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ABSTRACT: We extend our study of a cosmological scenario in which dark matter is non-
minimally coupled to gravity at the fluid level. In previous work, we showed that this
interaction can drive an early phase of accelerated expansion, addressing the horizon and
flatness problems, and can also lead to a cosmological bounce in the presence of negative
spatial curvature. Here we analyse the evolution of linear perturbations in this framework.
We derive the equations governing scalar, vector and tensor perturbations, and obtain analytic
solutions in the relevant cosmological regimes. We find that perturbations generated during
the accelerated expansion phase produce a strongly blue scalar power spectrum and are
therefore incompatible with observations. By contrast, if primordial fluctuations are generated
during the contracting phase of a bouncing solution, the model yields an approximately
scale-invariant scalar power spectrum while keeping the tensor-to-scalar ratio compatible with
current bounds. Although our treatment relies on simplifying approximations that should
be refined in future work, these results indicate that an observationally viable primordial
spectrum can be obtained only with a bouncing solution, and hence with a non-singular
early-time evolution.
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1 Introduction

Our current cosmological model (ACDM), in which the Universe is mainly filled by a constant
energy density (A) and by non-interacting, non-relativistic cold dark matter (CDM), has
been increasingly challenged in recent years. Despite its success in reproducing a wide range
of observations [1-22], tensions have emerged in the values of the Hubble parameter Hy and
the density fluctuations amplitude og, when measured at late times and when inferred from
cosmic microwave background (CMB) observations [23-28]. Moreover, data from DES and
DESI suggest a dark energy component with a time-dependent equation of state [9, 13], in
contrast with the assumption of a cosmological constant.

Within this apparent ACDM crisis, the fact that about 84% of matter is in the form of
cold dark matter remains a robust result, supported by both cosmological and astrophysical
evidence [5, 12, 21, 29-37]. Nonetheless, the physical nature of dark matter remains one of the
main open questions in physics, with candidates ranging from ultralight particles with masses
as small as 1072!eV, such as axions or axion-like particles [38, 39], to compact objects with
masses as large as 10711 M ~ 10%%eV, such as primordial black holes [40, 41]. This broad
range of possibilities reflects the fact that dark matter does not interact electromagnetically
by definition, and direct searches for possible weak-scale interactions have so far found no
evidence [42-44]. Recent results from the LUX-ZEPLIN experiment, however, have reported
a possible hint of a weakly interacting massive particle with a mass larger than 200 GeV [45].

The elusive nature of dark matter, however, opens the possibility of probing modified
gravitational interactions through its dynamics. Direct couplings between matter and curva-



ture, generally referred to as non-minimal couplings (NMCs), arise naturally as high-energy
corrections in quantum field theory in curved spacetime [46, 47]. While these interactions
are subdominant with respect to Standard Model forces for baryonic matter, they could
represent the leading direct interaction for dark matter. Similar couplings may also emerge
effectively on large scales if dark matter undergoes a form of Bose-Einstein condensation [48].
To account for these different possibilities, while remaining agnostic about the microscopic
nature of dark matter, we consider a non-minimal coupling acting at the fluid level.

A series of papers has investigated the properties of non-minimally coupled fluids [48—
52], together with the consequences of their Newtonian limit on cosmological and galactic
scales [53-55]. In two recent works, we presented a fully relativistic realization of this model
and began exploring its phenomenology at both astrophysical [56] and cosmological [57]
scales. In those papers, we argued that the non-minimal coupling becomes relevant whenever
the mean free path of the fluid, A\, = m/(po), where o is the total cross section, becomes
smaller than the spacetime curvature radius, R, = c(87er)*1/ 2 namely when the density
exceeds the threshold

871G -2
o= (2)7 )

m

For a cross section of the order of the smallest measured in Standard Model experiments,
o/m ~ 1073%m?/GeV [58], this corresponds to a threshold density py, ~ 10%g/cm®. We
showed that this allows for ultra-compact self-gravitating dark matter objects with masses
of order 10° Mg, [56], and leads to a modified cosmological evolution at redshifts larger
than z ~ 10! [57].

In particular, in the paper preceding the present one [57], we investigated the background
evolution of a homogeneous and isotropic Universe containing a non-minimally coupled dark
matter fluid. We showed that, at redshifts larger than z ~ 10'!, the Universe was in a
phase of accelerated expansion. At even earlier times, in the presence of non-zero spatial
curvature, the Universe either enters a ballistic expansion phase or undergoes a bounce from
a previous contracting phase, if spatial curvature is positive or negative, respectively. For
values of the spatial curvature compatible with current constraints, this occurs at redshifts
larger than z =~ 1032, so that the accelerated phase lasts long enough to solve the horizon
and flatness problems.

These appealing results at the background level motivate a careful analysis of cosmological
perturbations, both to assess the physical viability of the model and to determine whether it
can provide a genuine alternative to standard inflationary scenarios. At present, the primordial
power spectrum is tightly constrained by CMB observations, in particular by Planck [5],
which indicate an almost scale-invariant spectrum of scalar perturbations and a negligible
amplitude of primordial gravitational waves. Our model, however, differs substantially from
standard inflation, which can usually be recast as a scalar field slowly rolling down a nearly
flat potential. A dedicated analysis of perturbations is therefore required.

In section 2 we review the non-minimally coupled dark matter fluid model and its
background cosmological evolution. In section 3 we derive the scalar, vector, and tensor
perturbation equations and their solutions in the relevant regimes. Finally, in section 4 we



track the evolution of perturbations and compute the corresponding observables, namely
the scalar spectral index and the tensor-to-scalar ratio.

In the main text, small capital subscripts with one or two letters refer to specific matter
components, in particular we use g for baryons, py for dark matter, ; for radiation, and  for
the cosmological constant. Subscripts with three letters refer to different cosmological epochs,
in particular we use y,r for matter domination, p,p for radiation domination, yyc for non-
minimal coupling domination, ygrg for the matter-radiation equality, and gy¢ for the bounce.

2 Non-minimally coupled cosmology

In this section we briefly summarize the theoretical model for the dynamics of non-minimally
coupled dark matter, and the cosmological evolution at the background level illustrated in [57].

We consider the action for non-minimally coupled dark matter
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where Lg, denotes the Lagrangian for all non-dark matter components, Ly, the Lagrangian
for dark matter, and the dark matter stress-energy tensor T4, in the interaction term is that of
pressureless dust: T = ppy ¢ ut u”, where ppy is the energy density and u# the four-velocity.

The interaction Lagrangian depends on two parameters: a characteristic length scale L,
introduced for dimensional consistency and for setting the interaction scale, and a dimen-
sionless polarity parameter € = +1, which determines whether the interaction is respectively
attractive or repulsive. In both cosmological [53] and astrophysical [56] contexts, only the
choice € = —1 yields regular solutions. Concerning the length scale, we have previously
determined L ~ 3.7 x 10! cm, corresponding to masses of order 105 M, for ultra-compact
objects in the astrophysical case, and to negligible effects of the non-minimal coupling after
neutrino decoupling in the cosmological scenario. For consistency with our previous work, we
adopt L = 3.7 x 10" cm as the fiducial value, set ¢ = —1, and use units with ¢ = 1.

The equations of motion for the gravitational field, sourced by minimally coupled com-
ponents and non-minimally coupled dark matter, are

1
o= T + Tk — L2 { (GW +g" - vwv”)) Ton — O T +2VevETY)
T
R, T
—g""'V, vﬂ Tgﬁ - 9 (T[’l)iM - gMVTDM) — oM

Rap Tg’ﬂ : (2.2)
In addition, one has also the conservation equations for the minimally coupled fluids,
V,.Th =0, (2.3)

since no direct interaction between dark matter and the other components is assumed.
Taking the covariant divergence of equation (2.2) and using the contracted Bianchi
identities, V,G* = 0 and equation (2.3), one obtains a modified conservation equation



for the dark matter component,

1
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R Ty
= V(g (T8 = T + 12 R TS@)] ,
DM
expressing the simple fact that, due to the non-minimal coupling, the dark matter stress-
energy tensor is not conserved independently.

2.1 Background evolution

We adopt a Friedmann-Lemaitre-Robertson-Walker (FLRW) ansatz for the metric

2
ds? = —dt* + a?(t) (15272 + r2d£22> : (2.5)
where a(t) is the scale factor, normalized to unity at the present time ag := a(ty) = 1, and
k=0,£Ry 2 is the Gaussian curvature of the hypersurface at t = tg. We consider a ACDM
cosmology in which the Universe is filled by four components: baryons (), dark matter (py),
radiation composed of photons and neutrinos (y), and a cosmological constant A (). All
components are treated as perfect barotropic fluids with equations of state py,(t) = wy,pn(t),
where the subscript ,, labels the different components and wg = wpy = 0, wg = 1/3, and wy =
—1. For simplicity, we also introduce the dimensionless variable

X = 87TGL2pDM- (2.6)

This quantity measures the dark matter energy density in units of a critical scale pcrit =
(87rGL2)_1, so that x > 1 corresponds to a regime in which the non-minimal coupling is
relevant, while x < 1 identifies the GR limit.

Substituting the ansatz (2.5) into the field equations (2.2), we obtain two independent

equations:

I <d)2 _8nGpputpstprtpy  K1-x @)

a 3 1+ x a?l+y’

a
which is a modified Friedmann equation, and

- o 4 ArG(A-=2x)pom+ (1 =2X)ps +(2—x)pr —(2+50)pa K 3x

H+H" =—-=- 2 ) 27
a 3 (1+x) a” (1 + x)

(2.8)

which corresponds to the Raychaudhuri equation. The time component of (2.4) yields the

continuity equation

3x

14+ ——
{ 87TGPDM

R . . . .
As is standard in cosmology, we assume that there are no energy exchanges between
the different components. Equation (2.9) then separates into four conditions, p, + 3H (1 +

wy)pn = 0, one for each component, with solutions p,(t) = pno a(t)=30+wn) - For the
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Figure 1. Left panel: the dynamical state parameter w as a function of redshift; right panel: the
comoving Hubble horizon as a function of redshift, as shown in [57]. The solid, dashed, and dotted
lines correspond to NMC models with negative, positive, and zero spatial curvature, respectively,
while the dot-dashed line shows the GR case. Vertical grey dotted lines indicate matter-radiation
equality at redshift log (1 + zyme) = 3.54, the onset of the NMC at redshift log (1 + zywc) &~ 11.08,
and the beginning of the curvature era or the redshift of the bounce log (1 + zgne) ~ 32.20. The
horizontal dashed line in the second panel marks the horizon at the epoch of recombination at redshift
log (1 4 zcus) =~ 3.04, which also intersects the horizon at log(1 + zgxp) =~ 26.36.

minimally coupled fluids this behavior follows directly from the conservation laws (2.3).
For the dark matter component, however, the result is less obvious: despite the modified
conservation equation (2.4), the additional terms combine in such a way that the background
evolution still reduces to the standard dust scaling.

To illustrate the cosmological evolution, and to keep track of the role played by the
different components, it is useful to define a dynamical state parameter

wi=— <1+§52> (2.10)

When w/H < 1, i.e. the state parameter changes slowly with respect to the Hubble time,
the scale factor a(t) evolves as

2
a(t) ~ <t> B (2.11)
to
and the evolution of w thus has all the information on the time-dependence of the scale factor.

