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Abstract

The main objects of study of this thesis are 0-dimensional subschemes of affine spaces. More
precisely, I have studied the following two aspects concerning them:

¢ the interaction between 0-dimensional subschemes and linear group actions on A",

e the computation of the Behrend number of 0-dimensional schemes in order to better
understand the Hilbert scheme of points.

In the first chapter of the thesis  have constructed the moduli spaces of certain G -equivariant
coherent 0,.-modules (G -constellations), introduced by Alastair Craw in 2001, which are sta-
ble with respect to a GIT stability condition. In addition, I studied the associated chamber
decomposition giving an explicit combinatorial description of the chambers.

In the second part of the thesis I have computed, mostly applying techniques from toric
geometry, the Behrend number of alarge number of fat points of the affine plane. This invariant
had been abstractly defined by Behrend in 2009, but even for a scheme with only one point
the (few) existing methods to calculate it could not be applied.

The thesis is mainly based on the content of the following two preprints:

 “Moduli spaces of Z.] kZ-constellations over A>". [30, 2022]

* “On the Behrend function and the blowup of some fat points", with A. T. Ricolfi.[31, 2022]


https://arxiv.org/abs/2205.07492
https://arxiv.org/abs/2202.06904
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Introduction

The objects of interest in algebraic geometry are algebraic varieties, i.e. common zero loci of
collections of polynomials. The easiest algebraic variety is just a d -tuple of distinct points, say
in some fixed affine space A". More generally, one is interested in 0-dimensional subschemes
Z c A", obtained as spectra of semilocal artinian C-algebras of finite type (we say fat point
in the local case). Such schemes are called smoothable when they are a limit of (a disjoint
union of) distinct points. Here, by limit, we mean that there exist a flat family of 0-dimensional
subschemes of A", X 7, B, with special fibre the scheme Z and with general fibre an
d-tuple of distinct points.

However, not all 0-dimensional schemes are smoothable. In technical terms, this is cap-
tured by the reducibility of the moduli space parametrising 0-dimensional subschemes Z c A"
of fixed length d. This space, introduced by Grothendieck, is known as the Hilbert scheme of d
points Hilb?(A™). Even in low dimensions, this moduli space is very singular and complicated.
For instance, although it is known (see for instance [11]) that, for n >4, Hilb%(A")is irreducible
for d <7 and reducible for d > 8, the irreducibility of Hilb?(A3)for 11 < d < 78 (see [18] and the
references therein) is currently unknown. Likewise, it is not known, for any d > 78, whether
Hilbd(A3) has non-reduced components. Finally, the existence of a new component, for d > 78,
has no constructive proof, so there are no explicit examples of new components as well as of
non-smoothable fat points of embedding dimension 3.

Unluckily, as observed for example in [41], being reducible is only one of the possible
pathologies that occur on the Hilbert scheme of points. Indeed, any kind of singularity occurs.

Another area of algebraic geometry in which the study of 0-dimensional schemes plays a
central role is Representation Theory, in particular, the theory of finite subgroups of GL(n, C).
When a finite linear group G acts on A", there exists a G -equivariant notion of 0-dimensional
subscheme of A”, namely that of G-cluster (see Definition 1.0.1). In this context, it is possible
to also introduce a notion of G-Hilbert scheme G-Hilb(A") (see Definition 1.0.4), i.e. the
fine moduli space of G-clusters. When G < SL(3,C) the space G-Hilb(A%) has several nice
properties (see [9]) and it has been studied in many areas of Mathematics and Mathematical
Physics.

Although, thanks to the results in [9], today a lot is known about G-Hilb(A%) when G <
SL(3,C), in some instances this space has not been concretely constructed and its geometry
has not been fully studied. Equally fascinating is the case n > 4, where much less is known,
and also many definitions should be revised. For instance, when n > 4, it is not in general clear
how the McKay correspondence should be formulated.

Thanks to a GIT argument (see [9, 15, 30]), G-Hilb can be interpreted as the moduli space
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of certain stable G-equivariant coherent sheaves, namely the G-constellations (see Defini-
tion 1.0.8), with respect to a GIT stability condition. This allows one, as the stability condition
varies, to build many other moduli spaces that share several nice properties with G -Hilb. Yet
much less is known about them.

Moduli spaces of G -constellations

One of the widest research areas in algebraic geometry is the resolution of singularities. In
particular, when X = A" /G for some finite subgroup G < SL(n,C), one can ask if a crepant
resolution (see Definition 0.3.1 and Section 0.5) ¢ : ¥ — X exists and, if it does, what is its
relation with the group G. The first answer to those questions was given, in dimension 2, by
the so-called McKay correspondence for A-D-E singularities (see [47, 29]). Nowadays, crepant
resolutions of singularities of the form A" /G, where G c SL(n, C) is a finite subgroup, appear
in several fields of Algebraic Geometry and Mathematical Physics, for example see [10, 40, 61]
and the references therein.

In general, crepant resolutions may not exist. Nevertheless, it is known that they exist in
dimension 2 and 3: see [19] for dimension 2, and see Roan [63, 64], Ito [38] and Markushevich
[50] for dimension 3. In particular, the 3-dimensional case was solved by a case by case analysis,
taking advantage of the fact that the conjugacy classes of finite subgroups of SL(3, C) had been
listed, for example in [72].

More recently, in [9], Bridgeland, King and Reid proved in one shot that a resolution always
exists in dimension 3. The resolution that they proposed is made in terms of G -clusters, i.e.
G-equivariant 0-dimensional subschemes Z of A" such that H°(Z, 0,) = C[G] as G-modules
(Definition 1.0.1). In particular, in [9] it was proved that there exists a crepant resolution

G-Hilb(A%)— A3/G

where G-Hilb(A3) is the irreducible component of the fine moduli space of G-clusters con-
taining free orbits. Notice that this result had already been obtained for abelian actions by
Nakamura in [52].

In particular, G-Hilb(A") is a closed G-invariant subscheme of the Hilbert scheme of
|G| points in A". The existence, for n = 2,3, of a crepant resolution of singularities ¢ :
G-Hilb(A") — X was proven in [9] where the authors also showed that there is an equiva-
lence of categories between the derived category of G-Hilb(A") and the derived category of
coherent G-sheaves on A”. Nonetheless, it is well known that, in higher dimensions, a crepant
resolution may not exist and, even if it exists, it may not be given by G- Hilb(A").

In [52], Nakamura also introduced, in a similar way, the notion of G-Quot” (A%) and he
asked for which coherent G-sheaves .Z € Ob Coh(A%) the variety G-Quot” (A%) is a projective
crepant resolution of A3/G.

Alastair Craw in his PhD thesis [14] generalized the notion of G-cluster to the notion
of G-constellation, i.e. 0-dimensional G-equivariant coherent 0,.-module % such that
H°(A", Z) = C[G] as representations. Moreover, he introduced a GIT stability notion, in
the sense of King, on the category of G-constellations. Afterwards, in [15], Craw and Ishii
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observed that, if G < SI(3, C) is abelian, then, for a generic stability condition 8, there exists a
crepant resolution of singularities
My — Al /G

where ./ is the irreducible component of the fine moduli space of 6-stable G-constellations
that contains free orbits. Moreover, in the same paper, they proved that all crepant resolutions
are of the above form and they differ from each other by a series of flops induced by wall-
crossing in the space of generic stability conditions and they conjectured that the same is true
for any finite subgroup of SL(3, C).

Very recently, a preprint [71] containig the proof of Craw-Ishii’s conjecture has appeared.
Unfortunately, there was no time to connect it with this thesis. We will briefly comment on
this proof in Section 1.7.

It was observed in [15] that the results in [9] imply that the space of generic stability condi-
tions ©8°" is a disjoint union of connected components called chambers. Moreover, in each
chamber C, the notion of stability is constant, i.e. for any 8,0’ € C, a G-constellation is
0-stable if and only if it is 6’-stable. Therefore, there is a canonical isomorphism .#y and ./,
forall 8,0’ € C and one can write ./ instead of /.

In the first part of the thesis, we will focus on the 2-dimensional abelian case, i.e. the
case when G < SL(2,C) is a finite abelian, and hence cyclic, subgroup. In the literature the
singularity A%/G is called an A singularity. This case is particularly simple from the point
of view of the resolution because we know, from classical surface theory, that there is a unique
minimal crepant resolution. Therefore, all the moduli spaces .#y are isomorphic as quasi-
projective varieties. As a consequence, in order to distinguish two chambers it is enough to
study their universal families % € Ob Coh(.Z x A?).

In Chapter 1, which mostly follows [30], we give an explicit combinatorial description of the
moduli spaces .#y, in the 2-dimensional abelian case, in terms of the chambers decomposition
studied by Craw and Ishii. In particular, this description answers, in dimension 2, the question
raised by Nakamura in [52] about G-Quot” . The key tool used is the following generalisation
of [29, Proposition 2.4].

Theorem A ([30], Theorem 1.5.2). Let 7 : A> — X be the projection map where X = A?/G
and G < SL(2,C) is an abelian finite subgroup and let ¢ : Y — X be the crepant resolution of
singularities. If &4 C Oy: is a coherent (G -invariant) monomial ideal sheaf, then the Oy -module

e*m A [Torg, €*m, A
is locally free of rank |G|.

The usefulness of Theorem A consists for example in the fact that, analogously to [29,
Proposition 2.4], it provides the McKay correspondence and a generalisation of it would help
to get higher dimensional versions of the McKay correspondence. The proof of Theorem A will
be constructive, meaning that we will give a commutative algebra construction that allows
one to write an explicit formula for the tautological bundle

Ry € ObCoh(.4y),
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i.e. the pushforward of the universal family %, € Ob Coh(.#4 x A?) via the first projection.
This construction can be easily implemented using some software such as Macaulay?2 [32].
As a consequence of Theorem A, we have obtained the following theorem, which, having a
constructive proof, allows one to build explicitly the objects mentioned in the statement.

Theorem B ([30], Corollary 1.6.8). Given G as in Theorem A and a generic stability condition 0,
there exists one (in fact infinitely many) G -invariant coherent ideal sheaf % C Oy. such that
My can be identified with a closed G -invariant subvariety of Quot’l'é’/ |(AZ), where,

Quotig, (A*)={# - F | F € ObCoh(A?), dim H(A?, #)=|G| }/ ~.

The theory developed to get the above result also allowed us to detect a special collection
S of chambers, the set of simple chambers. They have the property that any irreducible G-
constellation belongs to, at least, one simple chamber. The set S is defined in terms of the
toric G-constellations in .#y for 8 generic and its cardinality is computed in Section 1.4. The
following statement collects the mentioned results.

Theorem C ([30], Remark 1.4.16, Theorems 1.3.17 and 1.4.15). IfG < SL(2,C) is an abelian sub-
group of cardinality k, there are k-25~1 isomorphism classes of irreducible toric G -constellations
and

* the space of generic stability conditions is the disjoint union of k! chambers,

e the set of simple chambers has cardinality k - 22

The first point in Theorem C can be also recovered, via different arguments, from the theory
developed by Kronheimer in [47] (See also [12, Chapter 3-§3] for the algebraic interpretation),
but the approach to the abelian case here is different and it helps to prove the other results.

In order to prove Theorem C, we will give an exhaustive combinatorial description of the
toric points of the spaces .#y in terms of combinatorial objects called skew Ferrers diagrams.
Such diagrams are standard tools in many branches of mathematics, e.g. enumerative geome-
try, group theory, commutative algebra etc (for example [8, 27, 51]). In order to define simple
chambers, we will need to construct chamber stairs (Definition 1.4.2), combinatorial objects
that we will use to encode all the data of a chamber C.

It is remarkable that, even if Theorem A is proven under the 2-dimensional and abelian
hypotheses, in all the computational examples the statement happens to be true even in more
general cases. For instance, we tested via Macaulay2 [32] many 2-dimensional bidihedral
cases. In dimension 3 the situation is more delicate since there are several crepant resolutions.
Nevertheless, choosing the coherent ideal G -sheaf appropriately gives similar results, again
for specific examples (see Remark 1.6.3). In general, the case when G < SL(3,C) is non-abelian
is still largely unknown. Moreover, even in the abelian case, it is not clear for which coherent
G-sheaves Z the variety G-Quot” (A2) should be isomorphic to ./ for some generic 6.

In order to investigate this situation and to generalize Theorem A to a more general setting,
we began to study the action of the Klein group Hgg = PSL(2,F;) on A3. In particular, we built
a crepant resolution (see Section 1.8) alternative to the one constructed by Markushevich in
[50]. Comparing them will help in the construction of all the other resolutions and to construct
explicitly the moduli spaces of H;gg-constellations.
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Another possible way to explicitly construct moduli spaces of G-constellations, for G
non-abelian should be to combine the ideas in [53, 54] with the approach of Section 1.5.

The Behrend number of fat points via blowups

The Hilbert scheme of d points in the affine space A" has been defined in [34] and it is a central
object in modern algebraic geometry. However, not so much is known about it.

In dimension 2, Fogarty proved, in [23], that Hilb?(A2) is a smooth quasi-projective variety
and that the Hilbert-Chow morphism

Hilb%(A?) — Sym%(A?)

is a resolution of singularities. Another important result is the connectedness theorem by
Hartshorne in [35], which states that any Hilbert scheme (over a connected variety) is con-
nected. In dimension n > 2 the situation is more complicated. For instance, it was observed
that Hilb?(A") is singular for any d > 4.

One can also consider the punctual Hilbert scheme, i.e. the closed quasi-projective subvari-
ety Hilb?%(A"), c Hilb?(A") that parametrises fat points supported at the origin 0 € A". Clearly,
one can acquire information about Hilbd(A”) from Hilbd(A")O. For instance, they may share
irreducible components (see [11]). Iarrobino (in [36]) and Briancon (in [8]) independently
proved that the punctual Hilbert scheme can be stratified according to the Hilbert-Samuel
function of fat points and they explicitly described this stratification in some instances. More-
over, in [37], Iarrobino proved, via a dimension argument, that Hilb’®(A3) is reducible. His
proof passes trough the reducibility of Hilb’®(A?),. He also pointed out that there is no reason
why 78 should be the smallest number with this property. Unfortunately, the stratification
provided by the Hilbert-Samuel function did not help us to get new answers about the many
questions concerning Hilbert schemes of points. Therefore, a good idea might be to focus on
some other invariant. One possibility is given by the Behrend function.

In general, given a scheme X of finite type over C, the Behrend function (Section 2.1) is
a constructible function vy : X(C) — Z intrinsically attached to the scheme X. When X is a
fat point, i.e. when X consists, topologically, of just one point, the Behrend function is, in
fact, a number. Moreover, (Section 2.1) my coauthor and supervisor Andrea T. Ricolfi (SISSA)
and I observed that, in this case, the Behrend number can be computed as the sum of the
multiplicities of some effective divisors. Thus, v, > 0 for all fat point Z.

Currently, basically no method is known for calculating the Behrend function of fat points.
Therefore, it is possible to calculate this invariant only in very simple cases such as the local
complete intersection case. Since we expect this function to help us to better understand the
behavior of the punctual Hilbert scheme, we have decided to evaluate it (see [31]) for the fat
points of the affine spaces, in particular A? and A3.

In the paper [31] we have developed an effective technique to compute the Behrend func-
tion of a large class of fat points.

As a side result, we were able to describe the geometry of many surfaces constructed as
blowup of the affine plane at reducible and non-reduced centres. The same kind of analysis,
in dimension 3, is much more complicated. In theory, it is fully described by the MMP theory
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(see [46, Chapter 2] for an introduction), but, in practice, many areas are still to be investigated.
Some examples of similar birational constructions, in dimension 3, will be given in Section 1.8
and Appendix A.

We mostly focus on the case where X sits inside the affine plane A?, i.e. it has embedding
dimension 1 or 2. Such planar situation, arguably the easiest one, already presents (interesting)
technical difficulties, confirming that the Behrend function is a subtle invariant of a scheme,
no matter how many points the scheme has! For instance, it is easy to observe that

vx =length(X)

in many special cases (see Section 2.2.2 for several examples), but in general the length of the
fat point, namely the number length(X) = y (0x) = h°(0x), is not equal to vy, and is neither a
lower bound nor an upper bound for vx. As an example (cf. Example 2.2.7 for more details),
consider the ideal m = (x, y) € C[x, y]. Then, if X; = SpecC[x, y]/m¢ for d > 1, one has

vx,=d< @ =length(X,).

Our main technique is a fine analysis of the multiplicities of the components of the excep-
tional divisor of the blowup Bly AN, where X — A" is a given fat point. These multiplicities
add up to vx by Lemma 2.2.2.

The following result is obtained combining toric geometry techniques with a deep analysis
of the blowups of A? along the given ideals.

Theorem D (Theorems 2.3.11 and 2.3.13). Let1<i; <--- < i be a strictly increasing sequence
of positive integers. Consider the ideal K =] [;<;<,(x + f(y))+mit c Clx, y], where f(y) € Cly]
has degree smaller than is. Then K has colength >, ;> . j<k 1j» and its Behrend number is

sk s—1
Yeix,yl/K :ZZZJ'FZZ](S—])
== =

In particular, when i = k forallk =1,...,s, theideal Ky = |, ;< (x + f(y))+mk has colength

(**?), and its Behrend number is

s(s+1)2s+1)
— %

Ideals as in the statement of Theorem D are called towers in the thesis (cf. Definition 2.3.4),

Velxyl/ K =

and they are called complete fowers when i = k for all k. In Theorem 2.3.17 we give a formula
for the Behrend number of a product of two complete towers; in Section 2.4 we examine
the case of arbitrary finite products of towers, and we present an algorithm to compute the
Behrend number also in this case.

Theorem D covers a large class of ideals, including some monomial ideals. We now present
a few more explicit formulas.

If a monomial ideal I C C[x, y] is normal (which means that Bl; A? is normal, cf. Sec-
tion 0.10), then, by Corollary 2.6.11, it factors uniquely as a product

t
@ =] It

k=1
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where n, g C C[x, y] denotes the normalisation of the ideal (x?, yB) and ged(ayg, Bi) =1 for all
k=1,...,t.

The decomposition (A) can be seen as an explicit instance of a more general ‘unique
factorisation theory’ originally developed by Zariski [73] and more recently by Lipman (see [48,
Section V] and the references therein).

Thanks to the following explicit result, we know the Behrend number of n, 5.

Theorem E (Theorem 2.6.5). Let a, 8 > 0 be two positive integers, and letn, g C C[x, y] be the
normalisation of the ideal (x®, yP). Then,
a-p
Velx,yl/nap = ecd(a, B)’

One can describe thoroughly the blowup Bl; A? along a normal monomial ideal as in
Equation (A) via toric geometry (cf. Corollary 2.6.10), and this allows one to generalise the
identity in Theorem E to cover all normal monomial ideals in C[x, y].

In fact, the existence of the factorisation (A) readily implies the following statement.

Theorem F (Theorem 2.6.12). LetI c C[x, y] be a normal monomial ideal of finite colength.
There is a bijective correspondence

ideals ng P appearing inthe | 11 irreducible
’ )
factorisation (A) of components of E;A?

where E;A? is the exceptional divisor in the blowup of A*> with centre the ideal I. In particular,
if ] € C[x, y] is an arbitrary monomial ideal and I = ] is its normalisation, then E;A? has at
most t irreducible components, where t is as in Equation (A).

The Behrend number of a non-normal monomial ideal in C[x, y] can be computed from
some explicit data defined on the normalisation of Bl; A2. In fact, in Section 2.7 we prove a
general statement which is true in all dimensions, not just in dimension 2. We consider an
arbitrary fat point I ¢ C[x;,..., xy], and the normalisation morphism

‘LLI:ZI —)BIIAN

Welet { D; | 1 < i < s} be the irreducible components of the exceptional divisor E;AN c Bl; AY,
we set V7 = u;'(E;AN) and for each i = 1,...,s we let {Vj(’) |1<j<k;} be the irreducible
components of ¥; dominating D;. We then consider the two numbers

dij :deg(,u[{vm: Vj(i)—>D,-), e;j =mult ,u(Y7).
] 7
We obtain the following result.

Theorem G (Theorem 2.7.2). Let X — AN be a fat point defined by an ideal I C C[x;, ..., xy].

Then, there is an identity
s ki
Vx =szi1eif'
i=1 j=1

In Section 2.8 we argue, via an explicit example, that the toric techniques used in [31] are
not directly applicable to handle fat points in higher dimensional affine spaces AV, for which
a finer analysis is required. For instance, Theorem F fails. However, Theorem G is true in all
dimensions.
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Organisation of contents

After providing, in Chapter 0, some technical preliminaries and recalling some known facts, we
will focus, in Chapter 1, on the study of G -constellations and, in Chapter 2, on the computation
of the Behrend number of fat points.

In Chapter 0 we set up the notation, we review the notions of quotient singularities and
their resolutions, fat points, cones, blowups and their normalisations.

Many of the results of this thesis have already appeared in the preprints [31, 30]. Chapter 1
mostly follows [30] and Chapter 2 mostly follows [31]. More precisely, Section 1.0 is an introduc-
tion to the theory of G-constellations and Section 1.1 is a brief introduction to the singularities
of type Aj_; and to their crepant resolutions. Moreover, with respect to [30], a description of
the partial resolutions of these singularities has been added. In Section 1.2, we will prove that
the toric G-constellations are completely described in terms of certain diagrams which we
will call G-stairs (Definition 1.2.19). The remaining sections of Chapter 1 contain the proofs of
the main theorems of the chapter. More precisely, Theorem C is proven in Sections 1.3 and 1.4,
and Theorem A is proven in Section 1.5. Finally, in Section 1.8, we will construct a crepant
resolution alternative to the one constructed by Markushevich in [50]. This last construction
is not present in [30].

Chapter 2 is structured as follows. In Section 2.1 we recall the definition of the Behrend
function. Moreover, we prove the key result (Lemma 2.2.2) that we will exploit to perform
our computations, and we compute a number of examples of Behrend functions using its
elementary properties. In Section 2.3 we introduce towers, we completely describe their
blowups (subsection 2.3.2), and we prove Theorem D. An algorithm to generalise such results
is explained in Section 2.4. In Section 2.5 we prove Theorem E and Theorem F. In Section 2.7
we express the Behrend number of an arbitrary fat point I c C[xy, ..., xy] in terms of data
defined on the normalisation Z; — Bl; AV, thus proving Theorem G. In Section 2.8 we give
an example involving fat points X c A3 showing that the analysis we carried out in A? needs
nontrivial modifications in order to work in higher dimension.

In Appendix A we will discuss the blowup of a smooth threefold with centre two transverse
curves.
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Chapter 0

Background material

In this chapter we fix the notation used throughout the thesis, and we collect some frequently
used results.

Conventions

We work over the field C of complex numbers. All schemes will be separated and of finite
type over C. A variety will be an integral (reduced and irreducible) scheme over C. If X is a
scheme and V' C X is a subvariety, we denote by 0y the local ring of X at the generic point
of V. When V is an irreducible component of X, we denote by multy, X the length of the local
artinian ring Oy v, viewed as a module over itself. The function field of a variety X, namely
the residue field of Oy x, will be denoted C(X). We shall denote by m = (x, y) € C[x, y] the
maximal ideal of the origin 0 € A2

0.1 Blowups and exceptional loci

Given a variety M along with an ideal sheaf .¢ C 0), cutting out a subscheme X = V(¢)— M,
we shall denote by

Bl, M =Py, (@yi) M
i>0

the blowup of M along X. Sometimes we shall adopt the notation Bly M, often used in the
literature. The map ¢, is a projective birational (surjective) morphism of varieties which
restricts to an isomorphism over M \ X. The exceptional divisor attached to such a blowup is,
by definition, the effective Cartier divisor

defined by the (invertible) sheaf of ideals

£, (9)- Oy, v =image(e%.9 — Gy, ).
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In other words, E;M =Bl, M xy; X. If Cx 5 =Spec,, (Diso-#'/.#'*1)is the normal cone of
the inclusion X — M, then (0.1.1) agrees with the natural inclusion of the projective cone

P(Cx/ym)="Pg, (@y"/yﬂ'“) =E,M
i>0

inside Bl , M. Equivalently, the diagram

b

X e——>M

is cartesian. Finally, we set

EXC(EJ) = (EJM)red = P(CX/M)red»

and we call this reduced closed subscheme of Bl , M the exceptional locus of the blowup.
Sometimes, when no confusion is likely to arise, we shall denote it by Exc(Bl , M).

Notation 0.2. More generally, given a projective birational morphism f: Y — Z between
quasiprojective varieties, we shall denote by Exc(f) c Y the reduction of the preimage of the
indeterminacy locus of the birational map f~!.

We shall make extensive use of the following results.

Lemma 0.2.1 ([65, Tag 010F]). Let M be a scheme, and let .%,,.% C Oy be quasicoherent
sheaves of ideals. Let ¢ 4, : Bl 5 M — M be the blowup of M along .%,. Then there is a canonical
isomorphism of M -schemes

Bl ()6, 1y Bloy M) —— Bl (M),

Proposition 0.2.2 ([21, Prop. IV-22]). Let M = Spec A be an affine scheme, and consider a
closed subscheme X =V (fy, fi,..., [y) — M. The blowup of M along X agrees with the closure
inM X P!, =P, of the graph of the morphism

A(fy firf,) MNX =P

induced by the map ﬁf}(rﬂ) — Oy sending(ag, ay, ..., a;)— D o i, i fi.

0.3 Singularities and their resolutions

Definition 0.3.1. Let X be a quasi-projective variety. A resolution of singularities of X is a
birational projective morphism
e:Y—-X

such that Y is smooth. We will say that a resolution of singularities ¢: Y — X is crepant if
wy = e*wyx, where w, denotes the canonical bundle.


https://stacks.math.columbia.edu/tag/01OF
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Definition 0.3.2. Let X be a quasi-projective variety. A partial resolution of singularities is a

sequence
f g

Y — 7 — X.
where f, g are projective and birational morphisms and g o f is a resolution of singularities.

Notation 0.4. Sometimes we will omit the morphisms and we will refer to the varieties Y and
Z respectively as resolution and partial resolution of the singularities of X.

The following classical result by Hironaka ensures the existence of the resolutions of singu-
larities (see [46, INTRODUCTION] and reference therein).

Theorem 0.4.1 (Weak Hironaka Theorem). Let X be an irreducible reduced algebraic variety
over C (or a suitably small neighbourhood of a compact set of an irreducible reduced analytic
space) and .¢ C Ox a coherent sheaf of ideals defining a closed subscheme (or subspace) Z. Then
there are a smooth variety (or analytic space) Y and a projective morphism f: Y — X such that

* f*.¢ C Oy is an invertible sheaf Oy(—D) and

* E;X+D isas.n.c. divisor, i.e. its irreducible components are smooth and they intersect
transversally.

Clearly resolutions of singularities are not unique. For instance, the blowup, with a smooth
centre, of a resolution produces another resolution. Although Theorem 0.4.1 guarantees the
existence of resolutions of singularities, it is not true, in general, that crepant resolutions exist.
Even if they exist, in dimension greater than 2, they may not be unique. Nevertheless, as
mentioned in the introduction, for quotient singularities of the form A" /G, with G < Sl(n,C)
finite and n < 3, there are crepant resolutions. For example, one is G-Hilb(A") (see Chapter 1).

0.5 Finite group action on affine spaces

Given a finite group G and a representation p : G — GL(n,C), we have an action of G on the
polynomial ring C[xy, ..., x,,], given by

G xCl[xy,...,%x,] — C[xy,...,x,]

(& p) —— pop(g)™
where p and p(g)~! are thought respectively as a polynomial and a linear function. This is
equivalent to endow the structure sheaf 0, of the affine space A" with an action of the group
G, which, of course, is the lift of the action on A" induced by p. Similarly, the representation
p induces an action of G on the tangent and cotangent sheaves and their tensor and wedge
products, i.e. sheaves of the form
N
AT
i=1

where Ty. is the tangent sheaf, for some m;,..., m; € Z.
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Out of this, we can build the quotient singularity
A"/G =SpecClxy, ..., x,]°

whose points parametrize the set-theoretic orbits of the action of G on A" induced by p.
Notice that, if the representation p takes values in Sl(7n, C), then, the action induced by G
on the canonical sheaf wp» = 0y, -dx; A--- Ad x,, is trivial because

g-dxl/\---/\dxn:det(g)fldxl/\---/\dxn:dxl/\---/\dxn.

As a consequence, the singular variety A” /G has trivial canonical bundle.

Given a representation p : G — GL(n, C), we will say that a coherent sheaf # € Ob Coh(A")
is p -equivariant (a p -sheaf in the sense of [9)) if there is a lift of the action G ~ A" induced by
p, i.e. for all g € G there are morphisms kgg 1 Z — p(g)Z such that:

o 7(19; Iidg,
* A7, =p(&F(AT)eAT,

where 1 is the unit of G. In particular, this induces a structure of representation on the vector
space H(A", 7) as above

G x HO(A", F) HOY(A™, 7)

(8,5) ———— (A7) o p(g)*(s).

Whenever the representation is an inclusion G ¢ GL(n, C) we will omit the representation
and we will say that the sheaf is G -equivariant (or that it is a G -sheaf).

Let G be a finite group. Recall that the regular representation is the representation induced
by the canonical (left) action of g on C[G], where

clGl=EpC-g.

geG

0.6 Fat points, monomial ideals and the Hilbert scheme

Definition 0.6.1. A fat point is a C-scheme X isomorphic to Spec R, where (R, mp) is a lo-
cal artinian C-algebra. The embedding dimension of a fat point X = SpecR is the integer
dim¢(mp /mi). When this number is 1, we say that X is curvilinear.

Thus a fat point is a C-scheme X such that X,.q4 — X — SpecC is the identity. In other
words, it is a 0-dimensional C-scheme whose underlying topological space is just one point.
The embedding dimension of X is the smallest dimension of a smooth C-scheme containing
X as a closed subscheme.

Definition 0.6.2. The length of a fat point X = SpecR is defined as

length(X) = dim¢c HY(X, 0x) = dimg(R).
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Notation 0.7. Occasionally, for the sake of readability, if R = C[x, ..., x]/I defines a fat point
X =SpecR c AV, we shall write ¢ instead of length(X).

Up to isomorphism of C-schemes, there is only SpecC of length 1, only SpecC[#]/? of
length 2, and only SpecC[¢]/t3 and SpecC|x, y]/(x2, xy, y?) of length 3, the latter being of
embedding dimension 2. If k is an arbitrary algebraically closed field, it is known that there is
a finite number of isomorphism classes of local artinian k-algebras of length n <6, and that
this number is infinite when n > 6. See [58] for a complete classification of finite dimensional
algebras, and [51] for a classification of k[ x, y]-modules of length up to 4.

Let A=C[xy,..., xy] be a polynomial ring. We say that an ideal I c A is of finite colength
equal to n if A/I is a finite dimensional C-vector space of dimension 7, i.e. if X =SpecA/I is a
disjoint union of fat points. Amongst all fat points X c A" oflength 7, there are finitely many
special ones that are cut out by monomial equations. There is a bijective correspondence
between monomial ideals of colength n in C[xy, ..., xy]and (N — 1)-dimensional partitions of
n. If N =2, a 1-dimensional partition corresponds to a Ferrers diagram (see Definition 1.2.8)
(also known in the literature as a Young tableaux see Remark 1.2.9) made of n boxes, the
correspondence being depicted in Figure 1.

6

y
y5
ANEYA
y3 xy3 x2y3
y? | xy?x?y?
Yy | xy |x?y|x®y
1 Xl x2 | 23 x4 25| x8 | x7
Figure 1. The Ferrers diagram corresponding to the monomial ideal I =

(x7, x3y,x%y3,xy* y%), whose generators define the staircase of the diagram. The
length (number of boxes) is 17.

