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Abstract

This Thesis is the final product of the work I have carried out in the last three
years of my PhD journey. The central topic of this manuscript is the astrophysical
observable known as the Cosmic Microwave Background (CMB) radiation, one of
the pillars on which our knowledge of the Universe is built. I will describe some of
the huge collective effort being carried out every day by the scientific community
in order to improve our understanding of the CMB and shed light on the mysteries
of Nature. Nowadays, the frontier of CMB science is represented by its polarised
signal, which contains crucial information about the very first phases of the history
of the Universe. In particular, current and future CMB experiments are focusing
on the hunt for primordial B-modes, a peculiar pattern thought to be induced by
gravitational waves in the primordial plasma, possibly generated by an inflationary
phase happened immediately after the birth of the Universe. Usually, this signal is
parametrised through the tensor-to-scalar ratio r.

The extraction of this very faint signal requires the crafting of extremely sensitive
instrumentation, with a complete control over experimental systematic, as well as a
full characterisation of the contamination due to the polarised emission of our Galaxy.
In this field, the instrumental state-of-art is represented by the Simons Observatory
(SO), a newly built CMB experiment located in Chile which is currently taking data of
the sky. I have been a member of the SO collaboration since 2023; in these years, I
participated to the development of the data analysis pipeline, whose main task is
to measure the primordial B-mode signal from the observed multi-frequency sky
maps. I contributed to the implementation of cosmological datasets from other CMB
experiments (Planck, WMAP, S-PASS) in the pipeline, in order to combine SO data
with external probes for an improved characterisation of the Galactic foregrounds.
Within the SO project, I have also contributed to the production of several sets
of simulations, which have been used both for the investigation of instrumental
systematics, and for the quantification of the uncertainties in the measurement of
the statistical properties of the CMB and of cosmological parameters.

The continuous improvement in experimental sensitivity will bring the community
closer to a potential detection of primordialB-modes. The measurement is extremely
challenging and the contaminating contributions could bias the inference of the
cosmological signal, possibly giving rise to a false detection. To avoid this scenario,
we should be prepared for it with a set of procedures aimed at rejecting or confirming
an eventual detection of primordial B-modes. Therefore, this kind of null tests is
becoming more important every year as our experiments get better and better. In
the last two years of my PhD, I worked on the development of robustness tests for
the detection of the tensor-to-scalar ratio from CMB observations, to be applied
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in current and future CMB experiments. I studied the possibility of using higher-
order statistics, like Minkowski functionals and scattering transform statistics, to
determine if a potential B-modes detection is contaminated by Galactic foregrounds
or systematics. I used scattering transforms to build and provide to the community a
working robustness test methodology applicable to current and future experiments,
which represents a step forward in the measurement of primordial inflation.



v

Contents

List of publications associated to the Thesis ix

Introduction 1

I Cosmology: Theory and Observations 5

1 The concordance model of Cosmology 11
1.1 General Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.2 The ΛCDM model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.1 Thermal history of the Universe . . . . . . . . . . . . . . . . . 24
1.3 The inhomogeneous Universe . . . . . . . . . . . . . . . . . . . . . . 29

1.3.1 Scalar-vector-tensor decomposition . . . . . . . . . . . . . . 29

2 Cosmic inflation 37
2.1 Inflation as a scalar field . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.2 Inflationary perturbations . . . . . . . . . . . . . . . . . . . . . . . . 43

2.2.1 Scalar perturbations . . . . . . . . . . . . . . . . . . . . . . . 44
2.2.2 Tensor perturbations . . . . . . . . . . . . . . . . . . . . . . . 46

2.3 Models of inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3 The Cosmic Microwave Background 51
3.1 From the primordial plasma to the CMB . . . . . . . . . . . . . . . . 52
3.2 Main features of the CMB . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3 CMB anisotropies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.3.1 Temperature anisotropies . . . . . . . . . . . . . . . . . . . . 55
3.3.2 Polarisation anisotropies . . . . . . . . . . . . . . . . . . . . . 57
3.3.3 CMB secondary anisotropies . . . . . . . . . . . . . . . . . . 64

3.4 The CMB angular power spectrum . . . . . . . . . . . . . . . . . . . 65
3.5 Observing the CMB . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.5.1 Past experiments . . . . . . . . . . . . . . . . . . . . . . . . . 74



vi Contents

3.5.2 Current / active experiments . . . . . . . . . . . . . . . . . . 75

3.5.3 Future experiments . . . . . . . . . . . . . . . . . . . . . . . 76

4 Foregrounds as a contaminant to CMB observations 77

4.1 Inventory of the contaminants . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Polarised foregrounds . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.2.1 Synchrotron . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.2.2 Thermal dust . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.2.3 Point sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.3 Component separation . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3.1 ILC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.3.2 NILC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.3.3 MC-NILC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.4 Simulating the contaminated sky . . . . . . . . . . . . . . . . . . . . 90

4.4.1 Dust . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.4.2 Synchrotron . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

II Looking at the sky with the Simons Observatory 93

5 The Observatory 97

6 External data for the SO 103

6.1 External data preprocessing . . . . . . . . . . . . . . . . . . . . . . . 105

6.1.1 Downgrading . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.1.2 Coordinates transformation . . . . . . . . . . . . . . . . . . . 109

6.1.3 Masking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.1.4 Additional splits building for WMAP . . . . . . . . . . . . . . . 111

6.2 External data characterisation . . . . . . . . . . . . . . . . . . . . . . 112

7 Simulations 119

7.1 Covariance estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.2 Transfer function estimation . . . . . . . . . . . . . . . . . . . . . . . 123

III The B-sure project: robustness tests for primordial B-modes 127

8 The need for robustness tests in CMB science 129

8.1 The BICEP accident . . . . . . . . . . . . . . . . . . . . . . . . . . . 130



Contents vii

9 How to build a robustness test 133
9.1 Input sky simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
9.2 Component separation . . . . . . . . . . . . . . . . . . . . . . . . . . 141
9.3 Likelihood . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
9.4 Reference Gaussian simulations . . . . . . . . . . . . . . . . . . . . 148

9.4.1 CMBtens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
9.4.2 FGgauss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

9.5 Minkowski functionals . . . . . . . . . . . . . . . . . . . . . . . . . . 151
9.6 Scattering transform statistics . . . . . . . . . . . . . . . . . . . . . . 156
9.7 Compatibility analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 161

9.7.1 For Minkowski functionals . . . . . . . . . . . . . . . . . . . . 162
9.7.2 For ST coefficients . . . . . . . . . . . . . . . . . . . . . . . . 164

10 Results of the tests characterisation 167
10.1 Minkowski functionals test . . . . . . . . . . . . . . . . . . . . . . . . 167
10.2 Scattering transform test . . . . . . . . . . . . . . . . . . . . . . . . . 173

IV Conclusions 183

11 Some final words 185

List of acronyms 189

List of Figures 190

List of Tables 199

Bibliography 227





Ai miei Genitori,
e a mia Moglie





xi

List of publications associated to
the Thesis

1. C. Ranucci, S. Pierre, L. Vacher, A. Carones, N. Krachmalnicoff, E. Allys,
J.-M. Delouis, P. Campeti, G. Puglisi, and C. Baccigalupi, "B-sure. Part II. Scat-
tering transforms as robustness test for tensor-to-scalar ratio detection from
CMB observations". Submitted to: Journal of Cosmology and Astroparticle
Physics, September 2026. arXiv: 2609.17531 [astro-ph.CO].

2. The SO Collaboration, "The Simons Observatory: forecasted constraints on
primordial gravitational waves with the expanded array of Small Aperture
Telescopes". Published in: Journal of Cosmology and Astroparticle Physics,
April 2026. DOI: 10.1088/1475-7516/2026/04/051.
arXiv: 2512.15833 [astro-ph.CO].

3. C. Ranucci, A. Carones, L. Vacher, N. Krachmalnicoff, and C. Baccigalupi, "B-
sure. Part I. Minkowski functionals as robustness test for tensor-to-scalar ratio
detection from CMB observations". Published in: Journal of Cosmology and
Astroparticle Physics, January 2026. DOI: 10.1088/1475-7516/2026/01/045.
arXiv: 2510.18868 [astro-ph.CO].

4. The SO Collaboration, "The Simons Observatory: science goals and fore-
casts for the enhanced Large Aperture Telescope". Published in: Journal of
Cosmology and Astroparticle Physics, August 2025.
DOI: 10.1088/1475-7516/2025/08/034. arXiv: 2503.00636 [astro-ph.IM].

5. L. Vacher, A. Carones, J. Aumont, J. Chluba, N. Krachmalnicoff, C. Ranucci,
M. Remazeilles, A. Rizzieri, "How bad could it be? Modelling the 3D complex-
ity of the polarised dust signal using moment expansion". Published in: As-
tronomy and Astrophysics, May 2025. DOI: 10.1051/0004-6361/202453066.
arXiv: 2411.11649 [astro-ph.CO].

https://arxiv.org/abs/2609.17531
https://doi.org/10.1088/1475-7516/2026/04/051
https://arxiv.org/abs/2512.15833
https://doi.org/10.1088/1475-7516/2026/01/045
https://arxiv.org/abs/2510.18868
https://doi.org/10.1088/1475-7516/2025/08/034
https://arxiv.org/abs/2503.00636
https://doi.org/10.1051/0004-6361/202453066
https://arxiv.org/abs/2411.11649




1

Introduction

The field of observational Cosmology focus on the understanding of the structure,
content, and history of our Universe, by harvesting this information from obser-
vational data. During the last century, humanity has been able to accumulate an
enormous amount of data, which ultimately led to the shape of the concordance
model of Cosmology, dubbed the Λ Cold Dark Matter (ΛCDM). This model is a
beautiful and minimal phenomenological description of the ∼ 14 billion of years of
evolution of the Universe, from a few seconds after its beginning until our days, and
even a little into the future. The quantity of data at our disposal allowed us to enter
the "precision Cosmology" era, enabling the measurement of the ΛCDM parameters
to percent accuracy.

Nonetheless, human beings never stop to ask themselves questions, and many
secrets still awaits to be uncovered. Perhaps one of the most fascinating mystery
is the origin of our Universe: how did everything start? The search for this answer
is one of the frontiers tackled by observational Cosmology today, and it also is
the main topic that will be faced in this Thesis. In particular, I will focus on the
observable known as the Cosmic Microwave Background (CMB), one of the richest
trove of information the sky can offer. It is the oldest light that we can observe from
Earth, being the detectable remnant of the Universe when it was in its primeval
form, a very hot and dense plasma made of photon and baryons. Many physical
theories suggest the presence of a very faint signal hidden in the polarised signal of
the CMB, called the primordial B-mode signal. It is thought to carry crucial clues
on the unknown inflationary phase (or cosmic inflation), a theorised brief epoch
during which the Universe underwent through an exponential expansion, stretching
quantum fluctuations to macroscopic scale.

The measurement of the faint primordial B-modes is one of the major targets of
current and future microwave instrumentation. The state-of-the-art is represented
by the Simons Observatory (SO), a newly built experiment situated in the Atacama
desert of Chile. The SO is currently observing the sky, gathering data with the
most refined telescopes ever built for CMB science. I have been a member of
the SO Collaboration since the start of my PhD, where I mostly contributed to the
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characterisation of Galactic and extra-Galactic foregrounds, which represent some
of the main contaminations of CMB observations. Our own Galaxy prevents us from
having a clear look at the microwave sky, with dust grains and relativistic electrons
emitting in the same range of frequencies as the CMB photons. The combination
of SO observations with external data from other microwave experiment is very
useful for characterising Galactic foregrounds and for their subtraction or mitigation,
necessary in order to have a "cleaned" view of the CMB.

The physics of Galactic foregrounds is so complex that only a certain amount
of mitigation can be achieved. It is not possible to completely remove them from
microwave sky maps, and residuals contamination will always be present. Even if
very small, the foregrounds leftover has a level comparable to the primordial B-mode
signal, and their presence is able to hinder the extraction of the cosmological signal
and, even worse, can lead to a false detection, which has already happened in
recent years. To tackle this problem, in the last two years of my PhD I worked on
the development of robustness tests apt at the rejection of an eventual detection
of primordial B-modes, when the measurement is contaminated by the presence
of Galactic foreground residuals left by the cleaning procedure. To this purpose
I explored mathematical tools sensitive to the specific features characterising the
foregrounds emission, which are different from the pure CMB. I employed summary
statistics like Minkowski functionals (MFs) and scattering transforms (ST) to build ro-
bustness tests able to warn us about possible bias in the estimation of cosmological
parameters.

The Thesis is organised in three major Parts. In Part I I provide a general
introduction to the modern picture of Cosmology, with a particular focus on my
research interests. The starting point is the theory of General Relativity, which is
combined with decades of celestial observations to build the concordance model of
Cosmology that we have today. I present the major milestones accomplished by
human beings in the quest to understand the history and content of our Universe,
together with the remaining mysteries and the challenges we have to overcome
to solve them. Chapter 3 is dedicated to the CMB radiation, where I describe its
properties and the amount of crucial information we can extract from it. Chapter 4 is
dedicated to Galactic foregrounds and their role in CMB observations.

Part II focuses on the Simons Observatory, spanning from the experimental
capability of the project, to my role in the Collaboration. In particular, I report
my contributions in chapters 6 and 7: the former presents the characterisation of
datasets coming from other CMB experiments, in order for them to be combined
with SO observations; the latter describes the several types of sky simulations that I
have produced for the instrument characterisation, and for the validation and testing
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of the B-modes data analysis pipeline.
Part III presents the other main project I carried out during my PhD, focused on

the development of robustness tests for the detection of primordial B-modes. At first
I describe why such an effort is needed in this historical moment, and then I present
the (simulated) experimental setup I adopted for the analysis, and the mathematical
tools explored to build such robustness tests.

Finally, I give a summary of the Thesis and draw some conclusions in Part IV,
also providing insights on the road ahead and the challenges that awaits to be
faced.

Throughout the manuscript I will adopt natural units c = kB = ℏ = 1 unless
otherwise stated, where c is the speed of light in vacuum, kB is the Boltzmann
constant, and ℏ is the reduced Planck constant.
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Part I

Cosmology: Theory and
Observations
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Cosmology is one of the most ancient branches of science, naturally arising
from some of the primitive questions that human beings started to pose themselves:
Where do we come from? Where are we going? Why are we here? Ancient
civilisation would look at the sky, trying to provide answers to existential doubts
through the fabrication of myths and tales. But they would also interrogate them-
selves on the mechanics of celestial objects, with the example of the Greco-Roman
philosopher Claudius Ptolemy proposing the earliest form of a cosmological model,
the geocentric system, in the 2nd century AD. This was the very primitive form of
Cosmology, intended as the study of the "cosmos" and Nature as a whole.

Modern Cosmology is the scientific evolution of the ancient Cosmology, and its
goal is to answer the same doubts we had thousands of years ago, but with the
power of mathematics and physical laws. It concerns the study of the history of
the Universe, when and how it began, its content and structure, and its ultimate
fate. The birth of modern Cosmology is intrinsically linked to the development
of General Relativity (GR), the theoretical framework describing the gravitational
field as the interconnection between the matter content and the geometry of the
Universe. The theory sets the foundation to interpret the experimental discoveries
of the last century, leading to the consolidation of the nowadays concordance model
of Cosmology, called the Λ Cold Dark Matter (ΛCDM).

The ΛCDM framework is just an evolved form of the earlier hot Big Bang model,
built upon a series of critical experimental evidences known as "observational
pillars". The story starts in 1917, when Albert Einstein used the field equations of
GR to derive a cosmological model [68] describing a static (not contracting and not
expanding) Universe, containing uniformly distributed matter and a balance term
Λ, named the cosmological constant. This extra quantity was manually added by
Einstein in order to preserve the idea of a static Universe, which was the generally
accepted idea at the time. A Universe filled only with matter would have rapidly
collapsed under its own gravitational attraction, unless counteracted by a repulsive
force provide by the Λ term. At the time, Einstein did not recognise the underlying
instability of this model if small perturbations are introduced.

The first groundbreaking cosmological discovery happened in 1929, when Edwin
Hubble and Milton Humason measured the distance and radial velocity of nearby
galaxies (at the time, just "nebulae") through spectroscopic observations with the
telescope of Mount Palomar. They found a positive linear correlation between
distances and velocities of these galaxies [110]: larger the distance, larger the
velocity. Moreover, the positive sign of the measured velocities means that nearly
all the observed objects are receding with respect to the Earth. This discovery
was totally clashing with the at the time predominant idea of a static Universe,
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and it ignited years of discussions aimed at its explanation. The key of the puzzle
was to consider the expansion of the Universe, already proposed by Alexander
Friedman [79] and Georges Lemaître [119] years before Hubble and Humason’s
measurement1: each object is receding from the others because of the continuos
expansion of spacetime.

This prompted decades of debates about the origin and dynamics of the Uni-
verse, mainly between two contrasting pictures: the steady state model and the Hot
Big Bang model. In the former, continuos matter creation was invoked to maintain a
constant density of the Universe, exactly balancing the expansion rate and subject
to instability in a similar way to the original Einstein’s proposal. In the latter, the Uni-
verse has been expanding since its beginning, starting from an initial high-density
state [120].

The accidental discovery of the Cosmic Microwave Background (CMB) radiation
in 1964 by Arno Penzias and Robert Wilson [155] (and physically interpreted by
Robert Dicke’s group [60]) provided the experimental evidence favouring the Hot
Big Bang model2, with these detected photons being the remnants of a primordial
Universe in thermal equilibrium (also called "primordial fireball").

The CMB measurement was also helpful to corroborate the Big Bang nucleosyn-
thesis (BBN) theory, outlined some years before by Ralph Alpher, Hans Bethe, and
George Gamow in the famous αβγ paper of 1948 [13]. During the last decades,
the theory has been able to successfully explain the primordial abundances of light
elements (hydrogen, helium, deuterium, with some caveats on lithium) and how they
could have been generated during the first ∼ 20 minutes of the Universe, based
only on the Big Bang hypothesis and on the knowledge of the reaction rates of these
nuclear processes.

The most recent observational breakthrough is represented by the discovery
of the accelerated expansion of the Universe reported in 1998 and 1999 by two
independent research teams led by Adam Riess [183] and Saul Perlmutter [156]. In
experiments similar to the one of Hubble and Humason, they built a cosmological
distance ladder by measuring the redshift and luminosity of different so-called
"standard candles", as Cepheids and type Ia supernovae, in order derive information
on cosmological parameters from measurements of the local Universe. They
found direct evidences for our Universe to be in a phase of accelerated expansion,
with supernovae being fainter than expected for a standard flat Universe. This
contrasted with the idea of gravitational interaction slowing down the expansion of
the Universe, and led to the acceptance of the mysterious dark energy (in the form of

1Actually, Lemaître experimentally discovered the expansion of the Universe years before Hubble.
2Even if Penzias and Wilson measured the radiation at just one wavelength. The full confirmation

arrived years later with the mapping of the blackbody spectrum.
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a cosmological constant Λ) as the dominant component of spacetime, contributing
to ∼ 68% of the total energy density budget.

These observational pillars now constitute the foundation of modern Cosmology
and of the concordance cosmological model, where different physical components
drive the dynamics of the Universe, interacting between each other in the theoretical
framework of General Relativity. Nonetheless, many mysteries still awaits to be
uncovered, and for this, many challenges need to be faced. In the following of this
Part, I will describe some of these frontiers, with a focus on the ones I worked on
during my PhD.
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Chapter 1

The concordance model of
Cosmology

In this chapter, I will describe the ΛCDM model starting from the mathematical
framework behind it, represented by General Relativity. I will then move to the appli-
cations of this formalism to our Universe and to the different observed phenomena
driving the shape of the concordance model. The inflationary paradigm will also
be described as an extension of the ΛCDM scenario. Hereafter, I will employ the
Einstein notation, meaning that repeated indices are summed, and the (−,+,+,+)
metric signature is adopted.

1.1 General Relativity

General Relativity (GR) is the geometric theory describing gravitational interac-
tions in our Universe. It thus constitutes the first building block of the theoretical
framework upon which the majority of the cosmological models are constructed, by
explaining the dynamics of the Universe depending on its content, at given times.
All the other physical interactions are usually neglected when we talk about the
Universe as a whole. Strong and weak interactions are only important on very
small scales (≲ 10−15 m). Moreover, the Universe appears to be neutral on average,
meaning that electromagnetic forces can not play a role in the large-scale dynamics
of the Universe. Thus, GR can be considered as the only relevant long-range forces,
neglecting individual particles and focusing only on the collective average behaviour
of matter, which can be described by statistical mechanics. In other words, Cos-
mology can be thought as the application and combination of two equations, the
Einstein equations for gravity and the Boltzmann equations for matter and radiation.

In the following I will discuss the most important GR notions needed for the
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development of the Thesis, omitting many interesting mathematical and technical
points. I refer the reader to other sources [145, 214, 62, 75] for complete and
pedagogical descriptions of GR.

The starting point is the definition of the metric. The metric takes two infinites-
imally close points in space (or spacetime) defined in some arbitrary coordinate
system, and returns the actual physical distance between them. This physical
distance is an invariant, in the sense that two observers in different coordinate sys-
tems will measure the same distance. Thus, the metric turns observer-dependent
coordinates into invariants. For the usual Cartesian coordinate system in a 2D
plane, the distance between two points

(
x1, x2) separated by dx1 and dx2 is given

by the familiar Pythagorean theorem:

ds2 =
∑

i,j=1,2
gijdxidxj =

(
dx1

)2
+
(
dx2

)2
, (1.1)

where the metric gij in this case is simply the identity matrix 1:

gij
Cartesian=

(
1 0
0 1

)
= 1 . (1.2)

If we instead consider polar coordinates (r, θ) in the same 2D plane, the distance
between two points separated by dr and dθ will be

ds2 = gijdxidxj = (dr)2 + r2 (dθ)2 , (1.3)

where the metric gij is now

gij
polar=

(
1 0
0 r2

)
. (1.4)

Both forms of the metric describe the same space, a 2D plane, and the distance
they provide is the same.

If we now move to a four-dimensional spacetime, comprising three spatial
coordinates and one time coordinate, the invariant includes time intervals:

ds2 = gµνdxµdxν , (1.5)

where the first coordinate is time-like (x0 = t) and the other three are spatial
coordinates. gµν is symmetric, so it has four diagonal and six independent off-
diagonal components. The interval ds2 is also called proper time, and again,
different observers will measure this very same quantity, no matter the coordinate
system. One of the good reasons to use the metric is that it naturally describes
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curved spacetimes. In this framework, instead of considering gravity as an external
force acting on particles, it can be included in the metric with particles that now move
freely in curved spacetimes. This is just a simple way to think of the geometrisation
of gravity. The underlying principle is the general covariance realised by Einstein
more than a century ago: an observer in a uniform gravitational field makes exactly
the same measurements as one in an accelerated reference frame. Special relativity
is described by the ηµν metric, a simpler form of the general metric:

gµν = ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (1.6)

This is the metric implicitly used to derive the equations of electromagnetism. It
describes a spacetime that is not curved. In Minkowski space, particles travel in
straight lines unless they are acted on by a force. In a curved space, particles travel
along a geodesic, the shortest path (or extremal path) between two points. In GR,
this is the path followed by a particle in the absence of any forces apart from gravity.
The geodesic equation can be derived as a generalisation of Newton’s law with no
forces, accounting for general coordinate systems and spacetimes, obtaining

d2xµ

dλ2 + Γµ
αβ

dxα

dλ
dxβ

dλ = 0 , (1.7)

where λ is an affine parameter which monotonically increases along the particle’s
path, since time is now one of the coordinates and can not be used as the evolution
parameter. In the above equation I also introduced the Christoffel symbols Γµ

αβ (or
Levi-Civita connection coefficients, or affine connection coefficients), which play
here the same role as the Newtonian gravitational field. The Christoffel symbols are
directly linked to the geometry of spacetime, as they can be derived using only first
derivatives of the metric:

Γµ
αβ = 1

2g
µν (gαν,β + gβν,α − gαβ,ν) , (1.8)

where the comma indicates the derivative with respect to the coordinate gαν,β ≡
∂gαν/∂x

β. They are symmetric in the lower indices α and β. Thus, the geodesic
equation is the generalised version of Newton’s law of motion, where the left-hand
side represent the acceleration of a particle. The motion of a particle is then
completely specified by the metric describing the curvature of the spacetime, which
in turn depends on the spacetime content. This relation is condensed into the



14 1. The concordance model of Cosmology

Einstein equations:
Gµν + Λgµν = 8πGTµν , (1.9)

where Gµν is the Einstein tensor, defined as

Gµν ≡ Rµν − 1
2Rgµν , (1.10)

Rµν is the Ricci tensor

Rµν = Γα
µν,α − Γα

µα,ν + Γα
µνΓβ

αβ − Γα
µβΓβ

αν , (1.11)

and its contraction R ≡ gµνRµν is the curvature scalar (or Ricci scalar). On
the right-hand side of eq. (1.9), Tµν is the stress-energy (or energy-momentum)
tensor, describing the energy contributions from the constituents of the spacetime.
The remaining Λ term is the cosmological constant, an additive term allowed by
Einstein equations. It can also be moved to the other side of the field equations
by incorporating it into the stress-energy tensor as TΛ

µν = − (Λ/8πG) gµν . The 8πG
factor allows for the recovery of the usual Newtonian theory of gravity in the weak
field or low-velocity limits. The Einstein equations are tensor equations relating a set
of symmetric 4 × 4 tensors, where each tensor has 10 independent components.
The four Bianchi identities (not reported here) can be used to reduce the number
of independent equations from 10 to 6, leaving the metric with four gauge-fixing
degrees of freedom corresponding to the freedom to choose a coordinate system.
One of this constraints is the local conservation of energy and momentum (or
continuity equation), which reads

∇νT
µν = ∂Tµν

∂xν
+ Γµ

νβT
βν + Γν

νβT
µβ = 0 . (1.12)

The Einstein tensor Gµν is the simplest symmetric tensor able to relate the geometry
of a spacetime (gµν) with its energetic content (Tµν), while also satisfying the energy-
momentum conservation law. Thus, the left-hand side of the Einstein equations
is a function of the metric, while the right-hand side depends on the content of
the spacetime; the Einstein equations are the connection between the two. The
solution of the Einstein equations is a metric, which then is plugged into the geodesic
equations in order to know the evolution of a particle in a spacetime curved by its
content through the stress-energy tensor.

This very brief introduction to the GR formalism I laid down in this section is
enough to explain, model, and predict a huge amount of physical phenomena, with
the majority of them being observed after the birth of GR and thus categorised as
"confirmations" of the theory. Some of them include the passage of time, the geom-



1.2 The ΛCDM model 15

etry of space, the motion of bodies in free fall, the propagation of light, gravitational
time dilation, gravitational lensing, gravitational redshift of light, the Shapiro time
delay, singularities and black holes, gravitational waves. So far, remarkably, all tests
of GR have been in agreement with the theory. Last but not least, GR provides
the foundation of the concordance model of Cosmology, which we discuss in the
following section.

1.2 The ΛCDM model

As already introduced before, the flat Λ Cold Dark Matter (ΛCDM) is nowadays con-
sidered as the concordance model of Cosmology, being the simplest, most minimal,
and easily interpretable description of our Universe. It is a phenomenological model,
meaning that the majority of its structure has been invoked "a posteriori" in order to
explain puzzling observed phenomena, rather than predicting them with an "a priori"
approach. Examples are the dark matter and dark energy components, which now
play a major role in the cosmological landscape but have been included only to
mitigate the lack of explanation for several observations. Nonetheless, the ΛCDM
model possesses solid theoretical foundations, provided by physical theories, which
have been able to explain and also predict some of the most crucial phenomena
observed in the last century. It relies on GR as the underlying theory of gravity
explaining the dynamics of the Universe.

The basic assumption for the construction of the flat ΛCDM model is the cos-
mological principle, which states that at sufficiently large scales, the properties of
the Universe are the same for all observers, no matter where we are and where
we look [123]. More technically, it implies that the Universe is homogeneous and
isotropic on very large scales. Homogeneity means that the density of the Universe
is approximately constant at all positions, while isotropy means that there is no
preferred direction. In other words, a homogeneous Universe is invariant under
translations, and an isotropic Universe is invariant under rotations. Isotropy implies
homogeneity, but a homogeneous Universe could be anisotropic. Philosophically,
the cosmological principle is a formal request by cosmologists for the observable
Universe to be a fair representation of the unseen, unknown Universe, and that the
same physical laws apply throughout it1. The cosmological principle seems to be
verified by observations of the large-scale structure of the Universe, even if it still
questioned and open for debate.

The other building block of the ΛCDM model is the consideration of an expanding

1Karl Popper is one of the philosophers that have criticised the cosmological principle, stating "it
makes our lack of knowledge a principle of knowing something" [116].
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Figure 1.1. Expansion of the Universe. The comoving distance between points x1, x2 on a
grid remains constant as the Universe expands. The physical distance is proportional to
the comoving distance times the scale factor a(t). Figure taken from [62].

Universe: if the Universe is homogeneous and isotropic as per the cosmological
principle, then distances between points are not fixed, but they become larger with
time, as the spacetime stretches. As I briefly sketched at the beginning of this
Part, the idea of a static Universe was already criticised by theoretical cosmologists
for instability reasons, favouring the idea of a spacetime in continuos expansion
[79]. The measurements of receding galaxies made by Lemaître [119], Hubble, and
Humason [110] was the experimental evidence of the expansion of the Universe.
They also registered the positive correlation between distances d and velocities v of
the galaxies, known as the Hubble-Lemaître law:

v = H0d , (1.13)

where H0 is the proportionality factor of the relation, dubbed the Hubble constant.
The effect of the expansion can be encapsulated in a dimensionless, time-dependent
scale factor a, which is conventionally set to 1 at present time, and it was smaller
in the past. If we consider two points on a grid in space that evolves with time as
in figure 1.1, we see that their comoving distance (measuring differences between
coordinates) remains the same, while the physical distance changes with time,
through the scale factor. A comoving frame is a coordinate system that follows the
expansion of the Universe, with the time t called the comoving or cosmic time. The
age of the Universe at present time is indicated by t0. Another useful time variable
usually adopted in Cosmology is the conformal time (or conformal horizon), related
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to the cosmic time t through the scale factor a:

dτ = dt
a(t) → τ =

∫ t∗

0

dt
a(t) . (1.14)

This is the maximum distance a photon can travel from the beginning of time
until t∗. We will indicate derivative with respect to the cosmic time with overdots
(∂x/∂t = ẋ), while derivatives with respect to conformal time are expressed with
primes (∂x/∂τ = x′).

A direct consequence of the expansion is that the physical wavelength of light
emitted from a distant object is stretched out proportionally to the scale factor; the
observed wavelength is larger than the one at which the light was emitted. This
stretching factor is usually defined as the redshift z:

z ≡ λobs − λemit

λemit
= λobs

λemit
− 1 ⇒

⇒ 1 + z = λobs

λemit
= aobs

aemit
= 1
aemit

.

(1.15)

Following the convention on the scale factor, redshift is z = 0 at present time and it
is larger in the past.

In a flat (Euclidean) space, the comoving distance between two points is r =√
x2

1 + x2
2 + x2

3, where the metric is the same we discussed in eq. (1.1) but with
a third spatial dimension gij = 1 = diag(1, 1, 1). If each coordinate is expanding
proportionally to the scale factor, the physical distance becomes:

d(t) =
√

[a(t)x1]2 + [a(t)x2]2 + [a(t)x3]2 = a(t)
√
x2

1 + x2
2 + x2

3 = a(t)r ,

with a(t = t0) = a0 ≡ 1 ,
(1.16)

where the metric now includes the background expansion through the scale factor

gij =


a2(t) 0 0

0 a2(t) 0
0 0 a2(t)

 = a2(t)


1 0 0
0 1 0
0 0 1

 = a2(t)1 . (1.17)

The velocity is just the derivative of the distance, being

v(t) = ḋ(t) = ȧ(t)r + a(t)ṙ = ȧ(t)r , (1.18)

where ṙ = 0 as the comoving distance does not depend on time. If we introduce the
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Hubble parameter (or Hubble rate)

H(t) ≡ 1
a(t)

da(t)
dt = ȧ(t)

a(t) , (1.19)

we can rewrite the velocity as

v(t) = ȧ(t)r = H(t)a(t)r = H(t)d(t) . (1.20)

Looking at nearby galaxies (t ∼ t0), we are able to retrieve the empirical Hubble-
Lemaître law:

H(t ≃ t0) ≃ H0

v(t ≃ t0) = H0d .
(1.21)

The Hubble parameter quantifies how rapidly the scale factor changes, and its value
at present time is, again, the Hubble constant. Thus, the combination of cosmo-
logical principle and expansion of the Universe alone already gives a fundamental
prediction which can be experimentally tested.

Moving to a four-dimensional flat spacetime, the metric need to also consider
the time coordinate:

gµν =


−1 0 0 0
0 a2(t) 0 0
0 0 a2(t) 0
0 0 0 a2(t)

 , (1.22)

which leads to the following invariant interval

ds2 = −dt2 + a2(t)
(
dx2

1 + dx2
2 + dx2

3

)
. (1.23)

If then we allow for the spacetime to be curved and not simply flat any more, and we
consider polar coordinates (i.e., a spherical comoving reference frame in spacetime),
the metric assumes the shape

ds2 = −dt2 + a2(t)
( 1

1 − κr2 dr2 + r2 dθ2 + r2 sin2 θ dϕ2
)

(1.24)

where (t, r, θ, ϕ) is the set of coordinates adopted. This is known as the Friedmann-
Lemaître-Robertson-Walker (FLRW) metric, which is the most general metric de-
scribing a homogeneous and isotropic expanding spacetime, thus satisfying the
cosmological principle. The κ = 1/R2

0 parameter specifies the curvature of the
spacetime:

• κ = 0 is the flat (or Euclidean) Universe we already examinated. Two free
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particles travelling parallel to each other will continue to travel on parallel
trajectories. In the ΛCDM model, spacetime is flat;

• κ > 0 describes a closed (or spherical) Universe, where the initially parallel
trajectories will gradually converge;

• κ < 0 describes an open (or hyperbolic) Universe, where the parallel paths
will diverge.

R0 is the curvature radius of the Universe at t0. The value of κ, and thus the
geometry, is determined by the total energy density in the Universe. If the density is
higher than a critical value (approximately 10−29 g cm−3), the universe is closed; if
the density is lower, it is open. For the Universe to be flat, the energy density has to
be precisely equal to the critical one, which is absolutely unlikely to happen. Yet,
this is actually what current observations are suggesting, leading to the adoption of
a flat spacetime for the ΛCDM scenario. The inflationary mechanism (discussed in
chapter 2) provides a possible explanation of this fact.

We now move to discussing the implications of the cosmological principle on the
content of an expanding Universe. The cosmological principle actually places strong
constraints on the behaviour of matter, radiation, and other components. These
fluids filling the Universe must be perfect fluids, meaning they can not have any flux
on large scale, as it would break isotropy by selecting a preferred direction. They
have isotropic pressure, no shear, no viscosity, and no heat conduction. Considering
a perfect fluid at rest in the comoving frame, with four-velocity uµ = (1, 0, 0, 0), its
stress-energy tensor is restricted to take the form:

Tµν =


ρ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 , (1.25)

where ρ and P are the energy density and pressure of the fluid, respectively. The
relation between these two quantities is called equation of state, expressed as

P = w(t)ρ , (1.26)

where w(t) (or w(a)) is the equation of state parameter, different for each component
contained in the Universe, and which in general can be time-dependent. The time
evolution of the components of the stress-energy tensor can be derived by working
out the conservation of energy and momentum of eq. (1.12), which is a set of four
equations. Applying the first equation ∇µT

µ0 to an expanding Universe described
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by the FLRW metric, we find

∂ρ

∂t
+ 3 ȧ

a
(ρ+ P ) = 0 ,

∂ρ

∂t
+ 3H [1 + w(t)] ρ = 0 .

(1.27)

Integrating this equation, we get the evolution of any constituent, which reads:

ρ(a) = ρ0 exp
{

−3
∫ a [

1 + w
(
a′)] da′

a′

}
. (1.28)

If the equation of state parameter does not depend on time w(a) = w, the above
equation simplifies to

ρ(a) = ρ0a
−3(1+w) . (1.29)

The equation of state parameter then completely specifies the time evolution of a
fluid present in the Universe for the specific cosmological model, and for each of
the several components it can be inferred through thermodynamics and statistical
physics arguments.

We are now able to work out the explicit form of the Einstein equations for a
perfect fluid in an expanding Universe, assuming the general (curved) FLRW metric
as an ansatz. If we insert the stress-energy tensor of eq. (1.25) into eq. (1.9), we
obtain what are known as the first and second Friedmann equations (or Friedmann-
Lemaître equations):

H2 =
(
ȧ

a

)2
= 8πG

3 ρ− κ

a2

ä

a
= H2 + Ḣ = −4πG

3 (ρ+ 3P )
(1.30)

where H is the Hubble parameter already defined in eq. (1.19), ρ =
∑

s ρs and
P =

∑
s Ps are the total energy density and pressure from all the components s,

and κ is the curvature parameter introduced in eq. (1.24). These equations can
be solved to obtain the evolution of the scale factor as a function of time a(t), and
thus the evolution of the Universe. Incidentally, the combination of the first and
second Friedmann equations gives back the energy and momentum conservation
of eq. (1.27).

If we introduce the critical density ρcr and the density parameter Ωs for each
component s as

ρcr ≡ 3H2
0

8πG ⇒ Ωs = ρ0s

ρcr
(1.31)
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the first Friedmann equation can be recast in a more compact and intuitive form:

(
H

H0

)2
= 8πG

3H2
0

∑
s

ρ0sa
−3(1+ws) − κ

H2
0
a−2

=
∑

s

Ωsa
−3(1+ws) ,

(1.32)

where we explicitly wrote the densities time evolution, and we defined a density
parameter also for the curvature as Ωκ = −κ/H2

0 , which can be seen as an
additional fluid with an equation of state parameter wκ = −1/3. Evaluating the
above equation at present time (a = a0 = 1 and H = H0), we get a constraint for
the different parameters

Ω =
∑

s

Ωs = 1 , (1.33)

which provides an interpretation of the density parameter as the contribution per-
centage of each component to the cosmic energy budget.

Friedmann equations describe the dynamics of the homogeneous Universe.
If a single component is present (or dominant over the other components), the
equations can be integrated to obtain the evolution of the scale factor as a function
of time and equation of state parameter w ̸= −1:

a(t) ∝ t
2

3(1+w) . (1.34)

In the flat ΛCDM scenario, the Universe is populated with the following landscape
of constituents:

• Baryons and dark matter: "baryons" is the very general word used by
cosmologists to address massive particles present in the Standard Model
of particle physics. It usually refers to all the ordinary, visible matter in the
Universe which emits measurable electromagnetic signals. This includes
everything made of protons, neutrons, and electrons, such as stars, planets,
interstellar gas, etc. The baryons abundance is constrained by two indepen-
dent probes: the Big Bang Nucleosynthesis (BBN) [53] and the CMB [166].
These two very precise measurements agree on the baryons density being
just Ωb ∼ 0.05, 5% of the total density budget of the Universe. With this low
value, ordinary matter is not able to account for a large number of observations
gathered in the last century. Already in 1933 the pioneer Fritz Zwicky [225]
proposed, among other things2, the existence of a dark matter (DM) com-
ponent, non-electromagnetically interacting with other particles. The reason

2Zwicky was also the first to propose supernovae as the final, exploding stage of a star’s life,
as well as the origin of cosmic rays. He then proceeded to find supernovae by himself comparing
photographic plates by eye (120 detections over 50 years, a list is on this website). He also proposed

https://en.wikipedia.org/wiki/Fritz_Zwicky
http://www.cbat.eps.harvard.edu/lists/Supernovae.html
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Figure 1.2. Constraints on the energy densities of matter (Ωm) and dark energy (ΩΛ),
and the dark energy equation of state parameter (w). Left: constraint contours for
Ωm and ΩΛ, from a recent analysis of type Ia supernovae distances, allowing for an
open Universe. Filled contours are the more recent results, while the black lines show
constraints from the original 1998 sample of [183]. Dashed lines indicate the parameters
combination to have a flat Universe and the separation between an accelerating or
decelerating one. Data clearly prefer a flat, accelerating scenario. Right: contours for w
and Ωm, using type Ia supernovae, CMB, and BAO measurements, and assuming a
flat Universe. The combination of different probes points to the cosmological constant
(w = −1). Both figures are from [189].

was to explain the velocity dispersion measured for the Coma galaxy cluster,
way too high for visible matter to account for it. Since then, the existence of
dark matter has been largely confirmed by data covering gravitational lensing,
galaxy velocities, and CMB, accounting for 30% (ΩDM ∼ 0.3) [166] of the
total energy density budget of the Universe. In ΛCDM, non-baryonic matter
is modelled as cold dark matter (CDM), that is a massive, cold, and weakly
interacting fluid. It needs to be "cold" (low velocities) in order to efficiently
clump and form structures in the early Universe; "hot" (large velocities) dark
matter instead would not be able to cluster and explain the large-scale struc-
tures we observe in the Universe. The energy density of matter (baryonic and
non-baryonic) is dominated by its mass, as3 ρmc

2 ≫ Pm ∝ v2
m. Thus, matter

in the Universe is usually taken to be pressure-less, with an equation of state
parameter wm = Pm/ρm ≃ 0. Plugging this into eq. (1.28), we get the density
evolution for the matter component ρm ∝ a−3, which is sometimes split into
baryonic and CDM contributions ρm = ρb + ρDM. According to eq. (1.34), a
matter-dominated Universe evolves as a ∝ t2/3.

neutron stars as possible supernovae remnants, and suggested the idea that galaxies could act as
gravitational lenses as a consequence of GR.

