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Abstract
In this paper, we develop and analyze a mixed finite element method for a nonlinear, higher-
order model describing nonlinear wave phenomena and exhibiting important conservation
properties. A central goal of our approach is to ensure that these properties are preserved
at the discrete level while avoiding the challenges typically encountered when constructing
finite element subspaces of H2(�) as would be required in a standard continuous Galerkin
framework.At the continuous level,we establishwell-posedness and characterize the solution
through energy laws and mass conservation. For the semi-discrete formulation, we derive
error estimates in various Bôchner spaces. Furthermore, we establish that the implicit fully
discrete scheme is well-posed, converges with optimal order and consistent with both mass
conservation and an entropy dissipation law. Finally, we confirm the theoretical findings and
conservation properties on a set of benchmark problems.

Keywords KdV-RRLW model · Mixed Finite element method · Optimal error estimates ·
Fully discrete scheme · Existence and uniqueness

Mathematics Subject Classification 65N15 · 65N30

1 Introduction

Nonlinear wave phenomena are of great scientific importance and are notoriously diffi-
cult to resolve numerically. To date, numerous mathematical models have been proposed to
characterize wave behaviors, such as the regularized long-wave (RLW) model [11], and the
Korteweg-de Vries (KdV) model [13]. The KdVmodel is of critical importance in describing
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the long wave propagation along any direction in some nonlinear dispersion systems. This
model has also been used to describe several dynamical effects in longitudinal astigmatic
waves and magnetic fluid waves. Although the KdV model was originally aimed at simulat-
ing water waves, it is now widely used to study a variety of different physical systems that
exhibit long waves. However, this model is not always suitable for addressing wave-wave
and wave-wall interactions. To illustrate this, another model was proposed by Rosenau [43],
known as the Rosenau-regularised long-wave (RRLW) model.

The Korteweg-de Vries-Rosenau-regularised long-wave (KdV-RRLW) model is obtained
by combining the KdV and RRLW models [1, 41]. It governs the dynamics of dispersive
shallow water waves along lake shores and beaches. The high-order nature of the resulting
PDE and the presence of nonlinear terms significantly complicate the numerical solution.
Our goal is to address and overcome these inherent challenges.

1.1 Problem Description

The KdV-RRLW model for long-wave phenomena [1, 41] is based on the time-dependent
fourth-order in space partial differential equation

wt + α�2wt − β�wt = ∇ · (g(w)) + γ�w − λ�2w in �T , (1.1)

where �T = � × (0, T ], and � ⊆ R
d with d ≤ 3 is a convex and bounded domain. The

model is equipped with initial data (ID) and boundary data (BD)

w(x, t) = 0 = �w(x, t) for (x, t) ∈ ∂� × (0, T ], (1.2)

w(x, 0) = w0(x), for x ∈ �. (1.3)

The nonlinear function g = (gi )di=1 is defined component-wise by

gi (w) := −
(
w + 1

s + 1
ws+1

)
, i = 1, 2, 3; s ∈ S, S =

{
N, if d = 1, 2,

{1, 2}, if d = 3.

The first term on the left-hand side of (1.1) represents the linear temporal evolution. The
parameters α and β correspond to the fifth- and third-order spatio-temporal dispersion terms,
respectively, which are introduced to capture the equal-width effect of the evolving waves.
The nonlinear term ∇ · (g(w)) consists of two components: the term ∇ · (w1) contributes
to the drifting of the waves, while the second term models higher-order nonlinear dispersion
effects. The coefficients α, β, λ, and γ are non-negative constants; in particular, γ accounts
for dissipative effects, whereas λ introduces higher-order stabilization in the system. The
restriction s ∈ {1, 2} imposed when d = 3 guarantees the Sobolev embedding required in
analysis; see e.g. (3.10).

Higher-order partial differential equations (PDEs) play an important role in many appli-
cations in science and engineering. Equation (1.1), with different values of α, β, γ and λ,
occurs in a variety of physical applications. These include propagation of domain walls in
liquid crystals [27], pattern formation in bi-stable systems [22], traveling waves in reaction-
diffusion systems [2, 6], and mezoscopic model of phase-transition in binary systems near
Lipschitz points [28].

The design and implementation of direct discretization of high-order PDEs is challenging.
The H2-conforming finite element method is the most direct way to discretize the problem
(1.1)-(1.3). However, in its simplest, lowest order case, the implementation requires the
use of a finite element space consisting of piecewise polynomials of degree five in two
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dimensions and of order nine in three dimensions [46]. Additionally, such elements are
typically not affine equivalent, necessitating the use ofmore complexmethods tomap the basis
functions to each element using a reference element [19, 31, 32]; see [3] for an implementation
based on Bernstein basis. Alternatively, one can employ nonconforming finite elements, such
as cubic Hermite or Morley elements [19, 34], where the approximate solution lies in a
finite-dimensional space that is not a subspace of H2(�). Another alternative for solving
fourth-order problems is the use of C0 interior penalty methods [7, 14, 15]. These can be
constructed at any order by incorporating parameter-dependent stabilizing terms on interior
edges to weakly enforce flux continuity. Other techniques include [12, 29, 30, 45].

The mixed finite element method is an alternative approach to avoid using C1 finite
elements and, at the same time, reduce ill-conditioning. It is based on reducing the PDE
order at the expense of introducing the Laplacian of the solution as a new variable [8, 10, 19].
This approach is highly attractive, at least for convex domains [37, 47]. By conforming to the
continuous mixed formulation, the mixed finite element avoids the need for stabilizations.
In this respect, it aligns with C1-conforming methods. On the other hand, it is easier to
implement and extend to higher orders. Indeed, both variables are approximated by classical
H1-conforming finite elements, thus bypassing the need for complex element constructions.
Moreover, the mixed approach provides an approximation to the Laplacian of the solution
simultaneously. Mixed formulations have been successfully employed in earlier works [24,
36], and more recently, Guo and co-workers [26] proposed a linear C0 finite element scheme
that simplifies implementation while maintaining the desired accuracy.

We propose the use of mixed FEM for the numerical solution of the KdV-RRLW problem.
To the best of our knowledge, this allows for the first time to preserve the inherent mass
conservation and, at the same time, satisfy a discrete energy dissipation inequality of the
KdV-RRLW equation (and other related wave models) at the discrete level. Details of the
significant contributions of this work are as follows:

– From a theoretical perspective, we establish well-posedness of the decoupled KdV-
RRLW model. The analysis is based on using the Picard existence theorem and the
Banach–Alaoglu theorem. The solution is characterized through mass conservation and
energy laws, providing a solid foundation for both analytical and numerical studies.

– We derive semi-discrete error estimates in Bôchner space L∞(0, T ; H1
0 (�))while show-

ing that the numerical solution of the proposedmixed FEMconverges to the exact solution
with optimal order in the H1 norm. The auxiliary variable also converges optimally in
the L2 norm.

– We also present a fully-discrete scheme, proving well-posedness and establishing rigor-
ous error bounds. Importantly, the scheme preserves mass and satisfies a discrete energy
dissipation law, confirming that fundamental physical properties of the model are main-
tained at the discrete level.

– Extensive numerical experiments validate the theoretical findings. The scheme accurately
reproduces conservation properties and captures complex nonlinear wave phenom-
ena, including 1D solitary waves, interaction of multiple waves, 2D undular bores,
and Maxwellian-type initial conditions. Benchmark comparisons with existing methods
demonstrate that the proposed approach achieves high accuracy and optimal convergence
rates, confirming its robustness and effectiveness for simulating higher-order nonlinear
wave models.
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1.2 Structure of the Paper

This paper is organized as follows: Section 2 covers the weak formulation and key notations.
In Section 3, we establish the well-posedness of the problem 1.1-(1.3) and characterize the
solution through mass conservation and energy laws. Section 4 addresses the convergence
of the semi-discrete problem in the L∞(0, T ; H1

0 (�)) norm. Section 5 discusses the full
discretization of the problem using the Backward Euler method. Finally, Section 6 substan-
tiates our theoretical findings with multiple examples and provides a comparison with other
approaches.

