
Physics Area - PhD course in
Theoretical Particle Physics

Holography, localization of information
and subregions

Candidate:
Eyoab D. Bahiru

Advisor:
Kyriakos Papadodimas

Co-advisors:
Francesco Benini

Academic Year 2023-24



©2023 – Eyoab D. Bahiru
all rights reserved.



Thesis advisor: Professor Kyriakos Papadodimas Eyoab D. Bahiru

Holography, localization of information and subregions

Abstract

Locality is undoubtedly an integral part of both quantum theory and general relativity. On the
other hand, a holographic theory like the AdS/CFT implies that the bulk quantum gravitational de-
grees of freedom are encoded at spatial infinity in the boundary theory. Even though this statement
is a claim at the non perturbative level, there are still remnants of this property in the perturbative
limits of quantum gravity. This is primarily due to the gravitational Gauss law, which prevents us
from defining strictly local operators. Since including gravity in the description is requiring the
theory to be invariant under coordinate transformations, the physical operators need to be diffeo-
morphism invariant. This condition, implemented by Gauss law, demands the operators be dressed
to the boundary and include a gravitational version of the Wilson line extending all the way to infin-
ity, therefore demands them to be non-local. Towards resolving this tension, we propose candidate
operators that bypass this requirement and are local and diffeomorphism invariant at the same time,
in the AdS/CFT context. These operators still satisfy a version of gravitational Gauss law, as they
are interpreted to be dressed with respect to the features of the states. Therefore, the states these op-
erators are defined on are states that break the symmetries of the theory and have ’features’. These
states are in general high energy states with large variance and correspond to non trivial semiclassical
geometries in the bulk. This proposal will also help resolve paradoxes raised concerning the island
proposal. In addition, this enables one to discuss subregions, their associated subsystems and local-
ization of information more concretely in perturbative quantum gravity.

In the second part, we will be mostly concerned with a bulk sub region called an AdS-Rindler
wedge. We will use what is called the Petz map, borrowed from the quantum information and quan-
tum computing community, to explicitly reconstruct this bulk subregion from its boundary dual
subregion. This agrees with the earlier conjecture on the bulk subregion reconstruction and the
proposal that, due to the quantum error correcting nature of gravity, the Petz map can be used to
reconstruct the entanglement wedge. In addition, we study the algebra of operators in the AdS
Rindler wedge precisely, both in the bulk and the boundary dual. Using the crossed product con-
struction and a novel method of renormalizing the Ryu Takayanagi surface, we show how including
gravitational corrections modifies the algebra to a more manageable one where we can define density
matrices and von Neumann entropy. Finally, we study a particular representation of algebra of op-
erators in general backgrounds, called the covariant representation, in situations where gravitational
interactions are present. This representation will illuminate what the crossed product construction
is in physical terms.

iii



Contents

1 Introduction 1
1.1 The emergence of the semiclassical bulk . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Subregion-subregion duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.3 Localization of information in quantum field theory . . . . . . . . . . . . . . . . 12
1.4 Algebra of operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 Holography and Localization of Information in QuantumGravity 22
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.2 Aspects of locality in field theory and gravity . . . . . . . . . . . . . . . . . . . . 34
2.3 Holographic setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.4 State-dressed operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
2.5 A more general argument for the commutant . . . . . . . . . . . . . . . . . . . 87
2.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
2.7 Black Hole microstates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
2.8 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
2.9 Appendix: Changing the variance ofH . . . . . . . . . . . . . . . . . . . . . . 140
2.10 Appendix: Boosts in global AdS . . . . . . . . . . . . . . . . . . . . . . . . . . 145
2.11 Appendix: Early time decay of the return probability . . . . . . . . . . . . . . . 147
2.12 Appendix: LLM solutions in the bulk . . . . . . . . . . . . . . . . . . . . . . . 151
2.13 Appendix: Notes on boundary states . . . . . . . . . . . . . . . . . . . . . . . 153

3 Explicit reconstruction of the entanglementwedge via the Petz map161
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
3.2 Bulk reconstruction in AdS/CFT . . . . . . . . . . . . . . . . . . . . . . . . . 166
3.3 Background on quantum channels . . . . . . . . . . . . . . . . . . . . . . . . . 175
3.4 Entanglement wedge reconstruction via universal recovery channels . . . . . . . . 180
3.5 AdS-Rindler reconstruction and Petz map . . . . . . . . . . . . . . . . . . . . . 185
3.6 Entanglement wedge reconstruction and Petz map . . . . . . . . . . . . . . . . . 201
3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
3.8 Appendix: HKLL reconstruction in global and Rindler coordinates . . . . . . . . 212
3.9 Appendix: Petz Theorem proof in finite dimensions . . . . . . . . . . . . . . . . 218

iv



4 Algebra of Operators in an AdS-RindlerWedge 225
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
4.2 The Type III1 nature of the AdS-Rindler wedge . . . . . . . . . . . . . . . . . . 228
4.3 Adding gravity and making the algebra Type II∞ . . . . . . . . . . . . . . . . . 240
4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

5 Algebras and their Covariant representations in quantum gravity 243
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244
5.2 No Backreaction : review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247
5.3 In the presence of gravitational interactions . . . . . . . . . . . . . . . . . . . . 251
5.4 Gravitational interaction: continued . . . . . . . . . . . . . . . . . . . . . . . . 264
5.5 Appendix: Covariance algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 273

6 Conclusion 276

References 300

v



ListofFigures

1.1 A spherical compact subregion of the Cauchy surface, Σ, has an associated causal di-
amond,U1, a region of spacetime that can influence it and be influenced by it. In this
spacetime region, we can consider the algebra of local operators signified byA(U1). 13

2.1 Single trace operators in a time-band. . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2 Variance of the Hamiltonian as a function beta . . . . . . . . . . . . . . . . . . 118
2.3 R̄ as a function of beta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
2.4 The return probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
2.5 The return probability, examples . . . . . . . . . . . . . . . . . . . . . . . . . . 120
2.6 The return probability and dressed operators . . . . . . . . . . . . . . . . . . . 121

3.1 The entanglement wedge of disjoint intervals . . . . . . . . . . . . . . . . . . . 210
3.2 Domain of dependence of a ball in the boundary . . . . . . . . . . . . . . . . . 216

vi



Tomy beloved parents and my little sister,
for their love and endless encouragement.

ማስታወሻነቱ ለምወዳቸው ወላጆቼ እና ታናሽ እህቴ ይሁንልኝ ፤
ማለቂያ ስለሌለው ድጋፋቸው።

vii



Acknowledgments

This thesis, in its present form, would not have been possible without the help and guid-
ance of many more people than I can list in the Acknowledgements. But, first and fore-
most, I must thank my advisor Kyriakos Papadodimas. I was told that it was difficult to
find an advisor who can give you time to answer your physics questions, much less give you
advice on your career or life in general. However, he has been such an integral part of my
academic career in the past three years. His passion has inspired me, his intuition and his
deep knowledge of physics have benefited me so much. He has been there for me whenever
I needed him, willing to sacrifice his time, be it about AdS/CFT, career advice or choosing a
destination for a summer vacation.

I have also benefited frommany professors both in ICTP and SISSA, who have always
been encouraging. At the risk of missing some important people, Edi Gava, Paolo Crem-
inelli, Seifallah Randjbar-Daemi, Goran Senjanovic, Alexei Smirnov, Atish Dabholkar, Joan
Elias Miro, MehrdadMirbabayi, Giovanni Villadoro, Marco Serone, Francesco Benini,
Giulio Bonelli, Matteo Bertolini and many others. Every little ’bravo’ meant a lot. I am
grateful to my collaborators Niloofar Vardian, Alexandre Belin, Gabor Sarosi, Ricardo Es-
píndola and Sergio E. Aguilar-Gutierrez. I have learned much from each one of you.

I also want to thank those who have made my stay in Trieste quite entertaining: Cami,
Ari, Giulio, I will fondly remember the time we have had; Minahil Butt, Vicharit Yingcharoen-
rat, Mehmet Gumus, I will always remember our journeying across Italy; James Ingoldby,
Alfredo González Lezcano, Kevin Pardede, Aybuke Durmaz, UpamanyuMoitra, Ali Khos-
ravi, Nishan Ranabhat, Rudin Petrossian-Byrne and Collin Egan my comrade in arms. Not
to mention Giovanni Rizi, Andrea Antanucci, Giovanni Galati, Giulio Barni who have al-
ways reminded me of ’the crocodile’; Stephane Bajeot, Flavio Ricardi, Riccardo Ciccone
and all my fellow graduate students both in TPP and APP sections in addition to postdocs,
who are too many to mention. I have appreciated all your company.

I also want to thank those who have been close friends to me throughout my time in
Geneva; Vikky, Vlad, Leslie, Dani, Miguel, Matiyn, Fran, Paolo, Karollina, Johnatan. You
have all impacted my life in many ways. I am also grateful to the wonderful people at the
CERN theory department; Shota Komastu, João Caetano, Matthew Dodelson, Sasha Zhi-

viii



boedov, Wolfgang Lerche, Irene Valenzuela and many others for the many memorable con-
versations, scientific or otherwise.

Finally and most importantly, I want to thank my parents GG and mom, my sister Nani;
You have always supported me and encouraged me to follow my heart and it is because of
you I am here. I also want to thank my uncle Yoni and my auntie Mahder for being my
home away from home, whenever I needed a break from Italy. I am also grateful for the
support from all my dear friends back home. You have my deepest appreciation.

ix



1
Introduction

In this chapter we set the ground and motivation for the following chap-

ters that constitute the main content of the thesis. In each chapter, rel-

evant parts of this introductory story are discussed in more detail.

One of the most important discoveries in the past three decades in the field of high en-

1



ergy particle physics and quantum gravity is arguably the AdS/CFT correspondence [Mal-

dacena, 1998]. The first example of the correspondence was discovered after studying the

low energy limit of systems of D-branes in string theory. Following the conjectured equiva-

lence of Dp branes and black p branes, a stack ofN D3 branes in a type IIB string theory in

ten dimensions can be taken as backreacting and producing a geometry that asymptotes the

AdS5 × S5 spacetime close to the branes in the large N limit, where the radius of curvature

of the AdS geometry is of the order ofN1/4 in Planck units. On the other hand, the region

close to the D3 branes at low energies can be described by a 3 + 1 dimensionalN = 4 su-

per YangMills (SYM) theory with SU(N) gauge group; while the gauge coupling constant

is given by g2YM = 4πgs, where gs is the string coupling constant. While the former de-

scription is more precise in the large N limit, the latter is appropriate for anyN. Therefore,

since in the region where the two theories are valid, they should be equivalent and since

the latter description makes sense for anyN, it was proposed that type IIB string theory on

AdS5 × S5 spacetime is dual to theN = 4 SYM theory with SU(N) gauge group in 3 + 1

dimensions, for anyN and g [Maldacena, 1998,Witten, 1998,Aharony et al., 2000].

Following this particular duality, many more examples were studied leading to similar

conjectures between theories in several dimensions, some of which are [Aharony et al.,

2000, Aharony et al., 2008, Klebanov & Polyakov, 2002, Sezgin & Sundell, 2002, Petkou,

2003, Leigh & Petkou, 2003, Das & Jevicki, 2003, de Mello Koch et al., 2011, Gaberdiel

& Gopakumar, 2011, Maldacena et al., 1997, Minasian et al., 2000, Kiritsis & Niarchos,

2011,Kiritsis, 2006,Aharony et al., 2006,Kiritsis & Niarchos, 2008].

The AdS/CFT correspondence can thus be broadly stated as an equivalence between a

theory of quantum gravity in an asyptotically AdSd+1 × Mgeometry (the bulk), whereM is
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some compact manifold, and a conformal field theory onR× Sd−1 (the boundary).

The most obvious possible application of this correspondence is to better understand

theories of quantum gravity from the study of a standard relativistic conformal quan-

tum field theory. In particular, an exploration into how a quantum gravity theory with

extra dimensions emerges from the boundary conformal field theory. However, it is bet-

ter to look at this task from the different layers of complexities that arose while studying

the several realizations of the correspondence. Specifically, we can ask how a full theory of

quantum gravity emerges from a boundary CFT, where there may be no limit where the

bulk theory simplifies to any theory that we have a grasp on at this moment. This question

nonetheless is quite complicated, mainly because we do not know what such a quantum

gravitational bulk theory is, and even though there are certain approaches that are try-

ing to precisely understand what the relationship between a certain full theory quantum

gravity and the boundary CFT is [Gopakumar, 2004b, Gopakumar, 2004c, Gopakumar,

2004a,Gopakumar, 2005,Aharony et al., 2007,Aharony & Komargodski, 2008, Eberhardt

et al., 2020, Eberhardt et al., 2019, Gopakumar &Mazenc, 2022], it will not be the focus

of our discussion here. We will also include in this category the cases where the bulk theory

is not given by a perturbative worldsheet theory, like M theory backgrounds or when the

boundary is a theory like theO(N) vector model.

A lower level of complexity for the correspondence is when there is a limit where the

bulk theory becomes a classical string theory on a possibly highly curved backgrounds or a

higher spin gravity theory. In this limit, we will have a large number of light bulk degrees of

freedom corresponding, for example, to the stringy modes for the classical string theory. To

be more precise, in the aforementioned example, such a bulk theory is dual to the boundary
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SU(N),N = 4 SYM theory in the large N limit with a small or finite ’t Hooft coupling,

λ = g2YMN, which is the effective coupling constant of the large N theory.

An even simpler case is when the bulk theory is just a quantum field theory on a curved

space time which is asymptotically AdS×M, whereM is some compact manifold with

large size compared with the Planck or string scale, with only few bulk light modes. We re-

cover this limit if for example we consider the large N,N = 4 SYM theory in the large ’t

Hooft limit. As has already been implied, in both of the latter two cases, the strictN → ∞

limit treats gravity classically that is the background geometry is taken to be fixed1. How-

ever, perturbative gravitational interactions are included as we back away from the 1/N =

0 limit and add perturbative 1/N corrections to the boundary theory2.

We consider the last two cases of the bulk theory that are discussed above, including the

1/N perturbative corrections, and collectively call them the semiclassical bulk theory and

focus on the emergence of this semiclassical bulk theory from the boundary conformal field

theory. We will differentiate between the two cases later in the manuscript.

1.1 The emergence of the semiclassical bulk

The essential property of the semiclassical bulk theory as defined above is that the ratio of

the Plank length to the effective radius of curvature of the AdS geometry goes to zero. In

addition, it is expected that this theory is only a small sub sector of the full theory of quan-

tum gravity, after all it is just a perturbation theory around some (possibly highly curved)

geometry. Therefore, in the boundary we consider families of CFTs that are characterized
1Note that free gravitons are also included in the theory, the essential point is that nothing backreacts and

modifies the geometry.
2One has to deal with a slight complexity that in general, bulk non gravitational interactions between the

light modes also emerge as 1/N corrections are added.
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by some parameter, g, which in the limit g → 0we recover the free field limit of the bulk.

On the other hand, note that g = 1/
√
c is a universal coupling constant in conformal per-

turbation theory, where c is the central charge of the theory. This coupling arises from the

interaction of the fields with the stress energy tensor and directly follows from theWard

identities of the conformal symmetries. As a result, as we take the limit g = 1/
√
c → 0,

the stress energy tensor can be decoupled from other conformal primaries and the n-point

correlators of the CFT can be seen to factorize. In fact, there is a sub sector of the CFT that

emerges in this limit where the ‘confined’ degrees of freedom do not satisfy any field equa-

tion of motion but obey theWick factorization of free fields. Such theories are called gen-

eralized free field theories and, with the appropriate 1/
√
c → 0 limit, are low lying sectors

of holographic CFTs. In particular, we assume that in the bulk, the number of light modes

does not depend on the effective gravitational coupling (which is proportional to the ratio

of the Plank length to the AdS radius), thus stays finite in the semiclassical limit. Therefore,

the appropriate limit of the boundary is taking 1/
√
c→ 0while keeping the number or the

conformal dimension of the (gauge invariant or confined) degrees of freedom, sometimes

called single trace operators, independent of c.

In summary, we expect a semiclassical bulk dual theory to emerge from a CFT with the

following properties [Heemskerk et al., 2009,El-Showk & Papadodimas, 2012a],

• It has large central charge i.e. many degrees of freedom.

• It has a small number of operators of low conformal dimension.

• The correlators of the low lying operators factorize.

Again in the example mentioned at the beginning of this chapter, this limit corresponds
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to the large N limit while the difference between the two cases of the semiclassical theory

comes from taking finite λ or infinite λ. This implies a further distinction within the gen-

eralized free field theory, where there are theories with a parametric gap in the conformal

dimension of supergravity fields and the ’closed string modes’ (or those corresponding

to single trace operators of spin less than 2 and higher than 2) and those with no such

gap [Heemskerk et al., 2009]. The former corresponds in bulk to perturbative quantum

gravity in the sense that we start out with a quantum field theory on a curved space time,

then add perturbative gravitational corrections; while the latter is associated with, for in-

stance, a perturbative string theory or Vasiliev theory. On the other hand, the elements of

the generalized free field theory will be linear combinations and derivatives of the single

trace operators and their products.

Coming back to considering generalized free fields in general, we can try to see how the

semiclassical bulk theory emerges. The first hint of this emergence is the fact that the free

energy of the generalized free fields is the same as the free energy for a thermal gas of free

particles in AdS, which can be shown as long as we take the appropriate limit i,e. keep the

number of the degrees of freedom independent of c, while taking c to infinity. We will com-

ment later in the chapter about when number of operators or energy of states isO(c).

As was already mentioned, the generalized free fields do not satisfy any equations of mo-

tion in the CFT even though their correlators factorize in the large c limit. This implies that

they form the Fock space of states that are in the representation of the conformal group

SO(d, 2), which presumably can be superimposed. This might be a bit confusing as there is

no equation of motion for these fields. But the linearity of the fields can be made explicit by

considering an auxiliary spacetime in one higher dimension than the CFT. In particular, if
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the spacetime coordinates of the boundary is (t,Ω), then we consider a spacetime (t, r,Ω)

with the AdS metric,

ds2 = −(1 + r2)dt2 +
dr2

(1 + r2)
+ r2dΩ2

d−1 (1.1)

with t ∈ (−∞,∞) and r ∈ [0,∞). Then consider the field,

Φ(t, r,Ω) =

∫
dt′ dΩ′

d−1K(t, r,Ω; t′,Ω′)O(t′,Ω′) . (1.2)

whereO is a generalized free field with conformal dimension Δ and the kernelK satisfies,

(□d+1 −m2)K(t, r,Ω; t′,Ω′) = 0 (1.3)

where□d+1 is the Laplacian in the AdS spacetime and Δ is related tom as

Δ =
d
2
+

√
d2
4

+m2 (1.4)

This reconstruction method is well known by the name HKLL reconstruction [Bena,

2000, Hamilton et al., 2006d, Hamilton et al., 2006c, Hamilton et al., 2007b]. Note that

Φ is a boundary operator that is non local because of the smearing with the above kernel.

But because of (1.3), it can be seen that it satisfies a linear wave equation in a one higher

dimension. Then the large c factorization would guarantee that this field is equivalent to a

free massive field in AdS spacetime. It can also be checked that commutators of Φ’s with

a spacelike separation in higher dimensional space is zero thus (1.2) can be interpreted as

a local bulk field. This procedure can also be done for the boundary stress energy tensor
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(present for any CFT) which would give a spin 2 field, therefore, the bulk theory is actually

gravitational. From the boundary perspective this may seem a nice way to reorganize the

generalized free fields, but it also shows the emergence of a semiclassical bulk theory, with

semi local bulk fields in general3, from this low lying sector. This statement can be even

more confirmed if we check the conformal bootstrap condition the generalized free fields

are supposed to satisfy. Studying the relations between the boundary conformal partial

waves (CPWs) will naturally lead to what we can interpret as Witten diagrams in the bulk

supergravity theory [El-Showk & Papadodimas, 2012a].

1.2 Subregion-subregion duality

The above analysis shows the emergence of the bulk theory over the full spacetime from the

generalized free field sector of the boundary CFT. But, we can also ask if there is any sense

in which a given bulk subregion can be considered dual to a certain boundary subregion.

With the introduction of a subregion of a bulk Cauchy surface called the entanglement

wedge, this question was addressed for ‘semi finite’ bulk subregions which are subregions

that extend all the way to the boundary of the spacetime, therefore, part of their bound-

ary is also part of the full spacetime boundary. The entanglement wedge, a, for a given

boundary subregion, A, is defined to be a bulk subregion that is bounded by A and a co-

dimension 2 surface called the quantum extremal surface, χA. The quantum extremal sur-

face on the other hand is defined to be a surface with ∂χA = ∂A and homologous to A such

that,

S(ρA) = S(ρa) + Tr(ρaAloc) (1.5)

3This is because, in general the bulk theory can also be a classical string theory.

8



is extremized. To leading order in the gravitational couplingG,Aloc =
Area(χA)

4G . This defini-

tion is in increasing amount of precision given in [Ryu & Takayanagi, 2006,Hubeny et al.,

2007, Faulkner et al., 2013, Engelhardt &Wall, 2015]. The density matrix ρA is the bound-

ary CFT density matrix associated with the subregion A, while ρa is a density matrix in the

semiclassical bulk theory. The above formula seems to imply that the information con-

tained in the boundary region A is the same as the one that is in the entanglement wedge.

This statement was made more manifest by a proof given by [Jafferis et al., 2016a, Dong

et al., 2016a], that the relative entropy of two states in A is the same as the relative entropy

of states in the entanglement wedge to all orders in 1/N,

S(ρA||σA) = S(ρa||σa). (1.6)

Since relative entropy is a measure of distinguishability of states, (1.6) is true only if the

states ρA and σA contain the same information about the bulk as ρa and σa.

There is another way to state the above property which goes by the name, reconstruction

theorem [Dong et al., 2016a]. This states that the two subregions, A and its entanglement

wedge, are dual in the sense that any operator in the entanglement wedge can be recon-

structed from the operators in boundary subregion A. The simplest case where this can be

done explicitly is when the entanglement wedge is entirely causally connected to the A. In

this scenario, we can use a generalization of the method used in deriving (1.2). This gener-

alization, discussed in detail in chapter 4, gives the bulk fluctuations in the entanglement

wedge in terms of generalized free fields in the subregion A.

? But the entanglement wedge in general includes regions that are not causally
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connected to the boundary subregion. In this case we can not use the HKLL

reconstruction to reproduce the operators in the entanglement wedge. To

this end, people have proposed an operation, borrowed from the quantum

computing community, called the Petz map to reconstruct the bulk operators.

Chapter 4 is concerned with the explicit application of this Petz map to recon-

struct entanglement wedge operators from the boundary subregion operators.

This discussion also applies to the region compliment to A, with the corresponding bulk

subregion being, the complement of a.

But a more precise way to put the above subregion-subregion duality is in terms of causal

diamonds of the subregions [Leutheusser & Liu, 2022]. In the bulk, we started out by say-

ing that a is a subregion in the bulk Cauchy surface. But this is in fact equivalent to the

causal diamond of the subregions for relativistic field theories. On the other hand, as can

be seen from (1.2), the boundary smearing to represent the bulk operators involves inte-

gral in both space and time directions. Both the HKLL reconstruction in the boundary

subregions and Petz map reconstruction involve operators in the causal diamond of the

boundary subregion, not just the boundary spacelike subregion.

What about subregions that are not connected to the spacetime boundary? For such

subregions, the compliment, an annular region surrounding the subregion in the center,

is necessarily connected to the boundary, in fact it seems like it is connected to the full

boundary subregion. At this point, it is important to think of subregion-subregion duality

as a duality between causal wedges and not just a duality at the level of the Cauchy surface.

Therefore, we should consider the boundary of the causal wedge of the annular region,

which would correspond to a time band in the boundary CFT to be the boundary dual,
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see figure 2.1. There are several issues associated with this time band and operators in this

time band which will be discussed in detail in chapter 3. This on the other hand implies

that the bulk subregion that is not connected to the boundary is supposed to be dual to the

complement of the time band at the boundary.

Coming back to the emergence of the semiclassical bulk theory from the boundary, we

can consider adding 1/
√
c corrections to the boundary theory which would correspond to

adding perturbative gravitational corrections in the bulk theory. This leads to corrections to

(1.2) [Kabat et al., 2011,Heemskerk et al., 2012], which were derived by requiring the bulk

field to commute with spacelike separated single trace operators inside the correlators. This

leads to corrections that involve multi trace operators (depending on the type of interaction

that is turned on) and in general we have,

Φ(t, r,Ω) =

∫
bdry

K(t, r,Ω; t′,Ω′)O(t′,Ω′)+
1

N

∫ ∫
bdry

K(1)O(t1,Ω1)O(t2,Ω2)+O(1/N2)

(1.7)

whereK(1) is another smearing function that depends on (t, r,Ω), (t1,Ω1) and (t2,Ω2)

and 1/
√
c ∼ 1/N. This will make the operator Φ commute with all the spacelike separated

single trace operators and enable us to define a bulk field looks local even in the presence of

perturbative gravitational interactions. But this field is not quite local, as was noted by the

authors in [Kabat et al., 2011], it is impossible to remove the commutator of this operator

with the Hamiltonian (using the same methods discussed above). Since in gravitational the-

ories, the Hamiltonian can be written as a boundary integral, this implies that the HKLL

operator is rather ’highly non local’, not commuting with an operator that is localized at

spatial infinity.
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?The central goal of the second chapter is to remove this non locality of the

HKLL operator and define a local diffieomorphism invariant operators. This

on the other hand has implications on locality and localization of informa-

tion in AdS/CFT and perturbative quantum gravity in general. The subtleties

concerning these issues in classical gravity, quantum field theories and pertur-

bative quantum gravity are also discussed in detail in this chapter.

An issue we just mentioned and may need a bit elaboration is localization of information.

The simple question we would want to answer is,

Is it possible to hide information at the center of a given spacetime from a space-

like separated observer far away?

To appreciate the non triviality of the question, we discuss it is addressed in the context a

relativistic quantum field theory.

1.3 Localization of information in quantum field theory

As one would naively expect, localization of information has a lot to do with locality and

local operators. But, Localization of information in QFT needs understanding of localized

states rather just local (localized) operators. The need for this distinction is the following.

Let’s take a compact spherical subregion of the initial value surface, which we call the ’base’,

and consider its causal diamond,U1, then if one considers the action of operators local-

izedU1, denoted byA(U1), on the vacuum, one can generate the full Hilbert space of the

theory4 This is due to what is called the Reeh Schlider property of the vacuum of QFT
4In fact, one generates the vacuum sector of the Hilbert space.

12



Figure 1.1: A spherical compact subregion of the Cauchy surface, Σ, has an associated causal diamond,U1, a region of
spacetime that can influence it and be influenced by it. In this spacetime region, we can consider the algebra of local
operators signified byA(U1).

(check [Witten, 2018] for a for a detailed introduction that is more accessible to a physi-

cist).

A better proposal would be to act on the vacuum with unitary operators inA(U1) and

not the full algebra. For these states, measurements in the compliment ofA(U1)will be the

same as measurements in the vacuum,

⟨Ψ|A′ |Ψ⟩ = ⟨Ω|A′ |Ω⟩ (1.8)

where, |Ψ⟩ = W |Ω⟩ andW ∈ A(U1)withW∗W = 1while A′ ∈ A′
(U1).

Even though each of these states can be considered as states that are strictly localized in

U1, their linear combination is not necessarily a localized state for the simple reason that a

sum of unitary operators is not again a unitary operator in general. In fact, since any state
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can be approximated well enough byA(U1) |Ω⟩, the linear span of states likeW |Ω⟩ is

the again the full Hilbert space. But this is not a problem, it only tells us that strictly local-

ized states do not form a subspace and we should only talk about sets of states rather than a

space of localized states.

Nonetheless, it seems like there is some tension between the Reeh Schlider property

and localized states in QFT. But we should understand that the origin of this property is

the non vanishing and decaying correlation present between far away observables in the

physical states of the theory. This correlation decays with the separation of the observables

and it implies that the norm of the states localized far away fromU1, should be smaller and

smaller. A crude estimate would give an exponential decay for the correlations for a ’de-

localization’ or separation of order of a few Compton lengths. Following this property,

we can define what we call essentially localized states, with a small amount of delocaliza-

tion [Haag & Swieca, 1965].

Therefore we can relax the earlier condition of considering only unitary operators to

construct localized states and take the set of states,

A1(U1) |Ω⟩ (1.9)

whereA1(U1) corresponds to operators inA(U1) but with unit norm or less5. We then

define a quantity,

bA =
1

|A |Ω⟩ |
, (1.10)

A ∈ A1(U1). It can be seen that bA gets bigger and bigger for highly delocalized states,

5The norm of an operator A is defined to be the maximum value of |A|Ψ⟩|
||Ψ⟩| , for |Ψ⟩ ∈ H
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in fact, it is shown in [Haag & Swieca, 1965] that the above set of states can be considered

to be essentially localized for bA ≤ b for some fixed b, which determines the degree of

delocalization we can tolerate. The previously discussed strictly localized states correspond

to b = 1.

But if one is interested in finding well behaved localized states, it is reasonable to ex-

pect that they will also have bounded energy. Therefore, we project out the states with en-

ergy more than some maximum value Emax in the above set (or put a smooth cutoff rather

than a sharp cutoff). Then these states will be localized in a finite region of space and have

bounded energy. Classically, this corresponds to states in a finite region of the phase space,

Γ, thus it is reasonable to expect that these localized states in QFT form a compact subset of

the full Hilbert space, namely there is Γ/h3 of them, where h is the Planck’s constant.

Since the norm of states gets smaller and smaller for more and more delocalized states,

one can consider the setN = PEmaxA1(U1) |Ω⟩, and the analogy with the classical theory

requires it to be a compact subset of the Hilbert space for any sensible quantum theory.

The operator PEmax is a projection operator that projects into states with energy Emax or

less. More precisely, for any small number ε > 0, one can find finite dimensional Hilbert

spaceHd(ε) ⊂ H, such that states inN that are orthogonal toHd(ε) have norm less than ε.

In other words, for any small positive number ε, all the states inN with higher norm than

ε can be considered to be states in some compact finite dimensional Hilbert spaceHd(ε).

Physically reasonable quantum field theories are expected to satisfy this condition but, in-

terestingly, not theories like generalized free field theories6 [Haag & Swieca, 1965].

Therefore we can say we can localize information if we can have a set likeN in our the-
6More precisely, generalized free fields with continuous mass spectrum.
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ory. We can consider a smooth cutoff in the energy and define the set [Buchholz &Wich-

mann, 1986],

Nβ = e−βHA1(U1) |Ω⟩ (1.11)

and the ’compactness’ condition becomes,

Nβ ⊂ TβH1 (1.12)

for a positive operator Tβ with finite trace whereH1 corresponds to the states inH with

unit norm or less. The minimum value for the traces of such operators Tβ is called the nu-

clearity index and is bounded by,

νβ,r < ecr3β
−n

(1.13)

for small β and large size of the base ofU1, r. The coefficients c and n are some positive con-

stants. The ’compactness’ condition is called the nuclearity condition and the setNβ is

called a nuclear set. Thus, more generally, the localization of information is possible in a

given quantum field theory, if the nuclearity condition is satisfied in other words if a nu-

clear set exists. This property on the other hand implies to what is called the split property

(see section 2.2.2) which associates a notion of subsystem in to the subregionU1.

If we can define algebra of operators likeA1(U1) in the bulk theory in the presence of

gravitational interactions, we can argue more or less rigorously for a localization of infor-

mation in perturbative quantum gravity along the same lines. One of the main goals of the

second chapter is to analyze and argue for this possibility in the presence of gravity.
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1.4 Algebra of operators

Another facet of bulk reconstruction that has received a renewed attention in recent years

relates to considering the algebraic structure of the operators in the bulk and the boundary

theories. One of the first important applications of the properties of the algebra of oper-

ators in the semiclassical theory in AdS/CFT context was by Papadodimas and Raju, in

their use of Tomita Takesaki theory to reconstruct the black hole interior [Papadodimas &

Raju, 2013, Papadodimas & Raju, 2014b, Papadodimas & Raju, 2014a]. However, much

of the recent interest follows from the work of Liu and Leutheusser, [Leutheusser & Liu,

2021a, Leutheusser & Liu, 2021b] where they realized that the algebra of operators exte-

rior to the eternal black hole in AdS is what is called a type III1 von Neumann algebra. This

algebra has a natural time like evolution operator that can be naturally associated with an

observer falling into the black hole. As noticed byWitten and et. al., [Witten, 2021b,Chan-

drasekaran et al., 2022a,Chandrasekaran et al., 2022b,Penington &Witten, 2023] a careful

treatment of the addition of perturbative gravity into this algebra, would result in a rigor-

ous Lorentzian derivation of the generalized entropy of a black hole.

But first we have to discuss how the black hole geometry emerges from the boundary

CFT.We were careful to take a specific limit when we discussed the emergence of the bulk

in section 1.1. In particular, we assumed the dimension of the operators and/or the num-

ber of the operators do not depend on c as we take the c → ∞ limit. This corresponds

to states with energy ofO(c) by state operator correspondence. Note that these states are

states whose degeneracy diverge in the large c limit, since c ’counts’ the degrees of freedom

of the CFT and can be considered as the black hole microstates of the bulk theory. Recall
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that in the bulk, the limit c → ∞ corresponds to the h̄ → 0 limit and it follows from

Bekenstein and Hawking that the black hole entropy diverges in this limit. This is a hint

that this sector of the theory does not have a nice Hilbert space description in the strict

large c limit, as the number of microstates diverge [Schlenker &Witten, 2022]. However,

we can still describe the quantum fluctuations on a given black hole microstate, or a linear

combination of microstates in some energy band ΔE around a given energy E ∼ O(c). In

fact any coherent bulk state in the AdS space is an example of such a state, check chapter

3. The emergence of the semiclassical theory on this background in the given in a more or

less the same way as discussed in section 1.1, except that the generalized free fields are to be

uplifted into the bulk with a different kernel, a kernel that propagates in the corresponding

new bulk geometry.

An interesting example of such a geometry is the eternal black hole in AdS at some tem-

perature 1/β. This geometry is conjectured to be dual to the thermofield double state of

two thermally entangled CFTs above the Hawking-Page temperature [Maldacena, 2003].

One justification for this duality is that there is a phase transition as we increase the tem-

perature of the CFTs above the Hawking-Page temperature and, in the same sense as the

previous paragraph, the entropy becomes c dependent and divergent in the large c limit.

As discussed in [El-Showk & Papadodimas, 2012a] this indicates the appearance of a black

hole in the bulk. Nevertheless, the semiclassical bulk will be described by the generalized

free fields of the boundary CFTs and for instance the scalar bulk fluctuations will be given

by (1.2) where now the kernel solves (1.3) on the eternal black hole background. This is

the bulk geometry that was studied by Liu and Leutheusser, leading to a proposal for the

infalling observer’s evolution operator.
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In a quantum field theory on a curved spacetime, we can define an algebra of operators

associated to a given subregion, for instance one of the two exteriors to the eternal black

hole or a subregion that is extend to the boundary in AdS like the one considered earlier.

The operators form a von Neumann algebra of type III1 (check chapter 4). This algebra is a

difficult type of von Neumann algebra in that there are no microstates, no density matrices

and no entropy that we can associate to the states of the theory. There is even no Hilbert

space we can associate solely with the subregion we are describing. Technically this means,

the algebra of operators for this region does not act irreducibly on the Hilbert space. The

physical states are maps from the algebra of operators to complex numbers that are iden-

tified with the expectation values of the operators. However, this algebra seems similar to

theO(c) sector of the CFT in the strict large c limit, for instance there are no microstates.

There is an appropriate Hilbert space construction we can perform for these types of alge-

bras in the absence of microstates that goes by the name, Gelfand–Naimark–Segal (GNS)

construction. As was shown by [Leutheusser & Liu, 2021b], with the appropriate renor-

malization of the generalized free fields, we can identify this Hilbert space with the semi-

classical Hilbert space of eternal black hole background. Therefore, this seems to be a natu-

ral way to capture the large c limit of the black hole microstates.

In the several works mentioned earlier, it was shown that adding gravitational interac-

tions to the subregions will lead to a less complicated algebra of operators called type II von

Neumann algebra. For this algebra, even though microstates still do not exist, we can define

density matrices associated with the states a von Neumann entropy.

?The goal of chapter 4 is to provide such an example, in addition to black

holes and deSitter spacetimes, where the type of the von Neumann algebra of
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operators gets modified to a more mangable one as we add gravitation inter-

actions. A semi infinite subregion, which is a subregion that extends all the

way to the boundary, in AdS called an AdS-Rindler wedge is considered. This

spacetime is quite similar to the BTZ black hole and can be considered its gen-

eralization with no singularity. This analysis has also led to a novel renorm-

laization method of the Ryu-Takayanagi surface.

This modification to an easier type of von Neumann algerba was possible due to what is

called the crossed product construction [Takesaki, 1973,Witten, 2021b]. Adding gravita-

tional interactions to the theory will translate to applying the crossed product construction

to the type III1 algebra associated with the bulk subregions. In the several examples con-

sidered up till now, this procedure has led to either a type II1 or a type II∞ von Neumann

algebras. However, this construction is quite technical and it is important to grasp what we

are doing physically.

?To this end, the last chapter is concerned with physically elaborating what

the crossed product algebra is in quantum gravity. We use what is called the

covariant representation of an algebra and discuss it in general backgrounds.

We will use the fact that it is in a one to one correspondence with the repre-

sentations of the crossed product algebra to elucidate the physical meaning of

the cross product algebra.
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like a jigsaw puzzle, starting with a description of the

most basic interactions ...

Mario Livio

2
Holography and Localization of

Information in QuantumGravity

22



This chapter consists of the paper [Bahiru et al., 2023] written in collab-

orationwith Alexandre Belin, Kyriakos Papadodimas, Gabor Sarosi and

Niloofar Vardian. The original abstract is as follows:

Within the AdS/CFT correspondence, we identify a class of CFT operators which rep-

resent diff-invariant and approximately local observables in the gravitational dual. Pro-

vided that the bulk state breaks all asymptotic symmetries, we show that these operators

commute to all orders in 1/N with asymptotic charges, thus resolving an apparent tension

between locality in perturbative quantum gravity and the gravitational Gauss law. The in-

terpretation of these observables is that they are not gravitationally dressed with respect to

the boundary, but instead to features of the state. We also provide evidence that there are

bulk observables whose commutator vanishes to all orders in 1/N with the entire algebra

of single-trace operators defined in a space-like separated time-band. This implies that in a

large N holographic CFT, the algebra generated by single-trace operators in a short-enough

time- band has a non-trivial commutant when acting on states which break the symmetries.

It also implies that information deep in the interior of the bulk is invisible to single-trace

correlators in the time-band and hence that it is possible to localize information in pertur-

bative quantum gravity.

2.1 Introduction

It is generally believed that in quantum gravity, space-time locality is an emergent notion

which becomes accurate and useful in certain limits of the underlying theory. This perspec-

tive is realized in the AdS/CFT correspondence [Maldacena, 1998]: bulk locality becomes

precise in the largeN, strong coupling limit and when probing the theory with simple
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enough operators. Moreover, a large number of proposals aiming to resolve the black hole

information paradox rely on a certain amount of non-locality [’t Hooft, 1985, Susskind

et al., 1993,Giddings, 2013,Bousso, 2013,Papadodimas & Raju, 2013,Verlinde & Verlinde,

2013,Maldacena & Susskind, 2013, Penington, 2020a,Almheiri et al., 2020,Almheiri et al.,

2019, Penington et al., 2022, Laddha et al., 2021]. A natural question is to understand

whether non-local features of quantum gravity are visible only in the non-perturbative

regime, or whether remnants of non-locality are also visible at the perturbative level.

Even in classical general relativity it is not entirely straightforward to formulate the con-

cept of locality, as it is non-trivial to define local observables. Physical observables need to

be diff-invariant and, in order for them to also be local, they have to be associated to points

in space-time which have to be specified in a diff-invariant way. If the space-time has a

boundary, a standard approach is to define points relationally with respect to the boundary

or by completely fixing the gauge. We say that these observables are gravitationally dressed

with respect to the boundary. However, the resulting observables, while diff-invariant, are

not strictly localized and have non-vanishing Poisson brackets at space-like separation. A

particular aspect of this difficulty is related to the gravitational Gauss law: in gravitational

theories defined with asymptotically flat or AdS boundary conditions, the Hamiltonian,

and other asymptotic symmetry charges, are boundary terms. Acting with a candidate lo-

cal, diff-invariant observable in the interior of space will generally change the energy of the

state, which is immediately measurable at space-like separation due to Gauss’s law.

Despite these difficulties, at the classical level, there are ways of defining local and diff-

invariant observables in the neighborhood of a state, provided that the state is sufficiently

complicated. A class of such observables introduced a long time ago [Komar, 1958,Bergmann
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&Komar, 1960, DeWitt, 1962] will be reviewed in sub-section 2.2.3, see also [Giddings

et al., 2006,Marolf, 2015, Khavkine, 2015] for more recent discussions. These observables

respect the causal structure of the underlying space-time, in the sense that their Poisson

brackets at space-like separation vanish. In particular, provided that the state we are consid-

ering is complicated enough, the action of these observables is not visible by the boundary

Hamiltonian, as these observables only rearrange energy in the interior of space. The price

we have to pay is that these observables are not defined globally on the phase space of solu-

tions. They have desired properties only for certain states.

A natural question is to what extent can such local diff-invariant observables be defined

at the quantum level. As mentioned above, we do not expect to be able to find exactly local

diff-invariant observables at the non-perturbative level, however it may be possible to do so

in perturbation theory. This question is important in order to be able to quantify depar-

tures from locality in quantum gravity and to understand if there is a way to generalize the

structure of algebras of observables of quantum field theory to situations where gravity is

included perturbatively.

It is useful to formulate these questions in the context of the AdS/CFT correspondence.

We consider a CFT state |Ψ0⟩ that is dual to a semi-classical asymptotically AdSd+1 geom-

etry in global coordinates and a short time-band near the boundary as shown in Fig. 2.1.

We consider the algebraA of observables in semi-classical gravity which are localized in this

time band. This algebra includes the Hamiltonian and other asymptotic charges. From the

point of view of the dual CFT, it is natural to identify the algebraAwith the algebra gen-

erated by single-trace operators localized in this time-band, we will call it the “single-trace

algebra”. The expectation is that the single-trace algebraA corresponds to the causal wedge
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of the time-band [Banerjee et al., 2016]1. Notice that here we have causal-wedge recon-

struction and not entanglement wedge reconstruction, as we are looking only at the single-

trace subalgebra. In the CFT the notion of a time-band algebra only makes sense at large

N, since largeN generates a natural hierarchy between operators that are small combina-

tions of single-trace operators and arbitrarily complicated operators. For finiteN there is no

such hierarchy and the time-slice axiom would imply thatA is the full CFT algebra2. Al-

gebras of single-trace operators in holographic CFTs have been discussed in [Papadodimas

& Raju, 2013, ?, Papadodimas & Raju, 2014a] and more recently in [Leutheusser & Liu,

2021a, Leutheusser & Liu, 2021b,Witten, 2021b, Chandrasekaran et al., 2022b, Bahiru,

2022,Leutheusser & Liu, 2022].

If the time-band is short enough, then there is a region in the bulk which is space-like

with respect to the time-band. We will refer to this region as the “diamond”3. If we were

able to define diff-invariant observables localized in the diamond, they should commute

with the algebraA. As already mentioned, the question is non-trivial as these observables

must be gravitationally dressed and if we use the boundary to dress them, then they will not

commute withA. For example, it appears that since the HamiltonianH is an element of

A it would be able to detect any excitation added in the interior of the diamond using the

gravitational Gauss law. To summarize, the question we want to examine:
1A different approach for studying time-bands based on gravitational entropy and minimal surfaces

was initiated in [Balasubramanian et al., 2013, Balasubramanian et al., 2014, Myers et al., 2014, Headrick
et al., 2014b]. It would be interesting to understand possible connections between those ideas and the results
presented in this paper.

2We do not include in the single-trace algebra elements like eiHtO(t = 0, x)e−iHt with t = O(N0) and
large enough to exit the time-band. Such “precursor” operators are complicated from the point of view of
operators in the time-band and go beyond the semi-classical description.

3For now we assume that the state has simple topology and there are no black hole horizons in the inte-
rior.
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Figure 2.1: The single‐trace operators localized in the time band t ∈ (−ε, ε) × Sd−1 (dark blue region on boundary)
form an algebraA which is conjectured to be dual to the causal wedge of the region (light blue). If the state |Ψ0⟩ of the
system breaks all symmetries, then the causal diamond in the middle (light red), which is spacelike separated from the
time‐band, corresponds to the commutantA′ of the algebraA when acting on the code subspace of the state |Ψ0⟩.

Does the algebraA, when acting on the state |Ψ0⟩ and small perturbations

around it, have a non-trivial commutant in the 1/N expansion?

As we will discuss later, we need to refine the question by demanding that the commu-

tant acts non-trivially within the code-subspace of the state, in order to avoid obvious but

uninteresting constructions4. We emphasize that we do not expect the algebra to have a

commutant at finiteN [Banerjee et al., 2016].

A closely related question is that of localization of information. According to AdS/CFT

the quantum state of the CFT at any moment in time contains the full information of

the bulk. In particular, if we had considered the full algebra of all operators in the time-

band, as opposed to the algebra generated by few (relative toN) single-trace operators, then

we would be able to reconstruct the interior of the diamond. Suppose however, that we

only have access to the algebraA of single-trace operators in the time band. Can we then
4 For example, for a complicated state with energy ofO(N2), a unitary which rotates the phase of a single

energy eigenstate will have commutators ofO(e−N2

)with all elements ofA. However, this would not be an
interesting example, as this operator is generally ”invisible” from the bulk point of view and does not create
excitations inside the diamond.
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reconstruct the information of whatever is hidden inside the diamond? This can also be

rephrased as follows:

Given a state |Ψ0⟩, can we find another state |Ψ0⟩′ such that the correlators of

the single-trace algebraA in the time-band, evaluated on these two states agree

to all orders in 1/N, but correlators of single-trace operators differ at O(N0)

outside the time-band?

The intuition here is that we want to find a state |Ψ0⟩′ which contains an additional exci-

tation relative to |Ψ0⟩ in the interior of the diamond which becomes visible by single-trace

operators only after a light-ray has reached the boundary i.e. in the future or past of the

time-band. If the algebraA had a commutant then we could take |Ψ0⟩′ = U(A′)|Ψ0⟩ for

some unitaryU built out of operators A′ in the commutant.

We will provide evidence that the answer to the two aforementioned questions is posi-

tive, provided that the state |Ψ0⟩ is complicated enough. The reasoning was first outlined

in [Bahiru et al., 2022]. In this paper we extend the construction in a few ways and provide

additional arguments and examples.

Standard approaches to bulk reconstruction lead to observables which are relationally

defined with respect to the boundary. This is the case for the HKLL reconstruction [Banks

et al., 1998, Bena, 2000, Hamilton et al., 2006d, Hamilton et al., 2006c, Hamilton et al.,

2007b,Hamilton et al., 2008b,Heemskerk et al., 2012], as well as approaches based on the

Petz map [Cotler et al., 2019a,Chen et al., 2020a] or modular reconstruction [Jafferis et al.,

2016a, Faulkner & Lewkowycz, 2017a], as they all require some sort of boundary dressing.
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For concreteness we start with a standard HKLL operator given by

Φ(t, r,Ω) =

∫
bdry

dt′ dΩ′
d−1K(t, r,Ω; t′,Ω′)O(t′,Ω′) . (2.1)

HereK is a particular Green’s function which depends on the background metric. Im-

plicit in this expression is a gauge-fixing scheme in a particular coordinate system, which is

uniquely determined by making use of the boundary. If we pick the point (t, r,Ω) to be in

the diamond, the operator 2.1 commutes with all single-trace operators in the time band at

largeN. At subleading orders multi-trace corrections need to be added to 2.1 to ensure van-

ishing commutators. However the commutator with the Hamiltonian and other asymp-

totic charges, which is nonzero at order 1/N, cannot generally be corrected by multi-trace

corrections. The physical reason is that the operator 2.1 is gravitationally dressed with re-

spect to the boundary. The non-vanishing commutator withH appears to be an obstacle in

identifying 2.1 as an element of the commutant ofA [Giddings & Kinsella, 2018,Donnelly

& Giddings, 2016].

In this paper we present a way to find operators which commute with the asymptotic

charges to all orders in 1/N, while at the same time create excitations in the interior of the

diamond similar to those of the HKLL operator. These operators can be defined provided

the state |Ψ0⟩ that we are considering breaks all asymptotic symmetries. These operators

correspond to observables gravitationally dressed with respect to features of the state.

A crucial starting observation is that if a state |Ψ0⟩ is dual to a bulk geometry which

breaks the asymptotic symmetries, then the overlap

⟨Ψ0|U(g)|Ψ0⟩ g ∈ SO(2, d) , (2.2)
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is generally exponentially small, of orderO(e−aN2
)with Re(a) > 0 provided that the

element g is sufficiently far from the identity5. Here SO(2, d) represents the asymptotic

symmetry group of AdSd+1. We will quantify this statement more precisely in the later sec-

tions. In fact, we will provide evidence that if we introduce the code subspace around the

state |Ψ0⟩, defined as

H0 = span{|Ψ0⟩,O(t,Ω)|Ψ0⟩, ...,O1(t1,Ω1)...On(tn,Ωn)|Ψ0⟩} , (2.3)

and similarlyHg for the stateU(g)|Ψ0⟩ then any inner product between unit normalized

states ofH0,Hg will also be of orderO(e−aN2
).

Starting with a standard HKLL operator Φ we consider the operator

Φ̂ = c
∫
B
dμ(g)U(g)P0ΦP0U(g)−1 , (2.4)

where P0 denotes the projector on 2.3 and dμ(g) is the Haar measure on SO(2, d) and B is a

reasonably sized neighborhood of SO(2, d) around the identity. The overall normalization

constant cwill be specified later. The main claim, which will be discussed in section 2.4,

is that operators 2.4 have the desired properties: their commutators with the asymptotic

symmetry chargesQ of SO(2, d) are exponentially small

[Q, Φ̂] = O(e−N2

) , (2.5)

when acting on the code subspace, while at the same time, the leading large-N action of Φ̂
5But not too far. The state may return to itself in compact directions of the conformal group or approxi-

mately back to itself due to Poincare recurrences.
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on the code subspace 2.3 is the same as that of the corresponding HKLL operator Φ, that is

⟨Ψ1|Φ̂|Ψ2⟩ = ⟨Ψ1|Φ|Ψ2⟩+ O(1/N) ∀ |Ψ1⟩, |Ψ2⟩ ∈ H0 . (2.6)

The interpretation is that by performing the integral 2.4 we have removed the gravitational

dressing of the operators from the boundary and moved it over to the state. This is only

possible on states where 2.2 decays sufficiently fast.

