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Abstract
We study the local relaxation of closed quantum systems through the relative
entropy between the reduced density matrix and its long time limit. We show,
using analytic arguments combined with numerical checks, that this relative
entropy can be very well approximated by an entropy difference, affording a
significant computational advantage. We go on to relate this to the entangle-
ment asymmetry of the subsystem with respect to time translation invariance.
In doing this, we obtain a simple probe of the relaxation dynamics of closed
many-body systems and use it to re-examine the quantum Mpemba effect,
wherein states can relax faster if they are initially further from equilibrium.
We reproduce earlier instances of the effect related to symmetry restoration as
well as uncover new cases in the absence of such symmetries. For integrable
models, we obtain the criteria for this to occur using the quasiparticle picture.
Lastly, we show that, in models obeying the entanglement membrane picture,
the quantum Mpemba effect cannot occur for a large class of initial states.
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1. Introduction

A closed, many-body quantum system undergoing unitary dynamics does not possess any
long time limit, however, a small subsystem of it does [1–3]. In particular, the reduced density
matrix of the subsystem can relax to a stationary state. This long time state can typically be
characterized by a statistical ensemble such as a Gibbs or a generalized Gibbs ensemble [4–
7]. The approach to stationarity is exceedingly complex and can be probed in a myriad of
ways, however certain tools are better suited to accessing universal properties of this quantum
relaxation than others. One example of this is the bipartite entanglement entropy between
the subsystem and its complement, which allows one to understand the relaxation through
the lens of the growth of entanglement. A more recently employed tool is the entanglement
asymmetry which characterizes the subsystem through its broken symmetries [8]. It is defined
as the quantum relative entropy between the reduced density matrix of the subsystem, ρA(t),
and an auxiliary densitymatrix, ρA,G(t), constructed from ρA(t) by symmetrizing it with respect
to a symmetry G which acts in the subsystem [9–13]. Specifically,

ρA,G (t) =
ˆ
G
dggρA (t)g

−1, (1)

where g are representations ofG and dg an invariant measure over the group. The entanglement
asymmetry quantifies how different these two density matrices are and, as a result, how far the
subsystem is from beingG-symmetric at a given time. The asymmetry has been widely studied
in recent years in many different scenarios, both in [14–25] and out of equilibrium [26–51],
revealing several intriguing phenomena. The most widely publicized of these is the quantum
Mpemba effect [52–54], the name given to the effect whereby a system can restore a certain
symmetry faster if it initially breaks it more. This was first observed in the quench dynamics
of free fermions initiated in a state which breaks particle number symmetry [8]. Later, this
effect was found in many other systems; in particular, its origin was understood in integrable
models [29] and experimentally probed in a trapped-ion quantum simulator [55]. Other ver-
sions of the Mpemba effect have been identified in the absence of global symmetries [56] or of
symmetry restoration [36] and in open quantum systems, see e.g [57–62], also experimentally
[63, 64].

Both the entanglement entropy and the entanglement asymmetry probe the local relaxation
of a many-body quantum system in an observable independent way. The first using entan-
glement, the second, symmetry. A priori, there is no reason to expect any direct relationship
between the two other than they deal with different aspects of the process. In this paper, we
investigate this point further and show that they are related through the restoration of time
translation invariance. In particular, we show that the quantum relative entropy between the
reduced density matrix and its stationary value can be well approximated as the difference
in the entanglement entropy of the two states. At the same level of approximation, this is the
equivalent to the entanglement asymmetry where the symmetry in question is the one gener-
ated by the time evolution operator itself. We support this claim through analytic arguments
and extensive numerics in a number of disparate systems. After establishing its validity, we
use this connection to investigate the quantum Mpemba effect, re-analyzing cases where local
symmetries, such as particle number, are restored and then expanding the analysis beyond this
to systems which do not have such symmetries. We find that previously reported instances of
the quantum Mpemba effect found using the asymmetry are reproduced using the entangle-
ment entropy, and re-derive the conditions for it to occur in integrable models. Moreover, we
find new occurrences in systems which do not posses previously studied symmetries. Lastly,
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we show that random unitary circuits do not exhibit the Mpemba effect within the entangle-
ment membrane picture for a large class of initial states.