2 Weak Formulation

We employ standard mathematical notations for Sobolev spaces and their norms. The norm
in the Sobolev spaces Hr (V), V ⊂ R

3, with r ≥ 1 will be represented by ‖ · ‖r ,V . The norm
of L2(V), is simply denoted by ‖ · ‖V and its inner product by (·, ·)V . To make the notations
clearer, we shall omit the subscript V in the inner product notations and norm when V = �.
Let H1

0 (�) be the closure of C∞
0 (�) in ‖∇ · ‖ norm and C∞

0 (�) denotes the space of infinite
differentiable functions with compact support in �.

Further, we use the Bôchner spaces Lq(I ;D) for q ∈ {1, 2,∞} with the standard norm
[42], where D is a Banach space and I is a suitable time interval. The symbols K ,C, K ′

i s
and C ′

i s with i ∈ N are utilized as constants. For the notation simplicity, we may use ∂tw, wt

or ẇ interchangeably in order to represent the temporal differentiation of w. Additionally, τ
and h indicate the uniform step sizes in the time and space direction, respectively.
We introduce a new variable z = −�w to re-formulate the model (1.1)-(1.3) as follows:

⎧
⎪⎨
⎪⎩

wt − α�zt + βzt = ∇ · g(w) − γ z + λ�z, in �T ,

w(x, 0) = w0(x) in �,

w = 0 on ∂�,

and

{
−�w = z in � × [0, T ],
z = 0 on ∂�.

(2.1)

Assuming w0 ∈ H1
0 (�), the weak form of the above mixed model reads: find w, z ∈

L2(0, T ; H1
0 (�)) ∩ C0([0, T ]; H1(�)) with wt , zt ∈ L2(0, T ; H1(�)) such that {w, z} :

[0, T ] → H1
0 (�) × H1

0 (�) satisfy:

(wt (t), ζ ) + α(∇zt (t), ∇ζ ) + β(zt (t), ζ ) = (∇ · g(w), ζ ) − γ (z(t), ζ )

− λ(∇z(t), ∇ζ ), ∀ ζ ∈ H1
0 (�), t > 0,

(2.2a)

(∇w(t),∇ζ ′) = (z(t), ζ ′), ∀ ζ ′ ∈ H1
0 (�), t ≥ 0,

(2.2b)

w(x, 0) = w0(x), ∀ x ∈ �. (2.2c)

Note that (2.2b) also determines z0(x) := z(x, 0) from w0.
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3 Well-Posedness of theMixed Formulation

This section focuses on characterizing the solution via mass conservation and energy laws,
as well as establishing the well-posedness of the weak formulation (2.2).

Lemma 3.1 (A priori bound) If (w, z) solves (2.2), then

‖w(t)‖1 + ‖z(t)‖ ≤ √
2 [‖w0‖1 + ‖z0‖] , t ∈ (0, T ], (3.1)

In addition,

‖w‖L∞(Lq (�)) ≤ C1, ∀ q ∈ S1, S1 =
{

[1,∞), if d = 1, 2,

[1, 6], if d = 3,
(3.2)

and
‖z(t)‖1 ≤ C2, t ∈ (0, T ], (3.3)

with C1,C2 > 0 depending on the Sobolev embedding constant, and norms of w0, z0. Addi-
tionally, C2 depends on γ , λ, final time T , and the Poincaré constant.

Proof By selecting ζ = w in (2.2a) and ζ ′ = w, z, and zt (one at a time) in (2.2b) and
utilizing the relation (∇wt (t),∇ζ ′) = (zt (t), ζ ′), we obtain

(wt , w) + α(zt , z) + β(∇wt ,∇w) = (∇ · g(w),w) − γ ‖∇w‖2 − λ‖z‖2. (3.4)

Thus, we arrive at

C3

2

d

dt

[
‖w‖21 + ‖z‖2

]
+ γ ‖∇w‖2 + λ‖z‖2 ≤

∫

�

(∇ · g(w))wd�. (3.5)

where C3 := min{1, α, β}. We define F(s) := ∫ s
0 g(z)dz with F

′
(s) = g(s), s ∈ R such

that
∇ · F(w) = g(w) · ∇w. (3.6)

Applying the divergence theorem noting that w = 0 on ∂� and F(0) = 0 gives
∫

�

(∇·g(w))w d� = −
∫

�

g(w)·∇w d� = −
∫

�

∇·F(w) d� = −
∫

∂�

F(w)·n dx = 0.

(3.7)
Using this in (3.5) and then integrating with respect to t results in

C3

2

[‖w‖21 + ‖z‖2] + γ

∫ t

0
‖∇w(s)‖2ds + λ

∫ t

0
‖z(s)‖2ds ≤ C3

2

[‖w0‖21 + ‖z0‖2
]
,

from which (3.1) readily follows given γ and λ are non-negative by assumption.
The estimate (3.2) holds by utilizing the Sobolev embedding [42] of H1(�) in Lq(�), q ∈

S1. To prove the estimate (3.3), we select ζ = z in (2.2a), and ζ ′ = wt in (2.2b), yielding

C4

2

d

dt

[‖w‖21 + ‖z‖21
] ≤ −(g(w),∇z) − C5‖z‖21, (3.8)

where C4 := min
{

1
1+CP

,min{α, β}
}
, C5 := min{γ, λ} and CP denotes the Poincaré con-

stant. Leveraging the Young’s and Cauchy-Schwarz inequalities, we obtain

C4

2

d

dt

[‖w‖21 + ‖z‖21
] + C5

2
‖z‖21 ≤ 1

2C5
(‖g(w)‖2). (3.9)
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Furthermore, using the bound (3.2) gives

‖g(w)‖2 ≤ 3
∫

�

( 1

s + 1
ws+1 + w

)2
d�

≤ 6

s + 1

∫

�

w2s+2d� + 6
∫

�

w2d�

≤ 6|�|
(
C2s+2
2

s + 1
+ C2

2

)
:= C6, (3.10)

proving that g ∈ L∞(0, T ; L2(�)). Finally, integrating (3.9) with respect to time and
using (3.10), we obtain

‖w(t)‖21 + ‖z(t)‖21 ≤ C6

C5C4
T + ‖w0‖21 + ‖z0‖21, (3.11)

and thus we conclude (3.3). ��
Remark 3.2 (Physical interpretation) Lemma 3.1 establishes the stability of the system. It
shows that the H1-normof the solutionw and the L2-normof z (Laplacian ofw) are controlled
by the initial data.

Lemma 3.3 (Time-derivative bounds) There exists a constant C > 0 such that, if (w, z)
solves (2.2), then

‖wt (t)‖1 + ‖zt (t)‖1 ≤ C, t ∈ (0, T ], (3.12)

with C > 0 depending on the constants C1 and C2 from Lemma 3.1.

Proof Differentiating equation (2.2b) with respect to time yields

(∇wt (t),∇ζ ′) = (zt (t), ζ
′), ∀ ζ ′ ∈ H1

0 (�). (3.13)

Next, by choosing ζ = zt in equation (2.2a) and ζ ′ = wt in (3.13), and then applying the
Cauchy–Schwarz and Young inequalities, there exists a constant C > 0 such that

‖zt (t)‖21 + ‖wt (t)‖21 ≤ C
(‖g(w)‖2 + ‖z(t)‖2 + ‖∇z(t)‖2). (3.14)

Finally, invoking the estimates obtained in equation (3.10) and Lemma 3.1 leads to the desired
bound (3.12). ��
Lemma 3.4 (Mass conservation) Let (w, z) be a solution of (2.1) satisfying the no net flux
boundary condition. Then the total mass is conserved in time, that is,

M(t) :=
∫

�

w(x, t) dx =
∫

�

w0(x) dx for all t ≥ 0. (3.15)

Proof The result follows by testing the weak formulation of (2.1) with the constant function 1
and using the no net flux boundary condition to eliminate the boundary terms. ��
Lemma 3.5 (Energy inequality) Let (w, z) be a solution of (2.2). Then the following energy
inequality holds:

E(t) + γ

∫ t

0
‖∇w(s)‖2 ds + λ

∫ t

0
‖z(s)‖2 ds ≤ E(0), (3.16)

where

E := E1(w) + E2(z) = min{1, β}
2

‖w(t)‖21 + α

2
‖z(t)‖2. (3.17)
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Proof The result follows by integrating equation (3.4) with respect to time t and proceeding
as in the subsequent steps following (3.4). ��
Theorem 3.6 (Existence and uniqueness) Suppose w0 ∈ H1

0 (�). Then, there exists a unique
solution of the weak formulation (2.2) for any positive T .

