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Abstract
We consider the determinantal point processes asso-
ciated with the spectral projectors of a Schrödinger
operator onℝ, with a smooth confining potential. In the
semiclassical limit, where the number of particles tends
to infinity, we obtain a Szegő-type central limit theorem
for the fluctuations of smooth linear statistics. More pre-
cisely, the Laplace transform of any statistic converges
without renormalisation to aGaussian limit with a𝐻1∕2-
type variance, which depends on the potential. In the
one-well (one-cut) case, using the quantum action-angle
theorem and additional micro-local tools, we reduce the
problem to the asymptotics of Fredholm determinants of
certain approximately Toeplitz operators. In the multi-
cut case, we show that for generic potentials, a similar
result holds and the contributions of the different wells
are independent in the limit.
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1 INTRODUCTION

Free fermions. This article is a follow-up on [15] on the semiclassical analysis of free fermions or
determinantal point processes associated with spectral projectors of Schrödinger operators [33].
To define the model, let𝑉 ∈ 𝐶∞(ℝ,ℝ) be a function such that𝑉(𝑥) → +∞ as 𝑥 → ±∞. Then, for
ℏ ∈ (0, 1], the operator−ℏ2Δ + 𝑉 is essentially self-adjoint with compact resolvent on 𝐿2(ℝ) [22].
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Consequently, given 𝜇 ∈ ℝ, the orthogonal projector

Πℏ(𝜇) = 𝟙(−∞,𝜇](−ℏ2Δ + 𝑉) (1)

is well defined by the spectral theorem, and has finite rank 𝑁 = 𝑁ℏ(𝜇). This operator defines a
determinantal point process on ℝ, denoted by X ∶=

∑𝑁
𝑗=1 𝛿𝑥𝑗

, which describes the joint spatial
distribution of 𝑁 fermions occupying the low-energy states of −ℏ2Δ + 𝑉. This point process is
characterised by the property that for any function 𝑓 ∈ 𝐿∞(ℝ, ℂ), the Laplace transform of the
linear statistic X(𝑓) is given by the Fredholm determinant

𝔼[𝑒X(𝑓)] = det(I + (𝑒𝑓 − 1)Πℏ), (2)

where the function 𝑒𝑓 − 1 is interpreted as a bounded operator on 𝐿2(ℝ) acting by multiplication.
We refer to the surveys [26, 40] and the appendix of [15] for different reviews about determinantal
processes. Such free fermions point processes have also been extensively studied in the physics
literature, for example, [10–13, 18, 38] and for the harmonic oscillator in [1].
These point processes can be studied for a general smooth (confining) potential 𝑉 in the

semiclassical limit ℏ → 0. By Weyl’s law, the number of particles 𝑁 ∼ 1

𝜋ℏ
∫ (𝜇 − 𝑉)

1∕2
+ tends to

infinity, while the point process concentrates on a deterministic measure supported on the set
{𝑉 ⩽ 𝜇}, which is sometimes called the droplet, see, for example, [15, Theorem I.1]. The main
goal of [15] was to establish that the (microscopic) scaling limits of these point processes in
the bulk and at the edge of the droplet of particles are given by the Sine, respectively, the Airy,
point processes from random matrix theory [13, 41]. These results rely on the asymptotics of
the kernel associated to Πℏ and they are generalised to free fermions on ℝ𝑛 for any 𝑛 ⩾ 1; the
scaling limits are independent of the potential 𝑉. There is, however, a major difference in the
behaviour of linear statistics in dimension 1 versus 𝑛 ⩾ 2. Indeed, one expects that for any (non-
constant) smooth function 𝑓 ∶ ℝ𝑛 → ℝ with suitable growth, the corresponding linear statistic
satisfies var X(𝑓) ≍ ℏ1−𝑛 as ℏ → 0. It is an open problem to obtain exact asymptotics for these
variance in dimension 𝑛 ⩾ 2. We proved in [15] that if 𝑓 ∈ 𝐶∞

𝑐 ({𝑉 < 𝜇}, ℝ), then var Xℏ(𝑓) ⩽

𝐶(𝑓)ℏ1−𝑛, while for any (non-constant) function 𝑓 ∈ 𝐻1(ℝ𝑛), we have ℏ2−𝑛 var Xℏ(𝑓) → ∞ as
ℏ → 0. This lower bound is not sharp, but it does imply a central limit theorem (CLT) for linear
statistics, cf. [15, Theorem I.3] because the variance tends to infinity. In contrast, in dimension
𝑛 = 1, the variance stays bounded and a more precise study is needed to establish a CLT, if
any.
Main results. In this article, we therefore focus on one-dimensional free fermions point pro-

cesses and our goal is to show that for any test function𝑓 ∈ 𝐶∞
𝑐 (ℝ,ℝ), the fluctuations of the linear

statistics X(𝑓) are Gaussian in the limit ℏ → 0; we also determine the limit of var X(𝑓) and how
it depends on the Newtonian dynamics for the potential 𝑉 at energy 𝜇. To this end, we directly
analyse the determinant (2) by using the quantum action-angle theorem to reduce the problem to
the harmonic oscillator; this procedure is specific to the 1D case. This strategy works directly in
the one-cut case where {𝑉 ⩽ 𝜇} is connected; we can also treat multi-cut situations under some
generic assumptions.

Theorem 1 (One-cut case). Let 𝑉 ∈ 𝐶∞(ℝ,ℝ), with 𝑉(𝑥) → +∞ as 𝑥 → ±∞. Let 𝜇 ∈ ℝ be such
that {𝑉 = 𝜇} = {𝑥−

0
, 𝑥+

0
} with 𝑥−

0
< 𝑥+

0
and 𝑉′(𝑥±

0
) ≠ 0. Then, for any 𝑓 ∈ 𝐶∞

𝑐 (ℝ,ℝ), uniformly for
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3 of 30 DELEPORTE and LAMBERT

𝜂 ∈ ℂ sufficiently small,

log det(I + (𝑒𝜂𝑓 − 1)Πℏ) = 𝜂 tr(𝑓Πℏ) +
𝜂2

2
Σ2
(𝑉,𝜇)

(𝑓) + 𝑜(1)
ℏ→0

.

This implies that in distribution, as the number of particles𝑁 → ∞, the random variable

X(𝑓) − 𝔼X(𝑓) → Σ(𝑉,𝜇)(𝑓) , (3)

where is a standard Gaussian. The limiting variance is a weighted𝐻1∕2-seminorm, meaning that
there is a map 𝜓 ∶ [0, 2𝜋] → [𝑥−

0
, 𝑥+

0
] so that

Σ2
(𝑉,𝜇)

(𝑓) =
∑
𝑘∈ℕ

𝑘
||||∫

2𝜋

0
𝑒𝐢𝑘𝜃𝑓(𝜓(𝜃))

d𝜃

2𝜋

||||
2

. (4)

Themap 𝜓 depends on the Newtonian dynamics with potential𝑉 at energy 𝜇 and it is constructed
in Section 2.1. (See also Section A for an interpretation of (4) in terms of the Gaussian free field.)

By a standard truncation, a version of Theorem 1 holds for continuous test functions with at
most exponential growth and which are 𝐶∞ in a neighbourhood of the droplet {𝑉 ⩽ 𝜇}. In this
case, the distributional limit (3) still holds and all centredmoments of the linear statisticX(𝑓) also
converge; we clarify this in Proposition 2.16. Formula (4) can be recovered from the asymptotics of
the covariance kernel of the counting functionℝ ∋ 𝑥 ↦ X(𝟙(−∞,𝑥]) of the fermions point process.
These asymptotics are well known for the harmonic oscillator (see [7] for a thorough study of
the GUE counting function) and have been derived using physical arguments in [38], for general
one-cut potential, based onWKB asymptotics of the Schrödinger operator eigenfunctions.Wewill
report on the relationship with [38] and the Gaussian free field interpretation of Theorem 1 in the
Appendix A.

Example 1.1. For the quantum harmonic oscillator, 𝑉(𝑥) = 𝑥2 on ℝ and 𝜇 = 1, the Schrödinger
operator −ℏ2Δ + 𝑉 is diagonalised by the Hermite functions with respect to the weight 𝑥 ↦

𝑒−𝑥2∕ℏ. Then, the free fermions point process corresponds to the eigenvalues of the Gaussian
unitary ensemble (GUE) and the equilibrium measure is the Wigner semi-circle law 𝜌(𝑥) =
2

𝜋

√
1 − 𝑥2. Moreover, according to Section 2.1, one has 𝜓(𝜃) = cos 𝜃 for 𝜃 ∈ [0, 2𝜋], so that

Σ2(𝑓) =
∑

𝑘∈ℕ 𝑘|𝑓𝑘|2 where (𝑓𝑘)𝑘∈ℕ0
denotes the Fourier–Chebyshev coefficients of 𝑓. In this

case, Theorem 1 corresponds to [28, Thm 2.4] with 𝛽 = 2; see also [41, Chap. 3]. Note that in this
limit, one can also replace the mean 𝔼X(𝑓) by 𝑁 ∫ 𝑓d𝜌 up to a vanishing error.

The results of [28] hold for general 𝛽-ensembles (or 1d log-gases) in the one-cut case and the
strategy there relies on the so-called loop equation method. In contrast to Theorem 1, the asymp-
totic variance for one-cut 𝛽-matrixmodels is universal in the sense that it depends on the potential
𝑉 only via the support of the equilibriummeasure. We refer to [2, 4, 31] and the last version of [3]
for further recent developments on the loop equation method for 𝛽-ensembles.
It is also of interest to compare Theorem 1 to the (strong) Szegő limit theorem which arises

in a slightly different geometric context, considering free fermions on a one-dimensional torus
(circular unitary ensemble (CUE)).

 14697750, 2025, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70045 by Sissa Scuola Internazionale, W

iley O
nline L

ibrary on [12/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense
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Example 1.2. Consider the determinantal process associated with the operator 𝟙(−∞,1](−ℏ2Δ)

where Δ is the Laplacian on 𝕋 = [0, 2𝜋] with periodic boundary conditions so that the number
of particles is 𝑁 = 2ℏ−1 + 1. The eigenfunctions of this operator are just Fourier modes and this
point process corresponds to the eigenvalues of the classical CUE from random matrix theory. In
particular, one can rewrite (2) as

𝔼[𝑒X(𝑓)] = det(𝐴(𝑁)),

where 𝐴 is a Toeplitz matrix,
(
𝐴(𝑁)

𝑖𝑗
= ĝ𝑖−𝑗

)
𝑖,𝑗∈[𝑁]

and
(
ĝ𝑘
)
𝑘∈ℤ

denotes the usual Fourier coef-

ficient of the function g = 𝑒𝑓 − 1. The asymptotics of such Toeplitz determinants are a classical
subject in analysis and are known as Szegő limit theorems. In particular, if 𝑓 ∈ 𝐻1∕2(𝕋, ℂ) (i.e if∑

𝑘∈ℤ

√
1 + 𝑘2|𝑓𝑘|2 < ∞), then

log det(𝐴(𝑁)) = 𝑁𝑓0 +
1

2

∑
𝑘∈ℤ

|𝑘|𝑓𝑘𝑓−𝑘 + 𝑜(1)
𝑁→∞

.

This result is discussed in details in [36, Chap. 6] with several different proofs, including the com-
binatorial approach developed by Kac [29] and Soshnikov [39] that we follow in Section 2.5. We
also refer to the survey [14] for further proofs and applications of the strong Szegő limit theo-
rem and to [6, 32] for the relationship with the GUE eigenvalue fluctuations and log-correlated
Gaussian fields.

In the multi-cut case, that is, when the droplet {𝑉 ⩽ 𝜇} has several disconnected components,
we can also formulate a CLTunder an additional genericity condition on the potential. This gener-
icity condition ensures that the different cuts are non-resonant (their eigenvalues are sufficiently
far away from each other), so that eigenfunctions are all localised in exactly one of the cuts. This
genericity holds along any discrete set of values of ℏ accumulating at 0 with at least polynomial
speed. Such subsequences are relevant in the context of quantisation on a compact phase space
(whereℏ𝑚 ≍ 1∕𝑚); they are also relevant since the number of particles is expected to grow linearly
(since ℏ𝑁 is roughly constant by the Weyl law).

Theorem 2 (Multi-cut case). Let 𝑉 ∈ 𝐶∞(ℝ,ℝ) with 𝑉(𝑥) → +∞ as 𝑥 → ±∞, and assume that
𝜇 ∈ ℝ satisfies, for some 𝓁 ⩾ 2,

{𝑉 ⩽ 𝜇} =

𝓁⋃
𝑗=1

𝐼𝑗

with disjoint (non-empty) intervals 𝐼𝑗 . Let (𝜒𝑘)1⩽𝑘⩽𝓁 be a family of𝐶∞
𝑐 (ℝ,ℝ+) functions with disjoint

supports such that 𝜒𝑘 = 1 on 𝐼𝑘 and fix a small 𝜖 > 0. Let (ℏ𝑚)𝑚∈ℕ be a sequence of semiclassical
parameters such that for some 𝛼 > 0, ℏ𝑚 ⩽ 𝑚−𝛼 if𝑚 is large enough, and define

Π𝑚 = 𝟙(−∞,𝜇]

(
−ℏ2

𝑚Δ + 𝑉 +

𝓁∑
𝑗=1

𝑤𝑗𝜒𝑗

)
, 𝑤 ∈ [−𝜖, 𝜖]𝓁 .

Then, for almost every 𝑤 ∈ [−𝜖, 𝜖]𝓁 , for any 𝑓 ∈ 𝐶∞
𝑐 (ℝ,ℝ), it holds uniformly for 𝜂 ∈ ℂ sufficiently

small,

log det(𝐼 + (𝑒𝜂𝑓 − 1)Π𝑚) = 𝜂 tr(𝑓Π𝑚) +
𝜂2

2

𝓁∑
𝑗=1

Σ2
(𝑊𝑗,𝜇)

(𝑓) + 𝑜(1)
𝑚→∞

,
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5 of 30 DELEPORTE and LAMBERT

where 𝑊𝑗 = 𝑉 + 𝑤𝑗 on a neighbourhood of 𝐼𝑗 , is strictly larger than 𝜇 outside and Σ2
(𝑊𝑗,𝜇)

is as in
Theorem 1.