The evolution of the dynamical state parameter as a function of redshift is shown in
the left panel of figure 1. The solid, dashed, and dot-dashed lines correspond to NMC
models with positive, zero, and negative curvature, respectively, while the dotted line shows
the standard ACDM evolution. Up to a redshift log (1 + zxyc) &~ 11.08, where y ~ 1,
the evolution follows the GR behavior: there is a A-dominated epoch with w ~ —1 until
log (1 + zp) = 0.11, followed by a matter-dominated epoch with w ~ 0 up to matter-radiation
equality at log (1 + zyre) =~ 3.54, and a radiation-dominated epoch with w ~ 1/3 until the
onset of the NMC. During the NMC-dominated epoch, radiation remains the dominant
component, in the sense that pr > ppy > pp > pa, but the dynamical state parameter rapidly



decreases from w = 1/3 to w = —2/3, signaling a modified evolution due to the non-minimal
coupling. In this phase, the scale factor evolves approximately as a(t) ~ t2, corresponding to
an accelerated expansion of the Universe. If there is non-zero spatial curvature, at earlier
times the Universe becomes curvature-dominated with w ~ —1/3 for x > 0, or undergoes
a bounce with H = 0 and a # 0 for k < 0. This occurs roughly when

8rG |K| 3|k]x0
3 PR,BNC G%NC XBNC apNe 87TGpR70 ( )

which corresponds to a redshift log (1 + zgxe) 2 32.20 if we consider the constrain |k| <
1.2 x 1073 HE set by the Planck collaboration.
The right panel of figure 1 shows the evolution of the comoving Hubble horizon, defined as

(2.13)

as a function of redshift. The horizontal dotted line indicates the value of the comoving
Hubble horizon at recombination, which intersects the horizon again at log (1 + zgxp) =~ 26.54.
The accelerated expansion phase generated by the non-minimal coupling thus resolves both
the horizon and flatness problems, provided that the cosmological parameters lie within the
constraints of the Planck collaboration and that L does not exceed our fiducial value.

3 Theory of cosmological perturbations with a non-minimal coupling

A consistent cosmological model requires the analysis of perturbations. This analysis becomes
even more important when the model is proposed as an alternative to inflation, since it
must provide the primordial perturbations that evolve into CMB anisotropies and large-scale
structure. In this section, we present the equations governing perturbations in the presence of
non-minimally coupled dark matter, and their solutions in the relevant regimes. A complete
perturbation analysis is necessary, since the accelerated expansion phase of our model cannot
be described within the slow-roll regime. The slow-roll parameters are

€y 1= —% = %, Ny 1= _;Iﬁf = %, (3.1)
which do not satisfy the condition ey, ny < 1.

In this and the following sections, we switch to conformal time dn = a~'d¢, so that

_df_ df g 9
—d—n—aa—af, H.—a—a—aH, (3.2)

ds® = a(n)? (—d772 + ’yijdxida;j) , f
where H denotes the conformal Hubble parameter, and its inverse corresponds to the comoving
Hubble radius H~' = (aH)™' = dy.

General perturbations of the metric and stress—energy tensor can be decomposed into
scalar, vector, and tensor sectors, according to their transformation properties under spatial
rotations. This decomposition is particularly useful at linear order, since the equations for
the different sectors decouple, allowing their evolution to be studied independently.

Scalar perturbations represent fluctuations in the gravitational potential and in the
energy density and pressure of the cosmic fluid. They are the most relevant sector for



cosmological observations, as they generate the temperature anisotropies in the CMB and
seed the formation of large-scale structure. The most general scalar perturbations of the
metric and stress—energy tensor can be written as [59]

§q) = o2 —2¢ DB STH(S) — —op . (p ‘HU) D; (V — B)
g;uz a ) v i () % ’
DiB =2 (¢ vij — DiD;E) —(p+p) D'V 6pd; — D'Djo

(3.3)
where ¢, ¥, B, E, dp, 0p, V, and o are functions of the spacetime variables, and D; indicates
the covariant spatial derivative.

Vector perturbations induce rotational distortions of spacetime and frame-dragging effects.
These modes are not observed at cosmological scales, and therefore a viable model must
predict that they decay or remain negligible. The most general vector perturbations of the
metric and stress—energy tensor can be written as

s =a2 0 TE ) () = 0 WEn U= 5)) g
—=Si DjF;+ D;F; —(p+p)U" Djv'+ D'y,

where S;, F;, U; and v; are transverse three-vectors, satisfying ;8" = D;F* = D;U* =
Dﬂ/i = 0.

Tensor perturbations induce transverse and traceless distortions of spacetime, i.e. primor-
dial gravitational waves. They represent the propagating gravitational degrees of freedom in
the absence of anisotropic stress, and their detection constrains models of the early Universe.
The most general tensor perturbations of the metric and stress—energy tensor can be written as

00 00
59/(3 =a (0 hij) ’ T = (0 7rij> 7 (39

where h;; and m;; are symmetric, transverse, and traceless spatial tensors satisfying hi; =
D;h9 = 7ty = Dyw9 = 0.

In this work, we assume the absence of anisotropic stress, setting o = v; = m;; = 0, and
restrict to adiabatic perturbations, so that ép = c2dp.

3.1 Scalar perturbations

Most cosmological phenomenology lies in scalar perturbations. Their dynamics can be
complex, since the coupling between density fluctuations and the gravitational potential can
produce feedback effects and lead to instabilities. They are also the only sector directly
constrained by observations, and for this reason our analysis will mainly focus on them.

We first note that the functions defined in equations (3.3) are not gauge invariant. We
introduce the gauge-invariant variables

d:=¢+H(B-E)+(B-E), V:i=¢—H(B-E),

, . , (3.6)
vp =V, +B - L, 5n::pn ((5pn—3(1—|—wn)7-l(B—E)),



where n = DM, B, R, A. As in GR, using these gauge-invariant variables we obtain a system of
equations equivalent to that in the longitudinal gauge, i.e. with B = F = 0. In particular,
the 00, 07, 77 and off-diagonal ij components of the Einstein equations are

—3(14+x)H (V+HD)+(1—x) (V2\I/+3/<;\I/) —X (2HV%DM —g (7-[2 —m) 5DM)

= 47Ga® Z PnOn,
1
D; ((1—><) (V' +H®)—x (2 (4%’—7‘[24-3%&) vDM+H5DM)>
=D; <47rGaQZ(1+wn)pnvn> ,

1 1
(14%) (\I’”+2H\If’—/<;\ll+7-[¢’+ (27—[’+H2) <1>—2v2\1:+2v2c1>)
1
—X <3H2<1>+m1;+v2<1>+715§m+ (H’—H2+n) 5DMv%gM+Hv%gM+2v25w>

= 47Ga® Z Wn Pr0n s
n

1 1
DiDj (2 (1_X) (\I’_(I))_X (v]/)M_HUDM_ 25DM>) =0,

where the sums are on the indices n = DM, B, R, A, and we used that for barotropic fluids

2

s = Wp. The conservation of the minimally coupled stress-energy tensors, namely those

of radiation, baryons, and dark energy, leads to

5 = (14 wpn) (30 + V2u,,) =0,

) w,, (3.8)
where m = B, R, A. Let us note that for the cosmological constant component (wy = —1) the

conservation of the stress-energy tensor implies 65 = 0y = 0. Instead of the conservation of
the stress-energy tensor for dark matter, we must consider the divergence of the full system
of equations of motion, which, using the Bianchi identities, implies

51/)M —30'— v2UDM =0,

1 1
D; (v]’DM+HvDM—<I>+X (\If”+2H\I/’+H<I>’—2V2\I/—§mI/

27 Ga2ppy (3.9)

+7 (0 —H2-35) <b+% e N O G UDM)) -

Interestingly, the continuity equation for dark matter perturbations is left unchanged, while
the Euler equation is significantly modified. As expected, in the absence of non-minimal
coupling (x — 0), equations (3.7)—(3.9) reduce to those of GR.

For the rest of the paper, we will consider small spatial curvature x ~ 0; this assumption
is justified by the fact that the length scales of perturbations are much smaller than the



curvature radius of the Universe, with the notable exception of the bounce, which, however,
does not change the global evolution of perturbations, as we show in appendix B. We also
move to Fourier space D; — ik;, V? — —k? and consider the effective state parameter w
and sound speed c2, defined as

2 B 1 o . S uondn Y Wapndn
w::—<1+3[—[2> 73 <1+2H2), cy = an5n = ancSn . (3.10)

In particular, we approximate the evolution of the Universe as a sequence of epochs where w

2
s

and ¢2 are constant (namely, a A-dominated epoch with w ~ ¢? ~ —1, a matter-dominated
epoch with w ~ ¢2 ~ 0, a radiation-dominated epoch with w ~ ¢? ~ 1/3, and a NMC-
dominated epoch with w ~ —2/3 and ¢2 ~ 1/3). With these definitions, all the information
about the minimally coupled fluids is encoded in w and c2.

After using the off-diagonal ij component of equations (3.7) to solve for @, the dynamics
can be described using the two equations (3.9) and the combination &; — cgé’oo =0 of
equations (3.7), which together form a system at first order in dpy and at second order in ¥
and vpy. The dynamics of baryon and radiation perturbations follow from equations (3.8),

once ® and ¥ have been determined by this system.

3.1.1 Comoving curvature perturbation

It is standard in cosmology to track the evolution of metric perturbations using the comoving
curvature perturbation, that is, the perturbation of the spatial metric ¢ (which in GR is
equivalent to the Newtonian potential ¢ in the absence of anisotropic stress) as seen by an
observer who is comoving with the cosmic fluid. Practically, it is defined as R := 1) + HEP,
where £° is fixed by the comoving gauge, defined by Ty; = 0:

C 0\ _ 0 _ (1 + wy)prvn
To =3 0t wnpn (tn =€) =0 = &= THGEEE,

where we used the gauge transformation for the velocity fields v,, — v, — £°. Using the 0i and

(3.11)

the off-diagonal ij components of equations (3.7), and the background equations (2.7)-(2.8)
expressed in conformal time, we obtain
20U+ % —x (v+% — (§+3w) Hoow + 20},
R=V+3 1+w+x (2+w)
which reduces to the standard definition in the GR limit y < 1.
The final form of the equations is found by substituting ¥ and ¥’ with R and R'. However,

: (3.12)

the full set of equations is very lengthy and not particularly instructive, so we do not report
it here.! In the GR limit, we recover the standard equations

R+ 2HR' + 2k*R = 0,

5t Ky g (1+)HR - Z (1+¢2) (5+3c2) Hchk; —0, (3.13)

3 R
ng + Hopu + 5 (1 + Cg) /HT = 0;

2
czk

Tt can be provided by the authors in the form of a Mathematica notebook on request.



the equation for the comoving curvature perturbation can be integrated directly, yielding

(1) 2)
HY (c.k HY) (csk
1 _yéf ”)+02 155 n)

R=C

: (3.14)

where H&l) and Hg) are Hankel functions of the first and second kind, v = % L=w and ¢
and Cy are integration constants which depend on w and c2.

To investigate the effect of the non-minimal coupling on perturbations, we consider the
NMC-dominated epoch by taking the limit x > 1 and setting w = —2/3 and ¢ = 1/3.
The equations of motion in this regime are

2k —3H? 42k2-3H> . H 3 HA H
" / " / 2 2 _

R g N s e _ZUDM_Z41<2—3H2“DM_Q(4k —3H )”DM—O’

8k?—3H? 5 3H? 367> 24Kk>H
51/)M+3H4k2_37_[21)1,)1\4+<k +T UDM_4k2—3H2R/+4]€2—3H2R:0’

, 5H 4k?—3H? 1 4k* 34?2 2 2k2—9H? _, 3 (2k%+H?)
UpnT 5" 72 3 UDM"‘*ﬁan‘f‘* 5 5 5 5 R=0.

2 k2+4+3H 2 k2+4+3H H k24+3H k24+3H
(3.15)

While this system still appears quite involved, it can be solved analytically after introducing
an appropriate variable, as shown in appendix A. The comoving curvature perturbation in
the NMC-dominated epoch then takes the form

i/Zkn ok o—kn

2kn _
e
+ CZ,NMCk2T + C3,NMCT + C4,NMC n ) (3-16)

V3

R = Cl,NMC 'Ifz

where the C; yye are the integration constants of the NMC epoch. The real exponential
factors are due to non-oscillatory effects in the velocity field, and their associated integration
constants can in principle be set to zero; nonetheless, during the NMC-dominated epoch the
conformal time 71 decreases toward 1 < 1/k, and therefore they contribute to the comoving
curvature perturbation as a constant term. We also note that the solution in equation (3.16)
has the familiar form of oscillations modulated by the conformal time, but with an additional
factor k2, which modifies the scale dependence of the perturbations.

