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Abstract
We present the ab-initio temperature and pressure dependent thermoelastic properties of
body-centered cubic tungsten. The temperature dependent quasi-harmonic elastic constants
(ECs) are computed at several reference volumes including both the phonon and the electronic
excitations contribution to the free energy and interpolated at different temperatures and
pressures. Good agreement with the experimental ECs on a single crystal at ambient pressure is
found. The pressure and temperature dependence of the shear sound velocity measured on
polycrystalline tungsten by Qi et al is also in agreement with theory. Some discrepancies are
found instead for the compressional velocity at high temperature and this is attributed to the
temperature derivative of the bulk modulus, higher in theory than in experiment. These
conclusions are reached both by PBE and by PBEsol functionals. The two give elastic properties
with a similar pressure and temperature dependence although the latter is closer to experiment
at 0 K.

Supplementary material for this article is available online

Keywords: tungsten, thermoelastic properties, ab-initio calculation, high-pressure,
high-temperature

1. Introduction

The study of elastic constants (ECs) of materials has a long
history in mechanics, thermodynamics, and acoustics [1]. EC
describe the stresses induced in a solid by a strain as well as
its mechanical stability. Moreover, the velocity of the sound
waves can be derived from the EC and the solid density.
Therefore ECs are key physical quantities for the design of
any engineering application of materials.
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the title of the work, journal citation and DOI.

Tungsten, a body-centered-cubic (bcc) 5d-metal, finds vari-
ous applications, both pure and in alloys, due to its high melt-
ing point and corrosion resistance. It is expected to become
a plasma facing material in thermonuclear fusion reactors [2]
and is used as a high-pressure gauge in diamond anvil cells [3].
Its thermodynamic properties have been investigated by exper-
iment, [3–18] model theory, [19–22] and ab-initio [3, 23–26].

The EC and the bulk modulus of tungsten are known from
ultrasonic experiments at room pressure up to 2073 K [27–29]
and have been calculated, at zero temperature, for several pres-
sures [26]. However information on high pressure and high
temperature thermoelastic properties of tungsten is still incom-
plete. The pressure derivatives of the ECs at room temper-
ature are known, [30] but only recently density as well as
compressional and shear sound velocities have been measured
by Qi et al [21] in polycrystalline tungsten up to 1073 K and
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105 kbar using ultrasonic interferometry and x-ray diffraction.
These measurements give experimental values of the adiabatic
bulk and shear moduli at high pressures and temperatures. So
far these data have not been compared with ab-initio calcula-
tions, but such comparison is timely both to test the ab-initio
methods at high pressure and to further support the exper-
imental measurement. Unfortunately, temperature dependent
ECs (TDECs) within the quasi-harmonic approximation are
numerically heavy to compute and the examples in the liter-
ature are focused mainly on materials of geophysical interest
[31, 32]. To our knowledge, no quasi-harmonic calculation
of the TDECs of tungsten exists and theoretical results are
presently limited to molecular dynamics based on embedded
atom method potentials at room pressure [33].

Recently, Malica and Dal Corso [34, 35] presented a
method to calculate ab-initio the quasi-harmonic TDECs in
an automatic way, a method that is now implemented in
thermo_pw [36]. Applications, so far, to metals (Al, Cu, Ag,
Au, Pd, Pt) and semiconductors (Si and BAs) are limited to
room pressure, where the TDEC are computed only for a few
geometries close to equilibrium. In this paper we report an
ab-initio investigation of the thermoelastic properties of tung-
sten extending this computational scheme to high pressures.
We compute the temperature dependent isothermal ECs from
the second strain derivatives of the Helmholtz free energy,
including both the quasi-harmonic (QHA) vibrational term
and the contribution of electronic thermal excitations. These
calculations, being carried out on several reference geomet-
ries at high and low pressures, can be used to interpolate the
isothermal ECs at an arbitrary volume and therefore to study
their temperature and pressure dependence. Adiabatic TDECs
are calculated by thermodynamic relationships for comparison
with experiments. From these ECs we derive the elastic para-
meters of polycrystalline tungsten, and compare with experi-
ment. Finally, from the density and the polycrystalline elastic
parameters we determine the compressional and shear sound
velocities that are compared with the results of Qi et al [21].
We confirm some of the experimental results, but we also
find some discrepancies that might require further theoretical
and/or experimental investigations.