Any finite subscheme X c AV is a disjoint union of fat points. The moduli space parametris-
ing finite subschemes X c AN of length n is the Hilbert scheme of points Hilb"(A"). It con-
tains a projective subscheme Hilb"(AN), c Hilb"(AN), called the punctual Hilbert scheme,
parametrising fat points supported at the origin 0 € A", This scheme is known to be irreducible
of dimension n —1 in the case N =2, by work of Briancon [8]. It is also irreducible if N =3 and
n <11, by work of Jelisiejew—Keneshlou [42] while, it is reducible if N =3 and n > 78 by work
of Iarrobino [37]. It is remarkable that nothing about the irreducibiliy of the Hilbert scheme
is known for N =3 and 12 < n < 77 while, (see [11]) the Hilbert scheme of points is always
reducible for N >4 and n <7 and reducible for N >4 and n > 7. The locus of all fat points
X c AV oflength n is of course given by AN x Hilb"(AN),.
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0.8 Cones

A cone over a scheme X is an X-scheme of the form
m: Specg, o — X,

where .o/ = ;5 .</; is a quasicoherent sheaf of graded Oy -algebras such that the canonical
map .«/y — Oy is an isomorphism, .¢/; is coherent and generates .«/ over ./y. Given a cone
C =Specg, ./ — X, one can construct another cone

Co®1=_Spec, [z]-X
where the i-th graded piece of .</[z] is
(A[z2]); =i ®.F; 120 &2 .z
On the other hand, the projective cone of C is defined to be the X -scheme
P(C)=Pg,.d — X.
The projective completion of C, namely the projective cone
P(Co1l)— X,

contains C as a dense open subset with closed complement P(C)— P(C & 1), locally cut out
by the equation z =0.

The main example to which these constructions apply, of crucial importance in Chapter 2,
is the normal cone of a closed immersion X < M of C-schemes, namely the cone

Cx/m = Specg, (@y"/ﬁ'“) -X,

i>0

where .¢ C 0y is the ideal sheaf of X — M.

0.9 Normalisation and order functions

Recall that a quasicompact integral scheme X is normal if for every closed point p € X the
local ring O ,, is normal (integrally closed in its field of fractions). A normalisation of X is a
pair (Y, u), where Y is a normal scheme and y: Y — X is a morphism such thatif u’: Y/ — X
is a dominant morphism from a normal scheme Y”’, then there exists a unique morphism
0:Y' — Y suchthat uof =y’

Proposition 0.9.1 ([49, §4.1.2, Prop. 1.22 and 1.25)). Let X be an integral scheme. Then there
exists a normalisation morphism u: Y — X, unique up to unique isomorphism (of X -schemes).
Moreover, a morphism f: Y — X is the normalisation morphism if and only if Y is normal, and
f is birational and integral. If X is a variety, the normalisation u: Y — X is a finite morphism.

The following two results describe the behaviour of birational morphisms with a normal
variety as a target.
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Theorem 0.9.2 (Zariski’s Main Theorem [35, Cor. 11.4]). Let f: X — Y be a birational projective
morphism of noetherian integral schemes, and assume that Y is normal. Then, for every point
y €Y, the fibre f~\(y) is connected.

Lemma 0.9.3 ([65, Tag 0AB1]). A finite (or even integral) birational morphism f: X — Y of
integral schemes with Y normal is an isomorphism.

Recall that if X is a variety and V < X is a prime cycle of codimension 1, the order function
ordy : C(X)* — Z is defined as follows: one sets ordy(a) = lengthﬁxyv(ﬁxyv/a -Ox y)forae
Ox v, and for h = a/b € C(X)*, one proves easily that the definition ordy (k) = ordy(a)—
ordy (b) is well given. This definition generalises the more familiar notion that applies when
X is normal: in this case, the local ring (Ox,y, my,y) is a discrete valuation ring (and not just a
local integral domain), and one defines ordy (a) to be the largest integer k such that a € mé}'v.

The two notions are related as shown in the next result.

Proposition 0.9.4 ([26, Ex. 1.2.3]). Let X be a variety, u: Y — X the normalisation of X, and let
V — X be a subvariety of codimension 1. If h € C(X)* =C(Y)*, then

ordy(h)= Z ordy (h)-[C(W):C(V)],
u:w-v
where the sum is over all subvarieties W — Y which map onto V, and [C(W): C(V)] denotes
the degree of the corresponding field extension.

0.10 Normalisation of blowups

Recall that if I is an ideal in a polynomial ring A =C[x,, ..., xy], then the Rees algebra of I is
Allt|=AeIte’t*e 33 e---C Alt).

Since A is a domain, so is A[I¢], see [65, Tag 010F], and therefore the blowup Bl; AV is again a
variety (an integral scheme of finite type over C). If I is monomial, by the general theory of
normalisation in this setup (see e.g. [48, §I1.5] for a thorough treatment), the integral closure
of A[It]is

Allt|=AoTlto2t’0 B3t e ---

1

. m m
where, after setting x = x; ' --- x5~ for m =(my,...,my) €NV, one defines

(0.10.1) F:(xmeA|(xm)p€Ii” forsomele)CA.
By [57, Ex. 6.C.9], the inclusion A[I¢] — A[I¢]induces an everywhere defined morphism
ur:PA[It]— Bl AV,

which agrees with the normalisation morphism. In general, A[I¢] is normal if and only if
I'=Tiforeveryi>1.

By [59, Prop. 3.1], in the case N =2, the algebra C[x, y][I ] agrees with the Rees algebra
C[x, y][1t] of the monomial ideal I c C[x, y]. In particular the normalisation of Bl; A? is the
blowup of A? along I. This motivates the following common terminology.


https://stacks.math.columbia.edu/tag/0AB1
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Definition 0.10.1. We will say that an ideal I C A is normal if its Rees algebra A[I ¢] is normal.
When A=C[x, y], we will call 1 the normalisation of I.

We next state a special case of [17, Prop. 1.1] suited for our purposes (the general statement
involves a polynomial ring in an arbitrary number of variables).

Proposition 0.10.2 (17, Prop. 1.1)). Let I = (x®,x%yb2,. .  x%-1ybe yb) c Clx,y] be a
monomial ideal of finite colength and let Q; C R? be the subset defined by

Q= COHVQ((“I’ 0),(az, by),...,(as_1, bs_1),(0, b))+ Qio

where Convg(p, ..., ps) C Q? denotes the convex hull of a set of points py, ..., p; € N* C Q*. Then,
fori#0, one has
F:(x“yh |(a,b)€i-QlﬂZZ).

Remark 0.10.3. Proposition 0.10.2 provides a criterion to establish whether, given a monomial
ideal of finite colength I C C[x, y], the blowup variety Bl; A? is normal or not. Explicitly, if Q;
is defined as in Proposition 0.10.2 and A; = {(a, b) e N? | x4 y? € I'}, then Bl; A? is normal if
and only if

A;=Q; NN,

Moreover, we have the equality Q; = Convg(A;) and, as a consequence, if I, J ¢ C[x, y] are
normal ideals, then I J is normal. Indeed, by general properties of convexes (see [13, §2.2.]),
we have
QI] ﬂNz = COHVQ(AI]) ﬂNZ

= Convg(A;+A;)N N?

= (Convg(A;)+ Convg(As))N N?

= A[ + A]

= A]] .
Notice that the converse in not true. For instance, setting m = (x, y), we have

m® =m-(x?,y?),

and we shall see in Example 0.10.8 that (x?, y?) is not normal.
Example 0.10.4. Consider the two ideals I =(x2, y?)and J =(x?, y®)in C[x, y]. Then,

Ar={(a,b)eN*|a,b>2},
Aj={(a,b)eN*|a>2,b>3}.

Since (1,1) € (Q; NN?)\ A; and (1,2) € (Q; NN?)\ A}, the blowups Bl; A% and Bl; A? are not
normal. The integral closures of the Rees algebras are respectively given by

Clx,ylIt]=Clx, yllIt]
Clx, yllJt]1=Clx, yllJt]

where I =m? and J = (x2, x 2, y°).
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We will see many examples of normalisations of blouwps of the affine plane A? with centre
a monomial ideal of finite colength I ¢ C[x, y]in Sections 2.5 and 2.7.

Ferrers diagrams of ideals which have normal Rees algebras admit a useful description
that was given in [28] and we present below.

Theorem 0.10.5 ([28, Thm. 2.13]). LetI c C[x, y] be minimally generated by the n+1 monomials
(0.10.2) x%, x@ybnt | x G ybei @iy by

where a; > a; ., and b; > b;,, fori =0,...,n—2. Set a,, = b, = 0. If the blowup Bl; A? is normal,
then there exists an integer k such that0< k < n and

1. a,=0,a,1=1,a,_»,=2,...,ar=n—k,
2. b,=0,b, 1=1,b, ,=2,...,b, =k,
3. bis[%]fori:h..,n—k—l,

4. a; <[44 fori=1,...,k—1.

Remark 0.10.6. If an ideal I ¢ C[x, y], as in (0.10.2), is normal, then the boundary d Q; of Q;
is piece-wise linear, i.e.
0Qr=Q2\QrNQr=s U+ USy1,

where Q2 \ Q; denotes the Euclidean closure and sy, ..., s;;1 are, possibly unbounded, seg-
ments with different slopes. Let us also denote by vy, ..., v, the vertices of 9 Qy i.e.

{l/l'|0Si§t}:{SiﬂSj|0§i<jSt+1}.

For instance, I = (1) if and only if # = 0 which also implies vy = (0, 0).
Then, as a consequence of Theorem 0.10.5, up to relabeling the linear pieces and the
vertices, the following properties hold:

o the pieces sy and s;,; are unbounded and respectively supported on the positive half
horizontal axis and on the positive half vertical axis,

o fori=0,...,t,wehave v; =s; N s; 41,

o fori=1,...,t, the segments s; are bounded and supported on certain lines ry,..., 1,
such that each line r; has negative slope m; and 0> m; > m;,, foralli=1,...,t—1,

o there is a strictly increasing sequence 0 = k; < --- < k; = n of positive integers such that
v; = (ax,, b,—r,), where, as above, we set a,, = b, =0.

Now, the integer k of Theorem 0.10.5, can be chosen as
k=max{i|m; >—1}.

Below we show an example of Ferrers diagram of a monomial 0-dimensional scheme whose
associated Rees algebra is normal.
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Example 0.10.7. Consider the ideal I = (x5, x*y, x?y?,xy3,y%) c C[x,y] and Q;,A; as in
Proposition 0.10.2 and Remark 0.10.3. The Ferrers diagram of I is

where the highlighted area in the above picture corresponds to Q;. Then, the ideal I is normal
because A; = Q; NN?,

Example 0.10.8. Set I = (x*, y¥) c C[x,y], where k > 1. Then I is not normal, and the
normalisation of Bl; A? is given by Bl,« A2. Moreover, as we shall see in Example 2.2.7 (but see
also [35, Ex. I1.7.11]), there is a canonical isomorphism

Bl, A? —— Bl« A?=BI; A%
Composing with the normalisation morphism, one obtains a morphism

Bl,, A? — Bl; A%,

induced of course by I ¢ T ¢ m. An example with k =5 is depicted inFigure 2.

Figure 2. The normalisation of the ideal I = (x>, y°) is m®.
Again, as in Example 0.10.7, if Q; € Q? is defined as in Proposition 0.10.2, then the high-
lighted area in the above figure corresponds to Q;, but this time Q; NN? # A;.

Example 0.10.9. In general, if I = (x¥, y"), the blowup Bl; A? is canonically isomorphic (see
[21, Prop. IV-25]), over A?, to the quasiprojective surface

B={((x,y)[u:v])eA*xP | vxF=uyh}—A?xPp.

In particular, for k1, k > 1, the blowup Bl; A? is singular along the exceptional divisor and hence,
itis not normal.

0.11 Self-intersection inside quasiprojective surfaces

Let B = BI; A2 be the blowup of the affine plane with centre a fat point supported at the origin.
Then B contains a finite number of irreducible projective rational curves C;, ..., C,.
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Suppose that B is smooth. Whenever we will talk about self-intersection we will refer to
the quadratic form on @, .;, ZC; induced by the map

(-2
{C,...,Cr} z

€ C2=degq, (05(C1), ).
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1.0 G-clusters & G-constellations

Definition 1.0.1. Let G ¢ GL(n,C) be a finite subgroup. A G -cluster is a 0-dimensional sub-
scheme Z of A" such that:

¢ the structure sheaf 0, is G-equivariant, i.e. the ideal I is invariant with respect to the
action of G on C[x;, ..., x,], and

¢ if preg : G — GL(C[G]) is the regular representation, then there is an isomorphism of
representations
v H(Z,07)—CIG],

i.e.  is an isomorphism of vector spaces such that the following diagram:
GxHZ,0,) — HZ,0,)
idg x¢ ¥
G xC[G] ——— CI[G]
where the horizontal arrows are the G-actions, commutes.

Example 1.0.2. Consider the representation

p1: Z/3Z— GL(2,C)
& 0
: (0 6)

where &5 is a primitive third root of 1. Then, the following are examples of Z/3Z-clusters of A?:

Clx,y] Clx,y] Clx,y]
Spec( 7% ) Spec( P ) Spec((x—a,y—b)(x—ga,y—@b)(x—@a,y—gb))

for some (a, b) € A%\ 0.

Remark 1.0.3. In general, a free orbit is always a G-cluster. On the other side, the support of a
G -cluster, i.e. its reduction, is always a union of orbits of the G-action. We will see that the
G-cluster whose support is one orbit will play a central role in the theory developed.

Definition 1.0.4. We will denote by Hilb%(A") the fine moduli space of G-clusters and, by
G-Hilb(A") the irreducible component of Hilb® (A") containing the free G-orbits.

Remark 1.0.5. The scheme Hilb-G(A") can be constructed as a closed subscheme of the
Hilbert scheme of |G| points Hilb/®!(A"), i.e. the fine moduli space of length |G| subschemes
of the affine space. Its existence and the fact that it is quasi-projective was proven in [34].

Theorem 1.0.6 ([9, Theorem 1.2]). Let G c Sl(n,C) be a finite subgroup where n =2,3. Then
A" /G has only Gorenstein singularities. Moreover the Hilbert—Chow morphism

Y :=G-Hilb(A") -5 A" /G =: X,
which associates to each G -cluster its support, is a crepant resolution of singularities, i.e. wy =
e*wyx. (see Definition 0.3.1)
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Remark 1.0.7. The Hilbert-Chow morphism ¢ mentioned in Theorem 1.0.6 is a G -equivariant
version of the usual Hilbert-Chow morphism

£ :Hilb/!(A”") — Sym/®l(a™),

which associates to each 0-dimensional subscheme Z c A" of length 7 its support Supp(Z). In
particular £ can be thought of as the restriction of € to the G -invariant subvariety G-Hilb(A") C
Hilb!l(A").

Notice that the existence of the Hilbert-Chow morphism guarantees that G-Hilb(A") con-
tains, for n =2, 3, only (see Remark 1.0.3). G -cluster whose support is one G-orbit.

A natural generalisation of the concept of G-cluster is given in [15], and it is achieved
by consider coherent 0. -modules which are not necessarily the structure sheaves of 0-
dimensional subschemes of A”.

Definition 1.0.8 ([15, Definition 2.1]). Let G c GL(n,C) be a finite subgroup. A G -constellation
is a coherent 0, ,-module Z on A" such that:

* 7 is G-equivariant, and
e there is an isomorphism of representations

¢ :H°(A",Z)— C[G].

Remark 1.0.9. Since a G-constellation .7 is a coherent sheaf on the affine variety A", some-
times, by abuse of notations, we will call G-constellation its global sections H%(Z,A") as
well as . and, sometimes, we will treat a G-constellation as if it were a C[x;,..., Xx,,]-module,
meaning that we are working with the space of its global sections.

Definition 1.0.10. A G-constellation .7 is irreducible if it cannot be written as a direct sum
9 = (Ioal @ (‘902,
where &}, &, are proper G -subsheaves, and it is reducible otherwise.

Example 1.0.11. The structure sheaf of a G-cluster is a G-constellation. In particular, a G-
cluster is irreducible if and only its support is one G -orbit (see Remark 1.0.3).

Remark 1.0.12. If we think of a G-constellation as its global sections, a G -constellation F =
H%(Z,A")is irreducible if it cannot be written as a direct sum

F = El 57] E2,
where E}, E, are proper G -equivariant C[x;,..., X, ]-submodules.

Remark 1.0.13. The G-equivariance hypothesis implies that the support of a G-constellation
Z is aunion of G-orbits. When 7 is irreducible, then its support must be a G-orbit. Moreover,
for dimensional reasons, the only constellations supported on a free orbit Z are isomorphic to
the structure sheaf 0.
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Remark 1.0.14. Recall that (see, for example, [27, chapters 1 and 2]), given a finite group G
and the set of isomorphism classes of its irreducible representations

Irr(G) = {Irreducible representations}/iso,

there is a ring isomorphism
U:R(G)S P zp
pelrr(G)
where (R(G), ®)is the Grothendieck group of isomorphism classes of representations of G, and
the ring structure (on both sides) is induced by tensor product ® of representations. Moreover
Irr(G) ={p;,..., ps} is finite, and we have the correspondence:

R(G) Ll

N
DzZp;
i=1
C[G] —— (dimpy,...,dim py).

Following the ideas in [45], the above mentioned properties allow one to introduce a notion
of stability on the set of G-constellations. Given a finite subgroup G c Sl(n,C) (where n =2,3),
the space of stability conditions for G -constellations is

©={0 € Homz(R(G),Q)| 0(C[G])=0}

Definition 1.0.15. Let 6 € O be a stability condition. A G-constellation .7 is said to be 0 -
(semi)stable if, for any proper G-equivariant subsheaf 0 ¢ & ¢ %, we have

O(H (A", &)) > 0.
(=)

A stability condition 8 is generic if the notion of 8-semistability is equivalent to the notion of
0 -stability. Finally, we will denote by ©8" c © the subset of generic stability conditions.

Remark 1.0.16. If 7 is reducible, then it is not -stable for any generic stability condition
0 € 08", Indeed, suppose that Z = &; @ &, for some proper G-subsheaves &}, &, £ % . Then, if
Z had been 0-stable for some 8 € @8°", we would have

0=0(7)=0(61)+0(&),
0(&)>0,
0(&,)>0,

which yields a contradiction.
Since, for our purpose, we will be interested in irreducible G -constellations, whenever not
specified a G -constellation will always be irreducible.

Remark 1.0.17. If Z c A" is a free orbit, then 0, does not admit any proper G-subsheaf.
Indeed, given a nonzero element s € 0, the collection { g-s | geG } generates 0. As a
consequence, 0y is 0-stable for all 8 €0©.
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Example 1.0.18. Let us adopt the notation in Example 1.0.2. Then, the C[x, y]-modules

2
e e R v
define three Z/3Z-constellations. Their Z/3Z-equivariant proper submodules are
G-submodules R(G)
) (1,1,0)
Al @ (1.0,1)
Lo (1,0,0
i 6.0.1)
s o
e 101
S o
s o
2 e

In the last column are listed the correspondent elements in R(G) (see Remark 1.0.13). As a
consequence, if 8; = (2,—1,—1) and 8; = (1,—2, 1) are two stability conditions, then F, (resp.
E) is 0;-stable (resp. 0,-stable) and it is not 6,-stable (resp. 6;-stable). Finally, F5, which
is reducible, is not 8;-stable for i = 1,2. One can also show that both 6; and 6, are generic
conditions.

Definition 1.0.19. Let 6 € ©8°" be a generic stability condition. We call .#, the irreducible
component of the (fine) moduli space of 8 -stable G -constellations containing the free orbits.

In this context, we will denote by % the universal family of 8-stable G-constellations,
namely %y € Ob Coh(.#y x A"), and by Z the tautological bundle % :=(7_4,), %p.

Remark 1.0.20. The tautological bundle 2 is the vector bundle of rank |G| whose fibre, over
the point [F] € .4, is the complex vector space H(A?, 7).

The theorem below brings together results from [45, 15, 9].
Theorem 1.0.21. The following results are true for n =2,3.

* The subset ©%" C O of generic parameters is open and dense. It is the disjoint union of
finitely many open convex polyhedral cones in © called chambers.

* For generic 0 € ©8°", the moduli space My exists and it depends only upon the chamber
C C O8°" containing 0, so we write M, Uc and R ¢ in place of My, Uy, and Ry for any
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0 € C. Moreover, the Hilbert—-Chow morphism, which associates to each G -constellation
F its support Supp(F), e: Mc — A" /G, is a crepant resolution.

* (Craw-Ishii Theorem) Given a finite abelian subgroup G c SL(n,C), suppose Y S A"/G
is a projective crepant resolution. Then Y = /¢ for some chamber C CO and e =¢€¢ is
the Hilbert-Chow morphism.

* There exists a chamber Cg C ©8" such that /¢, = G -Hilb(A").

Remark 1.0.22. As expected by Theorem 1.0.6 and Remarks 1.0.3 and 1.0.16, %, = G-
Hilb(A") parametrises irreducible G-clusters.

Remark 1.0.23. Let U: = # \ Exc(e¢) be the complement of the exceptional locus of the
Hilbert-Chow morphism. Then, Remarks 1.0.13 and 1.0.17 imply, together with the third point
of Theorem 1.0.21, that for any two chambers C, C’ C ©8°™ we have a canonical isomorphism
of families over A" /G-schemes

ClUC xANl %C/luc/ xAN

1

UC x A" UC/ XAn,

i.e. there exists a unique isomorphism ¢ : Uz — U such that the diagram

Ue 7 Uer

k ecr

A"/G

commutes and %Chfc wn =@ xidan) e, -
x (olle
In particular, for any C, U, parametrizes the free orbits of the G-action as the complement

of the singular locus of A” /G does.
We conclude this section with the statement of the Craw-Ishii conjecture.

Conjecture 1.0.24. Let Y — X be a crepant resolution of a quotient singularity X = A3/ G, for
G < SI(3,C) finite. Then, there exists a generic stability condition 0 € ©%" such that #y and Y
are isomorphic over X .
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1.1 The two-dimensional abelian case

In this section we will fix some notation that we will use throughout the rest of this chapter
and will give a very brief description of the singularities of type A;g—; and of their respective
resolutions. Moreover, we will give an explicit construction of its partial resolutions as blowups
with centre some nonreduced ideal.

Throughout the section, we will consider a finite abelian subgroup G c SL(n,C).

1.1.1 The action of G

Whenever G c SL(n,C) is a finite abelian subgroup, it is well known that its irreducible rep-
resentations are 1-dimensional and that there is a bijection between the group G and Irr(G).
Moreover, the map ¥ in Remark 1.0.14 is such that

RG)— @ Zp
pelrr(G)

CIG] —— (1,...,1).

In particular, in dimension 2, it is well known that all finite abelian subgroups G c SI(2,C)
are cyclic. Moreover, for any k > 1, there is only one conjugacy class of abelian subgroups
of SL(2,C) isomorphic to Z/kZ. In what follows we will choose, as representative of such
conjugacy class,

£l
(1.1.1) Z/ICZEGz(gkz( (’)C )

; )) c SL(2,C)

where &}, is a (fixed) primitive k-th root of unity.
We will adopt the following notation for the irreducible representations of G:

i=0,...,k—1}.

Sometimes, we will identify Irr(G) with the set {0, ..., k — 1} according to the bijection p ; — j.
Notice that one may also identify (Irr(G), ®) with the abelian group (Z/kZ,+), but, in what
follows, we will mostly deal with Irr(G) as a set of indices, hence we will ignore the natural

(1.1.2)

Pi: Z/kZ—— C*
Irr(G) = gk ; 52

group structure on it.

1.1.2 The quotient singularity A?/G and its resolution
The singularity obtained in this case is called A;_; (or Kleinian or DuVal) singularity, i.e.
Ap_1 :=A%/G.

This is a rational double point and it has been intensively studied for decades (see for instance
[19)). It is well known that it has a unique minimal, in fact crepant, resolution Y A x—1 whose
exceptional divisor is a chain of k — 1 smooth (—2)-rational projective curves.
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As a consequence of Theorem 1.0.21 and of the uniqueness of the minimal model of a
surface, for any chamber C, there is an isomorphism of varieties ¢ : #¢ = Y such that the

M re Y
A
commutes. What changes between two different chambers C, C’ is that they have different

universal families %, %, € ObCoh(Y x A?).
Let us describe in details the minimal resolution and the partial ones. The varieties AZ,

diagram

A?/G and ./ are toric (see for example [13, Chapter 10] or [25, Chapter 2]) and we can rewrite
the diagram
AZ

ln
Mo —5 A2/G

in terms of fans as follows:

(0,1)

éc

A?/G

(k,—k+1) (k,—k+1).

In particular, .# is covered by the k toric charts U; ~ A? for j=1,...,k, associated to the
maximal cones of the chosen fan for .# - showed above.
Let us identify A%/G with the subvariety of A3

A*/G={(a,p,y)eA®|ap—r =0}

and let us put (toric) coordinates a j»cjon each U; for j=1,..., k. Then, we can encode the
diagram above into the following k diagrams

If (x,y)
(1.1.3) U i A%2/G  (xF,y*,xy)

s k=j+l k—j -1 j
@j,c;) ——— (a; "¢ a3 ¢ a c))
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for j =1,..., k. In particular, we obtain some relations between the coordinates x,y on A?
and the coordinates a jcjonUj, namely

a;= x]y]_k,

(1.1.4) -

ci=x"y
Formally, these are relations between rational functions defined on A? . 2>;G U;.

Remark 1.1.1. The toric points of each of the k —1 irreducible components of the exceptional
divisor of the crepant resolution are origins of two consecutive charts, i.e. U; and Uj,, for
some j=1,..., k. Therefore, we can order the collection of the components of the exceptional
divisor by saying that the j-th component is the curve whose toric points are the origins of U;
and Uj ;.

1.1.3 The partial resolutions of the A, _, singularities

Let X = { xy—zk= 0} =~ A?/(Z/kZ) be a singularity of type A;_;. It is an easy exercise in
algebraic (or toric) geometry to show that the blowup X of X at the origin gives a partial
resolution

y L. x £, x

with the property that the strict transform of the exceptional locus of g via f consists of the
first and the last exceptional curves (see Remark 1.1.1) of the resolution ¢. In paricular, X has
an isolated singularity of type A;_s. Similarly one can show that the blowups with centre the
ideals (x) and (y) give partial resolutions which pop up the first and last curve respectively
and which have an isolated singularity of type A;_».

We show now how to compute all the other crepant resolutions. Consider the ideals
I; cC[X], for j=1,...,k—1, defined by

Ij=(x,2))=(y,z"7) forall j=1,...,k—1,

where the equality follows from

j
Xz{det( o Z):o} forall j=1,...,k—1.
z" oy

Then, there is a partial resolution
fi gj
Y —— X;=Bl; X — X.

More precisely, this is the partial resolution with the property that the strict transform via f;
of the exceptional locus of g; is the j-th curve (see Remark 1.1.1) of the exceptional locus of
gj o fi- This can be understood by looking at the equations of the blowup:

(1.1.5) Xj:{uly—zk_juozxuo—zjul:O}CA3><IP’1.

Indeed, form Equation (1.1.5) it is clear that X; has an irreducible (rational) exceptional divisor
over which lie the two singularities of X ;. These singularities are respectively of type A;_; and
Aj—j—1, which implies that X is the required partial resolution.
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All the other crepant resolutions have of the form (see Lemma 0.2.1)

Jigni 8y
Y =5 X;=Bl, X —/5X,

Hlij
j=1

forsome 1<1i; <...< i < k—1. Each of them can be defined as the partial resolution with the

property that the strict transform via f; i 18 G U---UCy,
where we have denoted by C; the i-the curve in the exceptional locus Exc(¢) of the crepant

.....

resolution of X.
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1.2 Toric G-constellations

This section is devoted to the study of toric G -constellations, i.e. those G -constellations which,
in addition to being G-sheaves, are also T?-sheaves. As it usually happens when dealing
with T?-modules, we will see that the C[x, y]-module structure of a toric G-constellation is
fully described in terms of combinatorial objects, which in this case are called skew Ferrers
diagrams.

This way of proceeding in the description of a T?-module is not new, and it is actually
adopted very often in the literature; for example in the study of monomial ideals (see [8]) or,
more generally, in the study of T?-modules of finite length (see [51]).

Although many statements can be generalized to higher dimension, from now on we will
focus on the 2-dimensional case.

1.2.1 The torus action
Recall that A? is a toric variety via the standard torus action:

T? x A2 A2

((01,02),(x,y) — (01 x,0,-y).

Notice that, under our assumptions, G is a finite subgroup of the torus T?. Hence, the
action of T? commutes with the action of the finite abelian (diagonal) subgroup G c T2.

This implies that, given a 6-stable G-constellation %, the pullback oc*% is a 6-stable
G-constellation. Indeed, o* induces an isomorphism between the global sections of c*%
and .Z and hence, dim H%(A?,0*%) = k. Moreover, *7 is still a G -sheaf if we define (see
Chapter 0), Vg € G, the morphisms A7 7 : 0*F — g*0*F as

T _ Ky T
Ag T =0TAL .
Such morphisms are well defined because o* and g* commute, i.e. g*c*% = o*g*.% for all

(g,0) € G x T?. Finally, we have to check that 0*7 is 0-stable. This follows from the fact that
both the groups G C T? act diagonally. As a consequence, if & C . is a proper G -subsheaf and

,
HA%,6)=PDp;,
j=1

as representations (see Equation (1.1.2) for the definition of p;), then c*& c 0*% is a proper
G-subsheaf and

;
Ora2 % _
H (A% o 8)—@pij
j=1
as representations.

Definition 1.2.1. As explained above, the torus T? acts on ./ for any chamber C. We will say
that a G-constellation .7 is toric if it corresponds to a torus fixed point.

Remark 1.2.2. A G-constellation .7 is toric if and only if it is a T?-sheaf. Indeed, .7 is a torus
fixed points if and only if, for all o € T? there are isomorphisms v, : # — ¢*Z and these
isomorphisms provide the structure of T?-sheaf on .Z (see Chapter 0).
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Definition 1.2.3. We will say that a G-constellation 7 is nilpotent if the endomorphisms x-
and y- of the C[x, y]-module H°(A?, ) are nilpotent.

Remark 1.2.4. A G-constellation .7 is supported on the origin 0 € A if and only if it is nilpotent.
This follows from the relation between the annihilator of a C[x, y]-module and the support
of the sheaf associated to it (see [20, Section 2.2]). Moreover, Theorem 1.0.21 implies that
nilpotent C-stable G-constellations correspond to points of the exceptional locus of the
crepant resolution ..

Remark 1.2.5. Given a G-constellation F = H°(A?,.Z), we can compare its structures of
representation and of C[x, y]-module. Looking at the induced action of G on C[x, y], it turns
out that, if s € p; via the isomorphism F = C[G] then:

X:-S€EPiv1y
and,

y-S€pPi1

Proposition 1.2.6. IfF = H°(A?, ) is a nilpotent G -constellation then the endomorphism x y -
is the zero endomorphism.

Proof. The G-constellation F is a k-dimensional C-vector space. Let us pick a basis

{l}o,..., Vk—l}
of F such that, forall i =0,...,k—1, v; € p; under the isomorphism F = C[G]. As in Re-
mark 1.2.5, forall i =0,...,k—1, we have:

X-Vi €Pit1s
and,

Y Vi€pia
where the indices are thought modulo k. In other words,

x - v; € Span(v;41) and y - v; € Span(v;_4).
Therefore, we get:
xy-v;€Span(v;), Vi=0,...,k—1

ie.
xy-v;=aq;v;, witha; €C, Vi=0,...,k—1.

Now, the nilpotency hypothesis implies that a; =0 forall i =0,...,k—1. O

Remark 1.2.7. If a G-constellation F = H(A?,.7) is toric, then, it is also nilpotent. Indeed,
following the same logic as in the proof of Proposition 1.2.6, we have

xk~v,~=a,-v,-,witha,-€(c, Vi=0,...,k—1,

but torus equivariancy implies a; =0 forall i =0,..., k—1.
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1.2.2 Skew Ferrers diagrams and G -stairs

The advantage of working with toric G -constellations is that their spaces of global sections can
be described in terms of monomial ideals whose data are described by mean of combinatorial
objects.

We can associate, to each element of the natural plane N2, two labels: namely a monomial
and an irreducible representation. We achieve this by saying that a polynomial p € C[x, y]
belongs to an irreducible representation p; if

VgeG, g-p=pigp

i.e. p is an eigenfunction for the linear map g- with the complex number p;(g) as eigenvector.
In particular, with the notations in Section 1.1.1, the monomial x’y/ belongs to the irreducible
representation p;_; of the abelian group G, where the index is tought modulo k. According to
this association, we can define the representation tableau J; as

o =1{i,j, 1) eN*xIrx(G) | i— j=t ( mod k)} c N*xIrr(G).

