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Abstract

In this thesis work, we collect some results about models for homogenization and phase tran-
sitions. These classical topics in the Calculus of Variations are investigated via I'-convergence
in different non-local frameworks or with the use of higher-order singular perturbations.

In the first chapter we address the multiscale analysis of periodically oscillating energies of
fractional and convolution-type and of general non-local energies on perforated domains, with
particular emphasis in determining regimes for which the non-local-to-local passage occurs
before the homogenization process. In spite of the similarities, the study of the energies
of fractional and convolution-type requires different methods and their asymptotic analysis
displays distinct outcomes. The problem of perforated domains is studied at the critical
exponent: this instance incorporates several technical difficulties due to scaling invariance
and leads to the emergence of a convex strange term.

The second chapter is devoted to the study of some diffuse-interface models. First, we
investigate equi-coerciveness with respect to the Hausdorff convergence of the graphs in a
phase-field model involving a fractional singular perturbation. Then, we turn our attention
to the study of higher-order singular perturbations models for phase transitions. We obtain
an approximation of the perimeter in the vein of Modica and Mortola replacing the rescaled
Dirichlet energy with a singular perturbation of arbitrarily high integer order. We further
extend the analysis by accounting for several anisotropic perturbations of intermediate order
that contribute negatively to the energy.
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Introduction

This thesis work concerns some results about homogenization in non-local settings and
models for phase transitions. The common ground on which these topics are investigated is
De Giorgi’s I'-convergence. This tool, introduced in [64} 65], allows to describe the asymptotic
behaviour of a family of minimum problems in a unified and flexible framework and it is there-
fore well suited to rigorously treat the passage from non-local to local models, to describe the
macroscopic behavior of inhomogeneous media, or to study problems with discontinuities.

The first chapter of this thesis is devoted to the study of homogenization problems in
non-local settings. The finite-differences approximation of continuous models is a prominent
branch of modern Calculus of Variations. In the late 1990s, a particular effort has been
devoted to the approximation of free-discontinuity problems inspired by Computer Vision,
such as the problem of image segmentation in connection with the Mumford-Shah functional.
In 1995, a discrete approximation based on the weak membrane model by Blake and Zisserman
[24] was obtained by Chambolle [53] (see also [54]) and, two years later, Braides and Dal Maso
proposed the introduction of non-local integral functionals depending on the average of the
gradient on small balls [33]. In 1998, Gobbino obtained an approximation by means of
double integrals where finite-differences are weighted by an interaction kernel that prevents
anisotropies [84], proving an earlier conjecture by De Giorgi.

A new impetus to this research line, which continues to thrive, was given in 2001 by a
seminal paper by Bourgain, Brezis, and Mironescu [27], who studied the asymptotic behaviour
of suitable double integrals in the vein of [84] for the approximation of the Dirichlet p-energy.
This result, later extended by Ponce [115], [116], has paved the way to the approximation of
many other models involving integral energies on Sobolev spaces such as Ginzburg-Landau
energy [7, 125], thin films [16], 40], micromagnetics [62), 83], perforated domains [10} 38| [39],
and disconnected sets [41].

Along the same lines, in this thesis we address some problems concerning elliptic homog-
enization and periodically perforated domains at the critical exponent. A common feature
of such problems is the presence of two different interacting scales: one accounting for the
non-local-to-local passage and the other accounting for a periodic structure. We treat the
problem of elliptic homogenization for two prototypical choices of the interaction kernels;
namely, fractional kernels [32] and convolution-type kernels [44]. We discuss how the inter-
play of the small scales affects the limit energy with particular emphasis in determining a
regime for which the passage from non-local to local takes place “before” homogenization,
so that the effective energy is the one typically described by the cell-problem formula [34].
Despite the similarities, the analysis of oscillating energies of fractional and convolution-type
requires the use of very different strategies and techniques: in the former case we employ a
complex discretization argument based on the Kuhn’s decomposition of a cube, in the latter
we use a direct approach starting from the variational theory developed in [5] for general
convolution-type energies. The non-local Dirichlet problem in perforated domains [50] has a
different flavor: here, the relevant regimes for the asymptotic analysis are hinted in previous



works [10} [123] and therefore, the relevance of our study lies in the analysis at the critical
exponent; that is, the one that makes the problem scaling-invariant. Despite the long story of
the problem and the vast number of contributions related to it, the literature for the scaling-
invariant version is quite scarce. The resulting multiscale analysis presents several technical
issues but leads to an interesting observation: the energy density of the strange term, the one
accounting for the effect of the perforations in the limit, is always convex.

The framework discussed in [27] is related to the theory of peridynamics, a non-local
reformulation of Continuum Mechanics proposed by Silling [124] that has been studied in a
variational framework, e.g., in [21l 22] [100], and also shares some similarities with the vari-
ational theory of non-local gradients. The latter takes into account classical (local) integral
energies in the Calculus of Variations replacing the gradient by a non-local counterpart ac-
counting for long-range interactions such as the fractional gradient, that is obtained through
the convolution of the usual gradient with a Riesz kernel, see [120, [121), 128]. Recent works
have shed some light on the intimate connection with the classical theory, highlighting some
remarkable analogies concerning relaxation and I'-convergence [60} 92] O3], and have inspired
similar adaptations in the framework of H-convergence [45] 51].

The second chapter of this thesis is devoted to the study of some models for phase transi-
tions involving fractional or higher-order singular perturbations. In 1977, Modica and Mortola
exhibited “un esempio di I'-convergenza” [lit. “an example of I'-convergence”| [103] to ap-
proximate the total variation in terms of elliptic functionals where a potential with infinitely
many zeros (the so-called wells) is perturbed through a regularizing term; that is, a penal-
ization term involving the Dirichlet energy. Such a result has been subsequently adapted by
Modica [102] to the case of a double-well potential in order to approximate the perimeter of
a sufficiently regular set by means of a “diffuse interface”. This observation confirmed the
minimal-interface criterion conjectured by Gurtin [86] for the Van der Waals-Cahn-Hilliard
model for phase transitions: in such a situation, a first-order singular perturbation allows
one to rule out irregular sets, that correspond to physically unreasonable minimal configura-
tions, so that minimizers of the effective energy (usually subject to volumetric constraints)
minimize the area of the separating sharp interface.

Building on these ideas, several phase-field models have been developed to deal with
problems with discontinuities. Notable examples are the Ambrosio-Tortorelli model [13] for
image segmentation or the Kobayashi-Warren-Carter model for polycrystals [91, 90]. Inspired
by the latter and by a recent paper by Giga, Okamoto, and Uesaka [82], we present an equi-
coerciveness result (with respect to the convergence of the graphs) concerning a single-well
potential energy perturbed by a fractional-order term with fractional parameter close to one
[46]. Our analysis is based on standard interpolation inequalities and is robust enough to
address also the case of first-order singular perturbations, providing then an alternative proof
of the corresponding result in [82]. From a variational perspective, our work is related to
[118], where fractional-order singular perturbations (of any fractional parameter less than
one) of a double-well potential are investigated (see also [112]) as well as to [126], which
extends this analysis to fractional parameters greater than one.

The study of higher-order singular perturbations models naturally arises in the context
of Materials Science. A first example is provided by the description of solid-to-solid phase
transitions in the theory of strain gradient in plasticity, whose variational analysis has been
carried out by Conti, Fonseca, and Leoni [59]. In a previous paper [74], in order to better
understand the role of a perturbation of higher-order, Fonseca and Mantegazza investigated a
simplified model similar to the one studied by Modica obtained replacing the Dirichlet energy
with a second-order term. They proved analogous compactness and I'-convergence results and



mentioned the necessity of employing possibly different arguments in order to perform the
asymptotic analysis for perturbations of integer order k > 2. The second main result of this
chapter addresses this problem and states that, for any k > 2, the limit is a sharp-interface
energy that is determined by an optimal-profile problem on the real line [48]. In accordance
with the one-dimensional nature of the problem, we carry out a delicate analysis on intervals
and we employ a new local interpolation technique, adapting an argument due to Solci [127],
in order to detect small transition subintervals where the interfacial energy is stored. The
flexibility of this method is such that we extend the results in [74] for k£ = 2 to a wider class
of double-well potentials.

Models involving perturbations of the second order also occur in the description of second-
order materials studied, e.g., by Coleman, Marcus, and Mizel [58]. Compared to the one
analyzed in [74], the free energy examined here also entails a negative multiple of a first-
order term that may favor the formation of periodic patterns of alternated phases. The
asymptotic analysis of this model has been independently performed by Chermisi, Dal Maso,
Fonseca, and Leoni [55] and by Cicalese, Spadaro, and Zeppieri [56] who proved that, if
the negative stiffness coefficient satisfies a suitable lower bound, a sharp-interface energy is
obtained. The third main result of this chapter extends this analysis to the case of k-th order
materials for £k > 2, addressing the presence of possibly several intermediate-order singular
perturbations [49]. To carry out our analysis, a key step is establishing a global non-linear
interpolation inequality that, up to assuming suitable growth conditions on the double-well
potential, provides a priori bounds on the energy. A further feature of this problem is the
presence of general tensor norms that generate anisotropies and prevent the use of a one-
dimensional argument. This difficulty is overcome by an application of the blow-up method
of Fonseca and Miiller [75].

It is worth mentioning that, in [6], Alicandro, Braides, and Gelli successfully introduced
a second-order singular perturbation for a local variant of the above mentioned non-local
approximation of the Mumford-Shah functional [33]. Such an example, recently generalized
by Solci for higher-order singular perturbations [127], illustrates how the effect of the non-
locality may sometimes be emulated by the presence of singular perturbations of higher-order
since the latter account for longer-range interactions. Higher-order singular perturbations
models have been recently employed in diverse contexts and with different scopes such as to
the study of the Perona-Malik model [20} 35| [85], of phase-field models for free-discontinuity
problems [I7), 25 [73], and to provide numerical approximation for high-order phase-field
models for brittle fracture [109].

Structure of the thesis and summary of contributions

The thesis is made up of two independent chapters. The first one deals with non-local
problems in homogenization and perforated domains; the contributions presented therein are
as follows:

o Another look at elliptic homogenization, in collaboration with Andrea Braides and
Davide Donati, published [32];

e Multiscale homogenization of non-local energies of convolution-type, submitted [44];

e Emergence of a conver strange term via homogenization of mon-local energies at the
critical exponent, in collaboration with Giuliana Fusco, submitted [50].



In the second chapter we collect the results about models for phase transitions:

e Graph convergence in a fractional phase-field model, in collaboration with Francesco
Cassandra, in preparation [46];

e Higher-order singular perturbation models for phase transitions, in collaboration with
Davide Donati and Margherita Solci, published [48];

o Singular perturbations models in phase transitions for anisotropic higher-order materials,
in collaboration with Davide Donati and Chiara Trifone, published [49].

Each chapter is essentially self-contained and presents the main notation adopted therein
as a first section; see Sections and respectively. In Sections and we dis-
cuss the asymptotic behaviour of periodically oscillating non-local energies of fractional and
convolution-type, respectively, and in Section we address the problem of perforated do-
mains at the critical exponent in a fairly general non-local setting. Section is devoted to
the study of equi-coerciveness for a fractional phase-field model. In Section we present a
result about a sharp-interface model involving a singular perturbation of arbitrarily high order
and in Section [2.4] we extend the analysis considering several intermediate-order derivatives
that may contribute negatively to the energy.

Further contributions
The following works, carried out during the PhD program, are not presented in this thesis:

e A note on mon-local Sobolev spaces and non-local perimeters, in collaboration with
Konstantinos Bessas, published [23];

e H-convergence and I'-convergence in the Riesz fractional setting: the nonlinear case,
in collaboration with Maicol Caponi, Alessandro Carbotti, Alberto Maione, and Fabio
Paronetto, submitted [45];

o ['-convergence of convolution-type functionals for free discontinuity problems, in collab-
oration with Davide Donati, Sergio Scalabrino, Chiara Trifone, and Edoardo Voglino,
submitted [47].

Even though some of the results obtained in these works are related to non-local homoge-
nization and non-local problems with discontinuities, we prefer not to include them to keep
our exposition as coherent and unified as possible.



Chapter 1

Multiscale homogenization of
non-local energies

In their celebrated paper [27], Bourgain, Brezis, and Mironescu studied the asymptotic be-
haviour of the double integrals

//ps — ) ) ‘ dz dy, p € (1,+00), (1.0.1)

with {p.} a family of radially symmetric non-negative kernels satisfying

p-(6)€|Pdé =1 and  lim 1/Rd\3 p=(§)[E[P dE =0 (1.0.2)

epb e—0 gP

for all €, > 0. They proved that functionals (1.0.1)) converge to a (multiple of the) Dirichlet

p-energy
/@/ |Vul|P de,
Q

with domain the usual Sobolev space W1P(§2), where the constant  is determined by the
kernels {p. }c. Subsequently, their results have been extended by Davila [69] to the case p =1
and by Ponce [115, [IT6] to more general double integrals, also in the sense of I'-convergence.
Very recently, sharp conditions on the family of kernels {p.}- for the validity of such approx-
imation have been detected [63] [78].

Kernels satisfying assumptions favor short-range interactions in 2 x Q as ¢ — 0 so
that relevant pairwise interactions occur near the diagonal of the domain of integration. This
can be regarded as a concentration phenomenon that, in the limit, leads to an energy that
is described as a single integral on Q and which is finite on W1#(Q), such as the Dirichlet
p-energy. Provided that the functions have a fixed mean value on 2, these functionals are
equi-coercive in LP(Q) (see [115, Theorems 1.1, 1.2]); hence, by the properties of convergence
of minima of I'-convergence, minimum problems involving the Dirichlet p-energy can be
approximated by problems involving double integrals, upon suitably defining boundary-value
problems if necessary.

This approximation can be extended to other problems involving integral energies on
Sobolev spaces in a regular domain Q C R¢, such as homogenization problems, two of the
most classical of which are the asymptotic analysis of (isotropic) oscillating energies

/Qa(f;)|Vu\p dx, (1.0.3)

1



2 CHAPTER 1. MULTISCALE HOMOGENIZATION OF NON-LOCAL ENERGIES

where a is a 1-periodic function, and of the Dirichlet p-energy subject to boundary conditions
on a perforated domain

/Q |VulP dz, u e WyP(s), (1.0.4)

where the set s (the perforated domain) is obtained removing from € tiny perforations
arranged on an array of period 9.

In the case of the oscillating energies (1.0.3)), the I'-limit as § — 0 is the homogenized
functional

/ fhom(vu) dZE, (105)
Q

where the density from is characterized by the homogenization formula
Jhom(2) = min{/ a(x)|z+ Vo(z)Pdr v is 1-periodic}; (1.0.6)
(0,1)¢

see, e.g., [34, Theorem 14.7]. By the result of Bourgain, Brezis and Mironescu, we can
formally define an approximation of the limit functional ((1.0.5)) using the energies

[ ot (0

Indeed, for fixed § > 0, the I'-limit as ¢ — 0 is

/i/ﬂa(f;>|Vu|pde’,

which then I'-converge as 6 — 0 to a multiple of (1.0.5]).
As for the constrained energies ([1.0.4]), the I'-limit as 6 — 0 presents an additional term
of order zero, the so-called strange term, and equals

VulPdx + C, 4 ulP dx, u € WIP(Q , 1.0.7
| P, 0
Q Q

for a positive constant C), 4 that is expressed in terms of a capacitary problem in accordance
with the values of p and d, see [57]. The same heuristic argument can be employed, so that
the functionals

//pg —x) ) ‘da:dy, ifu=0o0nQ\Q

I'-converge to a multiple of letting first € — 0 and then § — 0.

Up to incorporating boundary conditions in the case of oscillating energies (such as pre-
scribing the mean value of the functions under consideration), the functionals defined by
double integrals are equi-coercive in LP(2); hence, we can formally use a diagonal argument
(see [61] for the metrizability of I'-convergence) to deduce that there exists a scale § =
such that § — 0 as ¢ — 0 along which the I'-limit is the same that is obtained passing to the
limit separately in the two parameters, as previously illustrated.

One of the main goals of this chapter is investigating the scales § = §. at which these
limits hold, giving rise to a separation of the scales § and €. As for the oscillating energies,
we address this problem for two remarkable classes of interaction kernels: fractional and
convolution-type kernels. In the latter case, we are actually able to compute the limit energy
in all of the possible regimes of £, 5. The problem of perforated domain is set in the framework
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recently considered in [5], where a general variational theory for non-local energies comparable
to has been developed and which also encompasses convolution-type kernels as a special
case. We underscore that the main challenge here does not reside in the identification of the
scale d., but rather in the multiscale analysis of the problem at the critical exponent p = d.

This chapter is organized as follows: in Section [I.I] we introduce the main notation.
Section [1.2] is devoted to the analysis of oscillating fractional energies and contains the re-
sults in [32]. Section contains the results presented in [44] about the homogenization
of convolution-type energies. Finally, in Section we illustrate the results in [50], where
we study the problem of perforated domains at the critical exponent in a general non-local
framework.

1.1 Notation

We let d,m be two positive integers and we identify R? with the ambient space containing
the domain €2, a bounded open set with Lipschitz boundary, and R" with the target space of
the vector-valued functions we consider. Our results mainly concern functions in LP(£2; R™)
or in the Sobolev space W1P(;R™) (see [96]). If p = 2 we let H*(Q2;R™), s € (0, 1], denote
the corresponding (possibly fractional) Sobolev space (see [67, [97]).

For k € {d,m}, we let |¢| denote the Euclidean norm of ¢ € R¥ and set S¥=! := {x € R¥ :
|z| = 1}. We let B,(z) denote the d-dimensional Euclidean ball of center x and radius r and
set B, := B,.(0). We use different notation for d-dimensional cubes: we set

Q. = (0, r)d

and we set

Q(x,r) :=x+ (—g, g)d.

with the convention that Q(r) = Q(0,7). This last notation will be widely used in Section
[[.4] and we point out that a special notation shall be introduced in Section [I.2] to consider
cubes with sides that are not parallel to the coordinate axes (see Remark [1.2.4).

For M € R™*? we consider the Frobenius norm

= (5 0)

i=1 j=1

D=

We denote the product of a matrix M € R™*? with 2 € R? either by Mz or (M, z) and we
denote the product of two matrices M, M’ € R™*% by (M, M)

Given t € R, we let |t] and [t] denote the lower and the upper integer part of ¢, re-
spectively. Analogously, given ¢ € R%, we set €] == (|&1], ..., [€&a]) € Z% and [€] :=

(T&iT, - [&a]) € 22
We let Aee(€2) denote the family of open subsets of € with Lipschitz boundary and let

A(§) ={reA:ztefc A} = AN (A - <f). (1.1.1)

for e >0 and £ € RY If A C R? we set A° := RY\ A and dist(z, A) := inf{|y — 2| : y € A}
for all z € R%.

We say that a set £ C R? is measurable provided that it is measurable with respect to
the d-dimensional Lebesgue measure and, in this case, we let |E| denote its measure. We say
that a property holds almost everywhere (a.e. for short) provided that this is valid for almost
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every point with respect to the Lebesgue measure on R?. We let 74* denote the k-dimensional
Hausdorff measure on R” for some k € (0, h] and we set o4_; := HIH(S41).

Let us fix p € (1,400). In the following, we shall deal with the minimization of integral
energies subject to Dirichlet boundary conditions. To treat such a problem in a non-local
framework, it is useful to introduce suitable classes of functions. Given g : R — R™ a
Lipschitz continuous function, we let

Dy g(A;R™) :={u € LP(A;R™) :u=g for a.e. x € A,dist(z, A°) < r}, (1.1.2)

with A an open subset of R, M € R™*¢ and r > 0. If g(x) = Mz, we simply set
Dy m(A;R™) = Dy g(A;R™). We introduce an analogous class where boundary conditions
are imposed close to the boundary of a reference set with respect to the norm

|Z]oo := max{|z;| : i € {1,...,d}};
namely, we set
Dy (A;R™) i={u € LP(A;R™) :u =g for a.e. z € A, distoo(z, A°) <7}, (1.1.3)

with disteo(z, A) := inf{|ly — 2| : ¥ € A}. We point out that the above classes can be
equivalently considered when dealing with the asymptotics of minimum problems that are
defined on large reference sets (such as cubes with diverging side-lengths) or on a fixed
reference set when r tends to zero.

We introduce further classes of functions subject to periodic boundary conditions; we
consider

LY 0 (QusR™) = {u € L} (R%GR™) : u(w) — Mz is 1-periodic} (1.1.4)

and
W#ﬁ/](Ql;Rm) = {u € WP(RER™) - u(z) — Mz is 1-periodic}, (1.1.5)
where we say that a function u : R? — R™ is 1-periodic if, letting {ey,...,eq} denote the

canonical basis of R, it holds
u(z + e;) = u(zx)
for almost every x € R? and for all i € {1,...,d}.
Finally, we recall the definition of I'-convergence and mention the fundamental property
on the convergence of minima. For the purpose of this chapter, it suffices to provide the
definition of with respect to the LP-topology. For further details we refer to [29] 34} [61].

Definition 1.1.1 (I'-convergence). Let p € [1,400) and let F. : LP(Q;R™) — [—o00, +00]
for every ¢ > 0 and F' : LP(;R™) — [—o0,+00]. We say that F' is the I'-limit of {F.}.
with respect to the convergence in LP(2;R™) as € — 0 if, given any positive sequence {¢;};
converging to 0, the following hold:

(i) for every uw € LP(€;R™) and every {u;}; C LP(Q;R™) such that u; — u in LP(§;R™)
as j — +o00, it holds

liminf F., (u;) > F(u) (liminf inequality),

Jj—+oo

(1) for every u € LP(§2;R™) there exists {v;}; C LP(Q; R™) such that v; — w in LP(2; R™)
as j — +oo and

limsup F; (vj) < F(u) (limsup inequality).

Jj—+o00



1.2. OSCILLATING ENERGIES OF FRACTIONAL-TYPE )

Theorem 1.1.2 (Convergence of minima). Let {F.}. and F as in Definition be such
that {F:}e T'-converge to F' and {F.}: is an equi-coercive family on LP(2;R™). Then, given
any positive sequence {€;}; converging to 0, it holds that

dmin F = lim 1an

j—+oo
Moreover, if {u;}; is a converging sequence such that lim; Fy,(u;) = lim;inf F., then its

limit is a minimizer for F.

1.2 Oscillating energies of fractional-type

We consider quadratic inhomogeneous energies modelled on (1.0.1). In a fractional setting,
these reduce to properly rescaled oscillating Gagliardo seminorms of fractional parameter

1 — ¢ of the form
frac ( )’2
Fes - E/ / |y — $|d+2(1 T dr2—g) (1.2.1)

where Q C R%. Such energies are naturally defined on the fractional Sobolev space H!~¢(Q; R™),
which is obtained as

H'™ S (R™) = {u € L* (% R™) : [u]g—<(q) < +00},

where the Gagliardo seminorm [u]g1-<(q) is given by

(] e O 4y dy)é
H : 0 |y _ x‘d+2(l g) :

In order to determine a critical scale o — 0 such that the I'-limit of {F gf(?:}g coincides with
the limit obtained letting first ¢ — 0 and then § — 0, we employ the following heuristic
argument.

First, we reduce the computation of only to points z,y sufficiently close to each
other. This amounts to detecting a scale r. that determines the minimal range of relevant
pairwise interactions. If we consider a family of equi-lipschitz continuous functions {u.}.,
there exists C' a positive constant independent of € such that

Juc(y) — ue(2)? // 1
€ a dedy < Ce —————dzdy
//me{yst} ( ) |y — x[d+20-e) QxOn{ly—a|>r.} [T — y[d7%

diam €
< C\Q|adla/ 12 g
Te

= C‘Qg’d—l [(diam Q)% — r2¢],

which tends to 0 as € — 0 provided that

c 51 (1.2.2)

Te

Then, working for simplicity in the scalar case m = 1, we let z € R? be fixed and let v be as
in the formula characterizing from(z) in (1.0.6). We can use u.(z) = (z,z) +d-v(x/d.) as test
functions for the I'-limit of F; 5.. We may suppose v to be twice continuously differentiable,
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so that, using the Taylor development of v at x/J. and the above reduction argument, we
have

\ Jue(y) — ue(x)]?
6//QXQCL((SE) |y—$|d+2(1*€) d:l:dy
@ [us(y) — ue(x)]?
~oe al = dx dy
//QXQQ{|y—z§7«E} <55) |y — z|d+20-2)
,x4
QxQn{ly—al<re} e |y — z|dT21-e)

~ 5 L@@ oo (3)):

This argument suggests that when

N2
e(i) =0 (1.2.3)
0e

we may construct recovery sequences optimizing the oscillations of a, and actually is a proof
of the upper bound in this case for the target function u(xz) = (z,z). The combination of

(1.2.2) and (1.2.3|) determines the regime

0: — 1. (1.2.4)

We prove that, under assumption , the expected separation of the scales d and ¢
occurs. The main argument in the proof of the lower bound is obtained by a discretization
procedure (which as a byproduct also gives a different proof of the results in [116]) based on
the use of Kuhn’s decomposition [95] and an integration argument on the set of orthogonal
bases in R? borrowed from a recent paper by Solci [125]. Thanks to (I-2.4), we can then
reduce the computation to studying the limit of oscillating energies on piecewise-
affine interpolations at a scale much smaller than §, for which the known homogenization
result can be applied.

1.2.1 Statement of the result and preliminaries

Let a be a 1-periodic continuous function such that
0<a<a(r)<f <40 (1.2.5)

for every € R% For € > 0 we let 6. > 0 be a parameter that vanishes as ¢ — 0 and we
introduce the functional Fa¢ : [2(Q;R™) — [0, +-00] defined as

_ 2
// uz )’)dxdy it w e H'-5(Q;R™),

Ffrac ’y _ $|d+2 (126)

otherwise.

where Q € R? is a bounded open set with Lipschitz boundary. The main result of this section
is the following.

Theorem 1.2.1. Let Ff%¢ be defined by (1.2.6) and assume that

lim o0f = 1.

e—0
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Then, the family {F}. T-converges with respect to the convergence in L*(S;R™) to the
functional Fira© : L2(Q;R™) — [0, +o0] defined as

s /<AhomVu, Vu)dr if u € HY(Q;R™),
Q

FfraC( ):: 2d (127)
400 otherwise,
where Apom s a quadratic form on R™*? given by
(Ano M, M) = min / (o) V(@) de : u € WS, (Qu B, (1.2.8)
1

with W#QM(Ql;Rm) as in (1.1.5)).

Remark 1.2.2. In the original paper [32] the above result is proved under the stronger
assumption
€

Mgz =0

Here, the proof for the regime 6 — 1 is obtained with some minor adaptations, mainly
needed in the upper bound. The regimes that differ from are not dealt with in this
thesis and are the object of a work in preparation by Braides, Mannella, and Schiavoni Piazza
on which we shall comment in the forthcoming section.

We state a lemma that allows us to take into account only those interactions due to pairs
of sufficiently close points in 2.

Lemma 1.2.3. Assume that 5 — 1 as ¢ — 0 and let {u:.}. C L*(;R™) be a family of
equi-lipschitz continuous functions. Then

2
lim FfraC u _ E// x \ug(y) - ’LLE(JC)| drd > _0
E—>O< 6 QXQH{ 7y |I y\<6q} ( 8> |y — x|d+2(1—5) y

for every q € R.

Proof. Using ((1.2.5) and the fact that {u.}. are equi-lipschitz continuous functions, there
exists a positive constant C' independent of € such that

2\ |ue(y) — ue(x)?
c al = da dy
//me{(x,y);|yx|>5g} <65) ly — x|d+20-2)

1
OxQN{(y)ly—a| >0} [Y — T|

di Q
ClQlou1e / Y e gy ClQoa
5

IN

((diam Q)% — §2).

The thesis follows letting ¢ — 0 as 6 — 1 by assumption. O

In the proof of the liminf inequality we take advantage of a discretization argument based
on the construction of proper lattices, which can be parameterized on orthogonal bases.

Remark 1.2.4 (Notation for the set of orthogonal bases). Following the notation of [125]
we define the set of orthonormal bases of R?

Vi={7 = (v1,...,vq) : v; € ST! such that (v;, ;) =0 for i # j}
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and observe that V has Hausdorff dimension equal to kg := d(d — 1)/2. For every n €
{1,...,d} and fixed v € S~! we define the set

v :={v € V such that v, = v},
whose Hausdorff dimension is kg — (d — 1). Note that we have

k
/de—(d—l)(vri’) = H d(v)’ (1.2.9)
41

and that the formula
/ (@) dH* (D) = / f¥ (7)) dHF= =D,y dH ™ (v) (1.2.10)
% sd-1 Jvy

holds with 7y, := (v1, ..., Vn—1,Vn+1,-..,vq) and f¥(v,) := f(D) for every n € {1,...,d} and
f non negative measurable function.
Given t > 0 and 7 € V, we define the lattice

thg = {tvlzl +tvoze + - +trvgzg (2’1, e Zd) S Zd}
and let @y denote the cube described by the orthogonal basis {tv1, ..., tvg}.

Remark 1.2.5 (Kuhn’s decomposition). A cube Q defined as in the previous remark can
be further decomposed into d! d-simplices of measure t¢/d! through Kuhn’s decomposition
in the following way: for every 7 permutation of d indices, we define A7, as the simplex
described by the vertices

Wery, ey FtWr2), - W) Htvr) + -+ g

As shown in [95, Lemma 1], as 7 vary among all the permutations, we get a family of d!
simplices which constitutes the desired partition. We denote the vertices of each simplex by

A;O =0, A;@ =twra) Htvpe) o v for £ € {1,...d}

and observe that, with this choice, it holds that

A AT =ty forfe{l,...d} (1.2.11)
and that
(A — AT v e {1, d)) = {ti, .. tvg) (1.2.12)

1.2.2 Lower bound

Throughout this section we fix positive sequences {e;};, {J; := d¢, }; tending to 0 as j — +o0
and such that
lim 67 = 1. 1.2.13
L (1:249)
Let u € L?(Q;R™) and consider a sequence {u;}; converging to u in L*(Q;R™). With-
out loss of generality, we may assume that sup; ¢, (uj) < 400, which implies that u; €
H'=% (Q;R™) for every j € N.
We aim at proving that v € H'(Q';R™) for every €2’ open subset well contained in  and
that

liminf e; // \u] u(@ ) dx dy gd-1 (AhomVu, Vu) dzx.
j—+oo J ’y — .’I,"d+2 (1- EJ) - 2 Q/ ’
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As the left-hand side is independent of €', in particular this implies that v € H'(Q;R™).
Lemma states that interactions of points at distance larger than 5?,q > 1, are
negligible. We set
rj =07 for some q > 1, (1.2.14)

and, recalling the notation (L.1.1)), we apply the change of variables £ := (y — z)/r; and the
coarea formula to get

2\ uj(y) — u;(@)]?
F. (u;) > s// al =) J dx dy
J( J) J XN {(29):|e—y|<r;} (5]) |y_x|d+2(1fsj)
2€j 2
" \ |uj(@ + 7€) — u;(2)]
gj/ dJQa/ “(;) T
[§l42e m(g) j r5€]

8J/ /Sd 1td 2¢e;

\ |uj(@ 4 rjtv) — uj(@)? -1
al — dr dH v)dt.
/Qr t( ) ((5]) |T‘jt|2 ( )

Taking into account ( , we rewrite the above term as

E/ / Zadl
TJo 8720 Jgaor d A P (

" . 2
/ /Q | IuJ(err'gTI;)'Q ()| da dHF =D () a1 (v) dt,
v T t -7 J

then we apply formula m to get

2 .
€ 0d-1 /1 TjEJ
d’H’“d(V) o ti2%

/ / |u] (z+ rjtun)2 ui (@) dHF (D) dt,  (1.2.15)
Q'r‘ t Vn) '] |Tjt|

vy, being the n-th element of the orthonormal basis 7.
For 7 € V (recall the notation of Remark [1.2.4]) we set

Tip = {k € Z, : vjk + Qi CC Q'Y
where, given n > 0, we set
0" = {x € Q: dist(x,00) > n}.
Note that for every 7 € V and for every n € {1,...,d} it holds that
U rik 4+ 1;Qw C Q9 C Q4 (vn);

k€Tl
hence, (1.2.15)) is bounded from below by

2.
€ 0Oa-1 /1 TjEJ
ded(V) 0 ti—2e

) ) — 2
/Z/ a((Sﬁ) |“J(x+rj| Vﬂ)z GO g arbomyar. (12.16)
g (ki Q) 20 T
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We now exploit the uniform continuity of the function a to factor it out from the inner
integral; for this reason, we introduce a modulus of continuity w : [0, +00) — [0, +00); that
is, an increasing continuous function such that w(0) = 0 and |a(z1) — a(x2)| < w(|z1 — z2]|)

for every x1,z9 € R4,
We rewrite the right-hand side of (1.2.16)) as

2€j
&j 0d-1
d’,‘l-[kd( ) tl 2¢e;

2
0; rik+7r;Qw J
EI T J J

26]'
4 & _Od-1 / "
d Hk}d(v) 0 t172€j

/ Z Z /rkatV ) - a(iéjk)) S rj\i:;\); uj(x”gd:c A () dt

nlk

and we note that the last term is negligible as j — 400 since, using (|1.2.5)), its absolute value
is estimated from above by

2e;
rivdye; o4-1 /1 T’
”( 5; )ded(V) o %
/ Z/ ’U] £ +T]|tl/n’)2_ ug(x)de ded(ﬁ) dt
r;t

< w<rjf);Fj(uj),

which tends to 0 since sup; Fj(u;) < +o0o and since r;/d; = (5q ' 0 by (1.2.14 (L.2.14).
We obtain the inequality

N~ & Td-1 "
Fey(ug) > ded(V)/o -2

7« u;i(x r~1/n—ujx2 _
[E 5], o i arn

n= 1k Z ] Tjk‘“r,ertU

To produce a lower bound for (1.2.17]), we take advantage of a discretization argument

based on piecewise-affine auxiliary functions.
Given ¢; sufficiently small, ¢t € (0,1) and 7 € V we define the function u? in two steps:

e first, we assign values on the lattice Itrg setting

— 1
’U,;-V(Tjk) — d/ uj dx for every k € Z;ﬂ,
|rjt| rik+1;Qiw

e then, given k in the subset of indexes defined as

I = {k € ZL : rik + 2r;Qu CC Q'Y
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consider the cube 7k + 7;Qu, T a permutation of the indices {1,...,d}, and rjk + r; AL
the corresponding simplex in Kuhn’s decomposition; on this simplex we define u Y being the
affine interpolation of the previously defined values

(k) = e+ A0, k4 AT, (ke AT,

We remark that, in the second step, our definition is well posed since k € f:g ensures that
rik + A belongs to g for every 7 permutation of d indexes and ¢ € {0,...,d}; that is,
on the simplex denoted by 7, to each vertex has already been assigned a value in the first

step of the construction. For the same reason, ué” cannot be defined in this way on the cubes

rik +1;Qs for which k §é 7. This means that u? is not defined on each cell of the above

form contained in 2, but these exceptions only occur near the boundary of €2, and for our
tv

purpose this issue is overcome simply extending to 0 the function (G

By construction, we have that uj” is well defined as a continuous piecewise-affine function
on

U rik +7jQw;
ke’

hence, on each simplex r;k + r;ALLk € ng, its gradient is constant and by (|1.2.11)) and

(1.2.12)) it holds

tvr

/ |Vu§-v]2 dx
riktriA

_ d/ |“§V(7“Jk+TJAM)—uty(rjk"'TJAM P da
rik+r;A

|"”Jt’2

=1 i Alp
. 2
T2 il /
= — — uj dy — u'dy) dx
’Tjt‘Q ZZ; rik+r; AL ’Tjt‘d T]k+T]AtV +r;Qiw ! riktr; AL = s Qu J
2
- wi(y + ritv g)—u-(y)dy> dx
’r]t‘Q Z/’I” k+7”]AT ’r]t‘ <\/7:]k+7'JA = 1+ert§ J JHT(0) J

IN

1 1
2 Z/ T / uj(y + rjtve) — uj(y)|*dy do
J r

=1 J ikt AL |T]t| ]k+7"]ATZ " Quw

d
_ ! Z/ / Juj (y + rjtvre) — u;(y)|? dyda
|Tjt‘d =177 k41 AL 'rjk—i-r]A = +ertg |7"jt|2
d

_ 12/ Juj(y + ritve) — u;(y))? .

o 112
d! =1 JriktriA S Qe |Tjt|

where we used Jensen’s inequality and the fact that |r;k + ;AL | = |r;t|?/d).
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Summing over the permutations 7 and k € f{; and reinstating the coefficient a, we get

e _
Z a(rj>/ |Vu§-”]2da;
; 6j rik+7r; Qi
= Tj / \Vul? | dx
Z rik+r; AL I

059+ 7t7500) = 0, (9)
SZ ( Zd'z/ i\Y J’Tjgj)Q i\Y dy

.. k1 AT[ lJrT' B
k’EZ:g J ]Qtu

d

1 rik wi(y + ritvn) — u;(y)|?
:52_: > Za(éj)/r |u;(y \rjt|)2 WF 4 (1218

T,0—1
L{rer(0)=n} pcT skt Ay 4 Qw

Keeping n, ¢, T fixed, we put h := k + Ayil and note that k € ng implies h € Z,7, so that

tvo
(1.2.18]) is less than or equal to

wi(y + ritvn) — u; 2 _
dlz Z Z < )/ |uj (y |rjt|)2 ()| dy + E(7)

n=L{r,t:7()=n} per,’ Tl Quw

- LT, ey, )

n=1lper’s Tt Qe

where we used that the cardinality of the set {7,¢ : 7(¢) = n} is d! for every n =1, ..., d, and
we set

d T,0—1
ER) =Y 3 (Q(M) (") / iy + 7o) = w WP )
= % 0 rihtr Qe 75t
Summarizing, we have proved that for every j,t,7, it holds

5 )

n=lyer’s riktTiQu

k _
> S a(i?)/ Vul?|? de — E(9), (1.2.19)
keZ? J riktTiQu
tv

and therefore, having achieved an estimate in terms of the inner integral in (|1.2.17)), we get

2€j

5] Od—1 TJ
FS] (uj) Z E%kd(v) A tl 253
d 2

/Z a(?)/ luj(x + rjtv )2 uj(z)| d dH s (7 (1.2.20)
\%4 n=1 kJEI:g .] T'jk—‘rT‘]'Qt; |Tjt|

€5 0d-1 7’
> J 12 g dpFa By dt - (1.2.21
—d de( /0 tl ZEJ/ Z j []k+T]QtLvu ’ o H ( ) ( )

_ & %41 i / 7) dHka(m 1.2.22
v /0 i | Po . (122)
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Note that (|1.2.22) vanishes as j — —+o00; indeed, considering the modulus of continuity,
the bound from above in (|1.2.5) and the bound from above involving (1.2.20)), we have

1 .26
5 _fdd i /E —\ 71/ (5
d?—[kd(v)/o -2 [, (V) dH" () dt

2e;
w(rj\/g)gj Od—1 /1 i’
5; ) dHR(V) Jy 2

: tup) — w; 2
/ Z Z / |U](y+7‘] v )2 U](y)| dyd%kd(ﬁ) dt
r T h+7']Qtu |T]t|
. 22]
< w(jﬁ)sj 041 1 / ";
- 6] d?—[kd( ) 0 t172€j
Vin= Lper ' rihtriQuw |Tjt’2
rivdy 1
< J —F. (u;
< w( )aFexun,

which tends to 0 since sup; F:, (u;) < +oo and since r;/d; — 0 by (1.2.14)).
As for ([1.2.21]), we can reinsert the coefficient a in the integral; in particular, taking
into account the modulus of continuity and using (1.2.5)), (1.2.19)), the inequality leading to

(1.2.20)), and the fact that ((1.2.22) vanishes, we have

€j 0Od—1 rik 72 k
e - da dH*4 () dt
Fn ), %J/ /Q 3) a(E) P arantm

J

T \/g Ei Od—1 v 7
< w(-2 el / / / Vul? |2 do dHF (7)) dt
( 5j > d de( 0 tl 2 Z rik+r;Qiw ’ ! ’ ( )

- w(rjx/g)sj Od-1 1/1 rjj
- §; ) dHF(V)a Jy t1=2%
d
/ Z Z a<7"]k)/ |U(y+7'jtyn)2_u(y)’2 dy + E(V) derd( )dt—i—OJ( )
Vo= keI:Z 5j rik+r; Qi |Tjt|

r-\/g 1
< J ZF. (u;
S 2 )= F () + 0(1),

and we conclude as above.
We finally obtain

2€j

1
€; Od—1 r
F. (u;) > 2 / J / / Vu“’deded dt + o
sy( ]) ded(V) 0 +1—2¢; sz; Pk Qo ( )‘ ‘ () J()

]
tU

2€j

> & _gd- /1 L // o 5) IVl P dwdrte @) di + ;1) (1.2.23)
T dHR(V) Jo 117y o\, : -
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where Q' is any open set well contained in € that we assume satisfies

o c | rk+rQw

keZ,?

for €; sufficiently small.

In the final part of the proof, we average the auxiliary functions obtained by discretization
weighting them with the appropriate kernel.

For every ¢; sufficiently small we define the probability measure pe; on [0,1] x V' by

2¢; ,7
dugj (t,v) := HT(JV)tQE] lpl g de;

then we estimate the leading term in (|1.2.23)) as

Od—1 2, @ - )
2d /K),l]xvrj /,a((gj)w% | dx dpe, (t, D)
O-dfl 28]‘ X - B
- ' 5 V< du. (t,7)d
2d /,T] a<5j>/[0,1]><v’vuj ’ ,Usj( ,1/) "

Od—1 2¢; X o |2
> 0 (L 7 dpe. (t,7)| d 1.2.24
> /lr] a(éj)‘/[m]xvv% b, (t,7)| d (1.2.24)

by Jensen’s inequality.
We set

W)= [ @) due, (7,
[0,1]xV
and note that, since u? is continuous on €', this function belongs to H!(£); R™) with
Vi) = [ Vul(a)dug, (t.7)
[0,1]xV
for almost every x € €. As a consequence, ([1.2.24)) reduces to
Od—1 2e; X _ 2
5 /lrj ]a(éj>Vuj(x)] dz

and, since rj.j — 1 as j — +oo in virtue of (|1.2.14]) and the assumption (|1.2.13)), the proof of
the lower bound is concluded if we show that

ljlgliggf U;; /la<§;)]Vuj(fn)|2d:L‘ > J;; /Q/<AhomVu, Vu) dz.
In turn, to this end it is sufficient to prove that w; — u in L2(SY;R™). Indeed, this implies
that u is the L?(€2; R™)-limit of a bounded sequence in H'(€'; R™), so that u € H'(V;R™)
and the conclusion follows by the lower bound provided in [34, Theorem 14.7].
First we prove the convergence under the additional assumption that {u;}; is bounded in
L>®(QY;R™). If this is the case, it suffices to prove that @; — u; — 0 in L1(Q; R™).
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As Q' C U , we have
.
keZ,:

5 e ) e
(0,1]xV

uj\r
/ uj(x —u (z)| dz dpe, (t,7)

| Just@)
/01]><V

/[0,1]kaz / |uj(x) — uff (x)] da dpe, (t, 7)

zri VT k+rj Qiw

1 — will L1 (qmmy =

/
eZ,

g/ $ / fuj () — P (ryk)| der dpse, (£,7) (1.2.25)
[071] xV =r; JTj k+T] Qw
kel
+/ / ul (x —u dx dpe, (t,v 1.2.26
o 1}xv2 TjijQm\ i () = ug(rjk)| ¢,v). )

tu

We first prove that (1.2.25)) tends to 0 as ¢; vanishes. Applying Holder’s inequality and
a rescaled version of the Poincaré-Wirtinger inequality (see [97, Theorem 6.33]) we get

S / i () — ul () | da
~r TJIC+T]QtV

keZ,’

tv

N

— u;y(rjk:)\z daz)

— 2 1
(1—¢5) E: // luj(y) — uj(x)| e dy L
kefrj( (rik+r;Qw) X (rjk+r;Qiw) ’y_$|d+2(1—5j) )
t

where P is the Poincaré—Wirtilnger constant for the d-dimensional unit cube. Then we make
use of the concavity of z — x2 so that

§H+(1—e) 7" 1 |uj (y) — uj(2)? 3
Plrit|z 04717 _— // J J dz dy
| J | tv Z ITJ( (ry b3 Qi) X ( _$|d+2(1—a]-) )

rik4+1; Qi) |y

IN

3

=

g
\
?

AN
)
=
=

kez,2 T

d N~ 1 wi(y) — u;(x 2 1

< Plrtrenzy(y ] ) SO e dy)
ke i_rj Itg (rik4+r; Qi) x (rik+r;Qiw) |y_x| J
. 2 1

< P +(1- 6]) Irj |u] U/J(ﬂf)‘ )2
S t| (# axq |y — f\d’q(l_sj) ey
< P\rjt\§+<1*€j)\2rjt|*5\Qyz[uj]Hlfaj(Q)
<

Clryt|'= (1] i< Q)

for a positive constant C' independent of j. After integration we obtain that ((1.2.25)) is
bounded from above by

1
1—e. £4
Cr; Ejfj[Uj]Hlfj(Q)/o £ dt < Oy Vel
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for a possibly different constant C'. Then we use that e;[u;] 1<, (@) 18 uniformly bounded in
7 by assumption, and that rjl-_aj — 0 to deduce that the above term vanishes.

We treat (|1.2.26)) with a similar argument. By the Cauchy-Schwarz inequality we have

/ Z/ 7 () — ulP (k)| de: dps, (£, D)
[0,1]><V keir T4 k:+rj Qtl/

tv
/ 3 / IVl (@)e — rik| do dp, (t,7)
[0,1]xV ke rik+r;Qw

tv

IN

IN

Vi gt Z / IVl ()| do dpe, (1,7)

[0 1]><V k+7']Qtl/

and by Holder’s inequality, the concavity of x — 23 and Jensen’s inequality, this is bounded
from above by

1
_ 2
Nz 541 E: (/ - |vu§."(x)|2dx) djie, (,7)
7‘] 7‘] tv

[071] V ~7"

1

, 1 . ;o
_ f/ Iyt 3T Z e (/ I (x)de) djie, (,7)
Tj Tt

~r

1
_ 3
Vd |rt|2 5+1 #IT] é(Z /k+ 0 |Vu§”(x)|2d1:> dpie, (t,7)
. Jr ri Qo

<
0,1]xV
1
< ory / <Z / |Vu§”(x)|2dx>2d,u€j(t,u)
[O,I}XV kef; rjk-l—rJQtl,
<

1
er(/ Z/ Vul? ()P dpe, (£,7) ) (1.2.27)
[O’I]Xvkef’“ Tik+1;Qw

tv

for a positive constant C' independent of j. Now we write

Vil () Pdz dpue, (, D)
/[071]><V k; /TJk""TJQtV ’ N

tv

2e; / / / (2 kg (—
= g V¥ |* dedH" (D) dt
de( 0 t1=2e 7 rik+r;Qw ‘ ! | ( )

2d g 041 / ree / rik / . _
< el J i Vu'? |2 do dHF (D) dt
_( ) d de( 0 tl—Qaj Vk;j a( (53' ) 7,jk_’_erﬁ| uj ’ T (V)
tv

Q04— 11”

and we note that this last term equals (up to a factor that is bounded for every
j large enough since rjj — 1), therefore, as a byproduct of the previous computations, it
is bounded above by a multiple of F. (u;), which is uniformly bounded for small ;. We
conclude that vanishes since r; — 0.
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Finally, we remove the boundedness condition by a truncation argument. Given u; €
H'=¢i(Q; R™), we denote its components as (u;, ... ,uzn) and we let

(ué)s := max{—S5, min{S, u;}},z e{l,...,m}, u? = ((u}), ..., (u;n)s)

for every S > 0. Since u; — u in L%(Q;R™) implies that (u;)° — u° in L?(€2;R™) and since
F.,(u5) > F,((1;)%), we have

. . . . Od—
tim o P () 2 limint £ ((0)°) 2 78! /Q (ApomV (65), V(1)) da,

and then
2d

Slép IV ()| 2urmxay < — Sljp e, (uj) < +oo

so that u € H'(;R™) with V(u¥) — Vu. The proof is concluded once we let S — +oc.

