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Abstract

We prove an existence result for solutions to a class of nonlinear degenerate elliptic equa-
tions with measurable coefficients and zero Dirichlet boundary condition. The main term
is given by a nonlinear operator in divergence form associated to a family of vector fields
which satisfy a Poincaré inequality and the doubling condition. Furthermore, we prove
that the solutions satisfy a generalization of the LP-regularity results which hold for the
solutions to Leray—Lions type equations.
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1 Introduction

X-elliptic operators are second-order elliptic operators in divergence-form whose associated
quadratic form is semipositive definite. This class was introduced by Kogoj and Lanconelli
in [17] as a generalization of the Laplace—Beltrami operator on Riemannian manifolds.
The framework encompasses a broad range of degenerate elliptic operators beyond the uni-
formly elliptic setting, and in particular also covers sub-Laplacians on (sub-Riemannian)
Carnot groups.

The key difference with uniformly elliptic operators lies in the fact that the ellipticity
condition

(Lu,u) > a/ [Vul>  Vu e C2(Q),
Q
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where o > 0 and € is a bounded domain in RY with N > 2, is relaxed by substituting the
gradient term Vu with the X-gradient Xu, which is given by a family of Lipschitz-continu-
ous vector fields (X7, ..., X4), leading by the so-called X-ellipticity condition:

(Lu, u) za/ |Xul® YueCX(Q).
Q

On the other hand, there is no regularity requirement in the coefficients of the operator,
which will often be measurable.

Significant progress has been made in the analysis of subelliptic operators, ranging
from local regularity estimates, specifically Holder continuity [12, 25] and weak Harnack
inequalities [14], to the properties of their Green functions [19, 28] and the Wiener criterion
[27]. Other important results include Liouville theorems [15], mean value properties [22],
and the study of attractors [16] and minimization problems [24].

While the work [23] addresses the regularity properties of solutions to equations involv-
ing linear X-elliptic operators with measurable coefficients, the aim of this paper is to pro-
vide an existence criterion for solutions to equations involving their nonlinear counterpart.

Nonlinear operators in divergence form often fail to satisfy a monotonicity property.
Consider, for instance, a vector-valued Carathéodory function a(z, s, &) which is monotone
in £ and satisfies suitable growth conditions. In this case, Boccardo and Dacorogna [5]
showed that the differential operator

A WP (Q) — WP (Q) o
u+— —div(a(z,u, Vu)) (.0
cannot be monotone unless a(z, s,£) does not actually depend on s. Hence, any operator
as in (1.1) with a dependence on the function u, does not satisfy the assumptions of the
Browder—Minty surjectivity theorem, which is used to prove existence results for various
elliptic PDEs involving a monotone differential operator. The Leray-Lions theorem [18]
greatly extends the class of problems to which a solution exists, such as the one in (1.1). In
particular, it guarantees the existence (though not necessarily the uniqueness) of solutions
to equations where the principal term is merely pseudomonotone. This is crucial, as any
(reasonable) choice of @ in (1.1) induces a pseudomonotone operator.
In Sect. 3 of this paper, we prove an extension of the Leray-Lions theorem to the case of
nonlinear X-elliptic operators. More precisely, we consider operators of the form

X*a(x,u, Xu),

where X* denotes the (formal) adjoint of X as an operator from C2°(2) to (C’COO(Q))d, a
is a Carathéodory function which is monotone in its last entry and satisfies suitable growth
conditions (which will be stated in Sect. 3). On the right-hand side, we consider a term of
the form

flz)+ X*F(x)
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with f'and | F'| belonging to suitable Lebesgue spaces. We also allow for nonlinearities on the
right-hand side, which leads to the problem

X*a(x,u, Xu) = F(z,u, Xu) + X*G(z,u) in 12
u=0 on 0f). (1.2)

Once the existence of a solution is established, we investigate its regularity properties. The
works of Stampacchia [26] (in the linear case) and later by Boccardo and Gallouét [6] (see
also the book [3]) show that, as the summability of the terms on the right-hand side of an
elliptic equation increases, the summability of the solutions increases too. For instance, let
p € (1,00) and  be a bounded domain in R" and consider the equation

{277 5% 13

where A,u = div(|Vu|” ~?Vu) denotes the p-Laplace operator. In this case, there exists a
weak solutionu € WO1 "P(Q) whenever fbelongs to L™ () withm = (p*)’ (here, p* denotes
the Sobolev exponent related to p). However, for m > (p*)’, it can be shown that u belongs
to L*(Q) with s = [m*(p — 1)]*, which is strictly greater than p*. In Sect. 4, we show that
a similar, though possibly weaker, regularizing effect occurs in the X-elliptic setting: that
is, an increase in the summability of the data leads to an increase in the summability of the
solutions. Such improvement depends on the growth rate of the function a(z, s,£) and on
the doubling constant associated to the family of vector fields X. These results generalize
the ones found in [23] for linear X elliptic operators. Our approach closely follows the tech-
niques developed in [7-9].