To understand the physical behavior of perturbations, it is convenient to distinguish
between a super-horizon regime, in which the perturbation length scales are larger than
the Hubble radius (k < H), and a deep sub-horizon regime, in which the perturbations
are much smaller than the horizon and can therefore interact dynamically (k> ). In the
super-horizon regime, the solutions in equations (3.14) and (3.16) reduce respectively to

i0(—v) (Seok) (Ca— Cy) L Cit Coticot(m) (Co=C1) .

. r(1—v) (desh)”
where I' is Fuler gamma function, and
.29
Rpcr ~ ki gk (Cl,NMC - CZ,NMC) + C3,NMC - C4,NMC
(3.18)

+ (k'2 (Cl,NMc + C2,NMC) + C3,NMC + C4,NMC) 77_1-
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In both cases, the solution consists of a constant mode and a time-dependent mode. However,

while in the GR case the time-dependent mode decays in an expanding Universe as n™2" o

1

a_%(l_w), in the NMC case it instead grows as ! o /2. In the deep sub-horizon regime,

equations (3.14) and (3.16) reduce respectively to

e—i%(l—QV) elcskn ei%(l—Qy) e—icskn
Riswu ~ C1 + Cy , (3.19)
V5esk 77%” /5esk 77%”
and
JeiV/ 3k Lo V3 ot
Risn ~ Clauck + Conick™ ——— + C(374)7NMCT’ (3.20)

where the last term depends on whether 7 is positive or negative. To preserve the validity
of the linear approximation in the sub-horizon regime, we set Csyuc = 0 in an expanding
Universe and Cy e = 0 in an eventual contracting phase. In both cases, the solutions have
oscillations modulated by a time-dependent amplitude. As in the super-horizon regime, in

the GR case the amplitude decays in an expanding Universe as 1~ X a~', while in the

NMC case it instead grows as n~' « al/2.

3.2 Vector perturbations
For vector perturbations, gauge-invariant variables are defined as
U, =S+ F, Vi =Up; — F, (3.21)

and the equations are equivalent to those obtained in the gauge F; = 0. The non-vanishing
components of the Einstein equations, namely the 0i and ij ones, are

1 1 1
(20 H2 = (1) H| Wi = o x (47 = H?) Vorg = (1=3Y) VWi = S x VPV

= 4n1Ga> Z(l—i—wn)pnvm,
n (3.22)
(1=X) (D)4 Dy W}) + (24 3) H (D0 + Dy W:)+2x (DiViyy +D; Vi)
—2xH (D;Vom,j+D;Vou,i) =0.
The i components take a particularly simple form:
Di [(1=X) W} + (24 %) HE; + 2x¢Vis — 2XH Vo | = 0. (3.23)
The conservation of the minimally coupled stress-energy tensors reads
(1 win) [V = W4+ (1= Bwn) H (Vins — 0:)| =0, (3.24)
where m = B, R, A, which vanishes identically for a cosmological constant (wp = —1), since

it does not support vector perturbations (see equation (3.4)). Taking the divergence of the
equations of motion and using the contracted Bianchi identities, one obtains a modified
conservation equation for dark matter:
V]Z;M’L' - \II,IL + H (VDM,i - \IIZ) - % |: (7‘[2 - 47’[/) (V[;Mi - ‘I’;)
' 8mGa? ppy '
(3.25)
- (4%” — 6H'H + HS) (Vo — ;) + V2T, — HVQ\IJZ-] =0,
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The conservation equations (3.24) can be readily integrated to give

Cm,i

a173w

Vm,i = + U, (326)

and the modified conservation equation for dark matter can be integrated in Fourier space as
CDM,i 1

X
Viri = 1— k2 SrGia’ o U, (327
DM,i a 1-— 787@21(2,0“ (H2 — 4H") + ( 1— 78#G§2pw (H2 — 4H") i ( )

Finally, using equation (3.27), the i components of the Einstein equations (3.23) can be
integrated to obtain

2 2
U, —— CDM,i ﬁ + C\Il,i 1- 87rG(>1<2pDM (H _47{/)
1 B 5 2 ,
(3.28)
while the 0i components impose the constraints on the integration constants
167G
C\If,i = 12 Z (1 + wn) pn,OCn,i- (329)

n
These perturbations have a singular behavior when the denominator in equation (3.28)

vanishes. This occurs at a scale factor

N 3xok? _ gPom0
° 47TGPR,O PRr,0

L2k (3.30)

While this singularity does not affect the global evolution of the perturbations, we restrict
the analysis to modes generated after this point.

Even if a full analytical form is present, to study the evolution of vector perturbations
it is instructive to consider separately the GR limit and the NMC-dominated phase. The
perturbations of the minimally coupled fluids, described by equation (3.26), follow the same
evolution as the gravitational perturbation ¥;, up to the addition of a constant or decaying
mode; for this reason, we focus only on the evolution of the gravitational and dark matter
perturbations. In the GR limit, they have the standard behavior

Cy; Comi Cui
‘Iji ~ ‘1;71, VDM,i ~ D, + # (331)
a a
In the NMC-dominated epoch, they instead evolve as
U, ~ SWGpDM,OCDM,’ia _ CDM,ia
¢ XOkQ L2k2
1 (Cy; 87 G pon,0Cowm z) 1 <C\II i Cou z)
Voms ~ = : : : = — : . . 3.32
T ( o | xok? “Ta\w )" (3.32)

The key difference with respect to the standard case is therefore a growth proportional to
the scale factor in the early Universe.

If we consider gravitational perturbations generated after the singular point in equa-
tion (3.30), their amplitude at recombination scales as

2
axmec O dnGpro 1 1
V. (acus) x ¥;(a — ~ W, (a —— ,
i(acnn) i(as) Qs a%MB i(s) 3 k2 a%MB

(3.33)
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where we used ayyc = (87rGL2pDM,O)1/3 for which X|a=amw = 1. Perturbations are enhanced

with respect to their initial value for wave numbers

1 [anG [
k< TEPRO — (14 zews) ) —22 Hy ~ 1.65 x 10-3Mpe~. (3.34)
acmB 3 2

If the initial perturbations are small (e.g. of quantum origin), all modes that are observationally

relevant today remain of negligible amplitude.

3.3 Tensor perturbations

To derive the equations for tensor perturbations, it is convenient to express them as

h+ h)( 0
hij=1hx —hy 0]. (3.35)
0 0 O

The field equations take a particularly simple form by combining the (1,1) and (2,2) com-
ponents. In this way, we obtain

I+ +2—x)HW, +(1—-x)k*hy =0, (3.36)
and an analogous equation for hyx. In the GR limit, these equations reduce to
U F2H,  + Kby = 0. (3.37)

Thus, the two polarization modes hy and hyx satisfy the same equation as the comoving
curvature perturbation R in eq. (3.13), the only difference being that tensor perturbations
travel at the speed of light ¢2 = 1. The solution is therefore

+/x H(_zy) (kn)

7Y (k
+/>< — ( 77)+02

h+/x = Cl I;7V

v )

where Hc(yl) and Hc(f) are Bessel functions of the first and second kind, v = % L=w and C’fr /x

and Cy /% are integration constants which depend on w.
On the other hand, in the NMC limit tensor perturbations satisfy

i:—/x_?{h/—i—/x_k;Qh-*-/X:0’ (3.39)

which can be solved immediately, once we recall that in the NMC-dominated epoch H =
—2/n, to give

kn —kn
+ € + e
hyjx = 017@07 +C ,4;07’ (3.40)

CHX and CF 1% are the integration constants during the NMC epoch. The absence of

1,NMC 2,NMC
oscillatory sub-horizon modes indicates that a standard adiabatic vacuum cannot be defined

where

during the NMC-dominated epoch; consequently, tensor perturbations cannot be generated
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from vacuum quantum fluctuations, but can only correspond to the classical evolution of
pre-existing perturbations.
In the super-horizon regime, the solutions in equations (3.38) and (3.40) reduce respec-

tively to
e T (38)" (c5 =) N CY o wicot(rw) (0 — )
o m r(1-v) (k)" o
(3.41)
and
WESH o (O e~ O + (e + ) ™ (3.42)

which evolve precisely as scalar perturbations with speed ¢ = 1. In the deep sub-horizon
regime, equations (3.38) and (3.40) reduce to

—iZ(142v) ikn iT(14+20) —ikn
hk>>,H ~ CIJF/X ¢’ el + C;/X L ° 1 ) (343)
+/x = i, = y—
e \/ﬁ n2
and .
E>H y/x et
h+>/>>< ~ C(l,?),NMCT' (3.44)

Also in this case they evolve as scalar perturbations, with the notable difference that requiring
the validity of the linear approximation sets hi>/>z{ ~ 0 in the NMC-dominated epoch, and
no primordial gravitational waves are generated in the early Universe.

4 Generation of perturbations and primordial power spectrum

The solutions derived in the previous section provide the necessary ingredients to study
the generation of primordial perturbations. These perturbations set the initial conditions
for cosmological anisotropies and can therefore be constrained through observations of the
CMB and large-scale structure.

In the standard inflationary scenario, primordial perturbations originate from quantum
fluctuations generated in the early Universe. During the accelerated expansion phase, the
comoving horizon shrinks, so that fluctuations initially inside the horizon are stretched to
super-horizon scales, where they effectively freeze. After the accelerated phase ends, they
re-enter the horizon and source the observed anisotropies.

At the practical level, introducing the Mukhanov variable u = aR [60], the action at
second order in perturbation theory reduces to that of a scalar field in flat spacetime with a
time-dependent effective mass. The quantization of this scalar field fixes the normalization
of the Fourier modes once an initial state is specified, usually taken to be the Bunch-—
Davies vacuum [61]. On super-horizon scales the comoving curvature perturbation R remains
constant, implying u o< a. Modes with larger wavelengths exit the horizon earlier and therefore
undergo a longer amplification. Since horizon crossing is defined by k ~ H, this translates
into a characteristic dependence of the perturbation amplitude on the wavenumber k.

In the next subsections we adapt this procedure to our model, first introducing variables
suitable for quantization and then following their evolution up to the epoch probed by the
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CMB. In the first subsection we consider the case in which primordial fluctuations are
generated during the accelerated expansion phase. Once suitable variables are identified, the
calculation is relatively straightforward, but the resulting predictions are incompatible with
observations. In the second subsection we consider the case in which primordial fluctuations
are generated during a contracting phase in a bouncing scenario. The evolution is considerably
more involved, but we find that it is possible to obtain a power spectrum compatible with
current observations. This requires an excited initial state rather than the Bunch—Davies
vacuum. While such a choice does not appear unreasonable in a matter or radiation dominated
contracting Universe, it substantially complicates the construction of the primordial spectrum.
The quantity directly related to observations is the power spectrum of perturbations.
The power spectrum P,(k) of a quantity p(x,t) is defined as
00 o A3 3
[P = o o+ %0000 = [ Sl = P = gl
(4.1)
where the py are the Fourier modes with wavenumber k. The main cosmological observables

are the scalar spectral index

dInPr (k)
dlnk

where Pr (k) is the power spectrum of comoving curvature perturbations, and the tensor-

ng =1+ (4.2)

to-scalar ratio
_ Pn
ri= Pr
where Py, is the power spectrum of tensor perturbations h, /.. The constraints from Planck
collaboration are ng = 0.9665 £ 0.0038 and r < 0.036, together with negligible vector
perturbations [5].

