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Abstract

Whitham and Benjamin predicted in 1967 that small-amplitude periodic travel-
ing Stokes waves of the 2d-gravity water waves equations are linearly unstable with
respect to long-wave perturbations, if the depth h is larger than a critical threshold
hwp & 1.363. In this paper, we completely describe, for any finite value of h > 0,
the four eigenvalues close to zero of the linearized equations at the Stokes wave,
as the Floquet exponent u is turned on. We prove, in particular, the existence of a
unique depth hyg, which coincides with the one predicted by Whitham and Ben-
jamin, such that, for any 0 < h < hys, the eigenvalues close to zero are purely
imaginary and, for any h > hyg, a pair of non-purely imaginary eigenvalues de-
picts a closed figure “8”, parameterized by the Floquet exponent. As h — hy'; the
“8” collapses to the origin of the complex plane. The complete bifurcation diagram
of the spectrum is not deduced as in deep water, since the limits h — 400 (deep
water) and u© — 0 (long waves) do not commute. In finite depth, the four eigen-
values have all the same size O(u), unlike in deep water, and the analysis of their
splitting is much more delicate, requiring, as a new ingredient, a non-perturbative
step of block-diagonalization. Along the whole proof, the explicit dependence of
the matrix entries with respect to the depth h is carefully tracked.
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1. Introduction to Main Results

A classical problem in fluid dynamics, pioneered by the famous work of Stokes
[36]in 1847, concerns the spectral stability/instability of periodic traveling waves—
called Stokes waves— of the gravity water waves equations in any depth.

Benjamin and Feir [3], Lighthill [30] and Zakharov [40,42] discovered in the
sixties, through experiments and formal arguments, that Stokes waves in deep wa-
ter are unstable, proposing an heuristic mechanism which leads to the disintegra-
tion of wave trains. More precisely, these works predicted unstable eigenvalues
of the linearized equations at the Stokes wave, near the origin of the complex
plane, corresponding to small Floquet exponents p or, equivalently, to long-wave
perturbations. The same phenomenon was later predicted by Whitham [38] and
Benjamin [2] for Stokes waves of wavelength 27«, in finite depth h, provided
that kh > 1.363 approximately. This phenomenon is nowadays called “Benjamin—
Feir"—or modulational— instability, and it is supported by an enormous amount of
physical observations and numerical simulations, see e.g. [16,31]. We refer to [43]
for an historical survey.

A serious difficulty for a rigorous mathematical proof of the Benjamin—Feir
instability is that the perturbed eigenvalues bifurcate from the eigenvalue zero,
which is defective, with multiplicity four. The first rigorous proof of a local branch
of unstable eigenvalues close to zero for xh larger than the Whitham-Benjamin
threshold 1.363 . .. was obtained by Bridges-Mielke [9] in finite depth (see also the
preprint [23]). Their method, based on a spatial dynamics and a center manifold
reduction, breaks down in deep water. For dealing with this case Nguyen-Strauss
[33] have recently developed a new approach, based on a Lyapunov-Schmidt de-
composition. Very recently Berti-Maspero-Ventura [6], in deep water, provided a
detailed account of the splitting of the four eigenvalues close to zero, as the Floquet
exponent is turned on (see also [7] for a review of this result).

The goal of this paper is to completely describe the Benjamin—Feir spectrum
at any finite value of the depth h > 0. This analysis has fundamental physical
importance, since real-life experiments are performed in water tanks (for example
the original Benjamin and Feir experiments, in Feltham’s National Physical Lab-
oratory, had Stokes waves of wavelength 2.2 m and bottom’s depth of 7.62 m, see
[2]). The limits h — 400 (infinite depth) and © — 0 (long waves) do not commute
and the emergence of Benjamin—Feir unstable eigenvalues in finite depth is not a
direct followup of the infinite depth case.

Through out this paper, with no loss of generality, we consider 2w -periodic
Stokes waves, i.e. with wave number k = 1. In Theorems 2.5 and 1.1 we prove
the existence of a unique depth hysg, in perfect agreement with the Benjamin—Feir
critical value 1.363..., such that

e Shallow water case: for any 0 < h < hyg the eigenvalues close to zero are
purely imaginary for Stokes waves of sufficiently small amplitude, see Fig. 2-
left;

o Sufficiently deep water case: for any hyy < h < o0, there exists a pair of
non-purely imaginary eigenvalues which traces a complete closed figure “8”
(as shown in Fig. 2-right) parameterized by the Floquet exponent w. By further



Arch. Rational Mech. Anal. (2023) 247:91 Page 3 of 54 91

increasing u, the eigenvalues recollide far from the origin on the imaginary
axis where then they keep moving. As h — hy/, the set of unstable Floquet
exponents shrinks to zero and the Benjamin—Feir unstable eigenvalues collapse
to the origin, see Fig.3. This figure ‘8" was first numerically discovered by
Deconink-Oliveras in [16].

We remark that the present approach provides a necessary and sufficient condition
for the existence of unstable eigenvalues.

We encounter several differences between the current proof and the one of
the infinite depth case in [6], the major of which we anticipate here. In the deep
water ideal case it turns out that the “reduced” 4 x 4 matrix obtained by the Kato
spectral procedure is a small perturbation of a block-diagonal matrix which shows
up the Benjamin—Feir unstable eigenvalues. In finite depth this is not the case; the
coupling between the 2 x 2 block-diagonal matrices and the out-diagonal ones is
much stronger. The difference arises because, when h = +o0, the 4 x 4 reduced
Kato matrix has two eigenvalues of size O(u) and the other two have the much
bigger size O(,/11), whereas in finite depth all four eigenvalues are O(u). In turn,
this is due to the different asymptotic expansions of the function

—— | if h=+o0,
p tanh(ph) = {«/E,u—i—O(uﬁ) Vh>0as u— 0,
appearing in the Floquet operator (see Sect. 2). This significantly increases the com-
plexity of the spectral analysis. In order to rigorously compute the spectrum of the
4 x 4 reduced matrix in finite depth (not only providing a formal expansion) we
introduce a novel non-perturbative step of block diagonalization, which consid-
erably modifies the block-diagonal matrices (see comments below Theorem 2.5).
Such procedure is uniform in h only on compact subsets of (0, +-00) and becomes
singular in the deep water limit.
These differences indicate that the limits h — 400 (infinite depth) and u —
0 (long wave) can not be simply interchanged, and the connection between the
Benjamin—Feir instability in these two cases is far more complex: the modulational
instability in infinite depth is not the limit of the finite depth one, nor the latter is a
direct followup of the infinite depth case.
Let us now present, rigorously, our results.

Benjamin—Feir Instability in Finite Depth

We consider the pure gravity water waves equations for a bidimensional fluid
occupying a region with finite depth h. With no loss of generality we set the gravity
g = 1, see Remark 2.4. We consider a 2 -periodic Stokes wave with amplitude
0 < € <« 1 and speed

Cc =cnh+ O, cp:=/tanh(h).

The linearized water waves equations at the Stokes wave are, in the inertial reference
frame moving with speed ¢, a linear time independent system of the form 4, = L. h
where L, := L¢(h) isalinear operator with 257 -periodic coefficients, see (2.17) (the
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operator L, in (2.17) is actually obtained conjugating the linearized water waves
equations in the Zakharov formulation at the Stokes wave via the “good unknown of
Alinhac" (2.11) and the Levi-Civita (2.16) invertible transformations). The operator
L possesses the eigenvalue 0, which is defective, with multiplicity four, due to
symmetries of the water waves equations. The problem is to prove that the linear
system ; = Lch has solutions of the form h(r,x) = Re (e*e'/*v(x)) where
v(x) is a 2w -periodic function, u in R is the Floquet exponent and A has positive
real part, thus A (z, x) grows exponentially in time. By Bloch-Floquet theory, such
A is an eigenvalue of the operator £, ¢ := e 1Y L ¢! M¥ acting on 27 -periodic
functions.

The main result of this paper proves, for any finite value of the depth h, the full
splitting of the four eigenvalues close to zero of the operator £, ¢ := L, ¢ (h) when
€ and pu are small enough, see Theorem 2.5. We first present Theorem 1.1 which
focuses on the figure “8" formed by the Benjamin—Feir unstable eigenvalues.

We first need to introduce the “Whitham-Benjamin” function

1 79cd —10ct +9
ey = ews(h) 1= —[—h 3 B
Ch 8cy

where ¢y, = J/tanh(h) is the speed of the linear Stokes wave, and
enn:=ep) =cy+cy ' (I-cf)h >0, VYh>0. (1.2)

The function eyg(h) is well defined for any h > 0 because the denominator
h — A—I‘efz > 0 in (1.1) is positive for any h > 0, see Lemma 5.7. The function
(1.1) coincides, up to a non zero factor, with the celebrated function obtained
by Whitham [38], Benjamin [2] and Bridges-Mielke [9] which determines the
“shallow/sufficiently deep” threshold regime. In particular the Whitham-Benjamin
function ewg(h) vanishes at hyg = 1.363..., it is negative for 0 < h < hysg,
positive for h > hygp and tends to 1 as h — 400, see Fig. 1. We also introduce the
positive coefficient

1—cHA +3cHn? +2c2(c* — Hh +
ey = en(h) = (I~ cp)( + 3c) —;— Ch(Cy = Dh+ ¢y >0, Vh>0.
Ch

(1.3)

We remark that the functions ej2(h) > cp and ez (h) > 0 are positive for any
h>0,tendto0ash — 0" andto 1 ash — +00, see Lemma 4.8.

Through out the paper we denote by r(e”!'p*t, ..., €™ru"r) a real analytic
function fulfilling for some C > 0 and €, u sufficiently small, the estimate
|r(e™u™, . .. eMrur) < C Zle le|™i |u|", where the constant C := C(h)
is uniform for h in any compact set of (0, +00).
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Fig. 1. Plot of the Whitham-Benjamin function ewg (h). The red dot shows its unique root
hws = 1.363.... which is the celebrated “shallow/sufficiently deep” water threshold pre-
dicted independently by Whitham (cft. [38] p.49) and Benjamin (cfr. [2] p.68), and recovered
in the rigorous proof of Bridges-Mielke [9, p. 183]

Theorem 1.1. (Benjamin—Feir unstable eigenvalues) For any h > hyg, there exist
€1, o > 0 and an analytic function I [0, €1) — [0, wo), of the form

Bews(h)
n(€) =ene(l+r(€), en:= [——, (1.4)
exn(h)

such that, for any € € [0, €1), the operator L,, ¢ has two eigenvalues )L?E(u, €) of
the form

iSenm +ir(ue?, n’e, u’)

Eyuvenm(l +r(e wW)VAwm e, Vi elo, u(e)
i3Enp(e) +ire?), = pe) (1.5)
i1enm +ir(ue?, n’e, u’)

+i guv/en M) + (e, w)vTAw(hi 1, 6)], Vi € (p(€), po)

where Cy, := 2cy, — eqa(h) > 0 and Agp(h; u, €) is the “Benjamin—Feir discrim-
inant" function

Ape(h; 11, €) := Bews(h)e” + ri(e’, ue®) — enmp(1+r{(e, w) . (1.6)

Note that, for any 0 < € < €] (depending on h) the function Agp(h; w,€) > 0 is
positive, respectively < 0, provided 0 < u < u(e), respectively p > ji(€).

Let us make some comments.

1. BENJAMIN--FEIR UNSTABLE EIGENVALUES. For h > hyg, according to (1.5), for
values of the Floquet parameter 0 < < p(e), the eigenvalues )»f(,u, €) have
opposite non-zero real part. As p tends to p(€), the two eigenvalues )L?E(,u, €)
collide on the imaginary axis far from O (in the upper semiplane Im(1) > 0), along
which they keep moving for i > pu(€), see Figure 2. For u < 0 the operator £, ¢

possesses the symmetric eigenvalues Af(— W, €) in the semiplane Im(A) < 0. For
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O\ (ay€) mOdAF (> pe)s )

AT (1(€);€) = A (u(e), €)
)‘l_(ll' > H(G [ €) o(1) as h — b,
A1 (ks €) /\r(l"v €)

+ Al (ws€)
At (s €) .
h <hy Ao (Ky€) e =t

X (0,6) =0 Re(\)

Fig. 2. The picture on the left shows, in the “shallow” water regime h < hyg, the eigenvalues
)Lli(u, €) and )\g (u, €) which are purely imaginary. The picture on the right shows, in the
“sufficiently deep” water regime h > hyg, the eigenvalues }»li (u, €) in the complex A-plane

at fixed |e| <« 1 as pu varies. This figure “8 ” depends on h and shrinks to 0 as h — h{‘,v'B,
see Fig.3. As h — 400 the spectrum resembles the one in deep water found in [6]

w € [0, p(e)] we obtain the upper part of the figure “8”, which is well approximated
by the curves

s (5 Venyewme —eni?, Jenn). (1.7)

in accordance with the numerical simulations by Deconinck-Oliveras [16], and the
formal expansions in [15]. Note that for u > 0 the imaginary partin (1.7) is positive
because ¢y = cgl(tanh(h) — (1 — tanh%(h))h) > O for any h > 0. The higher
order “side-band" corrections of the eigenvalues )»f (i, €) in (1.5), provided by the
analytic functions r, r1, r{’, r2, are explicitly computable. We finally remark that
the eigenvalues (1.5) are not analytic in (i, €) close to the value (u(€), €) where

)\f (i, €) collide at the top of the figure “8" far from O (clearly they are continuous).

2. BEHAVIOUR NEAR THE WHITHAM-BENJAMIN DEPTH hygp. As h — hi, the
constant €] := €1(h) > 01in Theorem 1.1 tends to zero, the set of unstable Floquet
exponents (0, i(e)) with u(e) = ene(1 + r(€)) given in (1.4) shrinks to zero and
the figure “8” of Benjamin—Feir unstable eigenvalues collapse to zero, see Fig. 3.
In particular

1
max Rekf(u, €) = Rekf(umax, €) = —eWB(h)E2 + r(e3) and (1.8)
wel0,u(e)] 2

tends to zero as h — h@B, since 0 < € < €1(h) and €] (h) — 0F.

3. RELATION WITH BRIDGES-MIELKE [9]. Bridges and Mielke describe the unstable
eigenvalues very close to the origin, namely the cross amid the ‘8". In order to make
a precise comparison with our result let us spell out the relation of the functions eysg,
ez and ep; with the coefficients obtained in [9]. The Whitham-Benjamin function
ewp in (4.13)is ey = (c:hh)’1 v(F), where v(F) is defined in [9, formula (6.17)]
and F = chh_% is the Froude number, cfr. [9, formula (3.4)]. Moreover the term
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Im()\)
P e ey

Af (Bmaxs €)

1
Re ’\Ir(ﬂmaxv €) = 2 ewn(h)€2
Re(\)

Fig. 3. The Benjamin—Feir eigenvalue A?’ (Mmax, €) in (1.8) with maximal real part, as well
as the whole figure “8” shrinks to zero as h — h&B

eppin(1.2)is ejp = 2¢g, where ¢y = %ch(l + F’zsechz(h)) is the group velocity
defined in Bridges-Mielke [9, formula (3.8)]. Finally ey (h) o< ¢, where ¢, is the
derivative of the group velocity defined in [9, formula (6.15)], which for gravity
waves is negative in any depth.