1.2.3 Upper bound

Also in this section we fix positive sequences {¢;};, {0; := J¢, }; tending to 0 as j — +oo and
such that
lim 87 = 1. (1.2.28)
J—+o0
To prove the I'-lim sup inequality, we first study the case where w is piecewise-affine. We then
recover the inequality on the whole space H'(€;R™) by means of a density argument. For
the sake of clarity, we first deal with the case where wu is affine.

Step 1. We first suppose that u(z) = Mx, for some M € R™*?¢ Recalling (1.2.8), for
fixed 6§ > 0 we consider v € W;;%(Ql; R™) N C>® (R4 R™) a 1-periodic function such that

/ a(x)|M + Vo(z)|? dz < (ApemM, M) + 6; (1.2.29)

1

we claim that uj(z) = Mz + @v(%) is an approximate recovery sequence for u, i.e., it is
such that
limsup F, (uj) < %]Q\((AhomM, M) +6). (1.2.30)
Jj—+oo
This, combined with a diagonal argument and the arbitrariness of § > 0, will lead to the
upper bound.
In order to prove , we take advantage of Lemma and consider the first-order
Taylor expansion of v to get

o My — ) + 60(8) - dj0(E)P
F€j<uj>:€j/gz/g2a(<5j> 2205 dzx dy

o\ (M +Vo(E))(y —2) + 3Ry — )|
=g, al — : dx dy + 0;(1),
’ //52X90{(w7y):|xy|§5j} (53') |y — z|d¢t+2(1-¢)) J

where the function R(§) is the remainder in Lagrange form of v and it is such that
IR(6)| < Cl¢l?, (1.2.31)

for a positive constant C' depending on V2v.
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By the inequality |a + b|? < (1 + n)a® + (1 + 1/1)b?, with > 0, and by the change of
variables £ := y — x, we deduce

(M + Vu(§))El
F.(uj) +0;(1) < (1+n)sj//B a ;) |§‘d+2(162]) dede  (1.2.32)

2
//B |§|d+2 f‘ —y dar de. (1.2.33)

For a fixed nn > 0, the term in ([1.2.33) vanishes as ¢; tends to zero. Indeed, by (1.2.5) and
(1.2.31]), we have that

R()? 1
/, /B e e < 0901 [, e
J
9j
= Cﬂ|mad1/ 1125 gt
0
CBIoq— .
75 L ‘;’;’. Lortee, (1.2.34)
J
Therefore, (|1.2.33]) is bounded from above by
1 2+2€j 1
j €j 25 &
Qlog_1(1+-)-2 I =CBIQog_1(1+ )57 —2
B9l ( +77) 52 2+ 2 CpIRloa ( +n>ﬂ 2+ 2,

which vanishes as j — +o0o by ([1.2.28]).
As for the term in (|1.2.32)), note that by the symmetry of the integrand it holds

(M + Vo(§))8]? %
d — —1+2¢;
/st ’f‘d+2 (1= EJ) < /0 ! /Sdl

5.
_ /]t—1+2aj1/
0 d Sd—1

<M+Vv( )) ‘ dH (v) dt

M + Vv((;: ) ‘Qd’;’-{d_l(y) dt

— O‘d 1‘M+V'U ‘ / t—1+2€] dt
— i 1’M+Vv( )’25’ (1.2.35)
5j 2€j o

Recalling that v and a are 1-periodic, we may substitute (1.2.35)) in (1.2.32) to get
1+ // M+Vv(£))§’2d gt
n)E;j x
o i, (5) g

= (1+77)U;;5]2-6j/Qa(;)‘M—FVU(;)rdx

041 2¢; | z ’ z ’2d
(1+mn) 50 Ly 5 Qéva((;j)M—l—Vv(&j) T
J

g4_ .
. ;dlaj‘fqm/cz a(y) M + Vo) ? dy. (1.2.36)
1
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. . £ 5 .
In view of ((1.2.29)), recalling that 5]-7 — 1 we infer

limsup F., (uj) < (1 + )”d 1|Q](<AhomM M) dz +0),

j——4o0o
and we conclude by letting 7 to 0.

Step 2. We now suppose the function u is piecewise-affine in 2. More precisely, we
suppose that there exists a finite family of d-simplices {A;};icr covering Q, {M;};er € R™*4,
and {m;}ie;r € R™ such that u(x) = M;x + m; for every z € A; N Q and for every i € I. To
simplify the notation, from now on we will always write A; in place of A; N Q.

Similarly to what we have done in the previous case, for a fixed # > 0 and for every i € I,
we consider v; € VV1 2 o(Q1; R™) N C>®°(R% R™) a 1-periodic function satisfying

)
#I|A;|

/ a(x)|M; + Vi (2)|* de < (Anom M, M;) + (1.2.37)
1

Having in mind the construction of the recovery sequence performed in the previous case, we
aim at constructing an approximate recovery sequence for u by perturbing, in a suitable way,
u with the functions v;. To this end, for every A;, we consider the subset defined by

Afj ={z € Q: dist(z, AY) > §,}.

For fixed j € N and ¢ € I, we consider a function ng € O (RY), satisfying the following
conditions

(3?):0 fora;géAfj,
(x) =1 for x € A?éj,
0 < f,(z) <1 for z € R%, (1.2.38a)
2
Vs, (2)] < 5 for z € RY, (1.2.38b)
J
: 4
V25, ()] < 2 for z € R, (1.2.38¢)
j

where V%pgj is the Hessian matrix of ng'
We claim that an approximate recovery sequence for u is given by

uj(z) = ;(Mza: + d;v; (;;)ng (x) + mi>.

Note that u; is a continuous function since it coincides with v on the boundary of each A;.
Moreover, in light of ([1.2.38a]) and ([1.2.38b)), we have

sup || V| oo (rm =y < +00.
j

Therefore, we are in position to apply Lemma so that it is enough to show that

. !UJ (@)
llrilj(l)lpé“]// |y—x|d+2(1 - dx dy < 2d /(AhomVu Vu)dz + 6,

where we let A :=Q x QN {|z —y| < J;}. To make the computations more manageable, we
consider a suitable partition of A. For ¢ € I, we set

B =AY x A 0 {lu —y| < 63},
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Ci=A; x Ajn{]z —y| <§; and eithermoryEAi\A?(Sj},
and for j € I,j # i, we set
Dij = Ay x Ajn{lz —y[ <6},

so that A = {J,c;(B; UCi) U,z Dij-
Taking advantage of this decomposition and of the subadditivity of the lim sup, we have

: |UJ uj(2)]?
o e [ () [ i e
. |u u;(x)|?
< l;rilergop ‘ £ // g ’d+2 = dx dy (1.2.39)
hmsu £; ’uj (@) dx d (1.2.40)
icl J%Jroop ! |y—m|d+2(1 €j) y e
2
+Z Z limsup ¢; // |u] )d 21( 2l dx dy. (1.2.41)
icl jel,j#i Jortoo ‘y_x‘ +2(1-¢))

We begin by estimating (|1.2.39)). Since for fixed ¢ € I we have z/)gj = 1 on B;, by the
first-order Taylor expansion of v;, for a fixed n > 0 we get

|(M; + Vv + LRi(y — z)|?
Zsﬂ// (G —2) + 5 Ri(y — )] dzdy

< ly — a|dt20-5)

|(M; 4 V(5 ){]2
< Z (147 5]/ / ’5‘d+21 Sy dudg (1.2.42)

Ri(9)?
+Z /A J/ |§\d+2<1 s dw g, (1.2.43)

where R; is the remainder in Lagrange form of the first-order Taylor expansion of v;, which
satisfies

|Ri(§)] < CI¢P (1.2.44)
for every i € I. Thus, we may estimate ((1.2.43|) with
23" €1
BC / / jeerae ey G g,

which vanishes for £; — 0 in view of ([1.2.34]) (with Q replaced by A;).
As for ([1.2.42), taking advantage of the computations leading to (1.2.36)), we see that

S |(M; + Vv (£ >>§!2d "
—i—n £ / / T
’ Bs, j j€[+r20-e5)

S |(M; + Vv (& ))&!2d "
+77 o / / . x
ZE] " Jai I, j |20 )

< ) 1Z|A |/ )| M; + Vo;(z)? da.

IN
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Recalling (|1.2.37)), we finally conclude

|UJ uj(z)[?
hmsupz (1+n 6]// |y—m|d+21 ) dx dy

e—0

. 0d—1
< limsup(1+n / ApomM;, M;) dx + —
m sup { )2d %;<A&< o+ g7)
< (14 r])ad_l/ (ApomVu, Vu) dx + 0,
2d /g

so that letting # — 0, (1.2.39) is estimated.
We now show that m vanishes for ; — 0. As #I is finite and independent on ¢, it
suffices to take into account a single term in the sum. By the convexity of  — x2, we have

) o)
o [ G e e

MiPly — a2
< 3B //C |y|_L||jiz fij) dz dy (1.2.45)
|05, ( L) =)
+38¢; // d 6’y_x’d+21 e dady (1.2.46)
100i(5) (05, (y) — 5, ()]
+30¢; // ‘y 5’d+2 - dx dy. (1.2.47)

We start with ((1.2.45)). Via a change of variables, we see that

|M; ||y — ] 25, £
5]'//0i y— a2 W< 5| M| A\ A Wdf

EJ‘M1|2‘A7, \ Az jO'd_l/ t71+2€j dt
0

IN

gd- TP, \ AP (1.2.48)

which converges to zero as €; — 0.

As for (1.2.46)), using the first-order Taylor expansions of v;, (1.2.38a}), and recalling
(1.2.44)), one gets

|55, (W) (vi(E) — vz(%))IQ
€ // |y_$|d+2 1<) dz dy
|sz f‘i‘ 5; (5)‘2

|VUZ §|2 28 ‘§|4
.7
%5 /A\A]/ G dxd“a? A\ A] ’/ |£rd+2<1—6j>d§)'

The first term can be estimated with

/ / Vi (£ 5!2d dé < e, [V / / ok it
€ AL |§’d+2 x €3IV VillLeo(By) ANAZ ‘§|d+21 o) ¢

IN
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and therefore vanishes as in ([1.2.48]), while for the second term we have
26 €[*
|A \ A; J|/ ‘£|d+21 - d£ (1.2.49)

that vanishes as in (|1.2.34]). _
In order to estimate (|1.2.47)), we denote by R; the Lagrange remainders of the first-order

Taylor expansion of ng and we note that by (1.2.38¢)) it follows that
~ C
[Ri(6)] < 1€l
51'

for every < € I and j € N. Using the first-order Taylor expansion of ng, we conclude that

3,05 (04, 0) = ()P
= //c |y — w|dT21=<) o
16 V5, (2)€ + 65 Ri(€) 2
<€JHUZ||L°° (R4, ]Rm)/l\A 5 /Bs |¢|d+2(1=e)) da d§

5,90} ()P
< 25l mzm (] o / ey (1250

4
+02|Ai\Af57|52/ Ld&). (1.2.51)
J Bﬁj

’£‘d+2(178j)

In view of ((1.2.49)), we infer that the term in ([1.2.51]) converges to zero.
As for (1.2.50]), we may use (|1.2.38b|) to obtain that

10; Vs, ()€
/ / . 31 da d¢
A\A 9j |§’ +2(1—¢;)

2
5j 9
< 2€le@-\Al2 ]l/ %d’f:“d—lm"m? 'l
B |£‘ ’

so that we have finally shown that (1.2.40) tends to 0 as e; — 0.
We conclude by proving that (1.2.41)) vanishes as €; — 0. Also in this case, since #I is
finite and independent of ¢;, it suffices to take into account just one summand.

Note that if (z,y) € D;j, then x € Ai\Afj and y € A; \A?j, so that ng (z) = ¢§j (y) =
Thus, taking advantage of the Lipschitz continuity of u, we get

’U y) — u;(z))? u(z + &) — u(x)?
&j // |y]— x|d+2]l =y = ﬂEJ/A\A / €[d+2(1—2)) dx d§

: €[?
BHVUHL‘X’(Q;RWXd)eﬂAi\Az‘]’/Bl Wdf

1
2€j

IN

S

= /BHVUHLOO(Q;Rmxd)Ej‘Ai\Aﬂadfl
Od— 5

= BHVUHLW(Q;RWW)?”Ai\Aij‘

and this last term vanishes for €; — 0 deducing that ([1.2.41)) tends to 0.
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Step 8. The functional Férac defined in , which has been proven to be the desired I'-
limit on piecewise-affine functions, is continuous in the strong topology of H!(Q;R™). Since
) is an open bounded set with Lipschitz boundary, the class of piecewise-affine functions,
namely, functions which are piecewise-affine on a finite family of simplices covering €2, is
dense in H'(Q;R™) (see [70, Proposition 2.1]). Hence, the I-lim sup inequality holds for any
u € H'(2;R™) by a density argument.

1.3 Oscillating energies of convolution-type

A class of kernels {p.}. that satisfies ([1.0.2)) can be obtained starting from a non-negative p
having p-moment on R? equal to 1 and letting

L €
p=(§) = Ejﬂ(g)-
Because of this rescaling property, the resulting functionals (|1.0.1]) are called of convolution-
type, and the corresponding oscillating energies are of the form

FE9™ (u) ::;/Q/Szp<y_x>f<§,?;,w) d dy. (1.3.1)

9 9

In this setting we are able to encompass a wider generality compared to the fractional case. In
particular, we are able to deal with a more involved inhomogeneity (which is not necessarily
described by an oscillating coefficient and that depends on both spatial variables) and with
more general p-growth conditions on f (which is as assumed to be convex in the last variable),
so that the quadratic case can be treated as a particular instance.

Contrary to the fractional case, the asymptotic analysis of can be directly set as
a homogenization-concentration problem regardless of the rates at which ¢ and ¢ vanish and
can be dealt with through the direct method of I'-convergence resorting to I'-compactness
and integral representation results presented in [5]. These allow to obtain as limit energy
(depending on an extracted subsequence) a local homogenized functional of the form

/ ¢(Vu) da. (1.3.2)
Q

Exploiting the quasiconvexity of ¢ and the convergence of boundary-value problems for non-
local functionals, one obtains that
e(M) = lim inf{F " (u,Q):u= Mz close to 0Q},
Jj—+oo ’

where we have ‘localized’ the functional F§™ in a cube () contained in ); note that, here,
the term ‘localization’ is meant in the sense of the ‘localization method’ for I'-convergence
in which integral functionals are regarded as set functions as well (see [34, Chapter 9] or
[5, Chapter 5] for the non-local counterpart). Upon manipulating the localized energies, we
obtain that ¢(M) is determined in terms of the ‘non-local cell-problem formulas’

inf{/Rd p(f)/ f(x,:n + %5, uz + g? — u(x)) dr dé :u(x) — Mx is 1-periodic}. (1.3.3)

Ife/6 = X € (0,+00), a change of variables yields that the energy density is characterized by
a non-local homogenization formula

M) = inf{/Rd /Ql %p(%)f(x,y, u(y);u(x)) drdy : u(x) — Mz is 1-periodic},
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see [5l Theorem 6.2]. This hints that the limit behaviour may be dictated by the value of
. €
A= il_rf(l)g € [0, +o0] (1.3.4)

and in particular that the same kind of result presented in Section for fractional energies
may be obtained in the subcritical regime & < 6.

When ¢ < §, passing formally to the limit in using the results in [27, 116] we
obtain an energy density fy given by

fo(M) = inf{/Rd p(€) flz,z, Vu(z)l) de df : u(z) — Mz is 1—periodic}.

Q1
This can be seen as a (local) cell-problem formula comparable to in which the non-local
nature of the original problem is portrayed by the necessity of optimizing the oscillations of
u taking into account all the directions £ and the corresponding weight p(§) determined by
the interaction kernel.

Besides the analysis of the subcritical case, it is now rather natural to address all the
possible values of A, and especially a supercritical regime occurring when A\ = 4o00. In this
instance, the heuristics based on a separation of scales argument implies that the I'-limit
should be obtained letting first § — 0 and then ¢ — 0. These two limits can be computed
taking advantage of the Riemann-Lebesgue lemma and of the results in [27, [116], respectively,
so that the T'-limit is as in ([1.3.2)) with an energy density ¢(M) given by

en= [ [ ] oty a6 drdyas

which is a mere average of the oscillations.

The core of our proof lies in the asymptotic analysis of the minima . The technical
difficulty here is detecting sufficient compactness properties on a sequence of minimizers
as these become weaker as A increases. If A\ = 0 one can use the results in [5, [116] to infer
convergence to a Sobolev function (up to subsequences). The situation gets more complicated
already in the case A € (0, +00), where we only obtain weak compactness in LP. Finally, no
compactness properties seem to be available when A = 400, we then rely on a more delicate
argument in the vein of the two-scale convergence [111 [110].

1.3.1 Setting of the problem and statement of the result

For ¢ > 0 we let . > 0 be a parameter that vanishes as ¢ — 0 and, for p € (1,400), we
introduce the functional F™ : LP(Q; R™) — [0, +00] defined as

FO% (u) := Elcl/ﬂ/(zp<y;x)f<i,i,w) dx dy. (1.3.5)

We suppose that p : RY — [0, 4-00] is a non-negative Borel function (not necessarily radially
symmetric) such that there exist cg, 79 > 0 with the property that

p(&) > ¢y for almost every & € By, (p1)

and

[ oteer d < +oc, (r2)
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then we suppose that f : R x RY x R™ — [0, +00) is a Borel function such that

f(,y,2) and f(x,-, z) are Q;-periodic for every z € R™
and for almost every y,z € R, respectively, (P)

f(z,y,-) is convex for almost every z,y € RY, (C)
and that fulfills the growth conditions
alzP < f(x,y,2) < B|z[P for almost every z,y € R? and for every z € R™ (GC)

for some strictly positive numbers «, 3.
Besides the above standing hypotheses, according to the value of the parameter A defined

in (1.3.4), we shall assume that

f(z,-,2) is continuous for almost every € R? and for every z € R™, (HO)
or
{p(§) = p(=¢) for almost every ¢ € R?, (1)
f(z,y,2) = f(z,y,—z) for almost every z,y € R? and for every z € R™,
or that

/ p(€) d¢ = +o0. (H2)
Rd

Note that if f(z,y,2) = f(y,2,2) and f(z,y,2) = f(z,y, —2) for a.e. 2,y € R? and for all
z € R™, it is not restrictive to assume that p(¢) = p(—¢) for a.e. & € R%; see [, Remark 2.1].
The main result of this section is the following.

Theorem 1.3.1. Let F°™ be defined by (1.3.5)). Assume that

hm——AG[O +o0]

e—0 0,

and moreover, if A € [0,400) assume that (HO) is satisfied and, if A\ = +oo assume that
either (H1) or (H2) is satisfied. Then, the family {F<°™}. T'-converges with respect to the
convergence in LP(; R™) to the functional F§°™ : LP(Q;R™) — [0, 4+00] defined as

Fconv / f,\ VU dz qu c Wl’p(Q;]Rm),
otherwise.
In particular, the following hold for every M € R™*4;
(i) if A= 0 and (H0) holds, then
mf /d/ z, (Vu(x))€)dx dE :u € W#g\/[(QuRm)},
R 1

with W WP v (Q1;R™) as in ;
(ii) if A € (0, +00) and (HO) holds, then

1nf /Rd/ )\d _:E f(x v, (y))\ ()>d:cdy UGL (Ql;Rm)}a

with Li Q1 R™) as in ;
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(iii) if A = +oo and either (H1) or (H2) holds, then

frstit)= [ ][ )ty ) drdy e

As anticipated in Remark the identification of the limit of oscillating fractional
energies in all the possible regimes is investigated in an ongoing work by Braides, Mannella,
and Schiavoni Piazza. It is worth mentioning the main result contained therein in order to
have a complete picture for both the fractional and convolution-type energies and to highlight
similarities and differences.

Theorem 1.3.2. Let Ff%° be defined by (1.2.6) and assume that

lim &2 =€ [0, 1].

Then, the family {Fa}. T-converges with respect to the convergence in L*(S;R™) to the
functional F2¢ . L2(Q;R™) — [0, +0c] defined as

Ud—l o — 2 . 1 . m
[ [)\/Q(Ah()mVu, V) dz + (1 )\)/Qa|Vu] dz| ifue HYQR™),

400 otherwise,
(1.3.6)
where Anom is as defined in (1.2.8) and @ is the mean value of a on the unit cube.

In the case of convolution-type energies, the regime ¢ ~ §; i.e., A € (0,+00), can be
regarded as a critical case as it determines a gap between the limit regimes A\ = 0 and
A = 400, where a separation of scales occurs. In the fractional case, to some extent, we have a
separation of scales also for the intermediate regimes A € (0,1). Here, A represents a threshold
below which the concentration effect takes place before the homogenization phenomenon and
above which the converse occurs.

It is easily seen how the intermediate limit energies continuously depend on A and
interpolate the extreme cases. The same behaviour can be detected for the energy densities
in Theorem [1.3.1] as it is possible to infer that the function

A= (M)

is continuous in [0, +oo] for all M € R™*<, We point out that the continuity at A = 0 is
formally obtained adapting the equi-coerciveness and I'-convergence results in [115, [116] and
can be regarded as a localization of the non-local cell-problem formulas defining f) to the
local cell-problem formula for fj.

1.3.2 Preliminary results

Throughout this section, we shall always assume that the kernel p : R? — [0, +00] is a Borel
function that satisfies and (pg)), and that the density f : R? x R? x R™ — [0, +00) is
a Borel function that satisfies , , and . Under these assumptions, the non-local
energies we investigate fit in a very general framework that has been studied in [5]. We then
draw on this reference and mention several preliminary results, some of which will be of use
also in the forthcoming Section We point out that in each of the following statements,
the I'-limit is meant with respect to the strong convergence in LP(2;R™).
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Remark 1.3.3. This section is entirely devoted to the study of functional of convolution-type
(1.3.5)). For this reason, and since no ambiguity may arise, we use the shorthand
FCOHV _ F
£ - ter

We introduce a version of the functionals (1.3.5) where the pairwise interactions are
confined to points with finite distance. To this end, for all ¢ > 0 and T > 0, we define
‘truncated’ and ‘localized’ functionals FZ : LP(; R™) X Ayeg(2) — [0, +00] as

1 y—x\ .z y uly) —u)
Fl(u, A ::// ) fl—, =, ——— | dxdy.
Pl A= AxAN{(z,9):|y—o|<T} ( 3 ) (55 0c € )

Performing the change of variables £ := (y — x) /e, we rewrite the above functionals in a more
handy form that we will widely use in what follows; that is,

T -~ z z+e§ u(@+ef) —ulz)
FT(w )= [ ) / JEEE VDY dpae, (1)

where A.(€) is given in (T.1.1). If A = Q we simply write F (u) in place of FZ (u,). The
notation for the localized functionals is immediately adapted to the non-truncated energies

{F:}e in (1.3.5).
According to the following result (see [5, Lemma 5.1]), the asymptotic analysis of general
non-local energies can be simplified by considering first finite-range interactions kernels.

Lemma 1.3.4. Let {T},}, be a sequence monotonically increasing to +oo and let FI» be
defined by . Assume that there exist functionals {FT"};, such that for all h € N we
have
I-lim FI%(u, A) = FTh(u, A)
e—0

for every v € LP(Q;R™) and A € Areg(Q2). Then

[-lim F.(u, A) = lim F™r(u, A
lim = (u, A)  Jim (u, A)

—+00
for every v € LP(Q;R™) and A € Areg(Q).

Following [5l, Proposition 6.1], we prove that if an integral representation is in place for
the T-limit of {FZ }. with T > 0, then, as a consequence of the assumption , it holds that
the integrand only depends on the gradient variable.

Lemma 1.3.5. Let T > 0 and let FX be defined by (1.3.7). Assume that there exists a
Carathéodory function ¢ : Q x R™*4 — [0, +00) such that

I-lim FT (u, A) = / o(z, Vu) dx
e—0 A
for every u € WIP(Q;R™) and A € Ayeg(). Then, ¢ is independent of the first variable.
Proof. We set
F(u,A) = / o(x, Vu) dz
A

for u € WIP(Q;R™) and A € Areg(£2) and we note that the conclusion follows if we prove
that
F(Mz, B,(y)) = F(Mz, Br(y'))
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for every M € R™*¢ and for every y,y' € R% r > 0 such that B,.(y) and B, () are contained
in 2. To prove this claim, it suffices to show that

F(Mz, Bu(y)) < F(Mz, B.(y/))

for every M,y,y’,r as above and ' € (0, 7).
Let us fix a positive sequence {¢;}; converging to 0 and set {d; := J., };. Consider {u;};
such that u; — Mz in LP(B,(y'); R™) as j — 400 and

lim FL - (uj, By (v)) = F(Mx, B,.(Y)). (1.3.8)

Jj—+oo

Note that, upon assuming that j is large enough, we have

Belo) =0, 52| € )

and then, the functions

vj(x) ::uj<x—5jty5]yJ)+5 MLy(sij, JjEeN,

are well defined on B,/ (y) and such that v; - M« in LP(B,/(y); R™) as j — 4+00. Moreover,
by a change of variables and assumption (]ED, it holds

e bt = [ o0 [ (g)f(;,zf;ﬁ,“ﬂ“ﬁfg 5 g dg

/BT / B,/ (y)—9;

< F (uj,B ().

Therefore, recalling ((1.3.8)), we infer
F(Mz,B,(y)) = lim FZL o (uj, By (¢)) > liminf FL ;(j, Bi(y)) = F(Mz, B (y)),

Jj—+o0 Jj—+oo

) ()f(a: z+¢e;§ ui(@+el) — ()>d de

b )
6 9 £j

which concludes the proof. O

The following compactness and integral representation result is a consequence of [5, The-
orem 5.1] and Lemma and constitutes the starting point of our analysis.

Theorem 1.3.6. Let T > 0 and let FL be defined by (1.3.7). Then, given any positive
sequence {ej}; converging to 0, there exist a (not relabelled) subsequence and a quasiconvex
function ¢ : R™*% — [0, +00) such that
/ o(Vu)dr ifu € WhP(A;R™),

A
+00 if u € LP(Q; R™) \ WLP(4;R™)

I- lim FZ (u,A) =

j—+o0

for every A € Ayeg(Q2).

We recall [5, Proposition 5.4], which establishes the stability of I'-convergence for fixed
boundary conditions.
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Proposition 1.3.7. Let T,s > 0, M € R™ % and {e;}; be a positive sequence converging
to 0. Assume that there exists a functional F' such that

I- lim FL (u, A) = F(u, A)

j—+oo

for every u € LP(;R™) and A € Aeg(Q). Then

lim 1nf{FT(u A) i u € Dge, m(A;R™)} = inf{F(u, A) : u(z) — Mx € Wol’p(A;]Rm)}

j—+oo

for every A € Aweg(S2), where Dy, p(A;R™) is as defined in (1.1.2).

To conclude, we state a simplified version of [72, Theorem 7.5], a useful result about the
lower semicontinuity of integral functionals with respect to the strong-weak convergence in
LP x LP.

Theorem 1.3.8. Letp € (1,+00), e Nt E C R¢ be measurable, and U : E x R% x R™ —
[0, +00) be a Borel function such that

U(s,-, ) is continuous for almost every s € E

and
U(s,t,-) is convex for almost every s € E and for every t € RY.

Then, the functional defined on LP(E;R?) x LP(E;R™) as

(v,u)H/E\If(s,v(s),u(s))ds

1s sequentially weakly lower semicontinuous with respect to the strong-weak convergence in
LP(E;RY) x LP(E;R™).
1.3.3 Asymptotic analysis of functionals with finite-range interactions

This subsection is devoted to the asymptotic analysis of functionals ([1.3.7]) for which the
interaction kernel p is supported on a ball. This analysis, in combination with Lemma
shall allow us to prove the main result. We begin with two preliminary lemmas.

Lemma 1.3.9. Let M € R™4, {u;}; C L;M(Ql;Rm), {N\j}; € (0,+00), and vj(zx) =
uj(x) — Mxz,j € N. For every E C R? measurable bounded set and r > 0, there exists a
positive constant C' depending on d,p,r, and E such that

// vjx—l—)\ﬁ ’dd§<0//

for every j € N. In particular, if we assume that

/ /
j T 1
/ /
] E 1

v]x—l—)\f vj(x)|p

dr d¢

uj(z + N€) — uj(z) ‘pdxdé < oo

for some r > 0, then

uj(x + )\]f‘) —uj(z) ‘p dz d < +oo.
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Proof. 1t suffices to prove the statement in the case £ = Br. If R < r this is obviously true;
therefore, we prove the statement in the case R = 2r, so that the general case follows by a
simple dyadic argument.

Using the changes of variables & := £/2 and 2’ := x + \;¢/, for all j € N we have

A

vjﬂs+)\§ vjﬂz+2)\§)

(z) ‘pdx de’

‘ dx d¢ = 27
vj(z + 2X€) —vj(z + \i€) ‘pdm d¢’

< 2d+P—1 / /
Br 1 )\.]

+/B/ (e +A5€) = v,(a)

’p dz d§’}

_ gt / / o+ A8 = @) P s e
B, JQine Aj
+/ / UJ(I'+)\J£I)—UJ(ZB) ‘pdﬂjdgl}
T 1 ]

Since v; is (J1-periodic, the function

N "Uj(.%/ + )\jf/) — Uj(ZL‘/) p

Aj
is Q1-periodic as well for every ¢ € R?, hence,
/ v (@’ + A;E) — v (@) _/ vj(a’ + A€ — vi (') ‘p da’
Q1+X;¢ >‘j 1 >‘j
and then
/ / UJJ:+)\§ ‘ gz d§<2d+p/ / vi(x + \§) — )‘pdmdg,
Bar J1 1 )‘J
which proves the first part of the statement.
The second part of the statement is an immediate consequence. O

The following lemma provides some precompactness results for sequences having equi-
bounded energy.

Lemma 1.3.10. Let M € R™? {y;}. c L L R™), {\;}; € RT such that \; —
313 #.M 53 j

A € [0,400) as j — +00, and assume that there exists A a bounded open subset of RY with
Lipschitz boundary such that Q1 C A and

sup{/@ u]'dCC—i-/B /A‘uj(l:+)\j)\§)—uj(x)‘pdxdg}<+oo

J J

for some r > 0. The following hold:

(i) if X\ = 0, there exist a subsequence {uj, }r and a function u € WHP(A;R™) such that
wj, — u strongly in LP(A;R™) as k — 4o0;

(it) if X € (0,400), there exist a subsequence {u;, }r and a function v € LP(A;R™) such
that wj, — u weakly in LP(A;R™) as k — 4o00;
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in both cases, it holds that sup; [|u;|| 1r(Q,rm) is finite.

Proof. The statement (i) readily follows by [5, Corollary 4.2].
As for the proof of (ii), we observe that, by the translation invariance of the functional,
it is not restrictive to suppose that

/ ujdr =0 (1.3.9)
1

and that \/2 < \; < 2\ for every j € N; moreover, since {u;}; C L%,M(Ql;]l%m), we may
further assume that A = Q1.
Using Lemma with B = Qq/y, we get

Simmp [ [ [t
i JQopJ@ Aj

hence, applying the change of variables £’ := \;¢, we obtain

" dz de < +o0;

(2A)PS > Sl;p /QQM /1 luj(x + X&) — uj(x)|P do d€
mswigt [, ) —uordede

> (2/\)_d81]1,p/1 /1 luj(x+ &) — uj(x)|P de dg'. (1.3.10)

Resorting to (1.3.9) and to the fact that u;(x) — Mz is @Qq-periodic, we apply Jensen’s
inequality to infer

[ words= [ fuw - [ e i do

=[] ) = w40+t = uy(e) e i

1

:// uj(x) = us (o + €) + Made|| do

1

§2p_1{/ / ]uj(a:+§)—uj(x)\pda:df—i-dg]M\p},
Q1JQ
which, combined with (|1.3.10]), leads to

sup/ iy (2)|P dr < 27 H{(2A)HPS 4+ dB |MIP} < oo,
J 1

that implies the thesis. ]

From now on, we let {e;}; and {§; := J¢, }; be positive sequences such that ¢; — 0 and
0; — 0 as j — 400, we set

)\j = JjEeN,

&j
0 ’
and we assume that there exists

A= lim A;e€ [0,+OO].

Jj—+oo



32 CHAPTER 1. MULTISCALE HOMOGENIZATION OF NON-LOCAL ENERGIES

We let T be fixed so that
T > 19 and Q1 C Br,

with 7o the positive constant appearing in ; both these conditions are not restrictive since,
eventually, we will let T" — +o0.
We consider the truncated functionals

FT(u, A) == T rhet uletegh) —u@)y g
T (0, A) /Tp(é“)/Asj@f( ) da

)
B d; 0, £j

for u € LP(2;R™) and A € Aieg(2), and we recall that the kernel p satisfies the assumptions
and , and that the density f satisfies the assumptions (]ED, , and (GC)). We prove

that if the T'-limit of the truncated functionals {F ;‘g }; exists and equals an integral functional,
then its energy density ¢ can be characterized through an ‘asymptotic formula’ and, when A
is finite, also by means of certain ‘non-local cell-problem formulas’ involving the parameters

{Ai}s-

Proposition 1.3.11. Assume that there exists a quasiconvex function ¢ : R™*4 — [0, +00)
such that

Vu)de if u € WHP(A;R™),
e +00 if u € LP(Q;R™) \ WhP(A; R™)

for every A € Aieg(S2), where the I'-convergence is meant with respect to the convergence in
LP(Q;R™). For every M € R™%4 the following hold:

(i) for every X € [0, +oo] we have

p(M) = lim inf{ (%)d /BT p(€) /@r/aj»j o f(a:, T+ NE, uz + A&? - “(:”)) dz de -

u € DTAj,M(Qr/(sj%Rm)}

for some r > 0;

(i) for every A € [0, +o0] we have

(M) > limsupinf{/ p(f)/ f(x,g;+)\j£’ u(r + A\€) — u(x)) drdé:ue L;M(Ql;Rm)};
Br 1

PR Aj
(i) for every A € [0,400) we have

(M) = lim inf{/BT p(f)/1 f(x,w—{—)\jg’ u(x + )\])i) - u(z)) drdf:ue L;M(Ql;Rm)}.

j—+oo

Proof. Fix M € R™*? and let Q be a cube of side-length r which is contained in Q. Us-
ing the quasiconvexity of ¢ and the convergence of boundary-value problems established in
Proposition [[.3.7 with A = @ and s = T', we have

o) =t {5 [ V) d = bz € W3 (i)

N 1 m
= lim mf{r—dFjT(u,Q):ueDTaﬁM(Q;R )}

Jj—+oo
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For the sake of exposition, we assume that Q@ = @, = (0,7)%, the general case being
analogous. Consider u € Dre; p(Qr;R™), and set v(z) := u(d;jz)/d;. We have that v €
Dra; m(Qyys,; R™) and, by a change of variables,

FT )= z z+¢e€ u(x + ;&) — u(x) drd
(0, Q) /BT’)(":)/(@%].(@JI(&J-’ e LT

B r oz +ei U(%“‘%f)—”(%)

—/BTP(@/@» S

= g4 Aj dzx d€.
]/BTP(O /(Qr/éj)kj(f)f<x7x+ i Aj ) T

v(z+ N\E) —v(x)
By the arbitrariness of u, we obtain that

) d de

€j

p(M) = lim_ inf{ (%)d /BT p(€) /(Qr/(sj»j o f(x,  + A€, uz+ Afj) - “(‘”)> da d -

u € DT)\j,M(Qr/Jj;Rm)}v

which proves (4).

Now we let
AE) —
eson)y =int{ [ o(e) [ (e e DD s e 18 (QuR))
and prove that
©(M) > limsup ¢;(M). (1.3.11)
Jj—+oo

Given u € Dry; m(Qr/s;; R™), we define
ﬂ(l’) — U(CC) lf US QT/5J-7
Mz ifx € Qs \ Qrys,s

we note that u € DT/\j,M(Q(r/aﬂ ;R™), and we write

(?)d/BTp(O/(QWJ_1)Aj(g)f<m’x+)\j€’ a(er)\i)ﬂ(x))dxdf

_ Qf)d/BT () /(Qr/5.>Aj<s>f<x’$+Aj€’ U(J:Jr)\j)\é;)—u(x))dxdg

Sind w(x + N&) —u(z
() [ wo | n s rge, DUy g
r Br (@rr/6;1)2; O\N(Qrss;)x,; (€) J

If § € Br and @ € (Qprys,1)x;(§) \ (Qr/5,),(€), then u(x + A;€) — u(x) = A\;ME, hence, using
the upper bound in (GC|) we get

0i\d w(x + ;&) —u(w
()" [ wo [ Flaa e, WEEAE 2D g e
r Br (Qrr/5;1)2; O\(Qrys;)x; (€) J

d
- (%) [ wo [ Pl e, Me) du de
Br (@rr/6;1)2; (O\N(@Qrys5;)x,(6)

5A

(7

() Bl [ pleyiep ae
0

IN

Br

= j?
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where we have set
Ej = Q5 \ Qrys;—1r;» JEN, (1.3.12)

and we have used that (Qf,/s,1)x;(§) \ (@r/s5;)x;(§) C Ej for all £ € Br. Recalling we
infer there exists a positive constant C, independent of j, such that

=0 (71" (=) -el(B)"- (-2’

which tends to 0 as j — +00. As a consequence of these observations, we get that

() [ oo | o (A et 0 )

= (%)d /BT oo /(Qﬁ“/5ﬂ)>\j © f<x’ z + Az dot )\J)\i) - ﬂ($)> dudf —0;,

which, by the arbitrariness of u, yields

p(M) = lm_ inf{ (%)d /BT p(€) /<Qr/5j>xj o f(:n, + A€, u(@ + Affj) - “(x)) da de -

u € DTAj,M(Qr/(sj;Rm)}

> lim sup inf{(ij)d/B p(&) /Q o f(x,x + A€, @+ /\j)i) — u(a:)) dx d¢ :
T [r/6:1)A

Jj—+oo

u € DTAj,M(Q[r/aijm)}
Consider now u € Dry; m(Qrr/5;7: R™), let w be the Qr,/s,1-periodic extension of u(z) —
Mz, let u(x) := w(x) + Mz, and define the function
1 ~ .
w(x) == Z u(z +1).

d
(/951 i€24n[0,[r/8;1)4
Since w € Lf‘; 1 (Q1;R™), by the assumptions and (]E) we obtain

(M) S/BTp(ﬁ)/lf(x,x+Aj£,w(x+A’§)_w(x)>dxd§
- W;ﬂ ezdm[o [r/671)4 /BT /691 B ﬁ<x+i+>‘ﬂ'}\i) _a(eri)) e dé
) Wéﬂd zeZdﬂ[O [r/851)1 /BT /+Q1 A a(HAfy‘) —5(96)> dods
= Wl&ﬂd /BT p(é) /er/«w {CXEIV3 ule Ajfj) - “(x)) dz d€. (1.3.13)

Moreover, observing that Qr,/5,1 \ (Qrr/s,1),(§) C Ej for all § € Br and using (GC), we get

1 u(z + A€) —u(x)
o LT+ A, dz d
7“/5' d/BT o) /Q(r/éﬂ\(Q[r/&ﬂ)Aj(ﬁ)f<$ ) it Aj ) rd
E:|B|M|P Pd
< g BIBMP [ pteyi as
_ )t (1.3.14)

(/614"
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Therefore, combining ([1.3.13)) with (1.3.14)), we obtain

(%d /BT A /(er/(sﬂ)xj © (e rse et Ajfj) - uw) dvdg = <%)d%(f‘4) — b5

hence, taking into account the arbitrariness of u and that 6; — 0, we infer (1.3.11) passing
to the limit, concluding the proof of (ii).

Finally, we assume that A € [0, +00) and we prove that

@(M) < liminf p;(M). (1.3.15)

Jj—+oo

Let {u;}; C LY 5,(Q1;R™) be such that

liminf p;(M) = ljminf/ p(f)/ f(x,x—i—)\jg’ uj(x + N€) — u](x)) da dt,
Br 1

Jj—+oo Jj—+oo )\j

and, by the translation invariance of the functional, suppose that

/ Ujdl':(]
1

for every 7 € N. Since T' > rg, by , the lower bound in (GCJ), and the previous step, we
have

j(x”pdxdf‘

(M) > acy liminf/ / uj(z+ Aj€) —u
J—+o0 o L )‘j

therefore, upon extracting a not relabeled subsequence, we apply Lemma [1.3.10| with r = rg
and A = @ to obtain that sup; ||u;l|zr(Q,;rm) < +00, and then

sup [luj — Mx||Lr(g,mm) < +00. (1.3.16)
J

Now we set wj(x) := du;(x/d;),j € N, and note that w; — Mz in LP(Q;R™) as j — +oo.
To see this, we also let vj(z) := uj(z) — Mz, j € N, and observe that, since v; is Q1-periodic,

/Q1 |wj(x)—Mx\pdx:/Ql‘5jvj<§> ’pdm

J

e / oy ()P dae
Quys;

[1/5.151 )
< Wit /Q1 o (@) da,

which tends to 0 by (1.3.16)) and the fact that 6; — 0. Using the definition of I'-limit and a
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change of variables, we obtain

PO = [ o) do < linint £ (0. Q1)
j—too I

1

.. r x+ei& wilx+e;&)—wi(x
= lim inf p(g)/ f(§7 5,]57 i( 354) i( ))dazd§
J—+o0 Bt (Ql)sj(g) j j 5]

:ljminfé}-i/ p(f)/ f(:n,x—i—)\jg, uj(z + A;€) ug($)>dxd§
i=+00 7 a7 i@ Aj
J
§lf1minf(5;l/ p(f)/ f(:]:,:z:—i—)\jg’ uj(x + Xj§) u](x))d;cd§
Jteo Br Qri/6;1 Aj
L uj(@ + Aj€) — u;(x)
=1 f & L J J dx d
;glgo/BTp(f)/lf(x,er i&s "y ) x d§
= liminf @; (M
i inf o3 (M),
where we also used (]ED and the 1-periodicity of the functions
= uj(:v+/\j§)—uj(x), ieN.
Aj
This leads to ([1.3.15)) and proves (ii7). O

Now we explicitly determine the integrand ¢ for each value of A € [0, +00]. We devote
the remaining part of this subsection to the proof of the following proposition.

Proposition 1.3.12. Let rg be the positive constant appearing in , let T be such that
T >rg and Q1 C By, and let Fg; be defined by (1.3.7). Assume that there exist

€.
A= lim 2
j—y—&l-loo 5j < [O, +OO]

and a quasiconvez function ¢ : R™*% — [0, +00) such that

/ o(Vu)dr if u € WHP(Q;R™),
A
+00 if u € LP(Q;R™) \ WhP(Q; R™),

I- lim FL(u, A) =

j—+oo €

(1.3.17)

for every A € Ag(Q2), where the I'-convergence is meant with respect to the convergence in
LP(Q;R™). For every M € R™*? the following hold :

(i) if A\=0 and holds, then
o) =int{ [ [ p(e)1(w.0. (V) dode s e W (QuiR™)

(i) if A € (0,+00) and (HO|) holds, then

o(M) = inf{/BT /1 pl&)f (2,24 ¢, LGy Ai) - “(x)) dwdg e L\ (QuR™) };
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(iii) if A = +oo and either (H1) or (H2) holds, then

o0n) = [ T / 1 / &), M) d dy de

The subcritical and critical cases, A\ € [0,+00). The cases A = 0 and A € (0, +00)
are treated with similar arguments. We recall that, in both these instances, we assume that

f(z,-,2) is continuous for almost every z € R? and for every z € R™. (HO)

For the sake of exposition, we first establish the corresponding lower bounds, and then we
prove their optimality.

Let M € R™*4 be fixed. By (1.3.17) and Proposition [1.3.11|iii), there exists {u;}; C
LY, . (Q1;R™) such that
#7M ’

o L w0 — uy(@)
c0n) = tim [ 6) /Q (e NI e

j—+oo

and which, by the translation invariance of the functional, it is not restrictive to suppose
satisfy

/ ujdr =0 (1.3.18)
1

for every j € N. Using the lower bound in (GC)) and , we get that

sup / /
B?"o 1

and then, by Lemma [1.3.9| applied with » = ry and E = Bp, we obtain

sup / /
j JBr 1

Uj(x7 5) =

i () ]p dz dé < +o0,

wj(z 4+ N€) —u
Aj

) (@) ’p dz df < +oc. (1.3.19)

uj(z 4+ N€) —u
Aj

Therefore, we set
uj(x + N€) — uj(x)
Aj ’

JeN,

and infer that the sequence of functions {U;}; is equi-bounded in LP(Q x Br;R™). Upon
extracting a (not relabelled) converging subsequence, we may assume there exists U such
that

Uj(xz,&) = Ul(x,§) as j — 400 (1.3.20)

weakly in LP(Q; x Br;R™); then, we apply Theorem with { =d x d,s = (¢, z), and

E= BT X Q17 Q((f,ﬁ),t, Q) = p(f)f(x7ta q)a
to infer

L L w408 — ()
o) = tim [ p(e) [ 5(ra g MR

Jj—+oo

) da de

> /BT o(€) /Ql F@ 2+ A8, U, €)) da de. (1.3.21)
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At this point, we identify the weak limit U in accordance with the value of the parameter
A and obtain different lower bounds.

Lower bound in the subcritical case, A = 0. By the 1-periodicity of u; — Mz, it easy to
observe that ((1.3.19)) implies

sup /BT / ‘u](x + )\J/\i) — (@) ’pdx d¢ < 400 (1.3.22)

for A any bounded open set. Resorting to ([1.3.18) and (1.3.22)), we apply Lemma |1.3.10{7)

with A any bounded open set containing the closure of Ql and r = T in order to obtain a (not
relabeled) subsequence {u;}; and a function u € W 1 (Q1:R™) such that u; — u strongly
in LP(Q1;R™). Note that the direct use of Lemma () with A = @1 would only imply
u— Mz € W'P(Q1;R™), which, extended by periodicity on R%, does not necessarily belong
to Wlo’f(Rd R™).

We claim that

Uz, €) = (Vu(z))¢ (1.3.23)

for a.e. z € Q1 and £ € By. By the equi-boundedness of {U;};, it is sufficient testing the
weak convergence stated in with a class of functions whose linear span is dense in
the dual space of LP(Q; x Br;R™). Let then ¢ € C2°(Q1;R™) and E C By be measurable;
by a change of variables we have

(o) de — A @)
] v v arae= [ [ v N dr d¢

//Rd fc—)\)\ﬁj) wwdxd&

where we let a - b denote the scalar product in R™. Since u; — Mz is 1-periodic and u; — u
strongly in LP(Q1;R™), we have that u; — w strongly in LP(K;R™) for K any compact
subset of R?. Recalling that ¢ has compact support, it is possible to pass to the limit using
the Dominated Convergence Theorem to get

/Qlw U §)duds == [ [ utw)- (Vola))sdods

— / () - (Vu(z))E da d,
EJQ

and this proves (1.3.23)). Recalling ([1.3.21]), we get

o) zint{ [ ) [ sl (u)e) dede - w e Wk @1

that is the lower bound for the case A = 0.