Proof We exploit the Faedo–Galerkin method (see [23, Chap. 7] and [20, 35]), dividing the
proof into six parts as follows.

1. Existence of local solutions: Consider the finite dimensional subspace Gm = span{�1,

�2, . . . , �m}, with {� j }∞j=1 serving as an orthogonal basis for H
1
0 (�). We introduce the

functions wm, zm : [0, T ] → H1
0 (�), expressed as

wm(t) =
m∑
j=1

a j
m(t)� j and zm(t) =

m∑
j=1

e jm(t)� j , (3.18)

solution of

(wm
t (t),� j ) + α(∇zmt (t),∇� j ) + β(zmt (t),� j ) = −(g(wm),∇� j ) − γ (zm(t),� j )

− λ(∇zm(t),∇� j ),

(3.19a)

(∇wm(t),∇� j ) = (zm(t),� j ), (3.19b)

where wm(0) = w0,m and � j ∈ Gm, j = 1, 2, . . . ,m.

Note that wm(0) = ∑m
j=1 e

j
m(0)� j and e jm(0) = (w0, � j ). Upon substituting (3.18)

into (3.19) we obtain the nonlinear system of ordinary differential equations

QẆ (t) + αN Ṗ(t) + βQṖ(t) = G(W (t)) − γ QP(t) − λN P(t), (3.20a)

Q−1NW (t) = P(t), (3.20b)

W (0) = W0. (3.20c)

Where,

Q = [Qi j ]m×m, Qi j = (�i , � j ), i, j = 1, 2 . . .m,

N = [Ni j ]m×m, Ni j = (∇�i ,∇� j ), i, j = 1, 2 . . .m,

W (t) = (a1m(t), a2m(t) . . . , amm (t))T , P(t) = (e1m(t), e2m(t) . . . , emm (t))T ,

W0 = (a1m(0), a2m(0) . . . , amm (0))T ,

G(W ) = (G j ) where G j = −(g(wm),∇� j ).

Since matrices Q and N are symmetric and positive definite, their inverses exist. Using
(3.20b) in (3.20a), nonlinear system (3.20) reduces to

Q[I + α(Q−1N )2 + βQ−1N ] Ẇ (t) = G(W (t)) − γ NW (t) − λNQ−1NW (t),
(3.21a)

W (0) = W0. (3.21b)

Finally, we have

Ẇ (t) = [[I + α(Q−1N )2 + βQ−1N ]−1Q−1][G(W (t)) − γ NW (t) − λNQ−1NW (t)
]
,

(3.22a)
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W (0) = W0. (3.22b)

By applying the Picard existence theorem, we ensure the existence of a local solution
(wm(t), zm(t)) in the subspace Gm × Gm on [0, T ∗] for some 0 < T ∗ < T . To extend
this solution up to the final time T , it suffices to rule out finite-time blow-up. Classical
ODE theory ensures that a maximal existence time T ∗ < T can occur only if the relevant
solution norms become unbounded as t → T ∗−. Hence, in what follows, we derive
uniform bounds that prevent such blow-up, allowing continuation of the solution from
T ∗ to T .

2. Uniform-bounds. For j = 1, 2, . . . ,m, multiplying (3.19a) by a j
m(t) and (3.19b) by

a j
m(t),e jm(t) and e jm,t (t) (one at a time) and then summing over j yields

C

2

d

dt

[‖wm(t)‖21 + ‖zm(t)‖2] + γ ‖∇w‖2 + λ‖z‖2 ≤ (∇ · g(wm), wm(t)),

for some C > 0. Proceeding analogously to the proof of Lemma 3.1 and taking the
supremum over 0 ≤ t ≤ T , while noting that ‖wm(0)‖1 ≤ ‖w0‖1 and ‖zm(0)‖ ≤ ‖z0‖,
we obtain

sup
0≤t≤T

‖wm(t)‖21 + γ

∫ T

0
‖∇wm(t)‖2dt + λ

∫ T

0
‖zm(t)‖2dt ≤ C . (3.23)

Following similar arguments as in Lemmas 3.1 and 3.3 we further derive the uniform
bounds

sup
0≤t≤T

‖zm(t)‖21 +
∫ T

0
‖zm(t)‖21dt ≤ C,

∫ T

0
‖wm

t (t)‖21dt +
∫ T

0
‖zmt (t)‖21dt ≤ C,

preventing finite-time blow-up. Thus, by the continuation argument, theGalerkin solution
(wm(t), zm(t)) exists on the entire interval [0, T ].

3. Passing limit inside. Invoking the Banach–Alaoglu theorem [16, 18], we obtain subse-
quences with

zmk w∗−→ z in L∞(0, T ; H1
0 (�)),

wmk w∗−→ w in L∞(0, T ; H1
0 (�)),

w
mk
t

w−→ wt in L2(0, T ; H1(�)),

zmk
t

w−→ zt in L2(0, T ; H1(�)). (3.24)

By theAubin–Lions compactness lemma [44], the subsequence {wmk } converges strongly
to w, i.e.,

wmk−→ w in L2(0, T ; L2(�)). (3.25)

Next, we shall use the convergence of subsequences {wmk }∞k=1 and {zmk }∞k=1 to pass the
limit inside equation (3.19). To facilitate this process, define ζ, ζ ′ ∈ C1([0, T ]; H1

0 (�))

as

ζ(t) =
M∑
j=1

a j (t)� j and ζ ′(t) =
M∑
j=1

e j (t)� j ,

with {a j (t)}Mj=1 and {e j (t)}Mj=1 smooth functions.
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For m ≥ M , we multiply (3.19a) by a j (t) and (3.19b) by e j (t), take sum over j from 1
to M , and then integrate to yield

∫ T

0

[
(wm

t (t), ζ(t)) + α(∇zmt (t),∇ζ(t)) + β(zmt (t), ζ(t))

]
dt

=
∫ T

0

[
(∇ · g(wm), ζ(t)) − γ (zm(t), ζ(t)) − λ(∇zm(t),∇ζ(t))

]
dt,

(3.26a)
∫ T

0

[
(∇wm(t),∇ζ ′(t))

]
dt =

∫ T

0

[
(zm(t), ζ ′(t))

]
dt . (3.26b)

Choosing m = mk and using (3.24) and (3.25), we obtain
∫ T

0

[
(wt (t), ζ(t)) + α(∇zt (t),∇ζ(t)) + β(zt (t), ζ(t))

]
dt

=
∫ T

0

[
(∇ · g(w), ζ(t)) − γ (z(t), ζ(t)) − λ(∇z(t),∇ζ(t))

]
dt,

(3.27a)
∫ T

0

[
(∇w(t),∇ζ ′(t))

]
dt =

∫ T

0

[
(z(t), ζ ′(t))

]
dt . (3.27b)

Finally, employing a density argument, we can assert that equation (2.2) holds true for
ζ, ζ ′ ∈ H1

0 (�) almost everywhere in the interval [0, T ].
4. Initial data. Lastly, we are left showing that w(0) = w0. Using equation (3.27a) with

ζ ∈ C1([0, T ]; H1
0 (�)) such that ζ(T ) = 0, it follows that

∫ T

0

[
(−w(t), ζt (t)) + α(∇zt (t),∇ζ(t)) + β(zt (t), ζ(t))

]
dt

=
∫ T

0

[
(∇ · g(w), ζ(t)) − γ (z(t), ζ(t)) − λ(∇z(t),∇ζ(t))

]
dt + (w(0), ζ(0)).

(3.28)

Similarly, (3.26a) yields

∫ T

0

[
(−wm(t), ζt (t)) + α(∇zmt (t),∇ζ(t)) + β(zmt (t), ζ(t))

]
dt

=
∫ T

0

[
(∇ · g(wm), ζ(t)) − γ (zm(t), ζ(t)) − λ(∇zm(t),∇ζ(t))

]
dt + (wm(0), ζ(0)).

(3.29)

Choosing m = mk and applying (3.24) and (3.25) while noting that wm(0) → w0 as
m → ∞, we obtain
∫ T

0

[
(−w(t), ζt (t)) + α(∇zt (t),∇ζ(t)) + β(zt (t), ζ(t))

]
dt

=
∫ T

0

[
(∇ · g(w), ζ(t)) − γ (z(t), ζ(t)) − λ(∇z(t),∇ζ(t))

]
dt + (w0, ζ(0)).