(4.3)

4.1 Power spectrum within inflationary scenario

We first consider the case in which primordial fluctuations are generated during the accelerated
expansion phase, so that the NMC-dominated epoch effectively plays the role of an inflationary
era. In standard cosmological perturbation theory, the Mukhanov variable is derived from the
action at second order in perturbations, which identifies the canonical degree of freedom and its
normalization. While this would be the correct procedure to establish the canonical structure
of the theory, deriving the full quadratic action for the present non-minimally coupled fluid
system is technically involved and lies beyond the scope of this work. We therefore adopt a
more pragmatic approach and work directly with the equations of motion, introducing a field
redefinition that recasts the perturbation equation into a Mukhanov—Sasaki form.
Defining the variable
-1/2

u=1l1- gf; (R - ZUDM> , (4.4)
equation (3.15) reduces to
2 1 £’
3H



which has the form of a Klein-Gordon equation for modes of wavenumber k = \/gk with a
time-dependent effective mass. The field redefinition above reproduces the correct dynamical
equation for a scalar degree of freedom, but it does not by itself fix its canonical normalization.
In fact, any variable @ = Cyu, with C) independent of 7, satisfies the same equation (4.5),
while having a different normalization. In particular, if the canonically normalized field

1/2 in the sub-horizon regime, all the rescaled

1/2

satisfies ua’ — v'u = 2i, implying u o k~
variables satisfy @@’ — @@ = 2iCZ. Therefore, if Cy, depends on the wavenumber, the k=
dependence of the canonical variable is not preserved.

To estimate the normalization of the quantized variable in the NMC-dominated regime,
we start by defining the variable

IT+x)x(1+2w)H
-0 twt2+wx) o). (4.6)

uC:C<R—

where ( is chosen to remove the first-order derivative term from the equation of motion. This
variable satisfies an equation which can formally be written as

Ulg/ + fl (777 k) U¢ = f2 (777 k) Upm + f3 (777 k) 5DMa (47)

which is a Klein—Gordon-like equation with a source, and reduces to the standard Mukhanov—
Sasaki equation in the GR limit and to equation (4.5) in the NMC limit.

We have integrated numerically the function ¢, imposing that the variable u; reduces
to the standard Mukhanov variable in the GR limit, that is, ( — a as x — 0. Since the
Mukhanov variable is canonically normalized in the GR regime, this fixes the normalization in
that limit. We then use the resulting evolution of ¢ to infer the corresponding normalization
in the NMC-dominated epoch. This does not constitute an independent derivation of the
canonical normalization in the NMC regime, but provides a prescription for extending the
known GR normalization into that regime. Interestingly, this also provides an indication that
no ghost instability is encountered, since the normalization function satisfies a differential
equation of the form ¢’(n) = f(n){(n) and therefore preserves the positive sign fixed by
its GR-limit normalization.

Figure 2 shows the dependence of the transformation function ¢ on the redshift and
the wavenumber k. The asymptotic behaviour of the numerically determined ¢ can then
be compared with the NMC expression in equation (4.4). By fitting the final part of ¢ to
this form with a normalization factor Cf, we infer that the variable with the normalization
prescribed above behaves in the NMC limit as
42 —-1/2

R

_30k
UCNNlo 32* 3@

a

<R - ZUDM) , (4.8)

corresponding to a Cy o k factor that is absent in the naive definition in equation (4.4).
Fluctuations are in the quantum regime when they are deeply sub-horizon, where the
equation simplifies and admits the solution

2 , .
ugN + ngUCN =0, - UcN = Oéke_z\/gkn + Bkel\/gkn. (4.9)
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Figure 2. Transformation function between the comoving curvature perturbation R and Mukhanov
variable u, as a function of redshift. The transformation depends on the wavenumber k in the
super-horizon regime, but approaches the standard ¢ = a in the GR limit and ¢ o a~/2 in the
sub-horizon NMC-dominated regime.

Taking the normalization above as the canonical one, we can impose the Bunch—Davies
vacuum, which selects only positive frequencies, and thus gives

~1/2
ap = (\/2]4:) , Br = 0. (4.10)

Using the sub-horizon limit of the comoving curvature perturbation (3.20), the sub-horizon
limit of definition (4.8), and the solution for the velocity field (A.4), we obtain the corre-
sponding initial conditions for R:

1017 1017

1
Cl,NMC ~ ﬁﬁk =0, C2,NMC ~ ? —

17
A ~ 10 /{:5/2.

(4.11)
When perturbations exit the horizon, the growing mode in (3.18) rapidly dominates over the
constant one, and by the end of the NMC-dominated epoch their amplitude is

1017 1

2 -1
R ~ k*Canmce ~ mm’

(4.12)
as illustrated in figure 3.

At later times the evolution follows GR, where the constant mode dominates, so that
perturbations re-enter the horizon with amplitude (4.12). The corresponding power spectrum
at horizon entry is

k‘3 |R|2 1032

(277)2 771%Mc

The scalar spectral index is therefore ng = 3, in clear tension with observations. Perturba-

Pr(k) = k2. (4.13)

tions generated during the accelerated phase cannot account for the observed cosmological
fluctuations, and alternative scenarios must be considered.
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Figure 3. Pictorial representation of the evolution of perturbations generated during an inflationary
era, showing their dependence on the wavenumber k and on the scale factor a. All modes originate
from a quantum state normalized as k~'/2, which implies a k~!/2-dependence also for the comoving
curvature perturbation. The right-hand side of the figure shows the resulting k-dependence of the
power spectrum.

4.2 Power spectrum within bouncing scenario

An alternative to generating primordial fluctuations during the accelerated phase is that
they originate during a contracting phase in a bouncing cosmology. In standard models of
primordial perturbations in bouncing cosmologies an asymmetric bounce is normally required.
Indeed, in order to provide the observed nearly scale-invariant spectrum, the pre-bounce
Universe has to be matter dominated while becoming radiation dominated immediately
after the bounce. This is because, perturbations generated deep inside the horizon are

/2 As they exit the horizon

normalized by imposing the Bunch-Davies vacuum, v « k~
during contraction, the time-dependent mode grows and dominates over the constant one,
leading to an amplification by a factor k~! and hence to a scale-invariant power spectrum
at horizon re-entry after the bounce [62, 63].

Interestingly, in our case, no change in the matter content of the pre-bounce Universe
is required, since the model itself predicts a symmetric cosmological bounce for negative
spatial curvature. Nonetheless, as we will show, obtaining an almost scale-invariant spectrum
requires a different (albeit we shall argue not unnatural) tuning of initial conditions with
respect to the Bunch-Davies vacuum.

In order to make the above discussion quantitative, let us introduce the aforementioned
Mukhanov variable u = aR. As anticipated, by doing so the first equation in (3.13) takes the
form of a Klein-Gordon equation for modes of wavenumber k = ¢,k with a time-dependent
effective mass. Explicitly

u” + <c§k2 - % (1 —3w) 7—[2> u=0. (4.14)

To study the quantum regime, we consider the deep sub-horizon limit, in which the equation
simplifies and admits the solution

u’ + AkPu=0 = u = e kN gy eieskn (4.15)
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Now, it is worth noticing that, during its pre-bounce contracting phase, the Universe
was probably already filled by matter and radiation, so that the Bunch-Davies vacuum may
not be its more appropriate description. While it is quite difficult to “guess” an alternative,
non-vacuum, initial condition, we can still “reverse-engineer” checking which ones would have
lead in our bouncing scenario to the observed quasi scale-invariant spectrum.

In order to construct suitable initial conditions, we recall that standard commutation
relations imply
1

wt' —u'u = 2i — ’ak;’2 - ‘5k|2 =
csk

(4.16)

Comparing the sub-horizon solution for the comoving curvature perturbation in equation (3.19)
with the solution for the Mukhanov variable in equation (4.15), this condition translates into
the following constraint on the integration constants of R:

T

|Cof” = |Cy[* = 5 (4.17)

This relation fixes one combination of the two integration constants, leaving a single free
parameter once the coeflicients are taken to be real. Rather than working directly with C
and (b, it is convenient to parametrize the remaining freedom by introducing a characteristic
scale in momentum space, k), defined as the wavenumber for which the amplitudes of the
constant and growing modes are equal at n = 7, which corresponds to

Ci+C I'it—v)I'(—v —ra) )\ 2V
o [ L () o ()

. (4.18)

With this definition, modes with k& < k() reach n = 7 dominated by the growing mode,
whereas modes with k& > k8 dominated by the constant mode.
Combining equations (4.17) and (4.18), the integration constants can be written as

¢ =75
_ 2v
HEDPED) (k7)™ + cot (mv)

1 + 2v
[ 22V
2= 8 T1-)D(—v) [ 7=\ 2"
B — (Csk‘(s)n) + cot (7TI/)

1 PO (65 07)™ - cot ()

22ve

1/2 7

22V

_ 2v
P (ek)7) ™ + cot (nv)

(4.19)

12

These conditions correspond to an initial state of the Mukhanov variable with occupa-
tion number

22vy

_ 2v
HUCY) (k7)™ + cot (nv)

2
2 1-
m =152 = L ( > . (4.20)

™ — 2v
3Csh 4 71‘(172';)”1;(7”) (csk(s)f]) + cot (mv)| csk
The Bunch-Davies vacuum is recovered for the particular choice
3 2 41— 1/2v
R - 2 <7r( cot (wu))) 7 (4.21)
csh \ T'(1=v)I'(—v)
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Figure 4. Pictorial representation of the evolution of perturbations generated during a contracting
phase in a bouncing cosmology, showing their dependence on the wavenumber k& and on the scale
factor a. All modes originate from a quantum state normalized as k~/2. The upper mode in the
figure exits the horizon during matter domination and reaches matter-radiation equality with the
growing mode dominant. The central mode also exits the horizon during matter domination, but
reaches matter-radiation equality with the constant mode dominant. The lower mode exits the horizon
during radiation domination. The right-hand side of the figure shows the resulting k-dependence of
the power spectrum.

for which C7 = 0 and Cy = \/m, and therefore n;, = 0. Values of k) either smaller or
larger than IESD) correspond to excited states.

We note that adopting analogous initial conditions in the inflationary scenario, so as to
keep the constant mode of equation (3.18) at horizon exit, would introduce an additional
factor of k in the comoving curvature perturbation. The resulting scalar spectral index would
then be ngy = 5, making the predictions even more incompatible with observations.

With this freedom in the choice of initial conditions, we can now follow the evolution of
perturbations up to the CMB and derive a prediction for the primordial power spectrum.
However, as shown in figure 4, the evolution of perturbations in the bouncing scenario is
considerably more involved than in the inflationary case. It is convenient to separate the

evolution into different stages and discuss each of them independently.

Contraction phase during matter domination. The evolution of perturbations in a
matter-dominated Universe requires some care, since the solution in equation (3.14) becomes
singular in the limit ¢s — 0, or identically constant if one sets C; = —C5 to avoid the
divergence. A useful approximation is obtained by taking the limit w — 0, while keeping
¢s finite. The full solution then reads

2 eics kn 2 e*iCskTi

W (1 — ZCSkT]) 773 — CZ,MAT W (]. —|— ZCS]C?]) —a (422)

R = —Cl,MAT 3
s s n

where, during matter domination, a  n?, so that |n| oc \/a up to a normalization fixed by
the background solution, and we made explicit that the integration constants C7yar and
Co mar refer to the matter-dominated epoch. In the super-horizon limit it reduces to

1 /2 2 Cy yar + C _
R ~ 3\/;(%]‘7)3/2(02,1\1” - Cl,MAT) - ; 17M(ACT k)S/QQ’MATCL 3/2, (4.23)
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We choose as initial conditions

— 3 — 3
e (%klsls/ZT\/ aMRE) Tl+ (%klsrlng\/ GMRE)
Cl,MAT =+ g —s) 3/2 7 CQ,MAT ==+ g ) 3/2 ° (4-24)
( \?)C/SngAT V aMRE) ( \:&C/%kMAT\/ aMRE)

so that modes with k < l?:lsf,zT reach matter-radiation equality dominated by the growing
mode, while modes with k& > thiZT dominated by the constant mode. Allowing for such an

intermediate scale ];'ISZZT, comoving curvature perturbations at the end of this stage scale as

E32 for k< kS

¥ 4.25
B2 for kSl <k < kune, (429)

Ratar—rap X {

where kyre ~ Hyre ~ 1.04 x 1072 Mpcfl7 is the perturbation’s wavenumber at matter-
radiation equality.