Lower bound in the critical case, A\ € (0,+00). Using (1.3.18), (1.3.19)), and Lemma
1.3.10(ii), we obtain a (not relabelled) subsequence {u;}; and a function u € L;M(Ql; R™)
such that u; — u weakly in LP(Q1;R™). Using an argument similar to that employed in the
subcritical case, it is then immediate to verify that

u(z + AN) — u(x)

U(l’,f) = \ >
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which, combined with ({1.3.21]), implies

o(M) > inf{ /B

achieving the lower bound in the case A € (0, +00).
Now we prove that the lower bounds previously obtained are optimal. Although the
proofs for each regime are similar, we illustrate them separately for the sake of clarity.

Upper bound in the subcritical case, A = 0. Let n > 0 and let w € W#%(Ql; R™) be such
that

,0(5)/ f(x,ac+/\£, u(x+)\§)_u(x))d$d§:uGLZE’M(Ql;Rm)},

T

wi{ [ ) [ S (Twe drds s Wi QR
> [ p(e) [ fww (Vo)) dode.
Br Q1

We observe that the functional that appears in the minimum problem is continuous with
respect to the strong convergence in I/Vlif (R4 R™). This follows applying the Dominated
Convergence Theorem whose use is justified by , by the estimate

p(&)f (, x, (Vu(z))§) < Bp(§)IEP[Vu(x)[” for ae. (z,£) € Q1 x Br, (1.3.24)

which follows by (GCJ), and by . Therefore, it is not restrictive to suppose that w €
C®(R%R™).
Applying Proposition [1.3.11)(iii) we have

)\A _
o) = tim int{ [ p(6) [ (e ne D arde e 14 (QuR)
. Ai€) —
< lm [ (O / 1f(x,x+Aj§,w<“ fj) w(x))dxdg.

In order to conclude, we use the Dominated Convergence Theorem. The pointwise conver-
gence is ensured by the fact that f satisfies and (HO|), and that

w(z + A€) —w(x)
Aj

= (Vw(z))¢

for all z,¢ € R? as j — 4o00; a uniform bound for the integrands

w(x + &) —w(z .
p€)f (a4 2y, WEFN WD) ey
j
holds in virtue of (GC)), the inequality
\“’(x = A8) —wl)) V]| oo ety [€] (1.3.25)

Aj

for all z,¢ € RY, and . Finally, we get
0N < [ @) [ o (Vula)e) dodg
Br Q1

< inf{/B p(f)/Q Fla @, (Vu)€) dede - u € Wi, (QuER™) } +n,
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which, by the arbitrariness of 7, concludes the proof.
Upper bound in the critical case, A € (0,+00). Let n > 0 and let w € L;M(Ql;]Rm) N
C>®(R% R™) be such that

A
> [ o) [ s(masag MEE =R doge

Note indeed that a similar argument to that used for A = 0 proves the continuity of the
functional with respect to the strong LP-convergence.

Once again, we apply Proposition (mz), use w as a test function for the corresponding
minimum problems, and apply the Dominated Convergence Theorem (whose use is made

possible also by , (HO)), (GCJ), (1.3.25)), and ) to infer

e < [ e [ (g WD) g

inf{/B p(f)/1 f(x,x+ AE, u(z + X)) — u($)> drdf :u e L;’M(Ql;Rm)} +n

smf{/B o) [ f(mwtré AT e u e 17 (QuE™ )

which, by the arbitrariness of 7, concludes the proof.

The supercritical case, A = +oo. The supercritical regime requires a different and
more complex argument. Here, we assume that either

p(&) = p(=¢) for almost every ¢ € R?, (1)
f(z,y,2) = f(z,y,—z) for almost every z,y € R? and for every z € R™,
or that
[ e = +x. (H2)
R4

Lower bound in the supercritical case, A = +o0o. Let M € R™*? be fixed. By Proposition

1.3.11((47), there exists {u;}; C LY, ;,(Q1;R™) such that

w(M) Zlimsup/ p({)/ f(a:,x+)\j£, (@ + A6) 7uj(x)> dx d€.
Br 1

j—too Aj

In the supercritical regime, there are no compactness properties that we are able to infer for the
sequence {u;};. We consider the 1-periodic functions v;(x) := u;(z) — Mz, j € N, and we let

v +§) = v;(x)

Vi(x,§&) = , j €N,
so that
(M) > limsup/ p(€) fla, x4+ X6, Vi(x, \&) + ME) da dE. (1.3.26)
Jj—+oo JBr Q1

In order to describe the idea behind our proof, we note that if we had V;(z,&) = V(z,§) for all
j € N, then

(M) > limsup /B pE) [ 5Ga 4 A Vi ) + ME) da de

Jj—+o0

— limsup /B P(€)g(€. \,E) dE

Jj—+oo
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where we set

g(&y) = A flx,x+y,V(z,y) + M) du.

Since g is periodic in the second variable and A\; — 400, we may use a known result, which can be
regarded as a consequence of a two-scale convergence, to obtain that

9 NE) = /Q 9(€,y) dy

in a weak sense; and then, formally passing to the limit, we would get
00z [ o) [ [ swasn v - e vy
Br 1 1

Our aim is to mimic this reasoning taking into account that {V;}; is not a constant sequence.
This requires the study of the equi-integrability of an auxiliary sequence of functions defined similarly
to the function g above, and some additional care has to be used since in general p does not belong
to any LP-space. These issues seem to prevent the direct use of the two-scale convergence and, also
in our setting, allows us to pass to the limit only upon having truncated ‘vertically’ the kernel.

From now on, we shall further assume that

ll’lf >‘j > 25
J

this condition is not restrictive since we are assuming that A\; — +oo.
We note that each V; is 1-periodic in both variables. Moreover, resorting to Lemma we have

that (|1.3.19) holds, which implies

SupH‘/j(x7>‘j€)||Lp(Q1><BT;Rm) < H-o00. (1327)
J
The following observation is then a simple consequence.
Lemma 1.3.13. It holds that

sup [[V; (@, &)l Lr (@i x @urm) < +00.
J

Proof. Since Q1 C Br, we combine the periodicity of V; in the second variable with a change of
variables to get

L[ wenepaie> [ [ e s
=5t [ e o g

> 24| ) /Q /Q Vi (2, )P da

z;/l/lvj(x,swxd&,

where the last inequality follows since A; > 2 for all j € N. By ([1.3.27)), the proof is concluded. O

Now we let
g;(f) = o f(l',.’l)—F)v&,%(l‘,)wf)—f—Mﬁ) d.’I}, geRda
5,(6) = / [ Sty Vil s MO drdy, g R

and observe the following.
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Lemma 1.3.14. The sequences {g;}; and {g;}; admit a weakly converging subsequence in L*(Br).
Proof. Consider first the sequence {g;};. We prove that there exists a positive constant C' such that

for any cube @ C By it holds
limsup/ g; (&) d¢ < C1Q). (1.3.28)
Q

Jj—+o0

To this end, we first observe that by we have
/Q 9,(€) dé = /Q [t 6 Vil As6) + M) ddg
< 5/@/@ [V (@, \j€) + MeJP da d
<o {[ [ Wi aordede+ vl (1329)

Now we note that, by ,

/Q/l |‘/}(37,)\j€)|pdxd§=Ajd/>\jQ/l Vi (2, €)|7 dae dé
550 3 N RIER I

i€L;

where Z; := {i € Z% : i + Q1 N \;Q # 0}. Since A\; “#T; — |Q|, we deduce

tinsup [ [ V(A€ do de < QI imsup V5. 8) s g, g
Q 1 J—+o0

j—+oo

which, together with (1.3.29)), proves (1.3.28) in light of Lemma [1.3.13} By a covering argument, we

then have
limsup/ g;(§)d¢ < C|E). (1.3.30)
E

j—+oo
for every F C Bp measurable and with the same constant C.
In light of (1.3.27), we have that {g;}, is a bounded sequence in L'(Br). Hence, by the Biting
Lemma (see [71]), there exist a not relabelled subsequence {g;};, a function g € L'(Br), and a family
{E,},,n > 0, of measurable subsets of By such that

g; — g weakly in L'(Br \ E,) and |Eyl <

for every n > 0. Therefore, letting u € L*°(Br), we have

‘/ (95 —g)udw( < ‘/ (95 —g)udw‘ + ||UHL°°(BT)(/ gdm+/ 9i dw‘)
Br Br\E, E, E

n

Passing to the limit and resorting to (1.3.30)) we obtain

timsup| [ (g; = guds] < fullswony ([ gda+CIE).
Br En

Jj—+oo

and by the arbitrariness of n we infer that {g;}; weakly converges to g in L'(Br).
As for the sequence {g;};, by (GC|) we simply have

/@-(f)ds:// f(@,z +y, Vi) + ME) d dy dé
A A 1 JQ1

< 827 {1V (@, ) g,y o AT + IMPITIP AT}

3
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for every A C Br measurable and for every j € N. By Lemma [[.3.13] we infer that there exists a
positive constant C' such that

/ 3,(6) dé < C|A|
A

for every A C By measurable and for every j € N. Therefore, {g;}; is an equi-integrable sequence in
L'(Br) and the conclusion follows. O

From now on we assume that both {g;}; and {g;}; are weakly converging in L'(Br), without
considering a subsequence for simplicity of notation. We state our main lemma.

Lemma 1.3.15. It holds that
9;(€) —g;(§) =0

weakly in L*(Br) as j — +oc.

Proof. Due to the equi-integrability of the sequence in L'(Br) established in Lemma [1.3.14] it suffices
to test the weak convergence with the characteristic functions of cubes contained in Br. Let @ denote
such a cube, we have

/gj(ﬁ) —g;(&) dé = A]d/ 9;(§/7;) — g5 (/X)) d€
Q A0

i Q

=5t [ w6 e a i [ o) -aier de

i€Z;

where we set Z; := {i € Z4: i+ Q) C A;jQ} and Ej is obtained removing from A;@ all the unit cubes
of the fundamental lattice. Since there exists ¢ > 0 such that |E;| < c)\?fl for all j € N, we have that

A /gj (€/7;) — G5(6/2y) de = / () de

vanishes as j — 400 by Lemma therefore, applying a change of variables, the periodicity of
each Vj, and , the claim follows if we prove that

JETOO)\ dZ/ / z,x+ & Vj(x, f)—&—MZ;_f)

i€ZL;
/1/1f(x,x+y,l/}(:c,y)+Mi;:§)dxdy}d§—0. (1.3.31)

To this end, we first prove that

+¢

) da de

jETOOAdZ// z,x + &, V;(2,€)

i1€ZL;

—// fle,x+&Vj(x,&) + Mz)dedEdz =0.  (1.3.32)
Q 1/Q1
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Indeed, we have

jETM(AId;ijl/1f(w,x+§7Vj<w,£)+M

it¢
Y )dxd§

—/Q/ o f(x,w+£,Vj(x,§)+Mz)dxd§dz‘
:jETOO\Z_GZIj /it?l{/Ql/lf(x,wé,vs»(x,&wMijf) du de

—/ f(x,x—i-f,Vj(x,é)—&-Mz)dxdf}dz‘
1/Q1

sl
J—+oo ’LZ H:\?l Q1 1

f(w,x+€7Vj(w7£)+Mi;_'f)

€I,
— flw,x+ € Vi(x,6) + Mz)‘ dz d¢ dz, (1.3.33)
where we used that, by Lemma [1.3.14
lim | {/ f($7x+§7v»(x7§)+Mz)dmd§} dz = lim Gz dz=0.
7700 J\U,ez, 2 Uy Ja, ’ i+ JQ\U,es, S

We recall that, by , the function f is locally Lipschitz continuous in the last variable and, in
particular, resorting also to (GCJ), it holds that

[f(z,y,21) — f(2,9,22)] S C(L+ |21 P + |27 )]21 — 22 (1.3.34)

for a.e. z,y € R? and for every 2,2, € R™, where C is a constant that depends on p,d, and the
constant 3 appearing in (GC)). Let then i € Z; and z € lt\?l; using (|1.3.34) we have

£ (2.2 + € Vi(,6) +Mi;§) — (@ + € Vi@, €) + M)
<01+ V.9 +Mi:f‘p_l Vi, €) + Map ) ‘M(ii_f -2

< C'(L+ Vi, P AT

for a.e. x,& € @1, where C’ is a positive constant depending on p,d, 3, and M. Combining this
estimate with (|1.3.33) and using Hoélder’s inequality, we infer

. —d ‘ i+f
i |y ;I/l/lf(x,erf,VJ(%fHM s

) da de

—// (e, + €6,V (2, €) + M) dé d dz
Q 1 JQ1
gjggloocu;l/c?/l/l1+|vj(x,g)|p1d:cdgdz

! : -1 ) p
S C |Q‘]£I~Poo )\] (1 + ||‘/j(x’§)||L1”(Q1XQ1;R"‘))7

which equals 0 by Lemma |1.3.13] Then, (|1.3.32)) is proved.

A similar argument shows that

jEToo/\;dZ///f(x,x+y,‘/j(x,y)+M
iEIj 1 1 1

—// flx,x+y,Vi(z,y) + Mz)dedydz =0. (1.3.35)
QJQ1 /1

it ¢
M)M@@
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Indeed, arguing as before, we have

J

[t Vi) + b2 dedya
Q 1J/Q1

— _ i+¢
R IR C AR
i€Z; Py 1 1 1

[ s Vit + M) dedy)
1/Q1

< > L AL )
—ﬂmx+%w@wwwhﬂm@4@}w

< CQI tim AT A+ V@ 9)170 gy

)m@@

f(ﬂc,ﬂwry,V}(fE,y)+MZ+‘5
J

A

which equals 0, and this proves (1.3.35]).
Gathering (1.3.32)) and (1.3.35)) we obtain (|1.3.31]), which is the thesis. O

We are now in position to prove the lower bound. Recalling (|1.3.26)) and the definitions of g; and
gj,J € N, we fix any R > 0 and apply Lemma [1.3.15| to obtain

p(M) > limsup /B p(€)g;(€) de

Jj—+oo

2 liminf [ min{p(£), R}(g;(§) — 9;(£)) ds + | min{p(£), R}g;(§) d§

Jj—+oo Br Br

:liminf/B min{p(&), R}g;(&) dé

j—+oo

:liminf/B min{p(ﬁ),R}/Q /Q flz,z+y,Vj(x,y) + ME) dz dy d§.

Jj—+oo

Using Lemmal|l.3.13] it is not restrictive to suppose that Vj(z,y) — V(z,y) weakly in L?(Q1 x Q1; R™)
and, setting

C:= {U € P (RY x RGR™) :U(-,y) is Qi-periodic for a.e. y € RY,
Ul(x,-) is Qi-periodic for a.e. z € RY,
and / U(z,y)dx =0 for a.e. y € Rd},
1
by the definition of V;(z,y) and the periodicity of v;(z), it is easily seen that V' € C. Then, we apply
Theorem [1.3.8| with £ = d x d, s = (z,y) and
E:QIXQM \I/((,’L‘7y),t,q):f(l',$+y,q+M£)7

and use Fatou’s Lemma to infer

(M) > min{p(§), R} liminf/ ; flz,x 4y, Vi(z,y) + ME) dx dy d€

Br Jj—+oo

> [ min{p(¢). B} /Q /Q Fana +y, V() + ME) du dy de,

Br

which, by the arbitrariness of R > 0 and V' € C, implies

o(M) zinf{/B p(§)/ ; f(x,x+y,V(x,y)+M§)dxdydf:VGC}.
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For the sake of notation, we set

F(V) = /B p(6) / [ oty Vi) + 006 drdy de

so that
(M) >inf{F(V):V eC}.

Let us suppose first that

p(&) = p(=¢) for almost every £ € RY, (1)
f(z,y,2) = f(z,y,—2z) for almost every x,y € R? and for every z € R™,
Using a change of variables and (H1J), we have that
FOV) = [0 [ S+ y. Vi) + 2 do dy d
Br Q1
[ o9 [ Sty Vo) - M drdyde
Br Q1
— [ 0O [ foz .-V + Me) dodyde
Br Q1
= F(=V);
therefore, recalling , we infer
F F(-
r(o) < PO _ pyy
The arbitrariness of V' yields
002 FO) = [ ole) [ [ flaa e dody, (1.3.36)
Br 1JQ1
which, using Fubini’s Theorem and , yields the desired lower bound.
Assume now that
[ pterde =+ (H2)
Rd

and let V € C. The lower bound in (GC) implies that

p()f(x,x+y,V(z,y) + ME) > ap(§)|V(z,y) + MEP

for a.e. &, x,y € R? and for every z € R™, and since there exist positive constants c;, cp such that
|21 + 22|P > c1|z1|P — ca|22|P for every z1, 25 € R™, we infer that

p(&)f(z, 2 +y, V(z,y) + ME) + acap(§)|MEP = acip(E) |V (z, y)[".

Integrating this inequality, we get

FV) e [ @i as = aen (| o) ([ [ Wimprieay):

Br

therefore, by and (H2)), we get that F(V) is finite only if V' = 0, which implies (1.3.36)).
Upper bound in the supercritical case, A = +00o. In order to prove the optimality of the previous
lower bound we recall that, according to Proposition [1.3.11{7), we have

P(M) = Tim_ inf{ (%)d /BT p(6) /<er-/%»1 o ICXEPYS ule + Afj) - “(x)) du de -

u € Dra, m(Qrys,; Rm)}
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for some r > 0. We use u(x) = Mz as a test function for these minimum problems to obtain

j—+oo \ T

S\ d
o) <timint (%)” [ i) /(Q e e de de
T /5,0

< lim inf p(&) flx, x4+ X\;& ME) da dE, (1.3.37)

i=+oo Sy Q@

where the last inequality follows by .
On the one hand, if we apply Lemma with V; = 0 for every j € N, we have that

0O = [ Fle.wt re M) de — / F(w,y, ME) da dy
Q1 1JQ1

weakly in L!(Br).
On the other hand, we observe that {pg;}; is an equi-integrable sequence in L'(Br) since, by
(IGC)), we have

/ p(€)g;(€) de < BIMP / p(©)lElP de
A A

for every A C Bp measurable and p has finite p-th moment according to . Then, it is not restrictive
to suppose that pg; — © weakly in L'(Br) as j — +oc.
We claim that

o(€) / [t Mgy = 016) (1.3.38)

for a.e. £ € Br. Let Xr := X{¢eBrpe)<ry and ¢ € C(Br). Since pxrt € L>(Br), by the weak
convergence of {g;}; we infer

i [ o @u©n© e = [ pen@w©) ([ [ s me)nay) ac

Jj—+oo Br Br

and analogously, since xgy € L*°(Br), we have

lim P(E)xr(€)P(€)g;(§) d§ = O(§)xr(§)Y(E) dE.
J=+ By Br
We deduce that

o(€) / [ g0 118 dedy = 000

for a.e. £ € By such that p(¢) < R and for every R > 0; and since the set {¢ € R? : p(€) = +o00} has

measure zero in virtue of 7 we infer (1.3.38)).
Recalling (|1.3.37)) we conclude

p(M) <liminf [ p(€) [ fle,x+ A€, ME) da de

J—=+% /B, Q1
= 1' y
. - p(§)g;(§)dE

- / o(€) / F(w,y, ME) da dy d,
Br 1JQ1

which proves the upper bound.
Remark 1.3.16. As a byproduct, the above arguments show that

/BT/I/lp(g)f(x’vaf)dzdydf
= lim inf{/ p(f)/ f(x’x+/\j§7 u(z + A;€) —u(x)> dode i u e L;;M(QURm)},
Br 1

Jj—r+oo )‘j

and therefore, although in an indirect way, we obtain that Proposition [1.3.11)(#4¢) is valid also for
A = 400. We point out that, in this case, we also had to also resort to the assumption (H1)) or (H2]).
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Further comments on the supercritical case. We discuss our necessity to assume (HI1)) or
(H2)) in order to treat the supercritical case A = +oo. We just proved that if a certain ¢ is a density
for the I'-limit, then

o) zint{ [ 4t0) | [ b V) - M dedyde Ve

for all M € R™*9, Inspecting the proof, we note that our argument is only based on the equi-
boundedness of the finite differences

_ vz + &) —v(2)
AJ ’

Vi(x,§) jeN,

which implies that (up to subsequences)

vi(r +§) —

vi(z) |
N V(z,€)

weakly in LP(Q1 x Q1; R™) for some V' € C, but it does not exploit the fact that {u;(z) = vj(x)+Ma};
is a sequence of minimizers for the problems appearing in Proposition u) This may lead us to
believe that there is some room for an improvement: for instance, we may suspect that, incorporating
the optimality of {u;};, it may be possible to directly prove that

vj(z + &) —v;(z)
Aj

—0, (1.3.39)

which would allow us to prove Theorem i41) without any additional assumptions. According to
the next proposition, this may not be the case, even for a simple choice of the density f.
Let {e;};,{d;}; be vanishing sequences such that \; :=¢;/6; — +00 as j — 400 and consider

o= [ [ 220D

with p a kernel in L>°(R?) supported on Br for some T > 7o and fulfilling and 7 and a a
non-constant @1-periodic function such that 0 < a < a(z) < f < 400 for a.e. & € R*. With this
choice, we have that f(z,y,2) = a(r)|z|?, which implies that f(x,y, z) = f(x,y, —z) for a.e. 7,y € RY
and for every z € R, where we work in the scalar case m = 1 for the sake of simplicity. Therefore, we
have that is equivalent to

pl&) = p(=¢) (H1)
for a.e. £ € By and that fails.

Proposition 1.3.17. Let M € R% M # 0, and, for all j € N, let u; be a minimizer for

inf{/B p(g)/ a(g;)‘“@“afj)‘“(x) Qdfcdg;ueL;M(Ql)}, (1.3.40)

let vj(z) == uj(z) — Mz, and let

_ vle+E) —v(z)

Vi) N
J

If V; — 0 weakly in L*(Q1 x Q1) as j — +oo, then, letting x - y denote the scalar product in R?, we
have

/ p(6)M - €de = 0.
Br
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Proof. Since p € L'(R%), it is possible to compute the Euler-Lagrange equations for the minimum
problems (|1.3.40]) obtaining that for every j € N we have

/BTP(O/la(x)(Uj(er/\ij)Uj(x))(W(er/\jfj)w(x))dfﬁdf:()

for every w € L%, 4(Q1).
By first testing this equation with w(z) = v;(x), we infer

/| ) / (o

vi(z+XA€) —v
Aj

j(z)‘zdxdg

_ vi(z 4+ A€) —v,(x) )
__ /B e | a(e) ( . )dede: (1.3.41)

then, testing with w(z) = A\;w(z) for some w € L;O(Ql), we obtain

[ e [ ot (AL e+ rj6) — ()

= —/ p(OM-€& | a(z)(w(z+ X&) —w(x))dedl. (1.3.42)
Br Q1

Now we note that V;(z, A;¢§) — 0 weakly in L?(Q1 x Br). Indeed, by (1.3:27), this sequence is
equi-bounded in L?(Q; x Br), hence, it suffices to test the weak convergence with the characteristic
functions of measurable sets E x QQ C Q1 x Br, with @ a cube. Also using the equi-integrability of
{V;}; in LY(Q1 x Q1), it is immediate to observe that

. . —d
jgglm/Q[Evj@,Ajs)dxdsjglfmAj /AJ_Q[Evm,adscds

— 10l i [ [ Vi) dud
Jj—+oo Q. JE
which equals 0 since V; — 0 by assumption. Passing to the limit in ([1.3.41]), we get

N Y R v

Aj
which, by and the fact that inf a > «, implies
. AE) — vs 2
lim / / \“ﬂ(“ 5% “J(””)] dw dé =0,
BT‘O 1 >\J

. 2
v; (@) ‘ dz dé =0,

Jj—+oo

and then, by Lemma [1.3.9

41im/ /
Jj—+o0 Br 1

Upon assuming that |, 0 w = 0, by the Riemann-Lebesgue Lemma we have

j(x)‘dedgzo.

vi(z+A€) —v
Aj

w(z+ A& —w(z) = —w(x)

weakly in L?(Q; x Br) as j — +o0; hence, we pass to the limit in (1.3.42) using the strong-weak
convergence to obtain

0= /BT p(&)M - £ dE o, a(z)w(z) dx.

Finally, properly choosing w, we get
| oter-gae—o.
Br

which is the thesis. O
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The above proposition asserts that if we consider a bounded kernel p supported on By and M #£0
such that

/ p(6)N - € de £ 0,
Br

then (1.3.39) fails for the sequence {v;}; corresponding to such M. This illustrates how, if we neglect
both the assumptions (H1)) and (H2)), our argument does not provide the expected lower bound.

1.3.4 Proof of the main result

Finally, we prove Theorem [1.3.1] also for kernels with support that is not compact.

Proof of Theorem[1.5.1} Let {Ty}, be any sequence monotonically increasing to +oo and assume
that 75, > rp and Q1 C By, for all h € N, where rg is as in . By Theorem and a diagonal
argument, there exists a subsequence {ji}, such that, for every h € N, the sequence of truncated
functionals {FJi’L} r I-converges to the functional

/ on(Vu)dz  if u € WHP(A;R™),
A
+00 if u € LP(Q;R™) \ WhP(A;R™)

FTn(u, A) := (1.3.43)

for all A € Ayeg(€2) and for some quasiconvex ¢, : R™*4 — [0, +00). By Lemma we have that

[- lim Fj, (v, A) = lim F(u, A)

k—4o00 h—+o0
for every u € LP(;R™) and A € Ayes(2). Clearly, {¢n}, is an increasing sequence of functions;
therefore, by (|1.3.43) and the Monotone Convergence Theorem, we have

li Vu)d if w e WHP(A;R™),
- lim Fj (v, 4) = /Ahilfw on(Vu)de it u (A;R™)
k—4o00 —+00 ifue LP(QJRm) \ Wl’p(A;Rm)

for all A € Ayeq(€2). In order to conclude, we prove that

lim (M) = fx(M)

h—+oco

for all M € R™*? where fy is defined as in the statement of Theorem in accordance with the
value of A € [0, +00]. Indeed, since f is independent of the subsequence {3}, the conclusion follows
by the Urysohn property of the I'-convergence (see [61]).

Subcritical case, A = 0. Let M € R™*? be fixed. By Proposition [1.3.12] we have that

Jim_en () = tim_ine{ [ 00 [ S (P00 e e W (@ &™)}
: . 1, .m
<int{ [ o) [ 10 (V) dede:u e Wik @)
= fo(M).

Conversely, let {up}, C W.-;EZ;\/I (Q1;R™) be such that

Jm on00) = T [ ) [ G (Tun)e) dods (1.3.44)

and, without loss of generality, assume
/ updr =0 (1.3.45)
1
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for every h € N. Combining (|1.3.44) with and (GC)), we have
Sup/ / [(Vup)EP d€ de < +o0;
h 1 JB.,
and since there exists a positive constant C' such that

/ \Le[P dg > C|LJ?

70

for every L € R™*9, we infer

sup/ |Vup|P de < 4o00.
h 1

This, together with (1.3.45)), implies that there exists a subsequence {uy, }; that converges to a function
u € W;E’;V[ (Q1;R™) weakly in WHP(Qq;R™). As a consequence, we get that, for any R > 0 fixed,

(Vun, (2))§ = (Vu(z))$

weakly in LP(Q1 X Br;R™) as i — +o0.
Since f satisfies and (HOJ), we apply Theorem with £ =d x d,s = (¢, z), and

E:Ql XBR: \I/((f,x),y,z)zp(f)f(m,y,z),

to obtain

h—4o00 i——+o00 By, o}
> / o) [ Flesa, (Vu)e) du de,
Br Q1

and, by the arbitrariness of R > 0,

Jim (00> [ o(6) /Q o, (T
> int{ [ ol6) /Q S (Tu)g) drdg e W (@)
= fO(M)7

concluding the proof in the subcritical case.
Critical case, X € (0,+00). Fix M € R™*<, By Proposition [1.3.12) we have that

hEI-Poo(ph(M) = hETooinf{/BTh p(§)/1 f(x,x + A, uz + )\i) — u(x)) drdf:ue L;M(Ql;Rm)}
< inf{/Rd p(f)/l f(x,ng, u(a:+)\§) —u(:c>) dade :u e L;M(Ql;w)}.

To prove the converse, let {up}, C LY ,/(Q1;R™) be such that

n(T + X)) — up(z)
A

lim on(M)= lim p(€) / f(x,x+/\§,u )dxdg

h—4o0 h—+o00 Br
13

and suppose that (1.3.45)) holds for every h € N. Reasoning as in the subcritical case, we have

Sl}l;p/B / ‘Uh(m+)\§)_Uh<x)’pdxd§<—|—oo,
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and then, applying Lemma [1.3.10)i7) with A = Q; and r = 1, we obtain that there exists a subse-
quence {up, }; and a function u € LY, ;,(Q1;R™) such that

wn, (20 —un, (@) ulw + ) — ulx)
A A

weakly in LP(Q1 x Br;R™) as i — 400, for any R > 0 fixed. The conclusion now follows as for the
subcritical case. Indeed, we apply Theorem [I.3.8]in the same way to obtain

_ 1 Uh; (m + /\g) — Uh,; (l‘)
lim ¢p(M)= lim - p(f)/l f(at,x—f—)\f, > )dmd§

h—+oo i—+400
> [0t [ ere M g

and, by the arbitrariness of R and u, we conclude that

lim ¢,(M) > inf{/Rd (&) /Ql f(x,x+)\§, @+ /\i) — u(z)) drdf:u € L;’M(Ql;Rm)}.

h—+oco

Finally, using the change of variables y := x + A§, we get

inf{/Rd p(€) /Ql f(x,:ch Y s Ai) - “(I)) dw de : u € L%,M(Ql;Rm)} = fa(M),

that is the thesis.

Supercritical case, A = 4+00. In this case the proof is immediate; indeed, by Proposition [1.3.12
and the Monotone Convergence Theorem,

li = 1 ME)dx dy d
h;rfm¢h hﬁnfoo/BT/l/l f(@,y, M) dx dy d§
// / F(@,y, M¢) do dy dé
R4 1 1
- f+oo
for every M € R™*?, concluding the proof. O

As a corollary, we extend Proposition [1.3.11|(7i7) to kernels that are not necessarily supported on a
ball, and also to the case A = +o0. Consequently, we obtain that the densities { f}, vary continuously
with respect to A.

Corollary 1.3.18. Let M € R™*4 and let {)\;}; be a positive sequence converging to A € [0, +oc].
Then

(M) = lim inf{/Rd p(ﬁ)/l f(x7x+/\j§, “(x“fj) _“(@) do de - u € L;M(QI;RW)}.

J—r+oo

Moreover, the function X\ — fx(M) is continuous in [0,400].

Proof. According to Theorem i1) and a change of variables, we need to prove that

f,\(M)Z hm f)\( )

Jj—+oo

Let us first suppose A € [0, +00) and let {u;}; C LY ,/(Q1;R™) be such that

lim inf f, (M )—liminf/de(g)/ f(a: x—i—)\f, @+ A8) = ())dmdf

Jj—4oo Jj—4oo Aj
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Upon assuming that the mean value of u; on @ is zero for all j € N, we obtain compactness properties
for the sequence {u;}; reasoning exactly as in Subsection for the proofs of the lower bounds in
the subcritical and critical cases, and also resorting to Theorem we get that

T
lim inf 5, (M) _lnf{/

= fo(M)

e) | oo (Ve dodg s we Wik, (QuR™)}

if A =0, and that

imint £y, () = int{ [ p(©) [ (e M s 13,y (Quimm))
= [r(M)
if A € (0,400). Conversely, to prove that

limsup fy, (M) < fa(M),

Jj—4o00

we observe that

limsup fy, (M) < limsup/ p(g)/ f(x,x + A, w(x+ \€) — w(m)) dx d§ (1.3.46)
R4 1

Jj—4o00 Jj—4o00 >\j

for any w € L;M(Ql;Rm), and that

[0 [ (e MBI drae

tends to

/ o€) [ o, (Vo)e) do de
R4 Q1

ifA=0and w e W;&”’}V[(Ql;Rm) N C>(R%R™), and tends to

/. p({)/l .o toag EFADZOEDY 4y e

if A € (0,+00) and w € LY, ;,(Q1;R™)NC> (R4 R™). Then, letting w be a (almost) minimizer for the
minimum problem corresponding to fo(M) or to fy(M), we infer the desired inequality by .

To conclude, we consider the case A = +00. On the one hand, letting T > 0 sufficiently large so
that Remark is valid, we have

liminf fy, (M) > lim inf{/ p(g)/ f(a:,a:—i—)\jf, u(x+/\j§)_u(x))dxd£:uEL;,M(Ql;Rm)}
Br 1

Jj—=+oo Jj—=+o0 Aj

_ /B T / | / L€V oy, ME) ey e,

and then, letting T — +o0,
liminf fy, (M) > fio0(M).

Jj—+oo
Conversely, we recall that, in order to prove the upper bound for the supercritical case in Subsection

we proved that
(&) [ Flesa+ Ne, ME) da — p(€) / F(,y, ME) da dy
Q1 1 JQ1

weakly in L'(Br) for any T > 0 large enough. By (GC) and , we have that for a.e. £ € R? and
for every j € N it holds

p(&) 0 fx @+ A€, ME) da < BIM[Pp(€)[¢" € LY (RY);
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and therefore, we deduce that

p€) [ flw,m+ A€, ME) da — p(€) / Flw,y, M€) du dy
Q1 1 JQ1

weakly in L!(R?). We obtain

froe) = [ ][ ote)s . M) drdy g

= lim | p(&) [ fla,o+ A€ ME)dade

J=+oo Jra Q1

> limsupinf{/ p(ﬁ)/ f(x,x + A€, @+ )\i\g) — u(ac)) drd:u€ L%’M(Ql;Rm)}
Jj—r+oo R4 1 J

— Timsup fi, (M),
Jj—+o0

where we have used u(z) = Mz as a test function for the minimum problems. This concludes the
proof. O

Remark 1.3.19. A milder growth condition from above on f can be required upon enhancing the
integrability of p at the origin. In particular, we may require in addition that

/ p(€) dé < +ox, (1.3.47)
Rd
in order to replace (GC|) with

alz|P < f(z,y,2) < B(1 4+ |z[P) for almost every z,y € R? and for every z € R™. (1.3.48)

Indeed, there are only a few points in our proofs where a growth condition from above on f is employed.
We mention some of them and briefly illustrate how to modify the proofs according to the new set of
assumptions.

In the first part of the proof of Proposition we observed that

S\ d
(2) [ oo [ F (@, + A€, ME) da d (1.3.49)
r Br (Qrr/s;1)2; (O\N(Qry5,;)x;(8)

tends to 0. Recalling (1.3.12)) and using ([1.3.48)), it is easily seen that (1.3.49)) is estimated from above
by

5\ d
(2) 18 [ o)1+ vapier) e
and since we already proved that
S:nd
(%) imdsar [ poler

tends to 0 as j — 400, it suffices to observe that

(%) 1315 [ sterde

vanishes by and the fact that (§;/r)¢ E;| — 0.

In the upper bounds for the case A € [0, +00) in Subsection is employed to obtain some
uniform bounds from above useful to apply the Dominated Convergence Theorem. As an example,
we observe that inequality is now replaced by

p(&)f (z, z, (Vu(x))§) < Bp(E)(1 + [€[°[Vu(z)[?)  for a.e. (z,£) € Q1 x Br,
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and the desired estimates are now obtained also resorting to (|1.3.47)).
In the supercritical case A = 400, similar simple adaptations are needed in the proofs of Lemma
and Lemma [1.3.15] As for the proof of the upper bound, it suffices to observe that

p(&) 0 fle,w+ X6 M) de,  jeN,

is still an equi-integrable sequence since, by (1.3.48[), we have that, for every j € N and A C By
measurable, it holds

[ [ st s reme nie < 5{ [ p@ac+ [ oeimmerach

so that the conclusion follows by ([1.3.47)). Clearly, in this case, the main result holds assuming (H1]).

1.4 Perforated domains at the critical exponent

In a celebrated paper [57], Cioranescu and Murat investigated the asymptotic behaviour of Dirichlet
problems in periodically perforated domains

Q5 =\ | Qid,rs), (1.4.1)

i€Z4

where 0 is the period of the array of perforations and the side-length of the cubic perforations is

exp(—672%) ifd=2,
rs ~ 0
da-2 if d > 3,

(see also the earlier paper by Marchenko and Khruslov [99]). This turns out to be a critical choice for
the size of the perforations, in the sense that the limit analysis gets trivial for different scales. It is
proved that, for fixed ¢ € H~1(Q), the family of solutions {us}s to the problems

—Au5 = (b, Us € Hg(Qg),
weakly converges to a function u € Hg(£2) that solves a different limit problem; namely,
—Au+ Cqu = ¢, u € Hi(Q),

where an additional zero-order term, the so-called strange term, originates from the presence of the
perforations. The constant C; that appears in the limit equation is characterized by a capacitary
problem and, similarly to the scale 7, its nature varies in accordance with the dimension d. When
d > 2, the constant is given by the 2-capacity of the unit cube in R?. If d = 2, such a characterization
cannot hold anymore since, by scaling-invariance, the 2-capacity of every bounded set in R? is zero;
therefore, a more involved description in terms of the asymptotics of the ‘relative’ capacity of two
concentric cubes is needed. This singular behaviour is not peculiar to the quadratic case. Dealing
with the p-capacity in RY for p € (1,d),d > 2, one can always observe that the relative capacity of
concentric cubes has a polynomial behaviour with respect to the side-lengths, while a logarithmic
behaviour is exhibited in the case p = d. For this reason we shall address the case p € (1,d) as a
subcritical exponent and the case p = d as the critical exponent.

In [I5], Ansini and Braides extended this result to a vectorial non-linear setting for subcritical
exponents p € (1,d) by computing the I'-limit of the functionals Fs : LP(Q; R™) — [0, +-00] defined as

/f(Vu) de i ue WIP(Qp R™),
Fs(u) := I
+00

otherwise,
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for f : R™*4 — [0, +00) a quasiconvex p-homogeneous integrand satisfying p-growth conditions.
Conformally with the work by Cioranescu and Murat, they assumed that 75 ~ §%(4=P) and proved
that the T-limit of {Fj}s equals

/ f(Vu) dm+/ ©p(u) de, uwe Wy (Q; R™),
Q Q

where ¢, : R™ — [0, +00) is given by a non-linear capacitary formula:

op(z) = min{ f(Vu)dz:u—2z € WH(REGR™), u =0 on Q(l)}

Rd

The extension of the above analysis to the critical exponent p = d required a different proof
provided by Sigalotti [122], who showed that, upon assuming that rs ~ exp(—d%(1=9)  the limit
energy is given by

/ f(Vu) dac—l—/ wd(u) de, u e Wol’d(Q;Rm), (1.4.2)
Q Q

where the density ¢4 : R™ — [0, +00) is now described by a homogenization-type formula:

wd(z) == LEIJrrloo(log Lyt min{/Q(L) f(Vu)dz :u—z e Wy (Q(L); R™),u =0 on Q(l)}. (1.4.3)

In a similar vein, in this section we extend the analysis of Dirichlet problems on periodically
perforated domains for non-local energies to the critical exponent, the subcritical case being recently
investigated by Alicandro, Gelli, and Leone [I0]. We consider non-local energies subject to boundary
conditions

1 y—x u(y) —u(x) )

il - 0 g
Fes(u) = Ed/g/ﬂf< e c )dxdy if u=0o0n O\,

400

otherwise,

with 25 as in and r5 ~ exp(—él%d), and we prove that, in the regime € < 75, a separation of
scales occurs yielding a limit energy comparable to .

The problem of perforated domains, together with its many variants, is a classical topic that
still draws considerable attention. Recent results have been obtained in the context of stochastic
homogenization by Scardia, Zemas, and Zeppieri [I19] and by Deangelis, Focardi, and Zeppieri [66]
in the case of fractional energies. Very recently, Palatucci has thoroughly discussed the phenomenon
of capacitary screening in periodically perforated domains for fractional energies defined through the
Gagliardo seminorm on the whole R¢, see [I11]. These works, as well as many others in the literature,
deal with the case of subcritical exponents (that, in a fractional setting, are characterized by the
inequality p < d/s, being s the fractional parameter).

The necessity of treating a scaling-invariant problem leads us to carry out a delicate study, that
substantially departs from the ones performed in the subcritical cases. Our strategy is partly inspired
by the works [3I], 43], where an extension to the critical exponent for the problem of perforated
domains in heterogeneous media originally studied in [I4] is obtained.

A technical insight of our analysis is that the energy density g4 in is convex. This feature
is relevant (and non-trivial) in the vector-valued case m > 1 and displays a striking similarity with
the Ginzburg-Landau model. Indeed, the convexity of the strange term reflects the emergence of an
optimal multiscale microstructure since configurations of minimal energies are obtained distributing
equally the energy on every scale from rs (the side-length of the perforations) to 6 (a much larger
scale) by means of a dyadic construction. This observation is not related to the non-local nature of
the problem and actually applies to the original Dirichlet problem on perforated domains. However,
it is worth noting that the convexity of ¢4 has not been the starting point of our investigation; from
our perspective, it is more appropriate to regard it as an outcome of the multiscale analysis as we
shall explain in the forthcoming subsection.
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1.4.1 Setting of the problem and statement of the result

In this subsection we describe the setting of our problem and we state our main result.
We let f : R? x R™ — [0, +00) be a function satisfying the following assumptions:

(H) f(&,-) is d-homogeneous for every & € R ie., f(&,t2) = tif (€, 2) for every t > 0,¢ € R, and
z € R™;

(G) the functions m(€) := inf f(&,2) and M (&) := sup f(&,2) defined for every ¢ € R satisfy:

zeSm—1 zesm—1

(GO) there exist positive constants rg, C' such that m(§) > C for a.e. £ € By,
G [ M0+ 61" de <+
(L) there exists a positive constant C' such that
(6,2) = F(€.2)] < CME)(|2" + |41z — 2/
for every ¢ € R? and for every z,2' € R™.

Remark 1.4.1. We comment on the above hypotheses:

(i) assumption (H) yields m(&)[z|P < f(&,2) < M(€)|2|P for every (€,2) € RY x R™;
(i) hypothesis (L) is satisfied if £ fulfills (H), (G), and f(&,") is convex for every ¢ € R<.

We introduce the family of unconstrained functionals and, for later convenience, we also highlight
the dependence on the fixed domain. To make our notation more flexible for later use, here we

let o denote a small positive parameter. For fixed ¢ > 0 and A C R¢ measurable set, we let
Fol, A) : L4Y(A;R™) — [0, +00] be defined as

S Y M) ety it e LA,
+0o0o

otherwise.

We will mainly use the following equivalent form that is obtained performing the change of variables

§:=(y—x)/o,

u(z + o) — u(x) . Com
Fo(u, A) = /R /Ac,(g)f(g’ s o )dads ifue LUART), (1.4.4)
+o0

otherwise,

where A, () is as in ((1.1.1). For the sake of notation, if A = Q we simply write F,(u) in place of
Fo(u, ). The asymptotic analysis of the above energies and the convergence of minimum problems
are obtained in [B, Theorem 6.1, Proposition 6.4].

Theorem 1.4.2. Let A be a bounded open set with Lipschitz boundary and let Fy(-, A) be defined
by (T.4.4). Then, the family {F,(-, A)}, T-converges with respect to the convergence in L¥(A;R™)-
topology as o — 0 to the functional F(-, A) : LY(A;R™) — [0, 4+00] defined as
/ fhom(Vu)dr if u € WHa(A;R™),

A

400 otherwise,

F(u,A) =
where from : R™*4 — [0, +00) is given by

o= tim it { [ [ gty e() o) dedy v € DR,QUIEM] - (145)
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with D7 (Q(h);R™) as in (L.1.3) for every M € R™*4. In particular, fuom is a d-homogeneous
quasiconvex function and there exists a positive constant C' such that, for every M € R™*4,

1
SIMIT < from(M) < CIMIY (1:46)
Moreover, for any g : R — R™ Lipschitz continuous function and T > 0, there holds
lim inf{F (1, 4) : u € D3, (A;R™)} = min {/ From (V) dz - u— g € Wh(4; Rm)},
o— ’ A

with D3T ,(A;R™) as in (L.1.3).

Now we define the functionals of our interest by imposing Dirichlet boundary conditions on an
array of perforations. We let € be a small parameter denoting the length-scale of the non-local
interactions and we introduce two further positive parameters assuming that both are ruled by e:
6 = J. denotes the period of the centers of the perforations, and r = r. denotes the side-length of the
cubic perforations. We define the array of cubic perforations as

P = U Q(i(savra>
iezd

and we set
P(QR™) := {u € LYY R™) : u(z) = 0 for ae. z € P.}.

Then, we define functionals F. : L4(Q;R™) — [0, +00] as

Fu(u) i Eld/ﬂ/ﬂf(y;x’u(y);u(az))dxdy i we P R™),
+0o0

otherwise,

or equivalently, by the change of variables £ := (y — z) /g,

u(z +£§) — u(z) : m
re /Rd /Qs(g)f(f’ +s6 )dxd§ if u € P.(Q;R™), e
+00

otherwise.

Our main result is as follows.

Theorem 1.4.3. Let F. be defined by (1.4.7) and assume that

. 9
lim — =0
e—0 1,

and that there exists v > 0 such that

—(~ 50T
iy SXP(=(10) 79)

e—0 Te

=1

Then, the family {F.}. T-converges with respect to the convergence in LY(Q;R™) to the functional
F: LY(QR™) — [0, +oc] defined as

Srom (V) dx—|—7/ o(u)dz ifu € WHi(Q;R™),
Q Q

400 otherwise,

F(u) := (1.4.8)

where fhom s given by (1.4.5) and ¢ is a convex function that, for every z € R™, is given by

¢(2) ;= lim (logL)4! min{/ fhom(Vv)dx :v—z € Wol’d(Q(L);Rm), v=0on Q(l)}
Q(L)

L—+o00
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In [50], the above result is proved in a unified framework that also accounts for discrete energies,
for which a variational theory has been developed by Alicandro and Cicalese [§]. We extend to the
critical exponent and in the regime ¢ < r. the results in [77, [123] by investigating the problem of
perforated domains for pairwise interaction energies

[ [ (5 ) = o)) (o) de o)
QJQ

where the measure p. is selected among

—dﬁd (continuous case),
He -= °
° E da (discrete case).
aceld

In this regard, we point out that we opt for cubic perforations to simplify the argument in the discrete
setting, where cubic lattices are considered. However, the shape of the perforations does not affect
our result as a standard comparison argument yields that the same conclusion holds true replacing
the cube @(1) with any bounded set with non-empty interior.

Outline of the proof and the convexity of the strange term. We conclude this subsection
by illustrating in broad terms the idea of our proof and how this led us to observe, somewhat indirectly,
the convexity of the strange term. Our argument is based on a new variant of the ‘joining lemma
on varying domains’ (Lemma devised by Ansini and Braides in [I5]. It allows one to modify
a converging family {u.}. (at a small energetic cost) by imposing constant boundary conditions
on several dyadic concentric annuli surrounding the perforations. In this way, one can isolate the
contributions to the energy coming from the perforations and the remaining region. The latter is
essentially the unconstrained energy and contributes to the limit energy yielding the first order
term in .

To estimate the energy due to a single perforation, that we assume to be centered at 0 for simplicity,
we perform a dyadic construction: we fix a large L € N and cover the reference cell Q(d.) by means
of concentric cubes

Qre). Q(r-L), Q(r-L?),...,Q(r-L%) ~ Q(8.), 5~ 'BLlre),

Thanks to an argument that allows us to consider only finite-range interactions, we decompose the
energy close to the perforation on each “frame” as follows:

F UEa Z]: UQTE )\Q(TeLhil))'

By the joining lemma, we can assume that there exist constants {u2" : h € {0,...,S}} such that
Ue = ug’h close to dQ(r.L")  for every h € {0,...,S},

with u%% = 0 and, taking into account such boundary conditions, we can optimize the energy on Q(d.)
to get

S
Fe(ue, @ Z min{F; (u Q(rsLh) \ Q(TsLh 1))

u = u2" close to AQ(r. L"), u = u2"~! close to AQ(r.L"1)}.