2. Relative entropy

We want to study how far a closed quantum system is from relaxing to local equilibrium. To
do this, we employ the quantum relative entropy

S(ρA (t) ||ρA (∞)) = tr [ρA (t){log [ρA (t)]− log [ρA (∞)]}] , (2)

where ρA(t) is the reduced density matrix of a subsystem A and ρA(∞) is its long time limit.
This quantity is always non-negative and is zero only when ρA(t) = ρA(∞), i.e. it vanishes
only when the system has completely relaxed to the stationary state. The relative entropy can
therefore provide direct insight into the relaxation of the system but is quite difficult to calculate
both analytically and numerically. In this work, however, we show that it can be approximated
to a good degree by a quantity which is much easier to treat: an entropy difference.

We begin by first discussing the case where the dynamics is generated by a time evolution
operator which has no conserved quantities, as is the case for example in a random unitary
quantum circuit. In such a scenario, it is expected that the system relaxes locally to the infinite
temperature state,

ρA (∞) =
1

2ℓ
, (3)

where we have assumed a lattice system with local Hilbert space of dimension 2. In addition,
the subsystem is taken to be much smaller than the full system and consist of ℓ contiguous
sites. It is straightforward to see that in this case the relative entropy simplifies considerably
and becomes a difference of entropies,

S(ρA (t) ||ρA (∞)) = S [ρA (∞)]− S [ρA (t)] , (4)

where S[ρ] =−tr[ρ log(ρ)]. The difference of entropies is typically much easier to calculate
than a relative entropy but in the above scenario offers no advantage because of the simplicity of
the long time state. Remarkably, however, even for non-trivial long time states and dynamics,
it is possible to accurately approximate the relative entropy as an entropy difference.

In particular, consider a system undergoing unitary Hamiltonian dynamics, so that

ρA (t) = trĀ
[
e−iHtρ(0)eiHt

]
(5)

with ρ(0) being the initial density matrix of the system and Ā denoting the complement of A.
We restrict ourselves to Hamiltonians which have local interactions. Generically, it is expected
that the system locally relaxes to a stationary state which is given by the diagonal ensemble
reduced to the subsystem A [6]. Namely, ρA(∞) = ρd,A where

ρd,A =
∑
ϵ

⟨ϵ|ρ(0) |ϵ⟩ trĀ [|ϵ⟩⟨ϵ|] (6)

and |ϵ⟩ are the eigenstates of H. We find that, in this case, the relative entropy (2) can be
approximated as

S(ρA (t) ||ρd,A)≃ S [ρd,A]− S [ρA (t)] , (7)
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which provides a dramatic simplification, making it amenable to the numerous analytic and
numerical tools developed for calculating entanglement entropies. We note that, at the level
of the full system, the relative entropy between the state and the diagonal ensemble being an
entropy difference is exact, see e.g [65].

Analytic argument. Below we provide convincing numerical evidence for the validity of our
expression (7) but first we provide an analytic argument. For this we use the following property
of eigenstates of local Hamiltonians [4, 66–68],

|ϵ⟩ ≃
∑
ϵA

γϵA |ϵ− ϵA⟩Ā⊗ |ϵA⟩A (8)

where |e⟩B are eigenstates of the Hamiltonian H restricted to act on the subsystem B= A, Ā
with energy e. This approximation follows from the locality of the Hamiltonian which we
can split into H= HA+HĀ+HAĀ where HAĀ includes terms which connect A and Ā. In local
Hamiltonians and upon taking the thermodynamic limit, we assume that the latter term can be
neglected and we arrive at the above approximation.

To obtain our simplification (7), we start with

ρA (t) =
∑
ϵ,ϵ ′

⟨ϵ|ρ(0) |ϵ ′⟩ trĀ [|ϵ ′⟩⟨ϵ|]e−i(ϵ ′−ϵ)t

≃
∑

ϵ,ϵ ′,ε,ε ′

⟨ϵ|ρ(0) |ϵ ′⟩γε ′γ⋆
ε trĀ [|ϵ ′ − ε ′⟩Ā ⟨ϵ− ε|Ā⊗ |ε ′⟩A ⟨ε|A]e

−i(ϵ ′−ϵ)t

=
∑
ϵ,ε,ε ′

⟨ϵ|ρ(0) |ϵ− ε+ ε ′⟩γε ′γ⋆
ε |ε ′⟩A ⟨ε|A e

−i(ε ′−ε)t , (9)

where in the first line we have expanded ρ(t) in the basis of H and in going to the second
we have used (8). We then note that using the decomposition of energy eigenstates written
above, (8), we have that