2. Theory and computational parameters

In this paper we use thermo_pw [36] to calculate the
thermodynamic properties. The QHA, as implemented in
thermo_pw, has been discussed in previous publications [34,
35, 37–41]. Here we summarize the main formula and illus-
trate the finite pressure approach. Within the QHA, the
Helmholtz free energy F(V,T) of a cubic solid is a function
of temperature T and (unit cell) volume V. It can be written as
the sum of three contributions:

F(V,T) = U(V)+Fph (V,T)+Fel (V,T) , (1)

where U(V) is the static energy, Fph(V,T) is the vibrational
free energy, and Fel(V,T) is the electronic thermal excitations

contribution. U(V) is computed via density functional the-
ory (DFT), [42] Fph(V,T) is written in terms of the phonon
frequencies ωη(q,V):

Fvib (V,T) =
1
2N

∑
qη

h̄ωη (q,V)

+
1
Nβ

∑
qη

ln [1− exp(−βh̄ωη (q,V))] . (2)

Here h̄ is the reduced Planck’s constant and N is the number
of cells of the solid (equal to the number of q points used in
the sum). β = 1

kBT
, where kB is the Boltzmann constant, q are

the phonon wavevectors and η indicates the different modes.
The contribution of the electronic thermal excitations to the

free energy is calculated within the rigid bands approximation
as Fel = Uel −TSel. Uel is electronic excitation contribution to
the energy given by

Uel =

ˆ ∞

−∞
EN(E) f(E,T,µ)dE−

ˆ EF

−∞
EN(E)dE, (3)

where EF is the Fermi energy, N(E) is the electronic density of
states, f(E,T,µ) are the Fermi–Dirac occupations and µ is the
chemical potential, and Sel is the electronic entropy given by:

Sel =−kB
ˆ ∞

−∞
[ f(E,T,µ) ln f(E,T,µ)

+(1− f(E,T,µ)) ln(1− f(E,T,µ))]N(E)dE. (4)

These free energies are computed for a set of volumes Vi, i =
1,NV.U(V) is interpolated by a fourth order Birch–Murnaghan
equation while the vibrational and electronic free-energies are
interpolated by a fourth-degree polynomial in V. In the supple-
mentary material, we summarize the calculation of the volume
thermal expansion βV , of the isobaric heat capacity CP and of
the isoentropic bulk modulus BS.

The isothermal ECs are calculated from the second strain
derivatives of the free energy:

C̃Tijkl =
1
V

∂2F
∂εij∂εkl

∣∣∣∣∣
T

, (5)

correcting for finite pressure effects to obtain the stress–strain
ECs [43]:

CTijkl = C̃Tijkl+
p
2
(2δi,jδk,l− δi,lδj,k− δi,kδj,l) . (6)

The second derivatives of the free energy are calculated as
described in [34] taking a subset of the volumes Vi as equi-
librium configurations. The ECs at any other volume at tem-
perature T and pressure p are obtained by interpolation by a
fourth-degree polynomial. Adiabatic ECs are calculated from
the isothermal ones as:

CSijkl = CTijkl+
TVbijbkl
CV

, (7)
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where bij are the thermal stresses:

bij =−
∑
kl

CTijklαkl, (8)

and CV is the isochoric heat capacity (see the supplement-
ary material). For a cubic system, the linear thermal expan-
sion tensor is diagonal and from the volume thermal expan-
sion βV we get: αkl = δklβV/3. With the knowledge of the
adiabatic ECs, using the Voigt–Reuss–Hill approximation, we
compute the polycrystalline average of the bulkmodulusBS, of
the shear modulus GS, of the Young’s modulus ES, and of the
Poisson’s ratio νS (see the thermo_pw manual for the expres-
sions used). Finally, the compressional and the shear sound
velocities are given by:

VP =

√
BS+ 4/3GS

ρ
, (9)

VG =

√
GS

ρ
, (10)

where ρ is the density. Note that these equations also hold with
pressure as long as BS and GS are computed from the stress–
strain ECs [44].