To estimate the energy on the single frame Q(r. L")\ Q(r-L"~!), we use the scaling invariance of the
energies and the convergence of minima in Theorem to get that

min{F. (u, Q(reL™) \ Q(r.L" 1)) : u = u®" close to dQ(r. L"), u = u2"~! close to Q(r.L" 1)}
= min{F, /. r-1)(u, QL) \ Q1)) : u = u™ close to OQ(L),u = u"~* close to AQ(1)}

~ min{/ from (V) dz : u — (u®" — w2~y € Wi HQ(L); R™),u = 0 on Q(l)} (1.4.9)
Q(L)



60 CHAPTER 1. MULTISCALE HOMOGENIZATION OF NON-LOCAL ENERGIES

as € ~ 0. Note that here we made use of the assumption £/r. — 0 and of a uniform-convergence
argument that allows us to keep the boundary conditions unaltered in spite of the fact that these

depend on €. Recalling (1.4.3), we have that (1.4.9)) is approximately
(log L)' ~p(ug™ —u"~h).

Since S ~ % and re ~ eXP(*(Sg/(l_d)), we have that (log L)1~ ~ §25971; hence, summing
up over the frames, we have

S
FE(UE7 Q((Se)) Z 5?5(171 Z gp(ugh _ ug,hfl).
h=1

Upon observing that
s

Z Oh _ 01 0,8 0,0 _ . 0,8
(ue ) U™ — U = U,
h=1

we can further optimize the previous sum and use the d-homogeneity of ¢ to get

S S S
Fu(ue, Q(52)) 2 0 min{ 84713 () = 3"y = w0 } = ot min Z@ o g Z uds}.
h=1 h=1

h=1

The latter term is seen to be approximately §%p**(u®®) as S ~ +oo, where ¢** denotes the convex

envelope of ¢. Then, summing up over all the perforations and using that u. — u, we infer that

Al U @is)z ¥ # @)~ [ w

i€EZINSTIQ i€EZINSZ 10

as e~ 0and S ~ +oc0.

The heuristic that yields this lower bound (that is seen to be optimal) seems to be in contrast
with the separation of scales argument leading to and, to some extent, hints that ¢ is convex.
Conscious of this fact, we directly prove that ¢ c01nc1deb with its convex envelope starting from its

very definition (see Proposition [1.4.13)).

1.4.2 Preliminary results

We collect results from the literature that are instrumental for our analysis. Throughout the rest of
this section, we let C' denote a generic positive constant that may change from line to line, but which
is independent of the relevant parameters.

A class of reference energies. Given r( as in (G0), for every o > 0, A C R? measurable set,
and u € L4(A;R™), we define the reference energies

(u, A) / / x+”5) @)1 g de. (1.4.10)
40(6)

Concerning these auxiliary functionals, we recall a lemma that allows us to control interactions of any
range with short-range interactions only. The following is a consequence of [5, Lemma 4.1].

Lemma 1.4.4. There exists a positive constant C such that, for every Q open set, for every A C Q
bounded open set with Lipschitz boundary, T > 0, £ € Br, and o > 0 such that

distoo (A4, Q) > (T + ro)o,

it holds

/A‘u(m + o) — u(x) ¢ <O+ €]MGy (u, A+ QT 4 1r0)0))

g

for every u € LY(; R™).
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Remark 1.4.5. The above lemma also applies with @ = R?. In particular, there exists a positive
constant C' such that, for every ¢ € R and o > 0, it holds

/ u(z + o) —u(x) |4
R

o
for every u € LY(R%; R™).

dr < C(1+ €)M Gy (u,RY) (1.4.11)

The following proposition is the analogue of the classical Poincaré-Wirtinger inequality. In the
non-local case this can be inferred from [5, Proposition 4.2].

Proposition 1.4.6. Let A C R? be a connected bounded open set with Lipschitz boundary and let
A’ C A be a subset of positive measure. There exist positive constants C,cq depending on A such that,

having set
1
(u)g = —/ udx,
E| /e

A
/ = ()l de < 0 1, 7a)
TA |A|

it holds

for every T >0, u € LY 1 A;R™) and o < oor.

Functionals with finite-range interactions. As done in Subsection [1.3.2] we introduce “trun-
cated” versions of the functionals in ((1.4.4). For every T > rq and for every z € R™ we let

T(e.s) im {f(ﬁ,z) if ¢l < T,

0 otherwise,

and, given o > 0 and A C R? measurable, we let F. (-, A) : LY(A;R™) — [0, +o0] be defined as

., / / g Uetod) —u@ )>dxd§ it w e LA R™),
]: u A Rd J A, (€) g (1.4.12)
otherwise.
We write F,(u) in place of F,(u,2) when A = Q.
Remark 1.4.7. Since T > rg, by Remark it follows
CGy(u, A) < FX(u, A). (1.4.13)

As for the constrained functionals (1.4.7)), for € > 0 we define FZ : L4(Q;R™) — [0, +00] as

// ”“"”5) ()>dxd§ it u e P.(QR™),
Rd JQ. ()

otherwise.

(1.4.14)

The I'-limit of the functionals {F1}, in (1.4.12)) can be computed making use of Theorem m
According to the following proposition, the corresponding energy densities, denoted by f}ﬂm, converge
as T — +00 t0 fhom, the energy density of the T-limit of the functionals {F,}, defined by (1.4.4)).

Proposition 1.4.8. Assume T > ry and let

from(M) := lim min /Q(h)/Q(h) y—z,v(y)—ov(z))dedy:v € DT’OM(Q(h);Rm)} (1.4.15)

h—+oco hd

for every M € R™*4. Given fuom as in (1.4.5), it holds that
lim fL = fuom (1.4.16)

T—+00

monotonically and uniformly on compact subsets of R™*¢,
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Proof. The proof of the pointwise convergence in (|1.4.16)) is contained in the proof of [5 Theorem
6.1]. As for the uniform convergence on compact subsets of R™*%_ we note that fg;m < fhom for every
T. By (|1.4.6)), this implies that there exists a positive constant C' such that

ZIMIT < (M) < from(M) < CIM" (1417

for every T > ro and M € R™*?, Since fiL . is a d-homogeneous quasiconvex function, as a conse-
quence of [34, Remark 4.13] and (1.4.17)), there exists a positive constant C such that

[ from (M) = from (M")] < C(IM|*™" + [M|*71)[M — M|

for every T > o and M, M’ € R™*?, Hence, the pointwise convergence and Ascoli-Arzela Theorem
allow to obtain the claim. O

The main advantage in dealing with functionals accounting for finite-range interactions only is that,
in broad terms, they behave quite similarly to “local” functionals. It turns out that, for the constrained
energies {F.}. defined in , it is possible to perform the asymptotic analysis considering first
functionals with finite-range interactions , and then recovering the general case by letting
T — +oo. This behaviour is analogous to that highlighted for the unconstrained energies in Lemma
in the previous section. Also in this case, the proof is obtained arguing as in [5, Lemma 5.1]; see
also [T7, Section 5, Step 1] for the case of discrete energies subject to Dirichlet boundary conditions
on a periodic array of perforations.

Lemma 1.4.9. Let {T},} be a sequence monotonically increasing to +oo and let FI* be defined by
(1.4.14). Assume that there exist functionals {FTr};, such that for all h € N we have

[-lim F7* (u) = F™r (u)

e—0

for every u € L4 R™). Then
I-lim F.(u) = lim F”™
ampFe) =, Dy P
for every u € LY(; R™).
The next result accounts for the compactness in the strong L%-topology of families of functions
with uniformly bounded energies. We provide a more general statement for non-truncated energies

(1.4.4). The proof of this fact follows combining [5, Theorem 4.2] with (1.4.13]).

Proposition 1.4.10. Let F. be defined by (1.4.4) and let {uc}. C L4(Q;R™) be such that

sup(Fe (ue) + Hu€||Ld(Q;Rm)) < +o0.
1>

Then, there exist a positive sequence {e;}; converging to 0 and a function u € Whd(Q; R™) such that
ue, = w in LY(Q;R™) as j — +o0.

Capacity and homogenization-type capacitary formula. We recall the definition of the

relative d-capacity for subsets of R?. We refer to [87]. Given open sets U C V C R%, we define the
d-capacity of U relative to V as

Cap,(U,V) = min{/ [Vol?de:ve Wy*(V):v=1o0n U}.
%

If U = B, and V = Bp for some 0 < r < R, the explicit computation of the corresponding relative
capacity can be performed by the reduction to a 1-dimensional problem. In particular, it holds that

Cap,(B;, BR) = 04-1 (log(R)) lid.

r
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Such logarithmic behaviour differs from that exhibited in the case p < d, where the capacity depends
on r and R with polynomial growth. For this reason, we address the exponent d as the critical exponent
for the capacity. Through a comparison argument, it is possible to infer that

lim_(log L)*'Capy(Q(1), Q(L)) = 0a-1,

L—+o0

so that, in particular, there exists a positive constant C such that

1
o < (log L)1 Cap,(Q(1),Q(L)) < C (1.4.18)
for every L > 4.

Analogous capacitary problems can be set in a vectorial framework. Given z € R™ and U,V as
above, we may consider the minimum problem

min{/ Vol dz : v € Wol’d(V;Rm) (v =2zon U}.
1%

Due to the scaling property and rotational invariance, it is easily seen that the above minimum
coincides with

min{/v Vol dz : v e WP (V;R™) : v =(1,0,...,0) on U}|z|d = Capy(U,V)|z|%

We mention some useful facts about the density ¢ appearing in the strange term in our main
result Theorem m The following proposition, which coincides with [I22] Proposition 5.1] up to
replacing spherical perforations with cubic ones, establishes the asymptotics of nonlinear capacities
modelled on d-homogeneous densities and makes the function ¢ well defined.

Proposition 1.4.11. Let g : R™*4 — [0, 4+00) be a quasiconvex d-homogeneous function and assume
that there exists a positive constant C' such that, for every M € R™*? it holds

1
SIMI < g(ar) < €|y,

Then, there exist

¥(z) ;== lim (log R)?! min{/Q(R) g(Vv)dx :v—z € Wol’d(Q(R);Rm) :v=0 on Q(l)},

R—+o00

and a positive constant C' such that, for every z € R™, it holds
1
Gl <v(2) < Clal”.

One of our main observations is that the function v in Proposition is convex. To see this,
we first prove the following lemma.

Lemma 1.4.12. Let ¢ : R™ — [0,400) be a coercive continuous function and let ¢** denote its
convex envelope. For every z € R™ it holds

s
P (z) = SEIEOO min{ Zw (#n) g Z: 2p = z} (1.4.19)
Proof. Let QZ denote the right-hand side of (|1.4.19). We only prove y** > QZ as the converse inequality
is immediately satisfied.

By Carathéodory’s theorem (see [I17, Theorem 17.1]), there exist {A1,..., Ams1} C [0,1] and
{z1,. .+, Zm+1} C R™ such that

m+1 m+1 m—+1

Z Aith(z;) = ™ (2), Z A= 1, and Z iz = 2.
i=1 ; i=1
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Consider S a positive integer and let

AS A S )\m+1S )\m+15
( L)\ISth..., L)qSth"" Do iS] ZmAly e L)\WHSszH, 07‘..,0),

[A1S] times [Am+1S5] times

(ylv"~7y5) =

S—S"m A1 A S] times

We have that
m+1

1 S

and
m—+1

m+1 4
*§¥”h 52: (§§f0+@—§g;MMMW

therefore, passing to the limit as S — 400, we obtain

m—+1

z) < Z Aitp(zi) = ™ (2),

which is the thesis. O

Proposition 1.4.13. Let g and v be as in Proposition|1.4.11. Then, v is convex.

Proof. We prove that ¥ < ¢**, the other inequality being trivially satisfied. Let z € R™. In light of
Lemma [T.4.12] and the d-homogeneity of 1, we have

s s
N . _ 1 d—1__ . ) _
v (z) = Sgrfwmln{ 21# (2n) Zzh = z} = SEIEOOS mln{hz_:l P(zn) : hz_:lzh = z}
(1.4.20)
Let L, S be fixed positive integers. Consider (27, ..., z%) such that 22:1 zj = z and

zs: mln{zw Zh) Zzh = z} (1.4.21)
h=1

h=1

and, for every h € {1,...,S}, consider a function v, such that vy, — 2} € Wol’d(Q(L);Rm),vh =0 on
Q(1) and

min{/ g(Vv)dz :v— 2z}, € Wol’d(Q(L);Rm) v =0on Q(l)} = / g(Vop,) de. (1.4.22)
QL) QL)
Now we define the function w : Q(L%) — R™ as
vi(2) if 2 € Q(L),
h—1
on(amr) + D0 4 fa e QUM QM) he 2., 8),
=1

w(x) ==

and we note that w — z € Wol’d(Q(LS);]Rm) and w = 0 on Q(1). Using the d-homogeneity of g and

(1.4.22), we have

1 T
/Q(LS)g V'IU dl’—Z/(Lh)\Q(Lh 1) Lh 1)dg<vvh<Lh_l)>dx
= Z/ Vvh
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Therefore, multiplying by (log L°)4~! we obtain

(log L%)41 / g(Vw) dx
QL)

S
=81y (log L)? ! mi Vu)de :u— 2z € Wy (Q(L);R™) :u =0 1
> tos) wind [ o(Vu)de w2 € WIHQUUE™) s u =0 0n Q).

and passing to the limit as L — +o00, we get

S S S
(2) £ SN () = S mind Y wen) s Y =2
h=1 h=1 h=1

in virtue of (|1.4.21). Recalling (1.4.20)) and letting S — 400 we have 1(z) < ©**(z), which concludes
the proof. O

1.4.3 Approximating capacitary-type energy densities

In this subsection we introduce some auxiliary functions that, asymptotically, shall constitute our
energy density of capacitary-type.
We let T, ¢, L, o be positive parameters satisfying

TeNT > rg, (<1, L >4, ol <1,

and, recalling the definitions of F1, fi . and fhom in (1.4.12)), (1.4.15), and (1.4.5)), respectively, for
every z € R™ we let
t.1,0(2) = f{F7 (v, QL) \ QO)) : v € LYQ(L);R™), (1.4.23)
v(x) =0 for a.e. x € Q({ + oT),v(x) = 2z for a.e. x € Q(L — oT)},

ol (2) = min{/ il (Vo)de:v—z € Wol’d(Q(L);Rm),v =0on Q(l)},
Q(L)
F1(z) = lim (o L)' (2). (1.4.24)
o(z) = LETw(log Lyt min{/Q(L) Sfhom(Vv)de :v—z € Wol’d(Q(L);Rm),v =0 on Q(l)}

(1.4.25)

Remark 1.4.14. The following properties hold true:

(i) recalling that energies FZ only account for pairwise interactions with range at most o7, for
any function v admissible for goz 1.0 (#) we have

Fa(0,QL)\ Q) = FJ (v,Q(L)) = Ff (v — z,R?),
upon setting v = 0 on Q(¢) and v = z on Q(L)¢;

(ii) Functions 7 and ¢ are well-defined as minima since fI =~ and fhom are quasiconvex and
coerciveness is ensured by the boundary conditions and an application of Poincaré inequality;

(iii) taking into account (1.4.17)) and the fact that f;l and funom are d-homogeneous, we have that
T and ¢ are well defined in light of Proposition [1.4.11| and are convex by Proposition [1.4.13

(iv) by (H) and the d-homogeneity of f;f and fhom, we have that the functions @Z Lo oF T, and
@ are d-homogeneous;

(v) combining assumption (H) and a change of variables, it is easily seen that
T T
Ye,L,c = Pet,cL,co

for every ¢ > 0;
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(vi) for £ < ¢ and L < L' we have
T T T T T
YiLoe <P Lo Yo S PiL.e and v <L

We establish uniform bounds for functions in ([1.4.23]).

Lemma 1.4.15. Let wZLJ be as in (|1.4.23)), then there exists a positive constant C such that
(log L)dilgozLya(z) < C|z|d (1.4.26)
and
[(log L)1 T 1 1 (2) — (log L)* 0T o ()] < C(|2"~ + /" 1)z - 2| (1.4.27)
for every T e NyT > 19, <1,L >4 and 0 < 1/T, and for every z,z' € R™.

Proof. Let z € R™ and v € C'(R%R™) such that u — 2 € CHQ(L — oT));R™) and u = 0 in

Q£+ oT)). We show that there exists a constant C' independent of z,u, such that

Go(u—2zRY) <C \Vau|? dz, (1.4.28)
QL—oT)

where G, (u — z,R%) is defined as in with A = R%.
Using that
u(z+0of) —u
o

(=) :/o Ogu(x + tof) dt,

by Jensen’s inequality and Fubini’s Theorem we obtain

Gg(u—zJRd):/ /
B,, JRd
1
g/ //|85u(x+ta§)|ddtdxd§
B,, Jr4 Jo

1
g/ |§|d/ / |vu(x)\ddxdtd§§0/ |Vu|? de,
B, 0 JRd Q(L—0oT)
which proves (1.4.28)).

Taking into account Remark i) we apply (G1) and (1.4.11)) to get
Fo (u,QL)\ Q(0) = F7 (u— 2,RY)

< / M(€)
<cf / M1+ [€) de) Glu — 2 B < /Q v

L—oT)

1 d
/ 8§u(:ﬂ+t0§)dt‘ dz d¢
0

u(x + o) —u

(@) ‘dd:c dg

and then, by the arbitrariness of u, we conclude
(log L) ¢ 1, 5(2)
< CO(log L)1 inf{/

Q(L—0oT)
= C(log L)*'Capa(Q(£ + oT), Q(L — oT))|2|*

_ L —oT\\1-d
< Cllog )*™"! (log( (+oT ))
L—1

< C(log L)*1 (log(T))l_de < Clz|4,

|Vo|tdz :v— 2 € CHQ(L — oT); R™),v =0 on Q(€+0T)}

which proves (1.4.26)).
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Now, we prove ([1.4.27)). We first observe that, if z = 0 or 2’ = 0, the inequality follows by ((1.4.26)).
Then, we can suppose z and 2’ are both different from 0 and consider © : R™ — R™ defined by

o) = Zrz ), cerm

/
z|

where RZ' is a rotation that maps z into =l /. Note that 0(0) =0, ©(z) = 2’ and

Ed

_ |z = 2|

I@(C)\—MICI, (©@-D(I<C

for every ¢ € R™, where we let I denote the identity matrix of R™*™. Let v, be (almost) optimal

for (L.4.23); ie., Ff (v, QL) \ Q(¥)) < (1 + )¢y 1, ,(2). We set v,/ := © o v, and we note that v,/ is
admissible for the minimum problem ([1.4.23)). Then,

Vi Lo(2) < Fy (v, QL) \ Q(F))
< (U4 0T, 0 (2) + FL (02, Q)N Q) — FT (02, QL) \ B(0)). (1.4.30)
We set ASw(z) = w By assumption (L) and we get
F7(€ Al (@) = FT(6, AGv(2))]
< CM(E)(|ASv2 ()7 + |Av: ()7 H)| A v () — Advs(2)]
= CM(&)(10(A5v:(2))|" ! + [AGva(2)|" (O — ) (Afv.(x))]

1.4.29
el (1.4.29)

Ny de1 o
<on©[(5) 185 @ + g @l E= At o)

d—1 /1d—1

= |Z|d |Z—Z/HA§’UZ(LE)|CZ

for every € R? up to extending v,,v., on R% according to their boundary conditions. Then, we
apply (1.4.11)) to get
Fo (02, QL) \ Q(0) = Fy (v2, Q(L) \ Q(0))]
= |F5 (v — 2\ R?) = FJ (v — 2,R)|
< [ 15T A o) - 7€ Ao dade
Rd JRd

|Z‘d71 + |Z/|d71

<o([ M@ [ 18 @t dede) T

|Z|d71 + |Z/|d71

<o ) 1+ 61" de) G o — =R E— T 21,

Since T' > rg, inequality (|1.4.13)) holds, and by (G1) we obtain

‘Z|d71 + |Z/‘d71

|Fo (v, QL) \ Q) = Fi (v2, QL) \ Q1)) < CF] (v, Q(L) \@(@)le - 7|
d—1 /1d—1
< O+ e, () 1 -1,
Multiplying by (log L)?~! on both sides of and using we infer
(log L) '¢f 1 o (') < (1 +n)(log L) ] 1 ,(2)
+ (log L)Y F7 (02, QL) \ Q(0)) = Fy (v2, Q(L) \ Q(0))]

d-1,.T d-1, T el el /
< (1) [0 L)' o (2) + Cllog L) 1 (2) = — e = &

< (14 m) [0 L) 6 1 (2) + C(=* + 21"z - 2],

and letting n — 0 and reversing the roles of z and 2z’ we obtain ([1.4.27)), which concludes the proof. [J
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Proposition 1.4.16. The following hold:
(i) For every T € N,T > 1o, <1, and L > 4 we have

T
. YiLo
lim —=—

=1
c—0 @g/(

uniformly on R™ \ {0};

(ii) for every T € N,T > ry we have

LEIEOO T =1
uniformly on R™\ {0};
(iii) we have
Aim of =
monotonically and uniformly on compact subsets of R™.
Proof. To prove (i), we first show that
lim ¢} 1, = @7 /0 (1.4.31)

o—0

uniformly on compact subsets of R™. By (1.4.27) it is enough to prove the pointwise convergence.
We note that

{ve LYQ(L);R™),v =0a.e. on QL +0T),v==zae onzcQUL—oT)}= or,g(Q(L); R™),
where g : R? — R™ is a Lipschitz function such that

o ifzeQE+1),
g(x)_{z if € Q(L —1)°.

Then, we can rewrite ¢} ; _(2) as

inf{F7 (v,Q(L)\ Q(0)) : v € D7 4(Q(L);R™)}

and, applying the second part of Theorem [1.4.2] we obtain
tim ¢F,0(2) =mind [ L (Vo)de s - g € WHUQUD\ QUOIR™ .
o QIL\Q(L)

Upon setting v = 0 on Q(¢) and recalling that fiL. (0) =0, we get

. T s
lim ) p o (2) = mm{/

Q(L)
— min{ / o(V0) da v = 2 € W (Q(L/0;R™),0 = 0 on Q(1)} = ¢, (2),
Q(L/6)

fE (Vo)de v —z e Wy (Q(L); R™),v =0 on Q(E)}

where the second equality follows by a change of variables and the d-homogeneity of fI . and this

proves (|1.4.31)).

We observe that there exists a positive constant C' such that

11" < (log(L/0)* 1T (2) < Ol (143
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for every z € R™. The upper bound readily follows passing to the limit in (1.4.26]) by (1.4.31). For
the lower bound, it suffices to note that f (z) > |2|7/C by (1.4.17), so that the desired estimate

follows by (|1.4.18)).

We conclude the proof of (7). By Remark |1.4.14{iv), the function @ZL’U /ot /¢ is 0-homogeneous
for every o € (0,1/T). Letting then ¢ := z/|z| for every z € R™ \ {0} and using the lower bound in

(1.4.32f), we have

‘SOZL,U(Z) - ' _ ’@ZL,O’(C) . ‘ _ ’@ZL,O‘(C) - @g/ﬂ(C)
@%/z(z) 90{/@(0 30%:/4(0

< CloB(L/0) 100 = (0
and the conclusion follows since the convergence in ((1.4.31) is uniform on S™~1.

The proof of (i7) follows the same line of (i) upon observing that for every T' we have

li 1 Ld—l T _ T
Jim (log L) ep, = ¢

uniformly on compact subsets of R™. To see this, we apply (|1.4.31])) with £ = 1 in order to pass to the
limit in (1.4.27)) as 0 — 0 and get

(log L)' oL(2) = (log L)' oL ()] < Oz~ + /|7 Y)[z = 2| (1.4.33)
for every T > ro, L > 4, and for every 2,2’ € R™. As a consequence, {(log L)~ 1¢T} is a family
of locally equi-lipschitz continuous functions on R™, and since the pointwise convergence follows by
Proposition the uniform convergence on compact subsets of R™ is proved.

Finally, we prove (iii). Let z € R™. Recalling the definitions of ¢?(z) and ¢(z) in (1.4.24) and
(1.4.25)), respectively, we aim at proving that

. . d—1 . . T o 1,d .M _
TETM Lglfoo(log L) mln{/Q(L) fiom(Vv)dz : v — 2z € Wy (Q(L); R™),v =0 on Q(l)}}

— tim (o L) Mmin{ [ fron(Vo)de v 2 € WiHQUL)R™), 0 = 0 on Q1)
L—+o0 Q(L)
uniformly in z € R™.

We claim that there exists a positive constant C' with the property that for every n > 0 there
exists T, > 0 such that

(log L)dllmin{/cz(m from(Vo)dz : v — 2 € W (Q(L);R™),v = 0 on Q(l)}
_ {/Q(L) f}ﬂm(Vv) dr:v—2z€ Wolvd(Q(L);Rm),U =0 on Q(l)}’ < C|Z|d77 (1.4.34)

for every L > 4,T > T,, and z € R™.
Let n > 0. By Proposition there exists T}, such that

| from (M) = from(M)| <1 (1.4.35)

for every M € R™*? with [M| = 1 and for every T > T;,. Let now ¥ be a minimizer for ¢7 (2); i.e., for

min{/ i (Vo)de v —ze Wo(Q(L); R™),v =0 on Q(l)}
QL)

Recalling that fL = and fuom are d-homogeneous and that fiL (0) = fuom(0) = 0, we use (1.4.17),
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the upper bound in ([1.4.32)) with ¢ =1, and (1.4.35)) to get
(log L)*~ [min{/ fuom(Vo)da s v = 2 € W (Q(LYR™),v = 0 on Q(1) } = ¢ (2)]
QL)

<05 L) [ [ from(VE) de /Q . Fnl D d|

Q(L)
= (log L)%1 /Q(L)\{Vv_o} [fhom (%) — flom ( ‘g% )} |Vo|? da

<(og Ly 'y [ |Vol'ds
Q(L)

< Cllog LYy [ (Vo) ds
Q(L)

= Cn(log L)' o] (2) < Cnl2|*.

At this point we can repeat a similar argument choosing ¥ minimizer for
min{/ from(Vv)dx :v—z € Wol’d(Q(L);]Rm),v =0 on Q(l)},
QL)

which proves the other inequality in order to get our claim. Finally, passing to the limit as L — +oo

in (1.4.34) we get
lo(2) = T (2)] < Clz|%n

for every T > T, and z € R™; then the conclusion follows. Since, by definition, p? < ¢T+1 the
convergence is monotone and the proof is concluded. O

1.4.4 Asymptotic analysis

This subsection is devoted to the proof of Theorem m We fix {e;};,{d; := 0c; }j, {rj = 7, };
positive sequences tending to 0 as j — +oco and such that

exp(—(y64) ™)

lim 2 =0, lim =1 (1.4.36)
j—+oo 7"j Jj—4o0 ’I"j
for some v > 0. We immediately observe that (|1.4.36) implies
9
. |logr;|t— _ (log(3%))
lim ——— =1 and lim ——- =1,
Jj—+o0 5j Jj—+o0 | log Tj|
which, in turn, yields
(log(52)) "™
lim ———————— =~. (1.4.37)

j—+4o0 (531

The main ingredient of our proof is the following ‘joining lemma on varying domains’, which is a
variant of that originally devised in [I5]. This is used to modify a sequence with equi-bounded energy
so that Dirichlet boundary conditions are imposed on several concentric dyadic annuli surrounding
the perforations.

Lemma 1.4.17. Let T, k, N be fized integers such that T > 19, 2 < k < N — 3, and let {S;}; be a
sequence of positive integers such that

by
r2N5i < EJ (1.4.38)
for every j € N. Let {u;}; C LUQ;R™) be a sequence such that u; — u in L4(Q;R™) for some
u € WH(Q;R™) as j — +oo and let

1

Z,(Q) = {z ez'n+
J

Qs distoc (10, 92°) > 0 } (1.4.39)
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for every j € N. Assume that

lim 2 =0 (1.4.40)
J—=Foo Ty
and
sup ]—"ETj (uj) < +oo. (1.4.41)
J

Then, there ezists a sequence {w;}; C LY(Q;R™) converging to u in LU R™) as j — +oo with the
property that for every j large enough, for every i € Z;(Q2), and for every h € {1,...,S5;} there exists
kipn €{0,...,k — 1} such that, having set

C;Z”L = Q(id, ;2N Ry \ Q (i, r 2N TR (1.4.42)
in 3
pil = ZTJ2Nh kin,

i 1
u;’h = — Uy d!L‘,
G5l oy

the following hold:

w; = u;j a.e. on Q\ [ U C’;’h}, (1.4.43)
1€Z; (Q)
he{l,...,5;}
w; = u;h a.e. on Q(iéj,p;’h +¢;T) \Q(z’éj,p;’h —¢g;T), (1.4.44)
C
2 () P () < & (1.4.45)

for some C > 0 independent of j.

Proof. For every j e N;i e Z;(), he{1,...,5;},and 1 € {0,...,k — 1}, consider
1= Qi 2NP )\ Qidy, 2N,

3
pj : 2Nh L

jvl : C’L h| / J
We define the open sets C’;{LT as
City = Qid;, 2" — &, T) \ Q(id;, ry2N' 71 EJT)7

and cut-off functions X;? € Cyr (C;lhT) such that

0< x;? <1 on ]Rd,

ih —. .
X1 = 1 on Q(zéj,p;{l +¢,T) \Q(zéj,pﬁl —e;T),
|VX1 h| < ,L on R<.

We remark that, if we assume that j is large enough, then C’;lhT and X;;L are well defined for every
i€ Z;(Q),h e {1,...,5;},and | € {0,...,k —1}. It suffices to note that, by a straightforward
computation, the inequalities

erNh*l —&;T > p}l +¢&;T and p?ﬁl — ;T > erNhflfl +¢e;T
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are satisfied for every h,! provided that r;/e; > 4(2T + 1), which holds for j sufficiently large in light
of the assumption (|1.4.40)). Similarly, the estimate on |VX;7| follows by

; C C
h
IVxGl < 7 - <
([42 - }EJ - ij) — (P +&T) P
Let then . . . -
w) (@) = x5y (@)uly + (1= x5 (@)u;(z) for a.e. z €.
We aim at estimating ]-"g;, ( ;?, C’Z h) Using Remark i), we get
'h
T+e
]_‘T ;7)02}7, / / 7 ( ]5) ( ))d(deé-
Re J (O )e; (&) €
(x+e — w
/ M(€) / i) ‘ da d€. (1.4.46)
Br (CH1)e; (s) €j

By definition, we have
= (ufy — (@ +£56)) (G (@ + 256 = X571 (@) + (1= X5 (@) (uy (@ + £,€) — us()),
and then it holds that

h b
‘w;l (x +¢;8) —wy)(2) ’d

€j

uj(z +¢;6) —uj(x) @
Ej '

i £l
< C‘Ujlél *uj(m+sj£)|d’ (,lh| ) +C"
7l

Substituting in (1.4.46|) we obtain

Fo(w JZ,O;;?)SCW M)l o ul =z +;€)|* d dE
Js T AR
+C/ M(g)/ ‘Uj(Hejf)—uj(:c)‘ddxdE
Br e, (©) €

< Cp [ MO [ if - (o) o

g, B ]z

+C M(g)/‘ uj (@ +€5§) — uj()
Br ot

€j
where in the last inequality we used that, upon assuming j large enough,

d
’ dz d, (1.4.47)

5.
distoo (CL)', Q) > 5 > (T +r0); (1.4.48)

in light of (1.4.38), (1.4.39)), and the fact that ¢;/6; — 0; and therefore C’;lh +€;& C Q for every

&€ Bp,i € ZJ(Q),h S {1,...,Sj}, and [ € {07...,]6— 1}.
For the sake of convenience, we introduce the sets

‘ — 1
By = Q(idy, 22N 1) \ Q(Mj, 57”3'2]%_1_1), (1.4.49)
and we note that by (|1.4.40]), upon assuming that j is large enough, it holds that
CoH 4+ QUT + ro)e;) € By C (1.4.50)

for every i, h, L.
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To estimate the first term in (1.4.47), we apply the rescaled version of the Poincaré-Wirtinger
inequality in Proposition with

_ _ ..oNh—I—-1
o =¢j, T =1;2 ,

1 i i ra) 1 i, .
A= W(Ej:lh —id;) =Q(4)\Q(1/2), A= W(Cj’? —i0;).

Note indeed that, given o as in Proposition for j large enough we have €; < UoerN h=1=1 for
every h, [ since
gj
W

&
)

Ty

<

which tends to 0 by (|1.4.40). Upon choosing j large enough, it also holds that erNh_l_l < 21)?,! for
every h,l; then, combining this observation with (1.4.13)) we infer that

i h i,h
Lot —u@ptde < [t -l e
j,l

J g5l

ish

B |

ih

1C50
ish ish

< C(P?,ﬂdGaj (uj7Ej,l ) < C(P?,l)dfg; (uj Ey ) (1.4.51)

<C

(r2M" NG, (uy, By

where C' depends on the Poincaré constant of Q(4) \ Q(1/2) and is independent of all the involved
indexes.
Now we estimate the second term in (1.4.47). By (1.4.48), we are in position to apply Lemma

4.4 with

. _ b
o =g, A—ijl,

and this, combined with (1.4.50), (G1), and (1.4.13]), yields
uj(z +€8) —u

M(E) s

i,h
Br C;',L

0 g < C</Rd M(€)(1 +1€]%) d) G, (s, ELY)

< CFX(u;, EY)), (1.4.52)

where, also in this case, the constant C' depends on Q(4) \ Q(1/2) but not on the involved indexes.
We substitute (1.4.51) and (1.4.52)) in (1.4.47) to obtain

ih i,h ish
Fo (i), C3p) < CFI (ug, By,

and we deduce
i,h ih ik i,h
\FL(uy, CF) = Fo(wyy), Co)| < OF L (uy, B (1.4.53)
For every j large enough, it holds that

Nh—k Nh—I—1 h Nh—l Nh
;2 <r;2 <P < 752 <r;2

for every h € {1,...,S;} and I € {0,...,k — 1}; therefore, recalling that k¥ < N — 3 by assumption,
the sets C’leh are pairwise disjoint. By construction, it follows that the sets E;lh mutually intersect at

most four at a time when 4, h are fixed and [ ranges in {0,...,k — 1}, and
k=1 '
U Ej € QUid;, 2N\ Qidy, 2N F Tt — g5 /2) = EX"
1=0

Hence, summing over [ € {0,...,k — 1} in (1.4.53)), we obtain

k—1

i,h ih ik i,h
|'7:€7;(uj’cjl',l ) — }-eTj(w;',l vC;,z )< Cfg;(uj,E; ),

N
I
=
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and therefore, there exists k; 5, € {0,...,k — 1} such that

Ty 7 C T,
FE (g, Cop ) = FE (i Co ) < = - F(uy, EXM). (1.4.54)

J.ki,n

We obtain that conditions (1.4.43)), (1.4.44), and (1.4.45)) are satisfied choosing

ih i,h ih . ik . _h
Gy =C Ui = Uy Pj = Pjkino

and
6 ih
w;(z) = wiy. (z)  for a.e..x eCy" i€ Zj(Q),he{l,..., S},
uj(x) otherwise.

Indeed, ([1.4.43) is satisfied by definition and since X;Z7h =1 on Q(id;, pj-’h +¢,;,T)\ Q(id;, pj-’h —¢g;T),
(1.4.44) follows. Since k < N — 3 by assumption, we have that

,r,j2Nh—k—1 _ gj/z > ,',,j2N(h—1)+1

for every h provided that ¢;/r; < 1/2; hence, for j large and for fixed i € Z;(2), the sets E;-’h,h €
{1,...,8;}, are pairwise disjoint. Moreover, by assumption (|1.4.38)), we have that E]’h C Q(id;, ;) for

every 7j,1, h, and therefore, the sets E;h are pairwise disjoint also when ¢ ranges in Z;(£2). Resorting
to (1.4.43)) and (1.4.54)), we obtain

S;
|]:e€(“j) w] < Z Z ]:T ujvczh ‘Fej;(wjvc;h”
€Z;(Q) h=1

ih
]:g: (uj’ Ej )

IA
_PT\Q
M

A
T
&
IN

S5

in virtue of the assumption (|1.4.41f), which proves (|1.4.45]).
Finally, we prove that w; — w in L4(€;R™). Since u; — u, we prove that u; — w; — 0. By
(1.4.43) and the definition of w;, we have

lim /|uj—w]| dr < lim Z Z/ <—u;-’h|ddx. (1.4.55)
Q

j—+ ——+o0
/ > J () h=1

Recalling (|1.4.49)), we set E‘;h = E;Z} Using and , we obtain
Li,h lu; — u;’h|ddx < C(p?’ki,h)dfg; (uj,E;’h) < C(S?]:ETJ, (uj, E;h),
and then, summing over i € Z;(Q) and h € {1,...,S;} and substituting in (1.4.55), we infer
jEIJPoo/Q luj —w;|*dx < nginoo (5?}';‘2 (uj),

which equals 0 by (1.4.41)). This concludes the proof. O

The following lemma allows us to obtain our strange term as the sum of the contributions to the
total energy occurring near the perforations.
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Lemma 1.4.18. Let {u;}; C LY R™) be a sequence such that u; — u in L4 R™) as j — +oo
with w € WH4(Q;R™), and let T, k, N,{S;};, and {u;-’sj }; be as in Lemma for every j large
enough and for every i € Z;(). Assume that

5
r; 253 <5] < 2N (St (1.4.56)

for every j € N and that
sup(f (ug) + [lugl| oo (urmy) < +o0. (1.4.57)

Then, letting 7 be as defined in (1.4.24)), it holds that

hm Z (5d T( ls /cpT(u)dx.

ZEZ Q

Proof. To simplify the notation we set Q; = Q(id;, ;). The following estimate holds:

> 6w~ [Tl

iGZj(Q)
i,Sj
-| ¥ [ @) -t [ ) de
1€25(Q) @j Q\UieZ'(Q)Q?
< 3 [ ot 3 [ 16T = 0l
i€Z;(Q) Y 9 i€2;(Q)

+/ o (u)de =: A} + AT + A3
Q\U“gz Q) Q

Letting L — 400 in , we get
0" (2) = T ()] < Ol + 2|7 )]z = ).
Hence, by we obtain that
|07 (uj) — " (w)] < Cluj — ul; (1.4.58)

and we have
A? S CH’LLJ — u||L1(Q;R"")7

which tends to 0 as j — +oc by assumption. Moreover, using the fact that

‘Q\ U @|-o

i€Z; ()

as j — +oo, we infer that A? — 0 as well.
To establish the claim, it remains to prove that A; — 0 as j — 4oo. Using again (|1.4.58) and
(1.4.57)), it suffices to prove that

hm Z / b5 —u;|dz = 0. (1.4.59)

ZEZ ()

By Holder’s inequality we get

Z /| ;S —ujldr < Z 5d 1(/@ \ué’sj—uj|ddx> . (1.4.60)

i

i€z, ()7 9 i€Z;(9) 3

al=
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By the first inequality in (T4:56) we have C" C Q% where 7' is as in ([.442). Recalling that

iS5 _ 1
uj |Cz SJ | / Uy d.T

we apply the rescaled version of Poincaré-Wirtinger inequality in Proposition with

1 i . 1 ,S .
J:€j, T:(Sj, A:K(ijléj):Q(l), A/:X(C Z6j).

j
Note indeed that, given oy as in Proposition we have ¢; < 0¢d; for j large enough since €;/6; — 0
as j — +o0o. We obtain that

1,5 |Ql| "
/Qi ‘uj’S] ]|ddx < 05d|c | Ej(ujan)

J J

d 5d
_ j A
= OO a1y O (40 )

< C2BN=DA5IG (u;, QY),

where C' depends on d and on the Poincaré constant of Q(1) but is independent of j,i and we used
that
TjQNSj*kiysjfl 2 6j272N+2

in light of the second inequality in ((1.4.56) and the fact that 0 < k; s, < N — 4. Hence, we obtain
i,Sj i
| % = it < 86 (1, @)

with the constant C' independent of j,i. Substituting this inequality in (|1.4.60|) and using the concavity
of the function z — 2z, (T.4.13) and (T.4.57)), we conclude that

VR SN § BB ReV e DR CHON-HIE
iz, Y L

< sz @) 3 6 u.0))

i€7;(2)

and (1.4.59) follows as §; — 0. O

Finally, we recall a lemma that asserts that the asymptotic analysis can be reduced to sequences
of functions that are uniformly bounded in L*°, see [10, Lemma 6.2].

Lemma 1.4.19. Let T > rq and {u;}; C LY (Q;R™) be a sequence such that

SUP(]‘- (uz) + llusll Laorm)) < +o00.
J
Then, for every n > 0 and L € N, there exist a subsequence (not relabelled), a constant Ry, > L and

a 1-Lipschitz function ty, : R™ — R™ such that t1,(z) = z if |2| < Rp, tr.(z) =0 if |z] > 2R, and

liminf F2 (tL(uj))<hm_&nf]: (uj) +n.

Jj—4o0

Finally, we pass to the proof of our main result.
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Proof of Theorem[I.].3 For the sake of exposition, we divide the proof into three steps.

Step 1. Let T > rq be a fixed natural. Let u € WH4(Q; R™), u; — w in L4(Q;R™) and, without
loss of generality, suppose that sup; FgT] (uj) < +00. We claim that

lim inf F_' (u;) z/fg;m(vu) der’y/ o7 (u) d, (1.4.61)
Q Q

j—+oo

where fI —and ¢” are defined by (1.4.15) and (1.4.24)), respectively.

In a first instance, we further assume that

sup || oo (urmy < +00. (1.4.62)
J

Fix k > 2 natural and 1 € (0,1). Applying Proposition [1.4.16{ii) with L = 2V+F we have that

(log 2N+k)d_ ! %TNM

T — 1 as N — +o0
2

uniformly on R™ \ {0}. Recalling that ¢Zy.,.(0) = ¢”(0) = 0, we deduce that there exists N* such
that
(log2M) 1T (2) > (1 — )™ (2) if N > N* (1.4.63)

for every z € R™. Then, we fix N > max{N*, k + 3}. Similarly, applying Proposition [1.4.16|%), with
¢ =1and L =2V"* we have
T
P12tk o
<P§N+k

uniformly on R™ \ {0}, and therefore there exists o* < 1/T" such that

—1 aso — 0

loniip(2) 2 (L= mehen(z) o <o" (L4.64)

for every z € R™. Since k is fixed and €;/r; — 0, we assume that 2¥¢;/r; < o* for every j € N.
We apply Lemma with T, k, N fixed as above and a sequence of naturals {S;}, such that

5.
r2N5i < 53 < 2N (1.4.65)
for every j € N. Note that, upon considering j large enough, condition (|1.4.65)) is compatible with the

choice of the parameter N since §;/r; — +00 as j — +00. We obtain a sequence {w;}; C L4(Q; R™)
converging to u in L4(Q; R™) such that, for every j large enough, we have

wj=u;  ae. on )\ { U c;bh}, (1.4.66)
iEZj(Q)
he{l,...,5;}
w; = u;h a.e. on Q(id;, pé-’h +¢,;,T)\ Q(id;, p;’h —¢g;T1)], (1.4.67)
C

FX(uy) > FL(wy) - (1.4.68)

&
for every i € Z;(Q2), h € {1,...,5;}, and some C > 0 independent of j.
We set -
B= | Qs
iGZj(Q)

and we first estimate from below the contribution to the energy of the region Q\ E;; that is, far from
the perforations that are strictly contained in .

Analysis far from the perforations. We define v; € LY(Q;R™), j € N, as

0 (z) = ué’sj for a.e. z € Q(iéj,pz’sj),i € Z;(Q),
P Y wj(x)  otherwise,
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and we claim that v; — u in L4(Q;R™). To this end, we note that, by and , it holds
Fo(vg) = FI(w;, Q\ Bj) < FZ (u;) + C
so that sup; FZ ,(v;) < +o0. Moreover, by ([1.4.62)) and the construction of Lemma we have
Sl;p llvj]| oo (rm) < +00;
and then, by applying Proposition we infer that a (not relabelled) subsequence of {v;}; con-

verges in L4(Q; R™) to a certain v. Let y denote the periodic extension of the characteristic function
of the cube Q(2/3). In virtue of (1.4.65]), we have

S; 5.
U’ ca(ion3)
h=1
for every i € Z;(€); hence, recalling (1.4.66), we get
uj(z) (1 - X(%)) = v;(z) (1 - X(%)) for ae. xz€Q. (1.4.69)

Since x(-/d;) weakly*-converges to the constant (2/3)% in L>(Q;R™) and since u; — u,v; — v in
L4(Q;R™), we pass to the limit in (1.4.69) to infer that u = v a.e. on Q.
Using now that v; — u and resorting to Theorem we obtain

hm 1nf]-" (i, U\ Ej) = hm mf]-' (v;) / il (Vu)d (1.4.70)

which is the desired lower bound.

Analysis near the perforations. Now we perform the asymptotic analysis on Fj.
Fix i € Z;(2) and let

0 ifxe Q(pz’h +¢;T),
w;h(m) = Q wj(x +14d;) — u;h if z € Q(p; PRl _ e )\ Q(p?h +¢;T),
ih+1 ik iht1
ug" " — ifz€Qp;" " —eg;T)e,

for every h € {1,...,5; — 1} and for a.e. € R% To deal with the Dirichlet boundary condition
imposed on the perforation, we let

0 it x € Q(rj),
w;’o(w) = w;(x+1id;) ifxe Q(p;l-’1 — ;1)\ Q(ry),
u;’l ifre Q(p;-’1 —¢;T)¢,

for a.e. z € R?. We observe that 73-2"’“ +¢,;1 < r; for j large enough; hence, it also holds

Wi {0 for a.e. x € Q(r;27% +¢;7),

1 1
uy”  forae x€Q(py —e;T)°.

Then, we have

FI(wy, Q(id;, 7)) > FL (wy, Q(id;, o) \ Q(id;,75)) Zfij, i0;, p5" )\ Qid;, pi"))
= Fr (i, Q(pi") \ Q(r;2” Zﬂ QYT Q™M)

h+1 i,h
> T ) l ).
SDTJQ*’“,p;’l,eJ E QD .L Rl h+1 Ej U] )
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For every j large enough, it holds _

for every i € Z;(2) and h € {1,...,5;}; hence, using Remark [1.4.14{vi) we infer

S;—1

T ) h+1 ik
.ng (’LUj,Q(’L(S S J Z <P S2Nh—k p oN(ht1) ¢ ( b u; ),
h=0

where we let uéﬁo := 0. Upon setting

ol i= o Nhtk G eN, hefo,...,5; 1},
rj

we apply Remark [1.4.14{v) to get

T i ht1 i A1 i\h
PrjoNr—k poN(h+1) ¢ (“; _U; )= 2N+k gy(u; U; )
for every h € {0,...,5; —1}. As a consequence, we obtain
) iS5 h+1 i
‘Fg; (wjaQ(Z(sjﬂp;‘ Z (Pl Ntk & J_ u; U; ).
We note that O'h < 2ke;/r; < o* for every j € N and h € {0,...,5; — 1}. Then, using (1.4.63)

and (1.4.64)), we get

J
fg; (wj7Q(25]7 l’ J Z (1 - 77) Z SO%—'N‘HC (u?h"t‘l - u?h)

ijl
- i, h+1 ih
> (1—n)(log2™) =4 > " (ui T —ulh). (1.4.71)
h=0
Now we observe that .
-
i, h-+1 ik i,S; ,0 i,S;
D @ =) = g = =g
h=0

and therefore, using that the function ¢? is convex and d-homogeneous (see Remark [1.4.14{(iii),(iv)),
we have

S;—1 0,55
R (T sjgoT( j ) = ST (), (1.4.72)
h=0 5

We substitute (1.4.72) in (1.4.71) and recall that S;log2™ < log(d;/(2r;)) by the first inequality in

(1.4.65)). We obtain

5 4 _ 0.5, d; \\ 174 0.5,
FE 3 QU1 7)) 2 (1= (8 10g2%) 0 (™) 2 (1 = (los(51) ) o7 (™).