The operators 2.4 have vanishing commutators with the asymptotic charges to all orders

in 1/N. This demonstrates that the apparent obstacle to identifying a commutant due to

Gauss’s law can be overcome. In order to find a true commutant we need to ensure van-

ishing commutators to all orders in 1/Nwith all single-trace operators in the time-band

algebra. It would be interesting to explore whether a formula achieving this goal and similar

to 2.4 can be derived, possibly by integrating over the unitary orbits generated byA.

We provide an alternative formal argument supporting the idea that the algebraA has a

nontrivial commutant when acting on the code subspaceHcode of a complicated state |Ψ0⟩.

To see that we consider an operator Φ̂ defined by

Φ̂A|Ψ0⟩ = AΦ|Ψ0⟩ ∀A ∈ A , (2.7)

where again Φ is a standard HKLL operator. This represents a set of linear equations, one

for each A ∈ A, which define the action of Φ̂ onH0. A sufficient condition for the consis-

tency of these equations is that for all non-vanishing operators A ∈ Awe have A|Ψ0⟩ ̸= 0.

In section 2.5 we provide evidence that this is true in the 1/N expansion. Given that these

equations are consistent, we will show in section 2.5 that the operators Φ̂ defined by 2.7
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obey the following properties: i) by construction they commute with operators inA and

ii) to leading order at largeN act like HKLL operators. This provides evidence that the al-

gebraA has a commutant in the 1/N expansion. As mentioned earlier, a commutant is

not expected at finiteN. Indeed, at finiteN it is possible to find complicated operators in

the time-band which annihilate the state |Ψ0⟩ and equations 2.7 do not have a consistent

solution.

If we take the state |Ψ0⟩ to be the vacuum, i.e. empty AdS, then the previous construc-

tion fails: since the vacuum is invariant under the asymptotic symmetries we no longer have

the decay of 2.2 and 2.6 fails. Also 2.7 fails because there are operators in the time-band,

in particularH, which annihilate the state. We emphasize that this failure is not a limita-

tion of our particular construction. Instead the interpretation of this failure is that since

empty AdS has no bulk features, the only way to specify a point in the bulk is by dressing

it to the boundary. Hence any bulk diff-invariant operators acting around the vacuum will

not commute with the asymptotic charges [Giddings & Kinsella, 2018, Donnelly & Gid-

dings, 2016]. This can also be seen from the fact that even classically, the local diff-invariant

observables cannot be defined properly in the vacuum.

We emphasize that the results of this paper do not contradict the claim of [Chowdhury

et al., 2022] that specifically for perturbative states around empty AdS, it is possible to re-

construct the state from correlators in the time-band. However we notice that interesting

states, that is, states which have bulk observers capable of performing physical experiments,

are expected to be of the form where the symmetries are broken and the construction pre-

sented in this paper can be applied.

If the state |Ψ0⟩ corresponds to a black hole state, and if the variance of the asymptotic
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charges scales likeN2 6 we find that using the operators 2.4 we can create excitations be-

hind the horizon which cannot be detected by correlators of single-trace operators in the

1/N expansion. Understanding how to diagnose these excitations from a CFT calculation

remains an outstanding open problem. We emphasize that this does not contradict the fact

that, generally, excitations created by unitaries on top of typical states with small energy

spread can be detected by single-trace correlators [?, Papadodimas & Raju, 2016, ?]. Such

states with small energy spread are those for which our construction cannot be applied.

The operators we identify provide evidence supporting the idea that locality is respected

in perturbative quantum gravity and that information can be localized in subregions at

the level of perturbation theory, provided that the underlying state is sufficiently com-

plicated. It also suggests that it should be possible to associate algebras of observables to

subregions. However these observables have certain features of state-dependence, since

both 2.4 and 2.7 give operators which are defined only on the code-subspace of the origi-

nal state |Ψ0⟩. It is certainly possible to extend the domain of definition of our operators

by combining together code subspaces of sufficiently different states, each one of which

must break the asymptotic symmetries, thus partly eliminating the state-dependence of the

operators. However the number of these states must not be too large, otherwise the small

overlaps between the code subspaces start to accumulate and modify the correlators. This

becomes particularly relevant for black hole states, where we do not expect to have oper-

ators with the desired properties defined globally for most microstates and some genuine

state-dependence is expected.

The plan of the paper is as follows: in section 2.2 we review background material about
6For example, this is true for black hole states with energy spread similar to the canonical ensemble.
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various aspects of locality in field theory and gravity. In section 2.3 we describe the setup

in AdS/CFT and study the decay of the inner product 2.2. In section 2.4 we introduce the

operators 2.4 and discuss their basic properties. In section 2.5 we provide an alternative

argument for the existence of a commutant based on equations 2.7. In section 2.6 we con-

sider various examples. In section 2.7 we consider aspects of our operators in the presence

of black holes. Finally we close with a discussion of open problems in 2.8.

2.2 Aspects of locality in field theory and gravity

In this section, mostly addressed to non-experts, we review some background necessary

to explore the question of localizing information in different regions of space. A closely

related question is the association of algebras of observables to subregions and the factor-

ization of the Hilbert space. We start with non-gravitational field theories, where a non-

dynamical background space-time can be used in order to define sub-regions and their

causal relations, and then we consider the additional complications when gravity is taken

into account.

In relativistic theories we expect that signals and information cannot travel faster than

light. We then want to address the following question: consider an initial space-like slice

Σ and divide it into a compact subregionD and its complementD′. We denote by J(D′)

the domain of dependence ofD′. The question is the following: is it possible to modify

the state7 in regionDwithout affecting the state in J(D′). If the answer is positive then an

observer initially inD′, and confined to move in J(D′), cannot reconstruct information

about the interior ofD. Then we say that information can be localized.
7Either classical state, or quantum density matrix.
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2.2.1 Classical field theories

At the classical level this question can be addressed by studying the initial value problem:

we specify initial data C on a spacelike slice Σ and then look for a solution in the entire

space-time, or at least a neighborhood of the slice Σ, compatible with the initial data. The

initial data will typically include the values and time-derivatives of various fields of the the-

ory. The theories we will be considering have gauge invariance. One of the implications

is that the existence of a solution is guaranteed only if the initial data satisfy certain con-

straints. In relativistic field theories theories the dynamical equations are hyperbolic, which

ensures that signals propagate forward from Σ at most at the speed of light. On the other

hand the constraint equations for initial data are of elliptic nature. This makes the question

of being able to specify the initial data independently in regionD and its complementD′

non-trivial. It is thus convenient to divide the question formulated above in two steps:

• A. Localized preparation of states: for given initial data C1 on Σ satisfying the con-

straints, to what extent can we deform to other initial data C2, also satisfying the

constraints, such that C1, C2 agree onD′, possibly up to a gauge transformation, but

differ essentially8 onD?

• B. No super-luminal propagation: suppose we are given two initial data C1, C2

which satisfy the constraints, which agree onD′ and differ onD. We then want to

show that the two corresponding solutions agree on J(D′), possibly up to a gauge

transformation.

We will return to the classical problem in theories with gauge invariance in the following
8i.e. cannot be matched by a gauge transformation onD.
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subsections. For now we briefly consider the simplest example of a free Klein-Gordon field

in flat space obeying□φ = m2φ. We consider initial data on the slice Σ corresponding to

t = 0. The initial data on this slice are parametrized by C = {φ(t = 0, x), ∂0φ(t = 0, x)}.

In this case condition Amentioned earlier is clearly satisfied: the initial data do not need

to obey any constraint, so we can simply select the functions φ, ∂0φ to have any smooth

profile with features strictly localized inD. Notice that this requires the use of non-analytic

initial data. Condition B is also satisfied, see [Wald, 1984] for a basic review.9

2.2.2 Localization of information in QFT

In non-gravitational QFT we can associate algebras of observables to space-time regions

[Streater &Wightman, 1989, Haag & Kastler, 1964, Haag, 1992b]. Locality is exact, and

is expressed by the condition that algebras corresponding to space-like separated regions

commute. An analogue of the initial value problem in QFT is expressed by the condition

of primitive causality or relatedly the time-slice axiomwhich postulates that the only oper-

ators commuting with the algebra generated by operators in a time-band are proportional

to the identity. Moreover a local version of these statements postulates that the algebra of

operators in a subregion coincides with the algebra of operators in the causal domain of

dependence of the subregion [Haag & Schroer, 1962a].

An intuitive way to see that that information can be localized in QFT is as follows: sup-

pose |Ψ0⟩ is a state in the Hilbert space of the QFT. Consider a unitary operatorUD con-

structed out of observables localized inD and the new state |Ψ⟩ = UD|Ψ0⟩. The unitary
9In the case of non-relativistic theories, for example the heat equation, which is first order in time and

hence not hyperbolic, we are able to specify the initial data in subregions independently but the speed of
propagation is unbounded. Hence the heat equation obeys condition A but not B.
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UD modifies the state by creating an excitation in regionDwhich encodes the desired infor-

mation in that region. For any observationOD′ in regionD′, and more generally in J(D′),

we have

⟨Ψ|OD′|Ψ⟩ = ⟨Ψ0|U†
DOD′UD|Ψ0⟩ = ⟨Ψ0|OD′|Ψ0⟩ , (2.8)

where we used [UD,OD′ ] = 0. Hence states |Ψ⟩, |Ψ0⟩ are indistinguishable by measure-

ments in J(D′) and the excitation created byUD inD is invisible in J(D′).

Comments on the split property

More generally we would like to know whether it is possible to independently specify the

quantum state in space-like separated regions. The question is non-trivial since in most

quantum states these regions will be entangled. It is believed that, as long as the regions in

question are separated by a finite buffer region, then the answer should be positive. This is

related to the split property of quantum field theory [Haag, 1992b, Roos, 1970, Buchholz,

1974,Doplicher & Longo, 1984].

The split property can be defined as follows: consider the causal diamond whose base is

a ballD1 and the corresponding operator algebraAD1 . Consider a slightly larger ballD2,

containingD1, with corresponding operator algebraAD2 in its causal diamond. The split

property is satisfied if we can find a type I von Neumann algebra of operatorsN such that

AD1 ⊂ N ⊂ AD2 . It has been shown that quantum field theories with a reasonable ther-

modynamic behavior, as expressed in terms of nuclearity conditions (see [Haag, 1992b] for

an introduction), satisfy the split property. Using the algebraN we can have strict localiza-

tion of quantum information which is completely inaccessible from J(D′
2).

Equivalently, the split property can be defined by the existence of a state |φ⟩which is
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cyclic and separating for the algebraAD1∪D′
2
and such that

⟨φ|a b|φ⟩ = ⟨0|a|0⟩⟨0|b|0⟩ ∀ a ∈ AD1 , b ∈ AD′
2
, (2.9)

where |0⟩ is the Minkowski vacuum andD′
2 denotes the complement ofD2. In the state

|φ⟩, the mutual information between regionsD1 andD′
2 is vanishing. Such a state is not

uniquely defined, since for any unitaryU ∈ A(D′
1∩D2) a state of the formU|φ⟩will also

satisfy 2.9.

Starting with a split state |φ⟩we can construct more general states by exciting the two re-

gionsD1 andD′
2 acting with localized operators in the corresponding algebras. Since there

is no entanglement betweenD1 andD′
2 in the split state |φ⟩ the two algebras act indepen-

dently and we can arbitrarily approximate an excited state inD1 and another state inD′
2.

An interesting question is to estimate the energy of a split state. We do not expect a split

state to be an energy eigenstate, so in general it will have non-vanishing energy variance.

Here we provide some very heuristic arguments about the expectation value of the energy.

As a starting point, let us consider a CFT onR1,d−1 with coordinates x0, x1, ..., xd−1. We

define two regions to be the causal domains of two slightly displaced Rindler wedges with

bases x0 = 0, x1 < −ε and x0 = 0, x1 > ε respectively. The two wedges are separated by

the buffer region−ε < x1 < ε. In this case the total energy of the split state will be infinite

due to the infinite planar extension of the regions in the transverse directions. However, we

expect to have a finite energy per unit area E . Since we are dealing with a CFT then the only

scale in the problem is the size ε of the buffer region. Hence by dimensional analysis the

energy per unit area will scale like E = s
εd−1 where s is a constant depending on the CFT. If

we now consider a more general compact regionD1 of typical sizeR, which is separated by
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a small buffer region of typical size ε fromD′
2 then we would expect that a split state with

respect toD1,D′
2 will have energy which in the ε→ 0 limit will scale like

E = s
A(∂D1)

εd−1
+ O(

ε
R
) , (2.10)

where A(∂D1) is the area of the boundary ofD1. This is a heuristic estimate and it would be

interesting to investigate it more carefully.

As mentioned above, this is the expectation value of the energy and it would be inter-

esting to understand the spectral decomposition of a split state in the energy basis. Notice

that a split state does not respect the Reeh-Schlieder property with respect to the algebra

AD1 This implies in particular that the split state should have non-compact support in en-

ergy, since otherwise the Reeh-Schlieder property would have to hold forD1, see for exam-

ple [Witten, 2018].

Subtleties with gauge invariance

Consider U(1) gauge theory minimally coupled to a charged scalar with LagrangianL =

−1
4
FμνFμν − (Dμφ)∗Dμφ , Dμφ = ∂μφ − igAμφ. The system hasU(1) gauge invariance

Aμ → Aμ + ∂μΛ, φ→ eigΛφ. The dynamical equations are

∂νFμν = ig(φ∂μφ∗ − φ∗∂μφ)− 2g2Aμφ∗φ (2.11)

□φ = ig(∂μAμ)φ + 2igAμ∂μφ + g2AμAμφ . (2.12)
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In this case the initial data are C = {Aμ(t = 0, x), ∂0Aμ(t = 0, x), φ(t = 0, x), ∂0φ(t =

0, x)}. Here we encounter the subtleties mentioned for gauge systems: initial data related

by a gauge transformation are physically equivalent and initial data are admissible (i.e. lead

to a solution) only if the obey a constraint, the Gauss law, which is the μ = 0 component of

the first equation in 2.11

∂i(∂0Ai − ∂iA0) = ig(φ∂0φ∗ − φ∗∂0φ)− 2g2A0φ∗φ . (2.13)

We now revisit the two properties mentioned in subsection 2.2.1. The fact that the dynam-

ical part of 2.11 obey condition B follows from general properties of hyperbolic equations

of this type. Let us now examine question A in this theory. From 2.13 we see that if we try

to deform the initial data in regionD, then we may be forced to change them inD′ too. For

example if we turn on a profile for the scalar in regionDwith total non-zero charge, then

the gauge field has to be turned on in regionD′. The Gauss law constraint 2.13 is of the

familiar form∇ · ~E = ρ. This imposes the constraint that
∮
∂D

~E · d~S = QD.

However it is clear that once we make sure that the initial data inD′ are compatible with

the Gauss constraint from the total chargeQD enclosed inD, there are many ways of re-

arranging the initial data in regionD keeping those inD′ fixed. In other words there are

deformations of the constraint equation 2.13, which are not gauge-equivalent, and which

have compact support localized inD. This means that theory under consideration obeys

condition A.

Moving on to the quantum theory, we can considerU(1) gauge theory weakly coupled

to matter. As in the classical theory the total chargeQ enclosed in a region can be measured

on its boundary and the total charge of the entire state can be measured at space-like infin-
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ity. At the quantum level we can get information not only about the expectation value of

the charge but all the higher moments

⟨Ψ|Qn|Ψ⟩ , n = 1, 2, .... (2.14)

To proceed it is useful to consider observables in this theory. Physical observables must

be gauge invariant. In aU(1) gauge theory there are several examples of such observables

which are also local, for example local operators constructed out of Fμν(x) or φ∗(x)φ(x).

Other interesting gauge invariant operators which are not completely local, but can be

contained in compact regions are closedWilson loops eig
∮
C Aμdxμ or bilocals of the form

φ∗(x)eig
∫ y
C,x Aμdxμφ(y). All these operators are neutral and do not change the electric charge

of the regionD, if they are entirely contained inD. We can use such operators localized in

regionD to construct unitariesUD which can be used to modify the state insideD leaving

all correlators outside invariant, as in 2.8. So information can be localized in this theory if

we work with neutral operators.

But what if we want to create an excitation in regionDwhich has non-zero charge? We

already know from the classical problem that it will not be possible to add a charge inD

without affecting the exterior due to Gauss law 2.13. The same is true at the quantum level.

A charged operator φ inD is not gauge invariant. It can be made gauge invariant by dress-

ing it with a Wilson line extending all the way to infinity. We can think of the Wilson line

as a localized tube of electric flux ensuring that Gauss law is satisfied. It may be energetically

better to smear the Wilson line in a spherically symmetric configuration. The important

point is that the dressed operator Φ(x) = eig
∫ x
∞ Aμdxμφ(x) is no longer a local operator,

though it is gauge invariant. If we act with a unitary made out of this operator, we will
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modify correlators outsideD and 2.8 will fail. This means that the addition of the charge in

D can be detected immediately outside. This is not surprising, as the same thing is already

visible at the classical level.

However, looking a bit more carefully, we run into certain somewhat surprising features

of the quantum theory. Suppose we have several charged fields φi, labeled by a flavor index

i, with the same electric charge. We construct the corresponding dressed operators Φi(x) =

eig
∫ x
∞ Aμdxμφi(x), using some particular prescription for the Wilson line. These obey

[Q,Φi(x)] = gΦi(x) , (2.15)

whereQ =
∫
S2∞
∗F is the charge operator which can be measured at space-like infinity.

Suppose the point x = 0 is insideD. We create a charged excitation of type i in regionD

by acting on |0⟩with a unitaryUi = eiεΦi(0). Then we study correlators in regionD′ in the

stateUi|0⟩ in perturbation theory. Consider a correlator ofQ and Φj(x) in regionD′.

⟨0|U†
iΦj(x)QUi|0⟩ = ⟨0|Φj(x)|0⟩+ iε⟨0|[Φj(x)Q,Φi(0)]|0⟩+O(ε2) , (2.16)

where to leading order in the perturbative expansion the second term is

⟨0|[Φj(x)Q,Φi(0)]|0⟩ = g⟨0|Φj(x)Φi(0)|0⟩ ∝ δij . (2.17)

Hence by measuring correlators of all φj(x) andQ inD it seems that we can detect not

only the presence of a charge inD, which is expected by Gauss’s law, but we can even iden-

tify the flavor of the charged particle, i.e. the value of the index i in the interior ofD. A
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similar argument in the gravitational case was discussed in [?, ?] for black hole states and

in [Chowdhury et al., 2021] around empty AdS.

The reason we were able to get information beyond the total charge inD is that in the

vacuum the fields have non-trivial entanglement, on which the non-vanishing 2-point

function 2.17 depends. When we act with the unitary containing the Wilson line, the Wil-

son line disturbs the pattern of entanglement in such a way that it breaks the symmetry

between the fields φi and we can detect fromD′ the flavor of the excitation inD

This suggests a way to avoid the issue and succeed in hiding the flavor of charge inD. We

start with the analogue of a split state in the U(1) gauge theory, see the discussion in [Don-

nelly & Giddings, 2017], and then create the charged excitation inD by acting with the

same unitary. In that case there is no entanglement betweenD andD′ and hence 2.17 will

vanish making it impossible to tell frommeasurements inD′ what is the type of charged ex-

citation inD. (A more mundane way to hide the charge is to add ”screening charges” in the

buffer region, but here we want to discuss how information can be localized even though a

Wilson line extends all the way to infinity.) This requires creating the charged excitation on

top of the split state, with typical energy scaling like 2.10, rather than the ground state.

2.2.3 Classical andQuantumGravity

First we notice that in non-perturbative quantum gravity we do not expect to be able to

localize information in space: holography and AdS/CFT suggest that the fundamental de-

grees of freedom in quantum gravity are not local, but rather lie at the boundary. Moreover

there is strong evidence that an ingredient towards the resolution of the black hole infor-

mation paradox is that the naive factorization of the Hilbert space in space-like separated

43



subregions may not be true in the underlying theory of quantum gravity.

On the other hand at the classical level in General Relativity we do have an exact notion

of locality and information can be localized, as we will discuss below. An interesting ques-

tion, which is the main focus of this paper, is to understand the fate of locality at the level

of perturbative quantum gravity.

On the initial value problem of general relativity

In General Relativity the initial value problem is formulated by starting with a spacelike

slice Σ and specifying the data C = (hab,Kab)where hab is the intrinsic metric andKab the

extrinsic curvature of Σ. If we have matter then the values of the fields and their normal

derivatives need to be specified. Initial data related by spatial diffeomorphisms on the slice

Σ are gauge-equivalent and have to be physically identified. In general relativity there is one

more subtlety: even if we have two initial data on the slice Σ which are not related by a spa-

tial diffeomorphism, they may still correspond to the same physical solution in space-time.

This is related to the freedom of choosing the initial slice Σ in space-time and diffeomor-

phism invariance in full space-time.

Admissible initial data, which can be extended into a solution of the Einstein equations

must obey the following constraints

R+ (Ka
a)

2 − KabKab = 16πGρ (2.18)

∇aKab −∇bKc
c = −8πGJb , (2.19)
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whereR is the Ricci scalar of hab on Σ, the covariant derivatives are with respect to hab on Σ,

na is the unit normal to Σ and ρ = Tabnanb and Jb = −hcbTcana.

We now want to address the question of localization of information in classical general

relativity, as formulated in subsection 2.2.1. A theorem, see for example [Hawking & Ellis,

2011,Wald, 1984], settles question B for pure general relativity: if we have two admissible

initial data which agree, up to spatial diffeomorphism, on a partD′ of Σ, then the corre-

sponding solutions will agree, up to a space-time diff, on the development ofD′. This con-

tinues to be true in the presence of matter provided certain reasonable conditions are satis-

fied. This shows that in general relativity signals propagate at most at the speed of light: if

we modify the initial data only in the regionD, then the signals will propagate in the causal

future ofD.

Then we come to question A, that of localizing information on compact regions on Σ:

to what extent is it possible to find two initial data satisfying the constraints 2.18, 2.19,

which agree onD′ but differ onD? (Here we need to keep in mind that even if the initial

data differ onD they may correspond to the same solution in space-time, as they may cor-

respond to two different choices of the slice Σ in the same space-time solution.) The equa-

tions 2.18 and 2.19 are non-linear and of elliptic nature, though underdetermined. Under-

standing the space of solutions of the constraint equations is an interesting problem which

has been studied extensively in the literature. Here we summarize some relevant points:

1. Gravitational Gauss law: in asymptotically flat or AdS space-times, the energy and

other conserved charges are defined at space-like infinity. The constraints of general

relativity relate these asymptotic charges to contributions from excitations in the

interior of space-time. For example, in the Newtonian limit the constraint equations
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reduce to the gravitational analogue of Gauss’s law

□φ = 4πGρ .

As in electromagnetism this implies that the initial data in regionD′ know about the

total mass enclosed inD.

2. Existence of localized deformations: it is possible to find many solutions of the

constraint equations which look the same in the domainD′ but differ onD. For ex-

ample, if we restrict our attention to spherically symmetric solutions, Birkhoff’s the-

orem implies that there is a large number of solutions of 2.18 and 2.19 which all look

like the Schwarzschild metric of massM inD′ but differ inD. Examples include

static, interior, star-like geometries supported by matter or more generally spheri-

cally symmetric, time-dependent collapsing geometries of massM. More generally,

it has been shown [Corvino & Schoen, 2006] that under reasonable conditions a

compact patchD of a solution of the constraints 2.18 and 2.19 can be glued to a

boosted, Kerr solution inD′ of appropriate mass, angular momentum, momentum

and center of mass position. The existence of a large number of solutions, which all

look exactly the same inD′ demonstrates that it is possible to localize information in

classical general relativity.

3. Comments on the vacuum: For asymptotically AdS geometries, if a solution looks

like empty AdS inD′ we assume thatD is compact soD′ includes the region near

space-like infinity, then it is guaranteed to be empty AdS inD as well. In other words,

starting with the vacuum it is not possible to modify the initial data inD into a new
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solution, without at the same time modifying the solution inD′.

Diff-invariant observables in classical GR

We now consider the question of defining local diff-invariant observables in gravity. This is

a long-standing problem which is subtle even at the classical level. Let us consider general

relativity, possibly coupled to other fields, defined with certain asymptotic boundary con-

ditions at infinity (for example asymptotically flat or AdS) or on a closed manifold of fixed

topology. We denote byX the space of solutions of the equations of motion, in any pos-

sible coordinate system. On this space we have the action of the group Diff of diffeomor-

phisms10. Solutions related by a diffeomorphism are physically identified and we introduce

X = X/Diff . (2.20)

We can think of a diff-invariant observable as a function which has definite values on points

ofX . However, we do not demand an observable to be necessarily defined on the entire

space of solutionsX . Instead we will allow observables to possibly have a limited domain of

definition. Hence a diff-invariant observable is a map

A : U ⊂ X → R , (2.21)

whereU is an open subset ofX . Such observables can also be expressed as functions onX

which must obey A(s) = A(f∗s), where s denotes a solution in some coordinate system and

f∗ the action of a diffeomorphism.
10If the space-time is non-compact along space we only consider small diffeomorphism, i.e. those which

become trivial fast enough at infinity.
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In order for a diff-invariant observable to be local we need to impose additional condi-

tions. To formulate these conditions it is useful to introduce the Peierls bracket {A,B}

between two diff-invariant observables [Peierls, 1952], which is a covariant generalization

of the Poisson bracket. To compute the value of {A,B}we consider a modification of the

action as S → S + εA and compute the difference of the first order change of observable B

on the perturbed solutions with advanced (+) and retarded (−) boundary conditions. The

Peierls bracket is defined as11

{A,B} = δ−AB− δ+AB . (2.22)

It can be shown that the Peierls bracket has similar properties as the Poisson bracket, for

example linearity, antisymmetry and the Jacobi identity, and in fact coincides with the Pois-

son bracket if a Hamiltonian formalism is introduced. One of the advantages of the Peierls

bracket is that we do not need to pass to the Hamiltonian formalism which is somewhat

complicated due to the constraints. Notice that to define the Peierls bracket of two observ-

ables A,B they must have a common domain of definition onX and the bracket will be

generally a non-trivial function on this overlap.

We would like to define diff-invariant observables which can be associated to points in

space-time with the property that if two such observables are associated to space-like sepa-

rated points the corresponding Peierls bracket must vanish. The difficulty in doing this is

that in order to define an observable we need to define it at least in an open neighborhood

around a state as in 2.21, so we need some prescription for following ”the same point”, on
11The first order solutions are not unique due to diffeomorphism invariance, however the ambiguity drops

out when computing the change of the diff-invariant observable B.
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which the candidate diff-invariant observable will be localized, as we move on the space of

solutionsX . General covariance implies that there is no canonical way to keep track of the

point as we change the state.

If the space-time has a well-defined boundary we can find prescriptions which select a

point in space-time for each solution inX relationallywith respect to the boundary. For

example in AdS we can define a diff-invariant observable which seems to be localized at a

point by considering a radial geodesic at right angle from a specific point on the boundary,

moving a fixed regularized distance along it and measuring the value of a scalar quantity, for

example a scalar field or a scalar combination of the curvature, at the resulting point. This

gives a map from the space of solutionsX toR, so it is a diff-invariant observable which

could potentially be local. Notice however that the location of the resulting point depends

on the entire geometry along the geodesic, all the way from the boundary. Changing the

metric anywhere along this geodesic will move the resulting point. Hence the value of the

observable will not strictly depend on local data near the point. Similarly, if we act with one

of the asymptotic symmetries the boundary starting point will move and also the resulting

bulk point will move. This implies that the Peierls brackets of this candidate observable

with the boundary charges, or other observables along the geodesic will be non-zero, even

though these regions are space-like separated. Hence this relational observable is not really

local.

Another way to to define candidate local diff-invariant observables is to consider a com-

plete gauge fixing scheme. Then observables in the particular gauge labeled by a space-time

coordinates are automatically diff-invariant. However they will generally have non-local

Peierls brackets, since the assignment of a coordinate value to a point in space-time in the
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particular gauge, will generally depend on the solution everywhere.

Additional difficulties arise in space-times without boundaries, for example in de Sitter

space. A boundary is an (asymptotic) part of the spacetime where gravity is not dynamical

anymore. This is why we can for example anchor geodesics to the boundary, and define

relational diff-invariant observables. Without a boundary, there is no part of the space-time

where gravity is turned off, and consequently no place to anchor geodesics.

State-dressed observables

If we consider a solution that is sufficiently complicated it is possible to specify points, and

hence define local diff-invariant observables, by using features of the state. We emphasize

that these observables will not have all the desired properties over the entire space of solu-

tionsX , so these observables have certain aspects of state-dependence as discussed around

2.21. One approach based on this idea was studied by DeWitt [DeWitt, 1962], building

on [Komar, 1958, Bergmann & Komar, 1960]. For aD-dimensional space-time we start by

identifyingD scalar quantities Za, a = 1, ...,D. These can be combinations of curvature

invariants and other scalars formed by the fields of the theory. We could try to fix a coordi-

nate system by using theseD-scalars as coordinates. We can use this intuition to introduce

candidate local diff-invariant observables of the form

φ(Za
0) =

∫
dDx φ(x) δD(Za − Za

0) det
∂Z
∂x

. (2.23)

Here Za are theD scalar quantities introduced above and φ is any other scalar combination

of the fundamental fields of the theory. Similar constructions can be done for fields with

tensor indices.
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Some comments are in order:

1. For a general space-time which is in-homogenous, and for certain choices of the

values Za
0, the delta function in 2.23 will click on a finite number of points, so the

quantity above is well-defined and finite. In symmetric space-times it will either

not click at all, hence the observable will be zero, or an infinite number of times so

the observable will be ill-defined. This shows that 2.23 is a quantity which is de-

fined only on part of the phase space. This is in accordance with our expectation that

state-dressed observables have to be state-dependent 2.21.

2. Suppose that the observable 2.23 is well defined on a state s and a neighborhoodU

of the space of solutionsX around it. It is clear that, at least at the classical level, this

observable is diff-invariant, i.e. a well defined map φ(Za
0) : U ⊂ X → R and hence a

good observable according to the definition 2.21.

3. One can show that under certain conditions, observables 2.23 are also local. If we

have a state s on which two such observables φ(Za
A), φ(Zb

B) are well defined, with the

property that the delta functions click at single points A,B and that these points are

space-like separated with respect to the metric of s, then the corresponding observ-

ables have vanishing Peierls brackets {φ(Za
A), φ(Zb

B)} = 0, see [Dewitt, 1999] for

a review. This follows from the causality properties of linearized Green’s functions

appearing in 2.22 around the solution s. Notice that if two points A,B are spacelike

separated on a solution s, then there is a small enough neighborhood of s in which

they remain space-like separated. Hence their Peierls bracket will vanish in this entire

neighborhood.
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4. This shows that, as long as we accept that observables may be defined only locally

on the phase space of solutions, it is possible to find local, diff-invariant observables

in classical general relativity around states which are complicated enough. These are

also the interesting states, i.e. those containing bulk observers who want to study

physics in their environment.

5. Similar ideas are useful in cosmology, where the value of a scalar field can be used as

as clock [Page &Wootters, 1983,Kuchar, 2011, Isham, 1993].

The next question is whether it is possible to define similar observables at the quantum

level. Aspects of this question were discussed in [Giddings et al., 2006] and [Marolf, 2015],

where it was argued that there is a quantum version of these observables which retain their

locality properties to all orders in theh̄ expansion, even though they are not expected to be

local at the non-perturbative level. Various difficulties are encountered at the quantum level

including the question of the renormalization of the composite operators 2.23, establishing

diffeomorphism invariance at the quantum level and the role of Poincare recurrences which

will generally introduce infinite copies where the delta function will have support [Marolf,

2015]. In this paper we provide support in favor of this conjecture by finding observables

with certain similarities in spirit to 2.23 directly in CFT language. This has the advantage

that any object built directly in the CFT is by construction diff-invariant.

A time-band in AdS

We now specialize to a setup that will allow us to make contact with AdS/CFT.We con-

sider geometries that are asymptotically AdSd+1 and we consider a short time-band T−ε,ε on

the boundary in global coordinates, defined as the set of points (−ε,+ε) × Sd−1 , ε > 0,

52



where the first interval refers to the time coordinate t. Near the boundary we can select a

Fefferman-Graham coordinate system where the fields, for example the metric and a scalar

of massm2, have the behavior

ds2 =
dr2

r2
+r2(−dt2+dΩ2

d−1)+r2−dgμν(r, x) dxμdxν gμν(r, x) = g(0)μν (x)+g(2)μν (x)r−2+...

(2.24)

φ = r−Δ(φ(0)(x) + φ(2)(x)r−2 + ...) , (2.25)

where x = (t,Ωd−1) and Δ = d
2
+
√

d2
4
+m2. Here we consider normalizable states

so the growing modes, which would be dual to sources in the CFT, are set to zero12. The

Fefferman-Graham coefficients g(0)μν (x), φ(0)(x) are diff-invariant observables and are la-

belled by boundary coordinates13. This set of observables includes the asymptotic charges,

for example the ADMHamiltonian can be computed as

H =
1

const

∫
Sd−1

dΩd−1g(0)00 (x) . (2.26)

We focus on these Fefferman-Graham observables restricted in the time band T−ε,ε. This set

of observables is closed under Peierls brackets and form a Poisson algebraA. Notice that

in this algebra we do not include observables which would be finite distance under Poisson

flow, otherwise flowing by finite distance withHwould take us out of the time-band, see

also the discussion in [Marolf, 2009].
12We only assume that the sources are zero in the time band T , they could be turned on in the far past in

order to prepare a state.
13The subleading coefficients are fixed by the equations of motion in terms of the leading ones.
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Starting with the classical theory, we ask whether we can find observables localized deep

in the interior of AdS which are space-like with respect to the time-band and which have

vanishing Peierls brackets with observables in the time-band algebraA. These candidate

observables are to be defined as in (2.21), in particular they need to be defined on a neigh-

borhoodU ⊂ X of a solution s ∈ U and not necessarily on the entire space of solutions

X .

It is clear that observables defined relationally with respect to the boundary, or with a

gauge fixing condition which makes use of the boundary, do not satisfy these conditions.

Due to their gravitational Wilson lines they will have non-vanishing Peierls brackets with

the Hamiltonian and other charges on the boundary [Giddings & Kinsella, 2018,Donnelly

& Giddings, 2016]. Such observables generally change the energy of the state, which due to

the gravitational Gauss law can be measured in the time band T−ε,ε by 2.26. Another point

of view is that such observables identify a point in the bulk, and in particular a moment

in time, relationally with respect to the boundary. Thus an infinitesimal motion in time

of the starting point on the boundary is translated via the relational prescription into an

infinitesimal time motion of the corresponding bulk point. Then the Peierls bracket of the

candidate bulk observable withH generates time-derivatives of the point in the bulk and is

non-vanishing.

The discussion of the previous subsection implies that if we start with an asymptotically

AdSd+1 solution s of the bulk equations which is complicated enough, then we can define

diff-invariant observables of the form 2.23 in a neighborhood of s so that they have vanish-

ing Peierls bracket with all elements of the time-band algebraA including charges like the

Hamiltonian 2.26. Such observables do not change the total energy of the state but instead
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they rearrange the energy, ”absorbing” from the background solution the amount of en-

ergy they themselves create. These observables select a point in the bulk, and a moment in

time, by using features of the state.

In what follows we will provide evidence that the same conclusions are true in pertur-

bative quantum gravity. We will proceed by translating the question in CFT language and

using the AdS/CFT correspondence.

2.3 Holographic setup

In this paper, we will study the question of locality in quantum gravity in the context of

the AdS/CFT correspondence. A question we would like to understand is how certain

bulk subregions are encoded in the boundary CFT. There are cases where this is well un-

derstood. For example, the bulk dual of a boundary subregion is known as the entangle-

ment wedge, which is the bulk region extending between the boundary subregions and the

relevant Ryu-Takayanagi surface extending in the bulk [Ryu & Takayanagi, 2006]. This

correspondence between parts of the boundary and bulk is known as subregion-subregion

duality [Czech et al., 2012, Almheiri et al., 2015a, Jafferis et al., 2016a], and it is worth-

while to mention that in general, the entanglement wedge of a boundary subregion is much

larger than its causal wedge (the part of the bulk contained by lightrays shot from the causal

developments of the boundary subregion).

Subregion-subregion duality and entanglement wedge reconstruction utilizes the or-

ganization and entanglement of CFT degrees of freedom organized spatially. We will be

interested in rather different bulk subregions, which lie deep down in the bulk and never

extend to the boundary CFT.What is the CFT dual of a causal diamond located deep near
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the center of AdS? The answer to this question remains elusive, and in particular it is un-

derstood that in general, these bulk regions do not correspond to the entanglement wedge

of any boundary subregion. There have been previous attempts to understand the CFT

mapping of such regions, see for example [Balasubramanian et al., 2013, Balasubramanian

et al., 2014,Myers et al., 2014, Headrick et al., 2014b] which attempt to assign a meaning

to the entropy of a general closed codimension-2 spatial curve in AdS. Here we will follow

a different approach by focusing on the algebra of single-trace operators [Banerjee et al.,

2016].

We will start by reviewing some basic but relevant features of AdS/CFT, before turning

to a discussion of the class of states that we will be considering throughout this paper and

their salient properties.

2.3.1 Gravitional states in AdS, large diffeomorphisms and asymptotic sym-

metries

We will be interested in gravitational solutions which are asymptotically AdSd+1. We have

in mind an embedding in a top-down setup with a holographic dual CFT, likeN = 4

SYM at strong coupling, on S3 × R and theN-scaling we indicate in most of the paper

refers to this theory. However for most of the discussion the details of the embedding in

string theory, the extra fields, as well as the presence of a compact internal manifold are not

important unless explicitly stated.

Solutions to the bulk equations of motion can be thought of as states in the dual CFT. If

we think of a bulk geometry described by a Penrose diagram, the diagram really represents

the entire time-history of the state. We can take the state to live at t = 0 on a boundary
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Cauchy slice, and the portion of the geometry relevant to describing the state is an initial

data surface given by a bulk Cauchy slice (or the Wheeler-de Witt patch associated to the

boundary Cauchy slice). To view these geometries as states of the dual CFT, it is important

that the bulk fields have a fall-off corresponding to normalizable modes with vanishing

CFT sources.14

Wewant to consider semi-classical solutions with non-trivial bulk geometries, i.e. where

backreaction is strong. The corresponding CFT states |Ψ0⟩, which we take to be pure, have

large energies which scale as

⟨Ψ0|H|Ψ0⟩ ∼ O(N2) , (2.27)

and as we will see, they will generally also have an energy variance of the same order. We

will also consider perturbative excitations of the quantum fields on top of the background

geometry. These excitations add/subtract quantum particles which change the energy by an

O(N0) amount, and whose backreaction on the geometry is thus generally small.

Geometries of this type will often be macroscopically time-dependent, such that the

initial data on a bulk Cauchy slice changes as we perform time-evolution of the state. This

has consequences for the variance of the energy, as we will now see. Any state |Ψ0⟩ can be

expanded in the basis of CFT energy eigenstates as

|Ψ0⟩ =
∑
i

ci|Ei⟩ . (2.28)

The time-dependence of the bulk geometry implies that such states will have energy vari-
14If these states are prepared by a Euclidean path-integral [Skenderis & van Rees, 2008, Botta-Cantcheff

et al., 2016, Marolf et al., 2018, Belin et al., 2019], sources can be turned on in the Euclidean past which pre-
pares the state, but it is important that they vanish as tE → 0 for the geometries to be interpreted as states in
the undeformed CFT.
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ance

(ΔH)2 ≡ ⟨Ψ0|H2|Ψ0⟩ − ⟨Ψ0|H|Ψ0⟩2 ∼ O(N2) . (2.29)

To see this, consider the inequality

1

2
|⟨[H,A]⟩| = 1

2
⟨∂tA⟩ ≤ ΔH · ΔA , (2.30)

where in the first equality we assumed that the operator A is not explicitly time-dependent.

Then we have

ΔH ≥ 1

2

⟨∂tA⟩
ΔA

∼ O(N) , (2.31)

where we have used largeN factorization for the operator A. This shows that provided

there is macroscopic time-dependence (the classical vev of A changes at leading order), the

variance of the energy scales at least asN2.15 Some bulk geometries we will consider are

macroscopically time-dependent, but only inside the horizon. In this case, we cannot use

the argument above, but we still expect the variance to be of orderN2. It is interesting to

ask whether the variance is a quantity that can be extracted from the semi-classical geome-

try alone. In general, we expect that the quantum state of the fields in the bulk is important

as well. We discuss this further in Appendix 2.9.

There are various types of explicit constructions of states of this kind. There are states

prepared by Euclidean path integral with sources for single-trace operators [Skenderis &

van Rees, 2008, Botta-Cantcheff et al., 2016,Marolf et al., 2018, Belin et al., 2019]. These

states should be interpreted as coherent states of the quantum gravitational dual, which
15Note that if the variance is parametrically larger thanO(N2), the state may no longer have a good semi-

classical interpretation. An example would be a superposition of black holes of different masses.

58



are labelled by phase-space points corresponding to initial data16. There are also states

prepared by a boundary state of the CFT, further evolved by some amount of Euclidean

time [Kourkoulou &Maldacena, 2017, Almheiri et al., 2018a, Cooper et al., 2019a,Miyaji

et al., 2021]. The bulk interpretation of these states is that they correspond to black hole

geometries with End-of-the-World branes sitting behind the horizon. This is an example

where the bulk geometry is macroscopically time-dependent, but only behind the horizon.

Similarly, for two-dimensional CFTs, we can construct pure states by performing the path

integral over a surface of higher topology, for example half a genus-2 surface, see [Marolf &

Wien, 2018]. These geometries are also macroscopically time-dependent behind the hori-

zon, but instead of having a brane behind the horizon, they have topology. Finally, it is

worth noting that there are semi-classical geometries that also preserve supersymmetry, the

most famous of which are the LLM geometries [Lin et al., 2004]. In these cases, one can

obtain a better understanding of the dual CFT states. We will come back to these geome-

tries in section 2.6.

As usual in gravity, we should identify solutions which are related by small diffeomor-

phisms, i.e. diffeomorphisms that vanish near the AdS boundary. There is also a class of

large diffeomorphisms, which are compatible with the boundary conditions imposed in the

definition of our theory of AdS gravity. This set of diffeomorphisms forms what is called

the asymptotic symmetry group. In the case of AdSd+1, d ≥ 3 this is the conformal group

SO(2, d), while for d = 2 it gets enhanced to the Virasoro group [Brown &Henneaux,

1986]. When acting on a given bulk solution these large diffeomorphisms will generally
16It appears that one may not construct arbitrary initial data this way, see [Belin &Withers, 2020]. This

will not affect our construction and for states prepared by a Euclidean path integral, we should simply keep in
mind that we have access to a restricted class of initial data.
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transform the geometry into a new state, which is physically distinguished from the previ-

ous one, unless of course the original state happens to be invariant under the symmetry. We

will later also discuss solutions with two asymptotic boundaries, such as the eternal black

hole in AdS, in which case the asymptotic symmetry group is larger. Let us now discuss the

various elements of the asymptotic group/conformal group:

• Time translations: One particular class of states we will discuss are those with

semiclassical time-dependence in the bulk, for example a state corresponding to the

gravitational collapse of a star. In this case large diffeomorphisms corresponding to

asymptotic time translations transform the state as |Ψ0⟩ → e−iHt|Ψ0⟩. The initial

data corresponding to |Ψ0⟩ is not the same as that of e−iHt|Ψ0⟩. Our end goal will

be to provide local operators whose gravitational dressing is done towards a feature

of the state. If the state is time-dependent then we can select a moment in time by

using the features of the state, as opposed to the boundary time coordinate. On the

other hand if the state is static, then the only way to identify a moment in time is by

dressing to the boundary. This is why it will be important for us to consider time-

dependent states.

• SO(d) rotations: If the state breaks SO(d), then asymptotic rotations transform it

to a new state. In this case we can use the features of the state to identify the angular

location of a point. On the other hand, if the state is SO(d) invariant it will generally

not be possible and at best we can obtain an operator smeared over the bulk angular

coordinates, or alternatively we can fix the angular location by dressing to the bound-

ary.
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• AdS boosts: The Lorentzian conformal group acting on Sd−1 × R has another 2d

generators which correspond to boosts in various directions. These can be realized

as d non-independent copies of an SL(2,R) algebra, see for example [Freivogel et al.,

2012]. Any state with finite energy cannot be annihilated by Hermitian combina-

tions of these generators, which we show in Appendix 2.10. The only state which

is annihilated by these generators is the global vacuum and any other state will nec-

essarily transform under the action of these boosts17. Therefore, in any non-trivial

state, we can fix the radial position of an operator without referring to the boundary.

In a top-down setup, the gravity dual may have an internal manifold, like the S5 in the

context ofN = 4 SYM. In such cases, we would need to break the R-symmetry to localize

a bulk operator in the internal space. In this paper, we will mostly restrict to a bottom up

construction without an internal manifold but it would be an interesting generalization.

2.3.2 Locality in AdS

We are now ready to discuss locality in quantum gravity with asymptotically AdS boundary

conditions. We would like to understand whether one can define local observables and

whether we can localize information deep in the center of the AdS.

The presence of the AdS boundary allows us to define one natural class of diff-invariant

observables: The fields in AdS can be expanded in a Fefferman-Graham expansion. The

coefficients of this expansion are themselves diff-invariant observables, which are dressed to

the boundary since the Fefferman-Graham gauge is chosen with respect to the boundary.

Let us call these observables FG-observables. For example, the AdMHamiltonian is one
17States with infinite energy like the AdS-Rindler vacuum could also potentially be annihilated by some

boost generators.
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particular observable in this class. In perturbative quantum gravity, we can also consider the

expectation values of these observables as well as their higher-point correlation functions.

As we will discuss below, if we want to stay within the regime which can be described by

semi-classical gravity we may need to restrict the complexity of the correlators (for example

the number of operator insertions in the correlation function). We emphasize again that all

these observables are dressed with respect to the boundary. In particular, they will generally

not commute with the Hamiltonian or the other charges described in the previous section.

The question we would like to address is the following. If we start with a state with a

semi-classical geometric description, is there a way to modify the state in the interior of

AdS, without modifying any of the correlators of FG-observables localized in a short time-

band of the boundary? If the answer is yes, this means we can localize information since an

observer living near the boundary will have no way to know whether or not we modified

the state. Rather than trying to come up with bulk objects that achieve this goal, we will

address this question directly in the dual CFT. This has the following advantage: any ob-

ject built out of CFT degrees of freedom is necessarily diff-invariant and non-perturbatively

well defined. Provided the object acts in the right away, we can be assured that the con-

struction is fully consistent.

2.3.3 The CFT description and the time band algebra

Consider a largeN holographic CFT which is dual to semi-classical general relativity cou-

pled to matter fields. In the largeN limit, we can define the algebraA generated by single-

trace operators in a time-bandDt1,t2 , where we allow products of single-trace operators
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where the number of factors is arbitrary but scales likeO(N0).18 This was originally dis-

cussed in [Banerjee et al., 2016], inspired by the earlier work [Papadodimas & Raju, 2013,

Papadodimas & Raju, 2014a, ?]. In [Banerjee et al., 2016] it was proposed that the algebra

A can be thought of as being dual to the causal wedge of the regionDt1,t2 in the bulk (see

Fig. 2.1). This picture also suggests that the algebraA has a commutant which can be iden-

fitied with a spacelike-separated causal diamond in the interior. Algebras of this type have

received attention recently [Leutheusser & Liu, 2021a, Leutheusser & Liu, 2021b,Witten,

2021b,Chandrasekaran et al., 2022b,Leutheusser & Liu, 2022].

The work [Banerjee et al., 2016] studied this setup for states which are small perturba-

tions around the AdS vacuum. The geometry of AdS is homogeneous and featureless since

it is a maximally symmetric space. As already discussed in the previous section, this makes

the definition of local diff-invariant observables challenging. We would like to revisit the

time-band algebra, this time in cases where the bulk state has features, which in particular

are time-dependent. This means the state must be highly excited as can be seen for example

from its energy 2.27.

At infiniteN the problem can be understood in terms of QFT on a curved and in gen-

eral time-dependent background. In particular, gravitational backreaction of the quantum

fields can be ignored and one does not need to talk about gravitational dressing, which is a

form of backreaction. In this case, the existence of the commutant is obvious because we

are in a QFT situation. Note that if the Hamiltonian (which is always an element of the

time band algebra) is normalized appropriately19, its commutator with the other single-
18Notice that at finiteN the algebra in a time-band would be the same as the full algebra. In the large

N limit, a natural hierarchy emerges between ”small products” of single-trace operators and the rest of the
algebra, which allows us to consider the notion of a time-band algebra.

19A useful normalization is h = 1
N (H− ⟨Ψ0|H|Ψ0⟩), which ensures that ⟨Ψ0|h2|Ψ0⟩ ∼ O(N0).
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trace operators is suppressed by 1/N and thus vanishes whenN is infinite.

At the level of 1/N corrections, the existence of the commutant is less obvious. Back-

reaction must now be taken into account and the gravitational Gauss law can spoil the

commutator betweenH and the other operators of the time-band algebra. For example,

the standard way to write bulk fields in terms of CFT operators is the HKLL construc-

tion [Banks et al., 1998, Bena, 2000,Hamilton et al., 2006d,Hamilton et al., 2006c,Hamil-

ton et al., 2007b,Hamilton et al., 2008b,Heemskerk et al., 2012]

Φ(t, r,Ω) =

∫
bdry

dt′ dΩ′
d−1K(t, r,Ω; t′,Ω′)O(t′,Ω′) , (2.32)

whereK is related to a Green’s function of the Klein-Gordon operator on the appropri-

ate bulk geometry. This operator is defined purely within the CFT so it is manifestly diff-

invariant. To leading order at largeN, it acts as a bulk field and commutes with other bulk

fields at spacelike separation. Notice however that in order to define the kernelKwe have

to choose a coordinate system in the bulk, which often is taken using Fefferman-Graham

gauge. As we already mentioned, this gauge choice is defined by making use of the asymp-

totic boundary, and an HKLL operator is thus dressed to the boundary. Because of this,

the commutator between an HKLL operator and the Hamiltonian will not vanish at sub-

leading orders in the 1/N expansion.