4. COMPLETE SPECTRUM NEAR 0. In Theorem 1.1 we have described just the two
unstable eigenvalues of £,  close to zero for h > hyg. There are also two larger
purely imaginary eigenvalues of order O(u), see Theorem 2.5.

5. SHALLOW WATER REGIME. In the shallow water regime 0 < h < hyg, we
prove in Theorem 2.5 that all the four eigenvalues of £, ¢ close to zero remain
purely imaginary for e sufficiently small. The eigenvalue expansions of Theorem
2.5 become singular as h — 07

6. BEHAVIOR AT THE WHITHAM-BENJAMIN THRESHOLD hysg. The analysis of The-
orem 1.1 is not conclusive at the critical depth h = hyg. The reason is that
ews (hwp) = 0 and the Benjamin—Feir discriminant function (1.6) reduces to

Age(hys; @, €) = r(€%) +r(ue?) — en(hye) > (1 + 7] (e, ). (1.9)

Thus its quadratic expansion is not sufficient anymore to determine the sign of
Agr(hws; 1, €). Note that (1.9) could be positive due to the term r(e3) for € and
w small enough. Actually the cubic term in r(e3) = Be* + ... vanishes and the
coefficient  could be explicitly computed taking into account the fourth order
expansion of the Stokes waves.

7. UNSTABLE FLOQUET EXPONENTS AND AMPLITUDES (i, €). In Theorem 2.5 we
actually prove that the expansion (1.5) of the eigenvalues of £,  holds for any
value of (i, €) in a larger rectangle [0, o) x [0, €p), and there exist Benjamin—
Feir unstable eigenvalues if and only if the analytic function Agr(h; i, €) in (1.6)
is positive. The zero set of Agr(h; u, €) is an analytic variety which, for h > hyg,
is, restricted to the rectangle [0, ©o) x [0, €1), the graph of the analytic function
&(e) = ene(l 4+ r(e)) in (1.4). This function is tangent at ¢ = 0 to the straight
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unstable eigenvalues

€ €1 ]

Fig. 4. The solid curve portrays the graph of the real analytic function u(e) in (1.4) as
h > hyg. For values of  below this curve, the two eigenvalues )\li (i, €) have non zero real

part. For u above the curve, k?(,u, €) are purely imaginary. In the region [€1, €g) X [0, pg)
the eigenvalues are real/purely imaginary depending on the higher order corrections given
by Theorem 2.5, which determine the sign of Agp(h; u, €)

line & = ene, and divides [0, o) X [0, €1) in the region where Agp(h; p, €) > 0
—and thus the eigenvalues of £,  have non-trivial real part—, from the “stable" one
where all the eigenvalues of £, ¢ are purely imaginary, see Fig.4. In the region
[0, ;o) x [€1, €9) the higher order polynomial approximations of Agr(h; u, €)
(which are computable) will determine the sign of Agr(h; u, €).

8. DEEP WATER LIMIT. Theorems 1.1 and 2.5 do not pass to the limit as h — +oo
since the remainders in the expansions of the eigenvalues are uniform only on any
compact set of h € (0, +00). From a mathematical point of view, the difference is
evident in the asymptotic behavior of tanh(hu) (and similar quantities) which, if
h = 400, is identically equal to 1 for any arbitrarily small Floquet exponent (.,
whereas tanh(hp) = O (uh) for any h finite, as @ — 0. Additional intermediate
scaling regimes hy ~ 1, hu <« 1, he > 1 are possible. It is well-known (e.g. see
[14]) that intermediate long-wave regimes of the water-waves equations formally
lead to different physically-relevant limit equations as Boussinesq, KdV, NLS,
Benjamin—Ono, etc...

We shall describe in detail the ideas of proof and the differences with the deep
water case below the statement of Theorem 2.5.

Further literature. Modulational instability has been studied also for a variety of
approximate water waves models, such as KdV, gKdV, NLS and the Whitham
equation by, for instance, Whitham [39], Segur, Henderson, Carter and Hammack
[35], Gallay and Haragus [18], Haragus and Kapitula [19], Bronski and Johnson
[11], Johnson [25], Hur and Johnson [21], Bronski, Hur and Johnson [10], Hur
and Pandey [22], Leisman, Bronski, Johnson and Marangell [28]. Also for these
approximate models, numerical simulations predict a figure “8” similar to that in
Fig. 2 for the bifurcation of the unstable eigenvalues close to zero.

Finally, we mention the nonlinear modulational instability result of Jin, Liao,
and Lin [24] for several fluid model equations and the preprint by Chen-Su [12] for
Stokes waves in deep water. Nonlinear transversal instability results of traveling
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solitary water waves in finite depth decaying at infinity on R have been proved in
[34] (in deep water no solitary wave exists [20,27]).

2. The Complete Benjamin—Feir Spectrum in Finite Depth

In this section we present in detail the complete spectral Theorem 2.5. We first
introduce the pure gravity water waves equations and the Stokes waves solutions.
The water waves equations. We consider the Euler equations for a 2-dimensional
incompressible, irrotational fluid under the action of gravity. The fluid fills the
region

DTZ ={(x,y)eTxR: —h<y<ntx)}, T:=R/2rnZ,

with finite depth and space periodic boundary conditions. The irrotational velocity
field is the gradient of a harmonic scalar potential ® = & (¢, x, y) determined by
its trace ¥ (¢, x) = O (¢, x, n(t, x)) at the free surface y = n(¢, x). Actually ® is
the unique solution of the elliptic equation A® = 0 in D,, with Dirichlet datum
®(t,x,n(t,x)) =¥, x)and Oy(f,x,y) =0aty = —h.

The time evolution of the fluid is determined by two boundary conditions at
the free surface. The first is that the fluid particles remain, along the evolution,
on the free surface (kinematic boundary condition), and the second one is that the
pressure of the fluid is equal, at the free surface, to the constant atmospheric pressure
(dynamic boundary condition). Then, as shown by Zakharov [41] and Craig-Sulem
[13], the time evolution of the fluid is determined by the following equations for
the unknowns (5 (¢, x), ¥ (¢, x)),

m=Gmw, =g L (Gt @)
’ 2 2(1+n?) A
where g > 0 is the gravity constant and G(n) := G(n, h) denotes the Dirichlet-
Neumann operator [G () ¥ ](x) := ®y(x, n(x)) — D, (x, n(x))ny (x). In the sequel,
with no loss of generality, we set the gravity constant g = 1, see Remark 2.4.
The equations (2.1) are the Hamiltonian system

n|_ L [VyH [0
[l o-[ay e

where V denote the L2-gradient, and the Hamiltonian H (5, /) := % fﬂl‘ (lﬂ G+
172)dx is the sum of the kinetic and potential energy of the fluid. In addition of being
Hamiltonian, the water waves system (2.1) possesses other important symmetries.
First of all it is time reversible with respect to the involution

nx) | .| n(=x) . oo —
0 I:w(x)i| = [—W(—X)i| , le.Hop="H. (2.3)

Moreover, the equation (2.1) is space invariant.
Stokes waves. The Stokes waves are traveling solutions of (2.1) of the form
n(t, x) = 7(x — ct) and ¥ (¢, x) = ¥ (x — ct) for some real ¢ and 27 -periodic
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functions (17(x), &(x)). In a reference frame in translational motion with constant
speed c, the water waves equations (2.1) become

2

ne=cnx + Gy, ‘ﬁt=Cl/fx—77—7+

(GDY + nev)’
2.4)

2(1 +1n2)

and the Stokes waves (7, 1}) are equilibrium steady solutions of (2.4).

The bifurcation result of small amplitude of Stokes waves is due to Struik [37]
in finite depth, and Levi-Civita [29], and Nekrasov [32] in infinite depth. We denote
by B(r) := {x € R: |x| < r} the real ball with center 0 and radius r.

Theorem 2.1. (Stokes waves) For any h > 0 there exist €, := €,(h) > O and a
unique family of real analytic solutions (ne(x), Ve (x), ce), parameterized by the
amplitude |€| < €, of

2 1
i+ GW=0, Y- —% S G =0 s)

such that ne(x), Ye(x) are 2m-periodic; ne(x) is even and Y (x) is odd, of the
form

ne(x) = e cos(x) + €2(ny ) + 15 cos(2x)) + O(€?),
Ye(x) = ecylsin(x) + €2yl sin@2x) + O(?), 2.6)
Ce =Cn + 62C2 + 0(63) where cyp = 4/tanh(h),

and
4 4 8
o] ._ cp—1 1. 3—ch . 3+cy
= = ; = , 2.7
" 4c2 K 4ct V2 8c] @7
o e 9 — 10cﬁ7—i— oct  (1-c}) 0 —2c/2 4+ 13c§7— 12¢ 4+ 9 289
16¢{ 2ch 16c)

More precisely for any o > 0 and s > % there exists €, > 0 such that the map
€ = (Ne, Ve, co) is analytic from B(ey) — HZF(T) x Hg(’j‘ii(T) x R, where
HZS(T), respectively H23(T), denote the space of even, respectively odd, real
valued 27 -periodic analytic functions u(x) = ) ;5 upe'™ such that ||u||(2m =

> pez k()5 e < oo,

The expansions (2.6)-(2.8) are derived in the Appendix B for completeness,
although present in the literature (they coincide with [39, section 13, chapter 13]
and [2, section 2]). Note that in the shallow water regime h — 07 the expansions
(2.6)-(2.8) become singular. For the analiticity properties of the maps stated in
Theorem 2.1 we refer to [8].

We also mention that more general time quasi-periodic traveling Stokes waves—
which are nonlinear superpositions of multiple Stokes waves traveling with ratio-
nally independent speeds—have been recently proved for (2.1) in [5] in finite depth,
in [17] in infinite depth, and in [4] for capillary-gravity water waves in any depth.
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Linearization at the Stokes waves. In order to determine the stability/instability
of the Stokes waves given by Theorem 2.1, we linearize the water waves equations
(2.4) with ¢ = c¢ at (ne(x), Ye(x)). In the sequel we closely follow [6] pointing
out the differences of the finite depth case.

By using the shape derivative formula for the differential d,G (n)[7] of the
Dirichlet-Neumann operator one obtains the autonomous real linear system

ir _ —GMe)B — 3y o (V —ce) G(ne)
Vi =1+ B(V —c)dx = Bdyo(V —ce) = BG(e) o B —(V — ¢e)dx + BG(1¢)

il

Vi=V(&)=-BMe)x + (Ye)x
._ GMe)Ye + (W) x(Me)x _ (Ye)x — Ce
T T Tago e @10

The functions (V, B) are the horizontal and vertical components of the velocity
field (®,, ®y) at the free surface. Moreover € — (V, B) is analytic as a map
B(ep) — H*~Y(T) x H®S~I(T). The real system (2.9) is Hamiltonian, i.e. of
the form JA with A = AT, where A" is the transposed operator with respect the
scalar product of L*(T,R) x L%(T, R). Moreover the linear operator in (2.9) is
reversible, i.e. it anti-commutes with the involution p in (2.3).

Under the time-independent “good unknown of Alinhac" linear transformation

Al Tu J1o 4 [10
el e[ o[ e

the system (2.9) assumes the simpler form

U 5 |u 5 —0y o (V —ce) G(ne)

|:v,i| = Le |:vi| o ko= |:—1 —(V—=co)By —(V— c5)8X:| - (212)
Next, we perform a conformal change of variables to flatten the water surface. Here
the finite depth case induces a modification with respect to the deep water case.
By [1, Appendix A], there exists a diffeomorphism of T, x +— x 4 p(x), with a
small 277 -periodic function p(x), and a small constant £, such that, by defining the
associated composition operator (Pu)(x) := u(x 4 p(x)), the Dirichlet-Neumann
operator can be written as [1, Lemma A.5]

G(ne) = 3y o P~' o H o tanh ((h + £)[D]) o P, (2.13)

where

where H is the Hilbert transform, i.e. the Fourier multiplier operator
H(e' /%) := —isign(j)e' /¥, VjeZ\ {0}, HO):=0.

The function p(x) and the constant £, are determined as a fixed point of (see [1,
formula (A.15)])

P= Ganh (4 2oy e PO
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1
fe = —/ Ne(x 4+ p(x))dx . (2.14)
2 T

By the analyticity of the mape — n. € H°*,0 > 0,5 > 1/2, the analytic implicit
function theorem implies the existence of a solution € +— p(x) := pc(x), € —> £,
analytic as a map B(eg) — H*(T) x R. Moreover, since 7, is even, the function
p(x) is odd. In Appendix B we prove the expansion

5 (1 + ch)(3 + ch)
Ch

p(x) = ecysin(x) 4 € sin(2x) + O(e3)

o4

£, =25 Z + 0. (2.15)

Under the symplectic and reversibility-preserving map

_[A+p)PB 0
P = [ 0 ‘13] , (2.16)

the system (2.12) transforms, by (2.13), into the linear system i, = L.h where L,
is the Hamiltonian and reversible real operator

C ::Pgeplz[axomwpg(x)) | D| tanh((h + f€>|D|>}

—(1 € € x

(1 + ae(x)) (cn + pe(x))d @17

_ [ 1+ ae(x) —(ch + pe(x))dx }

~ Y |0xo(ch+ pe(x)) |D|tanh((h + £¢)|D])

where
—Vix+
Ch + pe(x) := 7 +(); (;;(x)) ,
| ta@) = FVE+ p(lxj:;(c;))BX(x P (2.18)

By the analiticity results of the functions V, B, p(x) given above, the functions p.
and a. are analytic in € as maps B(eg) — H?*(T). In the Appendix B we prove the
following expansions:

Lemma 2.2. The analytic functions pe(x) and ac(x) in (2.18) are even in x, and

Pe(x) = €p1(xX) + €2 pa(x) + O(€),  ac(x) = €ai(x) + 2ar(x) + O(e’),

(2.19)
where
p1(x) = pEI] cos(x), pgl] = —ZC}:l , (2.20)
pa(x) = pi + pilcos(2x)
pgo] — 9+ 12ci + 5cf1 — 2c1112 p[z] . _3 + cﬁ 7 221)

’ 2 L
16¢], 2¢]
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and
a =aleosn.  alli= (e + e, 22
3.1 —l4c} +9¢8 -3
ar(x) = al + alPcos@x), a =24 —, o= Cn +8 Ch
2 2¢, 4oy
(2.23)

Bloch-Floquet expansion. Since the operator L, in (2.17) has 27 -periodic coeffi-
cients, Bloch-Floquet theory guarantees that

ULZ(R) (Eg) = U OLZ(T)(‘CILsS) where Cu’g = e_iﬂx ‘CG eiﬂx .

nel—%.%)

D=

The domain [— % %) is called, in solid state physics, the “first zone of Brillouin". In
particular, if A is an eigenvalue of £,  on L?(T, C?) with eigenvector v(x), then
h(t, x) = eMe' " y(x) solves h; = L h. We remark that: (i) if A = Op(a) is a
pseudo-differential operator with symbol a(x, &), which is 27 periodic in x, then
Ay = e MY ALY = Op(a(x, £+p)). (ii) If Ais areal operatorthen A, = A_,.
As a consequence the spectrum o (A_,) = 0(A,) and we can study o (A,,) just
for u > 0. Furthermore o (A,,) is a 1-periodic set with respect to 1, so one can
restrict to u € [0, %).