Summing over ¢ € Z;(Q2) we get

4,8,
7T > § Fr PR
hm 1nf S (wj, Ej) lJlmmf . (wj,Q(idj, p; ™))

5. \\ 1-d g

> (1 —7)? liminf (1 (73)) T (5

= (1—n) jlgligo,z (3, @ (u™)
1€Z;(Q)

o d T/ S5
= (=) lminf 7 507" (™),
1€Z;5(Q)
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where the last equality follows by (1.4.37). Since {u;}; is bounded in L*°(;R™) by (1.4.62), we
apply Lemma [1.4.18 and we infer

lim inf FZ S (w;, Ey) > (1 *7})2’}//QQDT(U) dz. (1.4.73)

j—+oo

Substituting (|1.4.70]) and (1.4.73) in (1.4.68]), we obtain

hmlan (uy) /fhom Vu)dx + (1 —n) 7/ oT (u) dx—%
Q

j—+o0

and we infer by letting first n — 0 and then k — +oo0.

To conclude, we prove the claim removing the assumption (1.4.62). Let u € W14(Q; R™), uj = u
in L4(£2;R™) and suppose that sup; fg; (uj) < 400. By Lemma and the lower bound we just
proved for a sequence bounded in L (£2; R™), up to extracting a not relabelled subsequence we have

hmlnff( )>hm1nf}“ (tL(uj))_n

j——+oo Jj—r+oo
> /Q St (w) da + / o7 (b1 (w)) dz — 1,

and then, letting L — 400, we get

hminf]-' (uy) /fhom d:v—i—'y/ T(u) dz — .

The conclusion follows by the arbitrariness of 7.

Step 2. Let T > rq be a fixed natural and let u € W1 4(Q;R™). We prove that there exists a
sequence u; — u in L4(€; R™) such that

hmsupF uj)S/thom(Vu)dx—Fv/ng(u)dx. (1.4.74)
Q Q

J—+o0

Fix Q a bounded open subset of R¢ with Lipschitz boundary such that Q C Q and extend u to a
function in W14(Q; R™). By Theorem consider a sequence {u;}; C L%(Q;R™) converging to u
in L4(Q; R™) such that

lim }" uj, /fhom (Vu)d (1.4.75)

Jj—+oo

It is not restrictive to assume that u is bounded and then, resorting to Lemma [1.4.19] we may also
suppose that
SUp [[%; || e (G mm) < +00- (1.4.76)
J

As in the first step, we fix £ > 2 natural and n € (0,1), and we use Proposition [1.4.16i¢) with
L = 2N~k t0 obtain that there exists N* such that

(log2M)* 1ol (2) < (L+n)¢” (2) if N> N* (1.4.77)

for every z € R™. Then, we fix N > max{N*, k + 3}. We apply Proposition [1.4.16{¢) with £ =1 and
L = 2N~k 0 obtain that there exists o* < 1/7 such that

¢1T72N,k70(z) < (1 +n)piv_i(2) ifo <o” (1.4.78)

for every z € R™, and we assume that ¢;/r; < o* for every j € N.

We apply Lemma |1.4.17| to the sequence {u;}; on S~27 with T, k, N fixed as above and {S;}; a
sequence of naturals such that

P NS5 < 52 < 2N (D) (1.4.79)
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for every j € N. We obtain a sequence w; C Ld(fl; R™), converging to u in Ld(ﬁ; R™) such that, for
every j large enough, the following hold:

w; = U, a.e. on €\ { U C;’h},

i€Z;(Q)
he{l,...,5;}
w; = Ej.’sj a.e. on Q(id;, p;’sj +¢;T)\ Q(i0;, p;’s'j —&;T), (1.4.80)
~ . ~ C
Fo(wy, ) < FL(u;,9) + - (1.4.81)
for every i € Zj(ﬁ),h €{1,...,5;}, and some C > 0 independent of j.
In analogy with the first step, we let
. Z’,SJ‘
E; = U Q(idj,p;”")
’iGZ]’(Q)
and B g
E;= |J Qo;07™)
i€Z;(Q)
and we start by defining our recovery sequence on € \ E‘j.
Analysis far from the perforations. We set
uj(x) == wj(x) for a.e. z € 2\ E‘j,
and observe that by (1.4.81]) we have
~ ~ - ~ C
FL(ug, Q\ Ej) < FL(wy, Q) < FI(u;,Q) + %
Hence, by (1.4.75)) we obtain
~ C
limsup 7 (u, 2\ B) < /~ L (Vayde+ &, (1.4.82)
Jj—r+oo Q k

which is the desired upper bound.

Analysis near the perforations. Now we further modify the functions {w;}; near the perforations

that are far from 9. Recalling the definition of Z; (Q) in (1.4.39)), upon assuming that j is large

enough we have that

1 ~
—Q C Z;(Q),
0;

hence, this amounts to modifying the functions {w;}; on all the perforations of €, including those
that intersect 0). _

For every j € N, i € Z;(Q2), and h € {0,...,S; — 2}, consider Eé’h an admissible function for the

Zén

. .S,
minimum problem 303;21\,,1,’”2]\,(“1)’6]_ (u; 7/5;) such that

—1, ~Z'}Sj
]_-ET]_ @ hQr2NHEIN\ Q(r,2VM) < (14 U)‘P3;2Nh,rj2N<h+1>7aj (u;™/5;). (1.4.83)

-1

For h = S; — 1, consider f;-’sj an admissible function for the minimum problem

T ~1,5;
(perMSJ’l),p;’Sj 4 (uj ! /SJ)

such that

.81 S o ~i,8;
FLES L QN QS S el ey s @T/S). (1484)
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For every h € {0,...,5; — 1} we let

i (z) = i;’h(:r —16;) + Sfﬂj’s’

; : for a.e. x € Q(iéj,rﬂN(hH)),
J

and we note that, by definition,

h~i ) .
(A e momee o),
’[}Z.7h = J
J h 1 s, .
; uj,s_7 a.e. on Q(id;,r; 2N+ — g T)e,
J

for every h € {0,...,5; — 2} and

R | T ae on Q(id;, 2V 57D 46T,
J ~1,S : i,5; c
Uu; a.e. on € Q(usj,pj —¢g;T)°.
For every i € Z; (€), we set
’U;’O(Z') if x € Q(id;,r;2"),

u](x) = U;)h(z) ifz e (Q(iajvrij(h+1)) \Q(iéjvrj2Nh))7h € {L-"ij 72}7
o™ e i € (QUids. py ™) \ QUidy, 2V ST,
where the equality is valid for a.e. z € Q(id;, pé’sj ), and we observe that
uj(z) = vi%(x) =0, for a.e. z € Q(idj, ;). (1.4.85)

We now estimate the energy near the perforations that are far from 9.
Recalling (1.4.83) and (1.4.84)), we get

FE (ug,Q( zaj,pj Z FI( v Q(idy, 2N MY\ Q(idy, ry2VM))

+_FT( lS; 7Q( N ;7 J)\Q(16j7rj2N(Sj*1)))

S;—2
= 3" FE@", Q2N )\ Q(ry2Mh)
h=0

+ FL @5 Q™) \ Q2N i)

5;—2
~i,S;
<(14mn) Z SDZ;QNh77~j2N(h+1),gj (U; '/5;)

iS5,
(1 +77) 2N(s -, 15 B (uj J/Sj)
Pj J
S;—1
i,
<40 D @ g avonr o (@57 /8)), (1.4.86)

where the last inequality follows by Remark [1.4.14{(vi) and by the fact that, for j large enough,

iS5 _ 3 ONS;—kis. NS;—k
i =2 22t

for every i since k; 5, < k — 1. Upon setting

h €jo—Nh .
o} ::T—;Q , jeNhed{0,...5; — 1},
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Remark [1.4.14(v) yields
T ~1,5; S.) = T ~4,5; S
CPTJQNh,TjQN(h+1)7k7Ej (“j / J) ‘PLszk’g;z (Uj / ])a

and then (|1.4.86[) can be rewritten as
5;—1

. i,Sj ~i,Sj
fg;(uij(léjvpj )) < (1 + 77) Z SaiQN—ho-]h(uj /S])
h=0

As aj? < ¢gj/r;j < o for every j € Nand h € {0,...,5; — 1}, we use (1.4.77) and (1.4.78) and we
employ the d-homogeneity of ¢! to get
08 ~i,S;
FI(uj, Q(i65,0777)) < (1 +0)*S 055 (™ /)
< (1+n)S;(log 2™) " (@)™ /S))
(1+m)°(8; log 2V~ 4" (@),

By the second inequality in (|1.4.79)), we have

S; log 2V > log(ﬁ> — log 2V
27‘j

for every j € N; hence, taking into account that J;/r; — +o00 as j — 400 and that N and 7 are fixed,
it is not restrictive to suppose that

S
Silog2N > (14 7) 77 log( =+
J (2’/‘]')

for every j € N. We obtain that

T, o 0,5 4 57J 1—d T (~4,S;
FE (3, QUidy, ™) < (1) (log (32)) " @),

Finally, we sum over i € Z; (§~2) By (1.4.76)), we are in position to apply Lemma [1.4.18|and then,
also using (|1.4.37)), we get

limsup 77 (uy, Ej) = limsup Y~ F2 (u, Q(id;, ™)

Joo oo i€Z;(Q)
S:\\1-4 . g
<Oeptiman 3 (s(2)) @)
J=too = Tj
1€Z;5(9)
. ~i,5;
= (L+n)*limsup Y 3" (@)
Jj—+oo | ~
ZGZJ'(Q)
= (1+T])4’7/~<pT(u) dz. (1.4.87)
Q

Using (|1.4.80) and combining ([1.4.82)) and ([1.4.87]), we conclude that

1imsup]-g (uj) = limsup (FZ (uj, Q\ EJ) + .FETJ_ (uj, EJ))

j—+oo j—+oo I

C
T 4 T
S‘/ﬁfhom(vu)d‘r—"_(l'i_n) 'Y/(;zﬁp (U)d:I,'—FE,

and (1.4.74)) follows by the arbitrariness of 7, k and € and the fact that, in virtue of (T.4.85)), {u;}; is
an admissible sequence for {Fg; }i



84 CHAPTER 1. MULTISCALE HOMOGENIZATION OF NON-LOCAL ENERGIES

It remains to verify that u; — u in L4(€;R™). By construction, we have

lim / luj —w;|*de = lim luj —w;|* du
J—+o Ja J—+too J R,
J
= lim E / - luj — w;|¢ da.
Jj—+o0 - iS5 I
i€Z;(9) Qdj,p5 ")

By (1.4.80)) we have that u; —w; = 0 a.e. on Q(iéj,pé’s'f) \ Q(iéj,p;’sj —¢;T) for every i € Z;(Q).
Therefore, we apply a rescaled version of Poincaré inequality (see [5, Proposition 4.1]) to infer

li —w,;|%d
jilfoo_z~ /Q(‘ %,Sj)IuJ w;|* dz

ZEZJ'(Q)
. d . i,Sj - ’i,Sj
< leg_noo 6]‘ Zy (GEj (uj7 Q(“Sj)pj )) + Gaj (wjv Q(Zajvpj )))
i€2; (%)
<C lim 83 (F2 (g, By) + FL (wj, Q) = 0

in light of (1.4.75)), (1.4.81), and (1.4.87). Taking into account that w; — u by Lemma we

infer that u; — u.

Step 3. In the first two steps we proved that, for any T > rg natural, it holds

- lim Fg;(u):/Qfg;m(Vu)dm—l—'y/QapT(u)dx, u € WhHi(Q; R™).

Jj—+oo

Hence, resorting to Proposition [1.4.8] Proposition [1.4.16{i7), and Lemma we obtain

- lim st(u):/thom(Vu)d:z:+'y/ng(u)d:c,

j—+oo

which concludes the proof of Theorem O



Chapter 2

Models for phase transitions

Diffuse-interface models are widely used to describe discontinuities occurring in image segmentation
problems or inherent in physical processes, such as phase separations. A by-now classical example is
the Ambrosio-Tortorelli functional (see [13])

1
/112|Vu|2dx+/ ~V(v) + €| Vv|? dx.
Q Q¢

Here, V is a single-well potential that vanishes at 1, w is the reconstructed image, and v is a phase-field
variable that describes a diffuse interface on the edges of the image, allowing for discontinuities of u as
€ — 0. A comparable model is the one proposed by Kobayashi, Warren, and Carter for polycrystals
(see [91,[90]) that, in a simplified form, may be expressed in terms of the functional

1
/v2d|Du|+/ Ly ) + e[Vol2 da,
Q Q¢

where | Du| denotes the total variation of Du and u describes the orientation of the grains. In [82], Giga,
Okamoto, and Uesaka studied the following one-dimensional example: they considered Q = (—1,1)
and u a piecewise constant function with a single discontinuity at 0, obtaining as resulting energy

1
1
bv(0)? + / gV(U) + e|v’|? dx, b> 0.
-1

They observed that minimizers of the above energies develop a cusp-like behaviour at the origin as
e — 0, which led them to perform an asymptotic analysis with respect to the convergence of graphs.

In the first section of this chapter, we address a related problem by studying the equi-coerciveness
with respect to the graph convergence of the fractional energies

1 V( )dx 4> )‘Qda:d
eJ- nyfvll”s .

for s € (1/2,1). We prove that the graphs of a sequence with equi-bounded energies approach the
graph of a set-valued function that attains everywhere the value of the well of V' with countably many
exceptions. Our approach easily extends to the case s = 1; i.e., when the squared Gagliardo seminorm
is replaced by the Dirichlet energy, and provides an alternative and more elementary proof of the
corresponding result in [82].

Another widely used model for phase transitions (e.g., for liquid-to-liquid phase separations) can
be formulated as a minimum principle for double-well energies perturbed by a gradient term, the
so-called Van der Waals-Cahn-Hilliard energy

/W(u)dm+€2/ |Vu|? dz, (2.0.1)
Q Q

where (2 is a bounded open set in R? with Lipschitz boundary, v : Q — R, and W is a non-negative
function with only two zeroes; say, —1 and 1. The variable u is usually subject to an additional

85



86 CHAPTER 2. MODELS FOR PHASE TRANSITIONS

integral constraint, which forbids trivial minimizers. The asymptotic analysis of such energies can be
stated as the computation of a I'-limit. To this end, the energies have to be scaled by % in order not to
have a trivial result. The computation of this I'-limit was essentially carried out in the seminal paper
by Modica and Mortola [I03] (for functionals explicitly in the form (2.0.1) we refer to a subsequent
paper [102], where the result in [T03] was restated for double-well problems). In particular, from their
results we have that the domain of the I'-limit is the set BV (Q;{—1,1}) of the functions of bounded
variations u which only attain the values 1 and —1. In terms of the set of essential discontinuity points
S(u), which can be interpreted as the interface between the regions where v = 1 and v = —1, the
I-limit takes the form
miHTHS(u) N Q) = mi P({u=1};9Q),

where H?~1 is the (d — 1)-dimensional Hausdorff measure and P(F;2) denotes the perimeter of a set
E in Q in the sense of sets of finite perimeter, see [98]. The constant m; can be characterized by an
optimal-profile problem (see, e.g., [10])

+o0
my = inf{/ (W (u) + o] dt - u € HL (R), lim u(t) = 11}.

o t—+oo
Hence, after showing that the integral constraint for u is compatible with I'-convergence and rereading
it as a constraint for the measure |{u = 1}|, the Fundamental Theorem of I'-convergence allows one to
interpret the limit of minimizers as a set of minimal perimeter, thus confirming a minimal-interface
criterion as conjectured by Gurtin [86]. It is worth remarking that the problem defining m; is set
on the real line, and depends only on W. This is due to the fact that minimizing functions at given
€ have a one-dimensional structure, following scaled optimal profiles in the direction orthogonal to
the limit interface. This highlights that in fact the relevant analysis is in dimension d = 1, the
higher-dimensional case being derived from that one using by-now-standard slicing arguments [28].

In the second section of this chapter, we describe the behaviour of the functionals in when

the gradient is substituted by a suitably-scaled higher-order derivative; more precisely, of functionals
/ W (u) dz + s%/ V5|2 de, (2.0.2)
Q Q

where ||[V*)ul|, denotes the operatorial norm of the symmetric k-tensor V*)u. Besides the moti-
vations related to the fine study of models of phase transition, for which we refer to the detailed
introduction of the paper by Fonseca and Mantegazza [4], where they analyze the case k = 2, higher-
order perturbations have also been used to approximate free-discontinuity energies [6, [, 26], [T08] [127],
in the study of multi-well problems in elasticity (see, e.g., [59]88]) and have been examined in relation
to other limit procedures, such as dimension reduction (see, e.g., [89]).

Here, we consider functionals for arbitrary k > 3, for which the relevant analysis by
I'-convergence is that of the scaled one-dimensional functionals

1
f/W(u)dm+52k_1/|u(k)|2dx,
€Jr I

defined for u € H¥(I), where I is an open interval. We show that their [-limit both in the L!(I)
topology and with respect to the convergence in measure is still of the form

mp#(S(u) N I), u € BV(I;{-1,1}),

where my, is the value given by the optimal-profile problem

—+oo
my = inf{/ (W (u) + |u(k>|2] dt :u € HE (R), lim u(t) = il},
s t—1oo
in accordance with the results in [I03] for &k = 1 and [74] for k = 2.
In the third section of this chapter, we study a wider family of functionals in which possibly several
singular perturbations, and accordingly several orders of derivatives, appear and more general tensor

norms are involved. We study the asymptotic behaviour of functionals given by

k
/ FW(u) + qufs%_lw(é)u\? dx, ue H*(R).
Q€ =1
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Here, ¢q1, ..., qr—1 are possibly negative constant coefficients, ¢ = 1, and ||, is any norm on the space
of symmetric ¢-tensors for every ¢ € {1,...,k}. In this situation, the negativity of the coefficients
q1,---,qr—1 yields the lack of a priori bounds on the energies, and therefore the asymptotic analysis
can be carried out provided that such coefficients satisfy suitable lower bounds that prevent the
energy from diverging negatively. Due to the presence of general tensor norms, the I'-limit equals an
anisotropic perimeter

/ g(va) dHI1, u € BV(Q;{—1,1}), with u =2y — 1,
o* ANQ

where A is a set of finite perimeter in €2, 0* A is its reduced boundary, v4 is its inner unit normal, and
the energy density g is defined through an asymptotic cell-problem formula. Our analysis extends those
performed independently by Chermisi, Dal Maso, Fonseca, and Leoni [55] and by Cicalese, Spadaro,
and Zeppieri [56] for the case k = 2. In the case of second-order materials, problems involving the
homogenization of energies modelling phase transitions have been considered, e.g., in [I8, 68]. In a
one-dimensional setting, where anisotropies are irrelevant, the outcome of our analysis is comparable
with the one in the recent work [42], as the effective energy reduces to

m#(S(u)NI),  we BV(I;{-1,1}),

where m is the value given by the corresponding one-dimensional optimal-profile problem

oo k
m = inf{/+ [W(u) + quuu”z} dt:u € Hiy(R), lim u(t) = il}.

—> 00
> /=1

The chapter is organized as follows: in Section we introduce the main notation and collect
some results about functions of bounded variation and sets of finite perimeter. Section [2.2]is devoted
to the study of the fractional phase-field model [46]. Section [2.3|contains the results in [48] about the
higher-order singular perturbation model. Finally, in Section [2.4] we illustrate the results obtained in
[49], where several singular perturbations of different orders are involved.

2.1 Notation and general preliminaries

We let © be a bounded open subset of R? with Lipschitz or C* boundary, for d > 1. For s € (1/2,1)
we consider the fractional-order Sobolev space H®(2) = W2(Q) (see [67, 97]). Analogously, we let
k denote a positive integer, usually strictly larger than 1, and we consider the integer-order Sobolev
space H*(Q) = WH2(Q) (see [96]). We let {e1,...,eq} denote the canonical basis of R, we let |z|
denote the Euclidean norm of 2 € R? and we let z - y denote the scalar product of z,y € R?. We set
St = {r € R?: |z| = 1} and, given v € S¥~!, we let the symbol v+ denote the hyperplane {x €
R?:z-v =0}. To any v € S¢~1, we arbitrarily associate an orthonormal basis of R? {vy, ... ,v4_1,v}
and, given r > 0, we let Q%(x) denote the open cube of side length r centered at x and with two faces
orthogonal to v described by such a basis; i.e.,

QY(x) == {yGRd:|(yfx)~1/|<g,|(yfx)~1/i|<gforeveryié{l,...,dfl}}.

We let B,(x) denote the open ball of center x and radius r. Both for cubes and balls, we omit to
specify the center if this coincides with the origin.

We let |t] and [t] denote the lower and upper integer part of a real number ¢, respectively.

We say that a set £ C R? is measurable provided that it is measurable with respect to the d-
dimensional Lebesgue measure and, in this case, we let |E| denote its measure. We say that a property
holds almost everywhere (a.e. for short) provided that this is valid for almost every point with respect
to the Lebesgue measure on R?. Sometimes, in order to emphasize the dimension of the ambient
space, we shall denote the h-dimensional Lebesgue measure on R* by £". We let H?~! denote the
(d — 1)-dimensional Hausdorff measure on R? and we set o4_1 := H41(S?"!). Given a Borel measure
won Q, we let |u| denote its total variation and, given B a Borel subset of 2, we let L B denote the
restriction of p to B; that is, the measure defined by pL B(A) := u(AN B).
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For every positive integer £, we let || - ||, denote the operatorial norm of a symmetric ¢-tensor on
R¢ defined by

IT||¢ == sup{|T(&,.... &) : £ € S41},
~—
£ times
while a generic norm will be denoted by | - |,.
Given u € L'(f2), the variation of u in 2 is defined as

V(u; Q) := sup{/ u divpds : ¢ € CHOQ;RY), |o| < 1}.
Q

We say that u has bounded variation, and we write u € BV (Q), if V(u; ) < 4+o00. For such a function
u, the singular set S(u) is defined as the complement in €2 of the set of Lebesgue points; i.e.,

1
S(u) =9\ {& €9 32 € R such that Jim o ) = 2y = 0}.

The distributional derivative of w in € is the sum of three mutually singular vector measures,
Du = p® 4 i + p°.

Here, p¢ is absolutely continuous with respect to the Lebesegue measure, u7 is a (d — 1)-dimensional
measure concentrated on S(u) with density given by (u™ — u™)v,, where u~,u" are the bilateral
traces of u on S(u) defined in accordance with the unit vector field v, while u¢ is the so-called Cantor
part. We refer to [12] for further details.

Given a measurable set A C ), the perimeter of A in Q is defined as

P(4;Q) := sup{/ divpdz : p € CHQ;RY), |¢| < 1}.
A

We say that A has finite perimeter in Q if P(A;Q) < +oo. Since Q is assumed to be bounded, the
set A has finite perimeter in €2 if and only if its characteristic function x4 is a function of bounded
variation in Q; i.e., x4 € BV(Q). Therefore, for such a set A, the distributional derivative of x4 on Q

is a vector measure p4. Denoting by |4 the total variation of this measure, the reduced boundary
of A is defined as

B
0*A = {x € R?: there exists v4(z) := }1_% M, with |va(z)| = 1},

and the unit vector v4(z) is the inner unit normal (in the sense of measure theory) to A at x.
We summarize the main properties we need about sets of finite perimeter in the following state-
ments.

Theorem 2.1.1. If A is a set of finite perimeter in ), the distributional derivative of x4 in Q is
pa =vaHT(0FANQ),

and P(A;Q) = |pal(Q) = HI"HO*AN Q). Moreover, setting H, = {y € R? : y - v > 0}, for every
point x € 0*ANQ, it holds that

XA=e = XH,, (& m L%OC(Rd) asr — 0,
d—1 O AN va(z)
i ( Tdi?T (2)) —1 as r — 0.

We remark that a function u € BV (€; {—1,1}) is of the form u = 2xy4 — 1 for a certain A set of
finite perimeter in €. In particular, it holds that S(u) = 9* AN up to H? -negligible sets and the
distributional derivative of u in § is the measure 2v4H4 1L (0* AN Q). In a one-dimensional setting,
a function v € BV (Q; {—1,1}), with © an open interval, is a piecewise constant function with a finite
number of jump-discontinuity points collected in S(u).

We also recall a well-known result of approximation of sets of finite perimeter via polyhedral sets,
see [I, Lemma 3.6] and [19, Lemma 3.1].
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Theorem 2.1.2. Let A be a set of finite perimeter in @ C R, d > 2. There exists a sequence {A,}n
of polyhedral sets satisfying

(i) xa, — xa in L*(Q) as n — oo,
(ii) P(An;Q) — P(A;Q) as n — +o0,
(iii) HI~1(0* A, N OQ) =0 for every n € N.

Moreover, for every non-negative continuous function g on St there holds

lim g(va,)dH = / g(va) dHL, (2.1.1)
n=Fo0 Jora, N0 9*ANQ

Given an open set Q C R%, ¢ € S !, and y € £+, we define the slice Q%Y as
QY= {teR:y+t£cQ},
and we define Q¢ the orthogonal projection of © on ¢+ as
Q= {y et Q%Y £ ().
For every function u :  — R and for every y € ¢, we define the function u*¥ : Q%Y — R by
uSY(t) == u(y + t€).

Using Theorem 11.45 in [96] one can see that, given a function u € H*(Q), for every ¢ € S4~1 and for
Hé lae. y € £+ it holds that

dfuéy
VOuly +6)(§, ... §) =

£ times

(t) for L'-ae. t € Q%Y and for all £ € {1,...,k}.

We also mention a characterization of functions of bounded variation with values in {—1,1} in
terms of their slices; see [I2, Remark 3.104].

Theorem 2.1.3. A function u € L*(;{—1,1}) belongs to BV (2;{—1,1}) if and only if for every
m € {1,...,d} the one-dimensional slices of the function u given by u®™Y have bounded variation in
the open set Q™Y for H4 1 a.e. y € e, and

m’

#(S(um¥) N Qe Y) dH (y) < +oo.
Qem

We recall that I'-convergence is defined in Definition[I.1.1]and we anticipate that in Section [2.3] we
shall discuss I'-convergence with respect to the convergence in measure, which is defined analogously.

Finally, we recall the definitions of I'-liminf and I'-limsup with respect to the convergence in
L?(Q) that will be of use in Section Given functionals F. : L?(2) — [—oc0, +o0] for € > 0, and
{e;}; a positive sequence converging to 0, we set

- lj@ﬁg Fe (u) = Hlf{ljl?ﬁlolf Fe (uj) s uj — win L*(Q)}

I-limsup F., (u) := inf{limsup F., (u;) : u; — u in L*(Q)}. (2.1.2)

Jj—+oo Jj—+oo

Both functionals are lower semicontinuous with respect to the convergence in L?(Q), they coincide if
and only if the I'-limit of {F,}; exists and, in this case, the I'-limit equals their common value.
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2.2 Graph convergence in a fractional phase-field model

In this section we present some results that will be expanded in a forthcoming paper [46] on the
asymptotic analysis of single-well potential energies singularly perturbed by fractional terms, namely,
proper rescaling of the Gagliardo seminorms. We address the problem of equi-coerciveness in a suitable
topology of the energies

1/ 2 71/ |uy) — u(2)?
~ | V(u)dx +¢e* dz dy, u € H°(I), 2.2.1
€Jr (®) rJroly— x|t o) 221)

where I is a bounded open interval that we may assume to be (—1,1), V' a single-well potential
vanishing at 1, and s € (1/2,1). The interest in such a study stems from a slightly different problem
that is related to a significantly simplified version of the Kobayashi-Warren-Carter model. If we add
the penalization term u(0)? to the energies , it is possible to infer that minimizers u. subject
to periodic boundary conditions develop a singular behaviour at 0. Such minimizers converge locally
uniformly to the constant 1, the pure phase, on I\ {0} and attain their minimum point at 0, with
{uc(0)}: converging to a constant o strictly smaller than 1. For this reason, the graph of u. performs
a double transition (between values close to 1 and values close to o and vice versa) around the origin
that gets sharper as e — 0. The graphs of the minimizers {u.}. converge, in the Hausdorff distance,
to the graph of a multi-valued function that is everywhere equal to 1 except at the origin, where a
vertical segment is generated.

This behaviour was first detected in [82] (see also [81] for the extension in higher dimensions) in the
case s = 1, when the singular perturbation is a rescaling of the Dirichlet energy. In that work, among
other results, the authors proved that the corresponding energies are equi-coercive with respect to
the Hausdorff-convergence of the graphs and that the limit is a multi-valued function which is always
equal to 1 with countably many exceptions for which the attained value is a compact interval. Here,
we present an analogous result for the fractional case . We point out that our argument applies
to the case s = 1 with some minor adaptations and, in fact, with some simplifications. Indeed, it
relies on the continuity of H®-functions and on standard interpolation inequalities only. This allows
us to bypass the “unfolding argument” employed in [82] that is based on the absolute continuity of
(integer-order) Sobolev functions. It is worth mentioning that the Kobayashi-Warren-Carter model
has been drawing some attention over the last years (see [2] [79] 94l [T04] 105, 106, 107]) and, very
recently, has been proposed also for image segmentation (see [80]).

It would be interesting to extend our analysis to different fractional orders, and in particular to
the critical case s = 1/2 (see [3, 36, [I13] 114] for double-well potentials) and to the case s > 1 by
adapting the technique of Solci [126] (see also [30, [52]).

2.2.1 Setting of the problem and statement of the result

Let V : R — [0,+00) be a nonnegative continuous function satisfying:

(V1) V(u) =0 if and only if u = 1;

(V2) there exist positive constants ¢y, cz such that V(u) > ¢u — 1|2 if |u — 1| > co.

Let I C R be a bounded open interval and let s € (1/2,1). For every € > 0, we define functionals
F.:H*(I) = [0,4+00) as
1
F.(u) := g/V(u) dx—i—szs_l[u]%{s(l), (2.2.2)
I

where, for any I open interval, we set

2 |u(y) — u(z)?
Ults iy = ————dzdy,
[u]ir (1) /1 Iy — x|+

and the fractional Sobolev space H*(I) is defined as

H3(I) = {u € L*(I) : [u]g(r) < +00}.
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We further introduce the homogeneous fractional Sobolev space on R as
HS(R) = {u € LIQOC(R) : [u]HS(R) < +OO}
By Morrey’s embedding, we always identify elements of H*(I) with functions that are continuous up
to the boundary of I. As a consequence, the graph of a function u € H*(I) defined as
Graph(u) = {(z,u(x)) : x € I}

is a compact subset of I x R.

Our result concerns the asymptotic analysis of energies with respect to the Hausdorff
convergence of the graphs. We introduce some classes of interest for our investigation and we collect
some basic facts about the Hausdorff convergence of compact sets.

Letting P(R) denote the power set of R, we define the graph of a set-valued function I': I —
PR)\ {0} as

Graph(I') = {(z,y) e [ x R:y € T'(z)}.
By definition, I' is bounded if its graph is a bounded subset of I x R and is upper semicontinuous
if its graph is a closed subset of I x R. We denote by B the class of bounded upper semicontinuous
set-valued functions from I to R; i.e.,

B:={T:1— P(R)\ {0} : Graph(T) is compact in I x R}

and we identify functions in H®(I) as elements of B through their graphs. We endow B with the
metric d, defined as

dy(T'1,T2) := dp(Graph(T'1), Graph(T'2)), Iy, I's € B,
where dy (A, B) denotes the Hausdorff distance of nonempty compact sets A and B; that is,

diy (A, B) = max{rgleai( dlst(a,B),IgleaBXdlst(b,A)}.

We refer to the convergence with respect to the metric d, as the graph convergence and, given a
sequence {T';}; C Band T € B, we write I'; & T" as j — +o0 if d,(T';,T') — 0 as j — 4oo0.

It is useful to recall that the Hausdorff convergence and the Kuratowski convergence are equivalent
in a fixed compact set. This means that, given {I';}; C B such that I'; C I x [—A, A] for every j € N

and for some A > 0, and given I' € B, it holds that I'; 2T as j — 400 if and only if the following
conditions are satisfied:

(K1) if p; € T4, € N, is a sequence such that p; — p as j — oo, then p € T,
(K2) if p € T, then there exists p; € I'; for every j € N such that p; — p as j — +o0.
Given I" € B, we let £(T") denote the set of exceptional points of T’ which is defined as
E(T) := {x € I : T'(z) is a nondegenerate compact interval containing 1}.
Then we introduce a special subset of B as
B.:={T € B: £(T) is countable and I'(x) = {1} if x ¢ £(T")}.
For every I' € B,, we set
I'_(z) :=min{y e R: (z,y) € T'(2)},
I'i(z) :=max{y e R: (z,y) € T(x)}.
Note that, if x ¢ E(T), then I'_(z) =Ty (z) = 1 and, if z € £(T"), we have I'_(z) < 1 < T'y(z) with

at least one of the inequalities being strict.
We can now state our main result.

Theorem 2.2.1 (Compactness). Let F; be defined by (2.2.2). Then, the family {F.}. is equi-coercive
with respect to the graph convergence; that is, given any family {u.}e. C H*(I) such that

sup Fy(u.) < 400,
€

there exist a positive sequence {€;}; converging to 0 and a set-valued function I € B, such that u, ENN
as j — +o00.
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2.2.2 Preliminary results

In this subsection we collect some preliminary results. It is convenient to localize functionals (2.2.2))
by letting

Fo(u,J) /v ) dz + e [ul?. )

for any open interval J C I.
Throughout this section we will always assume that s € (1/2,1). Under this assumption, we can
resort to Morrey’s inequality and the corresponding continuous embedding (see [67, [97, T01]).

Theorem 2.2.2. Let J be a bounded interval. Then, every element v € H*(J) has a representative
m CO’S_%(j), and there ezists a constant Cs > 0 depending only on s such that

s 1
lv(z) —v(y)| < Cslz —y[* 2 [v]ms () (2.2.3)
for every x,y € J.
Given a function v € H*(J) with J a bounded open interval, we set

0sCv := | maxv — minv|.
J J J

Morrey’s inequality allows us to control the oscillation as follows.

Lemma 2.2.3. Let J be a bounded open interval. Then, there exists a constant Cs > 0 depending
only on s such that
-4
2 2 g %
(o§cv) < C, </] |v] dx) [0 57y

Proof. Let vy denote the mean value of v on the interval J and let w := v — v;. We note that

for every v € H*(J).

wy =0, [w]gs) = [V, osCw = o8, and [|w||z2cny < [[vlz2 - (2.2.4)

Without loss of generality, let us assume that M := ||w|[z~(s) > 0 and that T € J is such that
w(x) = M. Since w; = 0, there exists y € J such that w(y) < 0. Hence, by (2.2.3) we have

M < w(z) —w(y) < Cs|z — 37|57§[w]Hs(J),
from which it follows that

o= (srra—)" <zl
- \2C[wl gy '

Therefore, either the interval (z,Z + p) or the interval (T — p, T) is contained in J and we let I(Z, p)
denote such an interval. Resorting again to (| 7 we have that

b

- s—1 1 M
w(z) > w(@) — Cs[w]ps(p° 2 = M — Cs[w]g=()p° 2 = >

for every x € I(Z, p). Upon relabelling the constant Cs, we obtain the estimate

M? M T . __2
/ |w|2dx 2 / |w|2dx > 7(7) : > C, szj[w]H2z})l
J I(z,p) 4 205[YU]H5(J)

from which the following inequality follows

2s—1
T4s
fulomn =3 < €. ([ uPae) 7 folf g, = Gl ulf,

Using that oscjw < 2[|w| () and recalling (2.2.4), we obtain that

1-& L
2 CRt
(oscv)” < C |v]? d Y
J 7

which concludes the proof. O
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Lemma [2:2.3] implies the following.

Proposition 2.2.4. Let J be a bounded open interval and let Cs be positive constant in Lemma|2.2.5
Then, it holds that

2 1 _
(O§CU> < Cs{g/]|v|2d$+€2s 1[U]§15(J)}
for every v € H*(J) and for every € > 0.
Proof. Let us set
1 _
A= E/JMQ de and B:=¢% 1[11]%{5(1).

By the Young’s inequality
1 1 1
A-%EBE < (1 - —)A (7)3
- 2s + 2s
and the fact that 1/2 < s < 1, we get that

=55 1 1 _
(/J o dz) 7 [oljp o < < /J [0l der €2 ol
therefore, the thesis follows by Lemma [2.2.3 O
The following lemma, together with the subsequent proposition, provides a useful tool in order to
estimate from below our energies.

Lemma 2.2.5. Let J be a bounded open interval and let w € H*(J). Then wt,w~ € H*(J),
where wt (z) := max{w(x),0} and w™ (z) = max{—w(z),0} are the positive and negative parts of w.
Moreover,

[w]Fe ) = [w ey + W07 1 ) (2.2.5)

Proof. The fact that w™,w™ € H*(J) follows from the fact that the maps z — 2™ and z — z~ are
Lipschitz continuous.
For a,b € R, we have that

la—b*=]a" =0T P +]a” —b > —2(at —bT)(a” —b7)
>lat =0T P +]a” —b
since (a™ —b")(a™ —b7) < 0. Letting a = w(z) and b = w(y) and integrating this inequality on
J x J, inequality follows. O
Proposition 2.2.6. Let J be a bounded open interval. It holds that
F(w,J)>F.(1+(w-1D" N+ F01-(w-1)",J)
for every w € H*(J) and € > 0.
Proof. We note that

/ V(w)de = / V(1 + (w—1)")dx+ / V(1—-(w—-1)")dx.
J J J
Then, we apply Lemma to infer

F.(w,J) = %/JV(l—I—(w—1)+)dx+é/JV(1—(w—1)_)dx+€23_1[w—1]12,{s(ﬂ

2%/JV(l—I—(w—1)+)dx+§/JV(1—(w—1)_)dx

+e2  (w = D ey + 7w — 1)+
1 1 -
_ g/JV(lJr(w—1)+)da:+g/JV(1—(w—l) ) dz
+e2 1 4 (w — 1)+]§{5(J) +e2 7l — (w— 1)_]%15(@
— (14 (w—1)" )+ F(1— (w—1)",J),

which proves the claim. O
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We conclude this subsection recalling a compactness result in H?.
Lemma 2.2.7. Let R > 0 and consider a sequence of functions {w;}; C H*(—R, R) such that

Sljl_P(|wj(0)| + [wjlgs (~r,R)) < +o00. (2.2.6)

Then, {w;}; is an equi-bounded sequence in H*(—R,R) and in particular it admits a subsequence
weakly converging in H*(J) and uniformly converging in [—R, R].

Proof. Tt suffices to prove that {w;}; is an equi-bounded sequence in L?*(—R, R). To this end, we
apply Morrey’s inequality (2.2.3]) on the interval (—R, R) and we get

R R
[ wPde <2 [ s w0 do + 4Ry O

R
< 204[w;]3. (_p,R) /R 2|~ dz + 4R|w;(0)[?
<4R*C, [wj]%ls(fRJ%) + 4R|wj(0)|2-

Then, the thesis follows recalling (2.2.6]). O

2.2.3 Proof of the main result

In order to prove our compactness result, we consider optimal-profile problems determined by the
functions ¢, s : R — [0, 4+00) defined as

el(2) = inf{/_T V(w)dz + [w]?qs(nyT) cw e HY(=T,T), |lw(0) — z| < 17}

and
—+oo

ey

— 00

V(w) da + [w]. g : w € H*(R), w(0) = z}

Proposition 2.2.8. [t holds that

. . T,T] _
pim L o7 (z) = pa(2)

for every z € R. Moreover, the function ¢ is a well defined minimum, is lower semicontinuous and
such that ps(z) > 0 for every z # 1.

Proof. We observe that ¢1" is decreasing in n and increasing in T'; hence, the limit exists. Let us set

T U H Tm
s (2) = lim o, (2).

We prove that

oL () = mf{/TT V(w) o+ (w3 gy - w € HY(=T,T),w(0) = z}.

It suffices to prove that ¢! (z) < lim, 0 @?*"(z). Let us consider {n;}, a positive sequence converging
to 0 and, for every j € N, let w; be an admissible function for oM (z) such that |w;(0) — z| < n; and

T

. T,n; _ . ) 12
j_lgfloo ps " (2) = jl}ﬁloo . V(w;) da + [w;]e —7.1)-
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Assuming without loss of generality that n; < 1, we apply Lemma on (=T,T) to obtain that
there exists w € H*(—T,T) such that w; — w uniformly on [T, T], so that w(z) = 0. Since w is an
admissible function for ¢ (z), by Fatou’s lemma we have

T
. T,n; T ) 12
jEIJPoo @i (2) = jgrfoo » V(w;)dx + [wJ]HS(_Tj)

T
> / V) de+ [l r = 67(C)

which proves the claim.

Now we prove that limr_, 1 ¢ (2) = ps(2). It suffices to prove that p,(z) < limzr o0 02 (2).
Let {T;}; be a diverging sequence and, for every j € N, let w; be an admissible function for (pzj (2)
such that w,;(0) = z and

T;
lim ¢l (z) = i V(w;)d 13 .
im0 (z) = lim . (wy) dz + [wilgs -1, 1))

Applying now Lemma on any fixed interval (—R, R), we infer that there exists w € H*(R) such
that, up to subsequences, w; — w uniformly on [—R, R] for every R > 0; hence,
T g
. . _ . ) 12
jggloo 0 (2) = jkffoo 7, V(wj) dx + [wJ}HS(fT]',T]')

R
> /R V(w) dx + [w]?-ls(—R,R)’

and the conclusion follows by the arbitrariness of R. .
To prove the last part of the statement, let us consider {w;}; C H*(R) such that w;(z) = 0 for

every 7 € N and
+oo

— ] . . 2
ps(2) = jgr_}_loo . V(w;)dx + [wJ}HS(R)'
By the usual compactness argument we obtain w uniform limit on compact sets of {w;};, and we get

+oo
ps(z) > V(w) da + [w]F. -

— 00

Since w(z) = 0, it follows that ¢4(z) admits a minimizer. The lower semicontinuity of ¢, follows
analogously.
Finally we observe that, if p4(z) = 0, there exists a minimizer w such that

+oo
/ V(w) d + [l =0,

which readily implies w = 1 on R, and therefore, z = 1. O
Now we turn to the proof of our main result.
Proof of Theorem[2.2.1, We divide the proof into four steps. For the sake of notation, we let
I. := Graph(u.), e >0,

and
M :=sup F.(u.) < 4o0. (2.2.7)
€

Step 1. We prove that there exist a subsequence {¢;}; tending to 0 and a compact set I' such that
T, ELI P J — +oo.
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We claim that
sup ||ue|| oo (1) < +00. (2.2.8)

To see this, we recall that by (V2) it holds
V(ue) > erlue — 1 (2.2.9)

if |ue — 1| > ¢o. Consider the open set {x € I : |uc(x) — 1| > co}. If such a set is empty, then
luel|poe(ry < 1+ co. Let us assume that this is not the case. By (2.2.7) and (2.2.9) we have

Mez/ Vi) de > e @{z € T [uc(z) — 1] > s}
{z€l:|uc(x)—1]>co}

and therefore, up to considering e small enough, {x € I : Ju.(x) — 1| > co} is strictly contained in I.
We write the open set {z € I : |us(z) — 1| > c2} as a countable union of disjoint open intervals

+oo
{rel:|u(x) =1 > co} = [ J(al, ).

i=1
For every i € N we have that at least one of a’ and b’ is contained in I; i.e., does not belong to 91,
and then we have that |u.(al) — 1] = ¢ or |uc(bl) — 1| = c2. We apply Proposition and use
[£29) and £27) to infer

l|te — 1| oo (ai i) < c2 + Bt lue — 1]

1 /b 1/2
<co+ Csl/2{g / |u5 — 1|2 dx "‘523_1[“6]%[5(11;,@)}

ae

1 1/2

b
[ Vi det e g}

<c+ (08(1 + 1/013F5(u5))1/2
< eg+ (Co(1+1/cr) M)V,

corer(l
1

Therefore, we have
Sup [|te — 1| oo ({rerifu. () - 1]5ea}) < €2+ (Cs(1 +1/e1)M)H?
€

and then,
sup [|ue — 1| () < 2+ (Co(1+ 1/er) M)V,

In turn, this implies

sup |[ue|| ooy < 14 co + (Cs(1 + 1/c1)M)Y? = A, (2.2.10)
€
which proves (2.2.8]).
We obtain that
L. CIx[—AA] (2.2.11)

for every € > 0; hence, there exist a positive sequence {e;}; converging to 0 and a compact set
' C I x [—A, A] such that

dg(Te;,T) =0 as j — +oo0,
and the first step is concluded.

By (2.2.11)), the Hausdorff convergence and the Kuratowski convergence are equivalent. We shall
make use of this equivalence in the subsequent steps.

Step 2. We prove that I x {1} C ' and, as a consequence, that I' € B.
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Since
Me > /V(ua)dq:,
I

by (V1) we have that u., — 1 in measure; hence, upon extracting a not relabelled subsequence, it is
not restrictive to assume that there exists £ C I such that |E| = 0 and ue,; (x) — 1 for every x € I'\ E.
As (z,u,(x)) = (,1) for x € I'\ E, by (K2) we infer that I\ E x {1} C T'. Since T' is closed and
I'\ E is dense in I, we obtain that I x {1} C I'. Tt follows that I' can be identified with a set-valued
function in B such that 1 € I'(z) for every x € I, which is the claim.

Step 3. We prove that I'(z) is a possibly degenerate compact interval for every = € I

If O(z) = {1} the proof is immediate. Fix xz € I and suppose that y1,ys € I'(z) with y; < yo. Let
y1 < y < ya. Since y1,y2 € ['(z), the points (x,y1) and (z,y2) belong to I' and therefore, by (K1),
there exist sequences {(z},uc,(2}))}; and {(z7,uc,(23))}; such that

:c;,:r? =T, U (le) =y and  wu (wjz) — Ya.

Hence, for every j sufficiently large, we have that u.; (le) <y < ug, (x?) and then there exists a point
x; such that
2

min{x},x?} < z; < max{z},2?

Y and u;(z;) = y.

As (zj,uc,;(x;)) € T'e; for every j € N and (zj,uc, (v5)) = (x;,y) — (z,y), by (K1) it follows that
(z,y) € T;ie., y € T'(x). So I'(z) is an interval, and being I compact it follows that I'(z) is compact.

Step 4. Finally, we prove that £(T') is a countable set; namely, that I'(z) = {1} for all but at most
countably many z € I.
For every positive integer n, we set

ET):={zxel:T (z)-T_(z) > 1/n}.

By definition, B
EM)={zel:Ti(z)>T_(x)};

and therefore we have

+oo
M) = &).

The assertion follows if we show that &,(T") is a finite set for all n.
Fix n a positive integer and let {z1,...,2zx} be a finite subset of &,(T"). It is not restrictive to
assume that N > 2 and that z; ¢ 9I for every i € {1,..., N}. Let r be such that

1 1
r< §|zi—zh| and r < idist(zi,al) for every i,h € {1,...,N}

and define open subintervals of I as
Jii=(z — 1z + 1), ie{l,...,N}.