3I reintroduced here the speed of light c for the sake of clarity.
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• Radiation: we dub as "radiation" all the components in the Universe which
are relativistic, in the sense that their mass can be considered as negligible
when compared with their velocity. Photons and neutrinos can be incorporated
in the same radiation component. The majority of the radiation contribution
is from photons of the Cosmic Microwave Background (CMB), with their
numerical density today being nγ ∼ 400 cm−3 [77]. Their energy density has
been measured to be Ωr ∼ 10−5 [166]; for this reason, in many calculations
the radiation contribution to the budget is safely ignored, being negligible
with respect to other components. Regarding cosmic neutrinos, they have
not been measured directly, but there are solid theoretical arguments about
their contribution to the energy density. The CMB is able to constrain the
total energy density of relativistic species (photons and neutrinos), and the
measurements seems to agree with theoretical predictions. For relativistic
particles, the radiation pressure is dominant with respect to the negligible mass
of photons and neutrinos. Using statistical arguments, the radiation pressure
assumes the form Pr = ρr/3, leading to wr = 1/3. Plugging this into eq. (1.28),
we get the density evolution for the radiation component ρr ∝ a−4. We have
an extra 1/a term compared with the matter case, coming from the stretching
of the photon wavelength described in eq. (1.15). A radiation-dominated
Universe evolves as a ∝ t1/2 following eq. (1.34).

• Dark energy: this is the predominant component of the ΛCDM model. It
is thought to be responsible for the accelerated expansion of the Universe,
observed for the first time through measurements of the distances of type Ia
supernovae [183, 156], and later also confirmed by CMB, Baryonic Acoustic
Oscillations (BAO), and large-scale structure growth measurements. Moreover,
we have strong evidences for the Universe to be flat, meaning that the total
cosmic energy density Ω is very close to 1. Since the matter energy density
is roughly 30%, it is necessary for dark energy to contribute for the missing
∼ 70%. It has to be a non-clustering fluid with a negative equation of state
parameter, and thus with negative pressure (or positive tension). Observations
(see figure 1.2) have constrained it to be close to wDE = wΛ = −1, when dark
energy is modelled as a cosmological constant Λ, which is the same extra
term appearing in the Einstein equations (eq. (1.9)). In general, dark energy
can also be modelled in other ways, allowing for a time-dependant equation
of state, or considering additional parameters. The cosmological constant
is the simplest and most natural scenario in accordance with observations.
As the name suggests, if we plug wDE = wΛ = −1 into eq. (1.28), we get
a constant evolution of the energy density ρDE = ρΛ. In the case of dark
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Figure 1.3. Dynamics of the Universe provided by the Friedmann equations. Left: energy
density ρ as a function of the scale factor a. Different constituents of the universe
dominates at different time of the history: radiation (red dashed), non-relativistic matter
(blue dotted) and a cosmological constant (black dash-dotted). Right: behaviour of the
scale factor a as a function of the cosmic time t, in the frame of the ΛCDM model.

energy being the dominant component with wΛ = −1, the integration of
the Friedmann equations provides a Universe exponentially expanding as
a ∝ eHt. The cosmological constant scenario has been frequently associated
with the notion of vacuum energy, based on the fact the it is something not
diluted by the continuous expansion of the spacetime. Sadly (or interestingly),
the quantum-mechanical theoretical expectation value for the cosmological
constant turns out to be hundreds of order of magnitude (10120) larger than
the value required by cosmological observations [213], leaving the story still
open as one of the most puzzling problems of modern physics.

Thus, in the ΛCDM model there are different fluids evolving in different ways, and
the evolution of the Universe is driven by the dominant component at a specific
epoch. Figure 1.3 reports the behaviours of the energy density and the scale factor
as a function of time, solutions of the Friedmann equations for different dominating
components. The Universe dynamics is first driven by radiation (ρ ∼ a−4, a ∼ t1/2);
after the matter-radiation equality at aeq, non-relativistic matter become the dominant
contribution (ρ ∼ a−3, a ∼ t2/3); at present-time, dark energy (as a cosmological
constant) is dominating the expansion (ρ ∼ const, a ∼ eHt).

1.2.1 Thermal history of the Universe

We now have all the ingredients to draw an approximate chronology of the Universe
according to the ΛCDM model, starting from a few moments after the Big Bang
(t ∼ 0) until the present day (t ∼ 14 Gyr). The observed expansion of the Universe
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implies that at earlier times the Universe was smaller, denser, and necessarily hotter.
Consequently, the temperature and energy of the Universe scales as the inverse of
the scale factor T ∝ 1/a(t) = 1 + z. Depending on the considered time (or scale
factor), we can define different phases which have occurred in the Universe:

• Planck epoch (t ≲ 10−34 s): at this energies, all the fundamental forces are
merged into quantum gravity, and the physics of the Standard Model is not
valid. We do not have access to this era, just speculations.

• Inflationary epoch (10−33 s ≲ t ≲ 10−14 s): the earliest time we can access
through observational data. Immediately after its birth, the Universe undergoes
through a hypothetical phase of exponential expansion (a ∼ eHt) that stretches
the infant spacetime from a radius of 10−29 m to 0.9 m, on a timescale of
10−36 s. At this energies, electroweak and strong forces are unified together
(Grand Unified Theory, GUT), and GR is still considered to be valid. At the end
of inflation, a reheating mechanism converts the energy of the field into a very
hot and dense mixture of particles present in the Standard Model. Formally,
the inflationary theory is not part of the ΛCDM, but rather a non-standard
extension invoked to solve some of its problems. It will be discussed in more
details in chapter 2.

• Electroweak phase transition (10−14 s < t < 10−10 s): this is the earliest
stage explainable within the ΛCDM scenario. At energies > 160 GeV, all
elementary particles are massless. At energies ∼ 160 GeV (t ∼ 10−12 s)
the electroweak symmetry breaking happens, and particles start to acquire
mass through the Higgs mechanism [87, 212, 185]. The W and Z bosons
(mediators of the weak force) become abruptly massive, while the photon
(mediator of the electromagnetic force) remains massless. The electroweak
interaction is disentangled into electromagnetic and weak interactions. All the
fundamental forces have now taken their present forms. Temperature is still
too high to form neutron and protons, and the content of the Universe is a hot
quark-gluon plasma.

• Quantum chromodynamics phase transition (10−12 s < t < 10−5 s): this
range of energies can be accessed by particle physics experiment like particle
accelerator. As the Universe expand, the quark-gluon plasma cools down and
quarks are able to form hadrons (baryons and mesons).

• Neutrino decoupling (t ∼ 1 s): as the Universe becomes less dense and
colder, neutrinos decouple from other particles and begin travelling freely
through space. The Cosmic Neutrino Background (CNB or CνB) is released.
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As neutrinos rarely interact with matter, this primordial background still exists
today. Due to cosmological redshift, the neutrinos from this event have now
a very low energy, around 10−10 times the amount of those observable with
present-day direct detection. Since even high-energy neutrinos are notoriously
difficult to detect, it is very likely that the CNB may not be possible to observe
for many years, if at all.

• Big Bang Nucleosynthesis (BBN) (3 min ≲ t ≲ 20 min): the temperature
of the plasma is now low enough to allow nuclear reactions. Neutrons and
protons are fused into deuterium (2H), helium-3 (3He), helium-4 (4He), and
traces of lithium (7Li) and beryllium (7Be). The reaction rates can be measured
in nuclear physics laboratories. The temperature drops too quickly for heavier
elements to form, which will be then forged by nuclear reactions in the interiors
of stars. The abundance of primordial light elements can be predicted and then
measured through observations of old galaxies, less polluted by stellar activity.
A very good agreement is registered between predictions and measurements,
making the BBN one of the most important confirmations of the Big Bang
model. Observations of lithium amount show some discrepancy with the
theoretical forecast, even if it is a notoriously difficult measurement due to the
strong pollution by stellar-generated lithium.

• Recombination (50, 000 yr ≲ t ≲ 380, 000 yr): as we saw in the cosmic inven-
tory, the radiation component evolves with an extra 1/a factor compared to
matter. This means that going back in time, radiation is the first component to
guide the expansion of the Universe, after the hypothetical inflationary period.
Thus, until now the Universe evolved as a radiation-dominated spacetime, with
ρ ∼ a−4 and a ∼ t1/2. As the Universe cools, matter-radiation equality occurs
at around 50,000 years after the Big Bang, and from this point onwards the
dynamics of the Universe is driven by non-relativistic matter, with ρ ∼ a−3 and
a ∼ t2/3. Structures can start to form and grow in amplitude, as they are not
wiped out by radiation pressure any more. The Universe cools down enough
for the ionised particles to start forming the first atoms; photons gradually stop
interacting with matter (decoupling) and can stream freely in the "transparent"
Universe. Similarly to what happened with neutrinos, the CMB radiation is
emitted: a thermal bath of primordial photons which can be observed today
as the oldest light in the Universe accessible to us. It is a blackbody thermal
radiation with an average temperature of TCMB = 2.725 K, with temperature
variations (anisotropies) at the 10−5 level. Being the main focus of this Thesis,
the CMB will be described in more details in the coming section 3.
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Table 1.1. Best-fit values of the concordance ΛCDM model parameters combining CMB
data from the Planck experiment with BAO measurements. We report the flat (Ωκ = 0)
base_plikHM_TTTEEE_lowl_lowE_lensing_post_BAO set from [166]. The six parame-
ters in the upper part are the primary parameters of the concordance cosmology, while
those below are derived parameters. The last column lists the 95% confidence-level
parameter limits. More details are on the Planck wiki.

Parameter Symbol Best fit 95% C.L. limits
Baryon density Ωbh

2 0.02245 ± 0.00027
Dark matter density Ωch

2 0.11928 ± 0.0018
Reionisation optical depth τrei 0.057 ± 0.014
Hubble constant h 0.6770 ± 0.0081
Scalar spectral index ns 0.9682 + 0.0076 / − 0.0073
Scalar spectrum amplitude ln

(
1010As

)
3.048 ± 0.028

Dark energy density ΩΛ 0.689 ± 0.011
Matter density Ωm 0.311 ± 0.011
Matter spectrum normalisation σ8 0.811 ± 0.012
Age of the Universe [Gyr] t0 13.784 + 0.040 / − 0.037

• Dark ages and reionisation (380, 000 kyr ≲ t ≲ 1 Gyr): after recombination,
all the matter in the Universe is in the form of a neutral gas of atoms, interacting
through gravity only. Apart from 21 cm spin-down photons emitted by neutral
hydrogen, there are no sources of light during this epoch. CMB photons shift
from visible to infrared light after 3 million years. The Universe is hence devoid
of visible light. As the neutral gas gradually clumps, the first stars (Population
III) begin to form some million years after the Big Bang. These stars mainly
emit UV photons, with energies able to ionise the neutral gas present in the
interstellar medium. The hydrogen atoms are split back into a plasma of free
electrons and protons for the first time since recombination and decoupling,
which is the current status of interstellar and intergalactic gas. This process is
known as reionisation.

• Large-scale structures formation (1 Gyr ≲ t ≲ 14 Gyr): matter continues to
clump and collapse following the gravitational influence of dark matter halos.
Galaxies, clusters of galaxies, and super-clusters of galaxies slowly acquire
the shape and distribution we observe today, forming the filamentary structure
known as the Cosmic Web. After dark energy-matter equality (t ∼ 10 Gyr),
the cosmological constant starts dominating the dynamics of the Universe,
leading to the accelerated expansion.

Hence, the ΛCDM model is an extremely powerful phenomenological description
of our Universe. It can provide a consistent explanation of the thermal history of
the Universe, in agreement with most observations and relying on just 6 minimal

https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
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Figure 1.4. Simplified chronology of the Universe, as per the ΛCDM concordance model.
The timeline in the upper part shows an artistic view of the evolution of the cosmos
on large scales, passing through inflation, CMB emission, "Dark Ages", birth of the
first stars and galaxies, and until present time. The inserts below show some of the
microscopic processes taking place during cosmic history. Credit: ESA.

parameters. Their values are constrained by the wealth of cosmological data
we have at our disposal today, combining CMB, type Ia supernovae, and large-
scale structures measurements. The best-fit values for the concordance model
are reported in table 1.1, where we introduced a few parameters: the reionisation
optical depth τ , describing some features of the reionisation process; the reduced
Hubble constant h = H0/100; the scalar spectra index ns, describing how the
density fluctuations of the early Universe vary by size or scale; the scalar power
spectrum amplitude As, which quantifies the magnitude of the primordial quantum
fluctuations; the matter power spectrum normalisation σ8, which parametrise the
amplitude of the density fluctuations, normalised to the present Universe. Moreover,
observational data suggest a flat Universe, with the measured curvature being
compatible with zero (Ωκ = 0.0007 ± 0.0037). The radiation density parameter is
constrained to be very small, Ωr ≃ 1.67 × 10−5, and thus negligible with respect to
the other components (even if dominant at very high redshift).

Even if amazingly successful, the ΛCDM is not the definitive answer to all of the
features of the Universe. There are still a lot of open questions for which we do not
have an explanation; some of them will be explored in chapter 2.

https://www.esa.int/ESA_Multimedia/Images/2015/02/The_history_of_the_Universe
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1.3 The inhomogeneous Universe

Until now, I have dealt with the evolution of the Universe under the assumption
of homogeneity, with the density of the fluid filling the spacetime being the same
everywhere. But as we can clearly see by looking at the sky, the Universe is not
homogeneous on the small scale, with structures, galaxies, filaments, and voids
being present. Thus, spatial variations must occur in the early Universe in order
for structures to form. I will now discuss the most important concepts about the
evolution of these inhomogeneities, omitting many technical details and almost all
the mathematical derivations, which can easily be found in many standard textbooks
(e.g, [214, 62]).

In order for us to observe the present-day structures, the inhomogeneities
must have grown with time through gravitational interaction; going back in the
past, they should have been much smaller. This implies that at some point in
the early Universe, these spatial variations are small enough to be considered as
simple, linear perturbations around a mean value provided by the approximately
homogeneous background. Thus, perturbed quantities like the metric or the stress-
energy tensor can be separated as

gµν(t, x) = ḡµν(t) + δgµν(t, x) = ḡµν(t) + hµν(t, x) ,

Tµν(t, x) = T̄µν(t) + δTµν(t, x) ,
(1.35)

where the mean backgrounds ḡµν and T̄µν depend only on time, being approximated
as homogeneous at the zeroth order, and the perturbations are small in magnitude
(δgµν , δTµν ≪ 1). We also define an overdensity (or underdensity) in a given point
of the spacetime as

δ(t, x) = ρ(t, x) − ρ̄

ρ̄
(1.36)

with respect to the average background density ρ̄.

1.3.1 Scalar-vector-tensor decomposition

The evolution of the above perturbations can be calculated using the Einstein equa-
tions, similarly to what is done for the homogenous Universe, but now expanding the
perturbations at linear order around a mean value. In general, Einstein equations
are tensor equalities comprising of 16 coupled equations, which are reduced to 10
thanks to the symmetry of the Einstein tensor. These equations can be decoupled
by means of the scalar-vector-tensor (SVT) decomposition4. It allows to decom-

4which follows from the Helmholtz’s theorem, or Helmholtz decomposition.
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pose the evolution equations for the general linearised perturbations of the FLRW
metric into four scalars, two divergence-free spatial vector fields, and a traceless,
symmetric spatial tensor field with vanishing longitudinal components. The vector
and tensor fields each have two independent components, so this decomposition
encodes all 10 degrees of freedom of the metric perturbation. Moreover, the princi-
ple of general covariance at the basis of GR (and in general, the gauge invariance
of gauge theories) requires that the dynamics of the field does not change under
local transformations and choice of coordinates (gauge). This means that one
can change the coordinate frame and switch between different gauges in order to
simplify calculations and find gauge invariant quantities which can than be translated
between different gauges. Choice of convenient gauges allow to reduce the degrees
of freedom of the metric perturbation from 10 to 6, where two scalar and one vector
fields of the decomposition may be set to zero.

The components of the perturbed metric can be written as

g00(t, x) = −1 + h00(t, x) ,

g0i(t, x) = a(t)h0i(t, x) = a(t)hi0(t, x) ,

gij(t, x) = a2(t) [δij + hij(t, x)] ,

(1.37)

where h00, h0i, hij are metric perturbations functions of space and time, all of
whose components are assumed to be small in magnitude. Adopting the so-called
Newtonian gauge, the components of hµν assume the form

h00 = −2Ψ ,

h0i = 0 ,

hij = 2
(
Φδij + hTT

ij

)
,

(1.38)

where Ψ corresponds to the Newtonian potential and governs the motion of slow-
moving (non-relativistic) bodies, and Φ is the perturbation to the spatial curvature
(it can also be interpreted as a local perturbation to the scale factor). Vector fields
are usually ignored in cosmological calculations as they are associated to vorticity,
and the relative perturbations are damped by the expansion of the Universe. They
do not contribute to structure formation and have no important effect compared to
the other fields, in the majority of cosmological scenarios. Tensor perturbations are
described by hTT

ij , which is a traceless (gijhTT
ij = 0), transverse tensor field.

An important consequence of the decomposition framework is the so-called
decomposition theorem, which states that scalar, vector, and tensor perturbations
evolve independently at linear order. That is, if some physical process in the early
Universe generates tensor perturbations, these do not induce scalar perturbations



1.3 The inhomogeneous Universe 31

as they evolve. Conversely, the evolution of scalar perturbations is not touched by
possible vector or tensor perturbations. The decomposition theorem holds because
the background FLRW metric is spatially isotropic. Thanks to this theorem, scalar
and tensor perturbations can be studied independently.

In general, a cosmological perturbation theory does not attempt at predicting
the presence or amount of overdensities in any given spot on the sky, which would
be nearly impossible. Rather, theories focus on achieving a statistical description
of the perturbed field, using quantities as correlation functions and the power
spectrum, which we can hopefully measure through observations. To do so, it is
very convenient to work in Fourier space: we define the spatial Fourier transform
and inverse transform of the real-valued field f(t,x), f ∈ R3 as

f(x) =
∫ d3k

(2π)3 e
ik·xf̃(k) ,

f̃(k) =
∫

d3x e−ik·xf(x) ,
(1.39)

where k is the associated wavevector, or mode, usually characterised by its magni-
tude k = |k|. Each mode identifies a particular wavelength, or spatial scale; being
the inverse of x, small k correspond to large scales, while large k correspond to
small scales. In Fourier space, derivatives of the field f(t, x) with respect to x
become simpler algebraic relations:

∂f(t, x)
∂xi

= ikif̃(t, k) (1.40)

The power of the Fourier transform is to decouple the mode of the field, if isotropy
is assumed: each Fourier mode k evolves independently from the other modes k′,
and their evolution can be calculated without knowing the solution for other values.

The two-point correlation function describes the excess probability of having two
overdensities at positions x1 and x2 separated by a certain distance d = |x1 − x2|,
with respect to the uniform probability given by a random distribution. It is defined
as

ξ(d) = ⟨δ(x1) δ(x2)⟩ = 1
V

∫
d3x δ(x1) δ(x2) (1.41)

with V being the normalising cosmic volume. The power spectrum P (k) is the
Fourier transform of the correlation function:

ξ(d) =
∫ d3k

(2π)3 P (k)eik·x ,

P (k) =
∫

d3x ξ(d)e−ik·x .

(1.42)
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Equivalently, if δ̃(k) is the Fourier transform of the overdensity, the power spectrum
can also be expressed as an average in Fourier space, as

⟨δ̃(k1) δ̃∗(k2)⟩ = (2π)3δ3
D(k1 − k2)P (k) , (1.43)

where δ∗ indicates the complex conjugate of δ, and δ3
D is not an overdensity but

the Dirac delta function which is zero when k1 ̸= k2, meaning that different modes
are independent. If the considered field is approximately Gaussian-distributed, all
its statistical information is encoded in the 2-point correlation function, and thus in
the power spectrum, which then represents a sufficient statistics. Any higher-order
correlation functions, for example the 3-point correlation function involving distances
between three different positions, are highly suppressed. The power spectrum P (k)
has dimensions of a volume (length3); a widely used dimensionless expressions is

∆2(k) = k3

2π2P (k) , (1.44)

which gives the variance of the modes in a logarithmic wavenumber interval. It is
also useful to quantify deviations from a scale invariant (or scale-free) spectra which
goes like P (k) ∝ k−3. Throughout this Thesis, we follow the convention to drop the
tilde on Fourier-transformed quantities:

f̃(k) → f(k) . (1.45)

Scalar perturbations

The perturbed metric in Newtonian gauge and without tensor perturbations is

g00 = −1 − 2Ψ ,

g0i = 0 ,

gij = a2δij (1 + 2Φ) .

(1.46)

Inserting this metric into the Einstein equations, together with a stress-energy tensor
containing perturbations of density and pressure, we can obtain two relationships
between the metric perturbations Ψ and Φ and the density perturbations for the
different components populating the early Universe:

k2Φ + 3a
′

a

(
Φ′ − Ψa′

a

)
= 4πGa2 [ρmδm + 4ρrΘr0 ] ,

Φ + Ψ = 0 (no anisotropic stress) ,
(1.47)
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where the subscript m stands for all matter such as baryons and dark matter, and r
includes photons and relativistic (massless) neutrinos. Θr0 are the monopole terms
of the radiation (photons and neutrinos) fractional temperature changes Θ = δT/T ,
linked to the density fluctuations through

ρr ∝ T 4 → δρr
ρr

= 4δT
T

= 4Θ . (1.48)

In the second equation we have neglected the anisotropic stress induced by photons
and neutrinos quadrupole terms Θr2 in the right-hand side. In this simplified case the
two gravitational potentials are equal and opposite. In the limit of no expansion (a =
constant), the first relation of eq. (1.47) reduces to the ordinary Poisson equation
for gravity (in Fourier space): the left-hand side is the Laplacian −∇2 while the
right-hand side is 4πGa2δρ. We only have two equations because all the other
Einstein equations are zero or redundant, as they do not add any information about
the evolution of Φ and Ψ, similarly to the Friedmann equations we discussed in
section 1.2.

Differently from tensor perturbations, both equations do not contain any second
time derivatives acting on Φ or Ψ, being constraint equations. Φ and Ψ do not
represent propagating degrees of freedom (neither does the usual Newtonian
gravitational potential).

Tensor perturbations

Tensor perturbations can be characterised by a metric perturbation as in eq. (1.37)
[62], with h00 = −1, h0i = 0, and

δgij(t,x) = a2(t)hTT
ij , hTT

ij =


h+ h× 0
h× −h+ 0
0 0 0

 (1.49)

where we have chosen the perturbations to be in the x-y plane, with the z-axis being
the direction of the wavevector k. The perturbations to the metric are described
by two functions, h+ and h×, assumed small. They are two components of a
divergence-less, traceless, and symmetric tensor. Divergence-less means that
kihTT

ij = kjhTT
ij = 0.

Inserting this perturbed metric into the Einstein equations, we obtain the expres-
sion for the evolution of the tensor modes:

h′′
t + 2a

′

a
h′

t + k2ht = 0 , (1.50)
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Figure 1.5. Illustration of a propagating gravitational wave (tensor mode), perturbating the
spacetime. The k-vector is along the z axis, coming out of the page. The upper panel
shows the time evolution of the wave amplitude (neglecting the damping due to the
expansion), while the lower panel shows the stretching and compression of spacetime
perpendicular to the wave’s direction of propagation at the different points in time during
a single wave cycle. Figure from [62].

with t = +,×. The stress-energy tensor contribution in the right-hand side of the
Einstein equations is zero, as we assume to not have anisotropic stress, as we did
for the scalar perturbations. This means that tensor modes are not produced by
matter perturbations5.

Eq. (1.50) is a wave equation, and the corresponding solutions are called gravi-
tational waves. The two independent components represent the two polarisations
of gravitational waves, + and ×. Since they are transported by a massless carrier
(the graviton), the two polarisations are orthogonal to the direction of propagation,
just like the photon. Neglecting the expansion of the Universe, we immediately
see that the two solutions are ht ∝ e±ikτ . The two modes correspond to waves
travelling in the ±z direction at the speed of light. The spacetime distortions in-
duced by these modes are illustrated in figure 1.5, where the elliptical pattern in the
plane perpendicular to the wavevector is a fundamental distinction between tensor

5Anisotropies in the radiation components (photons and neutrinos) do have an anisotropic stress,
given by their quadrupole. For photons, the quadrupole is suppressed during the radiation-dominated
era, so their source term can be ignored. The neutrino anisotropic stress is more relevant, and indeed
does provide a source term for gravitational waves, leading to a damping of tensor modes on small
scales. We neglect it here since we will focus on large-scale tensor modes.
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modes and scalar perturbations, as the latter induce distortion which are always
azimuthally symmetric around the wavevector. From eq. (1.50), we see that when
the wavelength of a perturbation is larger than the causal horizon (simplifying, in the
limit of k → 0), ht = constant is a solution; when the wavelength of the mode starts
instead to be comparable with the horizon, its amplitude oscillates and begins to
decay as 1/a. This implies that the energy density in gravitational waves redshifts as
a−4, exactly as any form of radiation. This means that very large scales are "frozen"
and preserve their amplitude during the time they are outside the horizon, while
smaller scales enter the horizon way before and are thus subject to more damping.
We will see in the next chapter how these tensor perturbation can be produced in
the primordial Universe as a consequence of the inflationary period.
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Chapter 2

Cosmic inflation

As we have seen in the previous chapter, the ΛCDM scenario is widely considered
as the concordance model of Cosmology. It is able to explain a huge amount of
observational data, and it provides a phenomenological description of the content of
the Universe. Even if extremely successful, there is a certain number of questions
the ΛCDM framework is not able to answer. Dark matter and dark energy are
evidently the most prominent ones, since they represent ∼ 90% of the constituent
of our Universe, and we have no clue about their nature. But they are not the only
problems in the Hot Big Bang model. Here we report some of them:

• Initial conditions: the Big Bang theory postulates an initial very hot uniform
plasma, which expands according to the equations described in section 1.2
and ultimately forms stars and galaxies. For structures to be assembled,
density perturbations in the primordial plasma are required, otherwise the
expansion of the Universe would pull the mass apart before reasonable clumps
are formed. A completely uniform mass density is not able to produce the
structure we see today. What is the origin of the perturbations seeds?

• Magnetic monopoles: at t < 10−14, the electromagnetic, weak, and strong
forces are unified in a single interaction, arising due to spontaneous symmetry
breaking from a single gauge theory. Grand Unified Theories (GUT) predict a
number of heavy, stable particles, with the most notorious being the magnetic
monopole, a "charge" of magnetic field. A huge amount of these magnetic
monopoles is predicted to be produced in the early Universe, and they should
have persisted to the present day as one of the main constituent of the
Universe. This is not the case, as they have never been observed in nature,
and all searches for them have failed, placing stringent limits on the density of
relic magnetic monopoles in the Universe.

• Horizon problem: this is one of the indirect consequences of the cosmological
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principle. Microwave experiments from space have mapped the CMB with
exquisite precision, finding that tCMB ∼ 380, 000 years after the Big Bang the
Universe was very smooth and at the same temperature of TCMB = 2.27255 K
[77] everywhere we look, with small differences (anisotropies) at the 10−5 level.
This agrees well with the notion of homogeneous and isotropic Universe at
large scales. But while we can observe the full CMB surface since we are
looking with a ∼ 13 Gyr delay, at the time of its emission a particle could have
only travelled a certain distance since the beginning of the Universe, given by
the conformal distance we introduced in eq. (1.14):

rH = cτ =
∫ tCMB

0

c dt
a(t) ∼ 100 Mpc , (2.1)

where c is the speed of light. This means that today, patches separated by
more than ∼ 1 degree were outside of their reciprocal causal horizon. At earlier
times, two widely apart CMB regions had never been in causal connection,
with no possibility of interacting. How comes that they are almost at the exact
same temperature? In other words, what mechanism can thermalise the
whole Universe even before the reciprocal interaction of its regions?

• Flatness problem: CMB observations have constrained our Universe to be
very close to a flat geometry within errors, with Ωκ = 0.0007 ± 0.0037 [166]; in
other words, the energy density is very close to the critical density. From the
Friedmann equations:

Ω(t) − 1 = κ

H2(t)a2(t) . (2.2)

Given the expansion of the Universe, any past small deviations of the total
density from the critical one would rapidly increase over cosmic time. This
implies that in the early times, the Universe was much closer to flatness than
today, with the total density extremely close to the critical one, with a difference
of 1060 or less at Planck scales. Why and how has the total density been
fine-tuned to this exact value at the beginning of time?

These and other minor problems led to the development of inflation as the widely
accepted theoretical framework for the solution and explanation of the Hot Big Bang
model issues. The general mechanism is nowadays a consensus in the community,
even if the physical theory driving it is still unknown. As such, inflation is not part
of the concordance model of Cosmology, but rather a ΛCDM extension indirectly
supported by observations, but currently looking for experimental confirmation.
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2.1 Inflation as a scalar field

The inflationary paradigm was mainly developed in the late 1970s and 1980s, with
contributions by several physicists, including Brout [32], Starobinsky [194, 195],
Guth [91, 92], Hawking [99], and Linde [125, 126]. The theory explains why our
Universe is so homogeneous, flat, and isotropic, and why its different parts began
their expansion simultaneously. It provides a mechanism explaining the origins
of structure formation and solves the different problems we gathered above. The
foundational idea of all the inflationary theories is the occurrence of an exponentially
accelerated expansion of the Universe happening immediately after the Big Bang,
at t < 10−15 s, and lasting at least 10−32 s. Before inflation, the whole Universe
was contained in a sphere of radius ∼ 10−29 m; by the end of inflation, it grew up
to a radius of ∼ 1 m. This idea automatically solves the horizon problem: at very
early times, the entire Universe was in causal contact, and all the different regions
were connected and thus able to thermalise; the faster-than-light space expansion
brings these regions outside of the causal horizon, they are not connected any
more, but they still share the same temperature which we observe in the CMB. The
abrupt expansion of the Universe also alleviates the magnetic monopole problem,
as inflation would greatly dilute the density of these peculiar particles, making them
extremely rare in the current Universe and virtually undetectable. The inflationary
mechanism is able to solve the flatness problem because of the violent exponential
expansion, where the scale factor grows as a(t) ∼ eλt; whatever is the original
curvature of spacetime, inflation will force it to be extremely close to zero, as it
scales like ∼ a−2. We notice here that the expansion due to inflation has the same
shape as the accelerated expansion induced by dark energy at present time, as
they describe the same phenomena. The difference is in the magnitude of the
acceleration, which is hundred of times larger for the inflationary scenario. Solving
the horizon problem require the Universe to grow exponentially for roughly 60 e-folds,
where e-folds are defined as the logarithm of the ratio between the scale factors at
the end (a(te)) and beginning (a(ti)) of inflation:

N∗ = ln [a(te)/a(ti)] . (2.3)

Finally, inflation also provides an explanation for the origins of density perturba-
tions in the early Universe. Primordial quantum fluctuations (guaranteed by the
Heisenberg’s uncertainty principle) present around the homogenous field before
the beginning of the inflationary phase are stretched to macroscopic scales by the
exponential expansion of spacetime, becoming the seeds for the density contrast
necessary to ignite the formation of structures in the later Universe.
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We now summarise the basic formalism needed for discussing the main topics
of the Thesis. We refer the interested reader to aforementioned seminal works in
the field for complete descriptions [194, 91, 126]. We start by noticing that in order
to have a period of accelerated expansion, the second time derivative of the scale
factor must be positive, ä > 0. From the second Friedmann equation (1.30), we see
that the fluid responsible for the acceleration must satisfy

ρ+ 3P < 0 ⇒ P/ρ = w < −1/3 , (2.4)

thus requiring a negative effective pressure P < 0. This implies that whatever
is driving inflation can not be matter or radiation, as they have a non-negative
pressure (we recall that Pm ≃ 0 and Pr = ρr/3 for matter and radiation, respectively).
Moreover, it cannot be a cosmological constant either: a cosmological constant
would lead to perpetual inflation, while inflation needs to end at some point and
transition to the radiation- and then matter-dominated phases which we observe.

The simplest possibility to generate such a transitory epoch of accelerated ex-
pansion is via the potential energy of a scalar field. This is also applicable in a similar
way to build models of dark energy, which are generally dubbed "quintessence".
In Nature, there is no known scalar field able to drive inflation. The Higgs boson
is a known example of a scalar field, but it is very complicated to use it to drive
inflation, as many of its properties have already been constrained. We note that
a lot of proposed inflationary theories contain additional scalar fields, as well as
other different frameworks; the interested reader can look at [135] for a review of 74
different models of inflation. Here we focus on the single scalar field as the majority
of current work on inflation is based on this idea. It is worth stressing that even
if inflation is driven by something other than a scalar field, the general underlying
inflation scenario is very difficult to avoid, being also corroborated by observational
data.

The Lagrangian for a canonical scalar field ϕ = ϕ(x, t) self-interacting through a
potential V (ϕ) is

Lϕ = −1
2g

µν∂µϕ∂νϕ− V (ϕ) , (2.5)

from which the stress-energy tensor for the scalar field can be derived following
Noether’s theorem1 as

T ϕ
µν = ∂Lϕ

∂ (∂µϕ)∂νϕ− gµνLϕ

= ∂µϕ∂νϕ− 1
2gµν ∂αϕ∂

αϕ− gµνV (ϕ)
(2.6)

1The theorem states that every differentiable symmetry of the action (in this case S =
∫ √

−g L d4r)
of a physical system has a corresponding conservation law.
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Figure 2.1. A scalar field slowly rolling down a potential V (ϕ). Since it rolls slowly, it has little
kinetic energy. The potential energy is non-zero, however, so the pressure is negative.
The inflationary epoch ends once the field has reached the minimum of the potential.
Figure taken from [62].

In general, a field can be approximated as homogeneous at the zeroth order and
perturbed at the first order, as ϕ(x, t) = ϕ(t) + δϕ(x, t). If we neglect spatial
variations, we get a homogeneous scalar field δϕ = 0, and ϕ acts as a perfect fluid
filling the Universe. In this case the components of the stress-energy tensor reduce
to

ρϕ = 1
2 ϕ̇

2 + V (ϕ) ,

Pϕ = 1
2 ϕ̇

2 − V (ϕ) ,
(2.7)

where we inserted the time and spatial components given by eq. (1.25) for the
stress-energy tensor of a perfect fluid in a FLRW metric. The equation of state
parameter satisfying the condition for having an accelerated expansion is

wϕ = Pϕ

ρϕ
= ϕ̇2 − V (ϕ)
ϕ̇2 + V (ϕ)

< −1
3 (2.8)

The first term in the expressions of density and pressure is the kinetic energy density
of the field, while the second is its potential energy density. A homogeneous scalar
field has then a similar dynamics as a single particle moving in a potential, with
ϕ(t) being the position of the particle and ϕ̇ the analogous of the velocity. A field
configuration with negative pressure is therefore one with more potential energy
than kinetic.

The most popular scenarios of inflation assume a scalar field slowly rolling
toward its true ground state [125]. The slow rolling condition ϕ̇ ≪ V (ϕ) is required
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in order to have little kinetic energy, or in any case much smaller than the potential
energy, so to have a negative pressure (which will be nearly -1). The potential
energy of such field is very close to constant (if the potential is not too steep) so
it dominates over the kinetic energy (and the energy of all other particles). An
example of such potential is illustrated in figure 2.1; inflation happens when the
field is slowly rolling on the plateau, and it ends once the field has reached the
minimum of the potential, where it will oscillate and lose its energy by creating pairs
of elementary particles. These particles interact with each other to reach a state of
thermal equilibrium with some temperature T . This process is called "reheating".
The empty, diluted Universe aftermath of the expansion will be populated with the
particles described by the Standard Model.

The evolution of the field ϕ for any potential is derived from the Einstein equations
and the conservation of the stress-energy tensor. For the continuity, since ϕ is a
homogenous field in an expanding Universe, we get the same result we obtained in
the previous section in eq. (1.27), that we report again here:

∂ρϕ

∂t
+ 3H (ρϕ + Pϕ) = 0 . (2.9)

Evaluating this equation with the density and pressure of the scalar field obtained
above yields

ϕ̈+ 3Hϕ̇+ dV (ϕ)
dϕ = 0 . (2.10)

This is the non-linear Klein-Gordon equation of motion for a scalar homogeneous
field in an expanding spacetime, self-interacting through the potential V (ϕ). It is
similar to the equation of motion for a harmonic oscillator, with an additional friction
term 3Hϕ̇. The Einstein equations provide

H2 = 8π
3M2

P

[1
2 ϕ̇

2 + V (ϕ)
]

− k

a2 , (2.11)

where M2
P = 1/G is the Planck mass in natural units. According to this expression,

if the scalar field ϕ is initially large, the Hubble parameter H must be large too.
This means that the friction term in the field equation is very large, and thus the
scalar field moves very slowly, against the viscosity. Due to the extremely rapid
growth of the scale of the Universe and the slow motion of the field ϕ, soon after the
beginning of inflation the acceleration and curvature terms become negligible, while
the potential energy dominates over the kinetic energy:

ϕ̈ ≪ 3Hϕ̇ , H2 ≫ k

a2 , ϕ̇2 ≪ V (ϕ) . (2.12)
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Thus, the system of equations can be simplified as

3 ȧ
a
ϕ̇ ≃ −dV (ϕ)

dϕ ,(
ȧ

a

)2
≃ 8π

3M2
P
V (ϕ) .

(2.13)

The last equation shows that the size of the Universe in this regime grows approxi-
mately as eλt, with λ = (2/MP)

√
2πV (ϕ)/3.

It is possible to quantify the slow roll assumption by defining two parameters
[124] which can be directly linked to observations:

ϵsr(ϕ) = M2
P

16π

( 1
V

dV
dϕ

)2
,

δsr(ϕ) = M2
P

8π

(
1
V

d2V

dϕ2

)
,

(2.14)

where the first parameter measures the slope of the potential, and the second its
curvature. For the slow roll approximation to hold, the required conditions are

ϵsr ≪ 1 , |δsr| ≪ 1 . (2.15)

Usually, the end of the inflationary period is identified with the two parameters
reaching ϵsr ∼ 1 and δsr ∼ 1 (or equivalently, the kinetic energy starts to play a role
ϕ̇2 ∼ V ), when the reheating phase happens and the Universe becomes radiation-
dominated. From this moment, the history of the Universe can be described through
the standard Hot Big Bang theory. Figure 2.2 illustrates the evolution of scales
before, during, and after inflation, where they are expanded from sub-horizon to
super-horizon, transitioning to the standard Hot Big Bang theory.

2.2 Inflationary perturbations

One of the most important features of the inflationary mechanism is its ability
to generate primordial perturbations around the smooth Universe, planting the
seeds for the formation of structures. Inflation predicts that quantum-mechanical
perturbations in the very early Universe are first produced when the relevant scales
are causally connected (within the causal horizon). These scales are successively
stretched outside the horizon by inflation, and will then re-enter much later to act
as initial conditions for the growth of structures. In Fourier space, the quantum
perturbation field will oscillate around zero, with a null average. However, any
given mode has non-zero variance, encapsulated in the power spectrum P (k) we
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Figure 2.2. Comoving scales evolution during and after the inflationary period. Scales are
initially into the horizon and thus in casual connection. Inflation stretches the scales
and make them exit the horizon, where they are not casually connected any more, and
remain frozen. Finally, scales re-enter the horizon during the hot Big Bang era. Figure
from [177].

introduced in eq. (1.43). The perturbations power spectrum is the main prediction
of inflationary theories. As we saw in section 1.3, perturbations are decomposed
in scalar and tensor modes, which can be studied independently thanks to the
decomposition theorem.

2.2.1 Scalar perturbations

One of the primary predictions of single-field inflation is that it generates adiabatic
perturbations: different patches of the Universe have different overdensities, but the
fractional density perturbations are the same for all species s:

δρs

ρs
= δρ

ρ
, (2.16)

and the same for velocities. If they are instead different for different species, we talk
about isocurvature perturbations. CMB observations have definitely confirmed the
adiabatic nature of primordial perturbations [131, 23, 170], with the isocurvature
contribution being negligible.

