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Abstract
Five observations compose the main results of this note.
The first records the existence of a smoothly embed-
ded 2-sphere 𝑆 inside ℝ𝑃2 × 𝑆2 such that performing a
Gluck twist on 𝑆 produces a manifold 𝑌 that is home-
omorphic but not diffeomorphic to the total space of
the nontrivial 2-sphere bundle over the real projective
plane 𝑆(2𝛾 ⊕ ℝ). The second observation is that there
is a 5-dimensional cobordism with a single 2-handle
between the 4-manifold 𝑌 and a mapping torus that
was used by Cappell–Shaneson to construct an exotic
ℝ𝑃4. This construction of 𝑌 is similar to the one of
the Cappell–Shaneson homotopy 4-spheres. The third
observation is that twisting an embedded real projective
plane inside 𝑌 produces a manifold that is homeomor-
phic but not diffeomorphic to the circle sum of two
copies ofℝ𝑃4. The fourth observation records newexam-
ples of pairs of homeomorphic but not diffeomorphic
closed 4-manifolds with Euler characteristic one. These
include the total space of the nontrivialℝ𝑃2-bundle over
ℝ𝑃2. Knotting phenomena of 2-spheres in nonorientable
4-manifolds that stands in glaring contrast with known
phenomena in the orientable domain is pointed out in
the fifth observation.
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1 INTRODUCTION

Akbulut (see [4, 5] and [8, section 9.5]) showed the existence of 2-spheres

𝑆 ⊂ (𝑆3×̃𝑆1)#(𝑆2 × 𝑆2) and 𝑆′ ⊂ (𝑆3×̃𝑆1)#ℂℙ2#ℂℙ2

such that performing aGluck twist to either of themyields a 4-manifold that is homeomorphic but
not diffeomorphic to the connected sum of the nontrivial 3-sphere bundle over the circle 𝑆3×̃𝑆1
with a copy of 𝑆2 × 𝑆2. The first main result of this note records such examples in 4-manifolds
that are known to be irreducible. Recall that a smooth 4-manifold 𝑋 is said to be irreducible if for
every smooth connected sum decomposition𝑋 = 𝑋1#𝑋2, either𝑋1 or𝑋2 is homeomorphic to the
4-sphere [22, Definition 10.1.17].

Theorem A. There is a smoothly embedded 2-sphere 𝑆 ⊂ ℝ𝑃2 × 𝑆2 with trivial normal bundle
𝜈(𝑆) = 𝐷2 × 𝑆2 such that the complements

(ℝ𝑃2 × 𝑆2) ⧵ 𝜈({𝑝𝑡} × 𝑆2) and (ℝ𝑃2 × 𝑆2) ⧵ 𝜈(𝑆)

are not homotopy equivalent, and doing a Gluck twist on 𝑆 yields a 4-manifold 𝑌 that is homeo-
morphic but not diffeomorphic to the nonorientable total space 𝑆(2𝛾 ⊕ ℝ) of the nontrivial 2-sphere
bundle over the real projective plane.

Performing a Gluck twist on the 2-sphere {𝑝𝑡} × 𝑆2 ⊂ ℝ𝑃2 × 𝑆2 yields 𝑆(2𝛾 ⊕ ℝ) as explained
in Subsection 2.2. The notation 𝑆(2𝛾 ⊕ ℝ) is explained in Subsection 2.3. A key ingredient in our
proof of Theorem A is a result due to Akbulut [3, section 4], which we state in Theorem 16. The
inequivalent smooth structure 𝑌 of Theorem A was constructed in [39, Theorem 1]; cf. Proposi-
tion 15. Our next result provides a different perspective on the production of the 4-manifold 𝑌 of
Theorem A.

Theorem B. Let 𝑀𝐴 be the Cappell–Shaneson’s nonorientable 3-torus bundle over 𝑆1 with mon-
odromy𝐴 as in (2.21), and let 𝛼0 ⊂ 𝑀𝐴 be a cross-section. Let 𝛼20 ⊂ 𝑀𝐴 be an orientation-preserving
simple loop that represents the element [𝛼0]2 ∈ 𝜋1(𝑀𝐴).

∙ Surgery on 𝛼2
0
with the canonical framing yields ℝ𝑃2 × 𝑆2.

∙ Surgery on 𝛼2
0
⊂ 𝑀𝐴 with the noncanonical framing yields the 4-manifold𝑌 of TheoremA, which

is homeomorphic but not diffeomorphic to 𝑆(2𝛾 ⊕ ℝ).
In particular, 𝑌 is a boundary component of a Pin+-cobordism that is obtained by adding a

5-dimensional 2-handle to the product cobordism𝑀𝐴 × 𝐼

The reader is directed toward [33] and [38, section 2] for preliminaries and background on Pin±-
structures. To distinguish the smooth structures of Theorems A and B, we use the 𝜂-invariant and
results of Stolz [38]. The main property of this spectral invariant that we exploit is that it is a
complete Pin+-cobordism invariant mod 2ℤ (see Theorem 11).
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1770 BAIS and TORRES

The choice of framing of the loops in Theorem B is taken following Gompf [21, section 2]; see
Remark 21. The monodromy of the mapping torus 𝑀𝐴 is described in Subsection 2.6. The first
clause of Theorem B is essentially due to Akbulut [3, section 4]; see Theorem 16. The simple con-
struction of the 4-manifold 𝑌 in terms of adding one single 2-handle resembles the construction
of the Cappell–Shaneson homotopy 4-spheres; see Remark 21. Theorem B is proven in Subsection
3.2.
The third main result exemplifies constructions of inequivalent smooth structures obtained by

twisting an embedded projective plane in the 4-manifold 𝑌 of Theorem A; see Subsection 2.5 for
a precise definition of this cut-and-paste operation.

Theorem C. There is a smoothly embedded real projective plane ℝ𝑃2 ↪ 𝑌 such that twisting it
produces a 4-manifold 𝑍 that is homeomorphic but not diffeomorphic to the circle sum ℝ𝑃4#𝑆1ℝ𝑃

4

of two copies of the real projective 4-space. There is a smoothly embedded real projective planeℝ𝑃2 ↪
𝑍 such that twisting it produces the 4-manifold 𝑌 that is homeomorphic but not diffeomorphic to
𝑆(2𝛾 ⊕ ℝ).

To the best of our knowledge, twisting an ℝ𝑃2 had not been previously used to construct
inequivalent smooth structures. In the orientable realm, the Dolgachev surface can be obtained
from an elliptic surface 𝐸(1) = ℂℙ2#9ℂℙ2 in a similar way [6]; cf. [29]. We discuss in Subsection
3.3 how the examples of Theorem C are made of the same two compact pieces, and the isotopy
class of the diffeomorphism used to identify their boundaries determines the homeomorphism
type [13, 31]. Handlebodies of the 4-manifolds of Theorem C are drawn in Figure 4.
We enlarge the number of homeomorphism types of 4-manifolds that are known to support

inequivalent smooth structures in our next main result.

TheoremD. Let𝑀 be a closed 4-manifoldwith𝜋1(𝑀) = ℤ∕2 × ℤ∕2, Euler characteristic𝜒(𝑀) = 1

and such that there is an 𝑥 ∈ 𝐻1(𝑀; 𝔽2) with 𝑥4 ≠ 0. There are closed smooth homeomorphic but
not diffeomorphic 4-manifolds 𝑋1 and 𝑋2 with the same homotopy type of𝑀.

Hambleton–Hillman [23] showed that the 4-manifold𝑀 of TheoremD is homotopy equivalent
to either the nontrivial ℝ𝑃2-bundle over ℝ𝑃2 or to the quotient of the circle sum ℝ𝑃4#𝑆1ℝ𝑃

4 by
a fixed-point free involution. These 4-manifolds are also obtained by twisting an embedded ℝ𝑃2
(see Remark 22).
Next, we consider smooth 2-knots in nonorientable 4-manifolds. While embeddings of 2-

spheres in orientable 4-manifolds have been widely studied in recent years, not much is known
in the nonorientable case. Our next result points out further intricacies of smooth embeddings of
2-spheres inside nonorientable 4-manifolds.

Theorem E. There are five {𝑆𝑖 ∶ 𝑖 = 0, … , 4} smoothly embedded 2-spheres in (ℝ𝑃2 × 𝑆2)#ℂℙ2,
which satisfy the following properties.

(1) The tubular neighborhood 𝜈(𝑆𝑖) is diffeomorphic to the 𝐷2-bundle over 𝑆2 with Euler number
one, whose boundary is 𝜕(𝐷2×̃𝑆2) = 𝑆3, for 𝑖 = 0, … , 4.

