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Abstract
In the last decades, a large family of gravity theories beyond General Relativity has
been proposed to address issues such as the nature of the cosmological acceleration,
or the non-renormalizability of Einstein’s theory. Alongside technical developments
in the field of precision gravitational-wave astronomy, it is important to also deepen
our theoretical knowledge about gravity. To assess whether these modified theories
of gravity are viable, we should explore their phenomenology and gravitational-wave
signatures. The work presented in this thesis touches upon two approaches in the field
of modified gravity, which are adding a scalar degree of freedom in the gravitational
sector or breaking Lorentz invariance. Some of the theories in the particularly popular
class of scalar-tensor theories exhibit a so-called screening mechanism. We study
the kinetic screening mechanism of a scalar-tensor theory with first-order derivative
self-interactions (k-essence) in neutron stars. Then, we present a generalization of
khronometric theory (which is the infrared limit of Hořava gravity) by applying the
degeneracy program that was used to derive Degenerate Higher-Order Scalar-Tensor
(DHOST) theories.
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5.2 Hořava Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.2.1 Stuckelberg Formalism . . . . . . . . . . . . . . . . . . .
5.3 RFDiff Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.3.1 Degenerate RFDiff Gravity and its Downsides . . . . . .
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Introduction
Although General Relativity is one of the most successful theories in physics, exploring gravity beyond Einstein’s theory remains an important endeavour. With the
recent detection of gravitational waves, we have now entered the era of precision
gravitational-wave astronomy, which opens a new experimental window to probe the
strong-field regime. To test the basic principles of General Relativity, it is necessary to
deepen also our theoretical knowledge about gravity alongside these technical developments. Throughout the years, an extended variety of alternative theories of gravity
has been proposed. A particularly popular branch concerns the field of scalar-tensor
theories, in which a scalar degree of freedom is added to the gravitational sector. Alternatively, one can give up Lorentz invariance by selecting a preferred frame, which
is for instance the case in Hořava gravity. In this work, we explore both of these
directions.
Some scalar-tensor theories exhibit a so-called screening mechanism, which hides
scalar fluctuations on small scales, but allows for deviations beyond. Screening mechanisms allow these theories to pass Solar-System tests, and are therefore crucial for
their viability. Not much work has been done yet to study their workings in the
strong-field/highly dynamical regime, which is the regime of interest for gravitationalwave observations. In this thesis, we aim to do precisely this, and investigate the
kinetic screening mechanism of a scalar-tensor theory with first-order derivative selfinteractions in neutron stars.
Whereas scalar-tensor theories are usually cosmologically motivated and aim to explain the origin of dark energy, other branches in the field of modified gravity were
introduced due to theoretical objections to General Relativity. Einstein’s theory is
non-renormalizable, and therefore only predictive in the low energy regime. Lorentzviolating theories, such as Hořava gravity, attempt to address this issue. The form
13

of the action of these theories is constrained to avoid propagation of Ostrogradski
modes. This is for instance the case for khronometric theory, which is the infrared
limit of Hořava gravity. We apply the degeneracy program that was used to derive
Degenerate Higher-Order Scalar-Tensor (DHOST) theories, and investigate whether
this theory is unique.
Outline: In Chapter 1, we introduce the theory of General Relativity, and discuss
its main solutions, e.g. compact objects (black holes and neutron stars), and gravitational waves. We summarize what classical tests the theory has passed, and how it
is currently tested in gravitational-wave observatories. We also give a brief overview
of modern cosmology. In Chapter 2, we motivate studies of gravity beyond General
Relativity, and describe two branches in more detail, namely scalar-tensor theories
and Lorentz-violating theories of gravity. In Chapter 3 and 4, we study a scalartensor theory named k-essence, and explore its screening mechanism (k-mouflage).
We present static k-mouflage stars and their properties in Chapter 3, whereas Chapter 4 describes their dynamics (both in isolation and in binaries). In Chapter 5,
we present a generalization of khronometric theory—which avoids the propagation
of Ostrogradski modes by means of a suitable degeneracy condition—and study its
phenomenology.
Notation and conventions: Throughout this thesis, we adopt the metric signature
(− + ++). We present our work mostly in natural units where ℏ = c = 1, but
sometimes use geometrized units for which G = c = 1. In Chapter 3 and 4, we
differentiate between Einstein and Jordan frame quantities by using tilded symbols
for the latter. In some sections, we use the short-hand notation φµ = ∇µ φ and
φµν = ∇µ ∇ν φ.
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1

Fundamentals of Gravity

The direct detection of gravitational waves has offered us new opportunities to probe
unknown physics, also in the field of gravity. More than ever, the question whether
we correctly understand the nature of gravity and the Universe is a relevant one. In
this chapter, we consider both the theoretical and observational foundation of the
study of gravity. In Section 1.1, we discuss our modern interpretation of gravity
and introduce the theory of General Relativity. We present compact object solutions
and explain how General Relativity has been tested through observation. In Section
1.2, we describe the theory underlying gravitational-wave astrophysics, and give an
overview of present and future gravitational-wave detectors. In Section 1.3, we briefly
summarize the current status of modern cosmology, and discuss the problem of dark
energy. This chapter provides a review of the most important topics that appear in
this thesis, and is based on standard textbooks and lecture notes written by Carroll [5],
Wald [6], Will [7], Misner, Thorne, and Wheeler [8], Maggiore [9], Reall [10], Tong [11],
Rezzolla [12], and Baumann [13]1 .

1.1

General Relativity

In 1915, Einstein wrote down the theory of General Relativity, and revolutionized
our way of describing gravity. He did not interpret gravity as a force, but understood
that a proper theory of gravity should be geometric. To this day, gravity is still
most accurately described by General Relativity. In this section, we discuss how
our understanding of gravity has changed throughout the years, describe compacts
objects in this theory, and present some of the precision tests that General Relativity
has passed.
1

This list is by no means complete, and merely lists some of the author’s favourites.
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1.1.1

From Newton to Einstein

Understanding Special and General Relativity means accepting that our intuitive
notions about the nature of space and time are simply not correct. To fully grasp
why it is crucial to rewire the way we think about these concepts, we will first show
where Newton’s theory of gravity fails. In Newtonian gravity, the interaction between
the gravitational field and matter is described by the Poisson equation
∇2 Φ = 4πGρ ,

(1.1.1)

relating the gravitational potential Φ to the mass density ρ and Newton’s gravitational
constant G. The Green’s function solution to the Poisson equation is
Φ(x, t) = −G

Z

d 3 x′

ρ(x′ , t)
,
|x − x′ |

(1.1.2)

which for a point mass of mass M simplifies to Φ = −GM/r. The acceleration is
then given by the gradient of the potential, a = −∇Φ, and can be plugged into
Newton’s second law to find the famous inverse-square law of gravity as presented in
his Principia [14]
GM m
F = − 2 er ,
(1.1.3)
r
describing the gravitational force between two bodies of masses M and m separated
by a vector r = rer .
Although Newton’s universal law of gravity accurately describes much of what we
see on Earth or in the Solar System, it has some serious flaws as well. The most
disturbing feature of describing gravity in this manner is that any change in the
mass density ρ propagates instantaneously through space. A similar problem was
found in Coulomb’s law of electrostatics, leading Maxwell to introduce his equations
of electrodynamics, in which electric and magnetic fields propagate. Not much later,
Michelson and Morley conducted their well-known experiment that served not only as
strong evidence against the—at the time—popular belief light propagated through an
aether, but also led to the surprising conclusion that the speed of light c is constant in
every direction. Clearly, the Galilean transformations through which one transforms
between reference frames in Newtonian gravity are inconsistent with this observation. One has to use Lorentz transformations, that mix space and time coordinates,
instead, and it turned out that the Maxwell equations were in fact Lorentz invariant.
16
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These scientific findings inspired Einstein in 1905 to write down his theory of Special
Relativity, where he assumes the following two postulates
1. Principle of relativity: The laws of physics take the same form in every inertial
frame of reference,
2. Invariance of the speed of light: Light is always propagated in vacuum with a
definite velocity c that is independent of the state of motion of the emitting body,
and regards the relationship between space and time.
To understand better the consequences of Special Relativity and to introduce some
geometric concepts that will be useful later when we introduce General Relativity, we
compare its causal structure to that of Newtonian gravity2 . In both theories, we can
consider space and time to be composed of events, with every event being a point of
space at an instant of time. All events are characterized by four numbers: three for
the spatial position and one for the time. This is what we can think of as spacetime,
which in General Relativity is described in a more mathematically precise manner as
a four-dimensional manifold. The critical difference in the causal structure of Newtonian gravity and Special Relativity becomes clear when one considers the notion
of simultaneity. In Newtonian gravity, there is a natural and observer-independent
way of defining events happening at the same time, these events together define a
three-dimensional set.
In Special Relativity, however, the notion of simultaneity is subtler and not absolute.
We can define two intertial observers, e.g. observers moving in a non-accelerated
manner, and let each of them label events in spacetime. When observer O′ is moving
with a velocity v in the x-direction of observer O, we relate their respective labelling
through the following Lorentz transformations:
vx
t =γ t− 2 ,
c
′
x = γ (x − vt) ,

(1.1.5)

y′ = y ,

(1.1.6)

z′ = z ,

(1.1.7)

′

2





We follow Wald’s [6] explanation in the next two paragraphs.
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q

where c is the speed of light and γ = 1/ 1 − (v/c)2 is the Lorentz factor. A fundamental point in Special Relativity is that there are no preferred inertial observers,
meaning the notion of time and space (and intervals thereof) are not absolute3 . Thus,
there are no absolute three-dimensional surfaces like in Newtonian gravity, the causal
relation of an event p to other events is rather described by a light cone. Events
that lie on the boundary of the future light cone of p can only be reached by a light
signal emitted from p (similarly for the past light cone). There are also events that
are neither in the future nor past of p, these are said to be spacelike related to the
event. Observers can still define events to occur simultaneously, but their definition
will depend on their motion, and different observers will disagree on the simultaneity of events. Lastly, we point out an absolute and observer-independent quantity
in spacetime, one that truly measures its intrinsic structure, which is the spacetime
interval
ds2 = −c2 dt2 + dx2 + dy 2 + dz 2 ,
(1.1.8)
and describes the Minkowski metric ηµν = diag(−1, +1, +1, +1).
General Relativity was born out of a need to introduce the concept of relativity in
gravity, but its development took a different road than Special Relativity and takes its
origin in what is called the weak equivalence principle. It had been known for a long
time that objects with different masses fall at the same rate, or more formally put,
the inertial mass mI and gravitational mass mG have been measured in experiments
to be practically equal [15]
mI
= 1 ± 10−15 .
(1.1.9)
mG
However, the interpretation of these masses is different: mG is the source for the
gravitational field, whereas mI characterizes the dynamical response of an object to
any forces, and in Newtonian gravity there is no reason for their values to be so
fine-tuned. Instead, the weak equivalence principle takes this equality to be exact
mI = mG ,

(1.1.10)

and the universality of free-fall a fundamental property of the gravitational field. In
General Relativity, this principle is extended by means of a thought experiment conducted by Einstein (which he himself referred to as his “happiest thought”). The
3

This leads to counter-intuitive phenomena such as time dilation, Lorentz contraction, and the
twin paradox.
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experiment goes as follows: Imagine you are confined in a box, unable to observe
what is happening outside of the box, and are challenged to determine the laws of
physics. You have been given two test particles, with which you could for instance
measure the gravitational field. Indeed, you drop the two particles, and they fall in
the same way, confirming what you know about gravity. Here comes the catch though:
Imagine now there is no gravitational field, but that instead the box itself is moving
with an acceleration a = −g. Surprisingly, your observations would be exactly the
same as before. Einstein correctly understood that, in regions of spacetime where the
gravitational field is homogeneous, there is no way to distinguish between being in a
gravitational field or uniformly accelerated frame. Said differently, in small enough
regions of spacetime, the laws of physics are those of Special Relativity, and it is impossible to detect gravity by means of local experiments. This insight is what we call
the Einstein equivalence principle 4 . The fact that the gravitational field manifests
itself differently in local and global regions of spacetime hints at an even deeper understanding of gravity. Reminiscent of curved manifolds in geometry, where a globally
curved manifold seems flat locally, Einstein concluded that General Relativity must
be a geometric theory and that gravity should not be interpreted as a force but rather
as the curvature of spacetime.
We leave out a discussion on differential geometry in this work, and jump to the
mathematical description of General Relativity (note that from now on we take c = 1,
unless stated otherwise explicitly). At the centre of the theory are the Einstein field
equations, but before we present those we introduce some definitions. Just like in
Special Relativity, we can define a metric gµν (x) through the invariant spacetime
interval
ds2 = gµν (x)dxµ dxν ,
(1.1.11)
where gµν → ηµν locally. The line element (1.1.11) is invariant under coordinate
transformations, making sure General Relativity respects general covariance or diffeomorphism invariance. The amount of curvature of a spacetime is quantified by the
Riemann tensor
Rρσµν = ∂µ Γρνσ − ∂ν Γρµσ + Γρµλ Γλνσ − Γρνλ Γλµσ ,

(1.1.12)

whose contractions with the metric Rµν and R are called the Ricci tensor and scalar,
4

There are additional variants of equivalence principles that include the self-gravity of spatiallyextended objects, but those will not be discussed here.
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respectively, and where
1
Γσµν = g σρ (∂µ gνρ + ∂ν gρµ − ∂ρ gµν ) ,
2

(1.1.13)

is the Christoffel symbol, also referred to as the Levi-Civita connection. The Einstein
equations are then
Gµν = 8πGTµν ,
(1.1.14)
where the Einstein tensor Gµν = Rµν − 21 Rgµν describes the geometry of the spacetime,
and the energy-momentum tensor Tµν describes the matter sector. The action that
yields these equations is the Einstein-Hilbert action, e.g.
SEH

1 Z 4 √
=
d x −g R .
16πG

(1.1.15)

From the Einstein field equations it is also understood that it is matter that is sourcing
the curvature of spacetime. When one considers the contracted Bianchi identity
∇µ Gµν = 0, which leads to ∇µ T µν = 0, it becomes clear that this interaction goes
both ways and that spacetime in turn influences the evolution of matter5 . In general,
the Einstein equations are not easy to solve, and it took years for most solutions to
be found. The next sections will be devoted to present a few of them.

1.1.2

Black Holes

We start by presenting some vacuum solutions, e.g. solutions for which matter is
absent. Rewriting the Einstein equations (1.1.14) as
1
Rµν = 8πG Tµν − T gµν
2




,

(1.1.16)

it is clear that vacuum solutions are those for which the Ricci tensor vanishes
Rµν = 0 .

(1.1.17)

The first vacuum solution was actually found shortly after the development of General
Relativity, which was by Schwarzschild in 1916. He presented a spherically symmetric
static solution called the Schwarzschild metric, which in polar coordinates {t, r, θ, ϕ}
takes the form
2GM
2GM
ds = − 1 −
dt2 + 1 −
r
r
2







5

−1

dr2 + r2 dΩ2 ,

(1.1.18)

Or, to quote Wheeler, “matter tells spacetime how to curve, spacetime tells matter how to
move.”
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where dΩ2 = dθ2 + sin2 θdϕ2 is the metric on a unit two-sphere. The constant M is
interpreted as the mass of the gravitating object. In the absence of matter this object
is referred to as a black hole, but it should be noted that the Schwarzschild solution
describes the spacetime in the exterior of any spherical body such as a star.
Some observations about this metric are in place. First, it turns out this is the unique
spherically symmetric vacuum solution to the Einstein equations: this result is known
as Birkhoff’s theorem. Then, there are two radii of interest in this metric, which are
at r = 0 and r = 2GM . The first one represents a singularity, a missing point in
the manifold where curvature becomes infinite6 and the metric is not well-defined.
Also at r = 2GM the metric seems singular, but this apparent singularity can be
removed by choosing appropriate coordinates, such as Eddington-Finkelstein coordinates. Instead, this radius represents a point of no return: any particle or object
following a trajectory at r < 2GM is unable to cross this so-called event horizon and
escape to infinity. Said differently, at the event horizon the gravitational field is so
strong that one’s escape velocity would need to exceed the speed of light. A black
hole can then be defined as a region of spacetime that is separated from infinity by
an event horizon. Lastly, one can check how the Schwarzschild metric is related to
the Minkowski metric. As expected, we recover Minkowski space when M → 0, but
we find that for r → ∞ the same is true. This property of the metric is known as
asymptotic flatness.
We now generalize the Schwarzschild solution by giving up on spherical symmetry,
and look for axial symmetric static solutions instead. It took quite some years for
this solution to be discovered, but it was finally introduced by Kerr in 1963. The
Kerr metric he wrote down looks like this in Boyer-Lindquist coordinates {t, r, θ, ϕ}7 :
4aM r
Σ
2M r
dt2 −
sin2 θdtdϕ + dr2 + Σdθ2
ds = − 1 −
Σ
Σ
∆
!
2M r 2 2
+ r 2 + a2 +
a sin θ sin2 θdϕ2 ,
Σ
!

2

(1.1.19)

The quantity that becomes infinite is the Kretschmann scalar given by K = Rabcd Rabcd .
Note that these are not the same as the polar coordinates we used for the Schwarzschild solution:
if we keep the angular momentum per unit mass a fixed but let M → 0, we do recover flat space
but not in polar coordinates.
6

7
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with
∆ ≡ r2 − 2M r + a2 ,

Σ ≡ r2 + a2 cos2 θ

and

a ≡ J/M ,

(1.1.20)

where J is the angular momentum of the black hole. Just like a Schwarzschild black
hole, Kerr black holes possess a singularity and event horizon. As a consistency check,
one can check that this metric collapses to the Schwarzschild one for a → 0. Although
until now we have assumed the vacuum solutions do not carry any electric or magnetic
charges Q and P , this does not necessarily have to be the case. The metrics describing
charged black holes are derived by replacing 2GM → 2GM − G(Q2 + P 2 )/r in the
Schwarzschild, respectively Kerr, solution to obtain the Reissner-Nordström metric
for non-rotating, charged black holes, respectively Kerr-Newman metric for rotating,
charged black holes.
In terms of intrinsic properties of the black hole, these metrics cannot be generalized
any further. Therefore, any black hole in General Relativity is uniquely characterized
by only three parameters: its mass, its angular momentum and its charge. This is
what we call a no-hair theorem. As we will see later, no-hair theorems also exist
for theories beyond General Relativity. This also means that for astrophysical black
holes—and for instance mergers leading to a new black hole—all higher multipoles
will be radiated away, and the resulting black hole will relax to a stable, axisymmetric
(Kerr or Kerr-Newman) state.

1.1.3

Neutron Stars

We already mentioned that the exterior solution for any spherical body, including
stars, is the Schwarzschild solution. This leaves us with the task of describing the
interior of such objects. The following derivation can be found in standard text
books (see e.g. [5]), and will only be described briefly. We take a general spherically
symmetric static ansatz for the metric
ds2 = −α(r)2 dt2 + a(r)2 dr2 + r2 dΩ2 ,

(1.1.21)

where a(r) and α(r) are functions depending only on r, and consider a non-zero
energy-momentum tensor, modelling the star as a perfect fluid
Tµν = (ρ + p) uµ uν + pgµν ,
22
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where ρ and p, the energy density and the pressure respectively, are functions of r,
and uµ is the four-velocity. The four-velocity will be pointed in the same direction
as the Killing vector associated with the static symmetry of our set-up, meaning it
will be timelike. Normalizing it to uµ uµ = −1, we have uµ = (−α, 0, 0, 0). We now
plug in these elements in the Einstein equations (1.1.14), and obtain three independent relations. By considering the conservation of the energy-momentum tensor, e.g.
∇µ T µν = 0, and identifying
α(r) = e

Φ(r)

,

2m(r)
a(r) = 1 −
r

!−1/2

,

(1.1.23)

we can write down a differential equation for m, Φ and p:
dm
= 4πr2 ρ ,
dr
dΦ
m + 4πr3 p
=
,
dr
r(r − 2m)
dp
(ρ + p)(Gm + 4πGr3 p)
=−
.
dr
r(r − 2Gm)

(1.1.24)
(1.1.25)
(1.1.26)

Equation (1.1.26) is the Tolman-Oppenheimer-Volkoff equation of hydrostatic equilibrium. To be able to solve this system of coupled ordinary differential equations,
we need to close it with an equation relating the pressure p and energy density ρ, a
so-called equation of state. Since the conditions in astrophysical systems are so different from the ones on Earth, we generally do not know the exact relation between
these quantities. Nevertheless, we know that by good approximation they obey a
polytropic equation of state
p = KρΓ0 ,

p = (Γ − 1)ρ0 ϵ ,

(1.1.27)

where K is a constant of proportionality, ρ0 the baryonic density, ϵ the specific internal energy, and Γ = (n + 1)/n with n the polytropic index, whose values depend on
the type of star that is being modelled. Now that the system is complete it can be
solved, which is a task generally performed numerically. A similar approach is taken
to describe stellar solutions in theories beyond General Relativity (see Chapter 3).
Neutron stars are the most compact stars we know to exist in our Universe, with
a typical mass of ∼ 1.4 M⊙ and radius of ∼ 10 km. The formation and evolution
of massive stars are complex processes, which depend mostly on their initial mass
23
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and metallicity (see [16] for details). Stars with an initial mass greater than 8 M⊙
have the potential to form a neutron star through a supernova explosion (stars with a
lower initial mass may evolve in e.g. a white dwarf). After the supernova explosion,
the core collapses to a remnant, which we call a neutron star. However, if the initial
mass of the star is above 25 M⊙ , the material ejected by the supernova explosion can
fall back on the core, causing the star to evolve to a black hole through a so-called
fallback process. Direct collapse to black holes is possible for stars with initial masses
between 40–100 M⊙ . Other interesting objects are pulsars, which are rapidly rotating
and highly magnetized neutron stars, that due to a misalignment of their magnetic
and rotation axis emit radio pulses from their magnetic poles (the beams can only
be detected if they are directed towards the Earth, this is called the “lighthouse”
effect) [17–19].