By the previous remarks the Floquet operator associated with the real operator
Le in (2.17) is the complex Hamiltonian and reversible operator

. [(ax+iu>o<ch+pe(x>> D + pf tanh (b + fe>|D+u|)]
e —(1 + ae(x)) (cn + pe(x))(0x +ip)
_[ 0 Id][ 1+ ae(x) —(cn + pe(x))(Bx +ip) ]
T -1d 0] [@x +im) o (ch+ pe(x)) |D+pltanh ((h+ £)|D +ul) |
N e’
=J = Bu,e
(2.24)

We regard L, . as an operator with domain H (T) := HY(T,C?) and range
L%(T) := L*(T, C?), equipped with the complex scalar product

1 2
(f.8) = 2—/ (fig1 + frg2) dx, Yf= [fl] g= [gl} € LX(T,C?).
7 Jo b 22
(2.25)

We also denote || f|> = (f, f).
The complex operator L, ¢ in (2.24) is Hamiltonian and Reversible.

Definition 2.3. (Complex Hamiltonian/Reversible operator) A complex operator
L : HY(T,C?) — L*(T, C?) is Hamiltonian, if £L = J B where B is a self-adjoint
operator, namely B = B*, where B* (with domain H'(T)) is the adjoint with
respect to the complex scalar product (2.25) of L>(T); it is reversible if

Lop=—poLl, (2.26)
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where p is the complex involution (cfr. (2.3))

[ n(x) 1n(=x) ]
= - . 2.27
g [vf(x)] [—w(—x) 227
The property (2.26) for £,, . follows because L. is a real operator which is

reversible with respect to the involution p in (2.3). Equivalently, since J o p =
—p o J, the self-adjoint operator By, ¢ is reversibility-preserving, i.e.

Bueop=poBec. (2.28)

In addition (u,€) = Ly, € L(H I(T), L>(T)) is analytic, since the functions
€ > de, pe defined in (2.19) are analytic as maps B(ep) — HY(T) and Leis
analytic with respect to u, since, for any u € [—%, 7)s

|D + pltanh ((h + £0)|D + pl) = (D + p) tanh ((h + £)(D + ). (2.29)
We also note that (see [33, Section 5.1])
|D + u| = |D| 4+ u(sgn(D) + ), VYu >0, (2.30)

where sgn(D) is the Fourier multiplier operator, acting on 2 -periodic functions,
with symbol

sgn(k) :=1Vk >0, sgn(0):=0, sgnk):=—-1Vk <0, (2.31)
and [Ty is the projector operator on the zero mode, Iy f (x) := % fT f(x)dx.

Remark 2.4. It (n(x), ¥ (x), ¢) solve the traveling wave equations (2.5) then the
rescaled functions (77(x), IZ(x), ©) == (n(x), /g¥(x), /gc) solve the same equa-
tions with gravity constant g instead of 1. The eigenvalues of the corresponding
linearized operators (2.9) and (2.24) for a general gravity g are those of the g =1
case multiplied by ,/g.

Our aim is to prove the existence of eigenvalues of £, ¢ in (2.24) with non zero
real part. We remark that the Hamiltonian structure of £, . implies that eigenvalues
with non zero real part may arise only from multiple eigenvalues of £, o (“Krein
criterion"), because if A is an eigenvalue of £, . then also —A is, and the total
algebraic multiplicity of the eigenvalues is conserved under small perturbation. We
now describe the spectrum of £, o.

The spectrum of £, o. The spectrum of the Fourier multiplier matrix operator

_ [en@ +ipn) |D+ p| tanh (h|D + w|)
Luo= [ -1 Cn (3 +i ) (2.32)

consists of the purely imaginary eigenvalues {)\,f (n), k € Z}, where

AE() =1 (cn(Ek + 1) F V/Ik £ pl tanh(nlk £ u))). (2.33)
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For ;v = 0 the real operator Lo o possesses the eigenvalue 0 with algebraic multi-
plicity 4,

A$(0) = Ay (0) =21 (0) = A (0) =0,

and geometric multiplicity 3. A real basis of the Kernel of £ g is

12 RV
£t = [CEH /zcos(x)] o= [ b, Sm(x)}, fi = m @3
h h

c sin(x) c cos(x)

together with the generalized eigenvector
1 —
fof = [o} Loofy” =—1y - (2.35)

Furthermore 0 is an isolated eigenvalue for Ly o, namely the spectrum o (ﬁo,o)
decomposes in two separated parts,

o (ﬁo,o) =o' ([,0,0) Uo” (ﬁo,o) , where o'(Lo,) := {0}, (2.36)

and 0" (Lo,0) := {Xg(O), k#0,1,0 = :I:}.

We shall also use that, as proved in Theorem 4.1 in [33], the operator L ¢
possesses, for any sufficiently small € # 0, the eigenvalue O with a four dimensional
generalized Kernel, spanned by e-dependent vectors Uy, Us, U3, Uy satisfying, for
some real constant o, S,

LoUi =0, LoU=0, Lo Us=aU,

~ 0
Lo Uy =—-Uy —BUs, Uy:= [1} . (2.37)

By Kato’s perturbation theory (see Lemma 3.1 below) for any 1, € # 0 sufficiently
small, the perturbed spectrum o (Eu,e) admits a disjoint decomposition as

o (Lue)=0"(Lpe)VUa" (Lue) . (2.38)

where ¢’ (E,M) consists of 4 eigenvalues close to 0. We denote by V),  the spectral
subspace associated with o’ (L, ¢), which has dimension 4 and it is invariant by
L. Our goal is to prove that, for € small, for values of the Floquet exponent u
in an interval of order €, the 4 x 4 matrix which represents the operator £, ¢ :
Ve = Ve possesses a pair of eigenvalues close to zero with opposite non zero
real parts.

Before stating our main result, let us introduce a notation we shall use through
all the paper.

o Notation: we denote by O(u"'e"!, ..., u"re"r), mj,n; € N (forus N :=
{1,2,...}), analytic functions of (u, €) with values in a Banach space X which
satisfy, for some C > 0 uniform for h in any compact set of (0, +00), the bound
1O(u™ie")|x < C Z;’:l [p|™ilel™i for small values of (i, €). Similarly
we denote ri (W™ e, ..., u"re"r) scalar functions O(u™'e™, ..., umre"r)
which are also real analytic.
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Our complete spectral result is the following:

Theorem 2.5. (Complete Benjamin—Feir spectrum) There exist €, jto > 0, uni-
formly for the depth h in any compact set of (0, +00), such that, forany 0 < p <
no and 0 < € < €, the operator L, ¢ : Ve — Ve can be represented by a

4 x 4 matrix of the form
Ulo0
(O S) , (2.39)

where U and S are 2 x 2 matrices, with identical diagonal entries each, of the form

_ i((cn — Se)u +ra(ue?, 14326 u)) —enk (14 rs5(e, n)
—petewy +ri(ued, u2e?) +en-(1+r(e, ) i((cn — Seu +ra(ue?, e, u) )’
icnp +iro(ue?, p2e) tanh(hp) + rio(ue)
S=<_h” gy e TR gt (2.40)
ntrg(pues, pe) icnp +irg(ue, n-e)

where ey, €12, €22 are defined in (1.1), (1.2), (1.3). The eigenvalues of U have the
form

1 .
A, €) =i 5 Cnt + ir(ue?, ue, 1)

+ duv/enm) (1 +rs(e, 1)y Aprhs p, €)

(2.41)

where ¢y, := 2cy — ejp(h) and Agp(h; w, €) is the Benjamin—Feir discriminant
function (1.6) (with ri(e*, ue®) = —8r{(e*, ue)). As exn(h) > 0, they have
non-zero real part if and only if Age(h; u, €) > 0.

The eigenvalues of the matrix S are a pair of purely imaginary eigenvalues of
the form

Ay (e, €) = icnu(l +ro(e?, ue)) Fiy/ptanh(ap) (1 +r(e)).  (2.42)
For € = 0 the eigenvalues )\f(,u, 0), )\g (u, 0) coincide with those in (2.33).

Remark 2.6. At € = 0, the eigenvalues in (2.41) have the Taylor expansion
. 1 .en(h)
A (1, 0) =i <Ch ~ Eelz(h)) TES T/ﬁ +0?),

which coincides with the one of )\f(u) in (2.33), in view of the coefficients e, (h)
and ep» (h) defined in (1.2), (1.3).

We conclude this section by describing our approach in detail.
Ideas and scheme of proof. The first step is to exploit as in [6] Kato’s theory to
prolong the unperturbed symplectic basis { fli, foi} of Vo0 in (2.34)-(2.35) into
a symplectic basis {f (i, €),k = 0,1,0 = £} of the spectral subspace V, .
associated with o’ (EM,G) in (2.38), depending analytically on u, €.
Itsexpansionin u, € is provided in Lemma4.2. This procedure reduces our spec-
tral problem to determine the eigenvalues of the 4 x 4 Hamiltonian and reversible
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matrix Ly, (Lemma 3.4), representing the action of the operator £, ¢ —icnu on
{f{ (. €)}. In Proposition 4.3 we prove that

L _ 3 E F\ (JE 3OF her
e = 4 F*G) — \JF* 3,G where
J2 0 01
5= (3 5) 2=(4) .43)

and the 2 x 2 matrices E, G, F have the expansions (4.10)-(4.12). In finite depth
this computation is much more involved than in deep water, as we need to track the
exact dependence of the matrix entries with respect to h. In particular the matrix
E is

2
E— eneX(L+rj(e, pe)) —enlc(l+r(e,p) i(3enn +2i’2(M€27 n2e, 1))
—i(Senn +r(ue?, u’e, ud)) —enk (1+rs(e, 1)
(2.44)

where the coefficients e and ej;, defined in (4.13) and (1.3), are strictly positive
for any value of h > 0. Thus the submatrix J2 E has a pair of eigenvalues with
nonzero real part, for any value of h > 0, provided0 < p < (€) ~ €.On the other
hand, it has to come out that the complete 4 x 4 matrix L, . possesses unstable eigen-
values if and only if the depth exceeds the celebrated Whitham-Benjamin threshold
hwg ~ 1.363.... Indeed the correct eigenvalues of Ly, . are not a small pertur-
. JrE O
bation of those of 0 3,G
step of block diagonalization. This was not the case in the infinitely deep water
case [6], where the corresponding submatrix J, E showed up the Benjamin—Feir
eigenvalues, and we only had to check their stability under perturbation.

> and will emerge only after one non-perturbative

Remark 2.7. We underline that (2.44) is not a simple Taylor expansion in x, €: note
that the (2, 2)-entry in (2.44) does not have any term O(e™) nor O(ue™) for any
m € N. These terms could change the sign of the entry (2, 2) which instead, in
(2.44), is always negative (recall that e>; (h) > 0). We prove the absence of terms
€™ exploiting the structural information (2.37) concerning the four dimensional
generalized Kernel of the operator Lo . for any € > 0, see Lemma 4.4. We also
note that the 2 x 2 matrices J, £ and J2G in (2.43) have both eigenvalues of size
O(w). As already mentioned in the introduction, this is a crucial difference with
the deep water case, where the eigenvalues of J,G are O(,/1t).

In order to determine the spectrum of the matrix Ly ¢ in (2.43), we perform a
block diagonalization of Ly, . to eliminate the coupling term J, F* (which has size
€, see (4.12)). We proceed, in Sect. 5, in three steps.

1. Symplectic rescaling. We first perform a symplectic rescaling which is sin-
gular at u = 0, see Lemma 5.1, obtaining the matrix Lf}’)g. The effects are twofold:
(i) the diagonal elements of
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2 1 / _ /473 1 7 (1 2 2 3
g _ (enpnet(+ri(e, pe) —enle(L+r{(e, ) i(zenun+r(ue, u’e, un)
—i(%e12ﬂ+r2(u€2,l/«2€,/l3)) —eng( +rse 1)
(2.45)

have size O(u), as well as those of GV, and (ii) the matrix F(!) has the smaller
size O(ue).

2. Non-perturbative step of block-diagonalization (Section 5.1). Inspired by
KAM theory, we perform one step of block decoupling to decrease further the size
of the off-diagonal blocks. This step modifies the matrix J» E") in a substantial
way, by a term O(ue?). Let us explain better this step. In order to reduce the size
of 7o FD | we conjugate L,(},)e by the symplectic matrix exp(S‘"), where SV is
a Hamiltonian matrix with the same form of J, F1, see (5.9). The transformed

matrix Lff)e = exp(S m)Lﬂ,)g exp(—S () has the Lie expansion1

L@ — JED 0
Hoe 0 3,60

0 JzF(l)) [(1) (JQE(I) 0 )]
+(hwmﬁ 0 S 0 3,60

1 (1 )
—_ () (D JoE 0 1) 0 JoF
+2 [S ’ [S ) ( 0 JZG(I) ):I:I + [S ) (Jz[F(l)]* 0 ):I + h.o.t..
(2.46)

The first line in the right hand side of (2.46) is the previous block-diagonal matrix,
the second line of (2.46) is a purely off-diagonal matrix and the third line is the
sum of two block-diagonal matrices and “h.o.t." collects terms of much smaller
size. S is determined in such a way that the second line of (2.46) vanishes, and
therefore the remaining off-diagonal matrices (appearing in the h.o.t. remainder)
are smaller in size. Unlike the infinitely deep water case [6], the block-diagonal
corrections in the third line of (2.46) are not perturbative, modifying substantially
the block-diagonal part. More precisely we obtain that L,(i)e has the form (5.10)
with

3 , .
£ ._ (refew (e w2 —enly 1+ (e, ) i(zenn+ e, e 1))
—i(Lenp +r(ue?, ne 1) —enf (1 +rs(e, w)

Note the appearance of the Whitham-Benjamin function eyg(h) in the (1,1)-entry
of E® which changes sign at the critical depth hys, see Fig. 1, unlike the coefficient
er1(h) > 0in (2.45). If eyp(h) > 0 and € and u are sufficiently small, the matrix
J2E® has eigenvalues with non-zero real part (recall that ey (h) > O for any h).
On the contrary, if ey (h) < 0, then the eigenvalues of J» E®) lay on the imaginary
axis.

3. Complete block-diagonalization (Section 5.2). In Lemma 5.9 we completely
block-diagonalize L,(f)e by means of a standard implicit function theorem, finally
proving that L, ¢ is conjugated to the matrix (2.39).

