RESEARCH ARTICLE | AUGUST 14 2024

Well-posedness and decay structure of a quantum
hydrodynamics system with Bohm potential and linear
viscosity

Ramoén G. Plaza & © ; Delyan Zhelyazov

’ '.) Check for updates ‘

J. Math. Phys. 65, 081508 (2024)
https://doi.org/10.1063/5.0172774

@ B

View Export
Online  Citation

Articles You May Be Interested In

Decay of regular solutions for the critical 2D Zakharov—Kuznetsov equation posed on rectangles

J. Math. Phys. (June 2020)

Mathematical Physics

Y
o
©
c
p -
-
o
ﬁ

Global regular solutions for the 3D Zakharov-Kuznetsov equation posed on unbounded domains
J. Math. Phys. (September 2015)
Linear well posedness of regularized equations of sea-ice dynamics

J. Math. Phys. (May 2023)

IP
Publishing

Special Topics Open

for Submissions

Learn More

AIP
é/_‘. Publishing

¥2:06:60 G20Z Adenuer /|


https://pubs.aip.org/aip/jmp/article/65/8/081508/3307961/Well-posedness-and-decay-structure-of-a-quantum
https://pubs.aip.org/aip/jmp/article/65/8/081508/3307961/Well-posedness-and-decay-structure-of-a-quantum?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0001-8293-0006
javascript:;
https://orcid.org/0000-0002-9680-5027
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0172774&domain=pdf&date_stamp=2024-08-14
https://doi.org/10.1063/5.0172774
https://pubs.aip.org/aip/jmp/article/61/6/061509/678594/Decay-of-regular-solutions-for-the-critical-2D
https://pubs.aip.org/aip/jmp/article/56/9/091508/211563/Global-regular-solutions-for-the-3D-Zakharov
https://pubs.aip.org/aip/jmp/article/64/5/051504/2889492/Linear-well-posedness-of-regularized-equations-of
https://e-11492.adzerk.net/r?e=&s=MG6c0-4LRkpbrMr0rPl1OPkBPgI

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Well-posedness and decay structure
of a quantum hydrodynamics system
with Bohm potential and linear viscosity

Cite as: J. Math. Phys. 65, 081508 (2024); doi: 10.1063/5.0172774 AR ity @
Submitted: 18 August 2023 + Accepted: 26 July 2024 ';
Published Online: 14 August 2024

Ramon G. Plaza®” © and Delyan Zhelyazov"”’

AFFILIATIONS

Departamento de Matematicas y Mecanica, Instituto de Investigaciones en Matematicas Aplicadas y en Sistemas, Universidad
Nacional Auténoma de México, Circuito Escolar s/n, Ciudad Universitaria, C.P.04510 Cd. Mx., Mexico

2 Author to whom correspondence should be addressed: plaza@mym.iimas.unam.mx
PICurrent address: Department of Mathematics, University of Surrey, Guildford, Surrey GU2 7XH, United Kingdom.
E-mail: d.zhelyazov@surrey.ac.uk

ABSTRACT

In this paper, a compressible viscous-dispersive Euler system in one space dimension in the context of quantum hydrodynamics is considered.
The purpose of this study is twofold. First, it is shown that the system is locally well-posed. For that purpose, the existence of classical
solutions which are perturbation of constant states is established. Second, it is proved that in the particular case of subsonic equilibrium states,
sufficiently small perturbations decay globally in time. In order to prove this stability property, the linearized system around the subsonic
state is examined. Using an appropriately constructed compensating matrix symbol in the Fourier space, it is proved that solutions to the
linear system decay globally in time, underlying a dissipative mechanism of regularity gain type. These linear decay estimates, together with
the local existence result, imply the global existence and the decay of perturbations to constant subsonic equilibrium states as solutions to the
full nonlinear system.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.017277

I. INTRODUCTION

Consider the following quantum hydrodynamics (QHD) system with linear viscosity,

pr+myx =0,
m (\/[_))xx) (1.1)
mr+( p +P(P)) VA

where p > 0 is the density, m = pu denotes the momentum (u is the velocity), p(p) = p” with y > 1 is the pressure function and y > 0,and k > 0
are positive constants representing viscosity and dispersive coefficients, respectively. The term (\/ﬁ) xx/ \/,E is known as the (normalized)
quantum Bohm potential,”” providing the model with a nonlinear third order dispersive term. It can be interpreted as a quantum correc-
tion to the classical pressure (stress tensor). The viscosity term, in contrast, is of linear type. The resulting system is used, for instance, in
superfluidity,” or in classical hydrodynamical models for semiconductor devices.”

Systems in QHD first appeared in the work by Madelung** as an alternative formulation of the Schrodinger equation, written in terms of
hydrodynamical variables, and structurally similar to the Navier-Stokes equations of fluid dynamics. It constituted a precursor theory of the
de Broglie-Bohm causal interpretation of quantum theory.”* Since then, quantum fluid models have been applied to describe many physical

phenomena, such as the mathematical description of superfluidity,””* the modeling of quantum semiconductors, ”*’ and the dynamics of

= Uty + kzp(
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Bose-Einstein condensates, "’ just to mention a few. In recent years, models in QHD have attracted the attention of mathematicians and
physicists alike, thanks to their capability of describing particular physical systems, as well as their underlying mathematical challenges. Many
mathematical results pertain to the existence of weak solutions” ***”” and their stability,” relaxation limits,' the analysis of purely dispersive
shocks,”"******" or the study of classical limits when the Planck constant tends to zero.”> Most of these works pertain to the purely dispersive
model with no viscous effects. The above list of references is by no means exhaustive and the reader is invited to see the references cited therein
for more information. QHD models with viscosity have been studied under the perspective of viscous (numerical) stabilization,” the physical
description of dense plasmas,”'"*” the existence and stability of viscous-dispersive shocks,"*'*"***" the existence of global solutions,"* and
vanishing viscosity behaviors.”® More recently, the existence of standing waves was established in Ref. 58 and the Evans function computations
presented in Ref. 59 provide numerical evidence that such solutions are spectrally unstable.

In this paper, we are interested in the decay structure of QHD systems with viscosity under the framework of Humpherys’s exten-
sion®! to higher order system of the classical results by Kawashima®* and Shizuta and Kawashima’”' for hyperbolic-parabolic type systems.
Humpherys®! extended Kawashima and Shizuta’s notions of strict dissipativity, genuine coupling and symmetrizability to viscous-dispersive
one-dimensional systems of any order, such as the viscous QHD model under consideration. First, Humpherys introduces the concept of
symbol symmetrizability, which is a generalization of the classical notion symmetrizability in the sense of Friedrichs,'” and extends the gen-
uine coupling condition for any symmetric Fourier symbol of the linearized higher-order operator around an equilibrium state. Humpherys
then shows that his notion of genuine coupling is equivalent to the strict dissipativity of the system and to the existence of a compensating
matrix symbol for the linearized system, which allows to close energy (stability) estimates.

Our analysis is divided into two parts. The first one is devoted to proving the local existence of perturbations to constant equilibrium
states of the form Us = (p«,m« ) with p« > 0. Since the system under consideration is structurally very similar to the Navier-Stokes-Korteweg
system””"" we follow the classical proof by Hattori and Li*’ very closely. Here we recast local well-posedness in terms of perturbations of an
equilibrium state, a formulation which is suitable for our needs. The local existence result (see Theorem 2.1 below) guarantees the existence
of classical solutions as well as the appropriate energy bounds for the perturbations which are needed for the global decay analysis. Although
the arguments are classical, we present a full proof of local existence for the sake of completeness and to fulfill the requirement of obtaining
appropriate energy bounds (see Corollary 2.3). Besides, there is no local existence result for the QHD system with the particular viscosity term
appearing in (1.1) reported in the literature, up to our knowledge.

The second part of the paper focuses on subsonic equilibrium states, satisfying the condition

56

2
Pps) > 55
P

It can be proved (see Lemma 3.2 below) that supersonic states [namely, those which satisfy p’(p«) < m% /p% ] do not satisfy the strict dissipa-
tivity condition for the linearized system, justifying in this case the choice of subsonic states for our analysis. The intermediate case of sonic
states with p’(p«) = m’% /p’ is associated to degeneracies (such as in viscous-dispersive shock theory) and it is not clear whether symbol
symmetrization and/or genuine coupling hold in this case. Hence, we have left the analysis of sonic states for a future work. We proceed to
linearize system (1.1) around a subsonic state and to study its strict dissipativity. It is shown that the linearized QHD system is symbol sym-
metrizable but not Friedrichs symmetrizable, and that it satisfies the genuine coupling condition. Thanks to a new degree of freedom in the
choice of the symbol symmetrizer (see also the related analyses'”*" for Korteweg fluids) it is possible to construct an appropriate compensat-
ing matrix symbol for the linearized system (see Lemma 3.9), which is uniformly bounded above in the Fourier parameter and which allows
to close the energy estimates at the linear level. Such estimates underlie a decay structure of regularity-gain type, yielding optimal pointwise
decay rates of the solutions to the linear system in Fourier space (see Refs. 53 and 54 or Remark 3.1 below). The linear decay rates are then
used to prove the nonlinear decay of small perturbations of constant equilibrium states, culminating into the global existence and optimal
time-decay of perturbation solutions (see our Main Theorem 4.4 below).

The work of Tong and Xia®> warrants note as the first work (up to our knowledge) that analyzes the decay of perturbations of equilibrium
states for a QHD system with viscosity (see also Ra and Hong"’ for a similar analysis in the case of the QHD system with energy exchanges).
Our work differs from the aforementioned works in the sense that their analysis consists of obtaining direct nonlinear energy estimates,
relying heavily on the intrinsic structure of the QHD model. The technique presented here examines whether the linearized system around
the constant state exhibits some abstract symmetrizability and dissipative properties which can be extrapolated to the nonlinear problem.

The paper is structured as follows: Sec. II contains the proof of local well-posedness for system (1.1). The problem is recast in terms
of perturbations or arbitrary constant equilibrium states. In Sec. I1I we study the linearized system around a subsonic equilibrium state. We
examine the genuine coupling condition in the sense of Humpherys®! and exhibit a family of symbol symmetrizers. The subsonicty of the
constant state plays a key role. With this information, we obtain the linear decay rates for the associated semigroup. Finally, Sec. I'V contains
the global decay result for small perturbations of constant equilibrium subsonic states.

A. On notation

Transposition of vectors or matrices is denoted by the symbol A™. Linear operators acting on infinite-dimensional spaces are indicated
with calligraphic letters (e.g., \A). We denote the real part of a complex number A € C by Re . Standard Sobolev spaces of complex-valued
functions on the real line will be denoted as L*(R) and H*(R), with s € R, endowed with the standard inner products and norms. The
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norm on H*(R) will be denoted as | - ||s and the norm in L? will be henceforth denoted by | - |lo. Any other L”-norm will be denoted as || - |
for 0o > p > 1. The L*-scalar product will be denoted by (-,-)o, whereas (-,-) is the standard inner product in C". For any T > 0 we denote
by C5° ([0, T] x R) the set of infinitely differentiable functions on [0, T] x R such that 9, f(,-) = 0 as |x| = o0, i € Ny := Nu {0}, that is,

1
functions that for fixed ¢ have all derivatives going to zero for large [x|. Let p be a vector in R”. Its two-norm is |p| = (-, p; ) *. For a matrix
A € R™", |A| = supj,-1|Ap| denotes its two-norm. For operators A, B denote by [A, B] = AB - B.A their commutator. Finally, we recall
Sobolev’s embedding theorem: if f € H'(R), then || f ;= < C|f|1, where the constant C does not depend on f.