The calculations of the TDECs presented in this work were
done by using DFT implemented in QuantumESPRESSO [45,
46] with the PBE [47] exchange and correlation functional.
In addition, we present also some results using the LDA [48]
and PBEsol, [49] a functional that, modifying the PBE
exchange, gives a better description of solids [50] at the
expense of the accuracy in molecules. We employ the pro-
jector augmented wave (PAW) method [51] and a plane-
wave basis with pseudopotentials generated by us starting
from those available in pslibrary [52, 53]. We called
these pseudopotentials W.pz-spn-kjpaw_psl.1.0.1.UPF,
W.pbesol-spn-kjpaw_psl.1.0.1.UPF, and W.pbe-spn-
kjpaw_psl.1.0.1.UPF for LDA, PBEsol, and PBE, respect-
ively and added them to pslibrary. They can be obtained
from the web page given in [53]. They have 5s, 5p, 5d, and 6s
valence states, while the 4f states are frozen in the core and
accounted for by the nonlinear core correction [54]. For the
wave functions cut-offs, we use 70 Ry, 90 Ry, 90 Ry while
for the charge density we use 280 Ry, 360 Ry, 360 Ry, for
LDA, PBE, and PBEsol, respectively. The Fermi surface has
been dealt with by a smearing approach [55] with a smear-
ing parameter σ= 0.02 Ry. With this smearing, the Brillouin
zone integrals converge with a 40× 40× 40 k-point mesh.
Density functional perturbation theory (DFPT) [56, 57] is used
to calculate the dynamicalmatrices on a 8× 8× 8 q-point grid.
These dynamical matrices have been Fourier interpolated on
a 200× 200× 200 q-point mesh to evaluate the free-energy
and thermodynamic quantities. For quasi-harmonic calcula-
tions, the free energy was calculated in NV = 15 geometries
with lattice constants ranging from a0 − 1.2 a.u. to a0 + 0.2
a.u. in steps of∆a= 0.1 a.u., where a0 is the equilibrium 0 K
lattice constant (see table 1).

Table 1. The equilibrium lattice constants (a0), the bulk moduli (BT)
and the pressure derivatives of the bulk moduli (B ′

T) of tungsten
calculated in this work compared with selected previous
calculations and with experiment.

T a0 BT B ′
T

(K) (a.u.) (kbar)

This study LDA 0 5.930 3398 3.97
295 5.939 3330 4.02

PBEsol 0 5.965 3276 3.98
295 5.974 3210 4.01

PBE 0 6.021 3073 4.01
295 6.030 3008 4.05

Calc. [26] PBE 0 6.016 3290 3.89
Calc. [16] PBE 0 6.010 3068 4.10
Calc. [25] PBE 0 6.026 3010 4.04
Calc. [58]a PBE 0 6.032
Calc. [59]a LDA 0 5.959 3065
Calc. [24] LDA 0 5.936

PBE 0 6.030
Calc. [60] LDA 0 5.94 3370

PW91 0 6.02 3070
Calc. [61] LDA 0 5.939

PBEsol 0 5.975
PBE 0 6.030

Model [19] 300 5.981 3060 4.18
Model [20] 300 5.981 3080 4.20
Expt. [14] 300 5.984 3070 4.32
Expt. [3] 300 5.982 2960 4.30
Expt. [27] 0 3142
Expt. [62] 3084 4.5 b /3.9 c

a These data are used to calculate the equations of state reported in figure 3
of the supplementary material.
b Ultrasonic experiment.
c Shock wave experiment.

The ECs C11, C12, and C44 are calculated by using six
strained configurations for each type of strain (see [34]) with
δε= 0.005. Therefore, each reference configuration requires
the phonon dispersions and the electronic density of states
for 18 geometries, 6 with a body-center cubic lattice, 6 with
centered tetragonal lattice, and 6 with a rhombohedral lattice.
Phonons are calculated on a 8× 8× 8 q-point grid, sampling
the Brillouin zone by a 45× 45× 45 k-point mesh. Among
the NV = 15 geometries used for anharmonic calculations, we
computed the QHA ECs for six reference geometries: 1, 5, 8,
12, 13, and 14. The phonon frequencies of geometries 1, 5, 8,
and 12 have been computed on Marconi100 at CINECA with
an accelerated GPU version of thermo_pw optimized for cal-
culations with a dense grid of k-points [63].