(2)

𝑆0 = ℂℙ1 ⊂ (ℝ𝑃2 × 𝑆2)#ℂℙ2 (1.1)
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1771

and

[𝑆𝑖] = [𝑆0] + [{𝑝𝑡} × 𝑆
2] ∈ 𝐻2((ℝ𝑃

2 × 𝑆2)#ℂℙ2; ℤ) (1.2)

for 𝑖 = 1, … , 4.
(3) For 𝑖 = 0, … , 4, the complement of 𝑆𝑖 has cyclic fundamental group

𝜋1((ℝ𝑃
2 × 𝑆2)#ℂℙ2 ⧵ 𝜈(𝑆𝑖)) = ℤ∕2. (1.3)

(4) The exteriors of {𝑆0, 𝑆1, 𝑆2} are pairwise nonhomotopy equivalent.
(5) There are homeomorphisms of pairs

((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆1) → ((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆3) (1.4)

and

((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆2) → ((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆4), (1.5)

but no such diffeomorphisms exist.

Theorem E puts on display phenomena that do not occur in the simply connected realm.
Hambleton–Kreck [24] and Lee–Wilczyński [35] showed that for simply connected 4-manifolds
any pair of locally flat 2-spheres that belong to the same homology class and whose exteriors have
cyclic fundamental group are topologically isotopic; cf. [28, section 5]. Example 19 describes a pair
of smoothly inequivalent 2- and 3-spheres inℝ𝑃4#ℂℙ2 with homeomorphic complements whose
existence is an immediate consequence of work of Cappell–Shaneson [12] and Akbulut [3].
The paper is organized as follows. Subsection 2.2 recalls the definition of Gluck twists, which

are used in Subsection 2.3 to construct 2-sphere bundles over the real projective plane. In Sub-
section 2.4, we explain the circle sum operation, while Subsection 2.5 contains a description of
the operation of twisting an ℝ𝑃2 and it includes a procedure to draw the handle diagrams of 4-
manifolds that are obtained in this way. The raw materials employed in the construction of the
smooth structures and the invariant used to distinguish them are described in Subsections 2.6
and 2.7, and a quick survey of some construction is given in Subsection 2.9. Key ingredients in the
proofs of our theorems are collected in Subsections 2.8 and 2.10. The former contains a description
of the 4-manifold 𝑌, while in the latter we recall a theorem of Akbulut. Stabilizations with a copy
of ℂℙ2 are discussed in Subsection 2.11. The proofs of our main results are found in Section 3.

2 BACKGROUND RESULTS, TOOLS AND CONSTRUCTIONS

2.1 Handlebody diagrams of nonorientable 4-manifolds

Foundational results concerning handlebodies of nonorientable 4-manifolds have been obtained
by Akbulut [3, 8], César de Sá [13], and Miller–Naylor [36]. We refer the reader to these sources
for background material, and proceed to briefly recall the conventions of Akbulut (see [3] and
[8, section 1.5]) that we follow to draw handlebodies in this paper. The pair of round balls
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1772 BAIS and TORRES

F IGURE 1 Gluck twists of Lemma 1.

representing the attaching region of the orientation-reversing 1-handles are drawn with small
arcs at their centers to denote that the standard oriented 1-handle identification [22, fig. 4.15] is
composed with a reflection across the plane orthogonal to the arcs [8, fig. 1.25]. In the handle-
body depicted in Figure 2, one of the round balls is at ∞. In this case, the identification is the
composition of such reflection with the radial map that identifies a point on the sphere centered
at the origin with a point on the sphere centered at∞ [8, fig. 1.25]. The dotted circle notation will
be used for any orientable 1-handle [2, 13].
The canonical framing of a 2-handle is the blackboard framing [22, section 4.5], which depends

on the chosen projection. This is the framing coming from the normal vector field to the surface
of the page of the paper, and the framing of any 2-handle is taken with respect to this framing
[22, p. 117]. The notation used to record the framing of the attaching circle of a 2-handle in a
nonorientable handlebody depends on whether the 2-handle runs or does not run over a nonori-
entable 1-handle as follows [3, section 0]. When the 2-handle does not run over any nonorientable
1-handle, the framing is specified with a single integer number. For example, this is the case of the
0-framed circle in any of the handlebodies of Figure 1. If the 2-handle runs over a nonorientable 1-
handle, an integer number is assigned to each arc of the attaching circle minus the nonorientable
1-handles. Following [8, section 1.5], we record the framing of such a 2-handle as a pair of circled
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1773

integer numbers (𝑚, 𝑛) ∈ ℤ × ℤ. For example, in the handlebody on top of Figure 1, the framing of
the 2-handle that runs over the nonorientable 1-handle is (𝑘, 0); it indicates that one adds 𝑘 twists
to the blackboard framing. Moreover, the sign of the framing of a 2-handle flips when going across
an orientation-reversing 1-handle [3, pp. 78–79]. The 3- and 4-handles do not need to be drawn to
determine the diffeomorphism type of a nonorientable 4-manifold due to a foundational result of
César de Sá [13] and Miller–Naylor [36].

2.2 Gluck twists

Let 𝑋 be a smooth 4-manifold and 𝑆 ↪ 𝑋 be a smoothly embedded 2-sphere with trivial normal
bundle 𝜈(𝑆) = 𝐷2 × 𝑆2; there is a unique framing for 𝑆 [22, section 4.1]. The result of performing
a Gluck twist to 𝑋 on 𝑆 is the 4-manifold

𝑋𝑆 ∶= (𝑋∖𝜈(𝑆)) ∪𝜑 (𝐷
2 × 𝑆2) (2.1)

obtained by using a diffeomorphism 𝜑 ∶ 𝜕(𝑋∖𝜈(𝑆)) → 𝜕(𝐷2 × 𝑆2) = 𝑆1 × 𝑆2 to identify the
common boundaries given by

𝜑(𝜃, 𝑥) = (𝜃, 𝜌𝜃(𝑥)) (2.2)

for (𝜃, 𝑥) ∈ 𝑆1 × 𝑆2. The diffeomorphism 𝜌𝜃 ∶ 𝑆
2 → 𝑆2 is a rotation of the 2-sphere through an

angle 𝜃 ∈ 𝜕𝐷2 = 𝑆1 [18, section 6].

2.3 2-Sphere bundles over the real projective plane

There are two nonorientable total spaces of 𝑆2-bundles over ℝ𝑃2 [26, chapter 12]. The nontrivial
bundle is given as the quotient

𝑆(2𝛾 ⊕ ℝ) =
𝑆2 × 𝑆2

(𝑥, 𝑦) ∼ (−𝑥, rot𝜋(𝑦))
, (2.3)

where rot𝜋 ∶ 𝑆2 → 𝑆2 is a rotation of 𝜋 radians [26]. The bundle (2.3) can also be regarded as the
unit sphere bundle of the rank 3 vector bundle over ℝ𝑃2 given by the Whitney sum of two copies
of the canonical bundle 𝛾 with one copy of the trivial line bundle. The latter description explains
the notation (2.3).
Both of these bundles are obtained by adding a copy of 𝐷2 × 𝑆2 to

(ℝ𝑃2 × 𝑆2) ⧵ 𝜈(Σ′) = 𝑀𝑏 × 𝑆2 = 𝑆(2𝛾 ⊕ ℝ) ⧵ 𝜈(Σ), (2.4)

where𝑀𝑏 is the Möbius band, Σ′ ∶= {𝑝𝑡} × 𝑆2 ⊂ ℝ𝑃2 × 𝑆2 and Σ ⊂ 𝑆(2𝛾 ⊕ ℝ) is a fiber. The dif-
feomorphism class of the resulting 4-manifold depends on the isotopy class of the diffeomorphism
𝜙 ∶ 𝜕𝑀𝑏 × 𝑆2 → 𝜕𝐷2 × 𝑆2 = 𝑆1 × 𝑆2 that is used to glue in 𝐷2 × 𝑆2 to (2.4). Using 𝜙 = id yields
ℝ𝑃2 × 𝑆2, while using the diffeomorphism (2.2) yields 𝑆(2𝛾 ⊕ ℝ). The next lemma is a summary
of this discussion.
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1774 BAIS and TORRES

Lemma 1.

∙ The nontrivial bundle 𝑆(2𝛾 ⊕ ℝ) is obtained by performing a Gluck twist on Σ′ ⊂ ℝ𝑃2 × 𝑆2.
∙ The trivial bundle ℝ𝑃2 × 𝑆2 is obtained by performing a Gluck twist on Σ ⊂ 𝑆(2𝛾 ⊕ ℝ).