1 Recall that exp(S)L exp(—S) = 2 n>0 %ad’g(L), where adg(L) = L, ady(L) =
(S, adt~ ' (L)] forn > 1.
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3. Perturbative Approach to the Separated Eigenvalues

We apply Kato’s similarity transformation theory [26, I-§4-6, II-§4] to study the
splitting of the eigenvalues of £, ¢ close to O for small values of u and €, following
[6]. First of all, it is convenient to decompose the operator £, ¢ in (2.24) as

E}L,G =icnp + fu,e > nw>0, 3.1)

where, using also (2.30), .Z}, . is the Hamiltonian operator

z,u,e = jB//,,e >
B 1 + ac(x) —(cn + pe(x))dx —ip pe(x)
pe ¢ o (cn+ pe(x)) +ipm pe(x) |D+ | tanh ((h+ £0)|D + )
(3.2)
with B,  selfadjoint, and it is also reversible, namely it satisfies, by (2.26),
Lyeop=—poLye., p defined in (2.27), 3.3)

whereas B, ¢ is reversibility-preserving, i.e. fulfills (2.28). Note also that Bo ¢ is a
real operator.

The scalar operator i chy = icppuld just translates the spectrum of %), .
along the imaginary axis of the quantity i cnjt, that is, in view of (3.1), 0 (Ly.¢) =
ichu + 0 (Z)..e) . Thus in the sequel we focus on studying the spectrum of .%), ..

Note also that % ¢ = Lo forany € > 0. In particular . ¢ has zero as isolated
eigenvalue with algebraic multiplicity 4, geometric multiplicity 3 and generalized
kernel spanned by the vectors { fl‘|r S f0+, fo }in (2.34), (2.35); furthermore,
its spectrum is separated as in (2.36). For any € # 0 small, % has zero as
isolated eigenvalue with geometric multiplicity 2, and two generalized eigenvectors
satisfying (2.37).

We remark that, in view of (2.30), the operator .Z), . is analytic with respect to
w. The operator .Z), ¢ : ¥ C X — X has domain Y := HY(T) := H'(T, C?) and
range X := L*(T) := L*(T, C?).

Lemma 3.1. (Kato theory for separated eigenvalues) Let I" be a closed, count-
erclockwise-oriented curve around 0 in the complex plane separating o’ (,2”0,0) =
{0} and the other part of the spectrum o (fo,o) in (2.36). There exist €, 1o > 0
such that for any (u, €) € B(uo) X B(€g) the following statements hold:

1. The curve I' belongs to the resolvent set of the operator £, ¢ 1Y C X — X
defined in (3.2).
2. The operators

1
Puei=—5—@(Lue—N"dr: X > Y 34
= —mr e =) G4
arewell defined projectors commuting with ), ¢, i.e. Pﬁ’g =Pycand Py Lyc =

Ly Puc. Themap (., €) — Py is analytic from B(jo) x B(eg) to L(X, Y).



91 Page 20 of 54 Arch. Rational Mech. Anal. (2023) 247:91

3. The domain Y of the operator £,, « decomposes as the direct sum
Y = Vlu,g D Ker(P/L,e) B V/L,E = Rg(PMye) = Ker(ld — Pﬂ,e) s

of closed invariant subspaces, namely £}, ¢ * Ve = Ve, Lye - Ker(Pye) —
Ker(Py ). Moreover

0 (L) N{z € Cinside T} = 0(Lpely, ) = 0'(Lue)

0 (L) N{z € Coutside T} = 0 (Ly.elKer(Pye) = 0"(Lue) .

4. The projectors P, ¢ are similar one to each other; the transformation operators

—1/2
Upe = (1d = (Pyc — P0.0)?) /*[PucPoo+ (1d — P, )(d — Pyo)]
3.5)

are bounded and invertible in Y and in X, with inverse
_ —1/2
Ul = [PooPue + (1d — Poo)(1d — P, )](1d — (Puc — Po0)?) /2.

and UM’EPO,()UJ,IE = P, caswellas Uﬂ_’iPM,EU%6 = P0,0-2 Themap (u, €) —
U,.e is analytic from B(ug) x B(eg) to L(Y).

5. The subspaces V,, . = Rg(Py ) are isomorphic one to each other: V, . =
U, Vo,0. In particular dim V), ¢ = dim Vy o = 4, for any (u, €) € B(up) X
B(ep).

Proof. For any A € C we decompose .Z),c — A = £o — A + Ry, Where

L0 = [CE?X |D|t221}1118(h|D|)] and
X

—ae(x)  pe(x)(dx +1ip)
having used also (2.30) and setting

Ru,e =Lpe — f0,0 = |:(8x F1Wpe(x) fM'E(D) i| Y - X,

fue(D) :=|D + p| tanh ((h + £0)|D + p|) — |D|tanh(h|D]) € L(Y),
”fu,e(D)”ﬁ(y) =0, €).

For any A € I', the operator .%p o — A is invertible with inverse
(Zoo—1""

1 icnk — %  —|k| tanh(nlk])
=0 . ¢ Y.
p((i cnk — 2)2 + [k| tanh(nlkl) [ 1 icnk — A -

1
2 The operator (Id — R)™ 2 is defined, for any operator R satisfying [|Rlzy) < 1, by

the power series

L K —1)2 1 3
(Id — R)"2 :=Z< j )(—R)":Id+§R+§R2+O(R3). (3.6)
k=0
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Hence, for |€]| < €g and || < o small enough, uniformly on the compact set I',
the operator (Zp,0 — A)_lRM)e 1Y — Y is bounded, with small operatorial norm.
Then %), ¢ — X is invertible by Neumann series and I" belongs to the resolvent set
of .Z), . The remaining part of the proof follows exactly as in Lemma 3.1 in [6].
]

The Hamiltonian and reversible nature of the operator .Z), , see (3.2) and
(3.3), imply additional algebraic properties for spectral projectors P, . and the
transformation operators U, .. By Lemma 3.2 in [6] we have that:

Lemma 3.2. For any (u, €) € B(ug) x B(eg), the following holds true:

(i) The projectors Py, ¢ defined in (3.4) are skew-Hamiltonian, namely J Py ¢ =
P* «J, and reversibility preserving, i.e. pPy ¢ = Py ¢p.
(ii) The transformation operators U, ¢ in(3.5)are symplectlc namely Uﬂ JUp e
= J, and reversibility preserving. ) .
(iii) Po.e and Uy ¢ are real operators, i.e. Py ¢ = Py ¢ and Uy e = Uge.

By the previous lemma, the linear involution 0 commutes with the spectral
projectors Py, . and then p leaves invariant the subspace V,, = Rg(Py ¢).
Symplectic and reversible basis of V), .. It is convenient to represent the Hamil-
tonian and reversible operator .2}, ¢ : Ve — V. in a basis which is symplectic
and reversible, according to the following definition:

Definition 3.3. (Symplectic and reversible basis) A basis F := {£], £, £}, £}
of V,, ¢ is symplectic if, for any k, k' = 0, 1,

(T£ . £) =1, (J£],£]) =0, Vo = +;
if k # k' then (T £, £5)) =0, Vo,0' = +. 3.7)

This is reversible if

pff = £, pfy =—£;, pfy =£5, pfy = —1f,,
ie. pfy _ofz, Vo ==4,k=0,1. (3.8)

We use the following notation along the paper: we denote by even(x) a real 27-
periodic function which is even in x, and by odd(x) a real 2 -periodic function
which is odd in x.

By the definition of the involution p in (2.27), the real and imaginary parts of
a reversible basis F = {fki}, k = 0, 1, enjoy the following parity properties (cfr.
Lemma 3.4 in [6])

even(x) + iodd(x)i| £~ (x) = [odd(x) +ieven(x)
X =

+ry
Fi ) = [Odd(x) +1ieven(x) even(x) +iodd(x)i| - (B9

By Lemmata 3.5 and 3.6 in [6] we have
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Lemma 3.4. The 4 x 4 matrix that represents the Hamiltonian and reversible op-

erator Ly.e = TBu.e : Ve = Vi e with respect to a symplectic and reversible
. + = £t e ;

basisF = {f], £, £5, o} of Vuc is

0
J4Bue, J4:= (%) , Jp = (_01 (1)) where By = BZ’E (3.10)
is the self-adjoint matrix
(B £ £7) (Buc £ . £7) (Buc £ €1) (Buc &5 . £7)
B = (Bu.e £ flr) (Bue £y flr) (Bu.c £q - fgr) (Bu.c £q » f1+)
’ (Bu.e flu ; fg) (Bu.e £ fg) (Bue £q » fg) (Bu.e £o fg)
(Bue £1 . £9) (Bue £y . £g) (Bue £g - £o) (Bue £ - £o)

@3.11)

The entries of the matrix By ¢ are alternatively real or purely imaginary: for any
o=+4,k=0,1,

(Bue £7, £7) isreal,  (Bu.e £7 . £,,7) is purely imaginary. (3.12)

It is convenient to give a name to the matrices of the form obtained in Lemma
3.4.

Definition 3.5. A 2n x2n,n = 1, 2, matrix of the form L. = J,,B is Hamiltonian if
Bis a self-adjoint matrix, i.e. B = B*. Itis reversible if B is reversibility-preserving,
i.e. pop © B = B o pp,, Where

_(,m O _ (O
re=\g 0 ) 2= o)

and ¢ : z > Z is the conjugation of the complex plane. Equivalently, o2, o L =
—L o p2g.

The transformations preserving the Hamiltonian structure are called symplectic,
and satisfy

Y*34Y = J4. (3.13)

If Y is symplectic then Y* and ¥ ~! are symplectic as well. A Hamiltonian matrix
L = J4B, with B = B¥, is conjugated through Y in the new Hamiltonian matrix

Ly =Y 'LY = Y~ '94Y *Y*BY = J4B; where B;:=Y*BY =B}.
(3.14)

A 4 x 4 matrix B = (B;j);, j=1,....4 s reversibility-preserving if and only if its
entries are alternatively real and purely imaginary, namely B;; is real wheni + j
is even and purely imaginary otherwise, as in (3.12). A 4 x 4 complex matrix
L = (Lij)i, j=1,...,.4 is reversible if and only if L;; is purely imaginary when i + j is
even and real otherwise.

Finally, we mention that the flow of a Hamiltonian reversibility-preserving
matrix is symplectic and reversibility-preserving (see Lemma 3.8 in [6]).
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4. Matrix Representation of £,  onV,, ¢

Using the transformation operators Uy, ¢ in (3.5), we construct the basis of V,, ¢

‘7::2 {f]+(,l,L,E), fl_(,bL,E), f()+(,l’L56)v f()_(l‘L’G)}»

Fue) =Uyeff,o=x,k=0,1, “4.1)
where
1/2 1/2 .
+ _ | cn cos(x) — _ | ey sin) +_ |:1:| - [Oj|
i |:c}—11/2 sin(x):| A |:c}—11/2 Cos(x):| . S ol: fo Nk
4.2)

form a basis of V0 = Rg(Po,0), cfr. (2.34)-(2.35). Note that the real valued vectors
{ fli, foi} form a symplectic and reversible basis for V) o, according to Definition
3.3. Then, by Lemma 3.2 and 3.1 we deduce that (cfr. Lemma 4.1 in [6]):

Lemma 4.1. The basis F of V, ¢ defined in (4.1), is symplectic and reversible,
i.e. satisfies (3.7) and (3.8). Each map (i, €) — [ (u, €) is analytic as a map
B(10) x B(eg) — H'(T).

In the next lemma we expand the vectors f” (i, €) in (u, €). We denote by
eveng(x) areal, even, 2 -periodic function with zero space average. In the sequel
O(ume™) [eoli;;(g))} denotes an analytic map in (u, €) with values in H!(T, C?),

whose first component is even(x) and the second one odd(x); we have a similar
odd(x) i| ete

even(x)

meaning for O(u™e") [

Lemma 4.2. (Expansion of the basis F) For small values of (i, €) the basis F in
(4.1) has the expansion

2 _ L -
S = | SRSy, o sine) [ah cos( ]
1 c;% sin(x) 4 c;% cos(x) Br sin(2x)
2y [ eveno(x) +iodd(x) 2. [eveno(x)
+Ow) [odd(x) —i—ieveno(x)] O [ odd(x) }
. odd(x) 2 5
i |:even(x)i| +OWe, uet), (4.3)
! 1
_ —c2si ) 2 _ in(2x)
e = flh sin(x) +i E)/h ch_(]:os(x) n |: oy, sin( ]
1 cy, 2 cos(x) 4 —cy, 7 sin(x) B cos(2x)
2, [odd(x) +ieveny(x) 2. [ odd(x)
+ 0w |:even0(x) + iodd(x)] +0ED) |:even(x):|

+ipe [eo'ﬁg))} + O(%e, ne?), (4.4)
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3
fif(u,e) = [(ﬂ tes,| ©n Clos(x) +OE) [eveno(x)}

—cy, 2 sin(x) odd(x)
. odd(x) ) )
+1i |:even0(x):| + O(u“e, ue), 4.5)
fo (o) = m +ipe [e;’;';g?] + O, ue?), “.6)

where the remainders O() are vectors in H'(T) and

1 -u K]
on = ey YB4cl), Bni= 25 Z(14chHB-c}),

h(l —c}) 34 ¢t
=14 ——52, Syi= . 4.7)
€h 4cf

For i = 0 the basis {fki(O, €),k =0, 1} is real and

_ dd
wo0.0=[1S] roo=[200]

even(x)
1 eveng(x) _ 0
+ _ 0 —
fiF 0,6 = [O] - [ i } Sy 0.6 = H : 48)
Proof. The long calculations are given in Appendix A. O

We now state the main result of this section.

Proposition 4.3. The matrix that represents the Hamiltonian and reversible oper-
ator Ly¢ : Ve = Ve in the symplectic and reversible basis F of V,, ¢ defined
in (4.1), is a Hamiltonian matrix Ly, ¢ = J4By, ¢, where B, . is a self-adjoint and
reversibility preserving (i.e. satisfying (3.12)) 4 x 4 matrix of the form
E F
B""=<F* G)’ E=E", G=G", 4.9

where E, F, G are the 2 x 2 matrices

2 .
E = (enez(l +ri(e. pe) —enle (L+r{(e, ) i(3ennn + ra(ue?, pe, u3)))

—i(Senn +ra(ue?, p’e, 1) —en X (1 +rs(e, 1)
(4.10)
(1 +7rs8(e?, p?e) —irg(ue?, u?e)
¢= (ir9(uez,uze) ptanh(hp) + rio(u’e) @10
_1
Fo= [Ene+r3(€ ue’ o) ipec,” +irg(ue’ ple)) (4.12)
ire(pe) r7(l/~2€)
with ey and en; given in (1.2) and (1.3) respectively, and
9c8 —10ct+9  9(1 — cH)2 + 8¢ -3
el = h h = h h >0, f11 = %Chz(l—ci).