3. Results and discussion

We start in table 1 by comparing the LDA, PBEsol, and PBE
equilibrium lattice constants, bulk moduli, and pressure deriv-
atives of the bulk moduli obtained from the interpolation of
U(V) with selected previous calculations and experiments.
Using aexp = 5.972 a.u. as the 0 K experimental lattice con-
stants obtained subtracting 0.009 a.u., the thermal expansion
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contribution, to the reported 300 K value of [20], LDA under-
estimates the lattice constant by 0.7% while PBE overestim-
ates it by 0.8%. PBEsol is closer to the experiment underestim-
ating it by 0.1%. This agrees with the all-electron LAPW cal-
culation of [61]. Using B= 3142 kbar as the 0 K experimental
bulk modulus (the value given in [27]), the LDA and PBEsol
overestimations are about 8% and 4%, while PBE underestim-
ation is about 2%. The three functionals give similar values for
the pressure derivative of the bulk modulus which are in reas-
onable agreement with the experiment. In the supplementary
material we show, as a reference, the phonon dispersions, the
thermal EOS, the volume thermal expansion, the isobaric heat
capacity, the bulk modulus, and the average Grüneisen para-
meter calculated with LDA, PBEsol, and PBE and compare
themwith the available experiments and previous calculations.
We refer to these data when needed in the following.

The PBE and PBEsol thermal EOS in the range of pres-
sures and for the temperatures measured in the experiment
of Qi et al [21] (298 K, 473 K, 673 K, 873 K, and 1073 K)
are shown in the upper part of figure 1. Since the PBE func-
tional overestimates the volume, its predicted densities are all
below experiment. The PBEsol densities aremuch closer to the
experimental data although slightly higher. In order to facilit-
ate the comparison of the temperature and pressure depend-
ence of the theoretical densities and experiment we superim-
pose the two sets of curves in the lower part of figure 1 making
a upper shift of∆ρ= 0.475 g cm−3 of all the PBE curves and
of ∆ρ=−0.06 g cm−3 of all the PBEsol curves so that the
two curves at 298 K overlap with experiments at the point at
53 kbar. This comparison shows that the slope of the lines and
the distance between lines are very similar to experiment for
both functionals as expected from the bulk moduli and thermal
expansion. The pressure slope of the PBEsol density is slightly
smaller than the PBE one (in agreement with the different bulk
moduli), but the difference is not significant in the comparison
with experiment in this range of pressures.

The LDA, PBEsol, and PBE ECs calculated at the 0 K
equilibrium volume are reported in table 2 and compared
with experiments and selected earlier calculations. The exper-
imental values of Lowrie and Gonas [28] refer to 273.15 K,
but they can be extrapolated at 0 K using our PBE differences
between 0 K and 273 K. We obtain a good agreement with the
0 K values of [27] and take these extrapolated values as experi-
mental reference. The LDA errors are 361 kbar (7%), 154 kbar
(8%), and −118 kbar (−7%) for C11, C12, and C44, respect-
ively. PBEsol errors are 155 kbar (3%), 84 kbar (4%), and
−119 kbar (−7%) while PBE errors are −181 kbar (−3%),
−50 kbar (−2%), and−194 (−12%). In table 2 we also report
the bulk, shear, and Young’s moduli of polycrystalline tung-
sten derived from the ECs. The bulk moduli derived from
the ECs are about 1% smaller than those reported in table 1
derived from the Birch–Murnaghan interpolation. This shows
the accuracy of our ECs calculations. The difference is within
the numerical uncertainty of the Birch–Murnaghan fitting.