ρd,A ≃
∑
ε

ΠA
ερd,AΠ

A
ε , (10)

where ΠA
ϵ = |ε⟩A ⟨ε|A is a projector onto the eigenstate of HA with energy ε. This expression

states that the reduced diagonal ensemble is a stationary state of the dynamics generated by
the subsystem Hamiltonian. Armed with the expression for ρA(t) in equation (9) and the sta-
tionarity of ρd,A we return to the relative entropy (2). Focusing on the second term, we find

tr [ρA (t) logρd,A]≃
∑
ε

tr
[
ρA (t)Π

A
ε log{ρd,A}ΠA

ε

]
=
∑
ε

tr
[
ΠA

ερA (t)Π
A
ε log{ρd,A}

]
≃ ρd,Atr [log{ρd,A}] , (11)

where in the last line we have used the expression (9). Inserting this result in (2), we arrive
at (7), justifying our statement.

Connection with asymmetry. We note that, within this approximation, the relative entropy
is equivalent to the entanglement asymmetry, denoted ∆SA(t), using the Hamiltonian as the
charge, i.e. the entanglement asymmetry with respect to time translation invariance. Explicitly,

S(ρA (t) ||ρd,A)≃∆SA (t) = tr [ρA (t){log [ρA (t)]− log [ρA,H (t)]}] , (12)
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where

ρA,H (t) =
∑
ε

ΠA
ερA (t)Π

A
ε . (13)

The equivalence to equation (1) arises from the fact that time translations form a non-compact
Lie group, whose elements are e−iτHA , τ ∈ R. Thus the relative entropy measures how close
the local system is to stationarity which, quite naturally, via the entanglement asymmetry is
equivalent to how close the state is to being locally time translationally invariant.

Numerical checks. In figure 1, we numerically check the approximation in equation (7). We
compute both sides of that equation with exact diagonalization in different quenches of a
spin-1/2 chain of length L and taking open boundary conditions. Solid lines correspond to
the relative entropy S(ρA(t)||ρd,A) and the symbols to the difference between the entropies
S(ρd,A)− S(ρA(t)) for a subsystem A of ℓ contiguous spins. We obtain in all cases a very good
agreement, even for small subsystem sizes.

In panel (a), the chain is initialized in two different tilted ferromagnetic states,

|F,θ⟩= e−iθ/2
∑L

j=1 σ
y
j |↑ · · · ↑⟩ , (14)

and evolves unitarily with the XXZ Hamiltonian

HXXZ =−1
4

L−1∑
j=1

(
σxj σ

x
j+1 +σyj σ

y
j+1 +∆σzjσ

z
j+1

)
+
h
2

L∑
j=1

σzj . (15)

This is one of the most well studied interacting spin chain models. Here ∆ is the anisotropy
which breaks the SU(2) invariance of the model and h is a global magnetic field applied in
the z direction. From the figure, we see that the agreement between the relative entropy and
the difference of entropies is excellent even at such small system and subsystem sizes. This
Hamiltonian is a paradigmatic example of an interacting integrable model and so to investigate
whether integrability plays any role in the validity of (7) we study other systems which break
integrability.

In panel (b), the chain is initially in a tilted Néel state,

|N,θ⟩= e−iθ/2
∑L

j=1 σ
y
j |↑↓ · · · ↑↓⟩ , (16)

and the post-quench Hamiltonian is

HNNN = HXXZ −
J2
4

L−2∑
j=1

(
σxj σ

x
j+2 +σyj σ

y
j+2 +∆2σ

z
jσ

z
j+2

)
, (17)

i.e. we add next-nearest neighbor interactions to the XXZ spin chain Hamiltonian (15), which
breaks the integrability of the model. Once again the agreement is excellent.

Both Hamiltonians (15) and (17) commute with the transverse magnetization, Q=
∑

jσ
z
j .