N
k
k-1 k-1 k—1 k k-1
y xy (xy) Xty
k—1p=----=--1 = P
1 2 0 1
Yy xy xk_]y xky
1F-=----=-4 - F=-2-----
k-1 0 k-2 k—1
Ok,,l,,,,{,A L A
0 1 k—1 0
N
0 1 vt k=1 k k+1

Figure 1.1. The representation tableau ;.

Notice that the labeling with the representation is superfluous because the first projection
N2 - 9(; - N2

is a bijection. In any case, this notation is useful to keep in mind that we are dealing with the
representation structure as well as with the module structure.
In summary, the representation tableau has the property that

moving to the right “increases” the irreducible representation by 1 ( mod k)
moving up “decreases" the irreducible representation by 1 mod k).

(1.2.1)

Definition 1.2.8. A Ferrers diagram (Fd) is a subset A of the natural plane N? such that
(N*NA)+ N2 c (N*\ A)

i.e. there exist s>0and ¢ty >--- > t; > 0 such that

A={(i,j)|i=0,...,sand j=0,...,5; }.
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Remark 1.2.9. In the literature there is some ambiguity about the name to be given to such
diagrams. Indeed, sometimes, they are also called Young tableaux and, by Ferrers diagrams,
something else is meant (for some different notations, see for example [27, 1]). In any case, we
will adopt the notation in [16].

Pictorially, we see s consecutive columns of weakly decreasing heights. An example is
depicted in Figure 1.2.

N

Figure 1.2. An example of Fd where s =3,1,=3,# =2,£,=2,13=0.

Remark 1.2.10. We briefly recall that, starting from a Ferrers diagram A, we can build a torus-
invariant 0-dimensional subscheme Z of A?. Indeed, if B = N?\ A is the complement of A,
then

I;= { xb‘yb2 } (b, b,)eB }

is the ideal of the above mentioned subscheme Z c A2. In particular, the C[x, y]-module
structure of H°(A?, 0,) = C[x, y]/I, is encoded in the Fd, by saying that a box, labeled by
the monomial m € C[x, y], corresponds to the 1-dimensional vector subspace of H°(A?, 0,)
generated by m, and

moving to the right in the Fd is the multiplication by x
(1.2.2) . : . o
moving up in the Fd is the multiplication by y .

Definition 1.2.11. We will call skew Ferrers diagram (sFd) the set theoretic difference of two
Ferrers diagrams.
Moreover, we will say that a sFd T is connected if, for any decomposition

I'= Tl U rz
as disjoint union, there are at least a box in [ and a box in I, which share an edge.

Lemma 1.2.12. A skew Ferrers diagram T encodes the data of a torus-equivariant C[x, y]-
module My.

Proof. Similarly as we did in Remark 1.2.10, we associate, to each Ferrers diagram A the ideal
Ii=({x"y" eClx, y]| (by, b)) eN*\ A}).

Suppose that T' = A; \ A, is the difference of two Ferrers diagrams A;, A,. Then we can define
the torus-equivariant C[x, y ]-module

My =1y,/1p,N 1 =1p,/14,04,-
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The fact that M does not depend on the decomposition I = A; \ A, follows noticing that,
if we pick another decomposition I = A} \ A7, then the isomorphism of C-vector spaces

Iny /I, OV Ia, = Ly [ 1, N Ly,

which associates the class x%y# + Iy, NIy, to the class x?yP + Iy, N1y, is an isomorphism of
Cl[x, y]-modules. O

Now, instead of focusing just on subsets of the natural plane N?, we will introduce more
structure by looking at subsets of the representation tableau.

In some instances, we will need to work with abstract sFd’s obtained forgetting about the
monomials.

Definition 1.2.13. We will call G -sFd a subset A C J;; of the representation tableau whose
image mn2(A), under the first projection

TTN2 Igc - NZ,

is a sFd.
An abstract G -sFd is a diagram I' made of boxes labeled by the irreducible representations
of G that can be embedded into the representation tableau as a G-sFd.

Example 1.2.14. Consider the action Z/3Z ~ A?. In Figure 1.3 are shown an abstract G-sFd
and two of its possible realisations as G-sFd.

3
kiyii x4y4
0 0 e
0
1 2 L2 |t xty3 | x8y8
1 2 1 2
I WA Lxty? | 0y
210 2 0 0
X 5
L - *ry_
1 1 1

Figure 1.3. An abstract Z/3Z-sFd and two of its possible realisations as Z/3Z-sFd.

On the other hand, the diagram in Figure 1.4 is not an abstract G -sFd because it does not
satisfy the rules (1.2.1) and (1.2.2).

2]
0|2
Figure 1.4.

Remark 1.2.15. Given any subset = of the representation tableau and any monomial x%y?
we will denote by x?y? - Z the subset of the representation tableau obtained by translating
= «a steps to the right and f steps up. Notice that this is compatible with the association
N? < {monomials in two variables} as explained in Remark 1.2.10.
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Lemma 1.2.16. If % is a toric G -constellation then there exists a basis {vy,...,Vx_1} of F =
H°(A%, 7) such that

1. foralli=0,...,k—1, v; € p;,

2. foralli=0,...,k—1, v; are semi-invariant functions with respect some character y; of
T?, i.e. (a,b)- v; = y;(a, b)v; forall(a, b) € T?,

3. foralli=0,...,k—1,

X - v; €{vj41,0},
y : yi € {vi—l:o}'

Proof. We can always pick a basis {1y, ..., Ux_1} which satisfies (1) and (2). Moreover, it follows
from Remark 1.2.5 that:

X - U; € Span(viy),
y- /171 € Span(,ﬁi—l))

where the indices are thought modulo k. The fact that % is toric implies that there are no
“cycles", i.e. there areno 1 < s < k and

j=1,...,s,
(ij,kj hj,0 ;) €I(G)x N> x C*| i #ij for j#
kj + hj+1 >0
where the indices are thought modulo s, such that
(x-)Ya g, =0,(y)27,,
(x-)e 17, =0y ) 1y,
(1.2.3)
(VB =0y,
(x')ks 171'3 = Us(y')hl 171'1 .

Indeed, x and y are semi-invariant functions with respect to the characters

Ax

T? Cx

(a,b) —— a

and
T2 Ay C*
(a,b) —— b
of the torus T?. Then, if we act on both sides of the Equations 1.2.3 with some (a, b) € T?, we
get:
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(2@, b)" zi,(a, b)(x ) 5, =017, (@, b)Y ) (a, b)(y ) T,
Ax(a, b)Yy, (a, b)(x- )’C2 U, =02, (a,b)Ys y(a,b)y s T,
(1.2.4) X
M@, bYor g (@, b)x)5s B =0 1Ay (a, b g (a, b)y )™ T,
M@, bY@, b)) 5, = oAy (@, b)Y g (a, b)Yy )i B,

Now, the System 1.2.4 is equivalent to:

aky;(a,b)=b"y,(a,b),
a2y, (a,b)=b"y,(a,b),

akS7lxix_1(a’ b) = bhsxis(a, b)»
a%yi(a,b)=b"y;(a,b),

which is equivalent to
(1.2.5) abit=thks = phit-ths (g, b)eT?.

Finally, the only solution of Equation (1.2.5) is

which contradicts the hypothesis k; + h;,; >0foralli=1,...,s
We are now ready to build the requested basis. Let {w,..., w;} C {7, ..., Ux_1} be aminimal
set of generators of the C[x, y]-module F, i.e. the set

wi+m-FeF/m-F|j=1,...,¢
J

is a basis of the C-vector space F /m- F. Let us also denote by F;, for j =1,...,{, the submodule
generated by w;. We start by taking, for all j =1,...,¢, as basis of F; the set

Bj:{xayﬁwj|a-ﬁ:0}.

The problem is that in general the union of all B;’s is not a basis of F because there can be

some relations x%w; = uy? w jfori# jand u € C*\ 1. The fact that there are no cycles implies

that we can re-scale all the elements in each B; obtaining new B j so that B jisabasis of F
J

that verifies properties (1), (2), (3). O

Proposition 1.2.17. Given a, possibly reducible, toric G -constellation F = H°(A?, F), there is

(at least) one G -sFd whose associated C[x, y]-module is a G -constellation isomorphic to F .

Remark 1.2.18. If we find one G -sFd with the required property, then there are infinitely many
of them. Indeed, a special property of the representation tableau is that translations enjoy
some periodicity properties.

LetI be a G-sFd, then:
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1. multiplication by x has period k, i.e there is an isomorphism of C[x, y]-modules
My = Mk
which induces an isomorphism of representations between My and M« ;
2. multiplication by y has period k, i.e there is an isomorphism of C[x, y]-modules
My =M ykT
which induces an isomorphism of representations between My and M «.r;
3. multiplication by x y is an isomorphism, i.e there is an isomorphism of C[x, y]-modules
My = M, yT
which induces an isomorphism of representations between My and M, r.
In particular, all these G-sFd’s correspond to the same abstract G-sFd.

Proof. ( of Proposition 1.2.17). Let {vy, ..., vx_1} be a C-basis of F with the properties listed in
Lemma 1.2.16, and let { w; = v, | j=1,...,s} be aminimal set of generators of F as a C[x, y]-
module (see the proof of Lemma 1.2.16). Denote by F;, for j =1,...,s, the C[x, y]-submodule
of F generated by w;. We can represent each F; by using diagrams of the form shown in
Figure 1.5,

Uij—h,v

Vij—2

Vij—1

Wi | Vg1 | Vg2 | =+ |Vij+k;

Figure 1.5.

where the integers k; and h; are defined by
kj=max{a|(x)*w;#0}

and
h; =max{a | (y) w; #0},
and they are well defined because any toric G-constellation is nilpotent by Remark 1.2.7.
The C[x, y]-module structure of F; is encoded in the fact that the multiplication by x (resp.
y) sends the generator of a box (i.e., the generator of the corresponding vector space) to the

generator of the box on the left (resp. above). If there is no box on the left (resp. above) this
means that the multiplication by x (resp. y) is zero.
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Now, we have to glue these diagrams to form the required G-sFd. We will glue them
along boxes with the same labels. First, notice that, if, for some j # j" and r, t > 1, we have
(x)"w;=(x")wj,ie. ij+r =i+t modulo k, then

(x) ' wj=(x) wy=0.

Indeed, if r < t (the case r > t is analogous) then, a representation argument (see Proposi-
tion 1.2.6) tells us that w; = (x)~"w i~ which, whenever (x-)" w; # 0, contradicts the minimal-
ity of the generating set {w,, ..., w,}. Analogously, if, for some j # j’ and r,t > 1, we have
(y) wj=(y) wj, then (y-)"w; =0.

Now we show that, if, for some j # j" and r, £ > 1, we have (x-)"w; =(y-)' wj, then r = k;
and t = hj,. Suppose, by contradiction, that there exists 1 < r < k; such that (x-)" w; =(y-)* w;
(the case 1 <t < hj, is similar). In particular, the minimality assumption implies 7 > 1. Since
r < k;, by definition of k;, we have (x-) " w; #0. Therefore, we get

0£(x) M w;=x-((x) w)=x-y" wp=(xy)y " wp=0

which gives a contradiction.

The last thing to be checked is that there are no “cycles". Explicitly, suppose that, up to
reordering the v/s, and consequently the w;s, we already glued ¢ diagrams, as above, of the
form depicted in Fig. 1.5 to a diagram of the form shown in Figure 1.6,

e v wy=xk

o ] ]

vl w=xkerw,,

e

xkew,

wy ‘

Figure 1.6.

we want to show that there is no gluing (x-) wy = o(y-)"» w; for some o € C*, i.e. no gluing of
the first and the last boxes of the above diagram. The presence of this cycle would translate
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into the following system of equalities

(x)5wy = ()2 wy,

(x)% wy = (1) ws,

(x)frwe g =(y)wy,

\(x.)k/ Wy =o(y)mw,

which cannot be verified by any toric G -constellation as explained in the proof of Lemma 1.2.16.
So far we have proven that each connected component of the required G-sFd has the shape
depicted in Figure 1.7.

.

Figure 1.7.

Moreover, if we forget about the reordering, each box will contain a label v; whose index
increases by one when moving to the right or downward in the diagram. Since we have chosen
v;ep;fori=0,...,k—1, this diagram fits in the representation tableau (see Section 1.2.2), i.e.
itis an abstract G-sFd. After performing all possible gluings, we obtain a number of abstract
G-sFd’s Ay, ..., A;, whose shape is drawn in Figure 1.7.

The last thing to do is to show that we can realize A;,...,A,, as subsets I},...,T},, of the
representation tableau to get a G-sFd, i.e. in such a way that

n(LmJF)

is a sFd. This can be done in many ways and we explain one possible way to proceed.

We start by realizing Ay, ..., A,, as disjoint G-sFd’s I},...,T},,. This can always be done
because, as we observed, A;,..., A, are abstract G-sFd’s and, from any choice of realisations
IN"I,...,IN"m of them as non-necessarily disjoint G-sFd’s, we can obtain disjoint I7,...,T}, by
performing the translations described in Remark 1.2.18.

At this point, we have m disjoint G-sFd’s as described in Figure 1.8,
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Figure 1.8.

where just the labels of the boxes we are interested in are shown. The problem is that, in general,

m m
the union  JT; is not a G-sFd, i.e. mye (U I; | is not a sFd. In order to solve this problem, we
i=1 i=1

have to perform some translations. The required G-sFd is

m
FZUfi’

=1

where .
_ kXaj k2> 6,
Ii=x /= y =+ .T; fori=1,...,m.
The proof that I is a G-sFd is now an easy check. O

As a byproduct of the proof, we also get that any G -sFd associated to an irreducible toric
G -constellation has a particular shape.

Definition 1.2.19. We will say that a a connected G-sFd I is a stair if
(myn)enpe[)=>(m+1,n+1),(m—1,n—1) ¢ mn:(T).
Moreover,
» we will call G -stair a stair made of k boxes,

» we will call abstract (G -)stair an abstract G -sFd whose realisation in the representation
tableau is a (G -)stair,

e given a stair I we will call (anti)generators of ' the boxes positioned in the (top) lower
corners of I (see Figure 1.9),

» we will call substair any (even not connected) subset of a stair.
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generators [

/\ antigenerators

Figure 1.9. Generators and antigenerators of a stair.

Remark 1.2.20. If & is any toric G-constellation, and I'y is any G-sFd associated to &, then
I'z is connected, i.e. it is a G-stair, if and only if & is irreducible.

In this case we will refer to the upper left box as the first box and we will refer to the lower
right box as the last box. In this a way, we provide of an order the boxes of a G-stair and,
consequently, we provide of an order also the irreducible representations of G.

Remark 1.2.21. The set of generators of a stair I corresponds to a minimal set of generators of
the C[x, y]-module M associated to T, i.e. m;,..., my; € M such that

{mi+m'Mr€Mr/m'Mr|i:1,...,5}

is a C-basis of My/m- Mr. Antigenerators correspond to 1-dimensional C[x, y ]-submodules of
Mr, i.e. they form a C-basis of the so-called socle

(OZMrm):{mGMrlm'mZOEMr}.

Since each irreducible representation of G appears once in a G-stair L, sometimes, with
abuse of notation, we will say that an irreducible representation is a (anti)generator for L.

Definition 1.2.22. Given a connected G-sFd I', we will call, respectively, height and width of
I' the integers h(I') and w(T') given by the height and the width of the smallest rectangle in N?
containing 7y ().

Moreover, given an irreducible toric G-constellation &, we will call, respectively, height
and width of  the integers h(F) and w(F) given by the height and the width of any G -stair
which represents 7.

We will see in Lemma 1.3.3 that to have a certain height (or width) prescribes the position
of a G-constellation in the moduli spaces.
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1.3 The chamber decomposition of © and the moduli spaces ./

This section is devoted to the proof of the first main result (Theorem 1.3.17) of the first chapter.
In the first part of the section we will analyze the toric points of .# and the corresponding
G -constellations. Then, we will show how to construct 1-dimensional families of nilpotent
G-constellations. Finally, in the last part, we will give the proof of the first main result.

1.3.1 The toric points of ./

Remark 1.3.1. The toric points of ./ are the origins of the charts U; (see Equation (1.1.3))
and they correspond to the toric C-stable G-constellations. Indeed, the toric action that makes
M ¢ atoric variety, as described in beginning of this section, coincides with the action

Lﬂc XTZ  — %C

(7]0) —— [0*7].

This is a consequence of the universal property of .# . Notice that, outside the exceptional
locus of ./, i.e. on the open subset of free orbits, a direct computation is enough to show
that the two actions agree.

As a consequence, we have a total order on the toric G-constellations over ./, in the
sense that the first toric G -constellation is the G -constellation over the origin of U, the second
one is the G-constellation over the origin of U,, and so on.

Remark 1.3.2. Let T be a G-stair, then there exists a unique o € Irr(G) such that
y-o=0andx-c®p_;=0

inT. In particular, the representation o corresponds to the first box of I'. This representation is
important because, if we want to deform in a non-trivial way the G-constellation & associated
to I keeping the property of being nilpotent, there are only two ways to do it, namely to modify
the C[x, y]-module structure of & by imposing

y-o=A-00p_;, AeC*

or
X-o®p_1=u-o, ueC.

Indeed, if y -0 =A-0 ® p_; is not zero, then the nilpotency hypothesis implies
1
x-a®p,lzzxy-0':0,

and the other case is similar. Comparing this with the proof of Lemma 1.2.16 one can show
that letting A (resp. w) varying in C* all the G-constellations so obtained are not isomorphic to
each other (as G-constellations). In particular A, u are coordinates on a chart of .# around
FIr.

As a consequence of the above remark, we obtain the following lemma.
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Lemma 1.3.3. If.7; is the toric G -constellation over the origin of the j-th chart of some .,
then we have
b(Z)=k—j+1

or, equivalently
w(F;)=j.

Proof. LetI; C 7; be a G-stair for ;. In particular, it has the form in Figure 1.10 where just

[F—xayb
=i
Salal

oy
T

Figure 1.10.

the labels of the boxes we are interested in are shown. Recall, from Section 1.2.2, that, if we
write the skew Ferrers diagram 7y (I';) = A\ B as the difference of two Ferrers diagrams A and
B, then & j = Mrj, where

12

Iy
M =4
DA

and I, Iy are as in the proof of Lemma 1.2.12. Now, if we deform 7 ; as in Remark 1.3.2, by
using the parameters a, ¢; € C, we get relations:

x-xTy’=a;jx"yP
y-x%yP = ijryﬁ
and, the relations 1.1.4 tell us that
(r—a+1,6—p)=((F),~h(F)+1)=(j,j— k)N’
(a—71,8—6+1)=(~(F)+1,6(F)=(1—j,k—j+1)eN
which completes the proof. O
The previous lemma implies the following result.

Corollary 1.3.4. Different toric G -constellations of the same height (or equivalently width)
cannot belong to the same chamber.
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1.3.2 One-dimensional families

Definition 1.3.5. Given a G-constellation Z and its abstract G-stair I'z, we will call its favorite
condition the stability condition 8, € © defined by:

—2 if p; is a generator and it is neither the first nor the last box of 'z,
—1 if p; is a generator and it is either the first or the last box of I'z,
(0z)i=42 if p; is an antigenerator and it is neither the first nor the last box of Tz,

1  if p; is an antigenerator and it is either the first or the last box of I'z,

0 otherwise

Moreover, we will call the cone of good conditions for 7, the cone:
0z ={0c0&" | T is 0-stable }.

Definition 1.3.6. Let I be a stair and let I” C T’ be a substair. We will say that an element v €T’
is

e a left internal endpoint of T if there exists w e T \T’" such that x-w =v orif y - v €T\ T;
e aright internal endpoint of T if there exists w € '\T" such that y-w =v orif x-v €T\T".
Moreover, we will say that

e aleft (resp. right) internal endpoint is a horizontal left (resp. right) cutif y - v e T\ T’
(resp. there exists w € T \T’ such that y - w = v);

e aleft (resp. right) internal endpoint is a vertical left (resp. right) cut if there exists w € T\I"”
such that x - w = v (resp. x-v €I'\T");

Example 1.3.7. In Figure 1.11, the substair I" has two internal endpoints, respectively a hori-
zontal left cut and a vertical right cut, while I” has only one internal endpoint which is a vertical
left cut.

NEE

Figure 1.11.
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Remark 1.3.8. If & is a G-constellation and I'y is a G-stair for &, then a substair I' C T'5
corresponds to a G-equivariant C[x, y]-submodule & of 7 if and only if it has only vertical
left cuts and horizontal right cuts. Moreover, if T' is connected and 64 is the favorite condition
of 7, then,
{ 1 ifT has one internal endpoint,
07(6r)=

2 ifT has two internal endpoints.

Remark 1.3.9. Let .Z be a toric G-constellation with abstract G-stair I'z and let & < % be a
subrepresentation whose substair I'y C ' is connected. Then, if [ has two horizontal cuts or
two vertical cuts and 6 is the favorite condition of %, we have

04(&)=0.
Remark 1.3.10. The following properties are easy to check for a toric G -constellation 7 :
» favorite conditions are never generic,
* the G-constellation F is 84 -stable,

* there exist generic conditions 6 € ©8" such that .7 is 0-stable, i.e. the cone of good
conditions © 4 is not empty.

Moreover, given a chamber C, we have:

c= () ©s.

(Fledc

We prove only the third property as, in what follows, we shall need similar arguments.

Let p; be any irreducible representation, we will denote by 7, the G-equivariant C[x, y |-
submodule of 7 generated by p; and, we will denote by I,, C I's the abstract substair and
G -stair corresponding to .7,,, and .7 respectively.

Consider an ¢ € © with the following properties:

=0 if p; is an antigenerator,
£; <0 if p; is neither a generator nor an antigenerator,
* gi=— > ¢j if p; is a generator,
Py Npi)
Z & <1.

pi generator

Then, for any subrepresentation & <.%, we have

e(&)>— Z g;>—1.
Pi generator
Hence, the G-constellation .7 is (84 + €)-stable. Indeed, Remark 1.3.8 implies that, given
an irreducible proper G -equivariant C[x, y ]-submodule we have

(05 +£)(&)> 0.
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On the contrary, if & is not irreducible then it is a direct sum of irreducible components and
(04 +¢£)(&) > 0 follows by the additivity of 84 + € on direct sums.

We conclude by noticing that © \ ©8¢" is a union of hyperplanes and so, there is at least a
choice € € O such that 84 + ¢ is generic.

We will see in the proof of Theorem 1.3.17 that there is an easier way, which does not
involve any ¢, to prove that © 4 is not empty.

Definition 1.3.11. An abstract linking stair is an abstract stair made of 2k boxes obtained from
an abstract G-stair I in either of the following ways:

1. (decreasing linking stair of ') take two copies of I and make a new abstract stair by gluing
the right edge of the last box of one copy to the left edge of the first box of the other copy;

2. (increasing linking stair of I) take two copies of I' and make a new abstract stair by gluing
the lower edge of the last box of one copy to the upper edge of the first box of the other

copy.

A linking stair is a realisation of an abstract linking stair as a subset of the representation
tableau.

Remark 1.3.12. An abstract linking stair contains exactly k different abstract G-stairs.

Proposition 1.3.13. LetT be the abstract G -stair of a G -constellation & and let L be its abstract
decreasing linking stair. Consider any G -stair I’ C L and its associated G -constellation F’'.
Then, the following are equivalent:

1. there exists at least a chamber C such that both F and F' belongto C, i.e. 95 NO 4 #0,
2. h(F)=h(F)-1,
3. the substairT’ C L has a horizontal left cut.

In particular, F' is the G -constellation next to F in ¢ as per Remark 1.3.1.

Example 1.3.14. Figure 1.12 describes the situation via an example. Here, we are considering
the action Z/9Z ~ A? (see Equation (1.1.1)).



CHAPTER 1. MODULI SPACES OF Z/ kZ-CONSTELLATIONS OVER A? 39

r
o - I‘/
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6 7
213 ‘51 80
1
6 ; 2/3]4]
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bIr)=6,  b(I")=5,
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51372 w)=4, w(’)=5.
-------------------- S
r : 6 7
8]

Figure 1.12. The abstract linking stair L of an abstract G-stair I and a substair I of L which
satisfies the hypotheses of Proposition 1.3.13.

Proof. (of Proposition 1.3.13). We start by introducing some notation.

Let #,Z’ be two G-constellations. Given a proper subrepresentation & < .Z (resp. &’ <
Z') we will denote by & (resp. &) the corresponding subrepresentation & < Z’ (resp. § <
). Here, by “corresponding” we mean that, since & is a subrepresentation of the regular
representation C[G] of an abelian group, it decomposes as a direct sum of distinct irreducible
representations & = ejap i;- We will denote by &’ the subrepresentation of Z’ = C[G] given by

the same summands:
g, & Sp;..
j J

In particular, for all 8 € ©, the two rational numbers
0(&) and 0(&)

are the same. Moreover, we will denote by Iz C T (resp. ;s C IV) the substair associated to &
(resp. &').

Notice that, given a proper G -equivariant C[x, y]-submodule & < %, the subrepresentation
&’ is not necessarily a C[x, y]-submodule of Z’. We are now ready to proceed with the proof.

(2)<=(3) We omit the easy proof.

(D=(3) Suppose, by contradiction, that I” c L has a vertical left cut. Then, by Remark 1.3.8, the
subrepresentation & < 7 is a C[x, y]-submodule because, in T, the substair TNT” has
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3)=(1)

a vertical left cut by hypothesis and its last box is not internal. At the same time, again
by Remark 1.3.8, gfmr, < 7' is the complement of a C[x, y]-submodule, because its first
box is not internal and it has a vertical right cut. Hence,

CCcBOzN0O4 C {H(éarnr/) >0}n {—Q(é”mp) >0} = 0,
which contradicts (1).

In order to prove statement (1), we need to show that
Oz N0O4/ 75 0.

We start by identifying the proper irreducible G -equivariant subsheaves & < % (resp.
&' < ') such that also &’ (resp. &) is a proper G-equivariant subsheaf of Z (resp. Z”).

Let & < .Z’ be a proper irreducible G-equivariant submodule of Z’; we consider three
different cases.

Case 1. Both the first and the last box of the substair Iz, C I” are internal endpoints.
Then, the same happens for Iy c T. This is true because I' has a vertical right cutin L,
by the construction of a decreasing linking stair (see Definition 1.3.11), and hence, the
right internal endpoint of Tz, in I, which is a horizontal cut by Remark 1.3.8, is different
from the right internal endpoint of I' in L. Therefore, both internal endpoints of Iz, cor-
respond to internal endpoints of I's of the same respective nature. As a consequence, the
subrepresentation & is a proper, non necessarily irreducible, G -equivariant submodule
of Z.

Case 2. The substair I[s, has only the vertical left cut in T”, and hence, its last box coincides
with the last box of T”. In particular, this box is not the right internal endpoint of T in L.
We have to study the nature of the internal endpoints of Ix. Notice first that it is enough
to study the right internal endpoint of T because, if Iy has still left internal endpoint,
then it is a vertical left cut. Let p; be the label on the last box of I, then, the label on
the horizontal left cut of I” (i.e. its first box) is p;,;. Now, since, by hypothesis (3), the
box labeled by p;,; is a horizontal left cut of I’ c L, the box labeled by p; in T has to
be a horizontal right cut for the substair Iz. Therefore, Iz has only vertical left cuts and
horizontal right cuts, and so, by Remark 1.3.8, & is a proper, non necessarily irreducible,
G-equivariant submodule.

Case 3. The substair Iz, C T” has only the horizontal right cut, i.e. its first box coincides
with the first box of I". First of all notice that, as for the first analyzed case, the right
internal endpoint of Tz, in T, which is a horizontal cut by hypothesis, is different from
the right internal endpoint of I' in L, which is vertical by definition of decreasing linking
stair. Therefore, the box of I' with the same label as the horizontal right cut of Iz is an
internal endpoint of Iy and it is a horizontal right cut. Finally, the first box of I” in L is a
left internal endpoint for I'g, and so it is a horizontal left cut by point (3) of the statement.
As a consequence, Iy has two horizontal cuts.

In summary, if & < Z’ is a proper irreducible G-equivariant submodule of Z’ such
that Iz, has a vertical left cut, then also & < & is a proper, non necessarily irreducible,
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G-equivariant submodule. While, if Tz, < T” has only the right horizontal cut, then s has
two horizontal cuts.

Following the same logic, if & < & is a proper irreducible G-equivariant submodule of
Z such that Iz has a horizontal right cut, then also &’ < Z” is a proper, non necessarily
irreducible, G-equivariant submodule. While, if Iz < T has only the left vertical cut, then
I'¢, has two vertical cuts.

We are now ready to exhibit a f € @8°" such .7 and .Z’ are 0-stable. Let 04 and 64 be
the respective favorite conditions for # and .’ and let 6 = 64 + 64, be their sum. Then,
both . and .Z’ are @-stable. Indeed,

- if & < Z is a proper irreducible G-equivariant C[x, y]-submodule of Z such that
also & is a C[x, y]-submodule of Z’, then

0(8)=05(8)+04/(8)=02(8)+04/(8)>0

follows from the fact that 7 is 04 -stable and .Z” is 84,-stable (see Remark 1.3.10);
- if &’ < ' is a proper irreducible G-equivariant C[x, y]-submodule of Z’ such that
I, has two horizontal cuts, then

0(8)=07(8)+02/(8)=02(6)+02(8)=02/(8)=1>0

follows from the fact that.Z’ is 6 4/ -stable (see Remark 1.3.10) and from Remarks 1.3.8
and 1.3.9;
- if & < Z is a proper irreducible G-equivariant C[x, y]-submodule of # such that
I's, has two vertical cuts, then
0(8)=07(8)+05/(8)=02(6)+05/(8")=02(8)=1>0
follows from the fact that & is 64 -stable (see Remark 1.3.10) and from Remarks 1.3.8
and 1.3.9;

- if & <7 (resp. & < F’) is a proper reducible G-equivariant C[x, y]-submodule,
then
0(8)>0

follows by applying the previous points to the irreducible components of & and
from the additivity of 6.

The last issue here is that, in general, such 8 is not generic, i.e.
0€B0zNO4 \NOzNOg,.

In order to solve this problem, we can perturb 84 and 84, the same way as as we did in
Remark 1.3.10 thus obtaining a generic e Oz NOg4. . Consider the stability conditions
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£,¢’ €0 defined as follows:

=0 if p; is an antigenerator of 'z,
£=0 if p; is an antigenerator of '3/,
£ <0 if p; is neither a generator nor an antigenerator of I'z,
£, <0 if p; is neither a generator nor an antigenerator of I'z/,
] e
gg=— Y & ifp;isageneratorofly,
pi€lp,Npi)
/! __ / s :
gi=— > £; if p; is a generator of I'z/,
p i€l Npi)
> &+ > el<l,
pi generator of ['5 pi generator of 'z/

where, as in Remark 1.3.10, T,,, c T (resp. F/’)i c I") is the substair associated to the
Clx, y]-submodule of & (resp. #’) generated by the irreducible subrepresentation p;.

Now, if
0=0z7+¢)+(0z+¢)

then Z and Z’ are 0-stable, and ¢ and ¢’ can be chosen in such a way that 6 is generic.
As a consequence © 7 NO 4 #0.

O

We will see, in the proof of Theorem 1.3.17, that there is an easier way to prove that © z NO 4,
is not empty. By following the same logic, one can prove a similar statement for the increasing
linking stairs.

Proposition 1.3.15. LetT be the abstract G -stair of a G -constellation & and let L be its abstract
increasing linking stair. Consider any G -stair I’ C L and its associated G -constellation F'.
Then, the following are equivalent:

1. there exists at least a chamber C such that both F and F' belongto C, i.e. 95 NO 4 #0,
2. h(F)=h(F)+1,
3. the substairT’ C L has a right vertical cut.

In particular, 7 is the G -constellation next to ' in M ¢ in the sense of Remark 1.3.1.