8c] 8c]
(4.13)
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The rest of this section is devoted to the proof of Proposition 4.3.
We decompose B, ¢ in (3.2) as

%u,e:‘Be+Bb+3ﬁ,

where B, B”, B are the self-adjoint and reversibility preserving operators

— ._ 1+ ac(x) —(Ch + pe(x))dy
Be :=Bp,e = |:8x o (cn + pe(x)) |D]|tanh((h + fé)|D|):| ; 4.14)
b.__ 0 0
B’ = [() |D + p|tanh((h + £¢)|D + p|) — | D| tanh((h + f€)|D|)] , (4.15)
g._ 0 —ipe
v= [ipe 0 ] - (4.16)

In view of (2.29), the operator B is analytic in u.

Lemma 4.4. (Expansion of B.) The self-adjoint and reversibility preserving ma-
trix B¢ := Be() associated, as in (3.11), with the self-adjoint and reversibility
preserving operator Be defined in (4.14), with respect to the basis F of V,, ¢ in
(4.1), expands as

ene? + p? +ri(ed, ued) ir(ue?) | frie +ra(€3, pe?) ira(ue’)

- —iry(ue?) Cnp? ire(pe) 0
‘ frie+r3(e, ue®)  —irg(ue)| 14rg(e?, ue?) irg(ue’)
—irg(ue’) 0 —irg(uue®) 0
+0(le, 1), (4.17)
where e11, £11 are defined respectively in (4.13), and
th = %Ch)/ﬁ- (4.18)

Proof. We expand the matrix B, (u) as

2
Be (i) = Be(0) + 11(3,B6)(0) + ’“‘7(35130)(0) +0Wle ). (4.19)

The matrix B, (0). The main result of this long paragraph is to prove that the matrix
B¢ (0) has the expansion (4.23). The matrix B¢ (0) is real, because the operator B,
is real and the basis { fki (0, €)}x=0.1 is real. Consequently, by (3.12), its matrix
elements (B¢(0));,; are real whenever i + j is even and vanish for i + j odd. In
addition f;, (0, €) = [?i| by (4.8), and, by (4.14), we get B, f;, (0, €) = 0, for any

€. We deduce that the self-adjoint matrix B (0) has the form

B.(0) = (Be /7 (0.0, £ (0.0))

k.k'=0,1,0,0'==%
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Ell(O,E) 0 Fll(O,E)O

_ 0 E» (0, ¢€) 0 0
Fi0e 0 [Gu@0.e0] *:20)

0 0 0 0

where E11(0, €), E22(0, €),G11(0, €), F11(0, €) arereal. We claim that E7, (0, €) =
0 for any €. As a first step, following [6], we prove that

either £7,(0,¢) =0, or £11(0,¢) =0 = F;1(0,¢). “4.21)

Indeed, by (2.37), the operator .2y = Lo, possesses, for any sufficiently small
€ # 0, the eigenvalue 0 with a four dimensional generalized Kernel W, :=
span{U1, 172, Us, U4}, spanned by e-dependent vectors Uy, f/z, Us, Us. By Lemma
3.1 it results that W, = Vp . = Rg(Po,e) and by (2.37) we have .,2”02’6 =0onVye.
Thus the matrix

0 E» (0, ¢€) 0 0
—FE11(0, € 0 —F11(0,¢) 0

Le(0) = T4B (0 = [ 2D 7 n®o98 . @
—Fi1(0,e) 0 —G11(0,€) 0

which represents % ¢ : Vo.e — Vo.e, satisfies LE(O) = 0, namely

(E11E22)(0, €) 0 (F11E22)(0,€) 0
0 EE 0, € 0 0

12(0) = — : (En 202)( ) : =0
0 (F11E22)(0, €) 0 0

which implies (4.21). We now prove that the matrix B¢ (0) defined in (4.20) expands
as

en€2+rE) 0| £1e+ r(e3) 0

0 0 0 0
B0 =5 7@ 0l 157 0 (4.23)
0 0 0 0
where e and £ are in (4.29) and (4.32). We expand the operator B, in (4.14) as
_ 2 3 L 1 —Chax
Be =Bog+€Bi +e*By+0(”), Bo:= [chax |D\tanh(h|D|)} , e
g oo @@ —pw] p [ @ —P2(x)0y '
P la,opi) 0 © T2 T By o pa(x)  —£282(1 — tanh?(n| D)) |

where the remainder term (9(63) € L(Y, X), the functions a1, p1, a2, pa are given
in (2.20)-(2.23) and, in view of (2.15), £ := %cﬁz(cﬁ —3).

e Expansion of E11(0,¢€) = ene? + r(e3). By (4.3) we split the real function
ffr (0, €) as

fiH0.6) = fi +efit + £ + O,
+ cé cos(x) + . |oancos(2x) + . |evenpo(x) (4.25)
= ; > Sy = Bnsin(2x) |’ fry = odd(x) |’

¢y, * sin(x)
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where both ffg and O(e3) are vectors in H!(T). Since Boffr = J‘lfo,offr =0,
and both By, B are self-adjoint real operators, it results

ENn,¢) = (B fi70,€), f7(0,€)
=e(Bifit 1) +E[(Bafits 1) +2(Bist. 1)+ (Bosit £7)]
T+ OE). (4.26)

By (4.24) one has

By = |:A1(1 + cos(2x))i|  Baft = |:A2 cos(x) + Az cos(3x)]

B sin(2x) B sin(x) 4+ B3 sin(3x)
Agqcos(2x)
B = . 4.27
ofy, [34 sin(2x) @.27)
with
_1
Ay = z(a[“ pllllchz)a B _P[11]ch s
Ay = Ch l ] —c, 2p[20] +1 Chayl l 2p[22| , A4 := om — 2BncCh., (4.28)
2
1 C
By = —c} p£0] 1ch pﬁ” + ¢y, : £2(1—c}).  By:=—2onch+ h4 B -
1+ cy,

By (4.27) and (4.25), we deduce
Ei1(0,€) = en€? +r(e),

1 1 _1
ey = E(AZCrZI + Brcy, 2 4 2anAy + 2B Bn + anAy + ,BhB4). 4.29)

By (4.29), (4.28), (4.7), (2.20)-(2.23) we obtain (4.13). Since ej; > 0 the second
alternative in (4.21) is ruled out, implying E2,(0, €) = 0.

e Expansion of G11(0, €) = 1 + r(e?). By (4.5) we split the real-valued function
f0+ (0, €) as

f570.6) = fif +eff + 21+ 0@, £ = m :

—cy, * sin(x)

1
2
foy 1= b Cn ) fo; [egf}'ffég)} ' 30

Since, by (2.34) and (4.24), By f0+ = f0+, using that By, B are self-adjoint real op-
erators, and [| f57 Il = 1, (fyF. fo), wehave G11(0, €) = (B £, (0. €), £;7(0,€)) =
L+e(Bify . fif) +r(€?). By (4.24) and (2.20)-(2.23) one has

B fiF = ay)| cos(x) (4.31)
o = pllllsm(x) '

and, by (4.30), we deduce G11(0,¢) =1+ r(€?).
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e Expansion of F11(0,¢€) = f11€ + r(e3). By (4.24), (4.25), (4.30), using that
Bo, B, are self-adjoint and real, and By f]+ =0, By f0+ = f0+, we obtain

F11(0,€) =€ [(Blf1+v fo) + (flJ.r’ fo+)]
+E[(Bafit, f) + (Blffr, f0+1> + (BlfoJr» f1+1>
N (fg, f0+) " (gofﬁl, fof)] +r(Ed).

By (4.25), (4.27), (4.28), (4.30), (4.31), all these scalar products vanish but the first
one, and then

1

1 _1
Fi11(0,€) = fie +r(e), =41 =% <a§”c§l - pg”chz), (4.32)

which, by substituting the expressions of aﬁ”, plll] in Lemma 2.2, gives the expres-

sion in (4.13).

The expansion (4.23) in proved.
Linear terms in 1. We now compute the terms of B¢ (u) that are linear in w. It
results

0uBe(0) = X + X* where X := (Be £ (0, €), (0 £7)(0,€)), po1 00r—s-

(4.33)
‘We now prove that
OEH0|0EH 0
_1OE»H 0] O) 0
X= OE)0]0E*) 0 .34
O@E) 0] 0@E> 0

The matrix L. (0) in (4.22) where E»(0,€) = 0, represents the action of the
operator Zp¢ @ Vo.e — Vo in the basis { fZ (0, €)} and then we deduce that
L0.ef10,6) =0, L fy (0,€) =0.Thus also B¢ f;(0,€) =0, B, f; (0, €) =
0, and the second and the fourth column of the matrix X in (4.34) are zero. To
compute the other two columns we use the expansion of the derivatives. In view of
(4.3)—(4.6) and by denoting with a dot the derivative w.r.t. u, one has

1
iy _ 1 cy sin(x) . | odd(x) 5
oo = 47 _c}_l% cos(x) e [even(x)i| O,
: . odd(x) )
foe =ie Lveno(x)] +0(),

- (4.35)

fr 0,6 = L, cﬁ_c;os(x) tie [el;:(x)} + 0,
4 == 2 sin(x) 0dd(x)

eveng(x)

fy .0 =ie [ e ]—}-(’)(62).
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In view of (2.2), (4.3)-(4.6), (4.22), (4.8), (4.29),(4.32), and since B, f (0, €) =
~J L f7 (0, €), we have

Be /170, €) = E11(0,€) T ;7 (0, €) + F11(0,€) T fy

1
—2
=€ [féli| +eZeqy Chl cos(x) + 0O,
7 .
cy, sin(x)

Be 35 (0,€) = F11(0,€) T f;7(0,€) + G11(0,€) T £y

1
-2

= |:(])i| +efq chl c0s(2%) + 0(62) .
;. sin(2x)

(4.36)

We deduce (4.34) by (4.35) and (4.36).
Quadratic terms in . By denoting with a double dot the double derivative w.r.t.
W, we have

0280(0) = (Bo 7, 7'(0,0)) + ((0,0), By )
+2 <130ka (0,0), f,g/(O, 0)) =Y4+Y"4+2Z. (4.37)
We claim that Y = 0. Indeed, its first, second and fourth column are zero, since

Bof? = 0for f7 € {f;", f; . fy }- The third column is also zero by noting that
Bo fo+ = f0+ and

e _ |eveno(x) +iodd(x) o _|odd(x) +1ievenp(x)
fr(0.0) = |:0dd(X) +ieveno(x)i| 1 0.0 = [even()(x) + iodd(x):| ’
£7(0,0) = f;7(0,0) =0.

We claim that

000
02,00
0000
00/00

Z= (ﬂsof',;’(o, 0). /3 (0, 0)),{,,(/:0’1’ - : (4.38)

0,0’ =+

with ¢y as in (4.18). Indeed, by (4.35), we have f;"(0,0) = f; (0,0) = 0. There-
fore the last two columns of Z, and by self-adjointness the last two rows, are zero.
By (4.24), (4.35) we obtain the matrix (4.38) with

&= (Bofi7(0,0), £7(0,0)) = (Bofy (0,0), f7(0,0) = fenyl.

In conclusion (4.19), (4.33), (4.34), (4.37), the fact that Y = 0 and (4.38) imply
(4.17), using also the selfadjointness of B, and (3.12). O

We now consider B”.



91 Page 30 of 54 Arch. Rational Mech. Anal. (2023) 247:91

Lemma 4.5. (Expansion of B”) The self-adjoint and reversibility-preserving matrix
B associated, as in (3.11), to the self-adjoint and reversibility-preserving operator
B, defined in (4.15), with respect to the basis F of V¢ in (4.1), admits the
expansion

2
—L by i(hen+ rz(Méz)) 0 0
g = | —i(Genn +ra(ue?) ——bh ir6(1e) 0
0 —i r6(ue) 0 0
0 0 0 wtanh(hp)

+O(u’e, 1), (4.39)
where e is defined in (1.2) and
by == yncn + o 'h(l — ) (yn — 2(1 — c2h)) . (4.40)

Proof. Wehave to compute the expansion of the matrix entries (B° e (s e), ' (u, €)).
First, by (4.6), (4.15) and since £, = 0 (€?) (cfr. (2.15)) we have

b o— _ 0 0
By o) = |:/,L tanh (hu)] + [O(uze):| ’

Hence, by (4.3)—(4.6), the entries of the last column (and row) of B" are

(B fo (s ©), fi7 (1, ©)) = O(u’e)

(B fy (s ), fi (1, €)) = pranh(hp)O(e?) + O(’e?) = O(u’e?)
(B fy (s ), fif (1, ©)) = O(uPe, 1)

(B’ fo (1t €), fy (1, €)) = ptanh(hy) + O(p’e)

in agreement with (4.39).
In order to compute the other matrix entries we expand B’ in 4.15)atu =0,
obtaining

B = MB?(O) + uR’(€) + ,uZB; + O(u%e, 1?), where

00
B’(0) := [hD(l — tanh®(n| D)) + sgn(D)tanh(h|D|)}I’I]1, My = [0 Id] . (441
R'(e) = O()My, B = [h(l — tanh?(n| D) (1 — htanh(thl)lDl)]l’Iﬂ

‘We note that

1(R () fE (. ©), 7 (1, ©)) = w(R”£2(0, €), £ (0, €)) + O(1*€?)

B {O(M262) ifo =0,

O(ue?) ifo #£o'. (442)
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Indeed, if 0 = o/, (Rbf,f 0, ), fk‘Z,(O, 6)) is real by (3.12), but purely imag-
inary> too, since the operator R’ is purely imaginary (as B’ is) and the basis
{fki(O, €)}k=0,1 is real. The terms (4.42) contribute to r2(,u62) and rg(ep) in (4.39).

Next we compute the other scalar products. By (4.3), (4.41), and the identities
sgn(D) sin(kx) = —i cos(kx) and sgn(D) cos(kx) =i sin(kx) for any k € N, we
have

b + . 0 M2 0
Mgl(o)fl (l'l” E) =1 H’bl |:COS()C)] - Tyhbl |:sin(x)i|

. 0 . 2 0 2 3
~ipeb, |:cos(2x)i| +i10(ue?) [eveno(x)] + 0w, 1)

where

b, = c;%(c%l + (1 —cHh)

by 1= ,Bh(tanh(Zh) 4 2h(l — tanh2(2h))> 4.43)
_ 22} Ao
_ﬁh(l+cﬁ+2h(1 (1+c§)2)>'

.. 0
Similarly MZB;f1+(M, €) = b, |:sin(x):| + O(u2e, 1), where

by :=h(1 — tanh?()) (1 — tanh(h)h)c;% =h(l—cH)(l — cih)c;%. (4.44)

Analogously, using (4.4),

L , 0 u? 0
wB(0) f (. €) =iub, |:sin(X):| - Tyhbl |:cos(x):|

. 0 . 0
+i peby I:sin(2x):| +10(ue?) [0dd(x)i| + O(u’e, 1),

2mb o— _ 2 2 3 ; -
and "B, f1 (i, €) = u?bsy [COS(X)] +O(u?e, ), with b, j = 1,2, 3, defined
in (4.43) and (4.44). In addition, by (4.5)—(4.6), we get that

B} (0) f5f (1. €) = i pedub, [Cos(x)} +i0(ue?) [eveno(x)} +0@%e).