2 Preliminaries
Let Q be a bounded open subset of RY, with N > 2, and let X := {X;,..., X4},d > 2,be
a family of locally Lipschitz-continuous vector fields on €2 with coordinate representation

X; =(¢j1,--.,¢jn), 5 =1,...,d. Asin [13, 15], we identify the vector valued function
c¢; with the linear first order partial differential operator

N
Xj: E Cjkazk.
k=1

For any u € C}(€), we define X-gradient of u, as

Xu=(X1u,...,Xqu) = C(x)Vu.
Here C(x) is the d x N matrix given by C(z) = {¢;r(x)}.

Remark 2.1 For any function u € L'(2), the X-gradient is defined in the following distri-
butional sense:
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(Xiu,0) = / uXip Vo€ CH(Q).
Q

Moreover, X* denotes the formal adjoint of the differential operator X. That is, for any
¢ € C1(Q) and F belonging to (Ll(Q))d, we set

(X*F, ) = (F, X¢) = / F(z) Xg.

We are interested in existence and regularity of solutions to

X*a(x,u, Xu) = F(z,u,Xu) + X*G(xz,u) inQ 21
u=0 on 9N 2.1

where a :  x R x R? — RY, is a Carathéodory function such that the following holds for
almost every z € €, for every s € R and for every £ # n € RZ.

a(w, 5,£)¢ > al¢l?
{ la(x, 5,€)| < B(h(x) + |s|" 1+|§|p D)
la(z, 5,€) — a(x, s, n)](E —n) >

where o, /3 are positive constants, 1 < p < coand h € LPI(Q). We also assume that

F:OxRxRY SR

G:QxR—R?
and are two Carathéodory functions such that |F(z,s, )| < f(z) for some f € L"(%),

r > land|G(z, s)| < g(z) for some g € LI(2), ¢ > 1 (the values of r and g will be speci-
fied in Sect. 3).

2.1 Geometric assumptions

Anabsolutelycontinuouspath'y : [0, T) — Qissaid X-subunitif~/(t) = Z;ﬂ 10;()X;(7(1)),
with Z ) < 1, for almost every ¢ € [0, T]. Assuming that {2 is X-connected, i.e. for
every &,y 6 Q there exists at least one X-subunit path connecting x and y, we define

dx(z,y) :=inf{T' > 0| 3y:[0,T] - QX — subunit such that v(0) = z,v(T) =y} .

We will make the following assumptions on the family of vector fields X, which have been
thoroughly outlined in [13, 15, 19].

e The Carnot-Carathéodory metric § and the Euclidean distance are continuous with re-
spect to each other

ly—z| =0 <=  d(z,y) —0.
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This is true, for example, if the vector fields X; are smooth and satisfy the Hormander
condition (also known as Lie Algebra Rank Condition), which, in this case, means that the
commutators of the vector fields X; up to some length s < N span R,

e RY, equipped with the control distance and the Lebesgue measure, is a doubling space,
i.e. there exists a constant () > 0 such that

0 < |Bay| < 29|B,|, 2.2)

where B, is the §-ball of radius . Note that we can assume, without loss of generality, that

Q> 2.

e There exist positive constants C'p, v such that the following 1, 1-Poincaré inequality
holds

][ lu —u,|dz < C’pr][ | Xu|dz, Yue ct (BW) (2.3)
. Bur
for any d-ball B,., with u,, =:= Ifi-l fBr u dx.

2.2 Functional spaces

Following [13], we define the Sobolev spaces associated to the family of vector fields X.

Definition 2.2 We define the space W, *(£2, X) as the closure of C2° () under the norm
||UHW01=P(Q,X) = [ Xul|r(q)-

Here we recall some properties of these spaces. For a more thorough discussion, we refer

the reader to [13, 15]. First of all, we have the following equivalent of the Sobolev embed-
ding theorem.

Theorem 2.3 (Sobolev Inequality). Let 1 < p < Q, with Q given by (2.2). There exists a
positive constant Sy, (only depending on Cp, v, Q and p) such that

lull o ) < Spll Xullini@) Yue WoP(R,X), p"= 5= 2.4)

Remark 2.4 We use the notation p*, as in the classical case, to denote the Sobolev exponent.
This choice is to highlight the fact that the Sobolev spaces only "see" the dimension Q given
by the doubling condition (2.2), rather than N. This will have a crucial effect on the regular-
ity of solutions to (2.1). We also define p, as the Holder conjugate of p*, namely

pQ
Qp—1+p Q+p

Px =
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!

Remark 2.5 L7 (2) is a subspace of (W (€2, X))

The Rellich-Kondrakov theorem extends to this setting as follows.

Theorem2.6 If1 < p < Qandq < p* = %,anyboundedsequence(un)n C Wi, X)

strongly converges, up to subsequences, in L(12).

We also have an equivalent of the Trudinger inequality (see [13]).

Theorem 2.7 (Trudinger inequality) There exist two positive contants C; and C such that,
forevery u € W()I’Q(Q7 X),

Q

(017“” )Q_l
/e [REEETE < Cr.
Q

If p > @, a Morrey-type embedding theorem is in place (see [13]).