(3.30)
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With ζ(0) being arbitrary, a simple comparison of (3.28)with (3.30) allows us to conclude
that w(0) = w0.

5. Uniqueness. Suppose (w1, z1) and (w2, z2) are two different solutions to the mixed weak
formulation (2.2). Introducing V := w1 − w2 and X := z1 − z2 leads to

(Vt (t), ζ ) + α(∇Xt (t),∇ζ ) + β(Xt (t), ζ ) = −(g(w1) − g(w2),∇ζ )

− γ (X(t), ζ ) − λ(∇X(t),∇ζ ), ζ ),

(3.31a)

(∇V (t),∇ζ ′) = (X(t), ζ ′), (3.31b)

V (0) = 0, X(0) = 0. (3.31c)

Taking ζ = V in (3.31a) and ζ ′ = Xt , V and X (one at a time) in (3.31b), we get

(Vt (t), V (t)) + α(Xt (t),X(t)) + β(∇Vt (t),∇V (t))

= −γ ‖∇V (t)‖2 − λ‖X(t)‖2 − (g(w1) − g(w2),∇V (t)). (3.32a)

Here, we have used the identity (∇Vt (t),∇V ) = (Xt (t), V (t)). Now, the Young’s and
Cauchy–Schwarz inequalities and the Lipschitz continuity of function g yield

d

dt

[‖V (t)‖21 + ‖X(t)‖2] ≤ C‖V (t)‖21.

Integration w.r.t. time yields

‖V (t)‖21 + ‖X(t)‖2 ≤ ‖V (0)‖21 + ‖X(0)‖2 + C
∫ t

0
‖V (s)‖21ds.

Thus, Gronwall’s lemma implies that

‖V (t)‖21 ≤ eCt (‖V (0)‖21 + ‖X(0)‖2) = 0.

Hence, w1 = w2 and using (3.31b), we conclude that z1 = z2.

��

4 Semidiscrete Error Estimates of Mixed Formulation

We consider here a spatially discrete scheme. The a priori analysis is based classically on the
Ritz projection operator.

Let � be partitioned by a shape-regular family of triangulations {Th}h>0 with mesh size
h = maxK∈Th diam(K ). Let Sh ⊂ H1

0 (�) be a finite-element subspace defined on this mesh,
satisfying the following standard approximation properties for some m ≥ 1: There exists a
constant C > 0 such that, if w ∈ Hr (�) ∩ H1

0 (�), for 1 ≤ r ≤ m, then

inf
ζ∈Sh

{‖w − ζ‖ + h‖∇(w − ζ )‖} ≤ Chr‖w‖r . (4.1)

We also define the Ritz operator �h : H1
0 (�) → Sh , which is determined by solving

(∇�hw,∇ζ ) = (∇w,∇ζ ) ∀ζ ∈ Sh, w ∈ H1
0 (�), (4.2a)

(∇�hz,∇ζ ′) = (∇z,∇ζ ′) ∀ζ ′ ∈ Sh, z ∈ H1
0 (�). (4.2b)
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Setting ζ = �hw, we observe that ‖∇�hw‖ ≤ ‖∇w‖, ∀w ∈ H1
0 (�). Further, we readily

verify that

‖�hw − w‖ + h‖∇(�hw − w)‖ ≤ Chr‖w‖r , (4.3a)

‖�hz − z‖ + h‖∇(�hz − z)‖ ≤ Chr‖z‖r , (4.3b)

for each w, z ∈ Hr (�) ∩ H1
0 (�) and 1 ≤ r ≤ m.

Finally, defining wh
0 = �hw0, the semi-discretisation of (1.1)-(1.3) is formulated as

follows. Find wh, zh : [0, T ] → Sh satisfying

(wh
t (t), ζ ) + α(∇zht (t),∇ζ ) + β(zht (t), ζ ) = (∇ · g(wh) − γ (zh(t), ζ ), ζ )

− λ(∇zh(t),∇ζ ), ζ ∈ Sh, t > 0,
(4.4a)

(∇wh(t),∇ζ ′) = (zh(t), ζ ′), ζ ′ ∈ Sh, t ≥ 0,
(4.4b)

wh(0) = wh
0 . (4.4c)

Since Sh is finite dimensional, the above system of equations reduces to a system of nonlinear
ODEs. By Picard’s theorem, there exists a unique local solution on interval (0, t∗) for some
t∗ > 0. To extend this solution globally in time, we exploit again a continuation argument.
To this end, we first derive the following a priori bound.

Lemma 4.1 (A priori bound) If (wh, zh) satisfies (4.4), then

‖wh(t)‖1 ≤ ‖wh
0‖1 + ‖zh0‖, t ∈ (0, T ]. (4.5)

In addition

‖wh‖L∞(Lq (�)) ≤ C, ∀ q ∈ S1, S1 =
{

[1,∞), if d = 1, 2,

[1, 6], if d = 3,
(4.6)

where C > 0 depends on the Sobolev embedding constant, and norms of w0, z0.

Proof Substituting ζ = wh in (4.4a) and ζ ′ = wh, zh and zht (one at a time) in (4.4b), we
obtain

C

2

d

dt

[
‖wh‖21 + ‖zh‖2

]
+ γ ‖∇wh‖2 + λ‖zh‖ ≤

∫

�

(∇ · g(wh))whd�. (4.7)

Using equation (3.7) in (4.7) with non-negative γ and λ, we get

d

dt

[
‖wh‖21 + ‖zh‖2

]
≤ 0,

and thus, integrating with respect to time t yields

‖wh‖21 + ‖zh‖2 ≤ ‖wh
0‖21 + ‖zh0‖2,

implying (4.5). In turn, the bound (4.6) follows immediately by the Sobolev embedding [42]
of H1(�) in Lq(�) for q ∈ S1. ��
Theorem 4.2 Let (w, z) be the solution of the weak formulation (2.2) and (wh, zh) be
the solution to the semidiscrete scheme (4.4). Assume that w ∈ L∞(0, T ; H1

0 (�))
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∩ L2(0, T ; Hr (�))withwt ∈ L2(0, T ; Hr (�)), z ∈ L∞(0, T ; H1
0 (�))∩ L∞(0, T ; Hr (�))

with zt ∈ L2(0, T ; Hr (�)), and z(0) ∈ Hr (�). Then, the following a priori estimate holds:

h‖w − wh‖L∞(0,T ;H1
0 (�)) + ‖z − zh‖L∞(0,T ;L2(�)) ≤ Chr Qr , (4.8)

where C denotes a positive constant independent of h and

Qr : = ‖z‖L∞(0,T ;Hr (�)) + ‖z(0)‖Hr (�) + ‖zt‖L2(0,T ;Hr (�)) + ‖w‖L2(0,T ;Hr (�))

+ ‖wt‖L2(0,T ;Hr (�)).

Proof The error can be expressed as

w(t) − wh(t) = (w(t) − �hw(t)) + (�hw(t) − wh(t)) = 
(t) + ϑ(t),

z(t) − zh(t) = (z(t) − �hz(t)) + (�hz(t) − zh(t)) = μ(t) + ϕ(t).

In cases where there is no ambiguity, we will write ϑ(t) in place of ϑ , and follow the same
approach for 
, μ, and ϕ.

Subtracting (4.4) from (2.2) while utilizing the Ritz projection �h , we arrive at
(
ϑt , ζ

) + α
(∇ϕt , ∇ζ

) + β
(
ϕt , ζ

) + γ
(
ϕ, ζ

) + λ
(∇ϕ, ∇ζ

) = −(

t , ζ

) − β
(
μt , ζ

) − γ
(
μ, ζ

)

− (
g(w) − g(wh),∇ζ

)
,

(4.9a)(∇ϑ, ∇ζ ′) = (
μ, ζ ′) + (

ϕ, ζ ′). (4.9b)

Setting ζ ′ = ϕt , ϑ and ϕ (one at a time) in (4.9b) and using the resulting equations in (4.9a)
together with ζ = ϑ , gives
(
ϑt , ϑ

) + α
(
ϕ, ϕt

) + β
(∇ϑt , ∇ϑ

) + γ
(∇ϑ, ∇ϑ

) + λ
(
ϕ, ϕ

) = −(

t , ϑ

) − λ
(
μ, ϕ

) − α
(
μ, ϕt

)

− (
g(w) − g(wh),∇ϑ

)
.