0
WBL o (€)= [O(Mze)]

3 An operator A is purely imaginary if A = —A. A purely imaginary operator sends real
functions into purely imaginary ones.
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with D, in (4.43). By taking the scalar products of the above expansions of B° fE (s €

with the functions f;7 ' (i, €) expanded as in (4.3)-(4.6) we obtain that (recall that
the scalar product is conjugate-linear in the second component)

(uB ) fiF e €. £ (. ©) . (LB O f] (1 €), fi (. €))

w? -1 3
=—mbhiey’ + O(*e, 1)

(12BS £ (s €0, fiF (s ©)) s (1KPBofT (1 ), fi (s €)
2 1
= %b3c;§ +O(%e, 1)

and, recalling (4.41), (4.43), (4.44), we deduce the expansion of the entries (1, 1)
_1
and (2, 2) of the matrix B” in (4.39) with by, = ¢, 2 (ynD, —2b5) in (4.40). Moreover

(I'LBﬁ (O)fl_(/’Lv 6)7 f]+(l'l“v 6)) == 1 %elz + O(/L€2, I,L26’ /,L3) N
(M2B;f1_(,u, €), f1+(M, 6)) = (9(u3, uze),

_1
where e = b1 Cy % is equal to (1.2). Finally we obtain

(1(BL©O) + uBY) i (11, ), f (1, €)) = Olue, 1)
((B}0) + uBY) fiF (. €. fo (1. ) = O, p?e) |
(L(BL(O) + uB5) fof (11, ©), fof (1. ©)) = O(ue?).

The expansion (4.39) is proved. O
Finally, we consider BE.

Lemma 4.6. (Expansion of BY) The self-adjoint and reversibility-preserving matrix
BF associated, as in (3.11), to the self-adjoint and reversibility-preserving operators
B, defined in (4.16), with respect to the basis F of V, ¢ in (4.1), admits the
expansion

_1
0 ir(ue?) 0 ipec, ? +ira(ne?)
gt — —iry(ue?) 0 —irg(ue) 0
B 0 ire(pe) 0 —irg(ue)
_1
—ipecy ? —irg(ue?) 0 irg(ue?) 0
+0O(u’e). (4.45)

Proof. Since Bt = upeJ and p. = O(e) by (2.19), we have the expansion

(B 7 (1 €). £ (1. €)) = (BP £ (0, €), £ (0. €)) + O(uPe).  (4.46)
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The matrix entries (B £ (0, €), £20.€)). kK =0, 1,6 = () are zero, because

they are simultaneously real by (3.12), and purely imaginary, being the operator

B? purely imaginary and the basis { ;" (0, €)}¢—o,1 real. Hence B has the form

(Bf 0.0, f70.0)=ip,

B0 0, 70, 0) =iy,

+ O(u’e) where ( jfl ( Jo'( )> Y
EB fo 0,6, £, e)g =:is,

B f7(0, €), f57(0, )

tim,
“4.47)

and «, B, y, § are real numbers. As BF = O(ue) in L(Y), we deduce that y =
r(pue). Let us compute the expansion of S, § and n. By (2.20) and (2.2) we write
the operator B in (4.16) as

B = i,w%? + O(ue?), Bif :=2c; ! cos(x) [_(id Ig] , (4.48)

with O(ue?) € L(Y). In view of (4.3)-(4.6), £=(0,€) = £=+O(e), £,7(0, €) =
f0+ +0(), fy (0,€) = |:(1)i|, where f” are in (4.2). By (4.48) we have Btlifl_ =

_3
cy’ (11+ cos(2x)) Bﬁfo_ = |:2chl cos(x)i| and then
cy, 2 sin(2x) 0

B =ne (BEfTL /) +rued) = rued),
8§ = ue Bﬁfof , ff“) +r(pe?) = Mec;% +r(ue?),
n=ne (B Sy fi7) +rued) = rued).
This proves (4.45). 0O
Lemmata 4.4, 4.5, 4.6 imply (4.9) where the matrix E has the form (4.10) and
e2 1= 2(bn — 4¢n) = 2ynen + 2¢;, ' h(1 — ) (v — 2(1 = cih) — cny s
with by, in (4.40) and ¢y, in (4.18). The term e5; has the expansion in (1.3). Moreover

1+ r3(€2, u?e, 1) —irg(ue?, u?e, u) )
G:=G(u,e)=1". 4.49
(. ©) <1r9(uez,uze,u3) ptanh(h) + rioie, b))

1
3 2,2 3 : T2 H 2,2 3
F = F(u,e) = | Fue (e, ne JHE ) ipecy +1£4(u63 ST ) )
ire(ue, 1) r7(pu-e, u’)
(4.50)

In order to deduce the expansion (4.11)—(4.12) of the matrices F, G we exploit
further information for

Lo =IBuo, Buo:i= |:c

We have

1 —Chax

. (451
e |D+u|tanh(h|D+u|)} “.51)
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Lemma4.7. At ¢ = 0 the matrices are F(u,0) = 0 and G(u,0) =
1 0
(O u tanh(hu))'

Proof. ByLemmaA.5and (4.51)wehave B, o fy (1, 0) = £y and B0 fy (1, 0) =
wtanh(hp) fy”, for any p. Then the lemma follows recalling (3.11) and the fact
that f1+ (1, 0) and f; (u, 0) have zero space average by Lemma A.5. O

In view of Lemma 4.7 we deduce that the matrices (4.49) and (4.50) have the
form (4.11) and (4.12). This completes the proof of Proposition 4.3.
We now show that the constant ej; in (1.3) is positive for any depth h > 0.

Lemma 4.8. For any h > 0 the term ey, in (1.3) is positive, €2y — 0 ash — 0
and ey — 1 as h — +o00. As a consequence for any hy > 0 the term ey is
bounded from below uniformly in h > hy.

Proof. The quantity z := c%l = tanh(h) is in (0, 1) for any h > 0. Then the
quadratic polynomial (0, +00) 3 h — (1 — z2)(1 + 3z%)h? + 2z(z*> — Dh + 22
is positive because its discriminant —4z*(1 — z?2) is negative as 0 < z> < 1. The
limits for h — 0% and h — +oo follow by inspection. O

5. Block-Decoupling and Emergence of the Whitham-Benjamin Function

In this section we block-decouple the 4 x 4 Hamiltonian matrix L, ¢ = J4B, ¢
obtained in Proposition 4.3.

We first perform a singular symplectic and reversibility-preserving change of
coordinates.

Lemma 5.1. (Singular symplectic rescaling) The conjugation of the Hamiltonian
and reversible matrix L, ¢ = J4By ¢ obtained in Proposition 4.3 through the
symplectic and reversibility-preserving 4 x 4-matrix

1
_ (20 : _(u2 O
Y = <0 Q) with Q.—(O M%) uw>0, 6.1

vields the Hamiltonian and reversible matrix

5.2)

(1 (O]
. 1 1 JoE Jo F
L;(L,)e =Y L/L,GY = J4B§L,)€ = (

DA F DT 3G

where B,(},)E is a self-adjoint and reversibility-preserving 4 x 4 matrix

) ED g
we =\ [FO GO

) , EMD — [E(l)]* , G — [G(l)]* , (5.3)
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where the 2 x 2 reversibility-preserving matrices EV, GV and FV extend ana-
Iytically at uw = 0 with the following expansion

3 )
£ _ (enuez(l + 7 (e, ne)) — el (1476, ) i(5ennn + ra(ue?, ue, u3)))

—i(yenu +rue, e 1) —en k(14 rs5(e, 1)
5.4
G = w+rg(ue?, pde)  —irg(ue?, ue) (5.5
irg(ue?, u*e) tanh(hp) + rip(ue)) :
_1
FO — [ Eripe +r3(ue’, p?e?, ple) ipecy? +irg(ue, ple) (5.6)
ire(pe) r7(e)

where e11, e12, €22, £11 are defined in (4.13), (1.2), (1.3).

Remark 5.2. The matrix Lﬂ,)e, a priori defined only for i # 0, extends analytically
to the zero matrix at © = 0. For u # 0 the spectrum of L,(Ll,)E coincides with the
spectrum of L, ¢.

Proof. The matrix Y is symplectic, i.e. (3.13) holds, and since u is real, it is
reversibility preserving, i.e. satisfies (3.12). By (3.14),

. ED gD
BL’)G = Y*B,MY = ([F(l)]* G )

with, Q being self-adjoint, EV = QEQ = [EW]*, GV = 0GQ = [GV]* and
F = QFQ.In view of (4.10)—(4.12), we obtain (5.4)~(5.6). O

5.1. Non-perturbative Step of Block-Decoupling

We first verify that the quantity Dy, :== h — %eﬂ is nonzero for any h > 0.
In view of the comment 3 after Theorem 1.1, we have that Dy, = h — cg. The
non-degeneracy property Dy, # 0 corresponds to that in Bridges-Mielke [9, p.183]
and [38, p.409].

Lemma 5.3. For any h > 0 it results

Dh:=h-—1tef, >0, and lim Dy=0. (5.7)
h—0t

Proof. We write Dy, = (ﬁ + %elz)(«/— — %elg) whose first factor is positive for
h > 0. We claim that also the second factor is positive. In view of (1.2) it is equal
to %cﬁlf(h) with
f(h) := (vhtanh(h) — vh + y/tanh(h)) (vhtanh(h) + vh — y/tanh(h))
=:q()p(h).

The function p(h) is positive since h > tanh(h) for any h > 0. We claim that also
the function ¢ (h) is positive. Indeed its derivative

, 1 — tanh(h) 2
h) = ————( — /tanh(h h + vhtanh(h h(1 — tanh?(h)) > 0
q'(h) NG tanh(h)< an()—i—f—l—ftan())—i—f( tanh”(h)) >
for any h > 0. Since ¢ (0) = 0 we deduce that g(h) > 0 for any h > 0. This proves
the lemma. O
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We now state the main result of this section.

Lemma 5.4. (Step of block-decoupling) There exists a2 x 2 reversibility-preserving
matrix X, analytic in (|, €), of the form

x1] ix . ..
X = 4“ 12 with xjj € R, i,j=1,2,
1x21 X22

_ r11(6)l 1 irp(e)
—i %Dﬁl(elzfn +2¢cy, D)e +irn (e, pe) %Dﬁl(cgfelz +2hE1)e 4 (€2, pne) )
(5.8)

where e1n, £11 are defined in (1.2), (4.13) and Dy, is the positive constant in (5.7),
such that the following holds true. By conjugating the Hamiltonian and reversible

matrix LS,)E, defined in (5.2), with the symplectic and reversibility-preserving 4 x 4
matrix

exp (S(”) . where S =g, <EO ﬁ) . T i=dmX, (5.9

we get the Hamiltonian and reversible matrix

@ . D). M 1 @ JHE®D  g,F@
Lye = €xp (S( )) Ly e €Xp (—S( )) = J4Bue = (JZ[F(Z)]* JZG(Z) ,

(5.10)

where the reversibility-preserving 2 x 2 self-adjoint matrix [E®1* = E® has the
form

3 .
E® — pelews + 1) (e, 1?e?) —en - (L+r](e, ) i(3enn+r(ue?, nle, 1)
—i (Jenn +r2(ne?, ple, 1)) —eng (1 +rs(e, )
(5.11)

where

_1
ewgzeu—DHI(CEI—}-hf%l-I—elzfl]Chz) (5.12)

(with constants e11, Dn, £11, €12, defined in (4.13), (5.7), (1.2)), is the Whitham-
Benjamin function defined in (1.1), the reversibility-preserving 2 x 2 self-adjoint
matrix [GPT* = G has the form

GO _ (kFrsue’ ple)  —iro(ue?, i) (5.13)
irg(ue?, pe) tanh(hp) + rio(ue)) '

and

@ _ [ r3(ne®) irg(ue)
o= <ir6(p,e3) r7(;1,e3)) : (5.14)
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The rest of the section is devoted to the proof of Lemma 5.4. For simplicity let
§=sm.
The matrix exp(S) is symplectic and reversibility-preserving because the matrix
S in (5.9) is Hamiltonian and reversibility-preserving, cfr. Lemma 3.8 in [6]. Note
that S is reversibility preserving, since X has the form (5.8).
()

We now expand in Lie series the Hamiltonian and reversible matrix L =
1
exp(S)LEL,)€ exp(—=3S).
We split Lf},)e into its 2 x 2-diagonal and off-diagonal Hamiltonian and reversible
matrices

1 1 1
L,I(L,)GZD()+R()7

p . (Pr 0 _ (22D 0 RO . 0 JoF®
: 0 Do) 0 J,GM)° TASLIFOPE 0 ’

(5.15)
and we perform the Lie expansion
Lff)E = f:Xp(S)Lf})E exp(—S) = DY + [S, D(l)]
1
+ 518,18, DV + R 418, RV
1 1
+ E/ (11— 1)2 exp(tS)adg(D(l))exp(—rS) dr
0
1
+/ (1 — 1) exp(S) ad2(R™V) exp(—7S)dr (5.16)
0

where ad4 (B) := [A, B] := AB — B A denotes the commutator between the linear
operators A, B.

We look for a 4 x 4 matrix S as in (5.9) (which is Hamiltonian, reversibility-
preserving and off-diagonal as the term R we wish to eliminate) that solves the
homological equation R + [S, D] = 0, which, recalling (5.15), reads

< 0 J2F(1)+J22D0—D1J22

=0. (5.17
J2[FOT" 4+ 3,5%D) — DyJ, £* 0 ) 0. .17)

Note that the equation Jo F() + 3,2 Dy — D3> % = 0 implies also J,[FDV]" +
J2X*Dy — DpJ>2* = 0 and viceversa. Thus, writing ¥ = J,X, namely X =
—J, X, the equation (5.17) amounts to solve the “Sylvester" equation

DX — XDy =—3,F"V . (5.18)
We write the matrices EV, F(U, GO in (5.2) as

1) . (D 1) . ()

g _ [ Ei 1Ep O _ [ Fu 1,
. ; ORI I

21 '

@1 .~
G“):( i 1612) (5.19)
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where the real numbers Ei(.l), Fl.(.l), Gfl.), i, j = 1,2, have the expansion in (5.4),
(5.5), (5.6). Thus, by (5.15), (5.8) and (5.19), the equation (5.18) amounts to solve
the 4 x 4 real linear system

Gy —Ej) Gy By 0 ar\ (B
Gy Gp—ER 0 —E | | B
Eill) 0(1) G(112) _(1E)g) (;Ggll) (1) jCCZI _IZ‘%()})
0 _Ell _GZZ G12 - E12 N 2% ) F12
=A =X =f
(5.20)

We solve this system using the following result, verified by a direct calculus:

Lemma 5.5. The determinant of the matrix

ab ¢ O
da 0 —c

A= e 0 a —b (5.21)
0—e—d a

where a, b, c, d, e are real numbers, is

det A = a* — 2a%(bd + ce) + (bd — ce)?