This behaviour is in sharp contrast with that of multi-cut randommatrixmodels. Indeed, it was
pointed out by Pastur [34] that because orthonormal polynomials are delocalised on every cut in
the semi-classical regime, the numbers of eigenvalues in the different cuts of the equilibrium
measure has non-trivial order 1 fluctuations for large 𝑁. Then, for real-analytic potentials, it was
established in [35] and [3, Theorem 1.6] that these fluctuations are given by an explicitmultivariate
discrete Gaussian law. This phenomenon entails that the fluctuations of a generic linear statistic
are also uniformly bounded in 𝑁, but they are generically non-Gaussian. For unitary-invariant
Hermitian random matrices (𝛽 = 2), this problem was revisited in [6] using Riemann–Hilbert
asymptotics for orthogonal polynomials in the multi-cut regime. In particular, the connection
with the Gaussian free field on a Riemann surface is discussed in detail in [6, Section 1.5]. In our
situation, the eigenfunctions of −ℏ2Δ + 𝑉 +

∑
𝑤𝑗𝜒𝑗 are, generically, localised on exactly one of

the intervals 𝐼𝑗 , which we use to prove that the fluctuations are Gaussian.
It is not clear what happens in the resonant case, such as for the symmetric double well poten-

tial𝑉(𝑥) = 𝑥4 − 𝑥2 at energies𝜇 < 0. From the results of [25], eigenvalues appear in exponentially
close pairs and if 𝜇 is not in between them (so that𝑁 is even), then again, the projector exponen-
tially closes to the sum of the two one-well projectors. In contrast, if 𝑁 is odd, we do not know
whether a CLT should hold.

Proof strategy and additional comments
Our proof of Theorem 1 relies crucially on the complete integrability of one-dimensional
Schrödinger operators. Namely, under the assumptions of Theorem 1, the eigenfunctions of the
operator −ℏ2Δ + 𝑉 with eigenvalues in a neighbourhood of 𝜇 have all order asymptotic expan-
sions. This is usually performed using Wentzel–Kramers–Brillouin (WKB) approximations in
quantum mechanics [8]. Rather than using directly these approximations, our method exploits
the quantum action-angle theorem (Proposition 2.4) to reduce (by an approximate conjugation of
the Fredholm determinant (2)) the problem to the case of the harmonic oscillator (Example 1.1),
at the price of workingwith a general pseudo-differential operator instead of amultiplication oper-
ator. In this context, we obtain Szegő-type asymptotics (Proposition 2.2) for certain Fredholm
determinants of pseudo-differential operators.
Our proof involves the fact that pseudo-differential operators have an approximate Toeplitz

structure in the eigenbasis of the harmonic oscillator. This reduces the problem to Szegő-type
asymptotics for which one can apply classical methods such as the cumulant method and the
Dyson–Hunt–Kac (DHK) combinatorial lemma, see [29] and [36, Chap. 6.5]. This method has
already been successfully used in another generalisation of the strong Szegő limit theorem using
microlocal tools [21].
When using the DHK combinatorial approach, there is no need for a symmetry hypothesis

(either the self-adjointness used in [29] or the time reversibility used in [21]) to obtain a strong
Szegő theorem; we clarify this by reviewing this approach.
Szegő-type limit theorems also hold for general one-cut unitary-invariant Hermitian random

matrix ensembles, and we refer to [5, 30] for different approaches to Szegő-type asymptotics using
the connection with orthogonal polynomials. In particular, different forms of the DHK formula
are discussed in [30, App A].
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 6 of 30

The action-angle strategy requires the non-degeneracy ‘Airy-type edge’ generic condition∇𝑉 ≠
0 on {𝑉 = 𝜇}. It would be interesting to consider the case of hyperbolic critical points (such as
appearing in Landau-type potentials), where the asymptotic behaviour of eigenfunctions is also
known [9].
The proof of Theorem 2 relies on well-known localisation techniques (see, e.g. [23, 24]) to show

that, generically (in the sense of Theorem 2), the projector Πℏ can be approximated by a com-
muting sum of projectors which correspond to the potential localised on each well. Hence, in this
case, we can reduce the asymptotics of linear statistics to the case of Theorem 1.

Organisation of the paper
The proof of Theorem 1 (and its generalisation to pseudo-differential operators, Proposition 2.2)
is given in Section 2 and is organised as follows. In Sections 2.1 and 2.2, we review the classical
action-angle theorem for certain one-dimensional Hamilton flow and its quantum analogue for
Schrödinger operators. This also gives us the opportunity to introduce several important notation
and basic results from semiclassical analysis.
In Section 2.3, we establish that as a consequence of the quantum angle-action theorem and

the asymptotic properties of the Hermite functions, a certain class of pseudo-differential oper-
ators have an approximately Toeplitz structure (as ℏ → 0) in the eigenbasis of −ℏ2Δ + 𝑉. In
Section 2.4, we gather some results concerning the Taylor expansion of Fredholm determinants
and its continuity property with respect to perturbations. Finally, in Section 2.5, we combine these
results to complete the proof of Theorem 1. The core of the argument relies on the approximately
Toeplitz property of pseudo-differential operators and a combinatorial approach to the Strong
Szegő theorem known as the Dyson–Kac–Hunt (DHK) formula.
The proof of Theorem 2 is given in Section 3. It relies on Theorem 1, localisation techniques to

isolate the contribution from each well and the genericity condition to guarantee that there are
no resonances between the wells.

2 ONE-CUT CASE— PROOF OF THEOREM 1

Throughout this section, we assume that the potential 𝑉 ∈ 𝐶∞(ℝ,ℝ) is such that 𝑉 → +∞

when |𝑥| → +∞ and we fix 𝜇 ∈ ℝ such that {𝑉 ⩽ 𝜆} = [𝑥−
0
(𝜆), 𝑥+

0
(𝜆)] with 𝑥−

0
(𝜆) < 𝑥+

0
(𝜆) for 𝜆

in a neighbourhood of 𝜇. Furthermore, we assume a non-degeneracy condition 𝑉′(𝑥±
0
(𝜆)) ≠ 0

for every 𝜆 in this neighbourhood of 𝜇. Under these hypotheses, the maps 𝜆 ↦ 𝑥±
0
(𝜆) are 𝐶∞-

diffeomorphisms. Later on, we will assume more technical assumptions about the behaviour of
𝑉 near infinity, but they can be lifted (see [15, Section 2.2]).

2.1 Classical action-angle theorem

Let (𝜙𝑡)𝑡∈ℝ denote the Hamilton flow of  ∶ (𝑥, 𝜉) ↦ 𝜉2 + 𝑉(𝑥), that is, for every (𝑥0, 𝜉0) ∈ ℝ2,
the function ℝ2 ∋ (𝑥0, 𝜉0) ↦ (𝑥𝑡, 𝜉𝑡) = 𝜙𝑡(𝑥0, 𝜉0) ∈ ℝ2 solves the evolution equation{

𝜕𝑡𝑥𝑡 = 2𝜉𝑡

𝜕𝑡𝜉𝑡 = −𝑉′(𝑥𝑡).
(5)
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7 of 30 DELEPORTE and LAMBERT

A remarkable property of one-dimensionalHamiltonian dynamics is complete integrability. The
dynamics preserve the energy, and the flow is periodic along the curves

𝜆 ∶=
{
(𝑥, 𝜉) ∈ ℝ2,(𝑥, 𝜉) = 𝜆

}
, (6)

with (shortest) period 𝑇(𝜆). By assumptions, these curves are simply connected and 𝑇(𝜆) < ∞ for
𝜆 in a neighbourhood of 𝜇.
The flow 𝜙𝑡 is, on a neighbourhood of 𝜇, conjugated to the Hamiltonian flow of a function of

the harmonic oscillator; letting

g(𝜆) ∶=
1

2𝜋
Area

(
{(𝑥, 𝜉) ∈ ℝ2,(𝑥, 𝜉) ⩽ 𝜆}

)
, (7)

then the formula

𝜅 ∶ (𝜙𝑡(𝑥
+
0
(𝜆), 0)) ↦

√
2g(𝜆)

(
cos 2𝜋𝑡

𝑇(𝜆)
, − sin 2𝜋𝑡

𝑇(𝜆)

)
defines a 𝐶∞-diffeomorphism from a 𝜙𝑡-invariant neighbourhood of 𝜇 to an annular neighbour-
hood of {𝑥2 + 𝜉2 = 2g(𝜇)}. In fact, 𝜅 is area-preserving and g◦ = |𝜅|2

2
on this neighbourhood.

Given 𝑓 ∈ 𝐶∞(ℝ2, ℝ) and 𝐼 in a neighbourhood of g(𝜇), we can now define the Fourier
coefficients of 𝑓 along the Hamilton flow as

𝑓𝑗(𝐼) ∶=
1

𝑇(𝜆) ∫
𝑇(𝜆)

0
𝑒
−

2𝑖𝜋𝑗𝑡

𝑇(𝜆) 𝑓(𝜙𝑡(𝑥
+
0
(𝜆), 0))d𝑡 𝜆 = g−1(𝐼), 𝑘 ∈ ℤ. (8)

An equivalent definition is

𝑓𝑗(𝐼) ∶=
1

2𝜋 ∫
2𝜋

0
𝑓◦𝜅−1(

√
2𝐼 cos(𝜃),

√
2𝐼 sin(𝜃))𝑒𝑖𝑗𝜃d𝜃, 𝑘 ∈ ℤ. (9)

Then, in the context of Theorem 1, the asymptotic variance Σ is defined by, for any 𝑓 ∈

𝐶∞
𝑐 (ℝ,ℝ),

Σ2
(𝑉,𝜇)

(𝑓) ∶=
∑
𝑘∈ℕ

𝑘||𝑓𝑘(g(𝜇))
||2, (10)

where we view 𝑓 as a (smooth) function on ℝ2 independent of the second variable. This amounts
to the𝐻

1
2 seminorm of the periodic function 𝑓◦𝜓, where according to the Hamiltonian flow (5),

𝜓(𝜃) = 𝑥𝜃𝑇(𝜇)

2𝜋

(𝑥+
0
(𝜇), 0), 𝜃 ∈ [0, 2𝜋].

Choosing the action 𝐼 as the parameter for 𝑓𝑗 , rather than the energy 𝜇, will simplify the
computations in Section 2.3.

2.2 Semiclassical tools

Here, we review several techniques from semiclassical analysis, notably a quantum version of
the considerations of Subsection 2.1 and we give a generalisation of Theorem 1 (Proposition 2.2)
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 8 of 30

in this context. We begin with a quick overview of Weyl quantisation, pseudo-differential oper-
ators and their application to the spectral theory of Schrödinger operators, referring to [16, 45]
for more detailed introductions. Then, we collect some useful estimates for the eigenfunctions of
one-dimensional Schrödinger operators.

Definition 2.1. We consider the symbol class 𝑆0(ℝ2, ℂ); an element of 𝑆0 is a function 𝑎 ∈

𝐶∞(ℝ2, ℂ) such that

∀(𝑗, 𝑘) ∈ ℕ2, ∃𝐶𝑗,𝑘 ∈ ℝ+, sup
(𝑥,𝜉)∈ℝ2

|𝜕𝑗
𝑥𝜕

𝑘
𝜉
𝑎(𝑥, 𝜉)| ⩽ 𝐶𝑗,𝑘.

Let ℏ > 0. The Weyl quantisation of 𝑎 ∈ (ℝ2, ℂ) is the operator with kernel

𝑂𝑝ℏ(𝑎)(𝑥, 𝑦) =
1

2𝜋ℏ ∫ 𝑒𝑖
𝜉(𝑥−𝑦)

ℏ 𝑎(
𝑥+𝑦

2
, 𝜉)d𝜉.

If 𝑎 ∈ (ℝ2, ℂ), this defines a trace class operator on 𝐿2(ℝ), whose trace norm is controlled by
a finite number of seminorms of 𝑎 in  . This definition can be extended to symbols in the class
𝑆0(ℝ2, ℂ), in which case𝑂𝑝ℏ(𝑎) is still a bounded operator; its operator norm satisfies the Gårding
inequality ([45], Theorem 4.32)

‖𝑂𝑝ℏ(𝑎)‖𝐿2→𝐿2 = ‖𝑎‖𝐿∞ + (ℏ). (11)

In this paper, symbols will be allowed to depend on the semiclassical parameter ℏ. We will only
use classical symbols: an element of 𝑆0

cl
is a function 𝑎 ∶ ℝ2 × (0, +∞) → ℂ such that there exists

a sequence (𝑎𝑘)𝑘∈ℕ of elements of 𝑆0 with

∀(𝑗, 𝑘,𝓁) ∈ ℕ2, ∃𝐶𝑗,𝑘,𝓁 ∈ ℝ+, sup
(𝑥,𝜉,ℏ)∈ℝ2×ℝ+

{
ℏ−𝓁||𝜕𝑗

𝑥𝜕
𝑘
𝜉
[𝑎(𝑥, 𝜉, ℏ) −

∑𝓁−1
𝑚=0ℏ

𝑚𝑎𝑚(𝑥, 𝜉)]||} ⩽ 𝐶𝑗,𝑘,𝓁 .

The first term 𝑎0 is called the principal symbol of 𝑎.
In this framework, we will prove the following generalisation of Theorem 1.

Proposition 2.2 (Szegő asymptotics). Let 𝜇 > 0 and Πℏ = Πℏ(𝜇) be given by (1) under the
assumptions of Theorem 1. Let 𝑎 ∈ 𝑆0

cl
(ℝ2, ℂ) with principal symbol ‖𝑎0‖𝐿∞ ⩽ 𝑐 < 1. Then,

log det(I + 𝑂𝑝ℏ(𝑎)Πℏ) = tr(log(1 + 𝑂𝑝ℏ(𝑎))Πℏ) +
1

2

∑
𝓁∈ℕ

|𝓁|𝑓𝓁𝑓−𝓁 + 𝑜(1)
ℏ→0

,

where (𝑓𝓁)𝓁∈ℤ are the ‘Fourier coefficients’ of the function 𝑓 = − log(1 + 𝑎0) given by formula (8)
with 𝐼 = g(𝜇).

Obviously, if 𝑓 ∈ 𝐶∞
𝑐 (ℝ,ℝ), the function 𝑎 ∶ (𝑥, 𝜉) ↦ 𝑒𝜂𝑓(𝑥) − 1 belongs to 𝑆0(ℝ2, ℂ) with‖𝑎‖𝐿∞ < 1 if the parameter 𝜂 ∈ ℂ is small enough. It is independent of 𝜉 and 𝑂𝑝ℏ(𝑎) = 𝑎 in this

case. Then, by Proposition 2.2 (rescaling 𝑓 to 𝜂𝑓), we conclude that if 𝜂 is sufficiently small, as
ℏ → 0,

log det(1 + 𝑎Πℏ) = 𝜂 tr(𝑓Πℏ) +
𝜂2

2

∑
𝓁∈ℕ

|𝓁|𝑓𝓁𝑓−𝓁 + 𝑜(1).