Proof. Let𝑀𝑘 be the 4-manifold given by the handlebody on the top level of Figure 1 along with a
3- and a 4-handle.We have𝑀𝑘 = ℝ𝑃2 × 𝑆2 if 𝑘 = 0 mod 2, and𝑀𝑘 = 𝑆(2𝛾 ⊕ ℝ) if 𝑘 = 1 mod 2.
This can be seen as follows. There are two nonorientable 2-sphere bundles over the real projec-
tive plane [26, section 12.3] and both of them arise as the double of a nonorientable 2-disk bundle
over ℝ𝑃2 [22, Example 4.6.3]. Handlebodies of these 2-disk bundles are obtained by removing the
0-framed 2-handle, and the 3- and 4-handles from the handlebody of𝑀𝐾 [3, p. 79] (cf. [36]). The
0-framed 2-handle (coming from the double construction) in the handlebody of 𝑀𝐾 of Figure 1
represents the tubular neighborhood 𝜈(𝑆) = 𝐷2 × 𝑆2 of an embedded 2-sphere 𝑆 ⊂ 𝑀𝑘 [22, Exer-
cise 5.4.3(d)]. Let 𝑀𝑘′ be the 4-manifold obtained by doing a Gluck twist on this 2-sphere. Its
handlebody is drawn on the second stage from top to bottom in Figure 1 following Akbulut–
Yasui’s method [11, fig. 1]. Take the 0-framed 2-handle that links the 1-framed 2-handle, and slide
it under the 1-handle represented by the dotted circle to obtain the third stage of Figure 1. Sliding
the 𝑘-framed 2-handle over the 1-framed 2-handle and then under the dotted circle results in the
handlebody drawn at the bottom of Figure 1: the framing 𝑘′ is an odd integer if and only if 𝑘 is
an even integer. The bottom level of Figure 1 is the handlebody of𝑀′

𝑘
, where the Hopf link of the

dotted circle and the 1-framed unknot is a cancelling pair of 1- and 2-handles. □

2.4 Circle sums

Let {𝑋𝑖 ∶ 𝑖 = 1, 2} be closed 4-manifolds with𝐻1(𝑋𝑖; ℤ∕2) ≅ ℤ∕2 and that admit a Pin+-structure,
and let𝐷3×̃𝑆1 be the nontrivial 3-disk bundle over 𝑆1 endowed with a fixed Pin+-structure. There
is a diffeomorphism 𝜈(𝛾𝑖) → 𝐷3×̃𝑆1, where 𝜈(𝛾𝑖) is the tubular neighborhood of an orientation-
reversing simple loop 𝛾𝑖 ⊂ 𝑋𝑖 . The circle sum of 𝑋1 and 𝑋2 along 𝛾1 and 𝛾2 (cf. [25]) is defined as
the smooth Pin+ 4-manifold

𝑋1#𝑆1𝑋2 ∶= (𝑋1 ⧵ 𝜈(𝑖1(𝐷
3×̃𝑆1)) ∪𝜑 (𝑋2 ⧵ 𝜈(𝑖2(𝐷

3×̃𝑆1)) (2.5)

where the gluing diffeomorphism is

𝜑 ∶= 𝑖2|𝜕𝐷3×̃𝑆1 ⋅ (𝑖1|𝜕𝐷3×̃𝑆1)−1 ∶ 𝜕(𝑋1 ⧵ 𝜈(𝑖1(𝐷3×̃𝑆1)) → 𝜕(𝑋2 ⧵ 𝜈(𝑖2(𝐷
3×̃𝑆1)) (2.6)

and 𝑖𝑖 ∶ 𝐷3×̃𝑆1 → 𝑋𝑖 are embeddings representing the loop generating 𝐻1(𝑋𝑖; ℤ∕2) via the uni-
versal coefficient theorem for 𝑖 = 1, 2. Moreover, we ask 𝑖1 to preserve the Pin+-structure and 𝑖2
to reverse it.

Lemma 2. Let𝑋1 and𝑋2 be two closed smooth nonorientable 4-manifolds with𝐻1(𝑋𝑖; ℤ∕2) = ℤ∕2

that admit a Pin+-structure and let 𝛾𝑖 ⊂ 𝑋𝑖 be an orientation-reversing simple loop for 𝑖 = 1, 2. There
is a Pin+-cobordism between the disjoint union 𝑋1 ⊔ 𝑋2 and their circle sum (2.5).

Proof (See [38, p. 160]). A cobordism𝑊 is obtained from (𝑋1 ⊔ 𝑋2) × [0, 1] by identifying its upper
lid with the boundary of (𝑆2×̃𝑆1) × [0, 1] as

(𝑋1 ⧵ 𝜈(𝑖1(𝐷
3×̃𝑆1)) × {1}) ∪ ((𝑆2×̃𝑆1) × [0, 1]) ∪ (𝑋2 ⧵ 𝜈(𝑖2(𝐷

3×̃𝑆1)) × {1}) (2.7)
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1775

using the map (2.6). A Pin+-structure on 𝑊 is obtained by gluing together the matching Pin+-
structures on the building blocks in (2.7) and it induces a Pin+-structure on𝑋1#𝑆1𝑋2 [32, 33]. □

Wepoint out that the circle sum of two irreducible 4-manifolds need not result in an irreducible
4-manifold.

Lemma 3. The circle sum 𝑆(2𝛾 ⊕ ℝ)#𝑆1ℝ𝑃
4 is diffeomorphic to ℝ𝑃4#(𝑆2 × 𝑆2).

Proof. Ahandlebody ofℝ𝑃4#(𝑆2 × 𝑆2) is obtained bymodifying the handlebody on the third stage
from top to bottom of Figure 1 as follows: erase the 0-framed circle, substitute the dotted circle
with a 2-framed circle, change the framing of the linking circle from 1 to 0, and set 𝑘 = 1. The
3-handle and the 4-handle do not need to be drawn [13, 36]. A handlebody for 𝑆(2𝛾 ⊕ ℝ)#𝑆1ℝ𝑃

4

is obtained by adding a (1, 0)-framed 2-handle to the first stage from bottom to top of Figure 3.
Slide the (−1, 0)-framed 2-handle over the (1, 0)-handle and then slide the latter over the other
(1, 0)-handle to obtain the handlebody of ℝ𝑃4#(𝑆2 × 𝑆2). □

2.5 Twisting an embedded ℝ𝑷𝟐

Let 𝑋 be a smooth 4-manifold and let 𝑅 ↪ 𝑋 be a smoothly embedded real projective plane with
tubular neighborhood 𝜈(𝑅) diffeomorphic to the nontrivial and nonorientable 2-disk bundle

𝐷2×̃ℝ𝑃2 =
𝐷2 × 𝑆2

(𝑑, 𝑦) ∼ (−𝑑,−𝑦)
(2.8)

for every (𝑑, 𝑦) ∈ 𝐷2 × 𝑆2 [23, section 5]. The result of twisting 𝜈(𝑅) ⊂ 𝑋 is the 4-manifold

𝑋𝑅 ∶= (𝑋 ⧵ 𝜈(𝑅)) ∪𝜑′ (𝐷
2×̃ℝ𝑃2) (2.9)

obtained by using a diffeomorphism 𝜑′ ∶ 𝜕(𝑋∖𝜈(𝑅)) → 𝜕(𝐷2×̃ℝ𝑃2) = 𝑆2×̃𝑆1 to identify the
common boundaries given by

𝜑′(𝑥, 𝜃) = (𝜌𝜃(𝑥), 𝜃) (2.10)

for 𝜃 in the circle base and 𝑥 in the 2-sphere fiber of the 2-sphere bundle over the circle 𝑆2×̃𝑆1 (see
[13, section 2] and [31]).
We describe amethod to draw a handlebody of the construction (2.9) by building heavily on the

operation of blowing down anℝ𝑃2 thatwas introduced byAkbulut in [3, pp. 79–80]. Themethod is
described in Figure 2, where one of the round balls of the attaching region of the 1-handle is at the
point of infinity and a single round ball is drawn. The handlebody of𝑋 is depicted by the diagram
at the top level of Figure 2, where the union of the 1-handle and the 2-handle ℎwith strands drawn
horizontally with framing (1, 0) is the tubular neighborhood 𝜈(𝑅) = 𝐷2×̃ℝ𝑃2. We first argue that
this is the only case that needs to be considered. If the 2-handle in the handle decomposition of
𝜈(𝑅)has framing (−1, 0), first rotate the round ball drawn 360◦ around the axis indicated by the arc
[3, p. 79] to change its framing to (0, −1), and then transfer the framing through the orientation-
reversing 1-handle to obtain a 2-handle with framing (1, 0) as in the top level of Figure 2 (see [8,
fig. 1.26]). Denote the 2-handles that link ℎ by {𝐾1, … , 𝐾𝑖} with their respective framings given
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1776 BAIS and TORRES

F IGURE 2 Twisting an embedded real projective plane.

by {𝑘1, … , 𝑘𝑖}. Slide the attaching circles of all the 2-handles {𝐾𝑟 ∶ 𝑟 = 1,… , 𝑖} over ℎ until they
do not link it anymore and obtain the second level of Figure 2 (cf. [3, p. 80]). The framings are
now {𝑘1 − 1,… , 𝑘𝑖 − 1} and the strands have a −1 full twist as indicated in the handlebody of 𝑋
drawn in the second level of Figure 2. At this point we perform the twist (2.9) on 𝜈(𝑅) and draw
the handlebody of 𝑋𝑅 at the bottom level of Figure 2. This is done by first blowing down the real
projective plane 𝑅 by erasing the 2-handle ℎ from the handlebody of 𝑋 drawn in the second level
of Figure 2, and then adding a 2-handle ℎ′ with framing (−1, 0) that replaces ℎ.
So far we have described a method that produces a 4-manifold𝑋′, which is obtained by carving

𝜈(𝑅) out of 𝑋 and gluing it back in using a self-diffeomorphism of the boundary 𝜕(𝑋 ⧵ 𝜕𝜈(𝑅)) =

𝑆2×̃𝑆1. To conclude that 𝑋′ is diffeomorphic to (2.9), we argue as follows (cf. [11, Proof of
Lemma 2.2]). A result of Kim–Raymond [31] on the diffeotopy group of 𝑆2×̃𝑆1 (cf. [36, Remark
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1777

F IGURE 3 Handlebodies in Example 4.