1
= (bd — a*)* — 2ce(a® + bd — 5¢€)- (5.22)
Ifdet A # O then A is invertible and
a (uz —bd — ce) b (—a2 + bd — ce) —c (a2 + bd — ce) —2abc
1 1 |d(=a®+bd—ce) a(a®—bd—ce) 2acd —c(—a® — bd + ce) (5.23)
T detA | —e (a2 + bd — ce) 2abe a (a2 —bd — ce) b (az — bd + ce) : :
—2ade —e (7a2 —bd + ce) d (a2 —bd + ce) a (a2 —bd — ce)

The Sylvester matrix A in (5.20) has the form (5.21) where, by (5.4)-(5.6) and since
tanh(hp) = hp + r (1),

1 1 w 1
a = ng) - E;z) = _eIZE(I +r(627 ME, /"Lz)) ’ b = Gg]) =K + }"8(/.1/62, M36) )
o
¢=Ey = —ens(l4rs(e. ). d =Gy = uh+r(ue, i),
1
e=Ej) =r(ue’, nd), (5.24)

where e, and ej;, defined respectively in (1.2), (1.3), are positive for any h > 0.
By (5.22), the determinant of the matrix A is

det A = (bd — a*)? + r(u*e?, u® = u*o2 (1 + r(e, u?)) (5.25)

where Dy, is defined in (5.7). By (5.23), (5.24), (5.25) and, since D, = h — ie?z,
we obtain

_ 1
Al = +re.w)—5
nDy
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%elzDh Dn 3%622(6%2 + 4h) —lenen
hDy feDy tenenh —4en (e?, +4h)

r(e 1) re, u?) 5e12Dn —Dp,

r(e, p?) re, u?) —hpy, SeDn

(5.26)

Therefore, for any w # 0, there exists a unique solution X = Al f of the linear
system (5.20), namely a unique matrix X which solves the Sylvester equation
(5.18).

Lemma 5.6. The matrix solution X of the Sylvester equation (5.18) is analytic in
(i, €), and admits an expansion as in (5.8).

Proof. By (5.20), (5.26), (5.19), (5.6) we obtain, for any p # 0

x11 JeDn  Dn  3em(e}, +4h) —tenen
x| _ 1 hDp %elzDh %elzezzh —%ezz (e, +4h)
x| D2 | r(e? w?) r(e? u?) 5e12Dn —Dn
22 re, ) n?)  —hby 3€12Dn
r(e)
r(€)

—f11€ (e, pe?, p2e) [ L€ m),
_1
cp €+ r(€?, we)

which proves (5.8). In particular each x;; admits an analytic extension at u = 0.
Note that, for & = 0, one has E @ =G® = F® =0 and the Sylvester equation
reduces to tautology. O

Since the matrix S solves the homological equation [S, D]+ R = 0, identity
(5.16) simplifies to
1 1!
LZ =p0+ [s, R(U] n 5/ (1 — 72) exp(rS) ad2(RV) exp(—7S)dr .
0
(5.27)

The matrix 5 [S, RV] is, by (5.9), (5.15), the block-diagonal Hamiltonian and
reversible matrix

1
—|s, R(l)]
1
_ (392ER[FO - FOI, 5% 0
0 135(2*3, FO — [FD g, 3 ) 5-28)
N JQE 0
- 0 JzG ’
where, since ¥ = J X,
E :=Sym(3:X3[FVT*), G :=Sym(X*FV), (5.29)

denoting Sym(A) := (A + A®).
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Lemma 5.7. The self-adjoint and reversibility-preserving matrices E, G in (5.29)
have the form

P <énu62+71 (e, u*e?) ifz(,uEZ)) G ( Py (pe?) 179(M62)>
—iF(ne?) Fs(ue) ) —ifo(ue?) Fio(ue? )’
_1
811 1= —D}j] (C}j] —i—hf%l + e12f11ch2) .
(5.30)

Proof. For simplicity we set F = F1. By (5.8), (5.6), one has

JZXJZF* — < XZIFIZ - XZ2F11 i(le F22 —+ xZ2F21)>

i(x11Fi2 +x2F11)  —x11Fan+x2k2)
_ <é11M62 +r(ue’, ie?) ir(M62)>
ir(ne’) r(pe?) )’

with €11 being defined as in (5.30). The expansion of E in (5.30) follows in view
of (5.29). Since X = O(e) by (5.8) and F = O(ue) by (5.6) we deduce that
X*F = O(1e?) and the expansion of G in (5.30) follows. O

Note that the term &1 Me2 in the matrix E in (5.29)—(5.30), has the same order
of the (1, 1)-entry of E (M in (5.4), thus will contribute to the Whitham-Benjamin
function ey in the (1, 1)-entry of E® in (5.11). Finally we show that the last term
in (5.27) is small.

Lemma 5.8. The 4 x 4 Hamiltonian and reversibility matrix

JZE JzF(Z)

1! 2 2, p(1)
z/o (1 —17) exp(rS)ads(R"’) exp(—tS)dr = <J2[F(2>]* Jza

) (5.31)

where the 2 x 2 self-adjoint and reversible matrices E, G have entries
EijGij=r(ue’), i,j=12, (5.32)
and the 2 x 2 reversible matrix F® admits an expansion as in (5.14).

Proof. Since S and R'" are Hamiltonian and reversibility-preserving thenadg R =
[S, RM] is Hamiltonian and reversibility-preserving as well. Thus each exp(zS)
ad% (RM) exp(—1S) is Hamiltonian and reversibility-preserving, and formula (5.31)
holds. In order to estimate its entries we first compute ad%(R(l)). Using the form
of §in (5.9) and [S, R™M] in (5.28) one gets

ad2(RM) = ( 0 J2F> where  F =2 (23,6 — E5,%) (5.33)
I F 0

and E, G are defined in (5.29). Since E, G = O(je?) by (5.30), and & = J,X =

O(e) by (5.8), we deduce that F = O(ue?). Then, for any 7 € [0, 1], the matrix

exp(rS) ad3(RM) exp(—7S) = adj(RV)(1 + O(u, €)). In particular the matrix

F® in (5.31) has the same expansion of F, namely F® = O(ue?), and the

matrices E. , G have entries as in (5.32). O
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Proof of Lemma 5.4. Tt follows by (5.27)—(5.28), (5.15) and Lemmata 5.7 and 5.8.
The matrix E@ := ED +E+E has the expansmn in(5.11), witheyws = ej1+2e11
as in (5.12). Similarly G? := G + G + G has the expansion in (5.13). O

5.2. Complete Block-Decoupling and Proof of the Main Results

We now block-diagonalize the 4 x 4 Hamiltonian and reversible matrix L(Z)
in (5.10). First we split it into its 2 x 2-diagonal and off-diagonal Hamiltonian and
reversible matrices

2 2 2
1?) = p@ 4 RO,

(2 2)
@ ._ I E 0 @ ._ 0 I F

Lemma 5.9. There exist a4 x4 reversibility-preserving Hamiltonian matrix S@ :=
s@ (i, €) of the form (5.9), analytic in (u, €), of size O(€3), and a 4 x 4 block-
diagonal reversible Hamiltonian matrix P := P(u, €), analytic in (i, €), of size
O(ue®) such that

exp(SP)(DP + R®)exp(—-5?) = DP + P. (5.35)
Proof. We set for brevity § = S . The equation (5.35) is equivalent to the system

{HD(eS(D(Z) +R®)e5) - D@ = p

5.36
Mo (eS(DP + RD)eS) =0, -39

where I1p is the projector onto the block-diagonal matrices and 1 onto the block-
off-diagonal ones. The second equation in (5.36) is equivalent, by a Lie expansion,
and since [S, R(z)] is block-diagonal, to

1
R? + [S, D<2>] + ng/ (1 —0)e"Sad3(D? + R®)e ™Sdr = 0. (5.37)
0

=R(S)
The “nonlinear homological equation" (5.37),
[S,DP]1=—R® —R(S), (5.38)
is equivalent to solve the 4 x 4 real linear system
AT = fuoe ), fGueX) = ubu,€) +ugu, 6.3 (539

associated, as in (5.20), to (5.38). The vector 1o (i, €) is associated with —R®
where R isin (5.34). The vector g (11, €, X) is associated with the matrix —R(S),
which is a Hamiltonian and reversible block-off-diagonal matrix (i.e of the form
(5.15)). The factor 1 is present in D® and R®, see (5.11), (5.13), (5.14) and the
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analytic function g(u, €, X) is quadratic in X (for the presence of ad% in R(S)). In
view of (5.14) one has
- 2) -2 2) L@ 2
piu, €)= (=Fy; By —FP FG)T. F2 = r(ue®).  (5.40)
System (5.39) is equivalent to ¥ = A~ f(1, €, X) and, writing A~! = I%B(,u, €)
(cfr. (5.26)), to

X =B(u, €)v(, €) + B(i, €)g (1, €, X).

By the implicit function theorem this equation admits a unique small solution
¥ = X(u, €), analytic in (i1, €), with size O(€) as v in (5.40). Then the first
equation of (5.36) gives P = [S, R?1+TIp fol(1—r)e’Sadé(D(z)+R(2))e_75dt,
and its estimate follows from those of S and R® (see (5.14)). O

Proof of Theorems 2.5 and 1.1. By Lemma 5.9 and recalling (3.1) the operator
Lyu.e : Vu,e = Vi eisrepresented by the 4 x 4 Hamiltonian and reversible matrix

. . J,E® 0 U0
ichu —i—exp(S(z))Lff’)6 exp(—S(z)) =1ichu + ( 20 7,6® =: 0s)

where the matrices E® and G® expand as in (5.11), (5.13). Consequently the
matrices U and S expand as in (2.40). Theorem 2.5 is proved. Theorem 1.1 is
a straightforward corollary. The function w(€) in (1.4) is defined as the implicit
solution of the function Agg(h; i, €) in (1.6) for e small enough, depending
onh. O
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A. Expansion of the Kato Basis

In this appendix we prove Lemma 4.2. We provide the expansion of the basis
fEG, €) = Uy fE, k=0, 1,in (4.1), where f= defined in (4.2) belong to the
subspace Vo := Rg(Po,0). We first Taylor-expand the transformation operators
U, ¢ defined in (3.5). We denote 9. with a prime and 9, with a dot.

Lemma A.1. The first jets of Uy, Po,o are

UooPoo = Poo. UjoPoo=PioPoo. UooPoo= PooPoo. (A.1)
Ué,oPo,o = (Pé,o - %Po,opo/,o) Po.o, (A.2)
where
1
Plo= o f (Lo — 1)\ L o(Loo — 1)\, (A3)
’ 271 Jr ’
. 1 1 _
Poo=-— f]g (ZLo.0 — 2" L o( Lo — 27 d, (A4)
271 Jr

and

P(;,() = _% % (Z.0 — )»)_lf(),o(f(),o — k)_lféﬁo(cfo,o - )L)_ld)L
r

(A.5a)
1 , 1 _
~ 5 f (Lo — N L o (Lo — M7 Loo(Loo — 1) Hda
r
(A.5b)
1 .
+3- ygr(.,%,o =07 L o (Lo — M)A (A.5¢)

The operators go/,o and .,?20,0 are

/ 8xop1(x) O . _ OSgn(D)m(D)
fo,o B |: —aj(x) pi(x)o ij| ’ £o0 = [0 0 i| ,  (A.6)

where sgn(D) is defined in (2.31) and m(D) is the real, even operator
m(D) := tanh(h|D|) + h|D|(1 — tanh?(h|D|)) (A.7)

and ay(x) and p1(x) are given in Lemma 2.2.
The operator £ , is

ol ip1(x) 0
ZO,O_I: 0 ip1(X)] (A.8)
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Proof. By (3.5) and (3.6) one has the Taylor expansion in £(Y)
1
Upse P00 = PuePoo + 5 (Puc = P0,0)2 Pyue Po,o + O(Pyc — Poo)*,

where O(Py,c — P0,0)4 = O(@e*, 3, 2u?, ep, u*) € L(Y). Consequently
one derives (A.1), (A.2), using also the identity Iso,oPé’OPo,o + P(;’OPO,OPO,O =
—Poo Pé,oPo,o, which follows differentiating Pﬁ’ ¢ = P, .. Differentiating (3.4)
one gets (A.3)-(A.5c). Formulas (A.6)-(A.8) follow by (3.2) using also that the
Fourier multiplier Ho(tanh(h|D|) + h|D|(1 — tanhz(h|D|))) =0. O

By the previous lemma we have the Taylor expansion

FEG € = f7 +€PyofS + uPooff

. 1 .
ue(Bo = 3 Pooli ) ff + 0GR D). (A9

In order to compute the vectors Pé,o f¢ and f"o,o f{ using (A.3) and (A.4), it is
useful to know the action of (%0 — 1)~ on the vectors

c;l/z cos(kx)
cgl/z sin(kx) |’

RV
fi = [ s Sm(kx)} , (A.10)

cy, ' cos(kx)

1/2 12 .
4 :=[ o ) ] Joe= [ %, ) } . keN
~*~h

sin(kx) o 172 cos(kx)

~%
i

Lemma A.2. The space H! (T) decomposes as H! (T) = Vo0 DU & Wy, with
Hl

o0
Wyt = @ Wi where the subspaces Vo o0, U and W, defined below, are invari-
k=2

ant under_.iﬂo,o and the following properties hold:

(i) Voo = span{fﬁ', s f(;", fo } is the generalized kernel of £ . For any
A # 0 the operator 2o o0 — X : Voo — Voo is invertible and

1 -~ 1
(oo —2 " = —Xfﬁ, (Loo—-N"'f = R

1
(oo —2"fy = — 15 (A.11)

1 1
(Loo— 2 = —XfJ + 310 - (A.12)
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(ii) U := span {fjl, f:l}. For any A # %21 the operator £p0 — X :U — U is
invertible and

_ 1 _
(Loo—N' = 2 ract (=AfH +2enfT),
| h (A.13)
(Lo -2 = 5—— (“2cnfh —2f7) .
P24 ! !