1.1.4

Testing Gravity

Since its introduction, General Relativity has been tested in a multitude of ways. In
this section, we will only briefly discuss a few of these tests, see [7] for a more detailed review. The classical tests are done in the weak-field regime8 , with experiments
taking place in our Solar System. The standard tool in this regime to compare predictions from different theories of gravity is the parametrized post-Newtonian (PPN)
formalism. It is based on the post-Newtonian (PN) expansion, which assumes slow
motion and weak gravity, allowing an expansion of the Einstein equations in terms of
v/c. By doing this, one finds that the leading order in the expansion gives Newtonian
gravity, whereas the higher order terms describe relativistic corrections. The PPN
formalism is a theory-agnostic version of this expansion that explicitly parametrizes
how any general theory of gravity can be different from Newtonian gravity.
Corrections are generally controlled by ten dimensionless parameters, a more detailed
treatment of these can be found in Appendix B. The two most relevant ones for a
popular branch of modified gravity models, scalar-tensor theories (see Section 2.2), are
8

Whether an object is weakly- or strongly-gravitating can be quantified by its compactness. The
compactness is a dimensionless parameter that for weakly-gravitating bodies of mass M and radius
R takes the value C = GM/R ≪ 1.
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γ and β, that appear in the metric functions at first and second order, respectively [20]:
GM
2GM
− 2 (β − γ)
gtt (r) = −1 +
r
r


GM
grr (r) = 1 + 2γ
+ O r−2 .
r


2





+ O r−3 ,

(1.1.28)
(1.1.29)

In these expressions, we are working in polar coordinates and expanding around a
spherically symmetric body of mass M . The parameter γ can be physically interpreted as the amount of spatial curvature induced by a unit mass, whereas β represents the non-linearity of the gravitational potential at the first post-Newtonian
order (1PN). In General Relativity both of these parameters are unity, which is consistent with the strongest experimental constraints: |γ − 1| = (2.1 ± 2.3) × 10−5 and
|β − 1| = (0.3 ± 1.3) × 10−4 [21, 22]. However, in alternative theories of gravity these
parameters might be different from one.
The classical tests used in Solar-System experiments to determine the PPN parameters include the perihelion precession of Mercury, deflection of light, Shapiro timedelay and the Nordtvedt effect. The anomalous orbit of Mercury had been known
since the 1850s, but remained unexplained until the introduction of General Relativity. Einstein himself computed the precession of Mercury’s orbit in his theory, and
predicted an anomalous rate of 43.0 ′′ /century9 [23]. This is in excellent agreement
with observation, and provided the first successful prediction of General Relativity.
Combined with measurements of γ by the Cassini experiment, this effect can be used
to constrain β. The parameter γ can be constrained by using another test proposed by
Einstein in 1911 [24], namely the deflection of light (and the Shapiro time-delay effect,
discussed in the next paragraph). The bending of light by the Sun (or any massive
object) due to curved spacetime is probably one of the most famous predictions by
the theory, and was experimentally confirmed in 1919 by Sir Arthur Eddington and
collaborators during a Solar eclipse [25]. In the PPN formalism, a light ray passing
the Sun at an impact parameter b is deflected by an angle [7]
4M⊙
1
δθ = (1 + γ)
2
b

1 + cos θ0
2

!

,

(1.1.30)

with θ0 the angle between the Earth-Sun line and the path of the photons, and M⊙
the solar mass. This effect has now been measured in several experiments and used
9

We use

′′

to denote arcseconds.
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to constrain γ [26], with a value of |γ − 1| ≃ 2 × 10−4 being obtained with Very-LongBaseline Interferometry (VLBI) techniques collecting light coming from quasars bent
by the Sun [27]. In VLBI, observations from different telescopes on Earth or in space
are cross-correlated, which results in a telescope with a much larger effective size.
This dramatically improves the angular resolution with respect to observations performed with just one telescope, and makes VLBI a very powerful tool.
When light passes a massive object, its trajectory is not only bent, it is also slowed
down from the perspective of an observer far away from the sources—this is the
Shapiro time-delay effect. It was first predicted in 1964, by Irwin Shapiro, who also
proposed an observational test for the effect [28]. He suggested to bounce radio pulses
off the surface of Venus and Mercury, and measure the time for the signal to arrive
back, predicting there should be a measurable time delay due to the presence of the
Sun given by [7]:
4dp dE
(1.1.31)
δt = 2(1 + γ)M⊙ 2 ,
b
where dp (dE ) is the distance between the Sun and the planet (Earth). These tests
were successfully performed in 1966–1967, measuring the predicted time-delay. More
recent studies use artificial satellites rather than planets to reflect the radar signals,
which has resulted in the strongest bound on γ so far by the Cassini spacecraft [21].
The last classical test we will discuss here is based on the Nordtvedt effect, which refers
to the possible violation of the strong equivalence principle [29, 30]. This principle
is a combination of the Einstein equivalence principle and an extension of the weak
equivalence principle to objects with non-negligible self-gravity. Although General
Relativity satisfies these conditions, many alternative theories of gravity violate it, by
for instance predicting a space-dependent gravitational constant. Ignoring preferredframe effects, the Nordtvedt effect is parametrized by [7]
η = 4β − γ − 3 .

(1.1.32)

The Nordtvedt effect would result in a polarization of the Moon’s orbit in the direction of the Sun. It is classically tested by continuously monitoring the Earth-Moon
distance through reflecting laser pulses on a mirror placed on the surface of the Moon
during the Apollo 11 mission, an approach still adopted by the Lunar Laser Ranging
experiment to this day [22].
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More recently, we have also started testing General Relativity in regions with a strong
gravitational field, such as around compact objects10 . Historically, we have used binary pulsars to probe strong gravity. The discovery of the Hulse-Taylor binary led to
the first indirect detection of gravitational waves (see the next section) [31], proving
their existence as predicted by General Relativity. Nowadays, there is an additional
channel to test General Relativity in the strong-field regime, which is through the
LIGO/Virgo observations of black hole and neutron star binary coalescences [32–37].
These are violent events that produce a distinct gravitational-wave signal, that allows
for precision tests in the gravitational sector [38–42]. Gravitational waves can be used
to study gravity in a theory-agnostic way through parametrized tests, inspiral-mergerringdown (IMR) consistency tests, or gravitational-wave propagation tests (see [43]
for a review). Parametrized tests are model-independent and modify the General Relativistic waveform template in a general manner. The parameters associated to these
deviations can then be constrained with parameter estimation techniques. These tests
can be easily applied to some modified gravity models, as the mapping between these
parameters and their theoretical constants is known. Then, in IMR consistency tests,
one checks whether the physical properties—e.g. the mass and spin of the remnant
black hole—of the system as extracted from different parts of the gravitational-wave
signal coincide. Lastly, we can explore whether there are any deviations from General
Relativity in the propagation of gravitational waves, for instance by extracting the
(modified) dispersion relation of the graviton.
Long before the first detection of gravitational waves, we have been observing compact objects in the electromagnetic spectrum. Electromagnetic tests are important
because they allow us to probe much larger systems than those observed by the
LIGO/Virgo observatories. A way to test gravity in the strong-field regime is by detecting X-ray radiation coming from the accretion disks of black holes [44], which can
be observed both around stellar-mass and super-massive black holes. Super-massive
black holes are also being probed in the radio spectrum. In 2017, the first direct
observations of black holes were made by a network of radio telescopes called the
Einstein Horizon Telescope (EHT), which took the famous image of M87⋆ [45], and
the recently published image of Sgr A⋆ (the black hole in the centre of our Milky
Way) [46]. The images capture the black hole shadow, a dark region caused by gravi10

Black holes have a compactness between 0.5 ≤ C ≤ 1, whereas for neutron stars the compactness
can range between C ∼ 0.1 − 0.3.
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tational light bending and photon capture at the event horizon. Although not precise
enough yet, in the future the technique of black hole imaging might contribute to
precision measurements of the gravitational field.

1.2

Gravitational-Wave Astrophysics

Another interesting vacuum solution to the Einstein equations that we have not
touched upon yet are gravitational waves. Einstein already predicted the existence
of gravitational waves in General Relativity, but it took almost a century for them
to be detected. Finally, on 14 September, 2015, gravitational waves were observed,
which revolutionized the field of astrophysics, allowing us now to probe the Universe
both with electromagnetic and gravitational-wave observations. In this section, we
will introduce the theoretical foundations of gravitational waves, and then discuss the
present and future gravitational-wave observatories.

1.2.1

Gravitational Waves

We will introduce the notion of gravitational waves by considering the linearized
Einstein equations, meaning we consider linear perturbations over a flat background
metric11
gµν = ηµν + hµν ,
(1.2.1)
with |hµν | << 1, e.g. the gravitational field is weak and can be regarded as a perturbation on top of the Minkowski metric, and work at leading order in the perturbations.
With some straightforward tensor algebra, one can then derive the linearized Einstein
equations:
∂ σ ∂ν hσµ + ∂ σ ∂µ hσν − ∂µ ∂ν h − □hµν + ηµν (□h − ∂ ρ ∂ λ hρλ ) = 16πGTµν ,

(1.2.2)

where □ ≡ η αβ ∂α ∂β is the flat-space d’Alembertian. For future convenience we also
define h̄µν = hµν − 12 hηµν .
The decomposition (1.2.1) of the metric into a Minkowski background plus a perturbation is not unique. Under an infinitesimal coordinate change xµ → xµ + ξ µ (x) , the
11

If one omits the weak-field approximation and considers the full non-linear equations instead,
this treatment is complicated considerably. However, with more rigorous methods one can find that
the results are the same as in this section.
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change in the metric, δgµν = −(∂µ ξν + ∂ν ξµ ) , can be interpreted as a transformation
of the perturbation hµν , e.g. hµν → hµν − ∂µ ξν − ∂ν ξµ , which for h̄µν becomes
h̄µν → h̄µν − ∂µ ξν − ∂ν ξµ + ηµν ∂ σ ξσ .

(1.2.3)

Much like the electromagnetic tensor in Maxwell’s theory, Fµν = ∂µ Aν − ∂ν Aµ , is
invariant under the gauge transformation Aµ → Aµ + ∂µ λ , the linearized Riemann
tensor is invariant under the gauge transformation (1.2.3). The usual procedure in
electromagnetism is to impose a gauge condition, for instance the Lorentz gauge
∂ µ Aµ = 0 , and find the solutions to the Maxwell equations. Similarly, in linearized
General Relativity we can pick the Lorenz gauge12
∂ µ h̄µν = 0 ,

(1.2.4)

in which the linearized Einstein equations (1.2.2) take on the relatively simple form
□h̄µν = −16πGTµν ,

(1.2.5)

which is a wave equation sourced by the energy-momentum tensor.
First, we take a look at the freely-propagating degrees of freedom of the gravitational
field, e.g. solutions to the vacuum equation, □h̄µν = 0 . A plane-wave solution reads


h̄µν = Re Hµν eikσ x

σ



,

(1.2.6)

where Hµν is a complex polarization matrix, and k σ is the (real) wave vector. By
plugging in this solution, we see that k σ is a null vector, telling us that gravitational
waves propagate at the speed of light. We can now study this solution, and determine
how many degrees of freedom the gravitational field actually propagates. Naively,
one would say that there are ten degrees of freedom (from the symmetric polarization
matrix), however, we should not forget about the gauge symmetry of the theory. The
Lorenz gauge implies
k µ Hµν = 0 ,
(1.2.7)
which means that the polarization is transverse to the direction of propagation, and
only six degrees of freedom are left. It turns out we have further freedom in our choice
of gauge, which becomes clear by taking a closer look at the solutions for ξµ . The
gauge transformation (1.2.3) leaves the solution in the Lorenz gauge if
□ξµ = 0 .
12

This gauge goes by many other names, such as ‘De Donder’ or ‘harmonic’ gauge.
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A solution of the form ξµ = λµ eikσ x transforms the polarization matrix as
σ

Hµν = Hµν − i (kµ λν + kν λµ − ηµν k σ λσ ) .

(1.2.9)

We can choose λµ such that
H0µ = 0

and

H µµ = 0 ,

(1.2.10)

a choice we refer to as the transverse traceless gauge. These five conditions are not
independent of each other and can be combined to constrain the four components
of λµ 13 . Finally, we find there are 10 − 4 − 4 = 2 independent polarizations. The
polarization matrix for a plane wave travelling in the x3 direction reads
0 0
0

0 H
H×
+

=
0 H× −H+

0 0
0


Hµν

0

0

 ,
0

0


(1.2.11)

with H+ and H× describing the two polarizations of the wave.
Of course, gravitational waves can also be generated by sources. We go back to the
linearized Einstein equation (1.2.2), take Tµν to be nonzero, and derive a formula
that describes the rate at which gravitational waves are emitted from a system of
masses, the so-called quadrupole formula. We assume the energy-momentum tensor
is sourced by non-relativistic matter, and write down a solution for h̄µν in terms of
the “retarded Green’s function” far away from this source:
h̄µν (t, x) ≈ 4G

Z

d3 y

Tµν (tr , y)
,
|x − y|

(1.2.12)

where tr = t − |x − y| is the retarded time, which appears because the gravitational
field at (t, x) is influenced by a sum of the events on the past light cone. Since we are
evaluating the gravitational field far away from the source, we can Taylor expand in
small values for |y| and write (1.2.12) as
h̄µν (t, x) ≈

4G Z 3
d y Tµν (t − r, y) ,
r

(1.2.13)

More precisely, we can impose H µµ = 0, then H0i = 0 as well by choosing λµ , and lastly by
using (1.2.7) we show that H00 = 0.
13
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with r = |x|. The quadrupole formula is then given by the spatial components of this
tensor14 , which—by using conservation of the energy-momentum tensor Tµν —can be
written as:
2G d2 Iij
h̄ij (t, x) =
(tr ) .
(1.2.14)
r dt2
with the quadrupole moment
Iij (tr ) =

Z

d3 y T 00 (tr , y)yi yj .

(1.2.15)

It is now clear that gravitational waves are produced as a consequence of an accelerating mass quadrupole moment (similar to electromagnetic waves being produced
by an accelerating dipole moment). Monopolar and dipolar radiation are absent in
General Relativity. Whereas absence of the first can be interpreted as a consequence
of Birkhoff’s theorem, the second is a consequence of the conservation of linear momentum.
For future convenience, we would like to point out how gravitational waves are
parametrized in the Newman-Penrose null tetrad formalism [47]. In this formalism, the tensors in the theory are projected onto a null tetrad basis (lµ , nµ , mµ , m̄µ ) ,
consisting of two real null vectors and a complex-conjugate pair. With these vectors a bunch of Newman-Penrose scalars can be defined, such as the Weyl scalars
Ψ0 , ... , Ψ4 [48], which are projections of the Weyl tensor (the trace-free parts of the
Riemann tensor)
Cρσµν = Rρσµν −



2
2
gρ[µ Rν]σ − gσ[µ Rν]ρ +
gρ[µ gν]σ R
(n − 2)
(n − 1)(n − 2)

(1.2.16)

on the null tetrad (n is the number of dimensions). In the transverse traceless gauge
the outgoing gravitational radiation if captured by Ψ4 for which
Ψ4 = Cρσµν m̄ρ nσ m̄µ nν

ΨTT
4 = −Ḧ+ + iḦ× .

→

(1.2.17)

Note that Ψ1 , ... , Ψ3 vanish, and that Ψ0 encodes the ingoing gravitational radiation
(whether Ψ0 or Ψ4 is zero depends on the direction of the gravitational wave). Although in General Relativity the outgoing radiative degrees of freedom are simply
14

The other components describe the conserved quantities inside the region we are studying:
Z
4G
E,
E ≡ d3 y T00 (t − r, y) ,
h̄00 (t, x) ≈
r
Z
4G
h̄0i (t, x) ≈ −
Pi ,
Pi ≡ − d3 y T0i (t − r, y) ,
r

but hold no information about the propagating degrees of freedom.
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encoded in Ψ4 , scalar-tensor theories (those will be described in Chapter 2) allow for
an additional scalar (breathing) radiative mode15 . This scalar mode is encoded in
Φ22 = Rµν nµ nν ,

(1.2.18)

which is one of the Ricci scalars in the formalism.

1.2.2

Present and Future Detectors

For many years, the possibility of gravitational waves actually existing in nature and
to be detectable was met with skepticism16 . Nevertheless, in 1974, their existence
was confirmed through (indirect) detection by the discovery of the Hulse-Taylor binary [31]. One of the stars in this binary neutron star system is a pulsar, and emits
a radio pulse every 59 ms. This was used to accurately measure the period of the
binary, which becomes smaller over time. The binary’s orbital decay turned out to
be in excellent agreement with the quadrupole formula, providing the first strong experimental evidence for gravitational waves. The first direct detection came decades
later with the historic observation of a gravitational wave produced during the merger
of a distant black hole binary system on 14 September, 2015 (see Figure 1). Since
then, there have been numerous gravitational-wave detections mainly done by the
Laser Interferometer Gravitational-Wave Observatory (LIGO) and Virgo collaboration, whose observatories are located in Hanford and Livingston (United States), and
Cascina (Italy), respectively.
Gravitational waves are detected by highly-sensitive laser interferometers. Until now,
all of the gravitational-wave detections have been made by L-shaped, ground-based
observatories, in which a split laser beam is travelling back and forth through the
two identical arms, and reflected by mirrors at either ends. The basic principle is
that if a gravitational wave is travelling perpendicular to the plane of the detector,
it will shorten one arm while lengthening the other. The difference in length can
be derived from an interference pattern emerging from the interferometer, which can
then be related to the characteristic strain of the gravitational wave. Even though
the LIGO and Virgo detectors have seemingly long arms (4 km and 3 km, respectively), if they would have been regular Michelson interferometers, they would still
15
16

Note that both modes need to be evaluated in the Jordan frame, also defined in Chapter 2.
Even Einstein himself did not believe them to be physical near the end of his life [49].
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Figure 1: The first direct detection of gravitational waves (GW150914) by the
LIGO observatories on 14 September, 2015 [32].

have been too short to detect gravitational waves. This issue is resolved by the inclusion of Fabry-Perot cavities, which are created by placing additional mirrors near the
beam splitter. The laser beam can now bounce back and forth between these mirrors
and the mirrors at the end of the arms, increasing the effective arm length in the
detectors to roughly 1200 km. Another issue in these detectors, namely the limited
initial power of the laser beam, is addressed by power recycling mirrors. These mirrors continually reflect the laser beam coming from the interferometer back into the
instrument, which greatly boosts its power. This advanced engineering design makes
these interferometers the most sensistive ones every constructed (see Figure 2 for the
sensitivity curves of several current and future detectors).
All events detected so far are categorized as compact binary coalescences. From the
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Figure 2: This plot shows the sensitivity curves for several gravitational-wave
observatories as a function of the frequency and characteristic strain. The characteristic strain hc (f ) for a frequency f is defined as [hc (f )]2 = 4f 2 |h̃(f )|2 , where
h̃(f ) is the Fourier transform of the signal h(t). The three main branches of
gravitational-wave observatories are covered: ground-based (aLIGO, Virgo, KAGRA) and space-borne (LISA) interferometers, and Pulsar Timing Array-based
detectors (IPTA, SKA). It also shows the characteristic signal produced by different gravitational-wave sources (this figure has been produced by using the online
tool described in [50]).

frequency of the waves, one can deduce the chirp mass, defined as
Mc =

(M1 M2 )3/5
,
(M1 + M2 )1/5

(1.2.19)

where M1 and M2 are the masses of the two objects. Again, determining this mass
(and also other parameters) is not easy. Gravitational-wave signals are typically weak
and polluted by noise. One depends on matched filter techniques—where the signal is
compared to precise waveform templates produced on theoretical grounds—to detect
them, after which parameter estimation can be applied to the signal. The templates can be produced both in general relativistic or modified gravity context, which
immediately also provides a test of those theories. Thus far, the catalog of events de34
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tected by the LIGO/Virgo collaboration is composed of numerous binary black hole
mergers, and a couple of binary neutron star and mixed coalescences (e.g. binary
systems consisting of a black hole and neutron star). All these detections have been
of great scientific importance. Especially the first observation of a binary neutron star
merger (GW170817) played an influential role in gravitational-wave astrophysics [33],
as it could be cross-correlated with observations of electromagnetic emissions of the
merger. This allowed for a comparison between the propagation speeds of gravity and
light, which put strong constraints on many modified gravity models [51–56]17 . It also
showed that gravitational-wave and electromagnetic observations are complementary,
and thus we entered a new era of multi-messenger gravitational-wave astronomy.
The potential of gravitational-wave astronomy is directly reflected in the growing
number of gravitational-wave detectors. In 2020, the underground Kamioka Gravitational Wave (KAGRA) detector in Hida (Japan) became operational, and is planning
to join the LIGO/Virgo collaboration for the next run (O4) in December 2022 [57].
Another detector, proposed by the Indian Initiative in Gravitational-Wave Observations (IndIGO) and based in India, is planned to become operational in 2024. A
third-generation of ground-based interferometers with significantly longer arms and
aiming to achieve ∼ 100 times higher sensitivities than the current generation is also
on the way, represented by the Einstein Telescope [58] and Cosmic Explorer [59], and
prospected to be operational in the 2030s.
The first space-based interferometric experiments are planned to start in the mid
2030s. Probing gravitational waves in space has the huge advantage of being unaffected by the noisy environment of Earth, such as seismic noise. The main proposed future mission is the realization of the Laser Interferometer Space Antenna
(LISA) [60, 61], comprised of three individual spacecrafts arranged in an equilateral
triangle with sides 2.5 million km long. With these arm-lengths, they are sensitive to
a completely different range of frequencies than the terrestrial detectors, and therefore
able to probe new gravitational-wave sources. Other proposed space-based missions
include TianQin [62], Taiji [63] and the Deci-hertz Interferometer Gravitational wave
Observatory (DECIGO) [64].