Hence, by definition of the variance Σ2
(𝑉,𝜇)

(10), this proves Theorem 1 in the one-cut case.
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9 of 30 DELEPORTE and LAMBERT

Pseudo-differential operators are well-adapted to the study of Schrödinger operators under
some conditions on 𝑉 at infinity.† In the rest of this article, we will always assume that there
exists𝑚 > 0 such that

∀𝑘 ∈ ℕ, ∃𝐶𝑘, ∀𝑥 ∈ ℝ, |𝜕𝑘𝑉(𝑥)| ⩽ 𝐶𝑘(1 + |𝑥|)𝑚
and

∃𝑐0, 𝑅 > 0, ∀|𝑥| > 𝑅, |𝑉(𝑥)| ⩾ 𝑐0(1 + |𝑥|)𝑚.

Under these conditions, not only is the operator −ℏ2Δ + 𝑉 bounded from below with compact
resolvent, but smooth compactly supported spectral functions of −ℏ2Δ + 𝑉 are given by pseudo-
differential operators with compactly supported symbol ([45], Theorem 14.9).
Fredholm determinants are defined for trace-class operators or other Schatten class of opera-

tors after a suitable modification, see [37] for an introduction. We review the associated notion of
Schatten norms; for a bounded operator 𝐴 on a Hilbert space, define for 1 ⩽ 𝑝 < +∞,

‖𝐴‖𝐽𝑝 = tr((𝐴∗𝐴)
𝑝

2 )
1
𝑝 .

If this quantity is finite 𝐴 ∈ 𝐽𝑝. Plainly, finite rank operators belong to 𝐽𝑝 for any 𝑝 ⩾ 1. We will
use the cases 𝑝 = 1 (trace norm) and 𝑝 = 2 (Hilbert–Schmidt norm).
It turns out that the Fredholm determinant in Proposition 2.2, beyond the leading order,

depends on commutators such as [Πℏ, 𝑂𝑝ℏ(𝑎)]. The next lemma implies that we can also assume
that the symbol 𝑎 in Proposition 2.2 is supported on a small neighbourhood of the curve 𝜇 (6).

Lemma 2.3 (Microlocalisation). Let (𝜙𝑗)𝑗∈ℕ0
be a Hilbert basis of eigenfunctions of−ℏ2Δ + 𝑉 with

eigenvalues (𝜆𝑗)𝑗∈ℕ0
. Let 𝑎 ∈ 𝑆0(ℝ2, ℂ) such that supp(𝑎) ∩ 𝜇 = ∅. There exists a (small) 𝛿 > 0 so

that for every 𝑗 ∈ ℕ0,

𝑂𝑝ℏ(𝑎)𝜙𝑗 = 𝐿2(ℏ∞) uniformly for |𝜆𝑗 − 𝜇| ⩽ 𝛿.

Then, as ℏ → 0,

‖‖[Πℏ, 𝑂𝑝ℏ(𝑎)]
‖‖𝐽1 = (ℏ∞).

Proof. The first claim is exactly [45, Theorem 6.4]. To obtain the second claim, we decompose

Πℏ = 𝟙(−∞,𝜇](−ℏ2Δ + 𝑉) = 𝜗(−ℏ2Δ + 𝑉) + 𝜒𝟙(−∞,𝜇](−ℏ2Δ + 𝑉), (12)

where𝜒 ∈ 𝐶∞
𝑐 (ℝ, [0, 1]) is supported on a neighbourhood of 𝜇, and 𝜗 ∈ 𝐶∞

𝑐 (ℝ, [0, 1]) is supported
on {𝜉2 + 𝑉(𝑥) < 𝜇}. By the functional calculus ([45], Theorem 14.9), one has

𝜗(−ℏ2Δ + 𝑉) = 𝑂𝑝ℏ(𝑏) + 𝐽1 (ℏ
∞),

† By elementary (Agmon-type) techniques, changing 𝑉 away from {𝑉 ⩽ 𝜇} has negligible impact on the quantities studied
here; see [15, Section 2.2] for details.
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 10 of 30

where 𝑏ℏ ∈  satisfies 𝑏ℏ ∈ {0, 1} on supp(𝑎). Then, using the composition formula for Weyl
quantisation (e.g. [45, Theorem 4.11 and 4.12]),

[𝑂𝑝ℏ(𝑏), 𝑂𝑝ℏ(𝑎)] = 𝑂𝑝ℏ(𝑏#𝑎 − 𝑎#𝑏) where 𝑏#𝑎 = 𝑎#𝑏 + 𝒮(ℏ∞).

Consequently, by [45, Theorem 4.21], ‖𝑂𝑝ℏ(𝑏#𝑎 − 𝑎#𝑏)‖𝐿2→𝐿2 = (ℏ∞). Using the Weyl-type
bound rank(𝜗(−ℏ2Δ + 𝑉)) = (ℏ−1), we finally obtain

‖[𝜗(−ℏ2Δ + 𝑉), 𝑂𝑝ℏ(𝑎)]‖𝐽1 = (ℏ∞). (13)

Moreover, we also have

‖𝜒(−ℏ2Δ + 𝑉)𝑂𝑝ℏ(𝑎)‖𝐽2 =
∑
𝑗∈ℕ0

𝜒(𝜆𝑗)
2‖‖𝑂𝑝ℏ(𝑎)𝜙𝑗

‖‖2
,

where every term is(ℏ∞) (by the first claim as 𝜒 is supported in a 𝛿-neighbourhood of 𝜇). Since
there are (ℏ−1) non-zero terms, this shows that

‖𝜒(−ℏ2Δ + 𝑉)𝑂𝑝ℏ(𝑎)‖𝐽2 = (ℏ∞). (14)

Since both operators on the RHS of (12) have rank (ℏ−1), the claim follows by combining the
estimates (13) and (14). □

Like the classical Hamiltonian dynamics in two-dimensional phase space, the quantum evolu-
tion problem and the eigenvalue problem are integrable for one-dimensional pseudo-differential
operators. This basic structure has been thoroughly exploited, notably through WKB expansions
for eigenfunctions, and it lies at the foundation of quantum mechanics. The modern formula-
tion and generalisation of this structure is the existence of a unitary conjugation of a Schrödinger
operator into a function of the harmonic oscillator. This conjugation is semi-global, that is, holds
in the vicinity of a given energy level𝜇, which is either regular (no critical point) or elliptic (critical
points are Morse and the Hessian has positive determinant).

Proposition 2.4 (Quantum action-angle theorem). Recall that g is the area map given by (7).
There exists a bounded operator𝑈ℏ on 𝐿2(ℝ) such that for every 𝜒 ∈ 𝐶∞

𝑐 (ℝ,ℝ) supported in a small
neighbourhood of 𝜇,

𝑈ℏ𝜒(𝐻ℏ)𝑈
∗
ℏ
= 𝜗

(
−ℏ2

2
Δ + 𝑥2

2

)
+ 𝐽1 (ℏ

∞),

where 𝜗 ∈ 𝑆0
cl
with compact support (in a small neighbourhood of the support of 𝜗0) and principal

symbol 𝜗0 = 𝜒◦g−1. Moreover,𝑈ℏ is microlocally unitary near the spectral curve 𝐶𝜇:

∙ for every 𝑎 ∈ 𝐶∞
𝑐 (ℝ2, ℝ) supported in a small neighbourhood of 𝜇,

𝑂𝑝ℏ(𝑎)𝑈
∗
ℏ
𝑈ℏ = 𝑂𝑝ℏ(𝑎) + 𝐽1 (ℏ

∞),

∙ for every 𝑏 ∈ 𝐶∞
𝑐 (ℝ2, ℝ) in a small neighbourhood of the circle 𝜅(𝜇),

𝑂𝑝ℏ(𝑏)𝑈ℏ𝑈
∗
ℏ
= 𝑂𝑝ℏ(𝑏) + 𝐽1 (ℏ

∞),
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11 of 30 DELEPORTE and LAMBERT

∙ for every 𝑎 ∈ 𝐶∞
𝑐 (ℝ2, ℝ) supported in a small neighbourhood 𝜇, there exists 𝑏 ∈ 𝑆0

cl
(ℝ2, ℝ) with

compact support and principal symbol 𝑏0 = 𝑎◦𝜅−1 such that

𝑈ℏ𝑂𝑝ℏ(𝑎)𝑈
∗
ℏ
= 𝑂𝑝ℏ(𝑏) + 𝐽1 (ℏ

∞),

A good presentation (in French) of the quantum action-angle theorem near regular trajecto-
ries can be found in [44]; the statement above corresponds to Théorème 4.1.8 (see also [8, 43]).
There are several versions of this theorem; usually, one conjugates the operator into a function of
−𝑖ℏ𝜕∕𝜕𝜃 acting on 𝐿2(𝑆1), but in our context, it is simpler to conjugate to the harmonic oscilla-
tor, because of the absence of eigenvalue shifts (vanishing of the Maslov index), as will come into
play below.
We begin with a description of the model case.

Proposition 2.5 [45, Chap. 6.1]. The operator 𝐻ℏ = −ℏ2

2
Δ + 𝑥2

2
is the (quantum) harmonic oscil-

lator. Its eigenfunctions (𝜓𝑗)𝑗∈ℕ0
are the (semi-classical) Hermite functions. In particular, we have

𝐻ℏ = 𝐴∗
ℏ
𝐴ℏ + ℏ∕2 where𝐴∗

ℏ
= 1√

−2
(ℏ𝜕𝑥 + 𝑥) is the creation operator. We have 𝜓0(𝑥) ∝ 𝑒−𝑥2∕2ℏ for

𝑥 ∈ ℝ and 𝜓𝑗 ∝ 𝐴
∗𝑗

ℏ
𝜓0 for 𝑗 ∈ ℕ so that𝐻ℏ𝜓𝑗 = (𝑗 + 1∕2)ℏ𝜓𝑗 for 𝑗 ∈ ℕ0.

Remark 2.6. Let be a small (but independent of ℏ) neighbourhood of 𝜇. Propositions 2.4 and 2.5
imply that for any𝜒 ∈ 𝐶∞

𝑐 ( , ℝ), the spectrumof𝜒(𝐻ℏ) lies(ℏ∞)-close to {𝜗((𝑛 + 1

2
)ℏ), 𝑛 ∈ ℕ},

see, for instance, [22, Theorem 8.20]. This implies that the eigenvalues of𝐻ℏ in are simple and
separated from each other by about ℏ (one can see this by considering the spectra of 𝜒(𝐻ℏ) for
different functions 𝜒).

In our context, using the conventions from Proposition 2.5, the relevant consequence of
Proposition 2.4 is the following result.

Proposition 2.7. There exists a Hilbert basis (𝜙𝑗)𝑗∈ℕ of eigenfunctions of −ℏ2Δ + 𝑉 such that the
following holds. For every 𝑎 ∈ 𝐶∞

𝑐 (ℝ2, ℝ) supported in a small neighbourhood of the curve 𝜇, there
exists 𝑏 ∈ 𝑆0

cl
(ℝ2, ℝ) with compact support and principal symbol 𝑏0 = 𝑎◦𝜅−1 so that, uniformly for

𝑗, 𝑘 ∈ ℕ0,

⟨𝜙𝑗, 𝑂𝑝ℏ(𝑎)𝜙𝑘⟩ = ⟨𝜓𝑗, 𝑂𝑝ℏ(𝑏)𝜓𝑘⟩ + (ℏ∞). (15)

In particular, rank(𝟙(−∞,𝜇](−ℏ2Δ + 𝑉)) = ℏ−1g(𝜇) + (1).

Proof. Since the eigenvalues of 𝐻ℏ lying in a neighbourhood of 𝜇 are separated by about ℏ

(Remark 2.6), the operator𝑈ℏ from Proposition 2.4 maps the eigenfunction of𝐻ℏ onto the corre-
sponding Hermite function;† for every 𝑗 ∈ ℕ such that 𝜆𝑗 ∈ [𝜇 − 𝜖, 𝜇 + 𝜖], there exists 𝑘 = 𝑘(𝑗) ∈

† The proof of this well-known fact goes as follows: suppose a bounded self-adjoint operator 𝐻0 has an isolated simple
eigenvalue𝜆0withdist(𝜆0, 𝜎(𝐻0) ⧵ 𝜆0) = 𝜖0 > 0. If𝜓 is normalised in𝐿2 and approximately solves the eigenvalue equation:‖(𝐻0 − 𝜆0)𝜓‖ = 𝛿 ≪ 𝜖0, then 𝜓 = ⟨𝜓0, 𝜓⟩𝜓0 + Π𝜓 whereΠ is the spectral projector onto the orthogonal of 𝜓0 and ‖(𝐻0 −

𝜆0)Π𝜓‖ = 𝛿. Hence, since (𝐻0 − 𝜆0) is invertible on the range ofΠ, with inverse bounded by 𝜖−1
0
, we conclude that ‖Π𝜓‖ ⩽

𝛿∕𝜖0.
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 12 of 30

ℕ and a phase 𝛼𝑗 such that

𝜙𝑗 = 𝑒𝑖𝛼𝑗𝑈ℏ𝜓𝑘 + (ℏ∞). (16)

In the last equation, one has, in fact, 𝑗 = 𝑘. This follows by computing theMaslov index of𝑈ℏ (see
[8, 42]). A direct way to see that indices match is to use a deformation argument and a stronger
action-angle formula, which we now explain.
Let 𝑝 ∶ ℝ2 → ℝ be such that 𝑝(𝑥, 𝜉) = 𝑉(𝑥) + 𝜉2 near 𝐶𝜇 and such that, on {𝑝 < 2𝜇}, there is

only one critical point which is a non-degenerate local minimum. In this situation, we can extend
the action-angle theorem to the whole bottom of the spectrum (as in [44], Theorem 4.22), and
since the bottom of the spectra must match, for the eigenfunctions 𝜙̃𝑗 of 𝑂𝑝ℏ(𝑝), one has exactly
𝑈ℏ𝜙̃𝑗 = 𝑒𝑖𝛼𝑗𝜓𝑗 + (ℏ∞) for all 𝑗 with 𝜆̃𝑗 < 2𝜇.
Now, by microlocalisation arguments (Lemma 2.3), the eigenvalues and eigenfunctions of

𝑂𝑝ℏ(𝑝) and −ℏ2Δ + 𝑉 are identical, up to (ℏ∞), for all eigenvalues in [𝜇 − 𝜖, 𝜇 + 𝜖] and there is
no index shift in this region because one can construct a homotopy between these two operators
which fixes the number of eigenvalues in {𝜆 < 𝜇 − 𝜖} and {𝜆 ⩽ 𝜇 + 𝜖}. Thus, if 𝜆𝑗 ∈ [𝜇 − 𝜖, 𝜇 + 𝜖],

𝜙̃𝑗 = 𝜙𝑗 + (ℏ∞)

without index shift, which allows us to conclude.
To conclude the proof of Proposition 2.7, we can replace 𝜙𝑘 by 𝑒−𝑖𝛼𝑘𝜙𝑘 and apply Proposition 2.4

if both 𝜆𝑗, 𝜆𝑘 ∈ [𝜇 − 𝜖, 𝜇 + 𝜖], we obtain

⟨𝜙𝑗, 𝑂𝑝ℏ(𝑎)𝜙𝑘⟩ = ⟨𝜓𝑗, 𝑂𝑝ℏ(𝑏)𝜓𝑘⟩ + (ℏ∞).