1.3.3 Counting the chambers

Remark 1.3.16. Propositions 1.3.13 and 1.3.15 provide a way to build 1-dimensional families of
nilpotent G -constellations. In particular, each of this families corresponds to some exceptional
line in some .# . Moreover, the two gluings described in the definition of linking stair are
nothing but the two possible ways of deforming a toric G-constellation keeping the property
of being nilpotent described in Remark 1.3.2. This implies that the families coming from
Proposition 1.3.13 and Proposition 1.3.15 are exactly the 1-dimensional families of nilpotent
G-constellations appearing in the moduli spaces .Z.
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An easy combinatorial computation tells us that the maximum number of chambers is
k!. Indeed, if we start by a G-constellation %, of maximum height h(ZF) = k, i.e. Z] has
one of the k abstract G-stairs shown in Figure 1.13, we can construct irreducible toric G-

k—1 0 k—2
k—2 k—1 k—3
1 2 0
0 1 k—1

Figure 1.13. The abstract G-stairs of maximum height.

constellations %, ..., #; with respective abstract G-stairs I; for j = 2,..., k by recursively
applying the prescriptions in Proposition 1.3.13. Precisely, for any j > 1, each I} is a connected
substair, with horizontal left cut, of the decreasing linking stair of I';_,. This is true because at
each step the number of possible horizontal left cuts in the decreasing linking stairs decreases
by one.

To conclude that the maximum number of chambers is k!, we notice that the j-th time
that we apply Proposition 1.3.13 there are k— j possible G -stairs with horizontal left cut in the
decreasing linking stair of the abstract G -stair of 7.

Theorem 1.3.17. If G c SL(2,C) is a finite abelian subgroup of cardinality k = |G|, then the
space of generic stability conditions ©8" is the disjoint union of k! chambers.

Proof. It is enough to show that, if #;,..., 7} are as in Remark 1.3.16, then there exists a
chamber
C=0g4N0gzN---NOg, £0,

such that ﬂ'j is C-stable for all j =1,..., k. We claim that, if, for all j =1,..., k, the favorite
condition of F; is 9;,:1,, then

k
0=> 0z ¢cC.
j=1

A priori, in order to prove the claim, we need to show both that 6 is generic and that every 7
is f-stable. In fact, it is enough to show just that every 7; is 6 -stable, because this implies that
My has k torus fixed-points and, as a consequence, that 8 is generic.

Let &; <7 ; be a proper G-equivariant irreducible C[x, y]-submodule of #; with substair

n
Is, CIz,. Suppose also that §; = @ p,, where 0 < m < n < k—1. We will denote by &;, for
S=m

i=1,...,j—1,j+1,..., k, the subrepresentation of .#; corresponding to &;, i.e.

n
&=Pps Yi=1,...,j-1j+1L... k.
S=m

Notice that

* if I, has two vertical cuts, then Is;, has two vertical cuts for every i > j+1;
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e if e, has two horizontal cuts, then Iy, has two horizontal cuts for every i < j—1.

This is true because every time we increase (resp. decrease) the index i, we perform a horizontal
left (resp. vertical right) cut in the decreasing (resp. increasing) linking stair which does not
affect the vertical left (resp. horizontal right) cut of Ig,,, (resp. Ig, ).

Hence, foralli=1,...,j—1,j+1,...,k, we have 6,(&;) > 0 and, as a consequence

(&)= (egj +Za%) (&)>0.

i#]

Remark 1.3.18. The proof of Theorem 1.3.17 provides an alternative way to prove that

Oz #0

in Remark 1.3.10 and, that
Oz NOz #0

in the last part of the third point of the proof of Proposition 1.3.13.
For example, let Z be a toric G-constellation with abstract G -stair of height h(Z) = j. We
construct #y,..., 71, Fjy1,..., F by recursively applying Propositions 1.3.13 and 1.3.15, i.e.

e if i > j, then Z; has, as G-stair, a G-substair, with a horizontal left cut, of the decreasing
linking stair of Z;_;,

e if i < j, then Z; has, as G-stair, a G-substair, with a vertical right cut, of the increasing
linking stair of Z; ;.

Then, if 6 = 05 + > 07, is the sum of all favorite conditions, we have § €©.
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1.4 Simple chambers

In this section I will firstly introduce the notion of chamber stair which is a stair that encodes
all the data needed to reconstruct a chamber. Then, I will define simple chambers, which are
a particular kind of chambers with the property that any toric G -constellation belongs to at
least one of them. Finally, I will prove that there are exactly k - 2¥~2 simple chambers.

Remark 1.4.1. Given a chamber C C 08" we can make a stair out of it, and we will call it the
chamber stair.

Let #1,...,Z be the toric G-constellations in .#. As explained in Proposition 1.3.13
(resp. Proposition 1.3.15), the abstract G-stairs [T of two consecutive G-constellations
F j, F ;1 are substairs of the same stair L, namely the decreasing linking stair of I; (resp. the
increasing linking stair of I';,,). Moreover they have non-empty intersection in L.

Now, if I3, ..., I} are the respective abstract G -stairs of 71, ..., Z}, we can construct a new
abstract stair I'c by gluing consecutive abstract G -stairs along their common parts.

Definition 1.4.2. The abstract chamber stair of C or the abstract C -stair is the abstract stair I
obtained as described above.

Example 1.4.3. Consider the case G = Z/5Z. Figure 1.14 explains how to build an abstract
C-stair starting from the abstract G-stairs of the G-constellations in some chamber C.

4:
0f1] i34
2] w1 (o1
&7 2 2z (21314001
I L, I I Iy
1
2
3
4
0|1
2
304
0[1
2/13/4]0]1]
Ie

Figure 1.14. The abstract C-stair I'; is obtained by gluing, along their common part, the
abstract Z/5Z-stairs [; and I;,; fori=1,...,4.

In particular, we have glued the boxes Z! of an abstract G -stair with the boxes |1 of the

next abstract G-stair.
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Definition 1.4.4. A chamber stair associated to C or a C-stair is any realisation T; of the
abstract chamber stair I'; associated to C as a subset of the representation tableau.

Remark 1.4.5. Let C C ©%" be a chamber and let I'- ¢ J; be a C-stair. Consider a G -stair
I c T of width to(T') = j and the associated G -constellation Zr. Let us also denote by b, b’ €T
the first and the last box of T'. Suppose that Z is not C-stable. Then, there are two consecutive
C-stable G-constellations .# and .Z’ with associated respective G -stairs I'z, 'z, C I such that
belg and b’ €Tg.

Therefore, I is a substair of both the decreasing linking stair L of I'; and the increasing
linking stair L’ of I'z,. In particular, as a consequence of Proposition 1.3.13 (and of Proposi-
tion 1.3.15), one and only one between the following two possibilities must occur, namely:

(1.4.1)
w(Z)=j—1,w0(F’')=j, and b (resp. b’) is a left (resp. right) horizontal cut of T'in L,
w(F)=j,w(Z’)=j+1, and b (resp. b’) is a right (resp. left) vertical cut of T in L.

On the other hand, again as a consequence of Proposition 1.3.13 and Proposition 1.3.15, if Z1
is C-stable, none of the conditions in 1.4.1 can hold true, and, in this case, I has horizontal left
cut and vertical right cut in I¢.

Summing up, if ' ¢ I; is a connected G -substair associated to a toric G -constellation Zr
then only the following two cases can occur:

* the G-constellation Zy is C-stable and I has a horizontal left cut and a vertical right cut,
or

¢ the G-constellation %t is not C-stable and I has two horizontal cuts or two vertical cuts.
Lemma 1.4.6. Different chambers have different abstract chamber stairs.

Proof. First, recall from Remark 1.4.5 that, as per Proposition 1.3.13, the G-stair of any toric
C-stable G-constellation has a vertical right cut in the C-stair and a horizontal right cut in the
decreasing linking stair of the previous G -constellation.

Suppose that two chambers C and C’ have the same abstract chamber stair I'. In particular,
from the construction of abstract chamber stairs, it follows that C and C’ have the same first
(in the sense of Remark 1.3.1) toric G-constellation. Suppose that C and C’ differ for the j-th
toric G-constellation. This translates into the fact that, if #; and & j’ are the respective j-th
G -constellations of C and C’ and l"j,l"J’. are their abstract G-stairs, then

/
I £T).

Notice that, calling.7;_, the (j —1)-th toric G-constellation of C (and C’) and calling I';_,
its abstract G -stair, both I'; and 1"]’. are substairs of the decreasing linking stair L;_; of I';,_; and
they have horizontal right cut in L;_, as noticed above. Since, I';_;,I; and 1"]’. are connected
and[;_; NI;,T;- N 1"]’. #0in L;_,, it follows that:

[ UL Gy UT o I UL 215, UT;
Finally, if, without loss of generality, we suppose

I, UL GTj U rj’. cT,
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we get a contradiction. Indeed, as noticed at the beginning, I'; has a vertical right cut in T, but
it has to have a horizontal right cutin I;_; U 1"]’. because it is a connected substair of L;_; which
strictly contains I';. O

Remark 1.4.7. Since the abstract chamber stair [ of a chamber C contains a copy of the
abstract G -stairs of the toric C-stable G-constellations, we will think of such abstract G -stairs
as substairs of I'.

Similarly, given a C-stair T, ¢ J; which realize I;, we will realize the abstract G-stairs
associated to the G-constellations in C as substairs of Tc..

Definition 1.4.8. Given a chamber C, we will say that a toric C-stable G-constellation is
C -characteristic if its abstract G -stair has the same generators as the abstract C-stair.

We will say that a chamber C is simple if there is a toric C-stable G -constellation whose
abstract G-stair has the same generators of the abstract C-stair, i.e. if there exists at least one
C-characteristic G-constellation.

Example 1.4.9. An example of a simple chamber is given by the chamber Cg; in Theorem 1.0.21,
i.e. the chamber whose associated moduli space is G-Hilb(A?). In particular, the abstract
Cg-stair has only one generator, namely p,.

Definition 1.4.10. LetT be a G-stair and let p; and p be its first and its last generators.

» We will call left tail of T the substair of " given by
wWr)={y*-p;|s>0}.
» We will call right tail of T the substair of T given by
tt(l"):{xs-pj } s>0}.
* We will call fail of T the substair of I' given by

H(T) = () ueyI).

Similarly one can define left/right tails for abstract G -stairs.

Remark 1.4.11. If two G-stairs I and I have the same generators, then they differ by their
tails, i.e. the following equality of subsets of the representation tableau holds true:

I\ =I"\4(I")

In particular, if a G-stair I has a tail of cardinality m, then there are m + 1 G-stairs with the
same generators as I'.

In simple words, the other G-stairs are obtained by moving some boxes from the left tail to
the right tail (and viceversa) of T.

Proposition 1.4.12. The following properties are true.

1. Any toric G -constellation is C -stable for some simple chamber C.
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2. In order to find all the toric C -stable G -constellations of a simple chamber C, it is enough
to know at least one C -characteristic G -constellation.

3. If C is a simple chamber, all the toric G -constellations that admit a G -stair with the
same generators as the C -stair belong to C, i.e. they are C -stable. In particular, they are
C -characteristic.

Proof. LetI be the abstract C-stair. We will prove the first two points in a constructive way.
In order to do so, we will show that, given a toric G-constellation .7, there is a unique simple
chamber C such that 7 is C-characteristic.

Let 7 be a toric G-constellation with associated abstract G-stair 'z of height h(F) = j.
In order to build a chamber starting from %, we have to first recursively apply Propositions
1.3.13 and 1.3.15 j—1 times and k — j times respectively, to obtain k toric constellations

Fres T, T F i, T

and, finally, apply Theorem 1.3.17 to conclude that there exists a chamber C such that the
constellations 7y,..., 7,7, % j,1,...,F correspond to the toric points of . /.

The condition that the chamber must be simple translates into the fact that, at every step,
no new generators appear. This may be only achieved by performing, every time that we apply
Proposition 1.3.13 (resp. Proposition 1.3.15), the first (resp. last) possible horizontal (resp.
vertical) cut in the decreasing (resp. increasing) linking stair.

In order to prove the last point, we start by considering a G -constellation % whose abstract
G-stair I'y has the same generators as the C-stair and such that it has empty right tail, i.e.
t(Iz)=WIz).

Let m = #[t(I'z) be the cardinality of the left tail of I';. The first m times we apply Proposi-
tion 1.3.13 by performing the first possible horizontal cut we increase the cardinality of tt(T'5)
by 1 and, consequently, we decrease the cardinality of [{(I';) by 1. In this way we find, as
explained in Remark 1.4.11, all the toric G -constellations which admit a G-stair with the same
generators as the C-stair and all of them are C-stable by Theorem 1.3.17. O

Lemma 1.4.13. LetT be a G -stair. ThenT has at most
{ k+1 J
2

Proof. The statement follows from the following observation. If a stair has r generators, then

generators.

it has at least 2r — 1 boxes, as shown in Figure 1.15.

Figure 1.15.
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Now, a G-stair has exactly k boxes. Hence,

r<

{k+1
— |

Example 1.4.14. Non-simple chambers exist.
As already mentioned in Theorem 1.0.21, there is a chamber C; such that G-Hilb(A?) =
M, as moduli spaces. In particular,

Coc{0eO]0,<0,0;>0Yi=1,....k—1},

and the abstract G-stairs of its toric constellations are shown in Figure 1.16.

1

2 2

3 3 3

k-1 k-1 k-1 k-1

0 0 1 0 1 2 0 1 |- |k-3|k-2 0 1 | |k-3|k-2|k-1
Iz, [z, Iz, a Iz, Iz,

Figure 1.16. The abstract G-stairs of the Cg-stable toric G-constellations.

Notice that, for i =1,...,k and j =0,...,k—1, the favorite conditions 6, are defined by

—2 ifj=0&i#Lk,

—1 ifj=0&(i=1lori=k),
(02,);j=41 ifj=i—1#0,

1 ifj=i,

0 otherwise.

and that the condition

k
0=> 0z =(-2k+22,...,2)
i S~——
=1 k—1
belongs to C;. More precisely, the moduli space G-Hilb(A2) parametrises all the toric G-
constellations generated by the trivial representation. As a consequence, the abstract G -stairs
Iz, fori=1,...,k, have, as only generator, the trivial representation.
Let us reverse this property by asking the presence of just one antigenerator, for exam-
ple, the trivial representation. It is easy to see that there is a chamber Cgp whose toric G-

constellations, as requested, have the abstract G-stairs in Figure 1.17.
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0

1 k-1] 0

2 1 k-21k-1] 0
C o 1

k-2 k-3 o ‘2\3\---‘/6-1 0

k-1 k-2 k-3 1 1|2 | |k-2|k-1| O
Lz Lz Lz o Iz Iz,

Figure 1.17. The abstract G -stairs of the Cgp-stable toric G-constellations.
In particular,

CFc{0€0]6,>0,0,<0Vi=1,....k—1}.

We will call the associated moduli space

G-Hilb%P(A?%):= M cor.

Notice that, while C)y, is simple, Cp);., is not simple for k > 4 because the number of genera-

OP . .
tors of the C; / 17~ Stair is

k+1
k—1>{%J Vk > 4.

Therefore, as a consequence of Lemma 1.4.13, there is no Czoﬁcz-characteristic G-constellation.

We show, as an example, the abstract chamber stairs of C; and C(?P in the case k =5.

o]

1]

B

B

410

1

1] 2|
T 3141]0
3| 1
T 213]4]0
01‘2‘3‘4‘ 12‘3‘4‘0‘

Figure 1.18. The abstract Cz/5z-stair and the abstract CZO/I;Z—stair.

Theorem 1.4.15. IfG c SL(2,C) is a finite abelian subgroup of cardinality k = |G|, then the
space of generic stability conditions ©8" contains k - 282 simple chambers.

Proof. Let 3 be the set of of possible sets of generators for a G -stair, i.e.

B = { AcCTg | there exists a G -stair whose generators are the elements in A },
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and let ¢ be the set of all G -stairs
4 ={T'cY;|Tisa G-stair}.
Consider the subsemigroup Z of 7
Z={(ak+7,Bk+7,p0)€T5 |a,B,7=0}.
We will denote by 98 and ¥ the set of equivalence classes
B=RB|~y, and9Y=%/~,

where, if A}, A, € B (resp. I1,I; € ¥), then A; ~; A, (resp. I} ~z I5) if there exist z € Z such
that
Ai=Ay+zorAy=A1+z (resp.l1=L+zorlL,=I]+z).

Notice that, if two G -stairs are ~z-equivalent also their sets of generators are ~;-equivalent.
However, the contrary is not true.

Now, the number of simple chambers equals the cardinality of 9. Indeed, Proposi-
tion 1.4.12 implies that the chamber C is uniquely determined by a constellation % whose
G -stair has the same generators as the C-stair. More precisely, C is uniquely determined by the
generators of any characteristic C-stair I';. Although there are infinitely many G-stairs corre-
sponding to %, Remark 1.2.18 tells us that two G -stairs correspond to the same G -constellation
if and only if they differ by an element in Z, i.e. they are ~,-equivalent.

Let ¢, be the set of G-stairs with r generators and let 4, = 9,/ ~, be the induced quotient.
We have a surjective map

U:9— B

which associates to each G-stair its set of generators, and this map descends to the sets of
equivalence classes
U:9— B,

because ~;-equivalent G -stairs correspond to ~-equivalent sets of generators.
Now, 2 decomposes as a disjoint union (see Lemma 1.4.13) as follows:

Our strategy is to compute (%) for every 1 < r < [%J and then sum over all r. For r =1

we have [¥(%,)| = k. If we impose the presence of r > 2 generators and of a tail of cardinality j

k(k—Z—])
2r—3

elements in (%) which comes from G -stairs with a tail of cardinality j. Indeed, as shown in

then there are

Figure 1.19, we have 2r —1 fixed boxes (generators and anti-generators), j boxes contained in
the tails (dashed areas) and k—2r +1— j boxes left to arrange in 2r — 2 places (dotted areas).
The number of possible ways to arrange the boxes is computed via the stars and bars method'.
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Figure 1.19.

In particular, there are

@r=2)+(k—2r+1—j)—1\ (k—2—j
k—2r+1—j “\ 2r-3

of them.
Finally, if we sum over all possible r and j, we get

[kzﬂJk—Zr-H(k_z_j

ke (14> o3

) =k-2k2,
r=2 j=0

O

Remark 1.4.16. An easy combinatorial computation shows that the set ¢ in the proof of
Theorem 1.4.15 has cardinality k- 2%¥~1, i.e. that there there are exactly k - 2¥~! isomorphisms
classes of toric G-constellations. As a consequence, in order to list all the G -constellations,
which are k - 2F71, it is enough to look at the k - 2¥=2 simple chambers instead of all the k!
chambers.

We conclude this section with two examples which help us understand the notions just
introduced.

Example 1.4.17. In this example we treat the case G = Z/5Z.

The following picture contains a list of the possible shapes of the abstract chamber stairs
of simple chambers and, in each case, the shapes of the G-stairs associated to the toric G-
constellations belonging to the respective simple chamber.

'Tn a more suggestive way, this procedure might be called “combinations with repetition of 2r —2 elements of
class k—2r+1—j"
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i L B Em =
T < <

b Em m =
T < >

EE]BED]:ED
e e

EZDDIED]ID
T e <

T -

T B o= o -

.

i T B B =
T < <

I

N
T >

Figure 1.20. Description of the simple chambers for the action of Z/5Z.

As predicted by Theorem 1.4.15, the possible shapes for the chamber stairs of simple

chambers are 8 =252, and there are 5 different ways to label each chamber stair.

Example 1.4.18. In this example we treat the case G = Z/4Z.
The following picture contains a list of the possible shapes of the abstract chamber stairs

and, in each case, the shapes of the G -stairs associated to the toric G -constellations belonging
to the respective chamber.

@mﬂ@@n&mm@%@[ﬁ&mm
S > ST <
E%DE%IB@@EEEBB%@
S > ST <
@BBEEBB%EH@%EEE@IB@
S > ST <

Figure 1.21. Description of the chambers for the action of Z/4Z.

Notice that the first 4 = 2472 pictures correspond to simple chambers. Moreover, as pre-
dicted by Theorem 1.3.17, the possible shapes for the chamber stairs are 6 = (4 —1)!, and there
are 4 different ways to label each chamber stair.

Note also that, after having labeled each box appropriately, the first and last chambers in
Figure 1.21 correspond to C; and Cgp respectively (see Example 1.4.14).
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1.5 The costruction of the tautological bundles % -

The quasi projective variety .# is a fine moduli space obtained by GIT as described in [45] by
King. In particular, there exists a universal family % € Ob Coh(.# x A2). The tautological
bundle is the pushforward

Re =Tty Uc).

Recall that (see Remark 1.0.20) it is a vector bundle of rank k = |G| whose fibres are G-
constellations and, more precisely, over each point [Z ] € ./ the fibre (2¢);#) is canonically
isomorphic to the space of global sections H°(A?, 7).

In this section we will give an explicit construction of the tautological bundles 2 for all
chambers C c ©%°" in terms of their chamber stairs. We will adopt the same notation as in
Section 1.3.1.

The following proposition is the key result that we will use in this section.

Proposition 1.5.1 ([29, Proposition 2.4.]). Letw : A?> — X be the projection map where X = A?/G
and G c SI(2,C) is any (possibly nonabelian) finite subgroup.
Lete:Y — X be the crepant resolution of singularities of X. We denote by 0" = 0, 5@ Oy =
X

£*1, 0y and by 0 = 0’| Torg, 0. Then, the Oy -module 0 is locally free of rank |G|.

After some preliminary results, we shall prove the following generalisation of Proposi-
tion 1.5.1.

Theorem 1.5.2. Let 7 : A> — X be the projection map where X = A%>/G and G c SI(2,C) is an
abelian finite subgroup.

Lete : Y — X bethe crepant resolution of singularities of A? /G and let # C O be a coherent
(G -invariant) monomial ideal sheaf. We denote by ¢’ the sheaf X' = & ;}8;{ Oy = e*n, A and

we consider X ="/ Torg, . Then, the Oy -module A is locally free of rank |G|.

Notation 1.6. From now on, given a coherent monomial ideal sheaf %" c 0., we will denote
by 2 the 0y -module defined by

A = e*m A | Torg, €*m A .

Lemma 1.6.1. Suppose that % is generated by the monomials x“ yP,..., x% yPs. Then, on
each toric chart U; C Y with coordinates(aj, c;), the sheaf A agrees with the sheaf #¢; associated
to the Cla;, c;]-module:

K; Clai,c;, x,
HjZHO(ij%c)Z ! ¢ %, Y]
K;nI; K;nI;

’

where K; and I; are the ideals of Claj, c;, x, y] given by
K;j=(x"yP, ... x%yPs)

and

_ k—j _ J i—1_ L k—j+1
Ii=(ajy~/ —x/,cix)" —y" " ajci—xy),
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and the gluings on the intersections U; N U;, for 1< i, j < k, are given by:

I(U; N U, ) — T(U;\U;, ;)

X X,

V! Y
i—j+1 _i—j

a; a; ¢

i -
o] ai c;

i+1
j .

Proof. The proof is achieved by direct computation, after noticing that the gluings on the
intersections are deduced from the toric description of the toric quasiprojective variety .
given at the beginning of Section 1.3.1 and, in particular, from Equations 1.1.4. O

Remark 1.6.2. If x® yf1 .. x% yPs are the generators of some C-stair I and . is defined as
in Lemma 1.6.1, all the G-sFd associated to the toric fibres of . are substairs of . This is a
consequence of Nakayama’s Lemma together with the following three facts:

Vi=L..,kVi=1...,s x%yPtle(K;nI)+(a; c))
(1.6.1) Vi=1,...,k, x@yPrke(K;n1)+(a;, ¢)),
ijl,...,k, Xa*‘+kyﬂ5E(Kjﬂ[j)+(dj,Cj).

The relations 1.6.1 follow from the easy observations that
xaiyﬁi '(ajcj —xy)= ajcjxaiyﬁi _ xai+1yﬁ,~+1 c Kj N Ij’
y]'*1 . xalyﬂl .(ijf*1 _yk*f“) - ijaﬁ]'*lyﬁlﬂ'*l _xalyﬁﬁk ekK;nij,
xk_] . xasyﬂs .(a]yk_] _x]): ajxas+k—jyﬂ5+k—j _xa5+kyﬁ5 c K] ﬂI].

We are now in position to prove Theorem 1.5.2.

Proof. ( of Theorem 1.5.2). By construction, ¢ agrees with ﬁf %1 outsides the exceptional

divisor. Moreover, since by definition ¢ is torsion free, by [24, §2 Prop. 20], we have an injective

morphism of sheaves
for some locally free sheaf & of rank k. We want to show that, at the stalks level, the morphism
Y induces inclusions

— Y, G
Hy —— i@ﬁy’p

forall p € Y, such that the image of each 1)), is a direct sum of principal, eventually non-proper,
ideals of Oy ,.

Let us restrict to the toric chart U; for some j =1,..., k. We will adopt the notation of
Lemma 1.6.1. It is enough to study the relations among the generators of the stalk over the
origin of U;, because the locus where the sheaf A fails to be locally free must be a toric
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subvariety of Y. Therefore, we focus on the Cla;, ¢ j](aj,cj)—module H;, where0; € U; is the
origin and ./} is the sheaf associated to the Cla}, ¢;]-module H; defined in Lemma 1.6.1. Let
{my,..., my} be a minimal set of generators of J¢; 0, made of monomials in the variables x
and y. Notice that the generators of the ideal K; N I; have one of the following forms

ajxayﬁ+k—j _ xa+jyﬁ’
(1.6.2) ija+j—1y,6_xayﬁ+k—j+1’
a; ijayﬁ _ xa+1y,8+1’
for some a, € N such that the two monomials in the variables x and y appearing in each
binomial belong to K;. To conclude, it is enough to prove that there are no relations with
coefficients in (C[aj, cj] between the generators m; fori=1,...,N.
First recall that, if a monomial x?y# belongs to K i, then the monomial x@*1yP+l g in
K;nlIj+(aj, c;) (see Remark 1.6.2).
Now we show that there are no degree one relations between the m;’s. Indeed, a degree
one relation with coefficients in C[a iC j] must be of the following form

a—2j+1 ., B+2k—2j+1

(1.6.3) cjx“yﬁ—ajx y

Suppose by contradiction that there exist i and j such that

a—2j+1 _ B+2k—2j+1

m;=x%yP and m; = x y

By manipulating appropriately the generators in (1.6.2), we also obtain

2 _a-2j

xayﬁ_ajx B+2k—2]

y

which, together with (1.6.3), implies that
ajlajc;—xy)x® 2 yPr2le kN1,

This tells us that x%~2/ y#*2k=2j € K; and, by Remark 1.6.2, that
xa—2j+1y/3+2k—2j+1 e Kj ﬂ[j +(6lj, Cj)

i.e., by Nakayama’s Lemma, that x% 2/*1yf+2k=2j+1 does not belong to the minimal set of
generators { m; |1 =1,..., N }. Similarly one proves that there are no higher degree relations
between the m;’s and, as a consequence, that N = k. O

Remark 1.6.3. As expected in dimension 3, Theorem 1.5.2 is, in general, false. For instance,
given the (Z/27)? action over A3 defined by the inclusion

(z/27Z} ——— SI(3,C)

-1 0 0
(1,00 —— | 0 1 0|,

0o o0 -1

1 0 0
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the quotient singularity X = A3/(Z/27Z)? admits four different crepant resolutions ¢; : Y; — X,
fori=1,...,4. All of them are toric and they are described by the planar graphs in Figure 1.22.
These diagrams are obtained by considering a fan ¥; for each resolution Y; then, each simplex

e e e e
%) U1 %) %1 %) U1 %) U1
€1 U3 € € U3 e € Us € e Ug €
h Y Y3 Y,

Figure 1.22. Toric description of the crepant resolutions of A3/(Z/27)?.

in the planar graph is the intersection of a cone in X;, with the plane containing the heads
of the rays that generate X;. Notice that Y; differs from the other resolutions by just one flop
Y, « 25 Y, fori=2,3,4.
Now, let g}, for i =1,...,4, be the torsion free Oy,-module defined by

0; =€;m,0ps/ Torg, £, Ops,

where 7 : A® — X is the canonical projection. A direct computation shows that only & is
locally free, and, for i = 2,3, 4, the locus where & fails to be locally free coincides with the line
flopped by ;. In this setting, it can be shown that the pair (¥;, &;) is canonically isomorphic
to the pair ((Z/2Z)*> —Hilb(A3), 2) where Z is the tautological bundle.

In this last part of Section 1.5 we state and prove the last main theorem. Before to give the
proof, we will also state and prove some corollaries and results needed in the proof.

Theorem 1.6.4. Let C C O%" be a chamber and letT C J; be a C -stair. Suppose that T has
s > 1 ordered (see Remark 1.2.20) generators vy, ..., Us with associated monomials

x@yP L x%yPseClx, yl.
Consider the ideal sheaf # = (x® yP1, ..., x% yPs)0,., then
Re=Ze*n, A/ Torg,, (e*m,A).
The following corollary is a direct consequence of Theorem 1.6.4 Lemma 1.6.1

Corollary 1.6.5. On each toric chart U; C /¢ with coordinates(a;, c;), the tautological bundle
Rc\, agreeswith the sheaf ; associated to the Cla;, c;]-module H; in Lemma 1.6.1.
J

Remark 1.6.6. For the trivial ideal K = (1) = C[x, y] Corollary 1.6.5 recovers Nakamura’s
description of the G-Hilbert scheme when G is abelian (see [52]).
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Remark 1.6.7. Notice that, over the origin of the first and the last charts, the 0y, -module .,
and the 0y, -module .7} have, as toric fibres, the expected G-constellations .7, and Fy, i.e

(x@yhn) Clx,y]

‘gl = %101 = (xalyﬁ1+k) xa1+1y/31) (xalyﬁl+k’ xa1+1yﬁ1)

and
(x% yPs) Clx,y]

(xas+kyﬁs, xasyﬁsﬂ) (xa3+kyla’s, xasyﬁs“)’

where 0; € U, is, for i =1, k, the origin.
We prove this only for the origin of Uy, the other proof is similar. We start by showing that

x%yPie (KNI +(ag, ¢) fori=1,...,s—1.
Notice that, forall i =1,...,s —1, we have

a;>20, B;>Bim1>Ps=20, a;+k—1>a;,;.
Therefore, we can write:

Cp x Cith=1=Ci  fim1=Pinr (x @it y Piv) — x @i 3y Bi

Ckxai+k—1yﬁi—1 _xﬂiya,- — { o

(x% yP (e x k1 —y)

which implies
x“yPre(KenI)+(ag, c) Vi=1,...,s— L.

Now, we have
KNI+ (ag, cp) = (x% yP)N I+ (ay, cp) = (x% yPo)- I +(ag, ¢i) = (x5 yPs x% y Pt ar, cp),
which gives

(x% yPe) Clx, y, a, ct]

Fn = .
ko (xaﬁ'kyﬁs,xasyﬁs'*‘l,ak,ck) (xaﬁ'kyﬁs,xasyﬁs'*‘l,ak,ck)

Corollary 1.6.8. Let C and X be as in Theorem 1.6.4. Then, ./ can be identified with a closed
G -invariant subvariety of Quot!fél (A2).

Definition 1.6.9. Let K c C[x, y] be the ideal generated by the (ordered) set of monomials
{x“"yﬁi | i=1,...,s}

associated to the generators of some chamber stair I and let Ty = {(m,i)e ;| m€ K } be
the subset of the representation tableau corresponding to K. Given a monomial m;, € K
corresponding to a box b € [; c Iy, we will say that:

* the property (A;) holds for m, (or for b) if

xIyk i my €Ty,
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* the property (C;) holds for m,, (or for b) if

xI Ly Iy, e T

Example 1.6.10. Consider the action of Z/4Z on A? induced by the representation (1.1.2).
Let 6 € ©8°" be the generic stability condition § = (—2,1,2,—1) (see Remark 1.3.18) and C
the chamber containing it.Then, a chamber stair I ¢ J; for C is depicted in Figure 1.23.
Moreover, the number j appears in red (resp. in blue) in a box if the property (A;) (resp. (C;))

holds for that box.

N
iiiii \7777j77777'7777F7777\7777“77777'7777\777‘
I I I I I I I I ‘
-1
24 |
3 I
I
I
A
4 I
3 I
|
_J
4 l
3 I
I
-4
4 4 4 :
1 12 |
-1
|
3 3 3 !
12 12 12 12 :
T
I
I
I
1

Figure 1.23. The property (A;) (resp. (C;)) holds for a box, if the number j appears in red (resp.
blue) in the box.