17

These constraints come with some potential caveats, as most of the models considered are not
really valid in these regimes.
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An alternative approach to detect gravitational waves is by the use of Pulsar Timing
Array (PTA) techniques. A passing gravitational wave will cause small fluctuations
in the otherwise regular pulsing time of millisecond pulsars. Although requiring a lot
of precision, this effect can actually be detected by measuring the time of arrival of
radio pulses from a correlated array of stable pulsars. At the moment, this technique
is applied by three different collaborations: the Parkes Pulsar Timing Array [65], the
North American Nanohertz Observatory for Gravitational Waves (NANOGrav) [66],
and the European Pulsar Timing Arrays (EPTA) [67]. Together they constitute
the International Pulsar Timing Array (IPTA) [68], which monitors a total of 65
pulsars. The same principle will be used by the Square Kilometre Array (SKA) [69],
a radio telescope comprised of hundreds of dishes and hundreds of thousands of lowfrequency aperture array telescopes spanning over more than one square kilometre.
These missions will probe gravitational waves in the low-frequency regime, coming
from a stochastic background or supermassive black hole coalescences.

1.3

Cosmology

General Relativity is applied in the field of cosmology to study the evolution of our
Universe. This seems like an incredibly challenging task, but simplifies with the
realization that the Universe is isotropic and homogeneous on large scales, meaning
it looks the same at every point in space (for fixed time) and in every direction.
The standard model of cosmology—which assumes General Relativity to be the true
theory of gravity—is the ΛCDM model, and will be introduced in this section. We will
then focus on (the problem of) dark energy, the mysterious component responsible
for the accelerated expansion of our Universe.

1.3.1

The ΛCDM Model

Isotropy and homogeneity imply that space is maximally symmetric. We can represent
the spacetime by time-ordered three-dimensional spatial slices described by the metric
ds2 = −dt2 + a2 (t)dℓ2 ,

(1.3.1)

where dℓ2 ≡ γij (x)dxi dxj is the line element on the spatial slices and a(t) the scale
factor (tracking the expansion of the Universe). The spatial metric γij can take three
different forms, depending on its intrinsic curvature, leading to a four-dimensional
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metric that looks like
dr2
ds = −dt + a (t)
+ r2 dΩ2 .
2
1 − κr
"

2

2

2

#

(1.3.2)

Here, κ = (−1, 0, +1) corresponds to hyperbolic (negative curvature), flat (no curvature), and spherical (positive curvature) spatial slices, respectively. The metric
(1.3.2) is called the Friedmann-Robertson-Walker (FRW) metric [70, 71].
The next step is to plug the FRW metric in the Einstein equations (1.1.14). Before
we do so, we make a slight modification to the equations. We are allowed to add
another term to the left-hand side that would still respect the conservation of the
energy-momentum tensor and write
Gµν + Λgµν = 8πGTµν ,

(1.3.3)

with Λ a constant called the cosmological constant. Einstein originally added this
term to the Einstein equations to counter-balance the effect of gravity and create a
static Universe. After the discovery of the expansion of the Universe by Hubble and
Lemaı̂tre [72, 73] he removed it, referring to its original introduction as his “biggest
blunder”. However, after the discovery that the expansion is accelerating, the cosmological constant regained popularity, and now plays the role of dark energy in the
ΛCDM model.
We assume the energy-momentum is sourced by a perfect fluid (1.1.22), which with the
preferred 3 + 1 foliation collapses to T00 = ρ and Tij = pgij . Usually, the cosmological
constant is moved to the right-hand side of the equations and interpreted as part of
Λ
the energy-momentum tensor: Tµν
= −(Λ/8πG)gµν . The temporal component of the
Einstein equation then gives
8πG
κ
ȧ
=
ρ− 2 ,
(1.3.4)
a
3
a
where the expansion of the Universe is characterized by the Hubble parameter H ≡
ȧ/a. The spatial parts of the Einstein equations lead to
 2

ä
4πG
=−
(ρ + 3p) .
(1.3.5)
a
3
These two equations are called the Friedmann equations. From the conservation of
the energy-momentum tensor we also obtain the continuity equation
ȧ
ρ̇ + 3 (ρ + p) = 0 .
(1.3.6)
a
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To close and solve the system of equations, we need to impose an equation of state
w = p/ρ, with w = 0 for matter, w = 1/3 for radiation, and w = −1 for Λ. From the
continuity equation and the equation of state we can derive how every component
scales with the scale factor a(t):
matter ,
radiation ,
Λ.






a−3
ρ ∝ a−4


 0
a

(1.3.7)

Most of the time the Universe is dominated by one component, starting with radiation, then matter, and finally Λ. It is conventional to measure the density of every
component nowadays with respect to the critical value, i.e. the density that would
correspond to a flat Universe today:
ρc,0 =

3H02
,
8πG

(1.3.8)

where H0 ≈ 70 km/sec/Mpc is the Hubble constant (the Hubble parameter measured
today). We can then define a dimensionless parameter
Ωi,0 ≡

ρi,0
,
ρc,0

(1.3.9)

with i = r, m, Λ representing the different components. Plugging this into the first
Friedmann equation and evaluating it at present time (for which a(t0 ) ≡ 1), we obtain
the constraint
1 = Ωr + Ωm + ΩΛ + Ωκ .
(1.3.10)
The most precise measured values of these parameters come from Cosmic Microwave
Background (CMB) power spectra measurements by the Planck collaboration [74]:
Ωm = 0.3111 ± 0.0056 ,

ΩΛ = 0.6889 ± 0.0056 ,

Ωκ = 0.001 ± 0.002 , (1.3.11)

with Ωr ∼ 10−5 ≪ 1. The matter contribution consists of a baryonic and cold dark
matter component, where Ωb ≈ 0.05 and Ωc ≈ 0.27 . Thus, the Universe is dominated
by its dark components, which are unfortunately the components we know the least
about.
The ΛCDM model has made a series of successful predictions, such as the existence
of baryonic acoustic oscillations [75] and the CMB polarization [76], but it presents
us with some challenges as well [77]. One of these is the tension that appears at 4.4σ
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level18 in the value of the Hubble constant as derived from local measurements of
the expansion rate from supernovae (H0 ≈ 73 km/sec/Mpc) and early Universe techniques concerning the Cosmic Microwave Background (H0 ≈ 67 km/sec/Mpc) [74,79].
Another issue is the tension at 2–3σ level on the value of the σ8 parameter—which
quantifies the magnitude of matter fluctuations, or said differently, the strength of
matter clustering—as measured from the anisotropies of the CMB by the Planck
satellite and by weak gravitational lensing and galaxy clustering techniques [74, 80].
Today, these tensions are the main motivation for cosmological tests of gravity.

1.3.2

(The Problem of) Dark Energy

We have strong observational evidence that the Universe today is dominated by a dark
energy component. It was first discovered in 1998 through measurements of type Ia
supernovae by two independent groups, the Supernova Cosmology Project [81–83]
and the High-Z Supernova Search Team [84, 85]. Later evidence includes studies of
the CMB power spectra, baryon acoustic oscillations, weak gravitational lensing, and
the large-scale structure of the Universe [74, 86].
We know dark energy is responsible for the cosmic acceleration and it makes up the
majority of the total energy density, but we are still in the dark about its nature. A
value of ΩΛ ≈ 0.7 is equivalent to an energy density of
ρΛ ≈ (10−3 eV)4 = 10−48 GeV4 .

(1.3.12)

In the previous section we derived that ρΛ ∝ a0 , meaning that the energy density stays
constant as the volume increases. This in turn means that energy must be produced,
and suggests that dark energy might be a property of empty space itself. This type of
behavior is actually predicted in quantum field theory, where the ground state energy
vac
of the vacuum caused by quantum fluctuations is Tµν
= ρvac gµν . In modern field
theories of elementary particles it is predicted each particle species contributes to the
vacuum energy as (we follow [87])
ρvac ≃

m4
+ const. ,
(ℏ/c)3

(1.3.13)

where m is the mass of the particle, and the constant is arbitrary. This means that
at every phase transition, the energy density of the vacuum decreases by ∆ρvac ≃
18

Note that gravitational waves can be used to potentially break this tension, see e.g. [78].
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m4 (ℏ/c)−3 , corresponding to 1060 GeV4 for the Grand Unified Theory (GUT) transition, 1012 GeV4 for supersymmetry, 108 GeV4 for the electroweak transition, and
10−4 GeV for quantum chromodynamics (QCD). We can now assess
ρvac (tPl ) = ρvac (t0 ) +

X

∆ρvac (mi )

i
4

≃ 10−48 GeV + 1060 GeV4 =

X

∆ρvac (mi )(1 + 10−108 ) ,

(1.3.14)

i

with ρvac (tPl ) and ρvac (t0 ) = ρΛ the vacuum energy density at Planck and present
times, and mi represents all the energies corresponding to the phase transitions occurring between tPl and t0 . We see now that there is a high level of fine-tuning
P
between the values of ρvac (tPl ) and i ∆ρvac (mi ). On top of this, the vacuum energy
is radiatively unstable, which would spoil any fine-tuning done at tree level, forcing
one to repeat the procedure at every loop level [88]. This is what we call the cosmological constant problem [89]. Another theoretical puzzle concerns the question
why the dark energy and matter density are so similar in our Universe today. Since
they depend differently on the scale factor, there is only a small window in which
the transition from a matter-dominated to dark energy-dominated Universe can be
observed. However, we as humans seem to be living exactly in this window, referring
to this issue as the coincidence problem 19 .
Alternatives to the cosmological constant have been proposed, such as the quintessence
models. In these models, the cosmic acceleration is caused by the potential energy of
a dynamical scalar field. Another approach is to modify the gravitational dynamics
(with respect to General Relativity) on cosmological scales. This is the main philosophy behind modified gravity models. We will expand more on these topics in the next
chapter.

19

There are different points of view on whether these issues are truly problems in our modern
understanding of the physics of our Universe, see e.g. [90].
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Alternative Theories
of Gravity

A natural consequence of asking ourselves whether we correctly understand the gravitational phenomenon is considering alternatives to General Relativity. Although
Einstein’s theory has proven to be incredibly successful, there are several motivations
for going beyond it. Those will be summarized in Section 2.1. Throughout the years,
many theories have been proposed, some more promising than others. In Section 2.2,
we focus on the field of scalar-tensor theories. A large subclass of scalar-tensor theories are endowed with a so-called screening mechanism, which allows these theories
to deviate on cosmological scales while evading constraints in the Solar System. We
further explore one type of screening in Chapter 3 and 4. We introduce the topic of
Lorentz-violating gravity in Section 2.3, which will be useful before reading Chapter 5.

2.1

Gravity beyond General Relativity

In this section, we motivate the consideration of modified theories of gravity, and
briefly summarize ways to modify General Relativity. Moreover, we lay out some
basic principles to assess the viability of a modified gravity theory.

2.1.1

Motivations to Modify Gravity

General Relativity has passed every test to date with flying colours, but yet it might
not be the final answer to describing gravity on macroscopic scales. Motivation for
exploring alternative theories of gravity has been mostly cosmological, e.g. to shed
light on long-standing questions concerning the cosmic acceleration and cosmological
constant problem (introduced in Section 1.3.2), and to relieve tension on the value of
the Hubble constant H0 and the density fluctuation power spectrum amplitude σ8 [91].
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These models refrain from postulating a mysterious dark sector, but rather change
the laws of gravity on cosmological scales to explain observed phenomena. Although
General Relativity is indeed well-tested in our Solar System, on larger scales it is less
constrained, and a different behavior of gravity in this regime is still allowed.
Gravity used to be relatively untested in the strong-field and highly-dynamical regime,
but this changed with the LIGO/Virgo observations [42]. This environment is naturally provided by compact objects, and the full non-linear and dynamical effects in
this region can be probed by gravitational waves coming from binaries. We have only
recently entered the era of precision (multi-messenger) gravitational-wave astronomy,
but gravitational-wave observations already play an important role in verifying General Relativity. No evidence of physics beyond General Relativity has been found
yet, motivating the need for so-called screening mechanisms in alternative theories of
gravity (see Section 2.2.3). Whereas for the inspiral phase analytical methods such as
Post-Newtonian theory suffice to construct gravitational waveforms, to model waveforms for the merger and ringdown of the coalescence we have to rely on different
techniques. The full evolution equations have to be solved numerically, which has
only become possible recently after a series of breakthroughs in the field of Numerical Relativity [92–94]. Clearly, now that we have the tools, it is a good time to
parametrize deviations from General Relativity, and to be prepared if they ever do
show up in observations.
General Relativity is also subject to theoretical objections: the coupling constant—the
gravitational constant—has negative mass dimension, meaning General Relativity is
non-renormalizable and therefore ultraviolet incomplete. One could consider adding
higher-derivative interactions to render the theory renormalizable, but this generally
leads to ghost instabilities (as will be discussed in the next sections). It can therefore
only capture quantum effects up to the Planck scale, which is the cut-off scale of
General Relativity. Furthermore, General Relativity is incomplete and for instance
fails to describe the gravitational field inside a black hole, where curvature diverges
in the singularity. Theoretical efforts to address these issues have been made in the
field of Quantum Gravity, but experimental data to distinguish between the different
proposed theories remains inaccessible.
How then would we modify gravity as described by General Relativity? Let us start
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by introducing Lovelock’s theorem [95, 96]. Assuming the equations of motion for
the metric gµν in vacuum take the form Aµν = 0, where Aµν is a symmetric and
divergenceless tensor, it states that if Aµν is a function of the metric, and its first and
second derivatives only, its most general form in four dimensions is
Aµν = aGµν + bg µν ,

(2.1.1)

where Gµν is the Einstein tensor, and a and b are constants. It therefore follows
that the Einstein field equations (including a cosmological constant) are the unique
equations of motion upon these assumptions. The most general Lagrangian density
we can write down in terms of gµν in four dimensions leading to the Einstein field
equations then takes the form
L=

√ h
−g αR − 2λ + βϵµνρλ Rαβµν Rαβρλ


+ γ R2 − 4Rµν Rν µ + Rµνρλ Rρλµν

(2.1.2)
i

,

where α, λ, β, and γ are constants. Note that the third and fourth term do not
contribute to the equations of motion1 .
As a consequence of Lovelock’s theorem, one can only write down an alternative theory of gravity by implementing one of the following changes. The first option is to add
degrees of freedom, by for instance considering a massive graviton or introducing new
fields in the gravitational action. The latter consist of introducing scalar, vector, or
tensor (or combinations of these fields) contributions to the gravitational sector, and
coupling them non-minimally to the metric. We discuss the family of scalar-tensor
theories in Section 2.2. Secondly, one can add terms to the gravitational action that
are more than second order in derivatives of the metric. While considering higherorder time derivatives, it is important to avoid Ostrogradski instabilities (more on this
in Chapter 5). Another class of theories is generated by breaking Lorentz invariance,
as is the case for Hořava gravity (discussed in Section 2.3).
Other ways to modify gravity (that are not studied in this work) include considering
higher-dimensional theories of gravity (also here gravity is modified by including
additional degrees of freedom). Generally, these theories introduce additional spatial
dimensions, but appear four-dimensional on large scales, with the extra dimensions
1

For the fourth term, the so-called Gauss-Bonnet term, this is only true in four dimensions, where
it reduces to a topological surface term.

43

Alternative Theories of Gravity
being “compactified” on some manifold. Models like these were originally proposed
by Kaluza and Klein as an attempt to unify the gravitational and electromagnetic
force, and are considered a precursor for string theory. Furthermore, in some modified
gravity theories the principle of locality is relaxed, allowing for terms in the equations
of motion that might depend on a small region of spacetime or inverse derivative
operators.

2.1.2

Requirements of Validity

Once we allow ourselves to relax one or more assumptions that are at the foundation
of General Relativity, we find there are many ways to modify gravity. We have already mentioned a few approaches to assess whether a modified theory of gravity is
promising or not, such as consistency with observational data, e.g. the theory should
be able to pass any of the weak- and strong-field precision tests that General Relativity has already passed. Additionally, we can reduce the number of possible modified
theories of gravity by imposing some desirable theoretical properties (a nice discussion
on this can be found in [97]). First, the theory must have some limit (continuous or
discontinuous) in which its predictions overlap with the ones from General Relativity.
This means it should predict stable observed phenomena, such as the existence of
black holes, neutron stars, and a viable cosmological scenario.
Another important requirement is that the theory should allow for a well-posed initial
value formulation. A given problem modelled by partial differential equations (PDEs)
is well-posed if it meets the following three criteria [98]: there exists a solution, the
solution is unique, and the solution depends continuously on the initial data. Without
this property, the theory loses predictive power. At the level of effective field theories
this is not a theoretical requirement, but it is a practical one, as it is fundamental for a
successful numerical evolution of the field equations. Usually, it is not trivial to check
whether a system of PDEs is well-posed or not, and it is more convenient to check the
hyperbolicity of the system. If the field equations are strongly-hyperbolic—meaning
they can be written as a quasilinear first-order system of PDEs with a principal part
(the terms with the highest derivatives) that has real eigenvalues and a complete set
of eigenvectors—the system is well-posed and allows for stable numerical evolutions
under suitable numerical methods [99–102]. If this is not the case, the system of PDEs
is weakly-hyperbolic and ill-posed, with solutions that can grow exponentially, leading
to unstable numerical evolutions. Strong hyperbolicity of the evolution system of
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PDEs is therefore a necessary requirement to numerically evolve field equations in a
stable way2 .
Lastly, we would like to avoid any ghost instabilities, and define a physical system
with a Hamiltonian bounded from below. To do this, it is necessary to allow no more
than two time derivatives in the equations of motion as described by the Ostrogradski
theorem [103], or only allow them combined with a set of degeneracy conditions to
ensure there is no propagating Ostrogradski mode, as is done in Degenerate HigherOrder Scalar-Tensor (DHOST) theories [104]3 .