Il. LOCAL WELL-POSEDNESS THEORY

This section is devoted to proving the local existence of solutions for (1.1). First we will derive energy estimates satisfied by the solution
of a quasi-linearized system related to (1.1). Then we will prove existence of solution for this system which satisfies these estimates. Finally,
we will use a fixed point argument to establish local existence for the nonlinear problem.

Let px > 0 and m. € R be constant equilibrium states for system (1.1). We are interested in proving the local existence of perturbations
to this constant equilibrium state. For that purpose, we define the following space of perturbations. For positive constants R > r > 0, T > 0 and
for any s > 3 we denote,

X((0, T R) = {(p,m) = peC((0,THHT (R)) nC'((0,T)sH™ (R)),
m e C((0,T); H (R)) nC'((0, T); H *(R)),
(pxsmy) € L*((0, T H™' (R) x H'(R)),
and r < p(x,t) <R ae.in (x,t) e R x (0, T)}

Henceforth, for any U = (p,m) € X;((0, T);r,R) we denote

Ex() = sup (|p(0) |3 + [m(D)]F), 1)

7€[0,t]
E@ = [ (Il + [m() ) d, 22)

forall t € [0, T].
Our main goal is to prove the following local existence result.

Theorem 2.1. Let U, = (p«,m.) € R* be a constant equilibrium state with ps. > 0. Suppose that
po e H'(R), my e H'(R), (2.3)
for some s > 3 are initial perturbations of (px,ms) and consider an initial condition of the form
U(0) + Usx = (po + ps,mo + my ). (2.4)
Then for all ap > 0, all Ry > ro > 0, and all initial data such that
Ipolls+r + llmols < ao,

and such that ro < p« + py(x) < Ro, a.e. in x € R, there exists a positive time T1 = T1(ao,r0) > 0 such that a unique smooth solution of the form
(p(x,t) + ps,m(x,t) + mx), with perturbation belonging to the space

(pom) € X((0.11): S 2R0),

exists for the Cauchy problem of system (1.1) with initial data (2.4). Moreover, the solution satisfies the energy estimate
ES(Tl) + FS(Tl) < CoES(O), (2.5)
for some constant Cy > 0 depending only on a.
Remark 2.2. Tt is to be observed that the constant ay > 0 in the statement of Theorem 2.1 is not necessarily small and that the local

well-posedness result holds also for arbitrarily large initial data. It serves as an upper bound on the energy norm of the initial data in order to
avoid vacuum in the p-variable and to emphasize the dependence of the local existence time T on the initial data through ay.
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Corollary 2.3 (a priori estimate). Under the assumptions of Theorem 2.1, let U = (p + px,m + my ) with (p,m) € XS((O, T); %ro,ZRo)
be a local solution of the initial value problem of (1.1) with initial data U(0) + Usx = (p, + px,mo + my) satisfying (2.3). Then there exists

0 < &1 < ao, sufficiently small, such that, if for any 0 < t < T we have E;(t)"'? < &), then there holds
(Es(1) + Fo(£))"* < C2E(0)'2, (2.6)
where C, = Cy(e1) > 0 is a positive constant independent of t > 0.

Proof. Follows directly from the local existence result, Theorem 2.1 (see, e.g., the Proof of Theorem 2.2 in Ref. 28). O

A. The linear system

Our purpose is to formulate the well-posedness for perturbations of a given constant state. Hence, consider deviations from the given
state (ps , m « ), which will be denoted as

p=p+px m=1m+ ms.

The system (1.1) in the new perturbation variables (p, ) reads

Pt + 7y = 0,
_ (m +my)? _ ) _ 2 ((\/ﬁ"'p*)xx) (2.7)
mi+ | ~————+p(p+p+)| =pmu+k (p+p)| =]

; ( St e p(p p)x I (P +ps) Sip. ).

Now we deduce a linearized system that will be useful for proving local existence of solutions. For p, p, m, m : R — R such thatp + p. >0
denote w = (p,m)”,w = (p,m )T € R% Let T > 0 and assume that

1 2 i
Sl s
for some constant f3; > 0. For such w we define
o (me)+ma -
“(XJ)—(W) —y(P(xt) +ps)

B(x _2(m(xt) + my)
Flxt) = px.t) +ps

and the matrix

_ 0 -1
Alxt) = (&(x, ) B(x, t))'
— 2 — 2
P :k( Px )
: p+ps m2\p

0 0
Tirw = k2 s Trw = ( ),
?Pxxx UMixx

(L) e (2)
—{pxx Npx

4
Lw = Awsy + Z T iw. (2.9)

Now, let us denote

Moreover, define the operators,

and let
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For any vector valued function f = (fi, f2)", we consider the following linear system

0 = Lw+ f,
= Lo f (2.10)
w(0) = wo.
This system has the property that if w = w and f = 0, then w solves (2.7). Moreover, we denote
L1’LU
Lw = . 2.11
v (ﬁzw) ( )

B. The zeroth order estimate

Here we derive an estimate satisfied by smooth solutions to the linear system (2.10). For that purpose, let us define the norm
2 2 2 T 2
llwllo,ry = Sglp]( lw(®)lo+10xp(D)]0) + | [0xm(£)]o dt.
te[0,T

for any arbitrary T > 0.
Lemma 2.4 (zeroth order estimate). Suppose that W satisfies the bound (2.8) and w, f € Cy° ([0, T] x R) for some T > 0. Then the following
estimate holds for t € (0,T),
1 K Cier  Gse
o 3wl S ) + (- St - 52 ml

1
< 7(C1 KRG+ Cy 1)||w||§

€1

$2:06:60 GZ0Z Atenuer /|

e c (2.12)
+ 2(5 +Cie) + K°Cy + ?23 + c4)upxug
Lo K0
+2IFI+ AT
for any €1, & > 0 such that
C1£1 C3£2
-— - —>0,
2 2
and explicit constants C; > 0,i = 1,. .., 4 depending only on B, px, m« and the physical parameters of (1.1). Moreover,
2 2 2 T 2 2
llewlfo.ry < CCT){ fwollo + polly + fo (I£&15+ 1A ) ds ) (2.13)
The constant C(T) in (2.13) depends only on T, B, p«, ms and the parameters of (1.1).
Proof. Taking the L*-scalar product of (2.10) with w, we get
_ 4
(Orw, w)o = (Aws, who + (Z T,-w,w> +(f,w)o. (2.14)
i=0 0
We also have
1 1
(Ow,who= [ (poup -+ moum) dx = [ ((0*)e+ (o)) dx = So(lwl}).
Moreover,
|(Awy) (x,1)] < [A(x, 1) ||wx (x, 8], forall (x,t) e R x [0, T].
Since sup, . ;¢[0,7] (p+ps«)""(x,t) < Bo we can find a positive constant Ci, depending only on By» p and m«, such that
sup  JA(xt)| < Ch. (2.15)
x€R, t€[0,T]
J. Math. Phys. 65, 081508 (2024); doi: 10.1063/5.0172774 65, 081508-5
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Applying Young’s inequality we deduce
(Awy, w)o = f(wa)Tw dx < /|Z||wx||w| dx
R R
gc1f|wx\|w| dx
R
< Ciffwxfoflwllo (2.16)
C C €
< *IH o + == llwx[o
= 2l + Cm N
2 0 Pxllo M |lo-
Denote I = (71w, w)o. Then, upon integration by parts, one gets
2 2
= k?prxxxm dx = —%prxxmx dx. (2.17)
The first component of (2.10) implies that —m, = p, — fi. Substituting into (2.17) we get
K K K
= 7/' (pr = fi)psx dx = —ffptxpx dx + ff (fi)xpx dx (2.18)
2 Jr 2 Jr 2 Jr
We clearly have
[ pepeas=-Ea, [ (o as- Lot
2]R,DtxPx = 4t]RPx = 4th0>
and,

K K oo, K
— Px AX < — o < — — |lpx |5
2 fR(ﬁ)p k<> 1Al lexlo 4 I A7+ 4 lpxlo

Substituting back into (2.18) we obtain
k2
(Thw,w)o < 3:(\\PxH )+ ||f1 7+ lepxllg- (2.19)

Now, integrate by parts to get
(Trw,w)o = y/R MM dx = —p|| me|G.

We also have, after integration by parts, that

(Tsw, w) f{pxxm dx—/(xmpx dx+/(mxpx dx.

Observe that {, and ( involve only derivatives up to second and first order, respectively. Hence, due to the bound (2.8), we can find
positive constants C; and C; depending only on 8, such that

sup || < Co, sup || <GCs.

xeR, te[0,T] xeR, te[0,T]
Henceforth, we obtain

(Tawwlo < Ca [ |nllps] dx+ C [ o] d

< Golmlloflpxllo + Csllmx[loflpxllo

G G 2 3 C3€2 2
< *||mHo > losllo + 5 lpello + == mello
€2
G C 2 3 C3€2
< —||w|\0 > lpxllo + 5 lpxlio + == [ ma]o. (2.20)
282 2
Moreover, from the definition of 74 we have
(Tsw,who = fR Hpxm dx.
J. Math. Phys. 65, 081508 (2024); doi: 10.1063/5.0172774 65, 081508-6
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Denote
Ci(T):= sup |yl
xeR, te[0,T]
Then we have
(Taw,w)o < c4fR|px||m\ dx
C C
< fllpxl\é + f\\mllé
C C
< fllpxl\é + wallﬁ- (2.21)

Finally, from (f,w)o < | flo]lwlo < 3| £]§ + 3 |w[§ and substituting (2.16) and (2.19)~(2.21) into (2.14), we arrive at estimate (2.12).
Now, for any ¢ € (0,1), let us choose ¢; and ¢, such that

C1£1 C3£2
<(I-c)p.
5t -

We obtain . ) ) )
0 51wl + G psIg) + culmsld < O Swli + 3R 1pld + 1£15 + LAIR) .22

where C depends only on 3. Then, inequality (2.22) clearly implies

1 1 1 1
o5 1wl + 3R lesl ) < O Swld + 1 osll + LA + 117 (2.23)

Apply Gronwall’s inequality to (2.23) in order to obtain

$2:06:60 GZ0Z Atenuer /|

1 1 1 1
SIw@ + R o)1 < (S lunli + (K 10up0l3)
T
+C [T O+ A1) ds, (224)
forall t € [0, T] and where C = C(T) > 0 depends only on T and f3,. Substituting (2.24) into (2.22) and integrating from 0 to f yields (2.13).
O
C. Higher order estimates
For n € N, consider the norm
T
ol o = sup (Io(®) [ + m(O2) + [ Ima(0)17 e
te[0,T] 0
The following result establishes estimates of higher order on the solutions.
Lemma 2.5 (higher order estimate). Let n € N, T > 0 and c € (0,1). Suppose
1 2\ i 2
sup | =——+ > (0,10 | + @]l 0,17 < B> (2.25)
xeR, te[o,TI\P T P+ iz
where [Sn > 0 is a constant. Then, we have
P Lo lkz 2 2 Lo 1k2 2 2 2
S lwln+ 3K lplne ) + culmlnn < Cal Slwln+ K ol + 1£ 1 + 1 fillnr ). (2:26)
forallte (0,T), and
T
el o.ry < Cu(T)(lawollz + lpolaes) + Cn(T)f0 (£ O+ 1) 1) ds. (2.27)
where C,, depends only on T, /Sn, px, M« and the parameters of (1.1).
J. Math. Phys. 65, 081508 (2024); doi: 10.1063/5.0172774 65, 081508-7
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Proof. Differentiating (2.10) we obtain that the equation satisfied by 8w is

{(a,{w)t = LOjw + [0}, L]w + dlf, (225)

dlw(0) = diw.
for j € N. Suppose j € {0, ...,n} and take the scalar product of (2.28) with d;w. The result is
(07w, Ow)o = {LOZw, w)o + ([0 L]w,Ow)o + (DL f D)o
Clearly we have
(@lw)edlw)a = Son([0Lw]f).