Thus,

C

2

d

dt

[
‖ϑ(t)‖21 + ‖ϕ(t)‖2

]
+ γ ‖∇ϑ(t)‖2 + λ‖ϕ(t)‖2 ≤ −(


t , ϑ
) − λ

(
μ, ϕ

)

− α
(
μ, ϕt

) − (
g(w) − g(wh),∇ϑ

)
,

(4.10)

where C = min{1, α, β}. The Cauchy–Schwarz and Young’s inequalities, equation (4.9b)
with ζ ′ = ϑ gives

‖∇ϑ(t)‖2 ≤ C
(‖ϕ(t)‖2 + ‖μ(t)‖2 + ‖ϑ(t)‖2). (4.11)

Using (4.11) in (4.10) yields

d

dt

[
‖ϕ(t)‖2 + ‖ϑ(t)‖21

]
≤ C

(‖μ(t)‖2 + ‖ϑ(t)‖2 + ‖ϕ(t)‖2 + ‖
(t)‖2 + ‖
t (t)‖2
)

− α∂t
(
μ, ϕ

) + α
(
μt , ϕ

)
.

Here, we have used once again the Cauchy–Schwarz and Young’s inequalities and the Lip-
schitz continuity of g. Next, integrating with respect to time t and recalling that estimate
(4.11) holds also at t = 0 yields

‖ϑ(t)‖21 + ‖ϕ(t)‖2 ≤ C

(
‖μ(t)‖2 + ‖ϕ(0)‖2 + ‖μ(0)‖2+‖ϑ(0)‖2
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+
∫ T

0

(‖ϑ(t)‖2 + ‖μ(t)‖2 + ‖ϕ(t)‖2 + ‖
(t)‖2 + ‖
t (t)‖2 + ‖μt (t)‖2
))

.

(4.12)

Now, evaluating (4.9b) at time t = 0 and substituting ζ ′ = ϕ(0) together with ϑ(0) = 0, we
arrive at

‖ϕ(0)‖2 ≤ 1

2
‖ϕ(0)‖2 + 1

2
‖μ(0)‖2,

and hence, we get

‖ϕ(0)‖2 ≤ Ch2r‖z(0)‖2r . (4.13)

Applying the Gronwall’s lemma on (4.12) while using the given hypothesis, estimates (4.3a)
and (4.3b) and equation (4.13), we obtain

‖ϑ(t)‖21 + ‖ϕ(t)‖2 ≤ Ch2r . (4.14)

Ultimately, we arrive at the estimate (4.8) by combining equations (4.14) with (4.3a) and
(4.3b) while considering the supremum across 0 ≤ t ≤ T . ��

5 Full Discretization

Wefinally introduce and analyze a full discretisation of the problem (2.2). LetM be a positive
integer representing the number of time steps with τ = T

M indicating the duration of each
time interval and t j = jτ , for j = 0, 1, . . . , M , the discrete time instances. For any function
η ∈ C

(
I ; L2(�)

)
, we define

η j = η(t j ) and δtη
j = η j − η j−1

τ
, ∀ j = 1, . . . , M . (5.1)

We propose a fully discrete finite element approximation for problem (4.4) based on the
Backward Euler time-stepping as follows. Find W = (W j )Mj=0 and Z = (Z j )Mj=0 with

(W j , Z j ) ∈ Sh × Sh such that

(δt W
j , ζ ) + α(∇δt Z

j , ∇ζ ) + β(δt Z
j , ζ ) = −λ(∇Z j ,∇ζ ) + (∇ · g(W j ), ζ ) − γ (Z j , ζ ), (5.2a)

∀ j = 1, . . . , M,

(∇W j ,∇ζ ′) = (Z j , ζ ′), ∀ j = 0, 1, . . . , M,

(5.2b)

W 0 = wh
0 . (5.2c)

Once again, we start the analysis by establishing an a priori bound.

Lemma 5.1 (A priori bound) If (W , Z) satisfies (5.2). then,

‖W j‖1 + ‖Z j‖ ≤ √
2(‖W 0‖1 + ‖Z0‖), (5.3)

for j = 1, . . . , M and, moreover,

‖W j‖Lq (�) ≤ C, ∀ q ∈ S1, S1 =
{

[1,∞), if d = 1, 2,

[1, 6], if d = 3,
(5.4)

for some constant C > 0.
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Proof Testing with ζ = W j in (5.2a) and with ζ ′ = W j , Z j , and δt Z j (one at a time) in
(5.2b), we obtain

(
W j − W j−1

τ
,W j

)
+ α

(
Z j − Z j−1

τ
, Z j

)
+ β

(
∇(W j − W j−1

τ

)
,∇W j

)
+ λ‖Z j‖ + γ ‖∇W j‖

= (∇ · g(W j ),W j ).

(5.5)

Applying the Cauchy–Schwarz andYoung’s inequalities together with equation (3.7) in (5.5),
we get

δt

[
‖W j‖21 + ‖Z j‖2

]
≤ 0,

as λ, γ > 0, and, summing the above bounds from 1 to j , already provides (5.3). From this,
the bound (5.4) immediately follows by Sobolev embedding [42]. ��

Testing the fully discrete scheme as done in the continuous case, cf. Lemma 3.4, with the
constant function 1 immediately yields the following mass conservation result.

Lemma 5.2 (Mass conservation)Assume that (W , Z) is a solution of the fully discrete scheme
(5.2) opportunely modified to satisfy (2.1) with no net flux boundary conditions. Then the
following conservation law holds true for j = 0, . . . , M:

M(W j ) :=
∫

�

W j dx =
∫

�

W 0 dx . (5.6)

Lemma 5.3 (Energy inequality) Assume that (W , Z) is a solution of the fully discrete scheme
(5.2). Then the following discrete energy inequality holds true for j = 1, . . . , M:

E(W j , Z j ) + γ τ

j∑
i=1

‖∇Wi‖2 + λτ

j∑
i=1

‖Zi‖2 ≤ E(W 0, Z0), (5.7)

where

E(W j , Z j ) = E(W j ) + E(Z j ) = min{1, β}
2

‖W j‖21 + α

2
‖Z j‖2. (5.8)

Proof The result follows from equation (5.5) by applying the Cauchy–Schwarz and Young
inequalities and subsequently summing over the time steps 1 through j . ��

We now aim to establish the existence and uniqueness of the fully discrete solution W j

by applying the Brouwer fixed point theorem (see [25, Chap. IV, Corollary 1.1]; see also [20,
38]).

Theorem 5.4 Let 1 < j ≤ M and suppose (W 0, Z0), (W 1, Z1), . . . , (W j−1, Z j−1) are
given satisfying 5.2. Then, (W j , Z j ) exists and it satisfies (5.2) uniquely.

Proof We define an inner product and corresponding norm on the space Sh × Sh :
(
ψ,ψ ′)

Sh×Sh
= (

ψ1, ψ
′
1

)
Sh

+ (
ψ2, ψ

′
2

)
Sh

,

‖ψ‖2Sh×Sh = ‖ψ1‖2Sh + ‖ψ2‖2Sh ,
with ψ = (ψ1, ψ2) and ψ ′ = (ψ ′

1, ψ
′
2).

ConsiderH = [H1,H2] over the space Sh×Sh , where themappingsH1,H2 : Sh×Sh → Sh
are defined to satisfy

(H1(ψ), ζ )Sh = (ψ1, ζ )Sh + α(∇ψ2,∇ζ )Sh + β(∇ψ1,∇ζ )Sh
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− (W j−1, ζ )Sh − α(∇Z j−1,∇ζ )Sh − β(∇W j−1,∇ζ )Sh

+ τ
[
(g(ψ1),∇ζ )Sh + γ (∇ψ1,∇ζ )Sh + λ(∇ψ2,∇ζ )Sh

]
, ∀ ζ ∈ Sh,

(5.9a)

(H2(ψ), ζ ′)Sh = (τλ + α)
[
(ψ2, ζ

′)Sh − (∇ψ1,∇ζ ′)Sh
]
. (5.9b)

It is straightforward to see thatHmaintains continuity. Now, substituting (ζ, ζ ′) = (ψ1, ψ2)

yields

(H(ψ), ψ)Sh×Sh = (H1(ψ), ψ1)Sh + (H2(ψ), ψ2)Sh ,

≥ C‖ψ‖2Sh×Sh − (W j−1, ψ1)Sh − α(∇Z j−1,∇ψ1)Sh

− β(∇W j−1,∇ψ1)Sh + (β + τγ )‖∇ψ1‖2Sh ,
leading to

(H(ψ), ψ)Sh×Sh ≥ C‖ψ‖2Sh×Sh
− 1

2C
‖W j−1‖2Sh − C

2
‖ψ1‖2Sh − α2

4β
‖∇Z j−1‖2Sh − β2

4τγ
‖∇W j−1‖2Sh

≥ C

2
‖ψ‖2Sh×Sh

− 1

2C
‖W j−1‖2Sh − α2

4β
‖∇Z j−1‖2Sh − β2

4τγ
‖∇W j−1‖2Sh .