Theorem 2.8 If u € W,f’p(ﬂ, X) for some p > Q, then u is (after redefinition on a set of
measure zero) locally Hélder continuous. Moreover, we have the estimate

| Xul? du)

forall z,y € By, where B,, C {2is a dx-ball of radius ry.

fu(z) — uly)| < Cr/Pd(a, )= ( [

a'Bm

Remark 2.9 Since the space W, (€, X) is given by the closure of C2°(€2) under the Sobo-
lev norm, every function belonging to I/V()l’p (Q, X) with p > @ is Holder continuous and
zero on the boundary of (2 in the classical sense. Moreover, since the Holder seminorm is
controlled by the W, (€, X) norm, any bounded sequence in W, "* (€2, X) has a converg-
ing subsequence in L*>°(2) by the Ascoli-Arzela theorem.

The following result follows from the classical chain rule for Sobolev functions.

Lemma 2.10 If ¢ is a Lipschitz-continuous function on R such that ¥(0) = 0 and
ue WP (02, X), then(u) € W, P(02, X) and Xop(u) = ' (u) Xu.

Remark 2.11 We introduce the truncation function 7}, for k& > 0:

{ s 8| <k
Te(s) =< k s>k (2.5)
-k s< -k
and define
Gr(s) = s — Ti(s) = (|s| — k)+sgn(s) (2.6)
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Then, by the previous lemma, we have

X(Ti(u)) = Xuxgu<ey and X(Gr(u)) = Xux{ju>k}.

We conclude this section with the following characterization theorem for the dual of
VV&”’(Q7 X)), which can be proved by following the classical proof outlined in [11].
/ d
Theorem 2.12 Let 1 < p < oo and A € (WOI’p(Q,X))/. There exists F € (L7 (2))",
where d is the number of components of X, such that

(A, u) = /QF(;U)-XU _(XTFu) Vue WEP(Q, X).

Moreover, if 1 < p < o0, WUI P(02, X) is reflexive.

3 Existence of a weak solution

In the uniformly elliptic case (that is, when X is the standard gradient), the Leray-Lions
theorem [ 18] establishes a sufficient condition for the existence of a weak solution to differ-
ential equations in divergence form with principal term of the type (1.1) and zero Dirichlet
boundary conditions. That is, a function u € W, () such that

/ a(x,u,Vu) - Vv = / F(z,u,Vu)v Yv e WyP(Q),
) Q

where a and F satisfy certain growth conditions. The following results extends the Leray-
Lions theorem to X-elliptic nonlinear problems such as (2.1).

Theorem 3.1 Let 1 < p < oo and assume that

a:QxRxR— R?
F:OxRxRY SR

G: QxR —R?

are Carathéodory functions such that the following conditions hold for almost every
z € 0, for every s € R and every £ # n € RY.

(@) a(z,s,8)E > al¢fP;

(i) la(z,s,€)| < B(h(z) + |s|" " + €[~

(111) [a(x, S, 5) - a(x, S, Tl)} : (5 - 77) > 0;

(i) [F(z,s,8)] < f(z),

) |G(z,s)] < g(z);
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where «a, 8 are positive constants, h € Lp/(Q), r > p. (if p < @, otherwise r = 1),
fe L7(2),and g € L (). Then there exists a weak solution u € W, ?(£2, X) to (2.1),
namely:

/a(mmeu)-Xv:/F(m,u,Xu)er/G(m,u)-Xv VvGWol’p(Q,X).
Q Q Q

To prove Theorem 3.1, as for the classical case, we show that the operator

A WEP(Q, X) — (WP (9, X))’

(3.1
ur— X a(z,u, Xu) — F(z,u, Xu) — X "G(z,u)

is coercive and pseudomonotone. To that end, we need the following two lemmas (whose
proofs are straightforward adaptations of the classical case, see e.g. [3]).

Lemma3.2 Under the assumptions of Theorem 3.1, let (uy,),, be a sequence in WP (2, X)
such that:

U, — uwin Wy P(Q, X);
o [a(z,un, Xu,) — a(z,u, Xu)] - X(u, —u) — 0a.e. in €.

Then Xu, — Xu a.e. in {2.

