2.103) which implies the breaking of the SU(4)q into
SU(3), x U(1)p. The chiral ring generators in the split form are

o ¢Q ~ qf‘@é (transforming in the (D,i) of SU(2N)g x SU(3),)

FQ ~ FeQL ~ ([1,1)

A@MW%@NGM

AN ~ g gy ACTO2 L A%2N—1eeN o (1])

AN ~ Gy g AN At o (1,1)

ANfqu ~ 5a1...a2NAa1a2 o Aa2N7302N72q?2N_1F042N ~ (1’D)

_ i QoN_3 QaN_2 QoN_
ANT2PE ~ oy gy 78 A% AN 02N —a NS IBNTE g BN oo ()
~2N a1...02N ~Il ~IN
[ ] Q ~ £ 2 6[1.__[2]\] Qal"'QOé22N ~ (171)

7'1/2

W = Plannar Triangle — ld B,

(3.41)
The next step is once again to confine the SU gauge group using (2.87)).
Ty
B
1 0
By
! B _ 2N 2N-2 7 2 p(2)
W=en e 3 K M7 B,
BV i
2N =2 f——— 1 - 3 — K*NS3MIB,) — ByBXI
—3 Planar Triangles
A Y
K M,
2N (3.42)
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The last step is to confine the Usp(2N — 2). We get the following WZ theory

Ts -

By . B§2)
Bél) W = g2V €3 (HNB4 + ﬁN71M3B52)
1 1 > 3
B +HN MM B — AN MM, B )
M, M, — BByB, — BB B
2N
H (3.43)
The final superpotential can be repackaged in a manifest SU(4) invariant way as
W=eeg, (ﬁNB4 +ANIMZB, — AN-2M*By — BByBy — BB%) : (3.44)

where QQ <> M = {M;, My} is a fundamental of SU(4)q and AN"1Q2 ¢+ B, = {e3BY", B}

is an antisymmetric of SU(4)g. We recover the result of Section 3.1.2 of |[46]. The mapping of
the chiral ring generators across the frames is given in (|3.45))

Ti Tv T2 Ts

qQ qQ My M,

FQ 1bQ K M,

AQ? bbQ? K2 H

gon QY — gon QY — B — B (3.45)

gon AN By By By

eany (AN=1 ) ean (b2V2 %) Bél) BS)
gon (AN"Lq F) cq Bf) BéZ)
ean (ANT2@BF) gon (B4 g?) X B,

3.2.4 Four ’sporadic’ cases: SU(5),SU(6),SU(7)

In this section we show how the strategy of deconfining antisymmetric fields allow proving the
remaining four S-confining cases in the list of [44} 46]. In the two SU(5) cases, there are extra

subtelties when computing the superpotential because of the presence of degenerate operators.
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SU(T) with 2 H +6[]

The gauge theory is SU(7) with two antisymmetric fields and 6 antifundamentals, with contin-
uous global symmetry SU(2)4 x SU(6)5 x U(1).

An (7 DA -
; _
6

o AQ? ~ Aquoczéglé)il (transforming in the (D,H) of SU(2)a x SU(6)5).

T

(3.46)

The chiral ring generators are

o c7 (A*Q) ~ eq,. 0 e A?WQA;?‘W‘*A;‘WGA;’”BQé ~ (CJ,00)

We will deconfine each antisymmetric field using . Notice that this step breaks the global
SU(2)4 symmetry into a U(1)4. In , the subscript of the two antisymmetric fields, A4,
correspond to the U(1)4 charge (corresponding to the weight of the representation of SU(2)4).
So let us give the chiral ring in this split form

o A,Q%~ An2QL Ql ~ ] of SU(6)

[ ] A_1Q2 ~ Aillazégl ~i]2 ~ H

o7 (AnAnApnA Q) ~ cap oy ATEAT (A7AY - A% AT) Q) ~ T

o o7 (A Ay A A Q) ~ gy oy ALAS AT AE QL

o (A71A71A[+1A—1}Q) ~ ..o AZPATT A?E?GAi}ﬁ Qé ~ U

W = —2 Planar Triangles

(3.47)

8a; = 1,...,7 are gauge indices. 4,7, k,l--- = 1,2 are SU(2) 4 flavor indices. I,.J,... =1,...,6 are SU(G)Q

flavor indices.
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We then confine the SU gauge node with (2.87)). The fields [_

integrating them out, computing det(mesons) of degree 8, we get

r and [ +1 get a mass. After

Ts

W=eizget (K3, K2, C_y Cuy)

- 4 Planar Triangles

(3.48)

Notice that B.3, B_3 and V| are gauge singlets but are zero in the chiral ring, this is a quantum

effect that can be seen dualizing the Usp nodes.

We can now S-confine the left Usp(4) with (2.88). After integrating out massive fields,
computing the Pfaffian superpotential we get

Ts -

W=eye® (HaNLK Cys )

— 8 (M NK 3D,y ) = B-aD,yC g

6
\ A,

(3.49)

Finally, we repeat the same operation with the last gauge group and get the WZ model with
quartic superpotential

Ti:
1 1
No AP
N, \ Nos W=c¢ (H+1H_1N+2N_2
QG - ﬁilNON—Q + ﬁle+2N0)
Hyo o He (3.50)
The final superpotential can be repackaged in a manifest SU(2),4 invariant way as
W = H?>N?, (3.51)

where AQ? «» H = {H,,,H_,} is a SU(2)4 doublet and A*Q < N = {N.5, Ny, N_,} is a
2-symmetric tensor of SU(2)4 (also called the triplet). We recover the result of Section 3.1.10
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of [46]. The mapping of the chiral ring generators is

T T T T T

A QZ b+%b+% QZ K+%K+§ +1 fNLrl

A Q? bo1b 1 Q? K 1K 1 K 1K 1 H

~ = 3 2 ~ RN 2 2 = 2 2 o
Er (A+1A+1A[+1A_1]Q) b,%CJ,-B b,%Q C+3K7% C+%K7% N+2
er (A A A AgQ) €7 (bi% b?i% b[+% bfé]Q) D,%KJF% = D+%K7% D+%K7% Ny
e7 (A1 A AL A 4)Q) b+%6,3 b_,_%Q CﬁgKJr% N_, N_,
(3.52)

SU(6)with2H—|—5i—|—1D

The second sporadic case is the SU(6) gauge theory with two antisymmetric fields, 5 antifun-
damentals and 1 fundamental, with continuous global symmetry SU(2)4 x SU(5)5 x U(1)*.

Ti:
A A_
+1C 1 W0
Q Q

1 5

(3.53)

The chiral ring generators are
e QQ ~ Q*Q! transforming in the (1,[]) of SU(2)4 x SU(5)g
AQ? ~ AT Qu, Qi ~ (L)

g6 A3 ~ €ay.. 0 AGP AP A ~ (L1

€6 A?’QQ ~ €. glats AglazA%SMAng%Qé ~ <D7D)
e 7 1 aja azq a o S AT
o (A4Q2) ~ Eayag € k il Az’ 1 zAjs 4Ak551Al GﬁQQ[ﬁlQﬂ}Q N (LH)

We will deconfine Aq, using (2.103) and then our result in Section m This step breaks the
SU(2) a4 symmetry into U(1)4. In (3.53)), the subscript of the two antisymmetric fields, A4,
correspond to the U(1)4 charge. So let us give the chiral ring in this split form

o An@Q ~ APQU QML ~ [ of SU(5)g

o« ALQP~ AN Qu Q% ~[]

o g6 A =6 (A%) 111 ~ Eayag AP ATM ALY ~ 1

o g6 (A%1A1) =26 (A%)112 ~ €ay.ag AU ATAL ~ 1
o 26 (A11A2)) = 6 (A%)122 ~ Cayag AT ATAT ~ 1
o 2o A% = e (A%)a2 ~ Eayap ATRATIANYO ~ 1
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o o (A A1 A 1QQ) ~ fayap AT (ATHAY — AT A) QuoQ) ~
® 6 (ArA A 1QQ) ~ oy AU (ATATY - ATATY) QeQ) ~

o oo (A A A A @) ~ fara (ARTAN]) (AR A7) QFQF ~1

l d_s ¢ O W =Plannar Triangle —1_1d_ss.3

5+3 : (3.54)

Now we want to use the result of the section , specialized in the case N=3. Before using
the superpotential , we should split the 6 antifundamentals into 5+ 1. More precisely, H,
the antisymmetric of the global SU(6) there, split into H_y, an antisymmetric of SU(5) o and
D, a fundamental. Similarly, M, the fundamental of SU(6) there, split into a fundamental,
N, and a singlet (under the global SU(5)g symmetry) (bc), 5. We should also split B, the
antisymmetric of SU(4)q into a traceless antisymmetric tensor of Usp(4) B_; and a singlet

s_1. Finally, we rename the three singlets By, By and B there as Sy1,5_3 and fBio. After this
splitting, the use of (3.44]) give

W = €5 (H31D+1S+1 + Ni%ﬁ,1D+1S,1 + B,lNi%ﬁ,1D+1

+N, 1 (b) s H? 51 + BN, 1 (b8), s H2| — Nty Dirsos

511
2

1 1 —Ni%(béhgﬁqsﬁ) — 5415-3042 — fy25°, — f12B?,

+ singlets (s41,5-1,5-3 & f12) —l7%d7%s+3 + dfg(bé)y

NI

(3.55)

After integrating out the massive fields d_g , (b¢) 5, we obtain

T

W = €x ([;[EID_HS_H + Ni%H_1D+1S_1 + B—IN_?_%I:I—lD—Q—l

+N+%17%[~{318+3S_1 + B_1N+%liéﬁ318+3 — Ni%D_;,_lS_g

3 7 2 2
1 1 —N+ll7;H,18+3873) — S+1S,35+2 — 5+2871 — 6+2371
S43 3 2

+ singlets (s41,5_1,5 3& By2)

(3.56)
Now we want to confine the Usp(4) gauge group with the antisymmetric and 6 flavors. Unfortu-
nately, we cannot immediately use our result about Usp(2N) of Section for the following
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reason. The flipper 5,5 appears in in three different terms but we know the final super-
potential only when we flip the whole tower of the traces of the antisymmetric as in . In
this case since the rank is small, it is easy to apply our strategy of the Section [3.2.1] starting
with W = 0 to get

ﬁ%, Hyy
5

paf N

1

Ut
Il

W=0 W = €5 <T—2f{<2HMO + @0ﬁ+1D_1 + MOCI)(Z)) (3 57)

The mapping is N1 N1 ¢— ﬁl,N+%l_; ¢ Mo, N?, By +— ®, N1l 1By «— D
and B?, «— T .

2

We now use this result into (3.56)). We see that the singlets 5,5 and 175 become massive.

After integrating them out and rescaling fields, we get the final result

T3 :
1 1 ~ o ~
D W = €y (H31D+18+1 + H+1H71D+1871 + H31D718+3
-1
Dy M, - . i o
—H+1D+1S_3 + (I)()H_lD+1 - (I)()H+1D_1 - M0H+1H_1S+3S_3
5 ~ ~ ~
QO@ +M0H313+3S,1 — MQH318+1$,3 — MOH?HS%l + MO(I)(Q))
~ ~ 0
H—‘rla H—l

+ singlets (sy3, 841,51 & s_3)

(3.58)
The final superpotential can be repackaged in a manifest SU(2) 4 invariant way as

W = H*DS + ®HD + MyH?S? + My®2 (3.59)

where A% <+ S = {s,3,5,1,5 1,5 3} is a completely symmetric 3-tensor of SU(2)4, AQ? &
H={H H }, A*QQ < D = {D,1,D_,} are SU(2) 4 doublets and QQ + M,, A*Q?* < &,
are SU(2), singlets. We recover the result of Section 3.1.9 of [46]. The final mapping of the

85



chiral ring generators is

T [ T T
QQ L0 @ Iy Ny M,
Ay Q2 bJF%bJFin Ny Nyt i,
A Q? A Q@ ., o,
g6 AL 5+3 S+3 5+3
g6 (A%, Aq) — %6 (bi% Ay) = St1 = s;1 (3.60)
g6 (A% Atq) €6 (bi% AZy) 5.1 S_1
g6 A% 56 (A3) 53 S 3
g (A A A QQ) 16420 Dy Dy
g6 (A1 A A 1]@@2 56(A 1b+1l 1@) Nyl 1By D_,
g6 (A1 Ay A Ay Q?) €6 (bilFa A%, Q? ) Ni% 371 P

SU(5)WichH—|—4i—|—2D

The third case is the SU(5) gauge theory with 2 antisymmetric, 4 antifundamental and 2
fundamental fields with continuous global symmetry SU(2)4 x SU(4)5 x SU(2)q x U(1).

WeOn
Q Q

2 4

T :

(3.61)

The chiral ring generators are
e QQ ~ Q¥Q! transforming in the (1,[],[]) of SU(2)4 x SU(4 )o X SU(2)q
o AQ?~ A Qi Qi ~ (L1, 1)
* o (AQ) ~ ap o AR AT Q7 ~ (C1,1,00)
o &5 (A3 Q) ~ ay.as W02 AL AP AR QL ~ (L1, 1)
€5 (A2 Q% Q) ~ Eay.ag €M1 €2 AR AP QR Q70 Q ~ (1,10,1)

We now deconfine the two antisymmetric using (2.107) and so we break SU(2)4 into U(1) 4.
In (3.61)), the subscript of the two antisymmetric fields, AL, correspond to the U(1)4 charge

(corresponding to the weight of the representation of SU(2)4). After the splitting, the chiral
ring generators become

o 4,Q%*~ An2 QL QY ~ ([],1) of SU(4)g x SU(2)q
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o AaQ~ A Qi ~ (1)

o &5 (A2,Q) ~ oy, AT AT QF ~ (1,10)

o &5 (AAIQ) ~ fay 0, ATTPAT Q ~ (1, 1)

o &5 (A2,Q) ~ a0, AT AT QF ~ (1, 1)

o &5 (ApAA Q) ~ ea, oy APANTANTQL ~ (1)

® &5 (A—lA[-HA—l] @) ~ Eai..a5 A(illmAﬁiquii]ﬁéé ~ (D7 1)

o &5 (A A Q2 Q) ~ cay.ap €2 Aﬁﬁ?%ﬁ]ﬁfo ?foa ~ (L1, 1)

T -
1
l_g E+2 6—2 l+%
2 5 2 W = —2Planar Triangles
b1 b_1
2 N 2
Q Q

(3.62)

Once again, the subscripts in (3.62) correspond to the U(1)4 charges of the fields. The next
step is to confine the SU(5) gauge group with (2.87). Notice that [_ 5 and [ 3 will become
massive. After integrating them out, computing the det(mesons) of degree 6, we obtain

Ts:

W = 54825252 [M307%K+%C+%K,

1
2

+Kf%0_%K+%S+2MO] — SV

- 6 Planar Triangles

(3.63)

Then we use (2.88) for the left Usp(2). The fields Bis and V; get a mass. We have to
integrate them out and compute the Pfaffian superpotential. Let us write more explicitely
the Pfaffian term because it will be useful later. The mesons involving in the Pfaffian are

noy = [C_s K ], H, = (K K] [DoyK ] and [Cs D 1] We didn’t give a name to the

last two mesons because they are massive and will be integrate out by the E.O.M of 1§ and
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B.5. The Pfaffian is then given by

f{—i-l [D—%K-i-%] n—
Praff 0 CaD i) | ~ e [H_QH[C gD,%HHHn,l[D,%K%]] (3.64)

0

K

D

E.O.M: from Vg :[D | = —K7%D+% — SoM,

| = —S_,5

[NIE
N

from Bis:|[C

3D 1
2 2

Where we rescaled the fields. Therefore the Pfaffian gives the following contribution
Plaff () = &4 |—H2,8 550 — Hoyn_y (K,%D% n SOM())} (3.65)

The theory after this Usp(2);es; confinement is

Ts -

W = €4 52 52 [Mgn_1C’+%K7

1
2

— ﬁHKE%sHS_Q — FIHC%K,%S_QMO

+K3%n—15+2M0} — & [EILS,QSO

+Hon_y (K,%DJF% + SOMO):|

— S()B_QS+2 — B_2D+%C+%

4
‘i,

(3.66)

The last step is to confine the other Usp(2). The field B_5 gets a mass. As in the last step, let
us write the Pfaffian term. The mesons involve are: H_; = [K_%K_%], fo= [K_%D+%], Ny =

[C’+%K_%] and [CJF%DJF%]. The last one is massive and will be integrate out with the E.O.M of
B_5. The Pfaffian is

H_, Jo 41
Pfaff 0 [CisDa]| ~es [HA[C 3D 1)+ Homa fo (3.67)
0
E.OM: from B_y:[C 3D, 1] = =525
Where we rescaled the fields. Therefore the Pfaffian gives the following contribution
Pfaff () — &4 [—ﬁzl;SJrQSg -+ H,1n+1f0] (368)
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We get the following WZ model

Sy W =cey (M3n_iny — HiyH 151255
1 — H2%,5 58y — H?,S42S0 — HiimiS_oM
- + H_1n_1S4aMy— Hyn_y (fo+ SoMo)
(j Q + H_inyafo+ HoiniSoM, )
Hiy Ho (3.69)
The final superpotential can be repackaged in a manifest SU(2),4 invariant way as
W = MZN? + H*S* + HN fy + HNSM,, (3.70)

where A2Q <+ S = {S.3,5_3, 5} is a symmetric 2-tensor of SU(2)4, A3Q < N = {n41,n_1},
AQ? <+ H = {H,y,H_;} are SU(2)4 doublets and QQ + M,, A2Q*Q « fy are SU(2)4
singlets. We recover the result of Section 3.1.8 of [46].

Before moving on, we should comment on the red term in : ﬁLmHSOMO. Indeed, if
we combine the superpotential in with the Pfaffian term we get the superpotential
in (3.69) without this red term. So why did we add it and where does it come from? First, we
remark that without this term it would not be possible to repackage the superpotential in a
manifestly SU(2)4 invariant way as in (3.70). In addition, this term is invariant under all the
global symmetries including the U(1)? x U(1)4. There is another argument that suggest the
presence of this term. Suppose that after the frame 75, we decide to confine in the reverse order
meaning that we first confine the Usp(2),;4n; and then the Usp(2),cs;. With this order, the term
ﬁ_mHSOMO is present in the frame 74 and it would be the term FI+1n_1SoM0 missing. The
last observation is that it would have been possible to add an extra term that respect all the
global symmetries in all the previous frame (7; to 73) and which lead to the red term in 7j.
However, we believe that this extra term is forbidden in the frames 77, 75, T3 because of chiral
ring stability. Therefore, chiral ring stability will force us to wait up to the last frame before
adding this extra term allowed by the global symmetries.

This subtle point seems to come from the fact that we have degenerate holomorphic op-
erators in 7Ta: [D_%K+%], [K_%DJF%] and SoMy. It suggests that in presence of degenerate
operators, applying a duality locally (to a particular node inside a quiver) would miss some
informations. We will see another instance of this phenomenon in the next section.

One prescription that lead to the correct final superpotential is the following: When going
from 73 to 74, during the computation of the Pfaffian superpotential , we should not use
fo but the combination fy+ SyMy. One can understand this prescription in the following way:
In the frames 77 to T3 there is a Zs symmetry, corresponding to the Weyl reflection inside
SU(2) 4, which maps a field with U(1)4 charge z to the field with charge —z. When we go to
the frame 73, this symmetry is not explicit anymore. Imposing the restoration of this symmetry

in 74 is enough to give the correct superpotential. This is the role of this prescription.

89



The mapping of the chiral ring generators is

T T 7> Ts Ta
QQ QQ Moy Mo My
A QQ b+%b+% Q2 Ki% g+1 [:]+1
AL Q2 bsb_y Q7 K2, Ko i
&AL Q) Er2 Q0 o Se 4 Se g Se 3

e5 (A%, Q) c2@Q S-2 S-2 -2

&5 (A1 A Q) €5 (brybiyb1b 1 Q) So S0 50

5 (A1 A Ay Q) b+§ 2 b+% Q C—g K+% -1 -1
5 (A4 A Ay Q) bf% Cio b7% Q C+% K_% C+% Kf% M1
€5 (A[—HA—l]QQQ) E5(b+%b_% b[+%b_%]Q2Q) D+%Kf% D+%K_% fo

We stress that the last line in the mapping (3.71]) is ambiguous in the intermediate frames. In-
deed, in the frames 75 and 73 there are multiple holomorphic operators with the same quantum

numbers under all the global symmetries which should map to a single chiral ring generator.
SU(5) with 3 H +3l]

Our last case is the SU(5) gauge theory with 3 antisymmetric and 3 antifundamental fields
with continuous global symmetry SU(3)a x SU(3)5 x U(1).

Fy
Alc As o
Q
3

o AQ? ~ A% QY QL transforming in the (D,H) of SU(3)a x SU(3)4

Ti:

(3.72)

The chiral ring generators are

o c5c5 AP ~ €an...cs EBL...fs gb1babs AalﬁlA0262A?13B3A?2454A?3565 ~ (D:‘, 1)

(a1 “a2)

® ¢5 (A3 Q) ~ oo gcbibe AgmzAzclsmA?;BQé ~ ( \,D)

Now we deconfine the three antisymmetric, breaking SU(3)4 to U(1)%. Contrary to the others
“sporadic” cases, the subscripts here do not correspond to the U(1) 4 charges. After the splitting
the chiral ring generators are given by

o AQ? ~ AJe2 QL Q) transforming in the H of SU(3)4
o AQ* ~ AT Qi Qi ~ [
o A3Q% ~ A QU Qu, ~ H
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° ¢ (AlAlA[lAQAg]) = (A5)11 ~ Ear.as By fs A(lllﬁlA?252Aﬁ363Ag4ﬁ4A%555 ~ 1
A A A Ao Aa) = (A ~ Aalﬁ1AQ2B2AQ353A0464A04555 ~1
® 565 ( (142) A2 3]) = (A°)12 ~ Cay.a5 €615 (1 2) [1 2 3]
A Ay A Ao Aar) = (A ~ AP po2B2 posfs poufa qasBs g
® &5 55( (1413)A[1 A2 3]) = ( )13 Car.as EB1..65 (1 3) [ 9 3]
AoAs A Ao Aa) = (A% o0 ~ AQ B fo2P2 posBs goaba qasBs
o c5c5(A2Ay [1/12 3]) = (A%)22 ~ €ay.a5 €615 As 2 i 2 3]
o 585 (ApAsAndaAs) = (A%)23 ~ €ay..a5 €515 A?‘;ﬁlA;fﬁgAﬁ3ﬁ3A§4ﬁ4Ag‘]5'35 ~1
AaAaAi Ao Aa) = (A5 ae ~ AQ B fo2P2 posBs goaba gasBs
o c565 (A3A3AnAsAy) = (A%)33 ~ €ay.as €51..85 A3 3 il 2 3]
® cg (AlA[QAg} Q) = (AS Q)ll ~ 50{1_..&5 A?IQQAF;SQ4A%5BQé ~ D
o &5 (A AAY Q) = (AP Q)is ~ ay.ag AT ATU AT QY ~
® cy (AlA[lAQ} Q) = (A3 Q)13 ~ 80{1.‘.&5 A?102A[013044A%55Qé ~ D
® £x (AQA[QAg} Q) = (A3 6)21 ~ 8011”.0[5 AglazA%3a4Ag}SﬁQé ~ D
® g (AQA[SAH Q) = (AS Q)QQ ~ 50@...0&5 A31Q2A[053044A%5ﬂéé ~ D

® Cy (AQA[IAQ} ) = (AS Q)23 ~ Eal...a5 AglazAﬁ3a4A%5BQé ~ D

o)

o &5 (AsApAy Q) = (A3 Q)1 ~ oy a5 AT AF AT QL ~ [
® &5 (A3A[3A1} Q) = (A3 Q)?;Q ~ Eaj..a5 A§1a214[o§3a4z4%56@é ~ L]

We didn’t include 5 (A3Ap Ay Q) = (A3 Q)gg ~ Eay. s A§‘1Q2Aﬁ3a4Ag]56Qé because the trace of

the SU(3) 4 adjoint matrix should vanish which imposes the relation
(A* Q)11+ (A Q)2 + (A% Q)33 = 0

T

W = —3 Planar Triangles

(3.73)

91



Then we confine the SU(5) using (2.87)). Once again we integrate out the massive fields (I1, [y
and l3), we compute the determinant of the meson matrix. We get

W = £3 52 82 52 [K5M2K2K3M12

KoMK K M? + Ky My K K M2

+ KoM KK M2 — Ky My Ky KgM?2

— KyMyK  KgM2 + Ky My K5 MyKsMs

+ KoM, K4MyKyMs| — By By M,

—B;BsM3 — B;BsMs- 6 Planar Triangles

(3.74)
The next step is to confine the Usp(2),,, B2, By and By get a mass. The result is
Ts:
W = €3 52 82 [K5M2812M12
512 1
+021K4K5M12 + K1M1K4K5H3
K,
B, 1 + KeMis12M3 — 019K K¢ M3
Bg — Ky MoK, KHs + Ky M K5M)015
Ks
1 +K6M1K4M2021] — B1BsKg
M,
— BsBs K5 — e3[021012B1 My
021 012
3 ~
U — 021012B5 My + 021 K4 Bs H3
ng — 012KlBll~{3 + BlM1812g3 + B5M2512ﬁ3] (3 75)
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In the next two steps, we confine Usp(2),.sr and Usp(2),igne. 1t is really similar to the previous
step. We obtain

Ts:
S ~
12 1 W = 3 52 [K5M2812H1
+ 091 Ky KsHy + 093K, K5Hs
1
2 2 ]
+032512M2 - 012823M2 — KyMjsy3H3
+093 K5 M3012 + 032K4M2021}
1
+€3[ — 091012011 — 02101285 M>
032Y F F -
09) 32 19 +021 K4 B Hy — 012820 H3 + 0115123
3 +BsMjs12Hs + 093032011 + 023032 B5 M
UHl, H; +093K5Bs Hy + 032599H1 — 0115231 — BsM2823H1] (3 76)
Ts -
512
1 ~ ~ ~
W =¢; [031812H1 + 0218131 + 023533 H,
11
1 \r +032892H1 — 011523 H1 — 022593 H
533 —012823Hy + 032812 Hy — 013533 H>
513 - ~ ~
1 toz1511Hy — 022813H5 — 011513
092 013 ~ ~ ~
—013523H3 — 091511 H3 — 012592 H3
Y YO31
12 - - .
+093813H3 + 011812 H3 + 092512 H3
3
4023031012 + 032013021 — 021012011 — 021012022
Hlv HQ, Hd
023032011 + 023032022 +- 013031022 + 013031011] (3.77)
The final superpotential can be repackaged in a manifest SU(2)4 invariant way as
W =O0SH + O?, (3.78)
where
011 012 013 S11 S12 S13 H,
A3Q —~ 0= 021 0922 093 , Ad o S = S12 S99 So3 and AQ2 — H= H,
031 032 —O011 — 022 513 S23 533 3
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O transforms in the adjoint, S as a symmetric 2-tensor and H in the fundamental of SU(3) 4.

We recover the result of Section 3.1.7 of [46]. The mapping of the chiral ring generators is

Ti Tv Ta Ts Ta Ts
A Q? bib Q° M M H, H,y
Ay Q? byby Q* M3 M3 M3 Hy
Az Q? b3bz M3 Hj Hj H;
(A5)11 b? b% b§ & B3 K3 Bs K, Bs K, S11
(A5)12 bsbs ¢, Cz) K> K3 512 S12 S12
(A%)13 baby €, C3) Ky Ks Ky Ks Ky Ks S13
(A5)22 b? b% b§ C2 B1 K, By K, 522 S22
(A5)23 biby & C3) K, Ks K, Ks 523 S23
(A%)33 = b2 b2 b2 ¢ = Bs K = Bs K = Bs K = S33 (8:79)

(AS ~)11 €5 (bl b% b%)le By M, By M, 011 011
(AS ~)12 bsbs ¢y Q K3 M 012 012 012
(AS ~)13 baby 51@ Ky M, Ky M, Ky M, 013
(AS ~)21 b3bs Ca Q Ky M 021 021 021
(AS ~)22 €5 (bQ b% b?,) by Q Bs M, Bs M, Bs M, 022
(AS ~)23 biby 52@ Ky M,y Ky M,y 023 023
(A3 ~)31 baby 53@ K5 M, K5 M, K5 M, 031
(A3 ~)32 biby 53@ Kg M,y Kg M, 032 032

The same phenomenon with degenerate operators appears here, as in Section [3.2.4, In this
case they are the operators By M, BsMs; and BsMs in 75. They are related by the F-term
equation of By : By1M; + BsMy + B3Ms; = 0, which reproduces the traceless condition .
To reproduce the correct superpotential in the final frame 75, we use our prescription of Sec-
tion Concretly, when we go from 73 to 7y it is the combination oy; + Bs M, that enters in
the computation of the Pfaffian superpotential. Similarly from 7 to 75 it is the combination
011 + 092 that should enter. Taking into account this subtle point, we can recover the final
superpotential with the correct SU(3)4 global symmetry.