Otherwise, by Lemma 2.3, say 𝜙𝑗 ismicrolocalised away from the support of 𝑎, while𝜓𝑗 ismicrolo-
calised away from the support of 𝑎◦𝜅−1; thus, both sides of (15) are (ℏ∞); which concludes the
proof. □

2.3 Approximate Toeplitz structure

It is possible to derive an asymptotic formula for ⟨𝜓𝑗, 𝑂𝑝ℏ(𝑏)𝜓𝑘⟩ using either the induction
formula on the Hermite functions (𝜓𝑘)𝑘∈ℕ0

or their WKB asymptotics as ℏ → 0. Similar asymp-
totic formulas also appear in the literature [21] where the proof is quite involved, notably using
the special form of the Guillemin–Wodzicki residue in the case of a periodic classical flow. We
use a different and simpler approach in this article; a unitary conjugation to Berezin–Toeplitz
quantisation on the Bargmann–Fock space.

Proposition 2.8 ([19, Propositions 2.96 and 2.97]; see also [45, Chapter 13]). Recall the notation
from Proposition 2.5. Let ℏ be the Bargmann transform (or wavepacket transform) defined by the
integral kernel

ℂ × ℝ ∋ (𝑧, 𝑥) ↦ ℏ(𝑧, 𝑥) =
1

(𝜋ℏ)1∕4
exp

(
−

𝑧2 + |𝑧|2 − 2
√

2𝑧𝑥 + 𝑥2

2ℏ

)
.
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13 of 30 DELEPORTE and LAMBERT

Then, ℏ is a unitary transformation from 𝐿2(ℝ) into

ℏ = {𝑓 ∈ 𝐿2(ℂ), 𝑧 ↦ 𝑒
|𝑧|2
2ℏ 𝑓(𝑧) is holomorphic}

such that for all 𝑗 ∈ ℕ0,

ℏ𝜓𝑗 ∶ 𝑧 ↦
ℏ−

1+𝑗

2√
𝜋𝑗!

𝑧𝑗𝑒−
|𝑧|2
2ℏ .

Then, for every 𝑏 ∈ 𝐶∞
𝑐 (ℝ2, ℝ), there exists 𝑓 ∈ 𝑆0

cl
(ℂ, ℝ) with compact support and principal

symbol 𝑓0(𝑥 + 𝑖𝜉) = 𝑏0(𝑥, 𝜉) such that uniformly as ℏ → 0, for all 𝑢, 𝑣 ∈ ℏ with ‖𝑢‖ = ‖𝑣‖ = 1,

⟨𝑢,ℏ𝑂𝑝ℏ(𝑏)∗
ℏ
𝑣⟩ = ∫ 𝑢(𝑧)𝑣(𝑧)𝑓ℏ(

√
2𝑧)d𝑧 + (ℏ∞). (17)

Remark 2.9. ℏ𝐴
∗
ℏ
∗

ℏ
∶ 𝑢 ↦ 𝑧𝑢 corresponds to the usual creation operator on ℏ. In par-

ticular, formula (17) is exact in this case and the normalisation of ℏ is consistent with the
physics literature.

With this conjugation, for any 𝑏 ∈ 𝐶∞
𝑐 (ℝ2, ℝ), one can easily obtain the asymptotics of matrix

elements for 𝑂𝑝ℏ(𝑏) in the Hermite basis (see Proposition 2.5).

Proposition 2.10. Let 𝑏 ∈ 𝐶∞
𝑐 (ℝ2, ℝ). For every 𝜖 > 0, as ℏ → 0, uniformly for 𝑗, 𝑘 ⩾ 𝜖ℏ−1,

⟨𝜓𝑗, 𝑂𝑝ℏ(𝑏)𝜓𝑘⟩ = 𝑏̂𝑘−𝑗(
𝑗+𝑘

2
ℏ) + 𝜖(ℏ|𝑗 − 𝑘|−∞) + (ℏ∞).

where, for 𝜆 > 0,
(
𝑏̂𝑘(𝜆)

)
𝑘∈ℤ

denotes the Fourier coefficients of the function 𝜃 ∈ [0, 2𝜋] ↦

𝑓0(
√

2𝜆𝑒𝐢𝜃) with 𝑓0(𝑥 + 𝑖𝜉) = 𝑏0(𝑥, 𝜉).

Proof. We have for 𝑗, 𝑘 ∈ ℕ0,

⟨𝜓𝑗, 𝑂𝑝ℏ(𝑏)𝜓𝑘⟩ = ∫ℂ

𝑢𝑗(𝑧)𝑢𝑘(𝑧)𝑓(
√

2𝑧)d𝑧 + (ℏ∞),

where 𝑢𝑗 = ℏ𝜓𝑗 and 𝑓 ∈ 𝑆0
cl
(ℂ, ℝ) is as in Proposition 2.8. In particular, 𝑢𝑘(𝑧) = 𝛾𝑘𝑧

𝑘𝑢0(𝑧) with

𝛾𝑘 =
√

ℏ−𝑘

𝑘!
for 𝑘 ∈ ℕ0, so that

∫ℂ

𝑢𝑗(𝑧)𝑢𝑘(𝑧)𝑓ℏ(
√

2𝑧)d𝑧 =
𝛾𝑗𝛾𝑘

ℏ ∫
∞

0
𝑓𝑘−𝑗(𝜆)𝑒

−𝜆∕ℏ𝜆
𝑗+𝑘

2 d𝜆, (18)

where
(
𝑓𝑘(𝜆)

)
𝑘∈ℤ

denotes the Fourier coefficients of the function 𝜃 ∈ [0, 2𝜋] ↦ 𝑓(
√

2𝜆𝑒𝐢𝜃) for
𝜆 > 0.
Note that for 𝛼 > 0, the function 𝜆 ↦ 𝜆 − 𝛼 log 𝜆 is strictly convex on ℝ+ with a unique mini-

mum𝜛(𝛼) for 𝜆 = 𝛼. Let 𝜒 ∈ 𝐶∞
𝑐 (ℝ) be a smooth cut-off which equals to 1 on a neighbourhood
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 14 of 30

of 𝛼. By the Laplace method, since 𝑓𝑘−𝑗 ∈ 𝐶2(ℝ+) is bounded, it holds as ℏ → 0,

∫
∞

0
𝑓𝑘−𝑗(𝜆)𝑒

−(𝜆−𝛼 log 𝜆)∕ℏd𝜆 = ∫ 𝑓𝑘−𝑗(𝜆)𝜒(𝜆)𝑒−(𝜆−𝛼 log 𝜆)∕ℏd𝜆 + (ℏ∞)

= 2
√

𝜋ℏ 𝑒−𝜛(𝛼)∕ℏ
(
𝑓𝑘−𝑗(𝛼) + (ℏ)

)
,

where the errors are controlled by ‖𝑓𝑘−𝑗‖𝐶0 and ‖𝜒𝑓𝑘−𝑗‖𝐶2 , respectively. Moreover, this estimate
is locally uniform for 𝛼 ∈ ℝ+.
Now, if 𝑓 ∈ 𝐶∞

𝑐 (ℝ2, ℝ), the Fourier coefficients 𝑓𝑘 have rapid decay as 𝑘 → +∞ (in the 𝐶∞

topology). To be precise, let 𝐾 ⊂ (0,∞) be a compact set and 𝓁 ∈ ℕ By repeated integrations by
part, for every𝑚 ∈ ℕ,

sup
𝑟∈𝐾

|𝑓(𝓁)
𝑘

(𝑟)| = sup
𝑟∈𝐾

|||||∫
2𝜋

0
𝑒−𝑖𝑘𝜃𝜕𝓁𝑟 𝑓(

√
2𝑟𝑒𝐢𝜃)d𝜃

|||||
= 𝑘−𝑚 sup

𝑟∈𝐾

|||||∫
2𝜋

0
𝑒−𝑖𝑘𝜃𝜕𝓁𝑟 𝜕

𝑚
𝜃
𝑓(
√

2𝑟𝑒𝐢𝜃)d𝜃
|||||

⩽ 𝑘−𝑚𝐶(𝐾,𝓁, 𝑚)‖𝑓‖𝐶𝑚+𝓁 .

Hence, applying the Laplace method as above, we conclude that if the indices 𝑗, 𝑘 ⩾ 𝜖ℏ−1,

∫
∞

0
𝑓𝑘−𝑗(𝜆)𝑒

−𝜆∕ℏ𝜆
𝑗+𝑘

2 d𝜆 = ∫
∞

0
𝑓𝑘−𝑗(𝜆)𝑒

−(𝜆−𝛼 log 𝜆)∕ℏd𝜆, 𝛼 =
𝑗+𝑘

2
ℏ,

= 2
√

𝜋ℏ 𝑒−𝜛(𝛼)∕ℏ
(
𝑓𝑘−𝑗(𝛼) + 𝜖(ℏ|𝑘 − 𝑗|−∞)

)
.

In particular, we can replace𝑓 by its principal symbol𝑓0while computing the Fourier coefficients,
up to a similar error.
Now, going back to (18) with 𝑓ℏ = 1 and 𝑗 = 𝑘, we have for 𝑘 ⩾ 𝜖ℏ−1,

1 = ∫ℂ

|𝑢𝑘(𝑧)|2d𝑧 = 2𝛾2
𝑘

√
𝜋∕ℏ 𝑒−𝜛(𝑘ℏ)∕ℏ(1 + (ℏ)).

This implies that for 𝑗, 𝑘 ⩾ 𝜖ℏ−1,

∫ℂ

𝑢𝑗(𝑧)𝑢𝑘(𝑧)𝑓ℏ(
√

2𝑧)d𝑧 = 𝑒

(
𝜛(𝑘ℏ)+𝜛(𝑗ℏ)−2𝜛(

𝑗+𝑘

2
ℏ)
)
∕2ℏ

(
𝑓𝑘−𝑗(

𝑗+𝑘

2
ℏ) + 𝜖(ℏ|𝑘 − 𝑗|−∞)

)
.

Since 𝜛 ∶ ℝ+ ∋ 𝛼 → 𝛼(1 − log 𝛼) is a smooth strictly concave function with ‖𝜛‖𝐶2(𝜖,∞) ⩽ 𝐶∕𝜖,
we conclude that

𝑒

(
𝜛(𝑘ℏ)+𝜛(𝑗ℏ)−2𝜛(

𝑗+𝑘

2
ℏ)
)
∕2ℏ

= 1 − 𝜖

(
ℏ|𝑘 − 𝑗|2),

which together with the decay in the variable 𝑘 − 𝑗 above, yields the final claim. □
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15 of 30 DELEPORTE and LAMBERT

Propositions 2.7 and 2.10 together imply the following approximate Toeplitz formula for the
matrix elements of a pseudo-differential operator.

Proposition 2.11. Recall that (𝜙𝑗)𝑗∈ℕ0
is a Hilbert basis of eigenfunctions of −ℏ2Δ + 𝑉. For every

symbol 𝑎 ∈ 𝑆0
cl
(ℝ2, ℝ) with compact support in a small neighbourhood of the curve 𝜇, it holds

uniformly for 0 ⩽ 𝑗, 𝑘 ⩽ 2𝑁(ℏ),

⟨𝜙𝑗, 𝑂𝑝ℏ(𝑎)𝜙𝑘⟩ = 𝑎̂𝑘−𝑗(
𝑗+𝑘

2
ℏ) + (ℏ|𝑗 − 𝑘|−∞),

where
(
𝑎̂𝑘(𝐼)

)
𝑘∈ℤ

are the Fourier coefficients of the principle symbol 𝑎0, given by formula (9).
Moreover, the coefficients 𝑎̂𝑘(𝐼) are (|𝑘|−∞) uniformly for 𝐼 > 0.

Proof. Proposition 2.7 (a consequence of the action-angle theorem) allows to compute the matrix
elements in the Hermite basis after replacing the symbol 𝑎 by 𝑏, up to a uniform error (ℏ∞) for
the appropriate range of indices. Then, Proposition 2.10 yields the asymptotics of these coefficients
with the appropriate off-diagonal decay.We note that the leading terms only depend on the princi-
pal part 𝑏0 = 𝑎◦𝜅−1 and they correspond to the Fourier coefficients (9) (or equivalently (8)) with
𝐼 = ℏ

𝑗+𝑘

2
, while the errors (ℏ∞) are negligible compared to (ℏ|𝑗 − 𝑘|−∞) in the appropriate

range. □

Lemma 2.12. For every symbol 𝑎 ∈ 𝑆0(ℝ2, ℂ), as ℏ → 0,

‖[Πℏ, 𝑂𝑝ℏ(𝑎)]‖𝐽2 = (1).