2.2

Scalar-Tensor Theories

Scalar fields are commonly used in our description of fundamental physics. The Higgs
boson plays a huge role in the Standard Model of particle physics, explaining how the
other elementary particles are massive, the exponential expansion of spacetime in the
early Universe—inflation—is commonly attributed to the existence of the so-called
inflaton, and string theory models predict at least one spin-0 mode called the dilaton.
It is therefore quite natural to consider a scalar contribution in the gravity sector as
well. We define a modified theory of gravity to be any model in which the scalar field
couples non-minimally to the metric.
The simplest and one of the most well-known scalar-tensor theories is Fierz-JordanBrans-Dicke (FJBD) theory [106–108], described by the action
SF JBD

!
2 Z
√
MPl
ω(Φ) µν
4
=
d x −g̃ ΦR̃ −
g̃ ∂µ Φ∂ν Φ + Sm (g̃µν , ψ) ,
2
Φ

(2.2.1)

where MPl = (8πG)−1/2 , Φ is the gravitational scalar field, ω(Φ) = ω0 = const
characterizes the theory (for different scalar-tensor theories this can be a function of
Φ), and ψ collectively describes all matter degrees of freedom. An alternative form
of this action can be obtained by a conformal transformation of the metric g̃µν and
2

In Section 4.1.2, we explain how to check whether this condition is satisfied.
Note that more-than-second-order equations of motion propagating an Ostrogradski ghost can,
however, be dealt with perturbatively, see e.g. [105] (the appearance of the ghost mode is an indication of the breakdown of the regime of validity of the effective field theory).
3
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redefinition of the scalar field
gµν = Φ(φ)g̃µν ,

d log Φ
1
=
dφ
MPl

s

2
.
3 + 2ω(Φ)

In these variables, the action takes the form
!
!
Z
2
MPl
1 µν
gµν
4 √
SF JBD = d x −g
R − g ∂µ φ∂ν φ + Sm
,ψ .
2
2
Φ(φ)

(2.2.2)

(2.2.3)

The different representations of the theory in equations (2.2.1) and (2.2.3) are referred
to as the Jordan and Einstein frame, respectively. In this thesis, we use tilded notation
for quantities derived from the Jordan frame metric. Note also that the Ricci scalar
in equation (2.2.1) is multiplied by the scalar field Φ, introducing dependence on the
local value of the scalar field in the measured value of the gravitational constant. By
taking the Newtonian limit of the theory, one can find that Newton’s constant GN as
measured by a Cavendish experiment is related to the bare gravitational constant G
as it appears in the action (2.2.1) by
G 4 + 2ω0
,
(2.2.4)
GN =
Φ(φ0 ) 3 + 2ω0
where φ0 is the Einstein-frame scalar field at infinity, and ω0 = ω(φ0 ).
In the Einstein frame, the scalar field is minimally coupled to the metric, and one
might wonder if the theory can still be considered a modified gravity theory. Indeed,
the field equations describing the evolution of the gravitational field are identical to
the Einstein equations plus a massless scalar field. However, it is crucial to realize
that by performing this conformal transformation, we introduce couplings between
the scalar and matter fields. The behavior of these matter fields is now fundamentally
different from matter fields in General Relativity, e.g. they do not follow geodesics
of the new metric gµν . We say they are affected by a fifth force. The modification of
the geodesic equation matches the modification of the field equations in the Jordan
frame, or, in other words, the coupling to matter mimics the modification of gravity
in the Jordan frame. Numerically, it is usually convenient to work in the Einstein
frame, but when interpreting our results we transform back to the physical Jordan
frame.

2.2.1

Horndeski and Beyond

The space of scalar-tensor theories is much larger than the example given by FJBD
theory in (2.2.1). Horndeski proposed to extend Lovelock’s theorem in four dimensions
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to General Relativity plus a scalar field, and wrote down the most general action
leading to second-order equations of motion for the metric and scalar [109]:
SHD =

Z

5
X
√
d x −g
Li (gµν , φ) + Lm (gµν , ψ) ,

"

#

4

(2.2.5)

i=2

where
L2 = K(φ, X) ,

(2.2.6)

L3 = G3 (φ, X)□φ ,

(2.2.7)
h

i

L4 = G4 (φ, X)R + G4,X (φ, X) (□φ)2 − φµν φµν ,

(2.2.8)

L5 = G5 (φ, X)Gµν φµν
h
i
1
− G5,X (φ, X) (□φ)3 + 2φµν φν α φαµ − 3φµν φµν □φ ,
6

(2.2.9)

with K and Gi are functions of the scalar field and its kinetic term X = −φµ φµ /2,
and we adopt the notation φµ = ∇µ φ and φµν = ∇ν ∇µ φ.
In principle, the second-order derivatives appearing in Li would lead to fourth-order
field equations. Thus the theory would not satisfy the Ostrogradski theorem [103],
which states that any non-degenerate, higher than second-order derivative equation
of motion suffers from ghost-like instabilities. However, the higher-order terms are
introduced in such a way in the action that they are cancelled in the field equations, rendering the theory ghost-free. General Relativity is recovered by setting
2
G4 = MPl
/2 and K = G3 = G5 = 0. Horndeski theory contains an entire family
of scalar-tensor theories of gravity, such as FJBD theory, k-essence [110, 111], scalarGauss-Bonnet gravity [112], and the covariant Galileon [113].
Later it was discovered that if one allows the Lagrangian to be degenerate—meaning
the determinant of its Hessian matrix4 is zero—an even more general action can be
written down, leading to higher-than-second-order equations of motion without the
propagation of Ostrogradski ghosts. This was first pointed out in the context of
massive gravity [114], and later led to the so-called beyond-Horndeski theories [115,
116], and DHOST theories [104, 117, 118]. These theories contain additional higherderivative terms of the scalar field, while the propagation of a ghost mode is prohibited
4

The Hessian matrix is obtained by taking the second derivatives of the Lagrangian with respect
to velocities.

47

Alternative Theories of Gravity
by invoking certain degeneracy conditions on the coefficients in the theory. We use the
same principle in Chapter 5 to generalize khronometric theory (this Lorentz-violating
theory is introduced in Section 2.3.2).

2.2.2

Modified Gravity as Dark Energy

Despite the consistency of (most) observational data with a cosmological constant,
its introduction is problematic from a theoretical point of view (see Section 1.3.2).
Other theories explaining the cosmic acceleration have been introduced throughout
the years, and can be roughly divided in dark energy and modified gravity theories.
The distinction between these models is often blurred, but for our purposes modified
gravity models are the ones in which the scalar field couples non-minimally to the
metric, and a fifth force is mediated. A natural consequence of this is that the strong
equivalence principle is violated. A large subclass of Horndeski’s theory finds application in the construction of the early- and late-time cosmic acceleration, contributing
to the theory’s popularity. These models originate from theories reproducing the cosmic acceleration without the need of a small but nonzero vacuum energy [119]. Some
of these models are expected to be stable under quantum corrections, while others
lead to a fine-tuning issue as worrisome as the original cosmological problem. Many
of these theories by now have been highly constrained or ruled out by Solar-System
precision tests [7], the GW170817 bound on the tensor mode speeds [33, 37], or other
constraints based on gravitational-wave propagation [120–122]. We discuss the theory
of k-essence (with a conformal coupling to matter) in specific, which we have studied
in detail in our work described in Chapter 3 and 4, as it is left unconstrained by these
bounds.
The simplest extension of the ΛCDM model is to promote the cosmological constant
to a dynamical field. The idea is that the potential energy of the field is dynamically
relaxed through some mechanism to a small value. Several models present this feature,
and are collectively referred to as quintessence models [123]. A common model of
quintessence is a scalar field φ(t) slowly rolling down a potential V (φ) described by
the action
Sq =

Z

2
√
MPl
1
d x −g
R − (∂φ)2 − V (φ) .
2
2

"

#

4
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This is reminiscent of inflation, with the equation of state wφ = p/ρ behaving as
wφ =

1 2
φ̇
2
1 2
φ̇
2

− V (φ)
.
+ V (φ)

(2.2.11)

Thus, the equation of state changes in time, with the present-day acceleration corresponding to wφ ≃ −1. In fact, many quintessence models display a tracker behavior,
meaning the scalar energy density before matter-radiation equality traces the radiation energy density. At the time of equality, the energy density of the quintessence
field freezes at a constant value, acting like a cosmological constant. Due to this
feature, these models address the cosmic coincidence problem. However, Weinberg
showed in his no-go theorem that quintessence models have to be as finely-tuned as
the cosmological constant to explain its small value [89].
A generalization of quintessence models is to consider a non-canonical scalar field,
e.g. one with derivative self-couplings. These so-called K(φ, X) models5 were first
considered in the context of inflation [111], and applications to the cosmic acceleration
go by the name of k-essence [110, 111]. These models may be written as
Sk =

Z

d4 x

√

"

#

2
MPl
R − K(φ, X) ,
−g
2

(2.2.12)

where for a homogeneous scalar field φ(t) the equation of state reads
wφ =

K(φ, X)
,
− K(φ, X)

2XK ′ (φ, X)

(2.2.13)

with K ′ (φ, X) = dK/dX. By choosing an appropriate K(φ, X), it is possible to
reproduce the cosmic acceleration. Although these theories generally allow for superluminal propagation, they do not suffer from causal paradoxes [124] (contrary to the
claim in [125]).
A different class of k-essence theories is obtained by coupling the scalar field to the
matter sector, which can introduce some qualitative differences in the phenomenology
of the theory. A subclass of these theories present a screening mechanism, that masks
the scalar modifications on astrophysical scales in quasi-static configurations, but
still allows for deviations on cosmological distances. Several screening mechanisms
are discussed in the next section. In the literature, k-essence theories presenting a
screening mechanism are commonly referred to as k-mouflage [126].
5

In the flat case, these are usually referred to as P (φ, X) models.
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2.2.3

Screening Mechanisms

Gravity is strongly constrained on local scales by Solar-System precision tests, which
show good agreement with General Relativity. This limits us in writing down an
alternative theory of gravity. In the case of scalar-tensor theories, we can either make
the coupling of the scalar field to matter very weak—such that the departure from
General Relativity is essentially unobservable—or rely on a mechanism to “hide” the
new degree of freedom in local experiments. The first option has the disadvantage
that it renders theories highly fine-tuned and close to General Relativity, which is for
instance the case for FJBD theory, where the Cassini measurement of the Shapiro
delay bounds ω0 > 40000 at 2σ level [7, 21], limiting its interest for cosmology. Modifications at cosmological distances can only be introduced if they are locally hidden
by so-called screening mechanisms that rely on the non-linear behavior of the scalar
field in high-density regions, or—more precisely—regions in which the gravitational
potential or its derivatives exceed some critical value. These screening mechanisms
have been mostly studied in static configurations, and little is known about timedependent solutions (which is precisely one of the motivations for the work presented
in this thesis).
We consider the following schematic representation of the scalar sector in scalar-tensor
theories (following the discussion in [127])


Z
1 µν
2
4 √
(2.2.14)
S = d x −g − Z (φ, ∂φ, ∂ φ)∂µ φ∂ν φ − V (φ) + β(φ)T ,
2
where Z µν represents the derivative self-couplings of the scalar field, V (φ) is a potential, β(φ) is a coupling to matter, and T = T µµ is the trace of the energy-momentum
tensor. Screening can then be realised in different manners. First, if we choose β(φ)
such that it is small in high-density regions, the scalar field effectively decouples from
matter, and the fifth force in those regions is suppressed. However, in low-density
regions β(φ) can be larger, and the gravitational force may be significantly modified.
This principle is followed in symmetron and dilaton models [128–131]. Note that this
is different from fine-tuning the coupling to matter to a fixed small value like e.g. in
FJBD theory where the absence of non-linearities in the scalar field does not allow
for a screening mechanism.
We can also give the scalar field an environmentally-dependent mass such that in
high-density regions it has a large effective value. This would make its Compton
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wavelength extremely small, suppress the scalar dynamics, and render the fifth force
too short-range to be detected. This is how chameleon screening is realised. An
example of a potential that leads to this effect—the one that was originally introduced
in [132, 133]—is
Λn+4
V (φ) = n ,
(2.2.15)
φ
where Λ is the characteristic energy scale of the theory. The effective potential receives
a contribution from the energy-momentum tensor through the conformal coupling to
matter, which leads to an effective mass m2ef f = Vef′′ f (φmin ) of the scalar field that
depends on the density of the environment.
The other class of screening mechanisms uses derivative self-interactions to hide the
fifth force. This can be achieved by choosing Z µν = Z µν (∂φ), thus introducing kinetic
self-couplings of the scalar field. The kinetic screening mechanism—also referred to as
k-mouflage [126]—appears when the gradient of the scalar ∂φ becomes large. This is
the type of screening that appears in K(φ, X) theories (and that we study in Chapter
3 and 4 of this thesis), such as k-essence. Many of these theories are shift-symmetric,
thus invariant under a transformation φ(x) 7−→ φ(x) + c, except for a Planck mass
suppressed conformal coupling to matter that softly breaks it. A simple example of
such theory is given by
1
1
K(X) = − X − 4 X 2 ,
(2.2.16)
2
4Λ
where X = (∂φ)2 and Λ is the strong-coupling scale of the theory. Screening begins
when X/Λ4 ≳ 1, which is when the quadratic kinetic term starts dominating over the
canonical one. This seems problematic from an effective field theory approach, as this
Lagrangian will generate quantum corrections with higher powers of X that can thus
not be ignored in the screened regime. However, by correctly re-summing the loop
corrections, it turns out that any form of K(X) is radiatively stable [134,135]. Scalar
fluctuations can also be dynamically suppressed by second derivatives of the scalar
field, thus Z µν = Z µν (∂ 2 φ). This is the class of Vainshtein screening [136], present in
for instance Galileon models (see [137] for a review on this type of screening).

2.3

Lorentz-Violating Theories

Although General Relativity indeed works very well up to the Planck scale, we know
it should be treated as an effective field theory that breaks down at some high en51
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ergy scale. The theory is non-renormalizable, and therefore only predictive in the
low energy limit. Lorentz invariance is usually regarded as a fundamental symmetry in physics, a belief that is strengthened by the absence of Lorentz violations in
experimental searches in quantum field theory. However, there are also theoretical
suggestions that it might not be an exact symmetry, but rather an accidental symmetry in the low energy limit.
A useful tool in the search for Lorentz violation is the Standard-Model Extension
(SME), which is an effective field theory containing the Standard Model and General
Relativity, plus all possible Lorentz-violating operators [138]. Using this framework,
strong bounds have been set on Lorentz-violating operators in particle physics [139].
Bounds in the much more weakly-coupled gravity sector are not equally as strong
[140], which has motivated physicists to explore the Lorentz-violating corner in this
discipline. In the next sections, we describe two of these theories, namely Einsteinæther theory and Hořava gravity.

2.3.1

Einstein-Æther Gravity

One way to violate Lorentz symmetry is to introduce a timelike vector uα with fixed
unit norm
g αβ uα uβ = −1 ,

(2.3.1)

and couple it to gravity. This is exactly what is done in Einstein-æther, or Æ-theory.
In order to preserve general covariance, the vector uα —which we call the æther—has
to be dynamical [141]. We consider a derivative expansion in the metric gαβ and
the æther uα , and write down the most general covariant action—without a matter
coupling—quadratic in derivatives, up to a total divergence:
"
Z
1
4 √
d x −g R − c1 (∇µ uν )(∇µ uν ) − c2 (∇µ uµ )2
SÆ =
16πGÆ
#

− c3 (∇µ uν )(∇ u ) + c4 (u ∇α uµ )(u ∇β u ) + λ(u uα − 1) , (2.3.2)
ν µ

α

β

µ

α

where c1,2,3,4 are dimensionless constants, and the Lagrange multiplier λ enforces the
unit constraint. A term proportional to Rµν uµ uν could be included as well, but since
it is related to the (∇µ uµ )2 and (∇µ uν )(∇ν uµ ) terms through integration by parts it
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has been omitted. The relation between the bare gravitational constant GÆ and GN
can be found by taking the Newtonian limit, and reads
c1 + c4
GN .
GÆ = 1 −
2




(2.3.3)

By linearizing over a Minkowski background and constant æther, one finds that there
are five massless degrees of freedom in this theory: one spin-2 mode, one spin-1
mode and one spin-0 mode. Their squared speeds are given by a combination of the
couplings constants in the theory (see [142] for their form). The lack of Čerenkov
radiation in ultra-high-energy cosmic ray observations bounds these speeds to be superluminal (whether or not superluminalities lead to violations of causality is a subtle
issue, see e.g. [143, 144]). This, and the theoretical requirements that the modes be
stable and their energy positive further constrains the coefficients.
Einstein-æther theory can also be constrained by performing a PPN analysis. The
only PPN parameters that are modified with respect to their General Relativity
values are α1 and α2 , which describe preferred frame effects. Their values were found
to be [142]:
8(c23 + c1 c4 )
,
2c1 − c21 + c23
α1 (c1 + 2c3 − c4 )(2c1 + 3c2 + c34 )
−
,
α2 =
2
c123 (2 − c14 )

α1 = −

(2.3.4)
(2.3.5)

with notation cij = ci + cj and cijk = ci + cj + ck . These PPN parameters can be
set to zero by imposing the conditions c4 = −c23 /c1 and c2 = (c23 − c1 c3 − 2c21 )/3c1 ,
rendering all PPN parameters in Einstein-æther theory equivalent to their General
Relativity counterparts. The preferred frame PPN parameters have been bounded
observationally to |α1 | ≲ 10−4 and |α2 | ≲ 10−7 [7].

2.3.2

Hořava Gravity

An approach to render General Relativity renormalizable could be to include higher
order curvature terms in the Lagrangian, which, however, generally leads to ghost instabilities induced by the higher order time derivatives. Another approach is to only
introduce higher order spatial derivatives, making the theory both renormalizable
and protected from propagating any ghost degrees of freedom. By treating temporal
and spatial derivatives differently, such procedure breaks Lorentz invariance. This
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preferred foliation is precisely the principle of Hořava gravity, a theory introduced
relatively recently by Hořava in 2009 [145].
First, let us take a look at how Hořava gravity and Einstein-æther theory are related
to each other [146]. Suppose we restrict the æther to be hypersurface orthogonal, e.g.
∂α T
,
uα = − q
−∂β T ∂ β T

(2.3.6)

with T a scalar field sometimes called the “khronon”. Plugging this into the Einsteinæther action (2.3.2), we obtain a new theory with fewer degrees of freedom (sometimes
referred to as “khronometric” theory). One of the coefficients c1,2,3,4 becomes redundant, something that is more explicitly shown if one considers a fluid decomposition
of the æther as is done in [146]. The equations of motion for Einstein-æther theory
turn out to include third-order derivatives, unless one makes the gauge choice
uα = −(g T T )−1/2 δαT = −N δαT ,

(2.3.7)

with N the lapse6 . By fixing the time coordinate with this gauge choice, the theory
is not preserved under full diffeomorphisms, but rather under foliation-preserving
diffeomorphisms (FDiffs), meaning space-independent time reparametrizations and
time-dependent spatial diffeomorphisms:
x → x̃(t, x) ,

(2.3.8)

t → t̃(t) .

Now, the Einstein-æther action is of the form
SÆ =

Z
1
√ h
dt d3 x N γ (1 − β)Kij K ij − (1 + η)K 2 +
16πGÆ

(3)

i

R + α ai ai , (2.3.9)

with Kij the extrinsic curvature, K its trace, (3) R the three-dimensional Ricci scalar,
α = c14 , β = c13 and η = c2 . This action is exactly what one would get by taking the
infrared limit of (non-projectable) Hořava gravity.
The full Hořava action takes the form
!
Z
1
1
1
√
3
dt d x N γ L2 + 2 L4 + 4 L6 ,
SH =
16πGH
M⋆
M⋆
6

(2.3.10)

The lapse, and other ADM quantities, are further defined in Chapter 5 and Appendix A.
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where M⋆ is a new mass scale, GH = GÆ /(1 − c13 ), L2 is given by (2.3.9), and
L4 and L6 contain all scalar functions of ai and hij up to fourth and sixth order
in spatial derivatives, respectively, which respect foliation-preserving diffeomorphism
invariance.
Depending on how one deals with the time reparametrization invariance, two versions
of the theory can be formulated. First, there is projectable Hořava gravity in which the
lapse is a function of time only, N (t), and thus can be chosen to be unity by exploiting
time reparametrizations as in General Relativity. This version was soon realized to be
problematic, as it is strongly-coupled and the scalar mode behaves like a tachyon in
the infrared [147]. Despite this, it has been shown to be fully renormalizable (rather
than only power-counting renormalizable) in any spacetime dimension [148], and to
be ultraviolet complete in 2 + 1 dimensions [149]. In non-restricted, non-projectable
Hořava gravity, the lapse depends on the spatial coordinates as well, N (t, x), and
the scalar graviton is better behaved [150]. In this version, the number of possible
operators is much larger, and showing renormalizability beyond power-counting is
complicated by instantaneous modes [147]. Phenomenological studies have mostly
been focused on the existence of black holes in the infrared limit of non-projectable
gravity (see e.g. [151]), but recently work in the projectable sector has been done as
well [152].
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3

Screening in the
Strong-Field Regime

The accelerated expansion of the Universe is among the biggest mysteries of cosmology. Although the cosmic acceleration is commonly explained by a cosmological
constant, this possibility faces long-standing theoretical issues [89] (see also Chapter
1). Gravitational theories differing from General Relativity may explain the accelerated expansion of the Universe without a cosmological constant. However, to pass
local gravitational tests, a screening mechanism is needed to suppress, on small scales,
the fifth force driving the cosmological acceleration (see Chapter 2 for an introduction
on screening mechanisms).
We consider a scalar-tensor theory with first-order derivative self-interactions, named
k-essence, and explore the workings of its screening mechanism. By studying static
and spherically symmetric solutions in this theory, we confirm the presence of kinetic
screening (k-mouflage [126]) in non-relativistic stars, and extend it to fully relativistic,
compact stars. In this chapter, we describe how we obtained those solutions, and
present their phenomenology. In Section 3.1, we introduce the theoretical conventions
of our work. In Section 3.2, we then present the static solutions we have found in the
weak- and strong-field regime.