3.3 Sequential deconfinement of 4d N = 1 gauge theories

3.3.1 Case study: USp(6) with H + 8L

In this subsection we study the 4d N = 1 USp(6) gauge theory with matter in the antisymmetric
representation and 8 fundamentals, that is 4 flavors before turning to the general case in the

next subsection. It is known that this theory is self-dual modulo flips [62]. We will prove the

self-duality using the basic moves (2.86)), (2.88]) and ([2.105)).

Sequential deconfinement

The first step is the deconfinement of the antisymmetric with (2.105). We get the following

two frames Ty and Ty
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76/:

To:
7
Rq, 1
1
(1, §RA
‘o 6 4
D1 d; D2
472RA77RQ 9 gRA‘i‘?RQ 47%RA*7RQ
1
1 1
W =0 I, 3R

W = Plannar Triangle — hydyps + Flip[c; ¢1]

The global symmetry of the original theory is SU(8) x U(1)4 x U(1)gr. When we split the 8
chirals into 7+ 1, we split the SU(8) into SU(7) x U(1)p. So in the splitted form, the R-charges
of the fields should be a function of two variables (for the two global U(1)’s that can mix with
the U(1)g). We choose to write the R-charges in terms of Ry and R4. Then the R-charges of
the other fields are determined by the U(1)g ABJ anomalyﬂ and by the requirement that any
superpotential term should have R-charge equal to 2. We have written the R-charges of the
fields next to them.

Then we dualize the USp(6) node with (2.86). The fields d; and Flipper|c; ¢1] get a mass.
After integrating them out and rescaling the fields to put a +1 in front of each term in the

superpotential, we get

Ti:
Qla 1-Rq
P, R,
[ @ ,
2 4 7 W = Flip[Q1 Q1; Vi Q1] + Q1C1 Q2
Cl, 1-— %RA %RA + Rg
v, P, +tr (C12CY) + HiViCL Py
—3+2Ra+TRq 4—3Ra—TRg
1 1
Hy, 3Ra (3.80)

In 7; the antisymmetric field, @, is traceless because the trace component has been killed by
the equation of motion (E.O.M) of the Flipper|c; ¢;]. The mapping of the chiral ring generators
after this first step is the following

T T T
QQ G191 Flipper[Q: Q1]
tr (QA'Q) tr (g1 (c1e1)’ @) tr (Q2 @' Qy) i=1,2
tr (QAIP) <= tr(qici(cic1) pa) <=  tr(Qy® Py) j=0,1 (3.81)
tr (QA*P) ¢ p1 Flipper[V; Q1]
tr (A?) tr ((c1c1)?) tr (9?)
tr (A3) hi H;

9This is the same as requiring the vanishing of the NSVZ /3 function.
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It can be checked that the mapping (3.81)) is consistent with the R-charges of the operators.
Now we iterate the procedure.

We now deconfine the traceless antisymmetric field ®.

T
7
1= e q2; 3Ra+ Ro
Cq &) .
- 4 2 W = Flip[ca 23 1 1 v1 1] + G112
1-— QRA %RA
U1 P2 d Ps +tr (c1cac001) + hqvicicaps
—3+ 2R+ TR —4-IR,—TRy| —2#8Rs+7Rq | 4—5Rs—TRq
+ hadaps + pacads
1 1 1
ho, 2R,
h1, 3R4

(3.82)

Now we dualize the Usp(4) node. There will not be any antisymmetric field for the other gauge
groups because they are U sp(Q)H. The fields ¢, dy and Flipper|cy o] get a mass. Moreover,
tr (c1cacoc1) becomes a mass term therefore there will be no link between the two Usp(2) gauge

groups. After integrating these massive fields out and a rescaling we get

Te:
(2, 1-3Rs—Rq

Blu %RA

2 7

CQ, 1—3R4
Vi Ry Va
73+2RA+7RQ 5—4R, 7RQ 73+%RA+7RQ 475RA*7RQ

1 1 1

Hla 3R

W= th[Bl By; B1Q2Q2B1; Q2 Q2; Vi B1Qo; V2Q2] +tr (02‘1)02)

+tr (B1CoCyBBy) + Ry By Vo + Q2CoQ3 + H Vi B1Co Py + Hy? (3.83)

At this step, we face a feature that we call the degenerate holomorphic operator ambiguity
already eluded in the last section. It arises when we ask what is the operator flipped by the
singlet Hs.

Degenerate holomorphic operator ambiguity

If we apply the rules of Seiberg duality locally in the quiver, as is usually done, using the
mapping ([2.86]), we would conclude that it is Oy = V,C, Ps, so the superpotential should contain

10The dualization creates however singlets that correspond to the trace part of the would be antisymmetric.
We call the singlet on the left Flipper[B; Bi]. The one on the right will receive a mass with the singlet
Flipper[cs ¢2] so we do not need to give it a name.
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H>O,. However, for the quiver at hand, there is another candidate, O, = V; ;. Both O; and
O, are gauge singlets, singlets under the SU(7) flavor symmetry and have R-charge: R(V,R;) =
R(V5,CyPy) = 2 —2R(A) (which implies that the two operators have the same charges under
the flavor U(1)'s). Therefore they are degenerate operators[] So it might be that the precise
operator flipped by H, is not exactly Oy, but some linear combination of O; and Os.

We claim that the correct answer is that the operator flipped by Hs is O, = V; 71, instead
of the naive O;. Our argument in favor of this statement comes from dualizing some nodes in
the quiver, as we will explain soon. So in a sense the fact the the correct operator is not the
naive one is due to quantum relations, which become classical relation after Seiberg duality.

Our strategy to decide the correct operator is to use dualities in order to go to a frame
where F-term equations can answer the question. In this case, we apply IP S-confining duality
on the left Usp(2) gauge node of theory Ty with the singlet Hy removed. We consider
the same theory with the flipping removed, the question becomes which linear combination of
the two degenerate holomorphic operators O; and O, is non zero in the chiral ring. Since the
answer, as we will see, is that Oy is non zero in the chiral ring, the quantum relation in the
unflipped theory is O; = 0.

The Usp(2) we dualize is coupled to 6 fundamentals and so it confines, producing a traceless
antisymmetric field B (the trace part is killed by the flipper Flipper[B; B;]). We get

Bm Q2

4 2 7
& Qs
P
-3+ 3Ra+TRg X v, Py
1 S, 2—2R4 1 1
H,

W = Flip[Q2BQ2; Q2 Q2; P Q2; Va Qa] + tr (C2BCy) + X Vs + Q2C2Q3

B i P i X
FHPCyPy+ Ho? +Plaff | © o & &
....... - .
B P X
The Pfaffian term gives: Pfaff 0 é, ~e4(B*)s +e, (BPX)

: 0
The fields X and V5 are massive. The E.O.M of X gives: Vo + BP = 0.

In addition, the F-term equation for the singlet H; gives: PCyP3; = 0.

HTet us emphasize that there is no ambiguity with H; because there is only one operator which is singlet
under the gauge symmetry, the SU(7) flavor symmetry and has R-charge equal to 2 — 3R(A). This operator is
V1B1CsPs.
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Combining these two informations, we can resolve the ambiguity about the operators O,

and . Indeed in this frame these operators become

E.OM X F-term H;

O] = VYZCgPL; — V}Cgpj = BPCZPJ ~ 0 (385)
Oy =ViRy — s (3.86)
The symbol ~ in the last of equality in (3.85)) means an equivalence in the chiral ring.

Therefore we conclude that the non-zero operator in the chiral ring is O, = V; ?; and so it

should be this one that enters in the superpotential with Hj.

Fully deconfined frame

We now go back to our deconfining procedure, and dualize the right Usp(2) node in 75 using
(2.86). We reach a frame that we call “fully deconfined” as in [85].

TDec :
b1 1R
s gitA
2 7
U1 1
—3+4+2RA+TRg 5—4R4 4—5RA+TRg
1 i 1
h1, 3R4

W = Flip[by b1; ba ba; b1b2g3qsbab; bagsqsba; g3 qs; v101b2gs; v2bags; v3q3)

+ tr (blazbl) + tr (b2a2b2) + 7’1b1112 + 7’2b2113 + h1U1b17"2 + h2U1’f’1 (3 87)

The antisymmetric field as is traceless, as all the antisymmetric field of Usp that will appear
in this paper. Once again there is the question of the operator flipped by hs because vy 5 has
the same quantum numbers as vy r;. Using the same procedure of confining from the left, we
would obtain that the operator vsry is 0 on the chiral ring. Therefore we claim that the correct
final superpotential is the one with this switching procedure and not the one that we would
have got using naive iteration of IP dualities. The final mapping of the chiral ring generators

18

T Tu T2 Tpec
Flipper[@Q; Q1] Flipper|q ¢1] Flipper[B1Q2 Q2 B1] Flipper[b1b2q3 q3bab1]
Q2 Q2 92 2 Flipper[Qs Q2] Flipper[byqs qsb]
tr (Q2 © Q2) tr (g2 (c2c2) 42) Q3 Qs Flipper|gs g3]
Q2P — G2 Co P3 — Q3 Ps — Flipper|vs ¢3] (3.88)
tr (Qe @ Ps) G2 P2 Flipper[V3 Q-] Flipper[vabags]
Flipper[V; Q1] Flipper|v; ¢i] Flipper[V; B1Q-] Flipper[v;b1bags]
tr (@) ho H, ho
H, hy H, hy
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Combining the two mappings (3.81]) and (3.88)), we get the mapping between Ty and Tpe.

Th Toec
tr (Q AZ Q) — Flippe?[biﬂbﬁg e bg(]3 Q3b2 e bi+2bi+1] Z = O, 1, 2 (389)
tr (Q A P) Fllpper[l}3,jb3,jbg,j+1 Ce bgqﬂ ] = 07 1, 2
tr (Ak) hnt1—k k=23
Self-duality

We already said that this theory is self-dual [62]. Let us see now how we can use our Tp,. frame
to prove the self-duality. The strategy is to reconfine the quiver tail. We notice that the left
Usp(2) has 6 fundamentals, so we start confining from the left. The effect of this confinement
is to kill the antisymmetric field ay. In addition, the fields Flipper[b; b1], vy and hy get a mass
and we produce a Pfaffian superpotential as in . We get

Rl .
b27 %RA
7
43, Ra+ Rq
P V3
—3+43R4+T7Rq 5—UR,— TR 4—5Rs—TRg
1 1
hl, 3R
W= th[bQ ba; bababoqsqsba; bagsqsba; g3 qs; p1bags; vags; p1b2b2b2(J3] + 1obavs + hipi7o (3 90)

Then we can confine the Usp(4) node. We will reach the self-dual frame of the original the-
ory. Indeed, we produce a traceless antisymmetric field, B, for the Usp(6) and the fields hq,
Flipper[by by] and v3 get a mass. The final quiver reads

RQ = Rfinal :
mB
3
7 W =" Flip[gs B> gy
43 =
3
b2 + Z Flip[ps B’ ¢3)
j=1
! (3.91)
We can repackage the final result into a manifestly SU(8) invariant way
Rfinal :
mB
3
W 8 W =" Flip[Q B> Q]
@ 5= (3.92)
Where we define - 1
Flipper|qz B> ¢3] . Flipper[py B> g3] } -
Flipper[Q B*/ Q] = | ...................... ST L (393)

0 }1
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_<,-«L )\)

Q= 43 S (3.94)
During this sequential reconfinement, from Tp. and R finq, the mapping is
7bec Rl Rfinal
Flipper[b1b2qs q3bab: ] Flipper[bababaqs qsbo] Flipper[gs B* ¢s]
Flipper|[bags g3bs] Flipper|[bags g3bo] Flipper|gz B g3]
Flipper[gs g3] Flipper|gs q3] Flipper|gs g3]
Flipper|vs ¢s] — Flipper[vs gs] <= Flipper[p, B? 3] (3.95)
Flipper[vabags] Flipper[p; bababags] Flipper[ps B ¢3]
Flipper[v11b2s] Flipper([p;b2gs] Flipper(ps g3]
hQ tr (b2b2)2 tr (Bz)
hl hl tr (B3)
Comparing with the mapping (3.89)), we read the mapping for the self-duality
7—1 Rfinal
tr (Q A° Flipper|qs B*~* 1=20,...,2
tr (Q A* P) Flipper|gs B*~" ps] i=0,...,2
tr (AF) tr (B*) k=2...,3

This is precisely the mapping given in [62].
Notice that in the reconfinement the precise operator flipped by the singlet Hy was crucial to

obtain the duality with the correct amount of gauge singlets. In the next section we generalize
our discussion to arbitrary N and F'.

3.3.2 General case: USp(2N) with H + 2F ]

In this section we study the general case. The Usp(2N) gauge theory with a traceless anti-
symmetric field A and 2F complex chiral fields (the number of fundamentals should be even to

avoid the global anomaly).

We proceed as in [85] to derive a chain of 2N dual frames consisting of quiver theories, with

number of gauge nodes ranging from 1 to N. Let us start with the first 7y quiver

To : A A

@—EQF ¢ 2F —1

W=0 (3.97)
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Deconfine and dualize: first step

We start by using the deconfinement ([2.105), we obtain

76/ N
2F —1
q1
1
2N 2N — 2
I dy 2 W =Plannar Triangle — hid;ps + Flip[c; ¢1]
1 3 1
1 (3.98)

Then we dualize the USp(2N) node with (2.86]). This step is the same as in ((3.80)).

Ti:
o3 d
2F — 6 2N —2 2F —1 W = Flip[Q1 Q1; Vi Q1] + Q1C1Q-
O Q2
Vi P2 +tr (CI<I>C’1)+H1VIC’1P2
1 1
H, (3.99)

The mapping of the chiral ring generators after this first step is the following

To To Ti
QQ aiq Flipper[Q1 Q1]
tr (QA'Q) tr(q1 (c1c1)' q1) tr (Qa 1 Q) i=1,...,N—1
tr (QA'P) <= tr(qalcic) p) <= tr(Qy® Py) j=0,...,N—=2 (3.100)
tr (QANT'P) @ Flipper[V1 Q1]
tr (A™) tr ((c1e1)™) tr (d™) m=2,...,N—1
tr (AY) hy H,

Now we iterate the procedure. We deconfine the traceless antisymmetric field, & and then we
dualize. Let us write explicitly another step and then it will be enough to obtain the general

story.

Second step

After the deconfinement we get
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2F —1
0 q2
C1 Co
28 =6 2N =2 2N —4 W= th[CQ €241 41501 Ch] + q1c1q2
U1 b2 d P3 +tr (CchCZCl) + hl'l]lClCng
2
1 1 1 + hadaps + pacads
ha
hy

(3.101)

Now we dualize the USp(2N — 2) node. The fields ¢, dy and Flipper[cy ¢o] get a mass. In

addition tr (cjcacecy ) becomes a mass term therefore there will be no link between the USp(2F —

6) and USp(2N — 4) gauge group. The result of the integration out (and rescaling) is

Ts -
Ay Q2 P
B,y
2F — 6 2(2F —6) 2N — 4 2F —1
Q3
Vi R, Vs Py
1 1 , 1
H,

W = Flip[By By; B1Q2Q2B1; Q2Q2; Vi B1Q2; VaQo] + tr (Co®Chy) + tr (B1A1By)

+tr (B1CyCayBy) + Ry B1Va + Q2C2Qs + Hi Vi B1Co Py + HyVaCo Py

(3.102)
We recall that the antisymmetric field A; is traceles, as well as ®.
The mapping after this second step is given byE
T Tu T2
Flipper[Q; Q1] Flipper|[q ¢1] Flipper[B1Q2 Q2 B1]
Q2 Q2 q2 q2 Flipper[Q, Q]
tr(Q2 @' Q) tr (g2 (c202)" " q2) tr (Qs 2 Q3) i=2,...,N-1
tr (Q2 ®7 Py) tr (g2 ca(cac2)’ ps) tr (Qs 97 Ps) Jj=0,...,N=3
B , (3.103)
tr (Q2 V2 Py) 42 P2 Flipper[V; Q]
Flipper[Vi Q1] Flipper[v; ¢i] Flipper[V1 B1Qs]
tr (&™) tr ((babe)™) tr (P™) m=2,...,N—2
tr (V1) hy H,
H, hy H,

12Using the table of R-charges of the fields given in appendix [B|in Table it is easy to check that the

mapping is consitent.
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After k steps

After the iteration of k steps, we get the following quiver

Tr :
A
Ay ? Q P
B, By By Ch
2F — 6 2(2F — 6) k(2F — 6) N — 2k 2F — 1
Qk-H
Vi R v, Ry Ry Vi Pra
1 1 1 1 1
H
H, H, H,
k—1 k
W = Z Flip[B; B;] + Z Flip[B;Bi11 ... By-1 Qx Qi By_1 ... Bi11Bi]
j=1 i=1
k k—1 k—1 k—2
+ Y Flip[ViBiBis1 ... BuoaQil + Y RiBjVisi + Y tr(BjA; By) + Y tr(By Ay B)
i=1 j=1 j=1 =1

k
+tr (Cy, @ Cy) + tr (Br_1CrCrBy—1) + QiCrQrp1 + Z HViB;iBiy1 ... By 1CpPrpa
=1 (3.104)

The last term in the superpotential should be taken with a grain of salt. Indeed as ex-
plained in the appendix |B] when £ is great enough some operators become degenerate with
ViB;iB;y1...Br_1CyPyi1 and then the superpotential should be modified. This is the degen-
erate holomorphic operator ambiguity that we described in . Since it is a k-dependent
statement, we decided to be cavalier when writing this term in and write the modified
version in Ty_i.

The mapping of the chiral ring generators is the following

Tre—1y Tk
Flipper([b;bj+1 - .. by—2@u—1qr—1br—2 - . . bj11b}] Flipper(B;Bji1 ... Byo1QrQrBr-1 ... Bjx1B;] j=1,....,k—1
Flipper[v;b; . .. by—2qi—_1] Flipper[V;B; ... Bi_1Qx] j=1... k-1
ha,. .k Hy _j
Tk — Flipper[Qy, Q]
tr (g (crce)™* " qr) tr (Qry1 P7F Qrpa) i=Fk,...,N—1
tr (qr cx (cr k)’ prat1) t1 (Qra1 D7 Poyr) j=0,...,N—k—-1
dk Pk Flipper[V}, Q]
tr ((exer)™) tr (P™) m=2,...,N—k

(3.105)
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After N-1 steps

TN,] :

N-2 N-1
W= Z Flip[B; B;] + Z Flip[B;Bis1... Bn—2 Qn-1QNn-1Bn_2... Biy15i]
j=1 i=1
N-1 N-2 N-2 N-3
+ Y Flip[ViBiBij1 ... By 2Qna]+ Y RiB;jVii+ »_tr(Bj A; Bj) + > tr (B A1 B)
i=1 =1 J=1 =1
N-1

+tr (By_2Cn_1Cn_1Bn—2) + Qn-1CN_1QN + H1V1By ... By_2COn_1Py + Z H V1B, ...Bn_1-;Rn_;
= (3.106)

The last term in the superpotential is the one after switching, see Appendix [B| Since the last
node is Usp(2), there is no antisymmetric and we can directly use ([2.86)).

Final step and fully deconfined frame

7_bec :
ap Qg aN-1
b b by_ by_
oF — 6 —~L {20F—6) —2 ... X22{ (v yer-o 2L N@F -6 9OF — 1
qan
v 1 Vg r2 T2 UN_1 'N-1 oy
1 1 1 1 1
hy-1
hy—2
hg hl

N-1 N
W= Flip[b; b;] + Z Flip[bibit1 ... bny—1qn qn On—1 - .. Dig1bs; vibibity ... by_1qn]

=1 =1

N-1 N-1 N-2 N-1
+ Z ijjvj+1 + Z tr (bJ CLJ' b]) + Z tr (bl aj+1 bl) + Z hlebl e belfj’f'N,j
=1 =1 =1 i1 (3.107)

We have obtained the fully “deconfined” frame. The mapping is
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Tn-a
Flipper[BijH . ByoQn_1@Qn-1Bn—z . .. Bj+1Bﬂ
thper[V]Bj . BN,QQNfl]

Torc
Flipper[bjbj+1 N bequqNbel N bj+1bj]
Flipper[v;B; ... bx_1qn]

Flipper|[qxn qn]
Flipper[vy gn]

Collecting all the mappings, we write the mapping from the 7, frame to Tpe.

76 %EC
tr (Q Ai Q) Flipper[biﬂbwg e bequ qNbel . bi+2bi+1] 1= O7 e 7J\/v -
tr (Q A7 P) Flipper[on—;jbn—jbn—jt+1 - .- Dn_1qN] j=0,...,N—1

tr (AF) hnyi-k k=2...,N

In the “deconfined” frame, all chiral ring generators are elementary gauge singlets.

3.4 Reconfinement and self-duality for USp(2N) with H

+ 8L

As reviewed in (2.96)), the USp theory in the F' = 4 case is known to be self-dual modulo flips.
In this section we use our Tp,. frame (3.107) to prove this result. Let us rewrite first (3.107)

specifying F' = 4:

Rg .
aN-1
ag

b ﬁ b by_ by

5 1 1 2 Nz Loy N (o .
qn
vl 1 () ) TN—2 UN_1 'N-1 | vy

1 1 1 1 1

hy_1

hn_2
ho hy
-1 N
W= Flip[b; b;] + Z Flip[bibit1 ... by—1qn qn On—1 ... biy1bi; vibsbiy1 ... by_1qn]

j=1 i=1

N-1 N-1 N-2 N-1
+ Z ’f‘jbj’U]'Jrl + Z tr (b] Clj b]) + Z tr (bl aj+1 bl) + Z hj’l}lbl e belfj’l’N,j
J=1 J=1 =1 Jj=1

105

(3.110)



To Ro

tr (Q 14z Q) —s Flipper[.bjﬂbﬁg Ce bN_qu QNbN—l PN bj_,_gbj_,_ﬂ j = 07 ey N — (3111)
tr (Q Al P) thper[vN,ij,ij,jH .. bequ] J = 07 ce 7]\/v -1
tr (Ak) hN+1—k k= 2,...,N

We see that the USp(2) gauge group is coupled to 4 + 1 + 1 chiral fields in the fundamental
representation and so it confines . This step is similar as in . The confinement will
give a mass to the traceless antisymmetric field ay as well as vq, Flipper[by b;] and hx_;. The
result after integrating them out (See discussion below ((3.84))) is

Rl .
aN—1
b by_ by
4 2 N—2 (N — 1) N-1 9N 7
qn
p ) ) UN_1 'N-1 |oy
1 1 s 1 1
hn_2
hQ h]
N-1 N
W= Z th[bj bj] + th[bzbﬂb obvoigvgeby-r . bg] + Z Flip[bibi+l obyoigy av b - -bi+1bi]
j=2 =2
N N-1
+ Flip[lyp1bs . . . by—1qn; p1bababs .. . Dy_1qn] + Z Flip[vibibiss . .. by—1qn] + Z TibiVip1
=3 i=2
N-1 N-2 N—2
+ Z tr (b; a; b;) + Z tr (b; a1 b;) + Z hipiby ... On_1-TN_;
i=3 i=2 i=1 (3112)
The mapping of the chiral ring generators is
RO Rl
Flipper[blbz . bN_qu QNbN—l . bgbl] Flipper[b2b2b2b2 . bN_qu (JNbN—l . bgbd
Flipper[bj+1bj+2 e bN_qu QNbN—l e bj_;,_gbj_;,_l] Flipper[bj_,_lbj_,_z e bN_qu QNbN—l e bj+2bj+1] ] = 1, “eey N — 1
Flipper[vy_;bn—jbn—jt1 - - - bn_1gn] — Flipper{vn_;bn_jbn—j+1 - .. bn_1qn] j=0,...,N—=3
Flipper[vgbgbg e bequ} Flipper[p1b2b2b2b3 e bequ}
Flipper[u1b1b2 e bequ} Flipper[p1b2 e bN,qu]
h; hi i=1,...,N—2
hn—1 tr (b2bs)?
(3.113)

We can now iterate. Indeed the USp(4) group is coupled to 6 4+ 1 + 1 fundamentals and so it
also confines
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RQ:

hQ hl

gl

W= th[b/ b/] + Fllp[(b3b3)364 e bN,] qNn gN bN,] e b47 (b3b3)264 . bN—l qNn gN bN—l e b;d

<
Il
@

N
+ Z th[bibiﬂ b1 gngn DNy bi+lbi] + FhP[szs cee bN—lQN§p2(b3b3)b3 cee bN—lQN}

=3
N N-1
+ Flip[p (bsbs)?s . . . by—1qn] + Z Flip[vibibity - . . byv_1gn] + Z 7ibivit1
i=4 i=3
N-1 N-2 N-3
+ Z tr (b, a; b,) + Z tr (b, i1 bz) + Z h,pgbg - belf,;?”N,i
=4 i=3 i=1 (3.114)
We can iterate. After k confinement, we get
Rk :
aN—1
b by_ by—
2+ 2 )t 2N -1 b (oN 7
qn
Dx Th+1  7xy_s VN1 TN-1 |y
1 1 e 1 1
hn_g-1
h’2 hy
N-1 k
W= Z Flip[b; b;] + Z FIp[(b1bi1)™ 7 brga - by qn gy b1 - - by
i=k+1 =1
N k+1
+ Z Flip[bibis1 ... bv—1qn qn Dn—1 ... bip1bs]) + Z Flip[pr, (brs10r41)" " byt - - - bv—1w]
i=k+1 j=1
N N-1 N-1 N-2
+ Z Flip[vbibiy1 - .. by—1qn] + Z b1 + Z tr (b ai bi) + Z tr (bi aig1 b;)
i—kt2 i=kt1 i=k+2 i=k+1
N—k-1
+ Z hiprbryr - DN N
= (3.115)
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The mapping between two successive reconfinement is

Ry Ry
Flipper|[(bybe)* ' ... by_1qn qnbn—1 - . . by Flipper|(by11be+1)" “brs1 - - - bv—1qn qnbn—1 - . - b1 a=0,...,k—1
Flipper[bj1bjy2. .. bv-1qn qvON -1 - .- Djiabjii] Flipper[bj;1bjta - .. bv—1gn qnNON—1 - . - bjyabj1] j=k,....N—-1

Flipper[vy—jby—j ... byv-19n] Flipper[vy_jbn_; ... by-1qn] j=0,..., N—k—-2
Flipper[vg41bq1 - .. by-1qn] Flipper(pe (be1bx11)* ' brr1 - .. by-1qn]
thper@k—l(bkbk)N%ﬂbk . byagw] <~ thper[pk(bk+1bk+1)N717abk+1 . by_1gw] a=N-—-k,...,.N—1
h; D i=1,...,.N—k—1
hn_k tr (b 1bprr)F
tr (bpby)* tr (bpy1brrr)”
tr (bpby)? tr (bpg1bpi1)?
(3.116)

For k = N — 2, there won’t be any antisymmetric field left. We get

RN_Q .
by—
IN — 2 ML (on 7
gN
PN-2 TN-1 vN
1 I 1
N—2
W = Flip[by_1bn_1] + Z Flip[(bx—1bx 1) qn qn) + Flip[by 1 qv qn by—15 g q]
J=1
N—1
+ Z Flip[pn—2 (by—1bn—1)""" bn_1 gn] + Flip[ongn] + rv—1by—10n + hipy—arn—1
=1 (3.117)

Now we can do the last confinement with the Usp(2N — 2) group. It will produce the traceless
antisymmetric field, B for Usp(2N) (the trace part is killed by the flipper Flipper[by_1 by _1])

N
+ > Fliplpx 1 B q]
j=1
(3.118)
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The mapping for this last reconfinement is given by

Ry Ry
thper[(belefl))N_Q_abN72bN71qN gnby_1bn 2] Flipper[gy BN 1% qy]
Flipper[by_1qn qnbn—1] Flipper[gn B qn] ¢=0,...,N=3
Flipper[gx qn] Flipper[gn qn]
Flipper[vy qn] Flipper[py_1 BY2 gn]
Flipper[py—2(by-1bx-1)" " *bx_1qn] <= Flipper[py_1 BN by_1qn]
hy tr(BN) a=1,...,.N—1
tr (by_1by 1)Vt tr (BNV-1)
tr (by_1by_1) V2 tr (BN72)
tr (by_1by_1)? tr (B?)