For ‖ψ‖2Sh×Sh
= 1

C2 ‖W j−1‖2Sh + α2

2Cβ
‖∇Z j−1‖2Sh + β2

2Cτγ
‖∇W j−1‖2Sh +C1, with an appro-

priate C1 satisfying the fixed point theorem’s criteria, it follows that (H(ψ), ψ)Sh×Sh > 0.
Thus, Brouwer fixed point theorem [4, 5, 17] guarantees a ψ̃ ∈ Sh × Sh such thatH(ψ̃) = 0
and

‖ψ̃‖Sh×Sh ≤ 1

C2 ‖W j−1‖2Sh + α2

2Cβ
‖∇Z j−1‖2Sh + β2

2Cτγ
‖∇W j−1‖2Sh + C1.

Choosing (W j , Z j ) = ψ̃ with H(ψ̃) = 0 satisfies equation (5.2), confirming the existence
of (W j , Z j ).

To establish uniqueness, let (W j
1 , Z j

1 ) and (W j
2 , Z j

2 ) be the two distinct pairs of solutions

of (5.2). Choosing X j
w := W j

1 − W j
2 and X j

z := Z j
1 − Z j

2 , we get

(δt X
j
w, ζ ) + α(∇δt X

j
z ,∇ζ ) + β(δt X

j
z , ζ ) = −(g(W j

1 ) − g(W j
2 ),∇ζ ) − λ(∇X j

z ,∇ζ ) − γ (X j
z , ζ ),

(5.10a)

(∇X j
w,∇ζ ′) = (X j

z , ζ
′). (5.10b)

We utilize the induction method again. Assume X j−1
w = X j−1

z = 0 aiming at proving that
X j

w = X j
z = 0. Setting ζ = X j

w in (5.10a) and ζ ′ = δt X
j
z , X

j
w, X j

z in (5.10b), yields

C3

2
δt

(
‖X j

w‖21 + ‖X j
z ‖2

)
+ γ ‖∇X j

w‖2 + λ‖X j
z ‖2 ≤ C4

(
‖X j

w‖2 + ‖∇X j
w‖2

)
. (5.11)

Here, we have also taken into account the fact that ‖g(W j
1 ) − g(W j

2 )‖ ≤ C5‖X j
w‖. Testing

with ζ ′ = X j
w in (5.10b) and then applying the Young’s and Cauchy-Schwarz inequalities

gives
‖∇X j

w‖2 ≤ C6
(‖X j

w‖2 + ‖X j
z ‖2

)
. (5.12)

From equations (5.11) and (5.12), we have

δt

(
‖X j

w‖21 + ‖X j
z ‖2

)
≤ C

(
‖X j

w‖21 + ‖X j
z ‖2

)
. (5.13)
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Additionally, by using the definitions of δt‖X j
w‖2 and δt‖X j

z ‖2, it follows that

‖X j
w‖21 + ‖X j

z ‖2 ≤ 1

1 − Cτ

(‖X j−1
w ‖21 + ‖X j−1

z ‖2).

By choosing τ small enough to satisfy 1 − Cτ > 0 and applying X j−1
w = X j−1

z = 0 yields
‖X j

w‖ = ‖X j
z ‖ = 0. Hence, X j

w = X j
z = 0, establishing the uniqueness of (W j , Z j ). ��

Theorem 5.5 Let (w, z) be the solution of (2.2) and (W , Z) the solution of the fully
discrete scheme (5.2). Assume that w ∈ L∞(0, T ; H1

0 (�)) ∩ L∞(0, T ; Hr (�)) with
wt ∈ L2(0, T ; Hr (�)) and wt t ∈ L2(0, T ; L2(�)). Additionally, assume that z ∈
L∞(0, T ; H1

0 (�))∩L∞(0, T ; Hr (�))with zt ∈ L2(0, T ; Hr+1(�)), ztt ∈ L2(0, T ; H1(�)),
and z(0) ∈ Hr (�). Then, the following estimate holds true

h‖w(t J )−W J‖1+‖z(t J )−Z J‖ ≤ C(T ,�,w,wt , wt t , z, zt , ztt ) (hr+τ), J = 1, 2 . . . M,

where C denotes a positive constant independent of h and τ .

Proof We establish the proof in the following parts:
1. Projection Error Bounds. Let j ∈ {1, . . . , M}. The error can be expressed as

w(t j ) − W j = (w(t j ) − �hw(t j )) + (�hw(t j ) − W j ) = 
 j + ϑ j ,

z(t j ) − Z j = (z(t j ) − �hz(t
j )) + (�hz(t

j ) − Z j ) = μ j + ϕ j .

Bounds for 
 j and μ j are already given by (4.3a) and (4.3b). It remains to estimate the
discrete errors ϑ j and ϕ j .
2. Error Equations. To this end, we subtract equation (5.2) from (2.2) to get

(
δtϑ

j , ζ
) + α

(∇δtϕ
j ,∇ζ

) + β
(
δtϕ

j , ζ
) + λ

(∇ϕ j , ∇ζ
) + γ

(
ϕ j , ζ

)

= −(
wt (t

j ) − δt (�hw(t j )), ζ
) − α

(∇zt (t
j ) − ∇δt (�h z(t

j )), ∇ζ
)

− β
(
zt (t

j ) − δt (�h z(t
j )), ζ

) − γ
(
μ j , ζ

) + (
g(W j ) − g(w(t j )), ∇ζ

)
,

(5.14a)
(∇ϑ j , ∇ζ ′) = (

μ j , ζ ′) + (
ϕ j , ζ ′). (5.14b)

One may see that
(
δtϕ

j , ζ ′) = (
δt∇ϑ j ,∇ζ ′) − (

δtμ
j , ζ ′). (5.15)

Also, equation (5.14b) with ζ ′ = δtϕ
j yields

(∇ϑ j ,∇δtϕ
j ) = δt

(
μ j , ϕ j ) − (

δtμ
j , ϕ j−1) + (

ϕ j , δtϕ
j ). (5.16)

Using equations (5.14b), (5.15), and (5.16) in (5.14a) with ζ = ζ ′ = ϑ j , we get
(
δtϑ

j , ϑ j ) + α
(
ϕ j , δtϕ

j )+β
(
δt∇ϑ j ,∇ϑ j ) + λ‖ϕ j‖2 + γ ‖∇ϑ j‖2

= α
(
δtμ

j , ϕ j−1) − αδt
(
μ j , ϕ j ) + β

(
δtμ

j , ϑ j ) − λ(μ j , ϕ j )

− (
wt (t

j ) − δt (�hw(t j )), ϑ j ) − α
(∇zt (t

j ) − ∇δt (�h z(t
j )), ∇ϑ j )

− β
(
zt (t

j ) − δt (�h z(t
j )), ϑ j ) + (

g(W j ) − g(w(t j )), ∇ϑ j ). (5.17)

Thus, the definitions of δtϑ
j and δtϕ

j and the Cauchy-Schwarz and Young’s inequalities,
already give

(δtϑ
j , ϑ j ) + (δtϕ

j , ϕ j ) + (
δt∇ϑ j ,∇ϑ j ) ≥ 1

2
δt

(‖ϑ j‖21 + ‖ϕ j‖2).
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Applying the above, we can transform equation (5.17) into

C

2
δt

(‖ϑ j‖21 + ‖ϕ j‖2) ≤α
(
δtμ

j , ϕ j−1) − αδt
(
μ j , ϕ j ) + β

(
δtμ

j , ϑ j ) − λ(μ j , ϕ j )

− (
wt (t

j ) − δt (�hw(t j )), ϑ j ) − β
(
zt (t

j ) − δt (�hz(t
j )), ϑ j )

+ (
g(W j ) − g(w(t j )),∇ϑ j ) − α

(∇zt (t
j ) − ∇δt (�hz(t

j )),∇ϑ j ).
(5.18)

where C = min{1, α, β}.
3. Term-by-Term Estimation:We now proceed by multiplying the above equation through-
out by 2τ , taking the sum from j = 1 to J (arbitrary but less or equal to N ). Consider each
term one at the time. First, note that

2τ
J∑

j=1

C

2
δt

(‖ϑ j‖21 + ‖ϕ j‖2) ≥ C(‖ϑ J‖21 + ‖ϕ J‖2 − ‖ϕ0‖2),

given ϑ0 = 0. Then, we proceed to bound the first term in the right-hand side of (5.18):

2τα

J∑
j=1

(δtμ
j , ϕ j−1) ≤ C

(
τ

J∑
j=1

‖δtμ j‖2 + τ

J∑
j=1

‖ϕ j−1‖2
)

.