Moreover,

s — s 4 .
LO}w = A8 w+ > Ti(dhw).

i=1

In the sequel, C denotes a positive constant that may depend only on 8, p«, m « and on the parameters of (1.1), and which may change from
line to line. We have

(A0 w,8iw) < |0 w|o|0Jw]o
< Cer[0f M wlls + Clen)|dfw]s

< Cer |0 p[l§ + Cer |0 m|)§ + C(er)|0)w]G. (2.29)

Now we shall estimate the contribution from the dispersive term. Integrating by parts we get

(Tr0%w, 0w, = % [ @im)(@i7p) dx= —% [ @ my @l ax (230)
The first component of (2.28) reads [see Eq. (2.11)],
(0ip)i = =0{""'m + [0}, £L1]w + 9] fr.
Since [8,{, L1]w = 0, we obtain 6,{+1m = 7(8,{,0): + aifl. Substituting into (2.30) we get
(Tla)ﬂw,a){w)o :Il +Iz, (2.31)
where
K j +2 K j i+2
= [(@lp)(0%p) dv hi=-" [ (9lF)(017) dx
2 Jr 2 Jr
First, notice that
k2 j j+1 kz j+1 j+1 k2 Jj+1 412
f==" [ ou(@dp)) 017p) dx = =" [ 0L o)D" p) dx = =% aulod" I
On the other hand, we can estimate I, by

kZ

L=-~
)

[ @I )01 dx < CIAI + Lol I

Substitution into (2.31) yields
(T10lw, 0w <~ KOOI Bl + ClAl e + IO ol (2.32)

Now, let us consider { 728w, d{w)o. Integrate by parts in order to obtain,
(Tz@,{w,@{w)o = ‘ufR (Bfm)((?fzm)dx = —/,tfR (Qﬂlﬂm)z dx = —yH@,{HmHg.

Then, we deduce

(T3agw,a§w)o:—fR((a,{m)(a,{”p) dx = A(x(agm)(a;*‘p) dx + fR((a,{“m)(ag“p) dx.
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Notice that | {|;«, [|{x|;~ and |#],~ are bounded by a constant depending only on 8, and px . Therefore,
(Ta0du D)o < |Gl [ om0 ol dx+ 8l [ 107 m0L" ol
< Clodmlo|df  plo+ ClOf mlo |07 plo (2.33)

< C[[a{m]s + gIIQ?“/)H(Z) + Cea 0] ml.

Now,
(Taddw,0lw)o= [ n(olm)(]"p) d
< Il [ 0lml0f" | dx
< C(lofmls + 161" 1) (2.34)
Furthermore,

(011, 0lwh < |91 ol odwlo < C(10F I + [9w]3).

Now, let us consider the contribution from the term involving the commutator, which reads ([8,{, Llw, 8£w)0. If j = 0, we have that
[8){, L]w = 0. Therefore we will assume that j > 1. Notice that we also have [8,? , L1]w = 0. Let us first prove a statement that will be used later.
Ifie{0,...,j— 1}, then 9 '@ and 8,{7% contain derivatives up to order j of p and m. Moreover, 8l 't and 8,{71411 contain derivatives up to
order j + 1 or p. Therefore,

107 @0, 07 Blor 107" Clox 07 1o < C(Bus pes ),

forie{0,...,j— 1}. By the Leibnitz formula we have
j Lo(j i—i~ ¢
ol(annp) = Y (1) @l D).
i=0

Let us denote a; = 9] (@dxp) — @] p. Then,
-1

> (1)@ @@t

i=

laxl, =

TS
<CY 107D p) o
i=0

0
j-1

<Cy 10 aol 0 p.
i=0

Also, by the Sobolev embedding theorem, we have the estimate

165 plli= < Cllpljer, i€ {0,051}
Therefore, ||a; |, < C|p| j+1 and
(0l(@dep) ~ad{"" p,&{m)o < Clpjsr[ml; < Clp[f1 + Clml; (2.35)
Now, denote a, = 8] (Bd.m) — BOi ™" m. We clearly have the estimate
-1

> (1)@ m@m

i=0

lazlly =

j—1 Lo ,
< c; |07 B) (85 m)]o

0
L
<€y 10z Blollox" mlly=.

i=0

Since we have |0y m|| = < C|m||j11 forallie {0,...,j— 1} then |az], < C|m] j+1 and

o _ . C
(01 (BOwm) ~ Bo m, Ofm)o < Cllmljor |m])j < Ces|mu + o Im (2.36)
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Observe that [8], T1] = [8Z, T2] = 0. Let us now estimate the contribution from 73:
(04 Talp.0dm)o = - [ (04(c02p) - C0L7p) (Dm) dix
R
=1 L . :
-5 (1) [ @ 0@ @im) ax
i=0 \!1/JR
L
—i i+
<€y 107 Cloll (85 p) (22m) o
i=0
S
< CY (8 p)(8m) o
i=0
U
< CY [0 plol0iml o=
i=0
Wehaveie {0,...,j— 1} or, equivalently, i + 2 € {2,...,j + 1}. Therefore |95%p| < | p| j+1. Moreover, | 8.m| = < C|m] j+1. Whence we get
j j C, 2 2
({05, Ts1p, 0zm)o < Clipljsallmljer < = lpler + Ceslmen. (2.37)

Finally, let us consider the contribution from 7. We have

(01, Talp.0lm (04 (n0up) = 10" p) (D) dx

_%\

=

( ) [ @) @5 o) (0lm) d

i=0
Jj= . .
< CZ 167" nllo (5 ) (2{m) o

i=l

—

\\.

< cz 18" ) (@im)o

=l

J
1
||3'+ pli=[0mlo.

Since i € {0,...,j— 1}, we have i+ 1€ {1,...,j} and |9 p|~ < H&{P”L“’ < C|lp|l j+1. Moreover, there holds |8im]o < [m] ;. This implies
that,

(04, Talp,0lm)o| < Cliplje|ml; < C(lplor + [m]). (2.38)

The first component of (2.10) is p, = —m, + f1. Taking the scalar product of this equation with k*p/2 we infer

K 2 2 2 2 2
0 el5) < C(lpllo + lp<llo + Imlls + 1£:15)- (2.39)
Let c € (0,1) be an arbitrary constant. Using estimates (2.29), and (2.32)-(2.39), summing for j € {0,...,n}, and choosing & > 0, i €

{1,...,4} sufficiently small, we obtain

L2 Lo 2 2 2 2 2 2
oSl + Kol ) + culmlias < CQlwll + ol + LS+ 1l

This last inequality implies (2.26). Similarly to the Proof of Lemma 2.4, applying Gronwall’s inequality to (2.26) we obtain (2.27). ]

D. Existence of solutions to the linear system
Let ¢, g : R - R* with ¢ = (¢,,¢,). The formal adjoint of operator (2.9) reads

s (L1¢
co-(£59) ”
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where

£16= (@)~ = ($2)uwe— ({92)e~ (n2)
L3¢ = (¢1)x = (Bg2)x + ($2)xe

and the associated adjoint system is

-Op=L" ,
{ 1 ore (2.41)
#(T) = 0.
1. Energy estimate for the adjoint system
Now, we derive an estimate for the solutions to (2.41).
Lemma 2.6 (energy estimate). Suppose w,g € Cq~ ([0, T] x R) and
sup ! <G
—— <G
x€R, re[o,T]P(x’t) +px
Then, we have
T
[$(0) 15+ |oxa () 5 < C(T)f0 lg(s)[o ds, (2.42)
forallt € [0, T], where C(T) depends on Cy, ||p|4, px, | 7|3, mx, T and on the physical parameters of (1.1).
Proof. The second component of (2.41) reads
~ 02 = (91)x — (B2)s + p(92) s + g2 (2.43)
Take the L*-scalar product of (2.43) with ¢,. The result is
~(Bi¢2, 9200 = ((@1) $2)0 = ((Bp2)s> $2)0 + {($2) 5 $2)0 + (g ¢2)o,
Then,
1
~ {02 $2)0 = =S Ol 42 13)- (2.44)

In what follows C denotes a constant that may depend only on w and on the parameters of (1.1) and that may change from line to line. We
have,

(@0)n92do = [ (41)st2 dx == [ 91(go)s dx < I nlolrd o
< C(e1) |16 + Ce[| 051 [
Furthermore, using integration by parts one arrives at
~((Bg2)xs p2)o = —fR (Be2)sxp2 dx = fRBsz(ﬁbZ)x dx = %/Rﬁ(fbg)x dx
= =2 [Bu(e2)? dx < S Bl 215 < Lol

Consequently, we have

#(($2)xx, P2)0 = #/R; (¢2)xxp2 dx = —Mfk (Oc2)” dx = —p|Opa .

Likewise, there holds the estimate
2 2
(& ¢2)0 < lglolp2[lo < Clgllo + Cllgz]o-

Combining these estimates, we obtain

*%Bt(llszl\é) + (4= Cen) |0:gallo < Cen) (1915 + g215)-

$2:06:60 GZ0Z Atenuer /|

J. Math. Phys. 65, 081508 (2024); doi: 10.1063/5.0172774 65, 081508-11
© Author(s) 2024


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Choosing &; > 0 sufficiently small, we deduce

= 20u1gal) < (1813 + L[5 (245)
Now, let us take the scalar product of (2.43) with —(¢2 ). This yields
(012, (92)xx)0 = ~(($2)5> ($2)xx)o + ((Bg2)s ($2)xx)0 = p{ (@2)es ($2)xx)0 = (€ ($2)xx)o-
Integrate by parts in order to get
(Ot (¢2)ssho = [ (082) (92D e = = [ (92):01(92)s = =300 [0 ) (2.46)

Then, we infer

(2 (@) == [ @2)(@0)s = [ 91(ga)m 247)
Moreover, we obtain
((Bg)es (92)sho = [ (Bg)s(@2)us dr = [ (Bua +B(90)e) ($2)s d
= [ Beta(2den e [ B(42)x(92)er s
= [ Beg)e(pe [ B((0r82)?),
== [ But + Bul9)) (9)s dx— 5 [ Bu(@rgn)’ dx
= [ Buta(9)e dx [ Bul(042))? dx

_ 3 _
< [Beclz= 92110 10x2 0 + > [Be = |0

< C(||g2]5 + 10x25)- (2.48)
This yields,
= #{($2)xx, ($2)xx)o = *H”&%‘lsz lo- (2.49)
In addition, one can estimate
= (g2, (¢2)xx)o = ngZ((PZ)xx dx < g0 97¢2]l0 < C(e2) a5 + Cea |02 o (2.50)

Using (2.46)-(2.50) we deduce

1
~50r10al?) + (= Cen)|03gall ~ [ $1(92)ume i
R
< Cle) (1421} + 10:6215 + Ige ). s

The first component of (2.41) implies that

($2)s = 501 = 23 (@2)s ~ 5 ({92)ss — 3 (192)s + 581

Therefore, we have
= [ b1 )ucc = (= 50+ @)+ (@) 510 )
R K K K K K 0
This yields,

2 1
—ﬁ(arqh»(bl)o = _k78t||¢1 .