3.1

Screening in k-essence Theories

As explained in Section 2.2.2, k-essence theories were originally introduced in a cosmological context [110, 111]. They are among the few left unconstrained by bounds
from gravitational-wave observations [33,37,120–122], and—as they only involve firstorder derivatives of the scalar field—automatically free of Ostrogradski ghosts. More
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importantly, the theory exhibits a kinetic screening mechanism that locally produces
a General Relativity-like phenomenology, allowing it to pass Solar-System tests.
Kinetic screening in k-essence has been studied in the weak-field limit [126], and is
extended to the strong-field regime in this work. To test the viability of a modified
gravity theory, it is important to test whether it is able to produce solutions known to
exist in nature, with phenomenology corresponding to observational evidence. In this
work, we build on previous studies of gravitational collapse in k-essence [153], and
study neutron star solutions. Coupling the k-essence scalar to matter is essential to
produce screened solutions, which are not present in vacuum due to no-hair theorems
in shift-symmetric scalar-tensor theories [154, 155]. Other important tests regarding
these objects concern their stability and the initial value problem (Cauchy problem),
which will be discussed in Chapter 4. In this section, we introduce the k-essence action
and field equations, after which we explain why numerically studying the evolution
of stars in k-essence theories of relevance for cosmology is challenging as a result of
the hierarchy of scales involved.

3.1.1

Theoretical Set-Up

In the following, we give a detailed description of the theory of k-essence that we
will study, and explain the parameter space. The action for k-essence in the Einstein
frame is given by
S=

Z

"

#

"

#

2
MPl
gµν
R + K(X) + Sm
, Ψm ,
d x −g
2
Φ(φ)
4

√

(3.1.1)

where MPl = (8πG)−1/2 is the Planck mass, R is the Ricci scalar, X ≡ g µν ∂µ φ∂ν φ is
the kinetic term of the scalar field, and Ψm collectively describes the matter degrees
of freedom. The Einstein-frame metric gµν is related to the Jordan-frame metric g̃µν
through a conformal transformation depending on the scalar field
gµν = Φ(φ)g̃µν .

(3.1.2)

We consider only the lowest order terms in the scalar part of the action
1
β
γ
K(X) = − X + 4 X 2 − 8 X 3 + · · · .
2
4Λ
8Λ

(3.1.3)

Here, Λ is the strong-coupling scale of the effective field theory, β and γ are dimensionless coefficients of O(1). Although screening solutions exist in k-essence for
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any β < 0, γ > 0 in equation (3.1.3), in the following we set β = 0 and γ = 11 ,
whereas unscreened Fierz-Jordan-Brans-Dicke (FJBD) solutions are obtained by setting β = γ = 0. This ensures that the theory satisfies the condition
1 + 2 X K ′′ (X)/K ′ (X) > 0 ,

(3.1.4)

for all X [124, 153, 158], and thus evades the so-called Tricomi problem (see Section
4.1.2). This in turn implies that the field equations remain always strongly hyperbolic,
and the system well-posed (this is essential to produce stable numerical evolutions,
see Chapter 4). The results presented in this work, however, hold (qualitatively) for
more general β and γ, provided that condition (3.1.4) is satisfied.
We are mainly interested in learning about the kinetic screening mechanism in this
theory, which is why have chosen a shift-symmetric function for K(X)2 . However,
we still mildly break this shift symmetry by including a Planck-suppressed conformal
coupling to matter. This is necessary to evade no-hair theorems for shift-symmetric
scalar-tensor theories that would prohibit these stars from forming any non-trivial
scalar profile [154, 155]. The conformal coupling to matter is defined as
Φ ≡ exp

√

φ
2α
MPl



,

1
α≡ √
,
3 + 2ω

(3.1.5)

with α allowed to be ∼ O(1), because the kinetic screening allows for escaping the
Cassini bound [1].
By varying the k-essence action (3.1.1), one obtains the equations of motion for the
metric and scalar field




φ
Gµν = 8πG Tµν
+ Tµν ,
1
∇µ (K ′ (X)∇µ φ) = AT ,
2

(3.1.6)
(3.1.7)

where Gµν is the Einstein tensor constructed from the Einstein-frame metric, we define
A ≡ −Φ′ (φ)/[2Φ(φ)], and the scalar field and matter energy-momentum tensors are
1

This is also the simplest choice that satisfies recent positivity bounds [156] for a healthy (although
unknown) UV completion of the theory. Those bounds dictate that the leading term in K(X) should
have odd power and a negative coefficient. See however [157] for a different claim.
2
More general k-essence theories consider K(φ, X).
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defined as
φ
Tµν
= K(X)gµν − 2K ′ (X)∂µ φ∂ν φ ,
2 δSm
Tµν = √
,
−g δgµν

(3.1.8)
(3.1.9)

with T = Tµν g µν . Although the Einstein frame is convenient when solving these
equations numerically, we generally convert back to the Jordan frame (e.g. the frame
in which matter follows geodesics) to present and interpret our results.
To solve this system of coupled equations, we make a few assumptions. First, we
model matter by a perfect fluid in the Jordan frame, with baryonic density ρ̃0 , specific
internal energy ϵ̃, pressure p̃ and four-velocity ũµ . From the definition (3.1.9), the
stress-energy tensor in the Einstein frame, T µν , is related to the one in the Jordan
frame, T̃µν , by T µν = T̃ µν Φ−3 , Tµν = T̃µν Φ−1 [159, 160]. We can then write the
Einstein-frame stress energy tensor as
Tµν = [ρ0 (1 + ϵ) + p]uµ uν + p gµν ,

(3.1.10)

with ρ0 , p and uµ related to their Jordan-frame counterparts by uµ = ũµ Φ−1/2 (which
ensures that the four-velocity has unit norm in both frames), p = p̃ Φ−2 and ρ0 =
ρ̃0 Φ−2 . These relations imply that if one considers an equation of state relating ρ̃0 ,
ϵ̃, p̃ in the Jordan frame, the corresponding equation of state in the Einstein frame
will also (in general) involve the scalar field via the conformal factor. We consider a
polytropic equation of state in the Jordan frame
p̃ = K ρ̃Γ0 ,

p̃ = (Γ − 1)ρ̃0 ϵ̃ ,

(3.1.11)

where K is a constant of proportionality, and Γ = (n + 1)/n with n the polytropic
index.
Since in the Jordan frame matter is not directly coupled to the scalar field but only to
the metric, the usual conservation laws of the matter stress-energy tensor and baryon
number apply in that frame. Transforming those conservation laws to the Einstein
frame one obtains
∇µ T µν = A∇ν φ T ,

(3.1.12)

∇µ (ρ0 uµ ) = ρ0 Auµ ∇µ φ .

(3.1.13)

Therefore, unlike in the Jordan frame, the stress-energy tensor and the baryon number
are not conserved in the Einstein frame.
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3.1.2

Hierarchy of Scales

In this chapter, we use units ℏ = c = 1, in which the k-essence action is given by
equation (3.1.1). When simulating neutron stars numerically, it is convenient to use
units adapted to the problem, which are geometric units for which G = c = M⊙ = 1.
To see how the k-essence action reads in these units, let us first factor out the Planck
mass in the k-essence Lagrangian density:
1
β
γ
1
R − X̄ + 4 X̄ 2 − 8 X̄ 3 + . . . ,
Lk =
16πG
2
4Λ̄
8Λ̄
!

(3.1.14)

2
where we have introduced X̄ ≡ 2X/MPl
, which is the kinetic energy X̄ ≡ g µν ∂µ φ̄∂ν φ̄
√
for the dimensionless scalar φ̄ ≡ 2φ/MPl , and defined also Λ̄ ≡ 21/4 Λ/MPl 1/2 .

To reinstate ℏ, one can then note that in generic units the first two terms (the
Ricci curvature and the kinetic energy for the rescaled dimensionless field) have
dimensions of a length−2 , hence one needs Λ̄ = 21/4 Λ/(MPl ℏ)1/2 , which has the
correct dimensions of length−1/2 (with c = 1). For cosmologically relevant Λ, we
√
have ΛDE ∼ H0 MPl ∼ 2 × 10−3 eV (with H0 the Hubble constant), and thus
Λ̄ ∼ 10−13 m−1/2 .
In units G = c = M⊙ = 1, lengths are measured in units of the gravitational radius
of the Sun, GM⊙ /c2 ≈ 1.5 km, and therefore in these units one has Λ̄ ∼ 4 × 10−12 .
Rewriting then the action (3.1.14) in the same form as equation (3.1.1), but in units
G = c = M⊙ = 1, one gets
Lk =

1
1
β
γ
R − X + 4 X2 − 8 X3 + . . . ,
16π
2
4Λ
8Λ

(3.1.15)

√
where X = X̄/(16π), φ = φ̄/ 16π and Λ = Λ̄/(16π)1/4 ≈ 10−12 . As will become
clear in the next chapter, this very small value is among the reasons why numerical
evolutions of the dynamics of stars are challenging for theories with Λ ∼ ΛDE . We
stress, however, that we could successfully simulate static stars for such theories
(thanks to Mathematica’s [161] arbitrary machine precision arithmetic).
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3.2

Static Configurations

In this section, we present static screened solutions for both weakly- and stronglygravitating stars in spherical symmetry. To connect to the literature, we first produced solutions for non-relativistic stars using a weak-field approximation. We then
improved our methods by solving the full field equations, capturing also the non-linear
behavior, and allowing us to study screened relativistic stars. These solutions and
some of their characteristics are described in the following.

3.2.1

Weak-Field Approximation

In more detail, [126] suggested that non-relativistic, Sun-like stars in k-essence present
a k-mouflage mechanism, whereby General Relativity is recovered within a screening
radius
q
rk ∼ Λ−1 M/MPl ,

(3.2.1)

(with M the star’s mass), as a result of the non-linear terms in equation (3.1.3)
dominating over the linear one3 . To check this, we first consider constant-density,
non-relativistic stars. Using the same weak-field approximation applied in [162, 163]
to study screening in massive (bi-)gravity, we obtain from equations (3.1.6)–(3.1.7)
an approximate equation for the scalar-field radial derivatives y ≡ φ′ and y ′ (with
′
≡ d/dr):
√

√
2
4
2
rρ
r
y
15γry
(2M
+
2
(3α
+
1)
r
2αry)
Pl

√
= y′
+
+
MPl Λ2
αΛ2
MPl Λ2
4 2MPl αΛ10
√
2 2 (3α2 + 1) y 4α2 ry 2
3γy 5
3γry 6
5αγr2 y 7
√
√
+
+
+
+
.
+
2 10
αΛ2
MPl Λ2
2αΛ10 MPl Λ10 2 2MPl
Λ

(3.2.2)

Approximate analytic solutions to this equation (see Figure 3) can be obtained in
√
the stellar interior: y1 ≈ [ 2αρrΛ8 /(3γMPl )]1/5 ; in the exterior within the screening radius: y2 ≈ [αM Λ8 /(23/2 πγMPl r2 )]1/5 ; and outside the screening radius: y3 ≈
const/r2 . In the FJBD case β = γ = 0, an approximate solution is given by y3 outside
√
the star, and by y0 ≈ αρr/[2 2MPl (1 + 3α2 )] inside.
3

This non-linear regime may seem problematic from an EFT view-point. However, [134] (without
gravity) and [135] (with gravity) showed that quantum corrections are under control in the non-linear
regime.
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These approximate solutions show that in k-essence the scalar derivative (which encodes the additional fifth force beyond General Relativity) is suppressed inside rk .
However, the inner solution is not regular at the star’s center. Regularity requires
y = φ′ ∝ r when r → 0, and a different behavior is not acceptable, as it would cause
the appearance of a central conical singularity.

1016
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Figure 3: We consider a weakly-gravitating Sun-like star in k-essence, and plot
the scalar radial derivative φ′ as a function of the radial coordinate r for γ = 1,
β = 0 and α ≈ 0.35. We show the numerical solution of equation (3.2.2) (solid
blue line), the approximate solutions y0 , y1 , y2 , y3 (dashed blue lines), and the
numerical solution of the full system (3.1.6)–(3.1.7) (dotted orange line). The
screening radius rk is indicated by the gray line.

To amend this behavior, we solve numerically equation (3.2.2), imposing y → 0 when
r → 0 as a boundary condition. This completely determines the solution as equation (3.2.2) does not involve y ′′ . Thus, it is not trivial that the regular solution will
match the approximates ones (y1 , y2 , y3 ) above. In more detail, since equation (3.2.2)
is singular at r = 0, we must solve it perturbatively at small radii, imposing y ∝ r
when r → 0. This yields another approximate solution, (which at leading order
matches the approximate FJBD inner solution y0 ) which we use to “inch away” from
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r = 0 and provide initial conditions for the numerical integration. This procedure
gives the numerical solution (regular at the center) shown by a solid blue line in
Figure 3, where we also compare to the approximate solutions y0 , y1 , y2 and y3 . As
can be seen, the regular numerical solution matches the approximate solutions y1 , y2
and y3 everywhere but near the center, where we find agreement with y0 (the FJBD
solution) instead.

3.2.2

Strong-Field Solutions

The weak-field results confirm the existence of (regular) k-mouflage solutions in nonrelativistic stars, but it is not clear that the same will apply to strongly-gravitating
relativistic stars, e.g. neutron stars, or even for weakly-gravitating stars when the
full system (3.1.6)–(3.1.7) is solved simultaneously. We therefore write the field equations (3.1.6)–(3.1.7) using a spherically symmetric ansatz for the (Einstein-frame)
metric
ds2 = gtt (r)dt2 + grr (r)dr2 + r2 dΩ2 ,

(3.2.3)

and for the scalar field, and solve the coupled system by imposing regularity at the
center. Since equations (3.1.6)–(3.1.7) depend on φ (and not only on φ′ and φ′′ , unlike
equation (3.2.2)), an additional boundary condition is needed for φ. We thus require
φ to approach a constant φ∞ at spatial infinity. If we take |φ∞ |/Λ ≲ 1, as expected
from cosmological considerations, results are robust against the exact value of φ∞ .
We close the system by adopting the polytropic equation of state in (3.1.11). We use
2/3
K = 123 G3 M⊙2 /c6 and Γ = 2 for neutron stars, and K = 5.9 × 10−5 G1/3 R⊙ /c2/3
and Γ = 4/3 for weakly-gravitating, Sun-like stars.
We impose regularity by solving perturbatively the equations near the center, and
use this solution to provide initial conditions for the outbound integration at small
but non-zero r. These initial conditions depend on the central values of the scalar
field and density. We fix the former via a shooting procedure by requiring φ → φ∞
as r → ∞, while the central density is varied on a grid to produce stars of different
masses.
The solution for a Sun-like star is shown in Figure 3 (dotted orange line), and presents
the same qualitative features as the approximate solution obtained previously. Similarly, the radial profile of φ′ for neutron stars in Figure 4 (solid orange line) shows
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Figure 4: Setting α ≈ 0.35, we plot the radial profile for φ′ for a neutron star
in k-essence (γ = 1 and β = 0, solid orange line) and FJBD (β = γ = 0, dashed
green line). The scalar profile in k-essence is suppressed with respect to the one
in FJBD, with a screening radius of about rk ∼ 1.5 × 1011 km (indicated by the
gray line which intersects with the outer kink in the orange line).

kinks right outside the center, at the stellar surface, and at the screening radius. We
also plot by a dashed green line the solution to equations (3.1.6)–(3.1.7) obtained
for β = γ = 0 (i.e. FJBD). The k-mouflage solution matches the FJBD one near
the center and outside rk , but deviates from it (suppressing φ′ and thus the scalar
force) when non-linearities become important (i.e. when X/Λ4 ≳ 1). Similar plots
and conclusions apply to generic β < 0 and γ > 0.

3.2.3

The Fifth Force

In this section, we show explicitly how the screening mechanism in k-essence affects
the gravitational force. We evaluate the latter as a function of the Jordan-frame radius, and are especially interested in the regimes r̃⋆ < r̃ < r̃k (where screening is at
work; r̃⋆ being the radius of the star), and r̃ > r̃k (where k-essence starts deviating
from General Relativity).

64

Screening in the Strong-Field Regime
The screening mechanism aims to suppress the scalar fifth force on local scales, and
thus tends to make the gravitational force inside the screening radius equal to the
one in General Relativity. Since the Newtonian potential Ũ is encoded in the fall-off
of the Jordan-frame metric component g̃tt far from the star, Ũ ≈ −(g̃tt + 1)/2, we
can quantify the difference between the “Newtonian acceleration” |dŨ /dr̃| in General
Relativity and k-essence. In Figures 6 and 7, we show the ratio of these two accelerations for six different solutions: three neutron stars (Figure 6) and three Sun-like stars
(Figure 7). To generate these solutions, we have considered three different values for
the strong-coupling scale Λ = (4.47 × 104 eV, 4.47 eV, ΛDE ), and considered two
different values for the conformal coupling constant α. For neutron stars, the central
density is fixed to ρc = 9.3×1014 g/cm3 , whereas for Sun-like stars the central density
is fixed to ρc = 77 g/cm3 . With fixed ρc , α, and φ∞ , we expect the central value of
the scalar field (which has dimensions of an energy) to go as
φc ∝ Λ ,

(3.2.4)

a relation that is indeed satisfied by our static solutions (at least for sufficiently small
Λ giving rise to kinetic screening), as we have explicitly verified and show in Figure 5.

Λ/(10−12 eV)

4.0
3.0
2.0
1.0
2.5 · 10−3

5 · 10−3
ϕc /MPl

7.5 · 10−3

Figure 5: We plot the linear scaling of the central value for the scalar
field φ with the strong-coupling scale Λ.

We stress that producing stellar solutions with Λ ≈ ΛDE is far from trivial. In order
to resolve the interior of the star, which is crucial to impose regularity at the center (cf. also [1]) one needs to use internal code units adapted to the problem (e.g.
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G = c = M⊙ = 1 or G = c = R⊙ = 1), which yields very small values for ΛDE that
are difficult to handle. We also stress that this is an issue due to the hierarchy of
scales in the problem (which involves both local stellar scales and the cosmological
scale ΛDE , see Section 3.1.2), and which is therefore independent of the choice of units.

|dŨ k /dr̃| × |dŨ GR /dr̃|−1

1.08
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Λ = 4.47 eV
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Figure 6: We plot the deviations of the Newtonian acceleration from General
Relativity for neutron stars, and for different values of Λ in k-essence, considering
both α ≈ 0.14 (solid lines) and α ≈ 0.35 (dashed lines). The screening radius rk
for every case is indicated by a straight vertical line.

As can be seen from Figure 6 and 7, the screening works in a similar way in Sunlike and neutron stars. At radii larger than r̃k , the k-essence Newtonian acceleration
deviates from the one in General Relativity, with the magnitude of the deviation depending on the value of α (in Figure 6 and 7 the solid lines correspond to α ≈ 0.14
and the dashed lines to α ≈ 0.35). However, when the radius reaches r̃k , the fifth
force starts being suppressed, and |dŨ k /dr̃| × |dŨ GR /dr̃|−1 gets very close to unity.
As expected, the smaller the strong-coupling scale Λ, the larger the screening radius
r̃k within which the fifth force is suppressed. Finally, deep inside the star the fifth
force reappears as well. This is expected because at the center of the star the kinetic
energy of the scalar field X̃ vanishes because of regularity, and thus k-essence reduces
to FJBD theory (cf. also [1]).
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Figure 7: We plot the deviations of the Newtonian acceleration from General
Relativity for Sun-like stars, and for different values of Λ in k-essence, considering
both α ≈ 0.14 (solid lines) and α ≈ 0.35 (dashed lines). The screening radius rk
for every case is indicated by a straight vertical line.