The perturbed scalar field responsible for inflation can be separated into a
homogeneous background plus a linear correction, as

ϕ(t, x) = ϕ̄(t) + δϕ(t, x) . (2.17)

The evolution of the δϕ depends on if the perturbation is within or outside the
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horizon. For perturbations inside the horizon, first order correction to the metric can
be ignored, and the conservation of energy-momentum leads to

δϕ′′ + 2aHδϕ′ + k2δϕ = 0 . (2.18)

This equation can be rewritten to assume the shape of a harmonic oscillator. To
know the evolution of quantum fluctuations, the field needs to be quantised. This
can be easily achieved in the case of a quantum harmonic oscillator. The variance
of the perturbations of the field are

⟨δ̂ϕ(k) δ̂ϕ†(k′)⟩ = (2π)3δ3
D(k − k′)Ps(k) , (2.19)

with † indicating the Hermitian conjugate. A quantum field δ̂ϕ is defined in all
space, so it can be considered as an infinite collection of oscillators, each at
a different spatial position, or, in Fourier space, at different values of k. The
quantum fluctuations in each of these oscillators are independent (as long as the
equations are linear) so δ̂ϕ(k) is completely uncorrelated with δ̂ϕ(k′) if k ̸= k′. This
independence is enforced by the Dirac delta function δ3

D. The power spectrum is
derived to be (at first order)

Ps(k) = 2π
k3

H2

M2
P ϵ

∣∣∣∣∣
aH=k

≡ 2π2Ask
−3
(
k

kp

)ns−1

, (2.20)

where As is the variance (amplitude) of scalar perturbations in a logarithmic
wavenumber interval anchored around the pivot scale kp, ns is the scalar spectral
index, and quantities in the last equality are evaluated at horizon crossing aH = k.
The pivot scale is a matter of convention, often decided based on observations. The
primordial scalar spectral index ns can also be related to the slow-roll parameters
ϵsr and δsr by taking the derivative of the power spectrum [62], providing

ns = 1 − 4ϵsr − 2δsr . (2.21)

As we mentioned in section 1.3, a spectrum where k3P (k) is constant (i.e., does not
depend on k) is called a scale-invariant (or scale-free) spectrum. Apart from small
deviations encoded in the slow-roll parameters, scalar perturbations are scale-free.
Moreover, the inflation field rolls down a potential well during the exponential expan-
sion, meaning that the Hubble rate slowly decreases; a further generic prediction of
the inflationary mechanism is that the potential is slightly red-tilted (ns ≲ 1), with
larger-scale perturbations having a slightly larger amplitude than smaller-scale per-
turbations. A spectrum with a small red tilt has indeed been conclusively detected
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in the CMB, assuming a ΛCDM model (table 1.1, 95% CL limits),

As =
k3

p
2π2Ps(kp) ≃ 2.1 × 10−9 ,

ns = 0.968 ± 0.007
(2.22)

The slow-roll parameters are therefore very useful to condense the predictions of
an inflationary model. They can be measured through observations, but they are
also directly connected with inflationary physics, and in particular to the potential V
of the scalar field responsible for inflation.

2.2.2 Tensor perturbations

We described tensor perturbations to the metric in section 1.3.1, with the two
polarisation states obeying the equation

h′′ + 2a
′

a
h′ + k2h = 0 (h = h+, h×) . (2.23)

This equation has exactly the same form as the expression (2.18) for the evolution
of the perturbed inflation field reported in the previous section. Therefore, we can
restructure it to have the shape of a harmonic oscillator, and quantise it. The
variance of the quantised field is again

⟨ĥ(k) ĥ†(k′)⟩ = (2π)3δ3
D(k − k′)Pt(k) , (2.24)

where the same considerations hold. The power spectrum associated to tensor
perturbation is

Pt(k) = 32π
k3

H2

M2
P

∣∣∣∣∣
aH=k

≡ 2π2Atk
−3
(
k

kp

)nt

, (2.25)

where At is the variance (amplitude) of tensor perturbation and nt is the tensor
spectral index. Note that, compared to the scalar power spectrum, the spectral
index does not have a −1 factor; here the spectrum is scale-invariant if nt = 0. In
practical observations, it is common to replace At with the tensor-to-scalar ratio r,
defined as

r(k) ≡ Pt(k)
Ps(k)

k=kp= At
As

= 16 ϵsr|aH=k (2.26)

Since scalar and tensor modes have different spectral index, in principle r depends
on k; this dependence is negligibly small in practical applications. It is also possible
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to replace ϵsr with the expression for the potential V to get

V 1/4 ≃ 1016 GeV
(

r

0.01

)1/4
. (2.27)

The primordial spectral index nt is connected to the slow-roll parameter ϵsr and,
consequently, to the tensor-to-scalar ratio as

nt = −2ϵsr → r = −8nt . (2.28)

Many proposed inflationary models offer different predictions for ϵsr and δsr, but in
almost all of them the ratio of tensor-to-scalar modes is directly related to the tensor
spectral index. Therefore, extracting the values of r from data would open to the
possibility of probing the potential of the field driving inflation, which scale could be
on the order of 1016 GeV, orders of magnitude out of the reach of modern particle
accelerators. Currently, tensor perturbations parameters have not been measured
yet, we only have upper limits (at 95% CL):

r < 0.036 (fixed nt) ,

r < 0.028 (free nt) ,

− 1.37 < nt < 0.42 ,

(2.29)

from [205] and [81], respectively. Unfortunately, there is no guarantee that gravita-
tional waves produced during inflation will be detectable, as their amplitude depends
on the energy scale of the potential. If inflation takes place at scales sufficiently
smaller than the Planck scale, then primordial gravitational waves will not be de-
tectable by any future experiment, being lower than fundamental quantum noise
limits and sample variance due to observing a single Universe. The measurement of
this parameter is one of the main frontiers in modern Cosmology, being the primary
targets of many cosmological experiments observing the CMB. It is also the central
focus of this Thesis.

2.3 Models of inflation

In the previous section we saw that the slow-roll parameters ϵsr and δsr quantify all
the predictions of the inflationary model (at least for a single field model). Thus,
different field potential V can be compared against observations. For many infla-
tionary models, the power spectrum parameters can be linked with the number of
e-folds, as ns ≃ 1 − 2/N∗ and r ≃ 12/N∗. In order for inflation to solve the Hot
Big Bang problems, the number of e-folds should be N∗ ≳ 50; this implies a small
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but non zero deviation from 1 of ns (red-tilting), as well as a small value of r. We
summarise here some observational predictions induced by the existence of an
inflationary epoch in the very early Universe:

• Nearly scale-invariant primordial power spectrum (ns ≲ 1 and nt = 0), with
the scalar index slightly lower than 1. This agrees very well with CMB mea-
surements, as will be detailed in chapter 3.

• The existence of a gravitational waves background producing a tensor-mode
power spectrum, usually parametrised by the tensor-to-scalar ratio r. Primor-
dial gravitational waves have not been detected yet.

• Gaussian primordial perturbations are also expected, in agreement with the
CMB observation so far. Small deviations from primordial Gaussianity in the
perturbation statistics are also predicted in some inflationary models [18].
These are not detected yet and can also be investigated using the CMB.

To conclude, we report some of the most commonly cited models of inflation, either
for their simplicity or for the connection with observational data, referring to [135] for
more details:

▶ Chaotic inflation: one of the first working class of inflationary models, intro-
duced in 1983; simple phenomenological models where the potential evolves
as a power law:

V (ϕ) ∝ ϕα . (2.30)

These models do not assume much on the initial conditions, and thermal
equilibrium in the early Universe is not required [126]. Predictions of these
models include

ns − 1 ≃ −α+ 2
2N∗

, r ≃ 4α
N∗

. (2.31)

▶ Axion-like inflation: these models consider a potential typical of an axion-like
particle:

V (ϕ) = V0

[
1 + cos

(
ϕ

µ

)]
, (2.32)

where V0 is the vacuum energy density driving the accelerated expansion.
These models are also called "natural inflation".

▶ Hilltop inflation: generic class of inflationary models where inflation takes
place near a maximum of the potential, with the inflaton field rolling away from
an unstable symmetric point at ϕ = 0 toward a true vacuum [31, 177]. The
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potential is parametrised as

V (ϕ) = V0

[
1 −

(
ϕ

µ

)α

+ · · ·
]
. (2.33)

These models are also called "small-field" models. They usually predict a very
small tensor-to-scalar ratio, r ≲ 0.002.

▶ R2 or Starobinsky inflation: it is possible to generalise GR by adding higher-
order terms in the Einstein-Hilbert (EH) action [194, 195]. One of the simplest
possibility is to add a quadratic term as Lgrav = LEH +R2/(6m2), which could
arise from quantum effects in a quantum theory of gravity. Under certain
conditions, this theory is formally equivalent to GR with a scalar field of mass
m able to produce inflation in the early Universe, with a potential of the form

V (ϕ) = 3
2m

2
(

1 − e−
√

2/3ϕ
)2

. (2.34)

These models give predictions on primordial observables as

ns ≃ 1 − 2
N∗

, r ≃ 12
N2

∗
, (2.35)

with a predicted tensor-to-scalar ratio around r ≃ 0.004, given that 50 <

N∗ < 60, which could be targeted by next-generation space-based telescopes.
These models are also able to provide predictions about higher-order parame-
ters like the running of the scalar spectral index or the negative tensor spectral
tilt.

▶ Higgs inflation: the Standard Model of particles already contains a known
scalar field, which is the Higgs boson. It can theoretically be an explanation
for inflation, where the potential assumes a form as

VH(ϕ) = V0

(
1 + e

−2ϕ√
6MP

)
. (2.36)

This model could also provide a natural mechanism for reheating through the
Yukawa couplings. Unfortunately, the interactions and properties of the Higgs
field are sufficiently constrained by now to know that it cannot serve as the
source for inflation, or at least it is very difficult to make it work [62].

Different models of inflation can be constrained or ruled out by measurements
of the scalar spectral index and tensor-to-scalar ratio parameters, which can be
used to build a (ns, r) plane as illustrated in figure 2.3, where CMB and BAO data
are combined together to draw contours. Some models are less compatible than
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from Planck data alone and in combination with BICEP/Keck and BAO data, compared
to the theoretical predictions of some inflationary models. Figure from [167].

others, already giving insights to what could have happen in the very early Universe.
We will describe in more detail how this measurements can be obtained from CMB
observations, in the next chapter.
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Chapter 3

The Cosmic Microwave
Background

The Cosmic Microwave Background (CMB) radiation is largely recognised as one
of the main observational pillars of Cosmology, representing the foundation of our
knowledge about the Universe. It is considered as the key experimental evidence for
the Hot Big Bang theory, being both a prediction and a confirmation. These photons
are the relic radiation of the primordial hot and dense Universe, when it was 380,000
years old. The radiation uniformly illuminates the microwave sky, permeating the
entire spacetime. A radio telescope can detect the CMB photons, coming from
every direction pointed by the telescope, all with the same temperature. Since the
photons have travelled for ∼ 13 Gyrs, they lost a lot of energy during the trip; the
temperature we measure now (TCMB = 2.725 K) is about 1000 times lower than the
one they had at emission time (T ∼ 3000 K). The CMB thus offers a direct window
on what was going on in the primordial Universe and beyond, providing information
on the evolution of the Universe, structure formation, the interplay of sub-atomic
particles, and even on inflationary physics. The CMB is probably the most important
trove of information we have at our disposal in Cosmology.

As we briefly mentioned at the beginning of Part I, at the time of the discovery of
the Universe expansion by Hubble and Humason [110], there were already various
speculations [120] about the shape of the early Universe, with the expansion hinting
toward a contracted, hot, and dense version of the cosmos. As narrated in [216]
and [154], the first indirect discoveries of the CMB were actually made around
1940, when several scientists measured the rotational emission lines of molecules
in the interstellar medium, finding them in the first excited status induced by a
∼ 3 K astrophysical background [141]. These discoveries were not recognised
as such by the authors, since the first reasonable prediction of a relic radiation
was made years later by Alpher and Herman in 1948 [14], which estimated the
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temperature of the background to be not higher than 5 K. The first attempt to
connect theory and observations was made by Russian physicists Doroshkevich
and Novikov [63] in 1964, who referred to a Bell Labs paper [152] reporting about a
∼ 3 K excess measured at the Crawford Hill horn telescope. They misjudged the
outcome of the system characterisation, and were not able to properly connect the
dots. Penzias and Wilson inherited the horn telescope excess and improved its
characterisation, leading the official, "accidental" discovery of the CMB, with the
cosmological interpretation given by Dicke’s group [60] in Princeton, where they
were trying to land the same exact experiment.

From that moment, Cosmology started to harvest the tremendous source of
information that the CMB is. As of today, the majority of the knowledge we have
about our Universe, its origins, content, and evolution, is founded on what we have
extracted from this extremely rich probe. The CMB observable and its analysis
is the main focus of this Thesis; in the remaining of this Part, I will describe the
physics of the CMB, its main features, how it is observed, and what are the main
experimental frontiers tackled by the community. In particular, I will focus on the
topics to which I contributed the most during my PhD.

3.1 From the primordial plasma to the CMB

In section 1.2.1 we laid down the chronology of the Universe, as per the Hot Big
Bang theory in the ΛCDM scenario. After the Big Bang Nucleosynthesis, the
Universe is made of interacting photons, electrons, and baryons, tightly coupled in
a so-called photo-baryonic plasma. The very high temperature keeps the atoms
ionised, and the photons mean free path λ = 1/neσt is small, where ne is the
electron density and σt is the Thomson scattering section. The Universe is opaque
and photons are continuously interacting through Compton scattering with electrons;
in other words, the interaction rate Γ = c/λ = neσtc is greater than the expansion
rate, described by the Hubble parameter H, i.e. Γ ≫ H, and the photons mean free
path is smaller than the horizon. The plasma is at thermal equilibrium, everything
has the same temperature: it is a perfect thermal blackbody at a certain common
temperature Tγ = Tb.

The CMB emission is not an instantaneous process, rather a succession of
events lasting some thousands of years, around t ∼ 380, 000 (z ≃ 1100). It can be
divided in three separated events:

• Decoupling. As the Universe expands, the electron are more diluted over
the cosmic volume and their density gets lower. The photons mean free path
becomes larger, and interactions with electrons are less likely to happen.
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Moreover, the temperature of the plasma lowers, as the Universe expand
adiabatically (T ∝ 1/a). When the interaction rate becomes equal and then
smaller than the expansion rate (Γ = H), the photons decouple from the
electrons, as neutrinos similarly did at earlier times.

• Recombination. After the beginning of decoupling, electrons are not scat-
tered by photons as frequently as before. They are able to bound with baryons
in order to form hydrogen atoms. The Universe goes from being fully ionised
to being almost entirely neutral, becoming "transparent" to photons. This is ac-
tually the first time electrons and protons combine into hydrogen in the history
of the Universe, with the "re" of recombination being misleading. Decoupling
is an initially gradual process which then becomes abrupt after the beginning
of recombination, since the particles available for photons’ scattering are both
diluted and captured by baryons, basically disappearing.

• Last scattering. As the last electrons recombine with protons, photons are
able to interact one last time with them before becoming free to propagate
through the entire Universe. This time region is called "last scattering surface".
These photons will travel for ∼ 13 Gyrs before reaching us on Earth, detectable
as the CMB.

As we saw in the previous chapter, the physical conditions typical of these epochs
are very well known, in the framework of the Hot Big Bang and cosmological
principle assumptions. Physical interaction at these times are rather simple, and
deviations from this picture can be classified at the linear order. Therefore, our tools
are more than enough to completely characterise the origins and the observable
features of the CMB, which were predicted and calculated years before the actual
measurements. We will now describe some properties of this probe.

3.2 Main features of the CMB

The CMB is an isotropic emission of uniform blackbody thermal energy. This
emission at present day is peaked at millimetre wavelengths, or equivalently in the
microwave frequencies of the electromagnetic spectrum. Its intensity is usually
measured in temperature units, estimated to be TCMB = 2.72548 ± 0.00057 K
by the FIRAS instrument onboard the COBE satellite experiment [140, 219, 78,
77]. At the time of its emission, the CMB temperature would be T (z = zCMB) =
(1 + zCMB)TCMB ≃ 3000 K: without the expansion of the Universe cooling the CMB,
the night sky would shine in the visible as the Sun does.
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The CMB contains the vast majority of photons in the Universe, with 400 photons
per cubic centimetre. The number density of CMB photons is one billion times the
number density of matter in the Universe, and its present-day energy density greatly
exceeds that of the photons emitted by all the stars over the history of the Universe.
The CMB temperature (also called the monopole) is remarkably smooth and uniform
across the sky, in accordance with the cosmological principle of homogeneity at
the largest scales; small temperature variations are registered at the 10−3 (dipole)
and 10−5 level. The latter variations are called anisotropies, and the main goal of
many modern experiments is to accurately measure them, as they hold a wealth of
information about our Universe. Their properties will be described in section 3.3.
The dipole is caused by the peculiar velocity of the Sun relative to the comoving
CMB rest frame, as it moves at 369.82 ± 0.11 km/s towards the constellation Crater
near its boundary with the constellation Leo [168]. This motion induces a relativistic
Doppler shift of the CMB photons, creating a dipole across the sphere with an
amplitude of 3.3666 ± 0.0027 mK in our direction of motion. The monopole and
dipole of the CMB are shown on the left side of figure 3.1, expressed as deviations
from the mean value, in thermodynamic units (KCMB). In these units, the CMB
signal is independent of the frequency.

Being the snapshot of a gas in thermal equilibrium, the brightness of the CMB
radiation is extremely close to a blackbody, varying in frequency (or wavelength)
accordingly to the Planck’s law:

B(ν, T ) = 2hν3

c2
1

ehν/kBT − 1
, (3.1)

where kB is the Boltzmann constant, h is the Planck constant, c is the speed of
light, and the emission is irrespective of shape and composition of the body. The
right side of figure 3.1 reports the CMB intensity spectrum (technically called the
monopole) as firstly measured by the FIRAS instrument, part of the COBE space
mission [140, 219, 78] operating in the 90s. The accuracy of this measurement is
such that uncertainties in the data points are smaller than the line width. Departures
from the perfect blackbody emission have not been measured yet, only upper limits
have been placed. Nonetheless, faint deviations (called spectral distortions) induced
by local variations of the thermal equilibrium are expected to exist, possibly hiding
important information on primordial physics [50, 51].

The CMB radiation is also slightly linearly polarised at the 10% level, due to the
Thomson scattering at the last scattering surface. The accurate mapping of the
faint polarised signal has now become the main frontier of CMB science, as it is
forecasted to contain an enormous amount of information on primordial physics and
the origin of the Universe. We will describe it in more detail in the next sections.
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Figure 3.1. Left: monopole and dipole maps of the CMB intensity. Upper panel illustrate
the smooth isotropic CMB temperature TCMB ≃ 2.725 K, almost the same in every pixel.
The lower panel shows a Planck intensity map at a frequency of 100 GHz [173], after
removal of the monopole, in KCMB units. The dipole anisotropy is evident in the hotter
and colder regions, typical of a Doppler shift. Right: the monopole spectrum of the CMB,
from the original data by the FIRAS instrument of the COBE experiment [140, 219, 78],
available at this link. The vertical axis is in surface intensity units, while the horizontal
axis is the reciprocal of the microwave wavelength, proportional to the frequency. The
black curve shows the expected intensity from a single temperature blackbody spectrum
at T = 2.725 K. The error bars are there in the plot, smaller than the line width (!).

3.3 CMB anisotropies

The CMB anisotropies are usually divided into two types: primary anisotropies,
due to effects that occur at the last scattering surface and earlier; and secondary
anisotropies, due to effects and interactions that occur between the last scattering
surface and the observer, which can significantly alter the primary ones. Primary
anisotropies are further separated according to their impact on temperature and
polarisation observables. In this section we provide a brief and physically intuitive
summary about the origin of these fluctuations, referring the reader to standard
textbooks and papers [30, 108, 109, 35, 190, 107, 123, 62] for a more formal and
complete derivation.

3.3.1 Temperature anisotropies

Figure 3.2 shows the CMB temperature sky maps as observed by the Planck exper-
iment, for its nine frequency bands. The fluctuations have a similar structure across
different frequencies, with the main difference being the contamination spreading
from the horizontal region that is the Galactic plane of the Milky Way (detailed
in chapter 4). The anisotropies we see today are a snapshot of the primordial
photo-baryonic plasma at the time of recombination. Back then, photons, electrons,

http://lambda.gsfc.nasa.gov/product/cobe/firas_monopole_get.cfm
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and baryons were tightly coupled and continuously interacting with each other. The
other key ingredient is the presence of cold dark matter over-densities; they do not
interact electromagnetically with other particles, but exert gravitational attraction on
the massive baryons. Therefore, the primordial plasma is in equilibrium between
different interactions: baryons are gravitationally attracted by dark matter wells, but
the radiation pressure from photons works in the opposite direction. This interplay
generate baryonic oscillations in the photo-baryonic plasma, which propagate as
sound waves in the gas (usually called "acoustic oscillations"). After recombination,
photons and baryons are not coupled any more, and these oscillations are "frozen"
and imprinted in the CMB anisotropies pattern. Therefore, in the standard ΛCDM
model, CMB fluctuations are sourced by three different contributions: gravity, the
Doppler effect, and intrinsic temperature variations. The total deviation from the
average temperature T̄ can be written as

∆T
T

= [Ψ + n̂ · v + Φ]τ=τLS
, (3.2)

where Ψ is essentially the Newtonian gravitational potential, Φ is the perturbation to
the spatial curvature, v is the baryon peculiar velocity field, n̂ is the pointing unit
vector indicating the direction on the sky, and τLS is the time of the last scattering
epoch. In more detail:

• Gravitational shift (Sachs-Wolfe effect). Regions of the fluid with higher
density will have a stronger gravitational potential Ψ. Photons travelling in this
perturbed field will be gravitationally blue-shifted or red-shifted, associated
with a temperature variation of

∆T
T

≃ 1
3δΨ . (3.3)

Photons passing through a potential well (over-densities) will lose energy and
become colder, while photons passing through an under-dense spot will gain
energy and become hotter.

• Doppler effect. Local portions of the fluid moving at velocity v will induce a
Doppler shift of the emitted CMB photons, resulting in a change of temperature

∆T
T

∝ v . (3.4)

• Density perturbations. Over-densities in the primordial plasma are expected
to be warmer, while under-densities are colder. These fluctuations δρ gener-
ated by the inflationary mechanism evolve through the perturbation equation
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Figure 3.2. Sky emission fluctuations in each of the nine Planck frequency bands, after
removal of the common dipole component. The fluctuations are expressed as equivalent
temperature variations (in KCMB units), so that CMB fluctuations will appear the same
in each map. Figure from [173].

until decoupling, generating a temperature shift as

∆T
T

≃ 1
3
δρ

ρ
. (3.5)

Density perturbations and gravitational shifts are responsible for the acoustic
oscillations of the photo-baryonic plasma; the Doppler shift generates the same
acoustic oscillations, but out of phase with the others1. Therefore, the measurement
of these acoustic oscillations (through correlation functions and power spectrum
estimation) is a powerful way to extract valuable information on the physics and
content of the early and modern Universe; in particular, anisotropies observations
are able to put constraints on the matter densities Ωch

2 and Ωbh
2, but also on the

curvature Ωκ, the amplitude of primordial perturbations As, and the spectral index
ns (although the constraint on As is limited by the degeneracy with the reionisation
optical depth τrei).

3.3.2 Polarisation anisotropies

The information encoded in the CMB anisotropies is not entirely exhausted by their
temperature. The thermal history derived from the Big Bang theory predicts the

1Being out of phase is a typical feature between the positions and velocities of oscillators.
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Figure 3.3. Caricature of the Thomson scattering, comparing the output linear polarisation
generated by monopole, dipole and quadrupole configurations. The monopole and
dipole generate unpolarised light, while the quadrupole leaves a net linear polarisation
on the outgoing photons. Figure from [207].

anisotropies to be slightly polarised, at the ∼ 10% level (order of µK). The origin of
this polarisation is to be found in the collisional interactions between photons and
electrons in the photo-baryonic gas. Before decoupling, the plasma is in thermal
equilibrium; photons and electrons are continuously interacting through Thomson
scattering2 e− + γ → e− + γ. The energy/frequency of the photon is not changed
by the interaction. The Thomson scattering differential cross section depends on
polarisation as

dσT
dΩ ∝ |ε̂ · ε̂′|2 , (3.6)

where ε̂ and ε̂′ are the incident and scattered directions, respectively, and ε̂ · ε̂′ =
cosφ, with φ being the angle between the two directions. If the incoming unpolarised
radiation field is isotropic, orthogonal polarisation states from incident directions
separated by 90 degrees are going to balance, so that the outgoing radiation is
unpolarised. The same applies to an incoming field showing a dipolar component.
Conversely, if the incident radiation field possesses a quadrupolar variation in
temperature, the result is a linear polarisation of the scattered radiation. A reversal
in sign of the temperature fluctuation corresponds to a 90 degrees rotation of the
polarisation, which reflects the spin-2 nature of polarisation3. Before recombination,
Thomson scattering is rapid, and the randomisation of photon directions destroys
any quadrupole anisotropy and, consequently, polarisation. At the time of last
scattering, the polarised emission is free to propagate to us and is not cancelled
any more. Only photons that scattered in an optically thin region near last scattering

2which is the elastic, low-energy limit of the Compton scattering.
3This is usually phrased by saying that polarisation is a "headless vector", a rod with no arrow. A

rotation of π (180◦) brings the vector to a position equivalent to the initial one, and during a rotation of
2π (360◦) the vector has come back to itself 2 times.
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could have had a quadrupole anisotropy, and that is the reason why the polarisation
fraction is small and dependent on the duration of last scattering.

An electromagnetic signal is generally described by the four Stokes parameters I,
Q, U and V . They are defined starting from the oscillating electric field E = Exx̂+Eyŷ

of a plane wave propagating in the ẑ direction in the (x̂, ŷ, ẑ) frame. The Stokes
parameter can be written as

I = ⟨|Ex|2⟩ + ⟨|Ey|2⟩ ,

Q = ⟨|Ex|2⟩ − ⟨|Ey|2⟩ ,

U = 2Re(⟨ExE∗
y ⟩) ,

V = −2Im(⟨ExE∗
y ⟩) ,

(3.7)

where z∗ is the complex conjugate, |z|2 = z∗z, and ⟨·⟩ is the time average. I

corresponds to the energy density of the electric field, representing the total intensity
of the signal which is also referred to as the temperature of the field. Q and U

quantify the linear polarisation, while V account for circular polarisation. Thomson
scattering is not expected to generate significant circular polarisation, and V is
usually neglected in Cosmology, with Q and U fully describing the CMB polarisation.
They can also be combined into different mathematical quantities, like the spin-2
complex polarisation field P = Q+ iU , and its amplitude P 2 = Q2 + U2 and phase
α = 1

2 tan−1 (U/Q), or in a symmetric, traceless polarisation tensor Π defined as

Π =
(
Q U

U −Q

)
= Qσz + Uσx . (3.8)

where σz and σx are the Pauli matrices. Figure 3.4 shows a view of the polarised
microwave sky as observed by the seven polarised frequency channels of the Planck
satellite. We notice how the CMB anisotropies are evidently contaminated by the
presence of the Milky Way, intervening between us and the last scattering surface.

One practical problem of the Q and U parameters is their dependence on the
coordinates system (x̂, ŷ, ẑ), meaning that a change of coordinates will modify their
value. In particular, following a rotation of the axes by an angle α, the Q and U

parameters will transform as:

Q′ = Q cos 2α+ U sin 2α ,

U ′ = −Q sin 2α+ U cos 2α ,
(3.9)

while I does not change, being a scalar quantity. It is common in CMB science to
change the basis in order to work with coordinate-independent quantities. To do so,
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Figure 3.4. Polarised microwave sky as observed by the seven frequency bands of the
Planck satellite. The first two columns show the Q and U Stokes parameters; the last
column shows the polarised intensity, P =

√
Q2 + U2. Figure from [173].
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the same scalar-vector-tensor decomposition of section 1.3.1 is exploited to split
the polarisation tensor into the sum of two components, corresponding to a parity
symmetric curl-free and a parity odd divergence-free quantity. Being Π symmetric
and trace-free, there are two constraints over 4 components; thus, 2 real quantities
are enough to fully describe it. The tensor can be decomposed as

Π = f(E) + g(B) (3.10)

where f and g are two functions (that we do not treat here) of the parity-even E

and parity-odd B quantities. Contrary to Q and U , E and B are scalar fields and
thus coordinate invariant. These two quantities are usually called E-modes and
B-modes of the polarisation field, from which cosmological information is extracted
[221, 191, 111]. Under a parity transformation (reflection in a mirror), E-modes do
not change, while B-modes change sign. This is why the B-mode field is technically
a pseudo-scalar. The geometrical patterns of these two modes can be intuitively
understood by considering that E-modes are curl-free (∇ ×E = 0) and B-modes
are divergence-free (∇ · B = 0); the former will show a radial shape, while the
latter will have a "swirly" pattern. Figure 3.5 illustrates these two behaviours as
they would be observed in CMB maps, where the length of the rods is proportional
to the amplitude of the polarised signal, and the underlying colour represent the
temperature anisotropies. Thus, quadrupolar asymmetries in the primordial plasma
can polarise the CMB light and generate specific patterns in maps of the CMB
emission. How are these quadrupoles sourced?

• Scalar perturbations (density fluctuations). Electrons falling into the po-
tential well of an over-dense region will be subject to gravitational shifts due
to the radial nature of the gravitational force (∝ R−2). In its own reference
frame, a single electron will see the electrons in front of and behind it move
away from it, because particles in front fall faster toward the centre, while
electrons behind fall slower. The electron receives red-shifted light. At the
same time, the electron sees its right and left neighbours getting closer, as
they are all falling towards a common point. Hence, it receives their light as
blue-shifted. It experiences then a quadrupolar asymmetry, which generates
linear polarisation. The same applies to under-densities, from which electrons
are moving away in a decelerated way. This mechanism can be visualised in
figure 3.6; the resulting polarisation will appear as radial or concentric rods
surrounding the over/under-densities. This pattern corresponds to a pure
E-mode signal; no B-modes can be generated by density fluctuations.

• Tensor perturbations (gravitational waves). in sections 1.3.1 and 2.2 we
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Figure 3.5. Upper panel: polarisation pattern composed only of E-modes. Lower panel:
polarisation pattern composed only of B-modes. As indicated on the right, the E-mode
pattern is tangential around hot spots (red) and radial around cold spots (blue). B-mode
polarisation show instead a characteristic swirling pattern (with different orientations
around hot and cold spots). Figure taken from [111].

have seen that the inflationary theory predicts the existence of a stochastic
background of gravitational waves, propagating through spacetime as a metric
perturbation. The two polarisation states h+ and h× create distortions in the
spacetime as they travel: a circle of particles is deformed into ellipses whose
axis are oriented differently for the two states. This creates a situation similar
to the density perturbations one: each tensor state induces a quadrupolar
asymmetry, that in turn generates linear polarisation. Since we have two
deformations with an inclination of 45◦ between them, the total pattern will
be a mixture of E- and B-modes, as it is shown in figure. Thus, tensor
perturbations can generate both E- and B-modes.

The polarisation of CMB anisotropies contains a huge amount of cosmological
information, which is additional and complementary to the one provided by tem-
perature. The measurement of the E-mode pattern, generated by both scalar and
tensor perturbations, contributes to breaking the degeneracy on some cosmological
parameters of the ΛCDM model. It also provides indirect proofs of the inflationary
paradigm. The B-mode pattern, instead, can only be sourced by primordial gravita-
tional waves. This is extremely crucial for CMB science: it means the if we see a
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Figure 3.6. Generation of E-mode polarisation from density perturbations. The fluid either
falls into the potential well while accelerating, or climbs up while decelerating (yellow
arrows), creating quadrupole anisotropy in the radiation. Black arrows show the fluid
motion in the electron rest frame; red lines trace the electric field direction of the radiation
scattered by the electrons, resulting in positive or negative E-mode polarisation patterns.
Figure from [147].

B-mode pattern in CMB polarisation, we are directly detecting a predicted product of
inflation. Scalar perturbation can not produce B-modes. As we discussed in section
2.2, tensor perturbation are usually parametrised in terms of the tensor-to-scalar
ratio r, which is an observable quantity in experiments:

r = At
As

. (3.11)

In turn, the tensor-to-scalar ratio can be directly linked to the potential of the scalar
field driving inflation, and thus to the energy scale characteristic of the inflationary
phase:

V 1/4 ≃ 1016 GeV
(

r

0.01

)1/4
. (3.12)

This is the main reason why B-modes are considered as the frontier in CMB science:
a detection of this pattern in CMB polarisation would open a new window on the
physics governing the first moments of the Universe, at energy scales which will
not be probed by particle accelerators on Earth for many years. Currently, tensor
perturbations parameters have not been measured yet, with only upper limits (at
95% CL) coming from the combination of the most advanced instruments available
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(Planck, BICEP/Keck ):
r < 0.036 (fixed nt) ,

r < 0.028 (free nt) ,

− 1.37 < nt < 0.42 ,

(3.13)

from [205] and [81], respectively. We note here that a detection of primordial
B-modes has been claimed in 2014 by the BICEP collaboration, reporting a mea-
surement of the tensor-to-scalar ratio of r = 0.20+0.07

−0.05 [4]. A later joint reanalysis
with Planck data [27] revealed this signal to be consistent with polarisation from
Galactic dust, contaminating the measurement and inducing a false detection. We
will face this topic in more details in the following Parts of this Thesis.

3.3.3 CMB secondary anisotropies

After the recombination and last scattering phases, CMB photons are decoupled
from other particles and are free to travel toward our planet. Even if so, they are
expected to occasionally interact during their long trip, since the rest of the Universe
was able to form structures in the meantime. These (quite) rare interaction can
modify the original radiation emitted at the last scattering surface, in several ways:

• Reionisation. Before the birth of the first stars, the Universe is fully neutral
and no source of light is present. The neutral hydrogen clumps up to ignite the
first stars, which are very luminous and emit predominantly in the UV, and in
particular they produce photons with energies of 13.6 eV. This is the amount
of energy required for hydrogen ionisation, and thus the majority of the atoms
present in the Universe become ionised again4. This creates a new scattering
surface, where photons can interact with the free electrons through Thomson
scattering, and thus producing additional linear polarisation. This effect is
more visible on the large-scale anisotropies.

• Integrated Sachs-Wolfe (ISW, or Rees-Sciama) effect. We already saw
this effect while describing the origins of temperature anisotropies in section
3.3.1. Photons passing through different gravitational potentials will gain or
lose energy (blue- or red-shifted). The same can happen when the photons
travel through gravitational wells and hills intervening between us and the
last scattering surface. In particular, photons encountering superclusters or
voids will experience a shift in energy. This effect is more pronounced after
dark energy starts to dominate the evolution of the Universe, because the
accelerated expansion makes the gravitational potential to decay over the

4Unlike recombination, this name is actually accurate, since atoms are really ionised again.
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time a photon is traversing them. A photon gets a kick of energy going into a
potential well (a supercluster), and it keeps some of that energy after it exits,
after the well has been stretched out and shallowed. Similarly, a photon has
to expend energy entering a void, but will not get all of it back upon exiting the
slightly reduced potential hill [181].

• Gravitational lensing. CMB photons gravitationally interact with the very large
structures present in the Universe, which are able to deflect their trajectories
and modify the original anisotropies pattern [222, 121, 192]. This effect is
particularly impactful in B-modes polarisation analysis. More details on it are
reported in chapter 4.

• Sunyaev-Zel’dovich effect. The environment in which galaxy clusters are
embedded is called the intra-cluster medium (ICM). It is mostly made of hot,
ionised plasma, where electrons are heated due to gravitational interactions.
Photons can interact with these electrons through inverse Compton scattering,
gaining energy and shifting frequency, resulting in a spectral distortion of the
CMB. This process is known as the thermal Sunyaev-Zel’dovich (tSZ) effect
[198, 28]. The peculiar motion of the electrons can also imprint a Doppler shift
on the interacting photons, in a process called kinetic SZ (kSZ) effect.

All these features must be taken into account when analysing CMB data. In most
of the cases they represent a contamination of the original, primordial signal that
we want to recover. Nonetheless, the physics they rely on is rich of astrophysical
and cosmological information, and are thus of fundamental importance in branch
of astrophysics which use the CMB as a backlight for the study of the rest of the
Universe.

3.4 The CMB angular power spectrum

Back in section 1.3.1, we noted that it is impossible for us to derive a theory
predicting the exact distribution of density perturbations at any given point of the
spacetime. This is why cosmological theories prefer to rather talk about a statistical
description of the field, providing some statistical quantities reflecting information
on the ensemble. To do so, we usually work in Fourier space, which simplifies a
lot of tasks behind a couple of assumption, as the independency of Fourier modes
and the idea of our single Universe being a representative of the underlying fiducial
distribution. The same thing can be done to study the statistical properties of the
CMB, but now we have to work on the sphere rather than a flat patch.
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In general, the CMB temperature field depends on the spacetime coordinates
(x, τ) and on our line-of-sight n̂, that is the direction in the sky we are looking at:

T = T (x, n̂, τ) (3.14)

Although this field is defined at every point in space and time, we can observe it only
here from Earth (x = x0) and now (τ = τ0)5. The only anisotropies dependence we
can access is the direction of the incoming photons n̂. Telescopes typically build
sky maps, wherein the temperature is reported at a number of incoming directions,
or "locations on the sky", usually labelled by polar coordinates θ and φ. It is possible
to transform back and forth as n̂⇌ (θ, φ).

In a similar way to the Fourier decomposition, a scalar (spin-0) field defined on
the 2-sphere can be expanded in terms of spherical harmonics as

T (x, n̂, τ) =
∞∑

ℓ=0

m=ℓ∑
m=−ℓ

aℓm(x, τ)Yℓm(θ, φ) , (3.15)

where the dependence of the temperature field have been separated in a spacetime
part aℓm(x, τ) and an angular part Yℓm(n̂) = Yℓm(θ, φ). The spherical harmonics Yℓm

are an orthonormal basis (complete set of eigenfunctions) describing the surface of
the 2-sphere. They are defined as

Yℓm(θ, φ) =
√

2ℓ+ 1
4π

(ℓ−m)!
(ℓ+m)!Pℓm(θ)e−imφ , (3.16)

where Pℓm are the Legendre polynomial. The spherical harmonics expansion
can be thought of the analogous of the Fourier expansion, where ℓ is the multipole
moment which, as the wavevector k, is associated to the inverse of the angular scale
ℓ ∼ π/θ, and m is the azimuthal moment encapsulating the possible orientation on
the sphere of a given multipole. The multipole ℓ = 0 is the monopole (the CMB
average temperature) and covers the whole sphere, ℓ = 1 is the dipole term that
divides the sphere in half, ℓ = 2, 3 are the quadrupoles and octupoles terms, and so
on and so forth. The Yℓm are normalised via∫

dΩYℓm(n̂)Y ∗
ℓ′m′(n̂) = δℓℓ′δmm′ , (3.17)

5Even if we can observe the effects of the CMB on systems located at different coordinates of the
spacetime. At higher redshift the CMB radiation would be at higher temperature and its statistics would
be different. An example is the observation of distant galaxy clusters through the Sunyaev-Zel’dovich
effect.
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and the spherical harmonics expansion can be inverted as

aℓm(x, τ) =
∫ d3k

(2π)3 e
ik·x

∫
dΩY ∗

ℓm(n̂)T (k, n̂) (3.18)

to give the spherical harmonics coefficients aℓm. All of the information contained in
the temperature field is also contained in the aℓm coefficients.

Again, we are not able to make exact predictions about any particular aℓm. The-
ories can only speculate about the statistics of these coefficients, and in particular
about the underlying distribution from which they are drawn. Quantum fluctuations
seeded by the inflationary mechanism suggest this distribution to be a Gaussian,
which means that the average value of the aℓm is zero, but with a non-zero variance.
The variance of the aℓm is given by the angular power spectrum Cℓ:

⟨aℓm⟩ = 0 , ⟨aℓma
∗
ℓ′m′⟩ = δℓℓ′δmm′Cℓ (3.19)

where ⟨·⟩ denotes an ensemble average, which is the result that would be obtained
in the limit of measuring over an infinite volume. Thus, for a given ℓ, each aℓm

has the same variance. For example, for ℓ = 100 (angular size of ≃ 1◦) we have
2ℓ+ 1 = 201 m values drawn from the same distribution, which are a good sample
to accurately measure this distribution. Vice versa, for the quadrupole ℓ = 2 we only
have 5 m values to sample the distribution, which will be then measured with less
statistical precision. This is a fundamental uncertainty in the knowledge of the Cℓ,
called "cosmic variance", which follows from the Cℓ being defined as the sum in
quadrature of Gaussian stochastic aℓm; their probability distribution is a chi-squared
one with 2ℓ+ 1 degrees of freedom, and variance

σ2
cosmic = 2

2ℓ+ 1C
2
ℓ . (3.20)

which is more pronounced at low ℓ. Another way to say this is to notice that,
unfortunately, we have only one observable Universe at our disposal to extract
information from. In practice, this limit is never achieved, because even if an
instrument observes the full sky (such as the satellites COBE, WMAP, Planck, and
the future LiteBIRD), the large contaminating emission from the Milky Way force us
to exclude some parts of the map. If we observe just a fraction fsky of the sky, the
measurements precision will be limited by a "sample variance" increased by roughly
a factor 1/fsky with respect to the cosmic variance:

σ2
sample ≃ 1

fsky
σ2

cosmic = 2
fsky(2ℓ+ 1)C

2
ℓ . (3.21)
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The contamination to CMB observations will be described in more detail in chapter
4.