Contraction phase during radiation domination. The evolution of perturbations in a
radiation-dominated Universe is particularly simple, since the full solution in equation (3.14),
with ¢2 ~ w ~ 1/3, reduces to

i1 ;1
Cl,RAD elshn C2,RAD e~ izkn

T 1 T 1
ﬁ/ﬁﬁk n 5%16 n

where, during radiation domination, a ~ n up to a normalization fixed by the background

R =

: (4.26)

solution. In the super-horizon limit it reduces to

[z [1 2 Chpan + Copan
R ~ i) —y /ﬁk (Caap — Cipan) + \[r LIAD T 2D 7L, (4.27)
avels

Modes that are already super-horizon are rescaled by the common factor nyge/Mxue =

ayre/axue. For modes exiting the horizon during this phase, we fix the integration constants as

1-— L;}(S) a 14+ il;:(s) a
s RADANMC T RADANMC
Cl,RAD ~ :F\/g 7\(/5) 1/2 9 CZ,RAD ~ :l:\/g 7\(/:; 1/2 ) (428)
(%kRADaNMC) (%kRADaNMC)

so that perturbations with k < I;:RS"A)D reach the onset of the non-minimal coupling dominated

by the growing mode, while those with k > I?:SQD dominated by the constant mode. To
remain consistent with observational constraints, however, only the growing modes should
be observed, and thus we choose ]271(;213 > max (kops). These modes do not acquire additional
k-dependence since they scale as n~! = a~! both inside and outside the horizon. At the end

of this stage, comoving curvature perturbations behave as

k=32 for k< I;:SKT
Rrap—snuc X k’g/Z for ];.IEIS./zT < k < kyge (4.29)
EY2 for k> kyge.
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Contraction phase during NMC domination. When the Universe reaches the NMC-
dominated phase, all relevant modes are already super-horizon. Their evolution is described
by equation (3.18), which contains a constant mode and a time-dependent one scaling

as n~1 = al/2.

The latter rapidly decreases and becomes subdominant. Comparing the
super-horizon behavior in equation (3.18) with the sub-horizon one in equation (3.20), one
finds that perturbations are amplified by a factor k~!. At the bounce, comoving curvature

perturbations therefore scale as

52 for k< kS,
72’BNC X k1/2 fOI" ];:IS;SXT < k: < kMRE (430)
k=32 for k> kyns.

Expansion phase during NMC domination. In the sub-horizon regime, perturbations
evolve as in equation (3.20), namely as oscillations modulated by a factor ! = a'/?2. In a
symmetric bounce scenario, each mode exits the horizon after the bounce at the same value
of the scale factor at which it entered before the bounce, with a small common enhancement,
as shown in appendix B. No additional k-dependence is generated at horizon exit, since

1_ ,1/2

the time-dependent mode dominates due to its scaling as 1~ . Comoving curvature

perturbations therefore reach the end of the NMC-dominated stage with

52 for k< kS,
Rmc—rap X 4 k1/? for /;:I(WSA)T < k < kyge (4.31)
k=32 for k> kyns.

Expansion phase during radiation and matter dominations. Finally, once the NMC
becomes negligible, the evolution is again described by GR. In an expanding Universe, the
constant mode of super-horizon perturbations dominates during both radiation and matter
domination, so comoving curvature perturbations re-enter the horizon with the amplitude
shown in equation (4.31). Evaluating the power spectrum at horizon entry then gives

2 for k< kS
PR|H—entry o k* for l;:lglszzT < k < kure (432)

k0 for k> kure.

This clarifies the role of the intermediate scale IQ:S[)\T. If we keep only the growing modes, as
is usually done in cosmology, the k=2 branch, combined with the integrated Sachs—Wolfe
effect, would produce an excessive enhancement of power at large scales, in tension with
observations. The k* branch, on the other hand, is partially compensated by the same effect.

While the piecewise approximation used is a strong simplification of cosmic history, it
highlights a possible effect of a non-symmetric bounce. If matter-radiation equality in the
contracting phase occurred earlier, corresponding to a longer radiation-dominated epoch
during contraction than during expansion, the scale-invariant part of the power spectrum
would be pushed towards larger scales. If matter-radiation equality in the contracting phase
occurred later, corresponding to a scenario more similar to matter-bounce cosmologies, the
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k* dependence would extend towards smaller scales, making the power spectrum increasingly
incompatible with observations.

Before confronting the resulting scalar spectrum with CMB temperature anisotropies,

it is useful to consider the tensor sector. In particular, the observational bound on the
tensor-to-scalar ratio already provides a constraint on l;:ﬁizT.
Tensor-to-scalar ratio. The evolution of tensor perturbations in the GR limit is nearly
identical to that of comoving curvature perturbations, with the only difference that tensor
modes propagate at the speed of light, ¢s = 1. During the NMC-dominated phase of the
contracting Universe, however, the solution contains an exponentially growing mode. To
preserve the validity of the linear approximation, this mode must be removed by setting
C;f e = 0 in equation (3.39). The remaining mode is exponentially suppressed during
contraction, so that tensor perturbations reach the bounce with negligible amplitude. After
the bounce, the same solution becomes exponentially growing. In a symmetric bounce
scenario, this growth compensates for the suppression experienced during the contracting
phase, and tensor perturbations therefore emerge from the NMC-dominated epoch with
approximately the same amplitude they had when entering it. Unlike comoving curvature
perturbations, tensor modes do not acquire the additional £~! enhancement generated during
the NMC phase. Their power spectrum is therefore obtained from that of R by setting
¢s = 1 and removing this extra factor:

P < k* Prl,. _; - (4.33)

We parametrize the initial conditions for tensor perturbations in analogy with scalar per-
turbations in equations (4.24) and (4.28), introducing the corresponding intermediate scales

l_cIS,ITA)T and lzzf({?D. The tensor-to-scalar ratio then takes the form
- 6 - 2
o (Fi " H o+ (Rin) RS 1+ (R
Tvar = K =5 — 6’ Trap = K _('T) el (4.34)
Fyiar kS + (k‘IE,DZT) kg k2 + (k‘RA) )

during matter and radiation domination, respectively, and where k is in units of Hy.

At k= l;:ﬁizT, the tensor-to-scalar ratio satisfies the Planck bound r < rp;, = 0.036 only if
ZhSiZT < /Tpr, ~ 0.190, which is smaller than the wavenumber of the largest observable mode,
min(kops) ~ 1 in these units. Since we also require l;:I({SA)D > max(kops), the tensor-to-scalar
ratio scales as

k_4, for k < I;ZI(WTA)T kQ, for kyme < k < ];I(zi)D
T %) 1o R0 ’ R ¥ L)
K2, for k0 < k < ke K. for k> k)
(4.35)

Requiring that the tensor-to-scalar ratio satisfy the Planck bound over the whole observable
range places only weak constraints on l;:,EIT A)T and 1251(5\)1). As a result, the precise shape of the
tensor-to-scalar ratio is not a robust prediction of the model. Nevertheless, if l%é?D is chosen
such that r saturates the observational bound at the largest observable scales, and continuity
is imposed, the tensor-to-scalar ratio as a function of the wavenumber k resembles the
examples shown in figure 5: in the radiation-dominated branch, r always increases with k,

— 23 —



— B =103 ke
— & = 0.1kyre
— kT = 0.2kums
B8, = 0.3kme
r B = 0.4kyne
B, = 0.5k
ki = 0.6knme
10-1L ] ke = 0.7y
: = ~ . . — BT = 0.8kyrs
1 10 10 10 10 10 — D) 09k
k/Ho — B e

Figure 5. Possible shapes of the tensor-to-scalar ratio for different values of IE:IS;QT, given in the legend

as fractions of kygrg. The parameter 774[(5\)1) is fixed to max (kops) = 10°, while I;IISISA)T and lzzﬁi)l) are chosen

to satisfy continuity and to make r saturate the Planck bound r = 0.036 at & = max (kops), under the
conditions &%), < min (kobs) = 1 and ES) > max (kobs) = 10°.

while in the matter-dominated branch it can either increase — leading to very small values
on large scales — or decrease, making it potentially accessible to future observations.

A tensor-to-scalar ratio that could be detected by future experiments, while remaining

close to the current upper bound on large scales, requires /%ﬁf ,ZT < \/TpL, & larger /%I&T A)T ~ kyvge,

and large IEI({?D, ]_ﬁ({?D > max(kops). This implies that, at least during matter-domination, per-
turbations start in highly excited states, with scalar perturbations having a larger occupation

number than tensor perturbations.?

Fit of Planck TT-power spectrum. We use the matter power spectrum in equation (4.32)
to compute the CMB temperature angular power spectrum using the Weinberg’s [64, 65]
semi-analytic approximation for the Fourier coefficients. Note that such a formula is known to
have same limitations with respect to the full numerical solutions of the Boltzmann equation
for the photon-baryon fluid: it slightly underestimates the first peak, slightly overestimates
the third peak, and slightly under-damp the high-¢ tail; however, these deviations are rather
small, limited to < 10% for the peak amplitudes and to < 1% for the peak positions. Since it
is quite complex to implement in the present Boltzmann solvers (e.g., CAMB or CLASS) the
peculiarities of the NMC evolution, and since the piece-wise powerlaw description of the input
NMC matter power spectrum is anyhow very crude, for a first semi-quantitative assessment
we can confidently rely on the Weinberg’s approximation. Choosing a I;JIEEET < min(kops),
we obtain the spectrum shown in figure 6. Overall, the agreement of our result with the
Planck [5] data is encouraging, and could motivate further, more precise analysis.

2We note that the difference between the scalar and tensor occupation numbers is linked to the requirement
of having a tensor-to-scalar ratio detectable by future experiments, and is not a prediction of the model.
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Figure 6. Fit of Planck data with our prediction for the primordial power spectrum in equation (4.32).

5 Discussion and conclusions

In this paper, we studied the generation of primordial cosmological perturbations in a Universe
where dark matter is non-minimally coupled to gravity at the fluid level. The model assumes a
direct coupling between matter and curvature which is subdominant with respect to Standard
Model interactions, so that at low energies it is expected to be relevant only for dark matter.
At the practical level, we introduced in the action a covariant contraction of the Einstein
tensor with the stress-energy tensor of pressureless dark matter, together with a characteristic
length scale that sets the strength of the interaction.

At the background level, the non-minimal coupling drives a phase of accelerated expansion
at early times, lasting long enough to solve the horizon and flatness problems. At even earlier
times, for negative spatial curvature, the initial singularity can be avoided, since the Universe
undergoes a bounce from a previous contracting phase.

In section 3, we presented the full equations for scalar, vector, and tensor perturbations. In
the scalar sector, we showed that the equations for comoving curvature perturbations can be
solved analytically both in the GR limit and in the regime where the non-minimal interaction
dominates, separately; in the latter case, comoving curvature perturbations grow as the
Universe expands. In the vector sector, the equations can be solved analytically without any
approximation, and we found that vector modes are in general strongly suppressed at late times.
In the tensor sector, analytic solutions can again be obtained in both the GR limit and the
NMC-dominated epoch; in the latter case, tensor perturbations are described by exponential
modes, which either invalidate the linear approximation or remain strongly suppressed.

In section 4, we showed how perturbations may be generated from quantum fluctuations
and how they evolve up to the present epoch. If primordial fluctuations are generated during
the accelerated expansion phase, perturbations do not receive the k! enhancement present
in standard inflationary scenarios. The model therefore predicts a scalar spectral index
ns = 3, in clear tension with observations.

If instead perturbations are generated during the contracting phase of a bouncing cos-
mology, the resulting scalar power spectrum is scale-invariant for multipoles £ 2 150, while
perturbations at small wavenumber are suppressed as k*. The integrated Sachs-Wolfe effect
partially compensates for this suppression, and the resulting CMB power spectrum shows
encouraging agreement with Planck data. The tensor-to-scalar ratio can be expressed in terms
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of several free parameters, and the model is therefore not highly predictive in this respect.
Nevertheless, it is straightforward to obtain values consistent with current constraints while
still leaving room for a possible detection in future experiments.

