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This work studies the Fourier transform of the characteristic 
function of planar convex bodies averaged over circular 
sectors. We establish lower and upper bounds on the latter 
quantities in terms of the geometric properties of the bodies 
considered. The second matter of study is the quadratic 
discrepancy of planar convex bodies, and we present sharp 
results on its asymptotic behaviour. In particular, we address 
averages over intervals of rotations, answering an open 
question of Bilyk and Mastrianni.
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1. Introduction

The theory of irregularities of distribution, also known as discrepancy theory, concerns 
the approximation of the Lebesgue measure through samplings by Dirac deltas. One 
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can equivalently pose such a question in a Euclidean space or a periodic setting. We 
introduce some basic notations for the latter. For a real positive number p, we define the 
one-dimensional torus with period p and the unit two-dimensional torus, respectively, as

𝕋p = ℝ/pℤ and 𝕋 2 = ℝ2/ℤ2.

Moreover, we define the ordered-distance function

ηp : 𝕋p × 𝕋p → [0, p) (1)

in such a way that

ηp(x1, x2) = y if and only if x1 + y ≡ x2 (mod p).

We introduce convenient notation on limit behaviours. Consider an unbounded set 
U ⊆ [0,+∞) and let f and g be two positive functions defined on U , then we write

f(x) ≼ g(x) (2)

to intend that there exists a positive value c such that

lim sup
x→+∞ 

f(x)
g(x) ≤ c.

Moreover, in the case that fy(·) and gy(·) further depend on a variable y ∈ V ⊆ ℝ, we 
say that (2) holds uniformly for every y ∈ V to intend that the involved value c does not 
depend on y. Last, if (2) holds in both senses, then we write

f(x) ≍ g(x).

We introduce suitable notation on the similarity group acting over the Euclidean 
plane. For an angle θ ∈ 𝕋2π, we let σθ : ℝ2 → ℝ2 be the counterclockwise rotation by θ, 
and we set

u(θ) = (cos θ, sin θ)

to be the unit vector in ℝ2 that makes an angle θ with the x-axis. We let 𝝉 ∈ [0, 1)2
be a translation parameter (henceforth, we identify [0, 1)2 with 𝕋 2 via the quotient map 
𝝉 ↦→ 𝝉 + ℤ2) and δ ≥ 0 be a dilation parameter. For a bounded set Ω ⊂ ℝ2, we denote 
the action of the similarity group on Ω by

[𝝉 , δ, θ]Ω = 𝝉 + δσθΩ,
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with the convention that if a transformation is the identity, we omit its writing in the 
square brackets. Moreover, we let 1Ω stand for the characteristic (indicator) function of 
Ω. We define the Fourier transform of 1Ω as

ˆ︁1Ω(𝝃) =
∫︂
Ω 

e−2πix·𝝃 dx,

and from classic properties of the Fourier transform, we get that

ˆ︁1[δ,θ]Ω(𝝃) = δ2ˆ︁1Ω(δσ−θ𝝃). (3)

We introduce a tool that allows us to switch from a Euclidean setting to a periodic 
one. Consider the periodization functional 𝔓 : L1(ℝ2) → L1(𝕋 2) defined in the sense 
that

𝔓{1Ω}(x) =
∑︂
n∈ℤ2

1Ω(x + n).

We give the following notions of discrepancy.

Definition 1.1. Let Ω ⊂ ℝ2 and let 𝒫N ⊂ 𝕋 2 be a configuration of N points (that is, a 
collection of N not necessarily distinct points counted with multiplicity). We define the 
discrepancy of 𝒫N with respect to Ω as

𝒟(𝒫N , Ω) =
∑︂

p∈𝒫N

𝔓{1Ω}(p) −N |Ω|. (4)

Further, let I ⊆ 𝕋2π be a non-degenerate interval of angles. We define the similar 
quadratic discrepancy of 𝒫N with respect to Ω and I as

𝒟2(𝒫N , Ω, I) =
∫︂
I

1 ∫︂
0 

∫︂
𝕋2

|𝒟(𝒫N , [𝝉 , δ, θ]Ω)|2 d𝝉 dδ dθ, (5)

where d𝝉 is the normalized Haar measure on 𝕋 2, dδ is the Lebesgue measure on [0, 1], 
and dθ is the arc-length measure on 𝕋2π (of total mass 2π). In particular, we will always 
assume that |I| > 0.

This paper aims to explore the similar quadratic discrepancy of planar convex bodies, 
namely, compact convex sets of ℝ2 with a non-empty interior. This question is deeply 
related to the asymptotic behaviour of the Fourier transform of the bodies considered. In 
turn, obtaining optimal estimates on the latter recovers meaningful geometric quantities. 
Before addressing our results on the Fourier transform, which the reader may find of 
independent interest, we describe the ones on the discrepancy.
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2. Main results: discrepancy over the similarity group

In Section 7, we prove our main results on the similar quadratic discrepancy. It turns 
out that the best estimates depend solely on the measure of the interval of angles con
sidered and on a geometric quantity of the body. First, we give auxiliary definitions 
concerning points at the boundary.

Definition 2.1. Let C ⊂ ℝ2 be a convex body. We set

ΓC : 𝕋|∂C| → ℝ2

to be the counterclockwise arc-length parameterization of the boundary ∂C, and we 
write Γ′

C as its velocity (in particular, |Γ′
C | ≡ 1). For s ∈ 𝕋|∂C|, we define the set of 

normals at s as

νC(s) =
[︁
ν−C (s), ν+

C (s)
]︁

=
{︃
θ ∈ 𝕋2π : min

a∈C 
(a · u(θ)) = ΓC(s) · u(θ)

}︃
,

with the convention that if νC(s) is a single angle, then we simply consider

ν−C (s) = ν+
C (s) = νC(s).

In particular, we say that s ∈ 𝕋|∂C| is an angular point if ν−C (s) ̸= ν+
C (s).

Remark 2.2. Notice that if C has a 𝒞1 boundary, then it has no angular point. Moreover, 
if ∂C has strictly positive curvature, then νC is a bijection between 𝕋|∂C| and 𝕋2π. Last, if 
we choose C to be an axis-aligned square, then its vertices identify angular points whose 
sets of normals are [(n− 1)π/2, nπ/2], with n being an integer such that 1 ≤ n ≤ 4.

For a generic set A, we write int(A) to denote its interior. Hence, we describe the 
aforementioned geometric quantity.

Definition 2.3. Let C ⊂ ℝ2 be a convex body. We define the angular trace of C as

𝒯C =
⋃︂

s∈𝕋|∂C|

int (νC(s)) ,

and further, we define the symmetric angular threshold of C as

ψC = sup {|J | : J is a connected component of 𝒯C ∩ (𝒯C + π)} .

Remark 2.4. Notice that if C has a centre of symmetry, then it holds

ψC = max 
s∈𝕋|∂C|

|νC(s)| .
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Moreover, given an integer n > 1, if C is the regular polygon with 2n sides, then it 
follows that ψC = π/n. On the other hand, if C has a 𝒞1 boundary (that is, it has no 
angular points), then it follows that 𝒯C = ∅ and ψC = 0. Last, notice that it always 
holds 0 ≤ ψC < π.

It is time to state our two main results on the similar quadratic discrepancy. The first 
one shows that for averages over a large enough interval of rotations, we essentially get 
the same asymptotic order as for a complete rotation.

Theorem 2.5. Let C ⊂ ℝ2 be a convex body, and let I ⊆ 𝕋2π be an interval of angles 
such that ψC < |I| ≤ 2π. Then, it holds

inf 
#𝒫=N

𝒟2(𝒫, C, I) ≍ N1/2.

Studying the asymptotic behaviour of the Fourier transform of 1C is a fundamental 
step of the proof, and it is the purpose of Lemma 3.5. Then, the proof of the lower 
bound in Theorem 2.5 requires an argument of Cassels [14] and Montgomery [29, Ch. 6] 
for estimating exponential sums from below, and we present this in Lemma 7.1. On the 
other hand, the upper bound is straightforward, as it simply requires unions of uniform 
lattices.

Our second main result concerns the complementary case of averages over small 
enough intervals of rotations.

Theorem 2.6. Let C ⊂ ℝ2 be a convex body, and let the interval I ⊂ 𝕋2π be such that 
0 < |I| < ψC . It holds

inf 
#𝒫=N

𝒟2(𝒫, C, I) ≍ N2/5.

Again, Lemma 3.5 is the starting point for the proof. Then, the proof of the lower 
bound in Theorem 2.6 relies on an argument in [12], and we present it under a general 
form in Theorem 7.2. Finally, the proof of the upper bound is more involved than the one 
in Theorem 2.5 and requires unions of special configurations of points that are lattices 
under a certain action of the similarity group.

Finally, in Section 8, we study the intermediate case of |I| = ψC . Namely, we show 
that in such circumstances, the similar quadratic discrepancy can achieve any polynomial 
order in between N1/2 and N2/5. First, we construct suitable planar convex bodies and 
establish subtle geometric estimates for their Fourier transform. Then, the main result of 
the last section, Theorem 8.6, follows from the aforementioned estimates and by adjusting 
the arguments in Section 7.
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Fig. 1. The chord in Definition 3.1. 

3. Main results: asymptotic behaviour of the Fourier transform

We introduce a few geometric tools before stating the results whose proofs are in 
Section 6. First, we give notions on chords and diameters of a body.

Definition 3.1. Let C ⊂ ℝ2 be a convex body. As displayed in Fig. 1, for an angle θ ∈ 𝕋2π
and value λ > 0, we define the chord of C in direction u(θ) at distance λ as

KC(θ, λ) =
{︃
x ∈ C : x · u(θ) = inf 

y∈C
(y · u(θ)) + λ

}︃
.

Further, we consider its length |KC(θ, λ)|, and we define the quantity

γC(θ, λ) = max{|KC(θ, λ)| , |KC(θ + π, λ)|}.

Last, we define the longest directional diameter (or classic diameter) of C as

LC = max 
x,y∈C

|x − y|,

and we define the shortest directional diameter of C as

SC = min 
θ∈𝕋2π

max
λ≥0 

|KC(θ, λ)| .

Secondly, we introduce an object that relates directions and perimeter.

Definition 3.2. Let C ⊂ ℝ2 be a convex body. For an interval of angles I ⊂ 𝕋2π, we 
define the portion of perimeter of C with respect to I as

PC(I) =
⃓⃓{︁
s ∈ 𝕋|∂C| : νC(s) ∩ I ̸= ∅

}︁⃓⃓
.

The following lemma relates the Fourier transform of a planar convex body with its 
chords, and in particular, it is built upon the one-dimensional results in [30] and [12].
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Lemma 3.3. There exist positive absolute constants κ3 and κ4 such that, for every convex 
body C ⊂ ℝ2, for every angle θ ∈ 𝕋2π and for every value ρ ≥ κ3L

6
C/S

7
C , it holds

κ4ρ
−2γ2

C(θ, ρ−1) ≤
1 ∫︂

0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ ≤ 2ρ−2γ2
C(θ, ρ−1).