Turning to polarisation, the same expansion can be applied with some modifica-
tions. The complex, spin-2 polarisation field P± = Q± iU can be expanded in the
generalised spin-weighted spherical harmonics on the sphere as

P±(x, n̂, τ) =
∞∑

ℓ=0

m=ℓ∑
m=−ℓ

±2aℓm(x, τ) ±2Yℓm(θ, φ) , (3.22)

where ±2aℓm are the spin-2 spherical harmonic coefficients. They can be separated
in E and B components as

Eℓm = −1
2 ( 2aℓm + −2aℓm) ,

Bℓm = − 1
2i ( 2aℓm − −2aℓm) ,

(3.23)

which can then be used to construct the E- and B-modes scalar (spin-0) fields as

E(n̂) =
∞∑

ℓ=2

m=ℓ∑
m=−ℓ

EℓmYℓm(n̂) ,

B(n̂) =
∞∑

ℓ=2

m=ℓ∑
m=−ℓ

BℓmYℓm(n̂) .
(3.24)

This is the E and B decomposition of a set of Q and U maps, for which the same
angular power spectrum described in eq. (3.19) is defined. The same geomet-
rical considerations discussed in section 3.3.2 also apply here, being the same
decomposition.

The angular power spectrum thus describe the variance of the spherical har-
monic coefficients. If the aℓm are drawn from a Gaussian distribution (as predicted
by inflation), then all the statistical information is encoded in the power spectrum,
making it one of the most powerful tools in Cosmology. This the main quantity mea-
sured by CMB experiments and compared with theoretical models. Following the
definition given in section 1.3.1, the angular power spectrum is simply the Fourier
transform of the 2-point angular correlation function ξ; in this case, we are looking
at two different directions in the sky, and evaluating the anisotropy power on those
separated angular scales, parametrised by the multipole moment ℓ. The angular
power spectrum between two different fields X and Y can be computed as

CXY
ℓ =

〈
aX

ℓm

(
aY

ℓm

)∗〉
, (3.25)
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with the cosmic variance being

σ2
cosmic(XY ) = 1

2ℓ+ 1

[
CXX

ℓ CY Y
ℓ +

(
CXY

ℓ

)2
]
. (3.26)

If the two fields are different, we talk about cross-spectra and they describe the
cross-correlation of field X with field Y . If the two fields are the same (e.g., X =
Y → CXX

ℓ ) we talk about auto-spectra and they provide information on the auto-
correlation of the field with itself, with the cosmic variance reducing to eq. (3.20).
CXY

ℓ and CY X
ℓ contain the same statistical information. In CMB data analysis

we can compute auto- and cross-correlations of three different fields which are
temperature T , and polarisation E- and B-modes, resulting in six independent
power spectra: CT T

ℓ , CT E
ℓ , CT B

ℓ , CEE
ℓ , CEB

ℓ , CBB
ℓ , usually shortened to TT , TE,

TB, EE, EB, BB. Cross-correlations with the parity-odd B-modes (TB, EB) are
expected to be zero, since temperature and E-modes are parity-even fields. In
the standard ΛCDM model there is no mechanism to generate cross-correlation
with B-modes; a significant detection of non-zero correlation would imply a parity
violation and/or rotation, and consequently the existence of new physics needed
to explain it. In general, this is attributed to effects like the presence of primordial
magnetic fields [160, 153] or axion-like particles inducing cosmic birefringence [134,
37, 106].

Since we only have one sky to look at, the ensemble average ⟨·⟩ is not accessible
to us, as we have only one observable set of aℓm coefficients. When looking at
real data, we replace eq. (3.25) with an angular power spectrum estimator built by
averaging over all the (2ℓ+ 1) possible orientations m at a given multipole ℓ:

CXY
ℓ = 1

2ℓ+ 1

ℓ∑
m=−ℓ

aX
ℓm

(
aY

ℓm

)∗
. (3.27)

It is usual to report the power spectra in a different normalisation, as

DXY
ℓ = ℓ(ℓ+ 1)

2π CXY
ℓ , (3.28)

which is approximately proportional to the total power per logarithmic interval in ℓ
(analogous to the k3P (k) dimensionless quantity for the 3D Fourier power spectrum).
In a flat cosmological model with an ns ≃ 1 power spectrum, the Sachs-Wolfe
contribution to the power spectrum is proportional to 1/ℓ(ℓ+ 1), dominant on large
scales. In the latter normalisation, the angular power spectrum is thus flat at low ℓ.

In practical life, the estimation of the CMB angular power spectrum is not as
straightforward as it may seem. Many problems arise when working with real data,
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and a particular attention is required when extracting cosmological information.
Here we report some of the main challenges commonly faced in CMB data analysis:

• Partial sky. In general, it is not possible to access the full microwave sky.
Either because we are only observing a portion of the sky from the ground, or
because the full sky maps contain contamination due to galactic and extra-
galactic foregrounds which needs to be masked out. Estimating angular
power spectra on a partial sky has several consequences. The first one
is a loss of power due to lower number of pixels observed. At first order,
this power can be recovered by diving the estimator by the fraction of pixels
included in the analysis fsky. But at higher order, the partial sky implies
the non-orthogonality of the spherical harmonics basis, since they are not
defined any more on the full sphere. This induce an effect known as mode-
coupling, where different multipole moments are not independent any more,
but coupled. This ultimately bias the power spectrum estimator [103, 12].
Moreover, when treating polarisation we have an additional problem due to the
E- and B-modes decomposition being inherently non-local, and non-unique
in the presence of boundaries [122, 36]. Since the E-modes are generally
much more dominant with respect to the fainter B-modes, the net effect of
this problem is a "leakage" of E into B power, able to bias the recovery of the
B-mode power spectrum.

Both of these effects (mode-coupling and E-to-B leakage), are induced by
observing a partial sky, and they are usually treated with mathematical tools
able to correct most of the bias. In this Thesis we will mostly use the NaMaster

package6 [12] to account for these problems.

• Noise bias. When we compute the auto-angular power spectrum of a map, we
are evaluating the correlation of the underlying fields with themselves. This is
very useful to highlight the statistical properties of the CMB and the correlation
power at different angular scales. Unfortunately, these maps also contain a
realisation of instrumental noise, which in the simplest scenario is random,
white, Gaussian noise, but is in reality more complicated. The correlation of
the noise field with itself will show up in the angular power spectrum as a
bias, more pronounced at smaller scales where noise is expected to dominate.
The simpler way to avoid the noise correlation problem is to replace the
auto-spectra with the cross-spectra, correlating two maps possibly containing
independent noise realisations. This is usually achieved by employing data
"splits" instead of full-mission maps, where the splits have been built using a

6https://namaster.readthedocs.io/en/latest/

https://namaster.readthedocs.io/en/latest/
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subset of the total data. For example, two common splits used in the analysis
of Planck data are built by either dividing the mission in two half-mission
chunks, or by building maps as observed by different, separate detector sets.
In this way, the final frequency maps will contain different noise realisations
and systematics, mitigating the impact of the noise bias.

Once the above effects have been taken into account, it is possible to proceed with
the extraction of cosmological information. Each of the six angular power spectra
possesses a rich structure which is sensitive to the physics of the primordial and
late Universe, with the value of cosmological parameters influencing the shape and
amplitude of the curves. Figure 3.7 shows a compilation of recent measurement of
the CMB angular power spectra, by different microwave experiments, both space-
and ground-based, and their combinations. We will now use this figure to briefly
describe the main features of the different power spectra, ignoring the lower panel
showing the lensing deflection power spectrum Cϕϕ

ℓ .

T T The auto-correlation of the temperature field is the spectrum with the largest
amplitude. The ℓ = 0 and ℓ = 1 components correspond to the monopole and dipole
already discussed. From ℓ = 2 onwards, the spectrum shows the oscillatory features
characteristic of the physics of the photo-baryonic plasma, namely the acoustic
oscillations. At ℓ < 100, we have large scales that were outside the causal horizon at
the time of last scattering, which have never interacted with the rest of the Universe
since the end of inflation. Thus, we are looking at the primordial perturbations as
generated by inflation, which are close to scale-invariance (ns ≃ 1). This translates
to the Sachs-Wolfe plateau linked to the density perturbations. Deviations from
this plateau are due to the integrated Sachs-Wolfe secondary anisotropies. In the
100 < ℓ < 1000 interval we have the acoustic peaks, which encode the oscillations
occurring in the primordial plasma at scales within the causal horizon. The relative
amount of baryonic matter Ωb, cold dark matter ΩCDM, and dark energy ΩDE

establish amplitudes and positions of these peaks, together with the curvature of the
Universe Ωκ and shape of primordial perturbations As and ns. The maximum peak is
at ℓ ≃ 200. At ℓ > 1000, structures are so small that their perturbations are efficiently
smoothed out by photon diffusion damping (or Silk damping) [193]: on such scales,
photons are able to travel from hotter to colder regions, dragging electrons and
baryons; inhomogeneities are erased. This result in a damping envelope (or tail)
which smooth the amplitude of the peaks.

T E and EE The E-modes auto-correlation is two orders of magnitude fainter
than the temperature signal, being the CMB polarised at the ∼ 10% level. The
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deflection power spectrum. Different colours correspond to different experiments. The
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and lensing data. Figure from [168].
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wiggly structure is very similar, with the main difference being the phase shift: the
EE peaks are out of phase with respect to TT ones. This stem from the fact that
the polarisation anisotropies are sourced by the Doppler effect only, and not by
the under- and over-densities (like the Sachs-Wolfe effect for temperature). The
excess at ℓ < 10 is known as reionisation bump, and it is connected to the additional
scattering layer provided by the reionisation process, adding extra power at the
largest scales.

The TE spectrum quantifies the correlation between the temperature and E-
modes fields. Positive values indicate correlation, while negative values anti-
correlation. The crucial thing to notice here is the negative dip in the range
30 < ℓ < 200. This anti-correlation between super-horizon scales is one of the most
important indirect proofs of the inflationary paradigm, being a consequence of initial
conditions setup outside the horizon. It is possible to build other theories explaining
the peaks inside the horizon, but inflation is the only scenario able to also properly
address perturbations outside the horizon.

BB At the time of writing of this Thesis (August 2026), the only measured CMB-
related contribution to the BB spectrum is from gravitational lensing, which is a
secondary anisotropies arising from the gravitational deflection of CMB photons
from intervening structures in the late Universe. The E-modes pattern is distorted
by this effect and some of it will be converted to "spurious" B-modes, even if the
real scalar B-modes are zero, being more pronounced at intermediate and small
scales. This feature has been measured by several experiment [174, 21, 192], and
represents one of the main contamination to the primordial signal we are mostly
interested in, induced by inflationary gravitational waves. As we said in the previous
section, tensor perturbations have not been detected yet, and their measurement is
one of the main goal of current and future experiments.

3.5 Observing the CMB

Years before the official discovery of the CMB, things were already in motion to hunt
for this primordial signal [216]. Starting from theoretical arguments, people had a
more or less precise idea on where and how to look for the faint radiation, with the
CMB power spectra being drawn on paper years before its actual measurement.
We report here a brief, non-exhaustive list in chronological order of past, current,
and future experiments targeting the characterisation of the CMB. In the list, space-
based and sub-orbital experiments are reported. We defer the discussion about the
difference between these operational methods to the next chapter.
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Figure 3.8. Comparison between the CMB anisotropies observed by the three satellites
COBE (left), WMAP (middle), and Planck (right), showing the amazing improvement in
sensitivity and resolution. The three panels show 10-square-degree patches of all-sky
microwave maps. Source: link. Courtesy NASA/JPL-Caltech.

3.5.1 Past experiments

• 1964 – Penzias and Wilson report a measurement of the sky temperature
[155], interpreted as the monopole of the CMB radiation [60].

• 1990-1992 – The FIRAS instrument onboard the Cosmic Background Ex-
plorer7 (COBE) satellite measures the blackbody shape of the CMB spectrum
with exquisite precision (figure 3.1), and shows that the CMB has a nearly
perfect blackbody spectrum with T ≃ 2.73 K [140, 219, 78, 77]. The DMR
instrument onboard the same spacecraft discovers the CMB anisotropies.

• 1999 – Among others, the balloon-borne BOOMERanG8 experiment makes
the first measurements of acoustic oscillations in the CMB anisotropy angular
power spectrum, also providing evidences for a flat geometry of the Universe
[56, 54, 131].

• 2002 – CMB polarisation is discovered by the DASI9 telescope [113].

• 2003 – The Wilkinson Microwave Anisotropy Probe10 (WMAP) spacecraft,
successor of the COBE mission, produces its first maps of the sky and

7https://lambda.gsfc.nasa.gov/product/cobe.
8https://en.wikipedia.org/wiki/BOOMERanG_experiment.
9https://en.wikipedia.org/wiki/Degree_Angular_Scale_Interferometer.

10https://science.nasa.gov/mission/wmap/wmap-overview.

https://science.nasa.gov/photojournal/the-universe-comes-into-sharper-focus/
https://lambda.gsfc.nasa.gov/product/cobe/
https://en.wikipedia.org/wiki/BOOMERanG_experiment
https://en.wikipedia.org/wiki/Degree_Angular_Scale_Interferometer
https://science.nasa.gov/mission/wmap/wmap-overview/
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measures the first peaks of the CMB temperature angular power spectrum,
constraining cosmological parameters.

• 2009 – The Planck11 space telescope is launched, and Cosmology enters
its precision era. Exquisite measurements of temperature and polarisation
anisotropies are reported, with the TT and EE power spectra characterised
until small scales.

• 2007-2022 – The ground-based Atacama Cosmology Telescope12 (ACT )
provided sharp measurement of (seven) acoustic peaks in the CMB power
spectrum, both in temperature and polarisation, improving satellites results
on the smallest angular scales. It also provided the first measurement of
gravitational lensing in a CMB map only, and evidences for dark energy from
CMB data alone [192, 150, 130].

3.5.2 Current / active experiments

• from 2006 – The Background Imaging of Cosmic Extragalactic Polarization
(BICEP)13 and the Keck Array [24, 7] are a series of successive ground-based
experiments targeting the measurement of primordial B-modes by looking at
a relatively small, clean sky region from Antarctica. The majority of the upper
limits derived on the tensor-to-scalar ratio r come from the BICEP/Keck data,
for it currently being the experiment with the best sensitivity for the search
of primordial B-modes. In 2014, the collaboration claimed a detection of
primordial gravitational waves from inflation, reporting r = 0.20+0.07

−0.05 [4]. After
a joint analysis with Planck data [27], the claim was later revealed to be a
false detection induced by the polarised emission of Galactic dust.

• from 2007 – The ground-based South Pole Telescope14 (SPT ) reports the
first measurement of the B-mode component in CMB polarisation at small
angular scales, sourced by gravitational lensing [21].

• from 2016 – The Cosmology Large Angular Scale Surveyor15 (CLASS) [73]
ground-based experiment targets the polarised CMB emission at large scales
to extract information on reionisation and the birth of the first stars, while also
searching for inflationary primordial B-modes. It also tries to constrain the
circular polarisation of the CMB.

11https://www.esa.int/Science_Exploration/Space_Science/Planck/Planck_overview.
12https://act.princeton.edu.
13https://www.cfa.harvard.edu/facilities-technology/telescopes-instruments/bicep.
14https://pole.uchicago.edu/public/Home.html
15https://sites.krieger.jhu.edu/class/

https://www.esa.int/Science_Exploration/Space_Science/Planck/Planck_overview2
https://act.princeton.edu/
https://www.cfa.harvard.edu/facilities-technology/telescopes-instruments/bicep
https://pole.uchicago.edu/public/Home.html
https://sites.krieger.jhu.edu/class/
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• from 2024 – The Simons Observatory (SO) [82, 6] started operations in 2024
and it is currently collecting its initial data of the sky. The main scientific goal of
the experiment is to constrain the amplitude of primordial gravitational waves
by measuring r, together with gravitational lensing and Sunyaev-Zel’dovich
effect (thermal and kinematic).

3.5.3 Future experiments

• 2030s – LiteBIRD16 (Lite satellite for the studies of B-mode polarization and
Inflation from cosmic background Radiation Detection) [127, 128] is a planned
space mission selected by the Japanese Space Agency, to be the successor
of the Planck observatory. Its main scientific target is the measurement of the
B-mode signal due to cosmic inflation, with the current forecast predicting an
experiment able to map the CMB polarised emission over the full sky with a
sensitivity of σ(r) ≲ 0.002.

• 2030s-2040s – FOSSIL [51] is a proposal for a space mission targeting
the spectroscopy of the CMB, being the first experiment dedicated to the
measurement of CMB spectral distortions after the FIRAS instrument.

• 2030s-2040s – PICO (Probe of Inflation and Cosmic Origins) [95] is a mission
concept for a future space experiment with the aim of observing the full sky in
intensity and polarisation over a broad range of frequencies. Scientific goals
include the characterisation of inflationary physics, reionisation, structure
formation.

Figure 3.8 shows a comparison between the CMB anisotropies observed by the
three successive space missions, highlighting the improvement in instrumental
performance between the different experiments.

16https://www.isas.jaxa.jp/en/missions/spacecraft/future/litebird.html.

https://www.isas.jaxa.jp/en/missions/spacecraft/future/litebird.html
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Chapter 4

Foregrounds as a contaminant to
CMB observations

Until now we have described the CMB and its observation as it being the only
radiation present at the relevant experimental frequencies. In reality, the CMB is
only one part of the multi-facet emission of the microwave sky. Being the CMB a
radiation coming from ∼ 13 Gyrs ago, we have the entire Universe which is between
us and the last scattering surface. The primordial signal is a background, and
everything else not coming from the instrumentation is foreground emission (or
shortly, foregrounds), generated by various physical mechanisms taking place inside
and outside our Galaxy. For cosmological purposes, this foreground emission is
generally considered as a contamination of CMB observation, as it obstructs our
view of the primordial photons and prevents us from taking a clear picture. Instead,
from the astrophysical point of view these foregrounds are a trove of information;
their emission provides invaluable insights about the complex interplay between
small scales components of the sky. A better understanding of the physics behind
the contamination is crucial for its mitigation.

4.1 Inventory of the contaminants

As it is evident from the Planck maps of the microwave sky reported in figure 3.2
and 3.4, the main contamination is in the form of a horizontal strip, representing the
plane of our Galaxy. Being the Earth located in one of the spiral arms of the Milky
Way, the thick Galactic disk will be present in any full-sky observation. But we also
have a lot of bright emission in regions of the maps far from the plane, extending
anisotropically in different directions. A notable feature is the visual dependence
of the contamination on the frequency of observation, with some frequencies less
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contaminated than others, and the morphology of the emission being different
from lower to higher frequencies. Additionally to the Galactic plane, there are both
localised and diffuse emissions visible and detectable on the whole sphere; here we
briefly describe the most important contributions, referring to [184, 64] and Planck
results [159, 169] for many more information:

• Synchrotron radiation. It is generated by relativistic electrons accelerated
by the Galactic magnetic field in the ionised interstellar medium. Detailed in
section 4.2.1.

• Thermal dust emission. Produced by dust grains in our Galaxy which
thermally re-emit the absorbed starlight. More details in section 4.2.2.

• Free-free emission. Similar to synchrotron radiation, it is emitted by electrons
deviated by positive ions in the interstellar plasma. Detailed in [61].

• Anomalous Microwave Emission (AME). Fairly unknown radiation contribut-
ing at frequencies around ∼ 30 GHz, still under studies. Usually attributed
to the emission of small, rapidly spinning dust grains [65, 47]. Its polarised
emission has been constrained to be less than 1%, being thus negligible in
observations of CMB polarisation.

• Spectral lines. Atoms and molecules produce emission lines in the microwave
frequency range, with extragalactic CO molecular rotational line being the
most prominent for CMB science.

• Zodiacal light. Generated by dust grains in the Solar system, reflecting and
re-emitting Solar radiation. Visible as a diffuse and weakly polarised signal in
the ecliptic plane [84].

• Cosmic Infrared Background (CIB). Diffuse background radiation due to the
combined infrared emission of extra-Galactic sources, mainly coming from
unresolved dusty galaxies.

• Point sources. Localised bright sources, which can be either of extra-Galactic
origin like quasars or radio galaxies, or Galactic like compact object (pulsars
and supernovae remnants).

All these different foregrounds contribute to the total brightness of the millimetre
sky, which is illustrated in figure 4.1 as a function of the observing frequency, both
in temperature and polarisation. This function is usually called spectral energy
distribution (SED). Sky masks are also applied in order to reduce the contamination
from the Galactic plane, retaining a certain sky fraction fsky. The impact of the sky
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Figure 4.1. Frequency dependence of the main components of the sub-millimetre sky in
temperature (left) and polarisation (right, shown in P ). The vertical grey bands indicate
the Planck channels, while the coloured bands show the major signal and foreground
components. For temperature, the widths of the bands show the range for sky masks
with 81-93% sky coverage. For polarisation, the range is 73-93%. Figure from [168].

mask can be seen from the thickness of the coloured bands. In temperature obser-
vations, the CMB signal is stronger than the total foregrounds emission minimum at
frequencies around ∼ 90 GHz, making it one of the best windows to look at CMB
(Planck channels are shown as vertical bands). At lower and higher frequencies, the
contamination becomes dominant over the primordial signal. Similar considerations
apply to polarisation, with synchrotron and thermal dust being the only important
contaminants. The CMB signal is now lower than the cumulative foregrounds for
every frequency, even at the minimum of their emission. This Thesis will focus on
observing the polarised signal of the CMB, and for this reason I will restrict the
discussion to those foregrounds contributing the most in polarisation.

Therefore, the extraction of primordial information from the microwave sky
requires a careful treatment of the contamination, which represents one of the main
challenges in CMB science. Methodologies tackling the problem of retrieving the
cleanest possible CMB signal are known as "component separation" methods, and
they will be described in more details in section 4.3.

4.2 Polarised foregrounds

In comparison with temperature observations of the sub-millimetre sky, polarisation
measurements provide good news and bad news (see figure 4.1). The good news
is that the majority of the foregrounds described in the previous section do not
emit significantly polarised light: synchrotron radiation, thermal dust emission, and
point sources are the only contaminants we need to worry about. The bad news
is that the foreground emission is now dominant with respect to the CMB signal,
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over the entire frequency spectrum. In the context of observations targeting the
measurement of the primordial B-mode signal, polarised foregrounds represent
the major challenge to overcome. Although the level of contamination depends on
the sky region, polarised foregrounds are known to have amplitudes corresponding
roughly to r = 0.01 − 0.1 [114] at their minimum frequency (∼ 80 GHz). As a
function of scale, the contamination can be up to two orders of magnitude higher
than the CMB B-mode power spectrum, which itself is dominated by non-primordial
B-modes induced by gravitational lensing. We now describe these contaminants in
more detail.

4.2.1 Synchrotron

Generally speaking, synchrotron radiation is the electromagnetic emission produced
by relativistic charged particles subject to an acceleration perpendicular to their
velocity. In the presence of a magnetic field B, a free charge q will spiral around the
direction of the field following from the Lorentz force

d(γmv)
dt = q

c
(E + v × B) , (4.1)

where γ is the Lorentz factor. As illustrated in the left panel of figure 4.2, the electron
will emit a focalised beam of polarised light tangential to its trajectory, where the
power carried by the radiation is given by the relativistic Larmor formula:

I = q2γ4

6πϵ0c3a
2 , (4.2)

where ϵ0 is the vacuum permittivity and a is the magnitude of the acceleration.
Additionally, this radiation is linearly polarised. Therefore, if we consider as the free
charge an electron in the interstellar medium of the Milky Way, synchrotron can be
seen as a tracer of the Galactic magnetic field.

In the context of microwave sky observations, synchrotron is the dominant
polarised emission at frequencies ≲ 70 GHz. It is strongly linearly polarised, up to
∼ 20% at intermediate and high Galactic latitudes [112]. In the frequency range
2 < ν < 100 GHz, the SED of synchrotron emission is usually modelled as a
power-law with amplitude As and spectral index βs:

Ss(ν, n̂) = As(n̂)
(
ν

ν∗
s

)βs(n̂)
, (4.3)

where n̂ is the direction of observation, and ν∗
s is a reference frequency used for

normalisation, usually taken to be ν∗
s = 23 GHz in models built upon observations
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Figure 4.2. Left: diagram showing the mechanism of synchrotron radiation emitted by an
electron moving along a helical path around an ordered magnetic field. The Lorentz
force is perpendicular to the magnetic field. Picture taken from [9]. Right: polarised
synchrotron amplitude map by Planck, obtained with the Commander algorithm, at 40’
resolution, and evaluated at the reference frequency of 30 GHz. From [169].

made by the lowest frequency channel of WMAP [23]. The amplitude and spectral
index are in principle dependent on the direction we are looking at, identified by a
specific pixel in a tessellated map of the sky. The mean spectral index extracted
from Planck and WMAP data is βs ≃ −3 [80, 115, 138].

Statistically, on the largest scales the angular power spectra of the polarised
synchrotron emission is approximated with a power-law:

CXX,s
ℓ (ν) = AXX

s

(
ℓ

ℓ0

)αXX
s

(4.4)

where XX = EE,BB and ℓ0 is a pivot multipole used for normalisation, typically
chosen to be close to the expected scale of recombination ℓ0 = 80. The power-law
index is measured to be αs ≃ −3 for both EE and BB [115, 138]. The asymmetry
of E- and B-modes is generally quantified with the B-to-E ratio, evaluated as
the amplitude ratio at the pivot multipole ℓ0; depending on the frequency and the
considered sky region, it assumes values of ∼ 0.5 (at 2.3 GHz) [115] or ∼ 0.2 (at 23
and 30 GHz) [138]. The right panel of figure 4.2 shows a map of the synchrotron
polarised amplitude obtained from Planck data, at the reference frequency of 30
GHz [169].

Synchrotron emission represent a major challenge in the search of primordial
B-modes, contaminating the lower frequency bands and hindering the recovery of
the underlying CMB signal. Its characterisation is crucial for a future measurement
of the tensor-to-scalar ratio [114, 115, 138, 67].
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Figure 4.3. Left: diagram showing how dust clouds are able to polarise background
starlight. Asymmetric and elongated grains tend to align with the direction of the
magnetic field, emitting polarised radiation along the big axis of the grain. Picture from
the Pasiphae website. Right: polarised thermal dust amplitude map by Planck, obtained
with Commander algorithm, at 5’ resolution, and evaluated at the reference frequency of
353 GHz. From [169].

4.2.2 Thermal dust

Interstellar dust is made of small grains of various dimensions, spanning from the
size of a molecule to ∼ µm. The chemical composition include carbon, silicates,
and graphites, with the temperature of the grains being in the 15-25 K range. With
thermal emission we refer to the radiation produced by these grains: they heat up by
absorbing high-energy starlight, and then re-emit it at lower energy, in the infrared
and microwave regimes. Since these dust grains are not spherical, they tend to
align perpendicularly to interstellar magnetic fields, inducing a certain degree of
linear polarisation to the starlight that passes through dust clouds [64]. The left
panel of figure 4.3 offers a sketch of this mechanism. For this reason, interstellar
dust is a very good tracer of the Galactic magnetic field shape and intensity.

Concerning CMB observations, thermal dust emission is the dominant contri-
bution to the sky polarised emission at frequencies ≳ 100 GHz, with a peak at 1
THz. The SED of thermal dust emission in the microwave is close to a modified
blackbody (MBB), which is the product of a blackbody function and a power-law:

Sd(ν, n̂) = Ad(n̂)
(
ν

ν∗
d

)βd(n̂)
B(ν, Td)
B(ν∗

d, Td) , (4.5)

where Ad and βd are the amplitude and spectral index, B(ν, Td) is the Planck’s law,
and ν∗

d is a reference frequency used for normalisation, generally taken to be the
highest Planck polarised channel at 353 GHz. Td is the temperature of the dust
grains, which is taken to be ∼ 20 K for the simplest scenarios assuming a single

https://pasiphae.science/isp
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population of grains. The modified blackbody emission is characteristic of a dust
component which is almost in thermal equilibrium with the background radiation
field, while the power-law contribution is induced by the shape and composition of
the grains [158, 164]. Planck data have been used to determine the spectral index,
finding βd ≃ 1.59 [158].

Similarly to synchrotron, the large-scales angular power spectra of thermal dust
emission follow a power-law:

CXX,d
ℓ (ν) = AXX

d

(
ℓ

ℓ0

)αXX
d

(4.6)

where, again, XX = EE,BB and ℓ0 = 80. The power-law index is measured to
be αs ≃ −2.4 for both EE and BB, while the B-to-E ratio is around 0.5 [164]. The
right panel of figure 4.3 shows a map of the dust polarised amplitude obtained from
Planck data, at the reference frequency of 353 GHz [169].

Thermal dust emission has already proven itself to be a formidable challenge
for the cosmological measurement in polarisation, with early studies already ad-
vocating the need for a careful mitigation [17]. In particular, the underestimation
of dust contamination led to the false detection of primordial B-modes, reported
in 2014 by the BICEP collaboration [4]. The dust-induced B-modes excess signal
was interpreted to be the signature of primordial gravitational waves generated
by inflation. A successive re-analysis, joint with Planck data [27] confirmed the
astrophysical nature of the signal, and further studies showed that contamination
from Galactic dust can not be neglected even in the cleanest regions of the sky
[114]. There is no possibility to extract information on primordial B-modes without a
careful, proper characterisation and treatment of Galactic foregrounds.

4.2.3 Point sources

In general, extra-galactic compact objects are sufficiently distant to be unresolved
by instruments targeting the mapping of the CMB, as far as their brightness is
sufficiently small. Their contribution to the sky emission is a combination of two
signals: the brightest sources, which can be resolved; the faintest sources (and
the most numerous) which are not individually significant but form a background
with fluctuations contributing to the total signal. On the low frequencies range, radio
sources, such as active galactic nuclei (radio galaxies, quasars, blazars), follow
a large variety of emission laws. Extrapolation of their flux to CMB wavelengths
is therefore difficult. WMAP [220] and Planck [162] experiments have produced
catalogues of the brightest radio sources in their observational frequencies, on the
totality of the sky.
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Point sources have been shown to have a fractional polarisation of a few percent
[129, 20, 139]. They contribute to the polarisation angular power spectra as a
Poissonian emission, meaning that they present a flat power spectrum (constant
at every scale) gathering contributions from the unresolved background of sources
[67]. Their impact is larger in the radio observational window, which correspond to
the lower frequency bands of the usual experiments targeting CMB science, and
at smaller scales where the synchrotron signal decreases. Moreover, the brightest
of the polarised point sources can be responsible for ringing in the angular power
spectra estimation, induced by the computational limitation of operating a spherical
harmonic decomposition of a very bright and compact region [197]. The general
treatment adopted for the mitigation of point sources is masking, where the compact
object and their surrounding are masked at the pixel level. Other useful techniques
include the inpainting of the point sources, replacing their emission with with a
statistical representation of the underlying sky signal.

4.3 Component separation

In the previous sections we discussed how foreground emission is able to prevent
us to have a clean view of the CMB signal, making the extraction of cosmological
information much more difficult. It is crucial to develop ways to mitigate foregrounds
contamination and disentangle the different contribution that are superimposed on
the sky. Component separation methods are numerical tools employed to isolate
and recover the CMB signal from the foregrounds, exploiting several physically
justified hypothesis. Different component separation techniques are commonly
used, often being complementary. They can be roughly divided as:

• Parametric methods. They explicitly model the frequency properties of the
foregrounds through a set of parameters, which are then fitted to the data
in order to extract a cleaned CMB estimate. They use prior information on
the SEDs of the sky components, being thus able to provide an estimate of
the CMB and foregrounds emissions. However, if the assumed underlying
model of the sky is incorrect, it can lead to severe biases in the recovered
maps, and consequently in the derived cosmological parameters. Examples
of parametric methods include Commander [69, 70] and FGbuster [196].

• Blind methods. These techniques aim at recovering the CMB signal without
strong assumption on the underlying model of foreground emission. In this
way, the cleaning is not affected by our limited knowledge of the complex
contamination, especially in polarisation. In general, blind methods linearly
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Figure 4.4. Diagram illustrating the component separation principle, combining Planck multi-
frequency sky maps (in temperature) to obtain a foreground-cleaned CMB reconstruction.
From this website.

combine the multi-frequency sky maps observed by an experiment in such a
way as to minimise some meaningful statistical quantity of the final recovered
map.

• Template fitting. Internal foregrounds templates either in pixel or harmonic
space are obtained using multi-frequency observations, fitted to the data
and removed. Usually, these foregrounds templates are built as difference
maps between two neighbouring frequency channels, in order to remove the
common CMB signal. SEVEM [136, 74] is an example of a template fitting
algorithm which has also been applied on WMAP and Planck data [159].

For the sake of results robustness, many component separation methods are usually
applied within the same experiment, to the same datasets. As an example, the
Planck collaboration has adopted four different component separation algorithms
over the years [159, 169], typically finding consistent results between methodologies.
Figure shows and compares the recovered CMB maps (in Q and U ) after the
application of the Commander and SEVEM component separation methods on the
latest Planck data release (PR4, or NPIPE) [173].

In this Thesis, we will adopt blind component separation techniques in order
to disentangle the CMB signal from the foregrounds contamination and recover a
clean view of the anisotropies. In particular, we exploit two implementations of the
more general Internal Linear Combination (ILC) methodology: Needlet ILC (NILC)

https://www2.iap.fr/users/cardoso/compsep_planck.html
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and Multi-Clustering NILC (MC-NILC) [57, 40, 41]. Here we briefly describe the
main ideas behind the ILC technique and the two extensions, assuming to work
with a set of observed (real or simulated) multi-frequency sky maps, pixelated on a
spherical domain.

4.3.1 ILC

The Internal Linear Combination (ILC) method is one of the most widely used
approaches for the reduction of contaminants in CMB observations. Proposed in
1996 [201], it was adopted for the first time in the analysis of WMAP intensity data
[22, 202]. The algorithm has to be applied to maps of a scalar quantity, such as
temperature, E- or B-modes, which hereafter we will refer to generically as X. The
ILC CMB solution is obtained by linearly combining the Nν multi-frequency maps
Xj of one or multiple CMB experiments with frequency-dependent weights wj :

X̂ILC =
Nν∑
j=1

wjXj , (4.7)

where the weights are derived by minimising the variance of the final map X̂ILC.
Each frequency map Xj can be described as the sum of the CMB signal s, the
emission of the foregrounds fj and the instrumental noise nj :

Xj = ajs+ fj + nj , (4.8)

where aj are the calibration coefficients. If observations are calibrated with respect
to the CMB and reported in thermodynamic units (which is generally the case), then
aj = 1 ∀j. In order to preserve the CMB signal in the output map, the weights
must satisfy the constraint

∑
j wj = 1. Therefore, the final ILC product will be a map

containing the full CMB signal, plus some residual contamination from foregrounds
and noise:

X̂ILC =
Nν∑
j=1

wj · (s+ fj + nj) = s+
Nν∑
j=1

wj · (fj + nj) . (4.9)

If we are working with a simulated data sets, the estimation of these foregrounds
and noise residuals is straightforward, as it is enough to combine the weights with
pure foregrounds and pure noise maps. For real data instead, the residuals have
to be estimated through Monte-Carlo simulations based on prior knowledge of the
contamination in the input multi-frequency maps.

The weights that minimise the variance of the recovered CMB map can be
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analytically estimated as [22]:

w = AT C−1

AT C−1A → wi =
∑

j C
−1
ij∑

ij C
−1
ij

, (4.10)

where A is the vector of calibration coefficients, C is the empirical covariance matrix
of the input multi-frequency maps (with dimensions Nν × Nν), and the relation
implied by the arrow holds if observations are well calibrated. If the CMB signal,
foregrounds, and noise are statistically independent, we have that:

σ2(X̂ILC) = σ2(s) + σ2

Nν∑
j=1

wj · (fj + nj)

 , (4.11)

which means that the variance of the discrepancy between the recovered map
and the CMB signal is minimum when the variance of the total map itself is mini-
mum. This is the reason why these techniques are also called "minimum variance"
methods.

ILC does not need to assume anything about the foreground components, since
all the needed information is already contained in the observations. The only (fair)
assumptions are that the CMB has a known emission law (blackbody spectrum),
and that it has no correlations with foregrounds or noise. Of course, there are
some negative sides: as discussed in [59], any error in the CMB calibration could
have a relevant impact on the recovery of the signal; moreover, the empirical
covariance matrix C is estimated over a sample with finite size, and this can lead
to appearance of correlations between the CMB signal and residual contaminants,
in the component separation output [57]. This causes a loss of CMB power, more
pronounced at large scales (low multipoles) where a smaller number of modes is
available1. It is commonly known as the ILC reconstruction bias.

4.3.2 NILC

A major drawback of the ILC method stems from the huge inhomogeneity of the
foregrounds emission. The contamination at high Galactic latitudes is much different
from the one near the Galactic plane, with strongly varying properties and spectral
indices. A single linear combination is probably not enough to characterise fore-
grounds over the whole sphere. The Needlet ILC (NILC) [57] is an ILC extension
which performs a linear combination of the multi-frequency maps, after filtering
them with needlets, which are a particular wavelet system defined on the sphere.
Needlets have been introduced by [151] and applied to CMB science by [133]; they

1This effect is similar to the cosmic variance one discussed in section 3.4.
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Figure 4.5. Foreground-cleaned CMB Q and U maps derived from the Planck NPIPE data
set with Commander (top row) and SEVEM (bottom row), plotted with an angular resolution
of 40’. From [173].

have the advantages of being simple, both in the forward and inverse transforms,
and they are localised in both pixel and harmonic spaces, with the window function
going to zero very quickly. It is possible to tweak the parameters of the function
defining the needlets to obtain different configurations, which can be chosen de-
pending on the nature of the problem. Standard, Mexican, and cosine needlets are
the most used for component separation algorithms [85].

The NILC method consists in convolving frequency maps with a needlet function,
which is equivalent to filter the same maps in harmonic space. As we saw in section
3.4, a field on the sphere can be expanded in spherical harmonics Yℓm(n̂) with
coefficients aj

ℓm. We can filter this coefficients with a weighting function bi(ℓ) for each
scale i, in order to get a map βi

j where only a specific range of scale is selected:

βi
j(n̂) =

∑
ℓm

[
aj

ℓm · bi(ℓ)
]
Yℓm(n̂) . (4.12)

Therefore, we have maps at several frequencies j, filtered at different scales i. In
the same spirit of ILC, these maps at different frequencies are linearly combined to
get a single, minimum-variance map for each scale, as

βi(n̂) =
Nν∑
j

wj
i · βi

j . (4.13)
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The final map recovered by NILC is obtained by filtering again these maps in har-
monic space to do the inverse transform, and summing all the resulting coefficients
aβi

ℓm:
X̂NILC =

∑
ℓm

aβi

ℓmYℓm . (4.14)

Minimising the variance (and hence the contamination) separately on different
needlet scales leads to a more effective cleaning. On large scales, diffuse Galactic
foregrounds dominate over the other components and are better removed in NILC
with respect to ILC. The same is expected to happen for the instrumental noise on
smaller scales (larger multipoles).

4.3.3 MC-NILC

Even if the NILC method provides good performances on fields featuring a large
signal-to-noise ratio (as in intensity or E-modes measurements), the leftover fore-
ground contamination is still too high in the context of B-modes science. Future
CMB missions will target the measurement of the very faint signal from primordial
inflationary gravitational waves, and foregrounds mitigation is the main challenge to
be faced.

Multi-Clustering NILC (MC-NILC) [41] is a recently developed extension of
the NILC approach. The main idea behind it is to perform variance minimisation
in needlet domain as NILC does, but doing so separately in different regions of
the sky, dubbed "clusters" or "patches", which show similar spectral properties
of foregrounds emission [176], in the B-modes component. To this goal, a blind
tracer of the Galactic foregrounds spectral properties needs to be identified. As
detailed in [41], one way to do this is to take the ratio of B-modes maps at different
frequencies, in such a way that dust and synchrotron spectral dependence is
encompassed through the whole frequency coverage of the considered experiment.
The tracer is built on the same field on which the component separation is applied,
in order to correctly trace the foregrounds spatial variations; Q and U maps show
different spectral properties with respect to the B component. The reference
frequencies adopted for the construction of the ratio can be calibrated with realistic
simulations of the considered experiment. For example, the best choice for a space
telescope similar to the LiteBIRD experiment is to take the ratio between a B-modes
foreground template at a dust-dominated frequency, such as 402 or 337 GHz, and
one at a "CMB" frequency channel, as 119 GHz. Then, pixels with similar values of
this ratio are grouped together in separate sky patches, where the variance of the
output solution is minimised independently for each needlet scale. Clusters should
be small enough to enclose the least amount of foregrounds variability, while in the
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meantime being large enough to contain enough modes and avoid a significant bias
in the CMB reconstruction.