The abstract G-stairs of the toric C-stable G-constellations are listed in Figure 1.24. In
particular, C is a simple chamber and the third toric G-constellation is C-characteristic.

3] [3]0]1]2

Figure 1.24. The abstract C-stairs of the toric C-stable G-constellations.

Lemma 1.6.11. If the property (A;) (resp. (C;)) holds for a box b €T then it holds also for the
box after (resp. before) b.

Proof. Let m;, = x*yP be the monomial associated to the box b. From Definition 1.6.9, it
follows immediately that, if the property (A ;) (resp. (C;)) holds for b, then it holds for all the
monomials x” y® such that y > @ and & > f8. This proves the Lemma in the case in which the
box after (resp. before) b is on the right (resp. above) b.

We prove the remaining case for the property (C;) and we leave the similar proof for
(A;). We have to prove that, if two monomials of the form x“ yP, x?1yP correspond to some
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successive boxes in I'c and the property (C;) holds for x* yP then it holds also for x*'y#. In
other words, we suppose that

my = xa+j—1yﬁ—k+j—1 ek,
and we want to prove that
my= xa+j—2yﬂ—k+j—1 K.

Let by, b, be the boxes corresponding to m,, m, and let b be the box corresponding to x* ' y#.
If by € Ty \I¢ it follows easily that b, € Tx. Suppose b, € I and consider the connected
substair I' ¢ I whose first box is b and whose last box is b;. We have, by construction,

w()=jand h[)=k—j+2,

which imply that I' contains k + 1 boxes.

LetT" =T\ {b;} be the connected G-substair of I obtained by removing the last box from
I'and let b’ T be the last box of I”. Now, by construction, b is a vertical left cut for I” in T
and, as a consequence of Remark 1.4.5 also b’ is a vertical cut. Therefore b’ must correspond
to the monomial m, from which it directly follows

b’ =b, €Ty,
which implies the thesis. O
Proof. ( of Theorem 1.6.4). Let A be the sheaf defined in the statement, i.e.
H s*n*%/Tor@ﬁC (e*m ).

Theorem 1.5.2 implies that ¢ is locally free, i.e. it is a vector bundle. Moreover, if we endow
the product .# x A? with the G-action defined by

G X McxA ——— Mo xA?

(&} P (x,¥) —— (p,(E %, ELy)).

where g; is the (fixed) generator of the cyclic group G (see subsection 1.1.1), it turns out that
the 0 4 .xs2-module A is G-equivariant with respect to this action. The last observation,
together with Remark 1.6.7, implies that

H =0 4.1G),

whose proof, at this point, is identical to the proof of [39, Lemma 9.4].

To prove the theorem, we will use the description of .#” given in Corollary 1.6.5.

We know from Remark 1.0.13 that the tautological bundles % and %, agree on the
complement U of the exceptional locus of .# . Moreover, we have, as a consequence of the
construction of ¢ and of Remark 1.6.6, isomorphisms

~ ~ 7~ 50k
Aoy, 2Ry, 2, 205

|UC

Now we show that the fibres of . and ¢ over the toric points of .4 are the same G-
constellations. This will be enough to prove the statement, because each chamber is uniquely
identified by its toric G -constellations. We split this part in several steps:



CHAPTER 1. MODULI SPACES OF Z/ kZ-CONSTELLATIONS OVER A? 61

STEP 0

STEP 1

STEP 2

STEP 3

Over each point of p € . the fibre fi’; isa G-equivariant C[ x, y ]-module and, over each
origin 0; € U; the fibre f{aj is also T2-equivariant. This follows from the fact that the ideal
K; is generated by monomials and that the ideal I; is generated by G -eigenbinomials
(recall that the group G acts trivially on U;) of positive degrees in the variables a;, c;.

All the G-sFd associated to the toric fibres of .# are substairs of the C-stair I'c. For this,
see Remark 1.6.2.

Forall j=1,...,k, the j-th toric G-constellation %j is irreducible. LetI'; C Ic be the
G-sFd associated to %}.. Then, the G-constellation 5%]. is irreducible if and only if T is
connected.

First observe that, for a box b € I'c both the properties (A;) and (C;) implies that the
corresponding monomial m,, belongs to (K; N 1)+ (aj, c;). This is true because, if
my = x%yP, then

A) = xIyBtk=j _xeyPeK.NI,,

(1.6.4) el a]a)j-j—l yﬂ—k+j—1 ) Jt/x B !
(C))=> c¢jx y —x%yFeK;nl;.

On the other hand, b € I'c \ T} if and only if m;, € (K; N 1;)+(aj, ¢;). In particular, by
construction, at least one of the following relations is true.

1. a;jx®IyPrk=i_xeyPeK;nI;,
2. ¢jx0tiTlyPktiml _yayb e KNI,
3. ajejxyPl—xtyPek;nI;.

Notice that b € [ implies (see STEP 1) that (3) cannot hold true. Therefore, given b €I,
it belongs to I if and only if one among the two properties (A;) and (C;) holds for b.
Now, the connectedness of I'; is a consequence of Lemma 1.6.11.

Forall j=1,..., k, the j-th toric G-constellation JZ)]. has width m(%j) =j. Letl; cI¢
be, as in the previous step, the G-sFd associated to J?(;j, and let x?y#,x7y® be the
monomials in C[x, y] c C[a;, ¢}, x, y] corresponding to the first and the last box of T;.
Suppose that, forsome f+ j—k<f’'< B andy—j+1<7y’ <y wehave

xa+jyﬂ”xy’y6+k—j+1 c Kj-
Then, the following relations

ajxtyPrk=i—xeiyb e K;n 1,
'+j—1,,0 ' 0+k—j+1
cjxT Ty —xTy ITeK;nlj,

imply that

x“*fy/jleKjﬂIj+(aj,cj),

1.6.5 / ;
( ) xry5+k—f+1€KjﬂIj+(aj,cj).

As a consequence of the relations 1.6.5, we have

w(Ho,) < J,
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and,
b(Ho,)<k—j+1.

The equality m(%}.) = j follows from the fact that, as per the previous steps, J?(;j is an
irreducible toric G-constellation, hence

w0(Ho,) +b(Ho,) =k +1.

STEP 4 As an immediate consequence of the previous step all the G-constellations %}., for
j=1,..., k, are different to each other.

Now, the above listed properties imply that .#” is the tautological bundle %2, of some chamber
C’ c @™ which admits I'; as C’-stair and this, by Lemma 1.4.6, implies C’ = C. O

1.7 Arecent proof of the conjecture

Very recently, a proof of the Craw-Ishii conjecture (see Conjecture 1.0.24) appeared in two
preprints [70, 71]. In particular, in [70], the abelian case is revisited and treated in dimension
higher than 3 and, in [70], the conjecture is proven in a non-abelian setting. Unfortunately,
there has been no time to take account of these results in this thesis. We use this section to
comment a little on these preprints and to relate them to [30].

The main result in [70] is the following.

Theorem 1.7.1. ([70, Theorem 5.2]) Let Y — X be a crepant resolution of a quotient singularity
X =A"/G, for G < Sl(n,C) abelian and finite. Then, there exists a generic stability condition
0 € ©8°" such that the normalisation of #y and Y are isomorphic over X ifand only if X admits
a family of G constellations which, outside the exceptional locus, agrees with the tautological
family over X and, over the exceptional divisor, has only irreducible G -constellations.

This result confirms the important role of irreducible G -constellations, as we mentioned
in Remark 1.0.16. In other words, Theorem 1.7.1 says that certain families of irreducible G-
constellations on X induce canonical isomorphisms with (the normalisation) of some moduli
spaces. This approach is very similar to the one we tried to prove Craw-Ishii’s conjecture. In-
deed, our idea was precisely to generalize Theorem 1.5.2 to the 3-dimensional and non-abelian
case in order to build families of (irreducible) G-constellations on the crepant resolutions of
X which, outside the exceptional locus, agrees with the tautological family over X.

The proof of Craw-Ishii’s conjecture is in [71].

Theorem 1.7.2 ([71, Theorem 4.1]). Let G C SI(3,C) be a finite subgroup and let Y — A3/G bea
crepant resolution. Then, there is a generic stability condition 0 € ©8" such that Y = _#y.

The technology used in the proof in Theorem 1.7.1 is different from that used in [71], and
it is more similar to that used in Craw-Ishii’s paper [15], where Conjecture 1.0.24 was stated.

It would be interesting in the future to combine the new ideas in [70, 71] and those in [30]
to work in higher dimensions. In that case, it is not true in general that there exists a crepant
resolution and, even in that case, the moduli spaces .#y, for 8 € ©8°", may be singular. There-
fore, it is not possible to generalize Theorem 1.7.2 as it is stated. Using our approach, however,
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some generalisations may be obtained. Indeed, a generalisation of Theorem 1.5.2 without the
hypothesis of abelianity and without limitations on the dimension, would allow us to build
families of G -constellations with the properties in Theorem 1.7.1 on certain terminalisations
Y of the singularity X.

We hope that these families may also give isomorphisms with (the normalisation) of some
moduli spaces .# for 0 € © 5",
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1.8 A crepant resolution for G = H,4 < SI(3,C)

As already mentioned in the introduction, the finite subgroups of SI(3, C) are listed (see [72])
and they consists of some infinite families and some sporadic groups. Among the latter appears
the Klein group H,g3 = PSL(2,F), denoted by (I) in [72], or, more precisely, a 3-dimensional
representation

Hygg <25 SI(3, C).

In this section we will construct a crepant resolution of the singularity A3/ H, 4 alternative
to the one constructed by Markushevich in [50]. Then we will compare them and we will
describe the series of flops that connect them.

In what follows, with abuse of notation, we will denote by H;s3 the image of the represen-
tation p.

1.8.1 The group and the singularity

A set of generators of H;gg can be found, for example in [50, 64, 72]. For instance, one can

choose
& 0 0 .
27l
gi=|0 & 0|, §=eXp(7);
0 0o &t
0 0
=10 0f;
01 0
a B r a :sin(87”),
2 _sin(4n
g5 = B v al B =sin(*),
ﬁ . 27
y a f Y :sm(7).

It turns out (see [50], where an exhaustive description of the singularity is given) that the ring
of invariants C[A3]"es has 4 generators and, as a consequence, the singularity X = A3/ Hgg is
a hypersurface singularity.

The equation of X is:

y3+172827+1008y z* t—88y2 2 12—600322°t34+1088y z° 1 *+220162° 1°—256 y t ' —2048z t°—x?,
itis singular along the curves:
C={x=27z2*—413=3y +8zt>=0}and G, = {x, 2> + 413 = y —7221?}.

They have the property that, generically, outside a finite number of dissident points, are respec-
tively locally (analytically) isomorphic to a trivial family of A, and of A5 surface singularities.”
Notice that the curves C; and C, are isomorphic to plane affine cusps and that they intersect
at their singular point which is also a dissident point for both the curves.

2In [60], this 3-fold singularities are called cDV singularities The word dissident is also taken from there.
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1.8.2 First change of coordinates

Before starting to blowup out the 3-fold singularity looking for a crepant resolution, let us act
with a change of coordinates that makes comfortable to perform the blowup. We act on A* via
the following biholomorphism:

¥

A* At

(x,y,2,t) — (x,y +18z12,z,1/2).
We have thus obtained a new equation  for X:
(1.8.1) 40217 —2722315—15682° 13 +2y 1" —17282"—248y z°t*—504y z* t —32y 2 t* — y3 + x°.
Furthermore, after the change of coordinates, the description of the singularities of X is:

Ci={x=1>-54z"=56z1t*+3y=0} and G, ={y =x=1>+22*=0}.

1.8.3 Blowup of X along C,

We are now in position to perform the first blowup.

It was observed in [60] that the operation of blowing up families of DuVal singularities
(see Section 1.1.2) that are trivial outside some dissident points is a crepant operation, i.e.
the canonical sheaf of the blowup is the bullback of the canonical sheaf of the singularity.
Therefore, we can blowup indifferently C; or C,. Clearly, different choices can, in principle,
lead to different crepant resolutions of singularities. Markushevich, in [50], started resolving X
by blowing up C;. Since we want a different resolution than the one in [50], we start by blowing
up the curve C,.

Before we begin, let us denote by g the element g = r3+2z2 € C[x, y, z, t] and let us rewrite
the equation of X in the following more convenient way

x2—y3+40zg° —32z(4zg +yty +2ytg’.

Let X; be the blowup of X with centre C,, i.e. X; =Bl¢, X and let &, : X; — X be the blowup
map. Since G, is a complete intersection, we can blow up it by applying [21, Prop. IV-25]. A
priori, the blowup X; will be covered by 3 affine charts, but a careful analysis shows that, in
fact, two charts are enough to cover the whole X;.

Below, we give a local description of X; on each chart.

Local pictures. We denote the two charts by U; and Us.

* Description of U;. The variety U is the hypersurface of A*, with coordinates a;, b, ¢;, d;,
defined by the equation:

alzbl +g1(4001b13 +2b12d1 —1)—32(31(4()1 bl + d1)2b1 =0,

3Equation (1.8.1) is actually the equation of 1*X, but, with abuse of notation, we omitted the pullback symbol
for the sake of readability.
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where g, = d? +2¢?, and the blowup map &, ; = & |y, : Uy — X is:

€11

U : X

a; al[Zglbl(ZOClbl+d1)—32(4clb1 +d1)2+6l12]

bl 2g1b1(2061b1+d1)—32(4clb1+d1)2+a12
—

C1 G

dl dl

We can now compute the singularities of U; by applying the Jacobian criterion and we
find that U is singular along the union of the following three (smooth and rational)
disjoint curves

Cllyl:{al:108C1b13+1:1801b1+d1:0}, Clzyl:{al:32011713—1:4C1b1+d1:0},

G={a;=c,=d,=0}.

They are generically trivial families of DuVal singularities. In particular, 51,1 and C;3; are
families of A, singularities, while (Nizyl is a family of A; singularities. This is true because
C, and C; are respectively, generically trivial families of A3 and A, singularities, while,
after excluding a finite number of points, the singularities of U; along C;; are locally
(analytically) of the form a?b; +2¢? + d} which is a trivial family of A, singularities.

The exceptional divisor of ¢; ; is the surface E; C U; defined as follows
El = { g1 = a12 —32C1(4C1 bl + dl)z =0 } .
It is a non-normal surface singular along the curves 52,1 and Gj ;.

* Description of U,. The variety U, is the hypersurface of A*, with coordinates a,, b, ¢,, d,,
defined by the equation:

a22 + g2(4002 +2b2d2 — bzs)—32C2(4C2 + b2d2)2 =0,

where g, = d3 +2¢Z, and the blowup map &, = [y, : Up — X is:

€12

U, ' X

(ag, by, c3,dy) —— (a282, 28>, o, d).

The chart U5 is singular along the (smooth and rational) curves

élyzz{azzbzz—ﬁdz:b23+108€2:0}, 52,2={a2=b22+8d2=b23—32€2=0},

Co={a,=c,=d,=0}.

Notice that they intersect, two by two, at the origin (0,0, 0,0) € A* and that they are two
families of A, singularities (62,2 and C;,) and one A, singularities (51,2) trivial outside
some dissident points. This can be understood, for instance, from the other chart.
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Finally, the exceptional locus of ¢, , is the surface
Ey={g=a’—32c)(4c; + bpdy)*=0}.
It is a non-normal surface singular along 52,2 UGCsp.

Remark 1.8.1. Basically we will use the chart without dissident points, where the families
of singularities are trivial, to understand what kind of singularity we have. The other chart
contains the information on how the singularities interplay and therefore the interesting
information on the blowup and on the relationship between the exceptional dividers is all
there. Since the blowup of a trivial family of DuVal singularities is well understood, in the next
section, we will show only the blowup of the chart U,, where the families of singularities are
nontrivial.

Similarly, in the remaining sections of this chapter, we will only show the blowup of the
charts in which nontrivial families of DuVal singularities appear.

1.8.4 Blowup of X, along C;

Let X, be the blowup of X; along C; and let ¢, : X, — X and ¢, : X, — X; be the blowup maps.
As explained in Remark 1.8.1, in order to understand the crepant resolution is enough to study
the open subset of X, defined as U, = Blc,, Us. We can apply again [21, Prop. IV-25] and, after a
direct computation we discover that U is covered by two affine charts W;, W, that we describe
below.

Local pictures. As above, we proceed with a local description of U, = W, U W.

* Description of ;. The variety W] is the hypersurface of A*, with coordinates a1, 81,71, 61,
defined by the equation:

A +27261B1— 1165 B0 + 407765 —32y, 657 — 252,86, 1 — 28, — 432y, =0,
and the blowup map 5 =t|w; : W — Us is:

l21

W ' U, cXy

(a1, B1,71,61) —— (riaw, B, 11,7101)

By applying the Jacobian criterion, one finds that the chart W] is singular along the
(smooth and rational) disjoint curves

61'1:{(Zl:51/514'].8:108')’14'/:}?:0}, 62’1:{a1:51ﬂ1+4:32'}’1—ﬁ?:0}.

In particular, by construction, 51,1 is a (generically) trivial family of A, singularities, while
62,1 is a (generically) trivial family of A; singularities.
The exceptional locus of the partial resolution &, ; = £;|y; : W; — X is the union of the

the following two surfaces:

2l :Exc(Lzll):{yl :2ﬁ13—af :O} and E; = { 5?7’1 +2:a§5f+64(4+ﬁ151)2 :0}
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Notice that they don't intersect, E; N F, = and that | is the strict transform, via t, of E,.
Moreover, we have

Sing(F)={a;=p1=7,=0} and Sing(E})=C, .

e Description of W,. The variety W, is the hypersurface of A*, with coordinates ay, 82,72, 85,
defined by the equation:

—2y§[5§’—432}’352—252y§52/32—327’252ﬂ22—52ﬁ§ +40'}’252+252ﬁ2 +a2 0

and the blowup map 3, = |, : Wo — Us is:

122

W, ' U, c Xy

(a2, B2,72,02) —— (@202, B2,7202,02).

Again by applying the Jacobian criterion, one finds that the chart W, is singular along
two (smooth and rational) curves, namely

61’2={a2=18'}’2+ﬁ2=54)’§—52=0} and 62,2={a2:47’2+ﬂ2=2y§+52:0}.
They intersect at the origin (0,0, 0,0) € A* and again, outside some dissident points (e.g.
their intersection), they are a family of A, singularities and A; singularities respectively.
The exceptional locus of the partial resolution &, = &,|y, : W, — X is the union of the
the following two surfaces:

F, =Exc(tpp) = { 0, :27’3/323—612 :0} and E, = { a% +64yg(4y2 +B.)* =6, +2y§ :0}.

They intersect along the B,-axis, i.e. BENE, = { Ay =72,=0,=0 } = L. Moreover, the
fB-axis is also a common singularity for the exceptional divisors and we have:

Sing(F)= LU { ary=Pr=0,= 0} and Sing(ﬁz) = (:32,2 UL.

1.8.5 Second change of coordinates

We focus on the chart W5, where all the complexity of the singular variety X, is encoded. Indeed,
on the other charts that we have produced, X, has only trivial families of DuVal singularities
(see Remark 1.8.1). Before to proceed, we act, for the second time, with a change of coordinates
¢ on A%, This will produce nicer equations for the involved varieties.

4

A4 A4

(a2)/52!7,2y52) | — ( as, 7(9ﬁ2 2')’2 ,7(‘}/2 /52 (7'2 ﬁz) )
The new equation for W, is now

645 —1920, 12+ 19275 —64B2Y>— 16562 +88B57262+26B27502+ P205—8y265—7a; =0,
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and we can rewrite the singualrities and the exceptional divisors of W, as follows:
51,22{(12:7’2:52—8/522:0}» 52,22{012:ﬁ2=52:0}
and
BE={26,09B2—27,)* —4905 =76,—2(y,— B)* =0}, Ey={6,=7a5+64B(r,—B.)* =0}
Finally, in this new coordinates, we have:
EnNE={ay=7,—f2=6,=0}=L

and
Sing(B)=LU{ a, =26,—7; =9P,—21,=0},

Slng(EZ) = 622 U L,

1.8.6 Blowup of X, along 52

In practice (see Remark 1.8.1), instead of computing the whole (5 : X3 = Bl g — Xp, we will
2

perform the blowup W, of W; along (72,2. Again W} is covered by two affine charts that we will
denote by T;, T, and we will describe in next section. We shall denote by &3 : X3 — X the partial
resolution map.

Local pictures We describe now W, = T, U T5.

e Description of T;. The variety T; is the hypersurface of A%, with coordinates A, u;, 1, x1,
defined by the equation:

—1673(2501 —4 1) — (81 — 71)* (11 —81) — 271 (8uy — 21)(20; —13%1)+ 727 =0

and the blowup map 3, =3l7, : [} = Wh is:

21

L ' W, C X,

(AL, v, x) —— (A, d, V1, X10)-

It is a 3-fold singular along the curve

w

Coi={A=v=x—8u =0},

which, outside some dissident points is a family of A, singularities.

The exceptional locus of the map €31 = €37, is the union of the following surfaces:
Gl = EXC(Lng) = {‘Ul = 641/:)1) —261/%}(1 +8'V1X12 +77(,% =0 } , El = { X1= 7A§—64(‘U1 — Vl)s = 0}

F = {34325 — 4(1uy — 1)/ (7291 — 478 1) =561 31(23 v — 7 1) = Ty j1 —2(uy — 7 )* =0 }.
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They intersect as follows:
GinE ={u=y5=64v+722=0}, G nF={ A= =1 =0}=2,
1?1051:{%1:#1—7’1:)(120}:Z,
and their singularities are:
Sing(Ey) =T, Sing(G))={ 1 =1 = =71 =0} ={p},
Sing(fl)zfu{Al:Qul—Zvl =7v1—9)1 :0}.

Notice that, since the equations of G; can be put, via an appropriate change of coordi-
nates, in the form
2 2
py=A7— VI(V% —up)=0,

the point p is a DuVal singularity of type D,.

e Description of T;. The variety T is the hypersurface of A*, with coordinates Ay, Uy, v», 2,
defined by the equation:

645 Y 5—1925 vy ¥ 5+192U5 V5 yo—64 U5 Va— 1613 ¥ 5+88US Vs ya+26y Va—TAS+Uo y2—8 V2 =0

and the blowup map (3, = 3]z, : T, = Ws is:

132

I ' W, c X,

(A2 2, Vo, X2) —— (Ao )2, U2 X2, Vo, )2)-

The variety T is singular along the curve

w

9]

L2={A2=m=8uly,—1=0}.

In this chart, we don't see the strict transform of E C X; and the exceptional locus is the
union of the following surfaces

G, =Exc(iz2)={ y2 =64u5 v, — 260, V5 + 725+ 87, =0}

B={2(ua 2= v2)* =72 = 28005 v )t — 18205 v, — TA5 + 72905 1, —87, =0 }

which intersect along:
BEnG={l=v=y=0}=2,.

Finally, the singularities of the prime divisors are:

Sing(B) = { Ao =TUsVy—9= 7;,4%)(2 —-2=0 }, Sing(G,)=0.
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1.8.7 Third change of coordinates

We focus now on the chart 7; and we act for the third time with a biholomorphism . Again,
we recall (see Remark 1.8.1), that this is enough to understand the whole partial resolution.
The change of coordinates © of A* is defined as follows:

A ? A
(A, i1, vy x1) —— (A, /2, v1/2, y1 +4u).
and the new equation for T; is:
U110, —)()2— V1(16V§— 13vi1 +8)(12)— 14%% =0.

The new equations of the objects in the previous section, with respect to the new coordinates,
are: ~
Sing(T)=Cy,1 ={ A1 = v =y =0},

Gr={p1=16—-132y, +8, 72 +1422=0}, B = {4u; + y1=(@v + 71 +56A2 =0},
R={27p2+2uy v — v+ 7u 1 = (10, — 1 )* — 1697 +13v2 y, —8v, x5 — 1427 =01},
GinE ={y,=m=87+722=0}, GnR={ A\ = =n=0}=2,
1?1051:{11:%—1/12){1+4M1:0}=Z,

Sing(E)) =L, Sing(G))={ A == =11 =0} ={p},
Sing(F)=Lu{A,=2y,+v =4y, +9u;=0}.

Recall that the point p is a DuVal singularity of type D;.

1.8.8 The last blowup

The last step consists of the blowup of X3 with centre C,= 61,1 U 61,2 C X3. As usual, we will
focus on the chart where all the mutual intersections of the exceptional divisors occur. In

practice, we will cover Bl z T; with two charts §; and S;,.
1,1

Local Pictures Both charts are smooth, and we describe them as hypersurfaces S; ¢ A%, with
coordinates x;, y;, z;, t; for i =1, 2. In the following table, that lists their main properties, we
will omit the indices of the variables for the sake of readability.
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CHARTS
S \ S,

EQUATIONS
—y(t—10)+2(8t>—13¢+16)+14x2=0 |—y(10z—1)>+162t —132%¢ + 81z +14x>=0
BLOWUP MAPS
(x,y,2,t)—(xz,y,2,tz) \ (x,y,2,t)—(xt,y,zt,t)
EXCEPTIONAL LOCI

H, = Excliy)) z=0 H, = Exclies) r=0
= EXC(L = = Exc(t =
! M)yt —102—14x2 =0 ’ 27 y10z =12 —14x2 =0
~ y=0 ~ y=0
1= 2=
8zt2+14x*—13zt+16z=0 1623t —13z%t +14x*+8zt =0
= t+4y=0 = 4y+1t=0
- z y F = y
z(t +4)° +56x%=0 t(4z+1)*+56x2=0
ﬁl: y(t—lo)z—(slf—lstﬂs)z_xZ:O :: y(10z—1)2—zfi16z2—13z+8]_xz=O
(z—y)P=Ty(zt+4y)=0 (zt—yP—Ty(dy+1)=0
SINGULARITIES
Sing(H))={x=2z=t—-10=0}=D, Sing(Hy)={x=t=10z—1=0}=D,
Sing( Gl { pL P }two A s1ngular1t1es Sing(G,) = { P, Po }U { 23 }three A, singularities
Smg(El {x y—z=t+4= O} L1 Sing(gz):{x:4y+t:4z+1:0}:fz
Sing(F1 Llu{x y=z= O}U Sing(g)=flu{x=y=t:0}u
{x=9y—2z=2t+1=0} {x=9y+4r=z+2=0}
INTERSECTIONS
Hlﬂélz{x=y=z=0}=M1 Hzﬂ@:{xzy:tzo}:Mz
HIHEZMI Hzmﬁ:zzMz
Hlﬂ§1=M1 HzﬂEZZMZ
G, NE =M, Gzﬂl%:Mzu{xzyzz:O}
Glﬁﬁlelu{y=t=7x2+BZ=O} GzﬂﬁzzMz
inﬂgl:flUMl imﬁzzfzuMz

Remark 1.8.2. Both charts S;, S, are isomorphic to A3. For instance, one can check that the
map

A3 S,

12 18
(a,b,c) —— (a, Ha‘c+z b02+722a +227bc+ b,732a c+2273bc 9a2,c+10).

is an isomorphism.

Global picture The crepant resolution X, =Bl z X3 has four exceptional prime divisors, each

1

coming from a blowup. In particular, E, F, G and H are the respective (strict transforms of
the) exceptional divisors of &1, (5, (3, 4.
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We describe now these divisors. In Figure 1.25, a real version of the exceptional divisor of
some open subset of §; U S, is depicted. We will choose the notation consistently with respect
to the above table.

* The exceptional divisor E is the strict transform, via t40t50t, : X, — X, of the exceptional
divisor E. It is singular along the curve L. Locally, near L \ {p}, the divisor E is a trivial

family of cusps. The restriction of the resolution map &, to E,
Eq|=: ﬁ - C ,
= E—G

is, outside the singularity of C,, a trivial family of projective singular non-degenerate

conics (pairs of incident lines). Finally, E intersect F along the curves L and M.

e The exceptional divisor F is the strict transform, via ¢4 o5 : X, — X, of the exceptional
divisor F. It is singular along the curves L, M, N. Locally, near L\ {p}, the divisor F is a
trivial family of nodes, while, near (M U N)\ {p}, it is a family of cusps. The restriction
of the resolution map ¢, to F,

A 0},
iz F - (0}

is constant.

e The exceptional divisor G is the strict transform, via t, : X, — X3, of the exceptional
divisor G. The restriction of t4, t4] G—Gisa partial resolution of the D, singularity of
G. In particular 14| agree with the blowup Blgj,g() G and it is well known that G has one
irreducible exceptional divisor M over which three A; singularities lie, namely p;, p», ps.
Now, the restriction

£4|GZ 6 — C2

is, outside the singularity of C, a trivial family of projective lines, while, as expected,
again outside the singularity of C,, the restriction

£4|GUE: G— C2

is a family of chains of three projective lines. Finally, G intersects E along the curves M
and V, it intersect F along the curves M and Z and it intersects the divisor H along M.

* The divisor H is the exceptional divisor of the map (4. It is a Whitney umbrella, i.e. it
is isomorphic to the surface A= { (o, B),[u:v])) € A2 x P! | a’u=p>%v } It intersects all
the others exceptional divisors along the curve M and it is singular along the curve D.
Finally, the restriction

eglp: H— G

is, outside the singularity of C; a trivial family of nodes (incident lines).
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Conclusions. Now that we have this explicit description of a resolution X, we can study
the sequence of flops that connect X, and the crepant resolution X, built by Markushevich
in [50]. Moreover, since we know from [71] that Craw-Ishii’s conjecture (Conjecture 1.0.24) is
true, we can look for the chamber C c ©8°" such that X, = _# . We leave this study for the
future, and here we simply give the correspondence between the exceptional divisors of X,
and those of X,. The existence of this correspondence is a consequence of the fact that all
crepant resolutions are isomorphic in codimension 1.
The correspondence goes as follows.

e The divisor E corresponds to the divisor of X, coming from the 3-rd blowup in [50],
e the divisor 7 corresponds to the divisor of X; coming from the 2-nd blowup in [50],
« the divisor G corresponds to the divisor of X, coming from the 4-th blowup in [50],

« the divisor H corresponds to the divisor of X, coming from the 1-st blowup in [50].
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Figure 1.25. A qualitative real version of Exc(g,|y/) for some V Cc §; US,.
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2.0 Overview of the topic

Let X be a scheme of finite type over the field C. One of the (arguably few) intrinsic geometric
objects attached to X is a certain cone stack €y — X, called the intrinsic normal cone, con-
structed by Behrend-Fantechi in their seminal work [6]. This construction was a breakthrough
in enumerative geometry, for it opened the way to a rigorous definition of a cascade of invari-
ants that have been of central importance in algebraic geometry ever since: Gromov-Witten
invariants, Donaldson-Thomas invariants, stable pair invariants to name a few.

A few years after the intrinsic normal cone was born, Behrend [5] proved that any scheme
X of finite type over C carries a canonical constructible function

Vx: X((C)—)Z,

defined (cf. Section 2.1) as the local Euler obstruction of a canonical cycle ¢y € Z,(X) called
the signed support of the intrinsic normal cone. This function is universally referred to as the
Behrend function, and it has the following remarkable property: whenever X is proper and
carries a perfect symmetric obstruction theory (in the sense of Behrend-Fantechi [7]), the
degree of the virtual fundamental class [ X ]V" € Ay(X) attached to the obstruction theory agrees
with the weighted Euler characteristic of X,

2(X, vx)= > ny(v(n)),
nez.
the ‘weight’ being precisely the Behrend function [5]. This result allowed algebraic geometers
to compute a large number of enumerative invariants, previously inaccessible, attached to
moduli spaces X satisfying the assumptions of Behrend’s theorem. See e.g. [67, 55] for some
background and references related to this subject.

Of course, knowing the precise values of the Behrend function is a more refined information
than knowing just the weighted Euler characteristic. Unfortunately, the Behrend function is
quite elusive. We refer the reader to the original papers [5, 7] for its main properties, some
of which are recalled in Section 2.1. First of all, it is an invariant of singularities, in the sense
that it pulls back along étale maps; in particular, it is sensitive to the scheme structure. It
satisfies vx(p)= (—1)dimp X jf p is a smooth point of X. When X is a critical locus, i.e. a scheme
of the form V(df) c U, for some regular function f on a smooth scheme U, the function vy
agrees with the Milnor function of (U, f). See Example 2.2.1 for more details. Not much more
is known about the Behrend function in general. See Open problem G for a hard open problem
in Donaldson-Thomas theory, related to the Behrend function and also to the geometry of
Quot schemes.