Remark 3.4. Notice that if C has a 𝒞2 boundary with curvature that is uniformly bounded 
away from zero and infinity, then the order in the previous inequality would be of ρ−3

uniformly in θ. On the other hand, if C is an axis-aligned square, then one would find 
an order of ρ−4 at direction θ = π/4 and an order of ρ−2 at direction θ = 0. Last, as in 
[3], one may construct C in such a way that chords in the same direction u(θ) display 
different polynomial decays at different magnitudes of ρ. As a consequence, one would 
get that the asymptotic behaviour of ˆ︁1C(ρ u(θ)) oscillates between different polynomial 
orders at different magnitudes.

When further considering averages over rotations, we find a neat relation between the 
decay of the Fourier transform of 1C and parts of ∂C. Indeed, the starting point for our 
results on discrepancy is the following.

Lemma 3.5. Uniformly for every convex body C ⊂ ℝ2, and uniformly for every non
degenerate closed interval I ⊂ 𝕋2π, it holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ dθ ≍ ρ−3 (PC (I) + PC (I + π)) ,

with the convention that if PC (I) + PC (I + π) = 0, then it holds

lim 
ρ→+∞

ρ3
∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ dθ = 0.

The latter result is complementary to the estimates of Beck [1] and Montgomery [29, 
Ch. 6] in the case of complete rotations, and indeed, they both found a dependence on 
the perimeter |∂C|. More generally, the problem of estimating the Fourier transform of a 
geometric body (in arbitrary dimension) has a long history, and as examples, we refer the 
reader to [13,18,25,26,31,32]. In particular, our approach does not involve the Gaussian 
curvature, as it does not make use of the method of stationary phase for oscillatory 
integrals.

Once Lemma 3.3 is taken into account, the proof of Lemma 3.5 relies on Proposi
tion 3.7, which finds an exact relation between averages over semi-chords of a planar 
convex body and portions of its perimeter. It is a pivotal point of this paper, but in 
order to state such a result, we need to expand on our previous notion of chord.
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Fig. 2. The objects in Definition 3.6. For simplicity, we omit the subscript C. 

Definition 3.6. Let KC(θ, λ) be as in Definition 3.1. As displayed in Fig. 2, we set

s−C(θ, λ) and s+
C(θ, λ)

to be the parameterization by ΓC of the extreme points of KC(θ, λ), with the convention 
that

ΓC(s−C(θ, λ)) − ΓC(s+
C(θ, λ)) = |KC(θ, λ)|u′(θ).

Further, we define

so
−

C (θ) = lim 
λ→0

s−C(θ, λ) and so
+

C (θ) = lim 
λ→0

s+
C(θ, λ),

and we set

soC(θ) = so
−

C (θ) +
η|∂C|

(︂
so

−

C (θ), so+

C (θ)
)︂

2 
.

Hence, we define the right semi-chord K+
C (θ, λ) to be the projection of

ΓC

(︁[︁
soC(θ), s+

C(θ, λ)
]︁)︁

in direction u(θ) on KC(θ, λ),

and we define K−
C (θ, λ) analogously.

Having gathered all the previous definitions, we are able to state our technical result; 
in particular, we state it in the case of right semi-chords.

Proposition 3.7. Let C ⊂ ℝ2 be a convex body, and let I = (α, β] ⊂ 𝕋2π be a left semi
open interval. It holds

lim 
λ→0

1 
2λ

∫︂
I

⃓⃓
K+

C (θ, λ)
⃓⃓2 dθ = PC(I). (6)
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Remark 3.8. Suppose there exists s ∈ 𝕋|∂C| such that

νC(s) = [α1, β1] ⊂ 𝕋2π with α1 ̸= β1.

By some basic geometry, we get that for every θ ∈ (α1, β1) it holds

lim 
λ→0

1 
λ
|KC(θ, λ)| = cot (η2π(α1, θ)) + cot (η2π(θ, β1)) .

Hence, if we consider an interval [α2, β2] ⊂ (α1, β1) and set ρ = 1/λ, we get

β2∫︂
α2

⃓⃓
KC(θ, ρ−1)

⃓⃓2 dθ ≍ ρ−2.

Last, if we pair Proposition 3.7 with Lemma 6.3, we get the following spherical esti
mates on the Fourier transform.

Lemma 3.9. Uniformly for every convex body C ⊂ ℝ2, and uniformly for every non
degenerate closed interval I ⊂ 𝕋2π, it holds∫︂

I

⃓⃓⃓ˆ︁1C(ρ u(θ))
⃓⃓⃓2

dθ ≼ ρ−3 (PC (I) + PC (I + π)) ,

with the convention that if PC (I) + PC (I + π) = 0, then it holds

lim 
ρ→+∞

ρ3
∫︂
I

⃓⃓⃓ˆ︁1C(ρ u(θ))
⃓⃓⃓2

dθ = 0.

In particular, considering complete rotations in the latter result, we recover an asymp
totic version of the spherical estimates in [30]. Also, we point out that in arbitrary 
dimensions and for more general sets, the authors in [11] obtain an analogous decay; 
it seems plausible that the best constant should (as well) be the perimeter of the set 
considered, but this is an open matter.

4. History of the problem

To better comprehend the frame of this work, we start with a basic definition. We 
denote the characteristic function of an interval I ⊂ 𝕋 = 𝕋1 by 1I . In one dimension, a 
sequence {pj}∞j=1 ⊂ 𝕋 is said to be uniformly distributed if for every interval I ⊆ 𝕋 , it 
holds

lim 
N→+∞

N−1
N∑︂
j=1 

1I(pj) = |I|.
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The concept of discrepancy has been introduced as a quantitative counterpart to the 
notion of uniform distribution. Namely, for a positive integer N , the discrepancy of a 
sequence 𝒫 = {pj}∞j=1 ⊂ 𝕋 is defined as

D(𝒫, N) = sup 
0<x<1

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

1[0,x](pj) −Nx

⃓⃓⃓⃓
⃓⃓ .

In 1935, van der Corput [40] conjectured that for any sequence 𝒫 ⊂ 𝕋 , the quantity 
D(𝒫, N) stays unbounded with respect to N . Ten years later, the conjecture was proved 
true by van Aardenne-Ehrenfest [38,39] with a first lower bound. In 1954, Roth [33] 
significantly improved the previously established lower bound as a consequence of a 
result he achieved in the two-dimensional setting. In analogy with (4), for a set Ω ⊂ 𝕋 2

and for a configuration of N points 𝒫N ⊂ 𝕋 2, the discrepancy of 𝒫N with respect to Ω
usually refers to the quantity

𝒟(𝒫N , Ω) =
∑︂

p∈𝒫N

1Ω(p) −N |Ω|,

where, again, 1Ω stands for the characteristic function of Ω. We state the celebrated 
result of Roth [33], in which discrepancy over a family of rectangles is considered.

Theorem (Roth). It holds

inf 
#𝒫=N

1 ∫︂
0 

1 ∫︂
0 

|𝒟 (𝒫, [0, x) × [0, y))|2 dx dy ≽ logN.

The latter is a turning point in discrepancy theory, and the author himself considered 
it his best work (see [17] for more historical details). The proof employs the classic or
thogonal Haar basis, introducing a new geometric point of view into the field. We refer 
to [5] for an extensive survey on the impact of Roth’s result. In 1956, H. Davenport 
[19] showed that Roth’s lower bound could not be improved, therefore proving its sharp
ness. Later, in 1994, Montgomery [29, Ch. 6] introduced an original approach employing 
Fourier series and obtained the following result.

Theorem (Montgomery). It holds

inf 
#𝒫=N

1 ∫︂
0 

∫︂
𝕋2

⃓⃓
𝒟
(︁
𝒫, 𝝉 + [0, δ)2

)︁⃓⃓2 d𝝉 dδ ≽ logN.

The proof exploits the convolution structure of discrepancy and uses a lower bound of 
Cassels [14] for estimating exponential sums. In 1996, Drmota [22] proved Montgomery’s 
estimate to be sharp by showing it to be substantially equivalent to Roth’s.
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By relating continuous and discrete measures, discrepancy theory finds applications 
in a variety of fields of mathematics, and as examples, we refer the reader to [6,15,16, 
21,23,28,36]. Hence, it is natural to replace the rectangles and squares in the previous 
theorems with more general sets and study which geometric properties come into play. 
Surprisingly, within the family of convex sets, the lower bound for the discrepancy can 
be much higher than the logarithm. Indeed, already in 1969, Schmidt [34] showed that 
the discrepancy of a disc has a polynomial lower bound. Further, Montgomery’s result 
is a quadratic average over translations and dilations, and therefore, it comes naturally 
to consider the whole similarity group, including rotations.

In 1987, Beck [1] obtained the following major result on the similar quadratic discrep
ancy in the case of complete rotations.

Theorem (Beck). Uniformly for every convex body C ⊂ ℝ2, it holds

inf 
#𝒫=N

𝒟2(𝒫, C, 𝕋2π) ≽ |∂C|N1/2,

where |∂C| stands for the perimeter of C.

A few years later, in an independent work, Montgomery [29, Ch. 6] obtained a similar 
result, dropping the hypothesis of convexity but requiring ∂C to be a piecewise-𝒞1 simple 
curve. By combining the results of Kendall [27] and Podkorytov [30], the lower bound 
of Beck and Montgomery turns out to be sharp. Recently, Gennaioli and the author 
[4] established a general result on the similar quadratic discrepancy that extends the 
estimates of Beck and Montgomery to a broad class of bounded variation functions; in 
particular, our arguments rely on geometric measure-theoretic techniques. Further, we 
point out that averaging over dilations is necessary and cannot be dropped, as the reader 
may verify in [37]. Finally, by substituting C in the previous theorem with a disc and by 
its invariance under rotations, we get that the quadratic discrepancy of a disc averaged 
over translations and dilations has a sharp lower bound of order N1/2.

The quadratic discrepancy of planar convex bodies averaged over translations and 
dilations has been widely studied. For example, Beck and Chen [2] showed that the 
sharp logN lower bound holds not only for squares but for the broader family of convex 
polygons. More recently, Brandolini and Travaglini [12] gave sharp lower bounds for 
such quadratic discrepancy on a broad class of planar convex bodies with a piecewise-𝒞2

boundary. Within the same class of planar convex bodies, they retrieved sharp estimates 
of all the polynomial orders between N1/2 and N2/5, which is the same range as in 
our results. More recently, the author [3] constructed convex bodies whose quadratic 
discrepancy oscillates between prescribed polynomial orders in that range.

The similar quadratic discrepancy with respect to intervals of rotations was still an 
open matter. Recently, Bilyk and Mastrianni [9] obtained partial results studying the 
case of a square, and the questions raised thereafter motivated the current work. At 
the end of their paper, the authors suggest, on heuristic grounds, that the case of a 
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restricted interval of rotations should not differ from the case of all rotations. Our result 
shows that it is not so and fully addresses the open question. We also mention that the 
authors in [7,8] investigated the discrepancy of rectangles averaged over sets of (possibly 
uncountably many) rotations with empty interiors, and interestingly, the results heavily 
depend on Diophantine approximation properties.