(3.119)

We can repackage the last frame into a manifestly SU(8) invariant way to obtain the final frame

7zfinal :
B
N ~ .o~
; 8 W =Y Flip[Q BN Q)
@ =t (3.120)
Where we define
7 1
Flipper[qy BY 7 qy] . Flipper[py_1 BN qy] } 7
Flipper[@ BY 7 Q= | ... T . (3121)
0 } 1
7 1
~ — /=
Q= ( N pN_1> (3.122)
Now combining the mappings, we see that the reconfinement procedure gives
Ry Ryinal
Flipper[b;y1 ... by-1qn qnbn—1 - - bjt1] — Flipper[gy BN "7 qy]  j=0,...,N—1 (3.123)
Flipper(vy_;bn—jbn—jt1 - - - bn_1qn] Flipper[py_1 BN qy] 7=0,...,N—1
h; tr (BN+171) i=1,...,N—1

Now if we compare the original frame 7, and the last frame after reconfinement R i, We see

the self-duality and we obtain the following mapping

Ty Rfinal
tr (Q A7 Q) Flipper[gy B~ qy] j=0,....N—1 (3.124)
tr (Q A7 P) Flipper[gny BY 17 py_4] j=0,...,N—1 ‘
tr (AY) tr (B") i=2,...,N

Which is precisely the mapping proposed in [62].
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3.5 Reduction to 3d N =2 sequential deconfinement

It is possible to reduce 4d ' = 1 theories on a circle, obtaining 3d N’ = 2 theories. Generically,
this steps introduces a superpotential term linear in the basic monopole operator (exceptions
are, for instance, theories with 8 supercharges). Once in 3d, it is possible to turn on real
mass deformations, that do not exist in 4d. Starting from a 4d USp(2N) gauge theory, 3d
real masses allow to flow to USp(2N) or U(N) gauge groups with or without various types of
monopole superpotentials. This process has been discussed in detail in the case without rank-2
matter [94], and for the case of 2F = 8 [92, 93]. A brane interpretation has been found in
[244]. Examples of 4d N = 1 simplectic quivers reduced and deformed to 3d N = 2 or 3d
N = 4 unitary quivers have been discussed in [83, 111], mostly from the superconformal index
perspective.

On the electric side, the story is as follows:

USp(2N Wi =0
l reduction on S!

o
USp(QN Wiy = M

real masses (028 +, / Nﬂl&SSCS (471, P+

A

USp(2N W=0 UN—(F+1.F+1)] w=om++m-

l real masses (07, 407 —)

o
U(N

) (F,F) W =m+

l real masses (07!, +; 071, )

A
U(N

e el IR (3.125)

Where the rank-2 field is a traceless antisymmetric for USp(2N) and a traceless adjoint for
U(N). The monopoles 9, M* are the monopoles with minimal GNO charges introduced in
Section [2.1.2] See [94] for more details.

We could also turn on different real masses, possibly leading to non-zero Chern-Simons

terms as in [85, (92} 93], but we refrain to do this in the present paper.
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In the remaining of this section we perform the reduction and deformation of the fully

deconfined dual, recovering the results found in [85] working in 3d.

Reduction to the deconfined dual of USp(2N) with antisymmetric and 2F + 2 fun-
damentals, W =M

We put the 4d duality on a circle. On the electric side we get 3d N = 2 USp(2N) with
antisymmetric and (2F + 1)+ 1p fundamentals, YW = 9N, with global symmetry SU(2F +2) x
U(1). On the magnetic side we obtain the same quiver as in 4d, (3.107)), with ' — F + 1. The
difference is that the superpontential now includes N additional terms, linear in the monopole

operators with GNO charges for a single gauge group, Zfi . op0° e 0N

may, , TN
ay az anN—1 m
(M (M & Fy
USp(2F —4) b USp(2(2F 1)) b USp(N=D(2F~1)) = USp(N(2F~1)) | 2F + 1
N

N—-1

N N
W= Z Flip[b; b;] + Z mitr (bibiy ... bv_1qn gy b1 ... biy1b;) + Z livibibiy1 ... On_1qN
i=1 i=1

i=1

N-1 N-1 N-2 N-1
+ Z ’f‘ib,ﬂ)prl + Z tr (bl a; bl) + Z tr (bl Ajq1 bl) + Z hﬂ)lbl e belfieri
=1 =1 =1 i=1

N . .
+ Z mO”l,-,ON"‘
=1 (3.126)

One remark about notation. In this section, we have given an explicit name to the flip-
pers. Concretely in (3.126) we have used Flipper[b;bii1...0nv_1qnqnbn_1...bi1bi] — m;
and Flipper[v;b;ib;i 11 ...bn_1qn] = ;.

For convenience we reproduce also the mapping of the chiral ring generators:

tI‘(QAlQ) mi1 ZZO,,N—l
tr(Q AT P) <+ IN_; j=0,...,N—1 (3.127)
tr (Ak) hN+17k k= 2, ey N

This is the same mapping as in 4d, at this level there are no monopoles in the chiral ring, due

to the presence of linear monopole terms in the superpotential.

Flow to the deconfined dual of USp(2N) with antisymmetric and 2F fundamentals,
W=20

We now discuss what happens on the fully deconfined quiver [3.126{ upon turning on real masses.

We first turn on a real mass of the form (0?/,4,—) (that is we are moving to the left in
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the diagram , on the electric side Q)2r11 and P become massive. Notice that the rank
of the global symmetry decrease by one unit. Accordingly the mesons tr (Q; A* Qar11) and
tr (Q; A® P) have non-zero real mass, for I = 1,...,2F. Notice that tr (Qap1 A® P) has zero
total real mass. The electric theory becomes 3d N = 2 Usp(2N) with antisymmetric and 2F
fundamentals, W = 0, with global symmetry SU(2F) x U(1) x U(1).

It follows from the mapping that the singlets (I;); and (m;)r2r+1 become massive for
I'=1,...,2F, while (I;)2p+1 remain massless. The [;’s and (m;);2r+1’s become massive imply
that also the elementary gauge variant fields v;, r; and (gy)2r 11 become massive. In other words

the saw structure in the fully deconfined quiver disappears, and we are left with

mr, , TN
A A" N £y
b ba q
USp(2F —4)—USp(2(2F—4)) —---—USp((N—=1)(2F —4)) —USp(N(2F —4)) —< 2 F
N-1 N N-1
W = th[bl bl] + Z m; tr (bibprl e bN,1 qq bel . bibi+1) + Z tr (bz a; bz)
i=1 i=1 i=1
N—-2 N-—1 N
N—i (yi i—1 gN—i+1
+ tr (bs @iq1 b;) + Z home 0 4 Z(li)2F+1m0 S
i=1 i=1 i=1 (3.128)

Notice that the linear monopole superpotential Zf\;l MO 0" ig lifted, while the massless
gauge singlets h; and (I;)2r+1 now flip monopole operators. (this is similar to the dimensional
reduction of Seiberg and IP dualities [103]). These interactions are generated dynamically, one
way to understand them is that such interactions are allowed by all global symmetries, and if
they are not generated the gauge singlets would be free fields, which cannot be correct.
Equation (3.128) agrees with the results of section 2.4 of [85] (modulo renaming h; — 7;
and (l;)2p+1 — 0;), obtained by sequentually decofining in 3d, using the deconfining duality
antisymmanxan <> USp(2N —2) —[2N], W = 49t. The only difference is the precise extended
monopole flipped by h;, the subtlety related to the degenerate holomorphic operators which
can in principle be flipped by h; was not appreciated in [85]. One can check that with the
superpotential above, setting F' = 3, the tail reconfines appropriately and it is possible to derive
the self-duality modulo flips of 3d N' = 2 USp(2N) with antisymmetric and 6 fundamentals,
W = 0, at each step one h; singlet is eaten, while the extended monopoles flipped by (I;)2r11

'shorten’ according to the rules of [245].

Flow to the deconfined dual of U(N) with adjoint and F + 1 flavors, W = 9" + M~

We now start from the 3d duality USp(2N) with 2F + 2, W = 9 <« [3.126] and turn on a
real mass of the form (+7+1, —F*+1) (that is we are moving to the right in the diagram [3.125).
This type of real mass induces a Higgsing of the form USp(2N;) — U(N;) on both sides of
the duality, the antisymmetric fields are replaced by adjoints and a pair of fundamentals is
replaced by a fundamental plus an antifundamental. The Higgsing is induced by a vev of
’Coulomb branch type’, that is, on both sides of the duality, we are going to a specific sublocus

of the moduli space of vacua (inside the so called N'= 2 Coulomb branch) where there is the
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maximum amount of massless fields. Moreover, the monopole superpotentials 9’s are replaced
by (O + 9M~)’s. See [83, 94, [111] for more details.

On the electric side we flow to U(N) with adjoint and (Fg + 1p, (F' + 1)) flavors and
W = I+ + M, with global symmetry SU(F + 1) x SU(F + 1) x U(1)P] The rank of the
global symmetry decreases by one unit, as it should.

On the magnetic side, we end up with a fully deconfined quiver

mal ) mag ) maNfl q/, F

U(F-2) BTN U(2(F—2))b<2’—b>2 oo e U((N=1)(F—2)) ~— U(N(F-2)) S M,
U 1 U2 TN-2 UN_1 I'N-1 oy
1 1 1 1
Loy
I 2 | v In
[ ) [
N-1 N

W = Z th[bz Bl] + Z ]\/L tr (bibi+1 . bel chl;N,1 . Bil;i+1)
=1 i=1
N _ - ~ N-1 N-1 - N-2 ~
+ Z l,tr ((ij,1 . bi+1bivi) + Z tr (ribivi+1) + Z tr (b, a; bz) + Z tr (bl Ajyq bz)
i=1 i=1 i=1 i=1
N—-1

N
+ Z hitr (TN—iEN—l—i L 81@1) + Z (m’tﬂ“l;&-,ON’l + 9)’{01*17_70N71)
i=1

i=1

(3.129)

Where we did not draw the h; singlet{”] The global symmetry of (3.129) is SU(F + 1) x
SU(F) xU(1) x U(1).
The mapping iﬁ

tr (Qr A'Q7) (Mig)] i=0,...,N-1
tr(QrA'P) = (Iy_)r i=0,...,N—1 (3.130)
tr (Ak) hN+1—k k= ,...,N

In the special case F' = 3, we can use the confining duality for U(N) with (N +2, N +2) flavors
and W =9 + 9+ [94] and reconfine the tail in [3.129] deriving the self-duality modulo flips
of 3d N'=2 U(N) with adjoint and (4, 4) fundamentals, W = I+ + 9~ discussed in [92].

Flow to the deconfined dual of U(N) with adjoint and F' flavors, W = 9"

We now turn on real masses (07, +; 01", —) in the previous duality.
On the electric side one monopole superpotential is lifted and we flow to U(N) with adjoint
and (Fg, F) flavors and W = 9", with global symmetry SU(F) x SU(F) x U(1) x U(1). The

rank of the global symmetry decreases by one unit, as expected.

13We split the global symmetry artificially into SU (F + 1)g x SU(F)g x U(1)p x U(1) 4 to match the visible
symmetries in the magnetic side.

4The double arrows U(Ny) «+ U(N3) stand for a pair of bifundamentals with opposite orientation.

15We have checked that the mapping is consistent by computing the R-charges of the operators (as a function
of two variables coressponding to the two U(1) symmetries) on both sides.
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On the magnetic side, using [3.130} the singlets (I;); and (M;)7.,, become massive. This in
turn implies that ¢z gets a mass, together with the v;’s and the r;’s. Hence the saw disappears

and we end up with

U(F-2) by U(Z(FfQ))bg’—bg v e U((N=1)(F-2)) «—» U(N(F-2))

Q/V..
T

F

N-1 N-1

W = Z hpb b +ZM tI' bbz+1 bN,1 Q(ji)Nfl . I;J)Z+1) + Ztl’ (bz a; Ez)
=1 =1 =1

N N-1

N
b Qi1 b Z(Zi)QF-H m()i—17+N—i+1 4 Z him+N_i’Oi I Z moi—177,0N—i
- = =1 (3.131)

HMN

Notice that half of the linear monopole superpotential disappeared and that the massless gauge
singlets (I;)r and h; now flip monopole operators instead of mesons constructed with the saw.

In the special case F' = 3, we can use the confining duality for U(N) with (N 4+ 1, N 4+ 1)
flavors and W = 9~ + A9+ [94] to reconfine the tail in[3.131} deriving the self-duality modulo
flips of 3d N' =2 U(N) with adjoint and (3,3) fundamentals, W = 9" [92].

Flow to the deconfined dual of U(N) with adjoint and F — 1 flavors, W = 0

We now turn on real masses (071, +; 01~ —) in the previous duality.

On the electric side one monopole superpotential is lifted and we flow to U(NN) with adjoint
and F' — 1, F — 1 flavors and W = 0, with global symmetry SU(F — 1) x SU(F — 1) x U(1)3.
Again, the rank of the global symmetry decreases by one unit.

On the magnetic side,

ap as aN-—1 F—1
FY L P F L
U(F=2) «~—=h U2(F-2)) 2 -+ «s U((N=1)(F=2)) ~— U(N(F-2)) pUs
\
q F—1
N-1

W= Zthb b +ZM tI‘ bthl bN,1 qqi)N71~-~Bigi+1) + Ztr (b, Q; 52)

=1 i=1

+ Ztr b az-Hb +Z ((li)2F+1 m0i7]’+Nﬂ+1 +( )FFEIRO N H)
i=1

=z

-1

N-1
+ Z hl m_;'_i’oNfi n Z moi—l’_"ON—i
=1 =1 (3.132)

The result agrees with section 3.2 of [85] (modulo renaming h; — i, (l;)2rs1 — 07,
(M;)pr — o0, and F' — F 4 1). Also here, the difference is the precise extended monopole
flipped by h;, the subtlety related to the degenerate holomorphic operators which can in prin-
ciple be flipped by h; was not appreciated in [85]. In the special case F' = 3, we can use the
confining duality for U(N) with (N + 1, N + 1) flavors and W = 9~ 4+ A9 to reconfine the
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tail in [3.132] and derive the self-duality modulo flips of 3d N' =2 U(N) with adjoint and (2, 2)
fundamentals, W = 0, discussed in [92][]

3.6 Outlook

In this chapter we have shown that all 4d N' = 1 S-confining gauge theories with a single gauge
group, vanishing tree-level superpotential and rank-1 and/or rank-2 matter can be obtained
from the basic Seiberg and Intriligator-Pouliot S-confining dualities. We have
also obtained the confining superpotential in a closed form for all theories. We did this using
new versions of the deconfinement technique of [60]. Then we have work out the sequential
deconfinement of the 4dN = 1 USp(2N) with antisymmetric and 2F fundamentals gauge
theory. As an application we gave a proof of the self-dual modulo flips of this theory for the
special case F' = 4. Our result participates to the project of reducing the number of apparently
independent dualities. We finished by studying the dimensional reduction to 3d of this fully
deconfined frame. We recovered previously known 3d dualities and found new ones.

There are other directions to explore. An obvious one is trying to go beyond the classification
of [46] by considering more than one node quivers and /or non-vanishing tree-level superpotential
[246]. There are also S-confining theories involving non-quivers type of matter as rank-3 and
Spin gauge theories with chirals in the spinor representation [46]. It would be really interesting
if we can also obtain these theories from simpler dualities. It would also be worth exploring
beyond S-confining theories. For example, more general IR dualities involving rank-2 matter
[53, 55, (561, |61].

We can also try to prove the USp version of the Kutasov-Schwimmer type duality, recalled
in Section using our sequentially deconfined dual of USp(2N) with an antisymmetric and
2F fundamentals. Namely one can turn on a superpotential term ¢r(A7) on the electric side,
such term maps to a singlet on the magnetic, so a Higgsing process is induced. The study
of this Higgsing might shed light on the dualities of [53-55, 247]. We expect the degenerate
holomorphic operator ambiguity encountered in this paper to play an important role. It would
also be interesting to study degenerate holomorphic operator ambiguity in other examples,
possibly involving different kinds of gauge groups.

There are quite a few self-dualities modulo flips proposed in the literature [62, |64} 65, (197,
198], such as SU(2N) with antisymmetric, conjugate antisymmetric and (4, 4) fundamentals,
or SU(6) with 2 antisymmetrics and (2,6) fundamentals, or SU(8) with 2 antisymmetrics
and (0,8) fundamentals. A natural question is if such self-dualities can be proven using only
the basic Seiberg and Intriligator-Pouliot dualities, as done in this chapter for USp(2N) with

antisymmetric and 8 fundamentals. Notice that many self-dual gauge theories have been con-

16 At each reconfining step, one linear monopole term disappears, one h; is eaten, while the (M;){’s (I, J = 1,2)

and the two towers (I;)2p+1 and (M;)p r survive. The self-duality reads

U(N) +®+ (2Q7 2@)) Ww=0. & U(N) + (b + (2q7 25)7W = Z (MitT(q(biQ) + (li)2F+1mL + (Mi)F,Fm;i) .

(3.133)
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structed simply 'adding one flavor’ to an S-confining gauge theory [65] |197], so the fact that
the S-confining dualities can be proven is encouraging.

Related to the above point, many S-confinements and many self-dualities have been proposed
for 4d N' =1 Spin(N) theories with spinors and vectors [65) [197, [198] 200]. It would be very
interesting to find a way to deconfine spinorial matter and try to prove such proposals.

S-confinements for 3d N = 2 theories with SO/Usp gauge groups and adjoint matter where
recently proposed in [87], and [98] pointed out a relation to 4d N = 1 S-confinements for
Usp gauge group and antisymmetric matter. It might be interesting to deform the 4d N =1
sequential deconfinements as in [98]. See [243] for the sequential deconfinement of 3d N' = 2

rank-2 matter with SO/USp gauge groups.
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Chapter 4

4d N = 1 dualities from 5d dualities

The content of this Chapter is essentially taken from [3].

4.1 Introduction

In this Chapter, we are interested in 5d quiver gauge theories whose UV completion is actually a
6d SCFT. These are the KK-theories evocated in the introduction chapter. In many instances,
there are more than one 5d gauge theories with the same infinite coupling SCFT (5d or 6d).
This phenomenon goes under the name of 5d dualities. The physical picture is really that the
UV SCFT can be relevantly deformed in various different ways, triggering RG flows to different
IR gauge theories. The main point of this Chapter is to give a recipe to construct 4d N = 1

dualities from 5d KK dualities and test this prescription on concrete examples.

Prescription

Starting from a 5d KK quiver with 8 supercharges, the 4d quivers has the same gauge structure
(but in 4d the nodes are N' = 1 4 supercharges nodes), the same matter fields (but in 4d
there are chiral multiplets instead of hyper multiplets) plus for each bifundamental we add a
“triangle”. A 7triangle” means that if in 5d there is a bifundamental hyper connecting node A
with node B, in 4d there is a chiral bifundamental going from node A to node B, a fundamental
going from node B to a global SU(2) node, and a fundamental going from the global SU(2)
node to node A. We also add a cubic SU(2) invariant superpotential term. See eq. . Such
triangles are meant to reproduce the 5d axial symmetries (which are anomalous in 4d but not
in 5d) and the 5d instantonic symmetries (which do not exist in 4d). With this prescription
we are able to associate a 4d quiver to 5d quivers, in such a way that the rank of the global 4d
symmetry is equal to the rank of the global 5d symmetry minus 2. We only consider quivers such
that this prescription yields a 4d quivers without gauge anomalies. The previous prescription

is illustrated by the following example, where round red nodes are SU gauge group{]

n the second quiver of (4.1) we didn’t respected our color code, evocated in the introduction chapter, for
all the SU flavor nodes. We did so to more easily distinguish which symmetry we are talking about in what

follows. We precise here that in this quiver all the flavor nodes are of the SU type.
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5d : N+2—‘—‘—‘— @ ° N +2

R e S YL

W = 2 Triangles + F'lips

One remark about the prescription is that when we go from a hyper in 5d to a chiral in
4d we are free to choose it in the fundamental or anti-fundamental representation of the gauge
group. The constraint on gauge anomaly cancellation fixes the choice of the representation. In
the example that we show the N + 2 hypers on the left in 5d have been split in N fundamentals
and 2 anti-fundamentals. Another remark is that the 4d dualities involve flipping fields. They

play a crucial role in the validity of the dualities.

The main point of this chapter is that starting from two 5d dual KK quivers, hence with
the same 6d SCF'T UV completion, the two 4d quivers constructed with the above prescription

are infrared dual.
This chapter is organized as follows.

In section , we present the first class of theories call Ry ;. We are able to prove the new
4d N = 1 dualities that we get in the same spirit of the last chapter.

In section we study the second class of theories, A, ,,. For the new dualities that we
derive we do not have a proof. The proposed dualities are tested by matching the t’Hooft

anomalies and the central charges.
In section , we discuss a set of theories obtaining by Higgsing the class Ry .
In section [4.5] we give an outlook.

4.2 First class: rectangular pq-webs, the Ry, theories

4.2.1 A simple class: Ry and its two duals

In this subsection we consider a simple class of theories, which are special cases of the more

general class studied in the next subsection 4.2.2}
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5d triality

The first 5d dualities that we are studying combine into a triality:

*1) *2) *3)
(Vo o4 QM ) (2T
A
N-1 (4.2)

To understand why the three theories in are dual to each other, we recall the analysis
done in [189-191]. We start from the 6d Type ITA brane setup Figure Then, we do a circle
compactification and perfom T-duality along the compactified direction. We obtain a Type I1B
brane setup. The O8~ plane becomes two O7~ planes and the D8 become D7. The resulting
brane web, for N = 3, is shown on the left in Figure 4.1, Then in order to read the gauge
theory we have to resolve the O7~ plane by 7-branes [248]. We have the choice to resolve the
two O7~ or just one. If we resolve the two O7~ we get the brane web in the middle of Figure
. After pulling-out the 7-branes we obtain the SU(3) gauge theory with 10 fundamental
hypers shown in the right of Figure 4.1, The general N case corresponds to the left theory in
and we call it Ry 2. This name will be clear when we consider the generalization in the

next subsection.

Cyu,-1d
Ci]

[1,-3 Ly

Figure 4.1: Resolution of the two O7~ planes leading to Rs2: a SU(3) gauge theory with 10
fundamental.

Now, if we resolve only one O7~ plane we obtain, after pulling out the 7-branes, the USp(4)
gauge theory on the right of Figure . It correponds to the middle theory in (4.2)).
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Figure 4.2: Resolution of one of the two O7~ planes leading to the USp(4) with 10 fundamental
hypers gauge theory.

If we perform an S-duality on the right figure of Figure (which amounts to a 90° rotation
of the pg-web), we obtain Figure 4.3 which describes 4F + SU(2) — SU(2) + 4F[| quiver theory.
It corresponds to the right theory in (4.2)).

il e

j' C1,-13
\

D3

Ci,-1]
Co, l] [‘l ‘]

Figure 4.3: 4F + SU(2) — SU(2) + 4F

Since the theories in (4.2) are either coming from the same brane system or are related by
S-duality, it is clear that they are UV dual in the sense of completed by the same theory.

6d UV completion: (Dyyo, Dyi2) Minimal Conformal Matter

The 6d UV completion of the 5d theories in (4.2)) is given by the following Type ITA brane
setup [189-191]:

2The notation means that the first and the second SU(2) are coupled to 4 fundamental hypers and the

horizontal bar represents a bifundamental hyper between the two gauge nodes.
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0% : IN+, D8

AN-4Y D6

Figure 4.4: Type IIA brane setup corresponding to the 6d UV completion of Ry ».

This theory is called the (D42, Dyi2) Minimal Conformal Matter. On the tensor branch,
the system flows to the following gauge theory:

— (4.3)

4d triality

We can now apply our prescription described in section [4.1] Starting from the left theory in
(4.2), we replace the hypers in 5d by a chiral field in 4d. We also have to split the 2NV + 4
hypers into N + 2 chirals and N + 2 anti-chirals for the theory to be non-anomalous. We
get the theory *;) in . We have also added a gauge singlet in the bifundamental of the
SU(N +2)g x SU(N + 2)(;2 flavor symmetry and a flipping type superpotential. The role of
this flipper is essential for the duality to be true as we will see in the following. Our procedure
applied to the theory in the middle of produces the theory ) in (4.4]). Finally, we focus
to the right theory of . In this case, since we have a quiver in 5d our procedure tells us that
for each bifundamental we have to associate a “triangle” with an explicit SU(2) symmetry. We
obtain the following 4d quiver x3) in (4.5 with the correct set of flippers.

*1) *2)

& e @&
M

¢ W = Flip[Q Q)]
N +2 N +2
W = Flip[Q Q)] (4.4)

121



*3)
L B, By By_s R
V1i /Dy :Vz Dy Vn—2 iDNQ
2 2
N—2

W = (N — 2) Triangles + Flip[L L] + Flip[R R] + Y _ Flip[B; B]
=1 (4.5)

The mapping of the chiral ring generators between the different frames is

*1) *2) *3)

Flipper[L L]
Flipper[R R]

Flipper[Q Q] LB;...By_sR

QN < Flipper|QQ] <= <{(LB;...BVi 1=0,..., N=-3

OV D;Bj1 ... By_oR j=1,... N-2
Flipper| By By k=1,...N -2
DBy ... B;V; i=1,...,N-3&

j=t4+1,....,N—2
(4.6)

We have to understand the mapping in the following way. In the UV, the manifest global
symmetries in %), %) and *3) are different. In the IR, there is the emergence of the global
symmetry. Therefore some operators in the UV will combined into an operator transforming
into the bigger symmetry group. In our case the global symmetry grouplﬂ in the IR is SU(2N +
4). Then we claim that in the frame ;) the three operators Flipper[Q Q], @V and QN will
combine into an operator that transforms into an antisymmetric representation of the emergent
SU(2N +4) global symmetry group. One necessary condition to make sense is that the number
of degrees of freedom (d.o.f) corresponds to the dimension of the representation. In this case
Flipper[Q Q] contains N2 +4N +4 d.o.f, Q@ and QV $(N+2)(N +1) each. The sum equals to
2N? + 7N + 6 which indeed correspond to the dimension of the antisymmetric representation
of SU(2N + 4). The same kind of counting works for the frame x3).

Proof of the 4d dualities

In this subsection, we provide a “proof” of the 4d triality (4.4)-(4.5)). By “proof”’, we mean the
use of a sequence of well-established dualities as in Chapter . Starting from %) and apply the

Seiberg duality (2.85), we obtain

(:)—QNH W=0 @)

We see that the role of the flipper in %) in (4.4)) is to give a mass to the singlet present in the
Seiberg duality and therefore get YW = 0 in (4.7)).

3We don’t pay attention to the global structure of the global symmetry.
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Now starting from ) in (4.4) and applying the IP duality (2.86]), we once again get (4.7)).
This implies that also %;) and %) are dual.