Proof Let Z be a set of measure zero such that

[a(z, U, Xup) — alz,u, Xu)] - X (u, —u) =0 Ve Q\Z

and assume that u,, (z) — u(z) forevery x € Q\ Z. Now let 2y € 2\ Z and note that the
sequence (X uyn (o)), is bounded. Indeed, we have

[a(zo, un(20), Xtun(xo)) — alxo, u(xo), Xu(z))] - (Xun(xo) — Xu(z)) — 0

which implies, using the properties of a(z, s, &), that

a | Xun(x0) P <alzo, un(z0), Xtn(70)) - Xy (z0)
<1+ la(wo, u(wo), Xu(wo))| [ Xun(xo)]
+ la(zo, u(wo), Xu(xo))| [ Xu(zo)| (3.2)
+ la(wo, un (o), Xun (o)) [ Xu(zo)|
<C(1+ [ Xty ()"~ + | Xt (w0)])

Let b € R? be a limit point of the sequence (Xu,, ()),. Taking the limit as n — oo leads
to

[a(xo, u(zg),b) — alxg, u(zo), Xu(xg))] - (b — Xu(zg)) =0,
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which, by monotonicity of a(x, s, ) in the last variable, implies that b = Xu(zg), thereby
concluding the proof. ]

Lemma 3.3 Under the assumptions of Theorem 3.1, let (uy,),, be a sequence in WP (2, X)
such that

o u, — uin Wy (Q,X);
Then

a(z, Uy, Xuyp) — a(z,u, Xu) inL? (Q) (3.3)
and

la(z, upn, Xuy,) — a(z, u, Xu)] - X (uy, — u) — Oa.e.infd. (3.4

Proof We add and subtract a(z, up, Xu) - X (u, — u) from

/Q[a(a:,un,Xun) —a(x,u, Xu)| - X(up, —u) — 0,

to obtain

/[a(agun,Xun)fa(:z:,un,Xu)] - X (U, — u)

@ (3.5)

+ / [a(x, up, Xu) — a(z,u, Xu)] - X (u, —u) — 0.
Q

Observe that the second integral tends to zero. This is because a(z, u,, Xu) converges to
a(x, u, Xu) in L?' () by the Nemytskii composition theorem and X (u,, — 1) — 0 in LP(Q).
It follows that
e, . Xu) = afe X)) X~ )
Q

< la(z, un, Xu) — a(@, u, Xu)|| 1o (o) [ X (un — w)||Lr@) = 0.

(3.6)

This implies that the first term, which is positive by monotonicity of a(z, s, &), tends to
zero. Thus

[a(z, Uup, Xup) — a(z,u, Xu)] - X (up —u) =0 in LY(Q),

which, by Lemma 3.2, implies that Xu,, — Xu a.e. in. Moreover, since (a(z, U, Xtn))n

is a bounded sequence in L?’ (€2) which converges almost everywhere to a(x, u, Xu), it must

also weakly converge to such limit. This concludes the proof. O
We now prove Theorem 3.1
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Proof We begin by proving that the operator 4 defined in (3.1) is coercive: indeed, one has

(A(v), ) :/Qa(a:w,Xv)-va/

F(z,v, Xv)v 7/ G(z,v) - Xv
Q Q

a/ | Xof” — Hf”LT(Q)HUHLT’(Q) - Hg”LP’(Q)”XUHLP(Q)

> allollfyr0 g x) = ClFl @l lwiro,x) = 191 @)l lwpro,x
(£2,X) 0 " (2.X) 0 (2,X)

where the last step follows from Theorem 2.3 if p < @ (resp. Theorem 2.8, if p > Q).
We now show that 4 is bounded. Let v, w € VVOLP (€2, X) and note that, by the properties
of a, F, G and the Holder inequality:

(A(v), w) = /a(:rva)-wa/QvaXv /va

<5 / ) [Xuw] + o | Xw| + [ XolP~! [ Xu|
(3.7)
4 /Q F(@) ] + /Q g(z) | Xuw|

—1 —1
< B (Il @y + Mol tey + 1K 01250y ) 10ty
HI o @l + gl oy | XKool 2oy,

which implies

(Aw),w) < € (1+ ol g ) ) 1o (33)

for some positive constant C depending on the data.
We now prove the pseudomonotonicity of the operator 4. Let (u,), C Wy"* (€2, X) be
a sequence such that

o u, — uin Wy (Q,X);
e lim SUPp 00 <A(Un), Un — u> <0

We claim that
lim inf (A(up ), un — w) > (A(u),u —w) Yw € Wy P(Q, X). (3.9)
n—oo

Note that, if p < @, then u,, — u in LI(Q2) for every p < ¢ < p*, by Theorem 2.6. On the
other hand, if p > @, then u,, — w in L>°(€2) by Remark 2.9. In both cases, we have

un —u in L (). (3.10)

We expand the left-hand side of (3.9) to get
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(A(up), up —w) = /Qa(a:,umXun) - X (U, — w) o

— | P Xy =) = [ Gl Xy = w)

First, we prove that

lim [ [a(z,un, Xun) — a(z, u, Xu)] - X (u, —u) =0. (3.12)

n— 00 Q

To this end, note that, due to Assumptions (iv) and (v),
the sequence (F(:L‘, Up, Xun))n is bounded in L"(Q) and G(z,u,) — G(z,u) in

(LT’/ (Q))d. This, by (3.10) and the weak convergence of X u,, to Xu in LP(2), leads to

/QF(x,un,Xun)(un —u)