$2:06:60 GZ0Z Atenuer /|

J. Math. Phys. 65, 081508 (2024); doi: 10.1063/5.0172774 65, 081508-12
© Author(s) 2024


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Moreover,
((@g2)x, ¢1)o = /R¢1(a¢2)x dx = fmax(blfl’z dx + /Rwl’l(‘/’z)x dx
<@fz={¢1llolOxpallo + [ax] =l p1llol$2]o
< Clg[s + Cloxea5.

We also have,

(& @ tr) = (@il
=2 [t e 2 [ Gdagy dxt [ S92t d)

2
< ?(H(xXHL'” I¢2lollgallo + 201Gl B2 llolgslo + [T~ 1052 ol g1 lo)
< Cles) |9ll6 + ClOxgals + Ces 072 5.

Therefore,

%((W¢2)x,¢1)0 = %(fR Nx$ar dx + fRﬂ(¢2)x¢1 dx)

2
< 2 neli=lrllolg2llo + =1l Ocg2lo)
< C(l9la + |0:9215).

Also, we clearly have
2 2 2 2
(g d1)o < ?”gl loll¢1llo < C(lgillo + I [5)- (2.52)

>~

Let ¢ € (0,1). Thanks to estimates (2.51) and (2.52), choosing &, &3 > 0 sufficiently small we obtain
-0/ 1u13 + 5 10:0a13) + culoalls < C(I013 + 10utald + gIR).
Since cu||0f¢2 |* 2 0, last inequality implies that
-0z 1uld + 3 100al3) < (I + 10xall + LglG). (259

Multiplying (2.45) by 2/k* and adding it to (2.53) we arrive at
1 1 1 1
-0/ 1918 + 510:208) < S 21815 + 3 Iordall + g3

Let us change the variable 7 = T — t, ¢(t) = ¢(7). Then, the initial condition of (2.41) implies that $(0) = 0. Applying Gronwall inequality to
the resulting relation we obtain (2.42). The lemma is now proved. O

2. Negative norm estimates

First, let us introduce some definitions. We denote the Fourier transform operator by F and () = (Fu)(£). For & € R, we introduce

the notation (£) = \/1+&. Letu: R — R. Fors € R we define the operator A’u = F ' ((£)° Fu). For n € Ny we have 9 A*u = A°d}u. Denote
by S the space of Schwartz functions on R. For a function v : R — R? we set A*v = (A’v1, Av;)". Let us define the space

X:= () H'(R).
neNy
For any s € R we have
Jaalan = Tull + 10cA°uls. (2.54)

The following lemma will be used to estimate contributions coming from commutators:
Lemma 2.7. Lets € R and u € H"'"2(R). Then, there exists a constant C = Cs, such that
[[A% ] fllo < Clul-pealf -1,
for feX.
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Proof. The proof follows from Lemma 6.16, p. 202 in Ref. 16 by a density argument. ]
Suppose ¢ € Risa constantand f,u: R — R. Then,
[AS,u+c]f =[N, u]f. (2.55)

We have the following result.
Lemma 2.8. Supposew,g € C;~ ([0, T] x R) and
sup __
x€R, te[0,T] ﬁ(x’ t) + px N

Then,

2
6,’:(“— ((’:*) +p'(p*))), 8,’:(B+ 2;1* ) R, Ane L*(R), V neN,.

Proof. We clearly have

_ 2 _ _ _ _
(m + m*) _ (TL) _ ()’ = (m )’ + 2pame (e~ mp) _ 12y
P +ps P (p)*(p +p+)?
Let a = min{p«,1/Co}, b = ||p||z>= + p,and
1
G(z) = f p"(tz + ps)dt, z > —p..
0
Then, there holds
P/(P(x) + )~ P (p) = G(R)B(x),  xeR.
Moreover,
1G(p()) = < Spr " (2)|.
Therefore,

[p"(R() +p+) =" (p)llo = 1G(R(x))P() 0 < [G(p()) =Pl < sup [p" (2)[[]lo.

ze[a,b]

Hence p’(p(-) + p+) = p'(p+) € L*(R), and consequently

a- ((’:)2 +p'(p*)) ¢ *(R).

2(m+my)  2ms Msp — pxti
_—— et — =2
P+px ps px(p+ps)

Similarly,

Therefore,

B+ zpﬂ ¢ I2(R).

In addition, we have 0} a, a;:B € L2(]R), n € N. Since { and # are a product of a coefficient and p, we have
8¢, din e L*(R), n e Ny,
and the proof is complete. O

Lemma 2.9. Supposes € R, w,g € C3° ([0, T] xR) and

1

sup —/————— <
x€R, te[O,T]P(x’ t) +px
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Then,
s 2 s 2 T s 2
I8 + 10X 6:(0) 3 < C(T) [ 18°g() o, (2.56)

forallt € [0, T], where C(T) depends only onw, T, px, mx« and the parameters of (1.1).
Proof. Lets € R. Applying the operator A° to (2.41) we obtain that the equation satisfied by A’¢ is
—ONG= LN G+ [A, L7]p- A (2.57)
Take the scalar product of the second component of (2.57) with A°¢,. The result is

—(ON o, Npa)o = (L3NG, N pa)o + ([A°, L3¢, Ah2)o — (A2, A2 )o.
Then, we have,
— (0N b2, N2 )o = —fR (0N $2)(N'¢2) dx = —%&(H‘Pz\\f)- (2.58)
Moreover, _
(L3N0, N i), = (0’1 — Dc(BA'$2) + uOTA 2, A ) .

Then, after integration by parts and by (2.54), we arrive at

(091 K20 = [ (DN G)(N°92) dx = = [ (8°91) (0:92) dx
< [A°¢1flo]OA g2 o
< [41l:lg2ln
< Clen) a2 + Cerlgal
= Cle1)[[$1]5 + Cerl[ 2] + Cer[0xA "2 5.

In the same fashion, we estimate

~(O:(BN92), N 2)o = ~ [ 0BG (A'2) dx

= [ B62) (0:°g2) dx

< [Bli= A2 lo 01620

< Cll¢zsl 2 s+1

< C(&)] ¢ + Ceal¢allirs

< Ce2)[$2]lS + Ceal|pa [} + Ceal| 025

Furthermore,
(OLN g, N ga)o = [ (2N 9)(W'42) dr == [ (0u'g2)’ dx =~ el
Then,
— (N, Aa)o < |[Ngallo|[Aballo = sl g2]s < C(Ig2F + [62]2)- (2.59)
Now, let us estimate the contribution coming from the commutator. We have
[AS, ,C;](,b =a) + ap,

where

a1 = =[N, BlOga, a2 = —[A", B<] .

Then, in view of (2.55), we obtain
2m

*
*

a) = —I:AS,/_)) + :|8x¢2.
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Hence, using Lemmata 2.7 and 2.8, we infer

I[A% £5]¢llo < llar]o + |azllo

Henceforth,

s Zm* s
= H[A B+ ]axqsz + (A% B¢,
Px 0
— 2m* —

< CHﬁ + [Ox2lls-1 + Cl Bl js-yj2l P2 s-1

Px [s=1]+2
< C([p2lls + [ p2/s-1)
< Cl 2|

([A% £3]¢, A'd2)o < [ (A% £3]@llo]| A¢2]l0 < Clg2]5.

Using estimates (2.58), (2.59), and (2.61) and choosing &1, & > 0 sufficiently small, we deduce

- 50102) < C(I912 + eI,

Now, taking the scalar product of the second component of (2.57) with —92A*$, we obtain

(@AS(Pz,aﬁAS(ﬁz)o = (L3N, 8§A5¢2)0 —([A%, £3 ]9, 8,%A$¢2)0 + (Asgz,/\:a%(ﬁz)o.

This yields,

Moreover,
- (8xAs¢l >

Furthermore,

S S 1 N
(O 2, DI N 2)o = _EatHaxA 2.

8,%/\5([)2)0 = —A (axASgbl)(@fAsgbz) dx = \/]R (As(pl)(aj/\sgbz) dx.

(0(BN$2), 5N ga)o = [ 0(BA$2)RN ¢ dx

Moreover,

= [ Bl (@ngn) dx v [ BON'2) (00Ng2) di

- fR (Bl $2) (DA 62) dx + % fR BOL((0et'$2)?) dx

- [ Ba(X )0 dx— [[B(0N'6:) dx - [ B0 ds
< [Brelli= |4 B2 o | 0x2° 2 0 + %HB’CHL“’ |00 [

< CH¢2”§+1~

(Ng2, i Yo < [N ]o| A B2]lo < Cle3) |gal¥ + Ces |0 Ao 5.

Using (2.60) we obtain

—([A%, £3]¢, 02N $2)o < [I[A°, £3 1600 A°¢2 o
< Cllg2]s|0: A2 0
< Ces)| ¢ + Cea| OZA o 5.

Let ¢ € (0,1). Using estimates (2.63)-(2.65) and choosing €3, &4 > 0 sufficiently small we deduce

1 N N s N
= 5004 $215 - fR (N'$1)(02A°¢2) dx + cu A a5 < C([1g2]501 + [ 2)-

The first component of (2.57) is

—ON ¢ = LIN G+ [N, LT - Ngi,

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)
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where
. _ s K5 S .
LING= -0 (AN'$2) = S-ON $r = O ((N°92) = Ou(n'$).

Let us express A’¢, from (2.67). The result is

s 2 s 2 — A S 2 s 2 S
RN ¢ = ?&A ¢ - ?3::(“1\ ¢2) - ﬁaf((f\ ¢2) - ﬁax('?/\ $2)
2 s ax 2
+P[A,£1]§b— kTAgI.