The U(1) symmetry generated by Q is instead broken in the initial states (14) and (16). The
occurrence of the Mpemba effect in the restoration of this symmetry in these models has been
studied with the entanglement asymmetry and applying exact diagonalization in [8].

In panel (c), we consider quenches from tilted ferromagnetic states (14) in a system that
lacks any symmetry except energy conservation, the mixed-field Ising chain,

HIsing =
L−1∑
j=1

σzjσ
z
j+1 + g

L∑
j=1

σxj + h
L−1∑
j=2

σzj + h ′σz1 − h ′σzL. (18)
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We take different and opposite magnetic field h′ in the z-axis at the boundaries to break the
reflection symmetry. We choose g= (

√
5+ 5)/8 and h= (

√
5+ 1)/4, for which the model is

chaotic [69–71], and h ′ = 1/4. The occurrence of the quantum Mpemba effect in this quench
for the same parameters has been recently examined in [56] using the trace distance between
ρA(t) and ρd,A.

Finally, in panel (d), we study quenches in a long-range XX spin chain,

HLR =
∑
j<j ′

J0
4|j− j ′|α

(
σxj σ

x
j′ +σyj σ

y
j′

)
, (19)

starting from different tilted ferromagnetic states (14). This is the setup used in [55] to experi-
metally observe in a trapped-ion quantum simulator the quantum Mpemba effect. There the
effect was probed by directly measuring the entanglement asymmetry associated with Q and
the Frobenius distance between ρA(t) and ρd,A with the randomized measurement toolbox [72].
In this case, the analytic reasoning presented above to justify the approximation in equation (7)
is not valid since it entirely relies on the locality of the interactions of the Hamiltonian.
Nevertheless, as we can conclude from the plot, equation (7) is also here a good approximation.

Quantum Mpemba Effect. Using our new expression (7), we can explore the quantum
Mpemba effect. In terms of the entanglement asymmetry, this effect was defined as occurring
if an initial state which breaks a symmetry more, can restore it faster than one which initially
breaks it less. One can view the symmetry breaking and eventual restoration as a proxy for
being far from or close to local relaxation. Thus, more generally the quantum Mpemba effect
is the statement that an initial state which is further from equilibrium can relax faster than one
which is closer to it.

More specifically, consider two different initial states, described by density matrices ρ1,2,
the first state is said to be further from local equilibrium if

S
(
ρ1A (0) ||ρ1d,A

)
> S

(
ρ2A (0) ||ρ2d,A

)
(20)

and the quantum Mpemba effect occurs if there exists a time tM such that

S
(
ρ1A (t) ||ρ1d,A

)
< S

(
ρ2A (t) ||ρ2d,A

)
∀t> tM. (21)

For lowly entangled initial states, the first condition for the quantumMpemba effect becomes

S
[
ρ1d,A

]
> S

[
ρ2d,A

]
. (22)

Recalling that S[ρ1,2d,A] is also the thermodynamic entropy of ρ1,2d,A, we conclude that the content
of this condition is that the state ρ1 is more delocalized among the eigenstates of HA than ρ2.
This is similar in spirit to the approach of [56] where the inverse participation ratio of the initial
state with respect to the full HamiltonianH is used to understand the quantumMpemba effect.

In figure 1, we can observe some instances where the quantum Mpemba effect occurs. In
panel (a), at t= 0, S(ρA(t)||ρd,A) is larger for θ= 1.2 than for θ= 0.8. After the quench, the
relative entropy decreases faster for θ= 1.2, eventually crossing that of θ= 0.8, and ρA(t)
approaches ρd,A sooner. The same happens in panels (c) and (d). The crossing is the main sig-
nature of the quantum Mpemba effect. Instead, in panel (b), the relative entropies for any two
pairs of initial configurations (16) with different angle θ do not cross and there is no Mpemba
effect. As we have just mentioned, the quantumMpemba effect has been already studied in the
quenches considered in the figure using the entanglement asymmetry or a distance between
ρA(t) and ρd,A. Compared to those observables, S(ρA(t)||ρd,A) displays a similar qualitative
behavior and detects the quantum Mpemba effect in the same cases considered here.
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Figure 1. Numerical check of the approximation in equation (7). We compare the relat-
ive entropy (solid lines) and the difference between entanglement entropies (symbols)
of ρA(t) and the diagonal ensemble ρd,A in a subsystem A of ℓ contiguous sites. Both
quantities have been obtained with exact diagonalization. (a) Quench in the XXZ spin-
1/2 (15) with∆= 0.5 and h= 0.1 from two tilted ferromagnetic configurations (14) (b)
Quench in the spin-1/2 chain described by the next-nearest neighbor Hamiltonian (17)
with ∆= 1.5, ∆2 = 0.5, and J2 = 1 from two tilted Néel states (16). (c) Quench in the
Mixed-Field Ising chain (18) with the parameters indicated in the main text and prepared
in different tilted ferromagnetic states (14). (d) Quench in the long-range XX spin-1/2
chain (19) with α= 1 and J0 = 1/4, starting from two tilted ferromagnetic states (14).