< (s wns Xun)|[ L@ llun = wll g ) =0

and

/ G(z,up) - X(up —u)| — 0.
Q
This, along with the assumption that lim sup,,_, .o (A(uy ), u, — u) < 0, implies

lim sup/ [a(x, up, Xup) — a(x, u, Xu)] - X (u, —u) <0.
Q

n— 00
On the other hand, by the monotonicity of a(z, s, &) in the last variable,
/ [a(z, wp, Xup)—a(z,u, Xu)] - X (u, —u)
Q

> /Q[a(x,un,Xu) —a(z,u, Xu)| - X(up, —u) =0,

where the limit follows from the Nemytskii composition theorem for the operator
v — a(x,v, Xu). Next, we apply Lemma 3.3 to establish that

a(z, Uy, Xuy) — a(z,u, Xu) in L (Q) (3.13)
and

a(x, Un, Xun) = a(z,u, Xu) a.e. in §,

which allows us to conclude, by Lemma 3.2, that X u,, — Xwu a.e. in 2. In turn, an applica-
tion of Fatou’s Lemma yields
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liminf/a(:z:7un,Xun)«Xun2/a(m,u,Xu)~Xu
Q

n—oo Q

and, by (3.13), we get

lim a(x,un,Xun)-Xw:/a(a:,u,Xu)~Xw Yw € WyP(Q, X),

which leads to

liminf/ a(xy Up, Xty) » X (uy —w) > / a(z,u, Xu) - X(u—w). (3.14)
Q

n—oo 9]

We now examine the term
/ F(z,upn, Xuy)(up —w).
Q

By the pointwise convergence of u,, and Xu,, to, respectively, # and Xu, we know that
F(z,up, Xu,) = F(z,u, Xu) almost-everywhere. Additionally, since the sequence
(F(x,un, Xty))n is bounded in L"(§2) (note that, if » = 1, the sequence is precompact by
the Dunford-Pettis theorem), it weakly converges to F(x, u, Xu) in L"(2). It follows that

/ F(, tn, Xttt — w) = / F (2, u, Xu)(u — w). (3.15)
Q Q
As for the term

/QG(ﬂc,un) X (up —w),

it suffices to observe that G(z, u,) — G(z,u) in L?' (Q) by Lebesgue’s Theorem and that
X(up —w) = X (u —w) in LP(R) to conclude that

/G(m,un)-X(unfw)%/G(w,u)-X(ufw). (3.16)
Q Q

Putting (3.14), (3.15) and (3.16) together, we have

lim inf(A(up), un, — w) > (A(u), u — w).

n— 00

This proves that 4 is a pseudomonotone operator, thereby concluding the proof of Theorem
3.1. O

Remark 3.4 Assumption (iv) may be slightly relaxed: indeed, we just need the coercivity
of the operator 4 and the boundedness in L"(2) (and uniform integrability, if » = 1) of the
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sequence (F(x, un, Xty ))n. For example, if p < @, these properties are in place under the
assumption

|F(z,5,0) < C(f(z) +]s]" +1]7) (3.17)

for some kK < p* and o < p.
We could also relax
Assumption (v): in particular, as long as the Nemytskii operator

v = G(z,v)

is continuous from L(2) to L*' () for some i < p* (or, if p > Q, from L>(Q) to L¥'(2))
and

16,0l oy < C (14 el x)) (3.18)

for some 7 < p and C > 0, the proof of Theorem 3.1 works analogously (up to using the
Nemytskii composition theorem to prove that G(z, u,) — G(x,u) in L' (Q)).

We conclude this section with two remarks. Recall that the classical case (that is, when X
is the standard gradient) is a particular case of the context we are studying.

Remark 3.5 In [4] it was shown that, in the classical case, the monotonicity condition on
a(z, s,§) (that is, Assumption (iii)) is a necessary assumption for the pseudomonotonicity
of the operator 4. Thus, Theorem 3.1 can be considered optimal in this regard.

Remark 3.6 Theorem 3.1 establishes the pseudomonotonicity (and not the monotonicity) of
the operator 4. It follows that, in general, we only expect the existence of a weak solution to
(2.1): without further assumptions, the uniqueness of such a solution (which usually comes
from the monotonicity of the operator) should not be expected. In fact, as shown in [5] a
Leray-Lions operator of the form

A(u) = —div(b(u)Vu))

is monotone if and only if the function b is constant.
On the other hand, when considering a Carathéodory function a(z, £) which satisfies the
assumptions of Theorem 3.1, the resulting operator

Au) = X*(a(z, Xu))
is a monotone, bounded, continuous and coercive map from I/Vol (2, X) to its dual. In this

case, the Browder-Minty theorem implies that 4 is a bijective map from, I/V()l’p (©,X) toits
dual. This proves both the existence and uniqueness of a solution to problems of the type

{ X*a(z, Xu) = f(z) + X*F(z) inQ
u=20 on 09

@ Springer



2152 M. Picerni

!

provided that f(z) + X*F(z) belongs to (W, (%2, X))

4 Summability of the solutions

In this section we prove that, as the summability of the terms on the right-hand side of (2.1)
increases, the summability of any solution u, which exists by Theorem 3.1, increases too.
Moreover, since the nonlinearities on the right-hand side of (2.1), in view of Assumptions
(iv) and (v), do not impact the summability of the corresponding terms, we consider the
model problem

{ uX*:aéx,u, Xu) = f(zx) + X*F(x) :)I;I%Q @.1)

Although the problem is nonlinear, we consider separately the case in which the right-hand
side is a measurable function and the case in which it is a distribution in divergence form.
This distinction, while not affecting the techniques used to establish the regularity results
(since they can be applied to both terms simultaneously) allows us to simplify the computa-
tions and clarifies the role played by the summability of f'and F.