Obtaining observables compatible with current data requires a different prescription
for the initial conditions of the perturbations. In particular, while standard inflationary
scenarios usually assume that the perturbations begin in a vacuum state, our model requires
that they start in an excited state. While this assumption is motivated a posteriori by the
requirement of reproducing a primordial power spectrum compatible with observations, it
does not appear unnatural. In contrast with inflationary scenarios, the past history of the
Universe before a contracting epoch in a bouncing cosmology could be complex and leave
relic perturbations. In particular, mechanisms such as thermal fluctuations, interactions,
nonlinear dynamics, or a previous cosmological cycle could generate or preserve a non-vacuum
state of primordial perturbations.

It could be argued that the normalization n; oc k= might not be the most appropriate
form for such a state. However, it is interesting to note that the occupation number in
equation (4.20), nj, = 2|C1|?/(mcsk), has the same form as the low-energy, or Rayleigh—Jeans,
limit of a Bose—Einstein distribution. Indeed, for modes with dispersion relation wy = ¢k,

1 ko T
ng = ~ , (5.1)
oo ()1 e

when hegk < kpT. Comparing this expression with equation (4.20), we can associate an
effective temperature

B 2hH0‘Cl|2

T
eff = kb

(5.2)

Indeed, during matter-domination we imposed IQ:ISIS/ET < /Tpr, = 0.19, which implies an effective
temperature Tog > 4 x 10719 K. On the other hand, even for the highest-energy observable
modes, fics max (kopg) ~ 2 X 10751 J =~ 2 x 10728k, K, using ¢s = 10~%. Therefore,

hes max (kobs)

< 107" <« 1 )
T < x107Y <« 1, (5.3)

so that the relevant modes are well within the Rayleigh—Jeans regime. Thus, over the range
of observable modes considered here, a thermal Bose—Einstein distribution would have the
same k~! dependence as the occupation number required by our model.

This comparison does not imply that the primordial perturbations were in thermal
equilibrium. Rather, it shows that their required £~! occupation number is compatible
with the low-energy behaviour of a thermal distribution and therefore does not appear to
require an intrinsically exotic form of the initial state. Interestingly, the corresponding energy
density carried by the perturbations is of order ppert ~ 10730 Kg/m3, which is negligible
for the background evolution.

To conclude, our analysis of the power spectrum of primordial perturbations shows that
the generation of such perturbations during the phase of accelerated expansion is ruled out
by observations. By contrast, the generation of the primordial spectrum in the contracting
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phase of a bouncing cosmology is compatible with observational constraints. This suggests
that a nonsingular cosmological evolution may be required in models in which matter has a
non-trivial interaction with gravity. In the specific case of the model considered here, this
also translates into the prediction of negative spatial curvature.

These results are encouraging, but several open issues remain. First, the present analysis
relies on a piecewise approximation for the background evolution, which should be replaced
by a full numerical treatment to obtain precise predictions. Second, to complete the analysis
of perturbations in the accelerated expansion phase, an explicit expansion of the action to
second order in perturbation theory is required; together with fixing the normalization of
the initial state of the perturbations, this would also clarify the presence of ghost, tachyonic,
or strong-coupling instabilities. Third, the physical origin of the excited initial state of the
perturbations in the bouncing scenario deserves further study. Fourth, our treatment assumes
a symmetric bounce and specific parameter choices, and it remains to be understood how
robust the results are under more general dynamics. Finally, while the present work focused
on the scalar spectral index and tensor-to-scalar ratio, further observational tests should
include non-Gaussianity and large-scale structure constraints.
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A Solution of the scalar sector in the NMC-epoch

While equations (3.15) are already much simpler than the full set of equations, they can
acquire a very compact form by defining the variable

~ H

R = R - Z/UDIW. (A.l)

With this choice of variable, the equations (3.15) can be written as
2k* —3H? -, 42k* — 3H?

RN _ gt T OTt s % 5 _
RE=2H e T3z sz =0
36H2 - 24K°H -~
2 2 _
B + 6ol + (K2 4 3H2) vy — o R+ o SR =0, (A.2)
vl Upu 4 2k% —9H? <, 6(2k% +H?) <
Um | gpylom g oy 2SR I, DUERT R ) s
p O oot g 12 — 372
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Since during the NMC epoch the comoving Hubble parameter scales as H = —2/n, we can
solve analytically the first of the equations (A.2), yielding

») ~ fkn ~ . 2 2 2 9 eii\/gkn
R - Cl,NMC 1 - 3kn Sk 77 77 +CQ ,NMC 1 + 1 gkn - gk 77 T, (A3)

which can be used in the other two equations (A.2) to find the velocity field and density

perturbation

2 9 \[lm ~ 2 2 2 \[kn
Upm = C'1 NMC —15 ]4377—*]@ +C2 NMCB 5415 k‘n— *k‘

~ —k
+C3,NMCe n+04,NMCe ",

N 12 . ) 3/2 ei\/g’“?
5DM:C’1,NMC% (20_120\/7]{77 35 k2772_2<3) k 773) 73

—i\/2k
+C 204420 k: 33 2122 3/2k 3 ﬂ
2 NMC ? n— n°+i 3 n

773

~ ekn - e—k’l]
+ C37NMC (12 - kﬂ) 7 + C4,NMC (12 +k?7)

(A.4)

where the C’LNMC are integration constants. The variable R and the velocity field vpy combine
to give the simple form for the comoving curvature perturbation in equation (3.16), after the
definition of free parameters C yue 1= —%C‘LNMC, Convic = —%C’Q’NMC, C3 nuc i= —%C’&NMC
and C4,NMC = _%64,NMC-

B Evolution of perturbations around the bounce

Close to the bounce, the conformal Hubble parameter no longer satisfies the differential
equation

1
H ~ —5(1+3w)7-[2, (B.1)
but instead obeys

W~ % (H? = k). (B.2)

For negative spatial curvature, its dependence on conformal time is therefore

STRNp |tan<1\/ﬂn> (B.3)

and the conformal time can be written in terms of the scale factor as

arccos< aBNC), - H -~ ]/@|< a —1), (B.4)

a apNC

K]

where agye is the value of the scale factor at the bounce (2.12).
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If we use equation (B.2) instead of equation (B.1), the expression for the comoving
curvature perturbation becomes

v v (3, Ixl
R—W4 ;‘If + g/{ X (:If_-‘r jH Sg +12H2|)N|'HUD1\4 + QU]/DM)
3~ oz T 3X ( + 7—[2)

and the equations for R, dpy, and vpy, in the limit of y > 1 take the form

*

7 (B.5)

K (27K + 4Kk%) — (15K + 4k2) H2 + 6H*
182 + (4k% — 9k) H2 — 3H*
N 9k? (4k? — 15k) + 4 (4k% — 9k) (k% + 3k) H? — 3 (8k* — 9k) H* L Set H? 2
6 (18K2 + (4k2 — 9k) H2 — 3H4) 4(k—H2) M
3 (30x* — 1263H2 + k (16k% — 19x) H* — 10xHS + HB)
4 (r — H2) (18k2 + (4k2 — 9r) HZ — 3H4) Vo

- (6/@3 (16k2 - 15357) e (21k4 + 900Kk — 26152> H2 <16k4 — 9276k2k — 927/@2) H

R + HR'

43 (8k2 - 87%) HO + 9%8) (24 (m - H2) (1852 1 (4k2 - 9%) H2 37{4) )_17'[UDM

9k3 + K (4k% 4+ 9k) H? — (2k% + 9K) H* +3%6/€5 »
(/43 — H2) (18/{2 + (4k2 _ 95) H2 — 3,}_[4) om = 0,

- 18kH (215 — H?) 5. 36 (2k% — 3kH? + H?)
DM 18K2 4 (4k2 — 9k) H2 — 3HATY 18K2 + (4K2 — 9k) H2 — 3HA
12 (2k2 — 3k) (k — H?) 3 (6k% + (8k% — 9k) H? — 3HY)

R/

— R / ’
18k2 + (4k? — 9k) H? — 3H4H 182 + (4k% — 9k) H2 — 3H* oo
N 18k% (2k% — k) + (2k* — 27k) (4k% + 3K) H? 4 6 (k? + 18x) H* — 9H® 0
2 (18K2 + (4k2 — Or) H2 — 3HY) o =5

(56 + H?) (9x* + (k* — 15k) H? + 3H?) o
2 (18k2 + (4k2 — 9k) H2 — 3H4) oM
N 4K? (5k* — 24K) — K (T6k% — 69K) H? + 2 (10k* + 21k) H* 4+ 16HO

4(18K2 1 (4k2 — Or) H2 — 3HA) oo
 (2K* 421k — 9H?) (k — H?) UR
2 (18k2 + (4k2% — 9k) H2 — 3H4)
L3 (k —H?) (5 (2k% + 9r) — (2K — 4K) H? — HY) R
2 (18k2 + (4k? — 9k) H? — 3HY)
18+ + 1 (8K% + 15k) H? — 4 (K + 3k) H* +3HO . 0 (B.6)
4 (18K2 + (4k2 — 9k) H2 — 3H4) e '

Equations (B.6) do not admit a simple analytic solution; however, an approximate solution
can be found in the limit # — 0. In this regime, R, dpy and wvpy are linear combinations
of exponential functions whose exponents,

4 9|k 351k 2241k2
ki 15(—4+8k2i\/—14— o+t | (B.7)
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always contain non-zero real and imaginary parts. Expanding the solutions around n = 0,
we obtain

R ~ Cl,BNc + CQ,BNCU;
2
dpm ~ C3,BNC + (4CQ,BNC - (k + 3’!‘10 C4,BNC) m,

CB,BNC (ka - 9|/~$|) Cl,BNc
5 15|

(B.8)

Upm ™~ C4,BNC + (

If the constant mode dominates before the bounce, while the time-dependent mode domi-
nates after the bounce, all modes of the comoving curvature perturbation receive a small
enhancement proportional to

4 [ apnc—snmc 4 apnc—smc
C2,BNC77BNC~>NMC ~ C2,BNC\/W — 1]~ C2,BNC T ) (B,Q)

apNe ’Kv‘ apNe

where agne—auce indicates the value of the scale factor for which the evolution has reduced to
the standard NMC domination. This enhancement occurs because, although the conformal
Hubble parameter vanishes at the bounce, the relevant long-wavelength condition is kn < 1.
Since the particle horizon

1
dy = /dta(t) _, (B.10)

also vanishes at the bounce, all perturbation modes satisfy the long-wavelength condition
and behave as effectively super-horizon modes in the sense of kdy < 1, even though k/H
diverges. The bounce therefore introduces only a small correction to the amplitude and
does not modify the spectral dependence.

References

[1] SUPERNOVA SEARCH TEAM collaboration, Observational evidence from supernovae for an
accelerating universe and a cosmological constant, Astron. J. 116 (1998) 1009
[astro-ph/9805201] [INSPIRE].

[2] D. Scolnic et al., The Pantheon+ Analysis: The Full Data Set and Light-curve Release,
Astrophys. J. 938 (2022) 113 [arXiv:2112.03863] [INSPIRE].

[3] WMAP collaboration, Nine-Year Wilkinson Microwave Anisotropy Probe (WMAP)
Observations: Final Maps and Results, Astrophys. J. Suppl. 208 (2013) 20 [arXiv:1212.5225]
[INSPIRE].

[4] ACT collaboration, The Atacama Cosmology Telescope: DR Maps and Cosmological
Parameters, JCAP 12 (2020) 047 [arXiv:2007.07288] [INSPIRE].

[5] PLANCK collaboration, Planck2018 results: VI. Cosmological parameters, Astron. Astrophys. 641
(2020) A6 [Erratum ibid. 652 (2021) C4] [arXiv:1807.06209] [INSPIRE].