Note that these intervals are pairwise disjoint and do not intersect 0I.
Fix n € (0,1/2n) and T > 0 in such a way that, by Proposition it holds

e (T (2:) > %%(H(zi)) and eI _(z;)) > %@S(F_(zi)) (2.2.12)

for every i € {1,..., N}. Assume that j is sufficiently large so that
dg(T'c;,T') < min{r/2,n}.
For every i € {1,..., N}, let (q:;’+,u5j (x;+)) € I x R be such that

dist(Te, , (23, T (2))) = (2 e, (2571)) — (23, T (20))-
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We observe that

min{r/2,n} > dg(T',,T)
> dist(T'e;, (25, 'y (2:)))

= [(25", ue, (2571)) = (2, T (20)]

> max{|e} " — 2, Jue, (277) = T (20) [}

therefore,

i T T i 1
xj’+ € (zZ — 5% + 5) CJ; |, (xj’+) —Ti(z)| <n< o (2.2.13)
With an analogous reasoning, we obtain points x;’_, 7 € N, such that
i— r r i,— 1
2 e (z — 2 m+ 5) Clis luey(af ™) —T-(z) <m < 5-. (2.2.14)

r

57> we have that

Considering j large enough so that ¢; <

(@y* — T2y  +6T)C iy, i€{l,...,N}

We let , 4
w;: () =1+ (ue, (ejz + $;+) -1, w, (x) =1 (ue, (g5z +277) — 1)

and we note that wgi € H(—-T,T) and

w;t (0) = max{u,; (x;+), 1}, w_, (0) = min{u,, (x;_), 1}.

These observations, combined with (2.2.13)) and (2.2.14)), yield

Wl (0) =Ty (z)l <m,  wi, (0) = T—(2i)] <.

Using Proposition and a change of variables, for every j sufficiently large we have
Fej (uaja Jz) > F8j<1 + (uej - 1)+7 Ji) + Faj(l - (usj - 1)_, Jz)
> Foy (14 (ue, — )T, (27 — ;T, 27" + ;7))
+F (1= (ue, — 1), (x7 — 4T, x;’_ +¢,;T))

T
= /TV(M;) dx + [wjj]%[s(_T T)

T
Jr/TV(w;)de’Jr [w;jﬁ,s(_TvT)

> (T (20) + 93 "(0-(2)) (2.2.15)
1 1
2 §<ps(F+(z,»)) + iws(F_(zi)),
where the last inequality follows by (2.2.12]).

Since I'; (z;) — I'_(%;) > 1/n, we infer that min{|T'y(z;) — 1|,|T—(2;) — 1|} > 1/2n, hence, we
obtain

1 . 1 1
F,(ug;, Ji) > imm{aps(t) RS [—A,l — %} U {1 + %,A}} = flp,
with A as in (2.2.10]). By Proposition we have that pu,, is a strictly positive constant; therefore,
N
M 2 ZFaj(uaj7Ji) 2 N,U/n
i=1

and we conclude that N < M/u,. Since we proved that the cardinality of any finite subset of &,(T")
is bounded by a constant independent of the choice of such a subset, we infer that &, (T") is finite as
well, and the proof is complete. O
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Through the proof of the compactness, we infer a lower bound for our energies on the interior of
the domain I. The behaviour at the boundary points is more delicate and will be included in the final
version of our work.

Proposition 2.2.9 (Lower bound on the interior). Let {¢;}; be a positive sequence converging to 0
and let F., be defined by (2.2.2). Then, for every I' € B, and {u;}; C H*(I) such that u, 5Tt

holds
tminf £, (1) > Y2 (904 (2)) + 0T (2).
/ 2e£(M)NI

- J
Theorem [2.2.1) we have that &,(T') := {x € I : Ty (z) —T'_(x) > 1/n} is a finite set for every n
positive integer. Let then &£,(T') NI = {z1,...,2n} and consider pairwise disjoint intervals J; :=
(z; —ryzi +7),i € {1,..., N}, contained in I that do not intersect dI. Following the computations

leading to (2.2.15)), we infer that
Fey(uj, Ji) 2 @3 (D (20)) + 5 " (D= (1)

for fixed n,T > 0 and j sufficiently large. Then, we obtain

Proof. Without loss of generality we assume that sup; F. (uj) is finite. By Step 4 in the proof of

WE

liminf F,_ (u;) >

Jj——4o0

lim inf F_ | (uy, J;)

Jj—+oo

«
Il
-

> (9P (20) + @10 (24))

-

©
I
—

= Y (eIMTe(z) + el (T (20)),

z€E€,(T)NI

and letting n — 0 and T — 400 we get

lminf B, () > Y0 (o0 (20) + (T (20).
z€&€, (NI

The thesis follows by the arbitrariness of n. O

Finally, we remark that the above argument can be adapted to the case studied in [82] for a
first-order singular perturbation. In particular, our lower bound on the interior of I coincides with
the optimal one established in that work as we have

p1(2) = inf{/—irOc [V(w) + [w'[*] dz : w € HY(R), w(0) = z} =2

—00

/:\/de(.

2.3 Higher-order singular perturbation models

The aim of this section is to perform the asymptotic analysis of energies

1
/ [fW(u) + 52k*1||V(’“)u||ﬁ] dz,
QL€
where k is a positive integer and W is a double-well potential that vanishes at —1,1. We shall focus
our analysis on the one-dimensional case where 2 = I is a bounded open interval, so that the above
energies are of the form
1
/ 2 () + 21 u®P] .
7 LE
The case k > 2 requires a delicate analysis of families {u.}. with equi-bounded energy. To this end,
as for k < 2, it is necessary to analyze the property of the sets

{tel:|u(t) =1 <n},  {tel:|ult)+1] <n}
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that is, of the set of points with u. close to the bottom of the wells. In the case k = 1, we can limit
the analysis to intervals (=T, T') whose endpoints belong to these sets. The energetic behaviour of the
family can then be described through the approximate optimal-profile problems

T
ma(n, T) = inf{[T [W )+ o' [?) dt = € HN=T,T), Ju(~T) + 1] < . u(T) ~ 1| < n}.

Heuristically, once it is observed that for 7 sufficiently small m4 (n, T') > ¢ > 0 for all T, every transition
of u. between values close to 1 and values close to —1 or the converse requires a fixed amount of energy,
from which we can conclude the pre-compactness of the sequence. By optimizing in 7' and 7 we can
finally prove the lower estimate with m;.

In the case k = 2, Fonseca and Mantegazza [74] have noted that it is important to study points
with u. close to the bottom of the wells and of small derivative. They have studied the set of such
points using a bound on the L*/3-norm of ul obtained by an interpolation inequality between the
L'-norm of u. and the L2-norm of u”. The properties of such points allow one to carry out the
argument above with

T
ma(n, T) = mf{/J (W (u) + [u"|?] dt - w € H*(-T,T),

[u(=T) + 1 < 1, [u(T) = 1| < n, |/ (£T)| < n}

in the place of mq(n,T). As it is remarked in [74], this interpolation argument requires at least linear
growth for W at infinity, and is not easily extended to k& > 3.

We use a different and direct strategy, which in particular does not use any growth hypothesis on
W. Its main point is the analysis of the properties of the sets

AP ={t eI :|u(t) — 1| <n, [ulP ()| < 'n for all £ <k — 1},

and the corresponding A?~ for which the first condition is replaced by |u.(t) + 1| < n; that is, of
the set of points with u. close to the bottom of the wells and with small derivatives up to order
k — 1. The main feature of such sets is that all elements of any family of intervals I. of length
much larger than € contain points of either A" or A”~. This is obtained by using L? estimates on
all derivatives ug) for ¢ € {1,...,k — 1}, which are achieved by simultaneously using interpolations
between the L?-norm of u. —1 (or u. +1) and the L2-norm of uék). The argument is an adaptation of a
technique recently devised by Solci [127] and used to obtain free-discontinuity functionals by singular
perturbation, generalizing to higher-order derivatives a result by Alicandro, Braides and Gelli [6] (see
also Bouchitté, Dubs and Seppecher [20]). In the present situation the argument is simpler since in
the limit we may only have discontinuities with a jump size equal to 2, and not of arbitrary size. Note
that the use of the L?-norm of u. &1 does not require any growth condition on W since it is computed
only on intervals in A%, on which we have an L> bound on u. + 1. The argument for k > 2 is then
carried out by the use of the approximate optimal-profile problems

T
mi(n, T) = mf{/ W) + ™ 2] dt : w € H*(~T,T), |u(~T) + 1] <,
-7
(T — 1] < n, [ul® (£T)| < 7 for all £ < k — 1},
which lead to my. An additional issue with respect to the cases k = 1 and k = 2 here is to show that

transitions between the bottom of the wells where we do not have a bound on the derivatives at the
endpoints are negligible.

2.3.1 Statement of the results
Let W: R — [0, +00) be a continuous function such that W(—1) = W(1) = 0 and

W(u) > aw mln{(u + 1)2’ (U - 1)27 BW}



2.3. HIGHER-ORDER SINGULAR PERTURBATION MODELS 101

for some ayy, By > 0. Let k > 1 be an integer and a < b be real numbers. For every ¢ > 0 we define
the functional E! : L'(a,b) — [0, +o0] as

b
1 2k—1), (k)2 . k
() = /a LW(U)Jrs W]t if we H*(a,b), (23.1)

+00 otherwise.

We will prove the following compactness and I'-convergence theorem. The result if £ = 1 and
k = 2 has been shown in [103] and in [74], respectively. In the latter a condition of linear growth from
below for W is required; our proofs allows to remove that assumption also in the case k = 2.

Theorem 2.3.1 (Compactness and I'-convergence). Let E! be defined by . Then, the family
{E}}. is equi-coercive with respect to the convergence in measure; that is, given any family {uc}e C
H*(a,b) such that
sup B! (u.) < 400,
€

there exist a positive sequence {e;}; converging to 0 and a function u € BV ((a,b);{—1,1}) such
that u.; — wu in measure as j — +o0o. Moreover, the family {EL}. T-converges with respect to the
convergence in measure and in L*(a,b) to the functional E' : L*(a,b) — [0, +00] defined as

El(u) — {mk#‘s(u) qu € BV((G,, b)v {*17 1})7 (2.3.2)
+00 otherwise,
where oo
my = inf{/ (W (u) + \u(k)|2] dt :u € HE (R), t_l}rin u(t) = :tl} (2.3.3)

and S(u) denotes the singular set of u.

From the one-dimensional result, we will recover an analog in dimension d > 1 by applying blow-up
and localization techniques. We consider 2 C R? an open and bounded set with Lipschitz boundary,
and, for € > 0, we define the functional E. : H*(Q) — [0, +oc] as

B.(u) = /Q EW(u) + VO] de, (2.3.4)

where W: R — [0, +00) is a function as above and ||V*)ul|;, denotes the operator norm of the tensor
V® . In accordance with Theorem the domain of the I'-limit will be the space BV (Q; {—1,1}).

Theorem 2.3.2. Let E. be defined by (2.3.4]). Then, the family {E.}. T'-converges with respect to
the convergence in L'(Q) to the functional E : BV (Q;{—1,1}) — [0,4+00) defined as

E(u) == mpH¥(S(u)) = mp P({u = 1};Q),

where my, is as defined in (2.3.3), S(u) denotes the singular set of u, and P({u = 1};Q) denotes the
perimeter of the set {u =1} in Q.

Remark 2.3.3. If we strengthen the growth assumptions on the double-well potential W, we may
deduce that a sequence {uc}. such that sup, F.(u.) < +o0 is strongly precompact in L(£2). This fact
shall be proved in the subsequent section (see Proposition and follows by a result of Alberti,
Bouchitté, and Seppecher [4, Theorem 6.6].

To prove the results, it is useful to introduce the one-dimensional localized functionals
1
El(u, 1) = / (20 () 2 ] ar
7 le

for any interval I C (a,b). Finally, to simplify the notation, in the following we only consider (a,b) =
(0,1), the changes in the proofs for a general interval being obvious.
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2.3.2 Analysis of oscillations close to 1 and —1

In the proofs of the compactness and of the lower bound, we will make use of some optimal-profile
problems in order to estimate the number of transitions between wells of sequence of functions with
equi-bounded energy. In particular, we will make use of the family of minimum problems given by

T

mg(n, N, T) := inf{/ (W(u) + [u®?] dt : uw e H(-T,T),
-T
[u(—=T) + 1] <, Ju(T) — 1] < n,
WD (T < L forall €€ {1,... k- 1}}. (2.3.5)

In this subsection, we will study the properties of intervals of points where functions u. with equi-
bounded energy are close to either —1 or 1, and their derivatives up to order k — 1 are small. We will
show that every sufficiently large interval (with respect to €) intersects such sets. The technical tool
used to prove this result is the simultaneous application of interpolation inequalities for all derivatives
in the intervals where wu. is close to either —1 or 1.

Let {u.}. be a family of H*(0,1) functions with equi-bounded energy, and let
S = sup B (u.). (2.3.6)

For any fixed n € (0,1) and € > 0, we define the set
Al ={t€(0,1) : [lucs(t)] = 1] <n}. (2.3.7)

Recalling that W(z) > aw min{(z — 1), (z + 1)?, Bw } for some aw, By > 0, we will consider n €
(0,4/By ), so that W(z) > aw(z —1)?if |z — 1| <npand W(z2) > aw(z +1)?if |z + 1] <.

We now fix an integer N > 1, and prove an upper estimate for the length of an interval I such
that at all points of T N A7 there exists at least one £ € {1,...,k — 1} such that |ug)\ >

Lemma 2.3.4. Letn € (0,+/Bw) and N > 1 be fized, and let {uc}. be such that (2.3.6)) holds. Then,
there exists a constant Ry (n, N, S) > 0 such that, for alle > 0 and for any interval I C (0,1) satisfying
the hypotheses:

(i) I C AZ;

1
11 . (2) - — =
(ii) Hte]. lug” (1) < Nt forall £ € {1,...,k 1}}‘ 0

it follows that
1| < Ri(n, N, S)e.

Proof. The proof is based on a classical interpolation estimate. There exists a constant r;, > 0 such
that for any interval I and for any v € H*(I) the following estimate holds

0O zasy < e (1ol 2y I G, + 111 olzeqn) (238)
for all £ € {1,...,k — 1}, with 6 = 5% (see e. g. [06, Theorem 7.41]). Setting
a=ellollihy and b= cBDEO D,

by using the convexity inequality ab < pap + bq with p = and q= %0, we then deduce that there
exists a constant R > 0 such that

B 1 3 52@71
g2t 1||v(€)||i2(1) < Rk(gHvIIZLz(I) + g% 1Hv(k)||2m(1) + W“UHZNU))- (2.3.9)

Let now I be as in the hypothesis. It is not restrictive to suppose that |u. — 1| < 5 in I, the
case |us + 1| < 7 being completely analogous. Choosing v = u. — 1 in (2.3.9), and recalling that
W (u:) > aw(ue — 1)? in the interval I, we get

My < i (B2 (e 1) + I ue = UG ) (2:3.10)
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for any ¢ > 0, where Ry = Ry, max{ﬁ, 1}.
Note that hypothesis (ii) implies that for at least one ¢ € {1,...,k — 1}

1 1]
1,0 > ‘>7
{rermoi= 57} > 55
)2

By using this lower estimate in (2.3.10)), recalling that (u. — 1)? < 7? and that E!(u.,I) < S we

obtain

-1

c < Ek<5+7725%71|]|172£>

1
—|I
(k+1)N2 i
for any € > 0. We then conclude that

11| < Ri(k + 1)N2Se + Ry (k 4+ 1) N2 | 1|2
Hence, if |I| > 2Ry (k + 1)N2Se, it follows that
1] < 2Ry, (k + 1) N2 | 1172,
so that |12 < 2Ry (k + 1)N2n2e2¢. Hence,

|I] < max {2§k(k +1)N?S, max {(2Rk (K + 1)N2n2)712}}s.

With a little abuse of notation, by letting R (n, N, .S) denote the constant in this inequality, we obtain
the claim. O

We set )
_ . 4
AT(N) = {t € AL (1)) < 5 forall £€ {1,k - 1}}, (2.3.11)

where we recall that A? is defined in (2.3.7) as the set of ¢ such that ||uc(t)] — 1] < 5. The sets A?(N)
describe the regions close to {1} where all derivatives of u. up to k — 1 are “small”. We now show
that points in such sets cannot have mutual distance much larger than ¢.

Lemma 2.3.5. Let n € (0,v/Bw), N > 1 and let {u.}. be such that (2.3.6) hods. Let {e;}; be a
positive sequence converging to 0, and let {I.,}; be a family of subintervals of (0,1) such that

. |IE]'|

lim —— = 4o00.
J—+oo €j

Then, there exists jo € N such that
I, OA;’j(N)\ >0

for all 7 > jo.

Proof. Let {Iaj }; be the family of intervals in the hypothesis. By contradiction, we suppose that
|Ic; N A2 (N)| = 0 for a (not relabelled) subsequence {e;}; converging to 0 as j — +oc0. The proof of
the contradiction is divided in two steps.

Step 1. Let j be fixed, and let J C I, be an interval such that
28
|| = 5;‘(W + (2k + 5) Ri(n, N, 5)>7

where Ry (n, N,S) > 0 is the constant given in Lemma Then for all £ € {1,...,k — 1} there
exists a point in J where ug) vanishes. This can be proved as follows.

We first note that |{||u,| — 1| > n}| < e;=—2. Since |I., N A7 (N)| = 0, we can apply Lemma

awn?’

deducing that J contains at least 2k 4 3 intervals that are well contained in (0,1) and such that
in each one of them [u.; — 1| < n, with the equality holding at the endpoints, or |u., + 1| < 7, again
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with the equality holding at the endpoints. Let {I, = (an,bn)}>* > denote the set of these intervals,
with a,, and b,, increasing.

Now, we show that in each interval (a,,, a,+2) with n < 2k 4 1 there exists at least a point where
ug, vanishes. Let n < 2k + 1 and suppose that [u.; — 1| <nin I,. If u;, # 0 in the whole I,,, then
ue; is strictly monotone. We first consider the case u.; strictly increasing in I, with uc, (by) = 14 1.
If u (bn) = 0 the claim is proved. If u (bn) # 0, we note that u.; cannot be strlctly increasing in
the interval (by,, an1) since the value u.; (an11) is at most 1+ n; then, there exists a local maximizer
in (b, ans1), and the claim follows. If ., is strictly decreasing in I,,, we note that u., cannot be
decreasing in the interval (b, a,12); indeed, in this case Ue, (b)) = 1—n, and if Ue, is strictly decreasing
in (bn,bpy1), then ug; (any1) = —1+n and ue, (bpy1) = —1 —n. Since uc, (an42) > —1 —n, this shows
that u.; can not be strictly decreasing in both (b, by 41) and (bnq1,@ny2). Then, [b,,anq2) contains
a local minimizer, proving the claim. The corresponding argument applies if |u., + 1| <7 in I,,.

Hence, there exist at least k internal points in J where u’sj = (0. By an iteration of the application
of Lagrange Theorem, this implies that for each £ € {1,...,k — 1} there exists at least a point where
0 _ .

Ue; =

25

so that each interval I, contains NN; disjoint intervals with length €;L and by hypothesis N; — +oc.
Then, for any j there exists one of these intervals, denoted by J; = (a;,a; +€;L), such that

S
Es (usja‘]]) < N
J
We can then write
S ateilorg 2k—1), (k)2
%oz, [Grersnre
L k
= / (W (v)) + [v\"]?] ds, (2.3.12)
0

where v;(t) = u., (et + a;). By Step 1, for any £ € {1,...,k — 1} there exists a point t? in J; where

¢ g
ué} vanishes, hence U]@) = 0 in s§ = %67“] € (0,L). An iterated application of the Fundamental
J

Theorem of Calculus then gives
. k
lvjll e 0,2y < C(L)(f(f)lljﬂ 012 + 108712201,

where C'(L) > 0 depends on L (and then on 1, N, S and k). Moreover, note that there exists at least
a point in J; such that |[ue;| — 1| = 1, and the same holds for v; at a point in (0, L). Then, since
N; — o0, by we deduce that UJ is equi-bounded in H*(0, L), thus v; — v in H*(0,L) as
j — 4o00. Since vj — v uniformly, by (2 we deduce that

L L
0 =lim mf/ W(v;)ds > / W(v)ds
0

Jj—+oo
so that either v = 1 in (0,L) or v = —1 in (0, L). This gives a contradiction since for any j there
exists a point s; € (0, L) such that ||ve,(s;)] — 1| = n. O

2.3.3 Optimal-profile problems

In the proof of the equi-coerciveness of the family {E!}. and of the lower estimate for the I'-limit, we
will make use of the optimal-profile problem

+oo

+oo
my = inf{/ (W) + [u® 2] dt s u € Bl (R), lim u(t) = il}.

—00
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It is convenient to interpret this optimal-profile problem as an optimization on intervals and functions;
to this end, we define

+oo
~ L . . k . k
my = %r;folnf{/_oo (W (u) + [u®?] dt - u € HE(R),
u(t) = —1for t < —T,u(t) =1 for t > T} (2.3.13)
= inf mp(T) = lm my(T),
T>0 T—+oc0
where
T
mi(T) = inf{/ (W () + [u® 2] dt - u € H¥(~T,T),u(£T) = +1,
-7

uD(+T)=0forall £ € {1,... k- 1}}

As a consequence of Lemma [2.3.5] we can prove that these two definitions coincide and that the
resulting infima are strictly positive.

Proposition 2.3.6. The equality mj = my holds.

Proof. Since all test functions for my, are test functions for myg, one inequality is trivial.
We then consider a function v € HE (R) such that

loc

+oo
lim wu(t) =41 and / (W (u) + [u®) 2] dt < +oo.
t—+oo o

With fixed n, N and {¢,}, vanishing, we apply Lemma twice, to the sequences u;(t) = u(%)
and u;(t) = u(é), respectively, and with I, = (0, 3) and I., = (1, 1), respectively. In terms of u, we

deduce that there are t; € (=L+,0) and t;r € (0,1) such that

lu(t;) + 1 <mj, |u(tj')—1| <mn;, and |u(£)(tj[)| < forall ¢ € {1,...,k —1},

1
N;j
where we chose n; — 0 and N; — +o00.

We want to extend the restriction of the test function u to (t;7 tj) in order to obtain an admissible
test function u; for my with an energy not greater than that of u up to an infinitesimal term. To
this end, we consider a family of auxiliary minimum problems defined as follows. Given zf for ¢ €
{0,...,k — 1}, let v; be a minimizer of the problem

1
0; = min{/ lw® 2 dt v (0) = zf,v(e)(l) =0forall ¢e€{0,...,k— 1}}7
0

where we used the notation v(?) = v. By choosing z? = u(tj) -1, zf = u® (tj) for ¢ € {1,...,k—1},
we have §; — 0, and moreover, by the uniform convergence of the corresponding minimizers v; to 0,

we also have .

lim W(v(t)+1)dt = 0.

j—+o Jo

We then define uj on (t;‘, +00) as

)
u? Jjovg

+(t) = L+u(t—t7) ifte(t],t5 +1),
J 1 if ¢ >t +1.

Note that oo L
/ (W (uf) + |[(u))P?] dt = 6; + / W (v;(t) + 1) dt = 0;(1)
t 0

+
J
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as j — +oo. We define symmetrically u; on (—o0,?; ), so that the functions

uy (t) ift <ty
ui(t) = qu(t) ift; <t<t],
uf(t) ift>tf

are test functions for m; and

s [ )+ P s [ )+ R oy 1)

— 00 — 00
as j — 4o00. Hence,

+oo
e < / W () + [u® 2] dt.

— 00

By the arbitrariness of u this proves the claim. O
Proposition 2.3.7. It holds that my > 0.

Proof. Since my, = my, we equivalently prove my > 0.
Let {v;} be a sequence of admissible functions for my, such that

—+oo
lim (W (v;) + [0 2] dt = .

j—too ) o

For each j > 1, let T be a positive number such that v;(t) = —1 for t < —T; and v;(t) = 1 for t > T}.

In view of the application of Lemma we fix 7 < min{l,+/Bw}), and consider the family
of open subintervals (a,b) of (=T; — 1,T; + 1) such that |v;(a) + 1] < n, |v;(b) — 1] < n, and the
derivatives of v; at the endpoints satisfy |’U§E)| <1forall ¢ e€{l,...,k—1}. Let (aj;,b;) be a minimal
such interval; that is, any subinterval of (a;,b;) does not belong to this family. Hence, (a;,b;) does
not intersect the set of the points ¢ such that ||v;(¢)| —1| < n and |v§é> ) <lforallfe{l,...,k—1}.

In order to apply Lemma to prove that b; — a; is equi-bounded, we use the scaling factor
g = % to define u;(t) = vj(?j —T;). We then have

1 T

1 P j i

A[;W@%w?wﬁwﬂmz/ (W (w;) + 10§ P] dt,
J =14

which is equi-bounded. Assume by contradiction that there exists a (not relabelled) subsequence
b; — aj — +00. Then, we can apply Lemma to the sequence of scaled intervals (a;e;,bje;) and
deduce that there exists jo € N such that

|(ajej, bjej) NAZ (1) >0

for all j > jo, where we recall that A7(N) is defined as in . By scaling again to (=T}, T}), this
gives a contradiction.

Up to subsequences and up to translations, we can then assume that there exists T* > 0 such
that a; - —T* and b; — T™ as j — +oo. Up to an asymptotically negligible change of variable, it
is not restrictive to assume that a; = —7™ and b; = T*. By the equi-boundedness of the boundary
condition and by the Fundamental Theorem of Calculus we deduce that {v;} is equi-bounded in
HY(—T*,T*). Hence, we extract a (not relabeled) subsequence {v;} weakly converging to a function
vin H*(=T*,T*).

Assume now by contradiction that mj = 0. Since {v;} is a minimizing sequence, by the lower
semicontinuity of the L2-norm, we have

*

T T T
0= lim [W(wy) + [oPP] dt > hminf/ ™2 gt > / 082 .
—T*

Jj—+oo ) _p« j—+oo J_px J
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Hence, we obtain that v*) = 0 on (=T"*,T*), so that v is a polynomial of degree at most k — 1.
Moreover, by the uniform of convergence of v; — v, we have

* *

W(v)dt = lim W (vj)dt =0,
T J—=+0oo )«

so that W (v) = 0 almost everywhere, and then, since {WW =0} = {—1, 1}, we deduce that v is either
identically —1 or 1 on (=7"*,T™*). Since |v(—T*) + 1| < n and |v(T*) — 1| <7, and n < 1, this gives a
contradiction, and the proof is complete. O

As it is usual in phase-transition problems, we will need some auxiliary results involving optimal
profile problems approximating my, defined in through the minimization of [, (W (v) + (v(F))2) dt,

where I7 is an interval with length 27 and v in H¥(I7) satisfies suitable boundary conditions; in
particular, we will minimize over sets of functions with “small” values of the derivatives at the end-
points of the interval. To this end, for all n € (0,+/Bw) and for all integers N > 1, we define an
approximating constant given by

mg(n,N) = Tir;fomk(n,N, T), (2.3.14)

where my(n, N,T) is the minimum defined in (2.3.5)).
Lemma 2.3.8. Let my and my(n, N) be defined by (2.3.13) and (2.3.14), respectively. Then

fmlim_ () =
Proof. Since my(n, N) is increasing as n — 0 and as N — 400, the limits exist. For all T' > 0, n and
N, we have my(T) > my(n, N, T), so that my > my(n, N) for all n and N. Hence,

. > lim 1 N).
mk_ngrgm_lgrlwmk(m )

We now prove the converse inequality. Let n; — 0 and N; — 400 be such that

lim mg(n;, N;) = lim lim mg(n, N).

j—4oo n—0 N—+oo

For any j, let T; > 0 and v; € H*(—Tj},T;) be an admissible test function for my(n;, N;, T;) such that
b ®)
1 : - ) = i . . 2
jETmmk(nj,Nj) jEToo " (W (v;) + [v;"|?] dt.
To define an admissible test function u; for my, we can proceed as in the proof of Proposition
with —Tj in the place of ¢, T; in the place of tj, and v; in the place of the restriction of v to (t;7 t; ).
In this way, the resulting u; is a test function for my, and
+oo *)
lim mg(n;, N;) = lim [W(uj) + |uj' |2] dt > my,

Jj—+oo Jj—otoo J o

proving the equality

lim i N) =
nlﬂ%NiToom’“(”’ ) = my,

and the claim. O
We introduce some quantities that will allow us to estimate oscillations of order 1. For all 0 <

n < min{1, /Bw }, integers N > 1 and T > 0, we define

T
my (n,N,T) = infimin{/ (W (u) + \u(k)ﬂ dt :ue H*0,T),
0<T<T 0

|u(0) =1 < n, [u(T) — 1] = 2n,
1
and [u'9(0)| < i forall £ € {1,....k— 1}}7 (2.3.15)
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and

T
my (n, N,T) = infimin{/ (W (u) + [u®?] dt : uw e H*0,T),
0<T<T 0

u(0) + 1] < n, [u(T) + 1| = 2n,
1
(£) < — —
and |u'"(0)] < N forall £ € {1,...,k 1}}

Lemma 2.3.9. For every T > 0, it holds
mip(n, N, T) := min{m} (n, N,T), my (n,N,T)} > 0.

Proof. We only prove that mz (n, N,T) > 0, the other case being analogous. We argue by contradic-
tion.

Suppose that there exists a sequence {7};}; C (0,7] and functions v; € H"*(0,7};) which are
admissible for (2.3.15)) and such that

o (*)
li ; 2] dt = 0. 2.3.1
jdim ; (W (v) + |v;”|?] dt = 0 (2.3.16)

Without loss of generality, we may suppose that T; — 1" € [0,T] as j — +o00. We distinguish the two
cases T'=0and T > 0.

Case 1: (T = 0). By (2.3.16)) it holds ||Uj(-k)||L2 o) — 0 as j — 4o00; hence, recalling that
v; satisfies the boundary conditions appearing in (2.3.15)), we apply the Fundamental Theorem of
Calculus to deduce that [[v;||gx(o,r,) < C for every j. We then extend each function v; to the whole
interval (0,1) by setting it equal to p;, the polynomial of degree at most k — 1 obtained by imposing

pg-e)(Tj) = vj(-e)(Tj) for ¢ € {0,...,k — 1}. The sequence {v;}; is then equi-bounded in H*(0,1) so
that there exists a subsequence, not relabelled, which converges uniformly to some v € H¥(0,1). This
produces a contradiction since T; — 0 and |v;(T}) — v;(0)] > .

Case 2: (T' > 0). Up to an asymptotically negligible change of variable we may suppose T; =T
for every j. Then, by , we have that {v;}; is equi-bounded in H*(0,T) so that a certain
subsequence converges uniformly on [0,7] to a function v in H*(0,7). Again by and by
the lower semicontinuity of the L2-norm, we have that either v = —1 or v = 1 on (0,7). But
|v;(T;) — 1| = 2n for every j, hence, [v(T) — 1| = 2n, which is a contradiction since 1 > 0. O

2.3.4 Proof of the main result in dimension 1

We divide the proof of Theorem in proving separately compactness, lower and upper bounds.
We start by proving the equi-coerciveness of the family {FE!}..

Proposition 2.3.10 (Compactness). Let E! be defined by . Then, the family {EL}. is equi-
coercive with respect to the convergence in measure; that is, given any family {u.}. C H*(a,b) such
that
sup B! (u.) < 400,
€

there exist a positive sequence {&;}; converging to 0 and a function u € BV ((a,b); {—1,1}) such that
Ug; — U N measure as j — +00.

Proof. Up to subsequences, we may assume that sup, El(u.) = S < +00. We consider for any fixed
0 < n <min{l, By} and & > 0 the countable sets of indices Z}'" and Z- 1" such that

e -1 <= {J I
hezktn

{te(O):lu)+1<ny= (J I
hezz b
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where each I, = (ap, by) is a maximal open interval (that is, if ap # 0 then |Juc(ap)| — 1] =, and if
b, # 1 then ||uc(bp)| — 1] = n, respectively) and they are pairwise disjoint.

Let N € N be fixed. A first remark is that for € small enough the set (0,1) N A?(N) of the points
where ||us| — 1] < n and \ug)| < ﬁ is not empty. This follows by the application of Lemma
to the constant sequence of intervals I., = (0,1) and {e;}; any infinitesimal sequence. We can then
define

ac =inf ((0,1) N AZ(N)) and b =sup ((0,1) N AZ(N)),

noting that
1(0, 1)\ (e, be)| = 0c(1).

This can again be proved by applying Lemmamtaking {I.,}; = {(0,ac,)};, which actually implies
that a. = O(e), since otherwise the claim of Lemma would contradict the definition of a.
Similarly one proves that 1 — b. = O(e).

Let Z1(N) denote the subset of indices of Z1" for which there exists an open interval I =
(a},,by,) C I, = (an, by) such that

1 1
[ul® (a})| < Nt and  |ul9(b))] < Nt for 0 e {1,...,k—1}. (2.3.17)

Analogously, we define Z-17(N).
For each h € ZF1"(N), we consider the maximal open interval (al,bY) for which (2.3.17) holds
true; that is,

1
al = inf{t € lan, bp) : [uP () < ~oe forall £€ {1, k— 1}},

1
N — . (€) < — —
by :=sup {t € (ap,bp) : [u'” ()| < Nt forall £e{1,...,k 1}}

For any ¢ € (ae,be) \ Uhte"(N)uI;L"(N)(al]y’ biY), we set

r(t) = sup{b : B < t, h € T(N) UZ (N},

o(t) =inf{a}) :a) >t, h€ I}"(N)UZ-V"(N)}.

Note that 7(¢) and o(t) may coincide. For any ¢ the following properties hold:
(i) [r(®), o)) N UhGIEI’”(N)UI;L"(N)(a;lv’ b)) = 0, so that, recalling that A7(N) denotes the set of

points ¢ such that ||Juc(t)] — 1| < n and |u§[) (t)] < w=r for every £ € {1,....,k — 1}, it follows

(7 (), 0 (8)) N AZ(N)[ = 0;

(ii) if I, N [7(t),0(t)] # 0 for h € (ZPTUI17)\ (Z21(N) UZZ1(N)), then I, C [7(t),o(t)];
(iii) if (an,ad )N [r(t),o(t)] # 0, then (ap,a] C [7(t),o(t)]; the same property holds for [bY, by,);

(iv) by the continuity of u. and of its derivatives,

1
l[ue(T(t))| — 1] <7 and  |[ulf(r(1))]| < ~o forall £e{l,.. k—1},

and the same properties hold for o(¢).

Moreover, for different ¢ the intervals (7(¢),o(t)) either coincide or are disjoint; indeed, if s €
(1(t),0(t)) for some t, then (7(t),c(t)) = (7(s),0(s)).

Then, we can write the set (ac,b:) \ UheIEl’"(N)UIa_l'"(N)(aibv’ blY) as a disjoint union of intervals
of the form [7(¢), o(t)]; that is, there exists a set of indices A.(n, N) such that

(ae, be) \ U (athth) = U [Tx: oAl

heTE"(N)UZZH(N) AEA:(n,N)
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where the interior of intervals are pairwise disjoint and the endpoints 7, and o) belong to the sets

{r():t € (ae, bs)\Uhez;m(N)uz;m(N)(aﬁ’, b))} and {o(t) : t € (ac, bs)\UheI;v”(N)uz;L"(N)(aga by}
respectively.
In light of (iv), we have that

U {moa} S {te0.1): [lus(t) - 1] = n}.

AEAL(n,N)

Then we have that |Uyca_ ¢, n{mnoat < 5av§n2 and we deduce that there exists a countable sub-
family AX(n, N) C Ac(n, N) such that

(ac,be) \ U (ah abN) J- U U (Tx,00),

heIX"(N)UIZ 1" (N) AEAZ(n,N)

where |J;| <¢ Wn
We now prove that there exists a constant Tx(n, N,.S) > 0 such that

[(Taso)| < Ti(n, N, S)e (2.3.18)

for any € > 0 and X € AZ(n, N).
We reason by contradiction. If the claim does not hold, then for any j € N there exist €; > 0 and
Aj € AZ (n, N) such that
(7,5 05,)| > Jej-
Since (73;,0x,) C (0,1), this implies that e; — 0 as j — 400. We can then apply Lemma[2.3.5/to the
family of intervals I, = (7, 0;), deducing that there exists jo € N such that

[AZ(N) N (7a;,04,)] > 0

for any j > jo. This gives a contradiction, since property (i) holds for any (7y;,0x;).

We say that an interval (7x,05) with A € AX(n, N) is an effective transition interval if either
lue(ma) — 1] < mand |us(ox) + 1] < n, or Jus(7x) + 1| < n and |uc.(oy) — 1] < 1. We now prove that
the number of such intervals is equi-bounded. Indeed, setting v.(s) = u(es + %ﬂ), by a change of
variable we obtain

.
2e m
Eg(us,(n,ak)):/”ﬂ [W(vs)ﬂvgk)ﬂ ds > my(n, N) > 7’“ (2.3.19)

where the last inequality follows by Lemma [2:3.8] Since my, > 0, the number of intervals of effective
transitions is equi-bounded by a constant which is independent on e, and N; more precisely, by i—i

We now consider intervals (7, 0) which are not intervals of effective transitions; that is, either
lue(my) — 1] < nand |uc(ox) — 1| < nor |u.(1x) + 1] < nand |u.(on) + 1| < n. Let (1a,0)) be such
that |us(7x) — 1| < n and |uc(ox) — 1] < 7, and suppose that there exists a point ¢ in (7, 0)) such
that |uc(t) — 1| > 2n. Then, setting ¢’ = inf{¢ : |u-(t) — 1| > 2n}, by a change of variable we have that

t/ 1
Blue(mion) 2 Elue(mt)) = [ [2W() + 1] de
X
t/—7y

= / ’ (W(Ug) + (vgk))2> ds
0
> inf min {/o (W (ve) + |v§k)|2] ds},

T<Ty(n,N,S) v

where the minimum is taken over v € H*(0,T) such that [v(T) — 1| = 27, |[v(0) — 1] > n, v¥(0) < &
for all £ € {1,. — 1}, and we used the fact that |(1x,0x)| < Tj(n, N, S)e by (2-3.18). Then, by
applying Lemma with 7 > 0 and T = Ty (n, N, S), we obtain

El(ue, (1a,01)) = mi(n, N, Tx(n,N,S)) > 0
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Since a corresponding argument holds if |us(7y) + 1| < n and |uc(ox) + 1| <7, we can conclude that
lue(@®)] =1 <27 in (7x,04)

except for a finite number of indices A (which of course depends on 7, N and S).

Let now {(Ti,ai)}il‘ifl with 7; < 7;41 denote the set of the effective transition intervals. Since
M, < ;—Sk, we may suppose M. is independent of €, up to passing to a vanishing subsequence {¢;};,
and we set M., = M. We construct a sequence of functions u" N in (0,1) as follows. To give a
definition in the intervals (04, Tix1), we note that, by the definitions of 7(t) and o(t), there exists an
index h € Isljf"(N) U Igjl”’(N) such that (af ,bN) C (04, Ti+1). Moreover, if there exists an index
h € Z-Y(N) such that (aY,bY) C (0i,7it1), then (o4, 7it1) N Uh'ezgljt”( )(aﬁ, biy) = 0. Indeed,
otherwise (o;,7;+1) would contain an effective transition interval. The analogous property holds if
there exists an index h € IEI;W(N) such that (aY,bY) C (0, 7i41). We then set
N

u;’J =—1in (Ui,TiJrl)

if there exists h € I;jl”’ (N) such that (a,bY) C (04, 7i41), and

N

u;’; =1in (o-i,TiJr])

if there exists h € IEI;"(N) such that (af,bY) C (0, 7;41). Finally, we extend the function ug]{N on
the whole interval (0,1) with values —1,1 in such a way that

#S(u;’JN) =M, for every j,n, N. (2.3.20)
Moreover, by (2.3.19) we have that
liminf B! S (ue;) = Mmy(n, N). (2.3.21)
j—+o0o

Let us now consider N = N(n) — 400 as n — 0 and set u77 AN =ul. By (2 we can suppose
that ul — uin L' as j — 400 and that, up to subsequences, the hmlt u" takes values in {—1,1},
and its smgular set S(u") is composed of no more than M points. Analogously, we can suppose that
u” — uin L'(0,1) as n — 0 with u satisfying the same conditions.

By construction, there exists a positive constant Cy(n, .S) such that

{t € (0,1) : Jue, (t) —uZ (t)] > 2n}| < Ci(n, S)e;
Then, for fixed § > 67, we have
{lue, —ul >0} < [{lue, —ul [ > 6/3} + [{lul, —u"| > 6/3} + {|u" — u| > §/3}]
< Hlue, —ul | > 20} + [{|ud, — | > 6/3} + [{|u" —ul > 6/3}|
< Cr(n,9)ej + {lul, —u”[ > 6/3} + [{[u” —u| > 6/3}],

and therefore, letting first j — +oc and then n — 0, we infer that u.;, — u in measure in light of the
arbitrariness of §. O

Finally, we prove the I'-convergence result.

Proposition 2.3.11 (Lower bound). Let {¢;}; be a positive sequence converging to 0 and let E;j be
defined by (2.3.1). Then, for every u € L*(0,1) and {u;}; C H*(0,1) such that u; — u in measure it
holds

liminf B! () > E(u),

Jj—+oo

where E' is as defined in (2.3.2)).
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Proof. 1t suffices to consider the case sup; E! (u;) < 400 and then, by Proposition [2.3.10, we may
assume that v € BV((0,1); {—1.1}). By (2.3.21)), we deduce that

liminf B! (u;) > mg(n, N)#S(u).
j—+oo 7

We can then let N — 400 and n — 0 and apply Lemma and Proposition [2.3.6 O

Proposition 2.3.12 (Upper bound). Let {€;}; be a positive sequence converging to 0 and let Eslj be
defined by (2.3.1). Then, for every u € L*(0,1) there exists a sequence {u;}; C H*(0,1) such that
u; — u in L*(0,1) and it holds

lim sup Eslj (uj) < E*(u),

Jj—+o0

where E' is as defined in (2.3.2)).

Proof. Let u € BV((0,1);{—1,1}) and denote by x1,...,z, its jump points. We set J; := {n €
{4, ) ru(z)h) —u(z,) =2}, Jo:={ne{l,....r} s u(z}) — u(z,) = —2}, and for convenience,
we also set g = 0 and z,41 = 1. Fix a positive 6 < min{z, — x,-1 : n = 1,...,7 + 1} and, by
Proposition consider a function v admissible for my, such that

+oo
/ (W (v) + [v®|2] dt < my, + o (2.3.22)
oo r

Recall that there exists T' > 0 such that v = —1 in (—oo0, —T') and v = 1 in (T, +00).
Suppose that % > T for every j. For n € {1,...,r}, define intervals

Tn—1 + Tp Tn + anrl]

In::[ ,
2 2

and consider the sequence defined as

t—x, .
v( x) iftel, and n € Jy,
€j
wj(t) = U(_t_x") ittel, and ne s,
€j
u(t) otherwise.

We note that the condition % > T implies that {u;} C H*(0,1); and moreover, u; — u in L1(0,1)
J
as j — +oo. To conclude, we estimate

1
. 1 o . 2k—1, (k) 2
i Bl (u)) = jl}glm;:l: / [;jW(uxt)Hsj [ (1) 2] at
Inél rn
— lim W (w(s) + B (s)?] ds
e

< me#S(u) + 6,

where in the last inequality we have used (2.3.22]). The arbitrariness of 4 and a diagonal argument
allow us to conclude. O
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2.3.5 [I'-limit in dimension d > 1

In this subsection we prove Theorem We first prove the lower bound using a variant of the
blow-up technique by Fonseca and Miiller [75] adapted to I'-converging families of functionals in the
spirit of [37], combined with a slicing argument that allows us to reduce to the one-dimensional case

in Theorem 2.3.11

Proposition 2.3.13 (Lower bound). Let {€;}; be a positive sequence converging to 0 and let E.; be
defined by (2.3.4). Then, for every uw € BV((0,1); {—1,1}) and {u;}; C H*(0,1) such that u; — u in
LY(Q) it holds

liminf B, (u;) > mpH (S (w)),

Jj—+oo

where my, is as defined in (2.3.3)).

Proof. Without loss of generality, we assume sup, E.; (ugj) < 400 and, up to extracting a subsequence,
that the lower limit is actually a limit. Since u € BV (2;{—1,1}), we can write u = 2y — 1, where
A={x € Q:ulz) =1} is a set of finite perimeter in 2. The set S(u) of discontinuity points of u
coincides in © with 9* A, the reduced boundary of A, up to an H? -negligible set. The set 9*A is
a (d — 1)-rectifiable set, and for every x € 0* A there exists v4(z), the inner unit normal to A in the
measure-theoretical sense.

For every positive integer j, we introduce the measure i, defined for B C € Borel as

1 —
pe; (B) ::/ [fW(usj)+5§k 1||V(k3)usj||i dz.
B ‘&)

Since sup; g, (€2) < +00, up to a not relabeled subsequence, we may assume that {s.,} weakly*-

converges to a finite Borel measure x. By the Besicovitch Derivation Theorem, for H%~!-almost every
x in 0*ANQ, it holds

i ()

HCAC) - u(Qr(x))
d(HI=TL (0*ANQ)) (2.3.23)

TR HT QU@ oA T
where v = v4(z) is the inner unit normal to A at  and in the last equality we have used that the
(d —1)-dimensional density of 9* A is equal to 1 for H?~!-almost every point in the reduced boundary
of A. Since p is a finite measure, we also have
im g (QF(2)) = (@7 (x)) (2.3.24)
Jj—+oo
for all » > 0 but a countable set. Hence, if we fix a point x € 0*A N Q such that (2.3.23) holds, a
diagonal argument and (2.3.24)) imply that there exists r; = r(¢;) — 07 such that

du (@)= tim "2 @)

d(HI1L (0*ANQ)) j—+Fo0 7«;_1—1

(2.3.25)

and = — 0.

Up to a translation and rotation argument, we may suppose that z = 0 € 9*A N Q is such that
(2-3.25)) holds and that v4(0) = eq. In this case, we set Q,, := Q5(0) = (=%, %)% and note that the
following blow-up condition holds:

1 d
DB g as j o oo, (2.3.26)

T

where H is the characteristic function of the half-space given by {z € R?: 24 > 0}.
Applying the change of variable y := x/r; and setting v., (z) := u., (r;z), we get

pe; (Qry) 1 1 2k—1 1o (k) 2
e = [, [+ IV @]

1 _
= [ [5W s ) + BT S0, w7 dy.
Q1 ~Y
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where §; = i—; and Q1 = (—3,2)% We set y = (£,t), with & € [-1/2,1/2]91, ¢t € [-1,1] and

202
115 (t) :== v, (§,t), and we note that

IV E v, | > |7

V

% o
—
~
~

Therefore, we have

.. Me,-(er) . H 1 2k—1 2
hmmf;mZ/[ L timint [ [EWE @)+ s, 0 ] e

11
272 2

Since {u.,}; converges to the function 2yg — 1 in L'(Q ) by (2.3.26) we have that v., — 2H — 1

in Ll(Ql) and in turn, v&, — 2x 1) — 1 =: v° for H e, € € [—1, 11471 We apply the lower
estimate in Proposition [2.3.13] to infer that

lim inf % > / mk#S(vi) d§ = my,.
j—+oco T [ }d—l

11
J 272

Since this argument is valid for all z € 9* A, recalling ([2.3.25)), we obtain
dp
Q) >
ey = /a*/m dHTL (9" AN Q)
mpHITH AN Q) = mpHE (S (u)),

dH!

V

and, since the weak*-convergence of {j,}; to p implies that lim Jinf pe,; (£2) > p(€2), finally we get
j—+oo

liminf pe, (Q) = lLm e, (Q) > p(Q) > meHH(S(w)),

Jj—+o0 j—+oo
and the proof is complete. O

We conclude the proof of the I'-convergence by showing the existence of a recovery sequence. In
what follows, C' denotes a generic positive constant which may vary from line to line.