Proof. Proposition 2.11 can be used to determine the limit of ‖[Πℏ, 𝑂𝑝ℏ(𝑎)]‖𝐽2 as ℏ → 0 for any
symbol 𝑎 ∈ 𝑆0(ℝ2, ℂ). By Lemma 2.3, one can assume that the symbol is supported on a small
neighbourhood of the curve 𝜇. Then, letting 𝐴𝑖𝑗 = ⟨𝜙𝑗, 𝑂𝑝ℏ(𝑎)𝜙𝑖⟩ for 𝑖, 𝑗 ∈ ℕ0, by definition of
the Hilbert–Schmidt norm,

‖[Πℏ, 𝑂𝑝ℏ(𝑎)]‖2
𝐽2

=
∑

𝑖,𝑗∈ℕ0

(𝟙{𝑗 < 𝑁, 𝑖 ⩾ 𝑁} + 𝟙{𝑖 < 𝑁, 𝑗 ⩾ 𝑁})|𝐴𝑖𝑗|2,
where we recall that 𝑁 = rank(𝟙(−∞,𝜇](−ℏ2Δ + 𝑉)). By Proposition 2.11, there is a constant 𝐶

depending only on the symbol such that the coefficients |𝐴𝑖𝑗| ⩽ 𝐶|𝑖 − 𝑗|−3 and𝐴𝑖𝑗 = 𝑎̂𝑗−𝑖(
𝑖+𝑗

2
ℏ) +

(ℏ) as ℏ → 0. In particular, using that the functions 𝐼 ∈ (0,∞) ↦ 𝑎̂𝑘(𝐼) are 𝐶1 (uniformly for
𝑘 ∈ ℤ), if 𝑖, 𝑗 ∈ [𝑁 − 𝐿,𝑁 + 𝐿] for some 𝐿 independent of ℏ, then 𝐴𝑖𝑗 = 𝑎̂𝑗−𝑖(𝑁ℏ) + (𝐿ℏ) as
ℏ → 0. Moreover, by Weyl law ℏ𝑁 ∼ g(𝜇) in terms of the area map (7), so that in this range
𝐴𝑖𝑗 = 𝑎̂𝑗−𝑖(g(𝜇)) + 𝑜𝐿(1) as ℏ → 0 (here the error terms depends on 𝐿). This implies that for any
given 𝐿 ∈ ℕ,∑

𝑖,𝑗∈ℕ0

𝟙{𝑗 < 𝑁 ⩽ 𝑖}|𝐴𝑖𝑗|2 =
∑

𝑖,𝑗∈ℕ0

𝟙{𝑁 − 𝐿 ⩽ 𝑗 < 𝑁}𝟙{𝑁 ⩽ 𝑖 ⩽ 𝑁 + 𝐿})|𝐴𝑖𝑗|2 + (1∕𝐿)

=
∑
𝑖,𝑗∈ℤ

𝟙{𝑗 ∈ [−𝐿, 0)}𝟙{𝑖 ∈ [0, 𝐿]}|𝑎̂𝑖−𝑗(g(𝜇))|2 + 𝑜𝐿(1)
ℏ→0

+ 𝑜(1)
𝐿→∞

,
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 16 of 30

where the second error is independent of ℏ, and the same estimate holds for the other sum. Tak-
ing the limit as ℏ → 0 (for 𝐿 fixed so that the sum is finite) and then as 𝐿 → ∞ (by monotone
convergence), we obtain∑

𝑖,𝑗∈ℕ0

𝟙{𝑗 < 𝑁 ⩽ 𝑖}|𝐴𝑖𝑗|2 →
∑
𝑖,𝑗∈ℤ

𝟙{𝑗 < 0 ⩽ 𝑖}|𝑎̂𝑖−𝑗(g(𝜇))|2.
The sum on the RHS converges absolutely because of the decay of the Fourier coefficients
{𝑎̂𝑘(𝐼)}𝑘∈ℤ (the symbol 𝑎 is smooth) so, by rearranging the sum, we obtain that as ℏ → 0,∑

𝑖,𝑗∈ℕ0

𝟙{𝑗 < 𝑁 ⩽ 𝑖}|𝐴𝑖𝑗|2 →
∑
𝑘⩾1

𝑘|𝑎̂𝑘(g(𝜇))|2,
and similarly for the other sum. Combining these limits, we conclude that

lim
ℏ→0

‖[Πℏ, 𝑂𝑝ℏ(𝑎)]‖2
𝐽2

=
∑
𝑘∈ℤ

|𝑘||𝑎̂𝑘(g(𝜇))|2.
This proves the claim and we note that, by symmetry, the limit is 2Σ2

(𝑉,𝜇)
(𝑎) according to for-

mula (10). We also record that the Szegő limit in Theorem 1 is Σ2
(𝑉,𝜇)

(𝑓) with 𝑎 = 𝑒𝜂𝑓 − 1. In
particular, as expected, we recover that Σ2

(𝑉,𝜇)
(𝑎) ∼ 𝜂2Σ2

(𝑉,𝜇)
(𝑓) as 𝜂 → 0. Theorem 1 is a gener-

alisation of this 𝐽2 norm convergence, by computing the limit of higher order terms (cumulants)
in the Taylor expansion of the Laplace transform log 𝔼[𝑒𝜂X(𝑓)] (2).
Alternative arguments (valid in any dimension) can be found in [15, Section 5.4] when 𝑎 is

a function of 𝑥 with compact support inside the bulk (by Lemma 2.3, we may assume that 𝑎 is
supported on a small neighbourhood of 𝐶𝜇) and also in the proof of [20]. □

2.4 Fredholm determinants

The proof of Theorem 1 relies on a Taylor expansion of the Fredholm determinant on the RHS
of (2), or rather of a renormalised determinant (obtained by removing the mean of X(𝑓)); this
requires still a few preparatory results.
Let Π be a finite rank projection. Recall that if 𝐴 is an operator with ‖𝐴‖ < 1, then the Fred-

holm determinant det(1 + 𝐴Π) is well defined and positive. Moreover, the operator log(1 + 𝐴) is
bounded and we have

ΥΠ(𝐴) ∶= log det(1 + 𝐴Π) − tr(log(1 + 𝐴)Π) =
∑
𝑛⩾2

(−1)𝑛

𝑛
tr(Π𝐴𝑛Π − (Π𝐴Π)𝑛). (19)

This series is (absolutely) convergent since we have the trivial bound ‖‖(Π𝐴Π)𝑛 − Π𝐴𝑛Π‖‖𝐽1 ⩽

2𝑁‖𝐴‖𝑛 where𝑁 = trΠ. In particular, we writeΥΠ(𝑧𝐴) =
∑

𝑛⩾2
(−𝑧)𝑛

𝑛
Υ𝑛

Π
(𝐴) for |𝑧| < 1. Our next

result provides a uniform bound for (19) and a perturbative expansion of its coefficients in terms
of the Hilbert–Schmidt norm of certain commutators.

Lemma 2.13. For any operator 𝐴 with ‖𝐴‖ ⩽ 𝜌, one has |Υ𝑛
Π
(𝐴)| ⩽ 𝑛(𝑛−1)

2
‖[Π,𝐴]‖2

𝐽2
𝜌𝑛−2 for any

𝑛 ⩾ 2. Moreover, if 𝜌 < 1, there is a constant 𝐶 depending only on 𝜌 and ‖[Π,𝐴]‖𝐽2 so that for any
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17 of 30 DELEPORTE and LAMBERT

operator 𝑅 with ‖𝑅‖ ⩽ 𝜌, one has for any 𝑛 ⩾ 2.

|Υ𝑛
Π(𝐴 + 𝑅) − Υ𝑛

Π(𝐴)| ⩽ 𝐶2𝑛 max
1⩽𝑘<𝑛

‖[Π,𝐴𝑘−1𝑅]‖𝐽2 .

Proof. Firstly observe that for 𝑛 ⩾ 2,

Π𝐴𝑛Π − (Π𝐴Π)𝑛 =
(
Π[Π,𝐴][𝐴𝑛−1, Π]Π

)
+ (Π𝐴Π)(Π𝐴𝑛−1Π − (Π𝐴Π)𝑛−1)

so that by induction,

‖Π𝐴𝑛Π − (Π𝐴Π)𝑛‖𝐽1 ⩽ ‖[Π,𝐴][𝐴𝑛−1, Π]‖𝐽1 + 𝜌‖Π𝐴𝑛−1Π − (Π𝐴Π)𝑛−1‖𝐽1

⩽ ‖[Π,𝐴]‖𝐽2

∑
1⩽𝑘<𝑛

𝜌𝑘−1‖[𝐴𝑛−𝑘,Π]‖𝐽2 ,

where we used that ‖𝐵𝑄‖𝐽1 ⩽ ‖𝐵‖𝐽2‖𝑄‖𝐽2 for Hilbert–Schmidt operators 𝐵,𝑄. Moreover, we also
have for 𝑛 ⩾ 2,

‖[𝐴𝑛,Π]‖𝐽2 ⩽
∑

1⩽𝑘⩽𝑛

‖𝐴𝑘−1[𝐴,Π]𝐴𝑛−𝑘‖𝐽2 ⩽ 𝑛𝜌𝑛−1‖[Π,𝐴]‖𝐽2 .

This implies that for 𝑛 ⩾ 2,

‖Π𝐴𝑛Π − (Π𝐴Π)𝑛‖𝐽1 ⩽
𝑛(𝑛−1)

4
‖[Π,𝐴]‖2

𝐽2
𝜌𝑛−2,

which yields the first bound.
Let us now turn to the second bound. Expanding each term in

Υ𝑛
Π(𝐴 + 𝑅) ∶= tr(Π(𝐴 + 𝑅)𝑛Π − (Π(𝐴 + 𝑅)Π)𝑛),

we obtain

Υ𝑛
Π(𝐴 + 𝑅) − Υ𝑛

Π(𝐴) =
∑

Γ∈Ω𝑛

tr (ΠΓ1 ⋯Γ𝑛Π − ΠΓ1Π⋯Γ𝑛Π), (20)

where Ω𝑛 ∶=
{
Γ ∈ {𝐴, 𝑅}𝑛 ∶ Γ ≠ (𝐴,… ,𝐴)

}
.

We are going to study the sum (20) by induction on 𝑛. and to this end, we separate cases
depending on Γ1. Let Γ′ ∈ Ω𝑛−1 be given by

Γ′ =

{
(Γ1, … , Γ𝑛−1) if Γ1 = 𝑅

(Γ2, … , Γ𝑛) if Γ1 = 𝐴;

in other words, we construct Γ′ from Γ by removal of the last letter if the first letter is an 𝑅, and
by removal of the first letter if the first letter is an A. The point is that one has always Γ′ ∈ Ω𝑛−1,
which would not be the case if one indiscriminately removed the first or the last letter of Γ.
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 18 of 30

Let us also denote

𝜋(Γ) = Γ1 ⋯Γ𝑛 and Q(Γ) = ΠΓ1 ⋯Γ𝑛Π − ΠΓ1Π⋯Γ𝑛Π.

The point of our definition of Γ′ is the following: for all Γ ∈ Ω𝑛 with 𝑛 ⩾ 2, we claim that

‖Q(Γ)‖𝐽1 ⩽ 𝐶‖[Π, 𝜋(Γ′)]‖𝐽2 + 𝜌‖Q(Γ′)‖𝐽1 , (21)

where ‖[𝐴,Π]‖𝐽2 , ‖[𝑅,Π]‖𝐽2 ⩽ 𝐶 and we recall 𝜌 < 1.
To prove (21) in case Γ1 = 𝑅, we decompose

𝑄(Γ) = Π[Π, Γ1 ⋯Γ𝑛−1]Γ𝑛Π + (ΠΓ1 ⋯Γ𝑛−1Π − ΠΓ1Π⋯ΠΓ𝑛−1Π)ΠΓ𝑛Π

= [Π, 𝜋(Γ′)](1 − Π)[Γ𝑛,Π] + 𝑄(Γ′)ΠΓ𝑛Π.

The argument is analogous in the other case Γ1 = 𝐴.
Then, by induction on (21), there is a sequence Γ𝑘 ∈ Ω𝑘 for 𝑘 = 1,… , 𝑛 such that Γ𝑛 = Γ, Γ𝑘−1 =

(Γ𝑘)′ and

‖Q(Γ)‖𝐽1 ⩽ 𝐶
∑

1⩽𝑘<𝑛

𝜌𝑛−𝑘−1‖[Π, 𝜋(Γ𝑘)]‖𝐽2 .

Now we claim that there is a constant 𝑐(𝜌) so that for any 𝑛 ⩾ 2 and Γ ∈ Ω𝑛,

‖[Π, 𝜋(Γ)]‖𝐽2 ⩽ 𝑐(𝜌) max
0⩽𝑗<𝑛

‖[𝐴𝑗𝑅,Π]‖𝐽2 . (22)

This proves the claim: indeed, from the two previous bounds, there is a constant 𝐶(𝜌) such that
for any 𝑛 ⩾ 2 and Γ ∈ Ω𝑛,

‖ΠΓ1 ⋯Γ𝑛Π − ΠΓ1Π⋯ΠΓ𝑛Π‖𝐽1 ⩽ 𝐶(𝜌) max
0⩽𝑗<𝑛−1

‖[𝐴𝑗𝑅,Π]‖𝐽2 .

Going back to formula (20), with |Ω𝑛| ⩽ 2𝑛, this proves the claim.
Now, to prove (22), note that for Γ ∈ Ω𝑛, we can always write 𝜋(Γ) in the form

𝜋(Γ) = 𝐴𝓁−1𝑅 Γ𝓁+1 ⋯Γ𝑛 for 𝓁 ∈ {1, … , 𝑛},

so that

[Π, 𝜋(Γ)] = [Π,𝐴𝓁−1𝑅]Γ𝓁+1 ⋯Γ𝑛 + 𝐴𝓁−1𝑅[Π, Γ𝓁+1 ⋯Γ𝑛]

‖[Π, 𝜋(Γ)]‖𝐽2 ⩽ ‖[Π,𝐴𝓁−1𝑅]‖𝐽2 + ‖𝑅[Π, Γ𝓁+1 ⋯Γ𝑛]‖𝐽2 .

If Γ𝓁+1 = ⋯ = Γ𝑛 = 𝐴, we can bound

𝑅[Π, Γ𝓁+1 ⋯Γ𝑛] = [𝑅,Π]𝐴𝑛−𝓁 + [Π, 𝑅𝐴𝑛−𝓁]

‖𝑅[Π, Γ𝓁+1 ⋯Γ𝑛]‖𝐽2 ⩽ ‖[𝑅,Π]‖𝐽2 + ‖[Π,𝐴𝑛−𝓁𝑅]‖𝐽2
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19 of 30 DELEPORTE and LAMBERT

using that [Π, 𝑅𝐴𝓁]∗ = −[Π,𝐴𝓁𝑅] for 𝓁 ⩾ 0 since 𝐴, 𝑅 are self-adjoint; then we are done.
Otherwise,

‖[Π, 𝜋(Γ)]‖𝐽2 ⩽ ‖[Π,𝐴𝓁−1𝑅]‖𝐽2 + 𝜌‖[Π, 𝜋(Γ𝓁+1, … , Γ𝑛)]‖𝐽2 ,

and, by induction (using that 𝜌 < 1), we obtain(22). □

Proposition 2.14. Let 𝑎 ∈ 𝑆0
cl
(ℝ2, ℂ) and suppose ‖𝑎0‖𝐿∞ ⩽ 𝑐 < 1. Define

Υℏ(𝑎) ∶= ΥΠℏ
(𝑂𝑝ℏ(𝑎)) =

+∞∑
𝑛=2

(−1)𝑛

𝑛
tr(Π𝑂𝑝ℏ(𝑎)

𝑛Π − (Π𝑂𝑝ℏ(𝑎)Π)𝑛)
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

Υ𝑛
ℏ
(𝑎)

.