3.12]) implies that we need to check that the gluing diffeomorphism (2.10) does not extend to a
self-diffeomorphism of 𝐷2×̃ℝ𝑃2. This is done in the following example.

Example 4. The homotopy equivalence classes of the double

𝑆(2𝛾 ⊕ ℝ) = (𝐷2×̃ℝ𝑃2) ∪id (𝐷
2×̃ℝ𝑃2) (2.11)

and of the circle sum

ℝ𝑃4#𝑆1ℝ𝑃
4 = (𝐷2×̃ℝ𝑃2) ∪𝜑′ (𝐷

2×̃ℝ𝑃2) (2.12)

do not coincide [30]. Handlebodies of these two nonorientable 4-manifolds are drawn in Figure 3
with an additional 3- and 4-handle in each, making visible the procedure of twisting an ℝ𝑃2.

Hambleton–Hillman [23] studied the homotopy and homeomorphism types of closed 4-
manifolds whose universal cover is 𝑆2 × 𝑆2. A representative of a homotopy equivalence class
in the quadratic 2-type of 𝑃𝐷4-complexes with Euler characteristic one and fundamental group
ℤ∕2 × ℤ∕2 is a 4-manifold𝑊, which arises as the quotient space of ℝ𝑃4#𝑆1ℝ𝑃4 by a free involu-
tion [23, Definition 7.1]. To exemplify the utility of the construction (2.9), we now remark that𝑊
can be obtained from the nontrivial bundle ℝ𝑃2×̃ℝ𝑃2 by twisting an ℝ𝑃2.

Example 5. Use the decomposition ℝ𝑃2 = 𝐷2 ∪ 𝑀𝑏 to deconstruct the bundle as

ℝ𝑃2×̃ℝ𝑃2 = (𝐷2×̃ℝ𝑃2) ∪𝜑 (𝑀𝑏×̃ℝ𝑃
2), (2.13)

where 𝑀𝑏×̃ℝ𝑃2 is a nontrivial Möbius band bundle over ℝ𝑃2 with boundary 𝜕(𝑀𝑏×̃ℝ𝑃2) =
𝑆2×̃𝑆1. In the previous equality, there is a choice of diffeomorphism 𝑓 ∶ 𝜕(𝑀𝑏×̃ℝ𝑃2) → 𝑆2×̃𝑆1
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1778 BAIS and TORRES

that is made as follows. A Pin+-structure on ℝ𝑃2×̃ℝ𝑃2 induces a Pin+-structure on each of the
building blocks in (2.13) as codimension zero submanifolds [33, Construction 1.5]. The induced
Pin+-structures restrict to the same Pin+-structure 𝜙𝑆2×̃𝑆1 on each of the 𝑆2×̃𝑆1 boundary com-
ponents 𝜕(𝐷2×̃ℝ𝑃2) and 𝜕(𝑀𝑏×̃ℝ𝑃2). The diffeomorphism 𝑓 is chosen so that it preserves the
bundle structure and satisfies 𝑓∗𝜙𝑆2×̃𝑆1 = 𝜙𝑆

2×̃𝑆1 . A result of Kim–Raymond [31] says that there
are two isotopy classes of self-diffeomorphisms of 𝑆2×̃𝑆1 that respect the bundle structure. Taking
into account the induced Pin+-structures, we conclude that the gluing diffeomorphism 𝜑 in (2.13)
is isotopic to the identity map. From (2.13), we see that 𝑆(2𝛾 ⊕ ℝ) is obtained by taking a double
cover (fiberwise) ofℝ𝑃2×̃ℝ𝑃2. Using a self-diffeomorphism 𝜑′ of 𝑆2×̃𝑆1 that preserves the bundle
structure and that is not isotopic to the identity map, we obtain

𝑊 = (𝐷2×̃ℝ𝑃2) ∪𝜑′ (𝑀𝑏×̃ℝ𝑃
2) (2.14)

with ℝ𝑃4#𝑆1ℝ𝑃4 as a double cover.

The 4-manifolds 𝑋 and 𝑋𝑅 are ℂℙ2-stable in the following sense.

Lemma 6. There is a diffeomorphism

𝑋#ℂℙ2 → 𝑋𝑅#ℂℙ
2. (2.15)

Proof. Erase the 2-handle ℎ from the handlebody in the middle level of Figure 2 to produce the
compact 4-manifold 𝑋′

0
= 𝑋 ⧵ 𝜈(𝑅). To draw a handlebody of 𝑋#ℂℙ2, add a 1-framed unknot to

the middle diagram of Figure 2, and slide the 2-handle ℎ over it. The new 2-handle ℎ now has
(0, 0)-framing and it is linked by a 1-framed circle. This exhibits a decomposition of the connected
sum as

𝑋#ℂℙ2 = 𝑋′0 ∪ ((𝐷
2×̃ℝ𝑃2)#ℂℙ2). (2.16)

To see that there is a decomposition

𝑋𝑅#ℂℙ
2 = 𝑋′0 ∪ ((𝐷

2×̃ℝ𝑃2)#ℂℙ2), (2.17)

draw a handlebody for this connected sum by adding a 1-framed unknot to the bottom diagram
of Figure 2 and sliding the (−1, 0)-framed 2-handle ℎ′ over it. These two handlebodies of 𝑋#ℂℙ2
and 𝑋𝑅#ℂℙ2 differ solely on the sign of the circle that links the (0, 0)-framed 2-handle and, in
particular, the gluing maps in (2.16) and (2.17) coincide. As𝑀#ℂℙ2 is diffeomorphic to𝑀#ℂℙ2
for every nonorientable 4-manifold𝑀, we conclude that the diffeomorphism (2.15) exists. □

There are instances where twisting an ℝ𝑃2 does not change the diffeomorphism type of 𝑋 and
it is equivalent to twisting a nonorientable 1-handle (cf. [3, p. 82] and [22, fig. 5.42]). In such a
scenario, 𝑋 is diffeomorphic to 𝑋𝑅 and the result of this self-diffeomorphism is to relate the Pin+-
structures on 𝑋 as we now exemplify.

Example 7. Deconstruct the real projective 4-space as

ℝ𝑃4 = (𝐷2×̃ℝ𝑃2) ∪ (𝐷3×̃𝑆1) (2.18)
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1779

and twist the obviousℝ𝑃2. As any self-diffeomorphism of 𝑆2×̃𝑆1 extends to a self-diffeomorphism
of 𝐷3×̃𝑆1, twisting the ℝ𝑃2 in (2.18) does not change the diffeomorphism type. There are two
Pin+-structures (ℝ𝑃4, ±𝜙ℝ𝑃4) and they are mutual inverses in the fourth Pin+-cobordism group
ΩPin+

4
= ℤ∕16 [33]. The twist of the nonorientable 1-handle gives a self-diffeomorphism of ℝ𝑃4

that maps ±𝜙ℝ𝑃4 to ∓𝜙ℝ𝑃4 . We use the following convention to distinguish the Pin+-structures:

𝜂(ℝ𝑃4, ±𝜙ℝ𝑃4) = ±
1

8
mod 2ℤ. (2.19)

Although this cut-and-paste operation is of a local nature in the sense that 𝑋 ⧵ 𝐷2×̃ℝ𝑃2 ⊂ 𝑋𝑅
is a codimension zero submanifold, the topology of 𝑋𝑅 can well be drastically different to that of
𝑋 as exemplified in the following lemma.

Lemma 8. Twisting an ℝ𝑃2 need not preserve irreducibility.