First, consider the case F' = 0, leading to the problem

X*a(x,u, Xu) = f(z) inQ
{ u=0 on 05, (4.2)

where f € L™ (), m > p,. We claim that, as m increases, the summability of u increases
too.

Remark 4.1 Under these summability assumptions for / and no regularity assumptions on
a(z, s,€) in the first variable, one should not expect a systematic improvement in the sum-
mability of the X-gradient of u. In the uniformly elliptic case, it was shown by Meyers in
[20] that an increase in summability does indeed occur, but it depends on the ellipticity
constant of the operator. On the other hand, it was proven in [21] that, if  is a C'* function
depending only on &, a regularizing effect on Xu shall be expected.

Remark4.2 Since, for p > @, the space W, * (£, X) is embedded in C9(2) (the space con-
tinuous functions with zero boundary value), which is a subspace of L>°(£2), we will restrict
our study to the case p < Q.

4.1 Thecasep < Q

We prove the following two results, which extend the ones proved in [23] for linear X-ellip-
tic operators. The first deals with highly summable data (namely, f € L™ (Q2) with m > %)
and follows the technique from [26].

Theorem 4.3 Let f € L™ (1), with m > %, and let u be a weak solution to (4.2). Then
u € L>®(2) and there exists a constant C = C(Q, p, 2, a, m, X ) such that
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|l (o) < C|If]

=g
Lm(2)"
If we consider data belonging to the dual of VVO1 P(Q, X), but not satisfying the assump-

tions of Theorem 4.3 (that is, if p. < m < %), we can still expect an improvement in the

summability of the solution u, as the next theorem (which follows the techniques from [6])

shows.

Theorem 4.4 Let f € L™(£2), with p. =

to (4.2). Then u belongs to L*(12), with
m(p —1)Q

s= QO—mp [m*(p —1)]",

Q(pzii%ﬂ, <m< % and let u be a weak solution

and there exists a constant C = C(Q, p, 2, «, m, X) such that
1
HUHLS(Q) < C”f”;,;bl(g) (43)

Remark 4.5 Note that % is strictly greater than p, as longas 1 < p < Q.

Remark 4.6 The constant C in Theorems 4.3 and 4.4 (see also Theorem 4.8 and Theorem
4.9) depends on the domain €2 and the family of vector fields X through the Sobolev constant
S, appearing in (2.4).

To prove the first result, we will use the following lemma from [26].

Lemma4.7 Let 1) : Rt — Rt be a nonincreasing function such that

My(k)°
P(h) < my

Vh>k>0,

for some M > 0,0 > 1 and ~y > 0. Then there exists d € R satisfying
& = My(0)°~ 1277,

such that ¢(d) = 0.

ProofofTheorem4.3 Here, we follow [26]. Letk > Oanddefine Ay, = {z € Q : |u(z)| > k}.
We choose v = G (u) (where Gy, is the function defined in (2.6)) as test function in (2.1).
By Remark 2.11, Assumption (i),, and since G (u) = 0 outside of Ay, we have

o /A IXGw)P < /Q a(z,u, Xu) - Xuxa, = /Q FGr(u) = /A SGiu).

Using the Theorem 2.3 (on the left-hand side) and the Holder inequality (on the right-hand
side), we have
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o o »F ). = . +
Sg(/AkIGk(u) ) S(/Aklf ) </Ak|Gk(u) ) , (4.4)

If Gk (u) = 0 a.e., the proof is complete. Otherwise, we simplify equal terms to get
P;l 1
o p* 3 Pe Px 45
< |G (u)] < £l : (4.5)
Sp Ag Apg

1 p  _Q+p @ 1 Q+y
p«p—1 QY Q-pp-1 Q-p’

Since

we get, by rearranging the exponents in (4.5),

/Ak Grw)” < C (/A |f>

for some positive constant C depending on p, a, @ and S,,. Since f'belongs to L™ (£2), with

m > % > pe = QQ+p, , we use the Holder inequality once again to get
P %+p’
* . 1—Bx —p
[ 16k <€ (11 ey 145 ) T “6)
k

We now want to apply Lemma 4.7 to the function ¢ (k) = |Ag|: let h > k, so that A, C Ay,
and Gy (u) > h — k on Ayp,. By (4.6), we get

Q+p’

px\ Q-p
)