The coefficientsΥ𝑛
ℏ
(𝑎) are bounded by constants𝐶𝑛 (independent ofℏ) with

∑
𝑛⩾2 𝐶𝑛 < ∞.Moreover,

for any cutoff 𝜒 ∈ 𝐶∞
𝑐 (ℝ2, [0, 1]) which is equal to 1 on a neighbourhood of the curve 𝜇, as ℏ → 0,

Υℏ(𝑎) = Υℏ(𝑎𝜒) + 𝑜(1)

and Υ𝑛
ℏ
(𝑎) = Υ𝑛

ℏ
(𝑎𝜒) + 𝑂𝑛(ℏ

∞) for 𝑛 ⩾ 2.

Proof. Let 𝐵 = 𝑂𝑝ℏ(𝑎), 𝐴 = 𝑂𝑝ℏ(𝜒𝑎), 𝑅 = 𝑂𝑝ℏ((1 − 𝜒)𝑎) and Π = Πℏ. By Gårding’s inequality
([45, Theorem 4.30]),† there exists a fixed 𝜌 < 1 such that for all ℏ > 0 sufficiently small,

‖𝐴‖, ‖𝐵‖, ‖𝑅‖ ⩽ 𝜌.

Moreover, ‖[Π,𝐴]‖𝐽2 , ‖[Π, 𝐵]‖𝐽2 ⩽ 𝐶 for a constant𝐶 independent of ℏ (by Lemma 2.12), so using
the first estimate from Lemma 2.13, |Υ𝑛

ℏ
(𝑎)| ⩽ 𝐶𝑛2𝜌𝑛 and these constants are summable.

Now we claim that

‖[Π,𝐴𝑘𝑅]‖𝐽2 = 𝑘(ℏ
∞). (23)

Indeed, 𝐴𝑘𝑅 = 𝑂𝑝ℏ(𝑟𝑘) where 𝑟0 = (1 − 𝜒)𝑎 and 𝑟𝑘,ℏ = (𝜒𝑎)#𝑟𝑘−1,ℏ for 𝑘 ∈ ℕ; see [45, Theorem
4.11]. Then, by [45, Theorem 4.12], 𝑟𝑘,ℏ = 𝑟′

𝑘,ℏ
+ 𝑘(ℏ

∞) where supp(𝑟′
𝑘,ℏ

) = supp(𝑟0) for 𝑘 ∈ ℕ

and since supp(𝑟0) ∩ 𝜇 = ∅, applying Lemma 2.3, this proves the estimate (23).
Then, using the second bound from Lemma 2.13, this implies that for any 𝑛 ⩾ 2,

|Υ𝑛
ℏ
(𝑎) − Υ𝑛

ℏ
(𝑎𝜒)| = 𝑛(ℏ

∞).

Hence, we also have Υℏ(𝑎) = Υℏ(𝑎𝜒) + 𝑜(1) as ℏ → 0 by the dominated convergence
theorem. □

Proposition 2.14 has the following important consequence; to compute the asymptotics ofΥ𝑛
ℏ
(𝑎)

for a general symbol 𝑎 ∈ 𝑆0
cl
, one can replace 𝑎 by its principal symbol and assume that 𝑎0 is

supported in a small neighbourhood of the curve 𝜇. This assumption is crucial in order to apply

†Under our assumptions, 1 − 𝑎 ⩾ 1 − 𝑐 > 0 so that 𝑂𝑝ℏ(1 − 𝑎) = I − 𝐵 ⩾ 𝛾I as an operator if ℏ ⩽ ℏ𝛾 , for any 𝛾 < 1 − 𝑐.
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 20 of 30

the quantum version of the action-angle theorem in the next section. We can further replace the
operator 𝑂𝑝ℏ(𝜒𝑎) by a finite rank operator 𝐴 via a truncation.

Proposition 2.15. Let 𝑎 ∈ 𝑆0
cl
(ℝ2, ℂ) with ‖𝑎0‖𝐿∞ ⩽ 𝑐 < 1. Let Π = 𝟙(−∞,𝜇](−ℏ2Δ + 𝑉) and Q =

𝜗(−ℏ2Δ + 𝑉) where 𝜗 ∈ 𝐶∞(ℝ, [0, 1]) is such that 𝜗 ⩾ 𝟙(−∞,𝜇+𝛿] for a small 𝛿 > 0. Then, for any
cutoff 𝜒 ∈ 𝐶∞

𝑐 (ℝ2, [0, 1]) supported on a small neighbourhood of the curve 𝜇 and equal to 1 on a
smaller neighbourhood of this curve, as ℏ → 0,

Υℏ(𝑎) = log det(1 + 𝑂𝑝ℏ(𝑎)Π) − tr(log(1 + 𝑂𝑝ℏ(𝑎))Π) = ΥΠ(𝐴) + 𝑜(1),

where 𝐴 = Q𝑂𝑝ℏ(𝜒𝑎0)Q.

Proof. By Proposition 2.14, on can replace the symbol 𝑎 by 𝜒𝑎0 in such a way that supp(𝑎0𝜒) ∩

𝜇±𝛿 = ∅. Then, from the proof of Proposition 2.3 (see (13)), ‖[Q, 𝑂𝑝ℏ(𝑎)]‖𝐽1 = (ℏ∞). This
implies that for 𝑛 ⩾ 2,

Υ𝑛
Π(𝐴) = tr(Π𝐴𝑛Π − (Π𝐴Π)𝑛) = tr(Π𝑂𝑝ℏ(𝑎)

𝑛Π − (Π𝑂𝑝ℏ(𝑎)Π)𝑛) + 𝑛(ℏ
∞)

where the leading term equals Υ𝑛
ℏ
(𝑎) and we used that ΠQ = QΠ = Π. Hence, using again that‖𝑂𝑝ℏ(𝑎)‖ ⩽ 𝜌 < 1 and ‖[Π, 𝑂𝑝ℏ(𝑎)]‖𝐽2 ⩽ 𝐶 (Lemma 2.12), by Lemma 2.13 and the dominated

convergence theorem, we conclude that Υℏ(𝑎) = ΥΠ(𝐴) + 𝑜(1) as ℏ → 0 as claimed. □

2.5 Strong Szegő asymptotics

The goal of this section is to prove Proposition 2.2. Starting from Proposition 2.15, we now obtain
the asymptotics ofΥΠ(𝐴)with𝐴 = Q𝑂𝑝ℏ(𝜒𝑎0)Q by computing the tracesΥ𝑛

Π
(𝐴) using theHilbert

basis (𝜙𝓁)𝓁∈ℕ0
from Proposition 2.11. Let𝐴𝓁𝑘 = ⟨𝜙𝓁 , 𝑂𝑝ℏ(𝜒𝑎0)𝜙𝑘⟩ for 𝑘,𝓁 ∈ ℕ0. Using thatQ𝜙𝑗 =

𝜗(𝜆𝑗)𝜙𝑗 and 𝜗(𝜆) = 1 for 𝜆 ⩽ 𝜇, every term with 𝑗0, … , 𝑗𝑛 < 𝑁 cancels when computing the
difference of both traces, so we obtain for 𝑛 ⩾ 2,

Υ𝑛
Π(𝐴) = (tr(Π𝐴𝑛Π) − tr(Π𝐴Π)𝑛) =

∑
𝑗∈ℕ𝑛+1∶𝑗0=𝑗𝑛<𝑁

𝜔(𝑗)𝐴𝑗0𝑗1
𝐴𝑗1𝑗2

⋯𝐴𝑗𝑛−1𝑗𝑛
, (24)

where

𝜔(𝑗) =
∏𝑛−1

𝑘=1𝜗(𝜆𝑗𝑘
)2(1 −

∏𝑛=1
𝑘=1𝟙𝑗𝑘⩽𝑁).

Moreover, since 𝜗(𝜆) = 0 for 𝜆 > 𝜇 sufficiently large, this sum is finite (with a number of terms
with polynomial growth in 𝑁).
Then, we can make a change of variables {𝑗 ∈ ℕ𝑛+1 ∶ 𝑗0 = 𝑗𝑛} → {𝓁 ∈ ℤ, 𝑖 ∈ ℤ𝑛 ∶, 𝑖1 +⋯ +

𝑖𝑛 = 0} given by 𝓁 = 𝑁 − 𝑗0 and 𝑖1 = 𝑗1 − 𝑗0, 𝑖2 = 𝑗2 − 𝑗1, … , 𝑖𝑛−1 = 𝑗0 − 𝑗𝑛−1, then the condition
{∃1 ⩽ 𝑟 ⩽ 𝑛 − 1 ∶ 𝑗𝑟 ⩾ 𝑁} corresponds to{

𝑚∗(𝑖) ∶= max(𝑖1, 𝑖1 + 𝑖2, … , 𝑖1 + 𝑖2 +⋯ + 𝑖𝑛) ⩾ 𝓁
}
. (25)
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21 of 30 DELEPORTE and LAMBERT

By Proposition 2.11, the coefficients |𝐴𝑗,𝑘| = (|𝑗 − 𝑘|−∞), so we can truncate the sum (24) to
the subset

{max{𝑖𝑘 ∶ 𝑘 ⩽ 𝑛} ⩽ 𝐿, 1 ⩽ 𝓁 ⩽ 𝑛𝐿}

for some large 𝐿 ∈ ℕ. By Proposition 2.11, in this range, for every 𝑘 ⩽ 𝑛,

𝜗(𝜆𝑗𝑘
) = 1, 𝐴𝑗𝑘−1𝑗𝑘

= 𝑎̂𝑖𝑘
+ 𝑜(1)

ℏ→0
,

where 𝑎̂𝑖 = 𝑎̂𝑖(g(𝜇)) for 𝑖 ∈ ℤ are the Fourier coefficients of 𝑎0 (these coefficients are evaluated at
𝑁ℏ ∼ g(𝜇) and independent of the cutoff 𝜒; see formulas (7)–(8)). This implies that

Υ𝑛
Π(𝐴) =

∑
𝓁∈ℕ

∑
𝑖∈ℤ𝑛

𝟙{𝑚∗(𝑖) ⩾ 𝓁} 𝑎̂𝑖1
… 𝑎̂𝑖𝑛

+ 𝑜(1)
ℏ→0,𝐿→∞

,

where the sums are constraint to 𝓁 ⩽ 𝑛𝐿 and {𝑖 ∈ ℤ𝑛 ∶ 𝑖1 +⋯ + 𝑖𝑛 = 0, |𝑖𝑘| ⩽ 𝐿 ∀𝑘 ⩽ 𝑛} and
the error goes to 0 as ℏ → 0, then 𝐿 → ∞. Taking the limits (using the decay of the Fourier
coefficients), we obtain for any 𝑛 ⩾ 2, as ℏ → 0

Υ𝑛
Π(𝐴) ∼

∑
𝑖∈ℤ𝑛∶𝑖1+⋯+𝑖𝑛=0

𝑚∗(𝑖) 𝑎̂𝑖1
… 𝑎̂𝑖𝑛

after computing the sum over 𝓁 ∈ ℕ.
At this point, we can apply the Dyson–Hunt–Kac formula ([29], Theorem 4.2), which states

that

∑
𝜎∈𝔖𝑛

𝑚∗(𝑖𝜎(1), … , 𝑖𝜎(𝑛)) =
∑

𝜎∈𝔖𝑛

𝑖𝜎(1)

𝑛∑
𝑟=1

𝟙(𝑖𝜎(1) +⋯ + 𝑖𝜎(𝑟) > 0)

=

𝑛∑
𝑟=1

1

2𝑟

∑
𝜎∈𝔖𝑛

|𝑖𝜎(1) +⋯ + 𝑖𝜎(𝑟)|.
By symmetry, we obtain

Υ𝑛
Π(𝐴) ∼

𝑛∑
𝑟=1

1

2𝑟

∑
𝑖∈ℤ𝑛∶𝑖1+⋯+𝑖𝑛=0

|𝑖1 +⋯ + 𝑖𝑟| 𝑎̂𝑖1
… 𝑎̂𝑖𝑛

=

𝑛∑
𝑟=1

1

2𝑟

∑
𝓁∈ℤ

|𝓁| (𝑎𝑟
0
)𝓁(𝑎

𝑛−𝑟
0

)−𝓁

after grouping together terms with 𝑖1 +⋯ + 𝑖𝑟 = 𝓁 and using that (𝑎𝑟)𝓁 =∑
𝑖∈ℤ𝑟∶𝑖1+⋯+𝑖𝑟=𝓁

𝑎̂𝑖1
⋯ 𝑎̂𝑖𝑟

for 𝑟 ∈ ℕ and 𝓁 ∈ ℤ.
Recall that the coefficients Υ𝑛

Π
(𝐴) are bounded uniformly in ℏ in a summable way, by

Proposition 2.14. Hence, by dominated convergence, as ℏ → 0,

ΥΠ(𝐴) ∼
1

2

∑
𝑛>𝑟⩾1

(−1)𝑛

𝑛 ⋅ 𝑟

∑
𝓁∈ℤ

|𝓁| (𝑎𝑟)𝓁(𝑎
𝑛−𝑟)−𝓁 .
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CENTRAL LIMIT THEOREM FOR SMOOTH STATISTICS OF ONE-DIMENSIONAL FREE FERMIONS 22 of 30

Introducing 𝑠 = 𝑛 − 𝑟, and averaging under the symmetry (𝑟, 𝑠,𝓁) ↔ (𝑠, 𝑟, −𝓁), we can
rearrange this sum

∑
𝑛>𝑟⩾1

(−1)𝑛

𝑛 ⋅ 𝑟

∑
𝓁∈ℤ

|𝓁| (𝑎𝑟
0
)𝓁(𝑎

𝑛−𝑟
0

)−𝓁 =
∑
𝑟,𝑠⩾1

(−1)𝑟+𝑠

(𝑟 + 𝑠) ⋅ 𝑟

∑
𝓁∈ℤ

|𝓁|(𝑎𝑟
0
)𝓁(𝑎

𝑠
0
)−𝓁

=
1

2

∑
𝑟,𝑠⩾1

(−1)𝑟+𝑠

(
1

(𝑟 + 𝑠)𝑠
+

1

(𝑟 + 𝑠)𝑟

) ∑
𝓁∈ℤ

|𝓁|(𝑎𝑟
0
)𝓁(𝑎

𝑠
0
)−𝓁

=
1

2

∑
𝑟,𝑠⩾1

(−1)𝑟+𝑠

𝑟𝑠

∑
𝓁∈ℤ

|𝓁|(𝑎𝑟
0
)𝓁(𝑎

𝑠
0
)−𝓁 .