Proof. The circle sum of three copies of the real projective 4-space #𝑆13 ⋅ ℝ𝑃4 contains a copy
of 𝐷2×̃ℝ𝑃2. Twisting this ℝ𝑃2 yields 𝑆(2𝛾 ⊕ ℝ)#𝑆1ℝ𝑃

4 (cf. Figure 3), which is diffeomorphic to
ℝ𝑃4#(𝑆2 × 𝑆2) by Lemma 3. □

2.6 𝐏𝐢𝐧±-structures on a mapping torus and framings on its
cross-section

As it was done by Cappell–Shaneson in [12, section 2], consider the diffeomorphism

𝜑𝐴 ∶ 𝑇
3 → 𝑇3 = ℝ3∕ℤ3 (2.20)

whose induced map (𝜑𝐴)∗ ∶ 𝐻1(𝑇
3; ℤ) → 𝐻1(𝑇

3; ℤ) = ℤ3 is given by the matrix

𝐴 =

⎛⎜⎜⎜⎝

0 1 0

0 0 1

−1 1 0

⎞⎟⎟⎟⎠
∈ GL(3; ℤ). (2.21)

The mapping torus

𝑀𝐴 ∶= (𝑇3 × [0, 1])∕ ∼ (2.22)

of the diffeomorphism (2.20) under the identification (𝑥, 0) ∼ (𝜑𝐴(𝑥), 1) is the total space of a
nonorientable 𝑇3-bundle over 𝑆1. Let 𝜈0 be the tubular neighborhood of the loop

𝛼0 ∶= (({(𝑥0} × [0, 1])∕ ∼) ⊂ 𝑀𝐴, (2.23)

where 𝜑𝐴(𝑥0) = 𝑥0 for 𝑥0 ∈ 𝑇3. The loop 𝛼0 inherits a canonical framing from {𝑥0} × [0, 1] (see
[1] and [21, section 2]). We will call the other framing the noncanonical framing following Gompf
[21, p. 1668]. The compact 4-manifold 𝜈0 is diffeomorphic to 𝐷3×̃𝑆1 with 𝜕𝜈0 = 𝑆2×̃𝑆1.
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1780 BAIS and TORRES

The 4-manifold (2.22) admits a pair of Pin†-structures for † = +,− and we record some of their
properties in the following proposition.

Proposition 9.

∙ There is a pair of Pin†-structures (𝑀𝐴,±𝜙
†) for † = +,−.

∙ The Pin−-structure (𝑀𝐴, 𝜙
−) induces the Pin−-structure on 𝑀𝐴 ⧵ 𝜈0 that restricts to the Pin−-

structure on 𝛼0 that extends to the 2-disk 𝐷2.
∙ The Pin+-structure (𝑀𝐴, 𝜙

+) induces the Pin+-structure on 𝑀𝐴 ⧵ 𝜈0 that restricts to the Pin+-
structure on 𝛼0 that extends to the Möbius band𝑀𝑏.

The proof of Proposition 9 follows from well-known results [33, 38]. We will write (𝑀𝐴, 𝜙
+) =

(𝑀𝐴, 𝜙
𝑀𝐴) for the Pin+-structure on𝑀𝐴 in the sequel.

The circle sum 𝑀#𝑆1𝑀𝐴 along an orientation-reversing simple loop in a 4-manifold 𝑀 and
the loop (2.23) is a potential exotic smooth structure on 𝑀. The homeomorphism type of these
4-manifolds is the same by the following result.

Theorem 10 (See Cappell–Shaneson [12] and Freedman [16]). Let𝑀 be a closed smooth nonori-
entable 4-manifold and let 𝛼 ⊂ 𝑀 be a simple loop whose homotopy class generates 𝜋1(𝑀) = ℤ∕2.
Let 𝛼0 ⊂ 𝑀𝐴 be the orientation-reversing simple loop in the mapping torus𝑀𝐴 that was defined in
(2.23). The 4-manifolds𝑀 and𝑀#𝑆1𝑀𝐴 = (𝑀 ⧵ 𝜈(𝛼)) ∪ (𝑀 ⧵ 𝜈0) are homeomorphic.

A proof of Theorem 10 is obtained by generalizing an argument due to Ruberman [37, Proof
of Theorem 2]. It also follows as a corollary of work of Hambleton–Kreck–Teichner [25, Theorem
1]. We now provide a sketch of the argument for the convenience of the reader (cf. [38, p. 159]).
A result of Cappell–Shaneson [12, Theorem 3.1] says that 𝑀 is simple homotopy equivalent to
the circle sum𝑀#𝑆1𝑀𝐴 via a simple homotopy equivalence whose normal invariant is the non-
trivial element in the kernel of [𝑀,𝐺∕𝑂] → [𝑀,𝐺∕𝑇𝑂𝑃]. Using the surgery exact sequence [40,
Theorems 10.3 and 10.5]

→ 𝐿5(ℤ[𝜋1(𝑀)], 𝑤1(𝑀)) → 𝑇𝑂𝑃(𝑀) → [𝑀,𝐺∕𝑇𝑂𝑃] → (2.24)

one concludes that there is a topological s-cobordism between these two 4-manifolds. Given that
𝜋1(𝑀) = ℤ∕2, the surgery group vanishes [27, section 4] and results of Freedman imply that𝑀 is
homeomorphic to𝑀#𝑆1𝑀𝐴 (cf.[17, chapter 11], [16]).

2.7 An invariant to distinguish smooth structures

We collect results of Stolz [38] that are employed in this note to distinguish two smooth structures.
Let (𝑀, 𝜙𝑀) be a closed smooth 4-manifold with Pin+-structure 𝜙𝑀 and let 𝜂(𝑀, 𝜙𝑀) be the 𝜂-
invariant of the twisted Dirac operator on𝑀 [38, section 2].

Theorem 11 (Stolz [38, Propositions 4.3 and 7.3]). Let (𝑀, 𝜙𝑀) be a closed smooth 4-manifold with
Pin+-structure 𝜙𝑀 .

∙ The invariant 𝜂(𝑀, 𝜙𝑀) mod 2ℤ is a complete Pin+-bordism invariant.
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1781

∙ The value of the 𝜂-invariant of the mapping torus (2.22) is

𝜂(𝑀𝐴,±𝜙
𝑀𝐴) = 1 mod 2ℤ (2.25)

for both Pin+-structures (𝑀𝐴,±𝜙
𝑀𝐴).

∙ Let𝛼1 ⊂ 𝑀1 be an orientation-reversing simple loop in a closed 4-manifold𝑀1withPin+-structure
𝜙𝑀1 , which restricts to the Pin+ structure on the submanifold 𝛼1 that extends to the 2-disk. There
is a Pin+-structure 𝜙𝑀 on the circle sum

𝑀 ∶= 𝑀1#𝑆1𝑀𝐴 = (𝑀1 ⧵ 𝜈(𝛼1)) ∪ (𝑀𝐴 ⧵ 𝜈0) (2.26)

for which the 𝜂-invariant is

𝜂(𝑀, 𝜙𝑀) = 𝜂(𝑀1, 𝜙
𝑀1) + 1 mod 2ℤ. (2.27)

A consequence of Theorem 11 is the following result. We say that two smooth 4-manifolds 𝑋
and 𝑌 are stably diffeomorphic if there is an 𝑛 ∈ ℕ such that the connected sums 𝑋#𝑛(𝑆2 × 𝑆2)
and 𝑌#𝑛(𝑆2 × 𝑆2) are diffeomorphic.

Theorem 12 (Stolz [38, Theorems B and 7.4]). Let {𝑀𝑖 ∶ 𝑖 = 1, 2} be closed smooth nonorientable
4-manifolds that admit a Pin+-structure 𝜙𝑀𝑖 for 𝑖 = 1, 2. Suppose 𝐻1(𝑀𝑖; ℤ∕2) = ℤ∕2 for 𝑖 = 1, 2.
If

𝜂(𝑀1, 𝜙
𝑀1) ≠ ±𝜂(𝑀2, 𝜙

𝑀2) mod 2ℤ, (2.28)

then𝑀1 and𝑀2 are neither diffeomorphic nor stably diffeomorphic.

Remark 13. Stolz showed that the condition (2.28) is an obstruction to the existence of a diffeomor-
phism 𝑓 ∶ 𝑀1 → 𝑀2 such that 𝑓∗𝜙𝑀2 = 𝜙𝑀1 . The hypothesis 𝐻1(𝑀𝑖; ℤ∕2) = ℤ∕2 of Theorem 12
implies that there are only two possible choices of Pin+-structures on𝑀𝑖 for 𝑖 = 1, 2 [38, Corollary
6.4] and these are mutual inverse elements in the fourth Pin+-cobordism group [33, p. 190].

We now record the changes of the 𝜂-invariant under the cut-and-paste constructions discussed
in Subsection 2.5. Let 𝑋0 = (𝑋 ⧵ 𝜈(𝑅)) ∪ (𝐷3×̃𝑆1) be the 4-manifold obtained by blowing down
a smoothly embedded real projective plane 𝑅 ⊂ 𝑋 as in [3, p. 94] and let 𝑋𝑅 be the 4-manifold
obtained by twisting it as in Subsection 2.5.