Pressure dependent ECs calculated with the three function-
als are reported in figure 2 and compared with the previous
PBE calculation [26]. On the scale of this figure the three
functionals are almost equivalent and in good agreement with

Figure 1. Upper: pressure dependent PBEsol (dashed lines) and
PBE (solid lines) density calculated for several temperatures (red
298 K, green 473 K, blue 673 K, yellow 873 K, and pink 1073 K)
compared with the experimental data of Qi et al [21]. Lower: the
PBE density is shown after a shift of ∆ρ= 0.475 g cm−3 (indicated
by the red arrow on the line at 298 K) to facilitate the comparison
with experiment. The dashed lines are the PBEsol curves after a
shift of −0.06 g cm−3 also shown by a red arrow.

earlier results. The numerical effort to calculate the temperat-
ure and pressure dependent ECs is large and we could afford
only two functionals, so we chose PBEsol and PBE which
have smaller errors than LDA. Presently, we do not include
phonon-phonon anharmonic effects in the free energy, so our
results are expected to be reliable only up to 1500 K, a temper-
ature for which, as shown in the supplementary material, the
quasi-harmonic approximation is sufficient to describe accur-
ately the other thermodynamic properties of this system. In
figure 3 we report the temperature dependent isothermal and
adiabatic ECs as a function of temperature at room pressure.
As is well known from theory, in cubic systems adiabatic and
isothermal ECs differ only forC11 andC12 while they coincide
for symmetry reasons forC44. Experimentally ECs are derived
from sound velocities and are adiabatic. We compare our data
with Lowrie and Gonas [28] which provided analytic fits of
their experiments on single crystal tungsten. The points shown
in the figure have been obtained from these fits. The temper-
ature dependence of the ECs is well reproduced, theory and
experiment differ only for a rigid shift. From 297 K to 2073
K the experimental values decrease by 993 kbar (19%), −44
kbar (−2%), and 250 kbar (15%) for C11, C12, and C44 while
the theoretical ones decrease by 953 kbar (18%), −12 kbar
(−0.6%) and 289 kbar (20%) with PBEsol and by 874 kbar
(17%), 17 kbar (0.8%), and 263 kbar (16%) with PBE. The
behavior of C12 is quite unusual. In experiment C12 is almost
constant with a slight enhancement with temperature. We find
an almost constant curve, slightly increasing with PBEsol and
slightly decreasing with PBE.

The bulk modulus, shear modulus, and Young’s modulus
of polycrystalline tungsten calculated by the Voigt–Reuss–Hill
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Table 2. The 0 K elastic constants calculated with the different functionals compared with experiment and selected previous calculations. B,
E, G, and ν are the bulk modulus, the Young’s modulus, the shear modulus, and the Poisson’s ratio, respectively.

T a0 C11 C12 C44 B E G
ν(K) (a.u.) (kbar) (kbar) (kbar) (kbar) (kbar) (kbar)

LDA 0 5.930 5682 2201 1520 3362 4154 1605 0.294
PBEsol 0 5.965 5476 2131 1519 3246 4076 1579 0.291
PBE 0 6.021 5140 1997 1444 3045 3852 1494 0.289
PBE [16] 0 6.010 5285 1934 1487 3051 3997 1559 0.282
PBE [26] 0 6.016 5130 1990 1400 3037 3788 1466 0.292
LDA [59] 0 5.981 5289 1953 1705 3065 4283 1690 0.267
expt. [28] 0 (extr.) 5.972 5321 2047 1638 3138 4184 1637 0.277
expt. [28] 273.15 5235 2045 1608 3108 4103 1603 0.280
expt. [27] 0 5.972 5326 2050 1631 3142 4178 1634 0.278

Figure 2. Pressure dependent ECs calculated at 0 K obtained from
the second derivatives of the energy with respect to strain for the NV
geometries used for the quasi-harmonic approximation. ECs are
calculated within LDA (red line), PBEsol (green line), and PBE
(blue line). The red circles are the PBE data of [26].