More work has to be done in order to prove that also x3) is dual. It goes as follows. We
first apply the CSST duality (2.95) to the left SU(2). The form of this duality that is useful

for our purpose is the following

L By
2 — 2
Vi

W=10 W = Flip[l{] + Flip[b1b1] + Flip[vyv1] + Triangle (4.8)

The important effect of this duality is to give a mass to the field D; in (4.5). Indeed, we are

left with
l b1 By By_s R
U1 i :VQ Dy Vn_o iDNQ
2 2

N-2
W = (N — 3) Triangles + Flip[RR] + » _ Flip[B; By
=2 (4.9)

W

Now we realize that the second SU(2) is coupled to 6 chirals and therefore we can use the IP
confinement (2.88) for this SU(2). The form useful of this confinement is the following

b B, — b
Vo D,
2 2

(4.10)

After the confinement of the second SU(2) we can see that the next one on the right is also
coupled to 6 chirals and therefore we can iterate the use of (4.10). We can do (N — 4) more

s-confining (4.10]). We get

W = Flip[by_2 by o] + Flip[R R] (4.11)

The last SU(2) is once again coupled to 6 chirals and therefore we can use for the last time the
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confinement ([2.88]). We end up with

! r P
9 4 @%2]\%4

U1 V2 N\UN-2

Ww=0 (4.12)

To summarize, starting from *3) in and doing the CSST duality followed by (N — 2)
s-confining duality we get which proves the 4d triality -.

Notice that the duality between *3) and is one of the simplest instances of the 4d
mirror symmetry of |48, |49, 82, and it uplifts the 3d mirror symmetry between U(1) with N
flavors and the linear Abelian quiver U(1)N 1.

Now using the proof we can justify the mapping . Indeed we can obtain the mapping
from the frame to the frame by following the mapping of the basic dualities (CSST

and the IP confinement). We get

([4.5) [@.12) (4.13)

Flipper[L L] I

Flipper|[R R) rr

LB;...By_oR lr

LBy ... BV, — v i=0,...,N—3

D;Bjii...By_oRR rv; j=1...,N=2

Flipper|By, By] v? k=1,...N -2

D;Biyy...B;Vj V; U i=1,...,N-3&

Then since there is no superpotential in (4.12)) all the operators in the RHS of the mapping
(4.13]) combine into pp which transforms in the antisymmetric representation of the SU(2N +4)

global symmetry as previously claimed.

4.2.2 Generalization: the Ry theories

5d theories and duality Ry < Rin

Ry 1 theories: In this subsection, we generalize the discussion of subsection by consid-

ering the following two-parameter family of 5d theories, that we call Ry :

N+2--~ N+2
k

-1 (4.14)

RN,k :

The brane web associated to the Ry is shown on the left of Figure 4.5, We can perform
S-duality on this brane system and we obtain the web on the right of Figure |4.5,
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Figure 4.5: Brane setup for (N + 2)F + SU(N)*! + (N + 2)F on the left and for (k + 2)F +
SU(k)N=1 + (k + 2)F for the right. The two brane systems are S-dual.

At first, it is not completely obvious how to read of the gauge theory for the S-dual theory.

Let us illustrate how we can do in the case of N =2 and k = 3, Figure 4.6

to,la ° ° Eo.l]

Co,1] @ e (o,1]

Figure 4.6: The S-dual brane system of 4F + SU(2)? + 4F'.

[ ] 11
41 c-u\l'

N\ s
[ ] ]|

Figure 4.7: Brane system after pulling out the [0, 1] 7-branes of Figure
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Then, we pull out the [0, 1] 7-branes through the D5 branes. Due to the Hanany-Witten
effect, we get Figure[1.7] The second step is to pull out the [1,1] and [1, —1] 7-branes through
the D5 branes. We get

Cs, '] ¢ ¢ ['l"']
[ o
o [
(-] e & (1,11

Figure 4.8: Brane system after pulling out the [1,1] and [1, —1] 7-branes of Figure through
the D5.

The final step is to pull out the [1,1] and [1, —1] 7-branes through the NS5 brane. We get

N

Figure 4.9: Brane system after pulling out the [1,1] and [1, —1] 7-branes of Figure through
the NS5. In this frame, it is easy to read of the gauge theory that is SU(3) + 10F.

It is easy to generalize the previous discussion and we find that the brane system on the
right of Figure 4.5| describes (k + 2)F + SU (k)1 + (k + 2)F gauge theory which corresponds
to Ry n. This result is valid for arbitrary N and k. Therefore we have shown that Ry and
Ry n are UV duals.

As in the previous section, for general £ and N, there is a third dual frame involving an Usp
gauge group or an antisymmetric field. While this dual frame will not play a role in 4d, let us
discuss it for completeness. In order to get this 5d UV dual, we assume N > k and distinguish
between the case k even and k odd (as we will discuss later, also the 6d UV completion depends

on the parity of this parameter).
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k even: k = 2l

The 5d triality reads

*1)

VD

20-1 (4.15)

*2)
.."QA\Y+2Z+2

i=1 (4.16)

N-1 (4.17)

*3)

First remark, if we put | = 1 we recover the triality studied in section [£.2.1] The logic to
understand why these theories are UV duals is the same as before. We start from the brane
system in Figure describing a 6d theory. Then we compactify this system into an S and
we perform T-duality along the compactified dimension. The O8~ plane becomes two O7~.
Then we have the choice to resolve one or the two O7. If we resolve the two, we get the theory
*1) and if we resolve only one, we get %3). Finally, as we have seen, %) and x3) are S-dual

one to each other. We have been very brief about the derivation because all the details can be

found in , .

kodd: k=2[+1

Using similar arguments [190, [191] show that the triality reads

*1)
N+2...N+2
21 (4.18)
*3)
[
@ @ ‘QA\Y+21+3
I—1 (4.19)
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*3)

N-1 (4.20)

6d UV completion

The 6d UV completion of the theory Ry, N > k, theory depends on the parity of k.

k even: k = 2]

The 6d completion is given by the following Type IIA brane setup [190, [191]:

. 280 +49€ D8
08
P an-4€ D6 IN-40+8 2N +4€-8

. J

~<

Figure 4.10: Type IIA brane setup corresponding to the 6d UV completion of Ry o theory.

The gauge theory corresponding to this brane system is a linear quiver with one USp gauge

node and [ — 1 SU gauge nodes:

(4.21)

kodd: k=2[+1

The 6d completion is given by the following Type ITA brane setup [190, [191]:
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Figure 4.11: Type ITA brane setup corresponding to the 6d UV completion of Ry 241 theory.

The gauge theory corresponding to this brane system is a linear quiver with [ SU gauge

nodes and an antisymmetric hyper attached to the first node:

£
0 0 ...“72\'—&-4]—&-2
(4.22)

4d duality

Having recalled the two 5d UV trialities (4.15)-(4.17)) and (4.18)-(4.20) we can run our prescrip-
tion of section We quickly realize that for generic [ the theories %5) ((4.16) and (4.19)),

that is the ones involving an USp node or an antisymmetric, cannot be made non-anomalous

in 4d, this is because the ranks of the chain of SU nodes are not constantﬁ. Therefore, we do
not consider these theories and treat uniformly the case k even and k odd. The proposed 4d

IR duality that we obtain using our prescription is the following:

*1) E—1

k—2
W = (k — 2) Triangles + Flip[Ll; Rr; LY; RN; LBy ... By_y Ri? B ... BY ' r?| + > Flip[B}"]

i=1

(4.23)

41t is an interesting question if the prescription can be generalized to include quivers with non constant ranks
for the SU nodes.
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*3) N -1

) AVAVAVANS

2 2 2 2 2

N-2
W = (N — 2) Triangles + Flip[L{; R7 L*; R*; L B, ... By_, R; [ BF =2 ... BE 2 72 + Z Flip[B¥]
i=1

(4.24)
We have denoted the fields appearing in with a tilde. We remark that in order to get a
non-anomalous 4d quiver we have to split the flavor symmetries. For example, SU(N + 2) is
split into SU(2) and SU(N). The expression of the superpotential in and will be
justified in the next section. The mapping of the chiral ring generators is

*1) *3)
DB ... BV i=1,... N—-4&j=i+1,...N-3
IBFY BV, i=1,...,N-3

Flipper[LB ... By_2R)] D 35;21 o Bf(_lgf =0,  N—4
LN_2 B{V_Q e B]]gv__; T‘2 < Zf/l, Dl‘;vg, D2‘~/3, RN DNfng,Q; DN,Qf
PBY?. . BYR"? Flipper[B¥] i=1,...,N —2

[BE1.. B

Flipper[L¥]; Flipper[R¥]

(4.25)
The total number of d.o.f on both sides is 2N? — N.
D;BNT'...BN Wiy i=1,.. k—4A&j=i+1,...k—3
BN BNV i=1,... k-3
D BN . BY Gt j=0,... k4 Flipper[LB; ... By_3R)
IVi; DiVa; DyVi;. .5 Dy—sVieg; Dy_ar = (LF2BF B
Flipper[BN] i=1,...,k—2 2BF?. . Bt2 RM2
IBYt... BN
Flipper[L"]; Flipper[R"]
(4.26)

The total number of d.o.f on both sides is 2k2? — k.
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Flipper[L]; Flipper|R ] Flipper[f/ l~]; Flipper[}? 7]
LN=1BN-t BNV, i=0,...,k—3 LF1BFY BV i=0,...,N-3
Dyo i BY S i . BYGPRYY i=0,...,k—3 <= ( Dy B ,.,...BE YR i=0,...,N-3
IN-1BN-t BNy LF-1 Bkt BELy
IBN-. . BY,'RN! [Bf~1 .. Bk RE1
(4.27)

The total number of d.o.f on both sides is 4kN.
Flipper[l2 BN ' ... BNt r?) — Flipper[l> Bf ! ... B, i
The total number of d.o.f on both sides is 1. (4.28)

The way to read this mapping is the same as in . In the IR there is an enhancement of
the global symmetry. The claim is that all the operators inside a bracket will combine, in the
IR, into an operator transforming in a specific representation of the emergent global symmetry.
The justification on the mapping will be clearer with the proof of the duality.

Proof of the 4d duality

Start with *;) and do the following operations:
e k-1 Seiberg dualities on the SU nodes from left to right. This step transforms all the
SU(N) gauge nodes into SU(2) and the flavor is moved to the right. We get
(4.29).

e CSST duality (4.8]) on the left SU(2) that will give a mass to the adjacent vertical field
as in (4.9)), we obtain (4.30)).

e k — 3 confinements (4.10). We end up with (4.31).

In terms of the quiver, we get the following sequence

*1) k—1
2 (2} —{2) (2) 2
<
2 2 2 2 2 (4.29)
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*1) k—1

2 (2 —(2) (2) 2
2 2 2 2 2 (4 30)
*1)
2
k—2 = b
k n
2 7
2 N 2k 2N
W=0 W=0 (4.31)

Once again following the mapping of the basic dualities we can see that the operators in the

LHS of (4.25)-(4.28]) are mapped in the frame (4.31)) in the following way

*1) 431
Flipper[LBy ... By_2R)]
IN=2BN=2 BN r? =
PBY?.. BY RN

The total number of d.o.f on both sides is 2N? — N.

DB ... BY 'V i=1,. . k—4&j=i+1,.. k-3
IBN ... BN "Wy i=1,... k-3
Dj BN ... BY S r j=0,...,k—4
Vi DiVa; DoV ..
Flipper[BY] i=1,...,k—2
IBY ... BN

Flipper[L"]; Flipper|R"]

3 Dy—3Vi—a; Dy_or =

The total number of d.o.f on both sides is 2k? — k.

( Flipper[L]; Flipper|[R 7]
N BN BN, i=0,...,k—3
Dy—o i BY O . BR' RN i=0,..
LN BN BNy

IBY . . B RN

k=3 ==
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(4.33)

kk

(4.34)

kbn



The total number of d.o.f on both sides is 4kN.
Flipper[I2 B ' ... By 5 r?) = bbb
The total number of d.o.f on both sides is 1. (4.35)

Since in (4.31)) we reach a frame where N and k enter symmetrically, it proves the duality

Tny <> Tyn in 4d, that is (4.23)) <> (4.24) and the mapping (4.25)-(4.28).

4.3 Second class: systems with two O7 planes, the A, ,,

theories and its dual

In this section, we want now to test our prescription with another family of theories. We
consider theories which involve two O7~ planes in the Type IIB brane setup. For each O7,
the 5d quivers contain either an SU gauge group with antisymmetric or an USp gauge node,
depending on whether a NS5 is stuck at the orientifold plane or not. We are going to see that
also in this case our prescription works and leads to 4d dualities. Contrary to the previous
family, we are not able to prove the 4d dualities using basic Seiberg dualities. The 4d dualities
that we obtain are more complicated, but are still a rather non-trivial check of the 5d-to-4d

prescription.

4.3.1 A simple class: A, ; theory

Concretely, in this section we will study the following 5d KK theory, that we call A, ;.

(4.36)
A, 1 admits a dual theory. The form of the dual depends on the parity of n.
n odd: 5d duality Asyi11 <> Usniia
We call Uyny1,1 the dual of Asni11 and the duality statement is the following
*1) *2)
s (4.37)

The analysis showing the UV duality (4.37)) is morally the same as in the previous family. We
have to start with the 6d type IIA brane setup shown in Figure do the circle reduction,
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T-duality and the resolution of the O7-planes. Then, we have a choice on how to resolve the
OT7’s. Depending on this choice, we get two different Type IIB brane setups, see Figure [4.12]
which justify the duality (4.37). The details can be found in [190] and will not be reproduced
here.

o0 0 oFb— D?

(+)
)
'
B
&
o
Y
[
(@)
“

e 00 0 07

Zz

[
o
w

lOlI\ (O,I) NSS

Figure 4.12: Brane setup for 24 + SU(2N + 1) + 8F on the left with an NS5 stuck on each
O7~ plane and for 4F + USp(2N)? + 4F on the right.

n even: 5d duality Aoy < Uan

We call Uy 1 the dual of Asy ;. This duality appears in [249] and corresponds to

) *2)

HE)H:

i (4.38)
o:‘@o — g: N m-é,;;; | '&T:?

Co,1) (o,"

Cmg—
<
L]

NSS

Figure 4.13: Brane setup for 24 + SU(2N) + 8F on the left with an NS5 stuck on each O7~
plane and for 4F + USp(2N) — Usp(2N — 2) + 2F on the right.
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6d UV completion

n odd: n=2N +1

The UV completion of the 5d theories in (4.37)) is a 6d given by the following Type IIA brane
setup [190} [191]:

o8 202 2 b8

2 06 2 06 206 2 06

Figure 4.14: Type IIA brane setup corresponding to the 6d UV completion of Agn1 1.

On the tensor branch, the theory is given by the following gauge theory:

N (4.39)

n even: n = 2N

The UV completion of the 5d theories in (4.38) is a 6d given by the following Type ITA brane
setup [190} [191]:

o8
: 608 208 208

2 D6

Figure 4.15: Type IIA brane setup corresponding to the 6d UV completion of Ajp ;.
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On the tensor branch, the theory is given by the following gauge theory:

N (4.40)

4d duality

n odd

Applying our prescription of section to the KK duality (4.37)) leads to the following 4d
theories that we claim are IR dual

*1) *2)

s,

qrL b qr
@
Vi Dpr

q q
2
4 4
N-1
W = Flip[a? ¢;a" g W = 1Triangle + Z Flip[qr(bb)'qr; qr(bb)'qr; qrb(bb) qr]
=0 (4.41)

Of course, our prescription does not tell us what the precise flippers, which are crucial in order

for the duality to be correct. In section we provide a strategy to obtain such flippers, and
we apply it to a quiver duality that generalizes (4.41]).

The mapping of the chiral ring generators is given by

*1) *2) (4.42)
qg(aa) Flipper|[qz, b(bb)N =17 ¢g] i=0,...,N—1
qqa(aa) Flipper[qz, (bb)N =17 ¢1] i=0,...,N—1
Gga(aa) Flipper[gr (bb)N 17 ¢g] i=0,...,N—1
(aa)’ — (bb)7 j=1,...,N
Flipper[a® ¢]
qL Vi
a1 g
. ~N ~
Flipper[a" §] an D
aN—l qS

For N =1, we go back to the situation (4.4))-(4.5). For generic N, we don’t have a proof of
the duality (4.41) involving more basic Seiberg dualities. The non-trivial check of this duality
is the matching of the 't Hooft anomalies and of the central charges with a-maximization.
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n even

In this case the 4d duality constructed from the 5d duality (4.38)) is

*1) *3)

a a

qL b dRr
6 2N 2

2N —2
N\ ; )J

4 4 2
125 | 12552
W = Flip[a;a™] + Fliplg (aa)’ g W = 1 Triangle + Z Flip[qz, (bb)" qr;
=0 i=0
125 | | | |
+ Flipla (aa)’ ¢*; a (ad)" §?] qr(bD)'qr; qrb(bd)'qr)]
i=0

(4.43)

To write the mapping of the chiral ring generators we have to distinguish once again between

N even and odd.

N even: *1) *2)
Flipper[qq.]
Flipper|qq N-1
p~1t>N[qlq]~ — qr (bb)N 1 qp
q(aa)™~"q Flipper|qrqr]
‘/ZQ

The total number of d.o.f on both sides is 32.

Flipper[qz, (bb)" qr]
{Flippcr[q CON /RN qr ()N~ gy,

~ i ~ . Z = 17 ey T o
q(aa)N=""1gq Flipper|[gr (bb)’ qr] ’

qr (Db)N "1 qp

The total number of d.o.f on both sides is 16(N — 2).

Flipper[a (aa)’ ¢?]
a(aa)N=i-2 g2 Flipper[qz, b (bb)? qr]

_ — o
Flipper|a (aa)’ ¢°] qrb ()N 72 qp
a(aa)N=i72 42

The total number of d.o.f on both sides is 12(N — 2) — 24.

Flipper|a (aa)N=2/2 ¢

aV g2 Flipper(qz b (bb) V=272 g
=

Flipper[a (aa)N=2/2 §?] aVi

&Nfl q~2
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(4.46)

(4.47)



The total number of d.o.f on both sides is 24.
Flipper[a®]
Flipper[a®]

— Dr qr
aN—Z q4

dN—Z q~4

The total number of d.o.f on both sides is 4.
(aa)™ = (D)™ m=1,...,N—1

The total number of d.o.f on both sides is N — 1.

N odd: *1) *s)
Flipper[q.q.]
Flipper|qq N—1
PNPN[qu]~ — qr ()N~ qp,
q(aa)™'q Flipper|qrqr]
V?

The total number of d.o.f on both sides is 32.

Flipper[qz, (bb)? qr]
Flipper|q (aa)’ q] qr ()N "1 qp
\N—i—1 ~ — : ’ N
q (@) q Flipper[qg (bb)" qg]
qr (00)Y """ qr

The total number of d.o.f on both sides is 16(N — 3).

qr (bb)N=D/2 ¢
~ AN-D25 =
Flipper[q (aa) q qr (B))N-D/2 g

The total number of d.o.f on both sides is 16.

Flipper[a (aa)? ¢*]

a(aa)N=172 ¢? Flipper|qz, b (bb)? qR]
4 — N

Flipper|a (aa)? ¢%] qr b (bb)N 72 qp

a(aa)N=772 42

The total number of d.o.f on both sides is 12(N — 1).

aNfl q2
= v
&Nfl q? qrL Vi

The total number of d.o.f on both sides is 12.

Flipper|[a®]

Flipper[a']
<~ D,
a2 g qr

&N72 q4
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(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)



The total number of d.o.f on both sides is 4.
(4.56)
(aq)™ <= (D)™ m=1,...,N—1

The total number of d.o.f on both sides is N — 1.
Also for this case we don’t have a proof of this duality (4.43). The non-trivial check of this

duality is the matching of the central charges with a-maximization.

4.3.2 Generalization: the A, ,, theories

A, theories: In this subsection, we generalize the discussion of subsection by consid-

ering the following two-parameter family of 5d theories, that we call A,, ,,:

4@‘... ‘iﬂi

m (4.57)

Apm

The duality statement will depend on the parity of the parameter n as in the last subsection.

n odd: 5d duality Asni1m < Uaniim

This case is the generalization of the duality (4.37). We call the dual of Asni1m, Uani1m-
Asny1,m respectively Usnyq,, contains a hyper in the antisymmetric representation of the

gauge group respectively a USp(2N) gauge node at each end of the quiver. The quiver for

Aoni1.m/Uans1.m 1s shown in (4.58)) /(4.59). We have also depicted the brane systems in Figure
{.16] The claim is that Asyiqm and Usnim are UV dual. The analysis of the brane systems

that lead to this duality can be found in [190].

*1)A2N+1,m3 A A
Her Koy e

*2) Usni1m :

(4.58)

1 1
m—+1

(4.59)
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Figure 4.16: Brane setup for Asnyq,, on the left with an NS5 stuck on each O7~ plane and
for Usn41,m on the right.

6d UV completion

The UV completion of the 5d theories in (4.58)-(4.59) is a 6d given by the following Type ITA
brane setup [190} |191]:

8  so08 2em D8
: 2m 06 2m D6 2m o6 2w 06
= = ... =
N\ J

v

Figure 4.17: Type ITA brane setup corresponding to the 6d UV completion of Aani1 .

On the tensor branch, the system flows to the following gauge theory:

N
3 @ @ ..‘2,,,,,

N (4.60)
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4d duality

Our prescription of section applied to the 5d duality (4.58)-(4.59) gives the following 4d

duality

*1)

(4.61)

(4.62)

Without the flippers, these two theories are not dual to each other.

Strategy to get the set of flippers

In order to obtain the correct set of flippers to make %;) and %) dual, we did the following

procedure.

Starting with %;) and do the following operations:

e deconfinement of the two antisymmetric
e m Seiberg dualities on the m SU nodes

e CSST duality on the left SU(2)

e m-2 confinements

We get %)

M m—1

141

W = 6 Quartic + 6 Triangles
m—1

+Flip[bb] + > Flip[p; p]

i=1

(4.63)



Then, we start with %3) and do the following operations:
e m-1 Seiberg dualities on the m-1 SU nodes
e CSST duality on the left SU(2)

e m-3 confinements

We get
%)
) S S
— | 2 1 —e W = 2 Quartic + 4 Triangles
n
C~¥l [3 d'r o mf?.~~
7 B +Flip[bb; fi pu; Br )+ _, Flip[p; i)
2 2 2 i=1
D1 Dm—2
2
me2 (4.64)

Then we can play with (4.63) and (4.64) to make manifest a bigger flavor symmetry group.
Concretely, we flip the following set of operators in (4.63)) (cy; o, dy; dy; sp5 805 m; 0;) and in (4.64)

(y; &y My 613045 64). We therefore consider the following theories

f f
2m 2m
W = 2 Quartic + 3 Triangles W = 3 Triangles ( 46 5)

Once again, at this stage x;) and %,) are not dual. Now to make progress, we will focus on the

case N = 1 and generic m. Moreover we saw that in the m = 1 case we had to flip the whole
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towers in the frame x5) (4.41). Therefore we decide to study the following theory

*3)

w

W = 3 Triangles + Flip[ww; qq; qd; 4§; (jci;

w qpd; qpd; Gpd; dpd)
(2)
f
2m (4.66)
Now we start by doing a CSST duality on the Usp(2) = SU(2). We get
3 3
| \2/ 1 W = 1Triangle + 1 Quartic + Flip[pp; kk; ww;
q4; 4d; qpg; Gpd; qpd; dpd]
(2)
2m (4.67)
Then we use the IP confinement (2.88)) on the Usp(2). We obtain
c c
3 2 3
d m N
| ; @) ; 1 W = 2 Triangles + Flip[mm;ww; Eci;
cd; ¢ dd|
w
(2)
f
2m (4.68)
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The last step is the IP confinement on the middle SU(2) to get

1 i @) i 1 W = Flip|bb; c¢; cbs; cbs; bsbs]

(4.69)

Which is of the form %) in (4.65) specified to the case N = 1. This result motivates the

following educated guess for generic N:

w

f f
2m 2m
W = 2 Quartic + 3 Triangles W = 3 Triangles + Flip[ww]
N-1

Flip[bb, c, b3, ébs, bsbs . i i s
+ Flip[bb, c¢, cb3, ebs, bsbi] + > Fliplg(pp)'q; d(pp)'; a(pp)'d; d(pp)'d;

ap(pp)'@; ap(pp)'d: ap(pp)'d: dp(ep)'d] (4 7)

We claim that x1) and *s) in (4.70) are dual. For generic N and m, we don’t have a proof of
this statement. However we provided a proof for the special case of N = 1 and generic m. The
first non-trivial test of this duality is the matching of the central charges for generic N and m.

Then we can match 't Hooft anomalies. We have reported the computation in the appendix
C. 1l
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The mapping of the chiral ring generators is given by

*1) *3)
n(ll)n Flipper[q (pp)V 17 ¢] i=0,...,N—2
n(ll)n Flipper[G (pp)V 17 ] i=0,...,N—2
n(ll)u Flipper[q (pp)N 174 d] i=0,...,N—2
n(ll)a Flipper[G (pp)N 171 N} 1=0,...,N—2
nl(ll)'n Flipper[q p (pp)¥ =271 4] i=0,...,N—2
nl(ll)a Flipper[q p (pp)¥ 2 J] 7 s, N =2
nl(ll)u Flipper[gp (pp)¥ 27 d] 1=0,...,N—2
ul(ll)'a Flipper[dp (pp)N 2" ~] i=0,...,N—2
£y (pp)’ j=1,...N-1
cbs Flipper|q ¢]
cbs Flipper|q q]
cc Flipper|q d]
ce Flipper[q N}
Flipper|cé] Flipper[qp (pp)V " q] (4.71)
Flipper|cbs] — Flipper[q p (pp)V ! cﬂ
Flipper|chs] Flipper|[g p (pp)N " d]
Flipper|[bsb3] Flipper(d p (pp)N ="' d]
53 (pp)™
ol qkt
cou qkt
chf qkwf
chf gkw f
00 kk
06 kk
Flipper|[bb] tt
sf tw f
Sf twf
Ir ff

n even: Hd duality Aoy, < Usnm

This case is the generalization of the duality . We call the dual of Asn m, Usnm. Aanm
respectively Usy,, contains a hyper in the antisymmetric representation of the gauge group
respectively a USp gauge node at each end of the quiver. The quiver for Ay, /Usn m is shown
in / . We have also depicted the brane systems in Figure The claim is that
Asn,m and Uy, are UV dual. The analysis of the brane systems that lead to this duality can
be found in [190].

*1) A2N,m :

-~ -~

m (4.72)
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*2) Uanm -
2) Usn, 5

m+1 (4.73)
m-|1 NSS
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m NSS

Figure 4.18: Brane setup for A,y ,,, on the left with an NS5 stuck on each O7~ plane and for
Uan,m on the right.

6d UV completion

The UV completion of the 5d theories in (4.72)-(4.73)) is a 6d given by the following Type IIA
brane setup [190} |191]:

.o 6 b8 208 2m D8
‘08

P 2m-2 D6 2m D6 2m D6 2m D6 2m D6
== V== = E e ——

Y

Figure 4.19: Type IIA brane setup corresponding to the 6d UV completion of Asy .

On the tensor branch, the system flows to the following gauge theory:
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1 RO O
N

(4.74)

4d duality

Our prescription of Sec/4.1] applied to the 5d duality (4.72)-(4.73)) gives the following 4d duality

(4.75)

(4.76)

Without the flippers, these two theories are not dual to each other.

Strategy to get the set of flippers

Once again in order to find the correct set of flippers we do a similar procedure as in the odd
case. We first put the two theories ;) and %) in a simpler form. It means that we do to each
theories the following set of manipulations.