The MC-NILC algorithm provides improved performance on the reduction of
foregrounds contamination when compared with NILC, especially at large scales
(see [41] for a detailed study). This component separation technique is one of
the most promising methodologies for the mitigation of foreground contamination
in CMB observations, and it will be adopted for the data analysis of future space
mission targeting the mapping of the microwave sky.

4.4 Simulating the contaminated sky

In order to test our knowledge of foreground emission and to develop and validate
new methodologies for component separation, we need to be able to simulate some
views of the sky. Nowadays in CMB science, this is usually achieved thanks to
the Python Sky Model2 (PySM) software [204, 224, 203], a python package which
encapsulates almost all of our knowledge about foreground emission. With this
software, the user can create sky maps containing different foreground components
over the whole celestial sphere using the HEALPix pixelisation scheme [88, 223].
The components are approximated following our best knowledge of the foregrounds
emission provided by the WMAP and Planck space missions, plus some information
extracted by ground-based observatories. The intensity and polarisation models
are built at a given resolution and frequency from a reference map, generally taken
from Planck or WMAP data, and are extrapolated at any other frequencies using
different models of SED. It is possible to generate simulations starting from different
hypothesis, and injecting several levels of complexity in order to create optimistic or
pessimistic scenarios approximating the real nature of the unknown Galactic signal.
Moreover, new models are continuously added to the library, and they can be used
to simulate and compare different microwave experiments. Component separation
methods can be tested and benchmarked against different sky models.

In the PySM language, each model of foreground emission is identified by a label
indicating the specific components and the level of complexity; for example, a0b3

stands for a model including a component a with complexity 0 and a component b

with complexity 3. Here we describe how some of these models are built, focusing
on the dust (d) and synchrotron (s) components, as they are the predominant
contamination in polarisation, and referring to the PySM papers [204, 224, 203] for
more details.

2https://pysm3.readthedocs.io/en/latest/.

https://pysm3.readthedocs.io/en/latest/
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4.4.1 Dust

• d1: thermal dust is modelled as a single-component modified blackbody
(MBB). Dust templates for the polarised emission come from the 353 GHz
data of the Planck 2015 analysis. They are scaled to different frequencies
adopting a MBB spectrum, with spatially varying temperature and spectral
index obtained from the Planck data using the Commander code [159]. The
polarisation templates are smoothed with a Gaussian kernel of 2.6 degrees,
and small scales are added.

• d0: simplified version of the d1 model, with a fixed spectral index of βd = 1.54
and a blackbody temperature of Td = 20 K.

• d4: a generalisation of the d1 model to multiple dust populations [76], arising
from the fact that a two component model is still a good fit to the Planck data.

• d6: this model implements dust frequency decorrelation, modelling the impact
of averaging over spatially varying dust spectral indices, both unresolved and
along the line of sight.

• d10: single-component MBB model based on templates from the needlet-
based analysis of Planck data, with reduced contamination from CIB and
point sources compared to d1. Small-scale fluctuations are added using the
logpoltens (Logarithm of the Polarisation Fraction Tensor) formalism.

• d9: simplified version of d10 with a fixed spectral index of βd = 1.48 and a
fixed dust blackbody temperature of Td = 19.6 K all over the sky, based on
Planck 2018 results [169].

• d12: 3D model of polarised dust emission with 6 layers, based on [137].

4.4.2 Synchrotron

• s1: Synchrotron emission is scaled as a power law, with a spatially varying
spectral index. The emission templates are the WMAP 9-year 23 GHz Q/U
maps [23]. The polarisation maps have been smoothed with a Gaussian
kernel of 5 degrees, and small scales are added.

• s0: simplified version of the s1 model, with a fixed spectral index of βs = −3.1
all over the sky.

• s5: power law model based on the same WMAP templates of s1. Small-scale
fluctuations have been added to the templates in the logpoltens formalism.
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The spectral index map from s1 is rescaled based on S-PASS data, and had
small scales added.

• s4: simplified version of the s5 model, with a fixed spectral index of βs = −3.1
all over the sky.

• s7: power law model with a curved index. The model uses the same templates
and spectral index map of s5.

All these models can be combined to build views of the sky with particular features
and different levels of complexity. In the following Parts, we will employ the PySM

package to simulate foreground emission.
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Part II

Looking at the sky with the
Simons Observatory
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Until 20 years ago, the only way to properly observe the CMB anisotropies
was to launch detectors on space satellites or sub-orbital balloons, in order to
overcome the obstacle represented by the Earth atmosphere. A good part of
the microwave radiation coming from space is absorbed or scattered by water
molecules. The technological progress enabled the construction of ground-based
observatories which can now compete with satellites in terms of sensitivity and
extraction of cosmological information. All the three approaches have advantages
and disadvantages, which we briefly describe. Even if we will not cover it here, we
also note the existence of pioneering CMB observations made with high-altitude
rockets, before the advent of satellites.

• Space-based telescopes can access the full sky from privileged positions,
as the Sun-Earth Lagrangian L2 spot. They can observe the largest angular
scales, without Earth-related contaminations as the atmosphere or ground
emission. The observing conditions are extremely stable, with negligible
thermal variations in a cool environment. However, the dimensions and weight
of the telescopes are limited by logistic requirements, as they must fit into
carriers of a certain size. Moreover, satellite observatories can not be modified
or fully characterised after launch, as they will be in deep space; in case of
malfunctioning, there is not much we can do from the ground to make it work
again. Well-known and reliable technologies must be adopted, meaning that
recent, state-of-the-art instrumentation can not be used. Ultimately, space
mission are extremely costly and time-scales for them being operational are
very long, requiring large investments with a non-negligible risk on the success
rate.

• Ground-based telescopes are instead not able to observe the whole celestial
sphere, since they are limited by their location on the planet. This implies
that they cannot access the largest angular scales. The presence of the
atmosphere and ground emission makes observations more complicated;
the construction site must be carefully chosen, preferring very dry places at
high altitudes. The Atacama desert in Chile and the South Pole are usually
considered as the sites with the best observational conditions for CMB science.
The main advantages of ground-based observatories include: the freedom to
build large and heavy telescopes with a huge amount of detectors, increasing
the sensitivity; the possibility to modify, fix, upgrade, and calibrate the instru-
mentation even after construction, adding more detectors or the most recent
technology. They are much cheaper than their space counterpart, and the
operation phase can be achieved in a way shorter amount of time.
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• Balloon-borne telescopes represent a middle point between the space and
ground approaches. Microwave telescopes can be mounted on balloons and
launched for short flights into the stratosphere, gathering sky data for days or
weeks at most. They can then be recovered after landing and reused. These
sub-orbital missions allow for a cleaner view of the sky with respect to ground
observations, since most of the atmosphere is not present. Moreover, they are
much cheaper than satellites, and require a shorter timescale for operations.
There are of course several disadvantages: balloon-borne telescopes can
only observe very small portions of the sky from particular Earth sites, which
guarantee a stable environment for the flights; the integration time is very
short, making it very difficult to extract faint signals from the dominant noise;
the risk linked to environmental factors is not negligible and must be taken
into account. As we saw in section 3.5, many trailblazing measurements of
the CMB anisotropies were realised with balloons; they are now mostly used
as pathfinders for satellite missions.

This Part of the manuscript is dedicated to some of the CMB science that is possible
to do with ground-based experiments, focusing in particular on the recently built
Simons Observatory (SO), on which I have worked since the start of my PhD. The
SO is a continuation of ground-based experimental efforts which have provided a
number of exciting discoveries over the last fifteen years, including the first-ever
detections of the CMB gravitational lensing power spectrum in both temperature
[55, 211] and polarisation [97], lensing by galaxy clusters [21], the kinematic SZ
effect [96], and the thermal SZ effect associated with radio galaxies [90]. They have
compiled catalogues of SZ-selected galaxy clusters [29, 102] comparable in size to
that extracted from the full-sky maps made by Planck [163], including many of the
most extreme-mass and highest redshift clusters known [143]. Cosmological pa-
rameter constraints from ground-based temperature and polarisation power spectra
are close to and competitive with the definitive ones produced by Planck [166]. The
Planck full-sky maps still provide essential information at the largest angular scales
and in frequency bands which are inaccessible from the ground [168].
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Chapter 5

The Observatory

The Simons Observatory1 (SO) is a brand new experimental cosmology facility
located in the Atacama desert, in Chile’s Parque Astronomico, at an altitude of
5,200 meters (17,000 ft). The Atacama Cosmology Telescope2 (ACT ) [150, 130]
and the Simons Array [199] were located at the same site, and they have now been
decommissioned and replaced by the SO. The Cosmology Large Angular Scale
Surveyor3 (CLASS) [73] experiment is located nearby.

The SO project is sustained by a collaboration of over 300 scientists from
more than 50 institutions, constituted in 2016. The collaboration efforts led to
the construction of the experiment, which currently consists of a Large Aperture
Telescope (LAT) with a 6-meter primary mirror similar in size to ACT, and three 0.5-
meter refracting Small Aperture Telescopes (SATs) similar in size to BICEP3. The
LAT provides high angular resolution to measure small angular scales, surveying
40% of the sky; the small telescopes have a larger field of view and are able to
better control atmospheric contamination in order to measure larger angular scales,
focusing on deeply observing one of the cleanest regions of the sky, representing
a 10% fraction. The LAT optical designs provides much larger focal planes with
respect to previous experiments. The initial plan is to deploy a total of 60,000
detectors, approximately evenly split between the LAT and the set of SATs. Each
detector pixel is sensitive to two orthogonal linear polarisations and two frequency
bands. This number of detectors represents an order of magnitude increase over
the size of previous microwave detector arrays, and is more total detectors than
have been deployed by all previous CMB experiments combined. Plans to expand
and enhance the facility are already underway: three more SATs are being built,
two funded by UK collaborators and the other by Japanese ones, and a program

1https://simonsobservatory.org/
2https://act.princeton.edu/
3https://sites.krieger.jhu.edu/class/

https://simonsobservatory.org/
https://act.princeton.edu/
https://sites.krieger.jhu.edu/class/
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Figure 5.1. Anticipated coverage (lighter region) of the SATs (left) and LAT (right) in
equatorial coordinates, overlaid on a map of Galactic dust emission. The survey regions
of other experiments are also indicated. Figure from [6].

to double the number of LAT detectors is in place. The SO surveys will cover
a sky region (show in figure 5.1) which overlaps many astronomical surveys at
other wavelengths, including the Vera Rubin Observatory4, as well as the Dark
Energy Survey5 (DES), the Dark Energy Spectroscopic Instrument (DESI)6, and
the Euclid7 satellite.

The SO achieved first light in 2024 with one of the SATs, while the LAT achieved
first light in February 2025, marking the end of the SO nominal project construction
phase, and the beginning of science operations. At the time of writing (August
2026), the two mid-frequency (MF) SATs are observing the sky at 93 and 145 GHz,
collecting early science data. The third SAT is taking commissioning data, at 225
and 280 GHz. Table 5.1 reports the forecasted properties of the SO surveys, both
for the SATs and LAT, specifying their frequency channels, the resolution, and the
noise levels for two different scenarios, one more conservative (baseline) and the
other more optimistic (goal), to be reached after 5 years of observations.

The SO targets several scientific goals; here we briefly describe some of them,
referring to the forecast papers for the full list and more details [6, 1, 3]:

• Tensor-to-scalar ratio. The nominal SO configuration aims to measure the
tensor-to-scalar ratio r, with a sensitivity of σ(r) = 0.003 for a model without
primordial B-modes (r = 0). This will enable at least a 3σ measurement of
primordial gravitational waves if r ≥ 0.01. If case of no signal detected, the SO
would exclude models with r ≥ 0.01 at more than 99% confidence. Lowering
the current upper limit will also better constrain non-inflation models. This
constraint on r will come from the large-scale B-modes measured by the SO
SATs, targeting the range of scales 30 < ℓ < 300 with particular attention

4formerly known as the Large Synoptic Survey Telescope (LSST ), https://rubinobservatory.org/.
5https://www.darkenergysurvey.org/.
6https://www.desi.lbl.gov/.
7https://sci.esa.int/web/euclid/.

https://rubinobservatory.org/
https://www.darkenergysurvey.org/
https://www.desi.lbl.gov/
https://sci.esa.int/web/euclid/
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Table 5.1. Properties of the planned SO surveys, from the 2019 forecast paper [6]. Some of
these values will obviously be different in the current operational phase. Noise columns
give anticipated white noise levels for temperature, with polarisation noise

√
2 higher

as both Q and U Stokes parameters are measured. Noise levels are quoted for a
homogeneous hits map, and are reported in µKCMB· arcmin units.

SAT (fsky = 0.1) LAT (fsky = 0.4)
frequency FWHM noise noise FWHM noise noise

[GHz] [arcmin] (baseline) (goal) [arcmin] (baseline) (goal)
27 91 35 25 7.4 71 52
39 63 21 17 5.1 36 27
93 30 2.6 1.9 2.2 8.0 5.8

145 17 3.3 2.1 1.4 10 6.3
225 11 6.3 4.2 1.0 22 15
280 9 16 10 0.9 54 37

near the recombination bump at ℓ = 80. The forecasted constraints on r

and the spectral index of primordial perturbations ns are shown in figure 5.2.
The expanded version of the SO with six SATs will improve the sensitivity to
σ(r) = 0.001.

• Non-Gaussian perturbations. The Observatory targets a measurement
of the non-Gaussianity of the primordial perturbations, improving current
constraints. This will be obtained via two methods: (i) by correlating the CMB
kinematic SZ effect (from LAT temperature maps) with the galaxy distribution in
tomographic redshift bins from Rubin; and (ii) by correlating the CMB lensing
field (from LAT temperature and polarisation maps) with the Rubin galaxy
distribution. Additional information will come from the bispectrum estimated
from the LAT temperature and polarisation maps.

• Effective number of relativistic species. A Universe with three neutrino
species and no additional light species provides Neff = 3.046 effective rela-
tivistic species. The SO aims to measure σ(Neff) = 0.07, using the primary
CMB temperature and polarisation power spectrum measured from the LAT,
more than halving the current limit from the Planck satellite.

• Neutrino mass. The SO targets the measurement of the total mass in the
three neutrino species with σ (

∑
mν) = 0.04 eV, possibly providing a clear

indication of a non-zero mass sum if
∑
mν ≥ 0.1 eV.

• Derived Hubble constant. The SO aims to reduce the current uncertainty on
the Hubble constantH0 derived from the primary CMB within the ΛCDM model,
reaching a half-percent measurement on H0 from the LAT temperature and
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Figure 5.2. Left : summary of SO forecasts for the primordial power spectrum parameters ns
and r for two example cases: vanishingly small primordial tensor modes and primordial
perturbations with r = 0.01. The contours correspond to 68% and 95% confidence levels.
The SO baseline (goal) forecasts are shown as filled (dashed) contours. Constraint in
this parameter space from Planck, BICEP2/Keck, and BAO are shown in grey. Right:
same as above, with predictions for ns and r from some inflationary models.

polarisation power spectra. This will provide information of any discrepancy
found between different measurements.

• Reionisation. If the duration of the reionisation phase is ∆z > 1, the SO aims
to measure the average duration with a significance between 2σ and 3σ, thus
constraining models for the ionising process and probing the properties of the
first galaxies, quasars, and the intergalactic medium in the reionisation epoch.

With these scientific questions in mind, the SO will represent the state-of-the-art of
CMB science for years to come, producing maps with unprecedented sensitivity. An
example of the preliminary maps coming from the initial science observations of the
SO are reported in figure 5.3, where the E-mode signal is evident from the + and ×
patterns in Q and U Stokes parameters, respectively. These maps are just a first
demonstration of the SO capabilities but they are already much more sensitive than
the Planck final data products. They are expected to greatly improve in the near
future, with a longer integration time included in the analysis.

During the last few years, I have been a member of the SO collaboration, with my
work focusing on the SATs data analysis and preparation. In particular, I contributed
within the BB analysis working group, whose main task is to produce constraints
on the amplitude of the primordial B-mode signal starting from multi-frequency sky
maps observed by the SATs. This huge task encompasses several steps and a
variety of challenges: first, foregrounds contamination must be mitigated through
component separation techniques; then, the tensor-to-scalar ratio must be extracted;
finally, robustness tests need to be performed to validate the eventual detection
and quantify the residual foregrounds contamination. In SO, the first two steps are
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performed using three different component separation pipelines, which we briefly
summarise here, referring to [218] for a complete description:

◦ cross-Cℓ. This method is based on a parametric multi-frequency power
spectrum-based component separation [26, 24]. Auto- and cross-power
spectra Cℓ(ν × ν ′) of multi-frequency sky maps are fitted through a Gaussian
likelihood8 which compares the data vector against a theoretical model of
CMB and foregrounds emission, and instrumental features. Power spectra
are generally evaluated outside of a mask covering the most contaminated
regions of the sky. Thus, the full sky is not available. As we mentioned in
section 3.4, the incomplete sky coverage is the source of two effects [122,
36]: mode-coupling, coupling different ℓ and biasing the estimator, and E-to-B
leakage causing contamination of the larger E-modes into B-modes. These
effects are taken into account through the NaMaster package [12], which
corrects for the mode-coupling by providing an analytical estimate of it, and
mitigates the E-to-B contamination with a map-level purification. Moreover,
noise correlation in computed auto-spectra is addressed by exploiting data
splits, that is, map built by different chunks of data which contain the same sky
signal, but different and possibly independent noise properties. In the case
of real data, splits may be formed by subdividing data among observation
periods, sets of detectors, sky patches, etc.

◦ NILC. The second method is based on the needlet version of the Internal
Linear Combination (ILC) technique described in section 4.3. It performs blind,
minimum-variance cleaning on multi-frequency sky maps, providing a single
reconstruction of the CMB signal. From this recovered map, the angular power
spectrum is computed and cosmological parameters extracted employing a
Gaussian likelihood which compares data with theoretical models.

◦ Map-based. The last method is a map-based component separation method
derived upon the fgbuster code [71, 175], which separates frequency maps
into component maps, through a spectral likelihood optimisation. Angular
power spectra can then be computed and cosmological parameters inferred,
adopting a Gaussian likelihood and comparing with theory.

The possibility to run the cosmological analysis with three independent pipelines
allows for strong robustness checks of the final results. In principle, all the analysis
should agree on the final outcome and converge to similar values, in order for the
results to be properly validated. This is a powerful way to avoid blind biases coming

8In general, the Hamimeche-Lewis likelihood [93, 94] is a better approximation. For a large number
of sampled modes, the two likelihoods provide the same results.
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Figure 5.3. Small cutout of the preliminary SO CMB maps in polarisation, as observed
by one of the SAT, co-added from the 90 and 150 GHz bands, and including data from
∼ 14 months of observations. Left and right columns show the maps produced with two
different, independent map-making algorithms, namely maximum likelihood and filter
and bin, giving consistent results. Figure credit: SO Collaboration.

from choosing a single analysis suite. I will spend the rest of this Part describing
how I contributed to these data analysis pipelines, in the context of the SO project.
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Chapter 6

External data for the SO

As I mentioned in the previous chapter, all the nominal SO instruments are currently
on-sky. While writing this manuscript, the only two telescopes collecting science data
are the mid-frequency (MF) SATs, observing at the so-called "CMB frequencies" of
∼ 90 and ∼ 150 GHz. On one side, foregrounds contamination at these frequencies
is minimum, representing the best observational windows for CMB mapping. On
the other hand, these two channels alone are not enough to fully characterise
the spectral and spatial properties of synchrotron and dust emissions, which is of
paramount importance for their subtraction and mitigation. Component separation
techniques necessarily require measurements of the SED of foregrounds emission
at different channels, and possibly at frequencies which are dominated by a single
component, in order to properly disentangle their impact.

Therefore, early science SATs observations will miss crucial information on
foregrounds; the first constraints on the tensor-to-scalar ratio cannot rely solely
on SATs maps, at least until the high- and low-frequency instrumentation will
be available. The most immediate way to compensate the missing foregrounds
information is to integrate SATs observations with external data, that is, data coming
from other microwave experiments targeting the measurement of the CMB. Datasets
from different observatories can be combined together in order to make up for their
respective deficiencies or flaws. Figure 6.1 shows the SED of synchrotron and
thermal dust polarised emission, with the SATs frequency channels indicated by the
vertical bands. Foreground-dominated channels are currently not available.

In order to characterise foregrounds emission, we decided to exploit data coming
from three separate experiments:

• The latest Planck data release1 (PR4, or NPIPE) [173] represent the state-of-
the-art concerning polarised observations of the full microwave sky. For the

1available on the Planck Legacy Archive (PLA) and at the National Energy Research Scientific
Computing Center (NERSC).

https://pla.esac.esa.int
https://www.nersc.gov/
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Figure 6.1. Frequency dependence, in Rayleigh-Jeans (RJ) brightness temperature, of
the synchrotron and thermal dust emission at degree scales within the SATs footprint,
compared to the CMB lensing B-mode signal. The turnover of the modified blackbody
law for dust lies above this frequency range. The SATs channels are shown as vertical
bands. Figure from [6].

high-frequency regime, we employ polarised maps at 217 and 353 GHz, being
the best available tracers of Galactic dust, which is the dominant contribution
to the sky emission at these frequencies. For the lower frequencies, we adopt
polarised maps at 30 GHz, which are instead good tracers of synchrotron
emission and point sources. We also use Planck data at "CMB frequencies"
(100 and 143 GHz) to cross-correlate and enhance the CMB signal recovered
by SATs initial science observations, which will eventually be dropped once
the SO sensitivity gets deeper. We employ both the Planck PR4 full-mission
maps and the two data splits denoted A and B, built by separating the focal
plane in two independent detectors sets, and performing the map-making
procedure independently. The systematics between these splits are expected
to be uncorrelated. The detector-set splitting was not possible for the 30 GHz
channel. Instead, for this frequency the split is done time-wise, with set A
comprising operational years 1 and 3, while set B has years 2 and 4.

• Even if generally outperformed by its successor Planck, WMAP [23] low-
frequency polarised data2 are still holding as very good tracers of synchrotron
and point sources emissions. Maps at 23 and 33 GHz (called K and Ka

bands, respectively) are adopted, even if the latter channel should not carry
many more information with respect to the Planck 30 GHz data. We use

2available on the LAMBDA website.

https://lambda.gsfc.nasa.gov/product/wmap/dr5/m_products.html
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both the 9-years full mission maps and the 9 single-year data, adopted as
time-wise splits.

• The S-band Polarisation All Sky Survey (S-PASS) [44, 115] is a ground-
based project aiming to map the polarised emission of the entire southern
sky (declination < 1◦) at 2.3 GHz, with the Parkes radio telescope, located in
NSW, Australia, and operated by CSIRO-CASS. The very good signal-to-noise
ratio of S-PASS maps3 allows them to be optimal tracers for synchrotron and
point sources emissions, at a frequency not usually sampled by microwave
experiment targeting CMB science. The survey does not sample the full sky,
but it encloses the deep patch targeted by the SATs.

The upper row of figure 6.2 reports some examples of the adopted external data,
showing Stokes Q maps for Planck 353 GHz, WMAP 23 GHz, and S-PASS 2.3 GHz
data. We notice the differences in the morphology of the Planck and WMAP maps,
with the former dominated by thermal dust emission and the latter by synchrotron
radiation. We can also see how small scale structures in the Planck maps are
lost with the downgrading, as expected. We are not interested in them for our
purposes. The WMAP data are not downgraded as they are natively at the same
pixel resolution of the SATs products.

Regarding S-PASS, it is worth noticing how the amplitude of the diffuse syn-
chrotron radiation at 2.3 GHz is a factor of about 103 larger than the WMAP 23 GHz
channel (and a similar factor for Planck 30 GHz). This difference alone already
suggests the benefit of using very low frequency data to characterise the Galactic
synchrotron emission, given the high signal-to-noise ratio (> 3 in 94% of the pix-
els) which can be reached even in regions where the emission is fainter. On the
other hand, S-PASS data show an evident granularity of the emission close to the
Galactic plane (for Galactic latitudes |b| ≲ 20◦). This is indicative of depolarisation
effects induced by the Faraday rotation of the polarisation angle of light propagating
through the ionised Galactic medium in the presence of the magnetic field, resulting
in different rotations affecting different regions across the entire Galactic disc [44].

6.1 External data preprocessing

Operatively speaking, combining different experiments to extract cosmological
information is not really a straightforward task. Each telescope collects sky data
in its own way and configuration, resulting in final datasets which have different
properties. In order to compare apples with apples, data from several experiments

3available on the S-PASS website.

https://sites.google.com/inaf.it/spass/home
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Figure 6.2. Examples of the external datasets adopted to integrate SO SATs observations,
in Stokes Q maps. Units are µKCMB. From left to right: Planck NPIPE 353 GHz channel,
WMAP 23 GHz channel, and S-PASS 2.3 GHz. From top to bottom: input maps, then
downgraded to Nside = 512, and rotated from galactic to equatorial coordinates. WMAP
data have not been downgraded as their are natively at the same resolution of the SATs.

must be manipulated and brought to a common configuration as close as possible
to the one they would have if observed by the same telescopes. We refer to these
procedure as the "preprocessing" of external data, with the idea of preparing them
for the combination with SO.

Some of the features changing from one experiment to the other include:

• Pixel resolution. In general, a typical experiment realises sky maps which are
projected onto a sphere, tessellated with pixels. The number and dimensions
of these pixels are different for each experiment, depending on the technology
and on the science target. The higher the number of available pixels, the
smaller the angular scale in the sky that is possible to sample. In a commonly
used pixelation named HEALPix4 [88], the celestial sphere is subdivided in pix-
els of equal area, where the resolution is defined through the Nside parameter
which provides the total number of pixels as Npix = 12 ×N2

side. Obviously, a
map with more pixels carries more numerical information and requires a larger
amount of disk space to be stored. The SO SATs sky data are being mapped
with a pixel resolution of Nside = 512, which is the same resolution of the

4https://healpix.sourceforge.io/.

https://healpix.sourceforge.io/
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WMAP products. The Planck 30 GHz maps have a resolution of Nside = 1024,
same as S-PASS data, while for the 100, 143, 217, and 353 GHz channels it
is Nside = 2048.

• Coordinates system. Sky maps can be expressed in different astronomical
coordinates systems. The most commonly used in microwave surveys are the
equatorial (C) and galactic (G) systems: in the former, the fundamental plane
is the celestial equator, with the two coordinates being declination and right
ascension; in the latter, the fundamental plane is the Galactic one, and the two
coordinates are the Galactic latitude and longitude. The SO SATs sky data
are reported in equatorial coordinates, while Planck, WMAP, and S-PASS are
in Galactic coordinates.

• Observed sky fraction. Ground-based telescopes do not have the possibility
to observe the full celestial sphere, like satellite can instead do. They can
only access a fraction of the sky fsky < 1. The SO SATs are targeting deep
observations of a small, clean region which amounts to about 10% of the sky,
while S-PASS observed the entire southern sky, covering half of the sphere.
To be combined, data from different experiments must be focused on the same
sky patches.

• Filtering. Space-borne instruments have the great advantage of operating in
a low-contamination environment. Ground-based experiment have instead to
deal with many undesired effects, as the presence of the atmosphere or the
ground emission. These features are usually treated at the time-streams level,
by filtering them out of the data. The impact of such filtering must be also
included in the external data in order to proper combine different experiments.
This topic will be discussed in more details in section 7.2.

Table 6.1 summarises the different features of the considered experiments. Thus, in
order to combine different datasets, they have to be first be brought to a common
reference configuration, which in our case is the SO SATs one. To do so, external
data must be preprocessed through a series of operations, namely downgrading,
coordinate transformation, masking, and filtering. I will now describe how I carried
out these steps. The majority of the maps manipulation is done with functions
included in the healpy5 [223] package.

5https://healpy.readthedocs.io/en/latest/

https://healpy.readthedocs.io/en/latest/
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Table 6.1. Properties of the different datasets considered in this Part, including the SO
SATs and external data (Planck, WMAP, S-PASS) configurations.

Feature SO SATs Planck WMAP S-PASS
frequencies [GHz] 90/150 30/100/143/217/353 23/33 2.3
Nside 512 1024/2048 512 1024
Pixel size [arcmin] ∼ 6.9 ∼ 3.4/1.7 ∼ 6.9 ∼ 3.4
Coord. system (G/C) C G G G
Sky fraction fsky ∼ 0.1 1 1 ∼ 0.5
Filtering yes no no yes

6.1.1 Downgrading

To properly combine the signal coming from different experiments, the sky maps
must be pixelated on the same number of pixels. In other words, they must have
the same resolution, defined by the Nside parameter. The simplest and fastest
approach would be to operate in pixel space, taking the higher-resolution maps and
just average the value of groups of sub-pixels, to merge them into a single super-
pixel, a procedure usually adopted by general-purposes softwares to downgrade
images. This is what the ud_grade function of the healpy package does. Even if
computationally cheap, this procedure is not ideal to get lower-resolution maps for
scientific analyses: the small scale information contained in the higher multipoles is
not properly treated, inducing aliasing features showing up as unphysical artifacts
in the downgraded maps (see [197] for some examples). Moreover, performing
pixel averages on non-scalar maps like the polarisation Q and U do not take into
account the vectorial nature of the Stokes parameters. Additionally, there are
other instrumental properties that are not considered by the simple pixel average,
namely the beam and the pixel window function. The instrumental beam of the
telescope is responsible for the smoothed picture provided by the detectors. The
optics bring the infinite resolution sky to a finite resolution image, averaging out the
information smaller than the angular resolution. This resolution is usually modelled
as a Gaussian, characterised by a full-width at half-maximum (FWHM) size typically
quoted as the telescope’s angular resolution. The pixel window function is a model
of the pixelation operated by the instrument, where observations of close but
different line-of-sights are averaged into a single pixel for the sake of map-making.
The impact of the beam and pixel window function are very similar, resulting in a
smoothing of the smaller scales. It is possible that during downgrading one needs
to apply a different beam to smooth more scales, or to convolve with a different pixel
window function, since downgrading changes the pixel number.

All these issues are taken into account in the correct procedure to downgrade a
sky map, which consists in operating in harmonic space and exploiting the spherical
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harmonics decomposition described in section 1.3.1 and 3.4. Any scalar field
X ∈ [T,E,B], can be expanded in a spherical harmonics basis, with coefficients
given by

aℓm =
∫ 2π

0

∫ π

0
Y ∗

ℓm(θ, φ)X(θ, φ) sin θ dθ dφ , (6.1)

where in map space, the θ and φ coordinates are replaced by the particular pixel,
and the integrals become discrete summations. The maximum multipole moment
correctly described by a pixelated map is usually taken to be ℓmax = 3Nside − 1. The
coefficients encode all the information contained in the sky maps, and can be used
to go back and forth between the two spaces. In harmonic space, downgrading a
map simply implies to cut the expansion at the maximum multipole ℓout

max = 3Nout
side − 1

we are interested in, and removing all the information at smaller scales ℓ > ℓout
max.

Different beams or pixel window functions can be incorporated in harmonic space,
deconvolving by the ones of the original maps and re-convolving with new ones, to
provide the final modified, "downgraded" coefficients:

a
dg
ℓm = pout

ℓ

pin
ℓ

bout
ℓ

bin
ℓ

ain
ℓm

∣∣∣∣∣
ℓout

max

0
, (6.2)

where pin
ℓ , pout

ℓ and bin
ℓ , bout

ℓ are the spherical harmonics transforms of the input and

output pixel window functions and instrumental beams, respectively, and ain
ℓm

∣∣∣ℓout
max

0
are the coefficients of the original maps clipped to ℓout

max. These modified coefficients
can then be reprojected to sky maps with the inverse transform

T (θ, φ) =
ℓout

max∑
ℓ=0

m=ℓ∑
m=−ℓ

aℓmYℓm(θ, φ) ,

(Q± iU) (θ, φ) =
ℓout

max∑
ℓ=0

m=ℓ∑
m=−ℓ

±2aℓm ±2Yℓm(θ, φ) ,

(6.3)

in order to obtain a downgraded version of the original maps.

6.1.2 Coordinates transformation

Sky maps from different experiments need to be converted to the same coordinates
system, in order to combine data looking at the same astronomical objects. It is
possible to convert ("rotate") between different coordinates systems using stan-
dard trigonometric relations; equations transforming from equatorial to Galactic



110 6. External data for the SO

Figure 6.3. Nominal sky regions observed by the SO SATs [218], in equatorial coordinates.
Unobserved pixels are in black. Left: binary mask, covering fsky = 10% of the sky.
Right: apodised mask weighted by the forecasted pixel observing time. Mask edges are
apodised using a C1-type kernel with an 10 degrees apodisation scale.

coordinates are:

sin(α− αG) cos(δ) = cos(b) sin(lNCP − l) ,

cos(α− αG) cos(δ) = sin(b) cos(δG) − cos(b) sin(δG) cos(lNCP − l)

sin(δ) = sin(b) sin(δG) + cos(b) cos(δG) cos(lNCP − l) ,

(6.4)

where α and δ are the equatorial coordinates (right ascension and declination),
l and b are the Galactic coordinates (latitude and longitude), αG and δG are the
equatorial coordinates of the North Galactic Pole, and lNCP is the Galactic longitude
of the North Celestial Pole (NCP).

In healpy routines, this rotation can be done directly on the (downgraded)
spherical harmonics coefficients adg

ℓm, using the Wigner rotation matrices defined
via the above equations. Coordinates-transformed maps can then be obtained by
reprojecting the rotated coefficients, following eq. (6.3).

6.1.3 Masking

All the maps must obviously be combined while observing the same sky regions,
and in particular the same pixels. Since the SO SATs survey the smaller patches
(fsky = 10%), external data have to be masked to exclude the pixels unobserved by
the SATs. This is achieved by building a binary mask where the unmapped pixels
are set to zero, and observed pixels are equal to 1. Pixels close to the mask edges
have to be smoothed out to avoid artifacts due to sharp transitions. This smoothing
procedure is called apodisation and it is performed through the mask_apodization

routine of the NaMaster6 package [12]. Pixels are multiplied by some functions as
Gaussian or sinusoidal in order to smoothly connect pixel values to zero. Figure
6.3 shows one of the forecasted sky masks for the SATs survey, covering 10%

6https://namaster.readthedocs.io/en/latest/.

https://namaster.readthedocs.io/en/latest/
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Figure 6.4. Validation of the external data pre-processing, comparing angular power spectra
before (solid lines) and after (circles) the downgrading and rotation steps carried out in
harmonic space (left panel). The spectral features are preserved, with differences (right
panel) being at the 5% level at very small scales ℓ > 1200. Data shown are from the
Planck 100 GHz channel, in EE (red) and BB (blue).

of the sky, in binary and apodised versions (10◦ apodisation scale, using a "C1"
apodisation kernel [89]).

6.1.4 Additional splits building for WMAP

WMAP data are further processed through an additional step. In the previous
section we listed the external data we adopt for combination with SO ones, and
we cited the 9 single-year WMAP maps. In order to have data splits with a larger
signal-to-noise ratio, we co-add the single-year maps to form two "half-mission"
(hm1 and hm2) data splits, with the first comprising operational years 1 to 4, while
the second has years 5 to 9. Splits are built through a weighted average of the
single-year maps mi, taking into account the amount of observational time Nobs

spent on the pixels each year:

mhm1 =
∑4

i=1Nobs,imi∑4
i=1Nobs,i

,

mhm2 =
∑9

i=5Nobs,imi∑9
i=5Nobs,i

.

(6.5)

Also, in this way we have the same number of splits for the two satellite missions,
Planck and WMAP, and we also reduce the computational cost of the cross-splits
angular power spectra evaluation, with respect to using 9-years splits. Unfortunately,
S-PASS data do not include splits, as only the full-mission maps are available.

Thus, external data must undergo these reprocessing steps in order to be
combined with SATs data. The above passages are summarised in figure 6.2,
where we show some examples of the original external maps, and their downgraded,
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Figure 6.5. Binary version of the masks adopted for the characterisation of external data, in
galactic coordinates. Left: mask covering the Galactic plane. Right: official mask used
for the Planck analysis of polarised data, covering the Galactic plane, extra-galactic
point sources, and other polarised structures.

rotated and masked versions. While developing this process, we have to be sure
that all the important features of the maps are preserved, with a particular attention
to the harmonics properties. It is thus extremely important to validate the entire
process, and check that no distortions or artifacts are introduced at any step. Figure
6.4 shows a comparison between the auto angular power spectra of the original and
preprocessed maps, in polarisation (EE, BB). Spectra are evaluated over the full
sky with the anafast routine of the healpy package. The right panel reports their
difference, which is at the few percent level at very large scales, above ℓ > 1000.
This implies the correct preservation of the power spectra in the processed maps,
at least at the angular scales interesting for B-modes searches (ℓ < 300).

6.2 External data characterisation

After the reprocessing phase, sky maps from external experiments are ready to be
combined with SO data. But before being able to extract cosmological information
from this data union, we need to properly characterise external data, in order for us
to understand their features and look for the presence of eventual issues, which may
cause problems in the successive interpretation of the results. Of course, Planck,
WMAP and S-PASS data have been thoroughly investigated during the years, but
each situation is different from the others, and some features negligible in other
studies can be crucial for us. If these data contain any issue in some sky regions or
in the patch observed by the SO, we have to be aware and understand them before
the combination.

We will characterise the external data over masked skies retaining a large
fraction of pixels, as it is usually done for space-based telescopes, and we will
also focus on the smaller sky regions observed by the SO SATs (figure 6.3). In
the former, the contamination induced by Galactic foregrounds is mitigated through
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Figure 6.6. EE and BB auto-frequency angular power spectra of Planck NPIPE data,
evaluated adopting the mask covering the Galactic plane, point sources, and other
polarised structures (right panel of figure 6.5). At each frequency, cross-splits (A×B)
spectra are computed to avoid noise correlation bias.

the application of two Planck sky mask, shown in figure 6.5: one is a simple mask
covering the Galactic plane and retaining ∼ 70% of the sky, while the other is a more
complex mask covering the Galactic plane, extra-galactic point sources, and other
sky structures contaminating polarised observations. Both masks are available on
the Planck Legacy Archive (PLA). In the following we will not show all the results
but just a selection, to favour a smoother and more understandable discussion.

Planck data and simulations The Planck NPIPE data release [173] comes with
600 high fidelity Monte Carlo simulations that include signals from CMB, foregrounds,
noise, and systematics. These simulations are extremely useful for characterising
the NPIPE data and also for testing analysis tools and choices with realistic frequency
and detector-set maps, with known inputs. Along with frequency maps, the NPIPE

simulations products also include so-called "residuals" maps, built by subtracting
the input sky signal (CMB and foregrounds emission) from the total simulated maps.
They thus represent the noise and the majority of systematics contained in the
NPIPE maps.

In order to characterise the Planck data and simulations, we reprocess the latter
in the same way as we did for the former, thus downgrading the maps to a pixel
resolution of Nside = 512 and rotating them from galactic to equatorial coordinates.
Then, polarised auto- and cross-frequency angular power spectra are computed for

https://pla.esac.esa.int/#maps
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Figure 6.7. Same as figure 6.6, but here spectra are evaluated on the SO SATs sky patch
of figure 6.3.

the data and for the 600 simulations, for the different frequency channels considered
(30, 100, 143, 217, 353 GHz). Each channels has two splits A and B, built with two
independent detector sets; we thus have 10 cross-frequency (considering the full-
mission maps) and 5 auto-frequency spectra, for a total of 15. We then compute the
average of the 600 simulations power spectra, and compare it with the data, to which
we have associated an errorbar as the standard deviation of the simulations. To
investigate the possible presence of systematics or noise features in the simulations,
we also run a similar analysis on the "residuals" maps, which should only contain
noise and known systematics. Their power spectra should be compatible with zero
if no spurious correlations are present.

Figure 6.6 and 6.7 show the auto-frequency angular power spectra for Planck
NPIPE data and simulations, both in EE and BB, evaluated on the mask covering
the Galactic plane and point sources and on the SATs patch, respectively. Cross-
splits spectra are computed in order to avoid the noise correlation which would
be present in the full-mission auto-correlation, as described in section 3.4. Power
spectra are in general compatible between data and simulation, with the BB data at
low frequency being more dominated by noise and by the effect of the instrumental
beam at smaller scales, which is way larger than the other channels. The first two
peaks of the CMB E-mode signal are evident in the 100 and 143 GHz channels,
where foregrounds emission is minimum, while the lower and higher frequencies
are dominated by the power-law shape typical of synchrotron and dust, respectively.
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Figure 6.8. EE and BB auto-frequency angular power spectra of Planck NPIPE residuals
simulation, evaluated adopting the mask covering the Galactic plane (left panel of
figure 6.5). At each frequency, cross-splits (A×B) spectra are computed to avoid noise
correlation bias. Results are reported normalised by the error on the simulations.