5. Index of geometric notation

ηp at (1)
ΓC at Definition 2.1
νC , ν−C , ν+

C at Definition 2.1
𝒯C at Definition 2.3
ψC at Definition 2.3
KC at Definition 3.1

γC at Definition 3.1
LC and SC at Definition 3.1
PC at Definition 3.2
s−C and s+

C at Definition 3.6
soC , so−C , so+

C at Definition 3.6
K−

C and K+
C at Definition 3.6

6. Proofs: asymptotic behaviour of the Fourier transform

Let us start by exploiting the convolutional structure of (4), and show how the Fourier 
transform comes into play. Let C ⊂ ℝ2 be a convex body. Consider μH to be the nor
malized Haar measure on 𝕋 2, and for a point p ∈ 𝕋 2, consider μD(p) to be the Dirac 
delta centered at p. By setting

μ̃ =
∑︂

p∈𝒫N

μD(−p) −NμH,

we get that

𝒟(𝒫N , [𝝉 ]C) =
∫︂
𝕋2

𝔓{1C}(−𝝉 − x) dμ̃(x) = (𝔓{1C} ∗ μ̃) (−𝝉 ).

Now, for f ∈ L1(𝕋 2) or f ∈ ℳ(𝕋 2) (that is, the vector space of finite measures on 𝕋 2

with values in ℝ), we let

ℱ{f} : ℤ2 → ℂ

be the function of the Fourier coefficients of f . In particular, it is not difficult to see 
that, for every n ∈ ℤ2, it holds

ℱ ◦𝔓{1C}(n) = ˆ︁1C(n).

Therefore, by applying Parseval’s identity on 𝕋 2 and by (3), we get
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𝕋2

|𝒟(𝒫N , [𝝉 , δ, θ]C)|2 d𝝉 =
∫︂
𝕋2

⃓⃓
(𝔓{1[δ,θ]C} ∗ μ̃)

⃓⃓2 (𝝉 ) d𝝉

=
∑︂
n∈ℤ2

⃓⃓
ℱ ◦𝔓{1[δ,θ]C}(n)

⃓⃓2 |ℱ{μ̃}(n)|2

=
∑︂
n∈ℤ2

∗

⃓⃓⃓ˆ︁1[δ,θ]C(n)
⃓⃓⃓2 ⃓⃓⃓⃓⃓⃓ ∑︂

p∈𝒫N

e2πip·n

⃓⃓⃓⃓
⃓⃓
2

= δ4
∑︂
n∈ℤ2

∗

⃓⃓⃓ˆ︁1C(δσ−θn)
⃓⃓⃓2 ⃓⃓⃓⃓⃓⃓ ∑︂

p∈𝒫N

e2πip·n

⃓⃓⃓⃓
⃓⃓
2

,

where, for the sake of notation, we have set ℤ2
∗ = ℤ2 \ {0}.

In this first section, we study the asymptotic behaviour of ˆ︁1C . Namely, letting θ ∈ 𝕋2π
be an angle and considering ρ to be a real positive number, we are concerned with the 
decay of

ˆ︁1C(ρ u(θ)) as ρ → +∞.

First notice that, since 1C is a real function, it holds⃓⃓⃓ˆ︁1C(ρ u(θ))
⃓⃓⃓
=

⃓⃓⃓ˆ︁1C(ρ u(θ + π))
⃓⃓⃓
.

Without loss of generality assume θ = 0, so that

ˆ︁1C ((ρ, 0)) =
∫︂
ℝ 

∫︂
ℝ 

1C(x1, x2)e−2πiρx1 dx1 dx2 =
∫︂
ℝ 

g(x1)e−2πiρx1 dx1 = ˆ︁g(ρ),
where we have set

g(t) =
∫︂
ℝ 

1C(t, x2) dx2. (7)

Since C is convex, the non-negative function g is supported and concave on an interval 
[a, b] ⊂ ℝ. Therefore, we are led to study the Fourier transform of such a one-dimensional 
function, and to proceed, we define an auxiliary tool.

Definition 6.1. Let g : ℝ → ℝ be a non-negative function supported and concave on [a, b], 
then for every λ ∈

[︁
0, b−a

2 
]︁

we define the height of g at distance λ from the support as

ζg(λ) = max {g(a + λ), g(b− λ)} .

We remark on the duality between the latter quantity and the chord in Definition 3.1, 
which is strongly related to the decay of the Fourier transform of 1C . The following 
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estimate is obtained through a simple geometric argument. In particular, notice that the 
threshold and the values involved depend solely on the diameters of C.

Proposition 6.2. Let C ⊂ ℝ2 be a convex body. For every θ ∈ 𝕋2π and for every ρ ≥ 2/SC , 
it holds

γC(θ, ρ−1) ≥ SC

LC
ρ−1.

Proof. Without loss of generality, suppose θ = 0 and define g as in (7). In particular, 
notice that

ζg(ρ−1) = γC(0, ρ−1),

so that it is enough to estimate g. It is not difficult to see that

SC ≤ max
x∈ℝ 

g(x) ≤ LC and SC ≤ |supp(g)| ≤ LC , (8)

and by the concavity of g on its support, it follows from some easy geometric observations 
that, for every ρ ≥ 2/SC , it holds

g(ρ−1) ≥ maxx∈ℝ g(x)
|supp(g)| ρ−1 ≥ SC

LC
ρ−1. □

We state a classic upper bound on such one-dimensional functions due to Podkorytov 
[30]. For more results in this direction, we refer the interested reader to [36, Ch. 8].

Lemma (Podkorytov). Let f : ℝ → ℝ be a non-negative continuous function supported 
and concave on [−1, 1], then for every value s ≥ 1 it holds⃓⃓⃓ ˆ︁f(s)

⃓⃓⃓
≤ s−1ζf (s−1).

Let us show how the latter lemma evolves into estimates on the decay of the Fourier 
transform of 1C . Consider a non-negative function g : ℝ → ℝ supported and concave on 
a bounded interval [a, b] ⊂ ℝ, and apply the a�ine change of variable

f(s) = g

(︃
b + a

2 
+ s

b− a

2 

)︃
, (9)

hence obtaining

⃓⃓⃓ ˆ︁f(s)
⃓⃓⃓
= 2 

b− a

⃓⃓⃓⃓ˆ︁g(︃ 2s 
b− a

)︃⃓⃓⃓⃓
. (10)

Further, notice that it holds
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f(±(1 − λ)) = g

(︃
b + a

2 
± (1 − λ)b− a

2 

)︃
,

and therefore, for every λ ∈ [0, 1], we get

ζf (λ) = ζg

(︃
λ 
b− a

2 

)︃
.

Hence, by applying the latter lemma to f and by translating into terms of g, we have 
that, for every s ≥ 1, it holds

2 
b− a

⃓⃓⃓⃓ˆ︁g(︃ 2s 
b− a

)︃⃓⃓⃓⃓
≤ s−1ζg

(︃
b− a

2s 

)︃
,

so that by the change of variable

ρ = 2s/(b− a),

we get that, for every ρ ≥ 2/(b− a), it holds

|ˆ︁g(ρ)| ≤ ρ−1ζg
(︁
ρ−1)︁ .

In particular, we remark that |b − a| is bounded from below by SC independently of 
the choice of θ, and therefore, by turning into terms of the convex body C, we get the 
following formulation.

Lemma 6.3. Let C ⊂ ℝ2 be a convex body. For every θ ∈ 𝕋2π and for every ρ ≥ 2/SC , it 
holds ⃓⃓⃓ˆ︁1C (ρ u(θ))

⃓⃓⃓
≤ ρ−1γC(θ, ρ−1).

We now state an essential result that establishes both a lower and an upper bound 
on the Fourier transform of one-dimensional functions as the one in (7).

Lemma (Brandolini-Travaglini). There exist positive absolute constants κ1 < 1 < κ2
such that, uniformly for every non-negative continuous function f : ℝ → ℝ supported 
and concave on [−1, 1], it holds

κ2∫︂
κ1

⃓⃓⃓ ˆ︁f(δs)
⃓⃓⃓2

dδ ≍ s−2ζ2
f (s−1).

Actually, it was Podkorytov who first achieved the latter estimate and then showed 
it to Travaglini during a personal communication in 2001, but the original proof has 
never been published. The authors in [12, Lem. 23] give an original proof by relating 
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the Fourier transform of such f with its moduli of smoothness (see [20, Ch. 2]). Now, 
with Proposition 6.2 and Lemma 6.3 in mind, we turn this result into estimates for the 
Fourier transform of 1C .

Proof of Lemma 3.3. Let us start by proving the upper bound. First, we set ρ0 = 2/SC

and consider ρ ≥ ρ0. Then, it is useful to split the integral as

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ =

=
ρ0/ρ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ + 

1 ∫︂
ρ0/ρ

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ.

(11)

By basic properties of the Fourier transform and the fact that |C| ≤ L2
C (this easily 

follows by (8)), we obtain⃦⃦⃦ˆ︁1[δ]C

⃦⃦⃦
L∞(ℝ2)

≤
⃦⃦
1[δ]C

⃦⃦
L1(ℝ2) = δ2 |C| ≤ δ2L2

C ,

so that, for the first integral in the right-hand term of (11), we get

ρ0/ρ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ ≤ L4
C

ρ0/ρ∫︂
0 

δ4 dδ = 32L4
C

5S5
C

ρ−5. (12)

Now, notice that by the concavity of |KC(θ, ·)| on its support, we have that, for every 
angle θ ∈ 𝕋2π, for every ρ > 0, and for every δ ∈ (0, 1], it holds

γC(θ, δ−1ρ−1) ≤ δ−1 γC(θ, ρ−1).

Therefore, by the latter observation, and by (3) and Lemma 6.3, for the second integral 
in the right-hand term of (11) we get

1 ∫︂
ρ0/ρ

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ =
1 ∫︂

ρ0/ρ

δ4
⃓⃓⃓ˆ︁1C(δρ u(θ))

⃓⃓⃓2
dδ

≤
1 ∫︂

ρ0/ρ

δ4 ⃓⃓δ−1ρ−1γC(θ, δ−1ρ−1)
⃓⃓2 dδ

≤
1 ∫︂

ρ0/ρ

δ2 ⃓⃓ρ−1δ−1γC(θ, ρ−1)
⃓⃓2 dδ ≤ ρ−2γ2

C(θ, ρ−1).
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By Proposition 6.2, it holds

ρ−2γ2
C(θ, ρ−1) ≥ S2

C

L2
C

ρ−4,

so that, by defining

ρ1 = 32L6
C

5S7
C

,

one can deduce from (12) that, for every ρ ≥ ρ1, it holds

ρ0/ρ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ ≤ S2
C

L2
C

ρ−4 ≤ ρ−2γ2
C(θ, ρ−1).

Finally, by combining the latter observations into (11), we obtain that, for every ρ ≥
max{ρ0, ρ1}, it holds

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ ≤
ρ0/ρ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(θ))
⃓⃓⃓2

dδ + ρ−2γ2
C(θ, ρ−1)

≤ 2ρ−2γ2
C(θ, ρ−1).

Let us now proceed to prove the lower bound. As before, and without loss of generality, 
we assume θ = 0, and we define g as in (7). Hence, we define f by the same a�ine change 
of variable as in (9), so that its support is the interval [−1, 1]. By the latter lemma, it 
follows that there exist positive absolute constants s̃ > 1 and c̃ > 0 such that, uniformly 
for every such f and for every s ≥ s̃, it holds

s−2ζ2
f (s−1) ≤ c̃

κ2∫︂
κ1

⃓⃓⃓ ˆ︁f(δs)
⃓⃓⃓2

dδ.

By the concavity of f on its support, it follows that, for every s1 and s2 such that 
0 ≤ s1 < s2 ≤ 1, it holds

f(−1 + s1) ≤ 2f(−1 + s2) and f(1 − s1) ≤ 2f(1 − s2).