Proposition 2.3.14 (Upper bound). Let {€;}; be a positive sequence converging to 0 and let E.; be
defined by ([2.3.4). Then, for every u € BV (;{—1,1}) there exists a sequence {u;}; C H*(Q) such
that uj — w in L*(Q) and it holds

limsup B, (u;) < mpH " (S(w)),

j—+o0

where my, is as defined in (2.3.3)).

Proof. Let A be the set of finite perimeter in € such that u = 2x4 — 1. Then, there exists a
sequence {A,}, of bounded open sets in R? with C> boundary such that ya,no — Xxa in L'(Q)
and P(A,;Q) — P(A;Q). Therefore, since H?~1(S(u)) = P(A;), it is enough to prove the upper
estimate only for functions u = 2x4 — 1 when A = ANQ for some smooth bounded set A in RY. We

set M := 0A.
Resorting to Proposition let us consider {v;}; a sequence of functions in H (R) such that

—+ o0

lim (W (v)) + [0\"2] dt = my, (2.3.27)

j=too )
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and

o -1 ift<— \f’
v;(t) =

1 if t > \ﬁ

Since M is a smooth manifold in R?, there exists 6y > 0 such that for every § < & there exists a unique
smooth projection from Us on M, where Us := {z € R? : dist(z, M) < §} is a tubular neighborhood
of M. Therefore, denoting by dr the signed distance function from M which is negative inside of F,
we have that dy; € C>(Us) for every & < d.

We suppose that /g5 < do/2 for every j and define

1 ifzeQ\ (EUU;),
ui(@) = § oy (22 itz eQnU;, (2.3.28)
1 itz e E\U;,

where U; : V5
In order to estimate I (u;), we compute the derivatives of order k of the function u;. Let a be
a multi-index of order k. We observe that

o, Lo dM - 1 (4) dM pt o
J (=

€’ £j - sj ;
where A(@ag ar) represents the ordered vector of all the derivatives 9° dy with 8 C a, |8l > 1, and

Pt RZ"' -1 5 R are polynomials of degree at most k. Therefore, the k-tensor V(k)ugj can be written
in the form

1 d, =1 (/d
VOu; = Sol® (2L (Vdy @+ 0 Vdu) + > ol ()T, (2.3.29)
ei ) \g et €;
(=177
where T, ¢ € {1,...,k — 1}, are k-tensors having equi-bounded operatorial norm. Indeed, the coef-

ficients of T* only depend on the derivatives of d, M up to order k, and these are uniformly bounded
on Uj since we assumed ,/Zj < &o/2, which implies the existence of a compact set K such that
U; cC K CUs,.

By (2.3.28)) and (2.3.29)) we obtain

limsup F;; (u;) = lim sup </ iW(vj (C?/[)) dx
U

j—+o00 j—+o0 5 €4

1 () d, k711 ) d,

2k:1 k) (@M M\ e

/H,H )VdM® . ® Vd) +Z7] ( )THd)
J J

S
=1

Let ® : M x (=60/2,00/2) — Us,/2 be the diffeomorphism defined by ®(y,t) := y + tv(y), where
v(y) is the outer unit normal to M at y, and denote by J(y,t) its Jacobian. Applying this change of
variable, we get

t
limsup I (u;) = hmsup/ / < (—))
j—-+oo j—=+oo JMNQ €j

&2 2k~ 1”7 (k)(6]>(VdM® ®V&VM)(<I>(y7t))

le f>( )Tf( ) H) y,t) dt dH (y). (2.3.30)

k-1
+

M

195
{=1
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We set
/Mm/ (é)) + ;j‘vj("“) (é) ﬁJ(y,t) dt dH* " (y)
I ::/;gj’f - 2‘" W(S_)‘zdt if 0 <k,
— & J
and

VEi
R N T NI PR
-V Ej Ej

Taking into account that the Jacobian and the operatorial norm of all T are bounded on M x
(—00/2,60/2), expanding the square in the right-hand side of (2.3.30) we have

k—1/—-1
limsup F; (u;) < hmsu Ik +C< Ie+ ok 4 IM)>
e ) < e (154 0( L4 04T S

(=1 r=1
k01
= 11msup<[k+C’<ZI£+ZZIM>>
URSES ¢=1r=1

We have also used that ||VJM @

® Vdu|| < |Vdar|F =1 since dyy is a 1-Lipschitz function.
We first prove that

lim sup If < mpHIT(S (u)).
Jj—4o0

By a change of variable, we have

8= foo B S ) T

:/ /f (v5(5)) + [0 ()] T (9, s2) ds dH* (1)
MNQ

( sup e ) /M /m )+ (o8 ()] ds dH? (u).

te(=v/Ei/E)

IN

Since M is compact, J(y,t) converges uniformly to 1 as ¢ — 0; hence, by (2.3.27) we obtain

hmsupIk <mpHITH (M N Q) = myPer(E; Q) = mpyHH(S(u)).

Jj—+o0

We now prove that for fixed ¢ € {1,...,k — 1} we have limsup IZ

Jj—+oo

0. To this end, we set

w;(t) == v;(t/e;) and A; = (—,/&5, /Ej), and write

t 2
zf:5§’f—1—2‘*/ ]v]@(f)’ dt:s?’“_l/ o (1) d. (2.3.31)
Aj € Aj

By a change of variable, we have

1 B & +oo .
/A [EW(wJ)JFE?k s )lﬂ dt:/ (W (0y) + ()] dt;
J J

—00
hence, by (2.3.27)) and by the fact that W > 0, we infer that

—2k

12k
lw$ |24,y < Ce; 2 (2.3.32)
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Note that for every positive integer j and for any h € {0,...,k — 1} there exists zf € [=/&5 V&S]
such that w§h) (Z]h) = 0. Indeed, this holds with zjl = /& for h € {1,...,k—1}, while the existence of
29 follows by the continuity of w;. Hence, applying the Fundamental Theorem of Calculus and using

(12.3.32)), we get

2 1—2k

2k-1
lw; (@) <e;* ||w§'k)||L2(A]») <Cg;* for every t € A,

so that -
willrz(a,) < Ce;® . (2.3.33)

By the interpolation inequality (2.3.8)), it holds
[ k)£ k-t _
i N2,y < € (NN Fa g sl i, + 1451 lwsllzaca,) ).
Hence, combining ([2.3.32)) and (2.3.33) we get

1-2ky 2y (loky k=t
||w§‘é)||L2(Aj) SO(EE P) )(k)€; ) (55)

£ 1—k —k—0+1
,EJ’,T) —hk—f+1

+¢; =Ce; * . (2.3.34)
Note that the above formula, up to a constant factor that is independent of j, reduces to (2.3.32))
when ¢ = k. Recalling ([2.3.31]) we conclude

14 2k—1 4 k—¢
I = &y a4, < 5,

which tends to 0 since ¢ < k.

Finally, we prove that for fixed r < ¢, we have lim sup I;’e =0.
j——+oo

Recalling that w;(t) = v;(t/e;), by Holder’s inequality we have

n(t t
A OIIT
Aj €j &j

_ r 4
= ) el )

J

_ r ¢
< 2wl oy oy

Since (2.3.34) holds for every £ € {1,...,k}, we get

—k—r+1 —k—£¢+4+1 f— 42
2

.4 2k—1 5 _
Ij SC’sj E; g; —Cej ,

which tends to 0 since r + ¢ < 2k, concluding the proof. O

2.4 Models with singular perturbations of different orders

This section is devoted to the analysis of the energies

k
1
/ {fW(u) + Zqﬁ%_ﬂvmuﬁ dx, u e H*(Q),
QLe
=1
where q1,...,qx—1 are (possibly negative) constant coefficients, g = 1, and | - |¢ is any norm on the
space of symmetric /-tensors for every £ € {1,...,k}. Here, Q is a bounded open subset of R? with C'!

boundary, and the double-well potential W satisfies stronger growth conditions at infinity compared
to the previous section.

One of the difficulties in dealing with general tensor norms is the emergence of possible anisotropies,
which makes slicing techniques inadequate; for this reason, we rely on a blow-up argument [75]. But
the main issue of our study concerns the presence of negative terms in the energy. To overcome
this difficulty we combine the approaches of Chermisi, Dal Maso, Fonseca, and Leoni in [55], and of
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Cicalese, Spadaro, and Zeppieri in [56], where the case k = 2 is independently treated: in particular,
in the former work the analysis is performed also in higher dimensions (for energies involving the
operatorial norm of the Hessian), while the latter gives a detailed description of the one dimensional
case.

Our first step is proving a non-linear interpolation inequality that determines lower bounds on the
constants qi, . .., gx—1 for which our asymptotic analysis can be carried out. Compared to the previous
section, the strategy adopted here requires stronger assumptions on W, such as quadratic growth at
infinity, as our argument relies on the use of standard interpolation inequalities on the whole domain,
and not just close to the bottom of the wells.

Having such an interpolation estimate at our disposal allows us to find a priori bounds on the
functionals, provided that the coefficients ¢, ..., qx—1 are not too small. This is the key ingredient to
get our compactness result: indeed, in this situation, the above energies can be directly compared with
those studied in Section (that are obtained for g1 = -+ = gx—1 = 0) and, consequently, a com-
pactness result can be immediately inferred by the corresponding extension to the multi-dimensional
case of Theorem m (see also Remark . We point out that the quadratic growth of W yields
now precompactness in L2, and not just in measure and that, clearly, the interpolation argument is
not needed if g > 0 for every £ € {1,...,k — 1}.

Finally, we compute the I'-limit of the family {F.}. with respect to the strong convergence in
L?(Q)). Having already observed that this is finite on BV (Q;{—1,1}), we prove that it equals an
anisotropic perimeter.

2.4.1 Statement of the results

Let W : R — [0,400) be a continuous function satisfying the following assumptions:
(H1) W(u) =0 if and only if u € {-1,1};

(H2) W (u) > min{(u + 1)2, (u — 1)?} for every s € R;

(H3) W(u) < W(v) + 1 for every v € R and for every u € R with |u| < |v].

Let k£ > 1 be an integer and 2 be a bounded open subset of R with C' boundary. For every € > 0
we define the funcitonals F. : L?(Q) — [—00, +00] as

9

k
1
-w 2NV OuF de i ue HHQ
F.(u) := /Q[ (u)—&-;qﬁ v u|4 voue (@), (2.4.1)

400 otherwise,

where the ¢1, ..., qr—1 are constant coefficients, g, = 1, and |- |, is any norm on the space of symmetric
(-tensors for every £ € {1,...,k}.
Our first main result is the following non-linear interpolation inequality.

Theorem 2.4.1 (Interpolation inequality). Let Q C R? be a bounded open set with C' boundary, let
k > 1 be an integer, and assume that (H2) is satisfied. Then, for every £ € {1,...,k—1}, there exists

a positive constant q; independent of Q such that for every q < g there exists g = €o(q, 2) such that
1t holds

qsﬂ’/ ||V(£)u||%dx§/[W(u)—i—ezkHV(k)uHﬂ da
Q Q

for every € € (0,e0) and u € H*(Q). Moreover, for every £ € {1,... k — 1}, there exists a positive
constant g; independent of Q@ such that for every q < q; there exists eo = o(q, ) such that it holds

qs:%/ |V(€)u\§dx§/{W(u)+€2k|v(k)u|i} dx
Q Q

for every e € (0,20) and w € H*(Q). In particular, §; depends on g}, |- |¢, and |- |i.

The above estimate inequality is proved by, first, adapting the arguments in [56], which yield the
result in the case d = 1, and then by applying the slicing method as in [55] to recover the general case.
The main coerciveness result reads as follows.
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Theorem 2.4.2 (Compactness). Let F. be defined by (2.4.1)) and let N :={f € {1,...,k—1} : qo < 0}.
Assume that (H1) and (H2) are satisfied and that one of the following conditions holds:

(i) N =0;
(i) N # 0 and q¢ > —q, for every £ € N for suitable positive constants {g, : £ € N'}.

Then, the family {F.}. is equi-coercive with respect to the convergence in L*(Q); that is, given any
family {u:}. C H*(Q) such that
sup Fy(u.) < 400,
€

there exist a positive sequence {e;}; converging to 0 and a function w € BV (Q;{—1,1}) such that
Ue; —> U in L3(Q) as j — +oo. In particular, if N # 0, letting @, ..., q;_, denote the same positive
constants appearing in Theorem and given {ay : £ € N'} such that ap > 0 for all £ € N and
> ven Qe =1, it holds that G, = cuqy for all £ € N'; hence, {q, : £ € N'} are independent of 2.

To state our result of I'-convergence, we introduce some notation. We fix a function u € Hf (R)
such that w(t) = -1 if ¢t < -1/8, w(t) =1if t > 1/8, |u] < 1, and

0< /%o [W(a) + zk: |q¢||ﬂ“>|2} dt < 400,
> =1
then, for fixed v € S¥~!, we define the function
w”(z) = u(z - v) for all z € RY,

and for every £ > 0 we further define

(o) = (2) = (=) forallw e RY,
We introduce a class of admissible functions on unit cubes as

AL = {v e H*QY) : v =71’ near 9QY}, (2.4.2)

where by ‘near 9Q}’, we mean ‘in Q% \ Q¥ for some r € (0,1)’. Finally, for every v € S?~! we introduce

the function
g(v) := inf /
U

We state our last main result.

k

1
{EW(U) + qus%lw“)mﬂ dz:ve AV e € (0, 1)}. (2.4.3)
! =1

Theorem 2.4.3 (I-convergence). Let F. be defined by (2.4.1) and let N :={L e {1,....k—1}:q <
0}. Assume that (H1)-(H3) are satisfied and that one of the following conditions holds:

(i) N =0;

(ii) N # 0 and g0 > —q, for every £ € N with the same positive constants {q, : £ € N'} independent
of Q0 appearing in Theorem |2.4.2

Then, the family {F.}. T-converges with respect to the convergence in L*(Q) to the functional F :
L?(Q) — [0, +00] defined as
/ g(va)dHY  ifue BV(Q;{-1,1}), withu=2x4 — 1,
F(u) = 9*ANQ

400 otherwise,

(2.4.4)

where A is a set of finite perimeter in Q, 0*A is its reduced boundary, v is its inner unit normal,

and g is as defined in (2.4.3).
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In the special case g1 = --- = qx—1 = 0, this result improves the corresponding one in Section @
as it deals with arbitrary norms on the spaces of tensors, upon assuming stronger hypotheses on the
double-well potential.

In order to compute the I'-limit, we follow the strategy presented in [55]. The lower bound is
proved by using the blow-up argument and relying on a method due to De Giorgi that allows to
vary boundary conditions on converging sequences (Lemma . The construction of a recovery
sequence is confined to the case of polyhedra, which are seen to be dense in energy for the limit F,
being the surface energy density g upper semicontinuous (Proposition .

Remark 2.4.4. We point out that Theorem is not available on cubes. In [55], where k = 2,
the corresponding result is obtained by slicing. There, such method is well suited because, roughly
speaking, the operatorial norm of a 1-tensor (the gradient) coincides with its Euclidean norm as a
vector of R%. Because of the higher order of derivatives that our interpolation estimates involve, such
argument seems to be difficult to adapt. As a consequence of the lack of interpolation estimates on
cubes, the proofs and the statements of the lower bound (Proposition and of a fundamental
auxiliary result (Lemma present several differences with respect to their counterparts in [55].
In particular, we will need to apply our interpolation inequalities on a C! subset of the cube Q¥ that
coincides with such a cube inside the strip {z € R? : |z - v| < %} which is close to the interface on
which most of the energy is stored.

Remark 2.4.5. With some minor adaptations in the computations, we could also assume more in
general that, for some positive constants «, 3, the following conditions hold:

(H2") W (s) > amin{(s + 1)2, (s — 1)?} for every s € R;
(H3) W(s) < W (t)+ S for every t € R and for every s € R with |s| < |¢],

having our main results still holding unchanged.

We conclude this subsection proving a characterization of the density introduced in (2.4.3)). In view
of the asymptotic analysis, the following proposition makes irrelevant the choice of the orthonormal
basis {v1,...,v4—1,v} fixed in the definition of QY in Section and then also in (2.4.2). In the
following we let SO(d) denote the group of rotations in R

Proposition 2.4.6. For every v € S*! and for every R € SO(d) such that Rv = v it holds

k
1
g(v) = inf { /R(QV) [fW(v) + qus%—wv(f)uﬁ} dz:voRe A, e € (0, 1)} (2.4.5)

9
=1

k

1

— inf {/ (W) + 3 e VO] drvo R € A7, 2 € (0,1),
Q) € =1

R € SO(d) with R'v = y}. (2.4.6)
Moreover, g is upper semicontinuous.

Proof. We first prove (2.4.6). Fix v € S*"! and let ¢ € (0,1), R’ € SO(d) satisfying R'v = v, and
vo R € AZ. We claim that for every 1 € (0,¢), there exists a function w,, € A} such that

k k
1 1
W)+ Y a1V 0wt ar< [ W)+ Y e 9O o
R(QY)

lim sup/
n=0JQ =1 < =1
(2.4.7)

v
1

For the sake of exposition, we set 7' := 1/ and 9(z) := v(%z) for all z € R'(QY%.). For S > T, we
introduce

Z(T,S)={z=T(z1r1 + -+ za—1va-1) : 2+ R'(Q%) C Q% (21,...,24-1) € Zdil},
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where {v1,...,v4_1,v} is the orthonormal basis that we arbitrarily fixed in the definitions (2.1) and

, and
E(T,S) = |J (z+R(@Q%).

2€Z(T,S)

Then, we define the function

Tg(z) = Uz —2z) ifze€z+ R(QY) for some z € Z(T,S),
S u” (x) otherwise in Q%,

and we note that w € H ’“(Qg) with wg = " close to 0Q%. Upon introducing the localized functionals
k
Fi(u, B) = / (W) + 3 0V Ouf?] da
B =1
for B C R? a Borel set, we have

Fi(ws, Q%) Fi(ws, E(T,S)) + Fi(ws, Q5 \ E(T,5))

Sd—1 - Sd—1
(Y Dl@sctR@D)), A@ 04\ BT.S)
- Sd—1 Sd—1
2€Z(T,S)

P@R(@Q7)  HTH (@5 \ E(T,S))

= #2(T. )~ gy + ST co,

having set ¢y := fjoooo (W (@) + 35—, qe[a®|?] dt and letting 7 denote the orthogonal projection on
the hyperplane . We observe that

L #E(T.S)

s STy b

and
HEH (7 (Q% \ B(T,S)) = 8471 — #2(T, )T,
therefore,
. B (ws,Q%) _ Fi(v, R(Q7))
. < .
lmaup =g S
that is

k k
1 1
limsupf/ W(@s) + 3 qu| VO ws 2] do < —7/ W)+ @l VO] de. (2.45)
§—rtoo S Qg{ Pt } Tt R(Qm[ = }

Finally, we set

1 ~

ni= 5 wy () = (O (%x) for all x € QF,

so that w, € A}. By applying the change of variables y := nz on the left-hand side and y := ez on
the right-hand side, (2.4.8)) can be written as

lim sup /
n—0 Q

which is (2.4.7). By the arbitrariness of ¢, R’, and v, inequality (2.4.7) and a diagonal argument yield
2.4.6).

k k
1 _ 1 _
[5W<wn>+§ eV O, ] dy < / o )[7W<v>+§ ge IV OulZ| dy,
R(QY

v g
1 /=1 (=1
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As for the proof of (2.4.5)), consider Ry, Ry € SO(d) satisfying Rjv = Rov = v and vo Ry € AY.
With a similar argument to the one employed above, we may prove that for every n € (0,¢), there
exists a function w, such that w, o Ry € AZ and

k k
1 1
limsup/ {fW(wn) + E QZ772€71|V(6)wn|ﬂ dx §/ [fW(v) + E qg€2571|v(€)v|§] dx,
n—=0  JRy(Q¥) " —1 Ri1(QY) -€ =1

which, by the arbitrariness of the rotations Rj, Ry and of the function v, proves (2.4.5)).
Finally, we prove that g is upper semicontinuous. Let v € S?~! and {v,}, C S% ! such that
v, — v. We aim to show that

lim sup g(v) < g(v).

n—4oo

Fix n > 0 and let £ € (0,1) and v € AY such that

k
1 _
g(y)+n2/ [EW(’U)—F E gV O0)2| d. (2.4.9)
QY =1

For each n € N we can find R, = (Rf;j)?jzl € SO(d) such that R,v = v, and R, — I, where

we let I; denote the identity matrix in R4*?¢. Consider the cube R, (QY) and, for each n, a rotation
Sy € SO(d) such that
Snyn = Un and Rn(Q;) = STL( llln)

Define v, (z) := v(RLx) for every x € R,(QY) = S,(Q}™) and note that v, o S,, € AY. By (2.4.6)
and a change of variables

k

1 _

g(vn) s/ [fW(vn(x))-l—quE% 1|V(Z)vn(x)|ﬂ dx
Sn(Qym) L€ =1

k
1 _
:ﬁu@JPqu»+§ﬁﬁ”va%mﬁhm

< {=1

k
= /QU EW(U(Z’))+ZQe6%1|V“)vn(Rn:c)|ﬂ da. (2.4.10)
! =1

We show that, for each £ € {1,...,k} and for a.e. x € Q¥, we have VYv,(R,z) — Vuv(z) in
the space of /-tensors as n — +o00. By the equivalence of the norms, to prove this it is sufficient to
show that for a.e. x € Q)Y it holds

lim Vv, (Ruz)(ei,, ... e5,) = VOu(x)(es, ..., e;) for every (ir,... i) € {1,...,d}*. (2.4.11)

n—-+o0o

Let us fix (i1,...,i7) € {1,...,d}’. For a.e. x € Q¥ we have

0t
. %) , )= lim ————
ngg}oo \V4 ’Un(Rnx)(e“, e ,eu> ngr_;’r_loo axil - axi(

d d

= lim Z...ZR;}Jl... R:‘f,jzaigv(x)

Ji=1 jo=1 8le e (%rje
d d
v
- Z Z Oirja ---%sz(z)
= V(Z)v(x)(em ce€,),

and this equality proves (2.4.11)).
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To conclude, we first observe that, since R,, — I;, we may assume that |R;7| < 2 for all 4,5 €
{1,...,d} and n € N so that
0%
8$i] ‘e 833” (
d . o v
:cmax{fz SRR T ()] (i, i) € {1,...,d}f}

oxj, ...0x;
j1=1 Je=1 n Je

0%
(’hil ce Bxu

VO, (Rpz)|e < cmax{; Roa)|: (in,...,i0) € {1,...7d}4}

< Cmax{] (@)|: (i1,...,i0) € {1,...,d}£} <OIVOu(z),  (24.12)

where C' is a positive constant that may vary from line to line which only depends on d and ¢ as it

arises by the equivalence of the tensor norms. Finally, combining (2.4.11f) with (2.4.12f), we apply the
Dominated Convergence Theorem in (2.4.10)), so that by (2.4.9) we obtain

k
1
limsupg(v,) < lim {vam + qgew_l V“)vn R,x 2} dx
s g(n) < [ [ZW0G) + 3 e 9O (R

y

The arbitrariness of 1 concludes the proof. O

k
@) + a9 D@ ] de < gw) +
1 =1

Remark 2.4.7. With the previous proof, we also showed that

g(v) = gl_r:% inf {/Q

This observation will be useful in the last subsection in order to study the density g in the one-
dimensional case.

k

1

{EW(’U) + quzs%_ﬂv(é)v\? dx v € AZ}
=1

v
1

2.4.2 Interpolation inequalities

This subsection is devoted to the proof of Theorem [2.4.1] Furthermore, we obtain a useful result
(Corollary that we will use in the proof of Theorem Throughout this subsection, we
keep track of the dependence of the constants on the involved parameters with the only exceptions of
d, the dimension of the ambient Euclidean space, and k, the highest order of derivation.

We start by mentioning a classical interpolation estimate on intervals (see [06, Theorem 7.41]).

Theorem 2.4.8. Let I C R be a bounded open interval and let k be a positive integer. Then there
exists a positive constant ¢ independent of I such that

/|u<k*1>|2dt§ c|1|*2<’<*1>/u2 dt+c/\u(k)|2dt
I I I

for every u € H*(I).

We adapt the argument of Lemma 3.1 in [56] to bound the square of the L?-norm of the derivative
of order k — 1 by means of the integral of the double-well potential and the square of the L?-norm of
the derivative of order k. Then, we deduce the same kind of estimate for any derivative of intermediate
order £ € {1,...,k —1}.

Lemma 2.4.9. Let I C R be a bounded open interval, let k > 1 be an integer, and assume that (H2)
is satisfied. Then there exists a positive constant q),_, independent of I such that

q/\u(k_l)(t)|2dt < |1|-2<k—1>/W(u) dt+|]|2/|u(k)|2dt
I I I

for every q < qj,_, and v € H*(I).
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Proof. Tt is sufficient to prove the statement for I = (0,1), the general case being obtained by trans-
lating and rescaling. We set
1
z ::/ w1 dt,
0

and by the Fundamental Theorem of Calculus we infer that
1
=D (1) — 2| < / lu®|dt  forall t € (0,1). (2.4.13)
0

As a consequence
1 1
/ luF=D 2 dt < 2/ [u®) |2 dt 4 222;
0 0

therefore, the proof is complete if we prove that
1
22 < C/ (W () + [u™]?] dt (2.4.14)
0

for some C' > 0. If 22 < 4f01 |u¥)|2 dt, then (2.4.14) is immediately satisfied. Otherwise, by Jensen’s
inequality, we have that |z| > 2 fol |u®)| dt, which together with (2.4.13)), yields

2]

luE =1 ()] > 5 >0 forallte(0,1). (2.4.15)

Consider the intervals (%, "T“), n € {0,...,k — 1}. We observe that there exists n* € {0,...,k — 1}
such that u # 0 on (5%, "*k“) To see this, assume by contradiction that u vanishes on each of these
intervals; then, u has at least k zeros on I. By Lagrange’s Theorem, this implies that «' vanishes at
k — 1 points of I, and then, iterating this argument, we obtain that u(*~1) vanishes at a point of I,
contradicting . We suppose u > 0 in (”—k*, ",;L 1), the case u < 0 being analogous. Applying

Theorem to the function u — 1 on the interval %, n+1) and resorting to (H2), we obtain

Iz
n*4+1 n*4+1 n*k«}»l
luF=D 2 dt < ck2<k*1>/ (u— 1)2dt+c/ [u®)|2 dt
F F 5
n,*k+1 n*k-H
< ck?k=D / W (u) dt + c/ |u® |2 dt,
% =
therefore, taking into account (2.4.15)),
n* 41
k
22 < 4k5/ JuF=1|2 gt
%
n*k+1 n*k+1
< 4ck?k1 / W (u) dt + 4ck / |u® |2 dt,
which, by the positivity of W, proves (2.4.14)) and concludes the proof. O

Corollary 2.4.10. Let I C R be a bounded open interval, let k > 1 be an integer, and assume that
(H2) is satisfied. Then, for every £ € {1,...,k— 1}, there exists a positive constant q; independent of

I such that
q/|u<f>|2dt§ |I|’25/W(u) dt+|I|2(k’£)/\u(’“)|2dt
I I I

for every q < ¢, and u € H*(I).
Proof. The thesis follows by applying iteratively Lemma [2.4.9] O

We adapt the interpolation inequality at scale €, in view of its application to functionals (2.4.1)).
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Proposition 2.4.11. Let I C R be a bounded open interval, let k > 1 be an integer, and assume that
(H2) is satisfied. Then, for every £ € {1,...,k— 1}, there exists a positive constant q; independent of
I such that, for every e € (0,|1|/2), it holds

q52f/|u<f>|2dtg /[W(u)+s2k|u<k>\2 dt
1 1

for every q < ¢ and uw € H*(I).

Proof. We set v(t) := u(et) for ¢t € LI so that

52@*1/|u<4>|2dt=/ 0|2 gt
I I

Then, we set i, := L%J and we subdivide the rescaled interval 17 in i. pairwise disjoint open intervals

I n € {1,...,i.}, each of length % Then we apply Corollary [2.4.10] on each subinterval I with
q < ¢, and we obtain

52f’1/\u<£)|2dt: Z/ [0 dt
I n=1"1

L 1 n|— n -
<> i [ wedes et [ opa)

n=1

é{Q”/lIW(v) dt + (g)Q(H) /11 (82 dt}

B

20 2(k—0)
max{22%¢, (3/2) }/{WS(U) +62k71|u(k)|2} dt,
q I

IN

where the second inequality follows by the fact |17 € (3, 3) if € € (0, |1]/2).
We multiply the above inequality by € to obtain that

q~822/|u(2)|2 dt < /{W(u) +€2k|u(k)‘2} di
I I

for every ¢ < ¢j and € € (0,]I]/2), where we set

a .
max{22¢ (3/2)2(k-01"

"o,
dp =

therefore, the proof is complete. O
The following corollary proves Theorem in dimension 1.

Corollary 2.4.12. Let Q2 C R be the union of finitely many bounded open disjoint intervals, let k > 1
be an integer, and assume that (H2) is satisfied. Then, denoting by |I,| the length of the shortest
connected component of Q, for every £ € {1,...,k — 1} and for every e € (0,|1,|/2), it holds

que/ W ®2 dt < / [W(u)+€2k|u(k)|2} it
Q Q

for every g < ¢} and u € H*(Q).
Proof. The proof follows by an immediate application of Proposition [2.4.11 O

Finally, we prove the main result of this subsection. Below, we will make use of some notation
about slicing that has been previously introduced.
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Proof of Theorem[2.].1 It suffices to prove the part of the statement concerning the operatorial
norms, since the other case follows by the equivalence of the norms. We follow the proof of Theorem 1.2
in [55]. Forr >0, £ € %=1 and y € Qf, we define Q&Y as the finite union of the connected components
of the slice Q%¥ having length larger than 7. Then we set Q(&,7) := {y +t£ € R : y € Qf t € Q5V}
and we observe that (Q(&,7))5Y = Q%Y.

Applying Corollary we obtain

e B R B O R R L B
Qs Qs
for all ¢ < ¢/ and € < r/2. We integrate the above inequality on &+ to get
=[O0 P o < [ W)+ ] do
Q(&r) Q
and setting A(E,7) := Q\ Q(&, r) we obtain

i [ (VO O de g [ 9Oultde < [ W)+ 0@ ul] de

s

Averaging this inequality on S?~! yields

L[ O P et - [ v de g
0d—1 Jsd-1 .JQ 0d—1 Jsd—1 A(g,r)
< / (W () + 2|V u|F] da
Q

By a simple compactness argument, there exists a positive constant 7(¢) such that

: / T, ... O dHI(E) > 7(0)|T2
Sd—1

Od—1

for every symmetric ¢-tensor 1. Therefore, by Fubini’s Theorem,

[ [ 15O P deant =) = (o) [ 190l da. (2.4.16)
Sa-1.JQ Q

Od—1

Again by Fubini’s Theorem, we have

/ / IV Ou)? do = (€) —/nv@ 12H (D (z, 1)) da,
Sd-1 JA(E,r)

0d—1

where D(z,r) := {¢ € S1 : 2 € A(¢,7)}; hence, to conclude the proof, we have to select r small
enough so that H?~1(D(x,r)) is small uniformly in z. Given z € 99, we let Cr(x) denote the cylinder
having height 2R and radius R with axis parallel to the normal v(x) to 9 at x.

Let ¢ < 7(€)q), and fix g such that —~ 5 < g < q/. Fix n =n(¢g) > 0 such that

q < q(t(€) —n); (2.4.17)

since © has C! boundary, there exists R such that, for every x € 9, it holds Cg(z) N O is the graph
of a C' function with respect to the base of the cylinder, and moreover,

HTN{E e ST 1 ¢ € Tha(y), y € Cr(z) NON}) < nog_1.
Employing the same argument presented in the proof of Theorem 1.2 in [55], it holds that,

D(z,r) C{€ e ST 1€ eTh(y), y € Crlx) NN}
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up to choosing r < R/2; as a consequence, H?~1(D(z,r)) < n for all x € 9Q if r < R/2, and then

1
/ / IV Ou|? de dH(€) < 1 / IV ©u)? d, (2.4.18)
0d—1 Jsd-1 JA(g,r) Q

for all r < R/2.
Gathering (2.4.16]) and (2.4.18]), we obtain that

Zr(0) — ) /Q IV Ou|? dz < /Q (W () + 29O ul] de (2.4.19)

for all ¢ < ¢/ and e < R/2, where R = R(n, Q).
Recalling (2.4.17), by (2.4.19) we get

i [ 19Ol do < [ (W) + VO] de.
Q Q

The above inequality is valid for all ¢ < 7(f)q) and € < R(n,)/2. Then, the thesis holds with
q; =71(0)q) and &g := R(n,Q)/2, which in turn, since 1 depends on ¢, only depends on ¢ and Q. O

Remark 2.4.13. We are not able to prove the interpolation inequality on an open cube. The same
slicing arguments employed in [55] cannot be applied in our case because of the high order of the
derivatives that we want to estimate. In what follows, it will be important to apply Theorem [2.4.1|on
a class of C! sets {Q, : p € (p1,p2)} for some p; < po for which the threshold gy = (g, ,) can be
chosen independently of p € (p1,p2). Inspecting the proof of Theorem this amounts to prove
that for each properly fixed ¢, given n > 0 such that

q < q(r(€) —n),
there exists R > 0 such that, for every p € (p1, p2) and for every = € 09, it holds that
Cr(x) N0, is the graph of a C' function (2.4.20)

and
HTN{E e ST 1 ¢ € Thg, (y), y € Cr(z) NON,}) < noa_i. (2.4.21)

We claim that the above conditions are satisfied if we consider Q a bounded open set with C? boundary
and
Q, = {z € Q: dist(z,09Q) < p}

with p € (0, po), for a certain pg to be determined.

First, we fix p* small enough so that {z € Q : dist(x,0Q) = p} is a (d — 1)-manifold of class C*
and there exists a C! projection from €, onto 9 for every p < 2p*.

Let ' = n'(n,d) be such that

HTH{E e ST s (gl <'Y) <moat (2.4.22)

Since 0 is of class O, for every x € 9 there exist R > 0 and a C'!' function ¢ defined on the
base of Cr(x) such that
Cr(z) N0 = Cr(x) Ngraph 9.

By a rotation argument, we can further assume that V¢ (x) = 0, and upon taking a smaller R, that
IVl oo (Cr(ay) <1

Moreover, since 02 is compact, we can select such R as above independent of z € 0£2. Without loss
of generality, we further assume that R < p*.
Now, let z € 90 and 0 < p < R/4 and note that

{y € Cr_,(x) : dist(y, graph ) = p} = Cr_,(x) 100,
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Then, letting x, € 09, denote the unique point such that |z — z,| = p, we have that Cr_z,(z,) C
Cr—,(x), which implies

{y € Cr_z,(z,) : dist(y, graph ¢) = p} = Cr_z,(x,) N OQ,.
We also note that there exists a C'! function v, such that
{y € Cr_sp(z,) : dist(y, graph ¢) = p} = Cr_2,(x,) N graph ¥,

and moreover
IVsllLoe (Croopta,)) S NIV Lo (Crosp@,)) < NIVl Lo (0p(2))-

Recalling that there exists a C'! projection from €2, onto 99 for every p € (0,2p*), the above obser-
vations prove that for every p € (0, R/4) and for every € 012, it holds that

Cr—2p(x) N0, = Cr—2,(z) N graph v,
where 1, is a C! function such that
IVl Lo (Crsp@)) < NV Lo (Crosp(@)) <1
As p ranges in (0, R/4), in particular we obtain
Cry2(x) N0, = Crya(x) N graph v, (2.4.23)

and
IVYollzoe (e <1 (2.4.24)

We conclude that our claim is proved with pg = R/4. Indeed, (2.4.20) follows by (2.4.23)), and we
are left with proving that (2.4.24)) implies (2.4.21)). To see this, note that for fixed p € (0, R/4) and
x € 012, (2.4.24) implies that

{¢es™ e Thg,(y), y € Cryalz) NOQ,}
C{ees™ (&l =Ve,(yr, - ya-1) - (&1, &a-1)|, ¥ € Crpa(z) NOQ,}
Cl{ees® gl <n'}

therefore, by we conclude that
HTH({e e ST € € Tag, (y), y € Cryalz) NOQ,}) < pHH ST,
Being the above estimates uniform in p and =z, is satisfied.
The following corollary will come into play in the forthcoming subections.
Corollary 2.4.14. Let Q C R be a bounded open set with C' boundary, let k > 1 be an integer, and
let N:={te{l,....k—1} : gy < 0}. Assume that N # 0 and that (H2) is satisfied. There exist

positive constants {g, : £ € N'} independent of Q such that if qo > —q, for every £ € N there exist
positive constants e = eo({qe : € € N}, Q) and 6 = §({q¢ : £ € N'}) such that it holds

k k
1 1
/ [7W(u) i Z%EM_IW(K)U‘%} dz > 5/ [fW(u) + ZE%_HV(Z)UI? dx
Qte — Q-& (=1
for every e € (0,e0) and u € H*(Q). In particular, letting Gi,...,q;_, denote the same positive

constants appearing in Theorem and given {ay : £ € N'} such that ay > 0 for all £ € N and
> ven @ =1, it holds that G, = cuqy for all £ € N



2.4. MODELS WITH SINGULAR PERTURBATIONS OF DIFFERENT ORDERS 129

Proof. By Theorem for every £ € {1,...,k — 1} there exists a positive constant ¢; independent
of Q such that for every ¢ > —g; there exists eg = €o(q, 2) such that it holds

1
/ [fW(u) + 52k—1|V(k)u\ﬂ dx + q/ X1V u2de >0 (2.4.25)
Q'€ Q

for every e € (0,50) and u € H*(9Q).
Let N:={fe{l,...,k—1} : ¢y <0} and consider {ay : £ € N'} such that ay > 0 for all £ € N
and ), .\ a¢ = 1. Suppose that ¢ > —a,q; for every £ € N and let 0 be a positive real number

smaller than 1 such that
1 qv — (5

vt (2.4.26)
for all £ € N. Note that
W
oy g(u) + qZEM_l‘V(E)uu + Oze€2k_1|v(k)u|k
W )
=(1-90)ay () + L€2€_1|V(€)u|g + e v ®y,
€ 1-6

w
+ (5((14% + X7V Oy, + ags%_lw(k)u\k).

We integrate the above equality and, taking into account (2.4.26)), we apply (2.4.25)) with ¢ = ai[ qf__(;s
to obtain

W

/|:Oé£ &EU) +qz€22_1‘v(e)u|g+(X@€2k_1|v(k)u|k] da

Q

> 5/ [w@ + 271V Oy, +ag52’“*1|v<’“>u|k] da (2.4.27)
Q

for every £ € N, € < e9(qe, Q).
Clearly, for £ ¢ N the coefficient g, is strictly positive; hence it holds

/ gV Ou|? de > 5/ gV Oul? da (2.4.28)
Q Q

since § < 1. Therefore, summing over ¢ € {1,...,k — 1} and gathering (2.4.27) and (2.4.28)), upon
considering a smaller £y depending on {g, : £ € N'} and Q, we get

Jiss

for every € < gg, completing the proof. O

2= 1|v<%\ dz >0

26 1|v(£)u| }

Remark 2.4.15. The above statement clearly holds (for every ¢) if N'= () with ¢ := min{q, : £ €
{1,...,k}}, which is strictly positive.

2.4.3 Compactness

In this subsection we prove Theorem By strengthening the assumptions on W, we first improve
the compactness and I'-convergence result in Theorem concerning the one-dimensional energies

+oo€ if ue L2(1)\ H*(I),

1
/ (W) + 2 P dr, ifue HH1),
I

El(u,I):= (2.4.29)

for I C R finite union of bounded open disjoint intervals.
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Corollary 2.4.16. Let E! be defined by ([2.4.29)). Then, the family {EL}. is equi-coercive with respect
to the convergence in L*(I); that is, given any family {u.}. C H*(I) such that

sup B2 (ue, I) < +oo,
€

there exist a positive sequence {c;}; converging to 0 and a function u € BV (I;{—1,1}) such that
Ug;, = in L3(I) as j — +o00. Moreover, the family { E}}. T-converges with respect to the convergence
in L?(I) to the functional

Elu, 1) = {mk#S(u) z:fu € BV(I;{-1,1}),
00 if ue L2(I)\ BV(I;{-1,1}),

where my, is as defined in (2.3.3).

Proof. 1t suffices to prove the statement in the case that I is an interval. Let {u;}; C H*(I) be a
sequence such that sup; Egj (uj,I) < +oo. Since (H2) holds, we are in position to apply Theorem
to deduce that, up to subsequences, u; — u in measure for some u € BV (I;{—1,1}). By (H2)
we also have that

lu[* < 14+ 2(W (uy) +1) = 2W (uy) +3

and since sup; E! (uj, I) < 400, it holds that W (u;) — 0 in L'(I) as j — 4o0. Therefore, {|u;|*};
is bounded from above by an equi-intergable sequence in L'(I), and then the sequence {|u;[?*}; is
equi-integrable as well. This observation, combined with the convergence in measure, implies that
u; — win L*(I).

As for the I'-limit, the lower bound follows by Proposition [2.3.13] while a recovery sequence for
the L2(I)-convergence is obtained exactly as in Proposition O

At this point, we prove an analogous compactness result for functionals (2.4.29)), replacing I with
Q C R4 d > 1; that is,

£
+00 if ue L2(Q)\ H*(Q),

1
~wW =1\ )2 | de,  if uw e HH(Q
Eo(u,Q) = /Q[ (W) + T WulR] de, i u e 1Y @) (2.4.30)

for © C R? a bounded open set with Lipschitz boundary. This is possible by applying a compactness
criterion by slicing that appears in [4]. To illustrate the argument in a simplified framework, we
introduce some specific notation: here, 2 denotes a 2-dimensional rectangle which is the product of
the bounded open intervals I, J, and a point = € Q is denoted by (y,2) with y € I,z € J. Given a
function v defined on Q, for every y € I we let u¥ denote the function u¥(2) := u(y, z) for every z € J,
and for every z € J we let u* denote the function u*(y) := u(y, z) for every y € I. We say that two
sequences {u;}; and {v;}; are d-close if |Ju; — vj||1(q) < 6 for every j € N.

Proposition 2.4.17. Assume that a sequence {u;}; C L*(Q) is equi-integrable, and that for every
§ > 0 there exist sequences {v;}; and {w;}; that are §-close to {u;};, and such that {v{}; is precompact
in L'(J) for a.e. y € I, and {w?}; is precompact in L'(I) for a.e. z € J. Then {u;}; is precompact
in L1(Q).

We employ this result exactly as in [74]. For the convenience of the reader, we sketch the proof,
and for simplicity, we consider only the case d = 2 when needed.

Proposition 2.4.18. Let E. be defined by (2.4.30). Then, the family {E:}. is equi-coercive with
respect to the convergence in L?(I); that is, given any family {u.}. C H*(I) such that

sup E. (ue) < o0,
£

there exist a positive sequence {€;}; converging to 0 and a function v € BV (};{—1,1}) such that
ue, = u in L*(Q) as j — 4oo0.



2.4. MODELS WITH SINGULAR PERTURBATIONS OF DIFFERENT ORDERS 131

Proof. For simplicity, in the first part of the proof we suppose d = 2 and that 2 is the rectangle
I x J, otherwise, it suffices to cover a general € by essentially disjoint rectangles in order to reduce
the proof to our simpler case. Let us consider a positive sequence {¢;}; converging to 0 and, for the
sake of notation, let us set u; := uc,,j € N. Using the notation previously introduced, we recall that
{uf}; H*(J) for a.e. y € I, and, analogously, that {u?}; C H*(I) for a.e. z € J. In particular, it
holds

d*u? Ok d*u? OFu,;
J _ J J _ J
O =GR =50
for a.e. z = (y,2) € Q and for all j. As a consequence, by the definition of the operatorial norm, we
have |[V®u, |, > P PN
ave || Ujl|k > max{‘ el e }, and then
E.,(u;,Q) > / EXNul,J)dy,  E. (u;,Q) > / EL (u3,1)dz. (2.4.31)
I J

Arguing as in the proof of Corollary [2.4.16) we find that that {u;}; and {|u;|*}; are equi-integrable
sequences; therefore, we fix § > 0 and we find §’ € (0, ) such that

L2(A) <L T) = Sup/ (Juj| + 1) dz < 6. (2.4.32)
j JA

Letting S denote sup; E, (uj, ), for every j € N we set

ool
W) = ué’(z) if F! (u?,J) < S8/d,
1 otherwise.

We also put Y; := {y € I : u} — v}, is not identically 0} and we observe that
1 1 1 & 1
! !
L) < Ly e T BNl ) > 5/50) < 5 [ Bl yay <5,
where the last inequality follows by (2.4.31]). This inequality, combined with (2.4.32)), implies that

uj —villLie) < / (luj] + 1) dz < 6;

Y;xJ

that is, {u;}, and {v;},, are d-close. Moreover, by construction and by (H1), we have that for every
y € I the sequence {v?}j is such that sup; E;j (U;-/, J) < S/¢'. Hence, by Corollary this sequence
is precompact in L2(J), and thus in L(J).

A similar argument allows to find a sequence {w;}; that is d-close to {u;},; and such that, for
a.e. z € .J, the sequence {w}}; is precompact in LY(I). Therefore, by applying Propositionwe
deduce that {u;}; is precompact in L'(£2). Finally, since {|u,|?}, is equi-integrable, we deduce the
precompactness in L?().

To conclude, we prove, without further assumptions on d and €, that if the (not relabelled)
subsequence {u;}; converges to u in L*(Q) as j — +oo, then u € BV (Q;{—1,1}). To see this, using
the notation introduced in Section we prove that for every m € {1,...,d}, the one-dimensional
slice u®™¥ has bounded variation on the open set Q¢m¥ for H% l-a.e. y € Q" and

(S (usmY) N QemY) ded—l(y) < +00.
Qem
Arguing as previously done for (2.4.31f), we have that

E., (u;,Q) > / B (ufm ¥, Qe api= ).
| -
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Moreover, upon extracting a further subsequence that we do not relabel, it holds that ujmy — umY

in L2(Q°mY) for Hi l-a.e. y € Q. Hence, by Fatou’s lemma and Corollary [2.4.16| applied with
I =Q°Y and u = uY, we get

+o0 > S > liminf E, (u;,Q) > / lim inf E;j (u;mvy’ Qe V) dHI (y)
¢

j——+oo Yem J—+00

> E (ufm¥, Qem) d?—ldil(y).
Qem

As a consequence, El(u®m¥ QnY) is finite for H? l-a.e. y € Q¢ which implies that
+00 > 8§ > E (ufm Y, QemY) dH (y)
Qem

> my, #(S(usm¥) NQemY) dHT (y).
Qem

Then, since my, > 0, for such y it holds that u®=¥ € BV (Q°¢¥; {—1,1}), hence, the conclusion follows
applying Theorem [2.1.3] O

Finally, the proof our main result is an immediate consequence.

Proof of Theorem[2.].2 Let S denote sup, F-(u.). If N' =0, by the equivalence of the norms there
exists ¢ > 0 such that F.(u:) > cE.(ue, ) for every € so that

S/ec > sup E.(ue, Q)

and the conclusion follows by Proposition [2.:4.18
If N # 0, again by the equivalence of the norms and by Corollary [2.4.14] upon restricting to ¢

small enough, it holds
S/(ed) > sup E.(uc, Q);
€

therefore, the conclusion follows by Proposition [2.4.18 O

2.4.4 Lower bound

In this subsection we prove the lower bound of Theorem In particular, we prove the following
result.