Figures 6.8 and 6.9 report the auto-frequency power spectra of the residuals
maps, normalised by the error on the simulations computed from their standard
deviation as σ/

√
600. Power spectra are clearly compatible with zero, with points

being enclosed in the 3σ regions. This demonstrate that there are no spurious
correlation indicating systematics, or at least they are not able to be impactful within
Planck sensitivity, both when considering large sky fractions or when looking into
the SO smaller patches.

Incidentally, the errorbars derived here for the mask covering the Galactic plane
have also been used by Léo Vacher (one of my co-supervisors) and collaborators in
one of his works [208] of which I am co-author, where he used the framework of
moment expansion to produce new 3D models of thermal dust emission, containing
the maximal amount of complexity allowed by the scatter of the Planck data.

WMAP data As we already mentioned, for WMAP we have data at two frequency
channels: 23 and 33 GHz (K and Ka bands). No end-to-end simulations are
available. Figure 6.10 reports the auto- and cross-frequency angular power spectra
of the WMAP data, computed on the right mask of figure 6.5, both in EE and BB.
The noise correlation bias is evident in the auto-spectra, while it greatly improves in
the cross-frequency ones, allowing to reach higher multipoles and clearly see the
synchrotron contribution as a power-law, until beam effects start to dominates.
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Figure 6.9. Same as figure 6.8, but here spectra are evaluated on the SO SATs sky patch
of figure 6.3.
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Figure 6.10. EE (left) and BB (right) auto- (black and red) and cross-frequency (cyan)
angular power spectra of WMAP data, evaluated adopting the mask covering the
Galactic plane, point sources, and other polarised structures (right panel of figure 6.5).
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Figure 6.11. EE (left column) and BB (right column) auto-angular power spectra of S-
PASS data. Spectra in top panels are evaluated on the mask covering the Galactic
plane, while the ones in the lower panels are computed on the SO SATs sky patches.
For black circles, point sources are included in the analysis, while for cyan circles point
sources are masked out. The improvement in removing the flattening due to polarised
point sources is evident.

S-PASS data We have a single frequency channel for S-PASS, with no data splits
and no simulations available. But these data have an extremely good signal-to-noise
ratio at a frequency where synchrotron and polarised point sources are the dominant
emissions. Figure 6.11 shows the auto-angular power spectra of S-PASS data for
the different sky regions considered in this work. The power-law behaviour is clearly
indicative of the synchrotron emission, and the spectral flattening due to presence
of polarised point sources is also evident. The latter is largely mitigated by the
application of a point sources mask, which restores the power-law shape of the
spectra until the instrumental beam starts to be important at ℓ ≃ 700. We also notice
how the noise correlation bias is not really impactful when the considered data are
signal-dominated. Power spectra computed on the SATs patches show to be noisier
(more "wobbling"), as they are evaluated on a smaller sky fraction and on regions
which are cleaner from foregrounds with respect to others.
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Chapter 7

Simulations

Simulations are a crucial part of any experiments, both during design, construction,
and operational phases. They can be used for forecasting purposes but also for
the characterisation of the instruments, improving our knowledge of the telescopes.
During the last few years, I participated to this effort in the SO collaboration, pro-
viding several sets of simulations to be used for different purposes. I am going to
describe them in this chapter.

7.1 Covariance estimation

As we noted a couple of times before, we as human beings have only one sky and
one Universe to look at. One of the consequences of this fact is the cosmic variance
we described in section 3.4. But this also means that we have just one opportunity
to use our data analysis techniques to extract information from the observed maps.
In an ideal world, we would have several realisations of the target observable, and
we would perform our analysis on each realisation and then extract the average
outcome with a certain error associated to it. Instead, we do not have the possibility
of quantifying this uncertainty on real data.

Moreover, power spectrum-based component separation methods (as the nom-
inal algorithm for the SO SATs survey) rely on a likelihood analysis of the power
spectra data vector [86, 15, 16, 101]. The computation of the likelihood requires
an estimation of the power spectrum covariance matrix, containing correlations
between different scales of the sky components. A purely Gaussian CMB signal
would give rise to a diagonal covariance matrix, where all the scales are indepen-
dent from one to another. This is obviously not the case for foregrounds, which
are highly non-Gaussian containing anisotropic features and correlations between
scales, translating into non-zero off-diagonal elements in the covariance matrix [2].
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Thus, it is crucial to have a way to evaluate a set of power spectra on different
realisations of the sky.

A viable solution is represented by simulations, which I tackled during my
contribution time in the SO. Artificial skies can be generated by modelling the sky
emission, while relying on some simplifying assumptions. We can then perform the
data analysis on the simulations and associate an uncertainty to the information
obtained from real data. In particular, if we want to attach an errorbar to the
measurement of the tensor-to-scalar ratio, we should evaluate the variance linked to
the analysis steps required for extracting the r value, as the component separation
technique and the power spectra estimator. This can be achieved by running the
same r inference pipeline on data and simulations, in the same patch of the sky,
from maps to power spectra. A numerical covariance matrix can then be estimated,
containing information on the pipeline correlations. The same methodology can be
used to build the power spectrum covariance matrix, by calculating power spectra
in the same way both for the data and the simulations.

These covariance matrix simulations should be representative of the sky signal
contained in real data, namely CMB and foregrounds emission. Fortunately, there
is no need for the simulated foregrounds to be as complex as the ones populating
the real sky: their amplitude in the SO SATs region needs to be close to the real
one, but their spatial variability can be much simpler. As shown in [2], Gaussian
realisations are enough for a proper estimation of the covariance; the authors have
shown that this assumption has negligible impact on the recovered cosmological
parameters, even when off-diagonal elements due to foregrounds non-Gaussianity
are considered.

The production of simulations for the computation of the covariance matrix
can be separated in two steps: first, foregrounds templates based on real data
(synchrotron and thermal dust) from PySM are used to extract the amplitude and
slope parameters of the power-law governing their behaviour in harmonic space; 2)
then, multi-frequency Gaussian simulations are generated from CMB and power-law
power spectra, using the fitted parameters. In more details:

1. PySM temperature and polarisation templates are adopted, at the original pixel
resolution of Nside = 2048, for synchrotron (pivot frequency νs

0 = 23 GHz) and
thermal dust (pivot frequency νd

0 = 353 GHz), with the d9s4 complexity (see
section 4.4 for details). Templates are processed into a SAT-like configuration
exactly as described in chapter 6. They are downgraded to a lower pixel
resolution (Nside = 512) and rotated from galactic to equatorial coordinates,
carrying out both operations in harmonic space. For each template, TT , EE,
BB power spectra on the SATs sky patch (figure 6.3) are computed with the
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Figure 7.1. Example of sky maps simulated for the purpose of covariance matrix estimation,
at a frequency of 353 GHz. From left to right: total intensity I, and Stokes Q and U
maps. From top to bottom: CMB, synchrotron radiation, dust emission, and all the above
co-added maps. At the selected frequency, thermal dust is the dominant component.
Units are µKCMB.
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NaMaster package [12]. Then, power-law parameters (amplitudes and slopes)
are extracted by fitting the spectra as

CXX
ℓ = AXX

c

(
ℓ

ℓ0

)αXX
c

, (7.1)

where c ∈ (s, d) identifies the component (synchrotron or dust), ℓ0 = 80 is the
pivot multipole, and X ∈ (T,E,B).

2. N = 500 sets of Gaussianly distributed spherical harmonics coefficients are
generated from the power spectra of each component (CMB, synchrotron
and dust). CMB spectra are based on the cosmological parameters derived
by Planck [166], while foregrounds spectra are computed as power laws
where the spectral parameters are the ones fitted in the previous stage.
In order to generate multi-frequency realisations, each aℓm is frequency-
scaled with the SED (Sν

c ) of the corresponding component, at frequencies
of 23, 93, 145, 353 GHz, covering the foregrounds-dominated WMAP and
Planck channels, and the nominal SATs CMB bands. Synchrotron radiation is
rescaled with a simple power-law with index βs = −3, while thermal dust is
rescaled adopting a modified blackbody emission with index βd = 1.59 and
temperature Td = 19.6 K (see section 4.2 for details):

Sν
s =

(
ν

ν0

)βs

,

Sν
d =

(
ν

ν0

)βd B(ν, Td)
B(ν0, Td) .

(7.2)

The co-added spherical harmonics coefficients representing the total sky
signal are then obtained as

aν
ℓm =

∑
c
Sν

c a
c
ℓm = aCMB

ℓm + Sν
s a

s
ℓm + Sν

da
d
ℓm . (7.3)

The final spherical harmonics coefficients are then converted to 500 sets of temper-
ature and Stokes Q and U at a resolution of Nside = 512, from which the covariance
matrices for different purposes can be estimated. Figure 7.1 illustrates an example
of these simulations at the single dust-dominated frequency of 353 GHz, for each
generated component and their sum. We notice that in these maps there is no
structure associated to the presence of the Galactic plane, since these are Gaussian
realisations. The simulated fields are homogeneous and isotropic. They are made
for the estimation of a covariance matrix for the SO SATs, which observe a small
sky region far from the Galactic plane. Thus, there is no reason to properly simulate
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it.

7.2 Transfer function estimation

Ground-based observatories have to deal with multiple sources of low-frequency
noise that can affect measurements of the primordial B-mode signal. A non exhaus-
tive list of these factors includes: temporal and spatial fluctuations in the emission
of the atmosphere due to turbulence and uneven distribution of water vapour, creat-
ing non-trivial correlations between detectors [72]; intensity-to-polarisation (I-to-P)
leakage due to thermal drifts, optical mismatch, and other instrumental effects;
bandpass or beam mismatches [25].

To address these difficulties, the SO SATs modulate the polarisation signal
at frequencies where the detectors white noise dominates, above atmospheric
fluctuations and thermal drifts, using a cryogenic half-wave plate (HWP) rotating
with a frequency around f ≈ 2 Hz [117, 200]. Additional applications of low- and
high-pass filters to the polarised timestreams are part of standard procedures
adopted to suppress low-frequency 1/f noise and recover the polarised signal [180].
The impact of all this filtering operations must be accounted for when generating
maps from the filtered timestreams, or alternatively, the associated map-level impact
must be taken into account and corrected for when analysing them [117, 174, 5].

Generally speaking then, timestreams registered by a ground-based telescope
contain low-frequency contamination that is tackled through the application of some
filters. These filters induce biases in the derived sky maps, which usually take
the form of a general loss of power, more pronounced at the largest scales, as
well as the presence of mixing and statistical coupling between E- and B-modes
(E/B leakage) [149, 101]. This obviously has a huge impact on the recovery of
cosmological parameters, and filtering must be carefully taken into account. Different
methods exist to tackle this problem. One of the most straightforward, and the one
adopted at the moment in the SO collaboration and on which we focus, is the
transfer function method [117, 101], which allows to approximately estimate and
correct for the filtering impact at the angular power spectrum level. Exact methods
do exist, as the "per-ℓ" method [4, 24], which reconstructs the filtering effects on the
full range of multipoles. This technique is much more computationally expensive,
becoming prohibitive for the forecasted large data volume of SO.

In its simplest approximation, the power spectrum transfer function is assumed
to be a multipole-dependent rescaling factor T (ℓ) between the power spectra of
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Figure 7.2. An example of Q and U maps containing E- and B-modes only. The charac-
teristic + and × patterns in the QE and QB maps indicate the dominance of E- and
B-modes, respectively.

filtered and unfiltered scalar maps (e.g., temperature-only):

Cfilter
ℓ = T (ℓ)Cunfilter

ℓ . (7.4)

In the case of spin-2 Q and U polarisation maps, the transfer function assumes the
form of a 4 × 4 matrix, containing the suppression and leakage terms in EE, EB,
BE, BB. Through the use of simulations, the transfer function can be estimated by
computing the power spectra of simulated maps before and after filtering, and taking
their ratio. In this way we can empirically quantify the effect of filtering on real data,
assuming that its impact is always the same. We are not intrinsically interested
in the particular simulated field; the only need is for it to have spectral features
similar to the sky component targeted by the telescope, as the CMB and Galactic
foregrounds. Thus, simple and computationally cheap Gaussian simulations are
enough to do the job (see [103, 101] and reference therein for more details on the
transfer function formalism).

In particular, I generated N = 100 sets of spherical harmonics coefficients aℓm,
starting from an input power-law spectrum of the form

Cℓ = A

(
ℓ

ℓ0

)α

, (7.5)
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with α = −2, where values α ∈ [−3, 0] cover the typical steepness of CMB and
foregrounds power spectra. Gaussian simulations are the generated by drawing the
m values as Gaussianly distributed random numbers, with zero mean and variance
given by the power spectrum (see section 3.4 for details):

⟨aℓm⟩ = 0 , ⟨aℓma
∗
ℓ′m′⟩ = δℓℓ′δmm′Cℓ . (7.6)

In the above equation, A is the arbitrary amplitude, α is the slope, and ℓ0 = 80 is a
pivot multipole chosen to be close to the recombination bump. From these generated
E- and B-modes coefficients (aE

ℓm and aB
ℓm), two sets of Q and U polarisation maps

are built, one containing E-modes only (pureE) and the other containing B-modes
only (pureB):

QE + iUE =
∞∑

ℓ=0

m=ℓ∑
m=−ℓ

aE
ℓm ±2Yℓm (pureE) ,

QB + iUB =
∞∑

ℓ=0

m=ℓ∑
m=−ℓ

aB
ℓm ±2Yℓm (pureB) .

(7.7)

With these particular sets of maps, we are able to properly characterise the transfer
function, since by construction the QE/UE fields have no BB component, and the
QB/UB have no EE component. The leakage of both E-to-B and B-to-E induced
by filtering can be quantified, together with the large-scale power suppression.
Figure 7.2 shows an example of such simulated maps, while figure 7.3 illustrate an
example of a polarisation transfer function computed for a filtering pipeline similar to
the one forecasted for the SO SATs surveys, with power spectra evaluated over the
SATs sky mask of figure 6.3, over 100 simulations of maps at a frequency of 90 GHz.
The auto-terms XX → XX on the diagonal show the suppression at larger scales
due to filtering, followed by the plateau. The off-diagonal terms quantify the statistical
coupling between E- and B-modes; for example, the EE → BB panel represent
the EE power leaking into the BB spectra. The estimated transfer function can then
be used to correct for filtering effects at the angular power spectrum level, allowing
the extraction of cosmological information.



126 7. Simulations

0.00
0.25
0.50
0.75
1.00

T b

EE EE

0.002

0.000

0.002

EE EB

0.002

0.000

0.002

EE BE

0.002

0.000

0.002

EE BB

0.002

0.000

0.002

T b

EB EE

0.00
0.25
0.50
0.75
1.00

EB EB

0.002

0.000

0.002

EB BE

0.002

0.000

0.002

EB BB

0.002

0.000

0.002

T b

BE EE

0.002

0.000

0.002

BE EB

0.00
0.25
0.50
0.75
1.00

BE BE

0.002

0.000

0.002

BE BB

0 200 400
Multipole 

0.002

0.000

0.002

T b

BB EE

0 200 400
Multipole 

0.002

0.000

0.002

BB EB

0 200 400
Multipole 

0.002

0.000

0.002

BB BE

0 200 400
Multipole 

0.00
0.25
0.50
0.75
1.00

BB BB

Figure 7.3. An example of transfer function for a 90 GHz SATs-like channel, showing the
16 X ′Y ′ → XY polarisations, averaged over N = 100 realisations of the power-law
simulations shown in figure 7.2. The (very thin) shaded area represents the standard
deviation divided by

√
N . This transfer function is estimated using more aggressive

filtering than what expected in the real SO data analysis. Figure from [101].
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Part III

The B-sure project: robustness
tests for primordial B-modes





129

Chapter 8

The need for robustness tests in
CMB science

As we already discussed multiple times in this manuscript, the eventual measure-
ment of a B-mode signal in CMB polarisation is one of the major target of the
CMB community, representing a target of paramount importance as it is believed to
be induced by the presence of a stochastic background of primordial gravitational
waves generated by inflationary physics happening in the infant Universe. The
detection of the swirly pattern in CMB maps would then open an observational
window into the very first moments of our Universe after the Big Bang, granting us
access to energy scales unreachable by particle accelerators.

In Part I, I briefly introduced the physical concepts connecting inflation with
CMB B-modes. In Part II, I described the Simons Observatory (SO), a brand new
microwave experiment with the goal (among others) of placing stringent constraints
on the amplitude of primordial B-modes. We also discussed the importance of
combining data between different experiments to try and mitigate the contamination
from Galactic foregrounds, which heavily hinder the hunt for the underlying primordial
signal. The hope of the community is for current and future observatories to finally
detect this faint signal to dive into new, non-standard physics.

But once we start to approach this goal, crucial questions are going to arise:
how can we be certain that the measured signal is really due to primordial gravi-
tational waves? In other words, are we able to recognise if an eventual detection
is contaminated by instrumental systematics or astrophysical foregrounds? Is the
detection robust against contaminants, and are we able to reject it?

In order to confidently answers these questions, and thus be able to accept or
reject a potential measurement, we need to develop some robustness tests apt
at the validation of a tensor-to-scalar ratio detection from CMB observations. At
the moment, this particular field has not been extensively investigated, since a
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detection of primordial B-modes was not an imminent event. During the years,
instrumental systematics, Galactic foregrounds, and gravitational lensing have
proven to be formidable challenges in the search of the much fainter primordial
signal, with experiments only being able to place upper limits on the amplitude of
tensor perturbations.

In this Part, I will describe the work I carried out in the last two years on the
topic of robustness tests for primordial B-modes. In particular, I focused on the
contamination represented by Galactic foregrounds and on which statistical tools
can be used to identify a false detection of the tensor-to-scalar ratio. I explored
Minkowski functionals (MFs) and scattering transforms (ST) statistics for this scope.
The former are well-known tools in the context of CMB data analysis, being used for
more than 20 years now, while the latter are relatively novel in the field. The majority
of what is discussed in the remainder of this Part is based on two of the published
works I produced during the PhD, [178] and [179], describing the B-sure project.

8.1 The BICEP accident

In 2014, the BICEP2 collaboration published results coming from three seasons
of deep observations of relatively small sky patches from the South Pole [4]. They
reported the detection of a B-mode signal at a degree angular scale, attributed
to the presence of an inflationary gravitational waves background with a tensor-
to-scalar ratio of r = 0.20+0.07

−0.05, representing a > 5σ excess with respect to the
standard ΛCDM scenario where r = 0. The theoretical implications suggested
by this measurement would be of extreme proportions. Of course, a detection of
r would be a smoking gun for the inflationary mechanism, but it is worth noticing
that such a (unexpected) large value would also be difficult to accommodate within
theories of high energy physics motivated by other experimental data. In the weeks
and months following the BICEP publication, online archives were flooded with
papers from the communities of particle physics and theoretical cosmology, in the
tentative to explain such a result with the most exotic scenarios.

Unfortunately, a subsequent re-analysis of the same BICEP data combined with
Planck maps [27] revealed the claim to be a false detection, with the measured B-
mode signal heavily induced by the polarised emission of Galactic dust. At the time,
the foregrounds contamination to polarised observations of the CMB was severely
underestimated, mainly because of the lack of sensitive data and consequently
adequate modelling. Using the new maps produced by the Planck experiment,
the community was able to assess the amount of contamination in the context of
B-modes measurements. Foregrounds emission is now considered as the primary
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Figure 8.1. B-mode signal reported by the BICEP2 collaboration in 2014, with the black
rods indicating the polarisation amplitude in different spots of the sky region observed
by the telescope. Figure taken from the BICEP2 2014 Release Image Gallery, realised
using data from [4].

challenge for the estimation of the tensor-to-scalar ratio, with new experiments and
data analysis techniques designed to mitigate contamination at the best possible
level.

Nonetheless, we are not able to completely clean our maps of the sky: compo-
nent separation algorithms will always leave a certain amount of foregrounds and
noise residuals in the final CMB product [40, 41]. Depending on the amplitude of
the signal targeted by the analysis, this residual contamination can be negligible
or not. In the case of B-modes searches, the signal is so faint that a low amount
of residuals is still comparable with the amplitude of tensor perturbations, possibly
leading to a biased measurement of r and a consequent false detection. This is
similar to what happened in the BICEP accident. Of course we can give an estimate
of this bias and validate component separation techniques with sky simulations.
Still, the exact complexity of the foregrounds emission is not replicable, and the real
sky observed by an experiment will thus be unknown. Moreover, having a single
Universe does not allow us to estimate the sky signal from a statistical sample: if
component separation does not work properly for our particular realisation of the
sky (maybe coming from the tail of the distribution), we have no way to know it.

The BICEP case is just one example of the more general need for robustness
tests in Cosmology, and in particular for the tests tailored to the detection of primor-
dial B-modes from CMB observations. In this context, we denote as robustness
tests all those "a posteriori" analysis that can be done on data in order to validate

http://bicepkeck.org/visuals.html
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a potential detection of the tensor-to-scalar ratio. An ideal robustness test is able
to reject a r measurement if the estimate is biased (test failed) or to accept it if
it is not biased (test passed). In the remainder of this Part, we will focus on the
construction of such robustness tests for the measurement of CMB B-modes, with
a particular attention to false detections induced by foregrounds contamination. We
will also focus on B-modes measurements achieved through the use of map-based
component separation techniques, which aim to recover a cleaned estimate of the
CMB field. We will not treat robustness tests for power spectrum-based algorithms,
whose investigation is left for future works.
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Chapter 9

How to build a robustness test

This chapter reports the methodology for the B-sure project, namely the develop-
ment and characterisation of the robustness tests described in two of the published
works associated with this Thesis, [178] and [179]. The procedure tries to closely
replicate what would happen in a real experiment targeting the observation of
CMB polarisation, where multi-frequency sky maps are combined in a map-based
component separation algorithm to recover the CMB signal. Its BB angular power
spectrum is then used to measure a tensor-to-scalar ratio, eventually biased by
foreground residuals. The goal of the test is to validate this detection, rejecting it if
contaminated.

In the previous Part, we focused our attention on a ground-based experiment,
the SO. In this Part instead, we will work with a telescope mounted on a satellite,
observing from space. The latter configuration provides several simplifications to the
analysis: the full-sky is now available, while it is just a small fraction for a telescope
on Earth; the angular power spectrum can be also estimated at the largest angular
scales, which can be accessed from space; atmospheric emission is not a problem
any more, as we do not need to worry for the consequent filtering process and for
the estimation of a filtering transfer function.

The core idea behind the tests is to look for residual foregrounds contamination
in the CMB map recovered by the component separation algorithm. In particular,
the proposed tests aim to exploit the key morphological differences between CMB
and foregrounds signals. As we mentioned in section 2.3, the theory of inflation
predicts the CMB to be a Gaussian random field [18], with primordial perturbations
drawn from a Gaussian distribution with zero mean and variance given by the power
spectrum. This prediction agrees very well with observational data. In simpler terms,
Gaussianity means that if we look at different regions of the sky, the measured
anisotropies will statistically be the same. On the other hand, foregrounds emission
is observed to be highly non-Gaussian, with anisotropic structures all over the sky
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Figure 9.1. Top panels: Gaussian CMB field on the left, foregrounds map on the right,
both in Stokes parameter Q. Visually, they clearly have a different morphology. Bottom
panel: EE angular power spectrum of the above maps, over the full-sky or adopting a
mask covering the Galactic plane. For a Gaussian field, the statistics is the same, when
corrected for the sky fraction.

tracing the local Universe. If we look at different patches, the measured emission will
in general have different statistical properties [114, 169]. Figure 9.1 illustrates such
difference, which is clearly visible at the map level but can also be seen in the power
spectra: evaluating the statistics over a full or masked sky does not impact the CMB
spectrum (when corrected for the partial sky), while it is different for foregrounds.

Thus, in order to build such a robustness test, we need two key ingredients: 1)
a set of simulated Gaussian maps, to adopt them as references for comparison,
and 2) some summary statistics sensitive to the presence of non-Gaussianity and
anisotropic structures in sky maps, able to identify morphological deviations from
a Gaussian random field. The first item is necessary to have some reference
Gaussian fields from which we can quantify the deviation. To have a fair comparison,
the signal amplitude in these simulations should be similar to the one of component-
separated CMB map. Concerning the second item, several statistical descriptors
of non-Gaussianity have already been employed in CMB data analysis [52, 66,
83, 161, 165, 171]; in this Thesis, we explored Minkowski functionals (MFs) and
scattering transforms (ST), adopted as summary statistics for the robustness test. If
the MFs or the ST of the component-separated CMB map are compatible with the
ones evaluated on reference Gaussian maps, the test is passed and the detection
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Figure 9.2. Flowchart illustrating the robustness test methodology and showing the various
steps followed for the test characterisation and validation.

of the tensor-to-scalar ratio is accepted. Vice versa, if the summary statistics are
not compatible, the test is failed and the detection is rejected. To properly assess if
these statistics can be trusted, the robustness test is repeated and characterised
over hundreds of simulations. Figure 9.2 visually illustrates the process described
above; each step of the pipeline is detailed in the following dedicated sections.

9.1 Input sky simulations

In this section, we describe the sky simulations used as the starting point for the
robustness test characterisation. Throughout this Part, maps generation, manipula-
tion, and analysis is carried out adopting the HEALPix1 [88] pixelisation scheme by
means of the healpy2 package [223]. For all our simulations, the pixel resolution is
defined by Nside = 64, corresponding to an angular resolution of about 55 arcmin,
with the maximum multipole considered being ℓmax = 3Nside − 1 = 191.

We generate simulations of the polarised microwave full sky in Q and U Stokes
parameters, as observed by a LiteBIRD-like experiment. LiteBIRD3 [127] is a future
space mission selected by the Japan Aerospace Exploration Agency (JAXA) in 2019
as a strategic large-class (L-class) mission. The scope of LiteBIRD is to produce

1https://healpix.jpl.nasa.gov/
2https://healpy.readthedocs.io/en/latest/
3Lite (Light) satellite for the study of B-mode polarisation and Inflation from cosmic background

Radiation Detection, https://www.isas.jaxa.jp/en/missions/spacecraft/future/litebird.html.

https://healpix.jpl.nasa.gov
https://healpy.readthedocs.io/en/latest
https://www.isas.jaxa.jp/en/missions/spacecraft/future/litebird.html
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maps of the microwave sky with three years of observations; among other scientific
goals, its primary target is the B-mode signal from cosmic inflation, either making
a discovery or ruling out well-motivated inflationary models. The instrumental
properties are taken from the 2022 forecast of the experiment [127], which planned
to deploy 3 telescopes covering 15 different frequencies between 40 and 402 GHz.
The LiteBIRD mission has recently undergone a phase of reformation with the scope
of simplifying the payload configuration while preserving the scientific objectives.
In its updated version, published during the writing of this Thesis, the satellite will
be launched around 2036, and it will host a single telescope observing the sky in
12 distinct frequencies between 40 and 402 GHz, with a polarisation sensitivity of
2.5µKCMB · arcmin. The targeted total uncertainty on the tensor-to-scalar ratio is
σ(r) < 0.002 (68% C.L.), assuming the absence of a primordial signal r = 0. For a
fiducial value of r = 0.01, the targeted sensitivity enables independent 3σ detections
at both the reionisation and recombination bumps. In this way, the experiment will
be able to test representative inflationary models, including Starobinsky-like and
Higgs-inflation scenarios, at meaningful statistical significance, probing the origin of
primordial gravitational waves [37]. Therefore, the LiteBIRD configuration is the most
useful to use for our input simulations, in order to characterise the robustness test,
given its forecasted performances in constraining r. Table 9.1 reports the specifics
adopted for generating the sky maps. The works described in this manuscript were
already completed before the LiteBIRD reformation; thus, the frequencies, angular
resolutions, and noise sensitivities listed in the table are the one from the previous
configuration of the experiment, described in [127].

The simulated maps contain three polarised sky components, namely CMB,
instrumental noise, and Galactic foregrounds. CMB maps are generated as Gaus-
sian realisations from the angular power spectra of the best-fitting Planck 2018
parameters [166]. Realisations are obtained with the synfast routine of the healpy

package, which draws aℓm as random numbers from a Gaussian distribution having
a variance equal to the power spectra. We produce two sets of N = 300 simulations.
In one set, B-modes are sourced only by gravitational lensing, where the large-scale
structure of the Universe deflect CMB photons and convert E-modes into B-modes,
and no primordial signal is present (rin = 0). In the other set, an additional realistic
amplitude of primordial B-modes is injected, sourced by inflationary gravitational
waves (rin = 5×10−3). Figure 9.3 shows the input power spectra used for generating
the Gaussian realisations, both in Cℓ and Dℓ. All CMB maps are smoothed to a
common angular resolution of FWHMout = 70.5 arcmin, which is the largest beam
between the considered frequency channels (corresponding to the 40 GHz band).
We notice that technically this angular resolution is not sufficiently large compared
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Table 9.1. LiteBIRD specifics used to generate the simulations, with values related to
15 observational bands (15 frequencies, 22 effective channels). From left to right the
columns are: telescope covering the band (Low-Frequency Telescope LFT, Medium-
Frequency Telescope MFT, High-Frequency Telescope HFT); band identification number
(ID); band centre frequency in GHz; main beam size (FWHM) in arcmin; sensitivity in
µKCMB · arcmin.

Telescope ID ν FWHM sensitivity
[GHz] [arcmin] [µKCMB · arcmin]

LFT 1 40 70.5 37.42
LFT 2 50 58.5 33.46
LFT 3 60 51.1 21.31
LFT 4 68 41.6 19.91
LFT 47.1 31.77
LFT 5 78 36.9 15.55
LFT 43.8 19.13
LFT 6 89 33.0 12.28
LFT 41.5 28.77
LFT 7 100 30.2 10.34
MFT 37.8 8.48
LFT 8 119 26.3 7.69
MFT 33.6 5.70
LFT 9 140 23.7 7.25
MFT 30.8 6.38
MFT 10 166 28.9 5.57
MFT 11 195 28.0 7.05
HFT 28.6 10.50
HFT 12 235 24.7 10.79
HFT 13 280 22.5 13.80
HFT 14 337 20.9 21.95
HFT 15 402 17.9 47.45

to the pixel size at the adopted Nside (55 arcmin). In general, the angular resolution
should be at least three times larger than the pixel resolution, while here is instead
only 1.5 larger. However, we found this effect to have negligible impact, which in
any case is impacting the smaller scales only. In this work we will mainly focus
our attention to the larger scales, which are the most contaminated by foregrounds
emission.

We also notice here that the CMB field can contain a certain level of non-
Gaussianity induced by the gravitational lensing operated by large-scale structures.
It is totally possible to simulate non-Gaussian CMB maps and run the same ro-
bustness tests on them. However, since the proposed robustness tests target the
identification of non-Gaussianity, the presence of realistic lensing can create some
ambiguity with the non-Gaussianity induced by Galactic foregrounds, which is the
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Figure 9.3. Input angular power spectra used to generate the Gaussian CMB simulations,
in Cℓ (left) and Dℓ (right), adopting the best-fitting Planck 2018 parameters [166]. TT
in black, EE in red, BB in blue. Solid lines represents spectra where B-modes arise
from lensing only (rin = 0), while the dashed line show the contribution due to primordial
gravitational waves for rin = 5 × 10−3.

main topic of the study. Moreover, the summary statistics employed in this work
have demonstrated to not be sensitive enough to detect the non-Gaussian impact
of gravitational lensing, which is anyway expected to be important at smaller scales
than the ones considered in our analysis. We thus decide to work with Gaussian
realisations of CMB lensing and leave the small non-Gaussian effects for future
works and more sensitive statistics.

Noise maps are simulated by generating Gaussian realisations for each fre-
quency channel, starting from the following noise power spectrum:

Nℓ =
(
σQU

π

180 · 60

)2 [
1 +

(
ℓ

ℓknee

)αknee
]

≃
(
σQU

π

180 · 60

)2
,

(9.1)

where σQU is the polarisation sensitivity in µKCMB · arcmin, reported in table 9.1
and then converted to radians. αknee and ℓknee are the two parameters defining
the instrumental 1/f noise. In the second line of the above equation, we do not
include this 1/f term in the noise power spectrum, as in the LiteBIRD experiment its
contribution is expected to be fully suppressed by the modulation of the half-wave
plate. We also neglect here the scanning strategy of the telescope, thus assuming
the noise statistical properties to be constant across the sky. As discussed in [127],
this is a fair assumption for LiteBIRD since the scanning strategy parameters are
chosen to ensure a hit counts distribution as uniform as possible, and they are
expected to have a negligible impact inQ and U maps. The sensitivity levels adopted
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Figure 9.4. Visualisation of the noise properties of the LiteBIRD configuration adopted in
this work. Left : sensitivity levels used for generating the simulations, in µKCMB · arcmin
units, with frequency bands denoted by vertical lines. They are also reported in table
9.1. Right : corresponding white noise power spectra, obtained from eq. (9.1).

and the relative noise spectra are also visualised in figure 9.4, for each considered
band. The generated noise maps at each frequency channel are smoothed to a
common resolution by considering an effective beam as

FWHMeff(ν) =
√

FWHM2
out − FWHM(ν)2 , (9.2)

where FWHMout is again the beam of the lowest frequency channel, at 40 GHz.

Galactic foregrounds are simulated with the Python Sky Model (PySM)4 [204, 224,
203], a python package that generates full-sky simulations of Galactic foregrounds
in intensity and polarisation relevant for CMB experiments, already introduced in
section 4.4. Since we are focusing on polarised observations, we are only interested
in thermal dust (d) and synchrotron (s) emission, as they are the main contaminants
of observations. In this work, we adopt three different models for synchrotron and
thermal dust emission, of increasing complexity: d0s0, d1s1, and d10s5. The former
is a simplified view of the sky that we use for testing and validation of our pipeline,
where dust is modelled as a modified blackbody, synchrotron is modelled as a power
law, and dust temperature and spectral indexes are fixed across the sky. d1s1 is
a slightly more complex model than d0s0, where dust temperature and spectral
indexes are spatially varying. The d10s5 is the model closer to real observations,
and it is the most complex foregrounds emission we consider here. We refer to
the PySM papers and documentation for more details and full descriptions of the
foregrounds templates.

We generate Q and U full-sky simulations for each of the three models dxsy,
one per frequency channel; each map is smoothed to FWHMout = 70.5 arcmin and

4https://pysm3.readthedocs.io/en/latest/index.html

https://pysm3.readthedocs.io/en/latest/index.html
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Figure 9.5. Simulated polarised foregrounds emission maps, in Q (top row) and U (bottom
row) Stokes parameters, for the d10s5 model, at synchrotron-dominated (40 GHz, left
column), foregrounds-minimum (100 GHz, middle column), and dust-dominated (402
GHz, right column) frequencies. All maps are smoothed to 70.5 arcmin, and reported in
µKCMB units.

then co-added to the CMB (rin = 0 or 5 × 10−3) and noise simulations:

QUtot(rin, dxsy) = QUCMB(rin) +QUnoise +QUfg(dxsy) . (9.3)

We end up withQ and U sky simulations which include CMB, noise, and foregrounds,
for different combinations of input tensor-to-scalar ratio and PySM foregrounds model.
For each combination we have 300 different realisations of CMB and noise. Figure
9.5 illustrates the simulated polarised foregrounds for the d10s5 model. Emission at
three different frequency channels is shown, to highlight the separate synchrotron
and dust domination.

We then perform a full-sky harmonic transformation to convert Q/U simulations
to E/B-mode maps, with the latter being our input dataset for all the subsequent
analyses. It is important to notice here that the Q/U → E/B passage is a non-local
transformation which in general is going to create artifacts in the final B-mode
maps, due to the leakage of sky regions with very bright foregrounds radiation
outside the Galactic plane. A more correct approach would be to first mask the
most contaminated areas of the Q/U maps and then operate the transformation to
B-modes, while correcting for the E-to-B leakage induced to presence of a mask
(see [40, 186] for more details on the topic and for a MFs analysis of the problem).
In the following we will not account for this issue, placing ourselves in the worst
possible scenario, with no mitigation of this effect in the maps. The impact of this
assumption will be discussed in the presentation of the results.
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9.2 Component separation

We already introduced the concept of component separation in the first Part of the
Thesis. Some sort of foregrounds-cleaning techniques must be incorporated in
whatever data analysis pipeline targeting the measurement of the underlying CMB
signal, moreover if the final goal is constraining the faint primordial B-modes, as
we are doing here. As we mentioned and detailed in section 4.3, in this work we
adopt component separation techniques usually referred to as "blind" algorithms,
in the sense that there are no strong assumptions on the models governing the
foregrounds emission. They offer a valuable alternative to parametric approaches,
since they are not affected by possible wrong spectral modelling of the Galactic
polarised emission, which may significantly bias the final estimate of the tensor-to-
scalar ratio. These methods are also called "minimum-variance" techniques, as they
linearly combine multi-frequency sky maps with the aim of minimising the variance
of the recovered signal.

In particular, to recover the CMB B-mode signal from our simulated multi-
frequency sky maps, we use two implementations of minimum-variance techniques:
Needlet Internal Linear Combination (NILC) and Multi-Clustering NILC (MC-NILC),
both of them summarised in section 4.3. NILC has already been applied in the
past in CMB data analysis (e.g., WMAP [19], Planck [169]) and both NILC and
MC-NILC will be used for current and future CMB surveys (SO [6, 218], LiteBIRD
[127]). We use these two methods as implemented in the BROOM5 package [43].
Component separation is applied directly on the input scalar B-modes maps we
simulated (section 9.1).

We recall that the NILC algorithm aims at recovering a clean view of the CMB
signal by linearly combining multi-frequency sky maps, performing variance min-
imisation at different harmonic scales [57, 40]. Input maps are decomposed with
needlets filtering, allowing to separate the contribution of the different emitting
components depending on their angular scales. In this way, the contaminants miti-
gation is able to take into account the inhomogeneity of the foregrounds emission,
improving the reconstruction of the CMB signal with respect to the simpler ILC.

If the foregrounds emission is very complex, the NILC method may present some
limitations or be suboptimal, since it still does not fully handle the local spectral
variations of foregrounds emission. MC-NILC [176, 41] is a NILC extension which
performs component separation independently in different sky regions, where the
polarised B-mode Galactic emission shows similar spectral properties. The spatial
variability of dust and synchrotron spectral parameters is assessed by identifying

5https://github.com/alecarones/broom

https://github.com/alecarones/broom
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Figure 9.6. Sky partitions adopted in the MC-NILC component separation for d1s1 (left)
and d10s5 (right) foreground models.
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Figure 9.7. An example of the component separation outputs, for one simulation. Left
column: reconstructed CMB B-mode signal (CMB solution), containing the CMB field,
and noise and foreground residuals. Middle column: noise residuals. Right column:
foreground residuals. Outputs are shown for NILC (upper row) and MC-NILC (lower
row) methods, applied on the d10s5 model with rin = 0. Units are µKCMB.

a blind tracer of their distribution across the sky. In the implementation used in
this work, the tracer is obtained from the simulated dataset by applying a model-
independent and realistic de-noising technique [41]. Figure 9.6 illustrates how the
full sky is separated into 50 patches for the d1s1 and d10s5 models, where regions
with the same colour have similar values of the tracer and thus similar foregrounds
spectral properties. Component separation is independently performed in each of
these partitions.

Both NILC and MC-NILC algorithms relies on the notion of needlets. As we
briefly mentioned in section 4.3, needlets are a wavelet system that guarantees
simultaneous localisation in harmonic and pixel space. The shape of the needlet
bands is defined by the choice of the harmonic function bj(ℓ), whose width is
set by the parameter Bn: lower values of Bn correspond to a tighter localisation
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in harmonic space (less multipoles entering into any needlet coefficient). Here
we adopt the Mexican needlet construction [151] as our harmonic function, with
Bn = 1.3. The needlet filters have been obtained through the MTNeedlet6 package
[45], and they are shown in the left panel of figure 9.8. Since the first needlet bands
would select only very few large-scale modes, we merge together the first 14 bands
following

b
merged
0 =

√√√√ 14∑
j=0

b2
j (ℓ) . (9.4)

An example of the performances of the two algorithms is reported in figures 9.7
and 9.8 (right panel), for the rin = 0 case. The amount of leftover contamination
in the recovered CMB field can be visually compared both at the map and at the
power spectrum level, and the improvement achieved by MC-NILC can be clearly
seen in the reduced amplitude of the noise and foreground residuals, in particular
on the largest scales. The leftover contamination is noticeable in the foregrounds
residual maps, with anisotropic structures present even at higher latitudes, far from
the Galactic plane. But it is not so evident in the recovered CMB map, where the
noise and CMB lensing contributions are present.