Hence, since κ2 > 1 and s̃ > 1, then for every s ≥ s̃ it holds

s−2ζ2
f (κ−1

2 s−1) ≤ 4c̃
κ2∫︂

κ1

⃓⃓⃓ ˆ︁f(δs)
⃓⃓⃓2

dδ ≤ 4c̃
κ4

1

κ2∫︂
κ1

δ4
⃓⃓⃓ ˆ︁f(δs)

⃓⃓⃓2
dδ.
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Turning into terms of g, and by (10) and the change of variable, ρ = 2sκ2/(b − a), we 
get that, for every ρ such that ρ ≥ 2s̃κ2/(b− a), it holds

κ2
2ρ

−2ζ2
g

(︁
ρ−1)︁ ≤ 4c̃

κ4
1

κ2∫︂
κ1

δ4 ⃓⃓ˆ︁g (︁δκ−1
2 ρ

)︁⃓⃓2 dδ.

Independently of the choice of θ, it holds |b− a| ≥ SC , and then we set

ρ2 = 2s̃κ2/SC .

Hence, by rewriting the last inequality in terms of C, and by the change of variable 
δ = κ2ℓ, we get that for every ρ ≥ ρ2 it holds

ρ−2γ2
C(0, ρ−1) ≤ 4c̃κ3

2
κ4

1

1 ∫︂
0 

ℓ4
⃓⃓⃓ˆ︁1C(ℓρ, 0)

⃓⃓⃓2
dℓ = 4c̃κ3

2
κ4

1

1 ∫︂
0 

⃓⃓⃓ˆ︁1[ℓ]C(ρ, 0)
⃓⃓⃓2

dℓ.

Last, we set κ4 = κ4
1/(4c̃κ3

2), and the conclusion follows once we acknowledge that there 
exists a positive absolute constant κ3, independent of C, such that it holds

max{ρ0, ρ1, ρ2} ≤ κ3L
6
C/S

7
C . □

Remark 6.4. Notice that the estimates in the latter lemma are uniform for a class of 
planar convex bodies whose longest and shortest directional diameters are uniformly 
bounded away from zero and infinity.

We proceed with the proof of Proposition 3.7, which is indeed the tool that allows us 
to study averages over intervals of rotations.

Proof of Proposition 3.7. For the sake of simplicity, we omit the subscript C under the 
geometric objects. With the help of Fig. 3, observe that

⃓⃓
K+(θ, λ)

⃓⃓
= −

s+(θ,λ)∫︂
so(θ) 

u′(θ) · Γ′(t) dt, (13)

and 

s+(θ,λ)∫︂
so(θ) 

u(θ) · Γ′(t) dt = λ. (14)

Since C is a convex body, it is not difficult to deduce that the set of angular points of C
is at most countable. In turn, this implies that the derivatives



T. Beretti / Advances in Mathematics 503 (2026) 111220 19

Fig. 3. An auxiliary image for the proof of Proposition 3.7. For simplicity, we omit the subscript C. 

∂

∂λ
s+, 

∂

∂θ
s+, and Γ′, exist almost everywhere.

Hence, by taking the distributional derivative with respect to λ of both sides of (14), we 
get (︃

∂

∂λ
s+(θ, λ)

)︃
u(θ) · Γ′(s+(θ, λ)) = 1. (15)

Also, by taking the distributional derivative with respect to θ of both sides of (14) and 
by applying Leibniz integral rule, we obtain

(︃
∂

∂θ
s+(θ, λ)

)︃
u(θ) · Γ′(s+(θ, λ)) +

s+(θ,λ)∫︂
so(θ) 

u′(θ) · Γ′(t) dt =

=
(︃

∂

∂θ
so(θ)

)︃
u(θ) · Γ′(so(θ)).

(16)

It is simple to notice that, for every θ ∈ 𝒯 , it holds

∂

∂θ
so(θ) = 0.

On the other hand, for every θ ∈ 𝒯 c, it holds

u(θ) · Γ′(so(θ)) = 0.

Therefore, for every angle θ ∈ 𝕋2π, it holds(︃
∂

∂θ
so(θ)

)︃
u(θ) · Γ′(so(θ)) = 0. (17)

Hence, by (13), (16), and (17), it follows that
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⃓⃓
K+(θ, λ)

⃓⃓
=

(︃
∂

∂θ
s+(θ, λ)

)︃
u(θ) · Γ′(s+(θ, λ)). (18)

Also, by taking the distributional derivative with respect to λ of both sides of (13), we 
get

∂

∂λ

⃓⃓
K+(θ, λ)

⃓⃓
= −

(︃
∂

∂λ
s+(θ, λ)

)︃
u′(θ) · Γ′(s+(θ, λ)). (19)

Then, since we can apply the dominated convergence theorem to the integral at the 
left-hand side of (6), and by (15), (18), and (19), it follows that

∂

∂λ

∫︂
I

⃓⃓
K+(θ, λ)

⃓⃓2 dθ =

= 2
∫︂
I

⃓⃓
K+(θ, λ)

⃓⃓ (︃ ∂

∂λ

⃓⃓
K+(θ, λ)

⃓⃓)︃
dθ

= −2
∫︂
I

(︃
∂

∂θ
s+(θ, λ)

)︃
u(θ) · Γ′(s+(θ, λ))

(︃
∂

∂λ
s+(θ, λ)

)︃
u′(θ) · Γ′(s+(θ, λ)) dθ

= −2
∫︂
I

(︃
∂

∂θ
s+(θ, λ)

)︃
u′(θ) · Γ′(s+(θ, λ)) dθ.

Now, notice that so+(θ) = so(θ) if and only if{︃
b ∈ C : b · u(θ) = min

a∈C 
a · u(θ)

}︃
is a single point.

Also, it is not difficult to see that, for every fixed θ ∈ 𝕋2π, it holds

lim 
λ→0

Γ′(s+(θ, λ)) = −u′(ν+(so
+
(θ))),

and therefore, by the dominated convergence theorem, for every small ε > 0 there exists 
λε > 0 such that, for every λ ∈ ℝ such that 0 < λ ≤ λε, it holds∫︂

Aλ
ε

⃓⃓⃓⃓
∂

∂θ
s+(θ, λ)

⃓⃓⃓⃓
dθ < ε,

where we have set

Aλ
ε =

{︂
θ ∈ I :

⃓⃓⃓
Γ′(s+(θ, λ)) + u′(ν+(so

+
(θ)))

⃓⃓⃓
≥ ε

}︂
.

Now, consider the set
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Eε =
{︂
θ ∈ I : η2π

(︂
θ, ν+(so

+
(θ))

)︂
≥ ε

}︂
,

and let [αj , βj ] be one of its connected components; in particular, notice that these are 
at most 2π/ε. Hence, we set

ℓ(θ, λ) = η|∂C|

(︂
so

+
(θ), s+(θ, λ)

)︂
,

and since so
+(αj) = so

+(βj), and by some basic geometry, we get that⃓⃓⃓⃓
⃓⃓⃓ βj∫︂
αj

∂

∂θ
s+(θ, λ) dθ

⃓⃓⃓⃓
⃓⃓⃓ = |ℓ(βj , λ) − ℓ(αj , λ)|

≤ λ 
sin(ε) = λ 𝒪(ε−1).

Moreover, notice that, for every θ ∈ I \ Eε, it holds

u′(θ) · u′(ν+(so
+
(θ))) = cos(θ − ν+(so

+
(θ))) ≥ cos(ε) = 1 + 𝒪(ε2).

By the latter observations, for every λ such that 0 < λ ≤ λε, it follows that

−
∫︂
I

(︃
∂

∂θ
s+(θ, λ)

)︃
u′(θ) · Γ′(s+(θ, λ)) dθ =

=
∫︂
I

(︃
∂

∂θ
s+(θ, λ)

)︃
u′(θ) · u′(ν+(so

+
(θ))) dθ + 𝒪(ε)

=
∫︂

I\Eε

(︃
∂

∂θ
s+(θ, λ)

)︃
u′(θ) · u′(ν+(so

+
(θ))) dθ + λ 𝒪(ε−2) + 𝒪(ε)

=
∫︂

I\Eε

∂

∂θ
s+(θ, λ) dθ + λ 𝒪(ε−2) + 𝒪(ε)

=
∫︂
I

∂

∂θ
s+(θ, λ) dθ + λ 𝒪(ε−2) + 𝒪(ε)

= η|∂C|

(︂
so

+
(α), so

+
(β)

)︂
+ ℓ(β, λ) − ℓ(α, λ) + λ 𝒪(ε−2) + 𝒪(ε).

Finally, ℓ(θ, λ) vanishes as λ → 0 for every fixed θ, and it holds

η|∂C|

(︂
so

+
(α), so

+
(β)

)︂
= PC((α, β]),

therefore, by choosing λ = min
(︁
λε, ε

3)︁ and letting ε → 0, we get that
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lim 
λ→0

∂

∂λ

∫︂
I

⃓⃓
K+(θ, λ)

⃓⃓2 dθ = 2PC((α, β]).

Last, the claim follows at once by applying l’Hôpital’s rule. □
By an analogous proof, the same result for K−

C and right semi-open intervals I = [a, b)
holds. As for entire chords KC , by the fact that for every a, b ≥ 0 it holds

a2 + b2

2 
≤ max

(︁
a2, b2

)︁
≤ a2 + b2 and a2 + b2 ≤ (a + b)2 ≤ 2a2 + 2b2,

it easily follows a handy result.

Corollary 6.5. Let C ⊂ ℝ2 be a convex body, and let I ⊂ 𝕋2π be a non-degenerate closed 
interval. It holds

lim inf
ρ→+∞ 

ρ

∫︂
I

γ2
C(θ, ρ−1) dθ ≥ PC (I) + PC (I + π)

and

lim sup
ρ→+∞ 

ρ

8 

∫︂
I

γ2
C(θ, ρ−1) dθ ≤ PC (I) + PC (I + π) .

Pairing the latter result with, respectively, Lemma 6.3 and Lemma 3.3, we immediately 
get Lemma 3.9 and Lemma 3.5. We also retrieve the following.

Lemma 6.6. Let C ⊂ ℝ2 be a convex body, and let I ⊆ 𝕋2π be an interval of angles such 
that ψC < |I| ≤ 2π. Uniformly for every ω ∈ 𝕋2π, it holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ρ u(ω))
⃓⃓⃓2

dδ dθ ≍ ρ−3.

Proof. First, we prove that there exists a positive value c such that for every ω ∈ 𝕋2π it 
holds

lim inf
ρ→+∞ 

ρ

∫︂
ω−I

γ2
C(θ, ρ−1) dθ ≥ c.

If this were not the case, then, by the latter corollary, we would have a sequence of 
{ωj}j∈ℕ ⊂ 𝕋2π such that

lim 
j→+∞

(PC(ωj − I) + PC(ωj − I + π)) = 0.
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Hence, by the compactness of 𝕋2π, we would get the existence of a ω̃ ∈ 𝕋2π such that

PC(ω̃ − I) = 0 = PC(ω̃ − I + π),

but this is a contradiction since it implies that

(ω̃ − I) ∪ (ω̃ − I + π) ⊂ 𝒯C ,

and consequently, it would hold ψC ≥ |I|.
Finally, by Lemma 3.3 and by the compactness of 𝕋2π, it follows that, uniformly for 

every ω ∈ 𝕋2π, it holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ]C(ρ u(ω − θ))
⃓⃓⃓2

dδ dθ ≍ ρ−2
∫︂

ω−I

γ2
C(θ, ρ−1) dθ ≍ ρ−3. □

7. Proofs: discrepancy over the similarity group

We show a classical technical result on estimating exponential sums from below. We 
also point out that an analogous result holds on manifolds, as recently presented in [10] 
and [24]. Last, the argument in the proof of the following lemma is due to Siegel [35].