As mentioned above, the Behrend function has a crucial role in those enumerative theories
where the moduli spaces involved carry a symmetric obstruction theory. This is for instance the
case of Donaldson-Thomas theory (DT theory, for short), an enumerative theory designed to
‘count’ sheaves on smooth 3-folds [69]. If X is a moduli space of stable sheaves on a projective
Calabi-Yau 3-fold, then the expected dimension of X is 0. When X really has dimension 0, it is
equal to a disjoint union X; I --- 11 X, where each X; is a fat point, the main object of study in
this thesis. That is, we have X = X; I1--- 11 X, where X; is a fat point. If X; is reduced for all i,
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then the DT invariant is just the number of points, namely e. But in the general case, the DT
invariant is

e
2(X,vx)= vy,
i=1

which is one motivation for the interest in the computation of the Behrend number of a fat

point. Even though a moduli space as above is rarely 0-dimensional, there are examples where

this actually happens, see e.g. [69, Thm. 3.55 and § 4], but also [67, Ex. 8.1] and [68, Thm. 1.1].
We conclude the introduction with a challenging open problem in DT theory.

Open Problem G. Fix integers r > 1 and n > 0, and let Quot,s(0®", n) be the Quot scheme
parametrising length n quotients of the trivial sheaf 0®” on A3, a key character in DT theory
[62, 22]. As proved in [4] (see [7] for the r =1 case), there is an identity

X(QuOtA3(ﬁ€Brr I’l), V) = (_1)rnX(Qu0tA3(ﬁ®rr I’l)),

and the value of the Behrend function at a torus-fixed quotient p =[0®" — T], with respect to
the natural (C*)3*"-action on the Quot scheme, is

np)=(=1".

However, it is not known whether v is constantly equal to (—1)"". Its constancy would show
that the Quot scheme mentioned above is generically reduced, which is currently unknown
even for r =1, i.e. in the case of the Hilbert scheme of points Hilb"(A3).

In dimension N > 3, the question of the reducedness of Quot,~(0®", n) has already been
answered in the negative: see [43, § 6.5] for an example of a generically nonreduced component
of Quot,~(0®7,8), where r > 3. See also the recent work of Szachniewicz [66] for a proof of the
fact that Hilb'3(A®) is nonreduced.

2.1 Definition and main properties of the Behrend function

Let X be a scheme of finite type over C, and let Con(X) be the abelian group of (Z-valued)
constructible functions on X. In [5], Behrend constructs a canonical constructible function

Vx: X(C)—>Z,

nowadays referred to as the ‘Behrend function’ of X. It has been proven a powerful tool in
enumerative geometry, mainly because of the following remarkable property: whenever X is
proper and carries a symmetric perfect obstruction theory in the sense of Behrend-Fantechi

f 1= (X, vx),
[X]vir

where the left hand side is the degree of [ X]'' € Ay(X), the virtual fundamental class attached
to the obstruction theory, and the right hand side is the weighted Euler characteristic of X, the

[7], one has an identity

‘weight’ being vy. Explicitly, for a constructible function y € Con(X), one defines

2Xp)=> myly ™ (m)).

meZ
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The Behrend function of a scheme X is defined as
vx =Eu(cx),

where Eu: Z,(X)> Con(X) is the local Euler obstruction, an isomorphism from cycles on X
to constructible functions on X, and ¢y is a canonical cycle attached to X. The definition of
Eu is recalled in [5] and is classical; we refer the reader to Jiang’s work [44] for more details on
local Euler obstruction (both in algebraic and analytic setting) and the Behrend function. Here
we recall how the cycle cy is defined. Suppose (f: U — X,t: U — M) is a local embedding
for X, i.e. f is an étale morphism of C-schemes, and ¢ is a closed immersion into a smooth
C-scheme M. Let
m: Cym—U

be the normal cone of this immersion. Note that Cy; /), is of pure dimension dim M. One can
form the cycle
cwm= D, D multy(Cyyu)ln(D)] € Z(U),
DCCU/M
where the sum ranges over all irreducible components D of Cy/5s, and multp (Cyy/p,) denotes
the geometric multiplicity of the irreducible component D, namely the length

multD(CU/M) = lengthﬁCU/M,D (ﬁCU/M,D)

of the artinian ring 0c,, ,, p viewed as a module over itself, see e.g. [65, Tag 0DR4]. The cycles
c¢y/m naturally glue together along local embeddings to give a cycle cx € Z,(X), i.e. there exists
a unique global cycle ¢y such thatif (f: U — X,t: U — M) is alocal embedding as above, one
has cx |y =cy/pm.

When X has a global embedding ¢: X <— M inside a smooth scheme M (e.g. when X is
quasiprojective), we can use the local embedding (idx,¢) and compute directly

2.1.1) vy =Eu(cy) = Z (=)D multy, (Cx /pr) Bu([7(D))).
DcCx/m

Thus, when X is a fat point, say with embedding dimension N, we have a closed immersion of
X inside M = AN and Equation (2.1.1) becomes

(2.1.2) vx= >, multp(Cx/u),
DCCX/M

because the local Euler obstruction of [ X] is equal to 1 and dim (D) =0.

Notation 2.2. Occasionally, for the sake of readability, if R = C[xy,..., xy]/I defines a fat point
X =SpecR C AN we shall write vy instead of vy, referring to the latter as the Behrend number
of I, since Spec R has only one point.

The Behrend function also has the following remarkable property, which has been exploited
several times for computations in Donaldson-Thomas theory, see e.g. [7, 4].


https://stacks.math.columbia.edu/tag/0DR4
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Example 2.2.1 ([56, Cor. 2.4 (iii)]). When X is a critical locus, i.e. X = V(df) is the zero scheme
of an exact 1-form on a smooth scheme M, one has the relation

@2.2.1) vx(p)= (1" M(1— ¥ (MF ),

where MF , is the Milnor fibre of f at p € X. The right hand side is, by definition, the value
of the Milnor function attached to (U, f). The above situation includes the important case
f =0 € 0y (M), which yields X = M and the formula vy, (p) = (—1)%™» M. So the Behrend
function of a smooth point of a scheme is always +1.

Ideally, it would be nice to compute the Behrend function of an arbitrary 0-dimensional
C-scheme. It is of course enough to perform the computation for fat points, since a finite
scheme is a disjoint union of fat points. The Behrend function of a fat point X is the constant
given by Equation (2.1.2), so our goal is to compute this constant exploiting such relation in a
large number of cases.

If X is a (proper) moduli space of sheaves on a Calabi-Yau 3-fold of dimension equal to the
expected dimension, namely 0, then X = X;II---11X, is a disjoint union of fat points X;, and the
non-reducedness of X; is a shadow of the existence of obstructed deformations for the object
parametrised by X; .q < X. Even though there is in general no control on these obstructions,
one can compute the Donaldson-Thomas invariant of X as the integer vy, +---+ vy, .

2.2.1 Aformula for the Behrend function in terms of blowup

Let X = SpecR be a fat point over C, and let X — U be a closed immersion into a smooth
affine scheme U. Let I C 0y be the ideal defining this inclusion, so that R = gy;/I, and let
C=Cxuy= Spec(EBdZO Id/Id“) be the normal cone of X — U. As in Equation (2.1.2), we
have

(2.2.2) vx= > length,  (0cp),
DcC

where the sum runs over all irreducible components D of C. This sum does not depend on
the particular embedding X — U we picked. If N = dim U, then we know that C is purely
N -dimensional, but we do not know how many irreducible components it has in general;
however, in the case where I C C[x, y]is a normal monomial ideal, the number of components
of the normal cone to the fat point X = V(I) — A? can be computed via Theorem 2.6.12. Note
that a natural choice for U is the affine space A", where N = dim¢(mp/ m%) is the embedding
dimension of X =SpecR.

One first observation, towards the computation of vx via Equation (2.2.2), is that the
projective cone P(C) sits in the projective completion P(C & 1) as the divisor ‘at infinity’, with
open dense complement equal to C. Hence we may rewrite Equation (2.2.2) as

2.2.3) vx= > length,, . (Opce,ppen)-
DcC

We notice that P(C & 1) is the exceptional divisor of a blowup, just as P(C) is. We consider the
embedding X — AN < AN x A! = M, where the second map is induced by the inclusion of
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the origin 0 in A!. Then, we have an identity
ExMZP(C®ﬂ)CleM,

so by Equation (2.2.3) we have to determine the geometric multiplicities of the irreducible
components of the exceptional divisor Ex M.

Equation (2.2.3) will be used to explicitly compute the Behrend function of curvilinear
schemes (see Example 2.2.5). However, for most of Chapter 2 the key relation that will be
exploited is the one contained in the following lemma.

Lemma 2.2.2. Let X C AN be a fat point, with normal cone C = Cxav = SpecS and associated
projective cone P = P(C)=PS. Then the association D — P(D) is a bijective correspondence
between irreducible components of C and irreducible components of P, and there is an identity

Vx = Z lengthﬁp(c)‘mm (ﬁP(C),P(D)) .

DcC
In ‘blowup language, this can be rephrased as

Vx = Z multP(D) ExAN

DccC

Proof. For a general cone C = SpecS over an affine scheme X = SpecR, the irreducible com-
ponents D c C are themselves cones (over subvarieties of X), each of which is given as
D =V (p)=Spec(S/p), where p C S is a homogeneous minimal prime ideal. Thus D — P(D)is
a bijection.

If X ¢ AV is a fat point with normal cone C as in the statement, and D = V(p) € C is an
irreducible component, the local ring S, is artinian, as well as the homogeneous localisation
Sp)» and we have

lengthﬁcyD (ﬁc, D) = lengthsp (Sp)
=length S (S(p))

= lengthﬁp(c),P(D) (ﬁP(C)yP(D)) ’

which by Equation (2.2.2) implies the formula for vy. O

2.2.2 The Behrend function of the easiest fat points
We conclude this section with some examples of computation of vy for X a fat point.

Example 2.2.3 (Critical loci). Let X =SpecR be a fat point that is also a critical locus, i.e. the
zero locus of an exact 1-form df, for some function f € 0y(U) on a smooth scheme U. In
particular, R is equal to the Jacobian ring attached to (U, f), whose dimension as a C-vector
space is by definition the Milnor number u . In this case, one has

vx = length(X).
Indeed, since X,¢q is just one point, X — U is isolated and so Equation (2.2.1) holds, giving

vx =(=1)""(1— 2 (MF)),
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where m + 1 is the complex dimension of U and where MF ¢ has the same homotopy type of a
bouquet of u spheres S C R”*1, This implies

AMFp)=pp-1+(=D") = (up =D =1+ (=1D)"puy,
which indeed gives
vx = (1" (1 —(1+(=1)"f) =y = dime(R) = length(X).

Example 2.2.4 (Local complete intersections). Let X ¢ AN be fat point that is also a local
complete intersection subscheme. Then Cx /4~ = Ny, is the total space of a vector bundle
over X of rank N. Thus P(Cx/sv)is a PN~1-bundle over X, and as such it is irreducible, with
multiplicity equal to length(X). So

vx =length(X).

Example 2.2.5 (Curvilinear schemes). Fix an integer n > 0 and consider the curvilinear scheme
X, =SpecC[t]/t". Then vx = n follows by both Example 2.2.3 and Example 2.2.4. We first
confirm this formula by means of Equation (2.2.2), as follows: for every d > 0, the d-th graded
piece of the coordinate ring of Cx, /a1 is isomorphic to R, = C[¢]/t" as an R,-module: if
I=(t"), then

Id/Id+1 :<tnd, [nd+1,..., tnd+n—1>(C ~ R,.
Thus
P11 =Pr, 2" =clr,2)/1",
d>0 d>0
proving that

CXn/Al IAI X Xn,

which is irreducible with generic point () c C|z, t]/(¢t"*) of length n. Alternatively, we could
have checked the formula vy = n through Equation (2.2.3) as follows. We can blow up X,
inside M = A! x A!, obtaining the exceptional divisor

P(Cx, /a1 ®1)= Pl@(],z)d /(I,z)d“]

a=0

Blr,ct0 L 00l o I
nefem e e —ze s
d>0 1

=P

~P[R,®(R, 2®R, u)®(R, - z°®R, zud®R, - u)®---]
=PR,[z, u]=P' x X,,,

which again is irreducible with generic point of length 7.
The following is an instance of both Example 2.2.3 and Example 2.2.4.

Example 2.2.6. Set X = SpecR c AN, where R = C[x;,..., xy1/(x,",..., X" ). Then, X is the
critical locus of the function AN — A! sending

1 xel-+1

X1yeery XN ) — X
(X110000 ) T

1<i<N
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Thus by Example 2.2.3 we have

vx =length(X) = I_I e;.
1<i<N
Alternatively, this formula also follows from the multiplicativity of the Behrend function, proved
in general in [5, Prop. 1.5 (ii)].

So far we have only seen instances where the Behrend number of a fat point agrees with its
length. In general, the length is neither an upper bound nor a lower bound for the Behrend
number, as we shall see in greater detail by means of the core calculations of this chapter (see
e.g. Theorem 2.3.11, Theorem 2.3.13 and Remark 2.7.9 for a few instances of this fact). For
now, we present an example of a fat point with embedding dimension N =2, that is neither a
critical locus nor a local complete intersection.

Example 2.2.7 (Power of maximal ideal). Fix an integer d > 1. Set X = SpecR, where R =
Clx, y]/m?. Here m = (x, y) denotes, as ever, the maximal ideal of the origin in A?. We have a
commutative diagram

Bl A2 «—— AZxP!
(2.2.4) 1g [idxvl,d

Bl A2 —— A% x P4

where v, 4: P! < P? is the Veronese embedding, sending P! onto the rational normal curve of

degree d inside P4. The vertical map g is an isomorphism, which by the commutativity of the

diagram commutes with the projections down to A2. It follows that, under this isomorphism,

the exceptional divisor E C Bl,,« A? corresponds to the preimage of X along &,,: Bl,, A> — A2,
Now, as in Example 0.10.9, we can write

BlmAZ:{((x,y),[u:v])}xv:yu}cAzx]P’l,

and, after fixing coordinates (u, y) in the chart { v # 0} C Bl, A?, the blowp map &,, becomes
(1, y)— (y u, y) in this chart. Therefore the pullback of X = V(m%) along &,,| v40 18 the scheme
cut out by the ideal

d—1 ud—l)

Jo=(%u,(y Voo (ywy ™y =y cClu, yl.

An identical calculation can be done in the chart u # 0, where one finds the ideal J, = (x?)in
Clv, x]. Allin all, £, '(X) C Bl,, A% (which is isomorphic to E = E,«A?) is defined by the ideal
sheaf #¢, where ¢ is the ideal defining the (reduced) exceptional divisor in Bl,, A%. It is thus a
line with multiplicity d. Hence, by Lemma 2.2.2,

Vx = lengthﬁEYE (@’E,E) =d.
Note that, in this case, we have d = vy <length(X)=(d +1)d /2.

The previous example can be generalised as follows.
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Proposition 2.2.8. LetI ¢ A=C[x,,..., xy] be an ideal of finite colength. Then, for any integer
d >0, one has a canonical AN -isomorphism Bl;a AN 2 Bl; AN, and an identity

Vajra = d- Va/I-
In particular, if I defines a local complete intersection subscheme of AN, then
Vajra = d 'KA/] =d dlmc(A/I)

Proof. The second identity follows from the first combined with Example 2.2.4. We have an iso-
morphism of AN -schemes g: Bl; AN = Bl;o AN, which is part of a larger diagram (constructed
along the same lines as Diagram 2.2.4): if we assume [ is minimally generated by polynomials
fo, fi,--+, fr € A, then we have a commutative diagram

Bl; AN e AN x P’

‘[g [ld XVrd

Blja AN «— AN XIF’(r;d)_l

wherev, ;: P’ — p(")-1 is the Veronese embedding.

Now, if £;: Bl;« AN — AN denotes the blowup morphism, E; = E;«AY c Bl;a AN is the
exceptional divisor embedded with ideal sheaf .%; C Op; , ov, and the inclusion Spec A/I% c AN
has normal cone C;, we compute

Va/rd = Z multp(D)(Ed)
DcCy

= Z multp(D) (V(Sd_l(Id) : ﬁBlld AN))

DcCy

= Z multg-1p(p) (Ve I Gy, an))
DCCd

= Z multgflp(D)(V(,ﬂld))

DcCy

=d- Y multgpp)(E)
DcCy

=d- > multpp)(E)
DcC

=d- YA/l

as required. O
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2.3 Towers and their Behrend functions

2.3.1 Towers and their basic properties

Before introducing towers, special ideals in C[x, y] particularly suited for our calculations, we
quickly review some basics on curvilinear schemes.

We focus here on curvilinear schemes (cf. Definition 0.6.1) of length n supported at the
origin 0 € A?. These are defined by ideals I ¢ C[x, y] of the form

I=(f)+m",

where f € m\m?. Given such a polynomial f =ax+by +cx?>+dxy+ey?+---, an explicit
isomorphism C[t]/¢t" — C[x, y]/I is given by sending ¢ +(¢") — (ay—b x)+1. Such association
is an isomorphism because (a, b) # (0, 0) which follows from the condition f € m\ m?.

Definition 2.3.1. Let f € C[x, y] be any nonzero polynomial, and, for i > 0, let f; be its
homogeneous part of degree i. We will denote by o(f) the order of f, i.e.

o(f)=min{ieN| f;#0}.

Lemma 2.3.2 ([8, Prop. IV.1.1])). LetI =(f)+m" be a curvilinear ideal. Then, the polynomial f
can be chosen in one of the following forms: either

flx,y)=x+g:(y)

where g, € Cy] is such that o(g,) > 1 and deg(g,) < n, or

flx,y)=y+g,(x),
where g, € C[x] is such that o(g,) > 1 and deg(g,) < n.

Proposition 2.3.3. LetI =(f)+m" c Clx, y] be a curvilinear ideal with n > 2. Then, the blowup
Bl; A? has a Kleinian singular point of type A,,_, (see Section 1.1).

Proof. ByLemma2.3.2, we can suppose f = x+g,(y)and, asaconsequence, I =(x+g,(y), y").
In particular, the sequence x + g,(y), y" is a regular sequence. Thus, by [21, Prop. IV-25], we
have

Bl A*={((x,y),[u:v) € A*xP" |uf—vy”=0}.

Now, an easy computation shows that the point ((0,0),[0: 1]) is a Kleinian singularity of type
Apq. O

The next definition introduces our main objects of study for this section.

Definition 2.3.4. We will say that an ideal K c C[x, y]is a tower of height i, if there exists a
polynomial g, € C[y]or g, € C[x], of degree strictly smaller than i, and a strictly increasing
sequence of natural numbers 1 < i; < i, <--- < i, such that

K=] [(x+g:(y)+mi
k=1
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or
S .
K= l_[(y +8y(x))+m'k,
k=1

We will say that a tower is

(i) completeifip=kfork=1,...,s,

(ii) monomialif g, =0, in the first case, or if g, =0, in the second case.

Example 2.3.5. Let 1 <1i; <i, <---< i be astrictly increasing sequence of positive integers,

K= ﬁ(x)+mik = ﬁ(x, y')
k=1 k=1

be a monomial tower of height i;, not necessarily complete. Then

and let

s—1 s
2.3.1) K = xS)xs_lyilrxs_zyil+i2,...,xyj§1lj’yjzzllj

The associated Ferrers diagram is depicted in Figure 2.1 in the complete case.

i
1

s

yl

.

| xs72y3

— - —

xS ly

xS

Figure 2.1. The Ferrers diagram of a complete monomial tower of height s.

Lemma 2.3.6. The blowup of A> with centre an arbitrary tower K C C[x, y] is a normal surface.
Equivalently, every tower is a normal ideal.

Proof. We first observe that the isomorphism class of a subscheme X ¢ A? defined by a tower
is completely determined by the sequence of positive integers 1 < i} < --- < i5. Indeed, if
K= ngkgs(x +g(y))+mi, then the automorphism

~

A? A2

(2.3.2)
(x,y) —— (x—g(¥),y)
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induces an isomorphism between V(K) — A? and V(K’) — A?, where K’ is the monomial
tower [ [,.<(x)+m'*. On the other hand, the blowup of A% with centre a monomial tower
I c C[x, y]is normal, because the subsets A; € N?> and Q; ¢ Q?, defined as in Remark 0.10.3
and in Proposition 0.10.2 respectively, satisfy A; = Q; "N2. The conclusion then follows from
Proposition 0.10.2. O

2.3.2 Blowing up along towers

This subsection contains the key structural results that we will need for the calculation of the
Behrend function of a fat point X ¢ A? cut out by a tower.

Proposition 2.3.7. Let s > 1 be a positive integer and let K; be the complete monomial tower

S
K, =]—[(x,yk)-
k=1

Then, the blowup Blg A* factors as a sequence of blowups

E5—1 &3 & &

AZ

Xs L’ Xsfl X X1

where

X; =Bl AZ,
Xk+1:Bll’ka’ k=1,...,s—1.
Here, t; is the toric point of Exc(€1) C X; corresponding to the line {x =0} and, fork =2,...,s—1,

t;. is the only toric point of Exc(€;) \ sgl(Exc(sk_l ).
In other words, X; and Blx, A* are canonically isomorphic as A*-schemes.

Proof. For the sake of readability, we set I; = (x, y¥). The proof goes by induction on the height
s of the tower. The first nontrivial case is s = 2. We want to prove that there exists a canonical
isomorphism of A?-schemes ¢: X, — Blg, A%,
Lemma 0.2.1 implies that
2~
BIKZ A = Blgfl(lz)'(le Xl-

Recall (see [13, §3.1]) that X, is a toric surface covered by two toric charts U; & A?, for i =0, 1,
with the property that, if we call a;, b; the toric coordinates on U;, then the maps & |y, for
i =0,1, take the the form

1], (@0, bo) = (ao o, by)
€1|U1(a1» by)=(ay, a, by).
As a consequence
-1
&1 v, (12) - Clag, bo] = (ag by, bg)=(by)- (ag, by),

—1
e1]y, (B)-Clay, bi] = (a1, a; b}) = ().
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Therefore, we conclude that .91_1([2)~ Ox, = 7 - 76, where 76 C Oy, defines a Cartier divisor
and 7, C Oy, defines a (reduced) toric point #; € X;. Thus, we have

Bljfl% Xl gBltl Xl :Xz,

which concludes the proof of the base step.
Suppose now that we have a canonical isomorphism of A%-schemes ¢ : X; = Blg, A%. We

need to construct a canonical isomorphism
. 2
P51t Xsp1 Blg,,, A%

s+1

Setting 1) = £, 0--- 0 £¢, we have a commutative diagram

s+1

2
s
€541 j }Slﬂs(fs) jsKS+1

Bly A2 — %, A2

\/

where the map ¢ is an isomorphism by the base change properties of blowups [21, Prop. IV-21].
Now, we exploit the toric variety structure on X;, for all i € N. If N denotes the standard
2-dimensional lattice, then the variety X, can be constructed via the fan ¥, in N ®; R & R?

depicted in Figure 2.2.

egt+e 2e+e sejt+e

)
€

Figure 2.2. A fan realising the toric variety X.

The variety X; is covered by s + 1 smooth charts Uy = Spec Sy = A? (see Section 1.1) with
toric coordinates a; and by, more precisely we set

Se=Clxy * 1 x'y¥1=Clag, b, 1<k<s
Ss41= C[xy ’ Y] = C[“s-Hr bs+1]-
As above, the maps |y, : U; — A?, for i =1,..., s + 1, have the explicit description
¢s|Uk(ak»bk)

wS{USH(aSH’ bs11)=(as+1 bs+1’ bsi1).

(akbkfl,akbk), 1<k<s

Therefore, the ideal sheaf t/);l(lsﬂ) - Ox, C Oy, is given, locally on each chart, by

o[y Usen)- Clag, by

Yulg Uer)-Clags, bop]=(@s by, b = (bS)) (g1, bort) € Sosa

(allgb]f 1 S+1bs+1) ( kbk 1)CSk, ISkSS



CHAPTER 2. ON THE BEHREND FUNCTION AND THE BLOWUP OF SOME FAT POINTS 89

As a consequence, w;l(l s+1)* Ox, = 7 - 76, where, as above, 7] C Ox, defines a Cartier divisor
on X and % defines the reduced toric point ¢; € Exc(¢ s)\es_l(Exc(g s—1)). Finally, the statement
follows by applying again Lemma 0.2.1. O

Corollary 2.3.8. Let K be the complete tower K =] [,<<,(x+8&(»)) +mk, whereg(y)eClylisa
polynomial of order 0(g) > 1 and degree deg(g) < s. Then, the blowup &y : Bly A?> — A? factors
as a sequence of blowups

&

Bl, B, ,---Bl, BlgA? —=— ... ~2 Bl BljA2 —2— BljA? —— A2

Ps—1
where p; € Exc(g1) and, forallk =2,...,s—1, the point p;. belongs to Exc(&;) \ 3;1 Exc(er_1).

Proof. Itis enough to combine Proposition 2.3.7 with the automorphism (2.3.2) introduced in
the proof of Lemma 2.3.6. O

Remark 2.3.9. The above corollary, combined with Lemma 2.3.6, also allows one to handle
the blowup of A? along any tower

(x+g(y)+m'.
1

K=

N
k=

Indeed, given the complete tower K defined by
Is
K=] Jx+gy)+m,
k=1

the blowup B = Blg A? can be obtained by contracting some projective lines in B = Bl A2,

In a little more detail, if we call £: B — A? and &: B — A? the blowup maps, the same
computations as in the proof of Proposition 2.3.7 show that £7(K)- 0 defines a Cartier divisor
on B. Therefore, there is a canonical birational morphism of A%-schemes

¢:B—B

which has connected fibres by Zariski’s Main Theorem (Theorem 0.9.2) (which we may apply
since B is normal, by Lemma 2.3.6). In particular, the map ¢ is an isomorphism outside
from the respective exceptional loci of B and B and it may contract some of the irreducible
components of Exc(B).

Since any tower is isomorphic to a monomial tower (see the proof of Lemma 2.3.6), in order
to understand which rational projective curves of B are contracted by ¢, we can first suppose
that K is a monomial tower. Then, the usual toric geometry methods apply. A fan X for the
toric variety B consists of the following s + 1 maximal cones

Op= <eZ) il e+ €2> ’

g, = (i161 + ey, i261 +€2),

s =(is_1e1+ ey, i5e;+e),

os=(ise; +eye).
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In particular, if we put i, =0, the cones ¢, for j =0,...,s —1, correspond either to a smooth

point, if ij;; —i; —1 =0, or to a Kleininian singularity of type A; _; otherwise, whereas

1l
the cone o corresponds to a smooth point of B. Now, a fan X for the toric variety B has the

following maximal cones

To= (eZ’ e+ €2> ’

1= <€1 + 62,261 + ez> ’

Ti—1={(is—1)e; + ey, ise; +e),

T =(ise; +eye).

Moreover, the fact that each cone 7; of X is contained in some cone o j of X implies that
there is a morphism of A?-schemes from B to B which, by universality, must coincide with
¢. Therefore, the lines contracted by ¢ are the lines in B corresponding to the rays of X not
belonging to X.

Notice also that, if one knows how to compute the Behrend number of a complete tower
(which we do, as we shall see in Theorem 2.3.11), then, thanks to this remark, one also knows
how to compute the Behrend number of an arbitrary tower. To see this, consider a curve C ¢ B
which is not contracted by ¢. Then, since, when restricted to the complement U C B of the
contracted lines, ¢ is an isomorphism, we have the identity

mult,)(V(e7Y(K)- 05)) = multc(V(E™H(K)- 05)).
The following example provides a generalisation of [21, Prop. IV-40].

Example 2.3.10. The easiest non-complete tower one can think of is given by a curvilinear
ideal I =(x)+m" =(x, y") with n > 2. We can deduce, from the above remark, an alternative
way to Proposition 2.3.3, to prove that Bl; A? has an (isolated) singularity of type A,,_;.

Let K be the monomial complete tower

n

K= ﬁ(x)+mk = I_[(x,yk).
k=1

k=1

Then, Proposition 2.3.7 implies that the exceptional locus of the map £x: Blx A? —» A% isa
chain of n rational smooth projective curves

EyUE,U---UE, C Blg A®

and, the classical blowup formula (see [3, I-§ 9, Thm. (9.1)]), implies:

2
k

-2 ifk=1,...,n—1
-1 ifk=n.

Now, as a consequence of Remark 2.3.9, the canonical projective birational morphism

@: BIKAZ —)BIIAZ
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contracts the curves
Ey,...,E,1,

and, the characterisation of Kleinian singularities (see [3, III-§ 3, Prop. (3.4)]), implies that
Bl; A? has an Kleinian singularity of type A,,_;.
2.3.3 The Behrend function of a tower

We are ready to tackle the calculation of the Behrend number of a tower. We start with the
complete case.

Theorem 2.3.11. Let K; c C[x, y] be a complete tower of height s. Then

s+2
(2.3.3) bepryyr ={ 4 )
s(s+1)2s+1)
(2.3.4) Veloy K = T

In particular Lciy,y)/k, < Voix,y)/k, Joralls > 1.

Proof. Equation (2.3.3) follows directly from Example 2.3.5 together with the equality’

k s—1 j+1
s+2) s(s+1)(s+2) O
[(37)- RS 55 5

k=1 i= Jj=01i

We now prove Equation (2.3.4). Let D = tpgl(V(Ks)) be the subscheme of X; =Bl  ---Bl; Bl A,
where the points ¢; are as in Proposition 2.3.7, defined as the scheme-theoretic preimage of
V(K,) c A? via the iterated blowup map v : X; — A2. Then, Proposition 2.3.7 allows us to iden-
tify the A%-schemes X and Bl K, A? and, as a consequence, to compute the Behrend number
of the ideal K as

Yelx,yl/Ks = Z multe D
ccDh

where the sum ranges over all irreducible components C of D. Notice that, if £: Bl A* — A?
denotes the blowup morphism then, under the canonical isomorphism X; = Blg A?, the
exceptional locus Exc(€) corresponds to Dyeq.

Recall that D,.q is a chain of smooth rational projective curves Cj, ..., Cs, where C; corre-
sponds to the blowup of the origin of A% under the isomorphism of Proposition 2.3.7 and

one point if|i—j|=1
CnC = p li—Jl

0 ifli—j|>1.

We thus have to compute the sum
S

Z Hllﬂtci D

i=1
Recall (see Section 1.1) also that X; is covered by s + 1 charts isomorphic to A? defined by

Up=SpecClxy **, x7'y¥],  1<k<s
Us41=SpecC[xy ™", y].

1Such number is known as the s-th tetrahedral number.
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If ay., by, are the toric coordinates on U for k =1,...,s+1, the map v, is
Vsl (ar b =(afbf agby),  1<k<s
%{Um(am, bs1)=(as4 bs+1» b1).

Therefore, the ideal sheaf 1) !(K;)- Ox, C 0Oy, is given, locally on each chart, by

lp |U C[ak)bk] (ak bk l)akbk)(ukbk l’ak 2) (allccb]f_l)allccb]f)"'(allccb]f_l)alib]j)

=(arb-aib?--ai ' b -akbf T afbE) fork<s
-1
¢S|UH1(KS)C[as+1: bs+1] = (as+1 bSS.Hr bs+1)(as+l bss_H’ b52+1) (as+1 bs+1r b;+1
_(b3+1bs+1 stH

We can read from the above formulas the contribution a;; of the curvilinear ideal (x)+ m
to the multiplicity of the component C; of the exceptional divisor of ¢. This information is
encoded in the matrix

2 - s—1 s-—1
1 2 - s—1 S
For instance, the last column is given by the vector of the exponents of b, ; in the last displayed

equation. Notice that, a; i= min{i, j}.
The Behrend number of K; is

Yelx,yl/K, = Z aij-

i,je{l,..., s}
In order to complete the proof we observe that
11 11 0 0 0 0 0 0 0 0 0 00
1 1 0 11 00 0 0 0 0 00
A= + ot : +
11 11 0 11 0 0 1 1 0 0 0 0
1 1 0 11 0 0 1 1 0 0 0

Hence, we have
Velx,y)/K, = Z k? = w,
which completes the proof. O
Comparing Behrend functions, we obtain the following easy corollary.