Here,

‖δtμ j‖2 = ‖(δt z(t j ) − δt�hz(t
j ))‖2 =

∥∥∥∥
z(t j ) − �hz(t j )

τ
− z(t j−1) − �hz(t j−1)

τ

∥∥∥∥
2

= τ−2

∥∥∥∥∥
∫ t j

t j−1
(I − �h)zt (·, s)ds

∥∥∥∥∥
2

≤ τ−1
( ∫ t j

t j−1
‖(I − �h)zt (·, s)‖2ds

)

≤ Cτ−1h2r
∫ t j

t j−1
‖zt (·, s)‖2r ds, (5.19)

having used (4.3b) to obtain the last inequality. For the second term, we have

2τα

J∑
j=1

δt (μ
j , ϕ j ) = α

[
(μJ , ϕ J ) − (μ0, ϕ0)

] ≤ C∗‖ϕ J‖2 + C
(‖μJ‖2 + ‖μ0‖2 + ‖ϕ0‖2),

for some constants C and C∗ with C∗ < min{1, α, β}. The third term is bounded similarly
to the first term, hence we omit the details. For the fourth term, we have

2τλ

J∑
j=1

(μ j , ϕ j ) ≤ λ

(
τ

J∑
j=1

‖μ j‖2 + τ

J∑
j=1

‖ϕ j‖2
)

.

Similarly, the fifth term we have

2τ
J∑

j=1

(wt (t
j ) − δt (�hw(t j )), ϑ j ) ≤ τ

J∑
j=1

(‖wt (t
j ) − δt (�hw(t j )‖2 + ‖ϑ j‖2).
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Further,

‖wt (t
j ) − δt (�hw(t j ))‖2 ≤ 2

(‖wt (t
j ) − δtw(t j )‖2 + ‖δtw(t j )

− δt (�hw(t j ))‖2) =: 2(Q1 + Q2).

Using Taylor’s theorem, we get

Q1 =
∥∥∥∥wt (t

j ) − w(t j ) − w(t j−1)

τ

∥∥∥∥
2

= τ−2

∥∥∥∥∥
∫ t j

t j−1
(s − t j−1)wt t (·, s)ds

∥∥∥∥∥
2

≤
∥∥∥∥∥
∫ t j

t j−1
wt t (·, s)ds

∥∥∥∥∥
2

≤ τ

∫ t j

t j−1
‖wt t (·, s)‖2ds. (5.20)

A computation analogous to that leading to (5.21) shows that

‖δtw(t j ) − δt (�hw(t j ))‖2 ≤ Cτ−1h2r
∫ t j

t j−1
‖wt (·, s)‖2r ds.

The sixth term can be bounded similarly. For the seventh term, we first fix ζ ′ = ϑ j in (5.14b)
to get

‖∇ϑ j‖2 ≤ (‖ϑ j‖2 + 2‖ϕ j‖2 + ‖μ j‖2).
Now, using the Lipschitz continuity of g and the above equation provides

2τ
J∑

j=1

(g(W j ) − g(w(t j )),∇ϑ j ) ≤ 2τ
J∑

j=1

‖g(W j ) − g(w(t j ))‖‖∇ϑ j‖

≤ 2τ
J∑

j=1

(‖
 j‖ + ‖ϑ j‖)‖∇ϑ j‖

≤ 4τ
J∑

j=1

(‖ϑ j‖2 + ‖ϕ j‖2 + ‖μ j‖2 + ‖
 j‖2).

Finally, the last term provides

2τα

J∑
j=1

(∇zt (t
j ) − ∇δt (�hz(t

j )),∇ϑ j ) ≤ ατ

J∑
j=1

(‖∇zt (t
j ) − ∇δt (�hz(t

j )‖2 + ‖∇ϑ j‖2)

≤ ατ

J∑
j=1

(
2‖∇zt (t

j ) − ∇δt z(t
j )‖2 + 2‖∇δt z(t

j ) − ∇δt (�hz(t
j ))‖2 + ‖∇ϑ j‖2)

With a similar analysis to that conducted to obtain (5.19) and (5.20) we establish that

‖∇zt (t
j ) − ∇δt z(t

j )‖2 ≤ τ

∫ t j

t j−1
‖ztt (·, s)‖21ds,

‖∇δt z(t
j ) − ∇δt (�hz(t

j ))‖2 ≤ Cτ−1h2r
∫ t j

t j−1
‖zt (·, s)‖2r+1ds.
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Using all the above developments equations in (5.18), we conclude

‖ϑ J ‖21 + ‖ϕ J ‖2 ≤ C(‖ϕ0‖2 + ‖μ0‖2) + Cτ

J∑
j=1

(‖μ j‖2 + ‖
 j‖2) + Cτ

J∑
j=0

(‖ϑ j‖2 + ‖ϕ j‖2)

+ Ch2r
∫ t J

0
‖zt (·, s)‖2r+1ds + Ch2r

∫ t J

0
‖wt (·, s)‖2r ds

+ Cτ2
∫ t J

0
‖wt t (·, s)‖2ds + Cτ2

∫ t J

0
‖ztt (·, s)‖21ds. (5.21)

4. Application of Gronwall’s Lemma. For estimating ϕ0 above, fixing ζ ′ = ϕ0 in (5.14b)
at initial level j = 0 gives

(∇ϑ0,∇ϕ0) = (
μ0, ϕ0) + (

ϕ0, ϕ0).
Thus, using once again Cauchy-Schwarz and Young’s inequalities with ϑ0 = 0, we have

‖ϕ0‖2 ≤ ‖μ0‖2 ≤ Ch2r‖z(0)‖2r . (5.22)

Therefore, incorporating the given assumption with (5.21) yields

‖ϑ J‖21 + ‖ϕ J‖2 ≤ C1(h
2r + τ 2) + C2τ

J∑
j=0

(‖ϑ j‖21 + ‖ϕ j‖2),

which we rewrite as

(1 − C2τ)
[‖ϑ J‖21 + ‖ϕ J‖2] ≤ C1(h

2r + τ 2) + C2τ

J−1∑
j=0

(‖ϑ j‖21 + ‖ϕ j‖2).

Choosing the time step τ such that 1−C2τ > 0, the discrete Gronwall’s inequality provides

‖ϑ J‖21 + ‖ϕ J‖2 ≤ C1 exp(C2T )(h2r + τ 2), J = 1, 2, . . . M . (5.23)

The required a priori error bound now readily follows from (4.3a), (4.3b), and (5.23). ��

6 Numerical Experiments

We report on a set of numerical tests assessing the convergence and conservation properties
of the mixed finite element method.

The first two tests are designed to support the theoretical error bounds established in
section 5. To assess convergence experimentally, we consider problems with known exact
solution and compute the expected order of convergence (EOC) using the formula

EOC =
log

( ‖e j+1‖
‖e j‖

)

log
( h j+1

h j

) ,

where e j denotes the error in a chosen norm at refinement level j and h j is the corresponding
mesh size.