Lemma 7.1 (Cassels-Montgomery). Let U ⊂ ℝ2 be a bounded neighbourhood of the origin. 
There exists a positive value cU such that, for every origin-symmetric convex body Ω ⊂ ℝ2

and for every finite configuration of points {pj}Nj=1 ⊂ 𝕋 2, it holds

∑︂
m∈(Ω\U)∩ℤ2

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πim·pj

⃓⃓⃓⃓
⃓⃓
2

≥ |Ω|
4 

N − cUN
2.

Proof. Consider the auxiliary sets AΩ(x) ⊂ ℤ2 defined by

AΩ(x) = (x + Ω/2) ∩ ℤ2.

Notice that ∫︂
𝕋2

#AΩ(x) dx =
∫︂
𝕋2

∑︂
n∈ℤ2

1Ω/2(n − x) dx =
∫︂
ℝ2

1Ω/2(x) dx = |Ω|
4 

,

and therefore, we can identify a point

x∗ ∈ [0, 1)2 such that #AΩ(x∗) ≥
|Ω|
4 

.

Hence, consider the non-negative trigonometric polynomial
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T (y) = 1 
#AΩ(x∗)

⃓⃓⃓⃓
⃓⃓ ∑︂
n∈AΩ(x∗)

e2πin·y

⃓⃓⃓⃓
⃓⃓
2

= 1 
#AΩ(x∗)

∑︂
n,m∈AΩ(x∗)

e2πi(n−m)·y,

and notice that the function of its Fourier coefficients ˆ︁T : ℤ2 → ℝ is non-negative as 
well and, since n,m ∈ AΩ(x∗) imply (n − m) ∈ Ω, then its support is contained in Ω. 
Further, observe that we have

T (0) = #AΩ(x∗) ≥
|Ω|
4 

.

Since for every n ∈ ℤ2 it holds

0 ≤ ˆ︁T (n) ≤ ˆ︁T (0) =
∫︂
𝕋2

T (x) dx = 1,

then it follows that

∑︂
n∈Ω∩ℤ2

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πin·pj

⃓⃓⃓⃓
⃓⃓
2

≥
∑︂

n∈Ω∩ℤ2

ˆ︁T (n)

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πin·pj

⃓⃓⃓⃓
⃓⃓
2

=
N∑︂
j=1 

N∑︂
ℓ=1 

∑︂
n∈Ω∩ℤ2

ˆ︁T (n) e2πin·(pj−pℓ)

=
N∑︂
j=1 

N∑︂
ℓ=1 

T (pj − pℓ) ≥ N
|Ω|
4 

.

Last, we get

∑︂
n∈(Ω\U)∩ℤ2

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πin·pj

⃓⃓⃓⃓
⃓⃓
2

≥
∑︂

n∈Ω∩ℤ2

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πin·pj

⃓⃓⃓⃓
⃓⃓
2

−
∑︂

n∈U∩ℤ2

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πin·pj

⃓⃓⃓⃓
⃓⃓
2

≥ N
|Ω|
4 

−
∑︂

n∈U∩ℤ2

N2 = N
|Ω|
4 

− cUN
2. □

We now prove a general result that allows us to obtain lower bounds for the quadratic 
discrepancy. The original argument is in [12], and we present an integral version of the 
proof. As further notation, we consider the argument function

arg : ℝ2 \ {0} →
(︂
−π

2 
,
π

2 

]︂
defined as arg(x1, x2) = arctan x2

x1
.

Theorem 7.2. Let C ⊂ ℝ2 be a convex body. Let Ξ be a measure space of transformations 
of C and let h ∈ [0, 1]. If there exist an interval of angles I ⊂ 𝕋2π and values ρ̃, c̃ > 0
such that for every ρ ≥ ρ̃ it holds
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∫︂
Ξ 

⃓⃓⃓ˆ︁1[ξ]C(ρ u(ω))
⃓⃓⃓2

dξ ≥ c̃

{︄
ρ−3 if ω ∈ I ∪ (I + π)
ρ−3−h else

,

then it holds

inf 
#𝒫=N

∫︂
Ξ 

∫︂
𝕋2

|𝒟(𝒫N , [𝝉 , ξ]C)|2 d𝝉 dξ ≽ N
2 

4+h .

Proof. In what follows, we will make some reasonable assumptions so as not to get into 
tedious (but basic) geometric details and to better convey the ideas of the proof.

Let N ∈ ℕ \ {0}. Consider a rectangle R ⊂ ℝ2 such that it is symmetric with respect 
to the axes and has a vertex in (X,Y ) where X = X(N) and Y = Y (N) are positive 
parameters of N to be chosen later. As for now, we set them in such a way that

|R| = 4XY = κN,

where κ is a positive value to be chosen later. Also, we assume that X is reasonably 
bigger than Y . Now, we define the function Φ : ℤ2 → ℝ+ as

Φ(m) =
∫︂
I

1[θ]R(m) dθ,

and then aim to find a parameter Z = Z(N) such that for every m ∈ ℤ2 it holds

ZΦ(m) ≤
{︄
|m|−3 if arg(m) ∈ I ∪ (I + π)
|m|−3−h else

.

First, we consider all m ∈ ℤ2 such that |m| ≥ Y . By some basic geometry, we find that 
Φ(m) ≤ 2α where α is such that |m| sinα = Y , and therefore we obtain

Φ(m) ≤ π
Y

|m| .

Also, for every m ∈ ℤ2 such that arg(m) ̸∈ I ∪ (I + π), it is reasonable to assume 
Φ(m) = 0. Recall that in the sector arg(m) ∈ I ∪ (I + π) we aim for ZΦ(m) ≤ |m|−3. 
Since for every m such that |m| ≥ X it is reasonable to assume Φ(m) = 0, we are 
therefore led to choose

Z ≤ 1 
πY X2 .

On the other hand, we consider all m ∈ ℤ2 such that |m| ≤ Y . We have the trivial 
estimate Φ(m) ≤ |I| ≤ π. It is enough to aim for ZΦ(m) ≤ |m|−3−h, and therefore we 
are led to choose
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Z ≤ 1 
πY 3+h

.

Thus, the choice

Z ≤ min
(︁
π−1Y −1X−2, π−1Y −3−h

)︁
will suit us overall. By equalizing the two terms in the minimum, while keeping in mind 
the constraint 4XY = κN , we finally get

X = c1N
2+h
4+h , Y = c2N

2 
4+h , and Z = c3N

− 6+2h
4+h ,

where ci are positive values that eventually depend on κ and h.
Finally, for any configuration of N points 𝒫N = {pj}Nj=1 ⊂ 𝕋 2, by Parseval’s identity 

and by Cassels-Montgomery lemma, we get

∫︂
Ξ 

∫︂
𝕋2

|𝒟(𝒫N , [𝝉 , ξ]C)|2 d𝝉 dξ =
∑︂

m∈ℤ2\{0}

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πim·pj

⃓⃓⃓⃓
⃓⃓
2 ∫︂

Ξ 

⃓⃓⃓ˆ︁1ξC(m)
⃓⃓⃓2

dξ

≥ c̃
∑︂

|m|≥ρ̃

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πim·pj

⃓⃓⃓⃓
⃓⃓
2

ZΦ(m)

= c̃Z

∫︂
I

∑︂
|m|≥ρ̃ and m∈[θ]R

⃓⃓⃓⃓
⃓⃓ N∑︂
j=1 

e2πim·pj

⃓⃓⃓⃓
⃓⃓
2

dθ

≥ c̃Z|I|
(︂κ

4 
N2 − cρ̃N

2
)︂
,

so that, by choosing κ = 8cρ̃ in the last line, we obtain∫︂
Ξ 

∫︂
𝕋2

|𝒟(𝒫N , [𝝉 , ξ]C)|2 d𝝉 dξ ≥ c4N
− 6+2h

4+h N2 = c4N
2 

4+h ,

where c4 is a positive value that eventually depends on h, ρ̃, c̃ and |I|. □
We now turn to the proof of our main results on the similar quadratic discrepancy of 

planar convex bodies.

Proof of Theorem 2.5. By Lemma 6.6, we have that, uniformly for every ω ∈ 𝕋2π, it 
holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ρ u(ω))
⃓⃓⃓2

dδ dθ ≍ ρ−3. (20)
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Hence, by Theorem 7.2 in the case of h = 0, we get the lower bound

inf 
#𝒫=N

𝒟2(𝒫, C, I) ≽ N1/2.

In order to show the upper bound, we aim to find a suitable sampling for every N . 
To proceed, we first show it in the case of N being a square, and then the general 
upper bound will follow from Lagrange’s four-square theorem and the fact that, for 
a1, . . . , a4 ≥ 0, it holds ⎛⎝ 4 ∑︂

j=1 
aj

⎞⎠2

≤ 4
4 ∑︂

j=1 
a2
j .

Hence, let N be a square and consider

𝒫N = {ph,j}N
1/2

h,j=1 =
{︃(︃

h 
N1/2 ,

j

N1/2

)︃}︃N1/2

h,j=1
⊂ 𝕋 2.

By Parseval’s identity, we get

𝒟2(𝒫N , C, I) =
∑︂

m∈ℤ2\{0}

⃓⃓⃓⃓
⃓⃓N

1/2∑︂
h=1 

N1/2∑︂
j=1 

e2πim·ph,j

⃓⃓⃓⃓
⃓⃓
2 ∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(m)
⃓⃓⃓2

dδ dθ,

and in particular, notice that

N1/2∑︂
h=1 

N1/2∑︂
j=1 

e2πim·ph,j =
{︄
N if m1 = n1N

1/2 and m2 = n2N
1/2 for some n ∈ ℤ2

0 else
.

Finally, by (20), we get

𝒟2(𝒫N , C, I) =
∑︂

n∈ℤ2\{0}
N2

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(nN1/2)
⃓⃓⃓2

dδ dθ

≼ N2
∑︂

n∈ℤ2\{0}
|n|−3N−3/2 ≼ N1/2. □

The proof of Theorem 2.6 requires more attention. The first step to prove both lower 
and upper bound will be to identify two sectors of 𝕋2π where the averaged Fourier 
transform of C has different magnitudes of decay.

Proof of Theorem 2.6. First, we prove the lower bound. By Lemma 3.3 and Corol
lary 6.5, and by accounting for the fact that not all points on the boundary of a planar 
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convex body can be angular points, it follows that there exists an interval I1 ⊂ 𝕋2π such 
that, uniformly for every ω ∈ I1 ∪ (I1 + π), it holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ρ u(ω))
⃓⃓⃓2

dδ dθ ≍ ρ−3.