The physical origin of this effect is the gravitational Gauss law: acting with (2.32) will

generally create or destroy a particle in the bulk, thus changing the energy of the state,

which can be immediately measured at spacelike infinity byH. One can try to correct the

HKLL operators at higher orders in 1/N by mixing it with other single- and multi-trace

operators, see [Kabat et al., 2011, Kabat & Lifschytz, 2013, Heemskerk et al., 2012], but
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the commutator with the Hamiltonian is universal and generally cannot be removed in this

way. It is also possible to think about the dressing in terms of (smeared) gravitational Wil-

son lines connecting the bulk operator to the boundary, which make it diff-invariant at the

price of making it non-local [Anand et al., 2018,Castro et al., 2018,Chen et al., 2019,Gid-

dings, 2019]. The commutator withH is nonzero becauseH picks up the contribution of

the Wilson line.

This raises the question of whether the algebraA still has a commutant at subleading

orders in 1/N. The main goal of this paper is to provide evidence for the existence of such a

commutant. We will do so by identifying a class of operators that are gravitationally dressed

with respect to features of the state, rather than dressed to the boundary. In particular, these

operators will have vanishing commutators with the Hamiltonian, to all orders in 1/N. In

this paper, we will focus mostly on ensuring that bulk operators have a vanishing commuta-

tor with the Hamiltonian (and the other charges), but it would be important to extend our

construction to all single-trace operators inDt1,t2 . We given an alternative argument for the

existence of a commutatant to all orders in 1/N in section 2.5.

The existence of a commutant forA in 1/N perturbation theory would imply that in-

formation can be localized in regions of the bulk and is not visible from the boundary at the

level of perturbative quantum gravity20. We are now ready to formulate the concrete goal

that we will achieve in this paper.
20See [Marolf, 2009,Donnelly & Giddings, 2017,Bousso et al., 2018,Donnelly & Giddings, 2018,Jacobson

&Nguyen, 2019,Giddings, 2020,Chowdhury et al., 2021,Chowdhury et al., 2022,Giddings, 2022] for other
discussions of localization of information in perturbative quantum gravity, with varying conclusions.
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2.3.4 Formulating the main goal

Our goal is to improve the locality properties of (2.32) by moving the gravitational dressing

from the boundary to the state. From a technical point of view, we will find CFT operators

Φ̂ which obey two properties:

1. [Qi, Φ̂] = 0 to all orders in 1/N, for all asymptotic chargesQi ∈ SO(2, d).

2. The correlators of Φ̂ agree with those of ΦHKLL to leading order in the largeN ex-

pansion, on the code subspace of |Ψ0⟩.

In taking the largeN limit it is important to track how various effects scale withN. As we

will see, our new operators Φ̂ have vanishing commutator withQi to all orders in the 1/N

expansion, but have a non-vanishing commutator at the level of e−N2 corrections.

In what follows we will first focus on ensuring a vanishing commutator of Φ̂ with the

HamiltonianH to all orders in 1/N and then discuss the generalization to the other charges

in SO(2, d).

As we will see, our construction will not work for |Ψ0⟩ = |0⟩. Technically, this is be-

cause the vacuum does not comply with the properties (2.27) and (2.29). Physically, it is

because the AdS vacuum has no feature that we can use to attach the dressing of our lo-

cal operator. Note that this is in line with the results of [Chowdhury et al., 2022], where a

protocol to reconstruct the bulk state from correlators in the time-band was discussed.

2.3.5 Time-shifted states and return probability

We will now present the main technical tool that will enable us to define state-dressed oper-

ators: the return probability. Let us start with a state |Ψ0⟩ satisfying the properties (2.27)
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and (2.29). We define the following one-parameter family of states

|ΨT⟩ = e−iTH|Ψ0⟩ T ∈ R . (2.33)

In the bulk, the states |ΨT⟩ are related to |Ψ0⟩ by a large diffeomorphism, i.e. one that does

not vanish near the boundary and induces a boundary time-translation. It is important to

emphasize that they are different quantum states, even though they are related by a symme-

try. If we think about the phase space of gravity in AdS, the family of states correspond to

different phase space points, just like a particle moves on phase space as a function of time

in classical mechanics. From the bulk perspective, if |Ψ0⟩was a coherent state, we can also

think of |ΨT⟩ as coherent states.

We would now like to consider the overlap of such states. In particular, we would like to

study the overlap

⟨Ψ0|ΨT⟩ . (2.34)

Thinking of these states as coherent states is useful to gain intuition about such overlaps.

For the simple harmonic oscillator, the overlap of two coherent states is

⟨α|β⟩ = e−
1
h̄ f(α,β) , (2.35)

for a very simple quadratic function f. For states on the gravitational phase space, recalling

thath̄ ∼ GN ∼ 1/N2, we thus expect

⟨Ψ0|ΨT⟩ = e−N2f0(T) , (2.36)
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for a function f0 whose real part is positive. In the gravitational setting, it is not straight-

forward to directly compute f0(T) from the phase space information, see [Papadodimas

& Raju, 2016] for a discussion on nearby states. There is a general way to compute f0(T)

based on a Euclidean preparation of the states [Belin et al., 2019], but it requires some ef-

fort (in particular solving the non-linear Einstein equations). The computation of f0(T)

directly from the information on an initial data slice, which specifies the point on phase-

space, is an interesting problem.21

It is also instructive to think about the overlap from a microscopic point of view. In the

CFT, the overlap is given by

⟨Ψ0|ΨT⟩ =
∑
i

|ci|2e−iTEi . (2.37)

Note that there are eS(E) terms here, each of size e−S(E). The suppression (2.36) must there-

fore come from the summation over a large number of phases.

If the bulk state has no periodicities in time, we expect the real part of f0(T) to increase

as we increase T. However, this increase will not continue forever. We will shortly give an

estimate of the time-average of (2.37), and argue that the decay will saturate at some point.

Physically, the non-trivial overlaps (2.37) imply that it is not correct to think that all the

states |ΨT⟩ are independent, see also [Papadodimas & Raju, 2015, Papadodimas & Raju,

2016, Chakravarty, 2021] for related discussions. In particular, even if the bulk state is not

macroscopically periodic, there will still be a microscopic periodicity of the state due to

Poincare recurrences, that will happen at very large T ∼ O(eeN
2

). Throughout this paper,
21Similarly, we do not know of a gravitational argument that guarantees that the real part of f0(T) is pos-

itive, which must be the case if the geometries have a state interpretation in the dual CFT.We comment on
this further in the discussion.
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we will be interested in much earlier time scales so it will be sufficient for us to treat the

states |ΨT⟩ as quasi-orthogonal since all overlaps will be exponentially small.

We will also need to define the notion of code subspace. Starting with the state |Ψ0⟩we

define the code subspace as

H0 = span{|Ψ0⟩,O(t,Ω)|Ψ0⟩, ...,O1(t1,Ω1)...On(tn,Ωn)|Ψ0⟩} , (2.38)

generated by acting on |Ψ0⟩with a small number (n ≪ N) of single-trace operators22. It

will also be useful to define the projector P0 on this subspace. Similarly, a code subspace can

be defined for each of the time-shifted states

HT = span{|Ψ⟩T,O(t,Ω)|ΨT⟩, ...,O1(t1,Ω1)...On(tn,Ωn)|ΨT⟩} , (2.39)

with the corresponding projector PT. The projectors P0 and PT are simply related by time-

evolution, i.e. we have

PT = e−iTHP0eiTH , (2.40)

and in particular, we emphasize again that PT ̸= P0. In what follows, it will be convenient

to work with real quantities rather than the overlap (2.34), and we are now ready to define

the return probability.
22To be precise, we should also give a small smearing to the single-trace operators in order to avoid UV

divergences of operator insertions at coincident points. We will leave it as implicit in what follows.
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2.3.6 The return probability

We now ready to examine the T-dependence of the overlap (2.37) in more detail. As ex-

plained above, it is more convenient to work with a real quantity so let us define the return

probability

R(T) := |⟨Ψ0|e−iTH|Ψ0⟩|2 . (2.41)

It is similar to the spectral form factor (the two coincide when |Ψ0⟩ = |TFD⟩ andH =

HL + HR). Recently, the spectral form factor has been extensively discussed in connection

to the black hole information paradox and quantum chaos, see for example [Cotler et al.,

2017]. The time-scales of interest in that context are again late times such as t ∼ eN2 (note

this is much shorter than the Poincare recurrence time which is doubly exponential). Here

again, we will be interested in much earlier time-scales.

In general, it is difficult to compute (2.41). As we mentioned above, the overlaps can be

computed from time-shifted coherent states in gravity but the best known technology to

do so uses the Euclidean path integral and involves solving the non-linear Einstein’s equa-

tions. Nevertheless, we can compute the very early time dependence using largeN factor-

ization. We present this calculation in Appendix 2.11. At early times, we have

R(T) = e−(ΔH)2T2

, (2.42)

which is generally valid for times up to T ∼ O(N−1). For the purposes of this paper, we

want to understand how the return probability behaves at time-scales T ∼ O(1). Here,

the decay does not follow from largeN factorization and it is in general not an easy task to

compute it.
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In Appendix 2.11, we review that for the TFD state, the return probability (which is the

spectral form factor) decays as

RTFD(T) = e−N2fTFD(T), (2.43)

where fTFD(T) isO(N0) and for early times T ∼ O(N0) ≪ β behaves like fTFD(T) ≈ αT2,

where α is anO(N0) constant which depends on the temperature. This is an extremely fast

decay, much faster than thermalization where the prefactor in the exponent is of orderN0,

and shows that thermofield double states at different times orthogonalize exponentially

fast.

We expect similar behaviour for many other semi-classically time-dependent states, that

is for timescales of T ∼ O(1), we expect

R(T) ∼ e−N2 f̃0(T) , (2.44)

for a positive andO(N0) function f̃0(T)which depends on the state |Ψ0⟩. We expect that

for small T the function f̃0(T) starts quadratically, as in (2.42). Note that this fast decay

is not even a consequence of quantum chaos, as it can occur at weak coupling or even in

free theories, provided they have a large number of degrees of freedom (see [Chen, 2022]

for a study of this question in weakly coupledN = 4 SYM). The difference between a

free theory and a holographic one will manifest itself in the time-scale during which the

exponentially small overlap remains valid. For freeN = 4 SYM, the spectrum is integer

spaced and so the return probability will be periodic with period 2π, while in a chaotic

theory it will take doubly exponentially long for the signal to return to unity.
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The average late-time value of the signal is also highly dependent on whether the theory

is chaotic or not. For a system with no degeneracies,23

R = lim
t∗→∞

1

2t∗

∫ t∗

−t∗
dTR(T) =

∑
i

|ci|4 . (2.45)

For the type of states we are considering, i.e. those with a large energy variance, this is ex-

ponentially small, and scales as e−α′N2 , where α′ is anO(1) constant which depends on the

particular |Ψ0⟩we have picked. This value is often referred to as the plateau, especially in

the context of the spectral form factor.

Between the initial decay (2.43) and the plateau (2.45), there can be other regimes, which

are particularly interesting in connection to quantum chaos [Shenker & Stanford, 2014,

Saad et al., 2018]. For example, in the spectral form factor, the plateau is preceded by a

ramp where the signal grows linearly. These effects will not be important for the present

work, as we will only considerO(1) timescales. The crucial point we will exploit through-

out the paper is that the signal is already exponentailly small inN2 at those timescales.

The overlap (2.34) obeys the property

⟨Ψt0|Ψt0+T⟩ = ⟨Ψ0|ΨT⟩ . (2.46)

This may appear trivial, but it means that even if the bulk geometry appears to be static at

the semi-classical level, the return probability may still decay following (2.43) if the state

had a period of manifest bulk time-dependence in the far past. Said differently, the variance
23Systems likeN = 4 SYMwill have degeneracies due to superconformal symmetry. For example, for

every primary, there are towers of descendants with degenerate energy levels. Nevertheless, the number of
degenerate states is exponentially smaller than the number of all states, at least in the high-energy sector of the
theory, so the degeneracy only contributes a subleading effect.
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in energy which determines the decay is unchanged under time-evolution, so even if the 1-

point functions have stabilized, the variance remains large. This observation is particularly

relevant in the case of a black hole formed by gravitational collapse.

The exponential decay (2.43) can be extended to more general correlators of the form

⟨Ψ0|O(t1) . . .O(tn)|ΨT⟩, whereO are single-trace operators. We expect

⟨Ψ0|O(t1) . . .O(tn)|ΨT⟩ = F(T)⟨Ψ0|ΨT⟩ , (2.47)

where F(T) is finite in the largeN limit and satisfies

F(0) = ⟨Ψ0|O(t1) . . .O(tn)|Ψ0⟩ ,
dkF(T)
dTk |T=0 = O(N0) . (2.48)

To see the exponential decay we write (2.47) as

⟨Ψ0|O(t1) . . .O(tn)|ΨT⟩ =
⟨Ψ0|O(t1) . . .O(tn)|ΨT⟩

⟨Ψ0|ΨT⟩
⟨Ψ0|ΨT⟩ . (2.49)

The second term in this product is really responsible for the decay of the correlator. The

first term is hard to evaluate from first principles, but in holography its meaning is clearer.

In the bulk theory, it is computed by computing a correlation function on a background

dictated by the Euclidean path integral with different sources on the northern and soutern

hemisphere (corresponding to |Ψ0⟩ and |ΨT⟩, respectively). This correlator isO(1) and a

smooth function of the background, which will generally change slowly with T, so we ex-

pect its time derivatives not to scale withN as indicated in (2.49). We check this statement

in a few examples in section 2.6.

73



To sum up, any state in the code subspace (2.38) has an exponentially small overlap with

any state in the code subspace (2.39). This can be summarized by the relation

Rcode(T) =
1

dcode
Tr[PTP0] = O(e−N2 f̃(T)) (2.50)

where dcode is the dimensionality of the code subspace, and for the time-scales we have dis-

cussed. The decay (2.50) can be used in combination with other useful inequalities. For

example, for a Hermitian operatorO with eigenvalues λi, and if [P0,O] = 0, we have

|⟨Ψ0|O|ΨT⟩|2 ≤
√
Tr[O4]

√
Tr[PTP0] and |⟨Ψ0|O|ΨT⟩|2 ≤ max(λ2i )Tr[PTP0].

2.3.7 Other asymptotic charges

More generally we can consider the change of the state by large diffeomorphisms corre-

sponding to the other asymptotic symmetries of the theory, in the case of AdSd+1 the con-

formal group SO(2, d)with the generators we discussed in section 2.3.1. This leads us to

define a natural generalization of the return probability

R(g) = |⟨Ψ0|U(g)|Ψ0⟩|2 , g ∈ SO(2, d) , (2.51)

whereU(g) is the unitary realizing the conformal transformation of the CFT on Sd−1 ×

time.

What can we expect for these overlaps? To start, let us suppose the state |Ψ0⟩ breaks

rotational SO(d) symmetry at the classical level. By this, we mean that bulk dual geometry

breaks the symmetry, which would be the case for some spherically asymmetric lump of

matter. Take J to be the angular momentum generator, then we expect that the variance of

74



Jwill be ofO(N2) for such a state. Hence we expect that for small values of a rotation angle

φ dual to Jwe will have

R(φ) = e−(ΔJ)2φ2 = e−κN2φ2 , (2.52)

for κ ∼ O(1). For more general angles, we expect

R(φ) = e−N2frot(φ) . (2.53)

However, because angular momentum is quantized, we have

R(φ + 2π) = R(φ) , (2.54)

hence the function frot(φ) has period 2π. In this direction of the conformal group the re-

turn probability has a very short Poincare recurrence equal to 2π.

All in all we find that as we increase φ away from 0 the return probabilityR(φ) very

quickly dips down to exponentially small values and stays there until the Poincare recur-

rence at φ = 2π. As we see from (2.53), for any fixed φ which is in the range (0, 2π), we

haveR(φ) being exponentially small in the largeN limit.

Of course if the state respects spherical symmetry then the return probability will not

decay in the corresponding SO(d) directions. It is worthwhile to discuss several distinct

scenarios. In the simplest case, the state preserves the symmetry and is thus annihilated by

the generators of rotations. The second simplest situation is the case where the symmetry is

manifestly broken at the classical level (for example an asymmetric lump of matter). In this

case, the breaking of the symmetry is manifest, and would be visible in the 1-point function
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of single-trace operators. There are also more subtle situations where the state breaks the

symmetry classically in the bulk, but this may be invisible in the 1-point functions. An

example of this are states by prepared by the path integral on higher genus surfaces in d =

2, and have topology behind the horizon [Marolf &Wien, 2018].24

Finally as discussed in section 2.3.1, we expect that semi-classical states also break the

other conformal symmetries. We can get some intuition by considering a state dual to a

conformal primary of dimension Δ. In this case the return probability along one of the

conformal boost directions is determined by a group theoretic computation

R(s) = |⟨Δ|e−isK|Δ⟩|2 =
(

1

cosh2 s

)2Δ

. (2.55)

For primary states with Δ ∼ O(N2), we get exponential decay of the form e−N2f(s) for any

non-zero s. Notice that for the conformal boosts we do not expect any Poincare recurrence

for large s, which in the case of primaries is obvious from the formula above, since such a

transformation monotonically increases the energy of the state.

In the case of AdS3 the asymptotic symmetry group is enhanced to Virasoro and similar

statements hold for the flow of the state under more general large diffeomorphisms gener-

ated by Ln,Ln.

To summarize, if we start with a state |Ψ0⟩which breaks all conformal symmetries at

the level of the semi-classical geometry we expect thatR(g) defined in (2.51) will decay ex-

ponentially fast in all directions away from the identity element on the conformal group

manifold.
24The thermofield double also has this property. It breaks rotational symmetry of each CFT individu-

ally, but the breaking is invisible in 1-point functions. It would be interesting to understand if this type of
breaking always requires a horizon.
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2.4 State-dressed operators

We are now in a position to introduce operators Φ̂ which satisfy the two properties de-

scribed in section 2.3.4, namely their commutator with the Hamiltonian and other asymp-

totic charges is zero to all orders in the 1/N expansion and they act like HKLL operators to

leading order at largeN on the code subspaces {HT, T ∈ (−t⋆, t⋆)}. Here t∗ is an order

one (i.e. N0)) time of our choice. We define the HKLL operator Φ, (2.32), in theN → ∞

limit. In this limit the bulk is described by a quantum field theory on a curved spacetime

and code subspaces for different Twill be strictly orthogonal to one another. In addition,

Φ is a local bulk operator which commutes with all the boundary single-trace operators in

the time band algebra, including the appropriately normalized Hamiltonian [Kabat et al.,

2011, Hamilton et al., 2006c]. But it will no longer be commuting once 1/N corrections

are included. In particular, we will have

[Φ,
H− ⟨H⟩

N
] = O(1/N) ̸= 0 . (2.56)

Again, the physical reason behind this is that (2.32) is a diff-invariant operator that is dressed

to the boundary. Note that for the naive HKLL operator (2.32), the commutator with

other single-trace operators will also be non-zero at orderO(1/N). For almost all single-

trace operators, this can be removed order by order in 1/N by adding the appropriate cor-

rections to Φ [Kabat et al., 2011]. However, these modifications will not be able to remove

the non-vanishing commutator with the Hamiltonian (2.56). Thus, to remove the gravita-

tional dressing to the boundary CFT, a more sophisticated procedure is required.

We start by focusing on setting the commutator with the Hamiltonian to zero and dis-
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cuss the extension to other asymptotic charges later. To this end, we introduce the follow-

ing operator25

Φ̂ = c
∫ t∗

−t∗
dT e−iTHP0ΦP0eiTH , (2.57)

where t∗ is anO(N0) timescale of our choice, and c is an overall normalization constant

c−1 =

∫ t∗

−t∗
dT⟨Ψ0|PT|Ψ0⟩ . (2.58)

As we will see, the projector P0 will be key and will make Φ̂ act appropriately on the

code subspaces. The range (−t⋆, t⋆) determines the set of code subspaces on which Φ̂ acts

in the desired fashion, and ultimately cannot be taken to be bigger than the time range

where the exponential decay of the return probability (2.43) is valid. To make the opera-

tor (2.57) have the desired properties on as many states as possible, we can take this range

to be the time range where the return probability decays exponentially, though this is not

strictly necessary and a t∗ ofO(N0) is sufficient. We also provide an alternative presentation

of the operators in subsection 2.4.4. In the following subsections, we will study the action

of these operators in the relevant code subspaces, and will be particularly interested in their

commutator with the Hamiltonian.
25Recall that P0 is the projector on the code subspace of |Ψ0⟩, and thus [Φ,P0] = 0 in that code subspace.

Therefore, we could have defined operators with the same action on the code subspace as 2.57, using a single
projector on the left (or right) of Φ. Even though the resulting operators would act in the same way on the
relevant code subspace, the operators would not be exactly identical: they would have additional non-zero
matrix elements associated to subspaces orthogonal toH0.
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2.4.1 Vanishing commutatorwithH to all orders in 1/N

We now show that the operator (2.57) has vanishing commutator withH to all orders in

1/N. We start by rewriting the commutator as

[H, Φ̂] = −i d
ds
(
eisHΦ̂e−isH)∣∣∣

s=0
, (2.59)

and performing a change of variables, we find

[H, Φ̂] = −i d
ds
(
c
∫ t∗−s

−t∗−s
dT e−iTHP0ΦP0eiTH

)∣∣∣
s=0

= ic(Pt∗Φt∗Pt∗ − P−t∗Φ−t∗P−t∗) ,

(2.60)

where we defined Φt∗ = e−iHt∗ΦeiHt∗ . Using the decay of the return probability through

(2.50), we see that the commutator inserted inside a correlator of a small number of single-

trace operators and evaluated on the state |ΨT⟩will give an exponentially small answer,

since each of the two terms in (2.60) give exponentially small numbers. This is valid for any

T as long as |T| < t⋆ and |T| − t⋆ ∼ O(N0). Thus,

[H, Φ̂] = O(e−γN2

) , (2.61)

where γ is positive andO(N0), proving property 1, defined in subsection 2.3.4, for these

operators. Note (2.61) is true for our set of code subspaces with T constrained as above,

but not for all states. For example, the commutator is not exponentially suppressed in the

state |Ψt∗⟩.

79



2.4.2 Similar action as HKLL operators

A vanishing commutator with the Hamiltonian is necessary but not sufficient. There are

many CFT operators that commute with the Hamiltonian up to exponentially small cor-

rections inN2, but they will not have the same effect as acting with a local bulk operator,

see for example footnote 4. Therefore, we also need to show that the operator Φ̂ behaves

in the same way as the HKLL operator (2.32) to leading order at largeN inside correlation

functions of single-trace operators. For that we consider

⟨Ψ0|O...Φ̂...O|Ψ0⟩ = c
∫ t∗

−t∗
dT ⟨Ψ0|O...e−iTHP0ΦP0eiTH...O|Ψ0⟩ (2.62)

= c
∫ t∗

−t∗
dT ⟨Ψ0|O...P0PT(e−iTHΦeiTH)PTP0...O|Ψ0⟩. (2.63)

In the last line, we have inserted two projectors P0, which we are free to do since the cor-

relators is evaluated in the state |Ψ0⟩. The integrand above corresponds to TrPTP0, up to

some operator insertions that do not affect its general structure. From 2.50 we see that the

integrand will be exponentially suppressed as |T| increases (and is notO(1/N)) because of

the exponentially small overlap of the code subspaces. We can thus evaluate the integral by

a saddle-point method controlled by the largeN limit. The dominant contribution comes

from T = 0. One might worry about the possibility of rapidly oscillating phases, such as

the one in ⟨Ψ0|ΨT⟩ displacing the location of the saddle point. Notice however that from

2.47,2.48 it follows that such rapidly oscillating phases cancel between the bra and ket con-
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tribution. Using 2.47 and 2.58 we have

⟨Ψ0|O...Φ̂...O|Ψ0⟩ = ⟨Ψ0|O...Φ...O|Ψ0⟩+ O(1/N), (2.64)

as desired. The 1/N corrections can be thought of coming from corrections to the leading

saddle-point, and would be sensitive to the more detailed form of F(T) in (2.47).

Notice that if we apply the operator Φ̂ to one of the time-shifted states, then as long as

|T| < t∗, we find

⟨ΨT|O...Φ̂...O|ΨT⟩ = ⟨ΨT|O...(e−iTHΦeiTH)...O|ΨT⟩+ O(1/N) (2.65)

Thus in the code subspaceHT, Φ̂ acts as e−iTHΦeiTH to leading order at largeN. To make

this more manifest, we can also write (2.57) as

Φ̂ = c
∫ t∗

−t∗
dT PT(e−iTHΦeiTH)PT. (2.66)

Since we have shown that, to leading order at largeN, Φ̂ and Φ have the same matrix ele-

ments on the entire code subspace it follows that higher point functions of Φ̂ will also agree

at largeNwith those of Φ. Consider for instance,

Φ̂i = c
∫ t∗

−t∗
dT e−iTHP0ΦiP0eiTH (2.67)

where Φi ≡ Φ(xi) is an HKLL operator located at a certain spacetime point xi, then in the
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largeN limit

⟨Ψ0|O...Φ̂1Φ̂2...Φ̂n...O|Ψ0⟩ =cn
∫ t∗

−t∗
dT1...dTn ⟨Ψ0|O...PT1(e−iT1HΦ1eiT1H)PT1PT2

(e−iT2HΦ2eiT2H)PT2 ...PTn(e−iTnHΦneiTnH)PTn ...O|Ψ0⟩

≈ ⟨Ψ0|O...Φ1Φ2...Φn...O|Ψ0⟩ .

(2.68)

In addition, this implies that the commutator of Φ̂i’s is the same as that of HKLL oper-

ators in the largeN limit. Two operators, Φ̂(xi) and Φ̂(xj), will have zero commutator

at spacelike separated points whereas they haveO(1) commutator if they are timelike-

separated. This is true even though these operators do not translate under commutation

with the boundary Hamiltonian, up to exponentially small corrections inN. Nevertheless,

they still have bulk space-time labels and preserve the causal properties of HKLL operators

in the largeN limit.

2.4.3 Interpretation and comments

We have just seen that to leading order in the largeN limit, the operator (2.57) acts like

the HKLL operator (2.32) in the appropriate code subspace. However, it commutes with

H to all orders in 1/N. The existence of these operators provides strong evidence that the

algebra of single-trace operators in a short time band can have a non-trivial commutant

when acting on time-dependent states of high energy.

The vanishing of the commutator withH should be interpreted as (2.57) being gravita-

tionally dressed not with respect to the boundary, but instead with respect to features of
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the bulk state, in particular its time-dependence. This can be seen by the fact that Φ̂ acts

differently on different states. On the time-shifted states |ΨT⟩ and their code subspaces, it

acts as e−iTHΦeiTH. For example, imagine that in the state |Ψ0⟩we have a supernova explo-

sion taking place at t = 0 and we chose the operator (2.32) so that it acts right next to the

explosion. In the state |ΨT⟩ the explosion obviously takes place at t = −T. From equation

(2.65), we can see that the operator Φ̂ will act again right next to the supernova explosion,

even though the supernova is now at t = −T. Therefore, one and the same operator Φ̂

knows how to always act at the correct moment (right next to the explosion) for the entire

family of states |ΨT⟩, as long as |T| < t∗. The finiteness of t∗ indicates that there is still

some residual boundary dressing, which however is not visible in pertubation theory26.

The property of being dressed with respect to features of the state is also present in the

local observables one defines in general relativity, discussed in section 2.2.3. These state

dressed observables are defined at points where a set ofD scalars, like the Ricci scalar or

RμνρσRμνρσ whereRμνρσ is the Riemann tensor, ’click’ with a certain set of numbers. The

observables are labeled by these values and they are evaluated precisely where the scalars

take those values in each state. Locality of these observables requires them to be defined

only in some neighbourhood of a classical solution. In the same spirit, the operators dis-

cussed in this section are also local for a certain family of code subspaces, see section 2.4.1.

As mentioned earlier, if the spacetime is so symmetric that the scalars take the same val-

ues throughout the spacetime, then these classical observables are not well defined. Since

every point in the spacetime is physically equivalent, it is reasonable that local observables

are ill defined for these solutions. For this reason, the observables are state dependent. Sim-
26Similar remarks were made in [Marolf, 2015] for the DeWitt observables in AdS.
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ilarly, it is not possible to apply the same logic discussed in the previous subsections to

empty AdS, or other static states, as there are no time-dependent features in the bulk that

can be used as a ’clock’ to define a moment in time where the operator acts. Technically,

the return probability for such states does not exhibit the rapid decay (2.36). We thus see a

nice parallel between the classical and quantum situations.

The definition of our operator gives a bulk operator which is dressed with respect to

features of the state, but in an implicit manner. Our construction does not permit us to

extract the details of the dressing. Going back to our example of a supernova explosion,

one might guess that the dressing is with respect to the supernova and that one could in

principle define a gravitational Wilson line between the operator and the supernova. But

what if the state described instead two supernovas exploding at the same or different times?

To which explosion would our operator be dressed to? The construction does not give a

definite answer, and the way to address this question would be to enlarge the set of code

subspaces on which our operator correctly acts. For example, if our operator did not move

under the time-translation of one of two supernovae, we would say that it is dressed to the

other one. We hope to return to this question in the future, but see subsection 2.7.3 for

some related remarks.

2.4.4 A similarity transformation

We briefly mention a variant of operators with properties similar to those of (2.57). We first

define the shifted Hamiltonian27

Ĥ = H− ⟨Ψ0|H|Ψ0⟩I . (2.69)
27This shift is useful in order to avoid rapidly oscillating phases in the discussion below.

84



Then we introduce

V =
c√
2

∫ t∗

−t∗
dTe−iĤTP0 , (2.70)

with c given in (2.58). We have

VV† =
c2

2

∫ t∗

−t∗
dT
∫ t∗

−t∗
dT′e−iĤTP0eiĤT′

, (2.71)

where we used P2
0 = P0. Following arguments similar to those of the previous subsection,

we find that to leading order at largeN, and when computing the matrix elements of (2.71)

within the code subspace, the two integrals in (2.71) can be computed by a saddle point

method, where the dominant saddle is T = T′ = 0. We then find that in this class of states

and at largeN

VV† ≃ I, and V†V ≃ I . (2.72)

in the sense that, within the code subspaceV behaves like a unitary, up to 1/N corrections.

Then we start with a boundary-dressed operator Φ and define

Φ̂ = VΦV† . (2.73)

Following similar arguments as before we can show that the operator (2.73) satisfies proper-

ties 1 and 2 of subsection 2.3.4. To check the commutator of Φ̂ withH. We write

[H, Φ̂] = −i d
ds

(
eiĤsVΦV†e−iĤs

)
|s=0

= −i d
ds
c2

2
(

∫ t∗−s

−t∗−s
dTe−iĤT)P0ΦP0(

∫ t∗−s

−t∗−s
dT′eiĤT′

)|s=0 ,
(2.74)
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which again localizes on boundary terms and is thus exponentially suppressed.

Second, to show that the leading largeN correlators of Φ̂ are the same as those of Φ we

follow exactly the same reasoning as in the previous subsection, but now we will have two

time-integrals. Each one of these time integrals will lead to a sharply suppressed Gaussian

around T = T′ = 0 and can be evaluated by saddle-point at largeN, reproducing the

desired result.

2.4.5 Other asymptotic charges

More generally we need to make (2.32) commute with all boundary symmetry generators

corresponding to asymptotic symmetries. For asymptotically AdSd+1 space-times this is the

conformal group SO(2, d) and we consider a generalization of the form

Φ̂ = c
∫
B
dμ(g)U(g)P0ΦP0U(g)−1, (2.75)

where now

c−1 =

∫
B
dμ(g)⟨Ψ0|U(g)P0U(g)−1|Ψ0⟩ . (2.76)

Above, dμ(g) is the Haar measure on SO(2, d) and B is a reasonably sized connected sub-

manifold of SO(2, d) containing the identity. The commutator with conformal generators

will then be given by operators in the code subspace of statesU(g∗)|Ψ0⟩, where g∗ lies on

the boundary ∂B. For the construction to work in this generalization we must make sure

that the overlaps

R(g) = |⟨Ψ0|U(g)|Ψ0⟩|2, (2.77)
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decay exponentially in the geodesic distance of g from the identity. As discussed in subsec-

tion 2.3.7 we expect this to be true for states which break all symmetries at the semiclassical

level28. The quantityR(g) is an interesting generalization of the return probability (2.41)

that would be interesting to study further.

2.5 A more general argument for the commutant

The operators (2.75) constructed in the previous section commute with the asymptotic

charges to all orders in 1/N, however they commute with the other single-trace operators

in the time-band generally only to leading order in 1/N. To identify a commutant for the

time-band algebraA, the operators (2.75) have to be improved. In this short section we

outline a somewhat different argument suggesting that it is indeed possible to find a com-

mutant to all orders in 1/N. We caution the reader that the argument that follows is based

on certain assumptions which seem physically plausible, but for which a rigorous proof is

still lacking. A more careful treatment for the existence of a commutant (as well as a mathe-

matically precise definition of the time-band algebra in the first place) would be desirable.

Let us start with a standard HKLL operator Φ. We also introduce the notation qi =

Qi−⟨Qi⟩
N for whereQi denotes any of the asymptotic SO(2, d) charges andOj a general single-

trace operator in the time-band. Our goal is to find an operator Φ̂ which has the following

properties:

1. [Φ̂, qi] = 0 and [Φ̂,Oj] = 0 for all qi ∈ SO(2, d) andOj ∈ A, to all orders in 1/N.

2. To leading order at largeN the correlators of Φ̂ with qj,Oi must be the same as those

28For compact symmetries, such as rotations,R(g)will have recurrences every 2π. Hence along the com-
pact directions we take g∗ ∼ O(1) < 2π.
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of Φ. In particular this means that for single-trace operatorsOi outside the time-

band we generally expect [Oi, Φ̂] = O(N0).

The first condition is obvious. The second condition is necessary in order to ensure that the

operator Φ̂ acts in the expected way, at least to leading order at largeN, and creates particles

that can be detected with anO(1) effect by operators outside the time-band when light rays

from the diamond hit the boundary.

Here we remark that in order for the two conditions to be mutually consistent, it is im-

portant that we impose the second condition only to leading order at largeN. The point is

that [qi,Φ] = O(1/N) hence when looking at leading order correlators it is indeed con-

sistent to demand simultaneously that i) Φ̂ commutes with qi and that ii) Φ̂ acts like Φ.

However, when moving on to subleading corrections we have a non-vanishing commuta-

tor [qi,Φ] hence we cannot impose both conditions at the same time. We choose to impose

that our operators Φ̂ continue to commute with qi to all orders in 1/N, but we allow their

correlators to depart from those of Φi at subleading orders in 1/N.

We now define the desired operators Φ̂ by specifying how they act on the code subspace

H0. Earlier we defined the code subspace as the space generated by acting on |Ψ0⟩with

single-trace operators, which are not necessarily restricted in the time-band. However, by

an analogue of the Reeh-Schlieder theorem29 we expect that for reasonable bulk states |Ψ0⟩

the code subspaceH0 can also be generated by acting on |Ψ0⟩with only elements of the

time-band algebraA

H0 = span{A|Ψ0⟩} . (2.78)
29This was discussed in [Banerjee et al., 2016] for the case of empty AdS and at largeN. We believe that a

similar result should hold for more general heavy states and even when taking 1/N corrections into account,
but it would be interesting to develop a more careful proof.
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We now define the action of the the operator Φ̂ on the code subspace by the following con-

ditions

Φ̂A|Ψ0⟩ = AΦ|Ψ0⟩ , ∀A ∈ A . (2.79)

This set of linear equations, one for every element of the small algebraA, defines the ac-

tion of Φ̂ on the code subspace, in a way which satisfies the desired properties as we will see

below.

Notice that these equations can also be represented as follows: we first select a basis of

linearly independent elements Ai of the algebraA. then we define the matrix of 2-point

functions

gij = ⟨Ψ0|A†
iAj|Ψ0⟩ . (2.80)

From (2.78), it follows that the set of states |i⟩ = Ai|Ψ0⟩ form a (possibly over-complete)

basis of the code subspace. Since Φ̂ is an operator on the code subspace it can be written as

Φ̂ = Kij|i⟩⟨j| = KijAi|Ψ0⟩⟨Ψ0|A†
j . (2.81)

for an appropriate choice ofKij. To find the matrixK, we start with the desired relation

(2.79) written as

Φ̂Al|Ψ0⟩ = AlΦ|Ψ0⟩ , (2.82)

then we replace Φ̂ with (2.81) and multiply from the left with ⟨Ψ0|A†
k to get

gjl gki Kij = ⟨Ψ0|A†
kAlΦ|Ψ0⟩ . (2.83)

If the set of states |i⟩ = Ai|Ψ0⟩ are linearly independent then the matrix gij is positive
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definite and invertible. In that case we can solve forK as

Kij = gikgjl⟨Ψ0|A†
kAlΦ|Ψ0⟩ , (2.84)

where gijgjk = δik. When (2.84) is replaced in expression (2.81), we find an explicit solution

of the desired equation (2.79).

We emphasize that the necessary ingredient to arrive at (2.84) was the linear indepen-

dence of the states Ai|Ψ0⟩, which is equivalent to the statement that there is no non-vanishing

operator inAwhich annihilates the state |Ψ0⟩. We discuss this condition in the following

subsection.

2.5.1 On the consistency of the defining equations

Before checking that the operators Φ̂ defined by (2.79), or equivalently via (2.81),(2.84),

have the desired properties, we need to check that equations (2.79) are self-consistent linear

equations. The only possible source of inconsistency is the following: if there was an ele-

ment A ̸= 0 of the time-band algebraA such that A|Ψ0⟩ = 0, this could potentially be

a problem since we would then have A|Ψ0⟩ = 0, while in general AΦ|Ψ0⟩ ̸= 0. Then

the equation (2.79) would imply 0 = A|Ψ0⟩ = AΦ|Ψ0⟩ ̸= 0which is a contradiction.

Relatedly, gij defined in (2.80) would not be invertible and we would not be able to get to

(2.84).

We will now show that this situation does not arise, that is

A|Ψ0⟩ ̸= 0 ∀A ∈ A , A ̸= 0 . (2.85)
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Wewill prove this by first proving that at largeN (2.85) is true and then we will argue that

1/N corrections cannot change the conclusion.

We have been working under the assumption that the time-band is short enough, which

means that in the bulk there will be a region which is space-like relative to the time band.

In the largeN limit, where gravitational backreaction is turned off, operators inside that

region (for example usual HKLL operators) commute with all elements of the algebraA,

including the appropriately normalized asymptotic charges qi. Hence, in the largeN limit

the algebraA has a non-trivial commutantA′. We want to argue that this commutant con-

tinues to exist when 1/N corrections are taken into account, provided that the state |Ψ0⟩

has non-vanishing variance ofO(N2) under the asymptotic charges.

Assuming that at largeN the theory in the bulk behaves like usual QFT on a curved

background, we expect that an analogue of the Reeh-Schlieder theorem will hold for the

commutantA′, which means that we can generate the code subspaceH0 by acting on |Ψ0⟩

with elements ofA′.

Suppose now that there was an element A of the time-band algebraAwhich annihilated

the state |Ψ0⟩. Then for any element a′ ∈ A′ we have

Aa′|Ψ0⟩ = a′A|Ψ0⟩ = 0 . (2.86)

Since states of the form a′|Ψ0⟩ generateH0 we conclude that the operator A has vanishing

matrix elements inH0 at largeN. From this we can not immediately conclude that A = 0

as an operator when 1/N corrections are included. For example, for |Ψ0⟩ = |0⟩ the nor-

malized SO(2, d) generators qi = Qi
N have vanishing matrix elements at largeN, since they

annihilate |0⟩ and commute with all other operators. However they are non-vanishing op-
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erators at order 1/N. If A is a non-vanishing operator which has vanishing matrix elements

at largeN onH0 then it means that it acts as a central element at largeN. Here we make an

additional assumption, that the only central elements are the SO(2, d) generators qi and

their functions30. Since, by assumption, the state |Ψ0⟩ has non-trivial variance under these

generators, we conclude that it cannot be annihilated by a non-trival A.

Let us assume now that we have a state of the form A|Ψ0⟩which has finite (i.e. O(N0))

positive norm at largeN. Including 1/N corrections will generally modify the norm of

this state, but it will do so by corrections suppressed by powers of 1/N. Since the previous

argument established that the leading largeN norm of the state A|Ψ0⟩ is a finite positive

number, perturbative 1/N corrections cannot make it vanish. Hence we expect property

(2.85) to be true to all orders in 1/N perturbation theory.

We emphasize that the fact that we cannot annihilate the state by the time-band algebra

A relies on the fact that we have restricted our attention to small products of single-trace

operators. As discussed in a related context [?, Banerjee et al., 2016], if we consider the full

algebra of operators in the time-band we can find sufficiently complicated combinations

which can annihilate the state31.

Finally, as should be clear from the above, if the state |Ψ0⟩ has very small or vanishing

variance in the asymptotic charges then (2.85) fails and it is not possible to define operators

obeying (2.79).
30We believe this assumption to be quite weak, but it would be interesting to prove it more thoroughly.
31For example, consider a state |Ψ⟩with ⟨Ψ0|Ψ⟩ = 0. Then the (complicated) operator |Ψ⟩⟨Ψ| annihi-

lates |Ψ0⟩.
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2.5.2 Proof that Φ̂ has the desired properties

Having established that equations (2.79) are consistent, we argue that the operator Φ̂ has

the desired properties.

First it is obvious by (2.79) that the operator Φ̂ has vanishing commutators with ele-

ments ofA. To see that consider A1 ∈ A and a general state in the code subspace which can

be written as A2|Ψ0⟩, with A2 ∈ A. Then we have

[Φ̂,A1]A2|Ψ0⟩ = Φ̂(A1A2)|Ψ0⟩ − A1(Φ̂A2|Ψ0⟩) = A1A2Φ|Ψ0⟩ − A1A2Φ|Ψ0⟩ = 0 ,

(2.87)

where in the second equality we used (2.79). Since this is true for all A2, we find

[Φ̂,A1] = 0 ∀A1 ∈ A , (2.88)

where it should be understood that this equation holds on the relevant code subspace.

Second, we will show that to leading order at large N, the operator Φ̂ acts like the HKLL

operator Φ. To see this, consider an arbitrary matrix element on the code subspace. Two

general states of the code subspace can be written as A1|Ψ0⟩,A2|Ψ0⟩. Then we have

⟨Ψ0|A†
1Φ̂A2|Ψ0⟩ = ⟨Ψ0|A†

1A2Φ|Ψ0⟩ = ⟨Ψ0|A†
1ΦA2|Ψ0⟩+⟨Ψ0|A†

1[Φ,A2]|Ψ0⟩ . (2.89)

In the first equality we used (2.79). Now, the operator A2 is some combination of single-

trace operators in the time band, as well as the normalized SO(2, d) generators qi. All of

these operators have commutators with Φ which are suppressed by powers of 1/N. Hence
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the last term in the equation above is suppressed. All in all, we find

⟨Ψ0|A†
1Φ̂A2|Ψ0⟩ = ⟨Ψ0|A†

1ΦA2|Ψ0⟩+ O(1/N) , (2.90)

which establishes the desired result. This ensures that largeN correlators of Φ̂ are the same

as Φ.

We emphasize that the operators defined in this section are not exactly the same as the

operators (2.57) discussed earlier. For example, unlike (2.57) the operators (2.79) were de-

fined to act only on the code subspaceH0 of |Ψ0⟩ and not on the code subspaceHT for

T = O(N0). Also, the commutator of (2.57) with the Hamiltonian is of order e−N2 while

it is exactly zero, within the code subspace, for the operators (2.79).

2.6 Examples

In this section we consider various examples. Our primary focus will be on examining the

validity of equations (2.44), (2.47),(2.48), on which the construction of our operators re-

lies.

2.6.1 Coherent states

In general, we are interested in time-dependent semi-classical geometries. Many of these

states can be thought of as bulk coherent states. We will discuss the overlap of these states

closely following [Belin et al., 2019]. In the CFT, these states are prepared by a Euclidean

path integral

|Ψ⟩ = Te−
∫
tE<0 dtEd

d−1x φb(tE,x)O(tE,x) |0⟩ , (2.91)
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whereO is a single-trace operator dual to a supergravity field, and the source is scaled ap-

propriately so that it leads to states with non-trivial gravitational backreaction, i.e. the ex-

pectation value of the energy and variance of this state will scale like (2.27) and (2.29).

In the largeN limit the overlap of two such states can be computed by a Euclidean grav-

itational path integration which in the semi-classical limit can be approximated by a saddle

point computation. For example, the norm of the state is

⟨Ψ|Ψ⟩ ≈ e−Igrav(λb) , (2.92)

where λb is the following boundary condition for the bulk field

λb =


φb(tE, x), tE < 0

φ⋆
b(−tE, x), tE > 0 ,

(2.93)

and Igrav(λb) is the on-shell gravitational action in the presence of the sources specified

above.

Generalizing to two states |Ψ1⟩ and |Ψ2⟩, the normalized inner product between them is

R =
|⟨Ψ1|Ψ2⟩|2

⟨Ψ1|Ψ1⟩⟨Ψ2|Ψ2⟩
, (2.94)

which at largeN can be computed by a supergravity saddle-point computation

R ≈ exp
[
−2Re(Igrav(λ̃)) + Igrav(λ1) + Igrav(λ2)

]
, (2.95)

where the supergravity solutions have the boundary sources λ̃, λ1 and λ2 which take the
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following form

λ̃ =


φ2(tE, x), tE < 0

φ⋆
1(−tE, x), tE > 0,

λi =


φi(tE, x), tE < 0

φ⋆
i (−tE, x), tE > 0,

(2.96)

where i = 1, 232.

Notice that in each of the terms of (2.95), the gravitational on-shell action is propor-

tional to 1
GN
∼ N2. Since quantummechanically we needR ≤ 1, we find that the follow-

ing inequality has to be satisfied

2Re(Igrav(λ̃)) ≥ Igrav(λ1) + Igrav(λ2) , (2.97)

for the on-shell value of solutions of the Einstein plus matter equations, for any choice of

sources of the form (2.96). If the two sources are different, we expect a strict inequality. It

would be interesting to explore this inequality directly from the gravitational point of view.

We discuss this further in the discussion.

We nowmove on to the computation of the return probability for states of the form

(2.91) after a small (notN-dependent) time evolution. That is, we take the time-evolved

state, |Ψ(T)⟩ = e−iHT |Ψ⟩, and consider the following quantity

R(T) =
|⟨Ψ(0)|Ψ(T)⟩|2

⟨Ψ(0)|Ψ(0)⟩⟨Ψ(T)|Ψ(T)⟩
. (2.98)

32The sources φ2(tE, x) and φ
⋆
1(−tE, x) should decay sufficiently fast at the t = 0 surface such that the

states are normalizable. This also implies that the bra and ket preprations of different states can be smoothly
glued to each other.
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To apply the general formalism described above, we need to analyze how the Euclidean

sources φ0 preparing the state |Ψ(0)⟩ need to be modified to φT, in order to prepare |Ψ(T)⟩.

From a technical point of view computing φT in terms of φ0 is not straightforward, as it re-

quires a solution of the Einstein equations. Nevertheless, we can in principle compute the

return probability using (2.94) and (2.95) with a modified source

λ̃ =


φT(tE, x), tE < 0

φ⋆
0(−tE, x), tE > 0,

λT =


φT(tE, x), tE < 0

φ⋆
T(−tE, x), tE > 0 .

(2.99)

Thus we get

R(T) = exp
[
−2Re(Igrav(λ̃)) + Igrav(λ0) + Igrav(λt)

]
, (2.100)

and this is exponentially suppressed in the semi-classical limit because of the 1/GN ∼ N2

coefficient in the gravitational action and the condition (2.97).

2.6.2 Thermofield double state

We now consider the thermofield double state

|TFD⟩ = 1√
Z(β)

∑
n

e−
βEn
2 |En⟩L ⊗ |En⟩R , (2.101)

where the |En⟩’s are the energy eigenstates and Z(β) is the partition function at inverse tem-

perature β. In the strong coupling limit, for temperatures below the Hawking-Page tem-

perature, the state is dual to two entangled thermal AdS geometries, while for temperatures
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higher than the Hawking-Page temperature, it is expected to be dual to the eternal black

hole in AdS [Maldacena, 2003]. This geometry has two asymptotically AdS boundaries, on

the ”left” and the ”right”, hence the asymptotic symmetry group is SO(2, d)L × SO(2, d)R.

The state (2.101) is invariant under certain combinations of the asymptotic charges, for

example we have

(HR −HL) |TFD⟩ = 0 but (HR +HR) |TFD⟩ ̸= 0 (2.102)

and similarly for the other charges. In this case we can generalize the return probability to

include all possible large diffeomorphisms on the two sides

R(g1, g2) = |⟨TFD|UL(gL)UR(gR) |TFD⟩|2 , gL/R ∈ SO(2, d)L/R . (2.103)

In this case we expectR(gL, gR) to rapidly decay along certain directions but remain con-

stant along others due to the symmetries of the state (2.101).

In what follows we focus on a particular class of deformations, corresponding to evolv-

ing withHL +HR. This gives what is usually called the spectral form factor (SFF) defined as

R(t) = |⟨TFD|e−i T
2
(HL+HR)|TFD⟩|2 =

∣∣∣∣Z(β+ iT)
Z(β)

∣∣∣∣2 , (2.104)

which was introduced in the context of the eternal AdS black hole in [Papadodimas &

Raju, 2015] and studied in detail in [Cotler et al., 2017].

We are interested in studying (2.104) above the Hawking-Page temperature for small

times, i.e, T ∼ O(1). One way to proceed is by computing Z(β) and then analytically
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continuing β → β + iT. If we are above the Hawking-Page temperature Z(β) can be

estimated by the Euclidean AdS-Schwarzschild black hole saddle point

Z(β) ≈ e−IBH(β) , (2.105)

where IBH(β) is the on-shell action on the Euclidean black hole background. For example,

we find

IBH(β) = −
π2

2GNβ
(for AdS3) IBH(β) =

β
GN

g(rH) (for AdS5) , (2.106)

where we have set the AdS radius `AdS = 1 and rH is the horizon radius, while

g(rH) =
V3

8π
(−r4H + r2H) (2.107)

whereV3 is the dimensionless volume associated with the metric on a unit sphere. For the

AdS5 case, rH ≈ π/β for small real β. A detailed discussion of the action can be found

in [Emparan et al., 1999]. The central charge of the CFT2 is c = 3/2GN and the rank for

the gauge group of the dual four dimensional SU(N)N = 4 super YangMills theory is

given byN2 = π/2GN.