Proposition 14. Let 𝑋 be a closed smooth 4-manifold that contains a smoothly embedded
real projective plane 𝑅 ⊂ 𝑋 with tubular neighborhood 𝜈(𝑅) = 𝐷2×̃ℝ𝑃2. Suppose there is a Pin+-
structure (𝑋, 𝜙𝑋) that restricts to a Pin+-structure on (𝜈(𝑅), 𝜙𝜈(𝑅)) that extends to the Pin+-structure
(ℝ𝑃4, ±𝜙ℝ𝑃

4
)with the convention introduced in Example 7. There are Pin+-structures (𝑋𝑅, 𝜙𝑋𝑅) and

(𝑋0, 𝜙
𝑋0) such that the identities

𝜂
(
𝑋0, 𝜙

𝑋0
)
= 𝜂(𝑋, 𝜙𝑋) ∓

1

8
mod 2ℤ, (2.29)

𝜂
(
𝑋0, 𝜙

𝑋0
)
= 𝜂

(
𝑋𝑅, 𝜙

𝑋𝑅
)
±
1

8
mod 2ℤ (2.30)
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1782 BAIS and TORRES

and

𝜂
(
𝑋𝑅, 𝜙

𝑋𝑅
)
= 𝜂(𝑋, 𝜙𝑋) ∓

2

8
mod 2ℤ (2.31)

hold.

Proof. Assemble together (𝑋0, 𝜙𝑋0) and (𝑋𝑅, 𝜙𝑋𝑅) from Pin+-structures on the building blocks
that match on the common boundaries. The Pin+-structure 𝜙𝑋 induces Pin+-structures (𝑋 ⧵

𝜈(𝑅), 𝜙𝑋|) and (𝜈(𝑅), 𝜙𝜈(𝑅)) as these are codimension zero submanifolds of 𝑋 [33], and both these
Pin+-structures coincide on 𝜕(𝑋 ⧵ 𝜈(𝑅)) = 𝜕𝜈(𝑅). Recall that the self-diffeomorphism (2.10) of
𝑆2×̃𝑆1 identifies the two possible choices of Pin+-structures (cf. [32, p. 35]). The existence of the
Pin+-structure (𝑋𝑅, 𝜙𝑋𝑅) follows. Moreover, either choice of Pin+-structure (𝐷3×̃𝑆1, ±𝜙) yields a
Pin+-structure (𝑋0, 𝜙𝑋0). To see that the identities (2.29) and (2.30) hold, one constructs a Pin+-
cobordism as in the proof of Lemma 2. Such cobordism is obtained by patching together𝑋0 × [0, 1]
and ℝ𝑃4 × [0, 1] along 𝑋0 × {1} and ℝ𝑃4 × {1}. We obtain Pin+ cobordisms (𝑉; 𝑋, 𝑋0 ⊔ ℝ𝑃4) and
(𝑉𝑅; 𝑋𝑅, 𝑋0 ⊔ ℝ𝑃

4) inducing differentPin+-structures onℝ𝑃4. The 𝜂-invariant is a completePin+-
cobordism invariant and it is additive with respect to disjoint unions. It follows that (2.29) and
(2.30) hold. These two values imply (2.31). □

2.8 An inequivalent smooth structure and an embedded 2-sphere

With the purpose of unveiling some of its properties, we now describe in detail the construction
of the 4-manifold 𝑌 of Theorem A given in [39].

Proposition 15 (cf. [39, section 3.2]). There is a smooth 4-manifold 𝑌 that satisfies the following
properties.

∙ It is homeomorphic to 𝑆(2𝛾 ⊕ ℝ).
∙ The value of its 𝜂-invariant is

𝜂(𝑌, 𝜙𝑌
𝑖
) = 1 mod 2ℤ (2.32)

for both Pin+-structures {(𝑌, 𝜙𝑌
𝑖
) ∶ 𝑖 = 1, 2}, and 𝑌 is neither diffeomorphic nor stably diffeomor-

phic to 𝑆(2𝛾 ⊕ ℝ).
∙ There is a smoothly embedded 2-sphere Σ ⊂ 𝑌 with trivial tubular neighborhood 𝜈(Σ) = 𝐷2 × 𝑆2

and nontrivial homology class [Σ] ≠ 0 ∈ 𝐻2(𝑌; ℤ∕2).

The computation of (2.32) appeared in [39, section 3.2, Proposition 4].We provide the argument
in order to make this paper more self-contained.

Proof. The 4-manifold in the statement of the proposition is the circle sum

𝑌 = 𝑆(2𝛾 ⊕ ℝ)#𝑆1𝑀𝐴 = (𝑆(2𝛾 ⊕ ℝ)∖𝜈(𝛼)) ∪ (𝑀𝐴∖𝜈0), (2.33)

where𝛼 ⊂ 𝑆(2𝛾 ⊕ ℝ) is a loopwhose homotopy class generates the fundamental group𝜋1(𝑆(2𝛾 ⊕
ℝ)) = ℤ∕2, and 𝑀𝐴 ⧵ 𝜈0 is the compact 4-manifold constructed in Subsection 2.6. Theorem 10
implies that 𝑌 is homeomorphic to 𝑆(2𝛾 ⊕ ℝ). There are two Pin+-structures related to the 𝜂-
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1783

invariant that we need to consider as 𝐻1(𝑌; ℤ∕2) = ℤ∕2 [38, Corollary 6.4]. We have that

𝜂(𝑆(2𝛾 ⊕ ℝ), 𝜙𝑖) = 0 mod 2ℤ (2.34)

for 𝑖 = 1, 2 given that 𝑆(2𝛾 ⊕ ℝ) is a Pin+-boundary of a 𝐷3-bundle over ℝ𝑃2. Applying
Theorem 11, we determine the value

𝜂(𝑌, 𝜙𝑌
𝑖
) = 1 mod 2ℤ (2.35)

for 𝑖 = 1, 2. As the values of the 𝜂-invariants are different for all Pin+-structures, we conclude that
𝑌 is neither diffeomorphic nor stably diffeomorphic to 𝑆(2𝛾 ⊕ ℝ) by Theorem 12. The 2-sphere
fiber Σ ↪ 𝑆(2𝛾 ⊕ ℝ) has a tubular neighborhood 𝜈(Σ) = 𝐷2 × 𝑆2 and it is disjoint from the seam
of the gluing along loops (2.33) in the assembly of 𝑌. We abuse notation and conclude that there
is an embedded 2-sphere Σ ⊂ 𝑌 with the desired properties. □

2.9 Inequivalent smooth structures on nonorientable 4-manifolds

Cappell–Shaneson constructed a 4-manifold

𝑄 ∶= ℝ𝑃4#𝑆1𝑀𝐴 = (𝐷2×̃ℝ𝑃2) ∪ (𝑀𝐴 ⧵ 𝜈0) (2.36)

that is homeomorphic, but not diffeomorphic to ℝ𝑃4 [12, 17, 37]. Let 𝛾 ⊂ 𝑄 be a loop whose
homotopy class generates the group 𝜋1𝑄. A close look to Cappell–Shaneson’s proof reveals their
construction of a compact 4-manifold

𝑁 ∶= 𝑄 ⧵ 𝜈(𝛾) (2.37)

that is homeomorphic but not diffeomorphic to 𝐷2×̃ℝ𝑃2 and whose boundary is 𝜕𝑁 = 𝑆2×̃𝑆1

[3, section 2]. A handlebody of (2.37) was drawn by Akbulut in [3, figs. 1.26 and 1.33]. The sec-
ond author of this note observed in [39, Theorem 2] that (2.37) along with Theorems 10 and 12
can be used to produce an inequivalent smooth structure on a myriad of closed nonorientable
4-manifolds, which include

𝑌 = 𝑆(2𝛾 ⊕ ℝ)#𝑆1𝑀𝐴. (2.38)

and

𝑍 = (ℝ𝑃4#𝑆1ℝ𝑃
4)#𝑆1𝑀𝐴 = ℝ𝑃4#𝑆1𝑄. (2.39)

2.10 A result of Akbulut

For nonorientable 4-manifolds with a Pin+-structure, the building block (2.37) and the 𝜂-invariant
are effective tools to produce inequivalent smooth structures (cf. [14, 15, 34]). The situation where
there is no Pin+-structure available is strikingly different as the following theorem suggests.
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1784 BAIS and TORRES

Theorem 16 (See Akbulut [3, section 2]). Let 𝛼 ⊂ ℝ𝑃2 × 𝑆2 be a simple loop whose homotopy class
generates the group 𝜋1(ℝ𝑃2 × 𝑆2). The 4-manifold

𝑌′ ∶= ((ℝ𝑃2 × 𝑆2) ⧵ 𝜈(𝛼)) ∪ (𝑀𝐴 ⧵ 𝜈0) (2.40)

is diffeomorphic to ℝ𝑃2 × 𝑆2.

Theorem 16 is one of the two key ingredients in the proof of Theorem A.

2.11 Connected sums with ℂℙ𝟐

The closed smooth 4-manifoldswith fundamental groupℤ∕2 andEuler characteristic equal to two
that are considered in this note compose three homeomorphism classes and five diffeomorphism
classes. All these 4-manifolds become diffeomorphic under the connected sum of a single copy
of the complex projective plane. The following proposition addresses the situation regarding the
representatives of the three homeomorphism classes.