Corollary 2.3.12. A complete tower of height at least 2 is not a curvilinear ideal, i.e. it has
embedding dimension 2.
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Following the prescriptions in Remark 2.3.9, with similar techniques, one can prove the
following generalisation of Theorem 2.3.11.

Theorem 2.3.13. Let1<1i; <---< i be a strictly increasing sequence of positive integers and let
K=]]icpesx+ )+ mik be a tower of height i;. Then there are identities

sk
Coeyyx =D D i
k=1j=1
s—1

Verx,yyk =Lefx,yyk +Zij(5 —J)

j=1
We have thus computed the length and the Behrend number of an arbitrary tower, and the
latter happens to be greater than the former.

2.3.4 Products of towers, Dynkin diagrams and Behrend functions

Definition 2.3.14. Let X be a smooth quasiprojective surfaceandlet C;, ..., C; C X be s distinct
rational smooth projective curves with the property that C; N C; is either empty or a singleton
for i # j. We will call Dynkin diagram of the set of curves {C; | i =1,..., s } a diagram made of:

(i) s circles that we will call nodes, each labeled by one of the curves, and decorated with
its self-intersection,

(ii) foranyi# j such that C;NC; #0, a segment called edge joining the nodes labeled by C;
and C;.

Example 2.3.15. Let K =] [, <i<s I be a complete tower. Then, as explained in Corollary 2.3.8
the variety X = Bl A? can be obtained after a sequence of blowups each with centre a reduced
point and hence, X is smooth. Moreover, the exceptional locus Exc(¢) of the blowup map

£: X — A?

consists of a chain of rational smooth projective curves D = {Cy, ..., C,}. In particular, they
satisfy the same property as the curves in Definition 2.3.14.

Notice that, for all j =1,..., s the ideal sheaf £~1(I j)- Ox C Ox defines a Cartier divisor. As a
consequence, we can associate, to each ideal I; one of the curves C;. We say that the curve C;
corresponds to the ideal I; if the canonical morphism

@: X — Bl A?

contracts all the curves C;. C X for k # i (see Example 2.3.10). Notice that this association
is well defined. Indeed, B, A? is normal by Lemma 2.3.6 and hence ¢ has connected fibres
by Theorem 0.9.2. As a consequence, only one of the curves C; can map bijectively onto the
irreducible rational curve Exc(Bl;, A?).

I I I, I
o—O0— " —0—>0
-2 =2 R |

Figure 2.3. The Dynkin diagram of the tower K, with each node labeled by an ideal.
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Sometimes, in the literature (see e.g. [8]), the underlying unlabeled diagram is called
bamboo.

Lemma 2.3.16. Let us consider the product two complete monomial towers of height h, of the

h h
I, = (I_I(x)+mk) . (I—[(y)+mk).
k=1 k=1

Then, the numbers {{cx, )1, | h = 1} satisfy the recursive relation

form

Loty =Leteyyn, +h*+3h—1.
Equivalently, we have
h(h+1)(h+2)
—_—
3
which in turn equals 2 - £ + h?, where( is the colength of the tower HZ=1(X) +mk,

_ 2
Cex,yyn = h*,

Proof. The equivalence between the two formulas is straightforward to check and we will omit
it. We now prove the former.
For each h > 1, we have

I, =m?(x, y3)(x%, ) (x, y")(x", y)

=(x% xy, ¥, xy,y%) - (" xy, .

Then I, a product of h monomial ideals, can be generated by 2/ + 1 monomials, namely we
have

(2.3.5) Ih — (xh—iyh+(i;1), xh+(i;1)yh—i | 0<i< h)
A few examples are given in Figure 2.4. The integers

h+1
(2.3.6) ah=h+( ) ) h>1,

represent the maximal power of x (equivalently, of y) appearing among the 2/ + 1 generators
of I;,. The colength of I}, is computed, thanks to Equation (2.3.5), in a recursive way from the
base case {¢(y,y)/;, = 3. We obtain

Cetxyyn, = Letnyyn +2an—1=Lefe,yyn,, + h* +3h—1.
as required. O

The induction described in the proof works as depicted in Figure 2.4 below.

[
[T 111

B

[T TT]

Figure 2.4. Theideals I, for h = 1,2, 3. Thelengths are 3, 12, 29, and the heights of the respective
Ferrers diagrams are a; =2, a, =5, ag =9.
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Theorem 2.3.17. The following properties hold for complete towers.

1. Let K, and K, be two complete towers, of heights h, and h,, respectively, of the form

h

Ke=] Jx+gelyn+mb, K= | [+t )+ m¥,

<

forsome g, € Cly] and g, € C[x] such that

[(x + &)+ m*]£[(y +g,) +m*] € P(m/m?).

Then
(2.3.7) e ykk, = bexyyx, o yyk, +hahy
(2.3.8) VC[x,y]/Kx-Ky = VYC[x,y/K, T V(C[x,y]/Ky +2h, ]’ly —h,— hy.

2. Let K; and K, be two complete towers, of height respectively hy and h,, of the form

hy L
K1=!:!(x+g1(J/))+mk, KZ:D(ng(y)Hm’“

for some g, # g» € C[y] of respective degrees
deg(g1) < hy and deg(g>) < h,.
Letd = o(g, — g») be the order of g1 — g> € Cly]. Then

(2.3.9 Yelx,yl/ K-k, = VClx,y)/K T YC[x,y)/ K> +2h1hy—d(hy + hy).

Proof. First of all, an easy computation shows that, since [(x + g,)+m?] #[(y + 8y) +m?] are
different points in P(m/m?), one also has [(x —g,)+m?] #[(y —g,)+m?] € P(m/m?). In particular,
the Jacobian of the map

A2 id

AZ
(x,y) —— (x—gx(¥), y —&y(x))

has maximal rank at the origin 0 € A?, i.e. it is a biholomorphism near the origin. Such
observation ensures that, in order to prove (1), it is enough to prove the statement for g, =
gy = 0. Therefore, we have reduced to the case

hy Iy

K= )+m’<=]—[(x,yk)
kh=y1

Ky: y)+m —l_[(x V)

R‘
>_‘
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The statement about the length is already proved in the case h, = h, (Lemma 2.3.16). We
prove the general case via an inductive argument. Let us assume, without loss of generality,
that e = h, — h), > 0. We argue by induction on e. We set h = h,, and we denote by K1), for
t €N, the tower

t
K =] J@+m,
k=1

foree{x, y}.

Step 1. Assume e =1 (so that h, = h+1). To prove Equation (2.3.7) in this case, it is enough
to observe that the Ferrers diagram of the ideal

(1), ) — (o 1y e (h) () (h) . o (h) +hl
KK = (o, y ™) KK = () K- K 4 (p .

is obtained from the Ferrers diagram of K}Ch) . KJ(,h) by shifting it to the right by one position
and adding a column of height a;, + h +1 to the left, where ay, is defined as in Equation (2.3.6).
Thus the colength of K)Eh") . KJ(,hy e Clx,ylis

e([j[x,y]/K)(chH).KJ(/h) = ec[x,y]/Kfcm-th) +a,+h+1
h+2 h+1
:h2+2-( 3 )+( 9 )+2h+1,

where we have exploited Lemma 2.3.16 in the last equality. It is straightforward to check that
this number agrees with

h+3 h+2
( 3 )+( 5 )+(h+1)h:éc[x;y]/K;(chX)+£C[x,y]/](}(/hy)+hxhy'

So the base of the induction is proved.

Step 2. Now we assume Equation (2.3.7) up to e and we prove the formula for e +1 (so now
h=h, and h, = h+ e +1). The ideal we have to compute the length of is

Inos1= K;(ch+e+l) . KJ(,h) — (x’yh+1)(x,yh+2)“_(x,yh+e)(x’yh+e+1) . K;(ch) . K)(/h)_

By direct calculation, or by an application of Equation (2.3.1) taken with s = e and i = h + k,
one finds that, for every e > 0, there is an identity

(6, ") (3, y"72) - (e, ") = (xiy(e_i)h+(e+21_i) lo<i<e).
We know, by the inductive hypothesis, that

Loy, = EC[x,y]/Ky”e) +€C[x,y]/Ky(h) +(h+e)h

=(h+e+2)+(h+2)+(h+e)h.
3 3

As in Step 1, the Ferrers diagram of the ideal

Inerr = (2, y" ) Do = (2) - Iy + (")
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is obtained from the Ferrers diagram of I, . by shifting it to the right by one position, and
adding a column of height

41 h+l
(ez )+eh+( , )+h+(h+e+1)

to the left. The number (egl) +eh+ (hgl) + h is the height of the Ferrers diagram of I, .. We
obtain

e+1 h+1
éc[x,y]/fh,eﬂ=€c[x,y]/1h,e+( ) )+eh+( 9 )+h+(h+e+1).

It is now straightforward to check that this number agrees with

3

Yy

h+e+3 h+2
( )+( 3 )+(h+e FDh =L ggiren e g +(h+e+1)h

=/ +/ hy)+hx'hy.

Loyl T e,y k!

So we have proved Equation (2.3.7).

We now move to proving Equation (2.3.8). This equation is implied by the more general
Equation (2.3.9), whose proof is essentially equivalent to that of Equation (2.3.8). Therefore
we will give full details on the former and precise indications on how to prove the latter.

We shall use the shorthand notation I = K, - K,,. Lemma 0.2.1 implies, together with the
usual toric construction, that there is a canonical isomorphism of A2-schemes ¢: Y — Bl; A?
where Y is the toric variety with the following fan

e t+hye

e+ 292

e+e 2e+e heei+e

and the structure of A%-scheme of Y is induced by the identity map of the standard lattice
Z? CR?,

Now, as in the proof of Theorem 2.3.11, we can create a table encoding the contribution of
eachideal I, ; =(x)+m’and I, ; = (y)+m/,fori=1,..., h, and j =1,..., hy, to the multiplicity
of each irreducible component of the exceptional divisor of the blowup Bl; A2. Such table has
the following form.



CHAPTER 2. ON THE BEHREND FUNCTION AND THE BLOWUP OF SOME FAT POINTS 98

Iy,h), Iy,hy,l L, m I, Lip— Lon,
o—O0o— " —O0—O0—O0— "+ —O0—=O0

-1 =2 -2 -3 =2 -2 -1

Lip=m| 1 1 1 1 1 11
Lio| 1 1 1 1 2 2 2
Lin—1| 1 1 1 1 2 he—1 h,—1
Lin, | 1 1 1 1 2 h,—1 h,
Iyy=m| 1 1 1 1 1 11
Lio| 2 2 2 1 1 1 1
Iyp,—1|hy=1h=1 o 2 1 1 1 1
Iyp, | hy m—=1 -+ 2 1 1 - 1 1

Now, the Behrend number is the sum of all entries of the above table and, the equality

Velx,y)/1 = VClx,y)/(Ky K, = VClx,y)/K, T VClx,y)/k, T 2hehy —hy—hy,

is obtained similarly as in the proof of Theorem 2.3.11. Finally, (1) is proved.

In order to prove (2), we reduce to the simpler case g = g; =—g» by applying the biholo-
morphism
A? A?
(x,y) \ (x_gl(J’);gz(J’),y).

In particular, in this case, we have d = 0(g) = 0(g;) = 0(g»). Consider the ideals

L=(x)+m' fori=1,...,d—1,
]j:(x—}j—.}g(y))+m|j|+d for —hy+d < j<hy,—d and j#0,
Jo=(x)+m%.

Then, we can write the ideal K = K; - K, as K =1 - J, where
d—1 \2 hy—d h—d
(i) =T (1)
i=1 j=0 Jj=0
Let £;: B; =Bl; A> — A? be the blowup map. Then,

2 2~
BIKA :BIIJA :Blgl—l(]),ﬁBl BI
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where the isomorphism is over A2. Notice that B; is a toric variety. A direct computation in
toric geometry shows that:
7)) Op =91 A,

where .# defines a Cartier divisor, while .#; and .%, are ideal sheaves of two 0-dimensional
schemes with the same support {p} C B; with the property that p is a toric point. Consider a
toric chart U C B; such that U = A? and p € U is the origin. If a, b are toric coordinates on U,

—_—

the two Cla, b]-modules ¢;(U), for i = 1,2 are complete towers of the form

B h—d+1 . _ hy—d+1 .
K= ] (a+gw)+ml, K= [] (a—gm)+ml,
j=1 j=!

where 0(g) = 1 and m, = (a, b) is the ideal of the origin of U. Now, the property o(g) =1
implies that there is a biholomorphism around p which transforms the towers K; and K, in the
monomial towers K, and K, in the first part of the statement. As a consequence, the Dynkin
diagram of Blg A2 is the following.

Ja—m+1 Jomta

At this point, finding the Behrend number is a simple calculation analogous to those made in
the proof of (1) and we leave it to the reader. O

Remark 2.3.18. Similarly as we have done in Remark 2.3.9, the above proposition can be easily
generalised to non-complete towers. For example, in the easiest case when
Sx S,V
szl_[(x)+m”‘, K, =1 |(y)+m,
k=1 k=1
for1<i;j<---<ig and1<j; << Js,» are two monomial non-complete towers. Then, a fan
¥ in R? of the toric variety X =Bl K, A? is the following.

e+ js, e
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Moreover, the Behrend number vy, ,/k, . k, can be computed similarly as described in Re-
mark 2.3.9.

Notice that, if the ray p = e; + e, belongs to the fan X then, X has only singularity of type
A,. While, if p = e; + e, ¢ X then, X has an isolated singularity of different kind associated
to the cone < e; + j; e,, 11 6; + €, >. In particular, such singularity is never Gorenstein (see [13,
Prop. 10.1.6.)), while the A,, singularities are always Gorenstein.

2.3.5 Behrend function and Hilbert-Samuel strata

We know by work of Briangon [8] and Iarrobino [36], that the punctual Hilbert scheme Hilb” (A?), C
Hilb"(A?), parametrising subschemes entirely supported at the origin, contains the locus of
the curvilinear schemes %), as a Zariski open (and hence dense) subset. Moreover, the comple-
ment Hilb”(A?), \ 6, can be stratified according to the Hilbert-Samuel function, also called
the type, of fat points (see [36] for a definition). Let us consider the set-theoretic map

Bn: Hilb"(A%)g—Z,  [I1— vepx,yy1-

We know by Example 2.2.5 this function is constantly equal to  on 6,, C Hilb"(A?),. Continuity
of B, is of course out of question. In fact, the following example shows that §,, is in general
not even constant on the Hilbert-Samuel strata.

Example 2.3.19. Consider the two ideals
I=(xy,x*—y%), J=(xy,x% 3.

Then, length(Cl[x, y]/I)=6 =length(C[x, y1/J), and since I is a complete intersection we have
also
Vepx,y)/1 =6

by Example 2.2.4. However, this is not the case for the Behrend number of the ideal J. Indeed,
J =(x,y?)-(x3, y)is a product of curvilinear ideals and hence, in particular, a product of two
towers. In order to compute the Behrend number of the ideal J/ we can proceed as suggested in
Remark 2.3.18. Alternatively, we will show in the next section (see Section 2.4.2) an algorithm
to compute the Behrend number of such kind of ideals. By applying it, one finds

Yeix,yl/J = 7> 6.
Finally, we observe that they have the same type
rn=r10J)=(1,22,1,0,0,0),

and hence, they belong to the same Hilbert-Samuel stratum of Hilb%(A2),.
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2.4 An algorithm for the Behrend number of a product of towers

In the previous section we computed the Behrend number of an arbitrary tower K c C[x, y]and
of the product of two towers. In this section we explain an algorithmic procedure to perform
the calculation for an arbitrary (finite) product of towers. This produces a huge number of
examples of Behrend numbers of non-monomial schemes, analogously to Theorem 2.3.17 (2).

2.4.1 Products of towers: the complete case

We already observed (cf. Example 2.3.15) that the nodes of the Dynkin diagram attached to
the blowup Blx A% along a complete tower K C C[x, y] can be labeled by ideals (see also
Figure 2.3). In this section we shall construct more general Dynkin diagrams, each associated
with a product of towers; in this subsection we focus on the complete case. In this context, all
the Dynkin diagrams under consideration will have a node c,, associated to the maximal ideal
m=(x,y)cC[x,y], and all the other nodes will be connected to ¢, by a sequence of edges. In
this section we will use the following terminology: we will say that c,, has level 1, while the
level of each other node c is defined as

level(c)=1+ |nurnber of edges separating ¢ from cm|.
For example, one can show that, if I is the ideal
(2.4.1) I=m-((x)+m?)- (y) +m?)-((x + v) +m?)-((x + V) +m?),

then, the blowup Bl; A? is smooth and the Dynkin diagram of Exc(Bl; A?) is as in Figure 2.5.

LEVEL 2

Figure 2.5. The Dynkin diagram of the ideal (2.4.1).

Note that, by construction of the Dynkin diagram associated to the exceptional locus of
the blowup with centre the product of complete towers, a necessary condition for two nodes
to be connected by an edge is that their levels differ by one unit. We will say that a node c; is a
descendant of another node ¢, (or that ¢, is an ancestor of ¢;) if ¢; and ¢, are connected by a
sequence of edges and the level of c; is greater than the level of c,.

Here is the general setup. Consider a set of complete towers

T:{Kl,...,Kt}
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of the form .
K =] J(f)+mF,
k=1

fori=1,..., ¢, and consider also their product

T= ﬁKl
i=1

Then, the blowup Bl A? is smooth and there is an algorithm to construct the Dynkin diagram
of the exceptional locus of the map

e: Bl A% — A%

Moreover, we will show how to compute, starting from such diagram, the Behrend number of
the fat point C[x, y]/T. We briefly describe the algorithm.
Let i > 1 be the maximum of the heights of the towers in 7, i.e.

h=max{s;|i=1,...,t}.
Consider the h equivalence relations on 7 defined, for r =1,..., k, by

K~ K {1 <r <min{s;,s;}, f;=f; modm’,or
r>max{s;,s;},

and call classes in excess the classes of the form [K;]~r for r > s;. In particular, there is at most
one class in excess forany r =1,..., h.

We are now ready to construct the underlying graph of the Dynkin diagram for Exc(Bl A?).
We put one node at the first level, namely the node c,, corresponding to the unique class in
T | ~1, and, at the i-th level, we put a node for each element in 7/ ~; excluding the possible
class in excess. Finally, we add an edge joining the node associated to some class [K]™" to the
node associated to some class [K’]™" if and only if

|r—r’|=1and [K]" N[K']" #0.
The self-intersection at each node of level strictly greater then one is given by
—}{edges issuing from the node}}
while, the node c,, is labeled by the self intersection
—| {edges issuing from cm}| —1.

This allows to compute the multiplicities of the irreducible components of the exceptional
divisor of Bl A%, We now briefly explain how to compute Behrend numbers.

Let I be an ideal appearing as a factor of some tower in 7, an let ¢; be the node of the
Dynkin diagram associated to I (see Example 2.3.15). Let also ¢ be any node in the Dynkin
diagram and let D, be the corresponding irreducible component of Exc(Bl A?). Then, the
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contribution of the ideal I to the multiplicity of the exceptional divisor along the component
D, is given by

level of ¢; if ¢ = c; orif ¢ is a descendant of ¢,

level of ¢ if ¢ is an ancestor of ¢;,

1 otherwise.

Now, summing up all these contributions over all pairs (I, ¢), one obtains the Behrend number
of C[x,y]/T.

2.4.2 Products of towers: the non-complete case

Once more, the complete case helps us in understanding the non-complete case.
Let
T={Ky,...,K;}

be a set of towers of the form

Si
K =] Jim)+m,
k=1

fori=1,...,f,and 1< <---<ig, and let

i=1

be their product. Consider also the set of complete towers

T={K,...K}
defined by
i,
Ri=] [ +mk,
k=1

fori=1,...,t, and let us set
t
T:Hfi.
i=1

Let us also call £: B=Bly A> — A% and &: B =Bl A? — A2 the blowup maps. Then, #7'(T)- 03
defines a Cartier divisor. Hence, there is a canonical A?-morphism ¢: B — B. Let

Exc(B)=Cu---UC,cB, Exc(B)=CU--UCsCB

be the decompositions of Exc(B) and Exc(B) into irreducible components. Clearly, we have
a > f. Then, as per Theorem 0.9.2, the morphism ¢ must contract some of the curves in

Exc(B) and it is an isomorphism when restricted to the complement of the contracted curves.

~

In particular, up to reordering the components of Exc(B), the map
0] 5@y vy BN (Coa1UCpiz U U ) = BN p(CpinUCpi20--U Cy)

is an isomorphism which restricts, for j =1,..., 8, to an isomorphism

CiN(Cpr1UCpizU--UCy)— CiN\p(Cpiy UCpin U UCy).
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Therefore, for j = 1,..., 8, the multiplicity of the exceptional divisor E;A? = V(¢ 1(T)- 0p)
along C; equals the multiplicity of the Cartier divisor defined by £YT)- 05 along c -

This observation allows one to compute the Behrend number of any (finite) product of
towers.

2.4.3 Examples

In general, one does not need to pass trough the blowup of a complete tower to compute the
Behrend number of some tower K. The convenience in introducing the complete towers even
in the non-complete case is in the computations. The following example should explain the
situation.

Example 2.4.1. Consider the ideal I =(x, y?) C C[x, y] and the blowup &: B; = Bl; A> — A2,
Then, B; is described in Proposition 2.3.3 and it is a toric surface covered by two charts: the
first, U, is isomorphic to the affine quadric cone, whereas the second, U, is smooth and
isomorphic to A2. In particular, Uj is the affine toric variety described by the cone generated
by the rays of primitive vectors p; = e,, p» = 2e; + e, and, by standard toric geometry (see [13,
§3.1]), we have an isomorphism of A%-schemes

Ul = Spec(c[x) x_lyz» y]

If we introduce the variables a = x, b = x~' y2, ¢ = y, then the restriction to U, of the blowup
map is associated to the C-algebra homomorphism

Clx,y] —— S=Cla,b,c)/(ab—c?)

Xt a

y c.
Computing e7!(I)- 0y,, one finds
e '(I)- 0y, =(a,c*)=(a,ab)=(a)Cs,

so that one would be tempted to conclude that v¢(, ,j,; = 1. This is, in fact, incorrect, be-
cause, in the local ring Oy, gxe(e) = Sa,¢) the function b is invertible and we have v¢yy 11 =
OrdExc(e)(a) = OrdExc(,e‘)(C2 b= OrdExc(e‘)(Cz) =2 OrdExc(e)(C) =2.

This complication never occurs in the case of smooth surfaces.

Even though the procedure described in Section 2.4.2 above is quite straightforward, one
may need to use a computer to actually compute the Behrend number of an arbitrary (finite)
product of towers. Computing the length of a product of towers, on the other hand, can often
be quite complicated. Below we show an example that can be computed by hand.

Example 2.4.2. Let K =] [, (x)+m* =], .1<,(x, ') be a monomial tower with 1 < i; <
.-+ < iy, and set J = K -m" for some integer n > 0. Then, the following formula holds

i:1,...,s).

J=(x,y)""n (xs, xs_iyn+k§1ik
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As the ideal has now taken on a more pleasant form, the following formulas can easily be
obtained:

n(n+1)+2ns
2
Velx,y)/J = VClxyyk TSR+ N +S.

Cerx,yyr =Lepx,yyx +

)
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2.5 The general normal case

In this section, we will completely solve the problem of computing the Behrend number
Ve[x,y)/1 for a normal monomial ideal I ¢ C[x, y]. Moreover, in Theorem 2.6.4 we will give
a toric description of the blowup Bl; A% and we will prove a factorisation theorem (Corol-
lary 2.6.11) that allows one to write the ideal I uniquely as a product of powers of much easier
ideals, namely the normalisations of the monomial complete intersection ideals (x", y¥).

2.5.1 The key example
Consider the ideals
(2.5.1) I=x*+m®=(x%xy%y%), J=m-((x)+m?)-1.

In particular Ly, )7 =5 and Ly, )7 = 14.
We want to perform, for the ideals I and J, the same analysis that we did for the ideals in
the previous sections. We have (for instance via Proposition 0.2.2)

XW =Yy w;

X; =Bl A* =1 ((x,y),[wo: wy : w]) € A* x PP Yiwy=xw,

— 112
yuwow, = LU2

and the exceptional locus is
Dy :Exc(XI):{((x,y),[wo Twy i wy)) e X | X=y=w, zo}g]pl_
In order to study the variety X; we cover it with the three affine charts
X=X N(A*x {w; £0}), i=0,1,2.

We will also denote by Dy ;, for i =0, 1, the chart on D; given by D; ; = D;n X ;.
Now, X; , is smooth, while X; , and X; ; have each an isolated singular point p; € D; ; for
i =0,1. The singular charts have the form

X10=2A%/Gy, X1 ZA%/G,

where, given a primitive third root of unity &3 € C*, the groups Gy, G; are

/& 0 /(-1 0
G0—<(O g3)>cGL(2,<C), Gl—<(0 _1)>CSL(2,(C).

As a consequence, the surface X; is normal. This is a general fact about quotient surface
singularities and it can also be deduced from Proposition 0.10.2.
Let £;: X; — A? be the blowup map and let

¢: X — X;

be the minimal resolution of X;, i.e. X; is a smooth surface and ¢ is a projective birational
morphism which does not contract any rational (—1)-curve. It is well known that the variety X,
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is obtained by blowing up the singular points p, and p,. Let us also denote by D; ¢ Exc(;0¢) C
X, the strict transform of Dy, i.e. the Zariski closure of 0 YDy ~{po, p1}). Given the description
of the singularities, we have that Exc(¢y) is a disjoint union of two smooth projective rational
curves Ly, L,, corresponding respectively to p, and p;, each of which intersects the line D; ata
point. Furthermore, the self-intersections of Ly and L, are respectively

2 _ 2 _
2=-3, [}=-2.

Notice that the map &; o ¢ is a projective birational morphism of smooth surfaces and hence,
by classical theory of surfaces (see [3, Ch. III]), it follows that X ; contains a smooth rational
projective (—1)-curve, and the only possible such curve is D;. The Dynkin diagram attached to
{Dy, Lo, Ly }is depicted in Figure 2.6.

Figure 2.6. The Dynkin diagram attached to { D;, Ly, L; }.

We claim that there is a canonical isomorphism of A2-schemes between X; = Bl; A% and X,
where J is asin (2.5.1). Thanks to Lemma 0.2.1, we know that there is a canonical morphism
of A%-schemes

Y: X;— X,

This follows from the existence of the isomorphism of A?-schemes
X] — Bls—l([).(jB B

where ¢: B — A? is the blowup with centre the ideal m - (x, y?), together with the universal
property of blowups. In fact, we observe that there are canonical isomorphisms of A2-schemes

Z
VN
X, X;

where Z is the result of an iterated blowup, namely

ZLB%AZ

where p is the blowup of B with centre the intersection point of the two irreducible components
of Exc(e).

In order to construct the isomorphisms ¥ and ¥ 7, we start by noticing that the surface Z
just described is the toric variety associated to the fan ¥ in R? shown below.

3e) +2ey

€ 2e)+ e

e
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Now, the same computations as those we did in the previous section show that (¢ o u)~!(1)- 0,
and (eou)!(J)- 0, define Cartier divisors on Z and, as a consequence, there exist canonical A?-
morphisms ¥;: Z — X; and ¥;: Z — X;. Moreover, ; does not contract any (—1)-curve and,
as a consequence, it lifts to an isomorphism 9: Z — X, because of the universal property of the
minimal resolution (see [3, Thm. (6.2)]). The map 1, is an isomorphism because £~1(I)- O is
the product of a principal (Cartier) ideal sheaf times the ideal sheaf of the reduced intersection
point of the two irreducible components of Exc(¢).

As a consequence, X; and X, are canonically isomorphic and, if we label their Dynkin
diagram (see Figure 2.6) as explained in Example 2.3.15, then we obtain the following diagram.

m I (x)+m?
Oo——O0—=O
3 -1 -2

Notice that, the Dynkin diagram above is different from those we encountered in Theo-
rem 2.3.17 or appearing in Section 2.4.

Now we move to the computation of the Behrend numbers vc(y, ,)/; and vy, /7 exploiting
the canonical isomorphisms of A?-schemes just described. The computation of VClx,y)/J 18
achieved, just as in the proof of Theorem 2.3.11, via toric geometry, yielding the answer

Verx,yl/s = 21

In order to compute vc(y, /1, We start by noticing that the morphism ¢ o 9: Z — X contracts
two disjoint smooth rational projective curves over two distinct points of X; and it is an
isomorphism outside such curves. Therefore, if C C Z is the curve that dominates Exc(X;),
then ¢ o®|¢ is a birational morphism and we have

Verx,yyr =multe(V((e o)~ (1)- O7)).

Again, toric geometry applied as in the proof of Theorem 2.3.11 gives the answer, namely

Velx,yy1 =6
In Theorem 2.6.5, we shall describe a general procedure which, in particular, allows one to
compute the number vy, ,/1-
2.5.2 Behrend number and factorisations of normal ideals

Notation 2.6. Set I, ;. =(x", y¥) c C[x, y]. Then we let nj, . = I, ; be the normalisation of I .,
defined as in Proposition 0.10.2.

Example 2.6.1. For istance, nj, , =m’ for all h > 0. One also has n, 3 = (x2, xy2, ).

Lemma 2.6.2. Forany 6 >0 and h, k > 0, there is an identity of ideals

5
ny,  =Nsnek CClx, y 1.
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Proof. This is trivial for 6 =0, 1, and it follows, for higher 6, combining Proposition 0.10.2 with
the general formula

N
Convg(dvy,...,0v5)=Convg ( > ;v
i=1

S
> n;=6, n,-ZO)CV
i1

for any choice of vectors vy,..., vs € V in some Q-vector space V. O

Lemma 2.6.3. Ler X be the toric surface with fan Y. in R? generated by the primitive vectors

po=e, pr1=Pfetae, pr=e.
Then X andBl, A? are canonically isomorphic as A?-schemes.

Proof. Thevariety X is, by construction covered by two charts U; and U, respectively associated
to the cones o, = (py, p1) and o, = (01, p»). In particular, by standard toric geometry (see [13,
§3.1]), there exist two integers s, s, > 0 and Laurent monomials 7, y,...,my 5, My 1,..., My, €
C(x, y) (the cone o, is smooth if and only if 5; = 0 and no Laurent monomial is needed) such
that

U = Spec(C[x“y_ﬁ,y, mlvl,...,mml]

U2 =spec(C[x,x_ayﬁ,mz,l,...,mz,SZ].

Letus denoteby S, =C[x%y P, y, mpy,...,my g land S, =Clx, x~2yh, myy,..., My | the affine
rings of U, and U, and by £: X — A? the structure morphism. Then, if I = (x¢, y#), we have

-1 -1
el (-0y, =018, el (1)-0y,=(x"Cs,

which implies that the sheaf £7'(I)- Ox defines a Cartier divisor on X.

As a consequence we have a cononical birational morphism of A%-schemes 1: X — Bl; A%
If this morphism is finite then, by Proposition 0.9.1, it must coincide with the normalisation
morphism and this would provide an isomorphism of Bl; A2-schemes between X and Bl p A?
(which in particular is an isomorphism of A%-schemes). Finally, the morphism v is finite be-
cause it is proper and has finite fibres. Indeed, it is an isomorphism away from the exceptional
loci Exc(X) and Exc(Bl; A?), and it is a dominant morphism between irreducible projective
curves when restricted to the exceptional loci. O

Theorem 2.6.4. Let X bea toric surface which admits afan Xy inR? that covers the first quadrant
Rio i.e. Xy is generated by the rays with primitive vectors po=e1,P ;11 = €2, P = M e+ Niey,
fork=1,...,r, where my, ny. >0 and gcd(my, n;.) = 1. Then, there is a canonical isomorphism

X —— BI; A?
where I =] [1<p<; Mnp,m,-
Proof. The statement follows by applying Lemma 2.6.3 and Lemma 0.2.1. O

Theorem 2.6.5. Leta, 3 > 0 be two positive integers. Then,

a-p

VClx,y)/nap = ged(a, B)’
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Proof. Suppose first that gcd(a, B) = 1. Then, Euclid’s algorithm provides two positive integers
h, k € N such that

kfp—ha=1.
Let J be the ideal

J= l‘la’ﬁ Nk h-
Theorem 2.6.4 implies that there exists an open affine subset U ¢ Bl; A2, isomorphic to A2,
such that

— — . k
- Spec(Clx~2yh, xky=") if 5 <y
Spec(Clx%y—#, x7kyh) if% > %

We put a/f > k/h, the other case being identical. If we denote by ¢: Bl; A2 — A? the blowup

map, and by s = x?y#,t = x % y" the affine coordinates on U, then the restriction of the
blowup map to U is given by

ely

U A?