For small T the complexified partition function Z(β + iT)will be given in terms of the

analytic continuation of the above actions. Thus for T ≪ β, one gets the following for

AdS3,

R(T) ≈ e−
2π2

β3
c T2

, (2.108)
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which is exponentially small in the large central charge limit33. Similarly for AdS5, we find

that Z(β) ∼ e
πN2

β3 in the high temperature limit. Again for T≪ β, we have

R(T) ≈ e−
12π
β5

N2T2

, (2.109)

As T becomes larger and approaches T ∼ β, the dominant saddle point will no longer be

the black hole, as the analytically continued action can start to compete with thermal AdS.

In addition the analytically continued black hole saddle point corresponds to a geometry

with a complex metric, and as T ∼ O(β) this metric becomes ’unallowable’ according to

the criteria of [Kontsevich & Segal, 2021], see also [Witten, 2021a]. Interestingly, thermal

AdS becomes the dominant saddle point before the metric becomes not allowable [Chen,

2022].

An exponential decay ofR(T) inN is to be expected even when T ∼ β, since in this case

the thermal AdS saddle dominates and, |Z(β + iT)|2 ∼ eg̃(T)/β3 where g̃ isO(N0) periodic

function of time. Thus, the numerator of (2.104) |Z(β+iT)|2 isN0 while the denominator

isO(eN2
) leading to an exponentially suppressedR(T).

2.6.3 Weakly coupled, largeN gauge theories

It is interesting to consider the behavior of the SFF at small, or even vanishing ’t Hooft

coupling λ. In this case the bulk dual is stringy and moreover at λ = 0, the spectrum of the

dual CFT is (half)-integer-spaced and thus not chaotic at all. Nevertheless the decay (2.44)

is still valid for a certain time-scale, even in the free theory. This was discussed in detail in

33There will be additional terms suppressed in T2/β2 which will not affect the exponential decay in the
large c limit as long as t is smaller than β.
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[Chen, 2022]. For concreteness, we consider the partition function of freeN = 4 SYM on

S3 × R, where the sphere has unit radius. It has the form [Sundborg, 2000,Aharony et al.,

2004]

Z(β) =
∫
DU e

∑
R
∑∞

m
1
m zRm(β)χR(U

m) , (2.110)

whereDU is the invariant Haar measure on the gauge group normalized to one, χR is char-

acter in the representationR and

zRm(β) =
∑

Ri,B=R

e−mβEi + (−1)m+1
∑
Ri,F=R

e−mβEi , (2.111)

where the first sum is over bosonic states and the sum in the second term is over fermionic

states.

The behavior of the SFF
∣∣∣Z(β+iT)

Z(β)

∣∣∣2, as well as of the microcanonical analogue YE,ΔE(T),

based on the analytic continuation of (2.110) was discussed in [Chen, 2022].

Even at λ = 0 the SFF obeys (2.44), though in this case the Poincare recurrence time

is very short, i.e. 4π.34 While in this limit the bulk theory does not admit a semiclassical

gravitational description, we could still apply the procedure (2.57) to identify operators

with vanishing commutators with the Hamiltonian to all orders in 1/N, though now they

do not have a nice bulk interpretation.35 In doing so, we would need to be careful to take t∗

to be a shortO(1) time-scale which is less than 4π.

Here we notice that similar results have been derived for the analytically continued su-

perconformal index [Choi et al., 2022], which can be thought of as the SFF for 2-sided
34In our conventions conformal dimensions in the free theory are half-integers.
35To start with, the HKLL procedure cannot be implemented at subleading orders in 1/N due to the

many stringy fields present in the bulk. Therefore, the issue of non-commutativity with the Hamiltonian
does not stand out like it does in the case of Einstein gravity.
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eternal supersymmetric AdS black holes.

2.6.4 Perturbative states around empty AdS

We now briefly discuss the return probability for perturbative states around empty AdS.

We want to consider states which have a large number of particles, but still small enough so

that we can ignore gravitational backreation. We can get some useful estimates by consid-

ering a thermal gas of particles in AdSd+1. These are dual to a gas generated by single-trace

operators in the CFT. Suppose we have low-lying single-trace operators with conformal di-

mension Δi. For simplicity we consider only scalars and we take the radius of AdSd+1 to be

1. Then the partition function of single-particle states z(β) and the multi-trace Fock-space

partition function are respectively

z(β) =
∑
i

e−βΔi

(1− e−β)d
, Z(β) = exp

[
∞∑
n=1

1

n
z(nβ)

]
. (2.112)

It is now straightforward to do the analytic continuation

Z(β+ iT) = exp

{
∞∑
n=1

∑
i

e−(nβ+inT)Δi

(1− e−nβ+inT)d

}
. (2.113)

For scalar BPS operators dual to SUGRAmodes, Δi is integer. Then it is obvious that the

SFFR(T) =
∣∣∣Z(β+iT)

Z(β)

∣∣∣2 has periodicity T = T+ 2π, as expected. What we want to estimate

is the decay rate of the SFF at early times, and how close to 0 the SFF drops between the

recurrences.

First we notice that the partition function factorizes to a product over Δi. Hence we

can study the behavior of a given Δi and we drop the sum over i. If we first take the small β
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limit, before analytically continuing, we find

Z(β) ∼ exp

[
ζ(d+ 1)

1

βd

]
. (2.114)

Using this approximation we find that for early times

R(T) ∼ e−
d(d+1)ζ(d+1)

βd+2 T2

. (2.115)

As expected the decay is controlled by the variance ofH. Of course if we use the high tem-

perature approximation (2.114) to perform the analytic continuation, then we do not see

the recurrences. At high temperature the SFF starts decaying quite rapidly, stays close to

zero for a while and then goes back to 1 every T = 2π × integer. To find an estimate of

how closely it approaches zero it is convenient to evaluate it at T = π. Suppose that the

conformal dimension is an even integer. Then we find

R(π) =
exp
[
2
∑∞

n=1
1
n

e−nβΔ

(1−(−1)ne−nβ)d

]
exp
[
2
∑∞

n=1
1
n

e−nβΔ

(1−e−nβ)d

] ∼ e−(2−2−d)ζ(d+1) 1

βd
− 1

2d
log βΔ

2 (2.116)

So we see significant suppression at small β, though of course, the suppression does not

scale like e−N2 .

We expect a similar qualitative behavior forR(T) for generic pure states of similar energy

as the states studied above (namely high energy states whose energy scales asO(N0)): they

will have recurrences every 2π, but the return probability will quickly decay to small values

for 0 < t < 2π. If we use (2.57) for such states, with t∗ ∼ O(1) < π, then the commutator

withHwill be suppressed by a factor of the order of (2.116) rather than e−N2 . Note that
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this is not good enough, since the commutator we are trying to cancel isO(1/N), which in

the largeN limit is much smaller than the suppression controlled by (2.116).

2.6.5 LLM geometries

An interesting class of semiclassical states with AdS5 × S5 asymptotics in type IIB super-

gravity are the LLM geometries [Lin et al., 2004]. These are dual to 1
2
-BPS states inN = 4

SYM.While these geometries do not break all of the asymptotic symmetries, they do pro-

vide a useful toy model where we can study in detail the behavior of the return probability

as a function of time.

The 1
2
-BPS states inN = 4 SYM on S3 × R are states that preserve 16 of the 32 super-

symmetries of the theory in addition to the bosonic symmetries SO(4)× SO(4)×Rwhere

R corresponds to the HamiltonianH− ĴwhereH is the Hamiltonian and Ĵ anR-symmetry

generator. These states correspond to operators that lie in the (0, J, 0) representation of

the SU(4) ∼ SO(6)R-symmetry and they saturate a unitarity bound for their confor-

mal dimension. It is illuminating to consider theN = 1 vector and three chiral multiplet

decomposition of theN = 4 theory. In this case the scalars of the chiral multiplets are

organized into Zj = φj + iφj+3, where j = 1, 2, 3, which are in the adjoint representa-

tion. We will focus on j = 1 from now on without loss of generality. Then the states we are

interested in correspond, via the state-operator map, to single-trace operators of the form

Tr(Zni), as well as multi-trace operators of the formΠi(Tr(Zni))ri [Corley et al., 2002, Lin

et al., 2004,Berenstein, 2004].

Since these operators saturate the unitarity bound Δ = J, they correspond to the lowest

Kaluza-Klein mode of Z on S3. This mode has a harmonic oscillator potential due to its
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conformal coupling to the curvature of S3. Thus we are interested in gauge invariant states

of the matrix Z in a harmonic potential [Berenstein, 2004]. The ground state, correspond-

ing to empty AdS, is given by a Gaussian wave function

Ψvac = Ce−
1
2
N2tr(Z2) , (2.117)

where C = (π/N)−N2/4 and we introduce the notation trZ = 1
N TrZ = 1

N
∑N

i νii.

Fluctuations with operators with Δ = J ≪ Nwill be small excitations around the ground

state. As discussed in [Yaffe, 1982] excitations with Δ = J ∼ N2 will be other coherent

states which are given by

Ψ = C[J(Z)]1/2e−N2tr( 1
2
φ(Z)2−iψ(Z)) , (2.118)

parameterized by two functions φ(Z) and ψ(Z)which are monotonically increasing and

arbitrary functions of Z, respectively. J[Z] is the Jacobian given by det
[
∂φ(Z)ij/∂Zkl

]
.

It is well known that one can describe such a system byN fermions in a harmonic po-

tential [Brézin et al., 1978]. In the largeN limit, states in such a system can be thought

of as droplets in a two dimensional phase space, where for example a circular droplet cor-

responds to the ground state of the system [Brézin et al., 1978, Jevicki & Sakita, 1980,

Shapiro, 1981]. The precise connection between the functions φ(Z) and ψ(Z) and the

droplet picture on the phase space will be discussed in the next subsection.

In the bulk, the LLM solutions correspond to 10 dimensional geometries of asymptoti-

cally AdS5×S5 spacetimes, see appendix 2.12, that are completely determined by a function

z on a two dimensional surface. In particular, specifying whether z takes value 1/2 or−1/2
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at each point on this plane completely specifies the full bulk solution. This is in parallel

with the two dimensional fermionic phase space mentioned earlier where the fermion takes

occupation number 1 (black) or 0 (white) at each point in the phase space, giving droplet of

a given shape. For instance, in the fermionic picture the ground state is a circular droplet of

a certain radius, say r0. It corresponds in the bulk is to the empty AdS5 × S5.

Fluctuations with operators of Δ = J ≪ N correspond to having ripples in the edge

of the circular droplet and corresponds to having gravitons propagating in the AdS5 × S5

background. While operators of energy Δ = J ∼ N correspond to giant gravitons in

the bulk. Operators with Δ = J ∼ N2 correspond to other bulk geometries and differ-

ent shapes of droplets in the fermionic phase space [Lin et al., 2004, Berenstein &Miller,

2017, Berenstein &Miller, 2018]. The geometries will not be time translation invariant

(rotational invariant in the fermionic picture) in general36, but they are invariant under

t→ t+ 2π.

The goal here is to consider a certain geometry that breaks time translation invariance

and compute its return probability for short time scales. In the fermionic picture this cor-

responds to a droplet that breaks the rotational invariance, an ellipse for instance. In the

matrix quantummechanics picture it is easy to compute the return probability, evolving

(2.118) with the quadratic Hamiltonian and computing the square of the inner product.

But first, we need to review the dictionary between the two pictures.
36There are also static configurations, concentric circles for example [Lin et al., 2004]
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Computation of the return probability

The way the matrix quantummechanics picture and the fermionic picture are related will

be obvious once we diagonalize the matrix Z and express it in terms of the eigenvalues (μi),

where the Jacobian becomes

J(Z) =
N∏
i

φ′
(μi)

∏
i̸=j

φ(μi)− φ(μj)
μi − μj

, (2.119)

which is 1 for the vacuum. In the largeN limit, the Gaussian measure dZ exp(−N2tr(Z2))

will reduce to the well knownWigner semi-circle distribution for the density of eigenvalues

[Wigner, 1959],

dϱ(μ) =
1

π
(2− μ2)1/2Θ(2− μ2)dμ. (2.120)

Let us now introduce new variables to parameterize the coherent states in the largeN limit,

w(μ) := dϱ(φ(μ))/dμwhich is the density of eigenvalues and v(μ) := ψ(μ). These pa-

rameters are canonical conjugates of one another37, that is their Poisson bracket is the Dirac

delta function. In the largeN limit, the appropriately renormalized Hamiltonian (hcl) can

also be written in terms of w and v′ = dv/dμ and thus an action can be written for these

variables [Yaffe, 1982,Dhar et al., 1993a,Dhar et al., 1992,Dhar et al., 1993b]. In particular,

hcl =
1

2

∫
dμ w(μ)(v′(μ)2 +

π3

3
w(μ)2 + μ2). (2.121)

Coming back to the two dimensional phase space picture, we consider a blob centered at

the origin. We assume the horizontal direction (x-axis) represents the q variable of the phase
37Note that the two variables are not totally independent and w(μ) has to satisfy a constraint, in particular∫
dμ w(μ) = 1.
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space, which we take to be the eigenvalues (μ). Consider a vertical line crossing the blob.

Assuming that the blob has a simple geometry without folds, this vertical line intersects the

boundary of the blob twice. We parametrize these points by p±(μ) respectively. Then, the

density of eigenvalues for any μ is proportional to (p+ − p−)(μ). Computing the kinetic

energy of fermions for a given dμ by integrating p2/2 from p = p− to p = p+ and matching

this to the kinetic part of (2.121), we get

p± = ±πw+ v′ . (2.122)

This has also been mentioned in the context of c = 1 string theory in [Polchinski, 1991,

Ginsparg &Moore, 1993,Das, 1992,Das, 2004]. Note that for the vacuum (i.e. the empty

AdS5 × S5 geometry), p± = ±(2− μ2)1/2Θ(2− μ2) and v′ = 0.

Since we are looking for a time dependent geometry, we need a blob in fermion phase

space that breaks the rotational symmetry. The simplest non trivial modification of (2.122)

is to take v to be quadratic38. In this case we have

p+(μ) = (2− μ2)1/2Θ(2− μ2) + 2μ. (2.123)

This can be seen to be half of a tilted ellipse, which combined with an appropriate p− gives

the full elliptic blob. This will evolve non trivially under rotation and the corresponding

geometry will be a time dependent one. This geometry, together with the five form, can be

found using the mapping discussed earlier, by first solving for z(x1, x2, y) then inserting it

into (2.223), (2.224), (2.225) and (2.226).
38Translated circle blobs will not correspond to physical geometries when the gauge group is SU(N), since

the centre of the blob is fixed by imposing the condition Tr(Z)=0.
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Nowwe proceed with the computation of the return probability for this state. We go

back to (2.118) and consider a state Ψ(0)with φ = Z and ψ = v = Z2 and after evolving

it, compute the overlap

⟨Ψ(0)|Ψ(T)⟩ =
∫

dZ Ψ(Z, 0)∗Ψ(Z,T) (2.124)

The state we are interested has the form

Ψ(Z, 0) =
( π
N

)−N2/4

e−
1
2
N2(1−2i)tr(Z2) =

∏
i,j

ϕ(νij) , where ϕ(ν) =
( π
N

)−1/4

e−
N
2
(1−2i)ν2 .

(2.125)

Since we are dealing with matrix quantummechanics with a quadratic potential, each ma-

trix element evolves independently and governed by the usual harmonic oscillator propaga-

tor

ϕ(ν,T) =
∫

dν′K(ν′ , ν,T)ϕ(ν′) , (2.126)

where39

K(ν′ , ν,T) =
√

N
2πi sinT

exp
[

iN
2sinT

((ν2 + (ν′)2)cosT− 2νν′)
]
. (2.127)

for t < π. We can then compute the overlap

⟨Ψ(0)|Ψ(T)⟩ = [z(T)]N2

, z(T) =
∫

dν ϕ⋆(ν, 0)ϕ(ν,T) (2.128)

39One has to be careful in choosing the correct branch while taking the square root, but this will not affect
the final result we are interested in.

109



Following (2.126) we find

ϕ(ν,T) =
(

N
πX

)1/4

e−NYν2 and, Ψ(Z,T) =
(

N
πX

)−N2/4

e−N2Ytr(Z2) , (2.129)

whereX andY are periodic functions of time given by,

X (T) = (cosT+ (2 + i)sinT)2

Y(T) = 1

2

(
(1− 2i) cosT+ i sinT
(i+ 2) sinT+ cosT

)
.

(2.130)

Thus,

z(T) =
∫

dν ϕ⋆(ν, 0)ϕ(ν,T) = A1/2 , (2.131)

where

A =
1

3i sinT+ cosT
. (2.132)

It can be checked that z(T) is 1when T = 0 and

|z(T)|2 = |A| =
(

1

9 sin2T+ cos2T

)1/2

. (2.133)

Since |z(T)|2 ≤ 1,R(T) is an exponentially decaying function in the largeN limit, for

small times, but a periodic function in T = π. That is

R(T) = |⟨Ψ(0)|Ψ(T)⟩|2 = e−N2F(T) , (2.134)

where the function F(T) = −2log|z(T)| is zero at T = 0, and increases to the local maxi-

mum F(T = π/2) = log 9 and goes back to zero at T = π. Thus in the time scales we are
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interested in, in particular T < π/2, the square of the inner product (2.124) which is the

return probability of a given LLM semi classical geometry in the largeN limit, is exponen-

tially suppressed inN2 as expected. Note that the return probability is periodic in π, which

is due to the symmetry of the particular state considered. In general, the period will be 2π.

We can also compute the overlap of states in different code subspaces built upon Ψ(Z, 0)

and Ψ(Z,T). The simplest is the inner product of the states Ψ(Z, 0) and Tr(Z2n)Ψ(Z,T)

which can be written as

⟨Ψ(0)| tr(Z2n) |Ψ(T)⟩ ≡
∫

dZ Ψ⋆(Z, 0)tr(Z2n)Ψ(Z,T)

=
( π
NX 1/2

)−N2/2
∫

dZ tr(Z2n) e−
S
2
N2 tr(Z2)

(2.135)

where S = (1 + 2i) + 2Y . Following (2.49), we can rewrite the above integral as

⟨Ψ(0)| tr(Z2n) |Ψ(T)⟩ = ⟨Ψ(0)|Ψ(T)⟩
∫
dZ tr(Z2n) e−S

2
N2 tr(Z2)∫

dZ e−S
2
N2 tr(Z2)

(2.136)

The second factor corresponds to an expectation value in a Gaussian matrix model. Keep-

ing only planar diagrams at largeNwe find

⟨Ψ(0)| tr(Z2n) |Ψ(T)⟩ ≃ ⟨Ψ(0)|Ψ(T)⟩ Cn

Sn (2.137)

where Cn =
1

n+1

(
2n
n

)
are the Catalan numbers.

Similarly, for multi-trace operators the overlap can be computed and using largeN fac-
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torization we get

⟨Ψ(0)|
k∏
i

tr(Z2ni) |Ψ(T)⟩ ≃ ⟨Ψ(0)|Ψ(T)⟩
∏k

i Cni

Sn , (2.138)

where n = n1 + ...+ nk.

Thus, as long as n does not scale withN the correlator will still be exponentially sup-

pressed, otherwise the periodic coefficient can spoil the exponentially decaying behaviour.

This is to be expected since in such cases the dimension of the multi-trace operators will be

orderN and they will not be just small fluctuations of the background and can, in princi-

ple, evolve the state back in time to T = 0. In any case, our code subspace is constructed by

the action of multitrace operators whose dimension is finite in the largeN limit, i.e, n is an

O(1) number.

2.6.6 Kourkoulou-Maldacena states in SYK model

The SYKmodel is a quantummechanical model ofNMajorana fermions interacting with

random interactions which is given by the Hamiltonian

H =
∑
iklm

jiklm ψiψkψlψm , (2.139)

where ψi are the Majorana fermions {ψi, ψj} = δij, and the coupling jiklm has drawn from

the distribution

P(jiklm) ∼ exp
(
−N3j2iklm/12J2

)
, (2.140)

112



leading to disorder average of

jiklm = 0, j2iklm =
3!J2

N3
. (2.141)

In a particular realization of the couplings, we consider pure states which are obtained by

using the Jordan-Wigner transformation and combining pairs of Majorana fermions into

qubit like operators and choosing states with definite eigenvalues for the σ3 components of

all qubits. These states are denoted by |Bs⟩, where s = (s1, s2, ..., sN/2)with sk = ±1, and

they satisfy the relations below

Sk |Bs⟩ = sk |Bs⟩ , (2.142)

where Sk = σk3/2 ≡ 2i ψ2k−1ψ2k is the spin operator. By choosing all possible combi-

nations of the {sk}’s we get a basis of the Hilbert space whose dimension is 2N/2 (N is an

even integer number). We further evolve these states over some distance l in Euclidean time

in order to get low energy states |Bs,l⟩ = e−lH |Bs⟩which we will refer to as Kourkoulou-

Maldacena (KM) states. To stay in the low-energy regime where the SYKmodel exhibits

conformal invariance we take 1≪ lJ≪ N [Kourkoulou &Maldacena, 2017].

As discussed in [Kourkoulou &Maldacena, 2017] the KM states can be thought of as

a toy model of pure black hole microstates which are out of equilibrium and which con-

tain excitations behind the horizon. Hence they are states which exhibit time-dependence

and our general formalism should be applicable. We start by discussing the behavior of the

return probability for these states.
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Analytical computation of the return probability at largeN

We start with the normalization of the KM states. In the largeN limit, due to the approxi-

mateO(N) symmetry of the theory it can be shown [Kourkoulou &Maldacena, 2017] that

⟨Bs,l |Bs,l⟩ = ⟨Bs| e−2lH |Bs⟩ = 2−N/2Z(β) , (2.143)

where β = 2l [Kourkoulou &Maldacena, 2017]. The return probability then in the large

N limit is given by

R(T) =
∣∣∣⟨Bs,l|e−iHT |Bs,l⟩
⟨Bs,l |Bs,l⟩

∣∣∣2 = ∣∣∣Z(β+ iT)
Z(β)

∣∣∣2. (2.144)

In a low temperature expansion, the partition function can be estimated [Maldacena &

Stanford, 2016] using the Schwarzian approximation to be

Z(β) ∝ e2
√
2π2αS N

βJ

(βJ)3/2
. (2.145)

Using (2.145) we find for the return probability

R(T) =
1

(1 + T2

β2 )
3/2

e−(4
√
2π2αS N

Jβ3
)T2

, (2.146)

which is compatible with (2.44), after we take into account the differentN-dependence in

the SYKmodel vsN = 4 SYM.

We can now try to test the more general decay of the inner product between states in
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time-shifted code subspaces (2.47). Let us denote the unit-normalized KM states as

|B̂s,l⟩ =
|Bs,l⟩√
⟨Bs,l|Bs,l⟩

, (2.147)

and denote their time-dependence as |B̂s,l(T)⟩ = e−iHT|B̂s,l⟩. We consider an operator A(t)

which is a simple combination of the fermions, so that the state A(t)|B̂s,l⟩ is in the code

subspace. Then we write

⟨B̂s,l(0)|A(t)|B̂s,l(T)⟩ = ⟨B̂s,l(0)|B̂s,l(T)⟩ ×
⟨Bs,l(0)|A(t)|Bs,l(T)⟩
⟨Bs,l(0)|Bs,l(T)⟩

. (2.148)

Let us focus on the last ratio. We can rewrite it as

⟨Bs,l(0)|A(t)|Bs,l(T)⟩
⟨Bs,l(0)|Bs,l(T)⟩

=
⟨Bs|e−(l+i T

2
)HA(t− T

2
)e−(l+i T

2
)H|Bs⟩

⟨Bs|e−(l+i T
2
)He−(l+i T

2
)H|Bs⟩

, (2.149)

which depends holomorphically on l + iT
2
, so we can evaluate if by analytic continuation.

All in all we find

⟨B̂s,l(0)|A(t)|B̂s,l(T)⟩ = ⟨B̂s,l(0)|B̂s,l(T)⟩ ×
[
⟨B̂s,l(0)|A(t−

T
2
)|B̂s,l(0)⟩

]
l→l+i T

2

. (2.150)

At largeN and for flip-invariant operators [Kourkoulou &Maldacena, 2017] we can also

write this as

⟨B̂s,l(0)|A(t)|B̂s,l(T)⟩ = ⟨B̂s,l(0)|B̂s,l(T)⟩ × ⟨A(t−
T
2
)⟩β|β→β+iT , (2.151)

where in the last term we first compute the thermal 1-point function ⟨A(t− T
2
)⟩β as a func-
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tion of β and then analytically continue β.

As an example, we consider the case where A = ψk(t)ψk(t′) (no summation over k im-

plied). Following [Kourkoulou &Maldacena, 2017] we have for real time and largeN

⟨B̂s,l(0)|ψk(t)ψk(t′) |B̂s,l(0)⟩ = Gβ(t− t′) , (2.152)

where, for t > t′, we have

Gβ(t− t′) =
π1/4√
2βJ

e−iπ/4√
sinh[π(t− iε)/β]

, (2.153)

Therefore, using (2.150) we get

⟨B̂s,l(0)|ψk(t)ψk(t′)|B̂s,l(T)⟩ = ⟨B̂s,l(0)|B̂s,l(T)⟩ Gβ+iT(t− t′) , (2.154)

where the last term can be computed as the analytic continuation of (2.153).

Similarly for A = ψ2k−1(t)ψ2k(t′)Sk we have [Kourkoulou &Maldacena, 2017]

⟨B̂s,l(0)|ψ2k−1(t)ψ2k(t′)Sk|B̂s,l(0)⟩ = −2iskGβ(t)Gβ(t′) + O(1/N), (2.155)

hence

⟨B̂s,l(0)|ψ2k−1(t)ψ2k(t′)Sk|B̂s,l(T)⟩ = ⟨B̂s,l(0)|B̂s,l(T)⟩× (2.156)

×
[
−2iskGβ+iT(t−

T
2
)Gβ+iT(t′ −

T
2
) + O(1/N)

]
. (2.157)

The examples (2.154) and (2.156) are consistent with our general expectations, see (2.47)
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and (2.48).

Some numerical checks

In this subsection we perform some simple numerical checks of 2.47 and 2.50, as well as the

behavior of the operators 2.57 for KM states in the SYKmodel. The first step is to select an

appropriate value for the inverse temperature β = 2l. The early time decay of the return

probability is

R(T) = e−ΔH2T2

. (2.158)

Earlier we used the Schwarzian approximation to compute the partition function 2.145

from which we can also get the variance

ΔH2 = 4
√
2π2αS

N
β3

= 0.396
N
β3

. (2.159)

We compare this result with a numerical computation of the variance ΔH2 for a KM state

constructed from |Bs⟩ = |+−−...−⟩. This is shown in Figure 3.2. In Figure 2.3, we show

the value of the plateau for the KM state, as defined in 2.45 for various values ofN and β.

For the range of values ofNwe are interested in, we can take the inverse temperature to be

β = 5, which is the value we will use in what follows.

In Figure 2.4 we can see the return probability as a function of t for different values of

N for the corresponding KM state. As discussed in subsection 2.3.6, we expect that the

overlap between any state in the code subspace at t = 0will and the one at t = Twill also
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Figure 2.2: The blue lines are the numerical results for the variance of Hamiltonian as a function of β while the yellow
ones are the Schwarzian approximation ΔH2 = 0.396N/β3.
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Figure 2.4: Return probability as a function of T for different values of N

decay exponentially fast. We can encode the overlap between all such pairs of states by

Rcode(T) =
1

dcode
Tr[PTP0] . (2.160)

For the numerical computation we need to make some choice about the code subspace.

One condition is that the dimension dcode of the code subspace should satisfy dcode ≪ 2N/2.
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As an example, and for the purpose of the numerical computation, we can define the code

subspace as

Hcode = span{Oi1
1 ...O

ik
k |Bs⟩; ij = 0, 1} , (2.161)

for some choice of the operatorsOi. HereDcode = 2k the value of k should be such that

D ≪ 2N/2. Note that the states in (2.161) are generally not orthonormal but it is easy

to write a projector on the code subspace in terms of elements of this basis, see [Bahiru &

Vardian, 2022] for a related discussion.

In Fig. 2.5, we see plots of the behavior ofRcode(T) as a function of time for some specific

choices of such a code subspace:

• a : the dimension of the code subspace isD = 8 and the operators are chosen to be

O1 = ψ1(t = 0), O2 = ψ1(t = 0.1), O3 = ψ1(t = 0.5).

• b : the dimension of the code subspace isD = 8 and the operators are chosen to b

O1 = ψ1(t = 0), O2 = ψ1(t = 0.1), O3 = h.

• c : the dimension of the code subspace isD = 16 and the operators are chosen to be

O1 = ψ1(t = 0), O2 = ψ1(t = 0.1), O3 = ψ1(t = 0.5), O4 = ψ1(t = 1).
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Figure 2.5: Rcode(T) as a function of T for three different examples of codesubspaces in the form of (2.161).

where in case (b) the operator h is the normalized Hamiltonian

h =
1√
N
(H− ⟨H⟩). (2.162)

We finally check that the operator (2.57) has similar correlators as the boundary-dressed

operator. We take the code subspace as

Hcode = span{|Bs⟩,O1|Bs⟩, ...Ok|Bs⟩, h|Bs⟩, hO1|Bs⟩, ...hOk|Bs⟩}, (2.163)

where the dimension of the code subspace is dcode = 2(k + 1) ≪ 2N/2. In Fig. 2.6, we plot

the result for the case of k = 5 and where the operators chosen to be

O1 = ψ1(t = 0), O2 = ψ1(t = 2), O3 = ψ1(t = 4) O4 = ψ1(t = 6), O5 = ψ1(t = 8)

forN = 20 (dcode = 12 ≪ 210) are plotted. One can see from Fig.2.6b that the state-

dressed operator for ψ3 has approximately the same correlation function as the original one.
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Figure 2.6: Results for the code subspace (2.163). (a)Rcode(T) as a function of T. (b) The blue line is ⟨ψ3(0)ψ3(t)⟩
as a function of t, while in the case of the yellow line, ψ3(0) is replaced by the dressed operator obtained from our
proposal. HereN=20.

2.6.7 Holographic boundary states

The KM states discussed in the previous section can be thought of as certain a-typical black

hole microstates in the context of SYK/AdS2. Interesting analogs in higher dimensional ex-

amples of AdS/CFT can be found by considering boundary states in CFTs [Almheiri et al.,

2018b,Takayanagi, 2011,Karch & Randall, 2001]. A boundary state characterizes bound-

ary conditions which can be imposed on a boundary of space-time on which the CFT lives.

For each allowed boundary condition, we can evolve the state along the Euclidean time to

suppress the high-energy contributions and obtain a state of finite energy which is called a

regularized boundary state of the CFT.

For holographic theories, the CFT path integral maps onto the gravity path integral.

Therefore, we will be able to make use of the AdS/CFT correspondence to deduce the

corresponding geometries if we can choose a state for which we can understand a gravity

prescription for dealing with the boundary condition at the initial Euclidean time. As dis-

cussed in [Cooper et al., 2019b], we can describe boundary states by starting with the TFD
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state of two CFTs labeled by L and R

|TFD(β/2)⟩ = 1

Z
∑
i

e−βEi/4 |Ei⟩L ⊗ |Ei⟩R , (2.164)

and then project the TFD state onto some particular pure state |B⟩ of the left CFT. As a

result, we obtain a pure state of the right CFT given by

|ΨB,β⟩ =
1

Z
∑
i

e−βEi/4⟨B |Ei⟩ |Ei⟩ . (2.165)

If the temperature is high enough, the TFD state is dual to the maximally extended AdS-

Schwarzschild black hole in the bulk. The geometry which is dual to these regularized

boundary states is expected to contain a significant portion of the left asymptotic region.

Therefore, in a holographic CFT, this class of regularized boundary states can be regarded

as microstates of a single-sided black hole. These black hole microstates can be thought of

as black holes with end of the world (EOW) branes on the left side.40 Generally the EOW

brane configuration is time-dependent at the macroscopic level. Hence these are states with

energy and energy variance compatible with (2.27) and (2.29), so we expect to be able to ap-

ply our construction and define operators (2.57). As we will discuss in the next section, one

way to think of them is that the gravitational dressing has been moved over to the EOW

brane.
40Proving from first principles that boundary states dual to EOW branes exist is far from trivial. It has been

investigated from a bootstrap perspective in [Reeves et al., 2021], where it was suggested that such boundary
states must be extremely fine-tuned. In [Belin et al., 2022], the full classification of boundary states in largeN
symmetric orbifolds was carried out, and typical boundary states are not of this form.
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Computation of the return probability and correlators

First we define unit-normalized boundary states

|B̂a(0)⟩ =
e−

βH
4 |Ba⟩√

⟨Ba| e−
βH
2 |Ba⟩

. (2.166)

Then we want to show that return probability of a boundary state

R(T) = |⟨B̂a(0) |B̂a(T)⟩ |2 , (2.167)

decays exponentially fast at early time. For boundary states in holographic 2d CFTs we have

(3.31)

G(β) = ⟨Ba|e−
βH
2 |Ba⟩ ≃ e

π2c
6β . (2.168)

where we have taken the CFT to be defined on a spatial circle of length 2π. For small Twe

have

R(T) =
|G(β+ 2iT)|2

|G(β)|2
≃ e−

4π2c
3β3

T2

. (2.169)

The energy variance of the boundary state can be easily computed from (2.168) and we find

ΔH2 = ⟨H2⟩ − ⟨H⟩2 = 4π2c
3β3

, (2.170)

so the initial decay (2.169) is, not surprisingly, consistent with (2.42), (2.44) and (2.170).
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In higher dimensional cases we can read from (2.241)

G(β) = e
αd

βd−1 , (2.171)

thus

R(T) =
|G(β+ 2iT)|2

|G(β)|2
≃ exp

[
− αd
βd+1

4d(d− 1)T2

]
. (2.172)

We can again check that

ΔH2 = ⟨H2⟩ − ⟨H⟩2 = αd
βd+1

4d(d− 1), (2.173)

which is compatible with (2.172).

We now proceed with checking that the other states in the code subspace around a bound-

ary state are orthogonal to the time evolved code subspace. Consider for example the state

O(t, x)|B̂a⟩. Following similar reasoning as in subsection 2.6.6 we can show that

|⟨B̂a(0)|O(t, x)|B̂a(T)⟩|2 = ⟨B̂a(0)|O(t, x)|B̂a(T)⟩ ⟨O(t−
T
2
, x)⟩β→β+2iT. (2.174)

where ⟨B̂a(0)|O(t, x)|B̂a(T)⟩ = Ga(I,β+2iT)
Ga(I,β) .

More generally

⟨B̂a(0)|O(t1, x1)O(t2, x2)...O(tn, xn)|B̂a(T)⟩

= ⟨B̂a(0)|O(t, x)|B̂a(T)⟩⟨O(t1 −
T
2
, x1)O(t2 −

T
2
, x2)...O(tn −

T
2
, xn)⟩β→β+2iT.

(2.175)
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Thus, as long as the analytical continuation of the correlation function in β does not

introduce any surprisingN-dependent factors we will get the expected behavior (2.48). We

now check this condition for low-point functions in 2d boundary states.

Here we assume that for a holographic CFT, and if we are working in the largeN limit,

the 1-point function of light conformal primaries can be computed by a method of images.

Then for a 1-point function of a scalar primaryO with dimension Δ on a boundary state

we have

⟨B̂a(0)|O(t, x)|B̂a(0)⟩ =
AO

( βπ cosh[
2π
β t])Δ

. (2.176)

for some constant AO which depends on the boundary state a and the operatorO. After

the analytic continuation necessary for (2.174) we find

⟨O(t− T
2
, x)⟩β→β+2iT =

AO

( (β+2iT)
π cosh[ 2π

(β+2iT)(t−
T
2
)])Δ

. (2.177)

Hence we notice that the results (2.174),(2.177) are consistent with our general expecta-

tions (2.47),(2.48).

We can also check 2-point functions, which we can compute in the largeN limit. First

we compute the 2-point function on the boundary state, using the method of images

⟨B̂a(0)|O(t1, x1)O(t2, x2)|B̂a(0)⟩ =
+∞∑

n=−∞

1∣∣ β
π sinh

(
π
β [(x1 − x2 + 2πn)− (t1 − t2)]

)∣∣2Δ ± 1∣∣ β
π cosh

(
π
β [(x1 − x2 + 2πn)− (t1 + t2)]

)∣∣2Δ ,
(2.178)

After the analytic continuation necessary for (2.175) we find from (2.178) that we do
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not notice any unexpected behavior of this part of the correlator as T increases, so the re-

sult (2.175) is dominated by the decay of the return probability, and is consistent with our

expectations (2.47),(2.48).

2.7 BlackHole microstates

One question which is particularly interesting is whether we can apply our construction to

black hole microstates. We have already mentioned in section 2.3.1 that there are various

classes of black hole microstates, some of which have macroscopic time dependence and

some of which do not. We will now discuss these various cases in more detail and interpret

our operators for these types of states.

2.7.1 States with macroscopic time-dependence

We will start with the simplest situation: states with macroscopic time-dependence. This

can be visible outside the horizon, for example black holes in the presence of infalling mat-

ter. Alternatively it can be that the geometry appears to be static outside the horizon but

there is no corresponding Killing isometry in the interior. As the first case is more straight-

forward, we focus on the second case. Two examples of such states are boundary states

of the CFT, corresponding to end-of-the-world branes inside the horizon, which have al-

ready been discussed in the previous section. A second example is states prepared by the Eu-

clidean path integral on some surface of higher topology. The dual geometries have topol-

ogy behind the horizon, and are often referred to as geons [Louko &Marolf, 1999, Guica

& Ross, 2015,Marolf &Wien, 2018]. It is worth re-emphasizing that both of these states

are usually prepared by the Euclidean path integral and are in fact very a-typical states, even
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if the CFT 1-point functions are very close to those in a thermal state (or said differently,

even if the classical geometry is exactly that of a black hole outside the horizon).

Both of these examples involve pure states |Ψ0⟩ that have a large energy variance, of or-

derN2, such that the return probability will decay as (2.43). We can thus apply our con-

struction to build local operators that are not dressed to the boundary CFT. The interpre-

tation is that the operators are dressed with respect to the time-dependence of the interior.

Consider for example the genus-2 geon in d = 2, which is prepared by the Euclidean path

integral on half of a genus-2 surface [Maxfield et al., 2016,Marolf &Wien, 2018]. Micro-

scopically, the state can be described by

|Ψ0⟩ ∼
∑
i,j

Ciije−Eiβi/2−Ejβj |Ej⟩ , (2.179)

where∼ indicates that we have not been careful about the parametrization of the genus-

2 surface, but βi,j are related to the moduli of the surface. The un-normalized overlap of

this state corresponds to a genus-2 partition function in the dumbbell channel, where βj

parametrizes the length of the two handles, and βi parametrizes the length of the neck be-

tween them.

It is not straightforward to write down a metric that covers the entire space-time of such

states. Outside the horizon whose size is controlled by βj, they look exactly like the BTZ

geometry. Inside the horizon, they have macroscopic time-dependence. A nice coordinate

patch that covers the Wheeler-de Witt patch of the t = 0 slice of the geometry can be writ-

ten down in a very simple form

ds2 = −dt2 + cos2 t dΣ2
2 , (2.180)
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where dΣ2
2 is the constant negative curvature metric on half of a genus-2 surface. This co-

ordinate patch covers the entire t = 0 slice of the geometry, which is precisely half of a

genus-2 surface. The neck corresponds to the horizon, and there is topology (one handle)

behind the horizon. From this metric, we explicitly see the time dependence of the geome-

try, even if a metric for the full spacetime is hard to write down. The interpretation of our

operator is that the dressing is to the time-dependence of the geometry that sits inside the

horizon. For end-of-the-world brane geometries, the situation is similar and the operator is

dressed to the end-of-the-world brane.

2.7.2 Typical states

The question we would now like to ask is whether our prescription works in typical black

hole microstates. Contrary to states with end-of-the-world branes or topology behind the

horizon, it seems reasonable to expect that typical states should also look like the thermal

state a finite distance inside the black hole (see for example [de Boer et al., 2019, De Boer

et al., 2020]).

Whether or not our prescription works depends on the definition of a typical black hole

microstate, and in particular on the energy spread we are choosing. One possibility is to

define typical states using an ensemble of energy eigenstates with spreadO(N0) in energy

(recall that there are still eS with S ∼ O(N2) states in this energy band). In that situation,

our prescription does not work, as the variance of energy isO(N0) and the return proba-

bility will not decay fast enough. Another possibility is to consider typical states with an
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energy spread similar to that of the canonical ensemble, that is

(ΔE)2 ∼ O(N2) . (2.181)

For such states, the return probability will decay following the behaviour (2.43). Therefore,

we can follow our prescription and define the operators in the same way and they will sat-

isfy the two properties of commuting with the Hamiltonian to all orders in 1/N and acting

like HKLL operators to leading order at largeN.

While these operators are certainly diff-invariant, since they are operators defined in

the CFT, the bulk interpretation of their gravitational dressing on typical black hole mi-

crostates is not entirely clear. When the gravitational configurations are macroscopically

time-dependent, our operators are dressed with respect to the features of the geometry.

The typical states are still time-dependent, but only microscopically, as it seems plausible

to assume that macroscopically they are featureless. In some sense our operators are dressed

to the microscopic time-dependence of the state (the phases of the ci in (2.28)), but it is

unclear exactly what that means in the bulk.

Notice however, that if we start with a particular typical pure state |Ψ0⟩ and act with a

unitary made out of the operator (2.57), associated to that state, then the predictions for

what an infalling observer jumping into the black hole will see are unambiguous. For exam-

ple, the operators (2.57) will generally create an excitation in the bulk and the location in

time relative to that of the infalling observer who jumps from the boundary at a particular

boundary time, can be unambiguously computed for each state |Ψ0⟩ and corresponding

operators (2.57). We emphasize that for this interpretation it is important to remember

that the operators (2.57) are state-dependent and cannot generally be promoted to a single
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operator which acts in a specific way globally on most typical states.

We briefly comment on black hole interior reconstruction. Suppose we start with a typ-

ical black hole microstate with energy spread of order (2.29). If we assume that the interior

geometry contains part of the left asymptotic region, then the possibility of removing the

dressing of the operators implies that we can deform the state behind the horizon by cre-

ating some particles there, in such a way that these excitations cannot be detected from

the boundary CFT by the measurement of single-trace correlators, including the Hamil-

tonian, in the 1/N expansion. This was also discussed in [Harlow, 2014, de Boer et al.,

2022]. We emphasize that this does not contradict the statements made in [?, de Boer et al.,

2019, De Boer et al., 2020] that for typical states with microcanonical energy spread, it is

impossible to add excitations without affecting single-trace correlators.

2.7.3 Two entangled CFTs

Similar considerations apply to geometries with two asymptotically AdS regions. Consider

two non-interacting CFTs with total HamiltonianH = HL + HR. We take the full sys-

tem to be in a pure state |Ψ0⟩which may be entangled, but we will assume the pattern of

entanglement is generic. In particular, we do not consider states like the thermofield-double

which have a very fine-tuned structure of entanglement. We can imagine the state |Ψ0⟩ to

be, for example,UL |TFD⟩, whereUL is a complicated random unitary acting on the left

CFT. In this case we can consider the following generalization of our construction. Let us

consider the 2-parameter family of time-shifted states

e−i(TLHL+TRHR)|Ψ0⟩.
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We start with an HKLL operator Φ dressed with respect the to left system, which com-

mutes withHR but notHL. We now consider the following generalization of the operators

(2.57)

Φ̂ = c
∫

dTLdTRe−i(TLHL+TRHR)P0ΦP0ei(TLHL+TRHR) (2.182)

using P0 = PL
0 ⊗ PR

0 and [Φ,PR
0 ] = 0 then

Φ̂ = c
∫

dTLe−iTLHLPL
0ΦPL

0eiTLHL ⊗
∫

dTRPR
TR

(2.183)

The resulting operator commutes with bothHL andHR on the relevant code subspaces. In

this case, the operator is not dressed with respect to the overall time-dependence of the full

system, but rather to the time dependence of the “left” subsystem.

There are states with special entanglement pattern such as the TFD state, which was al-

ready discussed in section 2.6.2. The generalized return amplitude ⟨Ψ0|e−i(HLTL+HrTR)|Ψ0⟩

which is a function of TL and TR does not decay in all directions for these special states. For

example, in the TFD state it is constant along the line TL = −TR. In those cases we cannot

set both commutators withHL,HR to zero. So we can move the dressing from one side to

another if we wish to, but there it is always dressed to one of the boundaries. This happens

because the TFD state has a symmetry, it is annihilated byHL −HR.

2.7.4 Island discussion

Our prescription is also useful to resolve some paradoxes in the context of black hole evap-

oration and islands. Consider a setup where a holographic CFT is coupled to a bath such

that the bulk description is given by an evaporating black hole. After the Page time, a non-
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trivial quantum extremal surface appears in the bulk delimiting an island, i.e. a part of the

interior of the black hole that is encoded in the bath degrees of freedom rather than in those

of the CFT [Penington, 2020b,Almheiri et al., 2019].

There is an apparent tension in this context related to gravitational dressing [Geng et al.,

2022]. If we create an excitation in the island by acting with a local operator φisland, where

does the gravitational dressing go? It appears that the only place for the dressing to go is the

boundary CFT. But this implies that the local operator will have the property

[φisland,HCFT] ̸= 0 . (2.184)

But this seems to be inconsistent, because since the operator is in the island, it should be

reconstructable from the bath degrees of freedom, and commute with the CFT degrees of

freedom.

Our operators provide a way out of this paradox. We can apply our prescription above in

terms of two entangled systems with a generic pattern of entanglement (there is a subtlety

here since the bath and CFT are actually coupled rather than non-interacting, but we can

treat this interaction as weak). In that case, even if we did start with an operator that had a

non-trivial commutator (2.184), we would engineer a new operator which commutes with

HCFT up to exponentially small corrections. This new operator is now dressed with respect

to the radiation, rather than the boundary CFT.

The interpretation of the dressing is similar to that of the typical states. While it would

be tempting to imagine dressing the operator to the quantum extremal surface, the bulk

geometry only has extremely slow time-dependence so it is unclear if time-dependent fea-

tures of the geometry are sharp enough to dress with respect to them. It appears that that
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the dressing is towards the microscopic time-dependence of the radiation. The story be-

comes less subtle if we consider a doubly holographic model (see for example [Almheiri

et al., 2020, Chen et al., 2020c]). In that case, the dressing to the bath can be directly ge-

ometrized in the higher-dimensional geometry. Our operators can perhaps be thought as a

counter-part of the operators in the doubly-holographic setup, but in cases where the dress-

ing cannot be so easily geometrized.

Finally, we would like to clarify the distinction between reconstruction and dressing.

To make things simple, let us consider the TFD state and consider an HKLL operator on

the left φL. This operator is dressed to the left CFT. Now we run our protocol, and as ex-

plained above, we can move the dressing to the right. The operator φ̂L now commutes with

HL but no longer withHR [Papadodimas & Raju, 2015]. This does not mean that it can be

reconstructed from the right degrees of freedom, but that it can be detected from the right

CFT via the Gauss law tail. It is still mostly built from the left CFT degrees of freedom,

only its dressing has been pushed to the right.

2.8 Discussion

In this paper, we have investigated whether information can be localized in perturbative

quantum gravity, in the context of the AdS/CFT correspondence. The challenge at hand

is to construct local diff-invariant operators that are not dressed to the boundary where the

CFT lives. We have presented evidence that such operators exist, at least around high en-

ergy states with a large energy variance. Such states include semi-classical geometries with

features that break the symmetries of the dual CFT and for such states, local operators can

be dressed to the features of the state. We have argued that there exist CFT operators that
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commute with all single-trace operators in a narrow time-band to all orders in the 1/N

expansion, including the Hamiltonian and other charges that generate conformal transfor-

mations, while at the same time act like standard HKLL operators to leading order at large

N.

We have presented an explicit construction of such operators, and checked that they

commute with the Hamiltonian to all orders in the 1/N expansion, and act like HKLL

operators to leading order. Technically the construction of such operators is made possi-

ble due to the fact that different semi-classical states have exponentially small overlap. We

have also discussed a generalization of our operators that would commute with all bound-

ary charges of the conformal group. Moreover, we presented a definition of operators that

commutes with all single-trace operators, not just conserved charges. The construction of

these operators is slightly less explicit, and we define them by specifying their action on the

code subspace around a semi-classical geometry. We argue that such operators commute

with all single-trace operators in a narrow CFT time-band, while also acting like HKLL

operators to leading order at largeN. Acting with such operators creates excitations that

are completely invisible to CFT correlation functions in a narrow time-band, even if they

become accessible at later times when a lightray from the location where the bulk excita-

tion was created reaches the boundary. This suggests that information can be lozalized in

perturbative quantum gravity, to all orders inGN perturbation theory. We conclude with

some open questions that we raised along the way.
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2.8.1 The variance of the energy from semi-classical gravity

A quantity that played a primordial role throughout the paper is the variance of energy,

which controls the early time decay of the return probability through (2.42). One ques-

tion that would be interesting to understand better is how we can compute the variance

⟨Ψ0|ΔH2|Ψ0⟩ from semi-classical gravity. In appendix 2.9 we give an example that we

can change theO(N2) coefficient of the variance of the Hamiltonian without changing

the semi-classical geometry. This implies that the variance of the energy is not just a prop-

erty of the geometry, but also of the quantum state of the fields on top of that geometry.

Of course, if the metric changes as a function of time, this puts a bound on the variance

through (2.31). This suggests that if we start with some time-dependent semi-classical ge-

ometry with a matter QFT state with large variance, it should not be possible to change the

state in a way to make the variance decrease toO(1)without changing the metric towards a

time-independent solution. The mechanism by which this would happen is unclear, and it

would be interesting to pursue it further.