Moreover, by the results in Lemma 3.3 and Proposition 6.2, we obtain that, uniformly 
for every ω ∈ (I1 ∪ (I1 + π))c, it holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ρ u(ω))
⃓⃓⃓2

dδ dθ ≽ ρ−2
∫︂

ω−I

γ2
C(θ, ρ−1) dθ ≽ ρ−4.

Therefore, by applying Theorem 7.2 in the case of h = 1, we get the lower bound

inf 
#𝒫=N

𝒟2(𝒫, C, I) ≽ N2/5.

Now, we proceed to show the upper bound. Since |I| < ψC , and by Lemma 3.3 and 
Remark 3.8, we get the existence of an open interval I2 such that, uniformly for every 
ω ∈ I2 ∪ (I2 + π), it holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ρ u(ω))
⃓⃓⃓2

dδ dθ ≍ ρ−2
∫︂

ω−I

γ2
C(θ, ρ−1) dθ ≍ ρ−4. (21)

Hence, by the results in Lemma 3.3 and Corollary 6.5, we have that, uniformly for every 
ω ∈ (I2 ∪ (I2 + π))c, it holds

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ρ u(ω))
⃓⃓⃓2

dδ dθ ≼ ρ−2
∫︂

ω−I

γ2
C(θ, ρ−1) dθ ≼ ρ−3. (22)

We proceed to show an explicit construction of suitable samplings. First, let us do it for 
a number N of points such that

N = ⌊n3/5⌋ ⌊n2/5⌋ for some n ∈ ℕ.

Hence, set

G = ⌊n3/5⌋, L = ⌊n2/5⌋, JG = [0, G− 1] ∩ℕ and JL = [0, L− 1] ∩ℕ.

Now, take

q1
q2

∈ ℚ such that gcd(q1, q2) = 1 and arctan q1
q2

∈ I2 ∪ (I2 + π),
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Fig. 4. We depict two different dispositions of the points in 𝒫N for N = 45. The one on the left side 
corresponds to the starting lattice. The points on the right side are to be counted twice.

so that the line q2y = q1x makes an angle in I2 ∪ (I2 + π) with the x-axis. For the sake 
of simplicity, we set

ω̃ = arctan q1
q2

.

To glimpse the idea behind the coming construction, notice that

σω̃(x, y) =
(︁
q2
1 + q2

2
)︁−1/2 (q2x− q1y, q1x + q2y).

Hence, consider the configuration of points 𝒫N ⊂ 𝕋 2 defined by

𝒫N = {pj}Nj=1 = {pℓ,g}ℓ∈JL, g∈JG
with pℓ,g =

(︃
q2

ℓ 
L

− q1
g

G
, q1

ℓ 
L

+ q2
g

G

)︃
,

where the coordinates of pℓ,g are taken modulo 1 (in particular, repetition of points in 
𝒫N is admitted, and we refer to Fig. 4 for an example). Further, one may notice that 
pℓ,g is the representative in 𝕋 2 of the point (ℓ/L, g/G) ⊂ ℝ2 after a counterclockwise 
rotation by the angle ω̃ and a dilation by the factor (q2

1 + q2
2)1/2. Again, by Parseval’s 

identity, we obtain

∫︂
𝕋2

|𝒟(𝒫N , [𝝉 , δ, θ]C)|2 d𝝉 =
∑︂

m̸=(0,0)

⃓⃓⃓ˆ︁1[δ,θ]C(m)
⃓⃓⃓2 ⃓⃓⃓⃓⃓⃓ ∑︂

g∈JG

∑︂
ℓ∈JL

e2πim·pℓ,g

⃓⃓⃓⃓
⃓⃓
2

.

Observe that∑︂
g∈JG

∑︂
ℓ∈JL

e2πi
(︁

ℓ 
L (q2m1+q1m2)+ g

G (q2m2−q1m1)
)︁
=

=
{︄
GL if q2m1 + q1m2 = n1L and q2m2 − q1m1 = n2G for some n ∈ ℤ2

0 else
,
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hence we are looking for all non-zero m ∈ ℤ2 for which there exist some n ∈ ℤ2 such 
that ⎧⎨⎩m1 = 1 

q2
1+q2

2
(q2n1L− q1n2G)

m2 = 1 
q2
1+q2

2
(q1n1L + q2n2G)

.

We label as ℛ the set of all the non-zero m ∈ ℤ2 that happen to be solutions to the 
latter system. Furthermore, we consider the auxiliary set

ℛ̃ = (q2
1 + q2

2)−1/2 {︁(n1L, n2G) : n ∈ ℤ2 \ {0}
}︁
,

and in particular, we notice that [−ω̃]ℛ ⊂ ℛ̃.
Again, since the Fourier transform and rotations commute, we get

∑︂
m∈ℛ

⃓⃓⃓ˆ︁1[δ,θ]C(m)
⃓⃓⃓2

=
∑︂

m∈[−ω̃]ℛ

⃓⃓⃓ˆ︁1[δ,θ]C(σω̃m)
⃓⃓⃓2

=
∑︂

m∈[−ω̃]ℛ

⃓⃓⃓ˆ︁1[δ,θ−ω̃]C(m)
⃓⃓⃓2

≤
∑︂
m∈ℛ̃

⃓⃓⃓ˆ︁1[δ,θ−ω̃]C(m)
⃓⃓⃓2
.

(23)

In order to estimate the latter quantity, we distinguish between two different regions of 
ℛ̃. First, we let

α ∈
(︂
0, π2 

)︂
be such that [−α, α] ⊂ (I2 ∪ (I2 + π) − ω̃) ,

and then we split ℛ̃ in the region

V =
{︁
m ∈ ℛ̃ : argm ∈ [−α, α]

}︁
and its complementary V c. In particular, the condition argm ∈ [−α, α] in the definition 
of V translates into the requirement

|n2|G ≤ |n1|L tanα.

Hence, by (23), we have

𝒟2(𝒫N , C, I) ≤

≤
∫︂
I

1 ∫︂
0 

G2L2
∑︂
m∈ℛ̃

⃓⃓⃓ˆ︁1[δ,θ−ω̃]C(m)
⃓⃓⃓2

dδ dθ

= G2L2
∑︂
m∈V

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ−ω̃]C(m)
⃓⃓⃓2

dδ dθ + G2L2
∑︂

m∈V c

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ−ω̃]C(m)
⃓⃓⃓2

dδ dθ.
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For the first sum in the last term, by (21), we get

G2L2
∑︂
m∈V

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ−ω̃]C(m)
⃓⃓⃓2

dδ dθ ≼

≼ G2L2
∑︂
m∈V

|m|−4

≼ G2L2(q2
1 + q2

2)2
+∞ ∑︂
n1=1

n1
L 
G tanα∑︂
n2=0 

(n1L)−4

≼ G2L−2
+∞ ∑︂
n1=1

n−4
1

(︃
n1

L 
G

tanα + 1
)︃

≼ G2L−2 ≼ N2/5.

On the other hand, for the second sum, we get

G2L2
∑︂

m∈V c

∫︂
I

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ−ω̃]C(m)
⃓⃓⃓2

dδ dθ ≼

≼ G2L2
∑︂

m∈V c

|m|−3

≼ G2L2(q2
1 + q2

2)3/2
+∞ ∑︂
n2=1

n2
G
L cotα∑︂
n1=0 

(n2G)−3

≼ G−1L2
+∞ ∑︂
n2=1

n−3
2

(︃
n2

G

L 
cotα + 1

)︃
≼ L ≼ N2/5,

and we can conclude that the initial claim holds for all N of the form N = ⌊n3/5⌋ ⌊n2/5⌋.
In order to prove that there is a suitable choice of points for every positive integer N , 

consider the following recursive definition

nj = max
{︄
n ∈ ℕ : ⌊n3/5⌋ ⌊n2/5⌋ ≤ N −

j−1 ∑︂
i=1 

⌊n3/5
i ⌋ ⌊n2/5

i ⌋
}︄

for j ∈ ℕ \ {0},

where empty sums are conventionally considered as zeros. Now, notice that the latter 
definition implies that

N −
j−1 ∑︂
i=1 

⌊n3/5
i ⌋ ⌊n2/5

i ⌋ ≤ ⌊(nj + 1)3/5⌋ ⌊(nj + 1)2/5⌋

≤ ⌊n3/5
j ⌋ ⌊n2/5

j ⌋ + ⌊n3/5
j ⌋ + ⌊n2/5

j ⌋ + 1,

and therefore, it follows that
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N −
j∑︂

i=1 
⌊n3/5

i ⌋ ⌊n2/5
i ⌋ ≤ 2n3/5

j .

Again, by the definition of nj , it is easy to see that

n1

2 
≤ N and nj+1

2 
≤ N −

j∑︂
i=1 

⌊n3/5
i ⌋ ⌊n2/5

i ⌋,

so that by induction, we get

N −
j∑︂

i=1 
⌊n3/5

i ⌋ ⌊n2/5
i ⌋ ≤ 2n3/5

j ≤ 24n
9/25
j−1 ≤ 22jN (3/5)j .

In particular, notice that

N −
4 ∑︂

j=1 
⌊n3/5

j ⌋ ⌊n2/5
j ⌋ ≤ 28N (3/5)4 = o(N1/5).

Finally, we associate a choice of points as in the previous construction to every Nj =
⌊n3/5

j ⌋ ⌊n2/5
j ⌋ with 1 ≤ j ≤ 4, and we ignore the remaining points since their contribution 

is o(N1/5). The conclusion follows at once since, for a1, . . . , a5 ≥ 0, it holds

⎛⎝ 5 ∑︂
j=1 

aj

⎞⎠2

≤ 5
5 ∑︂

j=1 
a2
j . □

8. Intermediate orders of discrepancy

We now prove that, for an interval of angles

I(ϕ) =
[︃
−ϕ

2 
,
ϕ

2 

]︃
⊂ 𝕋2π with ϕ ∈ (0, π), and for α ∈ (1,+∞), (24)

there exists a planar convex body C(ϕ, α) with piecewise-𝒞∞ boundary such that it holds

inf 
#𝒫=N

𝒟2(𝒫, C(ϕ, α), I(ϕ)) ≍ N
2α 

4α+1 .

For the sake of notation, the letter ε will stand for a generic positive small value through
out this section. Moreover, for an interval U ⊆ [0,+∞) and two positive functions f and 
g defined on U , we say that for x ∈ U it holds

f(x) ≈ g(x)
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Fig. 5. A depiction of H(ϕ, α). 

to intend that there exist positive values c1 and c2 (which eventually depend on α and 
ϕ) such that, for every x ∈ U , it holds

c1 g(x) ≤ f(x) ≤ c2 g(x).

The key to obtaining these intermediate orders is to build such a convex body in a 
way that ψC(ϕ,α) = ϕ. For the sake of construction, first, consider a planar convex body 
H(ϕ, α) such that it has a centre of symmetry and such that it is symmetric with respect 
to the line

y = x tan
(︃
π

2 
− ϕ

2 

)︃
.

Moreover, build it in such a way that{︁
(x, xα) ∈ ℝ2 : x ∈ [0, ε]

}︁
⊂ ∂H(ϕ, α).

Last, construct H(ϕ, α) in such a way that its boundary is 𝒞∞ except at the origin and at 
its symmetric counterpart (see Fig. 5). Hence, in order to evaluate its similar quadratic 
discrepancy, it is sufficient to get estimates for the chords of H(ϕ, α) about the origin. 
By symmetry, we can restrict ourselves to studying the directions

u(θ) for θ ∈
[︃
π

2 
− ϕ

2 
,
π

2 
+ ε

]︃
.