Proposition 17. There are diffeomorphisms

𝑓1 ∶ 𝑆(2𝛾 ⊕ ℝ)#ℂℙ2 → (ℝ𝑃2 × 𝑆2)#ℂℙ2 (2.41)

and

𝑓2 ∶ (ℝ𝑃
4#𝑆1ℝ𝑃

4)#ℂℙ2 → (ℝ𝑃2 × 𝑆2)#ℂℙ2. (2.42)

Proof. The existence of the diffeomorphism (2.41) follows from Lemma 1 and the known property
that Gluck twists come undone by taking a connected sum with a copy of ℂℙ2 (see [22, Exer-
cise 5.2.7(b)] and [11, Theorem 1.1]). The existence of the diffeomorphism (2.42) follows from
Example 4, Lemma 6, and (2.41). □

The following result implies that the inequivalent smooth structures that we have considered
in this paper become diffeomorphic after adding a copy of ℂℙ2.

Theorem 18 (See Akbulut [3, Theorem 2]). Let 𝑄 be Cappell–Shaneson’s exotic real projective 4-
space that was constructed in (2.36). There is a diffeomorphism between 𝑄#ℂℙ2 and ℝ𝑃4#ℂℙ2.

The existence of topologically equivalent and smoothly inequivalent 2- and 3-spheres in the
nontrivialℝ𝑃2-bundle over 𝑆2 is an immediate consequence of Theorem 18 and work of Cappell–
Shaneson [12].

Example 19 (Akbulut, Cappell–Shaneson). There is a pair {𝑆𝑘
1
, 𝑆𝑘
2
} of 𝑘-spheres for 𝑘 ∈ {2, 3} that

are smoothly embedded in ℝ𝑃4#ℂℙ2, whose complements have fundamental group of order two
and such that there is a homeomorphism of pairs

(
ℝ𝑃4#ℂℙ2, 𝑆𝑘

1

)
→

(
ℝ𝑃4#ℂℙ2, 𝑆𝑘

2

)
(2.43)

but no such diffeomorphism of pairs exists.
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SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1785

To prove Theorem 18, Akbulut shows that there is a diffeomorphism

𝑁#ℂℙ2 → (𝐷2×̃ℝ𝑃2)#ℂℙ2 (2.44)

for the compact 4-manifold (2.37). Corollary 20 follows immediately from Akbulut’s Theorem 18
by noticing that both constructions (2.38) and (2.39) contain a copy of𝑁. The latter is responsible
for the inequivalent smooth structure. For example,

𝑁 ⊂ 𝑍 = ((ℝ𝑃4#𝑆1ℝ𝑃
4)#𝑆1𝑀𝐴) = ℝ𝑃4#𝑆1𝑄. (2.45)

We finish this section by stating a consequence of Theorem 18 that is one of the main ingredients
in the proof of Theorem E: the inequivalent smooth structures (2.38) and (2.39) are ℂℙ2-stable in
the following sense.

Corollary 20. There are diffeomorphisms

𝑓3 ∶ 𝑌#ℂℙ
2 → (ℝ𝑃2 × 𝑆2)#ℂℙ2 (2.46)

and

𝑓4 ∶ 𝑍#ℂℙ
2 → (ℝ𝑃2 × 𝑆2)#ℂℙ2. (2.47)

3 PROOFS OFMAIN RESULTS

3.1 Knotted 2-spheres: Proof of Theorem A

Construct

𝑌′ ∶= (𝑌 ⧵ 𝜈(Σ)) ∪𝜑 (𝐷
2 × 𝑆2) (3.1)

by performing a Gluck twist to the 2-sphere Σ ⊂ 𝑌 of Proposition 15. Let 𝛼 ⊂ ℝ𝑃2 × 𝑆2 be a
simple loop that generates 𝜋1(ℝ𝑃2 × 𝑆2) = ℤ∕2. Another construction of (3.1) is 𝑌′ = ((ℝ𝑃2 ×

𝑆2) ⧵ 𝜈(𝛼)) ∪ (𝑀𝐴 ⧵ 𝜈0), and Theorem 16 says that it is diffeomorphic to ℝ𝑃2 × 𝑆2. From (3.1),
we see that there is a smoothly embedded 2-sphere 𝑆 ⊂ ℝ𝑃2 × 𝑆2 such that one recovers 𝑌 by
performing a Gluck twist on it. To conclude that the exteriors are not homotopy equivalent, we
look at their fundamental groups. The exterior of the factor 2-sphere (ℝ𝑃2 × 𝑆2) ⧵ 𝜈({𝑝𝑡} × 𝑆2) is
𝑀𝑏 × 𝑆2 and (ℝ𝑃2 × 𝑆2) ⧵ 𝜈(𝑆) = (𝑀𝑏 × 𝑆2)#𝑆1𝑀𝐴, where the circle sum is taken with matching
Pin+-structures. These two compact 4-manifolds have nonisomorphic fundamental groups [12,
Proposition 2.4].

3.2 Surgeries to Cappell–Shaneson’s mapping torus and smooth
structures: Proof of Theorem B

Let 𝛼2
0
⊂ 𝑀𝐴 be the simple loop that represents the element [𝛼20] ∈ 𝜋1(𝑀𝐴)where 𝛼0 ⊂ 𝑀𝐴 is the

cross-section of themapping torus (2.22) that was described in Subsection 2.6. Carve out a tubular
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1786 BAIS and TORRES

neighborhood 𝜈(𝛼2
0
) = 𝑆1 × 𝐷3 of the loop 𝛼2

0
⊂ 𝑀𝐴 and build the 4-manifold

𝑌(𝜓) ∶= (𝑀𝐴 ⧵ 𝜈(𝛼
2
0)) ∪𝜓 (𝐷

2 × 𝑆2), (3.2)

where 𝜓 = id corresponds to the canonical framing defined in Subsection 2.6, and 𝜓 = 𝜑 corre-
sponds to the noncanonical one, where the diffeomorphism 𝜑 is described in (2.2). Notice that
the 4-manifold (3.2) is a boundary component of the cobordism that is obtained from adding a
2-handle to𝑀𝐴 × 𝐼. Rephrase (3.2) as

𝑌(𝜓) = (𝑀𝐴 ⧵ 𝜈(𝛼
2
0)) ∪𝜓 (𝐷

2 × 𝑆2) = ((𝑀𝑏 × 𝑆2)#𝑆1𝑀𝐴)) ∪𝜓 (𝐷
2 × 𝑆2). (3.3)

Lemma 1 and Theorem 16 imply that 𝑌(id) is diffeomorphic to ℝ𝑃2 × 𝑆2; notice that 𝑌(id) is
denoted by 𝑌′ in Theorem 16. The 4-manifold 𝑌(𝜑) is denoted by 𝑌 in Proposition 15 and
Theorem A.

Remark 21. ACappell–Shanesonhomotopy 4-sphere is constructed by doing surgery along a cross-
section of a certain 3-torus bundle over the circle 𝑀𝐴2 with monodromy 𝐴2 for 𝐴 ∈ GL(3; ℤ)

[1, 12]. A myriad of these homotopy 4-spheres are known to be diffeomorphic to 𝑆4 by work
of several authors [1, 7, 9, 10, 19–21]. Theorem B addresses the corresponding situation in the
nonorientable realm.

3.3 Surgery on ℝ𝑷𝟐 and twisted doubles: Proof of Theorem C

Deconstruct the smooth structure on 𝑆(2𝛾 ⊕ ℝ) of Proposition 15 as

𝑌 = 𝑁 ∪id (𝐷
2×̃ℝ𝑃2), (3.4)

where 𝑁 is the 4-manifold (2.37). A tubular neighborhood 𝜈(ℝ𝑃2) = 𝐷2×̃ℝ𝑃2 of a smoothly
embedded ℝ𝑃2 ⊂ 𝑌 is visible from (3.4). Twisting this ℝ𝑃2 yields

𝑍 = 𝑁 ∪𝜑′ (𝐷
2×̃ℝ𝑃2). (3.5)

It is immediate that (3.5) is homeomorphic toℝ𝑃4#𝑆1ℝ𝑃4. Using Theorem 12 and the additivity
of the 𝜂-invariant under the operation of circle sum, we conclude that 𝑍 is neither diffeomorphic
nor stably diffeomorphic to ℝ𝑃4#𝑆1ℝ𝑃4.