On a related note, we can ask how we can quantize the bulk mode associated to the

Hamiltonian directly in gravity. The expectation value of the Hamiltonian is extracted

through the fall-off of the metric near the AdS boundary, as is standard in AdS/CFT, but

this does not capture its quantum 2-point function. If one computes the stress-tensor con-

nected 2-point function on the geometry, takes the relevant components and performs

the spatial integrals, one should obtain the variance. It would be desirable to have a more

direct representation of the variance in terms of the the bulk wavefunction of the non-

propagating s-wave mode of the graviton and also understand from this point of view the

lower bound on the variance for time-dependent geometries.
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2.8.2 Gravitational proof for the decay of the return probability

A central part of this paper was played by the decay of the return probability. The physical

interpretation of this decay for a semi-classical time-dependent geometry is that it computes

(the square) of an overlap between two distinct geometries, namely the original one and the

time-evolved one. The general expectation is that the overlap of two distinct coherent states

should be given by

⟨λ1|λ2⟩ ∼ e−N2f(λ1,λ2) , (2.185)

where f is someO(1) function whose real part is positive (we have assumed that the states

|λ1,2⟩ are normalized). The intuition is thatN2 plays the role of 1/h̄which controls the

overlap of coherent states, and from a gravitational stand-point, the on-shell action of any

geometry will be proportional to 1/GN. However, this gravitational argument does not

necessarily imply that the real part of f is positive, which is required by reflection positiv-

ity of the CFT dual. As we have seen in (2.97), interpreting geometries as quantum states

implies constraints on various on-shell actions.

It would be interesting to understand this problem directly in gravity. Can reflection

positivity be proven directly at the level of the gravitational path integral? This requires

proving (2.97) directly in gravity. A possible way to prove this is the following: we consider

two states λ1 and λ2 with fixed sources, and their associated geometries contributing to the

overlaps ⟨λ1,2|λ1,2⟩, with geometries g1 and g2 and on-shell actions I1 and I2. We start by

considering a gravitational configuration which is half of g1 (say the northern hemi-ball)
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and half of g2 (the southern hemi-ball). This configuration has action

Itot =
I1 + I2

2
. (2.186)

Note that the geometry is off-shell at the gluing surface between g1 and g2, and there could

be another contribution Ijunction to the action coming from the gluing, which we will not

include for now. To find the smooth saddle-point geometry, we need to let this geometry

relax by modifying its configuration near the junction. One may be able to prove that this

smoothing of the glued geometry comes with a definite sign in the action, therefore proving

(2.97). It would be interesting to pursue this idea.

2.8.3 Microscopically time-dependent states

We have seen that for any state with large energy and large energy variance, we can find bulk

local operators who commute with the time-band algebra. The interpretation of these op-

erators is that they are dressed with respect to features of the state (in particular the time-

depdence of the state), rather than to the boundary CFT. This intuitive picture is clear

when the state describes a semi-classical geometry that is macroscopically time-dependent,

as the time-dependence can be seen directly from the background metric which has features

with respect to which we can attach a gravitational dressing.

As we have discussed, our prescription also works for typical states with energy variance

ofO(N2). In that context, the interpretation of the dressing is less clear. The dual geome-

try is not macroscopically time-dependent. We can declare that the operator is dressed with

respect to the microscopic time-dependence, but it is unclear what that means. It would be

interesting to have a better physical understanding of the dressing for such type of states.
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We hope to return to this question in the future.

It is also important to note that our operators are state-dependent, even outside the hori-

zon. For a given typical state, we can use our construction to find the state-dressed local

operator. However, if we now pick a different typical state then the operator will not act in

the desired fashion. In this sense, our operators are similar to mirror operators [Papadodi-

mas & Raju, 2013], but they can live outside the horizon. Nevertheless, we wish to empha-

size again that independently of questions surrounding the interpretation of these opera-

tors, an important message of this paper is that these operators exist and that states created

by acting on the corresponding typical state with unitaries built from these state-dressed

operators have identical correlators of single-trace operators in a narrow time-band in the

1/N expansion as the original state. Moreover, this can be done around any typical state

once the state has been fixed.

2.8.4 Microcanonical states and small energy variance

There are also typical states with a small energy variance, ofO(N0). For example, when one

refers to the microcanonical ensemble, one often has in mind picking a state with spread

in energy which isO(N0). For such states, the return probability does not decay to val-

ues which are exponentially small inN2 after an order one time, which means we cannot

use our construction to define state-dressed operators. The variance of the energy is a very

coarse way to define how time-dependent a state is, and for states with energy variance of

sizeO(N0), the state is not time-dependent enough to dress operators to it. Of course, all

these states look macroscopically time independent, and all the information is in the mi-

croscopic phases of the state. It would be interesting to study this further, and have a bet-
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ter physical picture of whether one can find state-dressed operators to these small variance

states.

It is worthing mentioning that if the variance isO(Nc) for any 0 < c < 2, our pre-

scription does work. For typical states, this is some kind of intermediate regime between

canonical states and microcanonical states. For coherent states that are macroscopically

time-dependent, this situation would occur if the profile of the fields are notO(1), but

rather scale with some positive power ofGN. In that case, backreaction is small, but the

return probability still decays. It would be interesting to understand these regimes bet-

ter, they interpolate between coherent states of the bulk quantum fields propagating on a

frozen AdS background, and semi-classical geometries with a non-trivial metric.

2.8.5 The AdS vacuum and low-energy states

For low-energy states like the AdS vacuum or states with anO(N0) energy above it, our

construction does not work. Therefore, the results of this paper do not contradict the

claims of [Chowdhury et al., 2022], that for perturbative excitations on top of the AdS vac-

uum one can reconstruct the state directly from the time-band. Technically, this happens

because the return probability does not decay to exponentially small values for such states.

Physically, states like the AdS vacuum have no features to which we can dress operators, so

the only possible diff-invariant way to specify a point is with relation to the boundary. Even

classically, there are no diff-invariant local observables in classical general relativity for the

case of vacuumAdS. It thus appears that the failure of constructing approximately local

diff-invariant operators around the AdS vacuum happens because of the special nature of

the state, rather than a fundamental obstruction due to the non-locality of quantum grav-
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ity.

For excited states on top of the AdS vacuum, it is less obvious why local diff-invariant

states cannot be constructed. One may imagine that if the VEV of a scalar field has a quan-

tum lump in some region of space-time, we could dress an operator to the location of this

lump. Technically, we see that at least our operators cannot achieve this goal. It would be

interesting to have a more physical understanding of why it is not possible to dress opera-

tors to quantum profiles, rather than semi-classical ones. As we have seen in the previous

subsection, it is not completely related to backreaction. If we consider a coherent state on

top of vacuumAdS corresponding to a source which scales asN1/4, the return probabil-

ity would decay fast enough for our construction to work, even if backreaction can be ne-

glected. Note however that such a state is not really part of the low-energy EFT on top of

vacuumAdS, since it has energy that scales with some fractional power of the Planck scale.

It would be interesting to understand this better.

2.9 Appendix: Changing the variance ofH

Wewould like to understand whether the variance of the energy is accessible within semi-

classical gravity, simply from the geometry, or whether it requires more knowledge and in

particular, the knowledge of the bulk quantum state for the fields propagating on the back-

ground. As we will see, knowledge of the quantum state seems to be required to extract the

variance.

The quantity we would like to compute is

⟨Ψ0|H2|Ψ0⟩ − ⟨Ψ0|H|Ψ0⟩2 ≡ ⟨Ψ0|H2|Ψ0⟩c . (2.187)
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This is a connected correlation function in holography, which usually would be compute

from the 2-point function of the associated propagating fields on the relevant background.

This 2-point function is sensitive both to the geometry and to the bulk quantum state

of the propagating fields. However, here the situation is more subtle, because we are not

studying the local correlation function of an operator, but rather the 2-point function of

the spatial integral of a local operator. In this particular case, the situation is a lot more con-

fusing because the dual bulk field would be the s-wave graviton, which is not a propagating

degree of freedom in gravity.

So what computes this variance? We will not be able to answer this question, and we

believe it to be an interesting open problem which we hope to return to in the future. Nev-

ertheless, we will study some particular states that should be interpreted as adding an s-wave

graviton in the bulk. Even though this mode doesn’t propagate, we will see that adding it

can affect the CFT variance. We will consider two type of deformations of the thermofield

double (TFD) state, both of which are related to adding an integrated stress-tensor opera-

tor on the cylinder that prepares the TFD state. Let us start with some basics. We consider

the TFD state

|TFD⟩ = 1√
Z

∑
i

e−βEi/2 |Ei⟩ |Ei⟩ . (2.188)

We assume that the partition function has the usual largeN behavior

Z(β) = exp
[
N2

(
F0(β) +

1

N2
F1(β) + ...

)]
, (2.189)
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from which we can compute

⟨Hn⟩β = (−1)n 1
Z

dn

dβn
Z . (2.190)

whereH isHL orHR. We have

⟨TFD|H |TFD⟩ = ⟨H⟩β = −N
2F′0 − F′1 , (2.191)

⟨TFD|H2 |TFD⟩ − ⟨TFD|H |TFD⟩2 = ⟨H2⟩β,c ≡ ⟨H
2⟩β − ⟨H⟩

2
β . (2.192)

We have

⟨H2⟩β,c = N2F′′0 + F′′1 . (2.193)

Now, consider the following state

|ψ⟩ = H |TFD⟩ . (2.194)

We now have

⟨ψ|ψ⟩ = ⟨H2⟩β (2.195)

Let us now see how the energy and variance of the state have evolved. We have

⟨ψ|H |ψ⟩
⟨ψ|ψ⟩

=
⟨TFD|H3 |TFD⟩
⟨TFD|H2 |TFD⟩

=
⟨H⟩3β + 3 ⟨H2⟩β,c ⟨H⟩β + ⟨H3⟩β,c

⟨H⟩2β + ⟨H2⟩β,c
, (2.196)

where we defined

⟨H3⟩β,c ≡ ⟨H
3⟩β − 3 ⟨H2⟩β,c ⟨H⟩β − ⟨H⟩

3
β . (2.197)
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LargeN factorization implies that we can expand this answer and we find

⟨ψ|H |ψ⟩
⟨ψ|ψ⟩

= ⟨H⟩β + 2
⟨H2⟩β,c
⟨H⟩β

+ · · ·

= −N2F′0 − F′1 − 2
F′′0
F′0

+ · · · . (2.198)

We see that we obtain the TFD answer, up to a correction term, which is of sizeN0. This

means we have not changed the geometry classically, but only added a quantum particle on

top of the TFD state. Similarly, one can compute

⟨ψ|H2 |ψ⟩
⟨ψ|ψ⟩

−
(
⟨ψ|H |ψ⟩
⟨ψ|ψ⟩

)2

=
⟨H⟩4β + 6 ⟨H2⟩β,c ⟨H⟩

2
β + · · ·

⟨H⟩2β + ⟨H2⟩β,c
−
(
⟨H⟩2β + 4 ⟨H2⟩β,c + · · ·

)
= ⟨H2⟩β,c + · · ·

= N2F′′0 + · · · (2.199)

We see that that the energy has changed atN0, but the variance has not changed at order

N2, only at orderN0. So this state modifies both the variance and the energy at subleading

order compared to the TFD.We will now build a state that modifies the energy at sublead-

ing order, but the variance at leading order compared to the TFD.

Consider the state

|φ⟩ = (H− ⟨H⟩β) |TFD⟩ . (2.200)

We now have

⟨φ|φ⟩ = ⟨H2⟩β,c , (2.201)
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and we can now compute the energy in this state:

⟨φ|H |φ⟩
⟨φ|φ⟩

=
⟨H3⟩β − 2 ⟨H2⟩β ⟨H⟩β + ⟨H⟩

3
β

⟨H2⟩β,c
= ⟨H⟩β+

⟨H3⟩β,c
⟨H2⟩β,c

= −N2F′0−F′1−2
F′′′0
F′′0

+· · · .

(2.202)

We see that this state modifies again the energy only at orderN0, and in a slightly different

way than the previous state. In a similar way, we compute the variance and find

⟨φ|H2 |φ⟩
⟨φ|φ⟩

−
(
⟨φ|H |φ⟩
⟨φ|φ⟩

)2

= ⟨H⟩2β + 3 ⟨H⟩2β,c +
2 ⟨H3⟩β,c ⟨H⟩β + ⟨H4⟩β,c

⟨H2⟩β,c
−

(
⟨H⟩β +

⟨H3⟩β,c
⟨H2⟩β,c

)2

= 3 ⟨H2⟩β,c +
⟨H4⟩β,c
⟨H2⟩β,c

−

(
⟨H3⟩β,c
⟨H2⟩β,c

)2

= 3N2F′′0 +
3(F′′0)2F′′1 − (F′′′0 )2 + F′′0F′′′′0

(F′′0)2
+ ... (2.203)

One can see that the change in the variance is orderN2 (it is three times the variance of the

TFD state), so this is a modification of the variance at the order we were looking for.

From this, we can conclude that the semi-classical geometry is not enough to extract the

variance of the energy. The quantum state of the bulk fields is equally important. For the

state |φ⟩, we have the same leading largeN properties, but a different quantum state for

the graviton. The fact that it is the s-wave of the graviton that enters is still puzzling, and it

would be interesting how to propertly quantize this non-propagating degree of freedom.

We leave this for the future.
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2.10 Appendix: Boosts in global AdS

As we have discussed in section 2.3, the conformal generators on the d-dimensional cylin-

derR × Sd−1 organize themselves as time-translations, rotations, and 2d remaining gen-

erators which correspond to boosts in the dual AdS geometry. The goal of this section is

to discuss whether there exist states that can preserve the boost symmetry. As we have seen

throughout the paper, symmetries that are broken by semi-classical states allow us to spec-

ify bulk points by dressing the location of a bulk point to the feature of the state that breaks

the symmetry. It is important to understand which symmetries are broken, and which sym-

metries can be preserved by semi-classical states. For time translations and rotations, this

is straightforward, but it is somewhat more subtle for boosts, which is the purpose of this

section.

The 2d boost generators can be realized as d non-independent copies of SL(2,R) [Freivo-

gel et al., 2012]. For simplicity, we will study the case of AdS3, but the higher dimensional

versions follow in a straight forward manner. In d = 2, the two copies of SL(2,R) are well-

known and correspond to the left and right moving sectors of conformal transformation.

The generators are given by L−1,L0,L1 and L̄−1, L̄0, L̄1. Time-translations and rotations

are obtained by the combinations

H = L0 + L̄0 , J = L0 − L̄0 . (2.204)

The four residual generators correspond to boosts in AdS3. For explicit expressions, see

[Maldacena & Strominger, 1998]. We would now like to analyze whether non-trivial states

can be annihilated by these boosts. As a starting point, notice that there are obviously CFT
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states which are annilitated by L−1 and L̄−1: primary states. However, we would like to

consider generators that can be exponentiated to norm-preserving group elements. This

means the generators should be Hermitian. The generators L−1 and L̄−1 do not satisfy this

property. However, we can assemble them into the combinations

L+ = L−1 + L1 , L− = i(L−1 − L1) (2.205)

Using that L†
−1 = L1, we see that L± are hermitian operators and can thus be exponenti-

ated to form unitaries.

The question we would like to ask is whether there are states in the Hilbert space that are

eigenstates of L±. We will see that the only finite energy eigenstates of these operators are

those where the left-moving part of the CFT is in the vacuum. To see this, we consider the

commutator

[L+,L−] = 4iL0 (2.206)

Suppose now that |ψ⟩ is a normalizable eigenstate of —say— L+. Computing the expecta-

tion value of this equation we find

⟨ψ|L0|ψ⟩ = 0 (2.207)

From the positivity of the energy spectrum this is possible only if L0|ψ⟩ = 0. The only

states with this property are states where the left moving sector of the CFT is in the vac-

uum.

Non-trivial states will thus break boost invariance, which can be use to specify the ra-
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dial location of an operator. For the construction of operators presented in this paper, this

would require considering the states obtained by acting with the unitary operators on semi-

classical states |ψ0⟩ as

e−iγL± |ψ0⟩ , (2.208)

and studying the generalized return probability

R(γ) ≡
∣∣⟨ψ0| e

−iγL± |ψ0⟩
∣∣2 . (2.209)

These return probabilities have not been studied but for semi-classical states, it is natural to

expect them to be exponentially small for γ ∼ O(1).

2.11 Appendix: Early time decay of the return probability

We wish to estimate the early time decay of the return probability (2.41). We will see that

at very early times, namely t ∼ 1
N , we can find the decay purely from largeN factorization.

We will first recall a general property of coherent state overlaps which follows from largeN

factorization, and then adapt the situation slightly to the return probability.

2.11.1 Overlap of coherent states and large N factorization

Coherent states of quantum gravity in AdS/CFT can be described by states prepared by a

Euclidean path integral with sources turned on for single-trace operators. These states are

thus given by

|λ⟩ = e
∫
x0<0 dx

dλ(x)O(x) |0⟩ , (2.210)
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where we have not written the appropriate time-ordering which is left implicit. We will

now show that the overlap is given by

⟨λ1|λ2⟩ = e
∫
Rd λ

∗
1(y)λ2(x)⟨O(y)O(x)⟩ +O(1/N) , (2.211)

where it should be understood that y is integrated over the upper half plane while x is inte-

grated over the lower half plane.

We can explicitly expand out the integrals of the bra and the ket states, and use large

N factorization: this implies that the operators should be paired up and contracted using

Wick’s theorem, up to 1/N corrections. At a given power in the source, we will have a term

of the form (∫
dxdy

)k
1

(k!)2
λ∗1(y)kλ2(x)k ⟨0| Ok(y)Ok(x) |0⟩ . (2.212)

We can now apply Wick’s theorem and find

(∫
dxdy

)k
1

(k!)2
λ∗1(y)kλ2(x)k ⟨0| Ok(y)Ok(x) |0⟩ = 1

k!

(∫
dxdyλ∗1(y)λ2(x) ⟨0| O(y)O(x) |0⟩)

)k

,

which we can re-exponentiate to find (2.211). Note that we have not written the normal-

ization of the states, which takes care of the Wick contraction between any two operators

living both in the lower half plane, or upper half plane. Similarly, terms which have a differ-

ent powers of upper and lower operators do not give contributions to leading order at large

N because we cannot pair the operators and use Wick’s theorem.

For this to work, we have implicitly assumed that λ ∼ O(N0). To see this, note that the

connected correlation functions of higher-point operators are suppressed by 1/N, but also
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have more sources than lower-point functions. If we scale the sources as λ ∼ N1/2, which

is the correct scaling to induceO(1) back-reaction on the dual spacetime41, we have to be

more careful, as some of the terms we dropped involving connected correlators will be the

same size as the Wick contractions. For example, we have

λ∗1(y)λ2(x) ⟨O(y)O(x)⟩ ∼ N2 (2.213)

(λ∗1(y)λ2(x))2 ⟨O(y)O(y)O(x)O(x)⟩c ∼ N2 . (2.214)

This means that we cannot truncate to the sector of Wick contraction, and we must resum

the entire expansion. Note however that the contributions corresponding to loop diagrams

in AdS are still suppressed by 1/N, so we are resumming tree-level diagrams to build the

backreacted geometry.

The upshot of this analysis is that we can use large-N factorization to easily compute the

overlap of coherent states, but only if the sources areO(1), in which case the exponent in

the exponential is alsoO(1). If we try to make the sources scale withN, the exponent will

be of orderN2 and then infinitely many contributions must be resummed. We will now

apply this logic to the return probability.

2.11.2 The return probability

We can now apply the same logic as above, taking the operator e−iHT to be seen as an imag-

inary Euclidean source for the Hamiltonian (which is the integral of the stress-tensor). We

want to compute

R(T) = ⟨Ψ0|e−iHT|Ψ0⟩⟨Ψ0|eiHT|Ψ0⟩ . (2.215)
41For operators that have unit 2-point function.
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Applying the logic above, we would find that to leading order we have

R(T) = e−iT⟨Ψ0|H0|Ψ0⟩eiT⟨Ψ0|H0|Ψ0⟩ = 1 +O(1/N) . (2.216)

So we see that the candidate leading term vanishes, and we must go to the next order. This

is due to the nature of the return probability, which is a square of overlaps. A quick expan-

sion of the exponentials shows that at order T2, we have

T2
(
− ⟨Ψ0|H2|Ψ0⟩+

(
⟨Ψ0|H|Ψ0⟩

)2)
= −T2ΔH2 . (2.217)

For reasons similar to those explained above, this term can be exponentiated such that we

find

R(T) = e−T2ΔH2

+O(1/N) . (2.218)

As in the previous section, we can only trust this approximation if the exponent isO(1).

Because we are considering states that have ΔH ∼ N2, we see that we can trust this expo-

nential decay of the return probability for time-scales up to t ∼ 1/N.

For larger time-scales, it may still hold, but it cannot be justified based solely on largeN

factorization. It is instructive to consider the case of the thermofield double state and the

spectral form factor, as we already discussed in section 2.6.2. For simplicity, we set d = 2

where we have

Z(β) = e
c
12

4π2
β . (2.219)
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The spectral form factor then gives

R(T) = e
π2c
3

(
1

β+IT+
1

β−iT

)
= e

2π2c
3

β
β2+T2 . (2.220)

We can expand this expression in T, as long as T≪ β, to find

R(T) ≈ Z(β)2e−
2π2c
3

T2

β3 . (2.221)

We find the exponential decay that goes like T2. What is important is that even though T

must be much smaller than β, it is allowed to scale asN0. This cannot be justified solely

from largeN factorization, but still holds in this particular context. We expect the return

probability to satisfy this property for holographic states more generally.

2.12 Appendix: LLM solutions in the bulk

The LLM geometries correspond to solutions of type IIB supergravity with symmetry

SO(4)×SO(4)×R. We assume the axion and dilaton are constant and the IIB three forms

are vanishing. We introduce coordinates xμ = (t, y, x1, x2) and Ω3, Ω̃3 for two 3-spheres

corresponding to the SO(4) isometries. We parametrize the five form as

F5 = Fμνdxμ ∧ dxν ∧ dΩ3 + F̃μνdxμ ∧ dxν ∧ dΩ̃3 , (2.222)

where the self duality of the five form implies that the two forms F and F̃ are dual to each

other.

After demanding that the geometry preserves the Killing spinor in the presence of the
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five form, we arrive at the following solution for the 1
2
-BPS bulk states [Lin et al., 2004]

ds2 = −(dt+ Vidxi)2

h2
+ h2(dy2 + dxidxi) + yeGdΩ2

3 +
y
eG
dΩ̃2

3 , (2.223)

where every function in the metric is expressed in terms of a function z(x1, x2, y) and we

defined z = 1
2
tanh G, h−2 = 2y cosh G, and

y∂yVi = εij∂jz, y(∂iVj − ∂jVi) = εij∂yz . (2.224)

For the forms F, F̃we have

F = dBt ∧ (dt+ V) + BtdV+ dB̂, F̃ = dB̃t ∧ (dt+ V) + B̃tdV+ dˆ̃B , (2.225)

where Bt = −1
4
y2e2G and B̃t = −1

4
y2e−2G. On the other hand,

dB̂ = −1

4
y3 ?3 d(

z+ 2

y2
), dˆ̃B = −1

4
y3 ?3 d(

z− 2

y2
) , (2.226)

where ?3 is the epislon symbol in the flat three dimensions.

The only free function, z, is constrained to solve the equation,

∂i∂jz+ y∂y(
∂yz
y
) = 0 . (2.227)

We focus our attention on the plane y = 0. Since the product of the radii of the two 3-

spheres is y, there will be a conical singularity at y = 0 unless the function z has a special

behaviour.
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Let’s consider the case whereR1 is kept finite, i.e, e−G → 0 as y → 0. Thus, one has,

z ∼ 1/2 − e−2G + ... . If one assumes that z = 1/2 at y = 0, then one gets the expansion,

z ∼ 1/2 − y2f(x1, x2) + ... for some positive function f, with our boundary conditions.

Thus, e−G ∼ yc(x1, x2) + ... and h2 ∼ c(x1, x2) + ... . Therefore, close to y = 0, the part of

the metric involvingR2 will look like,

h2dy2 + R2dΩ̃
2

3 ≈ c(dy2 + y2dΩ̃2

3) . (2.228)

Thus the conical singularity is resolved. In the case whereR2 is kept fixed, the same argu-

ment goes through but now with the condition that z = −1/2 at y = 0.

With these boundary values of z at y = 0 as a source, one can solve the Laplace equa-

tion42 (2.227) and compute z(x1, x2, y). In addition,Vi can also be expressed in terms of an

integral of z(x1, x2, 0) over the two dimensional space.

2.13 Appendix: Notes on boundary states

Some useful references for this section are [Cardy, 2004, Miyaji et al., 2015, Guo, 2018,

Miyaji et al., 2021].

2.13.1 Boundary states in 2D CFT

Boundary states in a 2d CFT need to satisfy [Cardy, 2004]

(Ln − L̃n) |B⟩ = 0. (2.229)
42More precisely, it is a Laplace equation for z/y2.
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In any Verma module, one can find a simple solution to these conditions as

|Ih⟩ =
∑
k⃗

|~k, h⟩L ⊗ |~k, h⟩R , (2.230)

where |~k, h⟩L is a linear combination of Virasoro descendants of the primary state |h⟩ char-

acterized by an infinite dimensional vector~k = (k1, k2, ...)with non-negative integer com-

ponents. We identify these states by starting with descendants of the form

...LKn
−n...L

K1
−1 |h⟩L . (2.231)

and forming an orthonormal basis selected such that L⟨~k, h|~k′, h⟩L = δ⃗k,k⃗′ .

The state |Ih⟩ is called the Ishibashi state for the primary state |h⟩L, where the states |~k, h⟩

are the descendant on top of the primary labeled by h. It can be seen easily that

Ln|Ih⟩ = L̃n|Ih⟩ . (2.232)

It is clear that the Ishibashi states have maximal entanglement between the left-moving

and right-moving sectors. Linear combinations of the Ishibashi states satisfy the constraint

(3.38) as well.

Physical boundary sates are given by special linear combinations of Ishibashi states which

are called Cardy states

|Ba⟩ =
∑
h

Ca,h |Ih⟩ . (2.233)

Physical boundary states should satisfy a consistency condition of the partition function on
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a finite cylinder related to open-closed duality [Cardy, 2004].

The Cardy states are singular because the norm of the Ishibashi states is divergent. One

can define regularized boundary states by evolving in Euclidean time as

|Ba,β⟩ = e−
β
4
Hc |Ba⟩ , (2.234)

where β is a positive constant andHc = L0 + L̃0 − c
12
. Since [L0 − L̃0,Hc] = 0, the state

(2.234) is still space-translational invariant on the circle, but it is time-dependent.

Ishibashi states are orthogonal to each other. The amplitude of Euclidean time evolution

by β/2 between two such states is computed as

⟨Ik|e−βHc/2|Il⟩ = δklχk(e
−β/2) . (2.235)

χk is the character for the primary k. On the other hand, the Cardy states are not orthogo-

nal to each other but satisfy the open-closed duality relation as follows

⟨Ba|e−
β
2
Hc|Bb⟩ =

∑
k

N(k)
a,bTrk[e

− 4π2
β Ho ] (2.236)

whereHo = Lo − c
24

denotes the Hamiltonian in the dual channel, characterized by the

boundary conditions a, b. On the right hand side, Trk[...] denotes a trace in the sector as-

sociated to a primary k as well as its descendants. Moreover,N(k)
a,b counts the degeneracy of

sectors which belong to the primary kwith boundary conditions a and b.

155



In the high temperature limit β→ 0, we find that

⟨Ba|e−
β
2
Hc |Bb⟩ ≃ N(km)

a,b e−
4π2
β (h(min)

a,b − c
24

)
, (2.237)

where km is the lightest primary among those satisfyN(km)
a,b ̸= 0, whose conformal dimen-

sion is denoted as h(min)
a,b .

We can estimate the inner products between two normalized boundary states in this

limit as

⟨ψa|e
− β

2
Hc |ψb⟩ =

⟨Ba|e−
β
2
Hc |Bb⟩√

⟨Ba|e−
β
2
Hc |Ba⟩⟨Bb|e−

β
2
Hc|Bb⟩

≃ δa,b +N(km)
a,b e−

4π2
β h(min)

a,b . (2.238)

Note thatN(0)
a,a = 1. In this way, a large gap in the open string channel leads to a large

exponential suppression of off-diagonal elements of inner products.

In holographic BCFT, the inner product between two boundary states can be com-

puted by evaluating the gravity action on the dual background. When we consider the

gravity dual of a cylinder, there are two candidates of classical gravity solutions depending

on whether the end of the word brane is connected or disconnected which are called con-

nected and disconnected solutions. When we consider the overlap for an identical bound-

ary condition a, then both the connected and disconnected solution are allowed. In the

limit β→ 0, the connected solution is favored and one can find that

⟨Ba|e−
β
2
Hc|Ba⟩ ≃ e

π2c
6β . (2.239)

We will use it later to calculate the return probability for boundary states. In addition to
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it, one can find the inner product between two boundary states with different boundary

conditions. In this case, only the disconnected solutions are allowed and

⟨Ba|e−
β
2
Hc|Bb⟩ ≃ e

cβ
12

+S(a)bdy+S(b)bdy , (2.240)

where S(i)bdy, i = a, b are the boundary entropies [Miyaji et al., 2021].

2.13.2 Boundary states in higher dimensions

One can generalize to higher dimensions and define a boundary state |Ba⟩ as a state associ-

ated to a (d − 1)-dimensional boundary in d-dimensional CFT [Fujita et al., 2011,Miyaji

et al., 2021]. Taking the boundary to be a torus Td−1, the inner product between two

boundary states in a holographic BCFT can be computed as a partition function on a d-

dimensional open manifold Iβ/2 × Td−1 where Iβ/2 is a length β/2 interval. As in the 2d

case, there are two bulk solutions, a connected and a disconnected one. In the β → 0 limit

the connected solution is dominant and one can find the inner product between two iden-

tical boundary states using the gravity solution as

⟨Ba|e−
β
2
Hc|Ba⟩con ≃ eαd/β

d−1

, (2.241)

where

αd = (4ζ(T))d
Rd−1

16GN
Ld−1 , (2.242)
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whereR is the AdS radius, L is the length of the compactified spatial directions and ζ(T) is

a function of tension which is defined when T < 0 as

ζ(T) ≡ Γ(1/d)Γ(1/2)
Γ(1/d+ 1/2)

R|T|
d(d− 1)

(1− R2T2

(d− 1)2
)1/d−1/2F(1, 1/d, 1/2+1/d; 1− R2T2

(d− 1)2
) ,

(2.243)

and when T > 0, ζ(T) = 2π
d − ζ(−T). The tension takes values in the range |T| < d−1

R . For

d > 2, ζ(T) non-trivially depends on T and there is an upper bound of the tension T < T∗

which T∗ > 0 and ζ(T∗) = 0 [Miyaji et al., 2021].

2.13.3 Correlation functions in BCFTs

Let us first start with the simplest case where the CFT is defined on the upper half plane

and the boundary state |B⟩ is placed along the real axis. We consider the 1-point function

of a local operator placed at z in the upper half plane. In the case of a CFT on the plane, the

1-point function of a primary operator in the vacuum is required to vanish by the symme-

tries. These are partly broken in a BCFT. The remaining symmetries constraint the 1-point

function to have the form

⟨O(z)⟩UHP =
AO

(2 Im(z))Δ
, (2.244)

where AO is determined by the details of the theory and the precise boundary state in ques-

tion. One could think of this as the boundary providing a source for the operatorO.

The 2-point function of a primary operator in a BCFT is more complicated than the

case with no boundaries where it is exactly fixed by the symmetries. Non-trivial informa-

tion about the operator content and OPE coefficients is necessary to compute the 2-point

function exactly in a BCFT.We assume that for largeN holographic CFTs the largeN 2-
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point function takes the form

⟨O(z1)O(z2)⟩UHP = ⟨O(z1)⟩UHP⟨O(z2)⟩UHP+⟨O(z1)O(z2)⟩±⟨O(z1)O(z∗2)⟩ , (2.245)

where

⟨O(z1)O(z2)⟩ =
1

|z1 − z2|2Δ
, (2.246)

where the contribution from an image insertion placed at z∗2. The sign of the last term is

governed by the boundary conditions, being either Dirichlet (−) or Neumann (+).

Mapping the z coordinate to a new coordinate w by

w→ z = exp(2πw/β+ i2π/4) , (2.247)

we can map the upper half plane to the a strip of width β/2, where the positive (negative)

real axis is mapped to the lower (upper) edge of the strip.

Since primary operators continue to transform in the usual way, the correlation func-

tions now transform to

⟨O(w)⟩strip =
AO

( βπ cos[
2π
β τ])Δ

⟨O(w1)O(w2)⟩connectedstrip =
1

| βπ sinh[
π
β (w1 − w2)]|2Δ

± 1

| βπ cosh[
π
β (w1 − w̄2)]|2Δ

,

(2.248)

where the second line is only the connected piece of the largeN 2-point function [Almheiri

et al., 2018b]. Higher order correlation function can be found through largeN factoriza-

tion.
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Correlation functions on a state defined on a circle by

|Bβ⟩ = e−βH/4 |B⟩ , (2.249)

can be thought of as correlation function on a cylinder of width β/2where the boundary

state is placed on both sides. We can instead consider a strip of width β/2, from τ = −β/4

to τ = β/4with periodicity x ∼ x + R. We chooseR = 2π for simplicity from now on.

In largeN holographic CFTs correlation functions on the cylinder can be found from the

correlation function on the strip using the method of images

⟨O(w1)O(w2)⟩connectedcylinder =
∞∑
n=0

⟨O(w1 + 2πn)O(w2)⟩connectedstrip . (2.250)
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It from [qu]bit. Otherwise put, every it—every parti-

cle, every field of force, even the spacetime continuum

itself—derives its function, its meaning, its very existence

entirely—even if in some contexts indirectly—from the

apparatus-elicited answers to yes or no questions, binary

choices [or anything in between], [qu]bits.

updated quote of JohnWheeler

3
Explicit reconstruction of the entanglement

wedge via the Petz map
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This chapter consists of the paper [Bahiru & Vardian, 2022] written in col-

laborationwithNiloofar Vardian. The original abstract is as follows:

We revisit entanglement wedge reconstruction in AdS/CFT using the Petz recovery

channel. In the case of a spherical region on the boundary, we show that the Petz map re-

produces the AdS-Rindler HKLL reconstruction. Moreover, for a generic subregion of the

boundary, we could obtain the same boundary representation of a local bulk field lies in

the entanglement wedge as the one proposed earlier in [Jafferis et al., 2016b, Faulkner &

Lewkowycz, 2017b] using properties of the modular flow.

3.1 Introduction

An important question in the AdS/CFT correspondence is that of subregion duality: is it

possible to associate regions of the bulk to specific regions of the boundary CFT?

Given a spacelike region A in the CFT, one can associate two candidate dual regions in

the bulk to it. One is the causal wedge of region A. This is constructed by first consider-

ing the boundary domain of dependenceD(A) of A and then considering all bulk points

which are both in the causal future and causal past ofD(A). The other one is the entan-

glement wedge E(A) of the region A, defined as the bulk domain of dependence of a bulk

spacelike surface whose boundary is the union of A and the Ryu-Takayanagi surface [Ryu

& Takayanagi, 2006] associated to A 1. The entanglement wedge contains the causal wedge,

and in general, it is larger than the causal wedge [Headrick et al., 2014a,Wall, 2014]. 2

1When the bulk geometry is time-dependent, one has to take what is called HRT surface [Hubeny et al.,
2007], generalization of Ryu-Takayanagi surface. Later, considering quantum corrections to HRT surfaces
led to the conjecture of quantum extremal surfaces [Engelhardt &Wall, 2015, Dong & Lewkowycz, 2018],
which should be used at higher orders in perturbation theory.

2The simplest case that it can happen is when we consider two disconnected regions in the boundary.
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It is believed that the entire entanglement wedge of a given boundary region A can be

reconstructed from region A. This means that bulk operators acting inside the entangle-

ment wedge can be expressed in terms of CFT operators in the region A. This idea of en-

tanglement wedge reconstruction (EWR) has been introduced and developed in various

works [Czech et al., 2012, Headrick et al., 2014a, Wall, 2014, Jafferis et al., 2016b, Dong

et al., 2016b, Cotler et al., 2019b]. Important evidence in favor of EWRwas given in [Jaf-

feris et al., 2016b], where it was argued that the relative entropy of two states in the entan-

glement wedge is the same as that in the corresponding boundary region. Using this argu-

ment, the authors in [Dong et al., 2016b] could prove that for large class of states the bulk

region dual to a given region of the boundary is its entanglement wedge3. If EWR holds,

then it follows that the causal wedge of A can also be reconstructed from A, as it is generally

smaller than the entanglement wedge.

Causal wedge reconstruction is well understood at largeN. Using the bulk equations of

motion and the fact that bulk fields asymptote to CFT local operators near the boundary

of AdS (also called the extrapolate dictionary), it is possible to express bulk operators in the

causal wedge in terms of smeared single-trace operators in the causal domain of the bound-

ary region A. This approach is called HKLL reconstruction which has been introduced in

seminal of papers [Banks et al., 1998, Bena, 2000,Hamilton et al., 2006b,Hamilton et al.,

2006a, Hamilton et al., 2007a, Hamilton et al., 2008a]. A simple example of a subregion

where this can be worked out explicitly is the case of the AdS-Rindler wedge, where via an

HKLL approach one can express bulk operators in the AdS-Rindler subregion in terms of

When such regions are big enough the entanglement wedge is bigger than the causal wedge.
3For subtleties involving the entanglement wedge, see [Hayden & Penington, 2019, Akers & Penington,

2021].
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CFT operators on the corresponding boundary subregion. It is generally believed that this

procedure can be extended to all orders in 1/N, by adding multi-trace corrections [Kabat &

Lifschytz, 2014].

On the other hand EWR is more subtle. This is especially true in cases where the entan-

glement wedge is larger than the causal wedge. The arguments mentioned above in support

of EWR are somewhat formal and do not provide us with a concrete representation of bulk

operators lie in the entanglement wedge in terms of CFT operators.

A general way to approach the problem of EWR is via the Petz map [Petz, 1986, Petz,

1988]: if a quantum channel between twoHilbert spaces preserves relative entropy then

it can be reversed. In situations when the relative entropy is only approximately preserved,

there is no exact reversibility but one can also use the twirled Petz map [Cotler et al., 2019b]

as an approximation. In our case, the quantum channel is the map from the entangle-

ment wedge of a given boundary region to the region itself. As was argued in [Cotler et al.,

2019b], starting with an isometry that maps the entire bulk Hilbert space to the entire

boundary Hilbert space, such as the one related to the global HKLL reconstruction, one

can find the explicit form of the quantum channel we are interested in. Then, the dual of

the corresponding Petz recovery channel, called Petz map, allows us - in principle - to ex-

press operators in the entanglement wedge in terms of operators in the region A. Moreover,

considering 1/N corrections, it was argued in [Chen et al., 2020b] that the Petz map is still

good enough in finite-dimensional code subspaces whose dimensions do not grow expo-

nentially inN, as long as the error is non perturbatively small.

However, the expression resulting from the Petz map for the bulk operator in terms of

boundary data is still somewhat abstract. The relevant formulae involve a projector on the
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code subspace and taking a trace over part of the CFT which in practice, it is not easy to

treat. Until now, there are no examples where the Petz map expression has been computed

in detail in terms of simple CFT quantities.

In this paper, we make two advances towards a better understanding of the EWR via the

Petz map. First, we demonstrate how, when applied to an AdS-Rindler wedge and working

at largeN, the Petz formula reproduces the standard AdS-Rindler HKLL reconstruction.

While this has been generally assumed to be true, to our knowledge it has not been explic-

itly demonstrated4. Second, we consider more general subregions, where the entanglement

wedge may even be larger than the causal wedge, and we apply the Petz formula and show

that it reproduces results on EWRwhich were earlier conjectured in [Jafferis et al., 2016b]

and also derived in [Faulkner & Lewkowycz, 2017b] using arguments based on modular

flow. The crucial point in our work is using the Reeh-Schlieder theorem in QFT. Based on

this theorem, we can define the code subspace by acting just with operator algebra of the

specified subregion on the corresponding semi-classical state.

The plan of the paper is as follows: in section 2, we review some basic aspects of bulk

reconstruction using the HKLL approach. In section 3, we introduce the concept of a

quantum channel, we discuss conditions for its reversibility and introduce the Petz map.

In section 4, we review the proposal of [Cotler et al., 2019b], of how the Petz map can be

used for EWR. In section 5, we show how in the case of the AdS-Rindler wedge the Petz

map reproduces the more standard HKLL AdS-Rindler reconstruction. In section 6, we

apply the Petz map to more general entanglement wedges.
4In [Cotler et al., 2019b], the authors used the twirled Petz map (check subsection 3.3.2) to reconstruct

AdS-Rindler wedge in a very restrictive case when the code subspace contains only the vacuum and one
particle state.
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3.2 Bulk reconstruction in AdS/CFT

According to the AdS/CFT correspondence, a holographic CFT onR× Sd−1 can be inter-

preted as a theory of quantum gravity in an asymptotically AdSd+1 ×M spacetime, where

M is some compact manifold. Usually, this involves taking a largeN limit in the CFT and

bulk interactions are suppressed by powers of 1/N. Thus, to leading order at largeN, the

bulk quantum theory consists of free fields.

The correspondence also involves an identification between fields in the bulk and op-

erators in the boundary CFT. For example, the CFT operator dual to a bulk scalar field

φ is a scalar primaryOwith conformal dimension Δ related to the mass of the field φ by

Δ = d/2 +
√
m2 + d2/4 and the extrapolate dictionary definesO as the dual of φ at

infinity. For simplicity, in the following, we will just focus on scalar fields and discuss the

identification with the dual CFT operatorO at largeN.

First, on the bulk side of the duality, we start with AdSd+1 in global coordinates (t, ρ,Ω)

which is described with the metric below

ds2 =
1

cos2(ρ)
(
− dt2 + dρ2 + sin2(ρ)dΩ2

d−1

)
. (3.1)

Consider a scalar field on the AdSd+1 background with the action

S =
∫

dd+1x
√
−g 1

2

(
gμν∇μφ∇νφ −m2φ2

)
(3.2)
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and corresponding equation of motion

(□−m2)φ = 0. (3.3)

This equation has to be supplemented with normalizable boundary conditions at infinity,

which implies that near the AdS boundary ρ = π
2
, the field has to decay as φ ∼ (cos ρ)Δ.

With these boundary conditions at infinity and demanding regularity in the interior, we

find a basis of solutions for (3.3) denoted as fnlm(t, ρ,Ω)which is labeled by the quantum

numbers n, l andm, where n ∈ {0, 1, 2, ...}, l is the total angular momentum of the corre-

sponding mode andm is related to the other angular quantum numbers needed to specify a

mode. These modes are proportional to

fnlm(t, ρ,Ω) ∝ e−iEnltYlm(Ω) sinl(ρ) cosΔ(ρ)P(l+d/2−1,Δ−d/2)
n (cos 2ρ) (3.4)

while

Enl = Δ + 2n+ l, (3.5)

and Δ = d/2 +
√

m2 + d2/4 is the conformal dimension of the dual CFTd operatorO.

To quantize the scalar field, we associate an annihilation operator anlm to each mode fnlm

with normalized commutation relation

[anlm, a†n′l′m′ ] = δnn′δll′δmm′ . (3.6)
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The quantized free scalar field in AdSd+1 is given by

φ(t, ρ,Ω) =
∑
nlm

fnlm(t, ρ,Ω)anlm + f∗nlm(t, ρ,Ω)a†nlm. (3.7)

The modes fnlm(t, ρ,Ω) should be normalized in such a way that the field φ obeys the

canonical commutation relation. To find the correct normalization factor we consider the

Klein-Gordon inner product defined on a Cauchy surface Σ. If we assume that t direction

is orthogonal to Σ, for every two functions φ1 and φ2, it is defined as

⟨φ1, φ2⟩KG ≡ i
∫
Σ
ddx
√
−g gtt

(
φ∗
1∇tφ2 − φ2∇tφ∗

1

)
. (3.8)

If both φ1 and φ2 obey the equation of motion, the integral above defines a conserved in-

ner product in t. In particular, it says that if we normalize the modes fnlm at some time such

that ⟨fnlm, fn′l′m′⟩ = δnn′δll′δmm′ and ⟨fnlm, f†n′l′m′⟩ = 0, they will remain normalized also

at later times [Kaplan, 2016]. Following these steps, in the end, one can write the modes

explicitly as

fnlm(t, ρ,Ω) =
1

Nnlm
e−i(Δ+2n+l)tYlm(Ω) sinl(ρ) cosΔ(ρ)P(l+d/2−1,Δ−d/2)

n (cos 2ρ) (3.9)

where

Nnlm =

√
Γ(n+ l+ d/2)Γ(n+ Δ − d/2 + 1)

n!Γ(n+ l+ Δ)
. (3.10)

The conformal boundary of AdSd+1 is the cylinderR × Sd−1 which in terms of the

global coordinates we obtain by taking ρ → π/2 limit. We can use the coordinate t and Ω
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to parametrize the boundary theory with metric

ds2 = −dt2 + dΩ2
d−1. (3.11)

In the boundary, using the state-operator correspondence in the CFT, the formula (3.5) has

a nice interpretation. The state created by the n = l = 0 creation operator is identified

with the state in the CFT that is produced by inserting the single-trace primary operatorO

dual to φ into the center of the Euclidean path integral and other excited states come from

inserting its descendants.

More generally, to leading order at largeN, the Fourier modesOnlm of the single trace

primary operator and anlm for the mode fnlm are the same up to apriori arbitrary constant

Mnlm.The extrapolate dictionary in the global coordinates is given by

O(t,Ω) = lim
ρ→π/2

1

cosΔ ρ
φ(t, ρ,Ω). (3.12)

As a result, we can define the CFT operator Ônlm = 1
Mnlm

Onlm which is identified with the

bulk operator

Ônlm = anlm. (3.13)

As we will see later, this allows us to write a CFT expression for a local bulk field at any

point in the bulk.

The single trace primary operatorO has a mode expansion onR× Sd−1 as

O(t,Ω) =
∑
nlm

gnlm(t,Ω)Onlm + g∗nlm(t,Ω)O†
nlm. (3.14)
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Following 3.7, we have gnlm = 1
Mnlm

limρ→π/2
1

cosΔ ρ fnlm(t, ρ,Ω). ThusMnlm can be chosen

so that mode functions gnlm are orthonormal.

At the largeN limit, since we have a free theory in the bulk, all correlators can be reduced

to products of 2-point functions byWick contractions. Therefore, on the boundary side,

we already know all the n-point functions of the operatorO by taking the spacetime points

to the boundary in the expression we found for the bulk and using the extrapolate dictio-

nary (3.12), we have

⟨O(x1)O(x2)⟩ ∝
1

(x1 − x2)2Δ
(3.15)

⟨O(x1)O(x2)...O(x2n)⟩ = ⟨O(x1)O(x2)⟩...⟨O(x2n−1)O(x2n)⟩+ permutations. (3.16)

Although the correlation functions ofO factorize to the product of 2-point functions, the

scalar primary operator is not really a free scalar field. In a CFT in d spacetime dimensions,

the condition that a scalar operator is free, i.e. ∇2O = 0, is equivalent to the fact that its

conformal dimension is Δ = d/2− 1. Therefore, as the conformal dimension for the scalar

primary operatorO in a holographic CFT is Δ = d/2 +
√
m2 + d2/4, it is actually not a

free scalar theory on the boundary. For the free scalar primaries, the factorization is a conse-

quence of the equation of motion. More generally, the scalar fields with Δ ≥ d/2 − 1 are

called generalized free fields (GFFs) [Greenberg, 1961,Duetsch & Rehren, 2003, El-Showk

& Papadodimas, 2012b] if their correlators take the form of Eqs. (3.15) and (3.16). How-

ever, because they do not obey the linear equation of motion, we can not describe them in

terms of a local free lagrangian in the spacetime background in which the CFT lives. The

reason that such fields can be called free is that their Hilbert space has a Fock space struc-
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ture that is the Hilbert space of a free theory. Nevertheless, such a CFT, extrapolated to

high temperatures, has the wrong thermodynamic properties, and therefore it is inconsis-

tent by itself. For the operators with large conformal dimensions, the spectrum can not

have the structure of a freely generated Fock space. One way to solve the problem is that

think about the GFF as the low-conformal dimension sector of a much larger CFT with a

large central charge while all the additional states correspond to the black hole microstates

in the bulk [El-Showk & Papadodimas, 2012b].

As a result, we observe that at the largeN limit, a free scalar field in pure AdS can be

identified as GFF of the boundary.

3.2.1 HKLL reconsruction method: mode sum approach

The study of bulk reconstruction, usually called HKLL, was developed by Hamilton, Ka-

bat, Lifschytz and Lowe in a series of papers [Banks et al., 1998, Bena, 2000, Hamilton

et al., 2006b, Hamilton et al., 2006a, Hamilton et al., 2007a, Hamilton et al., 2008a].

They attempt to reconstruct the operators of the bulk gravitational theory in the non-

interacting regime from the operators of the boundary. Bulk operators are expressed in

terms of smeared single trace operators in the CFT as

φ(X) ←→
∫

dx K(X|x)O(x), (3.17)

where the kernelK(X|x) is called smearing function. At largeN limit, finding the smearing

function can be implemented through Fourier expansion. Consider fn(X) as the set of or-

thogonal solutions to the Klein-Gordon equation. For simplicity here we denote the set of

labels (nlm) discussed in the previous subsection collectively by n. One can quantize the
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bulk field in terms of creation and annihilation operators as

φ(X) =
∑
n

fn(X)an + h.c. (3.18)

Taking the points to the boundary and using the extrapolate dictionary, we get the mode

expansion of the boundary operators as

O(x) =
∑
n

g̃n(x)an + h.c. (3.19)

where g̃n(x) = limr→∞ rΔfn(r, x). If one defines orthonormal boundary mode functions

gn(x) = 1
Mn

g̃n(x), one can invert (3.19) and obtain

an =
1

Mn

∫
dxO(x)g∗n(x). (3.20)

By plugging it back to (3.18), we reach

φ(X) =
∑
n

1

Mn
fn(X)

∫
dx O(x)g̃∗n(x) + h.c.. (3.21)

In case we are able to exchange the summation and integration in (3.21), we will get

φ(X) =
∫

dx K(X|x)O(x), (3.22)

whereK(X|x) =
∑

n M−1
n fn(X) g̃∗n(x) + h.c. is the smearing function [Leichenauer &

Rosenhaus, 2013]. We review the HKLL construction for a free scalar field in pure AdS in

global and AdS-Rindler coordinates in appendix 3.8.
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3.2.2 Bulk reconstruction and subregion duality

As we had in the previous sections, a bulk operator φ(X) can be represented as a smearing

integral of boundary operators

φ(X) =
∫
bdy

dd−1xdt K(X|t, x)O(t, x) + O(1/N). (3.23)

We can use the CFTHamiltonian to re-express all operatorsO(t, x) in terms of fields on a

Cauchy surface Σ of the boundary by explicitly evolving the operators with the boundary

Hamiltonian. Let us consider the pure AdS case and Σ to be the t = 0 slice

φ(X) =
∫
bdy

dd−1x dt K(X|t, x) eiHCFTtO(x)e−iHCFTt (3.24)

whereO(t = 0, x) = O(x). In general, operators of the form eiHCFTt O(x) e−iHCFTt have sup-

port on a large part of the slice Σ, t = 0. An interesting question in AdS/CFT is whether

the CFT representation of φ(X) can be localized to a subregion of Σ. Intuitively, it is ex-

pected that the boundary support of φ(X) shrinks as the operator approaches the bound-

ary. However, one can see from (3.24) that even if we take X to be very close to the bound-

ary, the CFT reconstruction still has support on the entire Σ.