Starting with *q):

e deconfinement of the two antisymmetric
e m Seiberg dualities on the m SU nodes
e CSST duality on the left SU(2)

e m-2 confinements

We end up with a frame similar to (4.63)).
Starting with %5):

e m-1 Seiberg dualities on the m-1 SU nodes
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e CSST duality on the left SU(2)
e m-3 confinements

We end up with a frame similar to (4.64)).
Then we arrange the two resulting theories by a flipping procedure equivalent to the one
after (4.64]). We are lead to consider the following theories

2m 2m

W = 2 Quartic + 3 Triangles W = 3 Triangles (4 77)

Once again at this stage %) and %;) are not dual, it misses the set of flippers in both sides. In
the odd case, in order to make progress at this stage we studied the N = 1 case. It allowed
us to come up with the educated guess for generic N. This educated guess turned out
to be correct because it passes the non-trivial checks of matching the central charges as well
as 't Hooft anomalies. Now, for the even case we consider a different procedure to obtain an
educated guess. We do the following steps:

e Start with the theory with no flipper

Compute the R-charges of all the chiral ring generators

Flip all operators with R-charge less than 1

Compute again all R-charges

Flip additional chiral ring generators with R-charge less than 1 if present

Repeat this procedure until reaching a frame with only chiral ring generators with R-

charge bigger than 1
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After applying these algorithm to (4.77]) we obtain

*1)

el

W = 2 Quartic + 3 Triangles + Flip[b b]

|25
+ Y Flip[n® (M M)* 2]
a=0

[252)

*9)

n®

+ > Flip[n® (M M)" ;a2 (M M)" 20

b=0

LM (M M) n®; T M(M M) #®; n® M(M M) @),

|252]

A MM M) n®]+ Y~ Flip[n® (M M)*n®;

c=0

2D (M M) 7@ ;1 M(M M) a®; 1 M(M M)*n®;

nM (M M) T; 2™ (M M

)l L M(M M)l

2m

W = 3 Triangles + Flip[f f]

| ¥52]
+ > Flip[L® (BB)" L
a=0

L® B(B B)* R]+

z
N

122

N ‘

Flip[L" (B B)" L®;

o
Il
o

LY B(B B)" R+

Z

152

w‘

Flip[L® (B B)° LW,

Q
Il
<)

R(BB) R

(4.78)

We claim that %;) and %;) in (4.78]) are dual. For generic N and m, we do not have a proof of
this statement. The non-trivial check of the claim is the matching of the central charges.
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4.4 Higgsing of Ry

In the last section, we start the study of Higgsing of the 5d Ry theories (4.14)).

5d UV duality

Concretely we will study two different Higgsing in 5d that is mapped to the same deformation
of the 6d SCFT. Therefore we are left with another example of 5d UV duality. The question
that we can ask: does the 5d UV duality that we obtain after the Higgsing procedure leads to
another 4d IR duality? We don’t have a general answer to this question but we will study the
simplest Higgsing and the answer will turn out to be true. At the level of the brane systems,
the Higgsing is manifested by breaking 5-branes on the same 7-brane [183]. The example of
Higgsing that we consider is the following. We start with the brane web on the left of Figure
4.5| and force two pairs of 5-branes to end on the same 7-brane. We have the choice to take
the two pairs either on the same side of the brane web or the opposite side. We obtain the
brane systems of Figure and the gauge theories associated are shown in —. The
details of this example can be found in [191].

*1) 9
k=1 (4.79)
*2) ) ]

N /\ m N

» () () »
b=l (4.80)

. L] [ ] . ° ° .
N DS : : N D5 y o5 : : N DS
. [ ) [ ]
. Y J . Y J
f vss g uss

Figure 4.20: Brane setup for (4.79)) on the left and for (4.80]) on the right.
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6d UV completion

The 6d UV completion of the theories (4.79)-(4.80) depends on the parity of & and can be
obtain by doing the Higgsing at the level of the Type ITA brane setup corresponding to the 6d

UV completion of Ry .

k even: k = 2|

In this case, the 6d completion is given by the following Type ITA brane setup [190, [191]:

.o 208 tn+4-4 D8
108

D anen€ D6 2m.4€e 8 2N+4€-16 2n+4€-10 D6
——————— —————) ==——————8————————

N\

J

Y

Figure 4.21: Type IIA brane setup corresponding to the 6d UV completion of (4.79))-(4.80) for
k = 2l. Tt is obtained by Higgsing the Type ITA brane system (4.10)) corresponding to the UV

completion of Ry 9.

The gauge theory corresponding to this brane system is a linear quiver with one U Sp gauge

node and [ — 1 SU gauge nodes:

2
(4.81)

kodd: k=2[+1

The 6d completion is given by the following Type ITA brane setup [190, [191]:
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Figure 4.22: Type IIA brane setup corresponding to the 6d UV completion of (4.79))-(4.80) for
k =20+ 1. It is obtained by Higgsing the Type IIA brane system (4.11)) corresponding to the

UV completion of Ry op+1.

The gauge theory corresponding to this brane system is a linear quiver with [ SU gauge

nodes and an antisymmetric hyper attached to the first node:

2
i
@ @ 2N + 41 -2

4d duality

(4.82)

Applying our procedure to the 5d UV duality (4.79)-(4.80) we produce the following 4d N' =1

theories

*1)

*2)

/N

2

2

1 1 1 1
A
2 2 2 2 2 2
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Let us remark that in order to get non-anomalous theories we were forced to split the flavor

nodes at the edge of the quiver compared to the 5d avatars.

Proof of the 4d duality

The proof is really similar to the subsection so we will be brief. Start with x;) and do the

following operations:
e k — 1 Seiberg dualities on the SU nodes from left to right
e CSST duality on the left SU(2)
e k — 3 confinements

Then start with x2) and do the following operations:
e k — 1 Seiberg dualities on the SU nodes from left to right
e CSST duality on the left SU(2)
e k — 3 confinements

Finally, we introduce some flippers and both x1) and ) take the same following form which

proves the duality

2k —2 {2 )——{2 )—|2n 2

N

2

W = Triangle (4.85)

4.5 Outlook

In this chapter, we have applied our prescription to known examples of 5d dualities, involving
KK-theories, to construct non trivial 4d N = 1 dualities. We saw that our prescription produces
a non-anomalous 4d N = 1 theory only if the ranks of the SU nodes are constant. It would be
interesting to generalize it to more general quivers, e.g. unitary tails with non-constant rank
or ortho-symplectic quivers present in [190, [193].

We provided a prescription to obtain 4d duality from 5d dualities, but we did not investigate
why our prescription works, that is why the 5d UV KK duality is transferred to a 4d IR duality.
This is obviously an important question, so let us close this outlook with some speculations

about a possible explanation. Obviously, it would deserve more investigations.
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Possible interpretation

There should be a connection between our prescription and the compactfication of 6d (1,0)
SCFT’s on tubes. Such compactification is usually done in two steps: first, one compactified
the 6d brane system on a circle, geting a pg-web and the associated infrared 5d KK gauge
theory (this is exactly what we are doing in this paper). Second, one constructs a 4d N' = 1
supersymmetric duality wall [111} 170-177, 250-254]. This second step is very similar to our
prescription, the difference is that we are adding the triangle terms and we are gauging the 5d
gauge groups also in 4d. Gauging such puncture symmetry should be related to gluing the two
boundaries of the tube into a torus.

This suggests that our 4d gauge theories are related to their mother 6d SCF'T on a Riemann
surface with flux, but no punctures (a puncture would reveal itself as some global symmetry
descending from a 5d gauge symmetry). More precisely, since the rank of the 4d global symmetry
for our theories is the rank of the 6d global symmetry minus one, one can expect them to be
a relevant superpotential deformation of the 4d SCF'TS obtained by 6d SCFT on a Riemann
surface with flux (which instead have the rank of the 4d global symmetry equal to the rank of
the 6d global symmetry).
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Chapter 5

New S-confining theories and

supersymmetry enhancement

The content of this Chapter is essentially taken from [4].

5.1 Introduction

This Chapter is divided into two parts. In the first part, we propose new 4d N’ = 1 S-confining
theories, with non-zero, cubic, superpotential and a simple gauge group, that can be symplectic,
orthogonal or special unitary. The matter content of our gauge theories is given by a rank-two
matter field ¢ (which for symplectic, orthogonal or special unitary gauge group sits in the
antisymmetric, symmetric and adjoint representation, respectively) and fundamental matter p.
The number of fundamental fields is tuned in such a way that the gauge theory is confining. Our
examples generalize in particular those of [46], studied in Section by having a non-trivial
superpotential for these fields. One class of such S-confining dualities has a superpotential of the
form ¢pp, and all the fundamentals enter the superpotential. Another class has a superpotential
of the form ¢® + ¢pp, and only a subset of the fundamentals enter the superpotential. Among
this second class, the special unitary case is actually not S-confining, but more precisely it has
a quantum deformed moduli space, similarly to what happens e.g. for the SU(2) SQCD with
four fundamental chirals [37]. Then, we derive some of the previously stated dualities, using
deconfinement techniques as in Chapter [3[and /or Kutasov—Schwimmer-like dualities of Section
[2.6.2] We provide additional checks of our proposals by matching 't Hooft anomalies. Another
important result of this first part is the reduction to 3d of one of this new 4d S-confining duality.
More precisely, using the methods of [94], the reduction of USp(2n) with antisymmetric a and
W ~ app gives the following 3d N' = 2 S-confining duality:

¢q
SOCBIEIES

On the left hand side of (5.1)) the superpotential includes monopole terms, while on the right

side it is important that a cubic SU(2n + 1)-invariant superpotential is present.
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In the second part of the chapter, we use the 3d duality to explain and generalize the
4d susy enhancement recently proposed in [213]. Indeed, |213] provided compelling evidence
that an N = 1 SU(2n+1) diagonal gauging of three copies of the N' = 2 non-Lagrangian theory
Do(SU(2n + 1)) [158, 162, 214] flows to the conformal manifold of 4d N =4 SYM with gauge
group SU(2n 4+ 1). The work [213] was a result of a detailed analysis of the landscape of 4d
N = 1,2 theories that have a = ¢ conformal central charges at finite N [255-258]. From their
analysis, in particular the matching of anomalies, superconformal indices and certain operators
in the spectrum, the intuition that one gets is that each copy of Do(SU(2n + 1)) is morally
replacing an adjoint chiral in the SYM theory (see also [259)]).

We reduce this proposed duality on a circle and use the fact that the Dy(SU(2n + 1))
theory becomes Lagrangian in 3d, namely it is the 3d N’ =4 U(n) SQCD with 2n + 1 flavors
[158, 260-262]. Modulo the monopole superpotential, which as we will argue is dynamically
generated once we compactify the 4d theory on a point of its conformal manifold that breaks all
the abelian symmetries, this is the left hand side of . The 3d interpretation is summarized
by the following diagram:

Non-Lagrangian 3dN =2
1N @

Ds(SU(2n + 1))
g{\} W = W.upic +
1. 3
/(”+//\ M 02!1 ‘F/lQ m(mopole

L (SU(2n + 1)) L (SU(2n + 1))

S-confining duality (5.1}
on the three U(n) nodes
3

St reduction \
[2n+1) é [2n+1)
@y @4

Conformal manifold
of 4d N' =4 SYM

3
W ~ 3,05 + Z @3
(5.2)

Since the 3d reduction of the non-Lagrangian 4d N/ = 1 theory is, thanks to the S-confinement
, dual to the 3d reduction of N =4 SYM., it is natural to expect that also the 4d theories
on the left side of are dual to each other. Notice in particular that the 3d S-confining
duality confirms the 4d intuition that each copy of Dy (SU(2n + 1)) plays the role of one of the
adjoint chirals of N'= 4 SYM. We point out that leveraging the S; permutation symmetry of
the 4d non-Lagrangian theory at W = 0, it is possible to determine the R-charges without using
a-maximization. Such symmetry also implies that the 4d non-Lagrangian theory at W = 0 is
dual to a point of the S-deformation [263] line with 8 = 7 in the conformal manifold of N' = 4
SYM.

Armed with this 3d understanding, we provide a new example of supersymmetry enhance-
ment, which follows a very similar logic. We consider the 4d N' = 2 non-Lagrangian theory
Dy (SU(6n+3)) and perform an N = 1 gauging of an SU(2n + 1)3 subgroup of the SU(6n + 3)
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global symmetry. We provide strong evidence that this should flow to a point of the conformal
manifold of the 4d N' = 2 necklace quiver theory with three SU(2n + 1) gauge nodes. In this
case, the Dy(SU(6n + 3)) theory plays the role of the three adjoint and the six bifundamental
chirals. These can be understood as coming from the decomposition of the moment map for
the SU(6n + 3) global symmetry of Dy(SU(6n + 3)) under the gauged subgroup, as it again
becomes evident from the 3d perspective.

Upon reduction to 3d, indeed, we get a four node quiver, which after dualizing the middle
unitary gauge group with the S-confining duality becomes an SU(2n + 1)® gauge theory which
is precisely the 3d reduction of the 4d N' = 2 necklace quiver with three nodes. The diagram
summarizing the duality and the reductions if very similar to (/5.2))

Non-Lagrangian - ( \ 3dN =2
4dN =1 [2n+1) §

W = Weupic +

. + Wscx ic T

fU(Gn —+ 3)) m + Wmo:,opole
\\21- 1) \\Zi‘F/U [ 2n 4}\ 64}‘
} : N N

S-confining duality (5.1)
on the U(3n + 1) node

U
Conformal manifold
of 4d N = 2 necklace /\ /\
[ 2n+1 ) (2n+41)
) o)
/;/ \\\\ S reduction ’ Qfa Ql\\ 1
) ) )
&7 ~yp 7& 5, &‘ \72/ o,

W~ ®QQ + Z O+ Q1Q2Qs + Q3@
= (5.3)

This logic strongly suggests that the 4d A/ = 1 theory in the top left of ((5.3)) flows to the same
conformal manifold of the 4d N = 2 theory on the bottom left of (5.3). On top of the 3d

analysis, we also check this statement by matching anomalies and superconformal indices.

The chapter is organized as follows.

In Section [5.2] we propose the new S-confining theories, with simple gauge group and cubic
superpotential. In the case of USp(2n) gauge group and W ~ app, we discuss the reduction on
a circle, which upon turning on appropriate real masses, leads to a 3d U(n) gauge theory with
2n + 1 flavors and a monopole superpotential which is dual to an adjoint field & with cubic
superpotential.

In Section we derive some of the previously stated dualities, using deconfinement tech-
niques and/or Kutasov—Schwimmer-like dualities. Pole pinching in the superconformal index
is also helpful.

In Section[5.4] we turn to the study of various 4d N' = 1 theories with susy enhancement and
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their understanding using the 3d S-confining duality upon circle compactification. Specifically,
in Subsection we provide a 3d explanation of the susy enhancement of the theory proposed
in [213], that is an A/ = 1 SU(2n+1) gauging of three copies of the N' = 2 theory Dy (SU(2n+1))
which flows to a point of the conformal manifold of 4d N' = 4 SYM with gauge group SU (2n+1).
Based on the 3d understanding of this case, in Subsection we are then able to generalize
it and give as a new example the N' = 1 SU(2n + 1)3 gauging of a single copy of the N = 2
Do (SU(6n+ 3)) theory which flows on the conformal manifold of the 4d ' = 2 necklace quiver
with three SU(2n + 1)3 gauge group.

In section [5.5] we give an outlook.

5.2 New 4d and 3d S-confining theories with cubic super-

potential

In this section we discuss new S-confining theories by lifting the assumption of zero superpoten-
tial of [46]. Here we will only state the results and some of the associated supersymmetric index
identities, while in Section we will provide a derivation of some of those and in Appendix

we will show additional tests based on anomaly matching for all of them.

5.2.1 Theories with W ~ ¢pp

We start in this subsection by considering the new S-confining dualities where the superpotential

is of the form W ~ ¢pp, where ¢ is a generic chiral field in some rank-2 representation of the
gauge group.

USp(2n) gauge group: U;[n] theories

The first example involves a USp(2n) gauge grou}ﬂ with an antisymmetric traceless chiral field
a and 4n + 2 chiral fields p in the fundamental representation. We turn on the superpotentia]ﬂ

W = app = a"plph ISV TV T L - (5.4)

This changes the non-abelian flavor symmetry into USp(4n + 2) and breaks one abelian global

symmetry, so that the total non-anomalous global symmetry of the theory is
USp(dn+2) x U(1)g. (5.5)

The theory without superpotential and arbitrary number of fundamentals has been studied in
Section [3.3]
The Wess—Zumino (WZ) model that describes the IR physics of the gauge theory consists

of a field in the antisymmetric traceless representation of the USp(4n + 2) flavor symmetry and

'For most of this section we will only specify the Lie algebras and ignore issues related to the global structure
of groups.
2Here J?" = 1,, ® io, is the totally antisymmetric invariant tensor of U Sp(2n). In the following we will

often omit the contraction of indices.
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the trace partﬂ. The proposed duality can be summarized by the following quiver:

Ui[n] : a, A 2

;; m’:s

@ 1p An+2 — An+2
3

W = app W = A3 +tr(A) A2

(5.6)

The combination of the constraint from the vanishing of the U(1)g ABJ anomaly and the
constraint from the superpotential fixes the R-charges of the fields to be

Rla] = Rlp] = . (5.7)

These are indicated in green in the quiver . Another consequence of the superpotential is
the truncation of the chiral ring of the theory. The mapping of the chiral ring generators is
given byﬁ

pp A

tr [pp) N tr A (5:8)

At the level of the supersymmetric, this duality translates into the following non-trivial

integral identity (see Section for our conventions):

iy [ den TEaTEET (0ho2 )
2" n' ]{H 2mi 2 [ [, a1 Le (232) Hn e (Zilzil)

(pq §> HF (pq izilzszl) =T. ( )2n+1 H L. (pq fﬂfﬂ> (5.9)

where f; for i =1,--- 2n + 1 are the USp(4n + 2) flavor fugacities.

We show the matching of anomalies for this duality in Appendix [C.2] while in Subsec-
tion [5.3.3| we will derive it by iterative applications of more elementary dualities. This latter
derivation can be translated at the level of the index to prove the identity .

It would be interesting to understand whether it is possible to derive this S-confining duality
from compactification of some 6d SCFT on a Riemann surface with flavor fluxes. For example,
in [177] the duality between the USp(2n) gauge theory with one antisymmetric, 6 fundamental
chirals and no superpotential and the WZ model with 16n chirals and cubic superpotential of
[46] has been derived from compactification of the 6d N = (1,0) E-string SCFT on a sphere
with flux.

Reduction to 3d U(n) S-confining gauge theory

It is interesting to consider the reduction to three dimensions of the duality U;[n]. Similar
dimensional reduction limits have been studied in [2, |48} 50, |94} |111].
The limit we want to consider consists of two main steps. First, we consider the S' compact-

ification of U, [n]. This produces a similar 3d N' = 2 duality, but with a dynamically generated

3The trace part is the USp(4n + 2) singlet defined as tr A = A% Jl-(;Wrz).

Jal as J 47L+2)

“We use the following notation: tr [pp] = pi2 p2 (omy Jiria
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monopole superpotential on the gauge theory side [103} [104]. Requiring that the fundamental
monopole, i.e. with minimal magnetic flux, of the USp(2n) gauge group is exactly marginal in
3d indeed enforces the same constraint on the global symmetries as the cancellation of the ABJ
anomaly in 4d. In particular, it implies that, as in 4d, also the 3d theory has no abelian global
symmetry and the R-charges of the fields are as in (5.7). We hence get the following 3d N = 2

duality:
)
a, 3 mA, 3
@IL 4n + 2 = dn + 2
3

W =app +M W = A% +tr (A) A?

(5.10)

The second step consists of a combination of a real mass deformation and a Coulomb branch
vacuum expectation value (vev) that has the effect of breaking all the symplectic groups, both
flavor and gauge, down to a unitary subgroup. Specifically, for each symplectic symmetry

USp(2N) we consider the subgroup
USp(2N) S U(1) x SU(N), (5.11)

where the embedding is
2N > N'eN ', (5.12)

and we perform a real mass deformation or a Coulomb branch vev for the U(1) part, depending
on whether it is a flavor or a gauge symmetry. This means that we turn on the scalar component
for the background vector multiplet of such U(1) subgroup if the symmetry is flavor and a vev
for the scalar component of the dynamical vector multiplet of such a U(1) subgroup if the
symmetry is gauged, such that their values are tuned to be equal. Flowing to low energy,
this combined deformation has the effect of integrating out some of the chirals and partially
Higgsing the gauge group, so that we are left with a similar duality but where all the original
symplectic symmetries are now unitary. In the process, a second monopole is generated in the
superpotential, so that both of the fundamental monopoles of the U(n) gauge group, i.e. with
magnetic flux equal to &1, are turned on. Eventually, we obtain the following 3d N' = 2 duality:

Ml(gd)[n] : P
q
@ n+1 — n+1
~p
q
W = ¢qq + M+ M- W =@ (5.13)

on the L.h.s. ¢ is taken to be in the adjoint representation of the U(n) gauge symmetry including
the trace part, while on the r.h.s. ® is in the adjoint representation of the SU(2n + 1) flavor
symmetry and so it does not include the trace part.ﬂ

The global symmetry of both of the dual theories is just

SU@2n +1). (5.14)

5In order to achieve such a configuration, we have to move one singlet corresponding to the trace part from
one side of the duality to the other compared to what we had in 4d.
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On the gauge theory side, the topological symmetry and the axial symmetry, i.e. the symmetry
assigning charge +1 to both ¢ and ¢ and —2 to ¢, are broken by the monopole superpotential,
while as usual the baryonic symmetry acting with charges +1 and —1 on ¢ and ¢ respectively
is part of the gauge symmetry. Since there is no abelian symmetry that can mix with the
R-symmetry in the IR, the R-charges of the fields can just be determined by imposing that
they are compatible with the superpotential. We get the same R-charges as in 4d

Rl¢]==, Rlg=RIj=:. (5.15)

The operator map works similarly to the original 4d duality, since the monopole superpo-

tential completely lifts the Coulomb branch
qqg +— @, (5.16)

where the trace part of the meson ¢ ¢ is set to zero by the F-term equation of ¢.

Similarly to the comment we made at the end of the previous subsection for the U, [n] duality,
it would be interesting to understand whether this 3d S-confining duality or some other related
to it by RG flow can be derived from compactifications of 5d SCFTs on Riemann surfaces with

flux, which have been recently investigated in [264-267].

O(n) gauge group: O;[n] theories

The second theory is a O(n) gauge theory with a chiral s in the symmetric traceless represen-

tation and 2n — 2 chirals p in the vector representation. We turn on the superpotentia]lﬂ
W = spp. (5.17)

This changes the non-abelian flavor symmetry into SO(2n — 2) and breaks one abelian global

symmetry, so that the total non-anomalous global symmetry of the theory is
SO(2n —2) x U(1)g. (5.18)

The WZ model that describes the IR physics of the gauge theory consists of a field in the
symmetric traceless representation of the SO(2n —2) flavor symmetry and the trace partm. The

proposed duality can be summarized by the following quiver:

Ol[n} : mS, % mS, %
@%27172 — 2n — 2
3
W = spp W =5 +1tr(S)S? (5.19)

we point out that with this matter content the gauge theory O;[n| is IR free. Nevertheless

when such a gauge node is part of a bigger quiver, which we may want to dualize with this

6The indices are contracted with the totally symmetric invariant tensor 68—0 of SO(n)
"The trace part is the singlet defined as tr S = S% 55"_2).
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confining duality, the behaviour of the gauge coupling might change and the theory might
become asymptotically free.

The combination of the constraint from the vanishing of the U(1)g ABJ anomaly and the
constraint from the superpotential fixes the R-charges of the fields to be

Rlsl=-, Rp=-. (5.20)

Another consequence of the superpotential is the truncation of the chiral ring of the theory.

The mapping of the chiral ring generators is given byﬂ

pp S

N (5.21)

From the operator map we can see that it is crucial to take the gauge group to be O(n)
rather than SO(n). Indeed, in the SO(n) gauge theory we would have an additional chiral
operator corresponding to the baryonﬂ

€ayoa, D™ P (5.22)

which would not be mapped under the duality. This operator is charged under the 0-form Z$
charge conjugation symmetry of the SO(n) gauge theory. The O(n) gauge theory is obtained
by gauging Z§, which has thus the effect of projecting out the baryonic operator and make the
duality consistent.

Let us briefly comment on the structure of higher-form symmetries [268] in this duality.
The O(n) gauge theory has a Zy 1-form symmetry coming from the center of the SO(n) part
that acts trivially on the matter fields. It also has a Z, 2-form symmetry that arises from
gauging the 0-form Z$ charge conjugation symmetry of the SO(n) gauge theory. None of these
symmetries is present on the WZ side. The two possibilities are that either these symmetries
end up acting trivially at low energies or in the dual there should also be a topological sector
that carries these symmetries. The latter is well-known to occur for example in dualities for
3d N = 2 theories, such as the duality appetizer of [110]. The simplest possibility for such a
topological theory is a BF theory with action of the form

7T/ 5141 U BQ s (523)
Xq

where A; € CY(Xy,Z,) is a dynamical gauge field for a Z, O-form symmetry and By €
C?*(X4,7Zs) is a dynamical gauge field for a Z, 1-form symmetry. Such a BF theory indeed
has both a Zy 1-form symmetry whose charged line operators are exp (iﬂ' Il I Al) and a Zy 2-
form symmetry whose charged surface operators are exp (z'7r /. s BQ). Each of these operators
charged under one of the two higher-form symmetries is also the topological operator that

generates the other symmetry, where the fact that they are topological is a consequence of

(2n—2)
1112

$We use the following notation: tr [pp] = pi2 pi2 5?;)“25
9The presence of this baryonic operator in the spectrum of the SO(n) gauge theory can be explicitly checked

with index computations for low values of n. We have checked that to low orders the index of the SO(n) theory
matches that of the WZ theory up to the contribution of the baryon.
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the equations of motion, e.g. the e.o.m. of By sets 04; = 0 and viceversa upon integration
by parts. Nevertheless, such a topological symmetry cannot be detected with the tools at our
disposal, e.g. the anomalies for continuous symmetries and the index, and so we cannot make
any conclusive statement about it. It would be interesting to clarify this issue by matching

supersymmetric partition functions that are sensitive to such a topological sectorm

5.2.2 Theories with W ~ ¢ + ¢qq

In this subsection, we present other examples of S-confining theories involving matter in a
rank-2 representation under the gauge group, but with a different superpotential with respect
to the previous examples. Specifically, we will also have a cubic superpotential term ¢ for the
rank-2 field ¢.

USp(2n) gauge group: Us([n, h| theories

The first example is a two parameters family. It is the USp(2n) gauge theory with a traceful
antisymmetric chiral field a and 2n + 8 — 2h fundamental chirals that we split in two groups:
2n + 8 — 4h, g and 2h, p. The superpotential is

W = a’ + aqq + Flip[pp; app; qp] - (5.24)

Notice that we also added flippers that fllip some gauge invariant operators involving p. The

non-anomalous global symmetry of the theory that is preserved by the superpotential is
SU(2h) x USp(2n+8 —4h) x U(1)g. (5.25)

We claim that in the IR we obtain the trivial theory without any d.o.f.. We summarize this

claim by the following quiver

Us[n, b : a

2n+ 8 —4h — Trivial theory

o | win

3h

2h

W = a* + aqq + Flip[pp; app; qp) (5.26)

The range of validity for the parameter i is 0 < h < § + 2. h cannot be taken to be § + 2

because otherwise we cannot turn on the deformation agq which is crucial.

0T here is also a question of whether the gauge group should be O(n) or Pin(n), both of which have the Z$§
charge conjugation symmetry gauged. The difference is that in the former the Zs 1-form symmetry is electric,
i.e. it comes from its center, while in the latter it is magnetic, i.e. it comes from the center of the dual group.
One can move from one variant to the other by gauging these symmetries. If our guess about the presence of
the topological sector in the duality is true, then as a consequence of the duality we can deduce that the two
variants are actually equivalent, since under the gauging of the 1-form symmetry the topological theory
gives an identical theory, but expressed in terms of the dual field.
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The associated index identity is

2h n+4—2h 2h
Hre <(p Zztnvk v )F <(pq) 5 vy vl 1> H HF ( 3}5” ilvl—1>
k<l =1 I=1
( dz, Ha 1Hn+4 T ((pQ)GZﬂfﬂ> ?ﬁlr ((pq)’LfSh"zﬂvl)
2" nl fH 271 2, HZ:1P (zﬁ) Ha<bp (Zilzb )

( %> HF (pq Szilzgﬂ> =1, (5.27)

where f; fori=1,--- ,n+4—2h are the USp(2n + 8 — 4h) fugacities while v; for { = 1,--- | 2h
with [[,v; = 1 are the SU(2h) fugacities.

We show the matching of anomalies for this duality in Appendix while in Subsection
5.3.1 we will derive it by iterative applications of more elementary dualities.