In general, a blind component separation algorithm returns a single CMB "solu-
tion" as final product, containing the reconstructed CMB signal plus some leftover
contamination from noise and foregrounds. In our experimental setup, we are
working with simulated datasets, thus having complete control over the separated
sky components, as we independently generated CMB, noise, and foregrounds
realisations. Component separation weights can be applied to the input noise and
foregrounds maps to obtain the residuals maps shown in figure 9.7, in order to have
an exact estimate of the leftover contamination in the recovered CMB field. More-
over, we also have the possibility to retrieve the exact input CMB field by removing
the aforementioned noise and foreground residuals from the CMB solution. This is
very useful for manipulating the CMB map without touching the other components;
in particular, we will also characterise the robustness test in a scenario where the
gravitational lensing contribution to the B-mode power spectrum is reduced by 50%,
parametrised by a factor Alens = 0.5. The mitigation of this kind of contamination is
usually called "delensing"; modern experiments are able to achieve up to a 70%
reduction of the CMB lensing power by means of correlations with other surveys of
the large-scale structure of the Universe, responsible for the deflection of the CMB
photons [6, 100].

In a real experiment, these single contributing maps are not accessible, as
isolated noise and foregrounds residuals are not available. Nevertheless, it is useful

6https://javicarron.github.io/mtneedlet/index.html

https://javicarron.github.io/mtneedlet/index.html
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Figure 9.8. Left panel : needlet bands Mexican configuration adopted in this work for
component separation, where the first bands have been merged. Right panel : full-sky
angular power spectra evaluated on foreground (red) and noise (blue) residuals, for
NILC (dashed lines) and MC-NILC (solid lines), applied to the d10s5 model. Black
dotted line is the input CMB spectrum (lensing-only).

to use them here for the full validation of the component separation pipeline and
also for the characterisation of the robustness tests.

9.3 Likelihood

The application of component separation methods provided a reconstruction of
the CMB signal, where foregrounds contamination is mitigated. In order to infer
the tensor-to-scalar ratio from these maps, we compare their BB angular power
spectrum with the theory through the evaluation of a likelihood function, which in
this work is adopted to be an inverse-Wishart distribution [94, 86]:

− ln L
(
Cobs

ℓ |r
)

= 1
2
∑

ℓ

(2ℓ+ 1)fsky

[
Cobs

ℓ

C th
ℓ (r)

+ lnC th
ℓ (r) − 2ℓ− 1

2ℓ+ 1 lnCobs
ℓ

]
. (9.5)

where Cobs
ℓ is the "observed" power spectrum evaluated on the CMB solution map,

containing CMB lensing, noise and foreground residuals, and C th
ℓ is the theoretical

BB spectrum built as

C th
ℓ (r) = C

lensing
ℓ + ⟨Cnres

ℓ ⟩ + r · Cr=1
ℓ . (9.6)

In the above equation, C lensing
ℓ is the B-mode contribution induced by gravitational

lensing, Cr=1
ℓ is the theoretical B-mode power spectrum sourced solely by tensor

perturbations with r = 1, and ⟨Cnres
ℓ ⟩ is the average of the spectra computed on

all the N − 1 = 299 noise residuals maps obtained from the application of the
component separation on the input simulations.
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Figure 9.9. Angular power spectra going into the likelihood evaluation for a single simulation,
for the NILC - d1s1 (left) and MC-NILC - d10s5 (right) scenarios. Main plot : spectra,
with C th

ℓ (r = 0) in dashed blue, Cobs
ℓ in solid red, C lensing

ℓ in dotted black, and the best-fit
in solid black. The shaded area represents the standard deviation of Cobs

ℓ across 300
realisations. Inset : normalised likelihood on the tensor-to-scalar ratio; the peak value is
indicated by the dashed line.

Angular power spectra are computed with the anafast routine as implemented
in the healpy package. To avoid strong contamination from the Galactic plane, the
same Galactic mask we used in the previous Part (left panel of figure 6.5) is applied
to the maps, retaining a sky fraction of fsky ≃ 60%. As we described in section
3.4, the presence of a mask induces correlations among multipoles (mode-coupling
[122]). This effect is not taken into account and not corrected for when estimating
power spectra with anafast, as we are doing here. However, as discussed in
[127], this approximation has a negligible impact on the power spectra estimation of
foreground and noise residuals over large sky fractions, as considered in this work.

The likelihood function is evaluated over an interval of r values in the range
r ∈ [−1.5 × 10−4, 3 × 10−2], with a constant spacing of ∆r = 2 × 10−6. Values of
r < 0 are included in the analysis in order to be sensitive to negative biases on the
tensor-to-scalar ratio, as our generated CMB simulations assumes r = 0. We take
the peak value of the likelihood as our best fit tensor-to-scalar ratio rfgs, where the
fgs label indicates that the bias on the parameter is entirely due to the presence of
foreground residuals, which contribute to the power observed on the large scales
and mimic the behaviour of a primordial GWs signal. An example of the likelihood
inputs and outputs is provided in figure 9.9, where we report the power spectra of
the recovered CMB map, noise residuals, and the input CMB lensing, together with
the best-fit tensor B-mode spectra and the corresponding posterior of rfgs.

The inferred value of the tensor-to-scalar ratio gathers contributions from all
the angular scales included in the analysis. In general, the largest scales (low ℓ)
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Figure 9.10. Same as figure 9.9, but considering only the largest scales in the likelihood
evaluation. The maximum multipole included (ℓ = 48) is indicated by the vertical dash-
dotted line.

contain most of the information about foregrounds and inflationary physics, while the
smaller scales (high ℓ) are dominated by noise and CMB lensing, having therefore
a lower impact on the r measurement. To highlight the different contributions, we
also evaluate the likelihood function over three multipoles range: ∆ℓ0 ∈ [2, 48],
∆ℓ1 ∈ [15, 175], and ∆ℓ2 ∈ [40, 191]. These intervals follow the scales sampled by
the needlet bands used for component separation, including all multipoles where
each of the adopted needlet bands is greater than 30%. We will mostly focus on
the first interval, as we are mainly interested on the impact of foreground residuals
on the largest angular scales. Figure 9.10 shows the same power spectra featured
in figure 9.9, but now considering only the largest scales (∆ℓ0) in the likelihood
analysis, with the last included multipole indicated by the vertical line. We can
visually notice a slight improvement of the fitted curve (solid black), together with a
wider likelihood reflecting the increase in the uncertainty on the larger recovered
value of r.

Following the procedure which would be adopted in the data analysis of a real
experiment, we can propose a first robustness test by evaluating the goodness-
of-fit, to understand if we are (already) able to assess whether the bias on r is
induced by the presence of foreground residuals. We note that eq. (9.5) is not a
Gaussian likelihood, and thus it is not possible to define a χ2 statistic in the usual
way. However, we can still evaluate the fit quality by relying on simulations, following
the process below, described for a single simulation:

1. we use the inferred tensor-to-scalar ratio rfgs to generate 300 Gaussian ran-
dom realisations of CMB B-mode maps, with their power spectrum being
CBB

ℓ = rfgs · Cr=1
ℓ . We co-add these maps with simulations of CMB lens-
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Table 9.2. Percentage of incompatible simulations from the goodness-of-fit analysis, con-
sidering all scales at the same time or only the largest scales. Values are reported for
each scenario considered.

all multipoles (∆ℓ=2–191)
d0s0 d1s1 d10s5

NILC 4 98 74
MC-NILC - 28 22

large-scales only (∆ℓ0=2–48)
d0s0 d1s1 d10s5

NILC 4 98 71
MC-NILC - 52 43

ing and noise residuals, provided by the component separation. Doing so
means taking the CMB solution and replacing the foreground residuals with
realisations of tensor perturbations;

2. for each of these combined CMB lensing, noise, and tensor perturbation maps,
we compute their power spectrum and we fit for r with the same likelihood
function of eq. (9.5). We take each minimum of the − ln L (similar to the usual
χ2) to build a distribution that we can use to compare with the value obtained
by the corresponding best fit rfgs;

3. we compute the probability-to-exceed (PTE), that is the amount of the distribu-
tion which falls above the value associated to the best fit rfgs. If the PTE is less
than 0.05 (95%), we deem the fit as not good for the considered simulation.

We repeat this analysis for all the 300 input simulations. In general, a reasonable
goodness-of-fit is associated with a PTE distribution close to the uniform one, with
the percentage of incompatible simulations being around ∼ 5%. The results of this
analysis are reported in table 9.2, while figure 9.11 shows the − ln L distribution
for one simulation on the left, and the PTE distribution for the 300 simulations on
the right, along with the percentage of simulations failing this χ2-like test. For this
particular realisation, the NILC - d1s1 case fails the test (PTE < 0.05) while for
MC-NILC - d10s5 the test is passed (PTE > 0.05).

As it can be seen from the table, using the NILC component separation leads to
a poor fit quality, with PTE distributions far from being uniform and the bias identified
in > 70% (> 90%) of the simulations for the d10s5 (d1s1) model. This is suggesting
that the shapes of the power spectra at the largest scale do not match enough for
the fit to be acceptable: in a real experiment, we would likely get a PTE < 0.05,
already ruling out the cosmological origin of the inferred tensor-to-scalar ratio. On
the other hand, in the MC-NILC case the PTE distribution is closer to a uniform one,
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Figure 9.11. Results of the goodness-of-fit analysis for the NILC - d1s1 (red dashed lines)
and MC-NILC - d10s5 (blue solid lines) cases. Left panel: one realisation of the − ln L
distribution of the 300 tensor simulations, compared against the value given by the best-
fit on the CMB solution (vertical lines); the corresponding PTE is also indicated. Right
panel: PTE distribution for the 300 simulations, with the percentage of incompatible
simulations shown on the right.

and the percentage of simulations with a bad fit is < 30%. In a real experiment, the
biased r measurement would likely be accepted if we base ourselves on a simple
goodness-of-fit evaluation. This calls for other and more advanced robustness tests
able to reject a potential false detection.

It is worth noticing that in this analysis we are restricting ourselves to specific
foreground models, component separation methods, and instrumental configura-
tions, which may not represent the most general case. To simulate a broader
scenario, we also consider a situation where the likelihood step leads to an optimal
fit, where no power spectra mismatch is present. In such a case, only higher-order
statistics can reveal discrepancies between residuals and primordial cosmological
signal. We will further detail this point in section 9.4.2.

9.4 Reference Gaussian simulations

The goal of the robustness test is to compare the statistical properties of cleaned
CMB maps (CMBsol) with reference Gaussian simulations, going beyond the usual
two-point statistics. The foreground residuals left by component separation are
expected to show non-Gaussian properties and anisotropic structures which should
not be present in a field dominated by primordial CMB B-modes. Therefore, we
build two sets of Gaussian simulations dubbed CMBtens and FGgauss, which are
co-added with the input CMB lensing maps and the noise residuals coming from
the application of component separation to the other realisations. Thus, the CMBsol
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Figure 9.12. An example of the maps considered for the robustness tests, for the MC-NILC -
d10s5 case. Upper row, from left to right: CMB solution (CMBsol), Gaussian simulations
FGgauss and CMBtens. Lower row, from left to right: as upper row, but without CMB
lensing and noise, with non-Gaussian and Gaussian foreground residuals, and tensor
perturbations.

and Gaussian maps have different realisations of CMB signal and noise in them.

If the detected tensor-to-scalar ratio is of Galactic origin, then the CMBsol map
(that includes anisotropic contamination) and the Gaussian simulations should be
statistically incompatible when observed through a higher-order statistics, failing
the robustness test. Vice versa, if no deviation is observed between two maps,
it means that the statistics is not able to detect the foreground residuals non-
Gaussianity. In the latter case, the test is passed and no flag is raised. An example
of these two types of maps and their co-addition with CMB lensing and noise
residuals is reported in figures 9.12 and 9.13, including all scales or only the largest,
respectively, and after the application of the Galactic mask. We notice how the three
maps to be compared (top row) look very compatible at least by eye, since they are
dominated by noise. Foreground residuals display features of Galactic origin, with
evident anisotropic structures over the sky, but these structures are not so obvious
when foreground residuals are mixed with CMB and noise. This is why we need
sophisticated statistical tools to identify non-Gaussianity. We now describe these
Gaussian simulations in more details.

9.4.1 CMBtens

For each of the 300 component-separated CMBsol, we estimated a tensor-to-scalar
ratio rfgs, eventually biased by foreground residuals with respect to the input value
(rin = 0 or 5 × 10−3). We use the inferred value to generate 5000 Gaussian
realisations of B-mode maps sourced only by primordial GWs, from the power
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Figure 9.13. Same maps as figure 9.12, but filtered with the first needlet band b0 to retain
only the largest scales, at multipoles ℓ ≲ 60.

spectrum CBB
ℓ = rfgs · Cr=1

ℓ , using the synfast routine from healpy. Maps are
smoothed to the same resolution of CMBsol. We then co-add these simulations
with different, independent realisations of CMB lensing and noise residuals maps,
obtained from the application of component separation on the other input simulations.
We refer to these simulated Gaussian maps as CMBtens. We thus end up with 5000
generated maps for each of the 300 input simulations.

9.4.2 FGgauss

Based on the discussion of section 9.3, the power spectrum of the CMBtens sim-
ulations may or may not be compatible with the one of CMBsol maps. Their CMB
lensing and noise contributions are statistically the same, while the tensor contribu-
tion is fitted on the foreground spectrum contamination. A first robustness test is
represented by a standard goodness-of-fit analysis, that can be able to identify a
bias on the r estimate if the fitted curve has a much different spectral shape than
the recovered CMB signal. Vice versa, if the power spectra are similar enough,
the χ2-analysis is passed and no flag is raised, as it happens in many of our sky
realisations.

In order to simulate other situations where the fit is optimal and the χ2 is not
informative, we build the FGgauss simulations by first taking the angular power
spectrum of foregrounds residuals maps (right column of figure 9.7) outside of the
usual Galactic mask, and then using this spectrum as the aℓm variance in order to
generate 5000 Gaussian realisation with the synfast routine from healpy. This
means that we are treating the spectrum of a single realisation as the correct under-
lying theoretical spectrum, with the average spectrum of the Gaussian simulations
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converging to the non-Gaussian one. Finally, we add CMB lensing and noise resid-
uals contributions as we did for the CMBtens set. In practice, we are replacing the
non-Gaussian foreground residuals present in CMBsol with a Gaussian counterpart.
In this way, the robustness test will compare maps having a statistically identical
power spectrum, with the only difference being the non-Gaussianity. Again, we end
up with 5000 generated maps for each of the 300 input simulations.

We recall that for a real experiment we do not have access to the component
separation foreground residuals and, consequently, to the possibility of generating
this kind of simulations7. Nonetheless, they provide a critical benchmark for the
characterisation of the robustness performances, in an idealised scenario where
the contribution from non-Gaussianity is isolated. This is very useful to understand
if the selected higher-order statistics can be reliable in the validation of a potential
tensor-to-scalar ratio detection. But even in a real experiment, it is always possible
to generate the CMBtens simulations previously described.

This approach also helps in alleviating limitations induced by some assumptions
we made in our analysis, such as i) the adoption of a simplified sky mask, which is
sub-optimal for mitigating foregrounds contamination, and ii) the assumption of an
inverse-Wishart form for the likelihood, which may be sub-optimal in the case of an
analysis on a partial sky [86]. We also note that the assumptions may contribute
to the bias on r, as a mask or likelihood optimisation would reduce the bias on the
parameter.

9.5 Minkowski functionals

Minkowski functionals (MFs) [144] are mathematical tools describing the morphology
of fields in any dimension [8]. They have been introduced into Cosmology as
descriptors for the morphological properties of large-scale structure [142], and then
have successively been widely adopted in the context of CMB data analysis [187,
188, 217, 161, 171], used as descriptors of non-Gaussianity and anisotropy.

Given a scalar random field f observed on the unit sphere S2 (e.g., CMB
temperature anisotropies, or E-/B-modes), the excursion set at a threshold u is
defined as

Au

(
f, S2

)
= {x ∈ S2 : f(x) > u} . (9.7)

We will omit the arguments of Au when f and its domain are clear from the context.
As explained in [188], the morphological properties of these excursion sets can be

7Even if we would still be able to take the full component-separated map CMBsol and generate
Gaussian versions of it.
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summarised by the three MFs defined as follows:

V0(Au) =
∫

Au

dx,

V1(Au) = 1
4

∫
∂Au

dr,

V2(Au) = 1
2π

∫
∂Au

κ(r)dr ,

(9.8)

where dr denotes a line element along the boundary ∂Au of the excursion set and
κ(r) denotes the geodesic curvature of the said boundary. Thus, V0 represents
the excursion area, V1 is one-fourth of the boundary length (perimeter), and V2

(genus) is associated with the number of connected regions minus the number
of holes, which on the plane corresponds to the Euler–Poincaré characteristic χ.
On a spherical surface, the Euler-Poincaré characteristic no longer corresponds
exactly to V2, but includes an additional term that can be computed by means of the
generalized Gauss-Bonnet theorem, yielding:

χ(Au) = V2(Au) + 1
2πV0(Au) . (9.9)

Generally, these MFs notation is replaced with the equivalent notion of Lipschitz-
Killing curvatures, expressed as

L2(Au) = V0(Au) ,

L1(Au) = 2V1(Au) ,

L0(Au) = V2(Au) + 1
2πV0(Au) .

(9.10)

For an isotropic Gaussian field (normalised to have unit variance), the expected
value of the Lipschitz-Killing curvatures on the sphere is given by the Gaussian
kinematic formula (GKF):

E [Lj(Au)] =
2−i∑
k=0

ωk+i

ωkωi

(
k + i

k

)
· ρk(u) · Lk+i(S2) · µk/2 , (9.11)

where we defined the "flag" coefficients [8] as

ωi = πi/2[
Γ( i

2 + 1)
] , (9.12)

with Γ(z) being the usual Gamma function. In general, ωi represents the volume of
the i-dimensional unit ball (ω1 = 2, ω2 = π, ω3 = 4π/3, ...). µ is the derivative of the
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covariance function at the origin for the field f , computed as

µ =
∑

ℓ

ℓ(ℓ+ 1)
2

2ℓ+ 1
4π Cℓ , (9.13)

where Cℓ, as always, denotes the angular power spectrum of the field f . The ρk

quantity in eq. (9.11) represents a set of "density" functions defined as

ρk(u) = 1
(2π)k/2

1√
2π

exp
(

−u2

2

)
Hk−1(u) , (9.14)

with Hk(u) denoting the sequence of Hermite polynomials:

H−1(u) =
√

2π exp
(
u2

2

)
[1 − Φ(u)] ,

H0(u) = 1 ,

H1(u) = u ,

Hk(u) = (−1)k exp
(
u2

2

)
dk

duk
exp

(
−u2

2

)
.

(9.15)

Combination of eqs. (9.10) and (9.11) provide the MFs expected values, which we
report normalised by area. The first one is:

E(V0)
4π = E [L2(Au)]

4π
= 1

4π · ρ0(u) · L2(S2)

= 1 − Φ(u) .

(9.16)

where Φ is the cumulative function of the normal distribution. We note that the
above MF depends only on the threshold u and not on the field itself, as long as it is
normalised to have unit variance. For the second MF we have

E(V1)
4π = E [L1(Au)]

2 · 4π
= 1

8π · 2ω2
ω2

1
· ρ1(u) · L2(S2) · µ1/2

= 1
8π

2π
4

1
(2π)1/2

1√
2π

exp
(

−u2

2

)
· 4π · µ1/2

= 1
8 exp

(
−u2

2

)
µ1/2,

(9.17)
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while for the third we need to first evaluate the expected value of L0 as

E [L0(Au)] = E [χ(Au)] = E
[
V2(Au) + 1

2πV0(Au)
]

= ρ0(u) · L0(S2) + ρ2(u) · L2(S2) · µ

= 2 [1 − Φ(u)] + 2√
2π
µ · exp

(
−u2

2

)
· u ,

(9.18)

and then
E(V2)

4π = 1
4π{E [L0(Au)] − 1

2πV0(Au)}

= 1√
(2π)3µ · exp

(
−u2

2

)
· u .

(9.19)

The above set of equations tell us that the MFs expected values, in the case of a
Gaussian random field, depend on the combination of four different independent
ingredients:

1. a set of universal coefficients ωi (called "flag" coefficients);

2. the Lipschitz-Killing curvatures Li evaluated on the original manifold (in our
case, the unitary sphere);

3. a power of the derivative of the covariance function µ of the field at the origin;

4. a set of "density" functions ρk, dependent only on the threshold at which the
MFs are evaluated, and on the statistics of the field f .

A nice feature of MFs is that the presence of a mask only affects the manifold where
the map is defined, having therefore an impact only on the MFs normalisation, at
leading order.

A key point to notice is that, from eq. (9.11), the MFs expected value depends
both on the level of Gaussianity of the field (in general, on the statistics of the field
through ρk), and on its spectral features through the Cℓ term in the derivative of the
covariance function, in eq. (9.13). This implies that two fields will have different MFs
values either due to different statistical properties or different shape of the spectra.

In this work, MFs of scalar maps are evaluated using Pynkowski8, a python

package developed to compute MFs and other higher order statistics of fields
defined on the sphere and other manifolds, in HEALPix convention. The package
has been presented and validated in [46, 42], both for scalar (T, E, B, P 2) and
polarisation (Q, U ) fields.

8https://javicarron.github.io/pynkowski/pynkowski.html

https://javicarron.github.io/pynkowski/pynkowski.html
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On the computational side, the first MF for a scalar field f is calculated in
Pynkowski as

v0(u) = 1
4π

∫
S2

Θ [f(x) − u] dx ≃ 1
4π
∑

p

Θ [f(p) − u] , (9.20)

where in the second equality the integral is replaced by a discrete sum over all
the valid pixels p, and Θ(z) is the Heaviside function being 1 when z ≥ 0 and 0
otherwise. Therefore, v0 is just the fraction of pixels with values above the threshold
u.

The second MF is computed as

v1(u) = 1
4

1
4π

∫
∂Au

dr

= 1
4

1
4π

∫
S2
δ [f(x) − u] · |∇f | dx ,

(9.21)

where the second equality stems from the change of coordinates from the line
element dr of the excursion set boundary to a surface element dx on the sphere.
∇f is the gradient of the field and δ is the Dirac delta. The integral is approximated
as a sum in pixel space.

The third MF is derived from the equation

v2(u) = 1
4π

1
2π

∫
∂Au

κ(r)dr

= 1
4π

1
2π

∫
S2
δ [f(x) − u] · |∇f | · κdx ,

(9.22)

where the change of coordinates and integral replaced by sum are the same as the
previous one. κ is the geodesic curvature of the excursion set boundary, given by
the implicit curve expression [39]

κ =
2f;ϕf;θf;ϕθ − f2

;θf;ϕϕ − f2
;ϕf;θθ(

f2
;ϕ + f2

;θ

)3/2 , (9.23)

where the semicolon denotes the covariant derivative. All the quantities involved
in this expression can be computed for each pixel. The spatial derivatives of the
maps (both partial and covariant) are computed with the alm2map_der function of
the healpy package [223] in harmonic space. Derivative operations require the
maps to be smooth enough at small scales to avoid edge effects; this is usually
achieved through the application of a beam smoothing function, suppressing the
signal at higher multipoles.

Following what has been done in previous works [171, 42], in order to charac-
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Figure 9.14. Minkowski functionals, for a single simulation, in the MC-NILC - d10s5 case.
MFs of the CMBsol map are shown with blue points, while the average MFs of 300
CMBtens (FGgauss) simulations are indicated by the black dashed line (red points). The
shaded areas represent the standard deviation across the simulations. Upper row : all
angular scales included. Lower row : largest scales only, ℓ ≲ 60.

terise the MFs we consider two approaches for the scale-dependent analysis of
the B-mode sky maps: i) simultaneous exploitation of all the scales sampled in
the maps (i.e., using all the multipoles available in the maps, from ℓmin to ℓmax); ii)
scales separation by using needlet bands, to isolate the contribution from different
ranges of multipoles. The localisation properties of needlets (in real and harmonic
space) allow a much more precise, scale-by-scale, interpretation of any possible
anomaly, since non-Gaussian or statistically anisotropic signal may be relevant
only in a specific range of multipoles (e.g., Galactic foregrounds residuals on large
scales). The needlets approach should then provide a complete view about the
nature of possible non-Gaussian features detected with the MFs.

Figure 9.14 illustrates an example of the three MFs evaluated on the three set of
maps considered for the robustness test, both including all the angular scales (upper
panels) or retaining only the largest scales (lower panels). In all MFs computations,
the Galactic mask is applied.

9.6 Scattering transform statistics

Scattering transform (ST) statistics are a class of summary statistics for the study
of non-Gaussian processes [132, 33]. They are inspired by the neural networks
functioning, but without the need of any training steps. They exploit iterative wavelet
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convolutions and non-linear operations as the modulus to characterise interactions
between oriented spatial scales. Recently introduced in astrophysics [10, 11], ST
statistics have already demonstrated their ability to efficiently characterise a variety
of non-Gaussian processes, as for instance the interstellar medium [182, 118], the
large-scale structures (LSSs) of the Universe [48, 210, 209], and the epoch of
reionisation [104]. ST coefficients can also be used to build very efficient generative
models in a maximum entropy framework, both for physical fields [34, 49, 148, 105]
and CMB systematics datasets [38]. In turn, this can be exploited to build efficient
statistical component separation and inverse problem algorithms, which have in part
been applied to real astrophysical data [182, 58, 206, 157].

In this section we give a brief introduction of the concepts needed to discuss why
are they useful for our robustness tests and to understand the results, referring to
other works [132, 33, 10, 58, 49] for complete presentations and detailed discussions
about the topic. ST are summary statistics for high-dimensional non-Gaussian
signals. They are built from a cascade of convolutions with fixed filters (a wavelet
transform), a modulus operation, and spatial averages or covariances. The filters
can be analytically defined, and there is no need to learn them from data as a typical
neural network would do. In this work, Morlet wavelets are adopted as filtering
functions. A key advantage of ST over other higher-order statistics is their controlled
variance. Indeed, estimators based directly on moments of the field, such as the
bi-spectrum, have a large variance dominated by outliers [215]; instead, using the
modulus as the non-linearity yields statistics with a controlled variance. This is
crucially important in the context of our robustness tests for primordial B-modes,
since the compared maps are noise-dominated and the non-Gaussian signal is faint,
and must be told apart from sampling variance.

The wavelet transforms are computed in pixel space on the sphere by convolution
with a family of dyadic Morlet wavelets ψ(j,θ), obtained by adopting a mother wavelet
and then dilating it by a factor 2j and rotating it by a factor θ · π/4. In practice, we
label λ = (j, θ) the oriented scales, and ψλ the related wavelets. We probe J = 6
dyadic scales (jmin = 0 to jmax = 5) and Θ = 4 orientations between zero and
π. Starting from Nside = 64 at j = 0, each convolution is carried out at resolution
Nside = 64 · 2−j , so that a larger j corresponds to a larger angular scale on the
sky. Coefficients are computed with the FOSCAT9 package [58], which provides fast,
GPU-accelerated wavelet convolutions in pixel space on the sphere.

The ST statistics provides a family of coefficients conventionally denoted S1, S2,
S3 and S4, together with their cross-field counterparts S×

1 , S×
2 , S×

3 and S×
4 . For a

9https://github.com/jmdelouis/FOSCAT.

https://github.com/jmdelouis/FOSCAT
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single field I they read [146, 49, 148]

S1(λ) = ⟨|I ⋆ ψλ|⟩ ,

S2(λ) = ⟨|I ⋆ ψλ|2⟩ ,

S3(λ1, λ2) = Cov
[
I ⋆ ψλ1 , |I ⋆ ψλ2 | ⋆ ψλ1

]
,

S4(λ1, λ2, λ3) = Cov
[
|I ⋆ ψλ3 | ⋆ ψλ1 , |I ⋆ ψλ2 | ⋆ ψλ1

]
,

(9.24)

and for two fields I1 and I2 they generalise to

S×
1 (λ) = ⟨|(I1 ⋆ ψλ)(I2 ⋆ ψλ)∗|⟩ ,

S×
2 (λ) = ⟨(I1 ⋆ ψλ)(I2 ⋆ ψλ)∗⟩ ,

S×
3 (λ1, λ2) = Cov

[
I1 ⋆ ψ

λ1 , |I2 ⋆ ψ
λ2 | ⋆ ψλ1

]
,

S×
4 (λ1, λ2, λ3) = Cov

[
|I1 ⋆ ψ

λ3 | ⋆ ψλ1 , |I2 ⋆ ψ
λ2 | ⋆ ψλ1

]
.

(9.25)

where ⋆ indicates the convolution with the wavelet filter, | · | is the modulus, and ⟨·⟩
is the spatial average. In the last two coefficients above, the covariance between
two complex fields X and Y is defined as Cov[X,Y ] = ⟨XY ∗⟩ − ⟨X⟩⟨Y ∗⟩. Each
dimension of the S1 and S2 statistics is J · Θ, while S3 and S4 have respectively
dimensions J2Θ2 and J3Θ3. The S1 and S2 coefficients characterise a single
oriented scale λ, probing the structure contained within an individual wavelet band.
In practice, the S2 coefficient characterise the power- and cross-spectrum of the
signal on the band of scales probed by ψλ, while the additional information brought
by S1 characterise the sparsity of the signal on these bands. But they do not
encode the coupling between distinct oriented scales. Such couplings are instead
captured by the higher-order coefficients S3 and S4, with different oriented scales
λ1, λ2 and λ3 entering the computation. In principle, these higher-order coefficients
should contain a lot of additional information about non-Gaussianity, since they
try to quantify correlation between different oriented scales, a feature typical of
foreground-induced non-Gaussian structures as for instance blobs, filaments, or
vortices.

The employment of both the auto- and cross-coefficients actually allows to
investigate different properties of the maps:

• non-Gaussianity. The auto-coefficients probe the presence of non-Gaussian
features associated to foreground residuals. In the robustness test, we are
mainly looking for deviations between the coefficients of the CMBsol map and
the coefficients of CMBtens and FGgauss fields. We expect these deviations to
be more prominent at large scales, where foreground residuals are dominant.
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Figure 9.15. Scattering coefficients for the d10s5 model with rin = 0, one simulation. Same-
coloured lines represent different orientations. Coefficients of the component-separated
CMB map are in blue, while black (orange) stands for the average coefficients of the
CMBtens (FGgauss) Gaussian simulations. The secondary x-axis shows the Nside of
the maps for scale j. Upper figure: auto-coefficients, using NILC. Lower figure: cross-
coefficients, correlating with 40 GHz data, using MC-NILC. Top panels: coefficients,
with the shaded areas indicating the standard deviation of the Gaussian simulations σ.
Bottom panels: normalised difference between coefficients of CMBsol and of Gaussian
maps, with the dotted lines indicating the ±3σ region.

• correlated structures. The cross-coefficients probe instead the presence
of correlated structures between two fields. We are mainly interested in the
correlation between the foreground residuals in CMBsol (taken as I1), and
another selected map which possibly traces foreground emission (taken as
I2).

For the latter, in this work we adopt as the second field two of the input simulated
frequency channels described in section 9.1: the low (40 GHz) and high (402 GHz)
maps, containing CMB, noise, and foregrounds. We choose these maps because
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they are the most foreground-dominated frequencies available in our experimental
setup, with synchrotron and dust dominating the emission at 40 GHz and 402 GHz,
respectively, as we listed in the first Part of the Thesis (section 4.2). If the foreground
residuals in CMBsol are responsible for the bias on the tensor-to-scalar ratio, we
expect to find some correlation with structures present in foregrounds-dominated
maps, which are instead absent in fully Gaussian simulations. Consequently, we
expect to register incompatible ST cross-coefficients.

Ideally, one would like to carry out the above correlation with foregrounds-only
sky maps, where there is no other signal than dust or synchrotron. In general, this
is not possible for a real experiment, even if component separation techniques able
to remove a part of the CMB and noise contributions are available [169]. An alterna-
tive is to use external tracers of foreground emission as the correlation target, for
instance exploiting WMAP [23] or Planck [172] low/high frequency maps. However,
these maps are expected to have a larger noise contribution with respect to the
input multi-frequency sky maps internal to the considered experiment. Anyway,
here we choose to not adopt external data to compute cross-coefficients, as our
foregrounds simulations generated with the PySM package heavily rely on the infor-
mation contained in Planck and WMAP observations, with the risk of invalidating
the analysis.

But we would like to stress that it is always possible to use the input data col-
lected by the same experiment as a correlating field, even if they contain some
"contamination" due to CMB and noise. Specifically, by construction of the compo-
nent separation algorithm, the CMB and the noise residuals contained in CMBsol

will be correlated with the original CMB and noise present in the data, since the
separation outputs are just a linear combination of the input sky maps. The noise
correlation will be more evident for the lowest and highest frequencies (40 and 402
GHz), being them the channels with the larger noise level (see table 9.1 or figure
9.4). These spurious features are instead absent when we correlate with Gaussian
simulations, since they contain different realisations of CMB and noise. Therefore,
in the cross-coefficients case we will register some failures of the robustness test
(false positives) not due to foregrounds contamination, but induced by CMB and
noise correlations. The impact of these false positives is quantified in the validation
phase of the test, reported in chapter 10.

Figures 9.15 and 9.16 show an example of the computed S1, S2, and S4 coeffi-
cients respectively, computed on the three maps considered for the robustness test
(CMBsol, CMBtens, FGgauss), where the Galactic plane has been masked. Here the
adopted foreground model is d10s5, and the input tensor-to-scalar ratio is rin = 0, of
which recovery is biased at the 10−3 level. The former figure shows both the auto-
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Figure 9.16. S4 auto-coefficient for the MC-NILC - d10s5 - rin = 0 scenario. Colour code is
the same as figure 9.15. Lower plot shows the difference between CMBsol and Gaussian
simulations, in standard deviation units, with the dotted lines indicating the ±3σ region.

and cross-coefficients, with the latter obtained by correlating with 40 GHz input
maps. In all the shown auto-coefficients, the noise contribution is evident at small
scales (low j), while the slight rise observed at larger scales, which is not present in
the Gaussian simulations, is induced by the foregrounds non-Gaussianity.

9.7 Compatibility analysis

The goal of the robustness test is to establish the compatibility between summary
statistics computed on different maps. If the statistics are compatible, foregrounds
non-Gaussianity is not recognised, the test is passed, and no bias on the tensor-to-
scalar ratio is identified. If the statistics are not compatible, then the test is failed,
and the bias on r is identified as induced by foreground residuals. Schematically,



162 9. How to build a robustness test

we compare:

MFs (CMBsol) vs MFs (CMBtens)

S (CMBsol) vs S (CMBtens)

S× (CMBsol × 40 GHz) vs S× (CMBtens × 40 GHz)

S× (CMBsol × 402 GHz) vs S× (CMBtens × 402 GHz) ,

(9.26)

where S stands for S1, S2, S3 or S4, and the same is done also for the FGgauss sim-
ulations. Depending on the considered statistics, we carry out two slightly different
compatibility analysis, one for MFs and the other for ST coefficients, which we now
describe. For the remainder of this section, we will use "Gaussian simulations" to
refer either to CMBtens or FGgauss maps, as we carry out the compatibility analysis
in the same way for the two sets. We recall that we have 300 realisations of CMBsol

maps, and for each one of them we generated other 5000 simulations of Gaussian
(CMBtens or FGgauss) maps.

9.7.1 For Minkowski functionals

We follow an approach similar to the one adopted by the Planck team in [171],
where a thorough investigation of the statistical properties of CMB anisotropies was
conducted on real Planck data. In the same spirit, they presented a comparison of
the MFs of a single component-separated map against those of a set of Gaussian
simulations. Here we apply a similar analysis, but repeated for each of the 300
simulated component-separated maps.

MFs are evaluated for 12 thresholds u between −3 and 3 in σ units, on maps
normalised by their variance. To quantify the level of deviation between MFs of
different maps, χ2

s values for each simulation are computed assuming a Gaussian
likelihood for the MFs at every threshold:

χ2
s =

[
vs − v̄sim

s

]T
Σ−1

s

[
vs − v̄sim

s

]
, s = 1, . . . , 300 . (9.27)

where vs represents one of the three MFs (v = v0, v1, v2) of the s-th CMBsol real-
isation, and v̄sim

s ≡ ⟨vsim
s ⟩ is the mean of the MFs computed on 300 of the 5000

Gaussian simulations generated for that particular CMBsol simulation.

Correlations between different thresholds [66] are taken into account using the
appropriate covariance matrix Σs, different for each CMBsol realisation. An unbiased
estimator of the inverse of the covariance is given by

Σ−1
s = N − d− 2

N − 1 C−1
s , (9.28)
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where N = 300 is the number of CMBsol simulations, d = 12 is the number of
thresholds (degrees of freedom), and Cs is the sample covariance computed from
the 300 Gaussian simulations:

C = Cij ≡ ⟨(vsim
i − v̄sim

i )(vsim
j − v̄sim

j )⟩ , (9.29)

with i, j referring to MFs computed at different thresholds. The pre-factor in eq. (9.28)
is known as the Hartlap factor [98] and it is needed for the estimator to be unbiased.
We adopt only 300 of the 5000 Gaussian realisations because they are enough for
the covariance to be unbiased and converge to the sample covariance, since we
have a low number of statistics (12 thresholds). The Hartlap factor is close to 0.96.

For each CMBsol realisation we compute its probability-to-exceed (PTE, or
equivalently, the p-value), which is the amount of the χ2

Gauss distribution of the MFs
computed on Gaussian simulation exceeding the observed χ2

s:

PTEs = χ2
Gauss > χ2

s. (9.30)

We say that the MFs of the s-th simulation are not compatible when PTEs < 0.05, for
at least one of the MFs. Incompatibility means that statistically significant deviations
are observed between the MFs computed on a map contaminated by non-Gaussian
residuals and the mean MFs of Gaussian realisations with similar power. Many
incompatibilities over a large number of simulations would indicate that MFs are a
reliable robustness test; vice versa, a small amount of observed deviations would
suggest that MFs are not able, most of the times, to distinguish between Gaussian
and non-Gaussian contributions. We note that we could also combine the three
MFs into a single vector and run a combined compatibility analysis; here we prefer
to keep them separate to check the impact of the single quantities in identifying
non-Gaussianity.

We define the test efficiency η as the percentage of registered incompatible
simulations:

η = 100 × number of failing sims
number of simsN

= 100 × # [PTE < 0.05]
N

, (9.31)

where #[·] stands for the number of simulations satisfying the condition in brackets.
We will report this number η to quantify the ability of MFs as a robustness test, for
each combination of component separation and foregrounds model, and using the
two sets of Gaussian simulations as reference.
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9.7.2 For ST coefficients

In the case of scattering coefficients, the compatibility analysis is slightly different
from the previous one. The main reason is the larger dimension of the covariance
matrix Σ coming from the ST statistics of the Gaussian simulations; evaluating the χ2

requires inverting this covariance. Estimating and inverting a D×D covariance from
a finite number N of realisations is reliable only when N ≫ D: as D approaches N ,
the estimate becomes ill-conditioned, and its inverse will be strongly biased [98].
The raw ST statistics, especially when S3 and S4 are included, have a dimension
D that is too large even when 5000 Gaussian simulations are considered. For
instance, for the S4 coefficient we have three oriented scales sampling four different
directions each, leading to 3584 numbers to compare. For MFs, they were 12 for
each one of them. Moreover, this kind of compatibility analysis aggregates all the
available coefficients into a single scalar quantity. This means that coefficients that
carry a little amount of interesting information for our purpose will only inflate the
variance of the estimator, diluting the ability of the robustness test in identifying the
faint non-Gaussian features.

We therefore reduce the dimensionality of the statistics with two goals: first, to
obtain stable, well-conditioned estimates of the covariance Σ; and second, to retain
the coefficients most likely to carry information about the non-Gaussian features of
the CMBsol map. Each ST coefficient depends on one (for S1 and S2) or several (for
S3 and S4) scales j, as well as on angles θ. This dependence on scale and angle is
typically smooth, and we exploit this regularity to compress the representation [10].
We Fourier transform the coefficients over the angles and keep only the zeroth mode
and the first harmonic. For S3 and S4, we additionally retain only those coefficients
whose scales lie close together: a coefficient depending on two scales j1 and j2 is
discarded whenever |j1 − j2| > dj , with the threshold set to dj = 4. As an example,
the number of values entering the compatibility analysis goes from 3584 to 512 for
the S4 coefficient.

After this dimensionality reduction we quantify the compatibility of CMBsol with a
given Gaussian reference set in the same way as we did for MFs in the previous
section, using eq. (9.27):

Ts =
[
Ss − S̄sim

s

]T
Σ−1

s

[
Ss − S̄sim

s

]
, s = 1, . . . , 300 . (9.32)

The Ss stands for the ST coefficients S1, S2, S3, and S4, while the mean is computed
over 5000 simulations. The first two coefficients S1 and S2 can be combined into
a single array of values S1,2 = S1 ∪ S2. To convert the Ts into a PTE (or p-value),
we need to know its distribution under the Gaussian null hypothesis. For Gaussian
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Figure 9.17. Check of the calibration of the compatibility analysis for the ST-based test, on
held-out reference simulations not used in the fit. The considered foreground model is
d0s0, with rin = 0, using the S1 and S2 coefficients combined together. Left: rescaled
Mahalanobis distances against the fitted F distribution. Right: measured rejection
rate versus theoretical false-positive rate (blue), with the perfect-calibration diagonal
(dashed) and its 95% interval (grey).

features this would be a χ2 distribution, as we implicitly assumed for the MFs.
However, the ST statistics of the reference maps are themselves non-Gaussian
and heavier-tailed than a multivariate normal, even though the maps are Gaussian
random fields. This effect thickens the tail of Ts; adopting a χ2 reference would
underestimate this feature and produce an overconfident, mis-calibrated test. To
mitigate this, we calibrate the null distribution of T empirically using an F distribution
fitted to the features of the reference Gaussian maps. We can then say whether
a CMBsol map is incompatible with the reference Gaussian simulations when the
p-value is lower than 0.05. Exactly as we did for MFs, we count how many times
we register incompatibilities, and report the percentage as the efficiency of the
robustness test η.