In fact, it is possible to reconstruct bulk operators so that they are supported on smaller

regions on the boundary. Consider a spherical subregionR on Σ and the corresponding

causal wedge in the bulk. Consider a local field φ(X) localized inside this causal wedge.
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Then it is possible to represent the bulk field as

φ(X) =
∫
D(R)

dτdd−1x KR(X|τ, x)O(τ, x). (3.25)

where the integral is over the domain of dependenceD(R) ofR andKR(X|τ, x) is a new

smearing function called the AdS-Rindler smearing function.

Again we can write it in terms of non-local operators in the Heisenberg picture which

evolves with Rindler HamiltonianHτ

φ(X) =
∫ ∞

−∞
dτ
∫
R
dd−1x KR(X|x, τ) eiHττO(x)e−iHττ. (3.26)

The operators eiHττ O(x) e−iHττ are again some non-local operators but this time they have

support only on regionR instead of entire Σ. Therefore, the AdS-Rindler reconstruction

provides us a way to localize the representation of φ(X) in the boundary. More generally, it

suggests the proposal that a given regionR on a Cauchy slice of the boundary encodes the

bulk data inside the causal wedge of its boundary domain of dependence.

Nevertheless, one can go ahead and look at the Rindler Hamiltonian in (3.26) as the

modular Hamiltonian of the regionR that generates the modular flow of operators on

R. For the case of AdS-Rindler, it is just translation in the τ direction. In [Jafferis et al.,

2016b], authors showed that the boundary modular flow is dual to the bulk modular flow

in the entanglement wedge ER and conjectured that operators in the entanglement wedge

of the regionR are the ones can be constructed on the boundary regionR by replacing τ in
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(3.26) by the modular parameter s as

φ(X) =
∫
R
dd−1x

∫ ∞

−∞
ds K′

R(X|x, s)O(x, s) (3.27)

for every X ∈ ER whereO(x, s) = eiKRs O(x, s = 0) e−iKRs.

3.3 Background on quantum channels

In this section, we introduce the notion of a quantum channel and the conditions under

which it is reversible. The central point of this section is the introduction of the Petz map

(3.37), which will be used in later sections in the context of bulk reconstruction.

3.3.1 Quantum channels

Real systems suffer from unwanted interactions with the outside world that show up as

noise in quantum information processing systems. In order to describe such systems, it is

useful to introduce the notion of a quantum channel, i.e. a linear map E : L(H) → L(H)

which is completely positive and trace-preserving. Here, L(H) denotes the set of linear

operators acting on the Hilbert spaceH.5 Every quantum channel E has an operator sum

representation in terms of a non-unique set of operators {Ai} known asKraus operators

[Kraus et al., 1983,Hellwig & Kraus, 1970,Preskill, 1998] such that,

E(ρ) =
∑
i

AiρA†
i

∑
i

A†
iAi = I. (3.28)

5More generally a quantum channel can be a map between L(H1),L(H2) for two different Hilbert
spacesH1,H2.
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They are the most general transformation of a quantum state in an open quantum system.

A natural way to describe the dynamics of an open quantum system is to regard it as aris-

ing from an interaction between the system and an environment which together transform

under a unitary. After the evolution we perform a partial trace over the environment to ob-

tain the state of the system. For every quantum channel, there exists a model environment

starting in an initial state σen and model dynamics specified by a unitary operatorU such

that

E(.) = tren
(
U(.⊗ σen)U†), (3.29)

which is a version of the Stinespring dilation theorem. If σen =
∑

j λj |j⟩ ⟨j|, one can find

the Kraus representation of (3.29) as

E(ρ) =
∑
j,k

Aj,k ρ A†
j,k (3.30)

which Aj,k =
√

λj ⟨k|U |j⟩ are the Kraus operators. Therefore, we can describe the dy-

namics of the system by using the operator-sum representation without having to explicitly

consider the properties of the environment. One advantage of this Kraus representation

is that it is well adapted to describe discrete state change without explicit reference to the

passage of time.

3.3.2 Universal recovery channel and the Petz map

A quantum channel E is called reversible if one can find a recovery channelR : L(H) →

L(H) such that

R ◦ E(ρ) = ρ ∀ρ ∈ S(H). (3.31)
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Most quantum channels, which correspond to open or noisy systems, are not reversible.

We will return to the question of reversibility later in this subsection.

In order to do quantum information and communication in the presence of noise, we

need quantum error correction (QEC) codes. The basic ideas of the theory are inspired by

classical information theory, but all the limitations of quantummechanics have been con-

sidered in its formulation. A quantum error correcting code corresponds to selecting an

appropriate subspace, called code subspace(C orHcode) that has the same dimension as the

system, of some larger Hilbert space. In the general theory of QEC, the noise model is de-

scribed by a quantum channel E . The code subspace can be corrected if we can find a recov-

ery channelR, such that for every state ρwhose support lies withinHcode, the channel can

be reversed, i.e.

R ◦ E(ρ) = ρ ∀ρ = PρP (3.32)

where P is the projection into the code subspace. One might be interested to consider a

physical system instead of a code subspace. In such a case, if we takeV : Hsystem → H as the

isometry that embeds theHsystem intoH, we can rewrite (3.31) as the following

R ◦ E(VρV†) = VρV† ∀ρ ∈ S(Hsystem) (3.33)

that is equivalent to having E ′ andR′ such thatR′ ◦ E ′(ρ) = ρwhere E ′(.) = E(V(.)V†)

andR′(.) = V†R(.)V [Bény et al., 2009].

Given a quantum channel E , it is useful to consider the Hilbert-Schmidt dual channel

which defines a mapping of observables rather than of states. This is also sometimes referred

to as the Heisenberg picture of the channel. The idea is to think of E as a (discrete) evo-
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lution of a state. After the evolution, the result of a measurement of an observableOwill

be in the form of tr(E(ρ)O), where ρ describes the state of the system. As we usually do

when going to the Heisenberg picture, we can alternatively formulate the evolution of the

system by transforming the operators, requiring to get the same measurement results. For

this purpose, we describe the evolution of the observables by the channel E∗ that is called

Hilbert-Schmidt dual map defined as

tr(ρE∗(O)) = tr(E(ρ)O) ∀ρ,O. (3.34)

The set of Kraus operators for E∗ is given easily by cyclicity property of trace as {A†
a} in-

stead of {Aa}, and trace preservation of E is equivalent to the requirement that E∗ is unital,

E∗(I) = I. In the case of QEC, the conservation of a state byR ◦ E (3.31) implies that in

the Heisenberg picture for all the operatorsO ∈ L(H)we have

P(R ◦ E)∗(O)P = PE∗ ◦ R∗(O)P = POP. (3.35)

We now return to the general question of the reversibility of a quantum channel. This

has been studied widely in [Jenčová & Petz, 2006,Mosonyi & Petz, 2004, Petz, 1986, Petz,

1988]. The reversibility of E is related to the quantum relative entropy of states under

the action of E . The relative entropy between two states ρ and σ is defined as S(ρ||σ) =

tr(ρ log ρ − ρ log σ) and it is a measure of distinguishability between two quantum states.

The most important theorem related to this quantity known asmonotonicity of relative en-

tropy or the data processing inequality, whose proof is discussed in appendix 3.9 for finite

dimensions, states that S(ρ||σ) is non-increasing under the action of any quantum channel
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E [Lindblad, 1975,Uhlmann, 1977], i.e.,

S(ρ||σ) ⩾ S(E(ρ)||E(σ)). (3.36)

It has been shown in [Petz, 2003,Hayden et al., 2004] that there exists a quantum channel

R such that for all states ρ ∈ S(H),R ◦ E(ρ) = ρ if and only if S(ρ||σ) = S(E(ρ)||E(σ))

for all ρ, σ ∈ S(H). Moreover, the explicit form of the quantum channelR for the set of

states {E(ρ)|∀ρ ∈ S(H)} has been found in [Hayden et al., 2004]. It is given as a function

of a reference quantum state σ ∈ S(HA) and the channel E itself as

R(.) = Pσ,E(.) = σ1/2E∗
(
E(σ)−1/2(.)E(σ)−1/2

)
σ1/2 (3.37)

where E∗ is the dual channel of E . Pσ,E is known as Petz recovery channel. This result has

been also independently obtained by Barnum and Knill in [Barnum&Knill, 2002]. We

review a proof of the theorem in the finite-dimensional case in appendix 3.9.

Practically, in most cases, inequality (3.36) will not be saturated hence exact reversibility

will not be satisfied. One can ask if there exists an approximate recovery channel that the re-

covered state be just close to the state ρ, |Rε◦E(ρ)−ρ| < εwhereRε is approximate version

of recovery channel. In [Wilde, 2015, Sutter et al., 2016], with two different approaches, it

was shown that for any two states ρ and σ and channel E there exists a recovery channelR

such thatR ◦ E(σ) = σ and

S(ρ||σ)− S(E(ρ)||E(σ)) ⩾ −2 log F(ρ,R ◦ E(ρ)) (3.38)
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where F(ρ, σ) := ∥√ρ
√
σ∥1 is the fidelity of ρ and σ that measure the closeness of two

quantum states. F(ρ, σ) = 1 if and only if ρ = σ, then the inequality of (3.38) will be

saturated just in the case of exact reversibility. In [Junge et al., 2018], it was shown that the

recovery channelR that satisfies (3.38) is universal, which means we can always choose a

ρ-independent recovery channel. Furthermore, they could find the explicit expression for

the universal recovery mapRσ,E as

Rσ,E(.) =

∫
R
dt β0(t) σ

−it/2Pσ,E
(
E(σ)it/2(.)E(σ)−it/2)σ−it/2 (3.39)

that is called twirled Petz mapwherePσ,E is the Petz recovery channel given in (3.37) and

β0(t) =
π
2
(cosh(πt)+1)−1. In the case of exact reversibility, the expression (3.39) is reduced

to the Petz recovery channel.

3.4 Entanglementwedge reconstruction via universal recovery channels

In this section, we review the arugments of [Cotler et al., 2019b], on how the Petz map can

be used to reconstruct bulk operators in the entanglement wedge of a boundary subregion.

3.4.1 Background

Before we proceed we introduce an ingredient that will be useful in what follows. This is

the idea of a code subspace around a given state. For example, starting with the global AdS

vacuum state |Ω⟩we define

HC = span{|Ω⟩ , φi(x) |Ω⟩ , ..., φi(x1)φj(x2) |Ω⟩ , ...}, (3.40)
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where the range of i and the number of φ insertions are finite. More generally we can de-

fine the code subspace around any semi-classical state. This subspace is the one where low-

energy experiments in the bulk can be described and we will study bulk reconstruction

within a given code subspace.

The entanglement wedge of a boundary region A is defined as the bulk domain of de-

pendence of any bulk spacelike surface whose boundary is the union of A and the codimen-

sion two extremal area surface of minimal area (more precisely, quantum extremal surface)

whose boundary is ∂A. It is generally believed that bulk operators inside the entanglement

wedge can be reconstructed by operators in the region A on the boundary.

An important ingredient supporting this is the observation of JLMS [Jafferis et al.,

2016b] that the relative entropy of two states in the boundary region A is equal to the rela-

tive entropy of the two corresponding bulk states in EA up to subleading correction.

S(ρA||σA) = S(ρa||σa) + O(1/N) (3.41)

which already suggests that information in the entanglement wedge is contained in region

A on the boundary. Using (3.41) arguments in favor of entanglement wedge reconstruction

were given in [Dong et al., 2016b].

Assume that the bulk Hilbert space has a decomposition asHbulk = Ha ⊗ Hā, while

a = EA. For the cases where the setup is symmetric, like the vacuum sector of the system,

the complement region of a in the bulk is also the entanglement wedge of the region Ā in

the boundary, ā = EĀ, so the same argument applies for Ā and ā. In general, the entan-

glement wedge of a given boundary region A can be bigger than its causal wedge. Finally,

the entanglement wedge reconstruction is a statement that says any bulk operator φa act-
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ing withinHa can always be represented in the CFT as an operatorOA has support only on

HA.

3.4.2 Entanglementwedge reconstructionwith a universal recovery chan-

nel

We now discuss entanglement wedge reconstruction in terms of the universal recovery

channels described in Sec. 3.3.2, based on [Cotler et al., 2019b].

First, consider the entanglement wedge reconstruction and for simplicity assume both

bulk and CFTHilbert spaces have a tensor decomposition asHbulk = Ha ⊗ Hā and

HCFT = HA ⊗HĀ . At largeNwhen the equality between the relative entropy of the states

in the entanglement wedge and the boundary region A is exact, i.e.,

S(ρA||σA) = S(ρa||σa) (3.42)

from the discussion in Sec. 3.3.2, one can say that there exists a quantum channelRwhich

recovers the information in the entanglement wedge from the boundary region A. Using

the dual channelR∗ we can map operators onHa to operators onHA asOA = R∗(φa).

If we assume that there is no black hole in the bulk, the global HKLL reconstruction

reviewed in section 2 provides us a map from states of the entire bulk to states of the entire

boundary. We can therefore define an isometry of embeddingVHKLL that embeds the bulk

effective field theory Hilbert space to the CFTHilbert spaceVHKLL : Hbulk ↪→ HCFT,

whichHcode = VHKLLHbulk V†
HKLL.

We now define a quantum channel E : S(Ha) → S(HA). Here S(Ha) denotes the set

of possible density matrices in the bulk region awhile S(HA) is the set of density matrices
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in the boundary region A. As the entire AdS space is a closed system, the noise model E :

S(Ha) → S(HA) can be written in terms of a model environment (3.29) using the global

HKLLmap. We take the complementary bulk region ā in a fixed reference state σā and

then, we can write the quantum channel E as

E(.) = trĀ
(
VHKLL(.⊗ σā)V†

HKLL
)
. (3.43)

To map the operators, as we had in Sec. 3.3.2, one can go to the Heisenberg picture and

write the dual of Petz recovery channel of E by taking a fixed reduced density matrix on the

entanglement wedge σa, using expression (3.37), we reach to

OA = R∗(φa) = E(σa)
−1/2E

(
σ1/2a φaσ

1/2
a
)
E(σa)−1/2, (3.44)

which for the quantum channel (3.43), it will give us

OA = E(σa)−1/2trĀ
(
VHKLL(σ1/2a ⊗ σ1/2ā )(φa ⊗ Iā)(σ1/2a ⊗ σ1/2ā )V†

HKLL
)
E(σa)−1/2, (3.45)

where E(σa) = trĀ
(
VHKLL(σa⊗ σā)V†

HKLL
)
. If we take both σa and σā two maximally mixed

states or equivalently putting the bulk in the maximally mixed state τ, the map (3.45) will

be simplified as

OA =
1

dcode
τ−1/2
A trĀ

(
VHKLL(φa)V

†
HKLL

)
τ−1/2
A , (3.46)

where τA = 1
dcode

trĀPcode. It is good to note here that the condition

⟨φa⟩ρbulk = ⟨Φa,HKLL⟩ρCFT (3.47)
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implies thatVHKLL(φa)V
†
HKLL = PcodeΦa,HKLLPcode, and so the bulk operator φ in the entan-

glement wedge can map to a boundary operator has support only in the region A as

OA =
1

dcode
τ−1/2
A trĀ

(
PcodeΦHKLLPcode

)
τ−1/2
A . (3.48)

This is the main result of the section, that we will use in the rest of the paper.

When including 1/N corrections, (3.42) will no longer be exact and we do not expect to

have an exact recoverability. In that case, we can try to reconstruct the entanglement wedge

using the twirled Petz map (3.39). For the maximally mixed state in the code subspace, the

mapping is as below

OA =
1

dcode

∫
R
dt β0(t) τ

−1/2(1−it)
A trĀ

(
VHKLL(φa)V

†
HKLL

)
τ−1/2(1+it)
A (3.49)

which at largeN limit gives us the same formula as (3.46) [Cotler et al., 2019b]. It has been

argued that for the reconstruction of the entanglement wedge for any finite-dimensional

code subspace as well as code subspaces with dimensions that do not grow exponentially

fast inN, while the error is non perturbatively small, the ordinary Petz map works well

enough [Chen et al., 2020b].

In the largeN limit it is possible to take the size of the code subspace to infinity. In that

case, the maximally mixed state on the code subspace does not really exist and we would

need to use some regulated version of it6 that we denote by ρ.

One should be careful at this point that the quantum channel in (3.43), which takes

as input the reduced density matrix of the entanglement wedge ρa = trā(ρ) and gives
6For example, this could be a thermal state, which approximates the maximally mixed state as T→∞.
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as output a state on A, will not generally provide us exactly the same state on A as ρA =

trĀ
(
VHKLL(ρ)V†

HKLL
)
which depends on the state ρ defined on the entire bulk. Only in

the case that the bulk reference state itself is a tensor factor of two states in a and ā, like the

maximally mixed state, they will give us the same result. However, their difference is con-

trolled by 1/N: if we say that |S(ρA||σA)− S(ρa||σa)| ⩽ ε, then

∥E(ρa)− ρA∥
2 ⩽ 2 ln 2S(E(ρa)||ρA) ⩽ (2 ln 2)ε. (3.50)

Hence, at largeN limit that ε goes to zero and we have the exact reconstruction of the en-

tanglement wedge, one can exchange the E(ρa) and ρA. Then, we can introduce a general

version of the Petz map in terms of an arbitrary fixed state ρ as [Penington et al., 2019]

O(ρ)
A = ρ−1/2

A trĀ
(
VHKLL(ρ1/2φaρ

1/2)V†
HKLL

)
ρ−1/2
A . (3.51)

We note here that, for this reconstruction, the only source of the error is not the 1/N cor-

rection, but rather the entanglement in the state ρ between the inside and outside of the

entanglement wedge causes to not recover the original state.

3.5 AdS-Rindler reconstruction and Petz map

As we saw in the previous chapters, a free scalar field in pure AdS is dual to a GFF of the

boundary that can be thought of as a sector of a much larger CFT with a large central

charge. In addition, Petz map is a tool that comes from the quantum information theory

which provides us the CFT representation of the bulk field φ(X) that is localized in any
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region Awhen the field lies in the entanglement wedge of A. It is given by

ΦA(X) = τ−1/2
A trĀ

(
PcodeΦHKLL(X)Pcode

)
τ−1/2
A (3.52)

where we redefine τA to the unnormalized maximally mixed state τA = trĀPcode and ΦHKLL(X)

is the boundary reconstruction of the field in global coordinates

ΦHKLL(X) =
∫
bdy

dtdΩ Kg(X|t,Ω)O(t,Ω) (3.53)

thatKg(X|t,Ω) is the smearing function for the AdS space which in even and odd dimen-

sion given by (3.137) and (3.138) respectively. By plugging (3.53) back into (3.52) and con-

sidering the linearity of the trace we will get

ΦA(X) =
∫
bdy

dtdΩ Kg(X|t,Ω) τ−1/2
A trĀ

(
PcodeO(t,Ω)Pcode

)
τ−1/2
A . (3.54)

Therefore, to find ΦA(X)we need to deal with terms

trĀ
(
PcodeO(t,Ω)Pcode

)
(3.55)

for everyO(t,Ω). In order to take trace over Ā, we need to re-express them in terms of the

operators that act just on the Cauchy surface Σ. In other words, we should use the Heisen-

berg picture and rewrite allO(t,Ω) in terms of the scalar primaries on Σ by evolving them

with boundary Hamiltonian. Let us consider Σ to be t = 0 slice. Then, (3.55) can be read
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off as

trĀ
(
PcodeeiHCFTtO(Ω)e−iHCFTtPcode

)
= trĀ

(
PcodeeiHGFFtO(Ω)e−iHGFFtPcode

)
. (3.56)

Since we project the Heisenberg picture operators on the code subspace, which should be

a subspace of the GFF sector of the CFT, the CFTHamiltonian can be replaced by the

Hamiltonian of generalized free theory, which is

HGFF =
∑
nlm

ωnlmO†
nlmOnlm. (3.57)

It is important to note that all the operators in (3.56) have support on entire Σ, even when

t = 0 andO(xA) is localized in region A, PcodeO(xA)Pcode still can have support on Ā.

To do the calculation, it can be more convenient to go to Fourier space. By substituting

(3.14) into (3.56) and plugging it back to (3.54) we arrive to

ΦA(X) =
∑
nlm

Gnlm(X)τ−1/2
A trĀ

(
PcodeOnlmPcode

)
τ−1/2
A

+ G∗
nlm(X)τ

−1/2
A trĀ

(
PcodeO†

nlmPcode
)
τ−1/2
A (3.58)

where

Gnlm(X) =
∫
bdy

dtdΩ Kg(X|t,Ω) gnlm(t,Ω). (3.59)

To go ahead, we need to determine more precisely the setup we want to study and in

particular, specify the region A on the boundary. Let us start with a simple case. Take A to

be just one hemisphere of Σ, then as a result, a = EA is an AdS-Rindler wedge in the bulk
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which its entanglement wedge coincides with its causal wedge. In the rest of this chapter,

we will focus on finding the boundary representation for the operators that lie in the AdS-

Rindler wedge. First, we work on rewriting the operatorOnlm in terms of the operators that

act just on A or Ā. We will then define the code subspace in this case and in particular, we

will try to find a suitable choice of basis for code subspace to be able to do the calculation.

Finally, we will compare our result with the boundary representation of the field one can

find from the HKLL procedure in the AdS-Rindler coordinates.

3.5.1 Boundary treatment

The computation of (3.58) involves tracing out the sub-region Ā from the operator PcodeOnlmPcode.

For this, one needs to choose appropriate basis to express Pcode, discussed in Sec.3.5.3, and

rewriteOnlm in a way that makes the tracing out of complement easier.

Two ways to proceed further are discussed in this and the next section. One way is to use

the bulk Bogoliubov transformation between the global and Rindler modes to adopt the

same transformation for the global and Rindler boundary modes. Note that the boundary

modes, by themselves, do not have Bogoliubov transformation, since they do not satisfy

any equation of motion. Thus, to claim such transformation for the boundary modes,

one needs to use the AdS-Rinlder reconstruction to relate the bulk Rindler modes to the

boundary Rindler modes.

The other way, which will be discussed in this section, is solely a boundary treatment.

As will be seen in Sec. 3.5.3, while computing the trace, one is interested in computing ma-

trix elements like ⟨Ψ|Onlm |Ψ⟩where |Ψ⟩ is an a state in the code subspace, whereOnlm is a

global mode of single trace operators localized in full boundary. One can choose a Cauchy
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surface, say at t = t0, that includes the bulk operator and after dividing its boundary into

two subregions, A or Ā, and write single trace operators localized in the two subregions

which we callO(τ = 0, r)A andO(τ = 0, r)Ā respectively (in general one has single

trace operators in the wedges associated to the two subregions and in the past and future

wedges). Given that the subregion A is spherical, one can write the Fourier transform of

O(τ, r)A, the single trace operator in the domain of dependence of A, as

O(τ, x)A =

∫
dωdλe−iωτYλ(x)Oωλ,A + h.c. (3.60)

where Yλ(x) is the eignefunction of the Laplacian on a co-dimension one hyperbolic ball in

the boundary.

In addition, due to the particle number conservation of AdS/CFT in the large N limit,

the action of the normalized operatorOnlm/Mnlm
7 on any state in the code subspace is

given by a linear combination of the single trace operators in domain of dependence of

A and Ā, on the state after being appropriately normalized. One may expect that similar

Rindler modes in the past and future wedges should also contribute but it can be checked,

from the boundary, that the modes in the future and past wedges can be expressed in terms

of modes in the domain of dependence of A and Ā by the symmetry property of the prob-

lem and requiring the correct two point functions in the future and past wedges. Thus one

can just replace PcodeOnlmPcode inside the equation by

∑
I=A,Ā

Mnlm
∑
ωλ

Pcode
1

Mωλ
(χ1nlm,ωλOωλ,I + χ2nlm,ωλO

†
ωλ,I)Pcode (3.61)

7The normalization can be computed from the two point function ofO†
nlm on the vacuum, requiring that

O†
nlm

Mnlm
|Ω⟩ has norm one.
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whereMωλ is the normalization such thatOωλ/Mωλ |Ω⟩ has norm one. The coefficients

χ1,2nlm,ωλ at least have to satisfy

∑
ωλ

(χ1nlm;ωλχ
∗1
nlm;ωλ + χ1nlm;ωλχ

∗2
nlm;ωλ + χ2nlm;ωλχ

∗1
nlm;ωλ + χ∗2nlm;ωλχ

2
nlm;ωλ) = 1. (3.62)

In the next section, one can see that the coefficients χ1,2nlm,ωλ are indeed the bulk global to

Rindler Bogolibov coefficients.

3.5.2 Bogoliubov coefficients fromRindler mode expansion of bulk field

Now we proceed with the second way of arriving at (3.61). At every Cauchy surface, the

Hilbert space of a QFT is constructed as the Fock space obtained from creation and annihi-

lation operators ak and a†k, corresponding to the global modes of the field operator which is

φ(t, x) =
∑
k

fk(t, x)ak + f∗k(t, x)a
†
k. (3.63)

k is a collection of indices we need to describe the mode. We can use the same approach to

find the mode expansion of the field that lies in the region r by directly solving the equation

of motion just in this region to find the appropriate wave functions which have support

only on r. Let us take the time slice Σ and decompose it into the subregions Σr such that

Σr ∩ Σr′ = ∅. For all Σr, we should first find a coordinate systemUr which coverD(Σr).

Then, solve the equation of motion onUr to find the mode expansion of fields onD(Σr)

φ(tr, xr) =
∑
k

frk(tr, xr)ark + fr∗k (tr, xr)a
r†
k . (3.64)
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The Hilbert space of the QFT restricted to Σr is denoted byHr and the Hilbert space of the

total theory on Σ is naively a tensor product of the subregion Hilbert spacesH = ⊗rHr.

One can expand the field φ(X) in global coordinates in terms of subregion mode func-

tions as

φ(t, x) =
∑
r

∑
k

frk(tr, xr) ark + fr∗k (tr, xr) a
r†
k . (3.65)

The point X is labeled in global coordinates and the coordinate systemUr by (t, x) and

(tr, xr), respectively. As a result, the creation and annihilation operators of the full Hilbert

space can be written as a linear combination of subregions mode functions and vice versa,

by comparing (3.63) and (3.65) which is a generalized version of Bogoliubov transforma-

tion [Kim, 2017].

Let us come back to our problem. To proceed in the Petz map calculation, it can help

us if we could find an expression forOnlm in terms of the mode function corresponding to

the subregions A and Ā. The subtlety here is the point that GFF on the boundary do not

obey the equation of motion and hence, the discussion above is not applied to the bound-

ary QFT. However, in AdS/CFT correspondence, the extrapolate dictionary leads us to the

identification between some bulk and boundary operators. As a result, we expect that bulk

Bogoliubov transformation can help us to find one expression forOnlm as a linear combina-

tion of the operators has support only on one subregion.

The boundary Cauchy slice Σ is divided into two hemispheres A and Ā. As a result, their

entanglement wedges are AdS-Rindler patches in the bulk which both together cover the

entire AdS space. To quantize the free fields in the entire AdS space in Rindler coordinates,

we need two copies of the creation and annihilation operators that obey the commutation
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relation

[bωλ,I, b†ω′λ′,I′ ] = (2π)2δ(ω − ω′)δ(λ − λ′)δII′ (3.66)

where the mode functions bωλ,a and bωλ,ā have support only in a and ā patches respectively.

One can globally expand the bulk field φ(X) in terms of these mode functions as

φ(X) =
∑

I∈{a,ā}

∫
dω
2π

dλ
2π

(
fωλ,I(X)bωλ,I + f∗ωλ,I(X)b

†
ωλ,I

)
(3.67)

where fωλ,I(X) is given by (3.142) if the point X belongs to the patch I, otherwise it van-

ishes. The global mode anlm in AdS are related to these mode functions by Bogoliubov co-

efficients α and β as

anlm =
∑

I∈{a,ā}

∫
dωdλ

(
αInlm;ωλbωλ,I + β∗Inlm;ωλb

†
ωλ,I

)
. (3.68)

The commutation relations (3.66) lead to the following constrain on the Bogoliubov coeffi-

cients

∑
I∈{a,ā}

∫
dωdλ

(
αInlm;ωλα∗In′l′m′;ω′λ′ − β∗Inlm;ωλβ

I
n′l′m′;ω′λ′

)
= δnn′δll′δmm′ . (3.69)

We can substitute (3.68) in the bulk global mode expansion (3.7) which lead us to the rela-

tions

∑
nlm

fnlm(X)αanlm;ωλ + f∗nlm(X)β
a
nlm;ωλ = 0 ∀X ∈ ā

∑
nlm

fnlm(X)αānlm;ωλ + f∗nlm(X)β
ā
nlm;ωλ = 0 ∀X ∈ a.

(3.70)
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Wewill use them in what follows.

For the case that we are studying, where on the boundary of pure AdS the GFF lives, the

mode functions anlm and bωλ are identified with the boundary operators given by (3.13)

and (3.146) respectively. By plugging them back into (3.68), one can find

Onlm =
∑

I∈{A,Ā}

∫
dωdλ

(Mnlm

Mωλ
αInlm;ωλOωλ,I +

Mnlm

Mωλ
β∗Inlm;ωλO

†
ωλ,I

)
. (3.71)

while αAnlm;ωλ = αanlm;ωλ, etc .

3.5.3 Appropriate basis for the code subspace

The code subspace has a Fock space structureHcode = span{
∏

nlm(O
†
nlm)

inlm |Ω⟩}, where

|Ω⟩ is the global vacuum defined asOnlm |Ω⟩ = 0 for all n, l andm. The powers inlm are

some non-negative integers and we can also put a cut-off on them. In order to compute the

Petz map reconstruction of the bulk field φ(X) that lies in the AdS-Rindler patch, we need

to compute the terms trĀPcode and trĀ(PcodeOnlmPcode).

Before going through the calculation, we need to choose a basis for code subspace. The

natural choice one can take is

|{inlm}⟩ ∝
∏
nlm

(O†
nlm)

inlm |Ω⟩ . (3.72)

In this basis, we should calculate the terms of the form

trĀ
(
(O†

nlm)
i |Ω⟩ ⟨Ω| (On′l′m′)i

′
)

(3.73)
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for every arbitrary integers i and i′. One way to deal with trace can be using (3.71). As we

know, the action of Rindler modes on |Ω⟩ in two wedges are related to each other by

Oω,λ;Ā |Ω⟩ = eπωO†
ω,−λ;A |Ω⟩

O†
ω,λ;Ā |Ω⟩ = e−πωOω,−λ;A |Ω⟩

(3.74)

while |Ω⟩ = ⊗ω,λ |Ωω,λ⟩ = ⊗ω,λ
√
1− e−2πω

∑
n e−πωn |n⟩Aω,λ |n̄⟩

Ā
ω,−λ. As a result, for each

choice of i, one can in principle find an operator Ai that has support only on region A such

that

(O†
nlm)

i |Ω⟩ = Ai |Ω⟩ . (3.75)

Therefore, (3.73) can be simplified as

AitrĀ
(
|Ω⟩ ⟨Ω|

)
A†
i = Ai ρ(0)A A†

i (3.76)

that is an operator has support only on A, while ρ(0)A is a thermal density matrix in the re-

gion A. Nevertheless, the equation (3.75) is somewhat abstract, and indeed finding an ex-

pression for Ai can be difficult.

To find a more convenient basis for the code subspace we can use theReeh-Schlieder the-

orem for relativistic QFT. Consider a QFT inMinkowski spacetimeMwith a Hilbert

spaceH and the vacuum state denoted by |Ω⟩ ∈ H. For a small open set U ⊂ M, there

is a bounded algebra of local operatorsAU supported in U . The Reeh-Schlider theorem

says that every arbitrary state inH can be approximated byAU |Ω⟩ that means states cre-

ated by applying elements of the local algebra to the vacuum are not localized to the region

U . In other words, the vacuum is a cyclic and separating vector for the field algebra corre-
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sponding to any open set U in Minkowski spacetime. This is the key point in our work that

causes the manageability of the Petz map calculation.

We can construct the code subspace using the Reeh-Schlieder theorem to the bound-

ary QFT by acting on the global vacuum with the operator algebra on region A,HGFF =

{L(HA) |Ω⟩}. Since one choice of basis for the operator algebra on A is the set of Rindler

modesOωλ;A andO†
ωλ;A, one can take a basis for code subspace at largeN as

|{jω,λ,Δω,λ}⟩ =
∏
ω,λ

(Oωλ;A)
jω,λ(O†

ωλ;A)
jω,λ+Δω,λ |Ω⟩ (3.77)

where j ∈ N and Δ ∈ Z. 8 As the theory is free, different modes are decoupled and we can

rewrite the code subspace basis as

|{jω,λ,Δω,λ}⟩ = ⊗ω,λ |jω,λ,Δω,λ⟩ = ⊗ω,λ(Oωλ;A)
jω,λ(O†

ωλ;A)
jω,λ+Δω,λ |Ωω,λ⟩ (3.78)

In the following, for simplicity we will just focus on a single mode which the corresponding

Hilbert space is span{|j,Δ⟩ = (OA)
j(O†

A)
j+Δ |Ω⟩}. In the new basis, instead of (3.73), we

should calculate the terms trĀ |j,Δ⟩ ⟨j′,Δ′|which one can simply find as

trĀ |j,Δ⟩ ⟨j′,Δ′| = (OA)
j(O†

A)
j+Δρ(0)A (OA)

j′+Δ′
(O†

A)
j′ (3.79)

We should be careful here that although this set of vectors spans the GFF sector of the
8More precise statement here is that, since the representation of the vacuum state in terms of the Rindle

modes is cyclic and separating with respect to the operator algebra of the Rindler wedge, the vacuum sector of
the Hilbert space is isomorphic to the GNSHilbert space of the operator algebra of the Rindler wedge over
the vacuum.
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boundary, they are not orthonormal as we have

⟨j,Δ |j′,Δ′⟩ = δΔ,Δ′(1−e−2πω)
∑

n=max{0,−Δ}

e−2ωn

√
(n+ j+ Δ)!
(n+ Δ)!

√
(n+ j′ + Δ′)!

(n+ Δ′)!
(3.80)

which is proportional to δΔ,Δ′ not δj,j′δΔ,Δ′ . Nevertheless, we can still use this set of vectors

as a basis for the code subspace by considering the correct form of the projection on a non-

orthonormal basis.

Consider a vector spaceV = span{|vi⟩}. One can construct the metric tensor for this

basisG = [gij] that by definition gij = ⟨vi |vj⟩. The inverse metricG−1 = [gij] is defined to

be the inverse of the matrixG, so the relations

∑
j

gijgjk = δik,
∑
j

gijgjk = δki (3.81)

should satisfy and the projection on the subspaceVI = span{|vi⟩ , i ∈ I} is given by

PI =
∑
i,j∈I

gij |vi⟩ ⟨vj| . (3.82)
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3.5.4 AdS-Rindler wedge reconstruction via Petz map

Now we have all relations we need to find the Petz reconstruction for the fields in the AdS-

Rindler patch in the bulk. By plugging (3.71) back into (3.58), we arrive to

ΦA(X) =
∑

I∈{A,Ā}

∫
dωdλ Fω,λ;I(X) τ−1/2

A trĀ(PcodeOωλ,IPcode)τ−1/2
A

+ F∗
ω,λ;I(X) τ

−1/2
A trĀ(PcodeO†

ωλ,IPcode)τ−1/2
A (3.83)

while

Fω,λ;I(X) =
∑
nlm

Mnlm

Mωλ
(Gnlm(X)αInlm;ωλ + G∗

nlm(X)β
I
nlm;ωλ). (3.84)

By comparing the global mode expansion of ΦHKLL(X)with φ(X), one can find thatGnlm(X) =
1

Mnlm
fnlm(X). If we substitute it in (3.84), we can find that

Fω,λ;I(X) =
1

Mωλ

∑
nlm

(fnlm(X)αInlm;ωλ + f∗nlm(X)β
I
nlm;ωλ) (3.85)

As φ(X) lies in the AdS-Rindler wedge homologous to the region A, by using the relations

(3.70), we find thatFω,λ;Ā(X) = 0 for all X ∈ EA. Therefore, the Petz reconstruction of

φ(X) gets simplified as

ΦA(X) =
∫

dωdλ Fω,λ;A(X) τ−1/2
A trĀ(PcodeOωλ,APcode)τ−1/2

A

+ F∗
ω,λ;A(X) τ

−1/2
A trĀ(PcodeO†

ωλ,APcode)τ−1/2
A . (3.86)
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In our basis the projection to the code subspace is

Pcode =
∑
j,j′

∑
Δ,Δ′

g(j,Δ);(j′,Δ′) |j,Δ⟩ ⟨j′,Δ′| . (3.87)

From the inner product between {|j,Δ⟩}, we see that the metric tensor here is block-diagonal

while each block labeled by Δ

G = ⊕ΔGΔ = ⊕Δ[gj,j′;Δ] (3.88)

where gj,j′;Δ = ⟨j,Δ |j′,Δ⟩. As a result, the inverse metric should have the form of

G−1 = ⊕ΔG−1
Δ = ⊕Δ[AΔ

j,j′ ] (3.89)

for some unknown elements AΔ
j,j′ which should satisfy the relations below

∑
j′

AΔ
j,j′⟨j′,Δ |j′′,Δ⟩ = δj,j′′

∑
j′
⟨j,Δ |j′,Δ⟩AΔ

j′,j′′ = δj,j′′ .
(3.90)

Since g(j,Δ);(j′,Δ′) = AΔ
j,j′δΔ,Δ′ , we can write the projection on the code subspace in terms of

AΔ
j,j′ as

Pcode =
∑
Δ

∑
j,j′

AΔ
j,j′ |j,Δ⟩ ⟨j′,Δ| . (3.91)

Now, we can use the form of the code subspace projection to find the three terms we
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need to find the Petz reconstruction of φ(X). First, we start with τA which is

τA = trĀPcode =
∑
Δ

∑
j,j′

AΔ
j,j′trĀ |j,Δ⟩ ⟨j′,Δ|

=
∑
Δ

∑
j,j′

AΔ
j,j′(OA)

j(O†
A)

j+Δρ(0)A (OA)
j′+Δ′

(O†
A)

j′ . (3.92)

We also need to calculate the terms in the form of

trĀ
(
PcodeOPcode

)
=
∑
Δ,Δ′

∑
j,j′

∑
k,k′

AΔ
j,kAΔ′

k′,j′ ⟨k,Δ|O |k′,Δ′⟩ trĀ |j,Δ⟩ ⟨j′,Δ′| , (3.93)

ForO that isOA orO†
A, we get

⟨k,Δ|OA |k′,Δ′⟩ = ⟨k,Δ| k′ + 1,Δ′ − 1⟩

⟨k,Δ|O†
A |k′,Δ′⟩ = ⟨k+ 1,Δ − 1| k′,Δ′⟩.

(3.94)

By using the relations (3.90) and (3.94), one can find that

trĀ
(
PcodeOω,λ;APcode

)
=Oω,λ;AτA

trĀ
(
PcodeO†

ω,λ;APcode
)
=τAO†

ω,λ;A.

(3.95)

The operatorsOω,λ;A andO†
ω,λ;A have support only on region A and commute with every

operator XĀ. We can show that here, it is equivalent to say that τ−1
A commute with the

trĀ(PcodeOPcode) forO beingOω,λ;A andO†
ω,λ;A. One can conclude that if they commute with
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τ−1
A , they commute with τ−1/2

A as well. Therefore, we reach

τ−1/2
A trĀ

(
PcodeOω,λ;APcode

)
τ−1/2
A =trĀ

(
PcodeOω,λ;APcode

)
τ−1
A = Oω,λ;A

τ−1/2
A trĀ

(
PcodeO†

ω,λ;APcode
)
τ−1/2
A =τ−1

A trĀ
(
PcodeO†

ω,λ;APcode
)
= O†

ω,λ;A.

(3.96)

Finally, we find the Petz reconstruction of the bulk field φ(X) in the AdS-Rindler wedge as

ΦA(X) =
∫

dωdλ
(
Fω,λ;A(X)Oωλ,A + F∗

ω,λ;A(X)O
†
ωλ,A

)
. (3.97)

By substituting (3.145) in (3.97), we will arrive at

ΦA(X) =
∫

dτdx KPetz,A(X|τ, x)O(τ, x) (3.98)

where the smearing function is

KPetz,A(X|τ, x) =
∫

dωdλ Fω,λ;A(X)eiωτY∗
λ(x)

=

∫
dωdλ eiωτY∗

λ(x)
1

Mω,λ

∑
nlm

(
fnlm(X)αanlm;ωλ + f∗nlm(X)β

a
nlm;ωλ

)
=

∫
dω
2π

dλ
2π

1

Mω,λ
fωλ,A(X)eiωτY∗

λ(x).

(3.99)

By comparing with (3.148), we see that the result one can find by applying the Petz map in

an AdS-Rindler patch is exactly the same as the result of the HKLL procedure in the AdS-

Rindler coordinate.
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3.6 Entanglementwedge reconstruction and Petz map

In the previous chapter, we used the Petz map to find the CFT reconstruction of a bulk

field in the AdS-Rindler wedge. In principle, this approach can be used to reconstruct the

entanglement wedge of any region on the boundary explicitly. Let us consider CFTd in a

semi-classical state |Ψ⟩which is dual to a smooth asymptotically AdS spacetimeM. We

also assume that there is no black hole in the bulk. Consider a Cauchy surface Σ of the

boundary and divide it into an arbitrary region A and its complementary part Ā. In the

rest, we focus on finding the reconstruction of the entanglement wedge of A via the Petz

map.

In the bulk, one can find the global mode expansion of the field φ as

φ(X) =
∑
n

(
fn(X) an + f∗n(X) a†n

)
(3.100)

where fn(X) is the solution of the Klein-Gordon equation onM and an is the mode corre-

sponding to it that obeys the usual canonical commutation relations. All the labels needed

to define the modes are shown collectively by n. By applying the HKLLmethod to an ap-

propriate coordinate system that covers the entire bulk, labeled here by (r, t, x), one can

find that

ΦHKLL(X) =
∫
bdy

dtdx Kg
∂M(X|t, x)O(t, x) (3.101)

whereKg
∂M(X|t, x) is the global smearing function. As in the AdS-Rindler case, it is conve-

nient to go to the Fourier modes where the single trace primaries have a mode expansion as
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O(t, x) =
∑
n

(
g̃n(t, x) Ôn + g̃∗n(t, x) Ô†

n

)
(3.102)

where

Ôn =
1

Mn

∫
dtdx O(t, x) g∗n(t, x). (3.103)

If we choose Ôn with standard commutation relation, i.e. identified it with an, from extrap-

olate dictionary, we have g̃n(t, x) = limr→∞ rΔfn(r, x), whereMn and gn are defined as in

Sec. 3.2.1. Therefore

ΦHKLL(X) =
∑
n

(
Gn,M(X) Ôn + G∗

n,M(X) Ô†
n

)
(3.104)

while

Gn,M(X) =
∫
bdy

dtdx Kg
∂M(X|t, x)g̃n(t, x). (3.105)

By comparing (3.100) and (3.104), one can find thatGn,M(X) = fn(X).

Let us choose a basis for the operator algebra of the regions A and Āwhich we denote

them by {Aν} and {Āν} respectively. In order to find the Petz reconstruction of φ(X), we

need to write the mode functions Ôn as a linear combination of {Aν} and {Āν}. If it is in

the form of

Ôn =
∑
ν

αAn,ν Aν + αĀn,ν Āν. (3.106)

The Petz reconstruction of φ(X) arrives to

ΦA(X) =
∑
ν

FA
ν (X)τ

−1/2
A trĀ

(
PcodeAνPcode

)
τ−1/2
A + F Ā∗

ν (X)τ−1/2
A trĀ

(
PcodeĀνPcode

)
τ−1/2
A

(3.107)

202



where

F I
ν(X) =

∑
n

fn(X) αIn,ν + f∗n(X) αI∗n,−ν (3.108)

for I ∈ {A, Ā}.

For a generic choice of basis, the coefficients behind τ−1/2
A trĀ(PcodeĀνPcode)τ−1/2

A does

not vanish like the case of AdS-Rindler in the previous chapter. Hence, we also need to

calculate these terms here. Moreover, for a generic case of the basis of the operator algebra,

the sets of {Aν} and {Āν} do not have in general a simple bulk dual, and therefore, we can

not find the Bogoliubov coefficients in (3.106) from the bulk theory.

For now, let us assume that we can somehow find the Bogoliubov coefficients in (3.106).

Then in order to proceed, similar to the AdS-Rindler case, we can use the Reeh-Schlieder

theorem and write the code subspace as

Hcode = L(HA) |Ψ⟩ . (3.109)

In principle, to find the Petz reconstruction in (3.107), it is needed to know the commuta-

tion relation between the operator algebras of the regions A, and rewrite the action of the

operator Āν on the state |Ψ⟩ in terms of the operators in region A on the state, i.e., finding

the operatorOA,ν as a function of {Aν} such that

Āν |Ψ⟩ = OA,ν |Ψ⟩ . (3.110)

But practically, whether or not we can explicitly compute all the terms in (3.107) depends

on the basis we take, and for an appropriate choice of it, we will be able to find an explicit
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expression for the operator ΦA(X).

In the following, we will describe an appropriate choice of the sets {Aν} and {Āν} that

by using them, the calculation becomes attainable. We will see that there is a clever choice

of basis, the eigenfunctions of the modular Hamiltonian, that the Petz calculation will get

drastically simplified.

3.6.1 Petz map and modular flow

In this section, we will focus on a special choice of basis for operator algebra in the region A

and Ā that is the eigenfunctions of modular Hamiltonian of the regions.

The modular Hamiltonian of a given regionR is defined asKR = − log ρR where ρR is

the reduced density matrix of the regionR. KR generates an automorphism for the opera-

tor algebraAR associated to ρR [Haag, 1992a] as

A ∈ AR −→ As = eiKRsAe−iKRs ∈ AR. (3.111)

calledmodular flow. The modular flow originally introduced in the context of the algebraic

QFT [Takesaki, 1970, Haag, 1992a, Bratteli & Robinson, 2012, Borchers, 2000, Takesaki

et al., 2003] which recently played a key role in using the concepts of quantum information

theory in QFT and gravity [Lashkari, 2019, Lashkari, 2021, Sárosi & Ugajin, 2018, Blanco

et al., 2018, Casini, 2008, Blanco & Casini, 2013, Faulkner et al., 2016, Balakrishnan et al.,

2019,Ceyhan & Faulkner, 2020,Lashkari, 2016,Lashkari et al., 2021,Cardy & Tonni, 2016,

Casini et al., 2011, Blanco & Casini, 2013, Jafferis & Suh, 2016, Koeller et al., 2018, Czech

et al., 2017, Chen et al., 2018, Belin et al., 2018, Abt & Erdmenger, 2018, Faulkner et al.,

2019, Czech et al., 2019, De Boer & Lamprou, 2020, Arias et al., 2020, Erdmenger et al.,
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2020].

In modular Fourier space, the Fourier transformation of As is

Aω =

∫ ∞

−∞
ds eisωeiKRsAe−iKRs. (3.112)

The operators Aω are the eigenfunctions of modular Hamiltonian [KR,Aω] = ωAω. They

also form a basis for operator algebra on regionR. Therefore, we can take the eigenfunc-

tions of the modular Hamiltonian of the both regions A and Ā as the basis for the corre-

sponding operator algebras on these regions.

Moreover, as we assume that there is no black hole in the bulk, the entanglement wedge

of the complementary part of A in the boundary is the same region as the complementary

part of the entanglement wedge of the region A and hence, the union of a and ā covers

the entire Cauchy surface. As a result, we can expand both the bulk and boundary global

modes as a linear combination of the modular eigenbasis as

an =
∑
ω

αan,ωAa
ω + αān,ωAā

ω

Ôn =
∑
ω

αAn,ωAA
ω + αĀn,ωAĀ

ω .

(3.113)

In such a case, we can use the JLMS statement that relates the modular Hamiltonian of a

given boundary region A to the modular Hamiltonian of its entanglement wedge a as

KA = Ka +
Area
4G

+ O(1/N). (3.114)

Since the area term in the right hand side of (3.114) is proportional to the identity, both
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KA(Ā) andKa(ā) have the same spectrum and we can identify their eigenfunctions as

AA
ω = Aa

ω ≡ Aω

AĀ
ω = Aā

ω ≡ Āω.