We can formulate the duality in a little bit more general form where on the r.h.s. we don’t
have a trivial theory. In order to do this, we have to flip on the l.h.s. mesons involving the
field ¢q. For generic n and h, the only meson that we can flip is qq. The reason is because the
R-charge of the field p becomes quickly very negative. Therefore, the meson built from this
field p will map to a fundamental field in the WZ with large negative R-charge and it becomes
impossible to write down a superpotential. When we flip only gq we get on the dual frame a
field A in the traceful antisymmetric representation of USp(2n + 8 — 4h):
~ 5

2n + 8 — 4h — 2n + 8 — 4h

W = A3 + tr (A) A2

_ .3 : . . .
W = a® + aqq + Flip[pp; app; qp; qq] (5.28)

The mapping is the following:
Flipper[gq] <+— A (5.29)
Special case of h = 1. In this case, we can write the duality in yet another equivalent form

with more fields on the r.h.s.. We obtain it by splitting the fundamental of SU(2h) = SU(2),
p into two independent fields p; and p,. The duality is the following:

~"
2n+ 4 <~ 2n+4
1 — 1 1 1
B3 Z 3
W = a® + aqq + Flip[pipe; ap1ps; qpa; ap1¢; qq] W = A%+ Azy + xyz
+ 3 Flipper[apipa] p1p2 + £ Flipper|apiq] p1q (5.30)
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The mapping is the following:

Flipper|q ¢]
pP1gq
Flipper[ap:4]
p

<o (5.31)

N’ 8

We specified this duality because we will use this version in Subsection [5.3.3]in the derivation
of the dual of U;[n].

SO(n) gauge group: Ss([n, h| theories

The second example consists again of a two parameters family, but this time we have the
SO(n) gauge theory with a traceful symmetric chiral field s and n — 8 — h chirals in the vector
representation splitted in n — 8 — 2h, ¢ and h, p. The superpotential is the same as in the

previous subsection, but in this case the non-anomalous global symmetry is
SU(h) x SO(n —8 —2h) x U(1)g. (5.32)

We claim that in the IR this theory flows to a trivial theory without any d.o.f.

Sa[n, b :

n—8 —2h — Trivial theory

W = s3 + sqq + Flip[pp; spp; qp] (5.33)

The range of validity for the parameter i is 0 < h < § — 4. h cannot be taken to be § — 4

because otherwise we cannot turn on the deformation sqq which is crucial.
We show the matching of anomalies for this duality in Appendix

SU(n) gauge group: As[n, h| theories

The last example is the SU(n) gauge theory with a field ¢ in the adjoint plus the singlet
trace and two sets of flavors, one of n — 2h flavors ¢, ¢ and a second of h flavors p, p. The

superpotential is
W = ¢* + ¢qq + Flip[pp; opp; qp; pq) - (5.34)
The non-anomalous global symmetry of the theory that is preserved by the superpotential is
SU(h) x SU(h) x SU(n —2h) x U(1), x U(1)s x U(1)r, (5.35)
where U(1), acts with charges +1 on ¢, ¢ and U(1), acts with charges 1 on p, p.
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We claim that the IR of this theory is not trivial but is given by 3 singlets, two of R-charge

equal to 0 and one of R-charge 2. The quiver summarizing this claim is the following:

As[n, h] :
: E = 3 singlets with superpotential:
g | W=N(BB+1)
h h
W = ¢ + ¢qq + Flip[pp; ¢pp; pd; pa) (5.36)

The range of validity for the parameter h is 0 < h < 7. h cannot be taken to be 7 because
otherwise we cannot turn on the deformation ¢qq which is crucial.
In order to understand better the physical implications of this result, it is useful to look at

the operator map
trlp h¢n_h] — B (5.37)
tr [p"¢" "] B
where the flavor indices are contracted with the h-dimensional € tensor so that the operator
is a flavor singlet. The singlet N instead is not in the chiral ring since it is turned on in the
superpotential, but it is associated with the superpotential term ¢qg on the 1.h.s. as it can be
understood from the derivation of this result that we give in Subsection [5.3.2]

If we focus now on the r.h.s., we can understand the singlet NV of R-charge 2 as the analogue
of the Lagrange multiplier that appears in the SU(n) SQCD with n flavors [37]. Indeed,
its e.o.m. forces B and B to have a non-vanishing vev and the theory has thus a quantum
deformed moduli space of vacua. Remembering the operator map above, our result is then
telling us that the theory on the l.h.s. has a quantum deformed moduli space of vacua with a
spontaneous breaking of the U(1), symmetry, due to the fact that the operators tr [p"¢"~"] and
tr [p"¢" "] acquire a vev quantum mechanicaly triggered by the deformation ¢qg, while all the
other operators trivialize at low energies.

At the level of the supersymmetric index, this duality translates into the following non-trivial
integral identity:

h
shin  _ hin  _
H I, <(pQ> 3h VW, 1) I, <(pQ) 3h VW, 1)
k,l=1
n—2h h

< [T IIT. ((pq):*’%%bs—lfﬁvg L. ((pq)g%b_ls fiwz_1>

i=1 [=1

) ()% [ 1 o e e (p9)3 2,
s g
X i n‘__QhFe ((pq)% bzofi? )HF ( i S 24V, 1) I, ((pq) e z;lwl>

- (p;p)zZJ;q)oo(S (" =1) (5:38)
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where f; for i =1,--- ,n —2h with [], f; = 1 are the SU(n — 2h) flavor fugacities, while v;, w;
for [ =1,---, h with [[,v = [[;w; = 1 are the fugacities for the two SU(h) symmetries. The
singular behaviour of the index is typical of theories with a quantum deformed moduli space
of vacua, as discussed in [48, 269]. It can be understood as a singular limit of the index of
the three chirals N, B, B interacting with a cubic superpotential when the linear term in N is
turned on _
: 2 ~1h ~h 2
limI', (pqe ) I, (e s )Fe (es ) =

A N 2 L (i) 0)
N B B

§(s"—1). (5.39)

5.3 Derivation of the S-confining dualities

In this Section we provide a derivation of the dualities for the theories U;[n] and Us[n, h]
with symplectic gauge group by combining the study of various Higgs mechanisms and the
deconfinement technique. The proof that we will give for Us[n, h]m is also working both for
Sa[n, h] and As[n, h]. However the proof for U [n] does not generalize to O;[n].

5.3.1 Derivation of Us[n, h]

We will start from the duality Us[n, h] (5.26), since we will then use it in the derivation of U [n].
We will first show how this can be understood as a consequence of the duality proposed
by Intriligator in [53], which generalizes the Kutasov—Schwimmer duality [54} |55] to the case of
symplectic gauge group and so in the following we will refer to it as “symplectic KS duality”.
Then we will show how for the case h = 1 the same result can be obtained by studying the

Higgsing due to a vev for some operator, which we do at the level of the supersymmetric index.

Higgsing via symplectic KS duality. We first show how to the derive the Us[n, h] duality
(5.26)) for generic n and h from the symplectic KS duality of [53], whose statement we recall in
(2.91). Applying it to our case, we obtain the following:

2
« A./ 73
a, 2
2n+ 8 — 4h — 2n 4+ 8 — 4h
KS
_ 2(nt2)
3(n+4—h 2(n+6—2h)

3(n+4—h

2h

W = A% + Flip|PP; QQ; PQ; PAP; QAQ; PAQ)] (5.40)
Here we consider the antisymmetric fields on both sides to be traceful, with the trace parts
being mapped to each other under the duality.

Now we deform this duality by the superpotential term agq and some flippers on the Lh.s..
Following the mapping of the KS duality shown in (2.92)), the term aqq is mapped to the term

1We will use an abuse of language by calling the duality statement in the same way as the original theory.
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Flipper[QQ]. We also use the mapping to understand the flipping terms. We obtain:

“on 48— 4h —

2n + 8 — 4h

2h

2h

W = a® + aqq + Flip[pp; app; pq] ‘
W = A? + Flip[PP; QQ; PQ; PAP; QAQ; PAQ)

+Flipper[QQ] + Flip[Flipper[PAP]; Flipper[P P]; Flipper[PAQ)]] (5.41)

We see that a lot of flippers get a mass. After integrating out the massive ones and naming

the others, we get

—2n + 8 — 4h

2h

W = A% +1gq + 10eQQ + npPQ + 1gagQAQ (5.42)

At this point we notice that the e.o.m. of the flipper 7¢q implies that the operator Q@ takes
a vev which initiates an Higgsing of the gauge group. In the color-flavor space the field ) can

be taken to be diagonal
A

QL = . ® Qoo (5.43)
/\n+4—2h

Due to the e.o.m. of the flipper 1¢¢q, the operator Q@) satisfies
QQ = Qé@g Jg‘fuge - _JFlav (E _]ln+4—2h & iUQ) (544)

Using the presentation (5.43) for @, the equation ({5.44]) becomes
Al
X iO’Q = ]ln+472h & iUz (545)
Arvd—on
We obtain that the field @) takes the following vev:

Q = Lnta-2n ® 107 (5.46)

The conclusion of this vev is that the USp(2n+ 8 — 4h) gauge group and the USp(2n+ 8 — 4h)
flavor group are broken to the diagonal USp(2n + 8 — 4h) flavor group. It is the mechanism of
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color-flavor locking. If we forget for a moment the two flippers npg and ngag, we would say
that the result of the Higgsing is the following:

~
2n + 8 — 4h — 2n + 8 — 4h
Higgsing

h+n

> 3h

2h 2h
_ A3 _ A3
W = A% +16q + 10eQQ W=A (5.47)

The fields on the r.h.s. are obtained as follows. The field () gets a vev so it disapears as well as
the flipper 7gq. The fields A and P are instead unaffected and transform under the remaining
USp(2n 4+ 8 — 4h) flavor symmetry.

Starting from the result , we can go back to and study the effect of adding the
two flippers npg and 7gaq. Once we plug the vev of @) in the term 7po PQ, it becomes a
mass term and then both P and 7pg are integrated out. Similarly, ngag@AQ becomes a mass
term and both A and ngaq disappeaIH. On the dual side, since A and P disappeared, we are
left with no d.o.f. and we obtain a trivial theory as claimed in ([5.26]).

This proof using the KS duality can be applied in the same way in the case of the SO
duality . The specific form of the KS duality is recalled in . The SU duality
can also be obtain in a very similar way but there is a little difference that we are going to

explain in the next subsection.

Higgsing via the index. For the special case of h = 1 we can also derive the Us[n, h = 1]
duality by directly studying a Higgsing that is triggered by a vev for a specific operator, without
having to apply any other more fundamental duality. We point out that the duality Us[n, h = 1]
is the one we will need to derive the duality U;[n], as we will explain in the Subsection [5.3.3]

In order to understand which operator is taking a vev and study the associated Higgs
mechanism, it is more convenient to use the perspective of the index, which for the theory
Us[n, h = 1] is given on the Lh.s. of with h =1

e (0" e ()5 ) T ((p) 4 ) BREED

2n n!
n e, T T2 T (a)s 2 2 Te (00) 5 20
8 ]{H 270 24 [T, Te () 10, Te (z212)
(pq %) Hr (pq szﬂzbﬂ> . (5.48)
a<b

2Here the assumption of the antisymmetric to be traceful is important. Indeed if A is traceless, the trace
part of the flipper ngaq would not receive a mass and would stay in the IR.
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Let us focus on the following combination of Gamma functions:

Fe( )HF (pq% a+1)F ((PQ) U 1) - (5.49)

These provide the following sets of poles:

2 =v(pg) 5 PN

Za+1 :Za(pq>§pka+1qla+lv a = 17 y 0 — 17

2n = v(pg) T p g (5.50)
where k,,l, = 0,--- ,00 for a = 1,--- ,n + 1. These collide so to pinch the n-dimensional

integration contour at the points corresponding to k, = [, = 0 (for more details about this type

of pinching see [270])

1-n
=v(pq) s ,
3—n

1
2 = 21(pq)® = v(pg) © ,

1 n—3
Zp—1 = Zn— 2(pQ)§ = (pQ) 5,

n—1

20 = 2021 (pa)3 = v(pg) T . (5.51)

Following [271], the interpretation of this pinching is that there is an operator that is taking a
vev. Specifically, such operator is the one constructed from the chirals whose index contribution
is (5.49) (this type of vev has been studied also in [50, |270])

(tr [a"'p*]) #0. (5.52)

Notice indeed that this operator has zero R-charge and it is also uncharged under any global
symmetry, which is consistent with it getting a vev. The prescription of [271] is to then take the
residue at the points , which implements at the level of the index the Higgs mechanism
triggered by such a vev. Observe that in this way we completely get rid of the n-dimensional
integral, which means that the gauge group is Higgsed completely by the vev. Evaluating the
residue we can figure out what massless fields survive at the end of the Higgsing and we find
in this case that there are none, which is compatible with our claim that the theory flows to a

trivial theory.

5.3.2 Derivation of As[n, h]

Higgsing via KS duality. The derivation is similar to the symplectic case so we will be
brief and just highlight the key differences. We start by using the KS duality (2.89)) deformed
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by the cubic superpotential ¢qg. We get the following duality:

Ag[n,h] . (I), %)

—In —2h <~ in —2h

h—n
3h 7

h h h h

W = 6" + 6qq + Fliplpp; opp; pds pal - W = @° +ngq +1gqQQ + Flin[0QQ: PQ; PQ) (5.53)
On the r.h.s., we have named the Flipper[Q Q] as Noo: While we didn’t give a name to the other
flippers.

Now, as in the USp case, the e.o.m. of 754 gives a vev to () and Q equal to the identity.
This vev triggers the color-flavor locking mechanism. The SU(n — 2h) gauge group and the
SU(n — 2h) flavor group are broken to the diagonal SU(n — 2h) flavor symmetry. In terms of
this diagonal symmetry, the fields Q, Q and Noo decompose as adjoint plus singlet (each field
has (n — 2h)? d.o.f.’s), so we have 3 adjoints and 3 singlets. We denote the singlets by B, B
and N, respectively. In the Higgsing one adjoint recombines with the broken generators of the
gauge group, while the other two become massive. On the other hand, the 3 singlets (B, B
have R-charge 0 and N has R-charge 2) survive the Higgsin@.

We are interested in As[n, h], where there are additional flippers with respect to . In
As[n, h], after the KS duality and the Higgsing, the fields P, P combine with the flippers of
PQ, PQ and become massive, hence disappearing in the IR. The field & combines with the
flipper of QQ and become massive (the adjoint field ® is traceful, hence all of the components
of the Flipper[®QQ)] become massive).

To summarize, Ay[n,h] is dual to a theory of 3 singlets, two of R-charge 0 (B and B,
coming from () and Q) and one of R-charge 2 (N, coming from 7gg). From the superpotential
tr(ngg) + tr (nQQQQ) in the KS dual, after the Higgsing only the following superpotential
survives:

W =N + NBB (5.54)

This is precisely the claim of ((5.36)).

5.3.3 Derivation of U [n]

In this subsection, we show how to obtain the U;[n] duality of E We use a combination
of the deconfinement technique, the iteration of more fundamental dualities and a recursive
argument. Indeed from now on, we assume that the duality U [n — 1] is correct and we want
to obtain the statement for U [n].

The first step is the splitting of the flavors into 4n + 1 + 1 fundamentals. Of course this

step doesn’t change anything but it is the correct form to apply the deconfinement of Section

13This is the main difference with respect to the USp case, where only two singlets are produced, and they

give a mass to each other, disappearing in the IR.
14We assume that n > 3, the n = 2 case is a bit different and is done in the Appendix @
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2.9. We get
.9

Wl - Ll
e
S
_|_
[\
Il

W = aqq + apip: (5'55)

Now we can deconfine the antisymmetric traceless field a. We obtain

4n

W = bqqb + vb3py + bde + Flip[vd; bb] (5.56)
At this stage, the USp(2n) gauge group is coupled only to fields in the fundamental represen-
tation. We can therefore apply the IP duality (2.86)) to it. After the dualization, the term bqqb
becomes a mass term and then no link is created between the USp(2n — 2) gauge node and the
USp(4n — 4) flavor node. The term bde becomes a mass term for the field d. After integrating

it out, we obtain

W = BQQB + ABB + vAR + BRP + FlipvBE; QQ; PE; EQ; PQ] (5.57)
Here the antisymmetric field A is traceless because the trace part has been killed by the super-
potential term Flip[bd].

We can now use our recursive hypothesis. In the splitted form, the statement of the U, [n—1]

duality is the following:

N ak
B 4n —4 = 4n —4
v R X Y
7
1 1
W = ABB + vAR W=B>+BXY +XYZ

+tr (B) B + tr (B) XY (5.58)
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Applying it to (5.57]) we get

B
A
q
X E
y||p
1 1

W = Bqq+ Y P + Flip[XFE;qq; EP; Eq; Pq; XY

+B%+ BXY +tr(B)B? + tr (B)XY (5.59)
where the superpotential term XY Z in (5.58]) is now indicated as Flip[XY], so the field Z in
corresponds to the flipper of XY. At this stage, the antisymmetric field B is traceful. We also
see that the fields Y and P are massive. After integrating them out, we obtain

W = B3 +tr (B)B* + Bqq + Flip[ X E; BXE; Eq; BXq; qq]

+/ Flipper[BX E] X E +  Flipper[BXq] X ¢ + Flipper[BX E] tr (B)X E + Flipper[BX¢| tr (B)X¢q (5.60)

The theory that we obtained is precisely of the form of the one appearing in the Lh.s of
(5.30]), the special form of the Us[2n — 2, h = 1] duality. We saw that the dual is given by

wino

( A,
M A
4n 4n + 2

W = A3 + tr (A) A2

W = a® + azy + zyz (5.61)

Where on the r.h.s. we simply recombined the fields into a U Sp(4n + 2) traceful antisymmetric.
The conclusion of this chain of dualities is that the Lh.s. of (5.55) is dual to the r.h.s. of
(5.61)), which is precisely the statement of the U;[n| duality claimed in (j5.6]).

5.4 Understanding 4d SUSY enhancements using 3d S-

confining dualities

Recently in [213] a 4d N' = 1 theory that flows on a point of the A” = 1 conformal manifold of
the N/ =4 SYM with gauge group SU(2n + 1) was constructed. In this section we propose an
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understanding of this result from the perspective of the 3d reduction of these theories, which
uses one of the S-confining dualities we previously discussed. The 3d perspective naturally
suggests how to generalize the result of [213] and as an appetizer we propose a 4d N' = 1 theory
that flows on a point of the same NV = 1 conformal manifold of an N/ = 2 necklace quiver

theory.

5.4.1 4d N =1 theory flowing to ' =4 SYM

The theory considered in [213] is obtained via an N' = 1 gauging of the global symmetry of
an N = 2 SCFT (the same theory and similar ones were previously studied in [256]). The
N =2 SCFT in question is the non-Lagrangian Dy(SU(2n + 1)) theory [158, 162, [214], which
can be engineered either as Type IIB on a 3-fold Calabi—Yau hypersurface singularity or as
a class § theory of type As, on a sphere with one irregular and one regular puncture. The
latter realization makes it manifest that the theory has an SU(2n + 1) flavor symmetry. The
construction of [213] consists of taking three copies of this Dy(SU(2n+1)) theory and performing
an N = 1 gauging of their diagonal SU(2n + 1) symmetry. The theory can be summarized by

the following quiver:
Dy(SU(2n+ 1))

Do(SU(2n + 1)) Dy(SU(2n + 1)) (5.62)

The claim of [213] is that the resulting model flows to a point of the A" = 1 conformal manifold
of the N'=4 SYM with gauge group SU(2n + 1).

The N = 1 theory has naively three U(1) symmetries. In fact, on top of the SU(2n + 1)
flavor symmetry, each Do(SU(2n+1)) theory has an N' = 2 R-symmetry SU(2) g x U(1),., which
when thought of as an A/ = 1 theory decomposes to U(1)g, x U(1)r where U(1)g, is the N' =1
R-symmetry while U(1)r is a flavor symmetry from the N' = 1 perspective. After the N’ =1
gauging of three copies of Dy(SU(2n+1)), the U(1)g, symmetries of each of them get identified
and give the reference R-symmetry of the resulting theory, while the three U(1)r symmetries
remain as flavor symmetries. Nevertheless, one combination of them is gauge anomalous, so
that the full continuos non-anomalous symmetry is only U(1)?. This is then identified with the
Cartan of the SU(3) flavor symmetry of the N' =4 SYM when considered as an A/ = 1 theory.

The conclusion of [213] is that the N/ = 1 theory obtained by gauging three copies of
Do(SU(2n+1)) flows to a point of the conformal manifold of the N = 4 SYM with gauge group
SU(2n + 1) where only N' = 1 supersymmetry and the U(1)? flavor symmetry is manifest. We
next want to review the structure of the conformal manifold of the SYM theory and clarify
which one is the specific point reached by the N' = 1 theory of [213].

The N' = 4 SYM when considered as an N/ = 1 theory consists of an SU(2n + 1) gauge
group and three adjoint chiral fields ®; with ¢ = 1,2, 3. These have U(1)g R-charge % and are
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rotated by the SU(3) flavor symmetry. The N' = 1 superpotential compatible preserving these
symmetries is

WAAE = A Tr (O [®y, Bs)) | (5.63)

where A is related to the gauge coupling 7 and the trace is taken over the SU(2n + 1) color
indices.

The N = 1 conformal manifold is three dimensional [263]. One direction is parametrized by
the gauge coupling 7 and preserves the full N' = 4 supersymmetry as well as the SU(3) flavor
symmetry. The other two directions, along which only N' = 1 is preserved, are parametrized
by some cubic invariants constructed from the adjoint chirals ®; that correspond to exactly
marginal deformations. These can be found by looking at space of all the marginal deformations,
which are in the 10 @ 1 of SU(3) where 1 is the gauge coupling, and quotienting by the
complexified flavor symmetry [272/275]. The generic point of the N’ =1 conformal manifold is

reached by turning on the superpotential
WHA = AT (01 (e Dy®s — e P 030,)) + 1Ty (95 + @5 + 33) . (5.64)

When 8 =n =0 we go back to the N' = 4 line. When n = 0 but 8 # 0 we have the so-called
[-deformation, which breaks supersymmetry to A/ = 1 and also the SU(3) flavor symmetry to
its Cartan U(1)2. When 7 # 0 the continuous flavor symmetry is broken completely.

The direction of the conformal manifold to which the N' = 1 theory of [213] flows is the one
parametrized by the -deformation. In particular, since the N’ = 1 theory with W =0
has an S3 symmetry that permutes the three Dy(SU(2n+1)) building blocks, this implies that it
flows to a point of the conformal manifold of N' = 4 SYM with 8 = 7. Indeed, 8 = 7 is the only
value of 3 for which is S3-symmetric in the ®; (at § = 0 there is the Weyl group of SU(3),
which is an S3 acting as the signed permutations of the three ®;’s, so it does not seem possible
that with W = 0 flows to a point on the line 8 = 0, which is the N' = 4 supersymmetric
locus). Notice that the S3 permutation symmetry imposes that the moment maps y; from the
SU(2n + 1) symmetry of the three Dy(SU(2n 4 1)) theories share the same R-charge, which
can be determined by the vanishing of the ABJ anomaly. Hence a-maximization [232] is not
really required to conclude that under the superconformal R-symmetry the operators p; have
the canonical R-charge %, which is crucial for the claim that this theory is related to N = 4
SYM.

We would like to reduce both the N' = 1 theory of [213] and the dual 3, n-deformed N =
4 SYM on a circle to three dimensions. Before doing the dimensional reduction, we thus
further deform with also the two marginal n and 8 deformations, so to go on the most
generic point of the conformal manifold. On the side of the A/ = 1 gauging of three copies of

Dy (SU(2n + 1)) this means that we are turning on the superpotential deformation

SW = A Tr (ul (eiﬁmm) _ e‘wu:m)) + A Tr (13 + pd + ) (5.65)

where again y; is the moment map operator for the SU(2n + 1) flavor symmetry of the i-th
Dy(SU(2n + 1)) theory and it is mapped to ®; on the SYM side. The variables 9, 3, A} should

map to the variables {n, 3, A\}. We do not know the precise mapping, but for symmetry reasons
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it must be that /7 = 0 if and only if n = 0, and that when n = 0, B = 0,7 if and only if § = 0, 7,
which is all that we need to know for our purposes.

Reduction to 3d

Our next goal is to show that the resulting 3d N = 2 theory is dual to the 3d N/ = 8 SYM
with gauge group SU(2n + 1) on a generic point of the three-dimensional 4d N = 1 conformal
manifold, where supersymmetry is broken to 3d N' = 2 and the flavor symmetry is completely
broken.

In order to show this, we use the remarkable fact that the circle reduction of the 4d N = 2
Do(SU(2n + 1)) SCFT is Lagrangian and it is given by the 3d N’ = 4 SQCD with U(n) gauge
group and 2n + 1 fundamental hypermultiplets [158, 260-262]. Hence, the circle reduction of
the 4d N' = 1 theory of [213] obtained by gauging three copies of Do(SU(2n+1)) is a 3d N' = 2
Lagrangian theory that can be summarized with the following quiver:

43 qs

QV/ q1
q2 ~
& ()
@ o (5.66)

We claim that, after starting from the 4d theory with the deformation ([5.65)), the superpo-
tential of this 3d N = 2 theory is

3

. . 3
Waq = A (m (eiﬂ Loty — e—iﬂu3ﬁb2>> + 1) (Z u;”) + ) (wigi@ + M +M;) . (5.67)
=1 =1

where u; = ¢;¢; with the contraction of the U(n) indices being understood and zm;i are the
fundamental monopoles of the i-th U(n) gauge group. The terms a;¢;¢; come from the superpo-
tential of the 3d N' = 4 theory when considered as a 3d N/ = 2 theory. Instead, we claim that
the monopole superpotentials M. + 9. are dynamically generated in the compactification by
the same arguments of [103,104]. The above superpotential sets the R-charges of the 3d fields

to the values A )
= Rl¢)] = R[g;] = =, 5.68
7 ;] = R[] 3 (5.68)

which implies that the monopoles zm;t have R-charge 2 and can thus be dynamically generated

Rla;] =

in the superpotential.

This monopole superpotential is crucial, since now we can apply the S-confining duality
U [n] in to each of the three U(n) nodes. The net effect is to replace each of these
gauge nodes with an adjoint chiral ®; for the middle SU(2n + 1) node, which are mapped
to i = ¢;G; before applying the duality. In the dualization we also produce the ®3 terms
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in the superpotential, but these were already present due to the original n-deformation. To

summarize, we obtain the following quiveﬂ

N
oD,
Wig = \Tr (@1 (em@ﬂ):a - e_iﬁ@ﬂ)?)) +iTr (X 27) (5.69)

It corresponds precisely to the 3d A/ = 8 SYM with gauge group SU(2n+ 1) on a generic point

of the 4d conformal manifold, in agreement with the claim of [213].

5.4.2 4d N =1 theory flowing to an N = 2 necklace quiver

Using the 3d perspective we can quite naturally understand how to possibly generalize the
findings of [213] to other N' = 1 gaugings of Dy(SU(2n + 1)) so to get an N’ = 2 Lagrangian
theory. The idea is to replace adjoint chirals with copies of the Dy (SU(2n+1)) theory, and also
bifundamental hypermultiplets, if we consider gauging only a subgroup of the flavor symmetry,
which would come from the related decomposition of the moment map p. From our previous
analysis it seems that a crucial necessary requirement in order for the construction to work
is that the N’ = 2 theory admits an N/ = 1 preserving exactly marginal deformation which
completely breaks the continuos flavor symmetry and that can be eventually related to the ®3
superpotential in the 3d S-confining duality.

As an example, let us consider the 4d N' = 2 necklace quiver theory with three SU(2n + 1)

gauge nodes
D3

=)

e et
frE,
<1>2 \’_Qz/ <1>1

(5.70)
which we drew in A/ = 1 notation. The superpotential is
3 ~ ~
WGt = Z AT (P:(QiQi — Qiy1Qiy1)), (5.71)
i=1

where Q4 = Q; and Q4 = Q.