[6] SPT-3G collaboration, Measurements of the E-mode polarization and temperature-E-mode
correlation of the CMB from SPT-3G 2018 data, Phys. Rev. D 104 (2021) 022003
[arXiv:2101.01684] [INSPIRE].

— 30 —


https://doi.org/10.1086/300499
https://doi.org/10.48550/arXiv.astro-ph/9805201
https://inspirehep.net/literature/470671
https://doi.org/10.3847/1538-4357/ac8b7a
https://doi.org/10.48550/arXiv.2112.03863
https://inspirehep.net/literature/1985891
https://doi.org/10.1088/0067-0049/208/2/20
https://doi.org/10.48550/arXiv.1212.5225
https://inspirehep.net/literature/1208271
https://doi.org/10.1088/1475-7516/2020/12/047
https://doi.org/10.48550/arXiv.2007.07288
https://inspirehep.net/literature/1806985
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.48550/arXiv.1807.06209
https://inspirehep.net/literature/1682902
https://doi.org/10.1103/PhysRevD.104.022003
https://doi.org/10.48550/arXiv.2101.01684
https://inspirehep.net/literature/1839503

[7]

[10]

[11]

[12]

[15]

[16]

SUPERNOVA COSMOLOGY PROJECT collaboration, Measurements of Q and A from 42 High
Redshift Supernovae, Astrophys. J. 517 (1999) 565 [astro-ph/9812133] [INSPIRE].

D. Brout et al., The Pantheon+ Analysis: Cosmological Constraints, Astrophys. J. 938 (2022)
110 [arXiv:2202.04077] [INSPIRE].

DES collaboration, The Dark Energy Survey: Cosmology Results with ~ 1500 New High-redshift
Type Ia Supernovae Using the Full 5 yr Data Set, Astrophys. J. Lett. 973 (2024) L14
[arXiv:2401.02929] [INSPIRE].

BOSS collaboration, Cosmological implications of baryon acoustic oscillation measurements,
Phys. Rev. D 92 (2015) 123516 [arXiv:1411.1074] [INSPIRE].

BOSS collaboration, The clustering of galaxies in the completed SDSS-III Baryon Oscillation
Spectroscopic Survey: cosmological analysis of the DR12 galaxy sample, Mon. Not. Roy. Astron.
Soc. 470 (2017) 2617 [arXiv:1607.03155] INSPIRE].

EBOSS collaboration, Completed SDSS-1V extended Baryon Oscillation Spectroscopic Survey:
Cosmological implications from two decades of spectroscopic surveys at the Apache Point
Observatory, Phys. Rev. D 103 (2021) 083533 [arXiv:2007.08991] [INSPIRE].

DESI collaboration, DESI 2024 VI: cosmological constraints from the measurements of baryon
acoustic oscillations, JCAP 02 (2025) 021 [arXiv:2404.03002] InSPIRE].

WIGGLEZ collaboration, The WiggleZ Dark Energy Survey: Joint measurements of the
expansion and growth history at z < 1, Mon. Not. Roy. Astron. Soc. 425 (2012) 405
[arXiv:1204.3674] [INSPIRE].

F. Beutler et al., The 6dF Galazy Survey: z ~ 0 measurement of the growth rate and og, Mon.
Not. Roy. Astron. Soc. 423 (2012) 3430 [arXiv:1204.4725] [INSPIRE].

T. Okumura et al., The Subaru FMOS galazy redshift survey (FastSound). IV. New constraint on
gravity theory from redshift space distortions at z ~ 1.4, Publ. Astron. Soc. Jap. 68 (2016) 38
[arXiv:1511.08083] [INSPIRE].

A. Pezzotta et al., The VIMOS Public Extragalactic Redshift Survey (VIPERS): The growth of
structure at 0.5 < z < 1.2 from redshift-space distortions in the clustering of the PDR-2 final
sample, Astron. Astrophys. 604 (2017) A33 [arXiv:1612.05645] [INSPIRE].

K. Said et al., Joint analysis of 6dFGS and SDSS peculiar velocities for the growth rate of cosmic
structure and tests of gravity, Mon. Not. Roy. Astron. Soc. 497 (2020) 1275 [arXiv:2007.04993]
[INSPIRE].

M.S. Turner, The Road to Precision Cosmology, arXiv:2201.04741
[DOI:10.1146/annurev-nucl-111119-041046] INSPIRE].

S.D.M. White, J.F. Navarro, A.E. Evrard and C.S. Frenk, Thee baryon content of galazy clusters:
A challenge to cosmological orthodoxy, Nature 366 (1993) 429 [INSPIRE].

SPT collaboration, Cosmological constraints from gas mass fractions of massive, relaxed galazy
clusters, Mon. Not. Roy. Astron. Soc. 510 (2021) 131 [arXiv:2111.09343] [InSPIRE].

V. Ghirardini et al., The SRG/eROSITA all-sky survey — Cosmology constraints from cluster
abundances in the western Galactic hemisphere, Astron. Astrophys. 689 (2024) A298
[arXiv:2402.08458] [INSPIRE].

E. Di Valentino et al., In the realm of the Hubble tension — a review of solutions, Class. Quant.
Grav. 38 (2021) 153001 [arXiv:2103.01183] NSPIRE].

— 31 —


https://doi.org/10.1086/307221
https://doi.org/10.48550/arXiv.astro-ph/9812133
https://inspirehep.net/literature/484837
https://doi.org/10.3847/1538-4357/ac8e04
https://doi.org/10.3847/1538-4357/ac8e04
https://doi.org/10.48550/arXiv.2202.04077
https://inspirehep.net/literature/2030314
https://doi.org/10.3847/2041-8213/ad6f9f
https://doi.org/10.48550/arXiv.2401.02929
https://inspirehep.net/literature/2743691
https://doi.org/10.1103/PhysRevD.92.123516
https://doi.org/10.48550/arXiv.1411.1074
https://inspirehep.net/literature/1326102
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.48550/arXiv.1607.03155
https://inspirehep.net/literature/1475241
https://doi.org/10.1103/PhysRevD.103.083533
https://doi.org/10.48550/arXiv.2007.08991
https://inspirehep.net/literature/1807779
https://doi.org/10.1088/1475-7516/2025/02/021
https://doi.org/10.48550/arXiv.2404.03002
https://inspirehep.net/literature/2774167
https://doi.org/10.1111/j.1365-2966.2012.21473.x
https://doi.org/10.48550/arXiv.1204.3674
https://inspirehep.net/literature/1111097
https://doi.org/10.1111/j.1365-2966.2012.21136.x
https://doi.org/10.1111/j.1365-2966.2012.21136.x
https://doi.org/10.48550/arXiv.1204.4725
https://inspirehep.net/literature/1111926
https://doi.org/10.1093/pasj/psw029
https://doi.org/10.48550/arXiv.1511.08083
https://inspirehep.net/literature/1406537
https://doi.org/10.1051/0004-6361/201630295
https://doi.org/10.48550/arXiv.1612.05645
https://inspirehep.net/literature/1504880
https://doi.org/10.1093/mnras/staa2032
https://doi.org/10.48550/arXiv.2007.04993
https://inspirehep.net/literature/1806462
https://doi.org/10.48550/arXiv.2201.04741
https://doi.org/10.1146/annurev-nucl-111119-041046
https://inspirehep.net/literature/2010426
https://doi.org/10.1038/366429a0
https://inspirehep.net/literature/36508
https://doi.org/10.1093/mnras/stab3390
https://doi.org/10.48550/arXiv.2111.09343
https://inspirehep.net/literature/1971069
https://doi.org/10.1051/0004-6361/202348852
https://doi.org/10.48550/arXiv.2402.08458
https://inspirehep.net/literature/2758030
https://doi.org/10.1088/1361-6382/ac086d
https://doi.org/10.1088/1361-6382/ac086d
https://doi.org/10.48550/arXiv.2103.01183
https://inspirehep.net/literature/1849649

[24]

[25]

[26]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

A.G. Riess et al., A 2.4% Determination of the Local Value of the Hubble Constant, Astrophys. J.
826 (2016) 56 [arXiv:1604.01424] [INSPIRE].

A.G. Riess et al., JWST Validates HST Distance Measurements: Selection of Supernova
Subsample Explains Differences in JWST Estimates of Local H o, Astrophys. J. 977 (2024) 120
[arXiv:2408.11770] [INSPIRE].

C. Heymans et al., CFHTLenS tomographic weak lensing cosmological parameter constraints:
Mitigating the impact of intrinsic galaxy alignments, Mon. Not. Roy. Astron. Soc. 432 (2013)
2433 [arXiv:1303.1808] [INSPIRE].

E. Di Valentino et al., Cosmology Intertwined III: fog and Ss, Astropart. Phys. 131 (2021)
102604 [arXiv:2008.11285] [INSPIRE].

DES collaboration, Dark Energy Survey Year 8 results: Cosmology from cosmic shear and
robustness to modeling uncertainty, Phys. Rev. D 105 (2022) 023515 [arXiv:2105.13544]
[INSPIRE].

S.W. Allen, A.E. Evrard and A.B. Mantz, Cosmological Parameters from Observations of Galazy
Clusters, Ann. Rev. Astron. Astrophys. 49 (2011) 409 [arXiv:1103.4829] [INSPIRE].

V.C. Rubin, N. Thonnard and W.K. Ford Jr., Rotational properties of 21 SC galazies with a
large range of luminosities and radii, from NGC 4605 (R = jkpc) to UGC 2885 (R = 122 kpc),
Astrophys. J. 238 (1980) 471 [INSPIRE].

M. Persic, P. Salucci and F. Stel, The universal rotation curve of spiral galaxies: 1. The dark
matter connection, Mon. Not. Roy. Astron. Soc. 281 (1996) 27 [astro-ph/9506004] [INSPIRE].

WMAP collaboration, First year Wilkinson Microwave Anisotropy Probe (WMAP) observations:
Preliminary maps and basic results, Astrophys. J. Suppl. 148 (2003) 1 [astro-ph/0302207]
[INSPIRE].

E. Aver, K.A. Olive and E.D. Skillman, The effects of He I A10830 on helium abundance
determinations, JCAP 07 (2015) 011 [arXiv:1503.08146] [INSPIRE].

PAN-STARRSI collaboration, The Complete Light-curve Sample of Spectroscopically Confirmed
SNe Ia from Pan-STARRSI1 and Cosmological Constraints from the Combined Pantheon Sample,
Astrophys. J. 859 (2018) 101 [arXiv:1710.00845] InSPIRE].

C. Garrel et al., The XXL survey. XLVI. Forward cosmological analysis of the C1 cluster sample,
Astron. Astrophys. 663 (2022) A3 [arXiv:2109.13171] [INSPIRE].

D. Clowe et al., A direct empirical proof of the existence of dark matter, Astrophys. J. Lett. 648
(2006) L109 [astro-ph/0608407] [INSPIRE].

D. Paraficz et al., The bullet cluster at its best: weighing stars, gas, and dark matter, Astron.
Astrophys. 594 (2016) A121 [arXiv:1209.0384] [INSPIRE].

L.D. Duffy and K. van Bibber, Azions as Dark Matter Particles, New J. Phys. 11 (2009) 105008
[arXiv:0904.3346] [INSPIRE].

F. Chadha-Day, J. Ellis and D.J.E. Marsh, Azion dark matter: What is it and why now?, Sci.
Adv. 8 (2022) abj3618 [arXiv:2105.01406] INSPIRE].

B. Carr, F. Kuhnel and M. Sandstad, Primordial Black Holes as Dark Matter, Phys. Rev. D 94
(2016) 083504 [arXiv:1607.06077] INSPIRE].

A.M. Green, Primordial black holes as a dark matter candidate — a brief overview, Nucl. Phys.
B 1003 (2024) 116494 [arXiv:2402.15211] INSPIRE].