3. Quantum Mpemba effect in integrable models

Our expression (7) for the relative entropy is much easier to calculate than the un-approximated
form or indeed the entanglement asymmetry. Using it we can analytically accessmany different
quench protocols. In particular, for integrable models, the quasiparticle picture [73–76] allows
one to obtain analytic expressions for the entanglement entropy. From this, we find that in the
thermodynamic limit and for large subsystem size ℓ

S(ρA (t) ||ρd,A)≃
∑
m

ˆ
dkρtm (k) [ℓ−min(2|vm (k) |t, ℓ)]s{nm (k)} , (23)

7
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where the sum is over different quasiparticle species, which are indexed by m, vm(k) are the
velocities of the quasiparticles in the system, s[x] =−x logx− (1− x) log(1− x), and finally,
ρtm(k) and nm(k) are the total density of states and occupation function for the species m.

We can expand equation (23) about its initial value and see that it decays linearly with t. The
slope at short times being 2

∑
m

´
dkρtm|vm|s{nm}, however the existence of the Mpemba effect

cannot be inferred from the short time behaviour [32]. Therefore, we should expand about the
stationary value at long time and understand how the system approaches local equilibrium. To
do this, we simply expand the integral about the slowest quasiparticle modes. If we assume
that the velocity vm(k) has a single zero at k= 0, then we can expand it as vm(k)≈ v(1)m k.
Furthermore we expand the mode occupation as nm(k)≈ n(0)m + n(2)m k2, and retain only the
lowest order of the density of states ρtm(k)≈ ρ

t(0)
m which is exact in the free case since then

density of states is k independent. The late time approach to equilibrium is then given by

S(ρA (t) ||ρd,A)≃


∑

m
ρt(0)m s[n(0)m ]

2v(1)m

ℓ2

t n(0)m ̸= 0

∑
m

ρt(0)m n(2)m

6
[
v(1)m

]3 ℓ4

t3 log
(
t
ℓ

)
n(0)m = 0 , ∀m

. (24)

The second scenario is more common, but the first can be realized when quenching, for
example, from the Neel state or from a ground state of a critical model. It is worth noting
that this large-time behavior is fully consistent with the results obtained for the entanglement
asymmetry in [29].

We now turn our attention to the occurrence of the quantum Mpemba effect. The condi-
tion involving the initial value of the relative entropy, given in equation (22), has already been
discussed above, as it does not depend on the integrability of the system. The second condi-
tion (21), i.e. the large time behavior, can be rewritten in terms of initially occupied modes and
quasiparticle velocities by inspecting the long time limit given above in equation (24). In the
simplest case, where there is only a single quasiparticle species and both states have n(0) = 0,
i.e. no occupation of the k= 0 mode, this second condition (21) becomes

n(2)ρt(0)[
v(1)

]3
∣∣∣∣∣
ρ1

<
n(2)ρt(0)[
v(1)

]3
∣∣∣∣∣
ρ2

. (25)

Note that in free models the quasiparticle velocity is fixed by the Hamiltonian and ρt = 1/2π,
so the condition reduces to a statement concerning the occupation of the slowest modes. In
interacting integrable models, however, the velocity is dressed by the interactions in a state
dependent way [77, 78] and can be different on both sides. On the other hand, if both states
have n(0) non zero, then the second condition (21) can be rewritten as

s
[
n(0)

]
ρt(0)

v(1)

∣∣∣∣∣
ρ1

<
s
[
n(0)

]
ρt(0)

v(1)

∣∣∣∣∣
ρ2

. (26)

As before, in free cases this inequality becomes a statement about the entanglement of the
slowest quasiparticles but is more complicated in the presence of interactions. Finally, if state
1 has n(0) = 0 while state 2 has n(0) ̸= 0, then the quantum Mpemba effect will always occur,

8
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while the converse is true: If state 1 has n(0) ̸= 0 but state 2 does, then there can be no quantum
Mpemba effect. We now look at some specific examples.