Proposition 2.4.19 (Lower bound). Let {¢;}; be a positive sequence converging to 0, let Fy, be
defined by (2.4.1), and let N := {€ € {1,...,k —1} : g < 0}. Assume that (H1)-(H3) are satisfied
and that one of the following conditions holds:
() N =0;
(ii) N # 0 and q¢ > —q, for every £ € N with the same positive constants {q, : £ € N'} independent
of Q appearing in Theorem |2.4.2

Then, for every u € L*(Q) and {u;}; C H*(Q) such that u; — u in L*(2) it holds

liminf F;_ (u;) > F(u),
J—+oo

where F' is as defined in (2.4.4)

In the following, C' denotes a generic positive constant that may change from line to line, but
which is independent of the relevant parameters. It is useful to introduce a localized version of the
functionals (2.4.1). Given B C Q a Borel set and € > 0, we define

1 k
-W 2NV Oy ) de ifu e HYQ
PR AECURS oY e et

+00 otherwise.

(2.4.33)
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We recall that % is a function in Hf (R) such that u(t) = —1if t < —1/8 and u(t) = 1 if t > 1/8,
[7] <1, and

+oo k
0< / (W) + 3 larl ] dt < +oo (2.4.34)
o =1

and that, for every € > 0, we have set u”(z) := u(£¥) for all v € S~ and & € R%. We observe that,
thanks to (2.4.34)), the definition of @y, and Fublm s Theorem, for every open set V' C € there exists
a constant C' > 0 such that for every v € S~! and £ > 0 we have that

+oo k
@) | / @+ lael@®?] dt a1 (y)
7 (V) —1
< 0/ ) + Z lqe[a®?] dt < C, (2.4.35)

where 7 denotes the orthogonal projection onto v+ and where we have also used that (@¥)"¥(t) = u(%)
for every € > 0,y € v+, and t € R.
We further set

ug(x) :=sgn(z - v), (2.4.36)

where sgn denotes the sign function and remark that, for every K C R? compact, {f}. converges to
u¥ in L*(K) as e — 0.

We start by proving a lemma which allows to modify boundary conditions on a converging sequence
at the cost of an asymptotically negligible amount of energy.

For every z € R%, v € S% 1, we introduce @”(m) an open subset of Q¥(z) having C? boundary
and such that

Q'(x)N{yeR: |y-v| <} =Q"(@)N{yeR: |y-v| < 1}.

We suppose that all the above sets are congruent, namely, that they are obtained starting by @ed (0)
by a translation and a rotation. Also for the rounded cube Q(x) we use the convention that when
x = 0 we simply write Q".

Lemma 2.4.20. Let {¢;}; be a positive sequence converging to 0, v € ST, and let {v;}; C H5(QY)

be a sequence converging to uf in L2(Q¥). Assume that (H1)-(H3) are satisfied and that one of the
two conditions (1) and (ii) of Proposition holds. Then, there exists a sequence {w;}; C H*(Q")
such that

(i) wj — uf in L*(Q¥) as j — +oo,
(i1) the support of wj —u; is compactly contained in QNZV for every j € N,
(i) it holds
liminf F (’UJ,Q ) > liminf F (wj,@”).

Jj—+o0 Jj—+oo

Proof. For the sake of exposition, we only consider the case v = ey, the others being analogous. For
simplicity of notation, throughout the rest of the proof we set u; := ued and Q := Qed( ). It is not
restrictive to assume that

v _ﬂj”p@) >0 for every j € N

since, if v; = w; for infinitely many j € N, it is enough to set w; := u; to conclude. Up to extracting
a not relabelled subsequence, we also assume that

liminf F (UJ,Q) = lim F., (vj,@) < C < 4o0. (2.4.37)

Jj—+o0 Jj—+oo
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By Corollary [2.4.14] (2.4.35)), and ([2.4.37)) there exists a constant § > 0, independent of n and Cj,
such that

1 ~
271V Oy, ]dm < SF, Q) < C (2.4.38)

wIIMa-

/{ . Z FIvT |e] dw<5FaJ(ug,@)§C, (2.4.39)
Q

for j € N large enough depending on {¢; : g < 0} and Q. Additionally, as both v; and u; converge
to ug? in L?(Q) as j — +o0, we have that

/~ lvj —w;|*de < C (2.4.40)
Q

for every j € N.

Since the set Q is C?, there exists py > 0 such that Remarkﬂapphes and, for every 0 < p < po,
there is a unique C* projection from {x € Q dist(z,0Q) < p} onto 9Q. In particular, for every
0 < p < po the sets {z € Q : dist(z, Q) = p} are (d — 1)-dimensional manifolds in R? of class C".

Let 0<p<po/2and 0 <o < py/2, and let [e} 7 be the smallest integer larger than or equal to
e’:‘j so that

<[e;1 ' <e (2.4.41)
In light of the observations above, the set of class C'! given by
{z € Q: dist(z,0Q) < p+ o}

can be subdivided into [ej_l} open subsets with C'! boundary defined as
i (o . ~ . O . —1
L, , = {xEQ (i — )(Ej_l]+p<dlst(x,8Q)<zW+p} forie{1,...,[e; 1}
We observe that

Lol < O =7 (2.4.42)

J
From ([2.4.38))-(2.4.40)) we deduce that

le; 1

k
W v
N, e w o]
i=1 Sop - Ci =1
_ k _
w . .2
+/ [—(“J) + 2O ] dm+/ L dz) < C,

3 o,p 6.7 /=1 ;,U,p ||'U] - ’U,]” (é)

for every j large enough. Hence, by (2.4.41)) we find ¢* = i*(j,0,p) € {1,..., [5;1]} such that

k
/Li* {L/;UJ) + ZE?“HV(OUA?} dx

3.o.p J =1

w .2
f, PSS aewonga [l wl o w

J,o,p J =1
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In particular, for every £ € {1,...,k} we have
s?f—l\||v“>vj\gu§2@§;_p) < C¢;, (2.4.43)
s?HH|V(‘>ﬂj|e||§2@fw) < Cej, (2.4.44)
e W (v;) dz + 1 W (u;)dx < Ce;, (2.4.45)
&L, &L,
/ |v; — ;| dx < Cejllv; — 55017, - (2.4.46)

J:o,p

We now introduce the sets
Ajopi= {il? S @ : dist(:m@@) <p+ (G- 1)ﬁ}’

BLU,P = {I S @ : diSt(x’aé) > p+i*ﬁ}a

and cut-off functions ¢; , , € C°(Q;[0,1]) such that

Pjop(®) =0 ifx € Ajop
Gjop(z) =1 if 2 € Bj o p, (2.4.47)
|||V(Z)¢j,gyp|e||Loo(@) < C(ogj)~* for every £ € {1,...,k}.

For z € @ we define
wj(x) = w7 () = Gj.0,p(2)0; (%) + (1 = ¢j,0.p(2)); (x), (2.4.48)

and we observe that w; € Hk(@) and that w; — u; is compactly supported in @ Also note that,
since both {v;}; and {u;}; converge to ug? in L?*(Q), for every choice of o and p the sequence {w,};
converges in L?(Q) to uj* as well.

By (2.4.47) and ([2.4.48), we have

FEJ‘ (wja Q) = st (Uja Bj,o,p) + st (wj7 LZ'* ) + st (ﬂﬁ Aj,o,p)

1,0,P
k
W(w; B
< FEJ‘ (vja Bj,a,p) + / N [M + Z |q£|5]2,Z 1‘V(€)wj|z dx

Loy S =1

W) <
+/A T Yl O m | de = 1)+ 1 13 (2.4.49)

Ji00p =1

We now study the asymptotic behaviour of these three quantities.
We claim that B
limsup I} = limsup F., (v;, Bj ) < lirf Fe, (v5,Q) (2.4.50)
j—4o0

Jj—+oo I Jj—+oo

for every fixed o, p fixed as above. This inequality follows from an application of Remark [2.4.13] To
prove ([2.4.50)), we set
Qr :={z € Q:dist(z,0Q) < 7},
for 7 € (0, po). Then, by Remark [2.4.13] for every £ € {1,...,k — 1} we find g9 = 0(qe, Q) > 0 such
that
1
/~ [—W(vj) + qg€§£_1|v(£)vj|§] drx >0

Q- %
holds for every j sufficiently large so that ¢; < €y and for every 7 € (0, pp). Arguing as in the proof
of Corollary [2.4.14] we deduce that there exists a possibly smaller g9 = £o({gs : ¢¢ < 0}, Q) such that

k

1

/@ [E—W(UJ) +aq 255271|V(£)vj\ﬂ dx >0 (2.4.51)
J (=1
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for every j sufficiently large so that ¢; < g and for every 7 € (0, p0). We now apply (2.4.51) with
T=p+ i*ﬁ, which is less than p, so that Q. = Q \ Bj,,, and we obtain that

g
st ('Uja é) = st (Ujv é \ Bj,a,p) + Fej (vj, Bj,a,p) > st (Ujv Bj,a,p)v

which implies .

We now show that I ]2 is asymptotically negligible. We begin by studying the term involving the
double well potential. We remark that the continuity of W and (H3) imply that there exists C' > 0
such that

W(s) <W(t)+C (2.4.52)
for every s = (1 — 0)t + 0ty with 6 € [0,1) and [tp] < 1. Indeed, if |t| < 1, then |s| < 1, so that

W(s) < sup,¢i_q,1) W(7). If instead [t| > 1, then s < (1 —0)[t| + 0[to| < [t[, so that (2.4.52)) follows
from (H3). Thus, recalling that |7;| < 1, from (2.4.52)), (2.4.45)), (2.4.42), and (2.4.41)) we deduce that

~

1 1
- W (w;) do < 7( W(v])da:+C|L]Up|>
€ L; o,p & L;TU P
Co
EJ ’—Ej -|
We now investigate the remaining terms in I 32 We note that for every £ € {1,...,k} and multi-

index « of order |a| = £ we have

(6% « o — oa—B—
0 w; = Z (5) (6’8@70#8 ij + 86(1 - ¢j’a,p)8 B’U,j)

Bla

= 0000 + (1= ¢j.0,0)0°W; + Y <g> (0°j.0.0 0" (v; —105))

0<B<a

so that, by (2.4.47), we deduce that for every £ € {1,...,k} the following inequality holds

VOu,lf < O(19 w7 + VO

+og) M oy =7+ D (og;) 2NV (v — ﬂj)ﬁ)-

Combining this inequality with (2.4.43), (2.4.44), (2.4.46)), and (2.4.41)) we obtain

ﬁhwwwwM@@f¢<C%+00£§{/*|W_%Fm

3,9,p
-1 2h 1

+CZ 20— h)H|V(h( _Uj)|h||2L?(L§Ta,p)

-1
<Ceg; + CO'_%”UJ' _HjHiz(Q) + C(Z m)‘gi'

Finally, this last inequality, together with (2.4.53|), yields

k k £—1
I} < Cej+ Co+ C(Y_ o)y = Ul 7.5+ C (DD Jw ) (2.4.54)
(=1 {=1 h=1

As for the term I ]3, we use Fubini’s Theorem, the definition of u;, a change of variable, and (2.4.34])
to get
+oo k
I} < CH™ (A, Nvb) (/ W @) + > lael[a®?] dt) < C(p+a),
=1

— 00
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so that
limsup I} < C(p+ o). (2.4.55)

Jj—+oo

Since {v; —;}; converges to 0 in L2(Q) as j — +o0, by (2.4.49), [2.4.50), (2.4.54), and (2.4.55),
we infer that

limsuplimsuplimsupFEj(wj,@)S lim FE.(vj,QV).

p—0 c—0 j—o+4oo jotoo

Recalling that for every fixed o and p the sequence {w;}; = {wg’g’p }, converges to uf in L2(Q) and

is such that the support of w; —u; is compactly contained in @ for all 7 € N, we let 0 and p vary in
two positive vanishing sequences and use a diagonal argument to conclude the proof. O

We are now ready to prove the liminf inequality. The proof is based on the blow-up argument of
Fonseca and Miiller [75].

Proof of Proposition[2.].19 Let us fix a positive sequence {¢;}, converging to 0 as j — +oc. Up to
extracting a not relabelled subsequence, we may assume that

lglg—golj Fe (uj) = jlg_noo F. (u;) < C < +o0. (2.4.56)
In light of Theorem this implies that u € BV (2;{—1,1}) so that u = 2y4 — 1 for A a set of
finite perimeter in Q and S(u) = 0*ANQ, where we recall that 0*A denotes the reduced boundary of
A.

For every j € N, we consider the measure p., defined by

pe; (B) := F,,(uj, B) for every B Borel subset of .

Note that by Corollary [2.4.14[ and (2.4.56)), the sequence {f; := % + Zif:l qee? 71V Oy |2, s
equi-bounded in L!(£2). Therefore, we have sup; | e, |(€2) < C, so that, up to passing to a not relabelled
subsequence, we may assume that {s.,}; and {|u.,|}; weakly*-converge to two finite Radon measures
1 and A, respectively. We now show that p > 0. To this aim, we use the Besicovitch Derivation
Theorem (see [(2], Theorem 1.153]) to write for |pu|-a.e. z €

du lim H(Br(2))

™ = B B @)

where du/d|p| is the Radon-Nikodym derivative of p with respect to its total variation |p|. Let us
fix a point x such that the previous equality holds. Since the set {r € (0,400) : A(0B,(x)) > 0} is
at most countable, we may choose a sequence of positive real numbers {r;, },, vanishing as n — +oo,

such that J )
i . .
——(z)= lim lim 7/ 1i(y) dy.
d|p Buy(2)

=00 jotoo |ul(Br, (1))
For every n € N fixed, by Corollary the integral in the right-hand side of the previous equality
is non-negative for j € N large enough, hence, we conclude that du/d|u| is non-negative |u|-a.e. and
then p > 0.
We now show that the Radon-Nikodym derivative of u with respect to H4~1L (9* ANQ), denoted
by f, can be estimated from below in terms of the function g defined by . To see this, for every
r € R", v e S we consider é”(m) an open subset of Q¥ (x) having C? boundary and such that

Q@) N{yeR: Jy-v| <1} =@ @ Nn{yeR?: [y v < i}, (2.4.57)

For every x € 9* AN we consider ¥ = v4(x) the inner unit normal to 0*A N Q at z. By (2.4.57)),
using Theorem one can show that for H¢ l-a.e. z € 9*A N Q) we have

i Q@) NOTA) 1, (2.4.58)

r—0 ’rd_l
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where we used the notation Q¥(z) = {y € R™ : y/r € Q¥(z)}. For H -a.c. z € 9* AN Q we have

@)
@)= er Hd*l(@?(x) n a*A)’ (2.4.59)

additionally, given z € 9* AN such that holds, since {f, }; weakly*-converges to p, it follows
from and a diagonal argument that there exists a vanishing sequence {r;};, with ¢; < r;,
such that ~

pe, (Q7 (x))

d—1
T

f(z) = lim

j—+4oo

(2.4.60)

Upon translating the point z, it is not restrictive to assume that z = 0 € 0% A N ; moreover, for the
sake of notation and simplicity of exposition, we only discuss the case and vg(x) = ¢4, the other cases
being analogous. B _ B

We write @ in place of Q°*(0) and Q; in place of Qe (0). Then, we set v;(y) = u;(r;y) for every
y € @ and, by Theorem we have that {v;},; converges in Lz(é) to the function ug? defined by
(2.4.36]). We further set 0; := ¢;/r; and use the change of variables y = z/r; to obtain

e, (Q))  Fey(uy, Q) 1 e
ot = :/~[§W(vj)+2qgéff 9Oy f2] dy. (2.4.61)
j j Q=% =1

We apply Lemma|2.4.20{to {v,}, in order to obtain a sequence {w; }; C H*(Q) which satisfies (i)- (iii).
Noting that §; — 0 as j — +o00, by (2.4.60), (2.4.61) and Lemma [2.4.20(¢i%), it follows

k
. 1 2-119 (), |2
f0) = timinf | [;jmwj) + ;:Ij 02~V Oy 7] dy. (2.4.62)

Now we observe that, by Lemma [2.4.20((¢), putting
w; = g on Q4(0)\ Q

for all j € N, we have {w;}; C A;j. Moreover, since [u®(y)| = 1if |y - eq| > g, it follows that
[ust ()| = 1if [y - eq| > %. Therefore, by (2.4.57), we have

k
(0 = fmint | L3y )+ > 0]’V O] dy
and by the definition of ¢ in , we conclude
f(0) = g(ea).
Since the above argument holds for H% !-a.e. z € 9* AN Q and every v = v (), we obtain
f(x) = glva(z)). (2.4.63)
Finally, by the inequality liminf; ., o pe; (€2) > p(©2) and we infer that

lim F. (uj) = lim pe, () > p(2) > /B*Aﬂﬂ Fz) dH (z) > / g(valz))dHS ™ (2),

imteo Jrtoeo 8*ANQ
which concludes the proof. O

Remark 2.4.21. Thanks to (2.4.62)), for every {¢,}, positive sequence converging to 0, we have also
have that

Gra)dH*Y ifue BV(Q:{-1,1}), with u =2y, — 1,
I-liminf F., (u) > /8 Amg(”f‘) hu (€ {=1,1}), with u = 2xa
e +o00 ifu e L2(0)\ BY(Q{-1,1}),
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where
k

g(v) :=inf { /@V EW(U) + Zq€52€—1|v(€)v|ﬂ dz:ve AV, ¢ € (0, 1)}
=1

for every v € S?~! and we have set
AV = {ve H*(Q") : v=1u" near 8@”}.

Such observation will be useful in order to prove that the I'-limit is strictly positive.

2.4.5 Upper bound

In this subsection we conclude the proof of Theorem by proving the upper estimate. As in
Subsection we let C denote a generic positive constant that may change from line to line,
but which is independent of the relevant parameters. Also here we shall make use of the localized
functionals introduced in . We now state the main result.

Proposition 2.4.22. Let {¢;}; be a positive sequence converging to 0 and let F., be defined by .
Then, for every u € L*(Q) there exists a sequence {u;}; C H*(Q) such that u; — u in L*(Q) and it
holds

limsup F.; (u;) < F(u),

j—+o0
where F is as defined in (2.4.4)).

Proof. We subdivide the proof into three steps.
Step 1. First, we consider the case where  has Lipschitz boundary (and not necessarily C1) and
u = 2xa — 1, where

A={zeQ:(x—m) v>0}
for some g € Q and v € S¢~! such that
vo(z) -v =0 for every z € 002 with |(z — z¢) - v| small enough, (2.4.64)

recalling that vq(z) is the inner unit normal to £ at . For the sake of exposition, we assume xg = 0
and v = eq, the other cases being analogous, so that for every z € Q we have u(z) = ug?(x), where
by definition ug?(z) = sgn(x - e4), and

F(u) = gleg)H* (N {xqa=0}).

For every 1 > 0, there exist 0 < g9 < 1 and v € AZ? such that v = T¢? in a neighborhood of 9Q7*
and

k

1

[ W0+ S a9 O] de < e+ 265)
=1

By Proposition upon rotating Qi leaving eq fixed, we may assume that Q¢ = Q = (—%, %)d.

We then extend v to a function in H_(R?) which is periodic in the first d — 1 variables; that is, such
that
v(z) =v(x + €;), (2.4.66)

forall i € {1,...,d —1}. We also set Q; :={z € Q: |z4| < 267]0} for every n € N.
We claim that a recovery sequence for u is given by the sequence of functions {u;}; C H k()
defined by
) if x € Qy,
uj(z) = o) Sy (2.4.67)
u(z) if e Q\Q;.
To prove the claim, we first show that

l[uj = ullz2@) — 0 as j — +o0. (2.4.68)
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To this aim, we set Q' := {2’ € R*"! : (2/,0) € Q} and observe that by (2.4.64) it holds
€ &
QnQ; =9 [——J—J]
J % 260 28()

for j sufficiently large.
Using the change of variables (z/,z4) — (2, %xd), by Fubini’s Theorem and (2.4.67]) we have

/ |uj|2dg37/ /260 on 50$d)| dddl‘

/ ’ 5073: xd) ’2 dz’ dxg.
80 Q/ j

We observe that, since v € Hf_(R?), the function f: R?"! — R defined by

1
2
fly) = / lv(y, &Ed)\z dzg for every y € R%~!

is integrable on €’ and that, by definition of v, it is periodic. We may then apply the Riemann-
Lebesgue Lemma to the function f to obtain

lim / / % :L'd dxdd:c */ / / (y',acd)|2 dxgdy’ da’
Jj——+o0 / ’ 1 1 _

1
2

= ﬁd 1 )HU”L2(Q)7 (2469)
which implies
: 2 5 pd-1 : &j 2 _

Using also (2.4.67)) and the fact that u takes values only in {£1}, we deduce that
s =l <2 | g o+ 209

tends to 0 as j — 400, which proves (2.4.68)).

We now show that {u;}, is a recovery sequence for u. To this aim, we first note that for every
z € Q\ Q; we have
uj(z) = u(zr) € {—1,1} and VOu;(x) = 0 for every £ € {1,...,k},

while, if x € Q;, we have

¢
VOu,(z) = (?) V(ZM;(&;—_I) for every ¢ € {1,...,k}.
j J

Then, we use (H1), (2.4.67)), Fubini’s Theorem, and a change of variable to obtain
1 k
Pytw) = [ [ZW)+ 3 et VO] do
g7 =1

/,/27(: ijW( % soxd)) qusze{v(e) (50x 6(;d>|§] dwyd’

J

k
/’ / 50 % :L’d)>+ Znggfl}v(@v(ngl,xd> |§] dag dz’ (2.4.71)
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for every j € N. Since v satisfies (2.4.65)), the function h: R?~! — R? defined for y € R?~! by

1 k

2 1 -~

h(y) == [*W (0(y,2a)) + Y qeeg’ 1\V(£)v(y7xd)|ﬂ drg
~3 <o =1

is integrable and, by (|2.4.66)), is also periodic. Therefore, we may apply again the Riemann-Lebesgue
Lemma to obtain

1 k

3 1 ! /
lim / / {—W(U(ego—x,xd)> + E qzegz_1|v(£)v(€0—x,xd>‘ﬂ dxgds’
j—too Jor -1 Lo €j = €j

k
1
— L) / (W) + 3 a3 1V O0l?]
Q

&
0 =1

Combining this equality with (2.4.71) and (2.4.65), we conclude that

k
1

lim L (uy) = £41() / {—W(v) n Zqﬂg‘ﬂv(f)m;]dx < F(u) + LY.

J—+oo Q €0 —

Since 7 is arbitrary, a diagonal argument allows to prove the thesis in this special case.

Step 2. We now assume that v = 2xy4 — 1, with A = PN Q and P polyhedral. In particular
we assume that 0P = Ui\i1 H; UF, where the sets {H;}M, are pairwise disjoint and relatively open
convex polyhedra of dimension d — 1, while F' is the union of a finite number of convex polyhedra of
dimension d — 2. In this way, there exist {v1,...,va} C ST ! and {x1,..., 23} C Q such that

H,;Q{xGRd:(x—xi)J/,;:O},

and each v; is the inner unit normal to P on H;. For simplicity, we may also assume that 92 N 9P
is the union of a finite number of C'! manifolds of dimension d — 2.

Let us fix 0 < o0 < 1 and let Hy,...,H}, be relatively open subsets of Hy,..., Hy with (d — 2)-
dimensional boundary of class C!, such that

-

{z € H;nQ:dist(z,0QUF) > ¢} C H] C H] C H,.

N

Fix 0 <7 < & and define for each 7 € {1,..., M}
Qi ={x+ty:xe H, te(-nmn}

We can choose 1 so small that the sets Qi,...,Q,; are pairwise disjoint. Since each €); satisfies
(2.4.64]), by the previous step, we obtain sequences {u; }iC H*(Q;) such that

ul — uin L*(€;), (2.4.72)
i . - di &j
uj(r) = u(x) for every z € {:1: € O, : dist(z, H;) > 2 },
and
limsup Fy, (u, ;) < (9(vi) +n) HH(Q N Hy), (2.4.73)
j—o0

where for every x € €; it holds

v’(i—?(w —a;)) if |(z—x) ] < 265]8’
2]
287

GO = ) it (2 — ) -] >

and, for each i € {1,..., M}, v* and &} are such that

k

1 20
/Q”' [gTW(U) "‘Z%(%)% 1|V(Z)U‘? dr < g(v;) + .
10 =1
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In order to present the candidate recovery sequence, we let {U.}. be a family of radial smooth
convolution kernels, with supp¥. C B. and fRd WU.dr = 1 for every ¢ > 0. We extend u to the
whole R? by setting u := 2xp — 1 and introduce smooth functions @; defined for every j € N by the
convolution

uj=ux W, .
Observe that these functions satisfy the following conditions:
uj(z) = u(x) for every x € {x € Q : dist(z,0P) > ¢,}, (2.4.74)

_ _ C
15| oo (ray < 1 and VO8] oo () < — forevery £.€ {1, k}. (2.4.75)

For 7 € (0,1) we set
U, = {z € Q: dist(z, F U (2N IP)) < 7}

and choose cut-off functions ¢, € C>°(R%; [0, 1]) such that

do(z) =1 ifx e U,,
bo(x) =0 if z € R\ Uy, (2.4.76)
VO o o]l oo ray < Co™* for every £ € {1,..., k}.

We claim that the sequence of functions {u;}; C H*(Q) defined by

. {(1—¢U)u§+¢gaj in Q; for ie{1,..., M},
=

ﬂj in Q/

is a recovery sequence for u, with
Ql =0 \ Ui\ilﬁl

The fact that {u;}; C H*(Q2) follows from the same argument used in [55, Theorem 1.3, Substep
2B]. Moreover, (2.4.72) and the fact that @; — w in L?(2) imply that u; — w in L*(Q) as j — +oo.
We now study the asymptotic behaviour of the energy of {u;};. First, we show that F_ (u;, ')
is negligible. To this aim, for every j € N we set
€5

—}}. (2.4.77)

Rj:= {x € Q : dist(z, 0P) < max {sj, ;—é, SR,
0 €0

We observe that Q' N R; C U, for j large enough and that H?~1(0P N U,) < Co. Hence, by the
definition of ', (2.4.74)), and ([2.4.75)), we have

ng (’LLj,Q/) = st (Uj,Q/ QRJ) = /

k
1 B
[—W(uj)+2|qe|s§‘ 1|V<f>uj\§] dz < Co.  (2.4.78)
Q'ﬂRj /=1

€j

We now study the energetic contribution of the remaining terms. We fix i € {1,..., M} and
compute

st (Uj, Qz) = st (U;—, Ql \ UQO-) + st (Uj, Qz N (UQJ \ Uo')) + st (’ljj, Ql n Ua‘)

k
1 _
(W) + Y laele2 VO, ] da
" =1

< FEj(u.?aQi \ UQU) +/
Q;N(U20\Us)

k

1 . _ ~

L R (CARS B S N P
Q;NUs €j =1

.l 2 3
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We separately investigate the three terms K}, K7, and K3, starting from Kj. Recalling that g, = 1,
we observe that

k—1

1 , ) .
K} :/ [—W(uz) +62k_1|v(k)u’4|i} dx —|—/ [ qgszé_1|v(f)ul»|ﬂ dx
! Qi\Uss “€j ! ! ! Qi\Uzo eZ:; ! !
1 A k—1
g/ [ W () + 21 v P 7] d:c+/ > a2V Oui ] da
Q; &) Qi

/ quw YOy }
Q;NU2, /=1

<F / Z|qg|e” 9Ol 7] de (2.4.79)
Q;

ﬂUzg =1

By the periodicity of u; with respect to the variables tangential to H;, we may argue as in Step 1,

using Fubini’s Theorem and the Riemann-Lebesgue Lemma to deduce that

k—1
s, Swsesglazen [ [Swoo]w<c
Hence, it follows from and (| m ) that
limsup K} < (g(vi) + n)H* ' (H; N ) + Co. (2.4.80)
j—r+o0
We now investigate the term IC?. We begin observing that for every £ € {1, ..., k} and multi-index

a of order |a| = ¢, we have

0w =Y (g) (071 6)0° Pl + 976,015 )

BLa
= (1= ¢0)0™u} + ¢o0°t; + Z (5) % po 07 F (u; — ul)),
0<B<La
which by (2.4.76)) implies
V7 < c(|v<‘f>ui-|% + VO [?
o2 ity — ) + Z 206019 (37 — ub)}). (2.4.81)
Since by (H3) we have that ,
Wiuj) < W(uj) +C, (2.4.82)

it follows from (2.4.77)), (2.4.81)), and (2.4.82]) that

k -1
1 . 1 , ,
Kj<c [*W(u?) + =+ qele2? (|v(f>uz, 2 L N7 gm200-h) (k) i 2>] d
’ QiN(Uzs\Us)NR; “€j J €j Z' | J J|€ Z_: ‘ ]|h
+C {ZVM&% 1(|v g, 2 +ZU 2-DIgOIG, R 4 ol ﬂj|2>} i

Szim(U2g\U(7)ij =1

Arguing as in (2.4.69)) and (2.4.71)), we obtain that

k
1 - 1
Tim (W) + =+ laele2 " (19 Ou Z|2+§ja =g ®yi )] d
I7H20 JQin (Vs \U-)NR; “€5 T ; ’

< CHIYH;NUy,) < Co. (2.4.83)
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Then, we observe that using (2.4.70)), with u; replaced by u , v replaced by v?, and € replaced by €,
together with m, we have

/ [me (v, |e+2 AT + 0~y — )] da
Qiﬂ(UQU\UU)

C /& -1 2(0- h)
J
= ?(Z (HZm))IQm(U%\UU)ij\
J =1 h=1
ko g20+1 25 1
+CZ( 20 ”Ul”L?Q)+ |Qiﬁ(U20\Ua)ij|)
k - 2(@ h) %H 0

<o(3 (45 )+ 03 (S + ), 2180

Combining (2.4.83) with (2.4.84), we obtain that

lim sup IC2 < Co. (2.4.85)

Jj—+oo

. . . 3
To conclude, we use (2.4.75)) to estimate the remaining term K as

1 ~
K</ LW+ 3l 90
Uon{a:|(z—2;)vi|<e;} -5 =1

< ;Hl’ S UO- : |(.’IJ — {171) . 1/7;| < Ej}| < CHd_l(Ug n Hl) < Co. (2486)
J

Finally, gathering (2.4.78)), (2.4.80)),(2.4.85)), (2.4.86)), and summing over ¢ € {1,..., M} we obtain
that

M
lim sup F, (u;) <thsupF (uj, ) + limsup F. (u;, Q)
j—+oo i—1 Jj—+oo j—+oo

M

= (gw) +mH (N Hy) + Co < F(u) + C(n +0).

Since n > 0 and o > 0 are arbitrary, a diagonal arguments allows to conclude.

Step 3. Finally, we deal with the general case u = 2x4 — 1, for A C  a set of finite relative
perimeter in Q. By Theorem [2.1.2] we can find a sequence of polyhedral sets {A,}, such that
X4, — Xa in L'(Q). By the previous step, setting u, := 2y, — 1, we have

I-limsup F; (un) < F(up) for every n € N,

Jj—+oo

where we recall that the I-limsup is the functional defined by (2.1.2)). By the lower semicontinuity of
the I'-limsup we then infer

[-limsup F;, (u) < liminf F(u,).

j—+oo n—oo

Since g is upper semicontinous on S?~! (see Proposition [2.4.6)), by [61, Remark 9.11, Theorem 9.15]
there exists a sequence {gm, }m of Lipschitz continuous functions such that

g = < gm+1 < 9m S Isgax.g

and
g(v) = inf g,, (V) for every v € S,
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Using (2.1.1)) we obtain for every m € N that

lim inf F(u,) = lim inf/ g(va,)dH?
0*A,NQ

n—oo n— oo

< lim Gm(va,) AR
n=00 J5*A,, NQ

= / gm(VA)d’Hd_l.
O*ANQ

Finally, we obtain that

liminf F(u,) < lim Gm(a)dH! = / g(va)dH*™! = F(u),
nreo m=0 JorAnQ 9*ANQ
which concludes the proof. O

We conclude this subsection proving that the surface energy density ¢ is strictly positive. This
observation makes the I'-limit non trivial.

Proposition 2.4.23. Let g be the function defined in with k > 1 an integer and let N :=
{e{l,...,k—1}:q, <0}. Assume that (H1)-(H3) are satisfied, and, if N'# 0, further assume that
qe > —q, for all £ € N, where {G, : £ € N'} denote the same positive constants appearing in Corollary
2.4.14 Then infga—1 g > 0.

Proof. Similarly to Subsection we introduce @" an open set with C? boundary contained in Q¥
such that

Q' N{yeR?:Jy-v|<i}=Q N{yeR:|y-v[ <}

and, letting {v1,...,v4_1,v} denote an orthonormal basis describing Q¥, with the additional property
that

o d-1 d—1

N weR : ly uwl<i=@'n(V{yeR: |y -u|<i}=R" (2.4.87)

i=1 i=1

By the proof of Proposition [2.4.19] the function g : S~! — R given by

k
g(v) := inf { /@V EW(U) + Zq@ﬂ‘lw“)vlﬂ dz:ve A” e € (0, 1)}
=1

introduced in Remark [2.4.21| satisfies g(v) > g(v) for every v € S?~!. We combine this observation
with Remark [2.4.21] and Proposition [2.4.22| to infer that

Gva)dHt  ifue BV(Q;{-1,1}), with u=2y4 —1,
I-lim inf F. (u) > /a*Amg(”A) " it (;{=1,1}), with u=2xa
o o0 ifu € L2(0) \ BV(% {-1,1}),

/ gva)dHYY  ifu e BV(Q;{-1,1}), withu =2y —1,
2 4 Jorane

+o0 if ue L2(Q)\ BV(;{-1,1})
> I-limsup Fr(u),

e—0

which, in turn, implies that g(v) = g(v) for every v € S%~1. For this reason, we equivalently prove
that infge—1 g > 0. N
Fix v € S41 and let {e;};, v € AL, j € N, such that

k
1
a(v) = lim [iVV v:) + g2-1 V(Z)v-z} de.
) i—too Jgu Lej (v) ;qzy | ile
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Arguing as in Remark [2.4.7} it is not restrictive to suppose €; — 0 so that we may further assume
that for all j € N it holds e; < eg({ge : £ € N}, QV), the constant appearing in Corollary [2.4.14

Clearly, the set R defined in (2.4.87)) is contained in Q"; then, we apply Corollary [2.4.14] with
Q) = @Y and, by the equivalence of the norms, we obtain that

/, {1WUJ -I-ZQzE% 1|V(({)v |7 }dm>§ Qy[lwvj +Z‘52€ 1|v(€)v |}
=1 (=1

1
> 6 R,[ W (v;) +Z 26 1|v<%|}

1
>§’/ [;W(uj)+s§’“*1uv(k>uj||i} da
v ==

for every j € N and some &’ > 0 which is independent of @” and j. Applying Fubini’s Theorem, the
definition of operatorial norm, a change of variables, and (2.4.87)), we obtain

1 v,
/ [ W)+ 9O ] Jar> [ / 2|2 e = )
v vApL %

:/Rm L[ "W (W) + (w2 dedH T (y)

1 s 1 1
> ——inf / ’ Ww—i—w(k)th,wEHk - ),
- { 1 [ ( ) | |] ( Qé‘j 28j

: 1
w(t) = sgn(t) if |¢| > T for some T € (07 g) }7

J
where we set w " (t) := v}"/(¢;t) and in the last inequality we used that v; € A? for all j € N. As
(H1) and (H2) are satisfied, we are in position to apply Propositions and deducing that

1
g(v) > & hmlnf/ [E—W(vj) —&—gikflnv(k)vmi} dz > 6'my > 0,
v L&)

j—+o0

my being as in (2.3.3)), which concludes the proof. O

2.4.6 Analysis of the cell problem in dimension 1

In this final subsection we analyze the surface energy density g defined in when d = 1. In
this instance, such density clearly is a constant that we prove being determined by an optimal-profile
problem on the real line. It is not restrictive to assume that |- | coincides with the absolute value for
every £ € {1,...,k} as any norm on R is a multiple of the Euclidean one.

By Remark [2.4.7 and by a change of variable, we find that

T k
g = inf inf {/ {W(U) + quv(@)lﬂ dt: ve I—Ik(_T7 T),
T>3 -T =1

v(t) = sgn(t) if |t| > M for some M € (O,T)}

+oo k
~ lim inf{/ [W(u)+2qe|v<f>|2] dt: ve HE (R),v(t) = sgn(t) if |¢] >T},
=1

T—+oo — oo

hence, for T > 1/2, we set

m(T) := inf {/

—0o0

+oo k
[W(u) + quv(f)ﬂ dt: ve HE (R),v(t) = sgn(t) if t| > T}
=1
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in such a way that

We set

+oo Kk
m:= inf{/ [W(u) + quu(i)ﬂ dt:u € H{gc(R),t_ligloo u(t) = :I:l}. (2.4.88)

> =1

The main result of this subsection states that, under the by now usual suitable assumptions on the
coefficients ¢1, . .., qx—1, the equality g = m holds. In order to prove this, we state the one-dimensional
version of Corollary at scale ¢ = 1.

Corollary 2.4.24. Let I C R be an open interval of length 1, let k > 1 be an integer, and let
N:={te{l,....k—1}:q <0}. Assume that (H2) is satisfied, and, if N # 0, further assume that
qe > —qy for all ¢ € N, where, letting {q, : £ € N'} denote the same positive constants appearing in

Corollary |2.4.10] and given {ay : £ € N'} such that ag > 0 for all £ € N and )7, ap = 1, it holds
that gy = auq) for all £ € N'. Then, there exists a positive constant 6 = 6({q; : £ € N'}) such that

/I[W(u)Jrgquu(e)ﬂ dt > 6/I[W(u)+g|u(£)2} gt

for every u € H*(I).

Proof. The proof is obtained by following the same line of the one of Corollary with Corollary
2.4.10| used for every ¢ € {1,...,k — 1} in place of Theorem [2.4.1] 0O

Proposition 2.4.25. Let k > 1 be an integer, assume that qo > —q, for all £ € N, with N and
{q) : L € N'} as in Corollary|2.4.24, and assume that (H1) and (H2) are satisfied. Then, it holds

m= lim m(T).
T—~+oco

Proof. Clearly, m(T) > m for every T'; hence, limy_, oo m(T) > m.
To prove the converse, let u € Hf_(R) be such that

400 k
: _ 02
Jim u(t)=+1  and /_oo [W(u) +;q4|u | }dt < 400 (2.4.89)

and let T, > 0 be such that ||[u(t)] — 1| < 1/2 if [t| > T,.
Consider a function ¢ € C*°(R;[0,1]) that is supported in (—oo,1/2) and such that ¢(t) =1 for
every t < 0. For every j € N we set

vi(t) == ot — Ju(t) +1 — ot — 7),

and we observe that v; coincides with w on (—o0,j) and it is constantly equal to 1 on (j + 1/2, +00).
As a consequence

400 k ji—1 k
| W)+ S akp]at - /j (W () + 3 aelu®?) d
=1 - =1

J+3 k o
+ / |:W(Uj) + quvj |2} dt.
J =1

1
2

We estimate the energy of the function v; on the interval (j — 1/2, j 4+ 1/2); that is, we estimate

i+3 {W k O
| () + > ol ]dt. (2.4.90)
J =1

1
2
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First, we observe that min{u(t),1} < v;(¢t) < max{u(t),1} for all £ € R and j € N; therefore, since
u(t) — 1 as t — +o0, for every € > 0 there exists T > 0 such that |v;(¢) — 1] < € for all ¢ > T, and
j € N. Hence, the continuity of W and (H1) imply that

J+i
lim W (v;)dt =0.

Jj—+oo G- %

As for the derivatives of v;, we observe that for all £ € {1,...,k — 1} there exists a positive constant
C depending on k, ¢, and the function ¢ such that

|U§€)( )2 <C{|u _1|2+Z\u(’1 } for all t € R,

therefore,

el X0
<quk/jj+2{ +Z|u(€)| ]dt

where g := max{|q1],...,|qk—1],1}, and the last inequality follows by (H2) assuming that j —1 > T,,.
By (2.4.89) m this term tends to 0 as j — 400 and then we conclude that vanishes as j — +o0.
With a similar reasoning, we obtain functions {wJ }i C HIOC(R) which coincide with w on (—j,7),
which are equal to the sign function outside (—j — 2 s+ ) and such that

- 1

/+W[W(wj)+ng|w§[)|2}dt/H [ +qu|u }dtﬂj(l).
=1 i=3

— 00

Since each function wj; is admissible for the minimum problem m(j+1), letting j — +oco the conclusion
follows by the arbitrariness of u. O

Finally, we prove the existence of an optimal-profile. We omit some minor details in the proof as
the arguments involved are similar to those that appear in the proofs of Propositions [2 and [2.3.7]
and [74, Lemma 2.5].

Proposition 2.4.26. Let k > 1 be an integer, assume that g > —qj, for all £ € N, with N and
{q; : £ € N'} as in Corollary|2.4.24}, and assume that (H1) and (H2) are satisfied. Then, the infimum

(12.4.88) is a minimum.

Proof. Consider {u;}; a minimizing sequence and, by translation invariance, assume that u;(0) = 0
for every j € N. Applying Corollary [2.4.24 on each interval (i,7 + 1),¢ € Z, and summing over i, we

have
e oW e S
/ (W) + D P it > 5/ (W) + " [l P (2.4.91)
i =1 > /=1
for all 7 € N, and then
400 k
su_p/ [W(uj) +y \u?ﬂ dt < +oc. (2.4.92)
J e =1

We apply the Fundamental Theorem of Calculus and Holder’s inequality to obtain
t
luy ()] < /0 ()] ds < VAl e~ forallteR,
which, combined with (2.4.92)), implies that for every T' > 0 there exists a positive constant C'(T") such

that
sup [lu; | gr 1,1y < C(T).
J
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Therefore, there exists u € HF (R) such that, up to subsequences, {uy) }; converges locally uniformly

loc
on compact subsets of R to u® for all ¢ € {0,...,k — 1}, with the convention that v =y, and
u§k) — u®) weakly in L?(R). Note that, in particular, u(0) = 0.

As for the lower semicontinuity of the energy, we first note that, as a consequence of Corollary
2.4.24] we have

—+oo

-T k k
/ {W(uj) +3 ol \2} dt + / [W(uj) +3 Qg|u§-z)|2} dt >0 (2.4.93)
=1

—o00 T —1
for all j € N and T € N. Then, we observe that Rellich’s Theorem implies that ug-g) — u® in
L?(~=T,T) as j — +oo for every £ € {1,...,k — 1} and T > 0, which in turn yields
T k-1

jgl}rloo » [; qz|u§2)‘2} dt = /

-T

T k-1

[Z q@|u“>|2} dt (2.4.94)
=1

for every T > 0; moreover, by Fatou’s lemma and the lower semicontinuity of the L2-norm, we have

+oo

Jim inf / o (W) + 2] de > / [ () + 1uDP?) d. (2.4.95)

J=to —oo

Combining (2.4.93)), (2.4.94), and (2.4.95)), and recalling that ¢ = 1, we obtain

400 k T k
m = lim [W(uj) + quugz)ﬂ dt > liinlnf/ [W(uj) + qu|u;£)|2} dt
=1 ImreeJoT =1

jo+oo )

k

> /T W)+ 3 arlu® 2] at (2.4.96)
T =1

for all T' € N.
Recall that {u;}; is a minimizing sequence, hence, by (2.4.91)) and Fatou’s Lemma, we infer
+oo k ©® +o00o k
— lim inf [W : £ 2} dt > 6 / [W ®) 2] dt:
m = timinf [ W)+ S aF|de 25 [ Wi+ 1)

therefore, we can pass to the limit as T — +oo in (2.4.96|) by the Dominated Convergence Theorem
to obtain

400 k
m > / {W(u) + Zqﬂu“)ﬂ dt.
- =1

If limy 4 oo u(t) = £1, the proof is completed; while, if lim;_, o, u(t) = F1, a minimizer is u(—t). For
this reason, in order to conclude, we prove that both lim;_, o u(t) and lim;_, 1 o u(t) exist, and that
{limy— — oo w(t), limy— 4 oo u(t)} = {—1,1}.
As a first step we prove the existence of the limit at +o00, the other case being analogous. To see
this, it is useful to observe that ' € H'(R), which implies
lim '(¢) = 0. (2.4.97)

t—+oo

If limy, 100 u(t) exists, it equals —1 or 1, otherwise fjof W (u)dt = +oo which is a contradiction.
Assume by contradiction that such a limit does not exist. Then there exist real numbers a, b, with
a < b, and two increasing sequences {z;};,{y;},; such that
li ;= li ;= li )= li ) =b.
Jdim ;= oo, lim y; = +oo, jﬂloo”(xj) g,  lm_ u(y;)
Without loss of generality, we can suppose that z; < y; for every j € N and, by the continuity of u,
we can also assume that both —1 and 1 are not contained in the interval (a,b).
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If there exists {j,}n such that |z;, —y;, | < 2 for every n € N, then, by Lagrange’s Theorem,
there exists z;, € (z;,,y;,) such that
|'U//(Zjn)‘ > | (y]n) 5 (x]n)| > b;a”

hence, limsup,_, , . |v/(t)| > (b — a)/2, which contradicts (2.4.97).
Then, we may assume that |z; — y;| > 2 for every j € N. We set

~ b—
T; = max{t € (z;,y;) s u(t) <a+ 1 a}

and b

~ . —a

y; = min{t € (z;,y;) s u(t) > b— 1 }.
If |Z; — y;| <1 for infinitely many n € N, the conclusion follows by Lagrange’s Theorem as before,
otherwise, it holds that |z; —y;| > 1 for all j > J, with some J, € N large enough. Recalling that the
interval (a,b) does not contain the points —1, 1, the above observation and (H1) imply

W (u dt>Z/ W (u dt>me{W ite (a+ b4ab b_a)} +00,

-0 i>Jdo i>Jo

—+oo

which is a contradiction, and concludes the proof of the existence of the limits at infinity. We finally
prove that they are different.
By contradiction suppose lim;_, 1+ u(t) = —1. By Lemma [2.3.5] we find points {t;}; such that
t;—+oo,  w(ty) = -1, W) 0  forallée{l,....k—1} (2.4.98)

for j large enough. Then we have

oo k : k
/+ (W )+ aful”?) dt = / (W +qu|uf>|]dt+ / W)+ aeh ]t
(=1

—00 (=1 — 00 /=1 J

tj
L ~ k—
- [ [W(uj>+zqe|u§>|ﬂ dt -+ m =i (1), ... uf "V (15),
(=1

— 00

where we set

m(ug, - .., Up—1) ::inf{/ [ +qu|v }dt v(0) = —1,00(0) =0 forall £ € {1,...,k —1},

v (1) = uy for all £ € {0,... k — 1}},

with the convention that v(®) = v. Since m(ug, u1, ..., up_1) — 0as (ug,u1,...,up_1) = (=1,0,...,0),
by (2.4.98]) we infer that
+oo k
m > / {W(u) + Zqﬂu(l)ﬂ dt
- =1

tj k
> lim 1nf/ {W(u) + Z q€|u(l)|2} dt +m — m(u(t;),. .., u* =V (t;))
- (=1

Jj—4o00

t; k
> ljlgl_&g[m [W(u) + Zqﬂu(@ﬂ dt +m,

which implies
t; k
lim inf [W(u) +y qe|u<f>|ﬂ dt < 0.

—+0o0
/ - =1
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By Corollary 2:4.24] and Fatou’s Lemma, it holds that
k

. k .
lim inf /t {W(u) + quu(é)ﬂ dt > 0 liminf /t {W(u) + Z |u(£)‘2} dt
(=1 =1

j—too ) o jotoo ) o

IS k
> 5/+ [W(u) +3 Wﬂ dt > 0;
/=1

—0o0
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therefore, we deduce that that u is identically equal to —1. This contradicts «(0) = 0, which concludes

the proof.

O
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