- 32 —


https://doi.org/10.3847/0004-637X/826/1/56
https://doi.org/10.3847/0004-637X/826/1/56
https://doi.org/10.48550/arXiv.1604.01424
https://inspirehep.net/literature/1444318
https://doi.org/10.3847/1538-4357/ad8c21
https://doi.org/10.48550/arXiv.2408.11770
https://inspirehep.net/literature/2820380
https://doi.org/10.1093/mnras/stt601
https://doi.org/10.1093/mnras/stt601
https://doi.org/10.48550/arXiv.1303.1808
https://inspirehep.net/literature/1222837
https://doi.org/10.1016/j.astropartphys.2021.102604
https://doi.org/10.1016/j.astropartphys.2021.102604
https://doi.org/10.48550/arXiv.2008.11285
https://inspirehep.net/literature/1813388
https://doi.org/10.1103/PhysRevD.105.023515
https://doi.org/10.48550/arXiv.2105.13544
https://inspirehep.net/literature/1866008
https://doi.org/10.1146/annurev-astro-081710-102514
https://doi.org/10.48550/arXiv.1103.4829
https://inspirehep.net/literature/893762
https://doi.org/10.1086/158003
https://inspirehep.net/literature/163232
https://doi.org/10.1093/mnras/278.1.27
https://doi.org/10.48550/arXiv.astro-ph/9506004
https://inspirehep.net/literature/395822
https://doi.org/10.1086/377253
https://doi.org/10.48550/arXiv.astro-ph/0302207
https://inspirehep.net/literature/613133
https://doi.org/10.1088/1475-7516/2015/07/011
https://doi.org/10.48550/arXiv.1503.08146
https://inspirehep.net/literature/1356714
https://doi.org/10.3847/1538-4357/aab9bb
https://doi.org/10.48550/arXiv.1710.00845
https://inspirehep.net/literature/1628366
https://doi.org/10.1051/0004-6361/202141204
https://doi.org/10.48550/arXiv.2109.13171
https://inspirehep.net/literature/1929288
https://doi.org/10.1086/508162
https://doi.org/10.1086/508162
https://doi.org/10.48550/arXiv.astro-ph/0608407
https://inspirehep.net/literature/724189
https://doi.org/10.1051/0004-6361/201527959
https://doi.org/10.1051/0004-6361/201527959
https://doi.org/10.48550/arXiv.1209.0384
https://inspirehep.net/literature/1184143
https://doi.org/10.1088/1367-2630/11/10/105008
https://doi.org/10.48550/arXiv.0904.3346
https://inspirehep.net/literature/818485
https://doi.org/10.1126/sciadv.abj3618
https://doi.org/10.1126/sciadv.abj3618
https://doi.org/10.48550/arXiv.2105.01406
https://inspirehep.net/literature/1861843
https://doi.org/10.1103/PhysRevD.94.083504
https://doi.org/10.1103/PhysRevD.94.083504
https://doi.org/10.48550/arXiv.1607.06077
https://inspirehep.net/literature/1477198
https://doi.org/10.1016/j.nuclphysb.2024.116494
https://doi.org/10.1016/j.nuclphysb.2024.116494
https://doi.org/10.48550/arXiv.2402.15211
https://inspirehep.net/literature/2761353

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

XENON collaboration, Dark Matter Search Results from a One Ton-Year Exposure of
XENONI1T, Phys. Rev. Lett. 121 (2018) 111302 [arXiv:1805.12562] [INSPIRE].

PANDAX-4T collaboration, Dark Matter Search Results from the PandaX-4T Commissioning
Run, Phys. Rev. Lett. 127 (2021) 261802 [arXiv:2107.13438] NSPIRE].

LZ collaboration, First Dark Matter Search Results from the LUX-ZEPLIN (LZ) Experiment,
Phys. Rev. Lett. 131 (2023) 041002 [arXiv:2207.03764] [INSPIRE].

LZ collaboration, Search for dark matter particle interactions in an extended nuclear recoil
energy window with the LUX-ZEPLIN (LZ) experiment, arXiv:2609.02823
[DOI:10.17182/hepdata.182472.v1] [INSPIRE].

N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space, Cambridge University Press,
Cambridge, U.K. (1982) [D0I:10.1017/CB09780511622632] [INSPIRE].

M.P. Hertzberg, On Inflation with Non-minimal Coupling, JHEP 11 (2010) 023
[arXiv:1002.2995] [iNSPIRE].

D. Bettoni, M. Colombo and S. Liberati, Dark matter as a Bose-Finstein Condensate: the
relativistic non-minimally coupled case, JCAP 02 (2014) 004 [arXiv:1310.3753] [INSPIRE].

D. Bettoni, S. Liberati and L. Sindoni, Extended ACDM: generalized non-minimal coupling for
dark matter fluids, JCAP 11 (2011) 007 [arXiv:1108.1728] INSPIRE].

D. Bettoni, V. Pettorino, S. Liberati and C. Baccigalupi, Non-minimally coupled dark matter:
effective pressure and structure formation, JCAP 07 (2012) 027 [arXiv:1203.5735] [INSPIRE].

D. Bettoni and S. Liberati, Disformal invariance of second order scalar-tensor theories: Framing
the Horndeski action, Phys. Rev. D 88 (2013) 084020 [arXiv:1306.6724] [INSPIRE].

D. Bettoni and S. Liberati, Dynamics of non-minimally coupled perfect fluids, JCAP 08 (2015)
023 [arXiv:1502.06613] [INSPIRE].

G. Gandolfi, A. Lapi and S. Liberati, Self-gravitating Equilibria of Non-minimally Coupled Dark
Matter Halos, Astrophys. J. 910 (2021) 76 [arXiv:2102.03873] [INSPIRE].

G. Gandolfi, A. Lapi and S. Liberati, Empirical Evidence of Nonminimally Coupled Dark Matter
in the Dynamics of Local Spiral Galaxies?, Astrophys. J. 929 (2022) 48 [arXiv:2203.00572]
[INSPIRE].

G. Gandolfi, B.S. Haridasu, S. Liberati and A. Lapi, Looking for Traces of Nonminimally
Coupled Dark Matter in the X-COP Galazy Clusters Sample, Astrophys. J. 952 (2023) 105
[arXiv:2305.13974] [INSPIRE].

F. Benetti, A. Lapi, S. Silveravalle and S. Liberati, Ultra-compact objects of non-minimally
coupled dark matter, JCAP 03 (2025) 029 [arXiv:2412.07533] [INSPIRE].

S. Silveravalle, A. Lapi, F. Benetti and S. Liberati, Cosmology with a non-minimally coupled dark
matter fluid. Part I. Background evolution, JCAP 11 (2025) 067 [arXiv:2507.16614] [INSPIRE].

J. Kretzschmar, Standard Model physics at the LHC, in From My Vast Repertoire ...: Guido
Altarelli’s Legacy, A. Levy et al. eds., World Scientific Publishing (2019), p. 153-171
[DOI:10.1142/9789813238053_0009] [arXiv:1803.10800] [INSPIRE].

V.F. Mukhanov, H.A. Feldman and R.H. Brandenberger, Theory of cosmological perturbations.
Part 1. Classical perturbations. Part 2. Quantum theory of perturbations. Part 3. Extensions,
Phys. Rept. 215 (1992) 203 [INSPIRE].

V.F. Mukhanov, Quantum Theory of Gauge Invariant Cosmological Perturbations, Sov. Phys.
JETP 67 (1988) 1297 [inSPIRE].

— 33 —


https://doi.org/10.1103/PhysRevLett.121.111302
https://doi.org/10.48550/arXiv.1805.12562
https://inspirehep.net/literature/1675772
https://doi.org/10.1103/PhysRevLett.127.261802
https://doi.org/10.48550/arXiv.2107.13438
https://inspirehep.net/literature/1894664
https://doi.org/10.1103/PhysRevLett.131.041002
https://doi.org/10.48550/arXiv.2207.03764
https://inspirehep.net/literature/2107834
https://doi.org/10.48550/arXiv.2609.02823
https://doi.org/10.17182/hepdata.182472.v1
https://inspirehep.net/literature/3199115
https://doi.org/10.1017/CBO9780511622632
https://inspirehep.net/literature/181166
https://doi.org/10.1007/JHEP11(2010)023
https://doi.org/10.48550/arXiv.1002.2995
https://inspirehep.net/literature/845916
https://doi.org/10.1088/1475-7516/2014/02/004
https://doi.org/10.48550/arXiv.1310.3753
https://inspirehep.net/literature/1258373
https://doi.org/10.1088/1475-7516/2011/11/007
https://doi.org/10.48550/arXiv.1108.1728
https://inspirehep.net/literature/922405
https://doi.org/10.1088/1475-7516/2012/07/027
https://doi.org/10.48550/arXiv.1203.5735
https://inspirehep.net/literature/1094981
https://doi.org/10.1103/PhysRevD.88.084020
https://doi.org/10.48550/arXiv.1306.6724
https://inspirehep.net/literature/1240488
https://doi.org/10.1088/1475-7516/2015/08/023
https://doi.org/10.1088/1475-7516/2015/08/023
https://doi.org/10.48550/arXiv.1502.06613
https://inspirehep.net/literature/1346224
https://doi.org/10.3847/1538-4357/abe460
https://doi.org/10.48550/arXiv.2102.03873
https://inspirehep.net/literature/1845384
https://doi.org/10.3847/1538-4357/ac5970
https://doi.org/10.48550/arXiv.2203.00572
https://inspirehep.net/literature/2040791
https://doi.org/10.3847/1538-4357/acd755
https://doi.org/10.48550/arXiv.2305.13974
https://inspirehep.net/literature/2661975
https://doi.org/10.1088/1475-7516/2025/03/029
https://doi.org/10.48550/arXiv.2412.07533
https://inspirehep.net/literature/2857850
https://doi.org/10.1088/1475-7516/2025/11/067
https://doi.org/10.48550/arXiv.2507.16614
https://inspirehep.net/literature/2953014
https://doi.org/10.1142/9789813238053_0009
https://doi.org/10.48550/arXiv.1803.10800
https://inspirehep.net/literature/1665217
https://doi.org/10.1016/0370-1573(92)90044-Z
https://inspirehep.net/literature/303063
https://inspirehep.net/literature/271968

[61] T.S. Bunch and P.C.W. Davies, Quantum Field Theory in de Sitter Space: Renormalization by
Point Splitting, Proc. Roy. Soc. Lond. A 360 (1978) 117 [InSPIRE].

[62] F. Finelli and R. Brandenberger, On the generation of a scale invariant spectrum of adiabatic
fluctuations in cosmological models with a contracting phase, Phys. Rev. D 65 (2002) 103522
[hep-th/0112249] [INSPIRE].

[63] R.H. Brandenberger, The Matter Bounce Alternative to Inflationary Cosmology,
arXiv:1206.4196 [INSPIRE].

[64] S. Weinberg, Cosmology, Oxford University Press (2008), ISBN 978-0-19-852682-7]
[DOI:10.1093/050/9780198526827.001.0001].

[65] D. Baumann, Cosmology, Cambridge University Press (2022) [D0OI:10.1017/9781108937092]
[NSPIRE].

— 34 —


https://doi.org/10.1098/rspa.1978.0060
https://inspirehep.net/literature/134659
https://doi.org/10.1103/PhysRevD.65.103522
https://doi.org/10.48550/arXiv.hep-th/0112249
https://inspirehep.net/literature/568999
https://doi.org/10.48550/arXiv.1206.4196
https://inspirehep.net/literature/1118710
https://doi.org/10.1093/oso/9780198526827.001.0001
https://doi.org/10.1017/9781108937092
https://inspirehep.net/literature/2108905

	Introduction
	Non-minimally coupled cosmology
	Background evolution

	Theory of cosmological perturbations with a non-minimal coupling
	Scalar perturbations
	Vector perturbations
	Tensor perturbations

	Generation of perturbations and primordial power spectrum
	Power spectrum within inflationary scenario
	Power spectrum within bouncing scenario

	Discussion and conclusions
	Solution of the scalar sector in the NMC-epoch
	Evolution of perturbations around the bounce