Recall that ‖𝑎0‖𝐿∞ < 1, so we can expand 𝑓 = − log(1 + 𝑎0) =
∑

𝑟⩾1
(−1)𝑟

𝑟
𝑎𝑟
0
in a convergent

power series so that 𝑓𝓁 =
∑

𝑟⩾1
(−1)𝑟

𝑟
(𝑎𝑟

0
)𝓁 . Hence, we conclude that as ℏ → 0,

ΥΠ(𝐴) ∼
1

4

∑
𝓁∈ℤ

|𝓁|𝑓𝓁𝑓−𝓁 =
1

2

∑
𝓁∈ℕ

|𝓁||𝑓𝓁|2,
using that 𝑓 is real-valued. By Proposition 2.15, this yields the asymptotics of Proposition 2.2 and
this completes the proof.

2.6 Non-compactly supported test functions

The technical condition 𝑓 ∈ 𝐶∞
𝑏
(ℝ,ℝ) is important for our proof of Theorem 1, but it can even-

tually be relaxed using the exponential decay of the kernel of the spectral projector Π𝜇 in the
forbidden region {𝑉 > 𝜇}. However, the hypothesis ‖𝑎ℏ‖𝐿∞ ⩽ 𝑐 < 1 in Proposition 2.2 is impor-
tant to obtain the convergence of the Fredholm determinants (or the Laplace transform of the
linear statistic X(𝑓), (2)). By relaxing the mode of convergence, we easily deduce the following
result.

Proposition 2.16. Let 𝑓 ∈ 𝐶(ℝ,ℝ) with at most exponential growth and such that 𝑓 ∈ 𝐶∞({𝑉 <

𝜅}) for some 𝜅 > 𝜇. Let denote the standard Gaussian. Then, one has convergence in distribution

X(𝑓) − 𝔼X(𝑓) → Σ(𝑉,𝜇)(𝑓) as ℏ → 0

and convergence of moments: for every 𝑟 ∈ ℕ,

𝔼
[
(X(𝑓) − 𝔼X(𝑓))𝑟

]
→ Σ𝑟

(𝑉,𝜇)
(𝑓) 𝔼[ 𝑟] as ℏ → 0.

Proof. Let 𝜒 ∈ 𝐶∞(ℝ, [0, 1]) be equal to 1 on {𝑉 ⩽ 𝜅}. We claim that under the assumptions of
Proposition 2.16, for any 𝑟 ∈ ℕ,

𝔼[X(𝑓)𝑟] = 𝔼[X(𝑓𝜒)𝑟] + 𝑟(ℏ
∞). (26)
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23 of 30 DELEPORTE and LAMBERT

Indeed, recall that (𝜙𝑗)𝑗∈ℕ is a Hilbert basis of eigenfunctions of −ℏ2Δ + 𝑉 with eigenvalues
(𝜆𝑗)𝑗∈ℕ. By [15, Proposition 2.3], there is a compact set {𝑉 ⩽ 𝜇} ⋐  ⋐ {𝑉 ⩽ 𝜅} and a constant 𝑐 > 1

such that

max
𝜆𝑗⩽𝜇

‖‖𝑒dist(𝑥,)∕ℏ𝜙𝑗
‖‖𝐿2 ⩽ 𝑐.

So, letting𝑘 ∶=
{
𝑥 ∈ ℝ𝑛 ∶ 𝑘 ⩽ dist(𝑥,) < 𝑘 + 1

}
for 𝑘 ⩾ 0, we have

max
𝜆𝑗⩽𝜇 ∫𝑐

𝑘

𝜙2
𝑗 ⩽ 𝑐𝑒−𝑘∕ℏ.

Moreover, since 𝑓 grows at most exponentially, there is a constant 𝐶 ⩾ 0 so that |𝑓| ⩽ 𝑒𝐶𝑘∕2 on
𝑘. In particular, if 𝑓 = 0 on0, then

𝔼[X(𝑓)2𝑟] ⩽
∑
𝑘⩾1

𝑒𝐶𝑟𝑘𝔼[X(𝟙𝑘
)], 𝔼[X(𝟙𝑘

)] ⩽ 𝔼[X(𝟙𝑐
𝑘−1

)] = ∫𝑐
𝑘−1

Πℏ(𝑥, 𝑥)d𝑥 ⩽ 𝑁 max
𝜆𝑟⩽𝜇 ∫𝐾𝑐

𝑗−1

𝜙2
𝑟 ,

where𝑐
𝑘
= ℝ𝑛 ⧵𝑘 for 𝑘 ⩾ 0. Since 𝑁 ≍ ℏ−𝑛, this implies that

𝔼[X(𝑓)2𝑟] ⩽ (ℏ−𝑛)
∑
𝑘⩾1

𝑒𝐶𝑟𝑘−𝑘∕ℏ = 𝑟(ℏ
∞)

since this geometric sum is exponentially small as ℏ → 0. This proves (26) since we can choose a
cutoff 𝜒 = 1 on0.
Hence, using (26), it follows immediately from Theorem 1 that in distribution,

X(𝑓) − 𝔼X(𝑓) → Σ(𝑉,𝜇)(𝜒𝑓)
and all moments converge. Since, 𝜒 = 1 on {𝑉 ⩽ 𝜇}, the Fourier coefficients of the functions 𝜒𝑓

and 𝑓 coincide in formula (10) so that Σ(𝑉,𝜇)(𝜒𝑓) = Σ(𝑉,𝜇)(𝑓) as expected. This concludes the
proof. □

3 MULTI-CUT CASE – PROOF OF THEOREM 2

The action-angle theorem (Proposition 2.4) has a microlocal nature, and allows to find quasi-
modes for any Schrödinger operator using only a local hypothesis. Thus, given 𝑉 ∶ ℝ → ℝ

confining such that the support of the density of states {𝑉 ⩽ 𝜇} consists of several disjoint (com-
pact) intervals, each satisfying the geometric requirements of Section 2, the eigenvalues (up to
𝜇) of −ℏ2Δ + 𝑉 are given, up to a small error, by the union of the eigenvalues of local models
−ℏ2Δ + 𝑉𝑗 , where the potential 𝑉𝑗 has a single well; the associated quasi-modes will be localised
on a single well. Under a generic condition, the eigenvalues of different wells are sufficiently
separated from each other, so that the quasi-modes are very close to actual eigenfunctions.

Proposition 3.1 [23, Lemma 2.3 and Theorem 2.4]. Let𝑉 ∈ 𝐿1
loc

(ℝ, ℝ) and let 𝜇 > 0. Suppose that,
for some 𝜖 > 0, the set {𝑉 ⩽ 𝜇 + 𝜖} (consisting of disjoint intervals 𝐼′

1
, … , 𝐼′𝓁) is compact, on which 𝑉
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is 𝐶∞. Suppose also that {𝑉 ⩽ 𝜇} is a finite union of non-empty intervals 𝐼1, … , 𝐼𝓁 with 𝐼𝑗 ⊂ 𝐼′
𝑗
for

𝑗 = 1,… ,𝓁.
For 𝑗 = 1,… ,𝓁, let 𝑉𝑗 ∈ 𝐶∞(ℝ,ℝ) be equal to 𝑉 on 𝐼′

𝑗
, and greater than 𝜇 + 𝜖 on ℝ ⧵ 𝐼𝑗′ . For all

ℏ > 0 and 1 ⩽ 𝑗 ⩽ 𝓁, consider the eigenpairs (𝜙𝑗,𝑘, 𝜆𝑗,𝑘) of −ℏ2Δ + 𝑉𝑗 such that 𝜆𝑗,𝑘 ⩽ 𝜇 + 𝜖∕2.

1. There exists 𝑐 > 0, 𝐶 > 0 such that

‖(−ℏ2Δ − 𝑉 − 𝜆𝑗,𝑘)𝜙𝑗,𝑘‖𝐿2 ⩽ 𝐶𝑒−𝑐ℏ−1
.

2. Letting 𝐸 = span(𝜙𝑗,𝑘 ∶ 𝜆𝑗,𝑘 ⩽ 𝜇 + 𝜖∕2, 𝑗 = 1,… ,𝓁), for all 𝑢 ∈ 𝐸⟂,

⟨𝑢, (−ℏ2Δ − 𝑉), 𝑢⟩ ⩾ (𝜇 + 𝜖

4
)‖𝑢‖2

𝐿2 .

Thus, the eigenvalue/eigenfunction asymptotics in the case where 𝑉 has several wells can be
reduced to the one-well case if the eigenvalues {𝜆𝑗,𝑘 ⩽ 𝜇 + 𝜖∕2} are well separated. Indeed, under
such assumptions, the eigenfunctions {𝜙𝑗,𝑘} are quasi-orthogonal, and ultimately, one controls the
asymptotics of the spectral projectorΠℏ(𝜇). Using usual results of spectral stability for self-adjoint
operators ([22, Theorem 8.20], see also footnote), we obtain the following result.

Proposition 3.2. Under the assumptions of Proposition 3.1, let

Πℏ;𝑗 = 𝟙(−∞,𝜇](−ℏ2Δ + 𝑉𝑗), 1 ⩽ 𝑗 ⩽ 𝓁.

Suppose that the eigenvalues are not exponentially close to each other or to 𝜇: there is a small 𝜖 > 0

so that for all ℏ sufficiently small,

1. for every 1 ⩽ 𝑗 ≠ 𝑘 ⩽ 𝓁, [𝜇 − 𝜖, 𝜇 + 𝜖] ∩ Sp(−ℏ2Δ + 𝑉𝑗) lies at distance greater than 𝑒−𝜖ℏ−1 from
[𝜇 − 𝜖, 𝜇 + 𝜖] ∩ Sp(−ℏ2Δ + 𝑉𝑘),

2. for all 1 ⩽ 𝑘 ⩽ 𝓁, [𝜇 − 𝑒−𝜖ℏ−1
, 𝜇 + 𝑒−𝜖ℏ−1

] ∩ Sp(−ℏ2Δ + 𝑉𝑘) = ∅.

Then, the projector

Πℏ =

𝓁∑
𝑗=1

Πℏ;𝑗 + 𝐽1 (ℏ
∞), (27)

and, for any symbol 𝑎 ∈ 𝑆0(ℝ2, ℝ) with ‖𝑎‖𝐿∞ < 1,

log det(𝐼 + 𝑂𝑝ℏ(𝑎)Πℏ) =

𝓁∑
𝑗=1

log det(𝐼 + 𝑂𝑝ℏ(𝑎)Πℏ;𝑗) + (ℏ∞).

Proof. Firstly, we can isolate [𝜇 − 𝜖

2
, 𝜇 + 𝜖

2
] from the rest of the spectrum. Let 𝜒 ∈ 𝐶∞(ℝ, [0, 1])

be equal to 1 on a neighbourhood of (−∞, 𝜇 − 𝜖

4
] and equal to 0 on a neighbourhood of [𝜇, +∞).

Decompose

Πℏ = 𝜒(𝐻ℏ) + (1 − 𝜒)𝟙(−∞,𝜇](𝐻ℏ)
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25 of 30 DELEPORTE and LAMBERT

and decompose similarly Πℏ;𝑗 for 1 ⩽ 𝑗 ⩽ 𝓁. By the smooth functional calculus of pseudo-
differential operators ([16], Theorem 8.7),

𝜒(𝐻ℏ) =
∑

1⩽𝑗⩽𝓁

𝜒(𝐻ℏ;𝑗) + 𝐽1 (ℏ
∞)

since both sides are pseudo-differential operators with the same symbol at any order.
It remains to study the spectrum in [𝜇 − 𝜖

2
, 𝜇 + 𝜖

2
], where we use the separation of eigenval-

ues. For every 𝑗 ∈ [𝓁], let 𝜒𝑗 ∈ 𝐶∞
𝑐 (ℝ, [0, 1]) with 𝟙𝐼𝑗

⩽ 𝜒𝑗 ⩽ 𝟙𝐼′
𝑗
(see Proposition 3.1). By Agmon

estimates ([15, Proposition 2.3]), there is a 𝑐 > 0 so that if 𝑢ℏ is a (normalised) eigenfunction of
𝐻ℏ with energy 𝜆 ∈ [𝜇 − 𝜖

2
, 𝜇 + 𝜖

2
], for every 𝑗 ∈ [𝓁], 𝜒𝑗𝑢ℏ is an 𝑂(𝑒−𝑐ℏ−1

)-quasi-mode for both
𝐻ℏ and𝐻ℏ;𝑗 at energy 𝜆 and

∑
𝑗⩽𝓁 ‖𝜒𝑗𝑢ℏ‖𝐿2 = 1 − 𝑂(𝑒−𝑐ℏ−1

). Moreover, by Remark 2.6, for every
𝑗 ∈ [𝓁], the eigenvalues of 𝐻ℏ;𝑗 are simple and separated by about ℏ. Hence, by spectral stability
([22, Theorem 8.20], see also footnote ), if ‖𝜒𝑗𝑢ℏ‖𝐿2 ⩾

1

2𝓁
, there is an eigenvalue 𝜆𝑗,𝑘 of𝐻ℏ;𝑗 such

that |𝜆 − 𝜆𝑗,𝑘| = (𝑒−𝑐ℏ−1∕2). Using the separation hypothesis 1 with 𝜖 < 𝑐∕2, there is a unique
such 𝑗 ∈ [𝓁] and 𝜒𝑗𝑢ℏ = 𝜙𝑗,𝑘 + 𝑂(𝑒−𝑐ℏ−1∕2). This has the following consequences.

(a) The spectrum𝐻ℏ in [𝜇 − 𝜖

2
, 𝜇 + 𝜖

2
] is simple and its eigenvalues are separated by about 𝑒−𝜖ℏ−1 .

(b) For every eigenpair (𝑢ℏ, 𝜆) of 𝐻ℏ, there is a unique (𝑗, 𝑘) such that |𝜆 − 𝜆𝑗,𝑘| = (𝑒−𝑐ℏ−1∕2)

and 𝑢ℏ = 𝜙𝑗,𝑘 + 𝑂(𝑒−𝑐ℏ−1∕2).

On the other hand, by Proposition 3.1, 𝜙𝑗,𝑘 are also 𝑂(𝑒−𝑐ℏ−1
)-quasi-modes of 𝐻ℏ with energy

𝜆𝑗,𝑘 so that using that the eigenvalues of 𝐻ℏ are separated (a), there is a 1-1 correspondence
between spec(𝐻ℏ) ∩ [𝜇 − 𝜖

2
, 𝜇 + 𝜖

2
] and the relevant part of

⋃𝓁
𝑗=1 spec(𝐻ℏ;𝑗) as in (b).