3.4 Inequivalent smooth structures on nonorientable 4-manifolds
with fundamental group ℤ∕𝟐 × ℤ∕𝟐: Proof of Theorem D

The 4-manifold 𝑀 is homotopy equivalent to either 𝑉 = ℝ𝑃2×̃ℝ𝑃2 or to the 4-manifold 𝑊 of
Example 5 by [23, Theorem 9.3]. Follow (2.13) and (2.14) to construct

𝑉′ = 𝑁 ∪id (𝑀𝑏×̃ℝ𝑃
2) and𝑊′ = 𝑁 ∪𝜑′ (𝑀𝑏×̃ℝ𝑃

2),

where 𝑁 is the 4-manifold (2.37). There are homeomorphisms 𝑉′ → 𝑉 and 𝑊′ → 𝑊 by con-
struction. To see that these 4-manifolds are not diffeomorphic, we show that they are not
Pin+-cobordant by computing the 𝜂-invariant for all choices of Pin+-structure [38] (cf. Theorem 12

 14692120, 2025, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70060 by Sissa Scuola Internazionale, W

iley O
nline L

ibrary on [05/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



SMOOTH STRUCTURES ON 4-MANIFOLDS VIA TWISTING OPERATIONS 1787

and Remark 13). As𝐻1(𝑀;ℤ∕2) = ℤ∕2 × ℤ∕2, there are four Pin+-structures to consider. We see
that

𝜂(𝑉, 𝜙𝑉
𝑖
) = 𝜂(𝑊, 𝜙𝑊

𝑖
) = ±

1

8
mod 2ℤ

for 𝑖 = 1, 2, 3, 4. These values are computed as follows. Let 𝛼 ⊂ ℝ𝑃4 be a simple loop whose
homotopy class generates the group 𝜋1(ℝ𝑃4) = ℤ∕2 and let 𝛾 ⊂ ℝ𝑃3×̃𝑆1 be a cross-section of
the nontrivial ℝ𝑃3-bundle over 𝑆1. Glue ℝ𝑃4 and ℝ𝑃3×̃𝑆1 along these loops and with matching
Pin+-structures to produce

𝑉 = (𝐷2×̃ℝ𝑃2) ∪id (ℝ𝑃
3×̃𝑆1 ⧵ 𝜈(𝛾)) and𝑊 = (𝐷2×̃ℝ𝑃2) ∪𝜑′ (ℝ𝑃

3×̃𝑆1 ⧵ 𝜈(𝛾))

with all their possible Pin+-structures [32, 33]. Lemma 2 says that there are Pin+-cobordisms
between (𝑉, 𝜙𝑉

𝑖
) or (𝑊, 𝜙𝑊

𝑖
) and the disjoint union (ℝ𝑃4, ±𝜙ℝ𝑃4) ⊔ (ℝ𝑃3×̃𝑆1, 𝜙ℝ𝑃3×̃𝑆1

𝑖
). The addi-

tivity of the 𝜂-invariant with respect to disjoint unions implies that the values hold. Analogously,
we get 𝜂(𝑉′, 𝜙𝑉′

𝑖
) = 𝜂(𝑊′, 𝜙𝑊

′

𝑖
) = ±

7

8
mod 2ℤ for 𝑖 = 1, 2, 3, 4 by employing (𝑄, ±𝜙𝑄) [38].

Remark 22. Follow the assembly of 𝑁 in (2.36) to construct

𝑉′ = (𝐷2×̃ℝ𝑃2) ∪id ((𝑀𝑏×̃ℝ𝑃
2) ∪ (𝑀𝐴 ⧵ 𝜈0)) ⧵ 𝜈(𝛼)

and

𝑊′ = (𝐷2×̃ℝ𝑃2) ∪𝜑′ ((𝑀𝑏×̃ℝ𝑃
2) ∪ 𝑀𝐴 ⧵ 𝜈0)) ⧵ 𝜈(𝛼),

where 𝛼 ⊂ (𝑀𝑏×̃ℝ𝑃2) ∪ (𝑀𝐴 ⧵ 𝜈0) is a suitably chosen simple loop. Therefore, 𝑉′ is obtained by
twisting a smoothly embedded ℝ𝑃2 ⊂ 𝑊′ and vice versa.

3.5 Knotted 2-spheres: Proof of Theorem E

We select the five 2-spheres {𝑆𝑖 ∶ 𝑖 = 0, … , 4} as follows. Denote by 𝑆0 the image of the canonical
embedding of ℂℙ1 ↪ (ℝ𝑃2 × 𝑆2)#ℂℙ2 for ℂℙ1 ⊂ ℂℙ2 ⧵ 𝐷4. Set 𝑆𝑖 ∶= 𝑓𝑖(ℂℙ

1) where 𝑓𝑖 , depend-
ing on 𝑖 ∈ {1, 2, 3, 4}, is the corresponding diffeomorphismof Proposition 17 andCorollary 20. Item
(1) and Item (3) of Theorem E follow by construction. Item (2) follows from the fact that, by exam-
ining the diffeomorphisms 𝑓1 and 𝑓2 at the level of handlebodies, one can explicitly see that the
homology classes [𝑆1] and [𝑆2] are both equal to [ℂℙ1] + [{𝑝𝑡} × 𝑆2] ∈ 𝐻2((ℝ𝑃

2 × 𝑆2)#ℂℙ2; ℤ).
Indeed, a handlebody for 𝑆(2𝛾 ⊕ ℝ)#ℂℙ2 is obtained by adding a 1-framed unknot to the han-
dlebody of 𝑀1 = 𝑆(2𝛾 ⊕ ℝ) given on top of Figure 1 for 𝑘 = 1. The 2-sphere ℂℙ1 ⊂ ℂℙ2 ⧵ 𝐷4 ⊂

𝑆(2𝛾 ⊕ ℝ)#ℂℙ2 arises as the union of the core of the 1-framed 2-handle and a 2-disk in 𝑆3

bounding its attaching circle. In the following, we keep track of the image of this 2-sphere via the
diffeomorphism 𝑓1. Slide the (1,0)-framed 2-handle over the 1-framed 2-handle. Slide the 1-framed
2-handle over the 0-framed 2-handle to unlink it from the diagram. These two handleslides yield a
handlebody depicted on top of Figure 1 with 𝑘 = 2 and a 1-framed unknot, which is a handlebody
for (ℝ𝑃2 × 𝑆2)#ℂℙ2. In particular, the 2-sphereℂℙ1 ⊂ 𝑆(2𝛾 ⊕ ℝ)#ℂℙ2 is mapped onto a 2-sphere
that is obtained by tubing a factor 2-sphere in ℝ𝑃2 × 𝑆2 with ℂℙ1 ⊂ (ℝ𝑃2 × 𝑆2)#ℂℙ2. This shows
that [𝑆1] = [𝑆0] + [{𝑝𝑡} × 𝑆

2] ∈ 𝐻2((ℝ𝑃
2 × 𝑆2)#ℂℙ2; ℤ). The claim about the homology class

of 𝑆2 is proven in a similar way. On the other hand, one can check that the map induced in
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1788 BAIS and TORRES

F IGURE 4 Handlebodies of the 4-manifolds Y and Z.

homology by the diffeomorphism 𝑁#ℂℙ2 ≈ (𝐷2×̃ℝ𝑃2)#ℂℙ2 described in (2.44) sends the class
of the exceptional sphereℂℙ1 ⊂ ℂℙ2 onto itself. The decompositions (2.11) and (2.12) hence imply
the statement for the homology classes [𝑆3], [𝑆4] ∈ 𝐻2((ℝ𝑃

2 × 𝑆2)#ℂℙ2; ℤ), by reducing to the
case of [𝑆1] and [𝑆2], respectively. Item (4) is immediate as

(ℝ𝑃2 × 𝑆2) ⧵ 𝐷4, 𝑆(2𝛾 ⊕ ℝ) ⧵ 𝐷4 and (ℝ𝑃4#𝑆1ℝ𝑃4) ⧵ 𝐷4

are pairwise non-homotopy equivalent. Item (5) follows from Corollary 20 and Proposition 15.
Indeed, a diffeomorphism of pairs

((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆1) → ((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆3)

would induce a diffeomorphism between the complements of the 2-spheres

(ℝ𝑃2 × 𝑆2)#ℂℙ2 ⧵ 𝜈(𝑆1) → (ℝ𝑃2 × 𝑆2)#ℂℙ2 ⧵ 𝜈(𝑆3).

This is not possible: Theorem A says that the complements (ℝ𝑃2 × 𝑆2)#ℂℙ2 ⧵ 𝜈(𝑆1) ≈

𝑆(2𝛾 ⊕ ℝ) ⧵ 𝐷4 and (ℝ𝑃2 × 𝑆2)#ℂℙ2 ⧵ 𝜈(𝑆3) ≈ 𝑌 ⧵ 𝐷4 are not diffeomorphic. In a similar
way, the existence of a diffeomorphism of pairs ((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆2) → ((ℝ𝑃2 × 𝑆2)#ℂℙ2, 𝑆4)

would contradict Theorem C.
Handlebodies of (3.4) and (3.5) are drawn in Figure 4. The value 𝑝 = −1 corresponds to 𝑌, and

𝑝 = 1 to 𝑍. Figure 4 corrects [39, fig. 2].
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