(s,t) — (shtB skto),

By construction, the intersection Exc(U) = Exc(¢) N U consists of the two coordinate axes of U.
In particular, given the natural map A: Bl; A> — Bl, , A?, the strict transform of Exc(Bl,, , A%)
via A|y is the irreducible component of Exc(U) given by C = V(). This implies that

Velx,y)/ng; = Multc (el (ngp)-Oy)=a- B,

where, the first equality follows from the fact that A is an isomorphism away from its exceptional
locus Exc(A) and the second follows from an easy computation.
Suppose now that gcd(a, ) =0 > 1. Then, by Lemma 2.6.2 and Proposition 2.2.8, we have

/ /
VeLxynap = Velxylnd, , =0 " Vel g,y =0 @ B
where ¢/ =a/6 and B’ =/6, i.e.
a-p
Velx )i = 5

as required. O

Remark 2.6.6. Exploiting toric geometry techniques and the isomorphism of Theorem 2.6.4,
one can generalise the computation of v¢(y, )/, , to an arbitrary normal monomial ideal, along
the lines of the example fully worked out in Section 2.5.1.

Proposition 2.6.7. Let I be the ideal generated by the monomials
xdo’ xalybn—l, . xaiybn—i, s xan—lybl, ybo,

where a; > a; 1, b; > b;,; and we also put a,, = b,, =0. Suppose that I is normal.
Let0 =i, <---<i; =n be the strictly increasing sequence of positive integers such that

v =(ai,, bp—;), fork=0,...,t,
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are the vertices of  Q; (see Remark 0.10.6); then

t
(2.6.1) I= l_[na,kl —iy by =bniy_, *
k=1

Proof. Letus set
t

]_l |nﬂik,l—aik'bnfik—bnfik,l’

k=1
and let Q;,Q; ¢ Q? be defined as in Proposition 0.10.2. Then, the blowup Bl; A? is a normal
surface, as per Remark 0.10.3, and therefore the claim is equivalent to the equality

Qr=0Qy.

Since, in general, we have Q,,, , = Convg((@,0),(0, B))+ Q>o’ we also have

Ac{l,...,t}}.

(@i, Bumi)— (i, by, )] €A

Q] = COHVQ(A) + QZZO

where

A= { (ag,0)+ Z[(dij» bp—i;)—(ai, s bp—i, )]

JEA
Notice that Q; C Q; because v, € A and

V= (QO»O) +

VR

j=1

forall k =1,...,¢. On the other hand, the inclusion A C Qy is an easy consequence of the
convexity of Q; and it implies Q; C Q. O

Example 2.6.8. Let I =(x% x*y, x?y?, xy3, y°) be the same ideal as in Example 0.10.7. Then,
I is normal and it factors as

= . . 2
I—ﬁl,z nlyl nz,l.

Remark 2.6.9. Thanks to the celebrated Pick’s theorem on lattice polygons, we can compute
the Behrend number of the ideals of the form n, g as well as the length of normal ideals I given
as in Equation (2.6.1). In particular, we have

af+a+p—ged(a,p)
beyling = >

and, for I as in Equation (2.6.1),

t
a; b,_;
ap+ bO + ; ldet( [Z: I;ln_l];kl) - ng(aik—l —aj,, bn*ik - bnfik—l)

2

Cefx,yy1 =

Corollary 2.6.10. LetI C C[x, y] be the ideal (2.6.1) appearing in Proposition 2.6.7. Then Bl; A?
is canonically isomorphic, as an A?-scheme, to the toric surface whose fan is generated by the
primitive vectors

P01 P41
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defined by po = ey, p1+1 =€, and
Pr=Pr-et+ai-e fork=1,...t

where, if 6 = gcd(a;,_, —a;,, bp—i, — by—;,_,), then

_ aik—l —da

bn—ik - bn—ik_l
oy = 5 _—
k

i _
and By = 5,

In particular, there is a bijective correspondence

t

N 272, 1:1
1= n
Supp(X) =RZ, } - { [ Lrocr

{2faninN®ZRgR2
k=1

(a;, Bi) #(a;, Bj) fori# j,
ged(a;, Bi) =1 .

We note that Proposition 2.6.7 can be interpreted as a factorisation statement, as follows.

Corollary 2.6.11. Let 91 be the set of normal monomial ideals in C[x,y]. Then, every I €¢ N
factors as a product of ideals in X%,

t

(2.6.2) 1= Inet 40
k=1

where 0y > 1 and gcd(ay, Br)=1 fork =1,...,t. Such factorisation is unique up to reordering
the factors.

A similar property cannot be expected to hold on a larger class of ideals than 91. For
instance, as mentioned in Remark 0.10.3, if we drop the normality assumption we have, for
the same ideal, two factorisations m3 =m-(x?2, y2), where (x2, y?) is not normal.

Combining Lemma 2.6.2, Proposition 2.2.8, and Theorem 2.6.4 with one another, we also
obtain the following correspondence.

Theorem 2.6.12. Let I C C[x, y] be a normal monomial ideal of finite colength. There is a
bijective correspondence

ideals n‘; B appearing in the RN irreducible
factorisation (2.6.2) of I components of E; A?

In particular, if ] € C[x, y] is an arbitrary monomial ideal and I = ] is its normalisation, then
E;A? has at most t irreducible components, where t is as in Equation (2.6.2).

Remark 2.6.13. Corollary 2.6.11 and Theorem 2.6.12 can be seen as explicit instances of the
factorisation theory developed by Lipman [48, Section V].
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2.7 The Behrend function of a fat point via normalisation

In this section we will prove a formula (see Theorem 2.7.2 below) for the Behrend number of
anonnormal monomial ideal in terms of the Behrend number of its normalisation and the
normalisation map.

Let I c C[x, y] be a monomial ideal of finite colength. When Bl; A is not normal, the
computation of the Behrend number of I poses some difficulties, but the main result in this
section resolves them explicitly. More precisely, we shall prove a general formula for the
Behrend number

2.7.1) Vel 1= D, multp (E;A?)
DcCE;AN

of an arbitrary fat point I ¢ A = C[x;,..., xy] supported at 0 € AN, Such formula involves
algebraic data defined through the normalisation morphism

‘UI:ZI—)BIIAN.

We note here that, when I is monomial, the normalisation Z; is explicit, being equal to PA[I t]
(cf. Section 0.10) and one has Z; =Bl; A2 when N =2 (and I is monomial), where I is defined
in Equation (0.10.1).

2.7.1 Thekeyexample

We present in this subsection the key example (with N = 2) of the more general formula that
will be proven just afterwards (Theorem 2.7.2).

Example 2.7.1. Let k > 2 be an integer. Then, the ideal I = (x¥, y*¥) c C[x, y] satisfies

eyt = Loty =k

by Example 2.2.4. As explained in Example 0.10.9, the blowup Bl; A? identifies with the A?-
surface V(vx*—uy*)c A% x P'. As a consequence, Bl; A? is singular in codimension 1 and
hence it is not normal. Then, as observed in Example 0.10.8, Proposition 0.10.2 implies that
there is a canonical isomorphism of A%-schemes between Bl,, A> and the normalisation of
Bl; A2. Under this identification, the normalisation map u;: Bl,, A> — Bl; A can be realised
as the restriction of the morphism

AZxPl — , A2x P!
(x, y)[u:v]) — ((x,y),[uf: v¥])

to the subscheme Bl,, A> ¢ AZ x P'. The exceptional locus D = Exc(Bl; A?) is irreducible and it
satisfies

deg(Exc(Bl, A%)*5 D)=k,
for such map agrees with the map P' — P! sending [u : v] — [u* : v¥]. Notice that, if
&: Bl, A> — A? is the blowup map and Y; C Bl A? is the subscheme defined by the ideal
sheaf e7(I)- Op;_a2 C O a2, then

multgyemy, a2)(Y7) =k,
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hence ve(y, 1 = k? is also obtained as

k? = deg(Exc(Bly A%) ™5 D ) multgyeqa,, a2)(¥7).

2.7.2 The general formula

Let I ¢ A= C[x,..., xy] be the ideal defining a fat point in AN supported at 0 € AN. The
normalisation morphism
Ur: Z[ — Bl[ AN

is a finite morphism by Proposition 0.9.1 (and it is induced by the inclusion of A-algebras
A[It]— A[It]in the special case where I is monomial, cf. Section 0.10). Note that Z; is also a
blowup of a fat point in AN supported at 0 € A", and u; is an AN -morphism. In other words,

there is a commutative diagram

al Bl AN

Z;
AN

where u; restricts to a morphism Exc(g) — Exc(€) between exceptional loci. Let

Dy,...,D; c EAN

be the irreducible components of the exceptional locus Exc(¢), each of which is taken with the
reduced structure. Note that, since E;AY is purely of codimension 1, each D; has dimension
N —1. For instance, if N = 2, each D; is a (possibly singular) rational curve. Consider the
Cartier divisor

Y =p (BAN) = (V) = V(ET (1) 0z) c Z,,
and notice that Y; ;.4 = Exc(€). Hence Y; and the exceptional divisor of Z; share the same
irreducible components. For each i =1,...,s, let

) (i)
iV oy

be the irreducible components covering D;, each taken with the reduced structure. The
restrictions

. y0)
Mij = prfyo: V" - D,
are finite dominant morphisms of varieties, and we set
dij=degu;;.

The subscheme Y; C Z; is an effective Cartier divisor, hence it is determined by an invertible
ideal sheaf .# C 0,. Consider the canonical section

s; € H(Z;,.9%) c C(Z;)=C(Bl; AN)

attached to the Cartier divisor Y;. For every pair (i, j), where i =1,...,sand j =1,..., k;, we
can define
e;j =ord o(sy) =mult,w(Y7),
7 ]
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namely we set e;; to be the order of vanishing of the rational function s; € C(Z;) along the
prime (N —1)-cycle Vj(’).
We can now state and prove an explicit formula for the Behrend number of 1.

Theorem 2.7.2. Let I C C[x,,..., xy] be the ideal of a fat point X — AN . Then
s ki
VClxy,n i /1 :szijeij-
i=1 j=1

Proof. We know by Proposition 0.9.4 applied to Y = Z; and X =Bl; AN that

ki . ki
ordp,(s7) = ord 0 (s1): [cv):coy)]= D eijdi;.
j=1 j=1
foreveryi=1,...,s. On the other hand, we have
ordp, (s;)=multp, (E,AN).
The sought after relation then follows from Equation (2.7.1) by summing over i. O

Example 2.7.3. We generalise here Example 2.7.1. Let h, k > 1 be integers and let 6 = gcd(#, k)
be their greatest common divisor. Consider the complete intersection ideal I, ;. = (x", y %),
and the normalisation map

p: Bly, [ A* —Bl;,  A®

M,k

Then, the exceptionalloci (E,, , A*);eq and (Ej, , A%);eq are both irreducible, and deg ul Fu,  A2ea =
0. This follows from the formulas in Lemma 2.6.2 and Theorem 2.7.2, namely

o
Uk =Wy jo

where k’=k/6 and h’' =h/6.
For instance, given I, 5 = (x*, y°), one has n, g = n3 , and, as a consequence of Proposi-
tion 2.2.8, up to isomorphism, the normalisation map has the form

u: Bl,  A? — Bl A%

n23

Then, with the same notation as in Theorem 2.7.2, vy, )1, , = 24 because I, ¢ is a complete
intersection, d = deg(u| Ey, 3) =2 =gcd(4, 6) because of what we just said, and a direct computa-

tion in toric geometry (see Section 2.5.1) shows e = 12 where, if £: B, , A> — A? denotes the

N23
blowup map, then e =multg, (67 I46) Op1_ . a2)-

n2,3
Example 2.7.4. Let I c m c C[x, y] be an ideal of finite colength generated by s + 1 monomials
my,...,mg €Clx, y],

all of degree 6. Then, by Proposition 0.10.2, the normalisation of Bl; A? is given by Bl,, A?. In
particular, the exceptional locus Exc(Bl; A?) is irreducible. Consider the rational map

(a,b) —— [my(a, b):---: mg(a, b))
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whose indeterminacy locus is the origin {0} = V(+/I) ¢ A%. The fact that all the monomials
have the same degree 6 implies that ¢; induces a morphism

Pr

P! P$
l[a:b] —— [mgy(a,b):---: my(a, b)].

Let X C A% x PS be the Zariski closure of the graph of the map ¢, i.e.

X ={((a,b),q) € (A2~ {0}) xPs | g =[my(a, b):--: m(a, b)] } C A* xP°.

Then, by Proposition 0.2.2, there is a canonical isomorphism of A2-schemes Bl; A2 = X. We
claim that, if we identify P$ = {0} x P* ¢ A2 x P, then Im(¢ ;) = Exc(¢;) where £;: X — A? is the
structure morphism, i.e. the restricion of the canonical projection onto A2. Since Im(;) has
dimension 1 and Exc(¢;) is irreducible, in order to prove Im(¢ ;) = Exc(¢;), it is enough to prove
Im(p ;) C Exc(g)).

Let p =(0,[my(a, b): -+ : ms(a, b)]) be a point in Im(p ;) and let L, , = V(bx —ay) C A
be a line trough the origin of A%. Let us denote by ¢, ; the restriction ¢, , = ¢;| L., and by
Xa,p C X the Zariski closure of its graph in A% x PS. Then, the map ¢, , is constant and we
have

Pap =mola,b): - my(a, b)l.

As a consequence, p € X, ;, C X which proves Im(y ;) C Exc(g;).
Notice that, if k > 0 is an integer and J € C[x, y]is theideal J = (mé“, e mf), thenIm(yp;)=
Im(p ;) and
deg(@,:P' > Im(@,)) = k-deg(@,: P' = Im(p,)).

Proposition 2.7.5. Let h, k € N be two positive integers and let 6 = gcd(h, k) be their greatest
common divisor. Consider the ideals I =(x", y"), ] =(x*, y*) inC[x, y], and their product

[J = (x"*k xkyh xhyk yhthy
Then, the Behrend number of the subscheme defined by I ] c C[x, y] is
Yeix,y)/1] = o-(h+k).

Proof. First of all we observe that, by Proposition 0.10.2, there is a canonical isomorphism of
A?-schemes between Bl A? and the normalisation of Bl;; A%. We have (see Section 0.9) the
following commutative diagram

B, A2
" /) T N \
/ 0
Bl A2 — X Bl A2 — T, A2
\ 6y /
uy &
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where all the maps are birational morphisms. The maps ¢;,¢;, €;; and 6;, 0, are the blowup
morphisms and uy, u;,u;; are the normalisation morphisms. Moreover, any composition
Bl,, A?> — A? which connects Bl, A?> and A? coincides with the blowup map &,,: Bl, A> —
A?. Notice that, since Exc(e,,) is irreducible, also Exc(¢;), Exc(¢ ;) and Exc(g;) are irreducible
because they are dominated by Exc(e,).

As a consequence, in order to compute (through Theorem 2.7.2) the Behrend number of
the ideal I J, we have to compute only two numbers, namely

e =multgy( ) (8;1(1]) - Opy, AZ)

and

d= deg(‘u”|Ex0(em))'
We start from the computation of e. As usual, Bl, A? is covered by two charts U, and U,
isomorphic to A%. In order to compute e, it is enough to focus on U,. We introduce toric
coordinates a, b and the map ¢, restricts to the map

6‘mlUO

AZ

Uo

(a,b) —— (ab,b).

Hence, we have
£m|y, (1))-Cla, b]=(b""*)c Cla, b

and, as a consequence, e = h + k.

Now we move to the computation of d. We split this computation in two steps.
Step 1: Suppose 6 =1.

Since all the exceptional loci of the varieties in the above diagram are irreducible rational
curves and the involved maps are all dominant, we get a commutative diagram of fields

extensions
C(r)

where, up to canonical identifications, we have

;xc(Blm Az): (C(EXC(BI- Az)) — (C(EXC(Blm Az))

(P.:,U.

and
*

EXC(Bl[] A2

Y.=0,

% C(Exc(Bl, A%)) —— C(Exc(Bl;; A?)).
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Now, as a consequence of general field theory and of Example 2.7.1, we have

[C(2) : 1 (C(2))] - [C(2) = 1, (C(1))
[C(2) =3 5 (Ce)]-[C(2) : 0 1;(C(2))
[C(2): ,(C(2))
[C(2): ¢;(C(2))

[C(2): 1 (C(2))]
[C(t )¢ (C(2))]

]
]
]
1=k,

which, together with the hypothesis § = gcd(k, k) =1, imply

[C(2): ¢ (Cle))]=h
1) (Ce)]=k
[C(2): 1, (C(£))]=1.

Thus, d =6 =1.

Step 2: Suppose o>1. Con31der the positive integers i’ = h/6 and k’ = k/6 and the ideals
I'=(x",y"yand J’ = (x¥, y¥'). Let f, f’ and g be the rational maps defined as follows:

h+k . v+vh k. vk, h. ,htk
: : Dy tE]

/ / ’ / / / / /
(x,y) [xh+k xhyk k h yh+k]

§

P3 P3

[wo:w;:wy: wz] — [wg:wf:wz‘szw‘s].

Then, a trivial computation shows that the diagram

/

A2 -, p3

|
1y
IP:S

commutes. By Proposition 0.2.2, we have canonical isomorphisms of A?-schemes
(2.7.2) X =Bl ;A% X =Bl A®

where, if we denote by I'(f) and I'(f’) the graphs of the rational maps f and f’, then X, X’ C
A2 x P? are respectively defined as the Zariski closures of I(f) and I'(f), i.e. X = I(f) and
X’ =T(f"), and the A2-structure morphism is given, in both cases, by the restriction of the first
projection. Define now the morphism A;; as the restriction of the map

idy: xg: A2 xP3 — AZ xP?
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to X’. Up to the identifications (2.7.2) we have a commutative diagram

/ BII/AZ L) BIIAZ

194 £r

91/ 0; \

2% A
Bl, A2 —, Bl A2 —22 Bl A2 — L, A2

\\ 0y 0, /

by &

A
I Bl A2 L Bl A2

where
o the maps u/, 4y and uy . are the normalisation morphisms,
o the maps A;, A; are defined similarly to A/,

o the compositions u; =A;oup,uy=Ayouy and u;; =A;youy . are the normalisation
morphisms mentioned above,

o any composition Bl, A> — A? agrees with the blowup map &,: Bl, A — A2,

We know, by general theory, that

deg(‘uU}EXC(em)) = deg(‘ul']/ Exc(em)) ) deg (A”|Exc(e,/]/))

and we also know, by Step 1, that

deg (117 |oce)

Therefore, we have
d = deg (AI] |EXC(€[/]/)) :

Finally, as a consequence of Example 2.7.4, if we call E = (X’N{0} x P3).q the exceptional locus
of X’, then we have
deg 7(,[] |E =0.

This complete the proof. O

Example 2.7.6. For h = k we find the formula

Vel (e yhe = 2h% = 2 Vepx ),y

which may also be deduced from Proposition 2.2.8. While, for I = (x2, y?)(x3,y%)and J =
(x%, ¥*)(x®, y®) we find

VClx,y)/1 = s Velx,y)/s = 16.

Remark 2.7.7. Let u,,forec {1, J,1],1’,]J/,1']’}, be defined as in the proof of Proposition 2.7.5,
and let 9, be the restrictions ¥, = 4|1, a2)- Then, up to isomorphism, the maps ¥, are of
the form

i, :7'cov1,d:IE”1 —PS
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where
Vig: P' —P?

is the d-th Veronese embedding of P! for some positive integer d > 1 and
n:P?-—P*
is the projection onto some coordinate projective subspace of dimension s <d.

The blowup Bl;; A? of a product of ideals as in Proposition 2.7.5 has a peculiarity that we
find here for the first time: its exceptional locus is (in general) not normal. For example, if
I=(x3,y3) and J =(x?, y?), the exceptional locus Exc(Bl;; A?) has two cusps as singularities.
The general situation is descrlbed by the following result.

Proposition 2.7.8. Fix positive integers h, k > 1 and let 6 = gcd(h, k) be their greatest common
divisor. Set

h+k)

=",y (x5, y )= (x"F xy* xEyh, y Ry c Clx, y.

Then, the exceptional locus of Bl; A is an irreducible projective rational curve with two singu-
larities of local equations of the form a"/% — p*/0 =,

Proof. As explained in Example 2.7.4, the image of the map

121 ]P’g

]Pl

[a:b] —— [a"**:albk . akph . phtk]

is isomorphic to the exceptional locus of Bl; A%. The statement follows now by an easy compu-
tation. O

Remark 2.7.9. Let &, k > 1 be two natural numbers such that gcd(h, k) =1 and h? < h+ k < k2.
Consider the ideals I =(x", y") and J = (x*, y*). Then, we have the following inequalities:

Velx,y 1 < Velx,y)1) < Velx,yl/J-
For instance, this happens for h =2 and k =3.

Corollary 2.7.10 (of Proposition 2.7.5). Let d,,...,ds be positive integers. Given the ideals
I =(x%, y%), fork =1,...,s, we have

verx,yl/n-1, = ged(dy, ... d de

Example 2.7.11. Consider the ideal I = (x, y)-(x2, y?)-(x3, y3%)---(x%, y*) then

s+1
Velx,y)/1 = Z’C ( )
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2.8 Some difficulties in dimension 3

In Section 2.5 we proved that any normal monomial ideal I ¢ C[x, y]factors in a unique way as
a product of powers of ideals of the form n, g. Furthermore, we noticed in Theorem 2.6.12 that
there is a bijective correspondence between the ideals that appear in such factorisation and the
irreducible components of the exceptional divisor of the blowup Bl; A?. This correspondence
has allowed us, in numerous cases, to calculate the Behrend number of /. Unfortunately, as
we show in the discusion below, the situation is more complicated in higher dimension.

Let I, ] c Clx, y, z] be the curvilinear ideals defined by
1=(x%y,2), J=(xy%2),

and let mys =(x, y,z) C C[x, y, z], be the maximal ideal of the origin 0 € A3. We want to study
the blowup of the ideal I J. We will show that the exceptional divisor E; ;A3 decomposes into
three irreducible components instead of the expected two.

First, we deal with the blowup &;: B; = Bl; A3 — A3 and then we will move to the analysis
of Bl;; A3. Since I is a complete intersection, we have

VYelx,y,z)/I = gC[x,y,z]/I =2,

by Example 2.2.4. Moreover, as a consequence of 21, Ex. IV-26], we have

2
rank(x Y Z)SI}CA?’X]P’Z.
Up Uy Up

Notice that Exc(£;) 2 P? and that the threefold B; is singular along the projective line

BIZ{((X»J’,Z)»[UOI Uy : uy))

L={((0,0,0),[A:u:0D|[A:u]eP" } C By.
Let us now focus on the open neighbourhood of L defined by
U = BN (A% x {ug # 0N U(A® x {uy #0})).

The projection U — P! sending (p,[ug : u; : uy]) — [ug : up] is an isotrivial family of singular
surfaces of type A;, which shows that B; is normal (this can also be deduced from a general
version of Proposition 0.10.2, see [17, Prop. 1.1]). Notice that the base of the family corresponds
to the pencil of planes containing V() as a closed subscheme.

Alternatively, similarly as we have done in Example 2.3.10, we could have built B; in the

following way. Let &y, : By, =By, A> — A3 be the blowup of A3 at the origin. Then, a direct

my3
computation shows that

Ema D) O5,, | =55,

my3

where 4 is the ideal sheaf of a Cartier divisor and 2% is the ideal sheaf of a reduced point p €
Exc(én,;) C By, ,- Therefore, the decomposition into irreducible components of the exceptional
locus of By, ;.1 = Bly,,.r A’ is given by

EXC(BmAs-I) = Sl U 82,

where
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o S X2

o $=Bl, PP? for some g € P?, and agrees with the strict transform of the exceptional locus

Exc(B,,, ,) via the blowup map A By,s-1 = Bn,; induced by Lemma 0.2.1,

A3 ) my3 :

o Sl n Sz = EXC(Sz) = ]Pl.
Now, consider the following canonical morphisms

B, Lo JEa—
where the existence of A; follows by the universal property of B;. Since By, ,.; and By, , are
smooth and B; is normal, all the morphisms above have connected fibres by Theorem 0.9.2.
In particular, they are isomorphisms outside their exceptional loci, A;|s, : $; — Exc(B;) is an
isomorphism and A,[s,: S, — L  Exc(B;) coincides with the tautological projection of the
blowup of the projective plane at a point.

Both constructions confirm the correspondence in Theorem 2.6.12. Unfortunately, such
relation cannot, in general, be expected in dimension 3. To see this, consider this time the
ideal K =I]. Then, as above, we have canonical morphisms

Bm A3 ] K

By, x — Bk

B

m,3

and we can apply again Theorem 0.9.2 because By, ,.x and B,,,, are smooth and By is normal
as per Proposition 0.10.2. The analogue of the description above is

o EXC(BmA3~K):SI USZU83,
o S, P2,

o § =Bl 4 PP?, and agrees with the strict transform of the exceptional locus Exc(B,

) via

the blowup map 6,

A3’
] SzﬂSg=@,

o §;NS, =L;fori=2,3, where L, and L3 are the irreducible (disjoint) components of
EXC(On, 5 |s,)-

Finally, one can prove that the map 0y contracts one line to a singular point, namely the
strict transform (via 6y, ,) of the line trough the two points that correspond to ¢y, g, via the
isomorphism §; =Bl 4, P? mentioned above. As a consequence, the irreducible components
of Exc(By) are:

Ox(S)EP! P!, Ox($,) =P* 2 0k (S).

One can also find, via a direct computation, the Behrend number of the ideal K, which is
YC[x,y,z]/K = 8.

The above discussion shows that, even for towers, generalising to dimension 3 the con-
structions and algorithms carried out in Sections 2.3 and 2.4 is a nontrivial task, that we leave
for future research.



Appendix A

A tale of blowups

The blowup of an n-dimensional quasi-projective smooth variety X alonga (closed) k-dimensional
smooth submanifold Z is well understood in all dimensions (see, for instance [21, Chapter 4]).
This is a consequence of the fact that the blowup can be done in analytic coordinates. More
precisely, one can write X = U UV where U, V are open in the euclidean topology such that

* VNZ =0, and U is an analytical neighbourhood of the submanifold Z,

* Vp € Z there exists an analytic neighbourhood W of p in X such that the pair (ZNU N
W, U N W)is (analytically) isomorphic to a pair (CF x { 0ca— },CK x C"F),

now one can apply [21, Prop. IV-25] to compute Bl y~w U N W, and glue all the opens so
finding Bl, X. This procedure is well posed as proven, for instance, in [33, Sec 4.6.2].

Quite less clear, however, is the blowup along singular subvarieties. The first non-trivial
case is that of fat points on surfaces that we discussed in Chapter 2, the second is that of fat
points and singular curves in dimension 3. Up to analytical equivalence, the curve singularities
that one can have are combinations of the following three kinds:

* non reduced components,
* embedded fat points,
* (isolated) singularities of integral curves.

In this appendix we will discuss the simplest case, namely 1-dimensional nodes which, analyt-
ically, can be treated as 2 incident lines.

When we talk about blowup with centre the union of two incidentlines L, M c A3, we mean
the blowup with the centre the ideal intersection I; N I;, where I; and I, are respectively
the ideals of L and M. Despite this, one can carry out several processes and obtain different
varieties. For instance, one can first blowup one line and then the other or, one can first
separate the lines by blowing up the origin and then blowup the strict transform of the lines or
even blowup directly the product ideal. All these choices produce different birational models
of the affine space which interconnected as described in the Figure A.1.

Notice that the blowups along intersection ideal and product ideal produce varieties with
an isolated (singular) conifold point. The resolutions of these conifolds are also shown in
Figure A.1.
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Projective line P! «— | Affineline A'
Q 0-th Hirzebruch F, 2 P! x P! Q P'xC
v Projective plane P2 [> Bl,, (P! x C)
Q degree 7 Del Pezzo dP; =Bl,, , P* | —p | Small resolution
Flop 0] Conifold point

W =Bl¢, Z, =BI, X, =Bl Z, =

¢, Y =Bl¢, ¥, =B, X, =Bl X,
=Bl )1, A

= Blp Xg

=Bly,.(1,np,) A

=~
/

X, =Bl A*=Bl, -, A3 X, =Bl,, A3

L M
\’/

AS

3
B (I NI )L I Iy A

ZZ = BIZUM XS = BlD X4
=Bl;,.,,.;, A

Figure A.1. An example of blowups of A3



Appendix B

Inclusion—exclusion principle in
algebraic geometry

We conclude the thesis with an appendix of a more philosophical than technical nature. Also
in this appendix we deal with blowups at reducible and non-reduced centres.

In what follows, we will denote by V' the usual functor that associates, to each ideal I of a
ring R, the following subscheme of Spec A:

V(I):Spec(?).

It is remarkable that even if the union of two subschemes Z; = V(I) and Z; = V(J), of a
scheme Spec(A), is, by definition, V(I N J), also the subscheme V(I - J), in some sense, can
be thought as a union. A union with multiplicity! The following example should serve as a
clarification.

Example B.0.1. Let I =(x)and J =(x, y) be two ideals of C[x, y]. They define the y-axis V(I)
and the origin V(J) of A?> =SpecC|x, y]. We have I C ] and, as a consequence, V(J) C V(I).
Therefore,

VID)=V{In)=V({)UuV(]).

On the other hand, I - ] =(x?2, x y) is the ideal of the y-axis with an embedded origin added.

Let ,,, cC[xy,..., x,] be two ideals and let Z; = V(I;) and Z, = V(I,) the corresponding
subschemes of the affine space A”. We want to understand the blowup Bl 7, A" =Bl A"
and we want to compare it with Bl;,.;, A". This type of comparison is very useful in practice
when one wants to make explicit calculations. For instance, the blowup Bl;,.;, A" is better
understood, via Lemma 0.2.1, than Bl 7, A".

We would like to have a decomposition of the following form:

(B.O.l) “Zl UZZ = ((Zl UZZ) AN (Zl ﬂZg))U (Zl ﬂZZ)"

which would help break down the problem into simpler subproblems. Although it seems that
the Zariski topology is so rigid that it does not allow such a decomposition, a formula similar
to (B.0.1) can be obtained thanks to the following lemma.
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LemmaB.0.2. LetR bearingandlet1,] C R be two ideals. Then,
Inj=(1-J):(I+]).

Remark B.0.3. One can show that the division operation between ideals corresponds to the
following operation between (reduced) schemes:

VI ])=VI)N V().

Proof. (of Lemma B.0.2) The proof is a simple exercise in commutative algebra. One first
proves (see [2, Exercise 1.12]) the following formula for a triple of ideals I, J, K C R:

(I:J+K)=(:])n(I:K),
from which it follows
(Z-D:U+N=-)):Dn(-1):J)=1In].
O

Remark B.0.4. Lemma B.0.2 describes the relationship between the schemes associated with
the product and the intersection of two ideals (Equation (B.0.2)) and provides an inclusion-
exclusion principle for subschemes (Equation (B.0.3)):

(B.0.2) VUn])=v{I-J)NVI+])

(B.0.3) VDuVv()=vI-DHN(VI)NV())

Example B.0.5. Equation (B.0.3) in Remark B.0.4 justifies the fact that (see in Figure A.1) the
exceptional divisor of X, in Appendix A has two irreducible components (respectively corre-
sponding to I; and I,;), while the exceptional divisor of X, has three irreducible components
(two respectively corresponding to I; and Iy, and the third corresponding to I} + Iy; = I,,).
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