(3.115)

Therefore as Ôn = an, by comparing (3.113) and (3.115), we see that both Ôn and an have

the same Bogoliubov coefficients αA(Ā)n,ω = αa(ā)n,ω . One can replace it into (3.108) and find

that when we take the eigenfunctions of modular Hamiltonian as the basis of operator

algebra of subregions, by definition

F Ā
ω (X) =

∑
n

fn(X)αān,ω + f∗n(X)αā∗n,−ω = 0, ∀X ∈ a. (3.116)

Therefore, the Petz reconstruction of φ(X) in the entanglement wedge of the region A can

be read off as

ΦA(X) =
∑
ω

FA
ω (X) τ

−1/2
A trĀ

(
PcodeAωPcode

)
τ−1/2
A =

∑
ω

FA
ω (X) Aω (3.117)

where Aω is the eigenfunction ofKA andFA
ω (X) is given by

FA
ω (X) =

∑
n

(
fn(X)αan,ω + f∗n(X)αa∗

)
(3.118)

which by using (3.105), it can be rewritten in terms of the global smearing function as

FA
ω (X) =

∫
bdy

dtdx Kg
∂M(X|t, x)

∑
n

(
g̃n(t, x)αAn,ω + g̃∗n(t, x)αA∗n,−ω

)
. (3.119)
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At this point to write the operator ΦA more precisely, we should knowmore about the

Aω themselves. To leading order in AdS/CFT, the bulk field consists of free fields. For free

scalar fields on any regionR that all correlators are fixed by the two-point function, the

density matrix is Gaussian and the modular Hamiltonian is bilinear. Its eigenfunctions can

be labeled by ω and XS where the coordinates XS corresponds to a codimension 2 surface

S ∈ R on one Cauchy slice [Faulkner & Lewkowycz, 2017b]. Therefore, we have

[KR,Φω(XS)] = ωΦω(XS) (3.120)

where

Φω(XS) =

∫
ds eisωeiKRsφ(XS)e−iKRs ∀XS ∈ S. (3.121)

Now, let us consider the free scalar field in the entanglement wedge of the region A and

the Cauchy surface as the slice of bulk that intersects with A. One clever choice for S can be

A itself. By using (3.114) and the identification on the boundary φ0(xA) = O(xA), we can

find the modular eigenfunction ofKA as

Oω(xA) =
∫

ds eisωeiKAsO(xA)e−iKAs ∀xA ∈ A. (3.122)

By substituting it in (3.117), we find the Petz reconstruction of φ(X) lies in the entangle-

ment wedge of A as

ΦA(X) =
∫ ∞

−∞
ds
∫
A
dxA KPetz,A(X|xA, s) eiKAsO(xA)e−iKAs (3.123)
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where the smearing function is given by

KPetz,A(X|xA, s) =
∑
n

∫
dω eisω

(
fn(X)αAn (ω, xA) + f∗n(X)αA∗n (−ω, xA)

)
(3.124)

while αAn (ω, xA) is the Bogoliubov coefficient between Ôn andOω(xA). As we mentioned

in (3.2.2), the equation (3.123) has been conjectured in [Jafferis et al., 2016b], and also

derived in [Faulkner & Lewkowycz, 2017b] through acting with the modular flow on the

extrapolate dictionary. Here, we could again obtain it by using the Petz map formula which

is a more generic approach.

As a consistency check, let us calculate (3.124) for the AdS-Rindler wedge. In this patch,

the modular parameter is just the Rindler time τ and the modular Hamiltonian is the

Rindler HamiltonianHτ. To find the smearing function in (3.124), we need to find the

Bogoliubov coefficients between Ônlm andOω(xA) =
∫
dτeiωτO(τ, xA)which is

αAnlm(ω, xA) =
∫

dλ
1

Mω,λ
Y∗
λ(xA)αnlm;ω,λ ∀ω ≥ 0

αAnlm(ω, xA) =
∫

dλ
1

Mω,λ
Y∗
λ(xA)β

∗
nlm;ω,λ ∀ω < 0

(3.125)

By plugging it into (3.124), we get

KPetz,A(X|xA, τ)

=
∑
nlm

∫
dωeiωτ

∫
dλ

1

Mω,λ
Y∗(xA)

(
fnlm(X)αAnlm;ω,λ + f∗nlm(X)β

A
nlm;ω,λ

)
=

∫
dω
2π

dλ
2π

1

Mω,λ
fωλ,A(X)eiωτY∗

λ(x)

(3.126)

which is exactly the smearing function that we know from AdS-Rindler wedge reconstruc-
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tion.

As illustrated, to reconstruct the operator in the interior of the entanglement wedge, we

need to learn more about the modular Hamiltonian of general regions in QFTs.

3.7 Discussion

The discussion of EWR in the last section is generic and applies to any desired region on

the boundary. In particular, the region can even be disconnected. For example, let us con-

sider the union of two disjoint intervals A = AL ∪ AR, Fig. 3.1, on a Cauchy slice of

a 2d holographic CFT dual to AdS3 in the bulk. If the regions AL, AR are sufficiently

small, the entanglement wedge of A is union of the entanglement wedges of AL and AR,

denoted by aL and aR, individually, i.e. the union of two AdS-Rindler wedges. It is well

known [Almheiri et al., 2015b,Headrick, 2010] that as we increase the size of the region A,

the extremal surface changes discontinuously and in the new configuration the entangle-

ment wedge of A becomes larger and in particular larger than the causal wedge of A.

An important question is understanding the nature of observables in the region which is

in the entanglement wedge, but not the causal wedge. The Petz formula gives in principle a

CFT representation of these observables, but their microscopic nature is not understood.

To make the question more precise, notice that from the point of view of the bulk there is

a well defined Bogoliubov transformation between the bulk global modes and the modes

in regions aL, aR, bU, bD, EM (see Fig. 3.1) . The modes in aR, aL, bU, bD can be related

to modes of single trace operators in the corresponding boundary regions AL, AR, BU, BD.

Entanglement wedge reconstruction and the Petz formula suggests that the modes d, which

we take to be localized only in EM, should also be representable in region A = AL ∪AR, but
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Figure 3.1: The entanglement wedge of a two disjoint intervals A = AL ∪ AR in AdS3/ CFT2. (a) The entanglement is
the region bounded by the boundary region A and the minimal area co‐dimension 1 surface in the bulk, with the same
boundary as A. Thus EA = aL ∪ aR. (b) As one increases the sizes of AL and AR, the minimal area surface changes
and the entanglement wedge is no longer just aL ∪ aR, rather it is all of the shade region, that is EA = aL ∪ aR ∪ EM.

the nature of these observables remains mysterious. Of course the modes d are precisely the

modes which are in the entanglement wedge but not the causal wedge of A = AL ∪ AR.

One possibility is that the dmodes in region EM are combinations of complicated opera-

tors in region AL and AR

d =
∑
ij

cij OAL
i ⊗ OAR

j

whereOAL,R
i are complicated gauge invariant operators. By complicatedwe mean that they

are not single-trace or low-multi-trace operators. In this scenario, while eachOAL,R
i by them-

selves do not behave like GFFs, the particular combination above is expected to behave like

a GFF in the largeN limit.

Another intriguing possibility is that the modes d are operators which are gauge in-

variant, but they are made out of constituents in regions AL, AR which are not separately

gauge invariant. This seems natural from the point of view of, for example, the freeO(N)
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model. In that case we have operators like
∑

L,R φi(x)φi(y), with x ∈ AL and y ∈ AR,

which areO(N) invariant but the individual constituents are not, see also discussion in

[Mintun et al., 2015].

A difficulty with the second possibility is that in a proper gauge theory one would expect

that non-gauge invariant operators in regions AL, AR have to be connected byWilson lines

which will have to go through the regions BU or BD.9 If the operators in EM are actually

dual to gauge invariant Wilson line operators with end points in AL and AR, this would im-

ply that they cannot strictly commute with all operators in regions BU and BD, as generally

the Wilson lines can be detected by operators in regions BU or BD. This seems to contradict

the conventional understanding of EWR, as in the scenario described above the operators

on EM would not be entirely supported in region AL,AR since the Wilson lines are passing

through the complementary regions.

It would be interesting to explore whether a particular combination of suchWilson lines

connecting the individual non-gauge invariant constituents can be constructed, where

commutators of this combination with all simple operators in region BU,BD are sufficiently

suppressed at largeN. This might not directly contradict the arguments supporting EWR.

For example, the equality of relative entropies [Jafferis et al., 2016b] has been established

at largeN and the arguments are not expected to generalize to imply equality including ex-

ponentially suppressed corrections10. This might suggest a refinement of EWRwhere bulk

operators aremostly supported in AR ∪ AL, allowing some form ofWilson lines connecting

the two regions.
9In theO(N)model the symmetry is global hence noWilson line is necessary.
10For example, at finiteNwe expect that the bulk geometry is fully quantum and it is not even clear how

one can define the entanglement wedge.
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In any case, the nature of observables in the entanglement wedge but not the causal

wedge, like the operators d in this case, remains somewhat mysterious and further study

of their properties is necessary.

3.8 Appendix: HKLL reconstruction in global and Rindler coordinates

We review here the HKLL reconstruction in global and AdS-Rindler coordinates [Hamil-

ton et al., 2006a] where authors constructed the smearing functions based on the mode

sum approach.

3.8.1 HKLL reconstruction in global coordinates

Before going through it, one point that one might be interested in is if there is any possi-

bility to find a smearing function that has compact support on the boundary of AdS. In

particular, we are interested the smearing function has support only on the points that are

spacelike separated from φ(X). The HKLLmethod provides us with a way of reconstruc-

tion in the largeN limit where the field φ satisfies the free equation of motion. Therefore,

the smearing function can be constructed from a suitable Green’s function that by defini-

tion satisfies

(□−m2)G(X|X′) =
1
√−g

δd+1(X− X′). (3.127)

Using the third Green identity, the field φ can be written in global coordinates as

φ(X′) =

∫
dx
√
−g
(
φ(X)∂ρG(X|X′)− G(X|X′)∂ρφ(X)

)∣∣∣
ρ=ρ0

(3.128)
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where X = (ρ, x), and by sending ρ0 → π/2, one can find the smearing function in (3.128)

in terms of the Green’s function. For this purpose, let us take the ansatz of Green’s func-

tion that is non-zero only at spacelike separation

G(X|X′) = f(σ(X|X′))θ(σ(X|X′)− 1), (3.129)

where σ is an AdS-invariant distant function which in global coordinates is

σ(X|X′) =
cos(t− t′)− sin(ρ)sin(ρ′)cos(Ω −Ω′)

cos(ρ)cos(ρ′)
(3.130)

and Ω − Ω′ is the angular separation on the sphere. The points that can be connected by

a geodesic necessarily lie in the unit cell−π < t − t′ < π. Spacelike separated points are

the ones with σ > 1 that connected by a geodesic proper distance. By plugging back the

ansatz (3.129) to (3.127), we can see that f(σ) satisfies the AdS wave equation. Then, if we

start from the beginning by the ansatz (3.129) [Hamilton et al., 2006b], we can find the

smearing function with compact support only at spacelike separated region. We note here

that this result has been found in global coordinates and in general, it could not be the case.

For example, for odd-dimensional AdS in Poincare coordinates, the smearing function can

have support only on the entire boundary.

Now, let us find the smearing function in global coordinates. The exact form of the

smearing function depends on the dimension. The scalar field solution can be expanded

as a linear combination of independent modes that in global coordinates it is given by (Eq.
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3.9). We can split the field into positive and negative frequency components

φ(X) = φ(X)+ + φ(X)− (3.131)

where

φ(X)+ = φ(X)†− =
∑
nlm

fnlmanlm (3.132)

and for the boundary operatorO(x) as well. Since we can use the AdS isometries to bring

one point to another one, it is enough to find the smearing function just at one point. In

the center (ρ = 0), fnlm vanishes for all l ̸= 0, therefore only the s-waves contributes to the

field in the center of Ads which will simplify the calculation drastically. Let us take an =

an00 = Ôn00, we can read an in terms ofO(x) as

an =
1

πvol(Sd−1)P(Δ−d/2,d/2−1))
n (1)

∫ π/2

−π/2
dt
∫

dΩ√gΩ ei(2n+Δ)tO+(t,Ω). (3.133)

Plugging it back into the bulk mode expansion, one can find the bulk field at the origin as

φ(t′, ρ′ = 0,Ω′) =

∫ π/2

−π/2
dt
∫

dΩ√gΩ K+(t′, ρ′ = 0,Ω′|t,Ω)O+(t,Ω) + h.c. (3.134)

where

K+(t′, ρ′ = 0,Ω′|t,Ω) =
1

πvol(Sd−1)
eiΔtF(1, d/2,Δ − d/2 + 1, e−i2t). (3.135)

It is important to know that smearing functions are not necessarily unique. It can be shifted

by terms which vanish when integrated against the boundary operators. It can happen in
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cases that the boundary fields do not involve a complete set of Foureier modes. This free-

dom enable us to findK+ which is real and then we can find the kernel such thatK =

K+ = K−.

Finally, for an arbitrary bulk point by action of an isometry map, we have

φ(X) =
∫
x∈bdy

dx K(X|x)O(x) (3.136)

which for the AdSd+1 in even dimension, the smearing function is

KG(X|x) =
Γ(Δ − d/2 + 1)Γ(1− d/2)
πvol(Sd−1)Γ(Δ − d+ 1)

limρ→π/2(σ(X|x)cosρ)Δ−dθ(σ(xX|x)− 1)

(3.137)

and in odd dimension it is given by

KG(X|x) =
2(−1)d/2−1Γ(Δ − d/2 + 1)

πvol(Sd−1)Γ(Δ − d+ 1)Γ(d/2)

lim
ρ→π/2

(σ(X|x)cosρ)Δ−d log(σ(X|x)cosρ)θ(σ(X|x)− 1). (3.138)

3.8.2 HKLL reconsreuction in AdS-Rindler coordinates

Consider a CFT Cauchy surface Σ and devide it into two regions A and its complementary

part Ā. The domain of dependenceD(A) of Awhich is the set of points on the boundary

that every inextendible causal curve that passes through it must also insert A. The causal

wedge of a CFT subregion A is defined as

CA = J +[D(A)] ∩ J −[D(A)] (3.139)
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whereJ ±[R] is the bulk causal future/past of regionR in the boundary.

Figure 3.2: (a) Domain of dependence of the spherical region of the boundary. (b) The entanglement wedge of the
region A in the bulk which is called AdS‐Rindler wedge.

Consider the pure AdSd+1 in the bulk. If we take the t = 0 slice as the Cauchy surface

and A to be one hemisphere of Σ, the causal wedge of A is the region of bulk that referred

to as the AdS-Rindler wedge. Although it is naturally associated to a boundary region that

covers half of the spatial surface, the patch can be mapped by an isometry to a patch that

ends on arbitrary spatial region on the boundary. The coordinate system that covers the

AdS-Rindler patch is (r, τ, x)with the metric

ds2 = −(r2 − 1)dτ2 +
dr2

r2 − 1
+ r2dx2 (3.140)

where x is the set of coordinates on the (d − 1) dimensional hyperbolic ballHd−1. We can

find the mode expansion of free scalar field in the AdS-Rindler wedge by solving the Klein-
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Gordon equation on this background

φ(r, τ, x) =
∫

dω
2π

dλ
2π

(
fωλ(r, τ, x)bωλ + f∗ωλ(r, τ, x)b

†
ωλ

)
(3.141)

where the modes bωλ satisfy the usual commutation relation and the wave function is in the

form of

fωλ(r, τ, x) = e−iωτYλ(x)ψωλ(r). (3.142)

The exact expression for the ψωλ(r) in terms of hypergeometric function is [Almheiri et al.,

2015b]

ψωλ(r) = Mωλr−Δ(1− 1

r2
)−iω/2F

(
− d− 2

4
+

Δ
2
− iω

2
+

1

2

√
(d− 2)2

4
− λ,

− d− 2

4
+

Δ
2
− iω

2
− 1

2

√
(d− 2)2

4
− λ,Δ − d− 2

2
,
1

r2
)

(3.143)

that
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By taking Fourier transformation of the boundary operatorO(τ, x) = limr→∞ rΔφ(r, τ, x),

we have

Oωλ =

∫
dτdx eiωτY∗

λ(x)O(τ, x) (3.145)

that is in the form ofOωλ = Mωλbωλ. Therefore, Ôωλ = 1
Mωλ

Oωλ is the boundary operator
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identified with Rindler mode functions

Ôωλ = bωλ. (3.146)

By substituting (3.145) into (3.141) and exchange the order of integration we get

φ(r, τ, x) =
∫

dτ′dx′ K(r, τ, x|τ′, x′)O(τ′, x′) (3.147)

where the smearing function is

KR(r, τ, x|τ′, x′) =
∫

dω
2π

dλ
2π

1

Mωλ
fωλ(r, τ, x) eiωτ

′Y∗
λ(x′). (3.148)

The issue here is that if we substitute the exact expression of fωλ(r, τ, x) in (3.148), we

find out that the integral does not converge for any choice of bulk and boundary points

[Morrison, 2014, Leichenauer & Rosenhaus, 2013, Rey & Rosenhaus, 2014]. In the orig-

inal paper [Hamilton et al., 2006a], authors argued that they can make the integral conver-

gent by analytically continuation of x coordinates. However, there is still this question that

if it is actually well-defined in the physically correct Lorentz signature. The issue was illu-

minated in [Morrison, 2014] when they gave an interpretation of the divergent smearing

function in the context of distribution theory.

3.9 Appendix: Petz Theorem proof in finite dimensions

This appendix closely follows the discussion on [Petz, 2003].

Consider a finite dimensional Hilbert spaceH with the Hilbert-Schmidt inner product
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on the algebra of operators acting onH as ⟨a, b⟩ = Tr(a†b) for all a, b ∈ L(H). The

action of a modular operator for all a ∈ L(H) is Δ(a) = σaρ−1 where ρ and σ are positive

definite Hermitian operators in L(H). Consider another Hilbert space L(K) and let E :

L() −→ L(K) be a completely positive and trace preserving (CPTP) map, then E∗(1) = 1

for the dual of E with respect to the Hilbert-Schmidt inner product.

Since E∗ is also completely positive,

A B

C D

 ≥ 0 =⇒

E∗(A) E∗(B)
E∗(C) E∗(D)

 ≥ 0 (3.149)

For some a ∈ L(H),

1 a

0 0


∗1 a

0 0

 =

 1 a

a∗ a∗a

 ≥ 0, (3.150)

then one has

 1 E∗(a)

E∗(a∗) E∗(a∗a)

 ≥ 0. For arbitrary η, one then has

⟨

 1 E∗(a)

E∗(a∗) E∗(a∗a)


−E∗(a)η

η

 ,

−E∗(a)η
η

⟩ ≥ 0. (3.151)

After a bit of algebra, one gets

(E∗(a∗)E∗(a)− E∗(a∗a))η2 ≤ 0 (3.152)
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which gives the Schwartz inequality for dual map E∗, E∗(a∗a) ≥ E∗(a∗)E∗(a).

The relative entropy is defined as,

S(ρ||σ) = tr(ρ(log ρ− log σ)) for supp ρ ⊆ supp σ. (3.153)

otherwise it is defined to be infinite. One can see that Δ = σρ−1 and define also Δ0 =

E(σ)E(ρ)−1.11 If both ρ and σ are invertible, one can write

S(ρ||σ) = −⟨ρ1/2, log Δ ρ1/2⟩,

S(E(ρ)||E(σ)) = −⟨E(ρ)1/2, log Δ0 E(ρ)1/2⟩
(3.154)

To relate the two equations above, we need some kind of relationship between ρ and E(ρ)

and the two modular operators. For some x, the norm of xE(ρ)1/2 is given by

||xE(ρ)1/2||2 = Tr(E(ρ)1/2x∗xE(ρ)1/2)

= Tr(ρE∗(x∗x)) ≥ Tr(ρE∗(x)E∗(x∗))
(3.155)

Thus one has ||xE(ρ)1/2||2 ≥ ||E∗(x)ρ1/2||2. This means, one can define an operatorV

such that

VxE(ρ)1/2 = E∗(x)ρ1/2 andV∗V ≤ 1 (3.156)

Considering (3.156) for x = 1 and squaring it, one getsVE(ρ)V∗ = ρ andV∗ρ−1V =

E(ρ)−1. In addition, it also follows from the previous two formulas thatV∗ΔV ≤ Δ0.

Coming back to the relative entropy in (3.154), a useful way to write logarithm is as the
11Here and in what follows, we write Δ(1) and Δ0(1) as Δ and Δ0 respectively.
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integral below

− log x =
∫ ∞

0

(
(x+ t)−1 − (1 + t)−1

)
dt (3.157)

Thus, one can rewrite the relative entropy as

S(ρ||σ) =
∫ ∞

0

(
⟨ρ1/2, (Δ + t)−1 ρ1/2⟩ − (1 + t)−1

)
dt (3.158)

similarly for S(E(ρ)||E(σ)).

Using (3.156) again for x = 1, one can see that ⟨ρ1/2, (Δ+t)−1 ρ1/2⟩ = ⟨E(ρ)1/2,V∗(Δ+

t)−1 VE(ρ)1/2⟩. But one has the follow relation,

V∗(Δ + t)−1V ≥ (Δ0 + t)−1 (3.159)

This is becauseV∗ΔV ≤ Δ0 and (x+ t)−1 is monotonically decreasing function. Thus one

gets

⟨ρ1/2, (Δ + t)−1 ρ1/2⟩ ≥ ⟨E(ρ)1/2, (Δ0 + t)−1 E(ρ)1/2⟩. (3.160)

By substituting it in (3.158), this in turn implies that

S(ρ||σ) ≥ S(E(ρ)||E(σ)) (3.161)

for any CPTPmap E . This inequality is known in the literature as Ulhmann’s theorem of

monotonicty of relative entropy.

The interesting case is when the relative entropies are equal, which would imply equality
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in (3.160) that is

⟨E(ρ)1/2,V∗(Δ + t)−1 VE(ρ)1/2⟩ = ⟨E(ρ)1/2, (Δ0 + t)−1 E(ρ)1/2⟩ (3.162)

where we used (3.156) on the left side. Thus one has,V∗(Δ + t)−1 ρ1/2 = (Δ0 +

t)−1 E(ρ)1/2. Repeating the analysis for another monotonically decreasing function (x +

t)−2, one gets

V∗(Δ + t)−2 ρ1/2 = (Δ0 + t)−2 E(ρ)1/2 (3.163)

It is then straightforward to show that ||V∗(Δ + t)−1 ρ1/2||2 = ||(Δ + t)−1 ρ1/2||2. ForV

with property given in (3.156), one can show that

(Δ + t)−1 ρ1/2 = VV∗(Δ + t)−1 ρ1/2

= V∗(Δ0 + t)−1 E(ρ)1/2
(3.164)

where in the second line we used (3.156) and (3.159). Since the equality (3.163) can be

shown to hold for any same negative power of Δ+t and Δ0+t, the Stone-Wiestrass theorem

implies that

Vf(Δ0)E(ρ)1/2 = f(Δ)ρ1/2 (3.165)

for any continuous function f. Using (3.156), one can rewrite it as E∗(f(Δ0)) = f(Δ).
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3.9.1 Petz Theorem

The theorem states that, for a CPTPmap E , S(ρ||σ) = S(E(ρ)||E(σ)) if and only if there

is another CPTPmapPσ,E such that

Pσ,E ◦ E(ρ) = ρ, andPσ,E ◦ E(σ) = σ. (3.166)

The proof:

Assume there is some CPTPmapPσ,E such thatPσ,E ◦ E(ρ) = ρ andPσ,E ◦ E(σ) = σ

then

S(ρ||σ) ≥ S(E(ρ)||E(σ)) ≥ S(Pσ,E ◦ E(ρ)||Pσ,E ◦ E(σ)) (3.167)

but since S(Pσ,E ◦E(ρ)||Pσ,E ◦E(σ)) = S(ρ||σ), the above equation implies that S(ρ||σ) =

S(E(ρ)||E(σ)).

Assume S(ρ||σ) = S(E(ρ)||E(σ)) then for any continuous function f

E∗(f(Δ0)) = f(Δ). (3.168)

Consider f(Δ) = (Δ∗)−1/2(Δ)−1/2 = σ−1/2ρσ−1/2 and f(Δ0) = E(σ)−1/2E(ρ)E(σ)−1/2.

Then, the above equality after a little algebra gives,

σ1/2E∗
(
E(σ)−1/2E(ρ)E(σ)−1/2

)
σ1/2 = ρ. (3.169)

Thus considering the CPTPmapPσ,E(.) = σ1/2E∗(E(σ)−1/2(.)E(σ)−1/2)σ1/2, the equal-
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ityPσ,E ◦ E(σ) = σ immediately follows andPσ,E ◦ E(ρ) = ρ follows from the equality of

relative entropy.■

This mapPσ,E is usually called the Petz recovery map.
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All that the humanmind has produced—the brightest

in genius, the most persevering in application, has been

lavished on the details of the law of gravity.

Charles Babbage

4
Algebra of Operators in an AdS-Rindler

Wedge
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This chapter consists of the paper [Bahiru, 2022]. The original abstract is

as follows:

We discuss the algebra of operators in AdS-Rindler wedge, particularly in AdS5/CFT4.

We explicitly construct the algebra at N = ∞ limit and discuss its Type III1 nature. We will

consider 1/N corrections to the theory and using a novel way of renormalizing the area

of Ryu-Takayanagi surface, describe how several divergences can be renormalized and the

algebra becomes Type II∞. This will make it possible to associate a density matrix to any

state in the Hilbert space and thus a von Neumann entropy.

4.1 Introduction

There has been a recent interest in studying algebra of operators in perturbative limits of

quantum gravity in the context of AdS/CFT. Leutheusser and Liu studied theN = ∞

limit of the thermofield double state above Hawking-Page temperature [Leutheusser &

Liu, 2021b, Leutheusser & Liu, 2021a]. They noted that the algebra of operators exterior

to the black hole horizon form what is called Type III1 von Neumann algebra. From the

boundary perspective, the algebra elements are the single trace operators whose thermal one

point function is subtracted,

Õ = O− ⟨O⟩.

These operators are generalized free fields withO(1) two point functions. Using properties

of Type III1 algebras, they were able to propose a natural time like evolution operator for an

observer falling into the black hole.

Witten later proposed to include the Hamiltonian into the algebra [Witten, 2021b]. In
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the strictN→∞ limit,

[U, Õ] = 0

whereU is the properly normalized Hamiltonian with a definite largeN limit,U = H−⟨H⟩
N .

Thus the algebra at this level is in fact a tensor product of the GFF algebra and the algebra

of bounded functions ofU,AÕ ⊗AU and still a Type III1 algebra.

Another property of Type III1 von Neumann algebras is that one can extend it to in-

clude the outer automorphism of the algebra and changes it to a Type II∞ von Neumann

algebra. This algebra will be acting on a different Hilbert space and does not describe the

original system1. But, as one includes 1/N corrections to the operators exterior to the black

hole, it was found that the center modeUwill generate an outer automorphism for the al-

gebraAÕ. Thus the new Type II∞ algebra in fact describes the algebra of operators as one

backs away form strictN → ∞ limit and considers 1/N corrections. Entropy can be as-

sociated to this algebra of operators and it can be interpreted as the generalized entropy for

the black hole. This construction is also done for maximally extended Schwarzschild black

hole in flat space-time and deSitter space-time [Chandrasekaran et al., 2022a].

The purpose of this paper is to analyze this construction in the case of AdS-Rindler

wedge. This corresponds to a spherical region in the boundary CFT and one needs to an-

alyze single trace operators in this sub-region. They form a Type III1 algebra and there is a

center for these operators. But there is a difference with the previous discussion in that the

two point function of the center mode will still be divergent after one naively normalizes

it, in a similar wayU is defined. In fact the two point function is given by the area of the
1Still, by doing an additional crossed product by the dual group of the automorphism to this new algebra,

one can get to the tensor product of the original Type III1 algebra and an algebra of bounded functions on
L2(G). To study Type III1 algebras like this was the original purpose of the crossed product construction.
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horizon. We will renormalize this area and thus the two point function then we will be able

to proceed with the construction that goes parallel to the previous discussions for deSit-

ter and black holes in AdS and flat space-times. This will also provide a new renormaliza-

tion scheme for the area Ryu-Takayanagi surface of a spherical ball subregion of boundary

CFTd in d ≥ 2.

4.2 The Type III1 nature of the AdS-Rindler wedge

Consider two time-like separated points in the boundary CFT, p and q, where p is to the

future of q. The intersection of the causal past of p and the causal future of q is defined to

be the causal wedgeDp
q. To describe the physics in this diamond, it is enough to know the

physical data on a space-like slice in the diamond called the Cauchy surface 2. This Cauchy

slice can be chosen to be finite spherical region at some time slice in the boundary. The

causal wedge ofDp
q, what is called the AdS-Rindler wedge, is the bulk region that is causally

connectedDp
q. In other words, the fields in this bulk region can be explicitly expressed by

evolving the boundary operators inDp
q in to the bulk using the bulk equations of motion at

the time slice [Hamilton et al., 2006d,Hamilton et al., 2006c,Almheiri et al., 2015a]. Since

one can think of the causal wedge as a causal diamond in the bulk (with the same time-like

separated points but now the causal past and future of p and q respectively, include points

also in the bulk, i.e, the diamond includes causal paths from q to p that extend in the bulk),

any point in the wedge can be described only using the data on the time slice.

AdS-Rindler wedge is considered as the dual to the boundary causal diamond of a fi-

nite spherical region. It is the bulk region that can be reconstructed from this boundary
2This is not true in general, for instance in the strict largeN limit of the boundary CFT.
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sub-region.3 Since the algebra of operators in a sub-region of a quantum field theory in

flat space-time is expected to be Type III1 [Haag, 1992b], one can conclude that the alge-

bra of operators in the AdS-Rindler wedge is also Type III1. Without even referring to the

boundary, one can see that the algebra should be Type III1 since in the bulk one has a local

quantum field theory on a curved space-time in the strict largeN limit. So a sub region like

AdS-Rindler wedge will be Type III1.

4.2.1 Explicit construction of the algebra

Once we have established the type of the algebra of operators in AdS-Rindler, Ã0, it follows

that the Hilbert space that describes the system will have to be built out of a thermofield

double state of the naive Hilbert space one would come up with. The reason for this can

be understood if one thinks of the quantum field theory on AdS-Rindler space as a QFT at

temperature T = 1/2π, which arises as a result of the Rindler horizon.

In the usual quantum field theory at zero temperature [Streater &Wightman, 1989],

the way to construct a Hilbert space is by first choosing a vector that one is interested in,

|ξ⟩4, and start applying with the modes in the algebra of the system. There will be infinite

number of modes, but in most interesting systems it will be enough to act with finite but

arbitrary number of modes.5 This will create for us the pre-Hilbert space. To create the

Hilbert space, one requires any Cauchy sequence to converge, i.e, one adds the limit points

of any Cauchy sequence,

{|ψn⟩}n∈N,
3More precisely, what is dual to a boundary sub-region is the entanglement wedge but in the simple cases

where the state is the vacuum, the entanglement wedge and the causal wedge coincide.
4It is taken to be the vacuum in most cases.
5Physically the intuition is that any experimenter will not be able to act with infinite number operators.
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in the pre Hilbert space, this is called its Hilbert space completion.

This Hilbert space,H[ξ], will not involve states that differ from the original state, |ξ⟩, by

the action of infinite number of modes. But with such states, one can create other Hilbert

spaces in the same way (by acting with arbitrary but finite number operators and taking

the Hilbert space completion). These Hilbert spaces are totally independent6 and can be

treated as different super selection sectors [von Neumann, 1949]. Naively one would think

that the full Hilbert space of the system would be the space that includes all the Hilbert

spaces whose construction was given just now.

H′
=
⊕
[ξ]

H[ξ]

This Hilbert space, called non-separable Hilbert space, has uncountably infinite dimen-

sion and is hard to deal with. But, since the super selection rules apply to the ’small Hilbert

spaces’, it would be enough to consider only these super selection sectors whose dimension

is countably infinite.

It is this construction that fails in the case of a QFT at non zero temperature. The reason

is thermal fluctuations will take us outside the super selection sectors. Thus, it seems that

one necessarily have to deal with the non-separable Hilbert space. A way around this was

found by von Neumann [von Neumann, 1940] by using the thermofield double state at

temperature T to construct a separable Hilbert space but now the algebra of operators will

not act irreducibly on the Hilbert space. Rather than choosing some vector to build the

Hilbert space on, now one chooses the thermofield double state at a given temperature and

different super selection sectors corresponds to starting with thermofield double states at
6The fact that they are independent will necessarily depend on the algebra of operators.
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different temperatures. Thus thinking the AdS-Rindler wedge in the strict largeN limit,

N = ∞, as a quantum field theory on a curved space-time at some temperature T, one uses

the thermofield double state at temperature T = 1/2π to construct the Hilbert space on

which the Type III1 algebra will act.

The algebra Ã0 contains bulk fluctuations acting in the AdS-Rindler wedge. Consider

the following metric for the AdS-Rindler [Almheiri et al., 2015a],

ds2 = −(r2 − 1)dt2 +
dr2

r2 − 1
+ r2dH2

d−1 (4.1)

where dH2
d−1 = dχ2 + χ2dΩ2

d−2 is the standard metric on the hyperbolic ballHd−1.

A free massless scalar field on this metric is given by,

φ(t, r, α) =
∑
λ

∫ ∞

0

dωdλ
4π2

(fω,λ(t, r, α)aω,λ + f⋆ω,λ(t, r, α)a
†
ω,λ) (4.2)

where the sum is over degeneracy for λ and f(t, r, α) solves the Klein-Gordon equation and

is of the form,

fω,λ(t, r, α) = eiωtYλ(α)ψω,λ(r)

and Yλ(α) is eigenfunction of the Laplacian onHd−1 and ψω,λ(r) is given in terms of hyper-

geometric functions up to some prefactors that make sure that it has the expected asymp-

totic behaviour. The elements of Ã0, F(a, a†), are linear combinations of a finite string of

operators like

(a†ω1,λ1)
i1 ...(a†ωr,λr)

ir(aω1,λ1)k1 ...(aωs,λs)ks .

with complex coefficients.

231



Naively, one would start with the vacuum, a state annihilated by all the aω,λ’s and then

consider all states that are created by the action of the a†ω,λ’s.7 Considering the vacuum of

the full bulk (the AdS vacuum), |vac⟩, one can see that these modes are thermally popu-

lated,

⟨vac| a†ω,λaω′ ,λ′ |vac⟩ =
1

e2πω − 1
δ(λ − λ

′
)δ(ω − ω′

) (4.3)

But because of the thermal fluctuations, states that can only reached from the AdS-Rindler

vacuum by the action of infinite number of a†ω,λ’s, should also be included. But, as re-

marked before, rather than considering the full non-separable Hilbert space, one will pro-

ceed to construct the Hilbert space on top of the thermofield double state.

The AdS-Rindler vacuum is |0̃⟩ =
⊗

ω,λ |0̃⟩ωλ and an arbitrary state created by the ac-

tion of arbitrary but finite number of a†ω,λ’s on each state |0̃⟩ωλand take the tensor product

over ω and λ,

|̃j⟩ =
⊗
ω,λ

|̃jωλ⟩ .

The Hilbert spaceH0 spanned by these states |̃j⟩ is the non separable Hilbert space. We

consider a state (here we assume that we discretized ω and λ and take the continuum limit

later when we take n to infinity),

|Ψ̃n⟩ =
1√
Z̃n

n⊗
ω,λ

∑
jωλ

e−πωjωλ |̃jωλ⟩ |̃jωλ⟩
′

(4.4)

where Z̃n is such that ⟨Ψ̃n| |Ψ̃n⟩ = 1 and the state |̃jωλ⟩
′
is an element ofH′

0, a copy ofH0.
7From the full bulk perspective (in contrast to the just the AdS-Rinlder subregion), this vacuum is not

well defined, it has a firewall (infinite stress energy tensor) at the entangling surface with the complement
region. The reason is that there will be no entanglement between the two complementary regions and the two
point functions for this state between the two regions will not have the correct short distance behaviour.
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Thus we define the thermofield double state |Ψ̃⟩ as a map from Ã0 toR given by,

⟨Ψ̃| F(a, a†) |Ψ̃⟩ = lim
n→∞
⟨Ψ̃n| F(a, a†) |Ψ̃n⟩ . (4.5)

8 Measurements made by an observer restricted to this bulk sub region is thus given by

such expectation value. The Hilbert spaceHΨ ⊂ H0 is generated by states given by the ac-

tion of a finite but arbitrary string of a and a†’s on |Ψ̃⟩ and their Hilbert space completion.

The boundary analog of the algebra of operators and Hilbert space construction can

be discussed following the extrapolate dictionary [Banks et al., 1998, Harlow & Stanford,

2011],

lim
r→∞

rΔφ(r, x) = O(x),

Δ being the conformal dimension of the conformal field theory single trace operatorO.

Then it follows that,

Oωλ =

∫
dtdα e−iωtY⋆

λ(α)O(t, α) = Nωλaωλ (4.6)

Then, the non-separable Hilbert spaceH0 is spanned by |j⟩ =
⊗

ωλ |jωλ⟩ constructed

from the vacuum of the boundary subregion, |0⟩ =
⊗

ωλ |0⟩ωλ, by the action of jωλ raising

operators,O†
ωλ.

We also define a thermofield double state |Ψ⟩ as a map form B0, the algebra for single

trace operators, toR exactly like 4.4 and 4.5 but now aωλ and a†ωλ are replaced byOωλ and
8There should also be an upper limit on the sum over jω,λ which we did not emphasized here.

A more careful statement would be to consider |Ψ̃n⟩ = 1√
Z̃n

⊗n
ω,λ |ω, λ⟩ and define |ω, λ⟩k =∑k

jωλ e
−πωjωλ |̃jωλ⟩ |̃jωλ⟩

′

and |ω, λ⟩ is defined by ⟨ωλ| F(aωλ, a†ωλ) |ωλ⟩ = limk→∞ ⟨ωλ|k F(aωλ, a
†
ωλ) |ωλ⟩k .
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O†
ωλ.

Single trace operators are gauge invariant operators that can be constructed by consid-

ering operators written in terms of trace of the fields and their derivatives with no explicit

N dependence in matrix theories. In these theories, where the fields transform in the ad-

joint representation of, for example SU(N) orU(N), the fields can be normalized such

that the action is given with an explicitN factor multiplied by a gauge invariant term with

no explicitN dependence. Well known examples include free YangMills,N = 4 super

YangMills and so on. These operators haveO(N) one point function and two point func-

tions with a leadingO(N2) disconnected term. Thus to make sense of the largeN limit,

one needs to consider the subtracted single trace operators, Õ = O − ⟨O⟩. These opera-

tors close and are generalized free fields in the largeN limit. Thus, since we are studying the

N = ∞ theory, one should use Õ to construct B0 which are operators with a well defined

largeN limit.

The Hilbert space,HΨ is now constructed from the action of operators in B0 on |Ψ⟩

and limit points of a Cauchy sequence of states.

The algebra B0 should also be completed in the weak sense, i.e, if a sequence of expecta-

tion values converges, limn→∞ ⟨Ψ| Fn |Ψ⟩ = ⟨Ψ| F |Ψ⟩ for Fn ∈ B0, then one adds the

operator F to get the von Neumann algebra B. This is the algebra of single trace operators.

But this algebra of single trace operators is not all there is, there is a conserved charge

associated with the conformal Killing vector, χμ, that preserve the causal diamond of the

spherical boundary sub region and its complement. It is given by an integral that involves

the stress energy tensor, χμ and the normal vector to the boundary Cauchy surface. Since

it is a symmetry it annihilates the full vacuum, |vac⟩. In the bulk this is the boost operator
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that preserves Rindler horizon. The integral can be naturally divided into a part that acts

in the subregion and a part that acts in the complement,Hχ = 2π(K − K̄). The operator

K is the boost operator of the boundary subregion and the algebra of single trace operators

will not capture it. In the strict largeN limit, this corresponds in the bulk to the area of the

horizon, loosely speaking9, which is also not captured by the bulk fluctuations.

In the normalization that single trace operator,O, haveO(N) one point function and

leading disconnectedO(N2) two point function. On the other hand, the stress energy ten-

sor will have the same form as the action, a gauge invariant termmultiplied byN. The gen-

erator of the conformal transformation that leaves the diamond of the boundary subregion

B invariant is given by,

K =

∫
B
TμνχμdBν (4.7)

and will also have the explicitN dependence. This explicitN dependence will giveK one

point and connected two point functions ofO(N2). Thus these quantities will become di-

vergent in the largeN limit. In addition, there is also a UV divergence arising from the UV

degrees of freedom close to the boundary of the subregion of the boundary CFT.We will

discuss this UV divergence later in this section and the next section. A simple subtraction

like what we did for the single trace operators will not result in a generalized free field, since

the two point function will still beO(N2). Thus one defines the operator,

X̃ =
K− ⟨K⟩

N
(4.8)

Up till now one can draw a direct parallel between the case of large black holes in AdS, with
9There are several subtleties concerning the diverging behaviour of the area term which we will discuss in

the following sections.
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the Hamiltonian being the correspondingK [Witten, 2021b]. The Hamiltonian is also

given as an integral of the stress energy tensor and hasO(N2) one point and connected two

point function (above Hawking-Page temperature)10. The only difference would be in the

case of the black hole, there is a finite horizon area. But in the present case, the horizon is of

infinite volume. Thus, even though for the Hamiltonian one would be satisfied with 4.8,

for the present case there will still be an additional divergence coming from horizon which

was not present for the black hole and strictly speaking, the mode X̃ is not yet well defined.

From the bulk perspective, this can be seen from the computation of ⟨K⟩ and ⟨K2⟩ −

⟨K⟩2 in [Verlinde & Zurek, 2020]. To leading order inGN,

⟨K⟩ = ⟨(K− ⟨K⟩)2⟩ = A(Σ)
4GN

(4.9)

where A(Σ) is the volume of the Rindler horizon Σ which is a d−1 dimensional hyperbolic

hyper-surface. Following the normalization 4.8 and usingGN ∼ 1/N2 one gets ⟨X̃⟩ = 0

and ⟨X̃2⟩ ∼ A(Σ). The two point function is infinite since A(Σ) is infinite. This is as a

result of the boundary UV divergence that was mentioned earlier.

Even though X̃ is well defined X̃2 is not well defined, it has divergent expectation value.

If there was any way to renormalize it and define a new operator Xwith a well defined large

N limit for the one and two point function11, then one can include to our strict largeN

limit algebra of operators, the bounded functions of this mode and get the full algebraA =

Ã0 ⊗ AX. This algebra of operators will act on an extended Hilbert space,H = HΨ ⊗
10One argument for the Type III1 nature of the AdS-Rindler wedge and also black hole exterior in AdS is

the continuous spectrum of the modular Hamiltonian (boost operator) (the Hamiltonian for the black hole
case). This continuous spectrum of the Hamiltonian is in fact associated to the appearance of horizon in the
bulk [Festuccia & Liu, 2007].

11Here we assume largeN factorization for X, so it is enough to renormalize the two point function.
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L2(R)which in general include some entangled state between square intergrable functions

of X and states inHΨ.

4.2.2 The renormalization of the infinite volume

We now claim that there is a natural renormalization of this additional divergence men-

tioned in the previous section. We start by noticing 4.9 that the expectation value and the

fluctuations ofK are given by the area of a d − 1 dimensional hyperbolic surface with

boundary. A hyperbolic manifold with boundary will have, in general, infinite volume.

But there is a canonical renormalization of this volume which would follow from looking

at the Einstein-Hilbert action of these manifolds.

Einstein equations imply that the bulk part of the Einstein-Hilbert action is given by

the volume of the manifold (up to some prefactors). For a non compact manifoldM, this

action can be shown to be infinite. But one can consider a finite sub manifoldN ⊂ M

and take the action on this sub manifold. In the limit ∂N goes to ∂M, which is at infinity,

one can see that the action diverges in terms of local quantities on ∂Nwhich are invariant

functions of the induced metric, more specifically the first and second fundamental forms.

Thus adding counter terms to this action and renormalizing it will enable one to associate

a canonical finite volume to the manifold.12 In particular, this would imply to a renormal-

ization where one subtracts the divergent terms and then take the limit ∂N going to ∂M.

Thus giving a notion of renormalized volume for the hyperbolic manifoldM.
12In 3 dimensions it is canonical up to theWeyl anomaly of two dimensional CFT. This anomaly is absent

in even dimensions.
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The action for a manifoldMwith Euclidean signature is given by,

S = − 1

16πGN

∫
M
dd−1x√g(R− 2Λ)− 1

8πGN

∫
∂M

dd−2x√γKγ (4.10)

where Λ is the cosmological constant that is assumed to be negative, g andR are the metric

and Ricci scalar onMwhile γ andKγ are the induced metric and the mean curvature on its

boundary.

The renormalization procedure is discussed in several papers [Henningson & Skenderis,

1998, Krasnov & Schlenker, 2008] but we will revise it here. It essentially involves four

steps. The first is to takeM to be in the metric,

ds2 =
1

4ρ2
dρ2 +

hij
ρ
dxidxj (4.11)

as ρ goes to zero (the boundary), h goes to γ, the boundary metric. Then one solves Ein-

stein’s equation for the above metric.

ρ(2h′′ − 2h′h−1h′
+ Tr(h−1h′

)h′
) + Rγ − (d− 2)h′ − Tr(h−1h′

)h = 0

(h−1)jk(Dih
′

jk −Dkh
′

ij) = 0

Tr(h−1h′′
)− 1

2
Tr(h−1h′h−1h′

) = 0

(4.12)

whereRγ is the boundary Ricci scalar andDi is covariant derivative in the boundary metric

while prime is derivative with respect to ρ. We have also used Λ = −d(d−1)
2

.

The important next step is to note that the above equations can be solved by considering
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the following expansion for h,

h = γ + ργ2 + ρ2γ4 + ... (4.13)

where for even d, there is an additional term at the ρd/2 order which is ρd/2logρ κ2. γk is

given covariantly in terms of γ and contains k derivatives with respect to xi.

Considering the simplest case of hyperbolic 3 manifolds, i.e, taking the full bulk to be

AdS5, Einstein’s equations becomeR − 2Λ = −4 and one can see that the action is just

the volume of the manifoldM13. Now we consider the action of a sub manifoldNε ⊂ M

that is regularized at ρ = ε for some cut off ε > 0. The action ofNε will have both bulk and

boundary term, at ρ = ε. The expansion 4.13 implies a similar expansion for√g and the

action will be as follows,

S =
V(Nε)

4πG
=

1

4πG

∫
∂Nε

d2x
1

ε
a0 + logε a2 + Lfinite. (4.14)

where a0 =
√γ and a2 = −1

4

√γRγ. Thus adding counter terms to remove the divergent

terms and taking the limit ε→ 0, one gets a renormalized volume of the manifoldM.

For our present case, this hyperbolic manifold is the horizon of the AdS-Rindler subre-

gion. If we renormalize X̃2 by subtracting the above divergent terms, then the renormalized

mode X is well defined with finite one and two point functions and the algebra given above,

A = Ã0 ⊗ AX makes sense. In addition, this provides a canonical renormalization of the

Ryu-Takayanagi surface for a spherical region in the boundary. Since the renormalization

of the volume of hyperbolic manifolds is applicable for any dimensions [Balasubramanian
13There are also additional boundary terms but we are going to use local boundary counter terms to renor-

malize the action and, for 3 manifolds, these boundary terms are cancelled exactly by the counter terms.
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&Kraus, 1999, Krasnov & Schlenker, 2008], the renomalization scheme can be used for

boundary CFTs in other dimensions.

4.3 Adding gravity and making the algebra Type II∞

This section closely follows the discussion in [Witten, 2021b] for the eternal black hole in

AdS. To move away from the strict largeN limit, we will have to include in Ã0 linear com-

binations of single trace operators with coefficients that have asymptotic power expansion

in 1/N around 1/N = 0. In addition, one have to add 1/N corrections to X. The way to

do this is to note that modular Hamiltonian at finiteN generates modular time translation

within the causal diamond of the boundary sub region.

[
K− ⟨K⟩

N
,O] =

1

N
∂τO. (4.15)

Thus one adds to X an operator that has well defined largeN limit and also has no di-

vergence coming from infinite horizon area, i.e,Hχ. Checking with 4.15, one has a new

operator, X +
Hχ
2πN that generates time translation for the single trace operators. Any other

operator that one can add consistent with 4.15, like operators from the complement re-

gion, can be removed by making use of the conjugate operator of X, that is Π = d
idX . By

conjugating the algebra with eiΠÔ/N, one can remove an additional operator from the com-

plement, like Ô/N [Witten, 2021b].14 Thus, even at perturbative order in 1/N, the new

mode does not have divergences and is well defined.

The bounded functions for this mode will form the algebraAX+ Hχ
2πN

. Since this enlarge-

14The reason is that these algebras are defined up to conjugation.
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ment of the algebra upgrades the center mode to an outer automorphism for Ã0, as is well

known in the axiomatic quantum field theory literature and very well elaborated in a paper,

the full algebra will be a Type II∞ crossed product algebra Ã0⋉AX+ Hχ
2πN

. This algebra again

will act on the Hilbert space,H = HΨ⊗L2(R) but now one can associate a density matrix

for any state. A certain class of states one can consider are of the form |Ψ̃⟩ = |Ψ⟩⊗g(X)1/2.

Using such states, a trace can be defined for what are called trace class operators [Witten,

2021b]. An element of the crossed product algebra, Õ =
∫
ds O(s)eisY where Y = X+

Hχ
2πN

is trace class if the trace of the operator defined as,

Tr(Õ) = ⟨Ψ̃| ÕK̃−1 |Ψ̃⟩ ,

is finite, where K̃ =
g(Y)
eY . This implies the density matrix for such states is in fact K̃. One

can also define a density matrix, ρΦ, for a general state |Φ̃⟩ ∈ H. Thus, it is possible to

define a von Neumann entropy, SΦ = −TrρΦlogρΦ = −⟨Φ̃| logρΦ |Φ̃⟩, can be associated

to any state in the Hilbert space.

4.4 Discussion

This analysis has been for AdS-Rinlder wedge at perturbative order in 1/N aroundN =

∞. But for finiteN , the algebra of the AdS-Rindler is expected to be again Type III1. The

reason is from the boundary perspective, one is looking at the algebra of a local region of

a quantum field theory which is in general Type III1. On the other hand, the space-time

description of the theory will not be precise for finite value sayN = 243. Thus the renor-

malization procedure for the area of the Rindler horizon will make less and less sense as one
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backs away from the N going to infinity limit. Thus we expect that, to make sense of the

theory non perturbatively, one would have to work with X̃ and not the renormalized mode;

this restores the Type III1 nature of the boundary sub region for finiteN. But still a more

careful analysis has to be done to understand this better.

It would also be interesting to compare the von Neumann entropy given in the previous

section to the usual entropy proposed by Hubeny, Rangamani and Takayanagi [Hubeny

et al., 2007].
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Since the beginning of physics, symmetry considerations

have provided us with an extremely powerful and useful

tool in our effort to understand nature...

Tsung-Dao Le

5
Algebras and their Covariant

representations in quantum gravity
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This chapter consists of the paper [Bahiru, 2023]. The original abstract is

as follows:

We study a physically motivated representation of an algebra of operators in gravitational

and non gravitational theories called the covariant representation of an algebra. This is a

representation where the symmetries of the operator algebra are implemented unitarily

on the Hilbert space. We emphasize the very close similarity of this representation to the

crossed product of an algebra. In fact, as an example of (and sometimes identified with) a

covariance algebra, the crossed product of an algebra is in one to one correspondence with

the covariant representation of the algebra. This will in turn illuminate physically what the

crossed product algebra is in the context of quantum gravity.