To check whether these results hold also beyond Newtonian order, and more specifically at the first post-Newtonian order (1PN) that is tested in the Solar System, we
compare the exterior of our numerical solutions to the parametrized post-Newtonian
(PPN) expansion [7,164], and extract the PPN parameters β PPN and γ PPN (which are
unity in General Relativity). The latter are defined in our areal coordinates as [20]

 GM̃
2GM̃
g̃tt (r̃) = −1 +
− 2 β PPN − γ PPN
r̃
r̃

g̃r̃r̃ (r̃) = 1 + 2γ PPN



GM̃
+ O r̃−2 .
r̃

!2





+ O r̃−3 ,

(3.2.5)
(3.2.6)

For this analysis, we consider only k-essence theories of cosmological relevance, and
thus take Λ = ΛDE (while fixing α ≈ 0.14). We extract the PPN parameters from
solutions for a Sun-like star in the regime where r̃⋆ < r̃ < r̃k and compare their values
to the constraints from Solar-System tests. This is justified because Solar-System
experiments are performed well within the screening radius of the Sun, but it also
poses a practical problem.
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Inside the screening radius, the non-linear terms in the action are important, and thus
we cannot simply perform a naive perturbative PN expansion of the metric and scalar
field [155]. This is evident from the fact that only outside the screening radius the
scalar field decays as 1/r̃ (in orders of which the PN expansion would be performed).
Equivalently, one can observe that a naive PN expansion would lead to the wrong
conclusion that at leading (i.e. Newtonian) order k-essence should reduce to FJBD
theory (which is not the case inside r̃k ). We therefore use our numerical solutions and
simply fit them with the ansatz (3.2.5)–(3.2.6) to extract γ PPN and β PPN , obtaining
γ PPN − 1 = (−5.54 ± 1.68) × 10−10 ,

(3.2.7)

− 1 = (1.27 ± 0.733) × 10

(3.2.8)

β

PPN

−3

,

where the error bars are at 1σ. The PPN parameters are constrained close to unity by
Solar-System observations [7, 21], with bounds |γ PPN − 1|, |β PPN − 1| ≲ 10−5 . As can
be seen, our results are compatible with these bounds at 2σ level, but our statistical
error on β PPN − 1 is much larger than the experimental bounds. This arises from
the fact that it is challenging to extract β PPN from our numerical solutions, since it
appears at higher order than γ PPN in equations (3.2.5)–(3.2.6). This problem is also
exacerbated by the low compactness of the Sun, which limits the range of radii on
which we can perform our fit. Repeating indeed the procedure for more compact stars
(e.g. for neutron stars), we find the more precise results
γ PPN − 1 = (−2.98 ± 1.38) × 10−12 ,

(3.2.9)

− 1 = (1.10 ± 0.764) × 10

(3.2.10)

β

PPN

−10

,

which is again in perfect agreement with the experimental bounds (see Section 1.1.4
and references therein for a discussion on the experimental bounds of the PPN parameters).

3.2.4

Mass-Radius Curves

We study the characteristics of the screened neutron star solutions we found, and
start by determining their mass M̃ and radius r̃⋆ . When screening is at play, however, the definition of mass is subtle. Although the gravitational mass is formally
defined at spatial infinity, in practice the masses of stars are measured by the observation of orbital motion of bodies/gas well inside the screening radius. Therefore,
we can define two different masses, one at spatial infinity (M̃∞ ) and one “felt” by
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bodies surrounding the star but located well inside its screening radius (M̃screened ). In
practice, one can extract the former from the metric component g̃tt ≈ −1 + 2GM̃ /r̃
at spatial infinity, and the latter by fitting it in the range r̃/(GM⊙ ) ∼ 105 –107 , which
is the typical separation of e.g. binary pulsar systems.

α

M̃∞ /M⊙

r̃⋆ /km

GR

absent

1.719

14.47

k-essence

0.14
0.35
0.71

1.741
1.855
2.262

14.47
14.47
14.47

FJBD

0.14
0.35
0.71

1.752
1.929
2.572

14.42
14.16
13.51

Table 1: We present three neutron star solutions for a central density of ρc =
9.3 × 1014 g/cm3 in General Relativity, k-essence (Λ = ΛDE ), and FJBD theory,
giving their mass at infinity M̃∞ and their radius r̃⋆ for several values of the
conformal coupling constant α.

Let us start by considering the mass at spatial infinity. First, we fix the central density to ρc = 9.3 × 1014 g/cm3 , and consider three different values for the conformal
coupling constant α. The corresponding neutron star masses and radii in General
Relativity, k-essence, and FJBD are listed in Table 1. Then, we consider a range of
central densities to generate different stars in the same three theories, while fixing
α ≈ 0.35 and α ≈ 0.71, and show the mass-radius curves in Figure 8.
In Table 1, we show that both k-mouflage and FJBD stars become heavier when α
increases. Their masses also deviate from the masses of the General Relativity solutions, as expected. Indeed, the gravitational mass is extracted at spatial infinity,
where no screening is present and scalar effects can be significant. Conversely, the
radius of the star r̃⋆ (defined by p̃(r̃⋆ ) = 0) is within the screening radius, and we
therefore find that in k-essence it matches the General Relativity stellar radius. As
the fifth force is not screened in FJBD theory, stellar radii in the latter do show differences from k-essence and General Relativity. In Figure 8, we show the mass-radius
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Figure 8: We plot the mass-radius curves for M̃ = M̃∞ in k-essence (with Λ =
ΛDE ), FJBD theory, and General Relativity. We have fixed α ≈ 0.35 and α ≈ 0.71,
and vary the central density to generate different stars (following the curves from
right to left corresponds to increasing ρc ). We have differentiated between stable
(solid lines) and unstable branches (dashed lines).

curves for the three theories, and find that deviations from the General Relativity
mass-radius curve are more pronounced for larger α in both k-essence and FJBD
theory.
Let us now consider the screened mass M̃screened . The resulting mass-radius curves
can be found in Figure 9. One can see that there is a perfect overlap between the
General Relativity and k-essence curves. This makes sense since we are fitting the
mass within the screening radius r̃k , where the two theories are equivalent. We do
instead find deviations for the FJBD curve, since there is no screening in that theory4 .

4

None of these mass-radius curves rule out any of the theories, since there is a strong dependence
on the equation of state, and different curves could be obtained with a choice different from the
polytropic equation of state.

70

Screening in the Strong-Field Regime

k-essα ≈ 0.35
FJBDα ≈ 0.35
GR

M̃screened /M

2.1

1.7

1.3

0.9
8

10

12

14
r̃? /km

16

18

20

Figure 9: We plot the mass-radius curves for M̃ = M̃screened in k-essence (with
Λ = ΛDE ), FJBD theory, and General Relativity. We have fixed α ≈ 0.35, and
vary the central density to generate different stars.

3.2.5

Scalar Charges and Scalar Field Energy

In gravitational theories that modify/extend General Relativity, the universality of
free fall (which in General Relativity is satisfied as the theory obeys the equivalence
principle) is typically violated, at least for strongly-gravitating objects such as neutron
stars [159, 160, 165–174] and black holes [155, 175, 176]. This amounts to a violation
of the strong equivalence principle and is ripe of consequences for gravitational-wave
generation, as it gives rise to dipole gravitational emission from binary systems (and
even monopole emission, for non-circular binaries and collapsing stars), as well as to
modifications in the conservative dynamics of binaries [166–168, 171, 173].
Violations of the strong equivalence principle in modified gravitational theories are
usually parametrized by sensitivities or charges, i.e. additional hair parameters describing compact objects and their effective coupling to the non-tensor gravitons that
are generally present in these theories. These charges vanish in the low-compactness
limit if the matter fields couple minimally to the metric, i.e. if the weak equivalence
principle is satisfied. However, they can be significant for neutron stars or black holes,
especially if non-linear phenomena (e.g. scalarization) are at play [159, 160, 165, 169,
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170, 177–179].
In scalar-tensor theories, one can indeed define a dimensionless scalar charge ᾱ describing the effective coupling between the scalar field and compact objects. From
the decay of the scalar field near spatial infinity,
1
φ1
+O 2
φ = φ∞ +
r
r




,

(3.2.11)

we can extract the scalar charge as [160, 168]
s

ᾱ =

4π φ1
,
G M∞

(3.2.12)

with M∞ the gravitational mass in the Einstein frame, extracted from the asymptotic expansion gtt = −1 + 2GM∞ /r + ... at spatial infinity. As mentioned above,
the importance of these scalar charges lies in the modifications that they induce on
gravitational-wave generation. Non-zero charges can produce monopole and dipole radiation (the former only in eccentric binaries), as opposed to the quadrupole emission
of General Relativity (which also gets modified by the scalar charges) [167, 168, 173].
Scalar charges may also modify the conservative dynamics of binary systems with
respect to General Relativity [167, 168, 173]. As a result, non-zero scalar charges can
provide a way to test the theory experimentally, a program that was indeed pursued
in FJBD-like theories [180].
Results for the scalar charges in k-essence and FJBD theory for two values of the
conformal coupling (α ≈ 0.71 and α ≈ 0.35) are shown in Figure 10, as functions of
the baryon mass in the Jordan frame,
M̃b =

Z

√
d3 x̃ −g̃ ρ̃0 ũ0 .

(3.2.13)

We find that the scalar charge is of the same order of magnitude in k-essence and
FJBD, with a larger α corresponding to larger ᾱ in both theories (for a fixed central
density). Another similarity between the theories is that by increasing ρc , the scalar
charge decreases (i.e., as expected, the scalar charges decreases with compactness).
Differences can be found in both the baryon mass and scalar charge shown in Figure 10. While the baryon mass was expected to behave differently in k-essence and
FJBD theory (since it is defined inside the screening radius), the behavior of the
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Figure 10: The scalar charge ᾱ is plotted as a function of the baryon mass M̃b
for k-essence (with Λ = ΛDE ) and FJBD theory for conformal coupling constants
α ≈ 0.71 and α ≈ 0.35. Again, the stable branches are presented by solid lines,
and the unstable branches by dashed lines.

scalar charge is at first sight surprising. Just like the gravitational mass M∞ , the
scalar charge ᾱ is a quantity that is extracted near spatial infinity. In this regime
there is no screening, and the linear terms of the scalar action (e.g. the FJBD terms)
will dominate over the non-linear (k-essence) ones. Therefore, in the scalar sector,
k-essence is equivalent to FJBD theory near spatial infinity, and one would expect
the scalar charges to be the same in the two theories. In fact, for fixed central density,
the coefficient φ1 that regulates the decay of the scalar field and which enters the definition (3.2.12) is the same in the two theories, but the Einstein-frame mass (which
also enters equation (3.2.12)) is not. As a result, the scalar charges are different.
An important caveat is that the scalar charge, being extracted from the fall-off of the
scalar field near spatial infinity, describes the solution in a region where no screening is present and k-essence behaves perturbatively. It should be stressed, however,
that the formalism to compute the impact of the scalar charges on gravitationalwave emission and on the conservative dynamics also uses PN theory, which is only
valid outside the screening radius. As pointed out by [155], this limits the physical
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meaningfulness of the scalar charges, which are only relevant for the conservative and
dissipative dynamics of binary systems with separations larger than the sum of their
screening radii. Since for Λ ≈ ΛDE a neutron star’s screening radius is ∼ 1011 km,
this excludes known binary pulsars, whose separation is typically ≲ 106 km.
Therefore, testing k-essence with binary pulsar timing data would require solving for
the non-linear dynamics inside the screening radius, and cannot rely on PN theory.
While some work in this direction has been done by using a Wentzel-Kramers-Brillouin
approximation [181–183], results are still inconclusive because full-fledged non-linear
simulations (including a dynamical spacetime) of the dynamics of k-essence within
the screening radius are still missing. In the next chapter, our work that contributes
to solving this problem will be presented. It should also be noted that the Square
Kilometre Array is expected to discover several new millisecond pulsars, especially
near the Galactic center [69]. Based on the distribution of semi-major axes of known
S-stars (which are ≳ 1000 au ≈ 1011 km [184]), it is not to be excluded that the
conservative dynamics of millisecond pulsars around Sgr A⋆ may be used, in the near
future, to test k-essence in the perturbative regime where scalar charges are relevant.
To understand the impact of the scalar, we calculate the contribution of the scalar field
to the energy of the star. The energy of the scalar field can be defined as the spatial
√
integral of the time component of the current J˜µ = T̃φµν nν , where nµ = δtµ / −g̃tt
is the unit norm vector orthogonal to the foliation. The scalar field energy (in the
Jordan frame) within a radius r̃ is then
Ẽφ (r̃) = −

Z

= 4π

|x|<r̃

Z r̃
0

√
d3 x̃ −g̃ J˜t

√
dr̃ [−r̃2 g̃r̃r̃ Φ2 K(X)] ,

(3.2.14)

where the minus sign ensures that Ẽφ > 0.
In Table 2, we present seven different solutions for varying Λ and report their total
φ
φ
scalar field energy Ẽ∞
. Besides the value of Ẽ∞
, normalized by both ΛDE and MGR
(equal to 1.719 M⊙ , see Table 1), we also show the gravitational mass M̃∞ , the baryon
mass M̃b , the radius of the star r̃⋆ , and the screening radius r̃k of the solutions. All
these quantities are evaluated in the Jordan frame. Note that Λ = ∞ corresponds
to FJBD theory. In Figures 11 and 12, we plot Ẽφ (r̃) for the solutions presented
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Λ/eV

M̃∞ /M⊙

M̃b /M⊙

r̃⋆ /km

r̃k /km

φ /Λ
Ẽ∞
DE

φ /M
Ẽ∞
GR

∞
4.47 × 106
4.47 × 104
4.47 × 102
4.47
4.47 × 10−2
ΛDE

1.752
1.745
1.741
1.741
1.741
1.741
1.741

1.889
1.877
1.872
1.872
1.872
1.872
1.872

14.42
14.47
14.47
14.47
14.47
14.47
14.47

absent
67.73
6.639 × 103
6.637 × 105
6.637 × 107
6.637 × 109
1.327 × 1011

1.592 × 109
1.982 × 108
1.966 × 106
1.965 × 104
1.965 × 102
1.965
9.825 × 10−2

1.619 × 10−3
2.016 × 10−4
2.000 × 10−6
1.999 × 10−8
1.999 × 10−12
1.999 × 10−12
9.994 × 10−14

Table 2: In this table, we are showing the mass at spatial infinity M̃∞ , the
baryon mass M̃b , the stellar radius r̃∗ , and the screening radius r̃k of seven different
solutions for varying Λ. We also show the scalar field energy at spatial infinity
φ ). The central density
normalized by either ΛDE or MGR , in the Jordan frame (Ẽ∞
of the stars is fixed to ρc = 9.3 × 1014 g/cm3 , and the conformal coupling constant
to α ≈ 0.14.

in Table 2.
There are a few things to notice in Table 2. First, as expected, we see that the
gravitational mass of the stars decreases with decreasing Λ (and thus more suppression
of the scalar field in the screened regime). At the same time, the radius of the stars
increases, resulting in less compact stars for smaller Λ. We also confirm again that the
screening radius increases for decreasing Λ. The scalar field energy at infinity is always
φ
/MGR ≲
small compared to the gravitational mass in General Relativity (i.e. Ẽ∞
−3
−1
φ
10 ), and for Λ ∼ 10 eV it starts being Ẽ∞ /ΛDE ≲ O(1). In Figures 11 and 12, we
can see the scalar energy as a function of r̃. It starts being suppressed when screening
kicks in (deep within the star, not included in the figure), and even more so once we
go outside the surface of the star (indicated with a light gray line in the Figure 12).
When r̃ ∼ r̃k , the profile flattens and the scalar field energy asymptotes to its value
at infinity.

75

Screening in the Strong-Field Regime

×10−3
FJBD
Λ = 2.23 × 107 eV
Λ = 4.47 × 106 eV

1.5

1.5
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Figure 11: This is the scalar energy as a function of the Jordan-frame radius for
a neutron star in FJBD theory, and in two k-essence theories (with two distinct
strong-coupling scales Λ).
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Figure 12: We plot the scalar energy of the solutions presented in Table 2. The
radius of the star r̃⋆ is indicated by a light gray line, and the screening radii r̃k by
small vertical lines on top of the solutions.
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3.3

Summary

In this chapter, we studied kinetic screening in k-essence (k-mouflage) in the strongfield regime. First, we looked at weakly-gravitating stars such as the Sun, and found
screened solutions by means of a weak-field approximation (reproducing results from
the literature [126]), and solving the full non-linear equations numerically. In both
cases, we improved on previous results by correctly accounting for the physically
important requirement of regularity at the star’s center. Then, we showed that kinetic screening of scalar effects also occurs in isolated stars that are highly compact/relativistic in k-essence.
We then computed the Newtonian acceleration in k-essence, and showed that the fifth
force only appears deep inside the star and outside a screening radius rk ∝ Λ−1 . By
comparing our numerical solutions to the PPN expansion, we confirmed the validity
of this result at 1PN order within 2σ. We explained the definition of mass in theories
with screening is subtle, and derived the mass of k-mouflage stars both near spatial
infinity and within the screening radius. This led to different mass-radius curves for
the stars. The scalar charge is a quantity extracted outside of the screening radius,
and thus it was found to be of the same order for k-mouflage and FJBD stars. Lastly,
we computed the contribution of the scalar field to the total energy of the star, once
again confirming its suppression within the screening radius.
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Dynamics of Screening
in Modified Gravity

Screening has mostly been tested in static or quasi-static configurations, and its validity has often been taken for granted in dynamical settings. In this chapter, we will
verify this assumption. We have shown in the previous chapter that kinetic screening (k-mouflage) of scalar effects occurs in isolated stars in k-essence, even when the
stars are highly compact or relativistic and the physically important requirement of
regularity at the star’s center is accounted for. Now, we numerically evolve the static
solutions in time, and see whether the screening mechanism survives.
In Section 4.1, we adopt a spherically symmetric ansatz, and introduce our evolution
formalism and numerical methods for the first time. We presents results from evolving
the static solutions, perturbed and unperturbed, and extract the monopole signal.
Then, in Section 4.2, we perform numerical simulations in 3 + 1 dimensions, allowing
us to study screening in binaries, and to extract the full gravitational-wave signal.

4.1

Non-Linear Evolution in Spherical Symmetry

In this section, we describe the formalism that we employ to perform fully non-linear
numerical evolutions in our formulation of k-essence. We use as initial data the static
solutions presented in Chapter 3, subject to suitable initial perturbations that trigger
stellar oscillations or spherical collapse. We present results for the evolution and
show that gravitational collapse generically leads to diverging characteristic velocities,
which can be avoided by adding a fixing equation in the spirit of the approach of [185,
186]. We then present the monopole radiation that can be extracted from these
evolutions.
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4.1.1

Evolution Formalism

The covariant field equations (3.1.6)–(3.1.7) and (3.1.12)–(3.1.13) can be written as
an evolution system by splitting explicitly the spacetime into a foliation of space-like
hypersurfaces with a normal time-like vector. Assuming spherical symmetry, we can
adopt the line element
ds2 = −N 2 (t, r)dt2 + grr (t, r)dr2 + r2 gθθ (t, r)dΩ2 ,

(4.1.1)

where N (t, r) is the lapse function, while grr (t, r) and gθθ (t, r) are positive metric functions. These quantities are defined on each spatial slice with normal nµ = (−N, 0)
and extrinsic curvature Kij ≡ − 21 Ln γij , where Ln is the Lie derivative along nµ and
γij is the metric induced on each spatial slice.
The Einstein equations (3.1.6) can be written as a hyperbolic evolution system (which
allows for a well-posed initial value problem, see Section 2.1.2) by using the Z3 formulation [187], in which the momentum constraint is included in the evolution system by
considering an additional vector Zi as an evolution field [188–191]. Equation (3.1.6)
can be expressed as a first order system by introducing the following first derivatives
of the fields as independent variables,
1
Ar = ∂r N ,
N

Drr

r

g rr
=
∂r grr ,
2

χ = ∂r φ ,

Π=−

Drθ

θ

1
∂t φ .
N

g θθ
=
∂r gθθ ,
2
(4.1.2)

A coordinate system for the lapse (i.e. slicing condition) is required to close the
evolution system. Numerical simulations crash when a collapse singularity arises due
to a non-invertible space metric [192]. By choosing an appropriate slicing condition,
the simulation can be slowed down in regions close to the physical singularity, but
continued in regions far away from it, rendering the simulations healthy. We use the
singularity-avoiding 1 + log slicing condition1
∂t ln N = −2 trK ,
1

(4.1.3)

Other singularity-avoiding slicing conditions are the maximal slicing condition, trK = 0, or harmonic slicing, ∂t ln N = −N trK. The maximal slicing condition involves solving an elliptic equation,
which generally is more computationally expensive. The harmonic and 1 + log slicing condition can
be generalized in what is called the Bona-Massó gauge: ∂t N = −N 2 f (N ) trK, with an arbitrary
function f (N ) ≥ 0 [193]. The 1 + log slicing condition has better singularity-avoiding properties
than the harmonic slicing, and has been shown to mimic maximal slicing near the singularity.
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where trK = Krr + 2K θ θ [193]. The final set of evolution fields for the Z3 formulation
in spherical symmetry can be found in [191].
In order to deal with shocks appearing in k-mouflage stars [1], the scalar field equation
needs to be written as a conservation law (cf. equation (3.1.7)). With the definitions
in (4.1.2) it reads

where ζ =

√

∂t φ = −N Π ,

(4.1.4)

∂t χ = −∂r (N Π) ,
1
2
∂t Ψ = −∂r FΨr − FΨr + N ζAT ,
r
2

(4.1.5)
(4.1.6)

grr gθθ and
Ψ = ζK ′ Π ,
FΨ = N ζK g χ .
′ rr

(4.1.7)
(4.1.8)

Note that we have introduced a new conserved field Ψ, depending implicitly on the
primitive fields {Π, χ} through the non-linear equation (4.1.7). In fact, during the
evolution, this equation has to be solved numerically at each time-step to recover Π
(for further discussion see [153]).
Finally, the conservation of the stress-energy tensor and of the baryon number, equations (3.1.12)–(3.1.13), can be written as a (first-order) evolution system by splitting
the four-velocity vector into its components parallel and orthogonal to the vector nµ ,
namely uµ = W (nµ + v µ ) , being W = −nµ uµ the Lorentz factor and v µ the spatial
velocity measured by Eulerian observers (e.g. observers that are at rest on a spatial
slice and follow the congruence given by nµ ). Assuming again spherical symmetry,
the conservation equations (3.1.12)–(3.1.13) become
2
∂t (ζD) = −∂r (ζDN v r ) + N AζD(−Π + v r χ) − ζDN v r ,
r
r
∂t (ζU ) = −∂r (ζN S ) + N ζAΠT



2
+ ζN S r r K r r + 2S θ θ K θ θ − S r Ar +
,
r
∂t (ζSr ) = −∂r (ζN S r r ) + N ζAχT






2
1
r
θ
r
θ
+ ζN S r Drr −
+ 2S θ Drθ +
− U Ar .
r
r
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(4.1.11)
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The evolved conserved quantities {ζD, ζU, ζSr } are respectively proportional to the
rest-mass density measured by Eulerian observers (D), the energy density (U ) and
the momentum density (Sr ). These quantities, together with the non-trivial spatial
components of the stress-energy tensor, can be written in terms of the physical (or
primitive) fluid fields {ρ0 , ϵ, p, v r } as
D = ρ0 W ,

Sr = hW 2 vr ,

Sr r = hW 2 vr v r + p ,

U = hW 2 − p ,
Sθ θ = p ,

(4.1.12)

where h ≡ ρ0 (1 + ϵ) + p is the enthalpy, v r is the radial velocity and the Lorentz factor
is simply W 2 = 1/(1 − vr v r ).
Note that, during the evolution, one needs to recover the primitive fields {ρ0 , ϵ, p, v r }
in order to calculate the right-hand-side of the evolution equations for the conserved
fields {D, U, Sr }. This can only be achieved by including a closure relation between
the pressure and the other thermodynamic fields. Here, we close the system by employing (both in the Jordan and the Einstein frame) the ideal fluid equation of state
p = (Γ−1)ρ0 ϵ, where Γ is the same adiabatic index used for generating the initial data
(this is equal to (3.1.11) used to compute the static solutions). Furthermore, as in the
case of the scalar field, the transformation from conserved to primitive fields requires
to solve non-linear equations, which we do numerically at each time-step. For further
discussion about the algorithm to convert from conserved to primitive fields, see [191].
Finally, the complete evolution system is written in flux-conservative form
∂t u + ∂r F (u) = S(u) ,

(4.1.13)

where u = {N , grr , gθθ , Kr r , Kθ θ , Ar , Drr r , Drθ θ , Zr , φ , Π , Ψ , D , U , Sr } is a vector
containing the full set of evolution fields, and neither the radial fluxes F (u) nor the
source terms S(u) contain terms with derivatives of the evolution fields.