(h =17 4] < C (I W o 14K

which implies

|A | p* Q+p
PxG—p k -r
|Ah| < CHf”Lm(SZ) W
Now we define
LS m—p. Q+p
M=C|fl.50, v=p o=
Rl e

and observe that the assumption m > < is equivalent to § > 1. Thus (k) = |Ay| satisfies
the assumptions of Lemma 4.7.
We thus get that | A4| = 0, where
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Q+p’ 1
|P* Q—p p~
Lm(9)

== C(Q,p7 Oé, m7 Sp)”f

Since |A4| = 0, we have |u] < d a.e., which is

el < d = C(@Qupctsm, S F -

thereby concluding the proof. O
Proof of Theorem 4.4 Let k > 0,y > 1 and choose
T (w) [T () PO

as a test function in (4.2), leading to

-1+ 1) [

a(w, u, Xu) - XTy(w) | T ()"0 < / | f (@) T () PODH
Q Q

By Assumption (i),, we have
—1 —1 1
alp(y — 1) + 1] / | X T (w)[” | T ()| DP < / | f ()] [T (w) PO~ DF

which is
by - +1] WP )| [T () PO~ D
oL [ X < [ (@) P,

Applying Theorem 2.3, we get

a[ v-1)+1] )P ” T ) PO+
s ([ m@r )" < [uaimre

thus, applying the Holder inequality to the right-hand side, we obtain:

P 1

Py B — m o\ "
a[ SP . (/ T (u) > <N flem </Q \Tk(u)|[l’(w 1)+1] ) ]

Now we choose ~ such that
W= [ply = 1) +

which is
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- m(Q—p)
T Y@ —mp)

Note that v > 1 if and only if m > p, = Q?Tp;;”

have

which is our assumption. Moreover, we

W= [m™(p— 1)]".

This leads to

¥ 1

[p(’y_l)—i_l} m*(p—1)]* prml
TS Q‘Tk(u”[ py) < fllzm ey,

. . £ _ L _ p71 . .
which, since o = = implies

m’

1

1T (@)| i o107 ) < CUFI 7 -

It now suffices to apply Fatou’s Lemma as k£ — oo to conclude the proof. O
Now, we consider the problem

X*a(z,u, Xu) = X*F(z) inQ
{ u=0 on 01, (4.7)

with F € (L™(Q))%, m > p, we have the following two results. For the sake of brevity, we
omit their proofs, being identical to the ones of, respectively, Theorem 4.3 and Theorem 4.4.
In this case, to control the contribution of Xu on the right-hand side, one should first apply
the Holder inequality, simplify the terms and then apply Theorem 2.3 to the left-hand side.

Theorem 4.8 Let F € (Lm(.Q))d, with m > %, and let u be a weak solution to (4.7).

Then u € L*°(£2) and there exists a constant C = C(Q, p, 2, «, m, X) such that

1
lullz=(a) < CIFIE -

Theorem4.9 Let F' € (Lm(Q))d, withp' < m < p_% and let u be a weak solution to (4.7).
Then uw € L1({2), with

g=—F—"—=[m{p-1)]",
and there exists a constant C = C(Q, p, 2, «, m, X) such that

1
n

llull o2y < C'||FHETI(Q)~
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Remark 4.10 In [23], the existence and uniqueness of a suitable class of solutions to the
linear elliptic problem

X (A(z)Xu) = f(z),

for general L' (or measure) data was proved. In this paper, we have only discussed the
existence of a solution for data belonging to the dual space of WO1 P(Q, X). However, we
point out that the inequality

which is required for the exponent [m*(p — 1)]* to be well-defined, can hold under much
more relaxed assumptions than m > p,. This hints that the theory of solutions found by
approximation (see [6, 7, 9]) and the one of entropy solutions to elliptic equations ([2]) may
be extended to this subelliptic setting.

Remark 4.11 Note that the estimates we proved in this section “become worse” as Q
increases. More precisely, while Q may be chosen to be arbitrarily large in (2.2), better
results are obtained for smaller values of Q. This is consistent with the fact that, in Rieman-
nian Carnot Groups, the optimal Q increases as the number of steps needed to satisfy the
Hormander condition increases (see [ 13, Proposition 11.15]), which, in turn, leads to a more
degenerate second order operator. In particular, in the uniformly elliptic case (when X =V
and Q = N), the best estimate is given by Theorem 2.1 of [9], which is known to be sharp.

4.2 Thecasep = Q

While the assumption p > @) immediately yields, by Theorem 2.8, the Holder continuity of
the solution u to (4.2) (provided that the datum f belongs, at least, to L' (£2)), the borderline
case p = () requires a separate analysis. In this setting, Theorem 2.7 ensures that any func-
tion in WO1 @ (©, X) has exponential integrability.

Moreover, under the assumption that f € L™(Q) for some m > 1, we can prove the
existence and the boundedness of the solution, as shown by the following theorem.

Theorem 4.12 Let p = Q. Let fbelong to L™ (12) for some m > 1. Then there exists a weak
solution u to (4.2). Moreover, u € L*({2).