approximation are shown against temperature in figure 4 and
compared with the analytic fits of the experimental data of
[28]. Again except for the absolute positions, the temperat-
ure dependence of B, E, and G is reproduced reasonably well.
From 297K to 2073K, these quantities decrease by 10%, 21%,
and 23% both in experiment and in our PBE calculation. With
PBEsol these figures become 10%, 22%, and 24%, but the
absolute position is closer to experiment. The same is found
for the Poisson’s ratio ν, shown in the inset where the increase
is 10% in experiment and 9% (PBE) and 10% (PBEsol) in
theory. At 300 K and 0 kbar, the pressure derivative of the
adiabatic bulk modulus is dBS

dp = 4.2 (4.2), while the temper-

ature derivative is dBS
dT =−0.15 kbarK−1 (−0.16 kbarK−1)

for PBE (PBEsol) (experimental dBS
dp = 4.45 and dBS

dT =

−0.076 kbarK−1 [21]). For the shear modulus the values
become: dGS

dp = 1.5 (1.5) and dGS
dT =−0.18 kbarK−1 (−0.19

kbarK−1) for PBE (PBEsol) (experimental dGS
dp = 1.8 and

dGS
dT =−0.175 kbarK−1).

Figure 3. PBEsol (green lines) and PBE (blue lines) temperature
dependent isothermal (dashed) and adiabatic (solid) elastic
constants calculated within the quasi-harmonic approximation at
zero pressure. The gold and red circles indicate the adiabatic
experimental data of [29] and of [28], respectively. For C44

isothermal and adiabatic ECs coincide.

In figure 5 we show the pressure dependent longitudinal
modulus that derives from our ECs. This modulus is computed
as L= BS+ 4

3GS. A similar calculation is done also with the
experimental data of [21]. Also in these curves it is easier to
compare the two functionals and experiment by doing a shift
that removes the differences due to the T = 0KECs. The figure
with unshifted curves is presented in the supplementary mater-
ial. We make a shift of 437 kbar for PBE and of 128 kbar for
PBEsol so that the 298 K curves and the experimental point
at 53 kbar and 298 K coincide. The theoretical data reproduce
accurately the pressure dependence of the experimental data
and both functionals give curves with the same slope, however
our calculation predicts a larger variation of L with temperat-
ure than experiment. This difference is mainly due to the bulk
modulus as can be deduced by comparing the shear modulus
(see figure 6). After a shift of 204 kbar for PBE and of 122 kbar
for PBEsol (again to make the curve at 298 K to pass through
the point at 53 kbar), the temperature and pressure dependence
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Figure 4. PBEsol (green lines) and PBE (blue lines) temperature
dependent isothermal (dashed) and adiabatic (solid) polycrystalline
averages of the macroscopic elastic properties (bulk modulus B,
Young’s modulus E, and shear modulus (G) calculated within the
quasi-harmonic approximation at zero pressure. The red circles are
the adiabatic data of [28]. In the inset we compare the isothermal
and adiabatic Poisson’s ratio with experiment.

Figure 5. Temperature dependent longitudinal modulus calculated
within the quasi-harmonic approximation as a function of pressure
for several temperatures (red 298 K, green 473 K, blue 673 K,
yellow 873 K, and pink 1073 (K). The circles (with the same color
code) are the data of [21], measured at the same temperatures and
calculated as L= BS+ 4/3GS from the BS and GS in their table III.
To facilitate the comparison with experiment, theoretical lines
translated by 437 kbar, as indicated by the red arrows, are also
shown. PBEsol results are shown with dashed lines after a shift of
128 kbar.

of the shear modulus follows with experiment with the PBEsol
shear modulus that decreases slightly faster than the PBE one
with temperature.

Finally, in figures 7 and 8 we present a comparison between
the sound velocity data and our results (equations (9) and (10)).
We show our theoretical PBE results and the same curves shif-
ted by 146 m s−1 (figure 7) and 149 m s−1 (figure 8) so that
the 298 K curves are above the experimental data at 53 kbar.
In the same figures we show also the PBEsol data shifted by

Figure 6. Temperature dependent PBE shear modulus calculated
within the quasi-harmonic approximation as a function of pressure
for several temperatures (red 298 K, green 473 K, blue 673 K,
yellow 873 K, and pink 1073 K). The circles (with the same color
code) are the data of [21], measured at the same temperatures (from
their table III). To facilitate the comparison with experiment,
theoretical lines translated by 204 kbar, as indicated by the red
arrows, are also shown. The PBEsol results are shown with dashed
lines after a shift of 122 kbar.