XY spin chain. Let us first consider quenches in the XY spin-1/2 chain,

HXY =−
∑
j

(
1+ γ

4
σxj σ

x
j+1 +

1− γ

4
σyj σ

y
j+1

)
+
h
2

∑
j

σzj . (27)

This Hamiltonian can be mapped through the Jordan-Wigner transformation to a quadratic fer-
mionic chain which can be exactly solved by performing a Bogoliubov rotation. The evolution
of the entanglement entropy in a sudden quench from the ground state of (27) with couplings
(h0,γ0) to another set (h,γ) was calculated ab initio in [79]. In this case, the quasiparticle
velocity is given by v(k) = ∂kϵ(k), where ϵ(k) is the dispersion relation of the post-quench

Hamiltonian, ϵ(k) =
√
(h− cos(k))2 + γ2 sin2(k). The mode occupation in the stationary state

is

n(k) =
1− cos∆k

2
(28)

and

cos∆k =
hh0 − (h+ h0)cos(k)+ cos2 (k)+ γγ0 sin

2 (k)
ϵ(k)ϵ0 (k)

, (29)

where ϵ0(k) is the dispersion relation of the pre-quench Hamiltonian, with parameters (h0,γ0).
In figure 2(a), we analyze the quench from the ground state of (27) for different (h0,γ0)

to the Hamiltonian with h= 0 and γ= 0, which corresponds to the XX spin chain. This
Hamiltonian commutes with the transverse magnetization, Q=

∑
jσ

z
j , or particle number in

fermionic language, which is otherwise broken for γ ̸= 0. The quantum Mpemba effect in this
quench was studied in [30] through the restoration of theU(1) symmetry generated byQ using
the entanglement asymmetry. In figure 2(a), we take the same initial ground states as in figure
7 (top) of [30]. The quantumMpemba effect occurs for the same pairs of initial states as when
entanglement asymmetry is used.

In figure 2(b), we consider quenches on the line γ= 1, which corresponds to the quantum
Ising chain, changing h0 to h< 1. Here both the pre- and post-quench Hamiltonians break the
U(1) particle number symmetry andwe cannot use the corresponding entanglement asymmetry
to study the quantumMpemba effect. As one can see in the plot, and check from the conditions
in equation (25), the quantum Mpemba effect occurs for pairs of initial ground states in the
paramagnetic phase (h> 1) quenched to the ferromagnetic phase (0⩽ h< 1).

XXZ Spin Chain. We now examine an interacting integrable model and use the previously
introduced XXZ chain (15) quenched from the tilted ferromagnetic state (14). The entangle-
ment dynamics in this scenario were studied in [74] and the dynamics of the asymmetry invest-
igated in [34]. In the latter, it was found that the quantum Mpemba effect, with respect to the
restoration of the initially broken magnetization symmetry, occurs for ∆< 1. In figure 2(c),
we plot the entropy difference for several different tilt angles with∆= 0.5 and see that all lines
cross. Thus the Mpemba effect is seen also using the new probe. For ∆> 1, it was observed
that no Mpemba effect occurs and moreover the relaxation to the stationary state is signific-
antly delayed. This is seen also in figure 2(d) which exhibits no crossing of the lines and a
much slower rate of decay of the difference. The underlying reason for this is the same as for
the entanglement asymmetry. The∆> 1 regime contains an infinite number of quasiparticles
species which can be thought of as bound states of all sizes. The larger the bound state, the
slower it is, leading to a much slower relaxation. In the fully tilted case, θ = π/2 the transport
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Figure 2. Time evolution of the relative entropy between ρA(t) and ρd,A after different
quenches in integrable models as a function of ζ = t/ℓ. The solid curves in all panels
were obtained using the approximation of equation (7) and the quasiparticle picture (23).
(a) Quench from different ground states of the XY spin chain (27) with parameters
(γ0,h0) to the XX spin chain (γ = 0,h= 0). (b) Quench in the quantum Ising chain
(γ0 = γ = 1) from several values of the external magnetic field h0 to h= 0.2. (c) and
(d) Quench starting from tilted ferromagnetic states (14) with tilting angle θ in the XXZ
spin chain (15), taking h= 0 and∆= 0.5 (gapless chain, panel (c)) and∆= 2 (gapped
chain, panel (d)).