4.1.2

Tricomi and Keldysh Problem

In order for the Cauchy problem to be well-posed in k-essence, we would like the
evolution system to be strongly hyperbolic (as explained in Section 2.1.2). We will
therefore now analyse the character of the evolution equations in spherical symmetry.
This analysis can be restricted to the scalar evolution equation, since the evolution
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equations for the metric take the same form as in General Relativity (which are
strongly hyperbolic [194]), and the source terms only involve derivatives of lower
order than the derivatives in the principal part. This means that the character of
the evolution equations is the same as in vacuum [153, 195]. The scalar equation of
motion can be written in first-order form as
∂t U + V∂r U = S(U) ,

(4.1.14)

where U = (∂t φ, ∂r φ), S(U) is a source term, and V is the characteristic matrix. We
rewrite the scalar equation of motion as γ µν ∇µ ∇ν φ = 21 AT /K ′ (X), with an effective
metric
2K ′′ (X) µ
γ µν ≡ g µν +
∇ φ∇ν φ .
(4.1.15)
′
K (X)
Then, the system is strongly hyperbolic if the principal part of this equation has real
eigenvalues and a complete set of eigenvectors [99–102]. The characteristic matrix for
the scalar evolution system reads




0

V =  √grr γ rr
− N γ tt

√N
grr 
tr
− γγ tt

.

(4.1.16)

Its eigenvalues, which can be physically interpreted as the characteristic speeds of the
scalar field, are
v
u
γ tr u
−det(γ µν )
V± = − tt ± t
,
(4.1.17)
γ
(γ tt )2
where for future purposes we write out the components of γ µν more explicitly:
2K ′′ Πχ
γ =
,
N grr K ′
!
1
2K ′′ 2
tt
γ =− 2 1−
Π ,
N
K′
!
1
2K ′′ χ2
rr
γ =
1+
.
grr
K ′ grr
tr

(4.1.18)
(4.1.19)
(4.1.20)

As shown in [153], at leading order (on Minkowski space and in standard Cartesian
coordinates) these velocitiesqreduce to the usual expression for the speed of the scalar
mode in k-essence, cs = ± 1 + 2XK ′′ /K ′ (see e.g. [124]), of which they constitute
the non-linear generalization. With these definitions, we can see that the eigenvalues
V± are real and distinct when det(γ µν ) < 0. This condition is definitely not true
for all t ≥ 0, since the determinant of γ µν might cross zero during the evolution,
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in which case the strong hyperbolicity of the system would be lost: when det(γ µν )
becomes zero (positive), the system becomes parabolic (elliptic). This is what we call
the Tricomi problem [196, 197] in analogy to the behavior of the Tricomi equation
∂t2 φ(t, r) + t ∂r2 φ(t, r) = 0. Let us take a closer look at the determinant of γ µν to
understand when this happens. We find that
2K ′′
1
1+
X
det(γ ) = − 2
N grr
K′
µν

!

.

(4.1.21)

From here it follows that we avoid the Tricomi problem if our theory satisfies [124]
1 + 2XK ′′ /K ′ > 0 ,

(4.1.22)

for all values of X. By plugging in the function K(X) we are studying, e.g. equation
(3.1.3), we find that
1 + 2XK ′′ /K ′ =

15γX 2 − 12βXΛ4 + 4Λ8
.
3γX 2 − 4βXΛ4 + 4Λ8

(4.1.23)

Thus, condition (4.1.22) is satisfied for β = 0 and γ > 0 (which is a branch of kessence that presents screened solutions), and the Tricomi breakdown can be avoided
by limiting ourselves to this part of the parameter space2 .
Although we have established a Tricomi type behavior will never appear in our specific
form of k-essence theory, there is still another problem that might (and in fact does)
appear during evolving this system. To understand why, we take another look at the
eigenvalues V± and realize that they might diverge for
γ tt → 0 .

(4.1.24)

In this case the hyperbolicity of the system is preserved, but the evolution breaks
down nevertheless, a type of breakdown we refer to as the Keldysh problem [196, 197]
(see Section 4.1.5 for more details). This happens also in vacuum close to critical
collapse [153] and is at the very least a practical problem, as it makes the theory
unpredictive (because simulations cannot be evolved past this divergence as a result
of the Courant–Friedrichs–Lewy (CFL) condition). As we stressed in [153], diverging characteristic speeds are not necessarily pathological and may occur because of
2

Note that even for some β ̸= 0 the Tricomi condition can be satisfied initially, but this might
change when X evolves to different values.
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gauge choices (see e.g. a wave equation on flat space in Eddington-Finkelstein coordinates, ds2 = −dv 2 + 2dvdr + r2 dΩ2 ). Like in vacuum [153], the characteristic
speeds may be kept finite during the evolution if a non-vanishing shift in the metric
is allowed (although in spherical symmetry one has to adopt another approach). The
Keldysh breakdown might also constitute a conceptual pathology, since the characteristic speeds generalize the background scalar speed to non-linear orders, albeit in
a gauge-dependent way.
In this work, we build on the framework of [1,153] and show that this divergence of the
characteristic speeds can be resolved by slightly modifying the dynamics by adding
a “fixing equation” in the spirit of the proposal by Cayuso, Ortiz and Lehner [185]
(see also [186, 198]), which was in turn inspired by the work of Israel and Stewart on
relativistic dissipative hydrodynamics [199]. The addition of this equation modifies
the dynamics of the theory, but the true evolution of k-essence is recovered in the
limit when a free timescale τ , appearing in the fixing equation, vanishes. We show
here that by taking a small τ ̸= 0, the evolution of collapsing neutron stars (in
spherical symmetry) matches the results of pure k-essence before the divergence of
the characteristic speeds, but also proceeds unobstructed past it. We then use this
framework to confirm the validity of kinetic screening in these dynamical settings
and to study gravitational collapse in k-essence (in addition to non-linear stellar
oscillations, for which a fixing equation is not needed).

4.1.3

Numerical Methods

The numerical code employed in this work is an extension of the one presented in [153],
which was used to study the dynamics of k-essence in vacuum spacetimes, with the
model given by equation (3.1.3). The code has been fully tested also in General
Relativity, by studying the dynamics of black holes [188], boson stars [190, 200],
fermion-boson stars [191] and anisotropic compact objects [201], and in the context
of scalar-tensor theories [195, 202].
We use a high-resolution shock-capturing (HRSC) scheme, based on finite-differences,
to discretize both the Einstein equations and the relativistic hydrodynamics equations [188]. This method can be interpreted as a fourth-order finite difference scheme
plus a third-order adaptive dissipation. The dissipation coefficient is given by the
maximum propagation speed at each grid point. For the scalar field we use a more
84

Dynamics of Screening in Modified Gravity
robust HRSC second-order method, by combining the Lax-Friedrichs flux formula
with a monotonic-centered limiter [203, 204].
The time evolution is performed through the method of lines using a third-order accurate strong stability preserving Runge-Kutta integration scheme. We set a CFL
factor ∆t/∆r = 0.125, in units G = c = M⊙ = 1, so that the CFL condition imposed by the principal part of the evolution system is always satisfied. Most of the
simulations presented in this work have been performed with a spatial resolution of
∆r = 0.008 M⊙ , in a domain with outer boundary located at r = 480 M⊙ . We use
maximally dissipative boundary conditions for the spacetime variables, and outgoing
boundary conditions for the scalar field and matter. We have verified that the results
do not vary significantly when the position of the outer boundary is changed. We have
also performed evolutions with different resolutions, which indicate that the results
presented here are consistent and within the convergent regime.
Unlike in General Relativity, monopole gravitational radiation (in the form of scalar
field waves) is permitted in scalar-tensor theories (as explained in Section 1.2.1),
and is produced by gravitational collapse in Fierz-Jordan-Brans-Dicke (FJBD) theories [205–207]. In the following we will see that a non-vanishing monopole flux is
also emitted by stellar oscillations and by gravitational collapse (in spherical symmetry) in k-essence. Tensor3 and scalar gravitaional waves are encoded respectively in the Jordan-frame Newman-Penrose invariants ψ̃4 = −R̃lm̄lm̄ = Φ ψ4 and
in ϕ̃22 = −R̃lmlm̄ = φ (ϕ22 − lν lµ ∇ν ∇µ log Φ/2 + ...), with a tilde denoting quantities in the Jordan frame (we perform our simulations in the Einstein frame) and the
dots denoting terms subleading in the distance r. The tensor strain is defined by
integrating ψ̃4 twice in time, i.e. ψ̃4 = ∂t2 h/2. Far away from the source, we find
ϕ̃22

 
√
1
2
≃ −α 16π G∂t φ + O 2 .
r

(4.1.25)

In deriving this expression, [159] assumed a decay ∝ 1/r for the scalar field, which,
as stressed already in Chapter 3, is only a good approximation outside the screening
radius in k-essence. For this reason, and because the distance of the interferometer
from the source is typically much larger than the screening radius (even for Λ ∼ ΛDE ),
we only compute ϕ̃22 at extraction radii rext > rk . From ϕ̃22 one can then obtain
3

For future convenience, we discuss already here tensor gravitational waves, although they do
not play a role in spherically symmetric configurations.
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the scalar strain hs via ϕ̃22 ∝ ∂t2 hs (which, by virtue of equation (4.1.25), yields
hs (rext ) ∝ φ(rext ), up to terms constant and linear in time). The scalar strain can in
turn be used to compute the signal-to-noise ratio (SNR) for a given detector [205,206].

4.1.4

Stellar Oscillations

The non-linear stability of k-mouflage stars in equilibrium configurations, like those
constructed in Chapter 3, can be tested by perturbing them and following their evolution numerically using the formalism described above. Here, we consider k-essence
theories with conformal coupling α ≈ 0.14, but differing for the value of Λ, which we
fix to either Λ = 71.8 MeV or Λ = 4.04 MeV. The former gives rise to stars that are
very similar to solutions of FJBD theory (with the same conformal coupling), while
the latter produces a rather significant screening effect on the scalar field. Notice
that we cannot consider Λ as small as ΛDE , because, even though we can simulate
static stars for this value of the strong-coupling scale, the corresponding dynamical
evolutions become intractable because of large round-off errors4 . Moreover, as shown
in [1], simulations of stars with significant screening are also challenging as they require significant spatial resolution near the origin, where the solutions pass from the
non-linear regime applicable to the outer layers of the star to a FJBD-like behavior.
Because of this, Λ = 4.04 MeV is the smallest value for Λ we can consider.
We consider equilibrium configurations with a central energy density of ρc = 9.3 ×
1014 g/cm3 , and excite oscillations by increasing the internal energy of the stars by
4% (“small oscillations”) or 14% (“large oscillations”). Notice that although this initial perturbation introduces small constraint violations, these are comparable to the
solution’s truncation error. Therefore, it is not necessary to solve the energy constraint on the initial slice. Results for the two values of Λ are presented in Figure 13,
which displays the central values for the rest-mass density and for the scalar field as a
function of time. The purple lines show the dynamics of unperturbed stars (i.e., stars
only perturbed by numerical truncation errors), which confirms the stability of these
systems. For small perturbations (red lines) and large perturbations (green lines),
the stars begin to oscillate. Indeed, since we increase the internal energy of the stars
to trigger the oscillations, the stellar compactness initially decreases, and so does the
4

Since, as already mentioned and detailed in Section 3.1.2, the hierarchy of scales between the
screening and stellar radii requires one to use code units G = c = M⊙ = 1, in which ΛDE ∼ 10−12 .
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scalar field magnitude. The latter oscillates with the same frequency as the density,
but with a small time shift. Notice that the oscillations do not grow in amplitude,
confirming that these stars are stable.
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Figure 13: Evolution of the rest-mass density and the scalar field in the Jordan
frame as a function of time for Λ = 71.8 MeV (left panel) and Λ = 4.04 MeV (right
panel), and conformal coupling α ≈ 0.14. We consider static initial conditions (A),
as well as small (i.e. 4%) and large (i.e. 14%) initial perturbations in the internal
energy density (B and C, respectively). Note that no secular growth is present,
i.e. k-mouflage stars are non-linearly stable.

As can be seen from Figure 13 (right panel), the amplitude of the central scalar
field oscillations decreases with Λ, just like the central scalar field of the static
solutions (cf. equation (3.2.4) and Figure 5). This seems to confirm the validity of kinetic screening even in this dynamical case. To strengthen this conclusion, we have also extracted the scalar monopole signal ϕ22 for oscillating stars initially subjected to the same large (∼ 14%) perturbations of the internal density, for
Λ = (71.8, 12.8, 7.18, 4.04, 2.27) MeV. The results are presented in Figure 14 for an
extraction radius rext = 150 GM⊙ > rk , as a function of retarded time, defined as
tret = t−rext . As can be seen, the amplitude of the signal is an increasing function of Λ.
In order to see the effect of screening more clearly, we have plotted in Figure 15
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(left panel) the amplitude of the same signals, which we compute as the root mean
square of the time series. Notice that with the exception of Λ = 71.8 MeV, for which
there is no screening (even in the static case), the monopole amplitude scales as Λ, as
expected from the scaling of the central scalar field of the static stellar solutions (cf.
equation (3.2.4) and Figure 5). By integrating ϕ22 in time twice to get the monopole
strain hs , we can compute its SNR for Advanced LIGO (at design sensitivity5 ) for an
optimally oriented source at 8 kpc (corresponding to the distance between the Earth
and the center of the Galaxy). The results are displayed in Figure 15 (right panel)
and show again a scaling roughly linear with Λ. Extrapolating to values of Λ ∼ ΛDE
relevant for dark energy, one would get a tiny unobservable SNR ∼ 10−6 at 8 kpc.
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Figure 14: The Jordan-frame Newman-Penrose invariant ϕ22 (which describes
monopole scalar radiation) for oscillating stars (with large 14% initial perturbations in the internal energy density), as function of the retarded time tret = t−rext ,
with rext = 150 GM⊙ > rk the extraction radius. The conformal coupling is set
to α ≈ 0.14.

4.1.5

Gravitational Collapse

As discussed before, the characteristic propagation speeds of the scalar field equations (3.1.7) diverge when k-mouflage stars collapse (“Keldysh problem”). During the
5

For the sensitivity, we used the zero detuning, high power configuration of https://dcc.ligo.
org/LIGO-T0900288/public.
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Figure 15: The amplitude of rext ϕ22 as plotted in Figure 14 (left panel) and
the corresponding SNR at 8 kpc for Advanced LIGO at design sensitivity (right
panel) as a function Λ. The orange dashed lines show a linear scaling in Λ (cf.
equation (3.2.4)).

gravitational collapse of a k-mouflage star (which can be triggered e.g. by decreasing
its internal energy), these velocities diverge because γ tt goes to zero. This problem
also appears during the collapse of scalar field pulses in vacuum [153, 197, 208], and
resembles the behavior of the Keldysh equation
t ∂t2 φ(t, r) + ∂r2 φ(t, r) = 0 .