Let us substitute last equation into the second term of (2.66). This yields

-5 [ oD@ dx= - aIN 4D

Then,

5 [@en@nen. x5 [(Wo0@ngs) dev 3 [ () @0N'G) d
< 1@ lim I ol Gall + 5 18 1A oA gl
<C(g1]: + Ig2l51)-

Furthermore,

% /R (N'$1)02 ((N'¢2) dx = % [R (K1) (Lol + 200N’ $s + (2N ) dx
< k%(“(xxIle A1 (o | A2 o + 28| 1= [ A1 0|0 A" 2o

+ ¢l [ A% 02210

< C(Ig1 1192l + 1@l g2ler + 61 ]s[82A° 2 o)
< Cles) 415 + Clgalisn + Ces |02 2]l

Now, let us estimate
2 s S 2 ; ; .
?‘[]R (A ¢1)8X(77A ¢2) dx = ?‘/]R (A ¢1)(7’]xA ¢ + nOA ¢2) dx
2 s s 2 s )
< ﬁ”’h”L” 1A flo| A" ¢2]0 + k*zH’THL”" [A°p1]lo]|OxA 2 0
<C([g]2 + I ¢2121)-
Moreover,

2 S S 2 S S
?/R (N¢1)(Ngr) dx < ?HA $rllo|Agilo < C(I 1] + lgall?).

Now, let us estimate the contribution coming from the commutator. Similarly to (2.60), using Lemmata 2.7 and (2.55), we obtain

|:As,oc— ((;’:)2 +p,(P>¢-)):|8x¢2

+ [[A, Gl g2 lo + 2][A%, &10xa 0

+[[[A% 107 ¢allo + I[A% ]2 llo + [[A, 7] Oc2 0
< Cl 2 s+1-

1A% £11] < [[A% @ ]gallo +

0

Using estimates (2.68) and (2.69), and choosing &5 > 0 sufficiently small, we arrive at

1. 1 .
-0 FINGR + 5108 6213) < C(I 12 + 1212 + 1)

(2.68)

(2.69)
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Multiplying (2.62) by 2/k* and adding it to the last inequality we infer
1 s 1 s 1 S 1 s s
-0 F 113 + 10 galR) < O IAIE + S longalf + 1%l .70)
Applying Gronwall’s inequality to (2.70) similarly as in the Proof of Lemma 2.4, we obtain (2.56). This yields the result. o

Now, we are going to show that the linear system (2.10) has a unique solution. Let us define the operator including the time derivative
L:=0,- L. (2.71)
Its formal adjoint is given by £* = -8, — L£* and satisfies ( Lw, ¢)o = (w, L *¢)o.
Lemma 2.10 (existence of solution to linear system). Suppose n > 3 and let

f e’ ([0, T}, H"(R)), fi e L*([0, T}, H"" (R)),
pPo € HVHI(R), Mo € Hn(R)

Then the initial value problem (2.10) has a unique solution which satisfies the estimate (2.27).

Proof. Let¢ € C° ([0, T] x R). We then have

| [ o] =| [T ga oo e < [ 1A Lol gl

From the inequality (2.56) with s = —n we deduce

[ 47

1/2

<o [Cslol [T IAT T gl dr) ar

cen([Twria) ([ aozena)”

[Tgha

Hence,

defines a bounded linear functional of £ *¢ in L*([0, T], H "(R)). Applying the Hanh-Banach extension theorem and Riesz representation
theorem we obtain that there exists a unique weak solution w € L*([0, T], H"(R)) such that

[ trorde= [ T o dt

forall ¢ € Cg°([0, T] x R). Therefore,
[ fodx= [(Zwgpds  gec(®),
R R

forall t € [0, T] a.e. Since n > 3 the Sobolev embedding theorem implies that the solution is classical. O

E. Proof of Theorem 2.1

Now, let us consider the initial value problem for system (1.1), with
p(0) = po, m(0) = mo. (2.72)
First we shall prove the following lemma about local existence of solutions.
Lemma 2.11. Supposes € N, s > 3. For any initial condition (p,, mo) such that p,(x) > 6 > 0 and
po — px € H'(R), mo — ms € H'(R),
where px > 0 and m. € R are constants, there exists T > 0 such that the initial value problem (1.1), (2.72) has a unique solution

p—p« € LZ([0, T], H*' (R)), m — m. € L ([0, T], H'(R)).
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Moreover, w = (p — px,m — m«) satisfies the estimate
lwllSgory < Ca(T) (lwols + lpo = ps[S41),
with wo = (p, — p= > Mo — M), and where the positive constant C,(T) depends only on ps«, m s, the parameters of (1.1) and T.

Proof. The nonlinear problem can be written as

Z =0,
(w)w (2.73)
w(0) = wo.
In order to recast the system so that we have homogeneous initial data, let @; be the classical solutions to the heat equation,
Oywi = Dy,
wi(O) = Wi0, i= 1,2,
given by
wi(x,t) = fK(xfy,t)w,-,o(y)dy, xeR, t>0,i=1,2,
R
where .
1 X
K(x,t) = —exp|-—— |,
(0= e (-]
is the heat kernel. From standard theory we clearly have the estimates
|@1()[s+1 < [P0 = ps [ls+15
Toa . 2 LA 2
[ Vo de+ [ fanfa dt < Clpo = pa
|2 () s < [[mo = ma|s,
T 2 T 2
[ Nty des [ s de < Clmo -
Now, let us introduce the new variable 1 = w — @, where & = (p, )T, and let us define the operator
M) = L(w + )b + (L(d + ) — L()) .
Then, the system (2.73) becomes
M((w)w = f(w),
(1)1 = () o)
w(0) =0,
where f = — L (). We will solve (2.74) by iteration. Set
M (i)W = f,
{ ( ]) o = (2.75)
wj+1(0) =0,

for j € Ny and with W = 0. Note that the operator M in (2.75) has the same structure as L defined in (2.71) and Theorem 2.10 applies to the
system (2.75). We show how to treat three of the terms in the proof of (2.13) for Eq. (2.75). Indeed, we have

y _ 1, . 2 & 2 € 2
f (W2)em dx < ||(2)e]-1[|m[r < S—[[(@2)e]|Z1 + = [mllo + = [m|o.
R 2¢e1 2 2

Moreover,
f(ﬂ}z)xxm dx = f(fuz)tm dx,
R R

and, furthermore,
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/R (01 ) xxxtm dx = fR O (1) xm dx
<O (@1)x -1 mh
1 . 3 3
< ZTZH@(wl)xHil 2 ml+ = el
The other terms are treated similarly.
Let i € No. Thanks to the Sobolev embedding theorem if T, > 0 are sufficiently small and [[|]||? o] < 0 thenp + @1 (x,t) + p(x,) >0

forx € Rand 0 < t < T. Therefore, it suffices to show that there exist sufficiently small T > 0 and some 0 > 0 such that the successive iterations
satisfy

llillegory <8 < Berii € No, (2.76)

A L., . )
i = @ictlli-agory < Slim1 = Di-all-2 07,2 2, 2.77)

Suppose that (2.76) and (2.77) are satisfied for i < j. The inequality (2.27) with n = s implies that

A 2 T 2 2
i jeslEgary < Go(T) [ (A2 + LAl

Therefore we can choose T = T(8) > 0 small enough such that |||u7j+1\||i[07T] <8< pB.
Now, for i € Ny define v; := ;41 — ;. Then, v; satisfies

./\/l(’l[),‘)’l)i = (M(w,-_l) - M(’lﬁi))ﬁ}i,
’U,‘(O) =0.
Moreover, since H"(R) is a Banach algebra for n > 1, we have

2 A A 2 ” A 2
2 S Ce20l|pj = i1l + Coad ity — 11 [

[(M(aj1) = M(ad;j))w;

Applying (2.27) with n = s — 2 we obtain
lbjer = dills-aor) € Coma(T)VOlb; = i ls-aforry

Choosing & > 0 such that C;—»(T)/8 < 1/2 concludes the proof of (2.76) and (2.77). ]

Thanks to the Sobolev embedding we infer Theorem 2.1 from Lemma 2.11. This concludes the Proof of Theorem 2.1.

I1l. LINEAR DECAY RATES

In this section, we establish the decay of solutions to the linearization of system (1.1) around an arbitrary constant equilibrium state U x
= (px,mx) € R% with px > 0, and satisfying the subsonicity assumption
m’
/
ppx)> R G.1)

k

In contrast to the estimates from Sec. I1, here we focus on stability estimates. To that end, we examine the decay structure of the system in
the sense of Humpherys’ analysis for linear higher order systems in the Fourier space (cf. Ref. 31). Symbol symmetrizability and the existence
of an appropriate compensating matrix symbol are key ingredients to establish the optimal decay of the semigroup.

A. Linearization and symbol symmetrizability

We start by observing that system (1.1) can be recast in conservation form. Indeed, following Lattanzio et al.*! let us write the Bohm

potential as
(VP)w) _ 1
o(“57) - 36w,

Therefore, system (1.1) in conservation form reads
pt+my =0,

2
me + (m? +P(P)) = Pxx + %kz(p(ln p)xx)x' (32)
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The conservative form of the equations will play an important role in the establishment of the energy estimates with the appropriate regularity
for the density variable.

Consider an arbitrary constant equilibrium state Usx = (p«,m«) € R? satisfying p« > 0 and (3.1), and let (p + px,m + m ) be a solu-
tion to (3.2) where p and m represent perturbations. Substituting into (3.2) and after some elementary algebra, one arrives at a nonlinear
perturbation system of the form

Pt + my = 0,
2
m 2m 1 (3.3)
me + (pI(P*) - T*)Px+ ( : )mx = UMxx + 7k2pxxx+axN2;
P P 2
where N, contains the nonlinear terms and is of the form
N, = O(p2 +m’+pi+ lpllpax|)» (3.4)
as the reader may easily verify. In other words, the system (1.1) can be rewritten as a system of the form
U= AU + 0, 0 (3.5)
t = X NZ > .

in terms of the (perturbed) state variables U = (p,m)" and where A is a differential operator with constant coefficients. Notice that the
nonlinear terms are expressed in conservative form.
Let us consider the linear part of system (3.3), which reads

Ut + A* Ux =B Uxx + C* Uxxx) (36)

where

p 0 1
U-= R Ax =\, ,
(m) " (p (p) = s [P’ zm*/p*)

3.7
0 0 0 0 (3.7)
B* = (O )) C* - lkZ >
# 2
or, equivalently,
U = AU = (=A% 9y + Bx 95 + C+ 3 ) U. (3.8)
Take the Fourier transform of (3.6). This yields
U + (iAs + EBy +i8Cs)U = 0, (3.9)
where U = U(£,t) denotes the Fourier transform of U. The evolution of the solutions to (3.9) reduces to solving the spectral equation
(M +iAs + 8By +iECx)U =0, (3.10)

for A € C and & € R denoting time frequencies and (Fourier) wave number, respectively. It is said that the linear operator A is strictly
dissipative if for each & # 0 then all solutions to the spectral equation (3.10) satisfy Re A(§) < 0 (cf. Humpherys;®' see also Refs. 36 and 51).