In order to verify the correct calibration of the compatibility analysis, we carry
out the same process on held-out reference realisations that were not used to
estimate the mean and covariance, or the fitted F parameters. The left panel of
figure 9.17 compares the distribution of their rescaled Mahalanobis distances with
the fitted F density: the two agree over the full range, including the upper tail that
sets the p-values. The right panel shows the measured rejection rate as a function
of the theoretical false-positive rate: it follows the diagonal within the 95% interval
expected from the finite number of held-out realisations, down to a false-positive
rate of 10−2. The test is therefore correctly calibrated at the significance levels we
use.
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Chapter 10

Results of the tests
characterisation

The aim of this chapter is to present a comprehensive view on the characterisation
of our proposed robustness tests for the detection of primordial B-modes from
CMB observations, reporting the results obtained in the experimental scenarios we
described in the previous chapter. These include foreground models of different
complexity (d0s0, d1s1, d10s5), different component separation methods (NILC and
MC-NILC), and different input cosmological signals (rin = 0 or rin = 5 × 10−3). We
will independently discuss the outcome of using the two different statistics, namely
Minkowski functionals and scattering transforms, and successively compare them.
The main descriptor of the results is the efficiency of the test η, defined in eq. (9.31)
as the percentage of simulations in which a bias on the tensor-to-scalar ratio r has
been identified. A value of η close to 100% may suggest that the summary statistics
adopted for the robustness test can confidently recognise a bias on r, while a lower
value indicates that the test is not sensitive enough to be reliable in the identification
of a false detection induced by foregrounds. In the compatibility analysis from which
η is derived (section 9.7), we compare the statistics of the CMB map recovered by
component separation CMBsol with two sets of Gaussian simulations, CMBtens and
FGgauss. We report results for both comparisons. Once again, this chapter closely
follows what is contained in two of the papers I worked on during my PhD, [178] and
[179], with a somewhat extended discussion and more detailed explanations.

10.1 Minkowski functionals test

Back in figure 9.14, we already showed an example of how the MFs look like both
in pixel and needlet space; we computed the statistics of the component-separated
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Figure 10.1. MFs weighted difference for the MC-NILC - d10s5 scenario. Each line is one
of the 300 input realisations. Blue (orange) lines indicate CMBtens (FGgauss) as the
reference Gaussian simulations. Plots are shown for all multipoles (upper row) and for
large scales only (lower row) analysis. Dotted lines delimit the ±3σ region. Efficiencies
are reported in the lower corners of the middle panels.

CMB map CMBsol (in blue) and the average MFs of 300 Gaussian simulations
CMBtens (in black) and FGgauss (in red). Additionally, here in figure 10.1 we report
the normalised difference ∆v/σ =

(
v − v̄sim

)
/σ between the MFs of CMBsol and

the averaged MFs of the Gaussian simulations, for all the 300 input sky realisations,
weighted by the standard deviation computed across simulations. In both figures
we are showcasing the use of the most advanced component separation method
MC-NILC, applied on the most complex foreground model d10s5, where no input
primordial B-modes are present (rin = 0). Tables 10.1 and 10.2 offer a complete
overview on the characterisation of the MFs-based robustness test, for the different
cases investigated in this manuscript. The former table report results for the pixel
space analysis, while in the latter only the largest scales are considered.

Concerning the real-space analysis, we find a high test efficiency when com-
paring MFs of CMBsol against CMBtens, while using NILC on the d1s1 and d10s5

models, with η = 95% and 88%, respectively. This means that over 300 simulations,
MFs are able to identify a bias on r in 95% (or 88%) of the cases, detecting devi-
ations from Gaussianity induced by foregrounds contamination. However, these
discrepancies are mainly driven by the large differences at the power spectrum
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Table 10.1. Efficiency η (in %) of the MFs-based robustness test on polarisation B-mode
maps, for the different scenarios considered in the study. Values are reported for a pixel-
space analysis (i.e., including all angular scales), both for no delensing (Alens = 1.0) or
50% delensing (Alens = 0.5) applied.

no delensing (Alens = 1)
reference sims d0s0 d1s1 d10s5

NILC
CMBtens 13 95 88
FGgauss 11 39 27

MC-NILC
CMBtens 13 15
FGgauss 10 13

50% delensing (Alens = 0.50)

NILC
CMBtens 10 100 95
FGgauss 11 43 28

MC-NILC
CMBtens 14 20
FGgauss 15 24

level between the two maps. As discussed in section 9.5, the MFs expected val-
ues depend both on the level of Gaussianity in the map, and on the shape of the
power spectrum included in the µ term of eq. (9.11). MFs computed on maps
with mismatching power spectrum features will deviate between each other, with
discrepancies sourced by both contributions. As already pointed out in section
9.4.2, the large-scale shapes of the power spectra do not match, at least for the two
scenarios we are discussing in this paragraph. For comparison, the percentages
of simulations providing a bad fit are 98% for d1s1 and 74% for d10s5. Hence,
one could already rule out the cosmological origin of the signal by evaluating the
goodness-of-fit, and the hypothesis would then be confirmed by the MFs test. It
is worth noticing that in some cases, such as NILC - d10s5, we find that the MFs
robustness test is more powerful than the simpler χ2 analysis.

The same conclusion can also be drawn from the lower value of the efficiency
when FGgauss simulations are considered. We find η = 39% and 27% for d1s1 and
d10s5, respectively, after the application of the NILC algorithm. This amount of
identified biases is entirely due to the different statistics between the two datasets,
since the corresponding power spectra are equivalent. This interpretation of the
results is also confirmed by the efficiencies obtained in the case of the MC-NILC
method, where the large-scale features of the power spectra are more similar:
the number of detections is relatively low, and close to what we find in the d0s0

validation scenario, where the tensor-to-scalar ratio is not biased and for which we
do not expect a significantly high efficiency.

In the needlet-based analysis, we compute MFs on the same datasets as before,
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Table 10.2. Same as table 10.1 but in needlet space, retaining only the largest scales in the
analysis (ℓ ≲ 60).

no delensing (Alens = 1)
reference sims d0s0 d1s1 d10s5

NILC
CMBtens 11 93 52
FGgauss 12 73 23

MC-NILC
CMBtens 22 27
FGgauss 16 15

50% delensing (Alens = 0.5)

NILC
CMBtens 12 96 57
FGgauss 11 75 20

MC-NILC
CMBtens 24 42
FGgauss 18 18

but now we first filter the maps with a needlet band that smooths out the higher
multipoles. This means that we are focusing our analysis on the largest angular
scales in the sky (ℓ ≲ 60), since we expect the most relevant sources of bias on r
to be in this multipole range. In particular, foreground residuals tend to dominate
the sky emission at large scales, over the CMB and noise residuals components.
Consequently, non-Gaussian features typical of foregrounds should be enhanced
and easier to identify by MFs, while the Gaussian contribution from noise is filtered
out. In general, we observe a slight increase in the efficiency for some of the
cases (e.g., for MC-NILC), while in others the efficiency remains the same or is
even reduced. This is due to the fact that in the needlet analysis, the rfgs adopted
for generating the Gaussian simulations is fitted using only the lower multipoles
included in the band, providing a better power spectrum fit and thus reducing
spectral shape deviations. Still, the efficiency remains considerably low and close
to the "no detection" level typical of the d0s0 benchmark.

We can explain why MFs can not clearly detect non-Gaussianity by looking at
the compared maps, in figures 9.12 and 9.13. The Gaussian component (made
by CMB lensing and noise residuals) is dominating the maps structures, hiding the
lower contribution coming from non-Gaussian foreground residuals. The level of
foreground residuals is too low with respect to the noise residuals in order for it
to be identified by MFs. This is easily visualised in figure 10.1: in the majority of
the simulations, the MFs weighted difference is enclosed in the ±3σ region, with σ
being the standard deviation of the Gaussian simulations. Even if we can recognise
a pattern in the difference suggesting an underlying deviation, the variance of the
estimator is just too high to reliably identify it. We recall that in a real experiment,
we would only have one of the 300 lines drawn in the figure, and we would probably
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deem the MFs as compatible, passing the test. For a different example, in the
NILC - d1s1 case foreground residuals are relatively larger than noise residuals with
respect to other scenarios, and we indeed register a higher number of detections.

The above tentative explanation can be straightforwardly tested by repeating the
analysis after the removal of CMB and noise contributions. In practice, we can take
figure 9.12 and look at discrepancies between the non-Gaussian (lower left map)
and Gaussian (lower middle map) foreground residuals. In this case, the efficiency
of the MFs test is always 100%, meaning that MFs are perfectly able to distinguish
the non-Gaussianity. Once added, CMB lensing and noise residuals become the
driving contribution in the MFs and tend to overwhelm the foregrounds, hindering
the power of the robustness test.

To better understand the relative contribution of CMB lensing and noise resid-
uals, we repeat the same analysis while applying two independent delensing and
denoising factors on the CMB and noise residuals components, respectively, after
the component separation (see section 9.2 for a couple of words on delensing). In
this way, we are removing part of the Gaussian contribution at the map level, in
order to check which is the dominant component and its impact on the MFs ability
to detect non-Gaussianity. Tables 10.1 and 10.2 report results for a realistically
attainable delensing of 50% (Alens = 0.5), showing that in general we obtain an
increase of the efficiency as expected: we reduced one of the Gaussian contribu-
tion, and the anisotropy induced by foreground residuals is more evident to MFs.
However, the detection number in the most realistic scenario (MC-NILC - d10s5) is
still considerably low, being < 30%. For this particular case only, we also rescale
the noise residuals maps by a denoising factor of 75% (Anoise = 0.25), observing
an efficiency raise to 93% and 92% comparing with CMBtens and FGgauss maps,
respectively, in pixel space. In the needlet-based analysis, the efficiencies reach
∼ 99% in both cases. This confirms the role of noise residuals as the dominant
component over CMB lensing, driving the Gaussian contribution. It also provides the
noise level needed for the MFs to be considered as reliable tools for this robustness
test.

It is also worth to discuss the d10s5 scenario, which at first sight provides a
counter-intuitive result: in general, we expect that an increase in foregrounds com-
plexity should correspond to an increase in the number of identified non-Gaussian
features, with respect to the simpler d1s1 case, since foreground residuals should be
more difficult to clean and thus more significant. Instead, we obtain a lower amount
of detections for d10s5, both in pixel- and needlet-based analysis. We explain this
fact by considering that in general, the application of a minimum-variance method
to a more complex foreground model leads to the increase of both foreground and
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Figure 10.2. Average ratio between spectra of foreground and noise residuals. Dashed
red lines indicate the d1s1 model, while blue solid lines are for d10s5. Shaded areas
represent the standard deviation across 300 simulations. MFs test efficiencies are also
reported for comparison. The vertical line indicates the smallest scale included in the
first needlet band b0.

noise residuals. It means that the CMB solution will contain more contamination
due to foreground residuals, but it will also carry a stronger Gaussian component
driven by noise residuals, which is responsible for reducing the MFs ability to iden-
tify foregrounds (as discussed in the previous paragraph). To further explore this
hypothesis, for each simulation we evaluate the relative amount of residuals by
computing the ratio between the power spectra of foreground (C fgs

ℓ ) and noise
(Cnres

ℓ ) residuals. Figure 10.2 reports the mean of this quantity across simulations:
for the NILC algorithm (left panel) the average ratio in the d10s5 case is slightly
lower than d1s1, meaning that the separation between foregrounds and noise is less
clear for MFs to detect, leading to a lower η. For the MC-NILC case, the residual
ratio is similar for the two models, leading to roughly the same efficiency. These
considerations suggest that the MFs efficiency is not heavily dependent on the
complexity of the foreground model, but rather on the relative levels of foregrounds
and noise residuals, which can both increase or decrease based on the performance
of the component separation.

The last point we make in this section is about some approximation we did in
our simulations. As mentioned back in section 9.1, we ignored the eventual artifacts
introduced in B-mode maps by the harmonic transformation from the originally sim-
ulated Q/U sky maps. We decided to blindly propagate this contribution through the
pipeline. In any case, its missing mitigation (before component separation) should
increase the level of non-Gaussianity in the maps with respect to the reference
Gaussian simulations, meaning that the number of identified false detections (i.e.,
the efficiency of the test η) is expected to be overestimated. However, our results
suggest that even in this pessimistic scenario, MFs are not able to reliably flag a
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false detection of the tensor-to-scalar ratio; therefore, removing this contamination
would only reduce the efficiency of the test, not changing the overall outcome.

To summarise the results described in this section, we concluded that in our
experimental setup, MFs are not able to reliably identify a bias on the measure-
ment of the tensor-to-scalar ratio, induced by the residual contamination of Galactic
foregrounds. The level of noise residuals is masking the anisotropic non-Gaussian
contribution due to foreground residuals, preventing MFs from correctly identifying
the contamination. The false cosmological signal passes the MFs test in the majority
of the simulations, while not providing additional information on the astrophysical
nature of the contamination. Thus, MFs can not be reliably used as higher-order
statistical tool for a robustness test in the event of a future tensor-to-scalar ratio de-
tection, at least if we consider a LiteBIRD-like experimental configuration. However,
they may still be useful in scenarios where foreground residuals are relatively more
dominant than noise residuals.

10.2 Scattering transform test

In the previous chapter we presented figures 9.15 and 9.16, where we showed an
example of the typical ST coefficients evaluated on the three different sets of maps
considered in this work. As for MFs, we report the outcomes of the compatibility
analysis in terms of the efficiency η for the combined S1 and S2 in table 10.3, and for
S4 in table 10.4. The "auto" columns list results coming from the adoption of auto-
coefficients, while the × sign indicates cross-correlation with foregrounds-dominated
frequency maps. We also consider a delensed CMB contribution, reduced by a
factorAlens = 0.5. We notice that here, differently from the MFs analysis, we dropped
the d1s1 foreground model, as it is not expected to give additional information with
respect to the other models. We are first going to report results obtained using the
simpler S1 and S2 coefficients, and then the higher-order S4. The S3 coefficient is
not reported in this work, as we have verified its performances and concluded that it
is not helpful to characterise deviation from Gaussianity, at least in the context of
CMB robustness tests.

In the MC-NILC - d10s5 - rin = 0 scenario we obtain a bias on the tensor-to-
scalar ratio of δ(r) ∼ 3 × 10−3, being the same order of magnitude for all the 300
realisations. Using the S1 and S2 auto-coefficients, the ST test identifies the bias in
52% and 29% of the simulations when CMBsol is compared with the CMBtens and
FGgauss maps, respectively. The efficiency improves to 66% and 45% when some
of the CMB lensing Gaussian contribution is reduced, sharpening the foreground
residuals features. Similarly to what we saw for MFs, we register a lower efficiency
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Table 10.3. Efficiency η (in %) of the ST-based robustness test on polarisation B-mode
maps, for the different scenarios considered in the study. Results are shown for the S1
and S2 coefficients combined together, between scales jmin = 1 and jmax = 4.

MC-NILC
reference auto auto × 402 × 40

sims Alens = 1 Alens = 0.5 GHz GHz
d0s0
rin = 0

CMBtens 5 7 6 8
FGgauss 5 6 6 8

no fgs
rin > 0

CMBtens 6 - 6 16
FGgauss 6 - 5 15

d10s5
rin = 0

CMBtens 52 66 45 93
FGgauss 29 45 50 92

NILC
d0s0
rin = 0

CMBtens 4 6 5 13
FGgauss 4 6 5 13

d10s5
rin = 0

CMBtens 100 100 96 98
FGgauss 88 93 81 90

for FGgauss simulations, being them more similar to CMBtens at the power spectrum
level. Thus, in this scenario auto-coefficients are not reliable enough to consistently
identify the bias on r, as the test only raises a flag in roughly half of the simulations.
The same is true if we look at the cross-coefficients computed by correlating with the
dust-dominated data at 402 GHz, with the efficiency being around 50%. However,
the test becomes much more powerful when we cross-correlate with synchrotron-
dominated data at 40 GHz, being η ∼ 92% both when comparing with CMBtens and
FGgauss. This means that in case of a biased measurement of r of the order of
δ(r) ∼ 10−3, the ST-based robustness test can identify it in almost the totality of the
simulations, raising a flag on the presence of synchrotron-correlated foreground
residuals.

Compared with MC-NILC, the NILC technique leaves more foregrounds con-
tamination on the largest scales, leading to a higher bias at the δ(r) ≳ 5 × 10−3

level. In this case, both the auto- and cross-coefficients are able to identify the
bias in a good number of simulations, with the efficiency reaching ∼ 90% and even
100% in the FGgauss and CMBtens comparisons, respectively. We also notice that
ST-based test performs way better than the simpler robustness test provided by the
goodness-of-fit analysis described in section 9.3, which was able to recognise a
bias in ∼ 70% of the simulations, in the same scenario. It thus guarantees a more
reliable statistical analysis for the identification of foreground residuals. We recall
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that even if the NILC implementation is less optimised than MC-NILC, it will still be
one of the primary component separation in current and future experiments like SO
[6, 218] and LiteBIRD [127].

Since ST seems to be more promising in the context of robustness tests, we
carry out a more detailed validation phase with respect to the MFs one. A thorough
validation of the robustness test is a crucial step for its characterisation and for
trusting the above results. Here we consider three different validation scenarios:

1. We adopt the simpler foregrounds model d0s0. Component separation can
easily mitigate this contamination, and the input tensor-to-scalar ratio rin = 0
is recovered with small or no bias, of the order of δ(r) ≲ 10−4. In this case
the efficiency of the test is around ∼ 5 − 10% for both MC-NILC and NILC,
for all scenarios, with the small number of incompatibilities due to chance or
noise correlations in the samples. Thus, if r is not biased, the robustness
test is passed and no flag is raised. We assume the 5 − 10% range as the
benchmark value for the "no bias" case. The left plot of figure 10.3 showcases
an example of these compatible S1 coefficients.

2. We consider a scenario where, in addition to the B-modes induced by gravi-
tational lensing, a realistic primordial B-mode signal is also included in the
input simulations, as described in section 9.1. The injected tensor-to-scalar
ratio is rin = 5 × 10−3. In order to recover an unbiased estimate of rin, we
manually remove the foreground residuals contamination from the component
separated CMB maps CMBsol. We recall that, since we are working with simu-
lated data, we have access to all the isolated contribution to the CMBsol map.
In this scenario, the efficiency is around ∼ 5 − 10%, similar to the previous
validation case. This certifies that the incompatibilities measured in the d10s5

scenario are entirely due to the presence of foreground residuals, and not
induced by other components. The right plot of figure 10.3 reports an example
of the compatible S1 coefficients.

The slightly higher number of false positives registered in the cross-40 GHz
coefficients (15%) quantifies the impact of the correlation between the input
data and the recovered CMB and noise residuals, which we discussed in
section 9.6. Since the component separation algorithm linearly combines the
input multi-frequency data with some weights, the CMB and noise residuals
in CMBsol are necessarily correlated with the CMB and noise of the input
maps. This contribution is instead absent in the correlation with Gaussian
simulations, as they are built with different noise realisations which are un-
correlated with the input data. Thus, compared to the previous rin = 0 case,
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Figure 10.3. ST S1 coefficient for two validation cases, with the same colour code of
figure 9.15. Left: cross-coefficients correlating with synchrotron-dominated input data,
for the MC-NILC - d0s0 - rin = 0 case. Right: auto-coefficients, for the NILC - d0s0 -
rin = 5 × 10−3 scenario. In both plots, the tensor-to-scalar ratio estimate is not biased,
coefficients are compatible, and the robustness test raises no strong warnings.

we now have more false positives because there is an additional primordial
signal in the CMB, strengthening the correlation. This effect can be visualised
in figure 10.4, where we use the cross angular power spectrum to quantify
the correlation between noise residuals and the noise in the input data, for
different frequencies.

The net impact of this contamination is a resulting efficiency of 100% even
for the d0s0 model, where foreground residuals are completely mitigated. In
our case, this extra correlation is dominant at smaller angular scales (high
multipoles). To overcome this problem, we restrict the compatibility analysis to
not include the smaller scales contaminated by this feature, which translates
to dropping the j = 0 scale. We notice that in using this range of scales, we
are still retaining some noise correlation in the summary statistics; we can
not drop all the impacted scales as we would lose too much sensitivity for
the robustness test. In any case, this just contributes in adding a few percent
to the test efficiencies in the d0s0 validation scenario (see again table 10.3),
slightly raising the benchmark values above 10%, but not changing the final
conclusions of the study.

3. To further confirm that the test is really flagging the presence of foregrounds,
we repeat the analysis in the MC-NILC - d10s5 - rin = 0 scenario, computing
cross-coefficients with the PySM pure-synchrotron maps at 40 GHz, without
CMB and noise. In this way, we only keep the foregrounds correlation, while
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Figure 10.4. Cross angular power spectrum between noise residuals and noise maps, for
different input frequency channels (in different colours), one simulation. The dashed line
indicates the noise residuals auto spectrum. The considered scenario here is MC-NILC
applied on the d10s5 model. We notice the strong negative correlation for the 40 GHz
channel.

avoiding CMB and noise correlations. We apply a rescaling factor Afgs < 1 of
different values to the foreground residuals contained in CMBsol (lower left map
of figure 9.12). In this way, we gradually lower the amplitude of the foreground
residuals and, consequently, the r bias. If the incompatibilities detected by the
test are only due to foreground residuals, then the efficiency should decrease
and approach the ∼ 5 − 10% range. This step also provides the sensitivity of
the test as a function of the bias on r: for each decreasing value of Afgs, the
bias becomes lower, and we measure in how many simulations it is identified.
The left panel of figure 10.5 shows the PTE (p-value) given by the compatibility
analysis (section 9.7) for different values of the r bias, for 50 simulations. If
the PTE for a simulation is less than the 0.05 threshold (dashed horizontal
line in the figure), contamination has been recognised by the test. From the
plot, we see that when the bias is δ(r) ≳ 1 × 10−3, the robustness test can
confidently identify it, with PTEs being < 0.05 for almost all simulations. When
the bias is lower than ∼ 5 × 10−4 the test is not able to confidently flag the
bias any more, as the PTEs increasingly exceed the 0.05 threshold. This also
shows that foreground residuals are the responsible for the incompatibilities
previously reported, as it is the only component we are reducing here, while
noise and CMB lensing are the same.

Thus, the validation stage consolidates the reliability of the ST-based robustness test.
Results show how the test can confidently warn about the presence of foreground
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Figure 10.5. The considered scenario is MC-NILC - d10s5 - rin = 0. Left: probability-to-
exceed (PTE, or p-value) given by the compatibility analysis for the cross-synchrotron
test using the S1 and S2 coefficients, as a function of the bias on the tensor-to-scalar
ratio r. Results are shown for 50 simulations and for different values of foregrounds
rescaling Afgs. The dotted vertical line is a reference value of δ(r) = 10−3, while the
horizontal dashed line is the PTE threshold for incompatibility: ST coefficients are
compatible above 0.05, and incompatible below, when foreground contamination is
detected. Right: cross-angular power spectrum between CMBsol and foreground maps;
cross-correlation with dust is indicated in yellow, while blue is for synchrotron. See text
for discussion.

residuals contamination in a biased detection of the tensor-to-scalar ratio, while it
raises no strong flags when the estimate is unbiased.

We now turn our attention to the higher-order ST coefficients explored in this
analysis, S3 and S4. Since they characterise the interaction between two and three
oriented scales (see section 9.6 for details), they are expected to give additional
information on non-Gaussian features present in our maps, with respect to the
simpler S1 and S2 [49, 148, 206]. However, as we mentioned at the beginning of the
section, we empirically found that in our setup S3 is not quite useful in distinguishing
the faint non-Gaussian signal from a finite set of reference simulations. We thus
decided to not report its complete characterisation, but we just mention that it
provides an efficiency of ∼ 5% in the case of a biased detection of r, meaning that
it can not identify foregrounds contamination.

Table 10.4 reports the test efficiencies for the S4 coefficient, obtained with the
same compatibility analysis, after having reduced its dimensionality (see section 9.7
for details). Compared to S1 and S2 in the biased d10s5 scenario, we measure a sim-
ilar or slightly higher sensitivity for the auto-coefficients for the FGgauss simulations,
while the efficiency drops when cross-correlating with foreground-dominated maps.
Even if S3 and S4 should be (by construction) more sensitive to non-Gaussianity,
the larger variance of these estimators makes it difficult to separate fields that are
overall dominated by Gaussian components such as CMB lensing and noise. This is
very similar to what we saw with MFs. Despite being simpler, S1 and S2 were found
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Table 10.4. Same as table 10.3, but here results are shown for the S4 coefficient, after
dimensionality reduction.

MC-NILC
reference auto auto × 402 × 40

sims Alens = 1 Alens = 0.5 GHz GHz
d0s0
rin = 0

CMBtens 5 6 1 2
FGgauss 4 6 1 2

no fgs
rin > 0

CMBtens 5 - 4 4
FGgauss 3 - 1 3

d10s5
rin = 0

CMBtens 42 52 38 38
FGgauss 39 56 33 35

NILC
d0s0
rin = 0

CMBtens 4 4 1 3
FGgauss 3 4 1 3

d10s5
rin = 0

CMBtens 100 100 78 75
FGgauss 89 93 51 48

to be more powerful for the robustness test, in particular for the cross-correlation
with foregrounds tracers. Nonetheless, S4 provides a very good efficiency when
using the NILC method, making it a reliable, additional statistics in the robustness
test chain, together with S1 and S2. The S4 coefficient is also able to pass the same
validation phase we introduced before, with the efficiencies being around 5% or
lower.

If we compare the above performances with the MFs ones listed in tables 10.1
and 10.2 of the previous section, we see how ST statistics provide an evident
improvement. MFs are able to detect non-Gaussian foreground residuals in just
27% (13%) of the simulations when comparing with FGgauss maps, when NILC
(MC-NILC) is applied on the d10s5 model. In the same scenario, they are clearly out-
performed by ST statistics, which obtain instead 88% (29%) using auto-coefficients,
and ∼ 90% when cross-correlating with low frequency, synchrotron-dominated data.
This improvement is mainly due to the combination of multi-scale approach, angular
orientation, and low variance of the ST coefficients, which allows them to stand out
in the search for non-Gaussian features.

For completeness, we also compare ST performances with other summary
statistics that can be used for the same robustness test. For instance, the commonly
used isotropic angular power spectrum Cℓ has a mathematical formalism very similar
to the first two ST coefficients. Both descriptor are based on the convolution of
the considered fields with some kernel ψ, which is a Fourier basis in plane sine
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Table 10.5. Efficiency η (in %) of the Cℓ-based test on polarisation B-mode maps, for
the MC-NILC component separation. Results are shown for angular scales between
ℓmin = 11 and ℓmax = 95 (scales range similar to the one sampled by 1 < j < 4 in table
10.3).

reference × 402 × 40
sims GHz GHz

d0s0
rin = 0

CMBtens 2 12
FGgauss 2 12

no fgs
rin > 0

CMBtens 4 15
FGgauss 2 12

d10s5
rin = 0

CMBtens 10 34
FGgauss 10 27

waves for the isotropic power spectrum, and a more localised wavelet basis for
ST. One could object the ST statistics to be just a "fancy" version of the usual
angular power spectrum, which could as well be used for the robustness test. We
checked this hypothesis, reporting results in table 10.5 about the efficiency of a
robustness test built using the isotropic angular power spectrum Cℓ instead of ST
coefficients. In this case we can only rely on the cross-input data power spectra,
since the Gaussian simulations are built to have auto-spectra similar to CMBsol.
In practice, we evaluate the cross-spectra of CMBsol and of Gaussian simulations
with foregrounds-dominated data, and we check if they are compatible or not. If
not, it means that the recovered CMB map is contaminated by some non-Gaussian
structure which are correlating with the input Galactic foregrounds. Compared to
ST coefficients in the MC-NILC - d10s5 scenario, the isotropic power spectrum
performs way worse, with the percentage of identified biased simulations being
∼ 30% and 10%, when correlating with synchrotron- or dust-dominated frequency
maps, respectively. This clearly shows the advantage of the ST approach: with
respect to the simpler isotropic power spectrum, ST coefficients retain precious
information about the oriented scales through the angular dependency of the wavelet
filter, providing a far greater sensitivity than cross-Cℓ.

Similarly to what we did for the ST statistics, the compatibility analysis does
not include the largest scales (ℓ < 11) which are variance-dominated, and does
not include the smallest scales (ℓ > 95) to avoid the spurious noise correlation
between residuals and input data, which was discussed in section 9.6 and also
in the validation phase of this section. The angular scales considered here (in ℓ)
are roughly the same as the ones included in the ST compatibility analysis (in j),
following the relation Nside = 64 · 2−j and ℓmax = 3Nside − 1. Figure 10.6 illustrate
the noise correlation feature by showing the weighted difference between the cross-



10.2 Scattering transform test 181

Figure 10.6. Weighted difference between the cross-40 GHz angular power spectrum of
CMBsol maps and of Gaussian simulations, in units of the standard deviation of the
simulations σ. The foregrounds model under study is d0s0, and the input tensor-to-
scalar ratio rin = 0 is correctly recovered without bias. The observed negative trend is
due to noise correlation between residuals and input data. See text for details.

spectra of CMBsol and of the Gaussian simulations with the 40 GHz input data in
the d0s0 case, for all the 300 realisations and in units of the standard deviations of
the simulations σ. When this simple foreground model is considered, foreground
residuals are negligible and the r estimate is not biased, and thus we do not expect
to detect deviations. Instead, we notice a negative trend which becomes stronger at
smaller scales, and which is the same trend observed in the previous figure 10.4
for the correlation with the 40 GHz channel. If not taken into account, this spurious
correlation would give rise to a high value of the test efficiency even in the case
of a unbiased detection of r. This is, again, the reason why we do not include the
smaller scales in the compatibility analysis, both for ST coefficients and cross-power
spectra.

The last, important point to clarify concerns the higher test efficiency we get when
correlating the recovered CMB map with low frequency data, in comparison with
high frequency ones, both for ST coefficients and cross-power spectra. This is not
so obvious, as we generally expect dust emission to have a similar or larger impact
than synchrotron radiation on the r recovery. An immediate way to understand this
is to look at the cross angular power spectrum between CMBsol and the raw input
foregrounds maps from PySM at 40 and 402 GHz, not including CMB lensing and
noise. Power spectra are shown in the right panel of figure 10.5. Correlation with
dust maps is compatible with zero, oscillating between positive and negative values.
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Instead, we see a clear positive correlation with synchrotron maps, at intermediate
scales (from ℓ ∼ 85), which are the same scales where we observe deviations
between CMBsol and Gaussian simulations in the ST coefficients (j = 1 in figure
9.15). This correlation suggests the presence of synchrotron-related structures at
intermediate scales in the foreground residuals, which seems to be less mitigated
by the foreground-cleaning algorithms adopted in this work.

It is good to notice here that in this work we focused on blind component
separation methods based on the internal linear combination approach. In general,
different component separation algorithms built upon other formalisms may lead to
different properties of the foreground residuals left in the recovered CMB map. This
might consequently result in different efficiencies of the robustness tests. It is worth
stressing that the methodology presented in this manuscript does not intrinsically
depend on the adopted foregrounds-cleaning algorithm; it is completely general
and can be straightforwardly applied to other map-based component separation
techniques (parametric, template-fitting, etc.), keeping in mind that each method
requires a characterisation suite similar to the one described here.
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Part IV

Conclusions
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Chapter 11

Some final words

We finally reached the end of our trip. This Thesis attempted to condense all of the
efforts I carried out during the last three years, while pursuing a PhD degree, into a
single manuscript. It has been a wonderful time, during which I had the possibility
to investigate some of the deep mysteries of our Universe, together with the CMB
group at SISSA but also with the help of many people around the planet. This
chapter only serves at summarising and concluding what I presented.

In this document, I reported the various contribution to Cosmology I was able
to work out during the PhD. In particular, I focused on the observational probe
known as the Cosmic Microwave Background (CMB) and on the immense wealth
of information it contains about the very first moment of the Universe. The major
current and future experiments mapping the microwave sky target the measurement
a specific pattern hidden in the polarised CMB anisotropies, called the B-mode
signal and parametrised by the tensor-to-scalar ratio r. The detection of such pattern
is of paramount importance for the CMB scientific community, as it is thought to be
induced by the presence of primordial gravitational waves generated by inflation,
a theoretical mechanism responsible for the extremely accelerated expansion our
Universe experienced immediately after the Big Bang. A measurement of these
B-modes in CMB maps would thus grant us access to phases and energy scales of
the Universe never seen before, shedding light on the physics governing the most
profound mysteries of Nature.

In Part II, I described a first series of my contribution. At the beginning of my
PhD I joined the scientific collaboration of the Simons Observatory (SO), a brand
new microwave experiment located in Chile, which at the time of writing is taking
its first data of the sky. Among others, a major goal of the SO is to constrain the
tensor-to-scalar ratio r. This is an extremely difficult measurement: on one side,
the underlying signal is very faint, where an exquisite control of the instrumental
chain is required; on the other side, Galactic foregrounds (thermal dust emission,
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synchrotron radiation) represent a formidable contamination which needs to be
taken into account.

In order to mitigate the latter, observations of the sky at foreground-dominated
frequencies are crucial for the characterisation and subtraction of dust and syn-
chrotron emission. Unfortunately, the SO will not have foregrounds-dedicated
channels for the first years of operations, which will instead focus on frequencies
optimal for CMB observations (90, 150 GHz), where the contamination is minimum.
One of my roles in the SO collaboration was to address this issue by introducing ex-
ternal data into the analysis pipeline: it is possible to take sky observations of other
microwave experiments and combine them with SO data in order to fill the frequency
gaps and gain important information on foregrounds behaviour. In particular, we
chose to use data from three external experiments: WMAP (space-based, full-sky,
low frequencies), Planck (space-based, full-sky, low and high frequencies), and
S-PASS (ground-based, partial-sky, very low frequency). All these maps provide
crucial insights on foregrounds emission at low and high frequencies, with different
instrumental properties. Before being combined together, data must be brought
to the same experimental configuration of the target SO one. In chapter 6 we de-
scribed how these reprocessing steps were carried out, including the downgrading
of the pixel resolution, the rotation from galactic to equatorial coordinates, and the
restriction to the same observed sky regions. We verified that the reprocessing
phase does not alter the cosmological information contained in the original maps,
by looking at the preservation of the angular power spectrum features. We also
provided some characterisation of the selected external data, to investigate the
presence of any unexpected issue.

Additionally to the inclusion of external data, I also contributed to the generation
of different types of simulations useful for the SO project, described in chapter 7. In
particular, I built two sets of artificial skies: for the first one, I simulated realisations
of a sky emission composed by CMB and Gaussian foregrounds signals, which can
be used to estimate a covariance matrix for the power spectrum-based component
separation method, one of the main SO pipelines for the inference of the tensor-to-
scalar ratio; for the second set, I produced Gaussian realisations of polarised fields
starting from a power-law shaped power spectrum, which can be used to estimate
the transfer function induced by instrumental and atmospheric effects typical of the
SO experimental configuration, dealt with through the application of numerical filters
at the timestreams level. All of these contributions to the SO project are currently
and will be used in the data analysis pipeline which aim is the measurement of
primordial B-modes.

Looking more at the future, in Part III, I tackled the problem of validating an
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eventual, future detection of the primordial B-modes from CMB observations. Exper-
iments like SO or the future LiteBIRD could be able to provide a measurement of the
tensor-to-scalar ratio with a certain degree of significance. But how can we be sure
that the detected signal is of cosmological origin and not a false detection induced
by the contaminating polarised emission of Galactic foregrounds? To address this
question, we proposed a methodology to build robustness tests for general map-
based component separation algorithms. All these foreground-cleaning methods
leave a certain level of residual contamination in the recovered CMB field. This
contamination is expected to be statistically different from a pure CMB signal, as
it contains non-Gaussian features typical of Galactic foregrounds emission. The
goal of the robustness test is to identify such features by adopting different statis-
tical descriptors sensitive to anisotropic structures in a given field. In particular,
we presented the performances of Minkowski functionals (MFs) and scattering
transform (ST) statistics in identifying foregrounds contamination when we have a
biased detection of the tensor-to-scalar ratio. We found that MFs are not able to
reliably recognise the foregrounds contamination, when the considered maps are
dominated by noise. ST statistics demonstrated instead to be very promising, being
able to flag a contaminated detection in 90% or more of our realistic simulations.
They also outperformed simpler statistical tools usually adopted for CMB science, as
the goodness-of-fit analysis or the isotropic angular power spectrum. This suggest
the possibility of building a robustness tests chain where several statistical analysis
are progressively carried out on the available data, in order to validate or reject a
potential detection of primordial B-modes. These results were summarised into the
B-sure project, leading to two of the published papers associated with this Thesis,
[178] and [179]. The mentioned works open the way for the development of new
and diverse robustness test methodologies, and also for their application to different
experimental configurations, which is left for future projects.

Now I will just use this last paragraph to conclude the story. We began this
manuscript by interrogating ourselves on existential questions, wondering in par-
ticular about where do we come from as a whole, and what are the origins of our
Universe. Having now survived my PhD adventure, I like to think that the efforts I
collected in this Thesis can be a (small) step forward in answering this question,
and a minimal contribution in the understanding of the Universe. Many mysteries
of Nature awaits to be unveiled by human beings. I really hope to have left a little
something in this collective journey.
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ΛCDM: Λ Cold Dark Matter

ACT : Atacama Cosmology Telescope

BAO: Baryonic Acoustic Oscillations

BBN: Big Bang Nucleosynthesis

BICEP: Background Imaging of Cosmic Extragalactic Polarization

CIB : Cosmic Infrared Background

CMB: Cosmic Microwave Background

CNN: Convolutional Neural Network

CDM: Cold Dark Matter

CL: Confidence Level

CWST: cross Wavelet Scattering Transform

DES: Dark Energy Survey

DESI : Dark Energy Spectroscopic Instrument

FLRW: Friedmann-Lemaître-Robertson-Walker (metric)

FWHM: Full Width at Half Maximum

GR: General Relativity

(P)GW: (Primordial) Gravitational Waves

GUT: Grand Unified Theories

HEALPix: Hierarchical Equal Area isoLatitude Pixelisation of a 2-sphere

LAT : Large Aperture Telescope

LiteBIRD: Lite (Light) satellite for the studies of B-mode polarisation and Inflation
from cosmic background Radiation Detection

LSS: Large-Scale Structure

MC-NILC: Multi Clustering Needlet Internal Linear Combination

MFs: Minkowski Functionals
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MBB: Modified Blackbody

NCP: North Celestial Pole

NERSC: National Energy Research Scientific Computing Center

NPIPE: NERSC Pipeline

NILC: Needlet Internal Linear Combination

PLA: P lanck Legacy Archive

POLARBEAR: POLARization of the Background Radiation

PTE: Probability-to-Exceed

PySM: Python Sky Model

RJ: Rayleigh-Jeans

SAT : Small Aperture Telescope

SED: Spectral Energy Distribution

SNIa: Type Ia Supernovae

SO: Simons Observatory

S-PASS: S-band Polarisation All Sky Survey

SPT : South Pole Telescope

SZ: Sunyaev-Zel’dovich

WMAP: Wilkinson Microwave Anisotropy Probe

WST or ST: Wavelet Scattering Transform
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3.1 Left: monopole and dipole maps of the CMB intensity. Upper panel illustrate
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4.1 Frequency dependence of the main components of the sub-millimetre sky
in temperature (left) and polarisation (right, shown in P ). The vertical grey
bands indicate the Planck channels, while the coloured bands show the major
signal and foreground components. For temperature, the widths of the bands
show the range for sky masks with 81-93% sky coverage. For polarisation,
the range is 73-93%. Figure from [168]. . . . . . . . . . . . . . . . . . . . . 79

4.2 Left: diagram showing the mechanism of synchrotron radiation emitted by
an electron moving along a helical path around an ordered magnetic field.
The Lorentz force is perpendicular to the magnetic field. Picture taken from
[9]. Right: polarised synchrotron amplitude map by Planck, obtained with
the Commander algorithm, at 40’ resolution, and evaluated at the reference
frequency of 30 GHz. From [169]. . . . . . . . . . . . . . . . . . . . . . . . . 81
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6.3 Nominal sky regions observed by the SO SATs [218], in equatorial coordi-
nates. Unobserved pixels are in black. Left: binary mask, covering fsky = 10%
of the sky. Right: apodised mask weighted by the forecasted pixel observing
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exceed (PTE, or p-value) given by the compatibility analysis for the cross-
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