in the system is diffusive as opposed to ballistic for θ < π/2. Thus, the fully tilted case will
always relax slower than any other tilt angle, preventing the Mpemba effect. In contrast, for
∆< 1 the model contains only a finite number of bound states and the transport is always
ballistic.

4. Quantum Mpemba effect in random unitary circuits

In section 3, we discussed models whose entanglement dynamics obeys the quasiparticle
picture. As a counterpoint to this, we now briefly discuss models which do not possess
quasiparticle excitations and moreover have no symmetries at all. As mentioned above, these
systems locally relax to an infinite temperature state (3) and the relative entropy is exactly the
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entropy difference (4). We focus specifically on brickwork random unitary circuits [80] and
employ two standard techniques when studying the entanglement dynamics of such models.

The first is to generalize the difference of von Neumann entropies to the difference of Rényi
entropies via

S [ρA (t)]→ S(n) [ρA (t)] =
1

1− n
log [trAρ

n
A (t)] (30)

and similarly for S[ρd,A]→ S(n)[ρd,A]. The difference between these two quantities is no longer
a relative entropy, nevertheless we expect that S(n)[ρd,A]− S(n)[ρA(t)] is a good indicator of
the behaviour of S(ρA(t)||ρd,A). The second technique we use is the entanglement membrane
picture [81, 82]. This coarse grained effective theory posits that entanglement is not generated
by the propagation of quasiparticles produced by the initial state, but rather, locally along
spacetime trajectories. These paths emanate from the edges of A at time t and either terminate
on the initial state at t= 0 or join together linking both edges in a single path. The entropy is
found by summing over all such paths, however in practice a single configurationwill dominate
in a given time window. The membrane picture result for the entropy is

S(n) [ρA (t)] =min
[
s(n)0 (ℓ,vt)+ 2tE(n) (v) , ℓ log(q)

]
, (31)

where q is the local Hilbert space dimension of the circuit. One sees that, similar to the quasi-
particle picture (23), it is the minimum of two distinct terms which now correspond to different
path configurations. The first term corresponds to the situation where there are two paths start-
ing from the edges of A and ending on the initial state. It receives two contributions, E(n)(v),
which describes the entropy production along the two paths (we assume the configuration to be
reflection symmetric), and s(n)0 (x)which is the contribution to the entanglement from the initial
state. This depends on 0⩽ v⩽ 1 which is the slope of the paths, v= 0 being a purely time-like
or vertical path while v= 1 being space-like or horizontal (see figure 3(a)). The second term
corresponds to the configuration where the path proceeds across the subsystem and connects
the two edges without touching the initial state, i.e. v= 1.

For a lowly entangled state, s(n)0 = 0 and the slope in the early time regime is fixed to be
v= 0, independently of any other properties of the initial state. Thus within the membrane
picture, random unitary dynamics of entanglement from lowly entangled states are indistin-
guishable from one another, thereby ruling out any QME. For highly entangled initial states
the slope v depends on the initial state, thus leaving room for a QME to occur. As an example,
we take n= 2 and study volume law entangled initial states,

s(2)0 (ℓ,vt) = s0 log(q) |ℓ− 2vt| (32)

with 0⩽ s0 ⩽ 1. In this case the analytic form of E(2) is known [81],

E(2) (v) = log

[
q2 + 1
q

]
+

[
1+ v
2

]
log

[
1+ v
2

]
+

[
1− v
2

]
log

[
1− v
2

]
, (33)

where the slope is given by

v=
qs0 − 1
qs0 + 1

. (34)
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Figure 3. (a) Schematic representation of the membrane picture. (b) Difference between
the Rényi-2 entropies of ρA(t) and ρA(∞) as a function of ζ = t/ℓ in a brickwork ran-
dom unitary circuit initialized in a state with Rényi-2 entanglement entropy s0 log(q)ℓ
and q= 2. The curves are the prediction of the membrane picture (31), taking as the
membrane tension equation (33).