First, we present an auxiliary technical result.

Lemma 8.1. Let α and β be positive numbers, and let g : [0,+∞) → [0,+∞) be such that

g(x) ≈
{︄
xα if 0 ≤ x < 1
xβ if x ≥ 1

.

If xy is such that g(xy) = y, then it holds
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xy ≈
{︄
y1/α if 0 ≤ y < 1
y1/β if y ≥ 1

.

Proof. By hypothesis, there exist two positive values c1 and c2 such that it holds{︄
c1 x

α ≤ g(x) ≤ c2 x
α if 0 ≤ x < 1

c1 x
β ≤ g(x) ≤ c2 x

β if x ≥ 1
.

If y < c1 then we necessarily have 0 ≤ xy ≤ 1, and therefore

c1 x
α
y ≤ y ≤ c2 x

α
y .

Rearranging, one gets that

c
1/α
1 xy ≤ y1/α ≤ c

1/α
2 xy for y ∈ [0, c1).

On the other hand, if y > c2 then we necessarily have xy ≥ 1, and therefore

c1 x
β
y ≤ y ≤ c2 x

β
y .

Rearranging, one gets that

c
1/β
1 xy ≤ y1/β ≤ c

1/β
2 xy for y ∈ (c2,+∞).

The claim follows since, for every y ∈ [c1, c2], we have that xy is bounded away from 0
or +∞. □

Let us first study the case when soH(ϕ,α)(θ) is the origin, which, after a symmetry 

reduction, amounts to considering θ ∈
[︂
π
2 −

ϕ
2 ,

π
2 

]︂
.

Proposition 8.2. Let H(ϕ, α) be as previously defined. Uniformly for every θ ∈[︂
π
2 −

ϕ
2 ,

π
2 

]︂
, it holds

⃓⃓
KH(ϕ,α)(θ, ρ−1)

⃓⃓
≍

{︄
ρ−1/α if 0 ≤ π

2 − θ < ρ
1−α
α 

ρ−1(π2 − θ)−1 if ρ
1−α
α ≤ π

2 − θ ≤ ϕ
2 
.

Proof. By symmetry, there exists ρ0 > 0 such that, for every θ ∈
[︂
π
2 −

ϕ
2 ,

π
2 

]︂
and for 

every ρ ≥ ρ0, we have that the part of the chord KH(ϕ,α)(θ, ρ−1) at the right of y =
x tan(π2 −

ϕ
2 ) is longer than the part at the left. Hence, by considering the auxiliary shape

F (α) =
{︁
(x, y) ∈ ℝ2 : x ≥ 0 and y ≥ xα

}︁
,
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it is not difficult to see that, uniformly for every θ ∈
[︂
π
2 −

ϕ
2 ,

π
2 

]︂
, it holds

⃓⃓
KH(ϕ,α)(θ, ρ−1)

⃓⃓
≍

⃓⃓
KF (α)(θ, ρ−1)

⃓⃓
.

Therefore, we can restrict ourselves to studying the chords of F (α). Now, for the sake of 
notation, we let

x+ = x+
F (α)(θ, ρ

−1) be the abscissa of ΓF (α)(s+
F (α)(θ, ρ

−1)),

and define x− analogously. It is immediate to see that, for every θ ∈
[︂
π
2 −

ϕ
2 ,

π
2 

]︂
, we have 

x− = 0, and it also holds

⃓⃓
KF (α)(θ, ρ−1)

⃓⃓
= x+ − x−

sin θ 
.

On the other hand, x+ is the abscissa of the intersection in x ≥ 0 between the curve 
y = xα and the straight line

y − ρ−1 sin θ = − 1 
tan θ

(x− ρ−1 cos θ).

Rearranging, we have that x+ is a solution of

x(xα−1 sin θ + cos θ) = ρ−1,

and by the normalization

z = xα−1 tan θ,

we get the equation

f(z) = z
1 

α−1 (z + 1) = (tan θ)
α 

α−1

ρ sin θ 
.

Notice that it holds

f(z) ≈
{︄
z

1 
α−1 if 0 ≤ z < 1

z
α 

α−1 if z ≥ 1
,

and by applying Lemma 8.1, and the fact that for θ ∈
[︂
π
2 −

ϕ
2 ,

π
2 

]︂
it holds

sin θ ≈ 1 and cot θ ≈ π

2 
− θ,

it follows that
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xα−1
+

(︂π
2 
− θ

)︂−1
≈

{︄
ρ

1−α
α 

(︁
π
2 − θ

)︁−1 if 0 ≤ π
2 − θ < ρ

1−α
α 

ρ1−α
(︁
π
2 − θ

)︁−α if ρ
1−α
α ≤ π

2 − θ ≤ ϕ
2 
.

By a last rearrangement, we get

x+ ≈
{︄
ρ−1/α if 0 ≤ π

2 − θ < ρ
1−α
α 

ρ−1 (︁π
2 − θ

)︁−1 if ρ
1−α
α ≤ π

2 − θ ≤ ϕ
2 
. □

We now turn to estimating 
⃓⃓
KH(ϕ,α)(θ, ρ−1)

⃓⃓
in the case of θ ∈

[︁
π
2 ,

π
2 + ε

]︁
. Again, we 

make use of an auxiliary shape. Namely, consider

G(α) =
{︁
(x, y) ∈ ℝ2 : y ≥ |x|α

}︁
,

and notice that, uniformly for every θ ∈
[︁
π
2 ,

π
2 + ε

]︁
, it holds⃓⃓

KH(ϕ,α)(θ, ρ−1)
⃓⃓
≍

⃓⃓
KG(α)(θ, ρ−1)

⃓⃓
.

First, we need a technical observation on the chords of G(α).

Proposition 8.3. Let G(α) be as previously defined. There exists a positive value cα such 
that, for every θ ∈

[︁
π
2 ,

π
2 + ε

]︁
and for every ρ ≥ 1, it holds⃓⃓⃓

K−
G(α)(θ, ρ

−1)
⃓⃓⃓
≤ cα

⃓⃓⃓
K+

G(α)(θ, ρ
−1)

⃓⃓⃓
.

Proof. For the sake of notation, let

xo = xo
G(α)(θ) be the abscissa of ΓG(α)(soG(α)(θ)).

Moreover, we let

x+ = x+
G(α)(θ, ρ

−1) be the abscissa of ΓG(α)(s+
G(α)(θ, ρ

−1)),

and define x− analogously. With the help of Fig. 6, notice that, for every θ ∈
[︁
π
2 ,

π
2 + ε

]︁
, 

it holds ⃓⃓⃓
K−

G(α)(θ, ρ
−1)

⃓⃓⃓
sin θ ≤ xo − x− and

⃓⃓⃓
K+

G(α)(θ, ρ
−1)

⃓⃓⃓
sin θ ≥ x+ − xo,

and therefore, it is enough to show that

xo − x− ≤ cα(x+ − xo).

Indeed, for every θ ∈
[︁
π
2 ,

π
2 + ε

]︁
, we have that x− and x+ are the abscissas of the 

intersections of the curve y = |x|α with the straight line
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Fig. 6. An auxiliary image for the proof of Proposition 8.3. For simplicity, we omit the subscript G(α). 

y = (x− xo)αxα−1
o + xα

o + 1 
ρ sin θ

.

Equalizing, and with the normalization z = x−xo

xo
, we get to the equation

f(z) = |z + 1|α − zα− 1 = 1 
xα
o ρ sin θ

, (25)

and we also remark that, for every θ ∈
[︁
π
2 ,

π
2 + ε

]︁
, both xo and sin θ are non-negative. 

Hence, the conclusion follows once we show that

f(z) ≤ f(−cα z) for every z ≥ 0,

since this would imply

x+ − xo

xo
≥ − 1 

cα
· x− − xo

xo
.

Last, notice that f is convex, with f(0) = f ′(0) = 0, and strictly decreasing on (−∞, 0]. 
It is then not difficult to see that by choosing cα = 2α, for every z ≥ 0, it holds

f ′(z) = α(|z + 1|α−1 − 1) ≤ α2α
(︁
sgn(2αz − 1) |2αz − 1|α−1 + 1

)︁
= ∂

∂z
f(−2αz).

Indeed, for 2αz ≥ 1 this follows by raising z + 1 ≤ 2 max(1, 2αz− 1) to the power α− 1, 
while for 2αz < 1, it suffices to take u = 2αz (≥ z) in the elementary estimate

(1 + u)α−1 − 1 ≤ 2α−1 (︁1 − (1 − u)α−1)︁ for 0 ≤ u ≤ 1.

For α ∈ (1, 2], the latter follows by comparing the derivatives of its two sides, and 
for α ≥ 2, by combining the convexity bound (1 + u)α−1 ≤ 1 +

(︁
2α−1 − 1

)︁
u with 

(1 − u)α−1 ≤ 1 − u. □
Now, we proceed to estimate the chords in the case of θ ∈

[︁
π
2 ,

π
2 + ε

]︁
.
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Proposition 8.4. Let H(ϕ, α) be as previously defined. Uniformly for every θ ∈
[︁
π
2 ,

π
2 + ε

]︁
, 

it holds

⃓⃓
KH(ϕ,α)(θ, ρ−1)

⃓⃓
≍

⎧⎨⎩ρ−1/α if 0 ≤ θ − π
2 < ρ

1−α
α 

ρ−1/2 (︁θ − π
2 
)︁ 2−α 

2(α−1) if ρ
1−α
α ≤ θ − π

2 ≤ ε
.

Proof. We have already noted that we can equivalently study the chords of the auxiliary 
shape G(α), and therefore, we define x−, xo, x+, and f , as in the Proposition 8.3. Since⃓⃓

KG(α)(θ, ρ−1)
⃓⃓
sin θ = (x+ − x−),

then, by the arguments in Proposition 8.3, it is enough to estimate (x+−xo). As before, 
x+ is a solution of

|x|α = (x− xo)αxα−1
o + xα

o + 1 
ρ sin θ

,

and again by the normalization z = x−xo

xo
, we get (25). In particular, we remark that 

the solution x+ corresponds to the range z ≥ 0. Now, by applying Taylor’s formula with 
integral remainder to f , we get

f(z) = α(α− 1)
z∫︂

0 

(1 + t)α−2(z − t) dt.

Notice that for z ∈ [0, 1) it holds

z∫︂
0 

(1 + t)α−2(z − t) dt ≈
z∫︂

0 

(z − t) dt = z2

2 
.

On the other hand, for z ∈ [1,+∞) it holds

z∫︂
0 

(1 + t)α−2(z − t) dt =
z/2∫︂
0 

(1 + t)α−2(z − t) dt +
z∫︂

z
2 

(1 + t)α−2(z − t) dt

≈ z

z/2∫︂
0 

(1 + t)α−2 dt + zα−2
z∫︂

z
2 

(z − t) dt

= z

α− 1

(︂
(1 + z/2)α−1 − 1

)︂
+ zα−2 z

2

8 
≈ zα.