All tests were performed with P1 × P1 Lagrange finite elements on uniformly refined
triangular meshes using the DUNE library [9, 21], except for the first test case, where P2×P2

Lagrange finite elements were used to assess higher-order accuracy.
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Fig. 1 Example 6.1. Evolution of two waves on a 200 × 200 grid with time step τ = 0.1: computed solution
at T = 0, 10, 20, 25

6.1 Interaction of TwoWaves

Let � = [0, 100]2, α = β = γ = λ = s = 1 and consider a non-homogeneous version of
the KdV-RRLW model (1.1) obtained by adding a forcing term so that the exact solution is
given by

w(x, y, t) =
2∑

i=1

qi
2
sech2

[
ki

(
x + y − (xi + yi ) − vi t

)]
, (6.1)

where

qi = 3(vi − 2), ki =
√
qi

2pi
, pi = √

6vi .

We further set v1 = 2.4, v2 = 2.86, x1 = y1 = 35, and x2 = y2 = 55. The ini-
tial and boundary conditions (1.2)–(1.3) are also defined to be compatible with the exact
solution. Table 1 reports the convergence history of the variables w and z in the L2 and
H1 norms for P1 × P1 elements with various spatial and temporal step sizes, specifically
τ = 1/10, 1/40, 1/160, 1/640, 1/2560. Similarly, Table 2 shows the corresponding con-
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Fig. 2 Example 6.2. Evolution of a single wave traveling left-to-right. Initial profile and computed solution
snapshots at t = 5, 10, 15, 20

vergence history for P2×P2 elements. Here, the time step τ is refined as τ ∝ h3; each time h
is halved, τ is reduced by a factor of 8. The values used are τ = 1/10, 1/80, 1/640, 1/5120
corresponding to h = 1/100, 1/200, 1/400, 1/800, respectively. The observed rates are
consistent with the theoretical results established in Theorem 5.5. Figure 1 illustrates the
evolution of the two waves characterising the solution for τ = 0.1 on a 200× 200 grid at the
final times T = 0, 10, 20, 25.

6.2 Propagation of 1D SolitaryWave

We consider the problem (1.1)–(1.3) in the one-dimensional setting on the domain � =
[−40, 60] and with T = 20. The parameters are chosen as α = β = s = 1 and γ = λ = 0.
The initial condition is given by

w0(x) = 15

19
sech4

(√
13
26 x

)
.

The corresponding exact solution takes the form [40]

w(x, t) = 15

19
sech4

(√
13
26

(
x − 169

133 t
))

.

Figure 2 illustrates the numerical solution computed with h = 0.1 and τ = 0.01 using the
proposed scheme, together with the exact solution at times T = 0, 5, 10, 15, 20.

To evaluate the performance of the present scheme, we benchmark it against the methods
introduced in [40], which are based on a Crank–Nicolson type time-stepping. For fairness,
we adapted our fully discrete formulation to also employ a Crank–Nicolson scheme, thereby
allowing a direct comparison. In Table 3, we report L2 errors and corresponding convergence
rates for the step sizes τ = h. In all cases, the present method yields marginally smaller and
larger errors than Scheme I and II from [40], respectively.
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Table 3 Example 6.2 Comparison of the accuracy of the current method and the method of [40] with step
sizes τ = h at final time T = 20.

Present method Pan et al. [40]
h = τ L2 error EOC L2 error (Scheme I) EOC L2 error (Scheme II) EOC

0.4 2.6713 × 10−2 − 2.85546 × 10−2 − 2.43622 × 10−2 −
0.2 6.7582 × 10−3 1.98 7.27247 × 10−3 1.97 6.17910 × 10−3 1.98

0.1 1.6946 × 10−3 2.00 1.82699 × 10−3 1.99 1.55040 × 10−3 1.99

0.05 4.2397 × 10−4 2.00 4.57348 × 10−4 2.00 3.87952 × 10−4 2.00

6.3 2D Undular Bore [39]

An undular bore is a nonlinear wave phenomenon that arises when a disturbance propagates
into a medium, generating a train of oscillatory waves. It is commonly modeled by taking
β = s = 1 and α = γ = λ = 0 in equations (1.1)–(1.3), with the initial condition

w0(x, y) = 1

20

[
1 − tanh

(
(x − a)2 + (y − b)2 − ζ 2)] ,

where ζ = 2, a = b = 0. The computational domain is chosen as� = [−60, 300]2 and final
time is T = 240. We report the results obtained with the proposed finite element method
setting τ = 0.1 on a 501 × 501 uniform triangular computational grid. Figure 3 illustrates
the evolution of the undular bore, showing its formation and subsequent propagation in the
northeastward direction, which is consistent with the behavior reported in [39].

6.4 Maxwellian Initial Condition

The Maxwellian initial condition is a standard benchmark for testing numerical schemes for
wave-type equations (see, e.g., [33, 39]). It provides a smooth, physically relevant profile that
is useful for assessing the accuracy and stability of a method. It is also employed to model
particle distributions in kinetic theory, where the density function follows a Gaussian profile.
In our setting we take α = β = γ = λ = 1, s = 2 in equations (1.1)–(1.3), with the initial
condition

w(x, y, 0) = exp
(−(

(x − 40)2 + (y − 40)2
))

.

The space domain � = [0, 100]2 is discretized using a uniform triangular grid of size
200 × 200, and the simulation is advanced with a time increment of τ = 0.1 until the
final time T = 20. The resulting solution profiles are displayed in Figure 4, revealing the
development of a wave pattern that propagates mainly toward the northeast.

6.5 Conservation Properties

In this last example, we investigate the properties established in Lemma 5.2 for the settings
considered in Examples 6.2, 6.3 and 6.4. In addition to the quantities defined in (5.8), we
also define

Ẽ(W j ) = ‖W j‖2, Ẽ(W j , Z j ) = Ẽ(W j ) + E(Z j ), j = 1, . . . , M . (6.2)
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Fig. 3 Example 6.3. Evolution of the two-dimensional undular bore computed on a 501× 501 grid with time
step τ = 0.1: initial and computed solution at t = 60, 120, 240

We track the temporal evolution of the discrete mass and energy quantities up to the final time
T . and verify that the proposed numerical scheme preserves or dissipates these quantities in
full agreement with the theoretical results.

Figure 5 illustrates the temporal evolution of the discrete mass and energy quantities for
Example 6.2. In addition to tracking the structural properties, we now compare the discrete
quantities with their exact counterparts and report the corresponding error profiles. As pre-
dicted by Lemma 5.2, the mass M(W ) remains constant throughout the simulation, while
the energies evolve consistently with the discrete energy inequality (5.7). In particular, when
γ = λ = 0 (Example 6.2), the dissipative terms vanish, and consequently the energy dissi-
pation is negligible (see Figure 5). These observations confirm that the proposed numerical
scheme accurately reproduces the conservation and dissipation mechanisms inherent to the
continuous problem.

Figure 6 extends this analysis to the two-dimensional cases of Examples 6.3 and 6.4. Here,
the time evolution of the mass and energy quantities demonstrates that the scheme continues
to preserve or dissipate these structural properties as expected.
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Fig. 4 Example 6.4. Numerical evolution of waves for w (left) and auxiliary variable z (right) for the
Maxwellian initial condition on a 200 × 200 grid with time step τ = 0.1: initial condition and computed
solutions at t = 6, 12, 20
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Fig. 5 Example 6.5. Verification of structural properties for Example 6.2. Left: comparison between exact
and numerical values of the mass M(W ), the energies E(W ) and E(Z), and the total energy E(W , Z). Right:
corresponding error profiles

Fig. 6 Example 6.5. Time evolution of the mass and the energies for the setup in Example 6.3 (left) and
Example 6.4 (right)

7 Conclusion

In this paper, we analyzed a conservative mixed finite element method for the nonlinear
KdV–RRLW model containing a biharmonic term. We established the well-posedness of
the decoupled system for the first time using Picard’s existence and the Banach–Alaoglu
theorems, supported by mass conservation and energy laws. Rigorous error estimates
were derived: the semi-discrete scheme achieved optimal convergence in the H1 and L2

norms, while the fully discrete scheme was shown to be well-posed, mass-preserving, and
energy-dissipative. Numerical experiments on benchmark problems confirmed these results,
accurately capturing solitarywaves,multi-wave interactions, undular bores, andMaxwellian-
type solutions with optimal convergence rates. The future extension of our work involves
deriving error estimates in H1 Bôchner spaces and reducing the computational cost by using
Polytopal methods.
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