Remark 3.1. Ueda et al.””"" further classify strictly dissipative systems as follows. The linear system is called strictly dissipative of type
(p,q), with p,q € Z, p,q > 0, provided that the solutions of the spectral problem (3.10) satisfy

cler”
Rel(f) < - W, \V/E#: 0)

for some uniform constant C > 0. The system is said to be of standard type when p = g,°* and of regularity-loss type when p < ¢.”* Notice that
the heat equation is a system with dissipativity of type (1,0). Hence, the third case when p > g is called dissipativity of regularity-gain type.*
The type of dissipativity will be reflected in the decay rate of the solutions to the linearized system. Notice that strict dissipativity is equivalent
to the stability of the essential spectrum of the linearized operator A when computed, for example, with respect to the space L*(R) of finite
energy perturbations.
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The following result justifies the subsonicity assumption (3.1) in the study of strict dissipativity.

Lemma 3.2. Suppose that a constant equilibrium state (p+,mx) € R with ps > 0 is supersonic, that is,

2
p'(px) < mT* (3.11)
P %

Then the operator A defined in (3.8) violates the strict dissipativity condition. More precisely, there exist certain values of £ € R for which the
solutions to the spectral equation (3.10) satisfy Re A(£) > 0.

Proof. See the Appendix. ]
Now, we follow Humpherys®' and split the symbol into even and odd terms. Let us define the symbols,

0 1
A)=Ax+8Cx =] , 1 , dd),
(8)i= s +5Cs (P (ps) —m% [p% + EszZ 2ms [ps (odd)
B(£) = EBy = 52(0 O), (even)
0w
so that the evolution equation (3.9) is recast as _ _
U: + (i8A(§) + B(§))U =0. (3.12)

Notice that in the matrix symbol A (&) we have gathered the transport and dispersive terms together (the odd part of the symbol), whereas
the only dissipation term due to viscosity (the even part of the symbol) is encoded into the matrix B(£). In this fashion, Humpherys mimics
the algebraic structure of second order (purely viscous) systems of Kawashima and Shizuta®®”' at the Fourier level. Humpherys thereby
introduces the following fundamental concept of symbol symmetrization, which generalizes the standard notion of symmetrizability of Lax
and Friedrichs'”'® (see also Godunov?).

Definition 3.3 (Humpherys’'). The operator A is symbol symmetrizable if there exists a smooth, symmetric matrix-valued function, S
= 8(&) > 0, positive-definitive, such that S(§) A (&) and S(&) B(§) are symmetric, with S(§)B(&) > 0 (positive semi-definite) for all £ € R.

Remark 3.4. Let us recall that a generic (quasilinear) system of equations of the form U; = ¥ ; A i(U)9]U is said to be symmetrizable
in the classical sense of Friedrichs if, for any constant state Usx, there exists a symmetric, positive definite matrix S = S(Ux) > 0 such that
S(Ux)A;(Ux) are all simultaneously symmetric. Clearly, every symmetrizable system in the sense of Friedrichs is symbol symmetrizable, but
the converse is not true.

Lemma 3.5. Assume the subsonicity (3.1) of the equilibrium state Ux = (px,ms) with px > 0. Then the linearized QHD system (3.6) is
symbol symmetrizable, but not symmetrizable in the sense of Friedrichs. One symbol symmetrizer is of the form

S(f) _ (06(05) (1)) c Coo (R;szz), (3'13)

where
/ mi 15,
a(é):=p (p*)—pT+£k &>0, EeR (3.14)

*

Proof. 1t is easy to verify that the symbol S({) defined in (3.13) is smooth, symmetric and positive definite because of the condition (3.1).

By inspection, one thereby obtains
[a) O\[ O 1 [0 a(&)
040D Wetey 2mepe) (et 2mine)

and S(&)B(¢) = B(&), which are symmetric matrices with S(§)B() > 0. This easily shows that the operator A4 is symbol symmetrizable. To
prove that the system is not Friedrichs symmetrizable, suppose there exists a positive-definite symmetrizer of the form

s:(s1 52).
S 83
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Then the condition on SA x and SCx to be simultaneously symmetric matrices implies that S cannot be positive definite, as the reader may
easily verify. The lemma is proved. ]

Remark 3.6. Up to our knowledge, the QHD system (1.1) is only the third example of a symbol symmetrizable system which is not
Friedrichs symmetrizable, apart from the isothermal Navier-Stokes-Korteweg model (cf. Refs. 31 and 47) and its non isothermal version
(the so called Navier-Stokes-Fourier-Korteweg system**). The existence of these simple and physically relevant counterexamples exhibit the
importance of Definition 3.3.

Henceforth, multiply Eq. (3.12) on the left by the symmetrizer § = S(£) defined in (3.13) to rewrite it in symmetric form,
S(&)U, + (iEA(§) +B(£))U =0, (3.15)

where

0 ad)
o) 2mufps

Once the system in Fourier space is put into symmetric form, we can recall the following fundamental notions (cf. Refs. 31, 36, and 51).
Let S, A, B € C*(R; R*?) be smooth, real matrix-valued functions of the variable £ € R. Assume that S, A, B are symmetric for all £ € R,
S > 0 is positive definite and B > 0 is positive semi-definite. The triplet (S, 4, B) is said to be genuinely coupled if for all & # 0 every vector
V e ker B(£), with V # 0, satisfies the condition (()S(f) + Z(f))V # 0 for any ¢ € R. In that case we say that the operator A satisfies the
genuine coupling condition.

Likewise, under the same assumptions of symmetry, smoothness and positive semidefiniteness, if a smooth, real matrix valued function,
K eC™ (R; R3X3), satisfies

(@) K(&)S(&) is skew-symmetric for all £ € R; and,
(b) [K(EAE)] +B(§) > 0(E)I>0forallé eR, &+ 0,and some 0 = 6() > 0,

A(E) = SEAE) - ( ) B(E) = S(E)B(E) - 52(" 2)

0

then K is said to be a compensating matrix symbol for the triplet (S,4,B). Here [M]* := %(M + M) denotes the symmetric part of any real
matrix M.

The concepts of strict dissipativity, genuine coupling and the existence of a compensating matrix function are equivalent to each other
(see Theorems 3.3 and 6.3 by Humpherys®!), as it is stated in the following equivalence theorem, under the extra constant multiplicity
assumption.

Theorem 3.7 (equivalence theorem®'). Suppose that a symbol symmetrizer, S = S(§), S € C*(R; R**3), exists for the operator A in the
sense of Definition 3.3, and that A(&) = S(§)A(&) is of constant multiplicity in &, that is, all its eigenvalues are semi-simple and with constant
multiplicity for all & € R. Then the following conditions are equivalent:

(a) Adis strictly dissipative.
(b) Ais genuinely coupled.
(c) There exists a compensating matrix function for the triplet (S, SA, SB).

Our first observation is that the linearized QHD system (3.12) satisfies the genuine coupling and constant multiplicity conditions.

Lemma 3.8. The triplet (S, A, B) is genuinely coupled. Moreover, the matrix symbol A (&) is of constant multiplicity in € € R.

Proof. Clearly, for each & # 0 we have ker B(¢) = {(4,0)™ : a € R} c R%. Hence, forany 0 # V = (4,0)” € ker B(£), with & 0, and any

0 € R, there holds
~ _[oa(&) a(§) a\ (aoa(f)
(OS“)+A“))V‘(a<f) 0+2m*/p*)(0)_(aa(f))¢0’

because a # 0 and a(§) > 0 for all §. Therefore, the triplet (S, A, B) is genuinely coupled. Upon an explicit computation of the eigenvalues of
A(&), we obtain that det (vI — A(£)) = 0 if and only if

v=vs(E) = %i\ 2122*+oc(£)2,

yielding two real and simple eigenvalues, v— (&) < 0 < v, (£), which never coalesce inasmuch as (&) > 0 for all . Hence, the constant
multiplicity assumption is also fulfilled. O
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B. The compensating matrix symbol

__By virtue of the equivalence Theorem 3.7 and Lemma 3.8, we deduce the existence of a compensating matrix symbol for the triplet
(S, A, B) associated to the linear symmetric QHD system (3.15). In applications, however, it is more convenient to construct the symbol
directly. For that purpose, let us go back to the (unsymmetrized) original system (3.12) and introduce the following rescaling of variables,

V= 5(5)1/26, (3.16)
where S(§) > 0 is the symmetrizer from Lemma 3.5. Hence, system (3.12) transforms into
Vi+ (iEA(E) +B(§))V =0, (3.17)

where
AE) =SEPAGSE) T B(E) = 5(8)B(§)S(E) M

Thus, direct computations yield

o [ 0 a(8)'V? S 2(0 0): ,
A(E)_((X(E)l/z 2m*/p*)> B(§) =81, . EBs.

Notice that A and B are both smooth and symmetric, with B > 0. In some sense, we have just symmetrized the original system with $(&)"2

instead. The following lemma appropriately chooses the compensating matrix function and provides more information than the equivalence
theorem.

_ Lemma3.9. There exists a smooth compensating matrix symbol, K € C®(R;R¥?), K = R(&), for the triplet (I, A(), Bx). In other words,
K is skew-symmetric and L
[K(OA(E)] +Bx 20I>0, (3.18)

for some uniform constant 6 > 0 independent of & € R. In addition, the following estimates hold,
ER(ELIR(E) < C, (3.19)
forall& € R and some uniform constant C > 0.

Proof. Let us proceed by inspection. Consider a compensating matrix symbol of the form

R@-a®(’ )

with € > 0 constant and g(£) > 0 real and smooth, both to be chosen later. Clearly, K is skew-symmetric. Let us compute

e o 1\( o a®7”\_ a(&)' 2ma fps
K(E)A(f)—“l(f)(_l 0)(0((5)1/2 2711*/13*)—551(5)( 0 —06(5)1/2)'

The symmetric part of this matrix is

a(E)2 M 0w
[?(E)Z(f)]s=eq(£)( © /e )

mafpx —a(€)'

Hence, let us choose q(£&) = a(&) "2, real smooth and positive, to obtain for every y = (y1,y,) € R* and all € R the quadratic form

Q9 = (ﬁ)T(U?(E)Z(E)T +B*)(ﬁ)

(y)( e ea(al”m*/p*)(yl)
y2) \ea(®)™Pmu fp« p—ec y2

2 2
= ay] + buyiy: + axys,

with
2em x

a=€>0, am=p-¢€ bp=——pr—.
(&)
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If we choose 0 < € <« 1 sufficiently small such that

2

a >0, a2—£>0,
2a1

then clearly,
Y 1 2 1 blZ : b%z 2
Q(}’,f) =—ai)1 + *611()/1 + *yz) tla2—— D>
2 2 az

2611
1 5 b\ 2
> = + - —=
2 2111)/1 (az 2a, V2

> Oy,

with 6 = min {3a1,a; - bi,/(2a1)} > 0. That is, the quadratic form is positive. Hence, we need to choose 0 < € < 1 such that g > e and

b, ( 2m% )
ap-—=u—|1+ €>0.
o pha(®)

Notice, however, that a(&) > ax > 0 forall £ € R with

2
ws = p(ps) = T >0,
P

which is a positive constant because of the subsonicity condition (3.1). Therefore,
b 2m
az—izy— 1+27* e>0,

for all £ and it suffices to choose

1 o s P4
cmeyim L HIEPE
2axpy +2m%

in order to obtain Q(y, &) > Oly|* for all¢ € Rand all y € R* with a constant

1 2m
0=min{ —€x,p—€x|1+ s >0,
2 s P

— €x 0 1
*0-zgmls o)

is the compensating symbol we look for. Clearly, K is smooth in £. Finally, since 0 < a(&)™"/? < a3/ and since |E|a(§)™ is uniformly
bounded for all £ € R, we conclude that there exists a uniform constant C > 0 such that (3.19) holds. The lemma is proved. m]

independent of &. This shows (3.18). Therefore,

-1/2

Remark 3.10. A few comments are in order. Notice that we demand K to be a compensating matrix symbol for the triplet (I, 4, B+)
and not for (I, 4, B). This feature will be useful in the establishment of the energy estimate. In addition, we have constructed K such that the
constant 6 > 0 in (3.18) can be chosen uniformly in & € R and that both |[K(&)| and |EK(&)] are uniformly bounded above. These are properties
that cannot be deduced from the equivalence theorem.