The continuous global symmetries of the theory depend on the position on the conformal
manifold. There is a 3-complex dimensional conformal manifold with A/ = 2 supersymmetry,
parameterized by the 3 gauge couplings. On this N' = 2 conformal manifold the superpotential

couplings \; are set by supersymmetry in terms of the gauge couplings. The global symmetry

5Here 7 is different from 7 in (5.67) due to the application of the duality.
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is TT2_; U(1)ibargonic X SU(2)r x U(1),, where the i baryonic U(1) acts on the fields {Q;, Q;}
with charges {+1,—1} and with zero charge on the other fields.
In N = 1 language the visible global symmetry is

3
TTUWisaryonic x U(L)p x U(1)g, , (5.72)
i=1
where U (1) acts with charges +2, —1, —1 on ®;, Q;, Q;, respectively, while U(1)g, is the canon-
ical N = 1 R-symmetry under which all the fields ®;, Q;, Q; have R-charge %

N =1 conformal manifold of the necklace quiver

We are interested in the full A” = 1 conformal manifold of the SU(N)? necklace (in Appendix
[E] we discuss the general Zj, orbifold of N' =4 SYM, which as far as we are aware was never
determined in the literature). We use the method of [272], of quotienting the space of marginal
deformations (that is the chiral ring operators with U(1)g, R-charge Ry = 2) by the broken
global symmetries.

There are 6 operators with Ry = 2 in the chiral ring

TT(CDQQ) ) Tr(@?) ) Tr(@%’) ) Tr(@%) ;o Tr(Q1Q:20Q3), TT(Q3Q2@1) ) (5.73)

where Tr((I)QQ) represents the only operator in the chiral ring of the form ®QQ, since all of the
operators of this form are equal in the chiral ring due to the F-terms relations, more precisely
we can write this operator as

3
Tr(®QQ) = Z Tr(9;QiQ; + ®iQin1 Qi) (5.74)
i=1
This is the operator which drives the so-called §-deformation, which exists in all SCFTs on
D3-branes at toric Calabi-Yau singularities [273].

Turining on the operators in (5.73)), the global symmetry is broken to U (1)}, onic X
U(1)gr,- The rank of the global symmetry decreases by 2 units. This implies that there are
6 — 2 = 4 directions in the full ' = 1 conformal manifold, which is thus 7-dimensional.

One submanifold which is useful for us has a special point where the S35 exchange symmetry

of the 3 nodes is preserved. Such submanifold has superpotential
3
Wnec:k%ace =\ Z Tr(q)l(elﬁQlQl - e_iBQH-lQH-l))
i=1

3
+m Z Tr(®2) + no(Tr(Q1Q2Q3) + TI(Q3Q2@1)) . (5.75)
i1

This is a 3-dimensional manifold parameterized by the gauge coupling, A, 5 (in terms of which
the couplings 7; and 7, are set). In particular, we observe that the point 8 = 7 is invariant
under the S5 exchange symmetry of the three gauge nodes. The superpotential will
also be useful when compactifying to 3d because the last two terms force the R-charges of the
elementary fields to be % also in 3d, which as we have seen in the previous subsection is crucial

for our analysis.
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Construction via /' =1 gauging of the Dy(SU(6n + 3)) theory

We claim that we can construct an A/ = 1 theory that flows to point on the direction of the
conformal manifold of the N' = 2 necklace quiver theory corresponding to the S-deformation
by taking one copy of the Do(SU(6n + 3)) theory and gauging its SU(2n + 1) subgroup. The
symbolic quiver representing this theory is as follows:

Dy(SU(6n + 3))

ey -

The moment map p in the adjoint representation of the SU(6n + 3) flavor symmetry de-

W = Flip[sy; s3]

composes under the SU(2n + 1)% x U(1)? subgroup as

N (070) 3 (070) 3 (070)
@ (adj, 1,1) 5 @ (1,adj, 1), @ (1,1, adj))
(07_1) 071) (_170)
(@] )

1] [Q2]
(1,0)

on - 1 (1,-1) 5——\(-11)
(o] ®(1,2n+1,2n + 1)[Q3] ®(1,2n+1,2n + 1)@3] , (5.77)

where the superscripts are the U(1)? charges while the subscripts indicate the field in the N' = 2

adji, — 2 x (1,1,1)""

[s1,82

®(2n+1,1,2n+1) @(2n+1,1,2n+1)f ®(2n+1,2n+1,1)

®(2n+1,2n+1,1)

necklace quiver to which each state corresponds. Hence, the intuition from the 3d perspective
is that after applying the S-confining duality p will decompose into the three adjoint chirals
and the three pairs of bifundamental chirals that form the necklace quiver. Notice that u also
supplements two extra singlets that we will need to flip in order to get the N' = 2 theory and
we will see momentarily that this is further justified by the fact that if we don’t do so they
would give a decoupled free sector.

We claim that the theory with superpotential W = Flip[sy; s2] flows to a point on
the conformal manifold of the A/ = 2 necklace quiver that sits on the S-deformation line. If we
want instead to go to a more generic point of the conformal manifold corresponding to ,

then the superpotential is (the name of the fields are the ones appearing in the decomposition

of the moment map (5.77))
3 3
W=\ Z Tr(®;(eQiQ: — e PQi1Qit1)) + Z Tr(®;)
i=1 i=1

+ Mo (Tr(Q1Q2Q3) + Tr(Q3Q2Q1)) + Flip[sy; so] . (5.78)

Let us analyze this N’ = 1 model more in details. First of all, it naively has three abelian
symmetries, where two of them come from the decomposition SU (6n+3) — SU(2n+1)3xU(1)?,
while the third U(1)f is the commutant of the N' =1 U(1)g, R-symmetry inside the N' = 2
SU(2)r x U(1), R-symmetry

1 4

RO = g?" -+ §I3, F=—r + 2[3, (579)
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where Ry, F' and r are the generators of U(1)g,, U(1)r and U(1), respectively, while I3 is
the generator of the Cartan of SU(2)g. We use here the usual parametrization where for a
hypermultiplet scalar » = 0 and I3 = % while for a gaugino r = 1 and I3 = 0. Nevertheless, the
U(1)r symmetry is anomalous and so the actual symmetry of the model is only U(1)2.

We also observe that the A/ = 1 theory has an S3 symmetry that comes from the Weyl group
of the original SU(6n + 3) symmetry which is not part of the Weyl of the gauged SU(3n + 1)3
symmetry and which acts by permuting these three factors. These considerations about the
continuous and discrete global symmetries of the model, remembering our observation below
, suggest that the particular point of the conformal manifold of the 4d N/ = 2 necklace
theory to which the N' = 1 theory in (5.76)) with only the flipping superpotential flows is the
one with 3 = 7. At this point indeed the theory has A" = 1 supersymmetry, U(1)? continuous
symmetry and Sz discrete symmetry.

In order to that the U(1)r symmetry is anomalous, we first define the trial U(1)g,,,, R-
symmetry obtained by mixing U(1)g, with U(1)g

Riviat = Ro + € F. (5.80)

Notice that we didn’t consider a mixing with the other U(1)? symmetries. This is because
they come from the non-abelian symmetry SU(6n + 3) of the Dy(SU(6 + 3)) symmetry whose
cubic anomaly vanishes, and so all anomalies that do not involve these U(1)? symmetries
quadratically vanish implying that any mixing coefficient with them would be set to zero by

the a-maximization. Then we want to compute its ABJ anomaly

Tr Ryt SU (210 + 1)2 = 2n 4+ 1 + Tr Ry SU (20 + 1)?

: (5.81)
D (SU(6n+3))

where the first part is the contribution of the gauginos while the second part is the contribution
of the Dy(SU(6n + 3)) theory. The latter can be obtained as follows:

1
Tr Ry SU (20 + 1)? s ; = <§ — e) TrrSU(6n + 3)?
D5 (SU(6n+3

Dy (SU(6n+3))

4
+ (5 + 26) Tr I;SU(6n + 3)?

Dy (SU(6n+3))

1 U (6n43) 1 6n + 3
_ (1 o _(i_ 82
<3 6) 5 7€ 5 (5.82)

where we used that the embedding index fo SU(2n + 1) inside SU(6n + 3) is trivial and that
for a 4d N'=2 SCFT L7

TrrF? = —%d, Tr3F? =0, (5.83)
with k%, is the flavor symmetry central charge, which for the SU(N) symmetry of a D,(SU(N))
theory is [276]

2N
RSV — 9N — 22 (5.84)
p
Overall, we then find the ABJ anomaly
1 6n + 3
Tr RyiatSU(2n +1)* =2n + 1 — (§ - e) n2—|— (5.85)
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and requiring that it vanishes fixes

1
=—=. .86
=3 (5.56)

As we mentioned before the other U(1)? symmetries cannot mix with the R-symmetry,
so the previous computation determines what will be the superconformal R-symmetry of the

theory

1 2
RS.C. = RO — gF = g(?" —+ [3) . (587)

Notice in particular that this gives the R-charge % to the moment map p, which is necessary
to connect with the /' = 2 necklace theory where as we commented above the components of
1 are associated to the fields ®;, Q; and Q;. On the other hand, we see that the two singlets
in the decomposition are gauge invariants with the free R-charge and so they should be
flipped.

We now want to compute the a and c¢ central charges and check that they match those of
the N = 2 necklace theory. For this, we first compute

=2 (5.88)

4 2
Tr Rse. =3 x4n(n+1)+2 <_ - 1) + STy
Dy (SU(6n+3))

3 3

where the first term is the contribution of the gauginos, the second one is from the flipper fields
and the last term is the contribution of Dy(SU(6n + 3)) which was computed using [162, 207,
277

! = n3)) nia)) = =2 (90 +9n +2) . 5.8
o Do(SU(6n+3)) (@pa(su(on+3) — Cpa(su(en+a)) (9n% +9n +2) (5.89)

We then compute

8
+ —Trs?
Do(SU(6n+3)) 27

4\’ 8
TrR, =3x4dnn+1)+2(=-—1) +-Trrl;
<. 3 9 D2 (SU(6n+3))
2
=3 (48n* +48n — 1) | (5.90)
where we used that

Trrl; (9n2 +9n + 2) ;

N | —

=4 nt3) — 2 .
D3 (SU(6n+3)) ADy(SU(6n+3)) CDy(SU(6n+3))

Trr3

=48 n3)) — N =—2(9%+9n+2) . 5.91
Da(SU(Bn43)) (aDQ(SU(G +3)) — CDy(SU(6 +3))) ( n n ) ( )

We finally find the conformal a and ¢ central charges ([2.77))-(]2.78|)

3 1
32 (3Tr R} —Tr RS,C.) =3n® +3n + 3

1 1
=5 (9Tr R?, — 5Tr Ry..) = 3n* 4+ 3n+ 1 (5.92)

which precisely coincide with those of the A/ = 2 necklace quiver theory

a =

5N, + Ny, 9 1
=— =3 3 —
a 2 n+n—|—8,

B 2n, + ny, 02 1
c=—0 =3n +3n+4, (5.93)

where n, = 12n(n + 1) is the number of N' = 2 vectors and nj, = 3(2n + 1)? is the number of

hypers.
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Reduction to 3d

Now we want to reduce the theory (5.76)) with superpotential (5.78]) to 3d. Using once again the
Lagrangian theory corresponding to the circle reduction of Dy(SU(6n+3)) we get the following

quiver:

W= Z Tr((9:6)°) + (Tr([gsd) (0162 [a25)) + Tr([Gsar)[dr2)[Gags])

i=1
3
+Flip[Tr(q1q1); Tr(g2G2)] + a Z GiGi + M+ M

=1 (5.94)

Now we can apply the S-confining duality 24*” [n] of Section m to the central U(3n+1) node
to obtain
Py

A
D>\
<1>2 \’_QQ/ q>1

W= Z Tr(q)z'(einQi - e_iBQHlQHl))
3 =1

+ D Tr(®F) + (Tr(Q1Q2Qs) + Tr(Q3Q2(1)
i=1 (5.95)

It corresponds precisely to the 3d reduction of the 4d necklace quiver (5.70]) on a generic point
of its conformal manifold which sustains our proposed 4d duality.

Superconfomal index

We can perform a further check of our claim that the A/ = 1 gauging of the SU(2n + 1)3
subgroup of one copy of Dy(SU(6n + 3)) flows to a direction of the conformal manifold of the
N = 2 necklace quiver theory that preserves a U(1)? flavor symmetry. This was also done in
[213] for their N = 4 example and it consists of matching a limit of the superconformal index.
We reviewed more in details our conventions for the 4d superconformal index in Section [2.10}

while here we only use some specific facts that are useful for our analysis.
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The superconformal index of a 4d N = 1 theory is defined as
Ji
Ty = Trseal-1)° () (o= L0 (5.96)

where 0 = 2j, + %R, R is the generator of the IR superconformal R-symmetry and f;, T;
are fugacities and generators for additional global symmetries of the theory. As we have seen
previously, for our A/ = 1 model the superconformal R-symmetry is given by R = Ry + eF with

€= —% and the global symmetry is U(1)?, so we can write

J1 2
s = Tryo(—1)F (g) oy v E T 15 (5.97)
=1

Instead, the superconformal index of a 4d N/ = 2 theory is defined as

Ji

Tnos = Try_o(—1)F (g) (a5t s T £ (5.98)

where now ¢ = 2j5 + 23 + 5 and we have one additional fugacity ¢ due to the fact that the
R-symmetry is larger. Remembering (5.79)), we can rewrite this as

T =Tico 0" (2) a5 T 17 (5.99)

As we have seen above, when we perform the N/ = 1 gauging of the N' = 2 Dy(SU(6n + 3))
theory one combination of U(1)g, and U(1)F is broken by the ABJ anomaly. At the level of the
index this means that we should lose one fugacity and indeed we can go from to
by setting t = (p q)%JrE = (p q)é.

The above considerations lead us to write the index of the A" = 1 gauging of the SU(2n+1)>3
subgroup of one copy of Dy(SU(6n 4+ 3)) as

—1(f1, farpiq) = (Iéﬁrl ((M)g;p, Q)) (2n+ 1 ;3% [H <2ﬁ1 27”(:) )Z@fjl (2“5 p, q)]

a=1

20,2320, fi, fip gt = (pa)F) (5.100)

X IDQ(SU(6H+3)) (

The first factor is the contribution of the flipper fields, which is written in terms of the index

of a chiral multiplet with R-charge A

5 (pg)2z—(pg) = o
Ty () esp.q) = PE . 5.101
e (P9 I-n-0 (10D
The integral is over the Cartan of the gauge group SU(2n + 1)3, where the fugacities satisfy
izi(a) = 1. The contribution of an N' = 1 vector multiplet is
2pq—p—4q su@nt1), o
IN=Y(Z:p,q) = PE [—Xa : BN 5.102
( ) (1 - p)<1 . q) dj ( ) ( )
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where Xiﬁ @R+ ({7) is the character of the adjoint representation of SU(2k + 1), which in the

following we are going to parametrize as

2n+1

SU(2n+1) / — Zi

Yoaj V()= -1 (5.103)
ij=1"7

Finally, Zp,(su(en+3)) is the N' = 2 index of the Dy(SU(6n+3)) theory, where the fugacities for
its SU(6n + 3) haven been decomposed in terms of those of the SU(2n + 1) x U(1)? subgroup.

The Dy(SU(6n+ 3)) theory is non-Lagrangian and so its full index is in general not known.
The only case for which it is known is for the Dy(SU(3)) = (A1, D4) theory, for which one
can compute it using the N' = 1 Lagrangians of [203-205| 211]. This corresponds to the case
n = 1 which is degenarate since the N' = 2 necklace quiver doesn’t have any gauge symmetry
and only consists of 3 free hypers or 6 free chirals. In particular, since there is no gauge
symmetry there is no reason to impose the constraint on the fugacities t = (p q) due to the
ABJ anomaly. Nevertheless, we curiously observe that the index of the Dy(SU(3)) theory
computed in eq. (5.12) of [205] still reduces to the index of eight chirals of R-charge 2 after
the specialization t = (p q)é, where the two extra chirals are removed once we add the flipper
fields.

For the general n case, we can still match a particular limit of the full index. Indeed, there
is a famous limit of the N’ = 2 index known as the Schur limit [278] which is known for a
generic Dy(SU(2k + 1)) theory [276, 279]

IDQ(SU(Qk-i-l)) (ﬁ7p) q, l= ) PE [1 q2 X:g](Qk+1) (ﬁ) ) (5104)

with [], w; = 1. Hence, in our case we have

IDQ(SU(6n+3)) (2‘(1% 2(2)7 5(3)7 f17 f2;p7 Q7t - Q) PE [1 QQXi[jJJ(6n+3) (_(1) f17 f2>:| !
(5.105)

where we decompose the character of the adjoint representation of SU(6n + 3) according to the

branching rule ((5.77))

XSU.(Gn—I—?») (5(1)72(2) fla f2 — 24 Z SU(2n+1) (—»(a))

adj adJ

2 Xama ) g )+ o™ () ama ()

D (o) ST (1) |y ST () SVt ()

fl SU(2n+1 SU(2n+1 f2 SU(2n+1 SU(2n+1
5 ol () Xauma () + Exfun(d ) (220) (2UCD ()Y (5.106)

This means that we can study the limit of the index of the AN/ = 1 theory in which ¢ =t =
(p q)%, that is p = ¢°. First of all, in this limit the contribution of the flipper fields becomes

(Ichlr ((p q)3:p, q))2 i

and so it simplifies against that of the first two singlets in (5.106[), as expected since their

purpose was to remove this decoupled free sector from the theory. Instead, the remaining

— PE [— . iq(f} (5.107)

2
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contribution of the Dy(SU(6n + 3)) theory in (5.105)) becomes equivalent to the index of chiral
multiplets in the representations appearing in ((5.106|) except the singlets and with R-charge %
This is because the index of a chiral of R-charge % in the limit p = ¢? is (remember ((5.101]))

1
i ((p q)%;p, q)

,=PE L _qq2} : (5.108)

p=q
Hence, we end up precisely with the index of the N' = 2 necklace quiver theory in the limit

p=q’

Iyn=1 (fl fap=¢* Q) = ;% f[ 2ﬁ1 dZ(a) N+ (Z(a)‘pz q° CI)
= ) ’ ) (2n+1>‘3 pte o 27_‘_7/2(&) vec ’ ’

] 3 2nt1
3 H H s

@ (0] g
2n+1 e R

Iﬁif( f3 (3),p—q Q>Ii}flr1(pq3f2 “mip= q,q)
2,7=1 ]
2n+1 1 ey

N=1 N= z

IChlI‘ ( 1 (1) 7p =dq 7Q) Ichlrl ( (2 q2> q)

i,7=1

2n+1 3) (2)
_ 1 fi z _ 7f z;
IIzZ ( P =q ,q> T ((pq) (3),19 q ,q>

(a
1%
Pa)* Ty q2,q>

J

fa 2 fiz
— “Znecklace flaf?; _q Q) (5109)

’L]l

5.5 Outlook

In this chapter, we have proposed new S-confining theories both in 3d and 4d. We have then
used these results to explain and generalize the SUSY enhancement appearing in [213]. The 3d
perspective also suggests that many examples of 4d susy enhancements can be produced in a
similar way that we did. Essentially by replacing the chiral fields of a 4d N' = 2 theory by one
or multiple copies of Dy(SU(0odd)) theories of which (part of) the global symmetry is gauged

in an N = 1 fashion. It would be nice to work out other examples in details.
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Appendix A

Superpotential of Section [3.2.1] in

frame 7,

In this appendix, we will obtain the form of the USp(2N) with one antisymmetric and 6 fun-
damentals, studied in Sectio, after k iterations of deconfinement/confinement. What is
complicated is to keep track of the superpotential terms. We will do it in several steps. The
key ingredient is to follow terms with the field O, because we know how they start to appear.
For example, when we go from the frame 7Ty to the frame 77, the confining Pfaffian super-
potential has created 2 terms containing the field Oy: oy 25 [A{V’Q QIM, 0, + AY 3 Q%Ol].
But it is true more generally, when we go from the frame 7(,_;y to 7, the confining Pfaffian
superpotential creates 2 terms with the field O,: ean_o, €5 [Ai’,v*pfl QZQ)MpOp + Ag*pﬂ Q;‘;Op].
So let us call ©,) all the terms containing O,. As a first step, we need to understand what
is O in a frame T;. Let us see how it is working for ©(;y. In other words, we have to study
the evolution of the two terms in 7;.
® coN_9E5 [A{V’Q Q%MlOl]: It is easy to follow the evolution of this term. Indeed after 1

iteration it gives
In 75 . E9N—4 €5 [m—f- AéV—S QngOl}

The first term is killed by the chiral ring stability argument near (3.5). To get the second,
one power of the antisymmetric A; has been used with Q? to produce Q3. We can repeat this

k-times and we get
In 779 . E9N—-92k €5 [A]kv_k_l QiMlOl}

® SonN_oE5 [A{V_?) Q?Ol}: this term is trickier to keep track. After 1 iteration it produces

In 75 L E9N—6E€5 W—F Aévizl Q;MQOl -+ Aévi5 QgOl

*2

Once again the first term vanishes due to chiral ring stability. The term %; has been obtained
by using one power of A; in combination with Q% to produce Q3 and Q% produces M,. Tt is of

the same kind as the one previously studied. Therefore x; produces in Ty

In Ty :ean-ok26s [Ay 2 QrMa0]
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The term %, has been produced by using two powers of A; with Qf to get Q3. It will once
again produce 3 terms in 73: 1 killed by chiral ring stability, 1 with Q% and one less power of
the antisymmetric and 1 with Q3 and two less power of the antisymmetric.

Therefore in Ty, %, produces a sum of terms with Q? and only one term with Q}. The first
term in the sum is: eon_op_4 €5 [Aiv_k_?’ QngOl] and the last one is:

EON_4k12 €5 [A,iv_% QszOl} and there are all the terms in between. The term with Q7 is given

by: €aN_ak+2 5 [A,iv’2k’1 QiOl] . So the term 5 produces

k
In Ty :con_ars26s [A]kv_%_l Qiol} + 252N—2k—2i+2 €5 [Aiv_k_i QiMiOl}

=3
The last result is valid until N —2k—1 > 0, which correspond to the power of the antisymmetric

field in the term with Q}. Since k should be an integer, it should satisfy: k < L%J
To summarize: ©(j) in the frame 7; with 1 < k <[] is given by

k
O(1) = EaN_4k 125 [Aivf%fl QrO1] + Z €2N—2k—2i+2 €5 [Akakfi Qi M;0:]
i=1
Applying the same reasoning, it is not complicated to get the expression for the generic case:
O(p) in the frame Tj, with p < k < KR, = | =2 s

k
Op) = E2N—4k+2p €5 AN QiOp] + Z E9N—2k—2i+2p €5 [Aiv_k_z_lﬂ) QiM;0,| (A1)

i=p

The value of k%), is obtained by requiring that the power of Ay, in the term with Qf, is positive.
This finishes the first step.

The second step is to determine the evolution of O,y from 7;(1,) to the end Ty_; and in a
general frame in between. It will be useful to distinguish when the combination that enters in
k,%z: N + p — 2 is even or odd.

N—2k—2+4p 4 .
® EoN—4k+2p €5 Ak Qkop]-

1. Case: N +p— 2 even: D = %

. 4
In ng;m I €5 [ka Op}

I T (M 0] 120 (A.2)

2. Case: N +p— 2 odd: k), = %
I T te2ss | Ag Qly O]
I Too) y0es [MkﬁfiéﬁlQiﬁﬁiﬁlOp] (4-3)

I Ty vave t €5 [Mk55¢)11+1Mk§52LI+20P:| t20 (A.4)

k N—k—i—14p 12 )
d Ei:p€2N72k72i+2p€5 [Ak QiM,0,| :
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1. Case: N +p— 2 even: k:max—Ng’ 2

k.(P)

max

Z kP 1~
In T(P) 5216,55211+4*2Z 55 |:Ak'$r€¢)zz k(P) MO

ma:E

k&’:&z
In T Abtas=i 2 Lo
1 $2x+1'252k$2x+2—2i55 KO 41 CREL 41T P
i
kEhe—1 .
Epble—1—i 2
In : M M , Amaz M.
T & | Myp My 50p Z Corl—2 55 | s Qa2 MO
_ (r) _
I T i Z€5[ kﬁﬁ&ﬁlﬂ‘Mk&f&zﬂﬂOl’] t=0,... Koy — P
kPt .
kmas—t—1 2 .
+ Z Sok®), +2-2i—2t =5 [Ak%’lﬁut k%()w+1+tMlOp] (A.5)

Notice that 2k%), + 1 — p =N — 1. So we have the expression up to the end.
2. Case: N +p— 2 odd: kb, = Y2=3

k(lﬂ)

max

(p)
. kmaz+2—1
In Ty, Z k), +6-2; 5 [Ak%z k(p) M;0 }

maa:

(p) .
kmaz+1—i 12
I Ty Z € 2k{p) +4—2i 5 |:Ak7(£¢)m+1 KP) M;O ] (A.6)
kEhe .
. krhaz—i )2 .
CITRAD DENTIAES [T e/ Y
kiﬁiz
kP —1—i 2
In M, M E 5 gy | Amas MO
nggx-i-?) €5 k%)()m (P) +3 Qk(p) _9; <5 kﬁ,’i’()m—s-:i Qkﬁﬂﬁ:’» iUp
g — P
I Tiw) paret 25 [ ¥ My o Op ] t=0,..., kP —p
k% o
k‘mazft*i 2 .
- Z Cokp) +2—2i—2t &5 [Akﬁﬁgm+2+t lc?(%’,)erertMlOp (A7)

Once again 2k, +2 — p= N — 1. So we have the expression up to the end.

This finishes the second step. The third and last step is to combine all the previous ingredients
to write the superpotential in a generic frame. So let us fix k (1 < k& < N — 1) we want the

superpotential in 7;. As we said it contains terms with O, with 1 < p < k. Also, depending on
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p, there are two kinds of terms depending on whether k,g’{()m is greater or smaller than k. The
terms with M?0, & Q3% as in (A.F)-(A.7) that we call terms A and the terms with Q} & Q7 as
in that we call terms B. Let us call p,, the precise p that is at the junction between the
terms A and B. It is given by

Notp,—2
++£k = e =2%42-N (A.8)

Therefore obviously kfﬁ;}c = k. Then for p > p,: kfﬁ,)w = LWJ > k and for p < p,: k,(,fzm <k
which is what we wanted. To recap, for 1 < p < p, — 1 we have terms A and for p, < p < k we

have terms B. So the superpotential takes the following form

k pe—1 k
We=H(=p)> Op+HDi—2) | D Op+ > 6O (A.9)
p=1 p=1 P=P+
B A B
1 ifxz>0
We have included the Heavyside step function: H(z) = to treat also the case
0 ifx<0

ps < 0. ¢ is a small positive quantity (< 1) to avoid double counting in the case p, = 0. Now

let us look in turn at terms A and B.

Terms B: By definition they satisfy p < k < k), Vp €e B= Vp > p,. In this case it is easy
and O, is given by (A.1)).

Terms A: By definition we have k > E® Vp € A= Vp < p,. It is more complicated in this
case. The first thing to notice is that N + p, — 2 (= 2k) is necessarily even. Equivalently we
can say that p, has the same parity has N.