Hence, we get
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f(z) ≈
{︄
z2 if 0 ≤ z < 1
zα if z ≥ 1

,

and if we consider (25), by applying Lemma 8.1, and by the fact that for θ ∈
[︁
π
2 ,

π
2 + ε

]︁
it holds sin θ ≈ 1, then it follows that

x+ − xo

xo
≈

{︄
ρ−1/2x

−α/2
o if 0 ≤ ρ−1x−α

o < 1
ρ−1/αx−1

o if ρ−1x−α
o ≥ 1

. (26)

Last, by the definition of xo, we have

αxα−1
o = d 

dx
xα

⃓⃓⃓⃓
x=xo

= tan
(︂
θ − π

2 

)︂
,

and therefore, we get that for θ ∈
[︁
π
2 ,

π
2 + ε

]︁
it holds

xo ≈
(︂
θ − π

2 

)︂ 1 
α−1

.

The conclusion hence follows by a simple rearrangement of the terms in (26). □
Now, we are able to estimate the Fourier transform.

Proposition 8.5. Let I(ϕ) and H(ϕ, α) be as previously defined, and let ϕ̃ = π
2 −

ϕ
2 . 

Uniformly for every ω ∈ [−ε, ε], it holds

∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]H(ϕ,α)
(︁
ρ u(ϕ̃ + ω)

)︁⃓⃓⃓2
dδ dθ ≍

{︄
ρ−3− 1 

α if |ω| ≤ ρ
1−α
α 

ρ−3|ω| 1 
α−1 if ρ

1−α
α < |ω| ≤ ε

.

Proof. By symmetry, we can restrict ourselves to studying the case of ω ∈ [0, ε]. Indeed, 
by Lemma 3.3, we have that, uniformly for every ω ∈ [0, ε], it holds

∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]H(ϕ,α)
(︁
ρ u(ϕ̃ + ω)

)︁⃓⃓⃓2
dδ dθ ≍ ρ−2

ϕ/2 ∫︂
−ϕ/2

γ2
[θ]H(ϕ,α)

(︁
ϕ̃ + ω, ρ−1)︁ dθ

= ρ−2
ω∫︂

ω−ϕ

γ2
H(ϕ,α)

(︂π
2 

+ θ, ρ−1
)︂

dθ

≍ ρ−2
ω∫︂

−ϕ/2

γ2
H(ϕ,α)

(︂π
2 

+ θ, ρ−1
)︂

dθ,
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where the last approximation follows from the symmetries of H(ϕ, α). By Proposition 8.2
and by Proposition 8.4, we get that

γH(ϕ,α)

(︂π
2 

+ θ, ρ−1
)︂
≍

⎧⎪⎪⎨⎪⎪⎩
ρ−1|θ|−1 if − ϕ

2 ≤ θ < −ρ
1−α
α 

ρ−1/α if |θ| ≤ ρ
1−α
α 

ρ−1/2θ
2−α 

2(α−1) if ρ
1−α
α < θ ≤ ε

.

Therefore, uniformly for every ω ∈
[︂
0, ρ 1−α

α 
]︂
, we have

ω∫︂
−ϕ

2 

γ2
H(ϕ,α)

(︂π
2 

+ θ, ρ−1
)︂

dθ ≍
−ρ

1−α
α ∫︂

−ϕ
2 

ρ−2|θ|−2 dθ +
ω∫︂

−ρ
1−α
α 

ρ−2/α dθ

= ρ−2
(︂
ρ

α−1
α − 2ϕ−1

)︂
+ ρ−2/α

(︂
ω + ρ

1−α
α 

)︂
≍ ρ−

α+1
α .

On the other hand, in the case of ω ∈
(︂
ρ

1−α
α , ε

]︂
, we must take into account the additional 

term

ω∫︂
ρ

1−α
α 

γ2
H(ϕ,α)

(︂π
2 

+ θ, ρ−1
)︂

dθ ≍
ω∫︂

ρ
1−α
α 

ρ−1θ
2−α
α−1 dθ

= ρ−1(α− 1)
(︂
ω

1 
α−1 − ρ−1/α

)︂
,

and the initial claim easily follows. □
We have gathered the necessary estimates to prove the main result of this section, 

namely that, for the similar quadratic discrepancy, all the intermediate polynomial orders 
between N2/5 and N1/2 are achievable.

Theorem 8.6. Let I(ϕ) and α be as in (24). There exists a convex body C(ϕ, α) with 
piecewise-𝒞∞ boundary such that it holds

inf 
#𝒫=N

𝒟2(𝒫, C(ϕ, α), I(ϕ)) ≍ N
2α 

1+4α .

Proof. Let H(ϕ, α) be as previously defined, and consider

C(ϕ, α) =
[︃
ϕ

2 
− π

2 

]︃
H(ϕ, α).

In particular, notice that C(ϕ, α) is symmetric with respect to the x-axis. Further, by 
Proposition 8.5, we have that, uniformly for every ω ∈ (−ε, ε), it holds
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∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α) (ρ u(ω))
⃓⃓⃓2

dδ dθ ≍
{︄
ρ−3− 1 

α if |ω| ≤ ρ
1−α
α 

ρ−3|ω| 1 
α−1 if ρ

1−α
α < |ω| ≤ ε

, (27)

and, by symmetry, analogous estimates hold in the case of ω ∈ (π − ε, π + ε). On the 
other hand, since by construction ∂C(ϕ, α) is 𝒞∞ everywhere except at the origin and 
at its symmetric counterpart, by Lemma 3.3 and Corollary 6.5, we have that, uniformly 
for every

ω ∈ [ε, π − ε] ∪ [π + ε, 2π − ε],

it holds

∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α) (ρ u(ω))
⃓⃓⃓2

dδ dθ ≍ ρ−3. (28)

In particular, notice that the hypotheses of Theorem 7.2 are satisfied, and we may apply 
it in the case of h = 1/α. Consequently, we get the lower bound

inf 
#𝒫=N

𝒟2(𝒫, C(ϕ, α), I(ϕ)) ≽ N
2α 

1+4α .

Now, we turn our attention to the upper bound and show it by constructing suitable 
samplings. First, let us do it for a number of N points such that

N = ⌊n
1+2α
1+4α ⌋ ⌊n 2α 

1+4α ⌋ for some n ∈ ℕ.

Hence, set

G = ⌊n
1+2α
1+4α ⌋, L = ⌊n 2α 

1+4α ⌋, JG = [0, G− 1] ∩ℕ, and JL = [0, L− 1] ∩ℕ.

Consider the set of points 𝒫N ⊂ 𝕋 2 defined by

𝒫N = {pj}Nj=1 = {pℓ,g}ℓ∈JL, g∈JG
with pℓ,g =

(︃
ℓ 
L
, 
g

G

)︃
,

where the coordinates of pℓ,g are taken modulo 1. Again, by Parseval’s identity, we get

∫︂
𝕋2

|𝒟(𝒫N , [𝝉 , δ, θ]C(ϕ, α))|2 d𝝉 =
∑︂

m̸=(0,0)

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α)(m)
⃓⃓⃓2 ⃓⃓⃓⃓⃓⃓ ∑︂

g∈JG

∑︂
ℓ∈JL

e2πim·pℓ,g

⃓⃓⃓⃓
⃓⃓
2

,

and we observe that
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∑︂
g∈JG

∑︂
ℓ∈JL

e2πi
(︁
m1

ℓ 
L+m2

g
G

)︁
=

{︄
GL if m1 ∈ Lℤ and m2 ∈ Gℤ

0 else
.

Hence, we can consider

m = (Ln1, Gn2) with n ∈ ℤ2,

and split the set

ℛ = (Lℤ×Gℤ) \ {0}

into the regions

V1 = {m ∈ ℛ : |m2|α ≤ |m1|} ,
V2 = {m ∈ ℛ : |m2| ≤ |m1| < |m2|α} ,
V3 = {m ∈ ℛ : |m1| < |m2|} .

Then, we write

𝒟2(𝒫N , C(ϕ, α), I(ϕ)) =

=
∫︂

I(ϕ)

1 ∫︂
0 

G2L2
∑︂
m∈ℛ

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α)(m)
⃓⃓⃓2

dδ dθ

= G2L2

(︄ ∑︂
m∈V1

+
∑︂

m∈V2

+
∑︂

m∈V3

)︄ ∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α)(m)
⃓⃓⃓2

dδ dθ.

(29)

We exploit (27) and (28) in order to study the three sums in the latter equation. In this 
case, we must consider

ρ = |m| and tanω = m2

m1
.

We notice that for ω ∈ [−1, 1] it holds tanω ≈ ω, and consequently, with a bit of 
rearrangement, we can rewrite the estimates in (27) and (28) as

∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α) (m)
⃓⃓⃓2

dδ dθ ≍

⎧⎪⎪⎨⎪⎪⎩
|m1|−3− 1 

α if |m2|α ≤ |m1|
|m1|

2−3α
α−1 |m2|

1 
α−1 if |m2| ≤ |m1| < |m2|α

|m2|−3 if |m1| < |m2|
. (30)

By the latter, for the first sum in the last term of (29), we get
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G2L2
∑︂

m∈V1

∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α)(m)
⃓⃓⃓2

dδ dθ

≼ G2L2
∑︂

m∈V1

|m1|−3− 1 
α

≼ G2L2
+∞ ∑︂
n1=1

n
1/α
1 L1/αG−1∑︂

n2=0 
(Ln1)−3− 1 

α

≼ G2L− 1+α
α 

+∞ ∑︂
n1=1

n
−3− 1 

α
1

(︂
1 + n

1/α
1 L1/αG−1

)︂
≼

(︂
G2L− 1+α

α + GL−1
)︂
≼ N

2α 
1+4α .

For the second sum in the last term of (29), by applying (30), we get

G2L2
∑︂

m∈V2

∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α)(m)
⃓⃓⃓2

dδ dθ

≼ G2L2
∑︂

m∈V2

|m1|
2−3α
α−1 |m2|

1 
α−1

≼ G2L2
+∞ ∑︂
n2=1

nα
2 GαL−1∑︂

n1=n2GL−1

(Ln1)
2−3α
α−1 (Gn2)

1 
α−1

≼ G
2α−1
α−1 L

−α 
α−1

+∞ ∑︂
n2=1

n
1 

α−1
2

+∞ ∑︂
n1=n2GL−1

n
2−3α
α−1 

1

≼ G
2α−1
α−1 L

−α 
α−1

+∞ ∑︂
n2=1

n
1 

α−1
2

(︁
n2GL−1)︁ 1−2α

α−1 

≼ L

+∞ ∑︂
n2=1

n−2
2 ≼ L ≼ N

2α 
1+4α .

Finally, for the last sum in the last term in (29), again by applying (30), we get

G2L2
∑︂

m∈V3

∫︂
I(ϕ)

1 ∫︂
0 

⃓⃓⃓ˆ︁1[δ,θ]C(ϕ,α)(m)
⃓⃓⃓2

dδ dθ

≼ G2L2
∑︂

m∈V3

|m2|−3
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≼ G2L2
+∞ ∑︂
n2=1

n2GL−1∑︂
n1=0 

(Gn2)−3

≼ G−1L2
+∞ ∑︂
n2=1

n−2
2 GL−1 ≼ L ≼ N

2α 
1+4α .

Hence, we can conclude that the upper bound holds for all N of the form N =
⌊n

1+2α
1+4α ⌋ ⌊n 2α 

1+4α ⌋.
Last, in order to prove the initial claim holds for every N ∈ ℕ, it is enough to repeat 

the argument at the end of Theorem 2.6 with adjusted exponents. □
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