C. Linear decay of the associated semigroup

Lemma 3.11 (basic pointwise estimate). The solutions V = V (&, t) to the linear system (3.17) satisfy the pointwise estimate
[V(&1)] < C exp (—wof0)|V(£,0)], (320)

forall e R, t >0 and some uniform constants C,wo > 0.
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Proof. The proof follows that of Lemma 5.2 in Ref. 47 almost word by word and therefore we gloss over some of the details. The important
points in the present case are the following. By taking the standard product in C* and for any & > 0 sufficiently small, the skew-symmetry of
the matrix K allows us to define an energy of the form

£=|V[ - 88V, iR(§)V),

which is real, positive and equivalent to [V, that is, C7'|V]* < £ < Ci|V|? for some uniform C; > 0. Since B(¢) = £2B, the inner product in
C? of V with Eq. (3.17) yields

%at|\7|2 +&(V,B«V) =0, (3.21)
where we have used the fact that A and B are symmetric. Likewise, multiplying the equation by by —ifK (&) one arrives at the estimate
Lo s 5o T T BT £\ 15T o T p T
- S8V iR(§V) + E(V,[R(EAE)]V) <[V + CE(V,B: V), (3.22)

for any ¢ > 0 and some uniform C;, > 0. Multiply inequality (3.22) by § > 0 and add it to Eq. (3.21), yielding

SO(IVP - 86T, R(OT) + £V [ROAOTT) + (1-3C) (V.5 7)) 325
< 0|V

If we choose ¢ = %6 where 6 > 0 is the uniform constant in (3.18) then the constant C, > 0 is therefore fixed and for 0 < § « 1 sufficiently

small one obtains B
VR (E)A(E)V)+(1-8C)(V,BV) > 8(V, ([R(§)A ()] + Bx)V) > 86|V[,

where we have used the main property of the compensating matrix symbol [estimate (3.18)]. Substitution into (3.23) yields
HE+ wE E<0,
where wg := 66/C; > 0. This implies estimate (3.20). Details are left to the reader. O

Remark 3.12. Tt is to be noticed that (3.20) implies that the eigenvalues in Fourier space of system (3.10) satisfy A(§) < —wo&?%, with
wo > 0, yielding a dissipative structure of regularity-gain type.

The pointwise estimate of Lemma 3.11 implies the following estimate for the solutions to (3.12).
Corollary 3.13. The solutions U(&,t) = (Uy, Uz) (&, 1) to the linear system (3.12) satisfy the estimate
(1+E)T1(E P + (T2, 1) < C exp (w2008t (1 + E)|T1(E,0)]° + [Ta(£,0) ), (3:24)
forallt >0, & € R and some uniform constant C > 0.

Proof. Suppose U = U(&,¢) is a solution to system (3.12). Then from transformation (3.16) we know that V = $(&)"/2U satisfies (3.17)
and, therefore, Lemma 3.11 applies. Hence, from estimate (3.20) we obtain

(&) 0\(T,
0 1 (Uz)

< C exp (—2w0*t)|[V(£,0)7

= C exp (—2wo’t) (a()|T1(&0)* + [U2(£0) ).

From the definition of a(£) [see (3.14)] we clearly deduce that there exist constants C; > 0 such that C;(1 + &) < a(£) < Ci(1 + &) for all
& € R. Upon substitution we obtain estimate (3.24). m]

2

VI = Is(&)"*0F = = a0 + [0

The decay estimates (3.24) of the solutions to the evolution equation in Fourier space (3.12) readily imply the decay of the semigroup
associated to the linear evolution system (3.6). Notice the higher regularity on the density variable (here U; = p) that appears in (3.24).
Consider the abstract Cauchy problem for the linear system (3.6),

{Ut = AU, (3.25)

u(0) = £,
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where A := —A+ 0y + Bx 07 + C4 0; is a differential operator with constant coefficients. We densely define the operator on the space Z :=
L*(R) x L*(R) with domain D(.A) = H**'(R) x H*(R) for some s > 3.

Lemma 3.14. The differential operator A : D(A) c Z — Z is the infinitesimal generator of a Co-semigroup, {e'* }iso, in Z = L*(R) x
L*(R). Moreover, for any f € (H™'(R) x H'(R)) n (L' (R) x L'(R)), s > 2, and all 0 < £ < s, t > 0, there holds the estimate

1/2

1/2 —¢
(I£ (P + [0 Ha(0)5) < ce (1AL + 05 £115)
+C(L+ ) P g,

(3.26)

for some uniform constants C, ¢y > 0.

Proof. The infinitesimal semigroup generated by A is necessarily associated to the solutions to the linear problem (3.25), which can be
expressed in terms of the inverse Fourier transform of the solutions to (3.12). Indeed, suppose that U = U(, ¢) is the solution to (3.12) with

initial condition U(&,0) = f(£). Then U(x, t) = (¢'* f) () is the solution to (3.25) with U(0) = f = (fi, f2)", where
(€ F)(x) = ﬁ fR R0 (5) g, (3.27)
and
0 z
R(z):=- z(p'(p*) — % — %kzzz) 2zmy Jpx +2uf 2eC

R(i§) = -(ifA() + B(§)),  §eR.

That {e'}1»0 is a Co-semigroup, where A is the constant coefficient differential operator defined above, follows from standard Fourier
estimates and semigroup theory (cf. Refs. 12 and 46); we omit the details. Now, since U satisfies (3.12), then by Corollary 3.13 estimate (3.24)

holds. Fix £ € [0, 5], multiply (3.24) by £2* and integrate in & € R. This yields
L[ QN0 Enr + £ 0260P] dE < Cne) + Ch(e),

where,

n= [ (£ + TGO + & T2(E 0 [ exp (2008’ dé,
W= [ [EQ )T + £ 060 Jexp (-2an’) d
Noticing that, clearly, exp(—2wo&>t) < exp(-woé’t), we deduce
ho <2 [[EOEofe " d<amp DEOF [ e ag
_ y _
But since for any fixed £ € [0, s] and any constant wo > 0, the integral
Ho(t) = (1+ 1)1 [ 11 £l g <
is uniformly bounded for all ¢ > 0 with some constant C > 0 (see Lemma A.1 in Ref. 47), we arrive at

L) <1+ 1) 2 |U(x0) 2. (3.28)

Now, if [§] > 1 then exp(~2wot¢?) < exp(-wot). Hence, Plancherel’s theorem implies that
ha(t) < fm £+ E)01(E )] + E|T2(50) de
—e [ @8N0 D60
<o [(@+REDOE 0P + 1050 dE

= ! (Jocui(0) [ + [0LU2(0) ),

for all ¢ > 0. Combining both estimates we obtain the result with ¢; = wo/2 > 0, as claimed. O
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IV. GLOBAL EXISTENCE AND DECAY OF PERTURBATIONS OF EQUILIBRIUM STATES

In this section we focus on the nonlinear problem. We prove the global existence and the decay of small perturbations to subsonic
equilibrium states.

A. Nonlinear energy estimates

We start by establishing a priori energy estimates for solutions to the full nonlinear problem (1.1). Let U = (p«,m+) € R? be a sub-
sonic equilibrium state with ps > 0. Then if (p + px,m + my ) solves (1.1) with U = (p, m) being a perturbation, then the latter satisfies the
equivalent nonlinear system (3.5) where A is the linearized operator around Usx defined in (3.8). Let us denote the initial perturbation as
(py> mo) and suppose that

poe "' (R)nL'(R),  moe H'(R)nL'(R),

1/2 1/2

for some s > 3. From the local existence theorem 2.1 we know that if E;(0)"/% = (||po||%1 + ||70]?)"/? < ao then there exists a local solution to
system (3.5) in the perturbation variables, namely, U = (p, m) € X;((0, T); r,R), for some R > r > 0, T > 0, and with initial condition U(0)
= Uy := (py, mo), such that U+ Usx = (p + px,m + my ) solves the original system (1.1) with initial condition U(0) + Usx = (p, + px,mo +
m, ). This local solution can be written in terms of the associated semigroup and the variations of constants formula,

U(x,t) = e Up + fo ’e(‘*f“ax(ls )(T) dr. (4.1)
2

Therefore, for any fixed 0 < £ < s — 1 we apply the decay estimates for the semigroup [see Lemma 3.14 and estimate (3.26)] to obtain

1/2 —¢ 1/2
(lo5p(0)]1F + [oim(D) 7)< e (|0kpol + [0Lmol5)

+C(1+ )" (g + o 1) (4.2)
t
i fo 162"V A8Na (1)) o d.

—tR(

From the representation of the semigroup in (3.27), which leads to the expression U = e~"*(* DT(0) for any solution to the linear problem,

it is easy to verify the following identity,
Bf(emaxf) =it (er),

for any f € H'(R),0< £ <s—1and t > 0; details are left to the reader. Therefore, we may apply estimate (3.26) once again, but now with
£+ 1 < sreplacing ¢, in order to arrive at

t t
f uaf(e(f*f“ AN (1)|o dT< C / e 10N (1) |0 dr
0 0 [ (4.3)
N Cfo (1+1- )P Ny (1)1 d.

Notice that the particular (conservative) form of the nonlinear term, namely 9,(0,N>)", is crucial to obtain the algebraic time decay inside
that last integral. Upon substitution we obtain

1/2

1/2 _
(10£p(e) 3 + [0Em(0)13) ™ < ce™(10kpollt + 0 mal3)
- v
#C+ )™ (g 1+ o)

t (4.4)
e f e DN (1) o dr
0

t
+ cf (1+ 1 -7 Ny(0)| 1 dr,
0

$2:06:60 GZ0Z Atenuer /|

J. Math. Phys. 65, 081508 (2024); doi: 10.1063/5.0172774 65, 081508-28
© Author(s) 2024


https://pubs.aip.org/aip/jmp

Journal of ARTICLE . —
Mathematical Physics pubs.aip.org/aip/jmp

forall 0 < ¢ < s — 1. Summing up estimates (4.4) for £ =0,1,...,s — 1 yields

() s + [m(t) -1 < Ce™" (pols + [molls-1) + C(1+ )™/

t
i f DN (1) dr
0

t
N cf (1+1-1)No(2)] 1 .
0

(lpoll + Imoll+)

Since, clearly, there exists a uniform constant C > 0 such that e ™" < C(1+t)™/* forall t > 0, we simplify last estimate as

lp(6) s + lm(t) |1 < CL+ )" (lpols + [m0]s-1 + o2 + o] 1)
t
icC f Ny () s dr (4.5)
0

t
+C [+ t-n N dr
0

Now, we proceed with the estimation of the nonlinear terms. For that purpose we first recall some classical results.
Lemma 4.1.
(@) Letu,v € H'(R")n L= (R"), foranys € R, n € N. Then
luvls < C(lulslvleo + [ul oo v]s),

for some uniform constant C > 0.
(b) Lets>0andk >0 besuch thats+k>[5]+1. Assume that u e H'(R"), v € H*(R"). Then for £ = min {s,k,s + k — [5] -1} we have
uv € H (R") and there exists a uniform Ciy, > 0 such that

[uvlle < Coxllulls|vlle
In particular, if s> [5]+1,0<L<sandu e H'(R"), v € H'(R™), then
Juvle < Collulsfvlle

for some uniform Cs > 0.