Forp=p, —1: k&Y = | Atee2=l) = |k + 5L = k — 1. So in the frame 7; we are 1 frame
above k%:- . In addition N + (px — 1) — 2 is odd therefore we are in the situation of and

(A.6). Conclusion O, 1) is given by

k—1
Op,—1) = €5 [MszOp*—ﬂ + Z €9k4+2-2i €5 [AZ% QiMiOp*fl} (A.10)

i=px—1

Then we go on. For p=p, —1—1t: A N L%j and t =1,...,p, — 2. In addition

N + (px — 1 —t) — 2 has the opposite parity of ¢. therefore to continue and use our (A.5) and
(A.7) we should separate between the odd and even value of ¢. That is, we rewrite the sum A

as
px—1 t:f&ffl té’%‘éﬁ/
Z (—)(p) = 6(?**1) + Z @(p**lftodd) + Z @(p*flfteven) (A]‘]‘)
p=1 toda=1 E . teven=2 .
ven parity Odd parity
!/
Where the * " means tin, tmin + 2, tmin + 4, ... It is not complicated to get the expression

for t75% and t7ier. They are given by ;%" = 2[£] — 3 and t]jer = 2| & | — 2.

even’ even
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Now Oy, —1-1,,,) in T is given by (A.2) and (A.5). To use these formulas we need to do the
following translation: k = e A toad) 4 4 = | — MTD‘“ +14+t=1t= IHT‘“M — 1. Also
kg;a_xl todd — t = f 41 — (1 —I—todd) =k —toqq. SO

1+t20dd_1
@(p**lftodd) = E Es [Mk 1+todd+1 sz 1+todd+1+ZOp*—l—todd:|
=0
k—todd

+ ) Cosr 220,65 [Aift"dd*iQiMiOp*—l—todd] (A.12)

1=px—1—todd

Similarly, ©¢,—1-1,,.,) in 7}C is found using (A.4) and (A.7). Once again to use the formula
we need to impose : k = kFiziTteren) 4o 4y — k—teem 14+t =t ="ten 1 Also

kgftaml feven —t=k-— teven- 50
ieven -1
@(p**]-*teven E 85 [ k— teven 7iM’€*tm%+1+’iOp*_1_teven:|
=0
k—teven

+ Z 82k+272i72tﬁv5n 85 [Az_teven_i QiMiOp*iliteuﬁ"} <A13)

i:p* —1—teven

Combining all results, the superpotential in Ty is

k k
Wi, = H(—p,) Z (Z E9N—2k—2i+2p €5 [Aiv_k_i_Hp QZMiOp}

p=1 \ i=p
k
+ €aN_4kt2p €5 |:A;€V—2k‘—2+p QiOp} ) + H(p. — ¢) Z (52N—4k+2p €5 [Aiv_%_%p QiOp}
P=D~*

k
+ Z E9N—2k—2i+2p €5 [Aivfkﬂflw QzMiOp] )

i=p

k—1
Hp 1 ( [MQE0p ]+ Y convamies [4 @i%’%-lo
i:p*—l
2[B]-3 (1tlodd

/
+ H(p* -2 — 8) Z Z €5 [Mk 1+t0dd+l sz 1+todd+1+ZOp**1*toddi|

todd=1 =0

k—todd
AlFtoaa=i 2 N 1O
+ E2k42-2i—2t,400 €5 | Af QrM;O0p, —1-4,,,

1=px—1—todqd
QL%J72 te’téen —1

!/
+ H(p* - 3 - 5) Z Z 65 [Mkfm%f’iMk*tev%+l+iOp*_1_teven:|

teven=2 =0
k—teven
§ /‘ k—t —i )2
+ €2k+2_2i_2teven 65 |:Ak: coen Qk’MiOp*_l_teven} <A14)
1=psx—1l—teven

By renaming indices it is possible to write W as
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k k
Wi = H(=p.) ) (Z eon-akoainp s | AY T QMO |
=1 1=p

p
k

+ EaN—akt2p €5 [Aka%fﬂp Qéop} ) + H(p. — ) Z (€2N—4k+2p €5 [Agf%fﬂp QiOpi|

P=DPx

k
+ Z E9N—2k—2i+2p €5 [Aév_k_z_lﬂj Q%Miop] )

i=p
k1
+ H(p, —1—¢) (85 [M,Q70p, 1] + Z Eohpo—2i €5 [Af QzMiOp*—l}>
1=pyx—1

2k—N N+l-k

+Hp.—2-¢) Y > &5 [MMyy-;0)]

I=N-2[J7+2 \j=23H

Ntl—k—1
N+l—i—k—1 2
+ g EaNt21—2i—2k €5 | A} Qi M0y

i=l *1

Qk*N71 N+m—k—1
+H(p,—3-¢) > > s [MiMysm—iOn)
m=N-2| & |+1 \ j=Dtm=L 2
N+m—k—1
+ Z EoN-am—2i—ok €5 A T QiMiOm]> (A.15)
=m *2
/ . .
Where we recall that 7 means lin, bnin + 2, lpin + 4, ... and similar for m.

We can do even better, x; + x, can combine together to give

2k—N N-+p—k—1

N+p—k—i—1 ~2
g E EaN+2p—2i—2k €5 Ak Q}gMiop]

p=1 i=p
Less obviously, x; + %, can be packaged together. To do so we notice

12k—N 12k—N—1

_ 2k—N
° Z l:N,Q[%‘H,Q + Z m:N*2L%J+1 _ Zp:l

M;, M; and O, that enter in the sum satisfy i +j —p =N

In addition, the above i and j satisfy N +p—k <i<j <k

All terms satisfying the above 3 criteria are present in the sums

Therefore x; + x5 can be written

2k—N

> > &5 [MiM;O,) 614y

p=1 N+p—k<i<j<k
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So the last version of the superpotential is

k k
Wy, = H(—py) Z (Z EQN—2k—2i+2p €5 [Aiv_k_i_lﬂ) QzMiOp}

p=1 \ i=p
k
+ E2N—4k+2p €5 [AiV—Qk’—Q-i-p QiOP} ) + H(p* — 8) Z (52N—4k+2p €5 [Aiv_Qk_Q-i_p QiOP}
P=pPx

k
+ Z E9N—2k—2i+2p €5 [A]kv_k_l_lﬂj QzMiOp] )

i=p

k—1
+ H(p. —1—¢) (55 [MszOp*—l} + Z €2k+2-2i €5 [Az_i QzMiOp*_l}>

i=pix—1

%—N /N+p—k—1 |
+ H(p, —2—¢) Z ( Z EIN+2p—2i—2k €5 [A;]ﬁp_k_z_l QiMiOp]

p=1 i=p
+ Z €5 [MzMJOp] 5i+j—p,N> <A16)
N+p—k<i<j<k
1 ifxz>0
with p, =2k +2 — N and H(x) =
0 ifx<O

With W, we can write the quiver of the theory in the frame 7}

Ts

N-k
W= Flip[(4))] + Wi
1=2

(A.17)

To finish, when £ = N — 1 then p, = N and it is easy to see that (A.17)) becomes (3.10)).
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Appendix B

R-charges and degenerate holomorphic
operator ambiguity in the generic
frame 7;. of Section 3.3.2

We start by writing the R-charges of the fields in the generic frame Ty (3.104]).

Fields R-charges in Ty
V; 5—2F+(N—-2+3)Ra+ (2F —1)Rq
Flipper[ViB; . .. By_1Q4] 2F —4 — (N —2+i)Ry — (2F — 2)Rg
Flipper[B; ... By 1QxQrBx-1 - . . Bi 2Rg + (i — 1)Ra
H; (N—i+1)Ra
R; 2F —3— (N+ % - )R, — (2F — )Ry
B; sR4
Aj 2— Ry
Ch 1— 1R,
Qr 1+ 1(1—k)Ra
Qr+1 Rg + gRA
Piy1 2F —4— (2N =2+ 5)Ry — (2F — 1)Rq
0] R4

Table B.1: R-charges in the frame 7, with k=1,... N—1,7=1,....kand j=1,...,k— 1.

Now we want to find the degenerate operators that can couple to H;, as we did in (3.83) in
the case of Usp(6). In order to so, we look at the R-charges of the operator V;B; ... By_1Cy Pr 11
which is the natural candidate to be coupled to H;. We find

R(ViB;... By 1CiPry1) =2 — (N —i+ 1)Ry (B.1)

The potential degenerate operators should be a singlet under the non-abelian global symmetry
and should have the same R-charges (B.1)). We can build the degenerate operators from the
fields V,, B, and R.. Indeed, we start from V/,,, then we put some B, and end with R,, (n > m)E]

'We cannot end with V;; because the F-term equation of R; sets the combination B,V to 0.
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The form of these operators is then: V,,B,, ... B,_1R,. The number of fields B is n — m. The
R-charge is
Ry, +(n—m)Rp, + Rp, =2—(2+ (n—m))R4 (B.2)

If we compare with (B.1]), we find the following condition
n—m=N-—i—1 (B.3)

withl<m<n<k-1,72=1,...,kandk=1,...,N — 1.

We can already make two remarks:

e For i = 1, the constraint becomes n —m = N — 2 but the maximal value of n —m is k —2
and k satisfies k < N — 1. We conclude that there is never a solution for ¢ = 1. Therefore

there is never a degenerate operator associated to Hj.

o [f £k =1 then n and m don’t exist. Conclusion, in order to get degenerate operators we
should have N > 3 which means that degenerate operators will pop up in frames with at

least 3 gauge groups (which correspond to k = 2).

We can ask the more precise question: What is the first frame, 7, when some operators

degenerate? In order to answer that we have to try to maximize the Lh.s of (B.3]) and minimize
the r.h.s. Therefore it is enough to look at n = k,;, — 1, m = 1 and i = k,,;, to determine
Emin (it could also have degenerate operators in Ty . not associated to n = ky; — 1, m = 1
and i = k). We obtain

N+1
So when we reach T, . we start having this issue of degenerate operators.

Now let us solve (B.3)) in the case k = N — 1. In this case,  <m <n < N —2

1=2: n=N+m-—3
3 solution for m =1
1=3: n=N4+m-—4

3 solution for m =1, 2
d solution form=1,...,N — 2

Conclusion, the degenerate operators (with respect to V;B; ... By_2Cn_1Fy) that potentially

coupled to H; in Ty_, are:

Hs ViBi...By_3Ry_2 1 operator
H3 . ‘/131 Ce BN—4RN—37 ‘/QBQ c. BN—3RN—2 2 operators
Hy_1: ViR1, VboRs, ..., VN_aRN_2 N-2 operators
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Finally, we can study the final frame 7Tp,... The R-charges are the following

Fields R-charges in Tpe.
v; 5—2F+(N—-2+3)Rs+ (2F — 1)Rq
Flipper[v;b; ... by _1qn] 2F —4— (N —2+1i)Ra— (2F — 2)Rg
Flipper[b; . .. by_1gngnbn—1 - - . bi] 2Rg + (i — 1)R4
h; (N—i+1)Ra
T 2F —3—(N+ % - Ry — (2F — 1)Rg
b 3Ra
a; 2— Ry
qn 1—Ro—3(N—1)Ra

Table B.2: R-charges in Tpe. withi=1,..., Nand j=1,...,N — 1.

Now using the previous result for Ty_1, we can summarize all the candidates to be coupled

to h; in the final frame Tpe.

hi : v1by ... bn_orN_1 No degenerate operator
hg . Ulbl . bN_gTN_Q, Ugbg e bN_QT’N_l 2 operators

hg : Ulbl PN bN—4TN—37 ’Ugbg N bN_g’I“N_g, U3b3 C. BN_QTN_1 3 operators

hN_1 . U1T1, VT2, ...y, UN—2TN—2, UN_1TN—-1 N-1 operators

Now the question is obvious, which operator is the correct one?
In the special case of F' = 4, we could use the same argument that we used in Section [3.3.1] It

goes as follows. When we reach the frame 7, . some operators become degenerate. In order to

decide the correct operator, we start confining from the left (it is possible because in the case
of F' = 4 the gauge group becomes Usp(2)). Then at some point we will discover that using
the F-term equation for H; (which is never associated to a degenerate operator as we saw)
we can select the correct operator associated to some H, (as in (3.85))). Then, the procedure
is iterative meaning that we should re-use our previous results for H, and do more and more
reconfinement to select all the correct operators associated to the other H,. All in all, we end

up in the frame 7Ty_; with the following superpotential term

N-1
0Wy-1=HiViBy ... By_oCy_1Py + Y  HViBi...By_1_iRy_; (B.5)
i=2
which becomes in the final frame Tp..
-1
5WD€C = Z ]’Lﬂ]lbl e bN—l—irN—i (B6)
i=1

Unfortunately, in the case of F' > 4 the previous argument fails because we cannot reconfine
from the left. In this case we can deconfine the antisymmetric field A; but we didn’t manage

to find constraints and remove the degeneracy. Therefore, in this case the superpotential that

we wrote in (3.106)) and (3.107) are ambiguous. We wrote them with the results (B.5)),

obtain in the case F' = 4 but it is logically possible that they are wrong for ' > 4.
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Appendix C

Matching of 't Hooft anomaly matching

As explained in Section [2.4] 't Hooft anomalies are invariant along the RG flow. Their matching
is therefore a good check of a duality statement. The formula used in this appendix have been
taken from Section 2.4] and Section 2.5

C.1 Matching of ’t Hooft anomalies for the duality of
Section [4.3.2

In this appendix we present the matching of the t’Hooft anomalies for the duality that
we report in for convenience. On both LHS and RHS of the duality, the theories have 4
U(1)’s global symmetries. The following charges assignments respect the constraints coming
from ABJ anomalies and the superpotential terms. The matching of the t"Hooft anomalies are
really non-trivial, especially the ones involving the U(1)’s symmetries, and relies on having the

correct set of flipper fields.

2m 2m

W = 2 Quartic + 3 Triangles W = 3 Triangles 4+ Flip[ww]

. _ o ~ N-1
+ Flip[bb, ¢, cbs, ebs, bsbs] + > Fliplg(pp)'q; d(pp)'G; a(pp)'d; 4(pp)'d;

i=0

ap(pp)'; ap(pp)'d; qp(pp)'d; dp(pp)'d) (C.1)
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Fields LHS | U(1); | U(1)y | U(1)s | U(1),
f 0 0 = 0
s 0 1 i -3
5 0 -1 -1 -1
b 0 0 0 :
u -1 -2 e
i 1 2 2l ) L
c ot T It S el Bl
n -3 | 0 1P| BR
i 3 0 |37 | v
0 1 1 i iv
o -1 -1 L L
l 0 0 - | =5k

Fields RHS | U(1); | U(1)y | U(1)3 | U(1)4
f 0 0 o 0
0 0 -1 0

t 0 -1 0 -1
t 0 1 0 -3
d R
d -1 =2 | -y |
k RN
k -1 -1 L L
q 5 | 0 Y | Ty
~ 1 4N—1 2N—1
q 3 12N 12N
p 0 0 = | —5%

Table C.2: U(1)’s charges of the fields in RHS of (C.1).

’t Hooft anomalies involving non-abelian symmetries:

e LHS:

tr (SU(3)7) = (2N — 2)A(0) 4+ 2A(0) + 3A(0) + A(D) = 2N

—2N

tr (SU(3)%)
tr (SU(2m)?) =2
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e RHS:

tr (SU(3)°) = 2NA@) + N (A(H) +AD) + 3A@0) + A(m)) — 9N (C.5)
tr (SU(3)%) = —2N (C.6
tr (SU(2m)?) = 2 (C.7)
Where the group theoretic constants can be found in Table [2.3]
’t Hooft anomalies involving abelian symmetries:
e LHS:
tr (ST (3)°U(1);) = (2N = 2) g, p(0) + 22 () = 3(qe + q2) () = (g + ap + ¢5) u(O)
1=1:= —E
=1:=—
1=2:=0
2N +1
1=3:= B
P4 4N +1
12

tr (SU(3)°U(1);) = (2N —2) g n(0) + 2 ¢ n(0) — 3(q. + ¢2) 1n(O) — (¢ + a5 + ¢) 1)

N
1=1:=—

3
1=2:=0

2N +1
:3::
! 12

AN
1=4:= +1

12

Where the group theoretic constants can be found in Table [2.3]

Same kind of computations give for the linear anomalies:

tr (U(1)) = 0
tr (U(1)s) = 0
tr (U(1)3) = 2N + 2
tr(U(1)y) = 2N — 1
e RHS:
(ST UW)) = @N)du0) = D |+ 25 43) ulE) + (@] + 23+ ) ()
+3(@ + g+ 2+ 1) @) p(O) + (@) + &+ (25 + 1) ) u(D)]
N
1=1:1=——
3
2N +1
1=3:= B
4N +1
1=4:= B
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tr (SU(3)°U(1);) = (2N) ¢, u(0) — i [(2 a5 + 2 43) () + (@3 + 25 ¢ + 43) p(C)

j=0
+ 3+ g+ (25 + D) g) nO) + (¢ + )+ (25 +1) ) ()]
z—l'—ﬂ
=l:=3
1=2:=0
2N +1
1=3:= B
P4 4N +1
12
tI‘(U(l)1>:O
tr(U(l)z):O
tr (U(1)5) = 2N + 2
tr(U(1)s) = 2N — 1

We can indeed see the matching of the anomalies.

C.2 Matching of ’t Hooft anomalies for the duality of
Section 5.2

Similarly, in this Section we show the matching of the 't Hooft anomalies and the central charges
of the different 4d S-confining theories presented in Section [5.2]

Z/ﬁ [n]

The first thing we compare on both sides is the central charges. On the gauge theory side, the

formula (2.82)) and (2.83)) give

e = n(2n + Dagl2] + (n(2n — 1) — Dag E] + (4n + 2)(2n)ag [%] (C.8)
_ % (8n% +6n +1) = aq [%} (8% +6n+1) (C.9)
s, =120+ Deol2] + (n(2n — 1) = Vo[ 5] + (4m + 2) 2n)eo 5] (C.10)
- 2—14 (8n* +6n+1) =c0[§} (8n* +6n+1) . (C.11)

The first term is the contribution of the gauginos, the second is the contribution of the an-
tisymmetric traceless field a and the last term comes from the fundamental p. The various
contributions are written in terms of

On the WZ side, the central charges are given by

Grns. = (20 + 1)(4n + 1)ao [g} - E] (802 +6n+1) . (C.12)
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Cons. = (20 +1)(4n + e [;} = ¢ E] (8% +6n+1) . (C.13)

In the first equality we have the contribution of the USp(4n + 2) antisymmetric A with the

trace part. We can indeed see the matching between (C.9))-(C.12)) and (C.11)-(C.13].

We can also consider the 't Hooft anomalies for the global symmetries
9 1 2n
Tr (UM)rUSp(4n+2)%),,  =(z—-1)2nx 5 =——, (C.14)
9 2n
Tr (U()rUSp(n+2)%) = (z—1])2n=—-—, (C.15)

where we used the values of Dynkin indices reported in Table [2.4]

O1[n]
Once again we can start by computing the central charges of the gauge theory
1 1 4 1
ains. = 5n(n = Daof2] + Fn(n+1) = Dag [5] +n(2n — 2)ag [g] (C.16)
1 2 _ 2 2
= = =3n+1) = a3 (2n* =30 +1) . (C.17)
1 1 4 1
Clhs. = En(n — 1D)eo[2] + En(n +1) —1)co [5} +n(2n — 2)c [5} (C.18)
1 2
= 57 (2 =3n+1) = o[ 5] (2 = 3n+1) . (C.19)

The first term is the contribution of the gauginos, the second is the contribution of the sym-
metric traceless field s and the last term comes from the chiral p in the vector representation.

On the WZ side, the central charges are given by

e = (n—1)(2n — ag E] _ E] (2% —3n+1) | (C.20)
Gns. = (m—1)(2n —1)¢ [g} = ¢y E] (2n2 —3n + 1) ) (C.21)

We can indeed see the matching between (C.17))-(C.20) and (C.19)-(C.21)).

We can also consider other 't Hooft anomalies

Tr (U(1)r SO(2n —2)%),, . = (é — 1) nxl= —%” (C.22)
Tr (U(1)rSO(2n —2)*) = @ - 1) 2n = —2?" : (C.23)

where we used the values of Dynkin indices reported in Table [2.5]
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Z/[Q [n, h]

The central charges of the gauge theory are

ans. = (20 + Dao[2] + n(2n — Va E} +2n(2n + 8 — 4h)ag [;} (C.24)
+ (2h)(2n)a [hg_h"] + h(2h = 1)ao[2 — 2h3_h"] + (2h = 1)ao[2 - 2h3_h" - g]
4 2h(2n + 8 — 4h)ag [2 . hg_h" . %} ~0, (C.25)
Cine. = 220 + Deol2] + n(2n — 1) [;] 4 2n(2n + 8 — 4h)eq [;] (C.26)
+ (2h)(2n)c [hg_h"] +h(2h — 1) [2 - Qh?)_—h”} 4 h(2h — 1) [2 - 2h3_h” - g]
+2h(2n + 8 — 4h)cg [2 - hg_h” - %} ~0. (C.27)

We can see that they vanish, in accordance with our claim that the theory is trivial in the IR.

Also the other 't Hooft anomalies vanish

Tr (U(1)r SU(2h)?) = {Qn (hg;h" - 1) + (2n + 8 — 4h) (2— ; _hen 1)} X %
+{(g_gh?;L"_1)+(2—§—2h3_—h"—1)}(h—1)=0, (C.28)

Tr (U(1)r USp(2n + 8 — 4h)?) = [zn (% - 1) + 2h (2 - g _hon 1)] X % =0, (C.29)

3h
82 [TL, h]
The central charges of the gauge theory are
1 1 2 2
Ahs = En(n — 1ag[2] + §n(n + 1)ag [5} +n(n — 8 — 2h)ay [g} (C.30)
h — 1 h — 1 h — 2
+ By 3h”} + 5hlh+ g 2-2 3h”} + 5hlh + g 2-2 3h” - g]
h—n 2
hin — 8 — _ — 2l = :
+ h(n— 8 — 2h)ag [2 - 3} 0, (C.31)
1 1 2 2
Clhs. = §n(n — 1)eo[2] + §n(n +1)co [5] +n(n — 8 — 2h)co [5] (C.32)
h — 1 h — 1 h — 2
h—n 2
h(n — 8 — 2h)ce|2 — 2l =o. .
4 h(n — 8 — 2h)c [2 = 3} 0 (C.33)

The other 't Hooft anomalies are

Tr (U(1)r SU(h)?) = {n (h;h” = 1) +(n—8—2h) (2 - % - % - 1)} x %




.AQ [TL, h]

The central charges are

2 2
arns. = (n? — Dag[2] + n’ag [5} + 2n(n — 2h)ay [g} (C.36)
h—n 9 h—mn 9 h—n 2
+ 2hnao| < | + h¥ao |2 — 27| + o2 — 27 — 7
h—n 2
+ 2h(n — 2h)ag [2 T g}
= Qo [O] = GQrhs. (C37)
clns. = (n* — 1)co[2] + n’co [g] +2n(n — 2h)cy [g] (C.38)
h—n 9 h—n 9 h—n 2
+ 2hney | - | +n co[z—z—gh | +r2eo[2 -2 = _g]
h—n 2
+ 2h(n — 2h)c [2 - g} = co[0] = ¢y, (C.39)
Some other 't Hooft anomalies are
h —
Tr (U(1)r SU(L)%) = Tr (U(1)r SU(L)2) = n ( 3hn - 1)
h—n h—n?2 2 h—n
2—2 —1 2—2 -——1 -2 2—————1)|=
+h< an )+h< a3 )—l—(n h)( 3 h ) 0,
(C.40)
2 2 h—n 1
Tr (U(1)r SU(n — 2h)?) = [Zn (5 — 1) +2h (2 —3 3 1)] 3
=0 (CA41)

Everything is compatible with the claim that in the IR the theory is given by 2 singlets of

R-charge 0 and one of R-charge 2 which are uncharged under the non-abelian symmetries.
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Appendix D

Deconfinement derivation for U/ |2]

In this appendix we derive the S-confinement result U;[n = 2]. The first step is the same as in
the general n case of Subsection [5.3.3l We have to split the 10 fundamental into 8 + 1+ 1. We

obtain the following quiver:

U2] : a3
(N p
@% 10 = 8
1
3
W = app
1 1
W = aqq + apip2 (D.l)

As in the general n case, we deconfine the antisymmetric traceless field a so to get

W = bqqb + pae + bde + Flip[vd; bb] (D.2)

The mass term in the superpotential pse after the deconfinement is what makes the case
n = 2 specific. Indeed in the higher n case (5.50)), it is no longer a mass term for the fields e
and py. We can then integrate out the fields p, and e to get:

2
3

1 Ly 1
q, 5 < 2f7 ,@7 @Q».; 3

W = bqqb + Flip[f f; bb]

W = bgqb + Flip[vd; b (D.3)

Then we dualize the USp(4) gauge node using the IP duality [45]. Due to the term bggb
in the superpotential, we don’t produce a link between the USp(2) = SU(2) gauge node and
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USp(8) flavor node, since it becomes a mass term for such field. We obtain the following quiver

after integrating out the massive field:

W = BQQB + Flip[QQ; [ f] (D.4)

We now see that the USp(2) on the left is connected to 4 fundamental chirals. This situation
is referred as the quantum deformed moduli space (QDMS) [37, 38]. It triggers an Higgsing
that leads to a complete breaking of the the two USp(2) gauge nodes. The low energy d.o.f.’s
consist of a traceful antisymmetric field A; of the USp(8) flavor symmetry, a bifundamental
field P between the SU(2) and USp(8) and a singlet 1. The R-charges of all the fields are 2.
The WZ theory that we obtain is the following:

mAlv é; mAv %
2 5 8 = 10
P, 3
W = A PP+ A} + tr (A) A} + nPP W = A® + tr (A)A? (D.5)
The mapping between (D.4)) and (D.5)) is

Flipper[Q ¢] Ay
fBQ +— P (D.6)

BB n

On the left of (D.5), we have written the most general superpotential compatible with the
R-charges. We also combined all the fields on the Lh.s. so to form a traceful antisymmetric of

USp(10). The r.h.s. of (D.5) is precisely the desired result.
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Appendix E

N =1 conformal manifolds of N/ =2

necklace quivers

We consider the Zj orbifold of N' =4 SU(N) SYM. The resulting theory is a SU(N)* quiver

with a cubic superpotential consisting of 2k terms

k
W= Z NTr(2,Q:Q; — ©,Qi41Qiv1) (E.1)
=1

where ®; is the adjoint of each gauge group and Q;, Q; are bifundamental hypermultiplets, with
{Qk11, Qkﬂ} ={Q1, Ql} Each elementary chiral multiplet has the N' = 1 R-charge R = % on
the whole conformal manifold, which includes the free theory.

The N = 2 conformal manifold is k-complex dimensional and is parameterized by the k
gauge couplings. The precise 2k superpotential couplings are set by N' = 2 supersymmetry in
terms of the gauge couplings 7;, which are related by supersymmetry to the couplings A; in the
N = 1 superpotential.

We now want to determine the N = 1 conformal manifold, which contains the N' = 2
conformal manifold as a submanifold. We use the method introduced in [272], of quotienting
the space of marginal deformations (that is the chiral ring operators with Ry = 2) by the broken
global symmetries. If £ > 3, there are k + 1 chiral ring operators with Ry = 2 (if & < 3 there

are additional operators which we discuss below)
k ~ ~
ST (R0 + Qi Qi) (@), i=1,.. k. (E2)
i=1

The global symmetry, in A' = 1 language, on the N = 2 conformal submanifold is

UL)p x U(1)5 x U(1)g, , (E.3)

baryonic

where U(1)p acts with charges +2,—1,—1 on ®,,Q;,Q;, respectively, the i baryonic U(l)
acts with charge +1 on Q;, Q; leaving the remaining fields uncharged, and U (1)g, assigns the
canonical R-charge Ry = % to all the chirals. We conclude that the barionic U(1)’s are not

broken by the marginal operators, while the U(1)r is broken.
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Hence, there are k +1 — 1 = k additional N' = 1 directions on the conformal manifold.
The full N = 1 conformal manifold is 2k-dimensional for & > 3. One deformation is the (-
deformation, which exists for any SCFT on D3-branes at toric Calabi—Yau singularities [273],

while the other operators are linear combinations of the Tr(®?) operators.

Special cases with £ < 3

Let us briefly comment on the cases with & < 3, where additional direction in the N' = 1

conformal manifold arise.

e If k =1 the theory is ' =4 SYM and the N’ = 1 conformal manifold is 3-dimensional,

as we briefly reviewed in the previous subsection.

o If k = 2 there are 2 additional marginal operators in the chiral ring

TI“(‘I)1Q1@2) ~ Tr(<I>2Q2Q1) ) Tr(q)lQQQl) ~ Tr(®2@1@2) ) (E.4)

where the equivalences are due to the F-term relations. These operators break one of
the 2 baryonic symmetries, hence they provide one additional direction in the conformal

manifold, which is 5-dimensional.

e If k = 3 the operators
Tr(Q1Q2Qs) , Tr(Q1Q2Qs) (E.5)

are chiral ring operators with R-charge Ry = 2. These operators break one of the 3 bary-
onic symmetries, hence they provide one additional direction in the conformal manifold,

which is 7-dimensional.
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