(iii) Each subspace Wy = span {fk+, Ji ., f__k} is invariant under £} .0.
LZ
(0.¢]
Let Wi2 = @ Wk . For any |A| < 8(h) small enough, the operator
k=2

Loo0— A WH_I — W2 is invertible and for any f € Wy2

1 Chax
+rr(h, x), (A.14)

(Lo — 0" f = (c202 + D tanh(n| D])) ' [Chax —lDltanh(hIDl)} 7

or some analytic function A — @ (X, ) € HYT, C?).
f

Proof. By inspection the spaces Vo o, U and W) are invariant under % o and, by
Fourier series, they decompose H'(T, C?). Formulas (A.11)—(A.12) follow using
that f1+, fi » [y arein the kernel of % o, and % o f0+ = —f, - Formula (A.13)
follows using that ‘,S,”o,offl = —2cnf- and Lo f-, = 2chfj'1. Let us prove
item (iii). Let W := Wy1. The operator (%o — )»Id)|W is invertible for any

A ¢ {£i/|k|tanh (h|k|) £ikcn, k > 2,k € N} and

—1 _
(30’0|W)—1 _ <c}218f " |D|tanh(h|D|)> |:Chax |D|tanh(h|D|))} _
4%

1 Chax
By Neumann series, for any A such that |1|||(-%p.0 |W)’1 lzow, w1 (T)) < 1 we have

(Zo0|yy =27 = (Lol )" (1d = A (Lol )Y

= (Zoolyw) " D (Lol W
k>0

Formula (A.14) follows with ¢ ¢ (4, x) := (Zo.0|\) ™" gt M1 Lbo0] 1)) 71 TF S
O
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We shall also use the following formulas obtained by (A.6), (A.7) and (4.2):

oo T 2¢; /% sin(2x)
Zoofi" = 1321 = e (1 + cos(2x))

;o _ 2¢y 172 cos(2x)
Looft =| 1 s5p
| =3¢y (I —cy )sm(2x)

2ch sin(x)
(clzq + c;lz) cos(x)
Goofi = ~ibn) [“’S(’”} . Doty =ibm) [Smm} ,

b(h) == c; *(c2 +h(l — ),
Zoof =0,  Zofy =0.

roe+
ZLooly =

:| . fé,ofo_ =0, (A.15)

Remark. In deep water we have jo,o Jo = f0+ (cfr. formula (A.14) in [6]). In
finite depth instead %y o f, = 0O because the Fourier multiplier sgn(D)m (D) in
(A.7) vanishes on the constants.

We finally compute Pj , /¢ and Py f7.
Lemma A.3. One has

11
L U
Profi = |, Af Crebeseo |,
1ch 2 (L+chH (3 — ) sin(2x)

_ 1 2
Poofi = 2% o T G+ cp) sin@x) : (A.16)
ch 1+ ch)(3 - ch) cos(2x)

Pyofy = —c?(s +SD . Plofy =0, Poofo+ =0, Poofy =0,
Poofit = 4(1 +eth( = D)5, Poofi = 4(1 +ep’h(l —ch) £5).
Proof. We first compute Pé’ofﬁ. By (A.3), (A.11) and (A.15) we deduce

1 1 _
Poofi =—5— d X(ﬁo,o -0 |:

2mi

2c;? sin(2x)
(1 = e (1 + cos(2x)) @
2

(1= ;) (1 + cos(2x)) =3¢y (1—c; ) fy +W. There-

fore by (A.11) and (A.14) there is an analytic function A — @(X, -) € H'(T, C?)
so that

—1/2 .
Wenotethat|:1 52 2ep,  sin(2x) :| 122

1
— 72 4
L1 (-¢ -y T+ch |20, B B4 cos(2x)
1

Ploff = —— L+cj
0.0/1 27i Jr A 20, 0748 n

¢y, 2 (3 — ¢f) sin(2x)
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+A<p(A)> da,

2
where we exploited the identity tanh(2h) = % in applying (A.14). Thus, by
h
means of residue Theorem we obtain the first identity in (A.16). Similarly one
computes Pé,ofl_- By (A.3), (A.11) and (A.15), one has Pé,ofo_ = 0. Next we

compute P(ggofof By (A.3), (A.11), (A.12) and (A.15) we get

1
2mi

2¢; ! sin(x) }

-1 .
Poofe = - 2Cn ) }dk.

1 -1
T X(go,o —M |:(c%1 + cgz) cos(x)

1 -3 1 _3
Next we decompose |: =—cy’ (c‘}‘1 +3) +§Ch 2 (cfl - fl.
—————

(c2 +ci?)cos(x) | 2
—_—
= ::ﬂ
By (A.15) and (A.13) we get
1 20cp o _ B ._ o
S _ + P _ Y o+
Foolo =5 7§r( w2 +ach) N T rag T o 2ent 1

where in the last step we used the residue theorem. We compute now 150,0 f1+.

First we have Poof;" = 5i-b(h) fp L(Loo — 1)) [COSO(X)] d, where b(h) is

_1
in (A.15), and then, writing [COSO(X)] = Lc, 2(fi7 + 7)) and using (A.13), we

conclude using again the residue theorem 1'50,0f1+ = i‘t(l + h(l — cﬁ)cgz)f__l.
The computation of Po,o S is analogous. Finally, in view of (A.15), we have

. 1 . 1 1
Poofy = o fr (Loo — X)_lﬁo,o(ﬁfo - AfJ)dx =0,

. 1 1 .
Poofy =—=—P —(Loo—2)""Loofydr=0.
0,00 e k( 00—2)" Loo/fy
In conclusion all the formulas in (A.16) are proved. 0O

So far we have obtained the linear terms of the expansions (4.3), (4.4), (4.5), (4.6).
We now provide further information about the expansion of the basis at © = 0. The
proof of the next lemma follows as that of Lemma A.4 in [6].

Lemma A.4. The basis {7 (0,€), k = 0,1, 0 = %} is real. For any € it results
fo 0,¢€) = fy . The property (4.8) holds.

‘We now provide further information about the expansion of the basis at € = 0.
The following lemma follows as Lemma A.5 in [6]. The key observation is that the
operator .Z,Mﬂ z» Where Z is the invariant subspace Z := span{ f0+, fo 1, has the
two eigenvalues i /i tanh(hye), which, for small y, lie inside the loop I" around
0in (3.4).

Lemma A.5. For any small u, we have f0+(u, 0) = f0+ and fo (u,0) = f .
Moreover the vectors fﬁ(u, 0) and f (u, 0) have both components with zero
space average.
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We finally consider the e term in the expansion (A.9).

Lemma A.6. The derivatives (3,9 £7)(0, 0) = (P(;ﬁo — 1Py P(;qo) 17 satisfy

(0u0c £17)(0,0) = i [even(x)] o Bude f)0.0)— =1 [odd(x)

odd(x) _ . | eveny(x)
eveno(x):| o B0 fo )0, 0) =1 |: odd(x) ] ’

odd(x) even(X)}

(99¢ £)(0,0) =1 [
(A.17)

Proof. We prove that 156’0= (A.5a) + (A.5b) + (A.5¢c) is purely imaginary, see
footnote 3. This follows since the operators in (A.5a), (A.5b) and (A.5c) are purely
imaginary because .,?20,0 is purely imaginary, 30”0 in (A.6) is real and _2’20/,0 in (A.8)
is purely imaginary (argue as in Lemma 3.2-(iii) of [6]). Then, applied to the real
vectors f7, k =0, 1,0 = £, give purely imaginary vectors.

The property (3.9) implies that (3,3 f; ) (0, 0) have the claimed parity structure
in (A.17). We shall now prove that (9,9, foi)(O, 0) have zero average. We have, by
(A.12) and (A.15)

(ASa)fif = —— fr (Zo0 =N Zo.0(Zo0 — xrl% {

2mi

2(:}_11 sin(x) }

(C%l + cﬁ2> cos(x)

and since the operators (-%p.0 — 2)~!and .,220,0 are both Fourier multipliers, hence
they preserve the absence of average of the vectors, then (A.5a) f0+ has zero average.
Next (A.5b) f()+ = 0 since .Zg,ofoi = 0, cfr. (2.31). Finally, by (A.12) and (A.8),

where p1(x) = p&” cos(x),

(Asc)f+—ﬂ (% _k)—l(_l cos(x) +i 0 )dk
U0 T gt 00 AL O 22 | cos(x)

is a vector with zero average. We conclude that Pé 0 f0+ is an imaginary vector with

zero average, as well as (9,,0¢ f0+ )(0, 0) since Py o sends zero average functions in
zero average functions. Finally, by (3.9), (9,,0¢ f0+)(0, 0) has the claimed structure
in (A.17).

We finally consider (8,0 f;, )(0, 0). By (A.11) and g(;,ofo_ = 0 (cfr. (A.15)),
it results

1 ?g (Loo—»""
27Ti r A

Next by (A.11) and fo,ofof = 0 we get (A.5b) f, = 0. Finally by (A.11) and
(A.8)

(ASa)fy = — Zo.0(Loo — N L o fy dr=0.

_ 1 1l 0
(Aso)fy = Gy fr(fo,o —2) X |:ip£1] cos(x)] dx

has zero average since (Zp o — A)~!is a Fourier multiplier (and thus preserves
average absence). 0O

This completes the proof of Lemma 4.2.
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B. Expansion of the Stokes Waves in Finite Depth

In this Appendix we provide the expansions (2.6)—(2.7), (2.15), (2.20)—(2.23).
Proof of (2.6)-(2.7). Writing

Ne(x) = eni(x) + € (x) + O,

5 3 Ce = cn +€c) + €2cr + O(e?),
Ye(x) = €Y1 (x) + € Yn(x) + O(e”),
(B.1)

where 1; is even(x) and ¥; is odd (x) fori = 1, 2, we solve order by order in € the
equations (2.5), that we rewrite as

P S SRR
) 2 2(1+nd) ) (B.2)

cne+ Gy =0,

having substituted G (n)y with —c n, in the first equation. We expand the Dirichlet-
Neumann operator G() = Go + G1(n) + G2(n) + O(n3) where, according to
[13, formula (2.14)],
Go := Dtanh(hD) = |D|tanh(h|D]),
Gi(n) = D(n — tanh(hD)ntanh(hD))D
= —0yndx — |D[tanh(h|D|)n|D|tanh(h|D]), (B3)
| .
Ga(n) = —§D<Dn2 tanh(hD) + tanh(hD)y2D
— 2 tanh(h D)y D tanh(h.D)n tanh(hD))D .

First order in €. Substituting in (B.2) the expansions in (B.1), we get the linear
system

{ —Ca(¥Dx +m =0 ie. [m} e Ker By with By := [ ! _chax]

ch(m)x + Goy1 =0, Vi cndxr  Go
(B.4)
where 71 is even(x) and ¥ is odd(x). O
Lemma B.1. The kernel of the linear operator By in (B.4) is
_ cos(x)
Ker By = span{ |:Ch1 sin(x)i| } (B.5)

Proof. The action of By on each subspace span { I:cos(()kx):| , [sin?kx):| }, k eN,

—Chk

—cnk ktanh(h k)i| . Its determinant k tanh(hk) —

isrepresented by the 2 x 2 matrix |:
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c2k? = kz(w - tanh(h)) vanishes if and only if k = 1. Indeed the func-

tion x > @0h(Y) 4 monotonically decreasing for x > 0, since its derivative
2xh—sinh(2hx) - . _ . . .
DeosnZmo? S negative for x > 0. For k = 1 we obtain the kernel of By given in

(B.5). For k = 0 it has no kernel since {1 (x) isodd. 0O

We set n1(x) := cos(x), ¥ (x) := cg sin(x) in agreement with (2.6).
Second order in €. By (B.2), and since ch(n 1)2 (Gowl) we get the linear
system

m AW — 32 + %(Golﬁl)z}
Bo [1112] [ —c1(mD)x — G1(n) Y ’ (B-6)

where By is the self-adjoint operator in (B.4). System (B.6) admits a solution if and
only if its right-hand term is orthogonal to the Kernel of By in (B.5), namely

([clwox—%<w1>§+%<Gow1>2] [ cos(x) ]):0. B.7)

—c1(m)x — Gi(m)yn oy, sin(x)
C2
In view of the first order expansion (2.6), (B.3) and the identity tanh(2h) = h T
Ch
_ 4
itresults [Go1](x) = cp sin(x), [Gl(m)wl](x) — 1% sin(2x) so that (B.7)

ch(l+cﬁ)
implies c¢; = 0, in agrement with (2.6). Equation (B.6) reduces to

e et e Y

Chax GO 1//2 m sm(2x)

Setting 1, = 7750] + 7752] cos(2x) and yp, = wg] sin(2x), system (B.8) amounts to

7750] + ( L2 2ch1ﬁ[2]) cos(2x) = <Ch2 — c%) — % (cg2 + c%) cos(2x)
(—2cnnb? + 297 tanh (2h)) sin(2x) = sin(2x) ,

1—
(1+ 4)

which leads to the expansions of ng)], ngz], wzm given in (2.6)-(2.7).
Third order in €. It remains to determine ¢ in (2.8). We get the linear system

B [’73] _ [czwox = W) (¥2)x — (M) (W1)rcn + (1) (m)xch
RE —c2(n)x — G Y2 — Gi(m2) Y1 — Ga(n) Y

System (B.9) has a solution if and only if the right hand side is orthogonal to the
Kernel of By given in (B.5). This condition determines uniquely c¢;. Denoting IT;
the L2—0rth0g0na1 projector on span {cos(x), sin(x)}, we get that

} . (B.9)

e (Y)x = crcy ! COS(X) c2(n1)x = —casin(x),
M [(Y1)x (¥2):] = I/fz cp ' eos(x)
Milen(m)2W)x] = $eosx),  Tiled(m)x ()] = ny cd cos(x)
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and, in view of (B.3), and (2.6), (2.7),

n 3ct — 1
LG ()] =yl . sm(x), nl[Gz<m>w1]=chmch+—c4)sin(x),
h

MG )vn] = e (0 - S+ 3+ ) ) sin)
Therefore the orthogonality condition proves (2.8).

Proof of (2.15). We expand the function p(x) = ep1(x) +€2p2(x) +O(e3) defined
by the fixed point equation (2.14). We first note that the constant £, = O(e?)
because 11 (x) = cos(x) has zero average. Then p(x) = m[em + 62(772 +

(m)xm) + (9(63)], and, using that H cos(kx) = sin(kx), for any k € N, we get

H
pL(x) = YT cos(x) = cp 2 sin(x), (B.10)
1+chHct +3
P2 = —— ()epr 4+ = LG D o B

tanh(h|D|) 88

Finally,

62
£ = 2—/ (2 + (71)2p1)dx + O(EY)
T Jr

2.7 2Ch

EMYN = L) + o) ‘= 3 Lo,

h
The expansion (2.15) is proved. O
Proof of Lemma 2.2. In view of (2.6)—(2.7), the expansions of the functions B, V
in (2.10) are
4

B =: €B;(x) + €2Ba(x) + O(’) = ecy, sin(x) + 62% sin(2x) + O(e?)
- (B.12)
and
V= eVi(x) + e2Valx) + O@) = ec}:l cos(x)
+ ez[c—zh 43 751 Cos(2x)] + O, (B.13)

h
In view of (2.18), denoting derivatives w.r.t x with a prime and suppressing depen-
dence on x when trivial, we have
Ch 4 pe(x) = (cn + €22 — V(x) — V' (x)p(x)
+OENA —p' () + (') + O))
=cn +e€(=V) —cnp))
—_———

=ip
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+ e (c2+ Vip) — Va— Vip1 — cuph + cu(p))?) + O(e?) .

=

(B.14)

Similarly, by (2.18),

1
I+ ae(x) == ———— — (cn + pe(¥)) Bx (x + p(x))

1 +px(x)
=1+e(—p)—cnB))
N e’
=:a]
+ € ((p))? — ph — cuB) — cuB{p1(x) + B V1 + cuBip|) +O(e?).

=:ap

(B.15)

By (B.13), (B.10), (2.6), (B.11), (B.12) we deduce that the functions pi, p2, ar, az
in (B.14) and (B.15) have an expansion as in (2.20)—(2.23). O

10.

11.

12.

13.

14.
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