Figure 7. Temperature dependent compressional sound velocity
(VP) calculated within the quasi-harmonic approximation as a
function of pressure for several temperatures (red 298 K, green 473
K, blue 673 K, yellow 873 K, and pink 1073 K). The circles (with
the same color code) are the data of [21], measured at the same
temperatures. To facilitate the comparison with experiment,
theoretical lines translated by 146 m s−1, as indicated by the red
arrows, are also shown. PBEsol results are shown by dashed lines
after a shift of 65 m s−1.

65 m s−1 (VP) and 113 m s−1 (VG). As expected from previous
analysis, we find that the pressure dependence is well repro-
duced for both the compressional and the shear sound velocit-
ies. The temperature dependence of the shear sound velocity
is also very well accounted for, while the distances between
compressional velocities at different temperatures agree with
our curves at low temperatures, but the experimental points at
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Figure 8. Temperature dependent shear sound velocity (VG)
calculated within the quasi-harmonic approximation as a function of
pressure for several temperatures (red 298 K, green 473 K, blue 673
K, yellow 873 K, and pink 1073 K). The circles (with the same
color code) are the data of [21], measured at the same temperatures.
To facilitate the comparison with experiment, theoretical lines
translated by 149 m s−1, as indicated by the red arrows, are also
shown. PBEsol results are shown by dashed lines after a shift
of 113 m s−1.

873 K and those at 1073 K have higher values than our theor-
etical curves. These findings are due to the values of dBS

dT and
dGS
dT , the latter in quite good agreement with experiment, while
the former only in fair agreement.

4. Conclusions

We presented the quasi-harmonic temperature and pressure
dependent thermoelastic properties of tungsten calculated by
thermo_pw using PAW pseudopotentials. The temperature
dependent quasi-harmonic adiabatic ECs as well as the derived
polycrystalline bulk, shear, and Young’s moduli and Poisson’s
ratio have been compared with experiment at ambient pres-
sure. The compressional and shear sound velocities, as well as
the longitudinal and shear moduli, have been calculated as a
function of pressure at the temperatures measured in the exper-
iment of Qi et al [21].

We find that the quasi-harmonic theory reproduces well
the temperature dependent ECs of tungsten at room pressure.
The PBE and the PBEsol functionals give similar temperat-
ure dependences with PBEsol closer to experiment than PBE.
Good agreement is also found for the temperature dependence
of the polycrystalline elastic moduli, again with PBEsol closer
to experiment than PBE.

The pressure and temperature dependence of the shear
modulus of polycrystalline tungsten in the range of pressures
measured in the experiment of Qi et al [21] is reproduced
very well by both PBE and PBEsol that are practically indis-
tinguishable when a shift is used to facilitate the comparison
with experiment. The pressure and temperature variations of
the longitudinal module are instead described less accurately
and also after a shift PBEsol and PBE predict a larger decrease

with temperature than experiment. The PBEsol temperature
derivative of the longitudinal module is slightly larger than the
PBE one. These discrepancies are attributed to the temperature
derivative of the adiabatic bulk modulus larger in the calcula-
tion than in experiment. As a consequence, the pressure and
temperature dependences of the shear sound velocity are well
reproduced by theory, while the compressional sound velocity
as a function of pressure is well reproduced at low temperat-
ures, but larger and larger differences are found at high tem-
peratures. These conclusions hold for both PBE or PBEsol.
Different functionals change the position of the elastic mod-
uli or sound velocity curves, but not their slope nor their tem-
perature variation. The reasons for the discrepancies between
theory and experiment are presently unclear and might require
an improvement of the theory or a revision of the experiment.

In this paper we could compare the elastic moduli and the
sound velocities of polycrystalline tungsten at high pressure
and high temperature with experiment and we demonstrated
that these calculations are now routinely feasible in modern
supercomputers. These parameters which are quite critical for
high pressure and high temperature applications of materials
are still missing from the literature for many metals. We hope
that our paper will stimulate further measurements and theor-
etical calculations in this direction.
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