Now, (a) and the separation hypothesis 1 with 𝜖 < 𝑐∕2 also guarantee that spec(𝐻ℏ) ∩ [𝜇 −
𝜖

2
, 𝜇] =

⋃𝓁
𝑗=1 spec(𝐻ℏ;𝑗) ∩ [𝜇 − 𝜖

2
, 𝜇], and using (b), we obtain the spectral decomposition;

(1 − 𝜒)𝟙(−∞,𝜇](𝐻ℏ) =

𝓁∑
𝑗=1

(1 − 𝜒)𝟙(−∞,𝜇](𝐻ℏ;𝑗) + 𝐽1 (𝑁𝑒−𝑐∕2ℏ),

which concludes this part of the proof.
To prove closeness of the log-determinants, we write 𝐴 = 𝑂𝑝ℏ(𝑎)

∑𝓁
𝑗=1 Πℏ,𝑗 , 𝐵 = 𝑂𝑝ℏ(𝑎)Πℏ =

𝐴 + 𝑅, so that

det(𝐼 + 𝐵) = det(𝐼 + 𝐴) ⋅ det(𝐼 + 𝑅(1 + 𝐴)−1)

and ‖𝑅(1 + 𝐴)−1‖𝐽1 = (ℏ∞) since ‖𝑅‖𝐽1 = (ℏ∞) and (1 + 𝐴)−1 is a bounded (by assumption‖𝑎‖𝐿∞ < 1 and by Gårding’s inequality ‖𝑂𝑝ℏ(𝑎)‖ < 1). By continuity of log detwith respect to the
𝐽1 norm, we conclude that

log det(𝐼 + 𝐵) = log det(𝐼 + 𝐴) + (ℏ∞).

Now, as the projections satisfy [Πℏ;𝑗, Πℏ;𝑗′ ] = (ℏ∞) for all 1 ⩽ 𝑗, 𝑗′ ⩽ 𝓁, using the Baker–
Campbell–Haussdorf formula [17],

log det(𝐼 + 𝐴) =

𝓁∑
𝑗=1

log det(𝐼 + 𝑂𝑝ℏ(𝑎)Πℏ;𝑗) + (ℏ∞)

as claimed. □
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We are now ready to complete the proof of Theorem 2 by a Borel–Cantelli argument.
As in the hypothesis of Theorem 2, let (𝜒𝑘)1⩽𝑘⩽𝓁 be a family of 𝐶∞

𝑐 (ℝ,ℝ+) functions with
disjoint supports such that 𝜒𝑘 = 1 on 𝐼𝑘 and consider the Schrödinger operator

−ℏ2
𝑁Δ + 𝑊𝑤, 𝑊𝑤 ∶= 𝑉 +

∑𝓁
𝑗=1 𝑤𝑗𝜒𝑗 (28)

for 𝑤 ∈ [−𝜖, 𝜖]𝓁 where 𝜖 > 0 is a small parameter. In particular, for almost every 𝑤 ∈ [−𝜖, 𝜖]𝓁 ,
the set {𝑊𝑤 ⩽ 𝜇} still consists of 𝓁 disjoint (compact) intervals, denoted as 𝐼𝑤

1
, … , 𝐼𝑤𝓁 and ∇𝑊𝑤 =

∇𝑉 ≠ 0 on {𝑊𝑤 = 𝜇}.
Replacing 𝑉 by𝑊𝑤 amounts to replacing 𝑉𝑗 with𝑊𝑤

𝑗
= 𝑉𝑗 + 𝑤𝑗 (so that the eigenvalues 𝜆𝑘;𝑗

change into 𝜆𝑘;𝑗 + 𝑤𝑗 for 1 ⩽ 𝑗 ⩽ 𝓁) in Propositions 3.1 and 3.2. Then, observe that for ℏ > 0, the
measure of the set{

𝑤 ∈ [−𝜖, 𝜖]𝓁 ∶ ∃(𝑘, 𝑗), (𝑘′, 𝑗′) with 𝑗 ≠ 𝑗′ and |||𝜆𝑘;𝑗 − 𝜆𝑘′;𝑗′ + 𝑤𝑗 − 𝑤′
𝑗
|||

< 𝑒−𝑐∕2ℏ or |||𝜆𝑘;𝑗 + 𝑤𝑗 − 𝜇
||| < 𝑒−𝑐∕2ℏ

}
is (ℏ−2𝑒−𝑐∕2ℏ) where the factor (ℏ−2) accounts for all possible choices of 𝑘, 𝑘′. Hence, for
any sequence ℏ𝑚 → 0 as 𝑚 → ∞ sufficiently fast so that

∑
𝑚 ℏ−2

𝑚 𝑒−𝑐∕2ℏ𝑚 < ∞ (this is plainly the
case if for some 𝛼 > 0, ℏ𝑚 ⩽ 𝐶𝑚−𝛼), by the Borel–Cantelli lemma, there is a full measure set
𝐸 ⊂ [−𝜖, 𝜖]𝓁 such that for𝑤 ∈ 𝐸, if𝑚 is sufficiently large, the operator (28) satisfies both assump-
tions of Proposition 3.2. Hence, applying this proposition with Π𝑚 = 𝟙(−∞,𝜇](−ℏ2

𝑚Δ + 𝑊𝑤) and
Π𝑚,𝑗 = 𝟙(−∞,𝜇](−ℏ2

𝑚Δ + 𝑊𝑤
𝑗
) for 1 ⩽ 𝑗 ⩽ 𝓁, we conclude that for any symbol 𝑎 ∈ 𝑆0(ℝ2, ℝ) with‖𝑎‖𝐿∞ < 1, as𝑚 → ∞,

log det(𝐼 + 𝑂𝑝ℏ(𝑎)Π𝑚) =

𝓁∑
𝑗=1

log det(𝐼 + 𝑂𝑝ℏ(𝑎)Π𝑚;𝑗) + 𝑜(1)

=

𝓁∑
𝑗=1

(
tr(log(1 + 𝑂𝑝ℏ(𝑎))Π𝑚;𝑗) +

1

2

∑
𝓁∈ℤ

|𝓁|𝑓𝓁(𝐼𝑗)𝑓−𝓁(𝐼𝑗)

)
+ 𝑜(1),

wherewe applied the (one-cut) asymptotics of Proposition 2.2 at the second step, 𝑓 = − log(1 + 𝑎)

and 𝐼𝑗 = g−1(𝜇 − 𝑤𝑗) according to the notation of Section 2.1. For a given 𝑓 ∈ 𝐶∞
𝑐 (ℝ,ℝ), choosing

the symbol 𝑎 = 𝑒𝜂𝑓 − 1which is in 𝑆0(ℝ2, ℂ)with ‖𝑎‖𝐿∞ < 1 if the parameter 𝜂 ∈ ℂ is sufficiently
small, this completes the proof of Theorem 2. Here, we have tr(𝑓Π𝑚) =

∑𝓁
𝑗=1 tr(𝑓Π𝑚;𝑗) + 𝑜(1) (by

Proposition 3.2) and the variance equals
∑𝓁

𝑗=1 Σ
2
(𝑊𝑤

𝑗
,𝜇)

(𝑓). This concludes the proof.

APPENDIX A: GAUSSIAN FREE FIELD (GFF) INTERPRETATION
We provide a functional interpretation of central limit Theorem 1 in terms of the Gaussian free
field. This interpretation of Szegő-type limit theorems is classical in random matrix theory, pio-
neered in [27] for the CUE (Example 1.2 — we refer, e.g. [7] for recent developments), and this
proceeds by considering the counting function

ℎ𝑁 ∶ 𝑥 ↦ X(𝟙(−∞,𝑥]).
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In the physics literature, the asymptotics of the correlation kernel of ℎ𝑁 were recently
obtained using WKB asymptotics of the Schrödinger operator eigenfunctions and the result
is interpreted in terms of the GFF, though Gaussian fluctuations were not established in this
paper.
The connection with Theorem 1 comes from the fact that for a Schwartz function 𝑓 ∈  ,

X(𝑓) = −∫ 𝑓′(𝑥)ℎ𝑁(𝑥)d𝑥

so that, viewed as a random Schwartz distribution, ℎ̃𝑁 ∶=
√

2𝜋
(
ℎ𝑁 − 𝔼ℎ𝑁

)
converges weakly as

𝑁 → ∞ (equivalently ℏ → 0) to a (centred) Gaussian random field ℎ ∈  ′ with covariance kernel;

̃ ∶ (𝑥, 𝑧) ↦
(
log

|||sin 𝜃(𝑥)+𝜗(𝑧)

2

||| − log
|||sin 𝜃(𝑥)−𝜗(𝑧)

2

|||), 𝑥, 𝑧 ∈ [𝑥−
0 , 𝑥+

0
], (A.1)

where recall that 𝑥±
0
(𝜇) are such that {𝑉 < 𝜇} = (𝑥−

0
, 𝑥+

0
), 𝑇 = 𝑇(𝜇) is the period of the flow (5)

with (𝑥0, 𝜉0) = (𝑥+
0
, 0) and the map

𝜃(𝑥) =
𝜋

𝑇 ∫
𝑥+
0

𝑥

d𝑢√
𝜇 − 𝑉(𝑢)

, 𝑥 ∈ [𝑥−
0 , 𝑥+

0
]. (A.2)

Formula (A.1) is (up to normalisation) [38, Formula (16)] and it has the following interpretation.
Let 𝜉 be the GFF on 𝕌 = {𝑧 ∈ ℂ ∶ |𝑧| = 1}, that is, the restriction of a 2d GFF on the unit circle.

Suitably normalised, 𝜉 is a log-correlated field with covariance kernel

𝔼[𝜉(𝑧)𝜉(𝑤)] = log |1 − 𝑧𝑤|−1, 𝑧, 𝑤 ∈ 𝕌.

Then, (A.1) is the kernel of the pushforward of the GFF by the map (A.2) in the following sense;

̃(𝑥, 𝑧) = 𝔼ℎ(𝑥)ℎ(𝑧), ℎ(𝑥) =
𝜉(𝑒𝐢𝜃(𝑥)) − 𝜉(𝑒−𝐢𝜃(𝑥))√

2
.

Note that the normalisation of ℎ̃𝑁 is similar to [7] (GUE case) and the limit ℎ is a standard log-
correlated field.
In the remainder of this section, we explain how to obtain (A.1) from formula (4) and the

consideration from Section 2.1. Let Σ = Σ2
(𝑉,𝜇)

, by Devinatz formula [36, Proposition 6.1.10],

Σ(𝑓) =
1

2 ∬[−𝜋,𝜋]2

||||𝑓(𝜓(𝜃)) − 𝑓(𝜓(𝜗))

𝑒𝐢𝜃 − 𝑒𝐢𝜗

||||
2 𝑑𝜃

2𝜋

𝑑𝜗

2𝜋

= ∬[0,𝜋]2
(𝑓(𝜓(𝜃)) − 𝑓(𝜓(𝜗)))2

(
1|1 − 𝑒𝐢(𝜃−𝜗)|2 +

1|1 − 𝑒𝐢(𝜃+𝜗)|2
)

𝑑𝜃

2𝜋

𝑑𝜗

2𝜋
.

(A.3)

Here, we used that the curve 𝜇 is symmetric with respect to the axis {𝜉 = 0} and the map 𝜓(𝜃) =

𝑥𝜃𝑇
2𝜋

in terms of the flow (5) so that 𝜓(2𝜋 − 𝜃) = 𝜓(𝜃) for 𝜃 ∈ [0, 𝜋]. We can invert the map 𝜓 ∶
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(0, 𝜋) → (𝑥−
0
, 𝑥+

0
) using (5) to compute its derivative;

𝜓′(𝜃) = 𝑇

𝜋
𝜉𝜃𝑇

2𝜋

= 𝑇

𝜋

√
𝜇 − 𝑉(𝜓(𝜃)), 𝜃 ∈ (0, 𝜋).

In particular, the period of the flow is 𝑇(𝜇) = ∫ 𝑥+
0

𝑥−
0

𝑑𝑥√
𝜇−𝑉(𝑥)

and the inverse map is given by (A.2)

using that 𝜃′(𝑥) = 1∕𝜓′(𝜃(𝑥)) for 𝑥 ∈ (𝑥−
0
, 𝑥+

0
). The kernel on the RHS of (A.3) is

 ∶ (𝜃, 𝜗) ↦
1|1 − 𝑒𝐢(𝜃−𝜗)|2 +

1|1 − 𝑒𝐢(𝜃+𝜗)|2 =
1

2

2 − cos(𝜃 − 𝜗) − cos(𝜃 + 𝜗)

(1 − cos(𝜃 − 𝜗))(1 − cos(𝜃 + 𝜗))

=
1 − cos 𝜃 cos 𝜗

(cos 𝜃 − cos 𝜗)2
.

Hence, by a change of variables, we obtain an equivalent formula for the variance

Σ(𝑓) =
1

(2𝜋𝑇)2 ∬{𝑉<𝜇}2
(𝑓(𝑥) − 𝑓(𝑧))2

1 − cos 𝜃(𝑥) cos 𝜃(𝑧)

(cos 𝜃(𝑥) − cos 𝜃(𝑧))2
d𝑥√

𝜇 − 𝑉(𝑥)

d𝑧√
𝜇 − 𝑉(𝑧)

.

To obtain (A.1), we observe that

 ∶ (𝜃, 𝜗) ↦ −𝜕𝜃𝜕𝜗(𝜃, 𝜗),  ∶ (𝜃, 𝜗) ↦
(
log

|||sin 𝜃+𝜗

2

||| − log
|||sin 𝜃−𝜗

2

|||)
and that

[
𝜕𝜗(𝜃, 𝜗)

]𝜋
𝜃=0

= 0,
[(𝜗, 𝜃)

]𝜋
𝜃=0

= 0. Hence, integrating by parts twice,

Σ(𝑓) = −∬[0,𝜋]2
𝜕𝜃𝜕𝜗(𝑓(𝜓(𝜃)) − 𝑓(𝜓(𝜗)))2(𝜃, 𝜗)

𝑑𝜃

2𝜋

𝑑𝜗

2𝜋

= 2∬[0,𝜋]2
𝑓′(𝜓(𝜃))𝑓′(𝜓(𝜗))(𝜃, 𝜗)

𝑑𝜓(𝜃)

2𝜋

𝑑𝜓(𝜗)

2𝜋

=
1

2𝜋2 ∬{𝑉<𝜇}2
𝑓′(𝑥)𝑓′(𝑧)̃(𝑥, 𝑧)𝑑𝑥𝑑𝑧

with the kernel ̃ as in (A.1). Hence, according to Theorem 1, we conclude that for a 𝑓 ∈  , it
holds in distribution √

2𝜋 ∫ 𝑓′(𝑥)ℎ𝑁(𝑥)d𝑥 → ∫ 𝑓′(𝑥)ℎ(𝑥)d𝑥.
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