Proof. For the proof of (a) see Lemma 3.2 in Ref. 28. The proof of (b) is a corollary of the interpolation inequalities obtained by
Nirenberg® (see also Corollary 2.2 and Lemmata 2.1 and 2.3 in Ref. 34). O

Corollary 4.2. Forany s> nf2, n €N, the space H*(R") is a Banach algebra. Moreover, there exists a constant C; > 0 such that
luvls < Csflulsfv]ls
forallu,v € H*(R").
Proof. Follows immediately from Lemma 4.1 (b). O
We also need some estimates on composite functions.

Lemma4.3. Lets>1andsupposethatY = (Y1,...,Ym),m eN,Y; € H'(R")nL=(R"), forall1 <i<m.Let A= A(Y), A:R" - R",
be a C™ function. Then for each 1 < j < s there hold D:A(Y) € H'™'(R") and

[0A(Y) -1 < CM(L+ [V ]loo) ™ |0cY |1,
where C > 0 is a uniform constant and

j
M=% sup |DyA(Y)|>o0.

k=1 VeR™
[VI<[ Yoo

Proof. See Vol'pert and Hudjaev™ (see also Lemma 2.4 in Ref. 34). O
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With this information at hand we proceed to estimate the terms | N | ;1 and | N ||; inside the integrals in (4.5). First, from (3.4) we know
that

N2 = O(p* +m” + pi + |pllpss] ).
where p and m are the perturbation variables. First, we estimate the term p2. From Lemma 4.1 and by Sobolev imbedding theorem, we get

1P2(0) s < 2Clpsx () sl px(2) 1= < Clipe(7) st p (D) 2

for any 7 € [0, ¢] and because s > 3. Applying the Sobolev calculus inequalities from Lemma 4.3, we arrive at

IN2(D)]s < C(Ip(D[ + Ip(D) Islpse (D) s + Ip(D) [2llpe(7) 1)

2 (4.6)
<Clp@ [ + o) sllpx () [s+1),

and
IN2(7) [ < C(lp(D) 3+ [m()]7) < C(lp(D)]E + [m(T) 1) (4.7)

for all 7 € [0, ] because s > 3, where C > 0 is a uniform constant. Combine estimates (4.5)-(4.7) in order to get

lp(O)lls + [m() =1 < €L+ )™ (polls + [m0]s1 + |poll 1 + [mo]l 1)
t
+Csup |p(r)]s [ e p(r)]s dr

0<r<t 0

d 2 NP e 2\
([ im@lz ar) ([ o)) ar)

¢ 1/2 ¢ 1/
o [l dr) ([ e Ip(o)1? ax)

¢ [T = (1o + im0 dr (18

2

If we denote
G:(1) = sup (140) " (Jp(x) | + ()]0,

t
Qs(t) == Os<upt(\|P(T) [ + [m(0)[5) + fo (Ip< (1) 21 + [mse()[2) dt,
= E(t) + F:(¢),
where E(t) and F,(t) are defined in (2.1) and (2.2), respectively, then we can recast estimate (4.8) in a simplified form, namely as

Gs(t) < Clpols + I mofls=1 + lpolln + Imoll 1) + CHL (1) Qu() "*Gi(1)

2 (4.9)
+ CH,(t)Gs(1)",

where
Hi(t) := sup (1 + ‘r)I/4 eicl(r*z)(l + z)fl/4 dz

0<T<t 0

T 1/2
+sup (1+ 1)1/4[f eizcl(r*z)(l +z)71/2 dz] ,
0

0<r<t

(4.10)

Hy(t) == sup (1 + T)l/4f0T (1+ T—Z)_3/4(1 +2)? 4z, (4.11)

0<7<t

Since both integrals, H, (t) and H(t), are uniformly bounded in t > 0 (see Lemma A.1 in Ref. 47), we readily obtain the estimate

Ge(t) < Cllpolls + Imoflc=1 + lpoll1 + [moll 1) + CQU(1)*G(t) + CG(1)’. (4.12)

Last estimate will be used in a key way to obtain the global decay of perturbations to constant equilibrium states.
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B. Global existence and decay of solutions

After all these preparations we are ready to prove our main result.

Theorem 4.4 (global decay of perturbations of subsonic equilibrium states). Let (ps, ) € R%, with ps > 0, be a constant equilibrium
state of system (1.1) which satisfies the subsonicity assumption

2
_ m
Pllps) =ypls > pT*-

*

Suppose that py € H*' (R) n L'(R), my € H'(R) n L' (R), for some s > 3. Then there exists a positive constant &» < ao (with ag as in Theorem
2.1) such that if
[pollser + llmolls + llpollyr + lmoll» < &2, (4.13)

then the Cauchy problem for the QHD system (1.1) with initial condition (ps + py, s« + mo)(x), x € R, has a unique solution of the form
(ps + p,ms + m)(x,t) satisfying
p e C((0,00); H(R)) N C'((0,00); H ' (R)),

m e C((0,00); H'(R)) n C'((0,00); H*(R)) (4.14)
(pxsmy) € L2((0,00); H ' (R) x H'(R)).
Moreover, the following estimates hold,

—1/4

lp(®)]s + [m(6) =1 < L+ 8)" " (llpolls + [molls—1 + llpoll + [mo]l ) (4.15)

and
Q:(t)* < Ca((lpolls + [ mo]ls1), (4.16)

foreveryt € [0, 00) and some uniform C; > 0, where
t
Q1) = Osupt(llp(f) [+ Im(D)[S) + fo (lpx (D) 51 + Ime(£) ) dt
<7<

Proof. By virtue of estimate (4.12), we can select & < ag, &1 small enough as in Corollary 2.3, and 81 = 81(&1) such that for Q,(T1) < &
and
lpolls + llmolls—1 + llpoll 1 + lImo] 1 < 1, (4.17)

there holds s
lp(6) s + lm() =1 < Cr(1+ )7 (lpolls + lmolls—1 + Ipoll 1 + [m0]];1), (4.18)

for all te[0,T;] and some constant C; = Ci(¢1,81) > 1. Recall that the local solution to the initial value problem, belonging to
X(0,T1; mo/2,2My), for some Ty = T1(ao), exists for all t € [0, T ] thanks to Theorem 2.1. Next, we define

& =min{ ¢ o & 61;>0
2 = L7701
G’ o1+q)"?

Let us suppose that condition (4.13) holds for this selected value of ¢,. Whence, the local existence theorem 2.1 implies that
Qs(Ty) = Es(T1) + Fs(T1) < CLE(0) = Co([lpos+1 + [Imo]s) < Coea < €1.

This bound, together with
lpolls + lImolls—1 + [poll 2 + [[moll < &2 < 61,

readily implies estimate (4.18) for ¢ € [0, T ]. In addition, we have
ES(TI) < Qs(Tl) < €.

Hence, we have verified condition (2.6) from Corollary 2.3. Upon application of Corollary 2.3 we obtain

Q(T1)'"? < CE(0)" = Cy(llpolss1 + [molls).
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By virtue of
1p(T1) o1+ [m(T1) s < QT < e,

we can consider the Cauchy problem with initial condition at ¢ = T in order to find a local solution in [T, 2T ] satisfying

sup (Jp(@) [+ Im@E) + [ (ol + mO]R) d

Ty<T<2T,
< G (p(T1) fs1 + Im(T)])*
<GQ(T)”
Therefore, we obtain
1/2

Q@) =|awm)+ s (bl InE) [ (ool InoF) a

T <7<2T)
<(1+C)"Qum)'?
< C(1+ G (I pollsst + [mols)
< C(1+C)*(Ipollsss + [molls + Ipoll 1 + [moll 1)
< C2(1 + C(2))1/282
<€
This yields,
E(2T)* < Q2T))* <&

This estimate, together with the already verified condition (4.17) allows us to obtain estimate (4.16) and the condition (2.6) from Corollary 2.3,
but now on the time interval ¢ € [0,2T]. Consequently,

—1/4

lp(®)]s + [m(£) -1 < (L +8)" " (llpolls + [molls—1 + llpoll + [mo]l )

holds for all t € [0,2T1] and
Q211)" < Co(lpolless + [molls).

We can proceed by iteration in order to obtain estimates (4.16) and (4.15) for the time intervals [0,3T,], [0,4T1], and so on. Thus, the
estimates hold globally in time. The theorem is now proved. O
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APPENDIX: PROOF OF LEMMA 3.2
Under the supersonicity assumption (3.11), let us define the positive constant
2
B = 55— (px) > 0.
Px
Assume U = U() is a non-trivial solution to (3.10). Therefore U € ker D(A, £), where
D(AE) =M +ifAy +EBy +iEC ! g
L) =AM+ + + = .
A TR +%i€3k2 At i2Ems [p + b
This yields the dispersion relation
detD(L, &) = 12 + (yfz " izi’”* ))L " 52(%318 - /3*) -0 (A1)
%k

The discriminant of the second order polynomial in A on the left hand side of (A1) is A(£) := a(&) + ib(&), where

3 M %

a(§) =& (W - 2K) ~4p'(px)),  b(§) = 4ué s

Therefore, the roots of (A1) are A, (&) := —%yfz —ikmy [ps %A(f)l/z. Let us examine

Re s (&) = —%yfz . %ReA(E)I/Z.

We now show that Re A, (£) > 0 for 0 < |¢] « 1, sufficiently small. This is equivalent to prove that
ReA(§)? > ul, for 0< [¢] < 1. (A2)

Recalling that

Re A(£)/? = %\/ a(§) +\/a()* + b(&)’,
a(&) +\a(§)? +b(§)* > 2°E",

2‘14254 —a(f) _ 2;4254 _52(52(‘“2 —2k2) —4P’(p*))
= E((4* +2K)E +4p' (px)) >0,

we observe that (A2) is equivalent to

for |£] ~ 0. Since,

then (A2) holds if and only if
b(E)® > e’ — da(E)E"

Upon substitution of the expressions for a(£) and b(&) we reckon that (A2) is satisfied if and only if
2 m2* ’ 242 2 2
§ 272 —2p(px) k&) =& (2B« +0(&)) >0,
k

as |£| — 0. But this is true because of the supersonicity condition (8, > 0). We conclude that Re A, (&) > 0 for sufficiently small values of [].
The lemma is proved. O
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