5.1 Introduction

Amore precise understanding of algebras of operators in several contexts in quantum

gravity has been given much attention in recent years. Even though studying the algebra

of the operators of the semiclassical physics had already proven to be useful, for instance

in the background of a black hole, the Tomita Takesaki theory of the algebra of opera-

tors was used in the reconstruction of the interior of a black hole [Papadodimas & Raju,

2013], the renewed interest followed the work of Leutheusser and Liu [Leutheusser & Liu,

2021b, Leutheusser & Liu, 2021a]. They identified the algebra of operators of a CFT that

is thermally entangled with another CFT above the Hawking-Page temperature to be a

type III1 von Neumann algebra in the strict largeN limit. This identification naturally led

them to propose an operator that is associated with an infalling observer and discuss the

emergence of time in the eternal black hole background in AdS. This was followed by sev-
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eral works of Witten et. al. [Witten, 2021b,Chandrasekaran et al., 2022a, Chandrasekaran

et al., 2022b, Penington &Witten, 2023], where gravitational interactions are added in

some limited fashion to the cases where matter does not gravitationally backreact, where

the upshot can be summarized to be the Lorentizan derivation of the generalized entropy

of the semiclassical states, among others. This is relevant given the role the entropy plays in

the understanding of the black hole information paradox and most of the recent applica-

tions of quantum information in quantum gravity. Some other directions this analysis pro-

ceeded include understanding subregions in several backgrounds, the de Sitter spacetime

and Hilbert space, the role of the observer in de Sitter and cosmology in general, progress

towards understanding the presence/ absence of the ensemble averaging for black holes

in higher dimensions, background independent description of the perturbative quantum

gravity to mention few among many [Witten, 2023a, Ali Ahmad & Jefferson, 2023, Jensen

et al., 2023,Witten, 2023b,Gomez, 2023,Gomez, 2022, Schlenker &Witten, 2022].

The key role of algebras was noticed even in the early days of quantum field theory in

curved spacetime [Wald, 1995]. The reason for this was the fact that the well understood

quantization procedures of a classical theory to a quantum theory faces serious problems

when applied in curved spacetimes. In essence, there is no unique quantization of the clas-

sical theory, rather one arrives at several unitarily inequivalent Hilbert spaces (see 5.3.1 for

more discussion) describing possibly ’inequivalent’ quantum theories. This is persistent

in particular when the background geometries are open with no particular asymptotics

(check [Witten, 2021c] to see the discussion of this issue in several geometries). The res-

olution is to consider the algebra of operators in the algebraic quantum field theory sense

instead, where such arbitrariness is not present when we pass from the classical theory to
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the quantum theory. The issue is quite similar to what we face as we move from special rel-

ativity, where there is a preferred frame of reference, to general relativity where any frame

of reference is equivalent to any other, thus the theory should be described in a frame in-

dependent manner. The algebra of operators for the quantum theory already includes the

physical content of all the unitarily inequivalent Hilbert space at once and is the correct

way to describe the quantum theory. Thus it is not quite naive to imagine the useful role

played by the algebra of operators in different limits of quantum gravity.

This article follows a similar spirit in that, we start with an algebra of operators then

we consider a particular useful representation of that algebra in different situations. This

representation is called the covariant representation [Doplicher et al., 1966, Borchers,

1966, Masamichi Takesaki, 1967] and it includes the representation of the algebra that

acts on a certain Hilbert space. But, in addition the symmetries or the automorphisms of

the algebra are also implemented as unitary operators on the Hilbert space. For the obvious

reason that symmetries are just changes in the our perspective that should not change ex-

perimental results, they should be represented by unitary operators in the Hilbert space and

this is the only relevant representation for the algebra for physical systems [Borchers, 1969].

Coming back to the recent developments in algebras and quantum gravity, a certain

construction called the crossed product construction has been used to go beyond the strict

GN → 0 limit. In most cases, this led to the change in the type of the von Neumann alge-

bra from a type III1 to type II, where a finite trace and entropy can be defined. But still, it

seems that this step is a bit mathematical and not physically clear. On the other hand, the

covariant representation of an algebra can be rigorously shown to be in one to one corre-

spondence with what is called a covariance algebra (see appendix 5.5), of which the crossed
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product algebra is an example [Masamichi Takesaki, 1973]. Thus, in terms of the covari-

ant representation, the crossed product type II algebra can be understood in a physically

intuitive way, which is one of the goals the article hopes to accomplish.

We can also imagine a case where the vacuum of the Hilbert space breaks some of the

symmetries. These cases will lead to what we call proto quantum gravity Hilbert space

which is a Hilbert space not described by a quantum field theory on a curved spacetime

even though it arises in the strictGN → 0 limit. An example of such a Hilbert space was

discussed in the [Chandrasekaran et al., 2022b] and dubbed proto holographic black hole

by the authors.

In section 5.2, we revise the relevant background discussion about algebra of operators

with out gravitational backreaciton. In section 5.3, we discuss what the covariant repre-

sentation of an algebra is and which algebra precisely we are talking about in the most gen-

eral cases. Then in the following section, we continue the discussion to proto QGHilbert

spaces and covariant representations for the algebra of operators associated with subregions

and an observer’s worldline in any spacetime.

5.2 No Backreaction : review

5.2.1 The strict large N limit

Holography implies that the semiclassical physics in AdS is emergent from a low lying sec-

tor of the boundary CFT. For a CFT containing a large central charge and operators that

factorize, called generalized free fields, there is a reorganization of the small number of these

degrees of freedom (compared to the central charge) that reproduces the gravitational the-

ory in AdS [El-Showk & Papadodimas, 2012a,Heemskerk et al., 2009,Heemskerk & Sully,
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2010, Fitzpatrick et al., 2011, Penedones, 2011]. In fact this property of generalized free

fields, that they obey an equation of motion in a higher dimension even though they do

not satisfy any equation of motion in the CFT was well known even before the formulation

of AdS/CFT [Haag & Schroer, 1962b]. But generalized free fields are not fully self con-

sistent CFTs by themselves and can only be understood as a small sector of a bigger CFT.

This property has been useful in understanding of how gravity encodes information as a

quantum error correcting code [Almheiri et al., 2015a], granting the Hilbert space they are

acting on, the name the code subspace.

Specializing toN = 4 super YangMills in 4d in the ’t Hooft limit, the generalized free

fields will be the single trace operators with thermal or vacuum expectation value sub-

tracted. Their correlators factorize into two point functions in the largeN limit where

SU(N) is the gauge group. We are interested in studying quantum field theory on the eter-

nal black hole in AdS, which is expected to be dual to two thermally entangled CFTs [Mal-

dacena, 2003] above the Hawking Page temperature. Thus we consider the Hilbert space

H = HL ⊗ HR, whereHL andHR are the Hilbert spaces of the left and right CFTs. We

denote the set of all bounded and linear operators acting onH by B(H). The generalized

free fields, ÃL/R ⊂ B(H), acting either on the left or right side form a von Neumann alge-

bra in the strict largeN limit (i.e, 1/N is set to zero), once their weak closure is taken. The

weak closure is a requirement to include any limit point for a Cauchy sequence of matrix

elements, i.e, if for an ∈ ÃL/R, limn→∞ ⟨ψ| an |χ⟩ = ⟨ψ| a |χ⟩, for all |ψ⟩ and |χ⟩ inH, then

amust also be in ÃL/R. If it had not been for the subtraction of the thermal expectation

value in the definition the generalized free fields, this algebra ÃL/R, would have described

the entangled system in a background independent way. But following [Leutheusser &
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Liu, 2021b, Leutheusser & Liu, 2021a], we will specifically discuss the eternal black hole

at a given temperature. What Leutheusser and Liu did was to identify the Hilbert space on

the eternal black hole background at some temperature 1/β,HHH, with what is called the

GNSHilbert space built on the thermofield double state of the same temperature, which is

distinct fromH.

We consider the thermofield double state at inverse temperature β,

|Ψβ⟩ =
1

Zβ

∑
i

e−βEi/2 |Ei⟩R |Ei⟩L (5.1)

where |Ei⟩ are the energy eigenstates. We can define an inner product on ÃR using |Ψβ⟩ in

the largeN limit, in particular,

⟨a|b⟩ = lim
N→∞

⟨Ψβ| ab |Ψβ⟩ , ∀a, b ∈ ÃR . (5.2)

Note that, if limN→∞ ⟨Ψβ| x†x |Ψβ⟩ = 0 for x ∈ ÃR, then it follows the Schwarz inequality

that |a⟩ ∼ |a+ x⟩. Let X be the set of all operators like x, then we have an equivalence

class ÃR/Xwith an inner product. We can then interpret this set as a pre-Hilbert space,

where after we take the Hilbert space completion, becomes a Hilbert space. To take the the

Hilbert space completion means to add all the limit points of a Cauchy sequence of states,

{|ψn⟩} in the pre-Hilbert space. We get the GNSHilbert space,Hβ
GNS, after we take the
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Hilbert space completion of the above equivalence class. Thus we have1,

HHH ≡ H
β
GNS (5.3)

There is also a representation πβ of the operator algebra ÃR acting onH
β
GNS,

πβ(c) |a⟩ = |ca⟩ , ∀c, a ∈ ÃR (5.4)

We will denote this representation byAβ
R,0 (from now on we will only write the superscript

βwhen it is necessary) and it is identified with the bulk fluctuations on right exterior of the

eternal black hole geometry at temperature 1/β.

5.2.2 Modifications toHGNS

The first, and perhaps not so severe, modification to the operator algebras and the Hilbert

spaces is to include the contribution of the conserved charges acting on the bulk Hilbert

spacesHHH andHdS. The Hilbert spaceHdS is constructed likeHHH with the action of the

bulk fluctuations but on the background of the Bunch-Davies state of de Sitter. To iden-

tify these charges, we look at the symmetry of the ’vacua’ of each Hilbert spaces which is

seen by an observer on the right exterior. For the eternal black hole the symmetry group ob-

served by each exterior isGHH = R × (Spin(4) × SU(4)R)/Z2 while for static patch of

deSitter, it isGdS = R × SO(d − 1). Let’s call the generatorsQα ∈ gHH andQβ ∈ gdS.

One has to be careful not to naively include these generators to the operator algebras on
1This is not exactly correct as will be seen in the sections that follow. The stateHHH is built upon, |ψHH⟩,

should also include a wave function for the right Hamiltonian, which is a delta function.
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the Hilbert spaces since they act only in the right exterior. Thus, they do not map a smooth

Cauchy surface to a smooth Cauchy surface, in particular, they create a singularity at the

horizon. The natural resolution is to impose a brick wall boundary condition close to hori-

zon, renormalize the charges before taking the limit. The same can be accomplished by

renormalizing the charges by appropriate power ofGN as we take it to zero. In the case of

the eternal black hole the situation is cleaner since we can renormalize the boundary oper-

ators such that the conserved charges in the boundary, dual to the bulk charges, take the

formN2Tr(L) for some operator Lwith no explicitN dependence. Thus subtracting the

thermal one point function and multiplying by 1/N (∼
√
GN forN = 4 super YangMills

in 4 dimensions) will make them finite in the largeN limit.

Let’s call the renormalized charges qα ∈ g and their bounded functions will act on the

corresponding Hilbert spaces. The wave function associated with these modes will take

values in L2(g). Thus, the first extension to the Hilbert spaces will beHGNS ⊗ L2(gHH) and

HdS ⊗ L2(gdS)while the algebras becomeAR,0 ⊗ AgHH andAdS ⊗ AgdS, whereAgHH and

AgdS are algebras of bounded functions of the charges of gHH and gdS respectively.

5.3 In the presence of gravitational interactions

5.3.1 Algebra of operators on general backgrounds

In this subsection, we discuss what we mean precisely by the algebra of quantum fields in

general spacetimes. In section 5.2.1, the elements of the algebra in consideration (ÃL/R)

was given in terms of the dual CFT subtracted single trace operators in the large N limit,

which form an algebra of generalized free fields. These operators are well defined even at

non perturbative level, though they do not close to form an algebra without the addition of
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operators not available in the large N limit, for instance product of N2 single trace opera-

tors. Even though we do not aspire to define operators that make sense non perturbtatively

for general spacetime (including non holographic) at the moment, we would like to de-

scribe what the elements of the algebra of observables,A, is when gravitational interactions

are added in some limited fashion.

We take this algebra to be a slight modification to the algebra of observables of a quan-

tum field theory on a general curved spacetime [Wald, 1995]. This modification can be a

perturbative interaction between the matter field and the graviton or an addition of modes

that correspond to large diffieomorphisms. So, they would not be present for a quantum

field theory, without gravity.

We start with the classical field theory describing matter fields and metric fluctuations

on top of some fixed globally hyperbolic geometry. If we assume that the matter fields sat-

isfy equations of motion with a well defined initial value problem, then we can describe the

system in terms of a phase space,M, of a pair of smooth functions (Π,Φ) defined on a

Cauchy hypersurface Σ. This phase space also has a symplectic structure; that means there

is a non degenerate, closed two form Ω(., .) onM. The states of the classical system cor-

respond to points onM, while functions (or more precisely functionals), f : M → R,

are the observables (we take linear functions of (Π,Φ) as the basis for this set of observ-

ables). On the other hand, a quantum theory is described by a Hilbert space,H, and self

adjoint bounded operators acting on the Hilbert space. Quantization of the classical system

is thus the problem of finding a map from the classical phase spaceM and functions onM

to a Hilbert space and self adjoint operators acting on the Hilbert space. But since Hilbert

spaces with infinite dimensions (we expect this since the phase space is infinite dimensional)
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are all isomorphic, the physical content of the problem concerns with the map from the

linear functions (classical observables) onM to operators acting on a certain Hilbert space.

Canonical quantization provides such a map by requiring Poisson brackets satisfied by

functions onM be mapped to commutators satisfied by the operators.

In the case where the geometry has a killing vector that is everywhere timelike, there is a

simple way to implement this, that also ensures the correct short distance behaviour of the

matrix elements of the quantum observables. For definiteness, let’s consider a free scalar

field with the equation of motion,

1
√g

∂μ(
√ggμν∂νΦ −m2Φ) = 0 (5.5)

where gμν is the metric.

The metric can be written in a time independent way and we can define a self adjoint

Hamiltonian that is bounded from below. A solution of (5.5) can be decomposed into a

positive and negative frequency modes of complex functions,

Φ(x, t) =
∫

dωdk aωkfωk(x)eiωt + a†ωkf
∗
ωk(x)e−iωt (5.6)

where ω > 0. The phase space of the classical system is the space of functions (Π,Φ), with

Π = nμDμΦ whereDμ is the covariant derivative and nμ is a normal vector to Σ. Then,

mapping Poisson brackets to commutators leads to the canonical commutation condition,

[aωk, a†ω′k′ ] = δ(ω − ω′
)δ(k− k′

), while the rest of the commutators vanish.

In addition, we can also define an inner product to be the real part of the Klein-Gordon

inner product of the positive frequency parts of the solutions corresponding to the initial
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data2. Thus, in this case, we can consider the algebra of operators generated by the a finite

but arbitrary product of a and a†’s and take our algebra of observables for the quantum

field theory to be the completion of this algebra with respect to the inner product just de-

scribed. Similarly, the algebra can be extended to include other matter fields and free gravi-

tons.

But the above analysis is only for a stationary spacetimes. In particular, we would not

have the decomposition of the fields into positive and negative frequency modes (5.6) in

a general curved spacetime.3 Thus to proceed, we go back to the symplectic structure of

the phase space and note that the function f = Ω(q, .), for q ∈ M is a linear function

onM since f(p) = Ω(q, p) ∈ R and the symplectic form is non degenerate. Therefore,

we can take Ω(q, .) as the basis for our set of classical observables. In most cases the phase

space is defined as the cotangent bundle of the configuration space of the system and thus

the symplectic form is taken to be the usual anti-symmetric bilinear map on a contangent

bundle. For example, in the case of the free scalar field mentioned above,

Ω[(Π1,Φ1), (Π2,Φ2)] =

∫
Σ
(Π1Φ2 −Π2Φ1). (5.7)

Following this, we can summarize the Poisson bracket conditions on (Π,Φ) in terms of the

symplectic form as

{Ω(q1, .),Ω(q2, .)} = −Ω(q1, q2)I (5.8)

where qi = (Πi,Φi), i = 1, 2. For instance if we take q1 = (δε(x), 0) and q2 = (0,−δε(y))

where δε is a smooth approximation of the delta function such that limε→0 δε(x) = δ(x),
2Check section 4.3 of [Wald, 1995] for a precise construction.
3And with it, we lose the nice particle interpretation of the Hilbert space.
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then in the limit ε→ 0, Ω(q1, (Π,Φ)) = Φ(x) and Ω(q2, (Π,Φ)) = Π(y) and we find,

{Φ(x),Π(y)} = δ(x− y). (5.9)

Since Ω(q, .) is an observable, we can promote it into self adjoint operator so that

[Ω̄(q1, .), Ω̄(q2, .)] = −iΩ(q1, q2)I (5.10)

is satisfied. The bounded functions4 of these operators form an algebra5 and we can also

define an inner product from the symplectic form so that [Wald, 1995],

⟨q1, q1⟩ =
1

2
supq2 ̸=0

|Ω(q1, q2)|2

⟨q2, q2⟩
. (5.11)

Taking the completion of the algebra with respect to this inner product, we get the algebra

that corresponds to a quantum field theory on the curved spacetime.6 It should be noted

that there is a wide class of inner products that satisfy the above equation and that there is

arbitrariness in the definition of the inner product, but this will not create a problem since

the resulting algebras are all isomorphic as abstract algebras [Wald, 1995]. However, this

becomes a problem when we construct a Hilbert space.

To describe the algebra of observables in the presence of perturbative gravitational in-
4A basis for the bounded functions of the operators can be taken to be the unitary operators generated

by Ω̄(q1, .). The self adjointness and the commutation condition on the operators translates to the unitary
operators satisfying thwWeyl relation.

5This algebra is called a ∗−algebra [Haag, 1992b]
6If there is a sequence of operators {an} and if the completion of the algebra is taken such that the opera-

tor a is in included in the algebra when, for any ψ in the Hilbert space, aψ = limn→∞ anψ, then the algebra is
what is called a C∗ algebra. If we rather take the completion of the ∗−algebra by including the limit points of
the expectation values of the operators, we will get a von Neumann algebra.
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teractions, we will consider the same algebra but now we can also take linear combina-

tion of the operators with powers ofGN as coefficients. In the case where we just include

a large diffeomorphismmode, we form the algebra associated with it from the unitaries

constructed from the generator of the diffeomorphism. The algebra includes bounded

functions of the generator and any bounded function can be expressed in terms of the uni-

taries. We will reformulate the latter case in terms of the covariant representation of the

algebra of the paragraph above, in the sections that follow.

Coming back to the construction of the Hilbert space, we will first take the Hilbert

space completion ofMwith respect to a given inner product, (5.11). We then complex-

ify the manifold using the antisymmetric two form Ω. This complex manifold, M̄, can be

used to create the Fock space of states, which is given by the direct sum of the vacuum (C),

one particle space, two particle space and so on; where the n-particle space is given by the

symmetric (bosonic) or antisymmetric (fermionic) tensor product of n copy of M̄. But as

mentioned before, the condition (5.11) does not uniquely determine an inner product and

the different inner products in general lead to different Hilbert spaces. Naturally, it is rea-

sonable to take the direct sum of all the Hilbert spaces and consider a bigger Hilbert space

(this Hilbert space is the one studied by von Neumann et. al. [von Neumann, 1949, von

Neumann, 1940] as infinite tensor product Hilbert spaces, where in the same papers shown

that they are equivalent to the infinite direct sumHilbert spaces). But there are a couple

of issues with this bigger Hilbert space [Streater &Wightman, 1989, Bahiru, 2022], first it

is a Hilbert space with unaccountably infinite dimensions. Second, the individual Hilbert

spaces are what are called unitarily inequivalent and they correspond to different superse-

lection sectors, in the sense that states in different sectors will not form a coherent superpo-
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sition and a superposition only results in a mixed state and any dynamics, implemented

by a unitary evolution will not evolve states in one sector to a different sector. Hoping

to avoid this non-separable Hilbert space and because of the fact that each sector can be

treated completely independently, studying the individual sectors only is generally expected

to be enough to describe a physical system [Streater &Wightman, 1989]. But again a ques-

tion arises as to which of the sectors we should choose, to correspond to the quantization

of the classical system.

In the case where the geometry has a timelike Killing vector that is globally defined, there

is a canonical choice of inner product, in particular a generalization of the inner product

mentioned for the free scalar field. This is also directly related with the fact that there is

a canonical choice of the vacuum state. In addition to stationary spacetimes, it was also

shown that [Witten, 2021c] for asymptotically AdS (with boundary conditions as that of

AdS/CFT), asymptotically flat spacetimes (with theories with a mass gap) and compact

spacetimes, there is a canonical choice of vacuum and a natural choice of Hilbert space.

For a more general open spacetimes though, it is expected that there is indeed not a canon-

ical inner product (or choice of ’vacuum’ state) and an algebraic treatment of the theory

is necessary as it includes the content of all the unitarily inequivalent Hilbert spaces in a

systematic manner, as was discussed in the introduction7.

This algebra is the same for any spacetime in the sense that it is generated by the (5.10).

But the elements differ for the specific choice of geometry since the symplectic form of the

classical theory will in general be different. For instance, for flat spacetimes, the operators
7Additional condition on the states is making sure that they reproduce the correct short distance be-

haviour for the operators. This is analyzed by checking that the UV behaviour of the two point functions has
the correct singularity. This condition goes by the name, the Hadamard condition. Check [Wald, 1995] for
more careful discussion.
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(5.10) can be shown to be the sum of the annihilation and creation operator [Wald, 1995].

On the other hand, the fact that even for the same classical theory, there are several uni-

traily inequivalent Hilbert space will lead to several representations (π) of the algebra on

the Hilbert spaces. These representations can be constructed following the GNS construc-

tion (see 5.2.1) on a certain cyclic state in the Hilbert space. In the following sections, we

discuss the covariant representation of this algebra.

5.3.2 Covariant representation of the algebra

One of the central principles of algebraic approach towards understanding of quantum

field theory (and statistical physics) has been that physical content is actually algebraic

and does not depend on the representation. Still, there are certain physically sensible and

useful representations. In particular, ifA is a von Neumann algebra with an automor-

phism groupG, then the most interesting representation (and probably the only relevant

representation [Borchers, 1969, Borchers, 1966]) for physics is one where the automor-

phism/symmetry group is implemented by an action of a unitary operator on the Hilbert

space (the reason for considering unitary operators is that the symmetry group is expected

to preserve transition probabilities and this is true if they are represented by a unitary op-

erator). This is to say that one concentrates on a set of special states which are related to

each other by a unitary action of the automorphism group. The automorphism group can

be one associated with space-time translations or some internal symmetry of the system

in consideration. Such representation is called a covariant representation of the algebra

A [Doplicher et al., 1966,Borchers, 1966,Masamichi Takesaki, 1967,Borchers, 1969].

More precisely, a covariant representation (π,U) ofA is pair of a non-degenerate repre-
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sentation ofA, π : A → B(H) and a unitary representation of the automorphism group

G,U : G → U(H), where B(H) is a set of bounded operators acting onH and U(H) is a

set of unitary operators acting onH, such that;

U(g)†π(a)U(g) = π(αg(a)) , for all a ∈ A (5.12)

where α : G → AutoA and AutoA is the automorphism group ofA. We will write the

unitary representations of the automorphism group asU(g).

Thus, given an algebra of operators of a quantum system, gravitational or not, we should

ask what is the Hilbert space where there is a non degenerate representation of the algebra.

In addition, there should also be a unitary representation of the automorphism group of the

algebra acting on the same Hilbert space such that 5.12 is satisfied.

For instance, in the context of section 5.2.1, once we are given an algebra of operators

ÃR it is then physically necessary to ask what the covariant representation of the algebra is.

The first guess at the relevant Hilbert space may beHHH, as one is interested in a quantum

field theory on the black hole or deSitter background. But, since this Hilbert space does not

carry a unitary representation of the automorphism group of ÃR, one should consider an

extension of it, sayH = HHH ⊗ L2(g). Then we take the representation, π to be the rep-

resentation furnished on the GNSHilbert space, πβ (see section 5.2.1) and identity on the

L2(g) factor. The unitary representation of the automorphism group on the other hand

acts as identity onHHH but acts by mulitplication on the L2(g) factor. We will discuss in

section 5.4 another representation of ÃR that is also covariant.

Even though, as stated before, this statement is to be applied to either gravitational or
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non gravitational systems, there are quite interesting features that arise in gravitational set-

ting and also in non gravitational systems when we think of them as limits of gravitational

systems. By a gravitational system we mean that a system where gravitational modes are

present and interact with the rest of matter fields perturbatively (AdS/CFT will be the spe-

cial case where ’we know what we mean’ non-perturbatively).

Such a system in general will be described by an action of the form,

S =
1

GN

∫
dxd
√
−g(R+ ...) (5.13)

where the ... represents the matter part of the action with minimal coupling to gravity and

a boundary Gibbons-Hawking-Yorks term. A non gravitational system will be described by

the strictGN → 0 limit of the above action. We assume the full geometry to be asymptoti-

cally flat or AdS but we have not specified the background geometry with respect to which

we take this limit, gμν = g0μν +
√
GNhμν. We can consider the matter fluctuations (and

free graviton) acting on the full spacetime or a subregion and take the algebra of these op-

erators as the starting point. The physically relevant question will be what is the covariant

representation of this algebra, i.e, the appropriate Hilbert space and representation for the

algebra, where the automorphisms of act unitarily?

To answer this question, 1) we must know what the symmetries (automorphisms) of the

algebra of operators are; 2) we must find the Hilbert space where they act unitarily. As we

consider theGN → 0 limit, we note the following; the associated charges for the automor-

phisms can be obtained from the action (5.13). Thus the generators for the autmorphisms

(rather for the unitary representation of the automorphisms) will in general also have the
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following form8,

Q =
1

GN

∫
dxdf(x) , and [Q, π(a)] = O(1) (5.14)

where f(x) is a function of the background metric, the metric fluctuations, the matter fields

and their derivatives.

As it is the case for the action, we have to subtract the contribution from the background

space-time and redefine the chargeQ to get a possibly finite result. But, as we take the limit

GN → 0, this only gives finite expectation value forQ except in the cases where the back-

ground spacetime is flat or pure AdS. (There are also other exceptions, specifically states

withO(1) variance for the charges. We will defer the discussion of these states to section

5.4.) In the other most interesting examples, black holes or semiclassical geometries of

coherent states [Skenderis & van Rees, 2009, Botta-Cantcheff et al., 2016, Marolf et al.,

2018, Belin et al., 2019], (5.14) diverges specifically as a result of theGN → 0 limit. In

particular such semiclassical states will haveO(1/GN) variance in the charges [Bahiru et al.,

2023].9

Thus in the strictGN → 0 limit in particular, the charge that is well defined is,

q =
√

GNQ. (5.15)

and together with (5.14), we have [q, π(a)] = 0. This implies that in most interesting cases

(except in the cases where the background metric is flat or pure AdS) where the renomar-
8In general there are more than one generators for the representation ofG
9For each Hilbert space we assume the existence of a Hadamrad vacuum with respect to which the n-

point functions will satisfy the Wick contraction and factorize to 2 point functions.
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lization (5.15) is necessary, the automorphism generators will not produceO(1) transfor-

mation, in fact they will be central to the representation of the operator algebraA. The

consequence of this fact is that the condition (5.12) for the covariant representation will be

trivial in the strict largeN limit.

Thus the covariant representation of the algebraAwith a symmetry groupG ( g being

the corresponding lie algebra) will be (π,U) acting on a Hilbert spaceH = Hbulk ⊗ L2(g)

where π(a)will act onHbulk creating bulk fluctuations and acts as identity on L2(g)while

U(g) = eiqανα acts as identity onHbulk and by multiplication on L2(g). In addition,U(g)

will commute with the bulk fluctuations π(a). But note that when the background geome-

try is flat or pure AdS,U(g)will have non-trivial action on π(a) given by (5.12).

This property, that for general gravitational systems in the strictGN going to zero limit

the automorphism generators do not generate transformations, may look a little unattrac-

tive. Let’s divide the symmetry groups into the compact and non compact components.

Even though the non compact group be could more general and even non abelian, we

specifically treat time translations as the non compact group in part because time transla-

tion is usually one of the symmetry generators forA in part because we want to make con-

tact with the cross product construction of [Witten, 2021b,Chandrasekaran et al., 2022a]

(we defer the discussion on the compact subgroup to section 5.4). The above argument im-

plies that time development generator commutes with operators in the algebra. How would

we then implement time translations for our operators?

Keeping the above question in mind, let’s consider the modification of the covariant

representation (π,U)when gravitational interactions are added perturbatively. Looking

at representation π, we can construct operators with coefficients in the ring of power se-
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ries in
√
GN. On the other hand, the unitary representations of the symmetry group will

transform as follows; concentrating on time translations, as we back away from the strict

GN going to zero limit, since
√
GNQ generates transformations ofO(GN), the most natural

modification to (5.15) would be

√
GNQt = qt −

√
GN

β
logΔ. (5.16)

For asymptotically AdS eternal black hole spacetime, the above modifications can be showed

to be enough to all orders in perturbation theory [Witten, 2021b], ”otherwise it is valid to

first order in perturbation theory.” The unitary representation for time translation symme-

try acting on the Hilbert spaceHbulk ⊗ L2(g)will thus beU(gt) = ei(qt−
√
GN/β logΔ)ν.

This looks quite similar to the cross product construction but our starting point is dif-

ferent and the crossed product construction is in fact distinct from it. The crossed prod-

uct algebra is a special kind of what is called a covariance algebra (see appendix 5.5). It was

shown in [Doplicher et al., 1966] that the covariant representation of an algebraA and the

representations of the covariance algebra associated withA are in one to one correspon-

dence.

Coming back to the question we asked above, the bulk fluctuations now transform non

trivially under the action ofU(g), following the equation (5.12). Still, since we are working

in perturbation theory, the transformation is infinitesimally small. To produce anO(1)

time translations, we propose (inspired by [Leutheusser & Liu, 2021a])U(s), the half sided

modular translation [Leutheusser & Liu, 2021b,Leutheusser & Liu, 2021a,Bahiru, ], as the

appropriate operator whenever it is possible to define it, particularly because its generator

has bounded spectrum. Note that for the other candidate for the generator of a translation
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operator,−logΔ, the spectrum is not bounded from below, in general.

5.4 Gravitational interaction: continued

5.4.1 Proto-QGHilbert space

In the previous section, we introduced the covariaint representation of an algebra. The al-

gebra of our interest was the one discussed in subsection 5.3.1. Up till now we have focused

mainly on the algebra where perturbative corrections are added, controlled byGN, to the

algebra of operators for a quantum field theory on a curved spacetime. Now, we discuss the

case where no perturbative correction is added to the QFT operators, rather we consider

a ’background’ state that hasO(1) variance in the charges. Thus, we consider a Hilbert

space built on top of such a state with bulk fluctuations and where the symmetries of the

spacetime are implemented unitarily. As we will see, such a representation corresponds to

a system where gravitational modes that are associated with large diffeomorphism is added

to the description. Since this representation is not the naively considered Hilbert space of a

QFT on a fixed background and yet it arises from the strictGN → 0 limit of perturbative

quantum gravity, we call it proto-quantum gravity (proto-QG) Hilbert space.

Let’s consider the covariant representation of the algebraA on flat or pure AdS space-

times. Then π(a)will be operators that create bulk fluctuations on the flat or AdS space-

time. The unitary representations of the symmetries will be constructed as discussed in

subsection 5.3.2. The only difference being the additional normalization of the charges,

multiplication by
√
GN, is no longer necessary. That is,Q is already well defined in the

limitGN → 0, and [Q, π(a)] is nonzeroO(1) number. Thus, the covariant representa-

tion (π,U)whereU = eiQν will act onHbulk ⊗ L2(g). The operators π(a)will act on
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Hbulk creating bulk fluctuations while acting as identity on L2(g) andU(g) acts onHbulk as

identity while acting on L2(g) by multiplication. The fact thatQ, for gravitational theories

in general, is a boundary quantity together with [Q, π(a)] shows that the operators π(a)

are dressed with respect to the boundary of the spacetime and alludes to the gravitational

nature of the Hilbert space even in thisGN = 0 limit. Note that the one to one correspon-

dence with the cross product algebra implies that this algebra is a type II∞ algebra. The

cross product algebra in Minkowski and pure AdS was discussed in [Ali Ahmad & Jeffer-

son, 2023].

The gravitational nature of the Hilbert space is even more elaborated in the example of

the GNSHilbert space of the microcanonical thermofield double state [Chandrasekaran

et al., 2022b]. We consider a new covariant represenation of the same algebra of opera-

tors, ÃR introduced in section 5.2.1. Rather than using the GNSHilbert space of the ther-

mofield double, we consider the state,

|Φβ⟩ =
1

eS(E0)
∑
i

e−β(Ei−E0)/2f(Ei − E0) |Ei⟩R |Ei⟩L (5.17)

where,
∫
dx |f(x)|2 = 1 and define an inner product as in (5.1),

⟨a|b⟩ = lim
N→∞

⟨Φβ| ab |Φβ⟩ , ∀a, b ∈ ÃR . (5.18)

If Y is the ideal of the algebra with respect to this inner product, we can define the equiva-

lence class, ÃR/Y and complete it to a Hilbert space,HΦ. Thus, we take the non degenerate
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representation πΦ acting onHΦ as,

πβ(c) |a⟩ = |ca⟩ , ∀c, a ∈ ÃR (5.19)

But we notice that the symmetry generator of the algebra ÃR (we only consider the non-

compact subgroup for the moment) is also present in this Hilbert space and is well defined

in the large N limit. In particular, it the Hamiltonian of the right system. This is in contrast

to the Hartle-Hawking state where this observable is not present and we had to consider an

extension of the Hilbert space built on |ψHH⟩ (by the action of the bulk fluctuations) to get

a covariant representation. Even the canonical thermofield double Hilbert space includes

a covariant representation, i.e, no extension is needed. The only issue with the canonical

thermofield double is that the generator has to be normalized twice to be well defined in

the large N limit. The obvious difference between the canonical or microcanonical ther-

mofield double and the Hartle Hawking state is that, the former are well defined even in

non-perturbtive theory of quantum gravity. This again points to the intrinsically quantum

gravitational nature the the covariant representation of an algebra.

Since the subtracted generator,Q of the symmetry is already included in the Hilbert

space and well defined large N limit, we takeU(gt) = eiQν as the unitary representation of

the symmetry group, where it acts as.

Q = q− 1

β
logΔΨ. (5.20)

This is because it translates the operators πΦ(a) but differs from the modular Hamilto-

nian by a central operator, q. Thus the representation (πΦ,U) acting on the Hilbert space
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HΦ will be a covariant representation of ÃR and it is an example where the variance of the

generator isO(1).

The states in the Hilbert space correspond to different semiclassical states in general even

though we have setGN to zero. The reason is that the solution |Φβ⟩ breaks the symmetry

of the theory. In particular, while the symmetry (corresponding to time translations) of

the full theory isRR ⊗ RL generated by the left and right Hamiltonians, the solution is

only symmetric under the diagonal sub groupR, generated by the difference of the two

Hamiltonians. This implies that there is a moduli space of classical solutions given again by

R. SinceU only acts on the right boundary, states related by the action ofU(gt) are asso-

ciated with different classical solutions on the moduli space. The action of πΦ(a) on any

of the classical solutions would correspond to a given ’Hilbert space’ of QFT on a curved

spacetime. That is to say that, excludingU, one of these states acted upon by the bulk fluc-

tuations πΦ(a) is what we expect QFT on a curved spacetime describes. Note that these

Hilbert spaces are not the unitraily inequivalent Hilbert spaces described in section 5.3.1,

rather they more similar to the sectors corresponding to different charge sectors of a gauge

theory. This sectors in a gauge theory are related by a large gauge transformation that does

not vanish at infinity. Similarly, the transformation byQ is a diffeomorphism that actually

does not vanish in the boundary. This mode parameterizes the timeshift between the left

and the right boundary. Thus, we can think of the algebra of operators (πΦ,U) as an ad-

dition of a gravitational mode to the algebra of operators describing bulk fluctuations at

GN = 0.

A general state will be a superposition of states with different classical background, thus

does not have a semiclassical bulk dual geometry. But, following [Chandrasekaran et al.,
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2022b], we call a semiclassical state a state with a very large variance inQ (very small vari-

ance in the dual mode). The ideal case would be if the variance ofQ isO(1/
√
GN), where

we get the canonical thermofield double and so a fixed background geometry.

This feature of the spontaneous breaking of the symmetries can be generalized to any

state. Starting with an algebra of operatorAwith a symmetry groupG, we can choose

a classical solution in the theory that breaks the symmetry toGs. This state can be a co-

herent state like a collection of galaxies, a black hole or a collapsing geometry. Taking this

state as the background geometry we can construct the GNSHilbert space and describe

the quantum field theory on this fixed background (with all the subtleties described in sec-

tion 5.3.1). Because the ’vacuum’ breaks the symmetryG, there is a moduli space of clas-

sical solutions parameterized by the quotientG/Gs. But if we look at this state in the limit

GN → 0 of perturbative quantum gravity, charges of the symmetry groupG/Gs must

have variance ofO(1/GN), since the strictGN → 0 limit is a quantum field theory on a

fixed spacetime while the action of the the generators ofG/Gs map a classical solution of

the theory to a different one (see also section 5.3.2). Thus these generators will have to be

normalized (multiplied by
√
GN) to be well defined. On the other hand, if we rather take an

O(1) superposition of states that correspond to different classical solutions on the moduli

space as a starting point for the covariant representation ofA, we have mitigated the diverg-

ing variance of the charges, at the cost of not having a well defined semiclassical spacetime.

As mentioned before there will be a Hilbert space for each element of the moduli group

G/Gs that corresponds to the classical solution. Thus we have a fiber of Hilbert spacesF

on the base spaceG/Gs. The Hilbert space the covariant representation (π,U)will act on

will be L2 sections of the fiberF → G/Gs. This is the proto-QGHilbert space for general
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states and general symmetry groupG that can also be compact. For a symmetry group that

is non compact, if the algebra generated by π(a) for a ∈ A is a type III1 algebra, then

the one to one correspondence with the crossed product algebra implies that the algebra

generated by π(a) andUwill be a type II∞ algebra, with a well defined trace and entropy.

5.4.2 Subregions and the observer

The last comment we would like to add is concerning sub regions. The naive algebra of

operators we associate to subregions are not so well defined in the perturbative theory of

quantum gravity since the spacetime is fluctuating, we can not define a fixed subregion

with respect to which we define the algebra, all the while the spactime fluctuation itself is

expected to be included in the algebra of observables (check [Witten, 2023b, Jensen et al.,

2023,Aguilar-Gutierrez et al., 2023] for discussions of algebra of operators associated with

subregions in perturbative quantum gravity). But we have a well defined notion of subre-

gions in the QFT on a curved spacetime limit and we can define a covariant representation

for this algebra associated with a subregion. The symmetry of a sub region has to preserve

the causal diamond of the subregion and one such symmetry is the one that looks like the

Lorentz boost symmetry close to the horizon, that acts both on the subregion and its com-

plement. But note that the boost generator that only acts on the subregion is not a well

defined operator. In fact we have to do a brick-wall regularization to the operator by de-

manding a Dirichlet boundary conditions on the fields at some proper distance ε from the

horizon. In the limit ε → 0, we will have a divergence similar to theGN → 0 divergence

of the symmetry generators discussed in 5.3.2. This brick-wall regularization is clear and

unambiguous (up to theWeyl anomaly present in even dimensions) in the cases where the
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theory has a holographic dual, where the renomlization corresponds to a renomalization

of Euclidean hyperbolic manifolds in the bulk dual theory, [Bahiru, 2022] (assuming large

rank for the gauge group of the boundary theory). Then the algebra generated π(a) andU

will be a type II∞ algebra.

Recently, the role of an observer in connection to the algebra of observables in subre-

gions and compact spacetimes like deSitter has been given some attention [Witten, 2023b,

Jensen et al., 2023]. The connection between the two is given by the timelike tube theorem

( [Witten, 2023b, Strohmaier &Witten, 2023b]) which states that for the so called ’com-

plete’ theories, where all the possible electrically and magnetically charged objects (particles,

strings, ...) that can couple to the gauge fields (and higher form gauge fields) in the theory

are also present, that the algebra of quantum fields smeared along a timelike world line is

same as the algebra of quantum fields that are causally accessible to the world line. In other

words, if we pick two points, p and q, one to the future of the other along a timelike world

line, the algebra of operators that we can construct by smearing the fields in this segment of

the worldline is the same as the algebra of operators that are defined in the causal diamond

defined by the points p and q. The theorem is proved for quantum field theories in flat and

curved spacetimes, [Strohmaier &Witten, 2023a].

The fact that the static patch of deSitter can be understood as the region that is causally

accessible to an observer and that algebra of operators along the worldline of the observer

is the same as that of the static patch (in QFT on a curved spacetime limit) motivated in-

cluding an observer in the study the algebra of operators in the static patch in perturbative

quantum gravity, where since the spacetime has compact spacelike slices the symmetries

of the spacetime are to be treated as gravitational constraints. The algebra of operators is
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defined in the presence of an observer at one of the boundaries of the Penrose diagram of

deSitter, which would otherwise be trivial (just c-numbers).

In our situations, even though it is not shown that the timelike tube theorem is still

present in perturbative quantum gravity (as far as the author is aware), the fact that it holds

in the QFT limit is enough motivation to study the covariant representation of the algebra

of operators along a timelike worldline. Thus we consider an observer in a certain spacetime

and the algebra of observables,Aob constructed from the quantum fields smeared along its

worldline.

Φ =

∫
dτf(τ)φ(τ, x) (5.21)

These operators are well defined operators that act on the code subspace of states, that

map normalized states to normalizable states.10 Since in quantum filed theory the algebra

of this operators is the same as the algebra of operators in the subregion that is causally ac-

cessible to the worldline, the symmetries of this subregion are also the symmetries of the

algebra along the world line. Thus the covariant representation for the algebra of operators

along a timelike world line includes a representation of the algebra of operators π(Φ)11 and

unitaries,U, generated by the symmetry generators of the subregion (let’s call them gener-

icallyQ) associated to the worldline by timelike tube theorem. Note that this symmetry

generators will preserve the worldline but since we assumed the existence of an observer, we

will need to add operators that are associated with the observer itself. Following a minimal

model for the observer as a clock with a given rest mass,m, the only operator that needs to
10A general smearing of a quantum field would not map normalized states to normalized states because of

the OPE singularities of the quantum fields.
11This representation is a representation of operators of the theory on the specific code subspace that

includes the observer.
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be modified is the time translation operator. IfQt is one of the symmetry generators that

generate time translation along the worldline of the observer, the actual operator that acts

on the observer, generating time translations, has to be modified toQt + qob so that its spec-

trum is bounded from below bym. With the appropriate renormalization of the symmetry

generators, as discussed at the beginning of this subsection, the covariant representation

of the algebra of operators for an observer will be π(Φ) andU, generated by the symmetry

generators where the time translation generator is modified asQt + qob.

Following the timelike tube theorem, the operators π(Φ) associated with a time segment

on the worldline (or for an observer living at the boundary of one of the static patches) is

actually a type III1 von Neumann algebra. On the other, the algebra of operators generated

by π(Φ) andUwill be type II. Simply renormalizing the generators would result in a type

II∞ algebra but with the presence of an observer, the algebra will be type II1, because of the

bounded spectrum of the time translation generator.

Notice that the reason for the algebra associated, for example with the deSitter static

patch, is a type II1 algebra is different from the above argument. In [Chandrasekaran et al.,

2022a], with the addition of the observer to the deSitter patch the algebra is modified from

A0 (algebra of quantum fluctuations in the patch) toA0 ⊗ B(L2(R)), where B(L2(R)) is

the set of bounded functions of the observer’s Hamiltonian, hob ≥ m. The algebra of op-

erators associated with perturbative QG is the subalgebra that is invariant under the action

of the full symmetry generator h + hob, where h is the symmetry generator of deSitter that
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preserve the static patches12. This subalgebra will be composed of hob and

eipha0e−iph, ∀a0 ∈ A0, (5.22)

if p is the conjugate operator to hob. This set of operators is a type II1 algebra by Takesaki

duality.

To relate this algebra to the covariant representation given above, we use the timelike

tube theorem and claim thatA0 is the same as the algebra generated by π(Φ)’s and conju-

gating the set of operators {eipha0e−iph, hob} by e−iph would give the covariant representation

ofAob and the condition hob ≥ m transforms to h + hob ≥ m, which is the condition

satisfied byQt + qob for the covariant representation.

Thus we find that the covariant representation ofAob is the same as the algebra of opera-

tors for the deSitter static patch in perturbative quantum gravity. The same can also be said

for a subregion, which by the timelike tube theorem is associated to a proper time segment

of the observer’s worldline. But there is a subtlety here in that the subregion is not well de-

fined in perturbative QG because the spacetime fluctuates with fluctuations ofO(
√
GN),

in the same sense there is uncertainty ofO(
√
GN) in specifying a point in time along the

worldline, and so there is uncertainty in defining the segment.

5.5 Appendix: Covariance algebra

We will now introduce the definition of the covariance algebra and only state some of its

properties. We refer the reader to [Doplicher et al., 1966] for complete discussion.
12the operator h is in fact the modular Hamiltonian ofA0.
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We consider a C∗ algebraA and a locally compact groupG, which to simplify the writing

we assume to be Abelian, acting onA such that for every g ∈ G, there is a linear map ḡ :

a ∈ A → a(g) ∈ Awith the properties,

ab(g) = a(g)b(g) and a†(g) = a(g)† for a, b ∈ A (5.23)

that preserves the norm of a inA, |a| = |a(g)|. In other words the map preserves the group

structure ofA. It is also a linear map over complex numbers such that,

(αa+ βb)(g) = αa(g) + βb(g) for α, β complex numbers. (5.24)

Note that this furnishes a representation of the groupG in the automorphism group of

A, that is,

[a(g1)](g2) = a(g1 + g2) (5.25)

a(0) = a. (5.26)

In addition, the function a(g) is a continuous function of g ∈ G in the norm topology of

A.

We define the covariance algebra (A,G) as a set of all measurable functions, A, fromG

toA,

A : g ∈ G→ Ag ∈ A (5.27)

274



defined up to a measure zero and absolutely integrable set as long as,

|A|1 =
∫
|Ag|dg <∞, (5.28)

This means the function A is not necessarily exactly everywhere defined and dg is the Haar

measure onG. Note that the element A is not an operator inA, rather a function which

takes values inA. The product of A and B, elements of (A,G), is defined as follows,

(A.B)g =
∫

AuBg−u(u)du (5.29)

where Bg−u(u) is the image under the action of the automorphism group by u, of the el-

ement Bg−u; while the element Bg−u is just the image of B, an element of the covariance

algebra at g− u ∈ G. We define the adjoint of A as,

A†
g = A−g(g)† (5.30)

so that |A†| =
∫
|A−g(g)†|dg =

∫
|A−g|dg = |A|.

With these definitions of the adjoint and products of the elements of the covariance

algebra, it can be shown that it forms a Banach ∗− algebra. In section 3 of [Doplicher

et al., 1966] the representations of this algebra are shown to be in one to one correspon-

dence with the covariant representation ofA. This rather unfamiliar form for the covari-

ance algebra is discussed in the familiar form of crossed product algebra [Witten, 2021b,

Chandrasekaran et al., 2022b] whenA is a von Neumann algebra, in work by Takesaki

[Masamichi Takesaki, 1973].
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6
Conclusion

In summary, in chapter 3 we have shown that the proposed operation to reconstruct the

entanglment wedge, the Petz map, can be applied and explicitly computed in the case of

the AdS-Rindler wedge. We have demonstrated that the Petz map is equivalent to the the

AdS-Rindler reconstruction of the bulk operators. On the other hand, we have found that

for general entanglement wedges, the Petz map reconstruction is equivalent to the the bulk
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reconstruction proposed by [Jafferis et al., 2016b, Faulkner & Lewkowycz, 2017b] using

the modular Hamiltonian. An important future direction would be to continue the ex-

plicit Petz map reconstruction for more subtle regions as bulk duals of big disconnected

boundary subregions.

In addition, chapter 2 was mostly concerned with defining localized operators in the

CFT that commute with the algebra of operators in a small time band. The main obstacle

to defining these operators was addressed. In particular, explicit operators that commute

with the Hamiltonian constructed and an existence proof is given for operators that com-

mute with all operators in the time band. A small time band in boundary is dual to an an-

nular subregion of the bulk that is connected to the boundary. Therefore, these proposed

operators are dual to the bulk operators that are localized on the compliment subregion of

the annular region. These operators are natural candidates for local operators associated

with a bulk subregions in the presence of gravity. Therefore, an important future direc-

tion would be to study their algebraic properties of and check if it is possible to define a von

Neumann entropy for the subregions. An ambitious goal can also be to study a net of such

local algebras and study what that implies for perturbative quantum gravity in general, in

the sense of algebraic quantum field theory. On the other hand, this chapter seems to give

evidence for the existence of split states in perturbative quantum gravity and thus strictly

localized states. This implies a big steps towards answering whether localization of informa-

tion is possible in perturbative quantum gravity.

In chapter 4, we have studied the algebra of operators in the AdS-Rindler wedge, which

is dual to a spherically symmteric ball in the boundary. The algebra of of operators in the

subregions are generally type III1, due to the diverging entanglment between the subre-
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gion and its compliment. The origin this divergence can also be isolated from the bulk

dual perspective. We will consider the theory in the large N limit, where there a well de-

fined bulk geometry dual to the boundary subregion. In this limit, there are two sources of

divergences discussed in this chapter. These two divergences were regularized and renor-

malized to define a well behaved operator. This renormaliztion will improve the algebra of

operators to a more manageable one called type II∞, using what is called the cross product

construction. An interesting future direction is to study what this renormalized algebra im-

plies for this subregion in holographic CFTs, as in general this is expected to be a type III1

von Neumann algebra. Even though, we have used the cross product construction is used

in this chapter, its physical significance was not quite clear. In chapter 5, we have elaborated

that this construction equivalent to a covariant representation of an algebra. Therefore, it is

equivalent to extending the Hilbert space and implementing the symmetries of the algebra

by a unitary operators. It would be interesting to study what properties we can learn by im-

plementing more abstract symmetries like higher form and non-invertible symmetries on an

extended Hilbert space.
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