In figure 3, we plot S(2)[ρA(∞)]− S(2)[ρA(t)] for q= 2 and different values of s0. We see that
the larger the value of s0 the closer the state is to equilibrium while at the same time the
relaxation rate is slower. Despite this, however there is also no quantum Mpemba effect as the
states with larger s0 always relax quicker.

We note that, when the system relaxes to the infinite temperature state, not only is the
relative entropy exactly equal to the entropy difference but differences of Rényi entropies can
be exactly related to a series of distances between density matrices. In particular, one can show
that

||ρA (t)− ρA (∞) ||22
||ρA (∞) ||22

=
[
eS

(2)[ρA(∞)]−S(2)[ρA(t)] − 1
]

(35)

where ||O||22 = tr[OO†] is the square of the Frobenius norm. Unlike the relative entropy, the
Frobenius distance is a genuine distance in the space of density matrices and so we expect
its behaviour to be indicative of all other distances. By going to higher order Rényi entropies,
one could also study all Schatten n−norms, however no explicit formula exists for E(n) for
generic n.

5. Conclusions

We investigated the relative entropy between the reduced density matrix, ρA(t), and its long-
time limit, ρA(∞), as a probe of the quantum Mpemba effect in quenches of closed quantum
many-body systems. Various observables have been employed to examine the relaxation of a
subsystem to equilibrium after a quench and to detect this phenomenon, including the entan-
glement asymmetry and the trace and Frobenius distances between ρA(t) and ρA(∞). The
entanglement asymmetry captures the Mpemba effect via the restoration of a global internal
symmetry, and it cannot be applied when the final equilibrium state still breaks that symmetry.
In contrast, the relative entropy and the distances between ρA(t) and ρA(∞) do not suffer from
this limitation; however, they are much more difficult to access in practice.
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In this work, we demonstrated that the relative entropy between ρA(t) and ρA(∞) can be
accurately approximated by the difference in their entanglement entropies, which drastically
simplifies the calculation. This approximation is exact when the time evolution has no con-
served quantities. We analytically justified it in systems governed by a Hamiltonian with local
interactions, drawing on previous results concerning the structure of their eigenstates. We also
numerically verified its validity in long-range interacting spin Hamiltonians using exact diag-
onalization. Remarkably, under this approximation, this relative entropy corresponds to the
entanglement asymmetry associated with the symmetry generated by the time evolution oper-
ator itself. Therefore, it effectively monitors the restoration of time-translation symmetry in a
subsystem.

While we have focused on the relative entropy in order to make connection to the entan-
glement asymmetry, one can also apply the same reasoning and approximation (8) to other
metrics. In particular, one can relate the Frobenius distance between ρA(t) and ρd,A to the dif-
ference of Rényi entropies,

S(2) [ρd,A]− S(2) [ρA (t)]≃ log

{
1+

||ρA (t)− ρd,A||22
||ρd,A||22

}
(36)

which, as mentioned above, is exact in the absence of any conserved quantities.
Our findings open the door to the direct application of the extensive results on entangle-

ment entropy in quantum quenches to the study of the quantumMpemba effect. Here we illus-
trate this in two paradigmatic cases: integrable systems, where we applied the quasiparticle
picture, and random unitary circuits, where we used the membrane picture. In particular, we
found that the difference in entanglement entropies of ρA(t) and ρA(∞) detects the quantum
Mpemba effect in the same regimes previously studied using the entanglement asymmetry or
the distance between the two states.

We conclude by emphasizing that the entanglement asymmetry and the relative entropy
examined in this work, in principle, probe distinct aspects of the distance from equilibrium:
the former probes the restoration of a global internal symmetry, while the latter captures the
recovery of time-translational invariance. As a result, it is conceivable that the Mpemba effect
couldmanifest in one of thesemeasures while being absent in the other. However, as previously
noted, across all natural quench protocols investigated so far, no instance of such a discrepancy
has been observed.
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