Proof First, we point out that f'belongs to the dual of WO1 ’Q(Q, X). This follows from the

fact that WO1 “?(€2, X) continuously embeds into L?(2) for every ¢ < co. The existence of u
thus follows from Theorem 3.1. Now let & > 0 and choose G (u) as a test function in (4.2).
Remark 2.11 and Assumption (i), lead to:

o / IXGi(w)]® < / alz,u, Xu) - XGi(u) < / @) 1Ga(u)].

Ju| >k

Let p be such that 1 < p < @ and m > p,: by the Sobolev embedding and the Holder
inequality, we have
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Gk (W) e () < ClIXGr(u)||Lr(0) < CIXGr(w)| o),

which means

([ st
( / |Gk<u>p*)%*l <c ( [,

Let h > k > 0 and define (k) = |{|u| > k}|. Repeating the steps of the proof of Theorem
4.3, we obtain:

Q
PF

<ac [ 1xGu0° < € ( /| . If(x)lp*> SR TRC .

1 1
px m

) < O fll ey |{Jul = £}

(h— k) p(h) 5 < C|f|

A 1
Lm(n)#’(k) Peom,

that is

Y(k) ijl (5z—=)
Y(h) < CW

To apply Lemma 4.7, we only need to check that Qp—:l (p% — i) > 1. This, however, is

m

always possible, since

. p* ( 11 )
lim — — — ) = 4o0.
p—Q~ Q -1 Dx m

It follows that there exists d > 0 such that ¥(d) = 0, thus ||u| =) < +oo. O
Analogously, if we consider the problem (4.7), we have the following result.

Theorem 4.13 Let F € (L’”(Q))dfor some m > Q' and let u be a weak solution to (4.7)
(which exists by Theorem 3.1). Then u € L>(§2).

Proof This proof follows the procedure used to prove Theorem 4.8, with a slight alteration
in the use of the Sobolev embedding, as in the proof of Theorem 4.12. Let £ > 0 and choose
G (u) as a test function in (4.7). Remark 2.11 and Assumption (i), lead to:

Q
a /Q IXGr(w)|? < /Q o, 1, Xu) X Go(u) < /Q Pz) - XGr(u)

which, using the Young inequality on the right-hand side, yields

Q Q L« Q
o[ e <o [ pw g [ 1xXaw 49)
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for some positive constant C depending on « and Q. As before, we choose p € (1, Q). Then,
by Theorem 2.3 and the Holder inequality, we have

G (W) () < SpllXGr(u)llLr (@) < C(Sp, 2,0, Q)X Gr(u)l oo,

which, together with (4.8), leads to

Q

(/ Gk<u>|”*) <cf F@r
o |k

for some positive constant C' = C(S,, 2, p, @, ). Next, we apply the Holder inequality to

the last term with exponent %

]
|

Q
PF

" , _Q
([ 10" ) 7 < CIPIZ o Il > 115

Let h > k > 0 and define (k) = |{|u| > k}|. As before, we obtain:

Q
P

' _e
(h—k)Qp(h)7™ < C||F|[F (k)T

that is

To apply Lemma 4.7, we need to check that (1 — %) % > 1. This, however, is always
possible, since 1 — %’ € (0,1) and

. D . D
lim — = lim —— — 4o0.
—Q- @ —Q- Q—p

It follows that there exists d > 0 such that ¥(d) = 0, thus ||u| =) < +oo. O

Remark 4.14 Any measurable function f'such that f(z) log(1 + | f(x)|) € L*(£2) belongs to
the dual of W9 (Q, X).

Proof Using the Young inequality
ab < alog(l+a)+¢e® Va,b>0 (4.9)

to estimate [, v f(x) for some v € W ?(€, X), we have
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| of@

1 |v]
1 X0l e /c S Ll B 0
c [ Xvl[ze@) ; 1HXUHLQ(Q)| ()]

z)|lo x eC1 X"lzlczn)
(/ﬂw og(1 + 1) + [ =)

where (' is the constant appearing in Theorem 2.7. Now we apply Theorem 2.7 as follows:

[v]

IN

(4.10)

IN

for simplicity, we define y = C} T=olhoo
LR Q)

_Q _Q
Je<[ v ecco [ o™ <eplr [ o™ <clvcy
Q y<l1 y>1 y>1 Q

we thus have

‘ [ s

/
which proves that f € (WOI’Q(Q,X)> . O

< 1Xvllzeqe) (I1f log(1 + [fDlr@) +elQl +Cr)

We conclude by pointing out that, as was shown in [10], the requirement
flog(1+f]) € LY()
is not sufficient to ensure the boundedness of the solution u to

—di \V4 N72v = in
{u_n(/)(| ul u) = f(x) n@ (4.11)

whenever N > 2. The optimal assumptions on funder which the solution u to (4.2) belongs
to L>° () are still unclear, even in the uniformly elliptic case. For related results in dimen-
sion 2, we refer the reader to [1], where symmetrization techniques are employed to estab-
lish sufficient conditions for the boundedness of solutions to the Laplace equation.
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