(4.1.26)

This equation is hyperbolic with characteristic speeds ±(−t)−1/2 for t < 0, leading to
a divergence at t = 0. Diverging characteristic speeds constitute at the very least a
practical obstacle that prevents one from evolving the dynamics past this divergence
by using explicit time integrators, since the CFL bound forces the time step to vanish when the Keldysh behavior appears. As stressed in [153], this divergence may
in principle be avoided by allowing for a non-vanishing shift. However, neither [153]
nor [1] managed to find a suitable coordinate condition in spherical symmetry that
would maintain the characteristic speeds finite while still ensuring stable numerical
evolutions. This leaves open the possibility that the Keldysh problem that we find
might have a physical relevance, besides a practical one.
Here, however, we assume that the Keldysh problem is not fundamental, and we attempt to amend it by using an approach inspired by [185, 186], which put forward
a method to ameliorate the stability of Cauchy evolutions in theories with higher
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derivatives (see also [198] for an application of this approach to a specific higher
derivative extension of General Relativity). The method consists of modifying the
theory’s dynamics by adding extra fields and “fixing equations” for them. This fixing
technique works like a driver which is chosen such that on sufficiently long timescales
the evolution dynamics approximately matches that of the theory under consideration
(k-essence in our case). We stress that this modification of the field equations does
not correspond to a standard ultraviolet completion of k-essence, which is not known
for theories giving screening [209].
To apply the method of [185, 186], let us first recall that in [1] we found that the
scalar field equation needs to be written as a conservation law in order to deal with
shocks in k-mouflage stars. The “fixing equation” that we introduce must therefore
share this property. Let us then introduce the new field Σ and the modified evolution
system
∂t

√



−gΣ∇t φ + ∂i

√



−gΣ∇i φ =

1
∂t Σ = − (Σ − K ′ (X)) .
τ

1√
−gAT ,
2

(4.1.27)
(4.1.28)

The second equation is a driver that will force Σ to K ′ (X) on a timescale τ > 0. As can
be seen, the principal part of this system takes indeed the form of a conservation law.
Restricting then to the spherical symmetric case and using the line element (4.1.1),
equations (4.1.27)–(4.1.28) can be written as
∂t φ = −N Π ,

(4.1.29)

∂t χ = −∂r [N Π] ,
2
1
∂t Ψ = −∂r FΨr − FΨr + N ζAT ,
r
2
1
′
∂t Σ = − (Σ − K (X)) ,
τ

(4.1.30)
(4.1.31)
(4.1.32)

where Ψ = ζ Σ Π and FΨr = N ζ Σ g rr χ . As in the original k-essence equations in
balance law form [153], there is a set of conserved evolved fields {χ, Ψ, Σ} and a set
of primitive fields {χ, Π, Σ} required to calculate the right-hand side of the equations. In this case, the only unknown primitive field (Π) can be found by solving the
linear equation Π = Ψ/(ζ Σ) at each time-step. Finally, notice that the evolution
equations (4.1.29)–(4.1.32) lead to a strongly hyperbolic system, thus ensuring that
the Cauchy problem is well-posed. We stress that this approach works trivially for
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FJBD theories, since for the latter K ′ (X) = −1/2 is constant, and the driver in
equation (4.1.32) relaxes Σ to K ′ (X) exponentially on the timescale τ . Moreover, we
have tested it against the oscillating stars presented in the previous section obtaining
very good agreement.
Results for gravitational collapse in a theory with Λ = 4.04 MeV are shown in Figure 16, for the minimum of the lapse (top panel) and the central rest-mast density
(bottom panel). The black circles represent results obtained by solving the field equations (3.1.6)–(3.1.7). In this case, the characteristic speeds of the scalar field diverge
(at the time marked by a black cross) and the simulation stops long before formation of a horizon because of the CFL condition. The solid red line shows instead
the results obtained by adding the fixing equation, which allows for the simulation
to successfully complete, leading to the formation of a hairless Schwarzschild black
hole. The results are obtained for values of τ down to 30 GM⊙ , and are extrapolated
to τ = 0.
Figure 17 shows instead the time evolution of the scalar field far from the source (at
an extraction radius rext = 200 GM⊙ > rk ) as a function of time, for three values of Λ
giving screening in the static case (Λ = 12.8, 7.18, 4.04 MeV). The results are again
obtained for finite values of τ (as small as 10 or 30 GM⊙ according to the value of
Λ) and then extrapolated to τ = 0. As indicated, the scalar field is multiplied by the
extraction radius so that the value displayed is independent of the exact extraction
position, i.e. we show φ rext , with rext = 200 GM⊙ . As can be seen, φ rext goes from
a constant non-vanishing value at the beginning of the simulation to zero at late
times, for all values of Λ. This behavior is readily explained. The initial value is set
by the coefficient φ1 of equation (3.2.11), which is proportional to the scalar charge
(cf. equation (3.2.12)) and which is largely independent of Λ, since scalar effects are
not screened for r > rk . The final value is zero because a black hole forms, and in
k-essence black holes have no hair (i.e. no scalar charge) because the theory is shift
symmetric [210, 211]. Therefore, we can interpret the difference between the initial
and final values of φrext as due to the collapsing star shedding its scalar hair.
Moreover, smaller values of Λ seem to lead to longer characteristic timescales (i.e.
lower frequencies) in the simulations of Figure 17. In fact, if one plots the scalar
√
field’s evolution as function of a rescaled time t′ = (t − t0 ) ΛG1/4 (with t0 a suitable
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Figure 16: Evolution of the minimum of the lapse across the radial grid (top
panel) and the central rest-mast density (bottom panel) in the Jordan frame, for
the gravitational collapse of a neutron star in a theory with Λ = 4.04 MeV and
α ≈ 0.14. The red lines represent the evolution obtained with the fixing equation
(extrapolated to τ = 0), and the black circles represent results obtained by solving
the field equations (3.1.6)–(3.1.7). Note that the latter evolution presents diverging
characteristic speeds for the scalar field at t = 0.37 ms (“Keldysh behavior”, black
cross), which effectively halts the simulation.

offset), the results are very similar, as shown in the inset of Figure 17. From this
“self-similarity”, we can conclude that the frequencies contained in the signal should
√
scale as f ∝ Λ. By combining this with the observation that the initial and final
values of φ are independent of Λ, we can infer that ϕ22 should scale with Λ as ϕ22 ∝
(2πf )2 φ ∝ Λ. We have verified this scaling by computing ϕ22 explicitly (Figure 18,
left panel), extracting its amplitude as the root mean square of its time series, and
verifying that the amplitude scales roughly linearly with Λ (Figure 18, right panel).
As for the SNR of the results shown in Figure 17, we have computed it (assuming
optimal source orientation) for Advanced LIGO at design sensitivity, and obtained
values of ∼ 200 at 8 kpc, with no appreciable dependence on the value of Λ. This
roughly constant (and detectable) SNR comes about because the difference between
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Figure 17: Evolution of the scalar field far from the source as a function of the
retarded time tret in the Jordan frame for different values of Λ and α ≈ 0.14. These
results have been obtained by extrapolating to τ = 0. In the inset we display the
scalar field as a function of the rescaled time t′ , to show the self-similarity of these
solutions during the gravitational collapse.

the initial and final value of φ (and thus the scalar strain hs ) are largely independent
of Λ, since the star has to shed all of its hair before forming a back hole. Because of
√
the scaling of the frequency with Λ, however, we expect that for Λ → ΛDE the signal
will eventually fall out of the frequency band of terrestrial detectors. The latter are
insensitive to frequencies lower than 1-10 Hz because of seismic noise (even for third
generation detectors such as the Einstein Telescope [212] or Cosmic Explorer [59]). In
fact, when going from Λ ∼ 10 MeV for the results in Figure 17 (whose frequencies are
∼ kHz) to Λ ∼ 10 eV, we expect the frequency to drop by a factor ∼ 1000 to ∼ 1 Hz.
Scalar monopole signals in theories with Λ ≲ 10 eV are therefore likely unobservable
from Earth, but would fall in principle in the band of space-borne detectors such as
LISA. By using the self-similarity of our solutions to compute the SNR for LISA in
the case of Λ ≈ ΛDE ≈ 2 meV, we obtain SNR ∼ 30–40 (according to whether we
use the LISA sensitivity curve from the proposal to ESA [213] or from the Science
Requirements Document [214]) for optimally oriented sources at 8 kpc distance. For
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Figure 18: In the left panel, we show the Jordan-frame Newman-Penrose
invariant ϕ22 for collapsing stars, as function of the retarded time tret , with
rext = 200 GM⊙ > rk and conformal coupling α ≈ 0.14. On the right, we show the
amplitude of ϕ22 as a function of Λ, together with a linear fit in Λ (orange dashed
line).

Λ ≈ 10 meV, we get instead SNR ∼ 7–10. We should stress again, however, that
these results involve an extrapolation over nine orders of magnitude in Λ, based on
the self-similarity of our simulations.

4.2

Screening in Binaries

In spherical symmetry, we managed to evolve gravitational collapse past the scalarspeed divergence by slightly modifying the dynamics, with the addition of an extra
driver field. This technique, while ad hoc and approximate, suggests that the divergence is not of physical origin, but rather linked to the gauge choice, as conjectured in [153]. In this part of the work, we use indeed a gauge choice (including a
non-vanishing shift) that maintains the characteristic speeds finite during both gravitational collapse and binary evolutions in 3 + 1 dimensions. The latter constitute
the first fully dynamical simulations of the gravitational-wave generation by binary
systems in theories with screening.
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4.2.1

Evolution Formalism: Updated

The covariant equations of motion we study in this section are the same as in the
spherically symmetric case, e.g. equations (3.1.6)–(3.1.7) and (3.1.12)–(3.1.13). We
do, however, update our evolution formalism, and choose a non-zero shift in the
metric ansatz. In the following, the precise updates with respect to the spherically
symmetric evolutions in the evolution set-up are outlined.
The Einstein equations (3.1.6) are written as an evolution system by using the covariant conformal Z4 (CCZ4) formulation [204, 215, 216], which extends the Einstein
equations by introducing a four-vector Zµ as follows
Rµν + ∇µ Zν + ∇ν Zµ = 8π


1
φ
Tµν
+ Tµν − gµν (T φ + T )
2
+ κz (nµ Zν + nν Zµ − gµν nσ Zσ ) ,




(4.2.1)

where κz > 0 is a damping term enforcing the dynamical decay of the constraint
violations associated with Zµ [217].
As customary, we split the spacetime tensors and equations into their space and time
components by using a 3 + 1 decomposition. The line element is then given by






ds2 = −N 2 dt2 + γij dxi + β i dt dxj + β j dt ,

(4.2.2)

where N and γij are defined as before, and β i is the shift vector. By introducing a
(spatial) conformal decomposition and some definitions, namely
1
γ̄ij = χ γij , Āij = χ Kij − γij trK ,
3
i
i
trK̂ = trK − 2 Θ , Γ̂ = Γ̄ + 2Z i /χ,




(4.2.3)

where Γ̄i = −∂j γ̄ ji , trK = γ ij Kij and Θ ≡ −nµ Z µ , one can obtain the final equations
for the evolution fields {χ, γ̄ij , trK̂, Āij , Γ̂i , Θ}. The explicit form of these equations
is lengthy and can be found in [216]. Note that the definitions above lead to new
conformal constraints,
γ̄ = det(γ̄ij ) = 1 ,

trĀ = γ̄ ij Āij = 0,

(4.2.4)

which can also be enforced dynamically by including additional damping terms proportional to κc > 0 in the evolution equations. Finally, we supplement these equations
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with gauge conditions for the lapse and shift. We use the 1+log slicing condition [193]
(for non-zero shift) and the Gamma-driver shift condition [218], namely
∂t N = β k ∂k N − N 2 f (N )trK̂ ,

(4.2.5)

∂t β i = β k ∂k β i + ηβ i − N 2 g(N )Γ̂i ,

(4.2.6)

being f (N ) and g(N ) arbitrary functions depending on the lapse, and η a constant
parameter. In our case, a successful choice is f (N ) = 2/N , g(N ) = 3/(4N 2 ) and
η = 2.
Concerning the scalar equation, we follow the same procedure as before, and write it
in balance law form. By defining the following new evolved fields
φi ≡ ∂i φ ,

1
Π ≡ −nµ ∂ µ φ = − (∂t φ − β i φi ) ,
N

(4.2.7)
(4.2.8)

the evolution equations for the scalar field in terms of the 3 + 1 quantities can be
written as
∂t φ = β k φk − N Π ,

(4.2.9)

∂t φi = −∂i (−β φk + N Π) ,
1 √
√
√
∂t ( γΨ) = −∂k [ γ(−β k Ψ + N K ′ (X)γ kj φj )] + N γAT ,
2
k

(4.2.10)
(4.2.11)

where γ = det(γij ) and Ψ = K ′ (X)Π. Therefore, our conservative evolved fields
are {φ, φi , Ψ}, while the primitive physical variables required to compute the fluxes
and sources are given by {φ, φi , Π}. In order to calculate Π from Ψ, the following
non-linear equation
K ′ (X)Π − Ψ = 0

(4.2.12)

must be resolved numerically (for instance with a Newton-Raphson method) at each
time-step.
The general relativistic hydrodynamics equations are written in flux-conservative form
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as well, i.e.
√
√
√
(4.2.13)
∂t ( γD) + ∂k [ γD(N v k − β k )] = N A γD(−Π + v k φk ) ,
√
√
∂t ( γτ ) + ∂k [ γ(−β k τ + N [S k − Dv k ])] =
h
i √ h
i
√
N γA ΠT + ΠD − v k φk D + γ N S ij Kij − S i ∂i N , (4.2.14)
√
√
∂t ( γSi ) + ∂k [ γ(−β k Si + N Sik )] =
i
√
√ h
N γA [φi T ] + γ N Γjik Sjk + Sj ∂i β j − (τ + D)∂i N ,
(4.2.15)
where v i is the fluid velocity measured by an Eulerian observer
βi
ui
+ ,
W
N

vi =

(4.2.16)

q

with W ≡ 1/ 1 − γ ij vi vj the Lorentz factor. The evolved conserved variables in
this case are the rest-mass density measured by an Eulerian observer (D), the energy
density (with the exclusion of the mass density) (τ ) and the momentum density (Si ),
which are defined in terms of the primitive field as follows:
D = ρ0 W ,
τ = hW 2 − p − D ,
Si = hW 2 vi ,
1
Sij =
(vi Sj + vj Si ) + γij p ,
2

(4.2.17)
(4.2.18)
(4.2.19)
(4.2.20)

being h = ρ0 (1 + ϵ) + p the enthalpy as before (notice that the other definitions are
trivial generalizations of the spherically symmetric definitions). Again, the relation
between the evolved and the primitive fields is non-linear and it needs to be solved
numerically by using a Newton-Raphson method in order to calculate the fluxes and
sources.

4.2.2

Numerical Set-Up

In order to perform fully relativistic numerical simulations of binary mergers in kessence theory, we consider the Einstein frame and evolve the CCZ4 formulation of
the Einstein equations coupled to a perfect fluid (adopting an ideal-gas equation of
state with Γ = 2) [219] and a scalar field [220]. Without loss of generality, we again fix
β = 0 and γ = 1 [1, 2, 153]. Furthermore, we set the conformal coupling to α ≈ 0.14.
As discussed in [2], Λ ∼ ΛDE is intractable numerically due to the hierarchy between
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binary and cosmological scales (which leads to ΛDE ∼ 10−12 in units adapted to the
binary system). Like in [1, 2], we study Λ ≳ 1 MeV (for which screening is already
present).
The computational code, generated by using the platform Simflowny [221–223], runs
under the SAMRAI infrastructure [224–226], which provides parallelization and the
adaptive mesh refinement (AMR) required to solve the different scales in the problem.
We use fourth-order finite difference operators to discretize our equations [204]. For
the fluid and the scalar, we use High-Resolution Shock-Capturing (HRSC) methods
to deal with shocks, as discussed in [1,2,153]. A similar General Relativity code, using
the same methods, has been recently used to simulate binary neutron stars [219,227].
Our computational domain ranges from [−1500, 1500]3 km and contains 6 refinement
levels. Each level has twice the resolution of the previous one, achieving a resolution
of ∆x6 = 300 m on the finest grid. We use a CFL factor λc ≡ ∆tl /∆xl = 0.4 on each
refinement level l to ensure stability of the numerical scheme.

4.2.3

Binary Evolutions

We construct initial data for neutron star systems in k-essence theory by relaxation [159, 160], i.e. we generate General Relativity solutions using LORENE [228]
and evolve them in k-essence until that they relax to stationary solutions. These
solutions agree with the non-rotating solutions for k-mouflage stars found in [1, 2],
thus validating our relaxation technique (Figure 19, left panel). Similarly, we have
also considered rotating solutions in k-essence, finding for the first time that (i) they
behave qualitatively like the non-spinning ones, and (ii) the screening mechanism also
survives in axisymmetry (Figure 19, left panel). We also reproduced the dynamics of
stellar oscillations in k-essence found in [1, 2], and managed to follow the (spherical)
black-hole collapse of a neutron star (Figure 19, right panel). These simulations were
inaccessible, due to the diverging characteristic speeds, within the framework of [1],
without the addition of an extra driver field and a “fixing equation” [185, 186] for
it [2]. Here, using the gauge conditions mentioned above (and typically employed in
numerical-relativity simulations of compact objects in 3 + 1 dimensions), we found no
divergence of the characteristic speeds in our class of k-essence theories. The collapse
obtained with this gauge matches exactly the results obtained in [2], as shown in the
right panel of Figure 19, corroborating the (approximate) “fixing equation” technique
employed there. We will therefore use the aforementioned gauge conditions also for
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Figure 19: Left: Central scalar field for rotating/non-rotating stars produced
with our three-dimensional code and non-rotating ones produced with the static
one-dimensional code of [1]. Stellar masses are M ≈ 1.74 M⊙ . Also shown is
the expected linear scaling with Λ [2]. Right: Scalar field at the extraction radius for gravitational collapse (with mass M ≈ 1.74 M⊙ ), obtained with the onedimensional code of [2] (using an approximate fixing-equation approach) and our
three-dimensional code.

binary evolutions.
Like in the isolated case, initial data for binary systems are constructed by relaxation.
The relaxation process occurs approximately in the initial 4 ms of our simulations,
and does not impact significantly the subsequent binary evolution. We consider binary neutron stars in quasi-circular orbits with a total gravitational mass 2.8−2.9 M⊙
and mass ratio q = M2 /M1 = {0.72, 1}. Time snapshots of a binary with mass ratio
q = 0.9 in a theory with Λ ≈ 4 MeV are shown in Figure 20, displaying both the
star’s density and the scalar field. The screening radii of the stars in isolation are
∼ 120 km and thus larger than the initial system separation. This is the physically
relevant situation, as for Λ ∼ ΛDE the screening radii are ∼ 1011 km. Also observe
the formation of a scalar wake trailing each star (for the most part), with the two
wakes merging in the last stages of the inspiral.
We place our extraction radius for the gravitational wave signal outside the screening
radius of the individual neutron stars, at distances of 300 km from the center of mass.
This is justified because the distance to the detector is typically ≫ 1011 km, which
is the screening radius for Λ ∼ ΛDE , even for Galactic sources. We decompose h and
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Figure 20: Unequal-mass (q = 0.91) neutron star binary with Λ = 4.0 MeV,
shown at successive times. The color code represents the scalar field, which is
initially centered on each star and then develops into a common “envelope”, while
the dark orange represents the fluid density.

hs (or φ) into spin-weighted spherical harmonics. As expected, the dominant contribution comes from the l = m = 2 mode for the tensor strain. For the scalar emission
the monopole l = m = 0 is suppressed, and the main contribution comes from the
dipole (l = m = 1) mode and (mostly) the quadrupole (l = m = 2) mode. The
results for four simulations—for Λ ≈ 4, 5 and 7 MeV and for FJBD (corresponding
to Λ → ∞), with α ≈ 0.14—are shown in Figure 21. Notice that we do not show the
General Relativity tensor strain as it is practically indistinguishable from the FJBD
one on this timescale [159]. The three values of Λ predict screening radii larger than
the initial separation between the stars.
As can be seen, the tensor strains are very similar, even after the merger (corresponding to the peak amplitude). As for the scalar, the suppression of the l = m = 0 mode
is expected, since monopole emission vanishes in FJBD theory for quasi-circular binaries [167, 168]. The l = m = 1 dipole mode is instead small but non-vanishing, as
expected for unequal-mass binaries in FJBD, with signs of screening suppression as
Λ decreases. However, the (dominant) l = m = 2 scalar quadrupole mode is always
larger than in FJBD theory, suggesting that the screening is not effective at suppressing the quadrupole scalar emission in the late inspiral/merger. The amplitude
also seems to increase when going to low frequencies/early times, in the simulations
with Λ ≈ 4 and 5 MeV. Note that one does not expect a continuous limit to FJBD
(Λ → ∞) when Λ increases. In FJBD theory there is no screening and the binary is
always in the perturbative regime, while in k-essence the separation is always smaller
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Figure 21: Tensor (l = m = 2) and scalar (l = m = 1 and l = m = 2) strain for
a NS merger with q = 0.91, in k-essence and FJBD.

Figure 22: Dipole (l = m = 1) and quadrupole (l = m = 2) scalar strain for
merging neutron star binaries of varying mass ratio, in k-essence and FJBD.
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than the screening radii. This is true even for observed binary pulsars, which have
separations ≲ 105 km vs screening radii of ∼ 1011 km for Λ ∼ ΛDE .
The dependence on the mass ratio of the binary (which we set to q = 1, 0.9 and
0.71) is shown in Figure 22, for the FJBD and Λ ≈ 4 MeV cases. As can be observed,
quadrupole fluxes are largely unaffected by q in both theories, with the k-essence ones
consistently larger, especially at early times. The dipole fluxes in k-essence show again
signs of suppression relative to FJBD, at least for q ̸= 1, but in both theories they
grow as q decreases. This is expected, since PN calculations in FJBD [167,168] predict
that the dipole amplitude should scale as the difference of the stellar scalar charges,
which grows as q decreases. For q = 1, instead, the dipole flux in FJBD is compatible
with zero (as predicted by PN theory [167,168]), while it does not vanish in k-essence.

4.3

Summary

In this chapter, we studied the evolution of k-mouflage stars in spherical symmetry
and 3 + 1 dimensions. We first explored the stability of the screened neutron star solutions in spherical symmetry by perturbing their internal energy and evolving them
numerically in time. In our first attempt, we showed that k-mouflage solutions are
stable to small perturbations, and also to large ones as long as they do not cause
gravitational collapse. We extracted the resulting monopole scalar radiation outside
the screening radius for theories with Λ as small as a few MeV, and by extrapolating
to Λ ∼ meV, we have concluded that no observable monopole emission is to be expected from stellar oscillations in these theories.
However, when large perturbations with the right sign to trigger collapse were applied
to k-mouflage solutions, the evolution led to diverging characteristic speeds for the
scalar, well before the formation of apparent black-hole/sound horizons. This divergence might not be pathological in itself, but prevents dynamical evolutions of the
collapse of k-mouflage stars. By modifying the theory’s equations in a UV-agnostic
way inspired by dissipative hydrodynamics [186], we managed to dynamically evolve
the spherically symmetric gravitational collapse of a k-mouflage star as well. This
method has allowed us to simulate gravitational collapse without incurring in any
divergent characteristic speed, for strong-coupling scales as low as a few MeV. We
have found that, unlike in the case of stellar oscillations, kinetic screening does not
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suppress the monopole scalar radiation (extracted outside the screening radius) from
the collapse. This happens because the collapsing star must shed away all of its scalar
hair in scalar waves before forming a (hairless) black hole. This scalar signal would
not be detectable by terrestrial gravitational wave detectors because its very low frequency (at least for values of Λ ∼ meV relevant for dark energy), but we conjecture
that it might be observable with space-based detectors such as LISA, if a supernova
explodes in the Galaxy.
Finally, we performed fully 3 + 1 relativistic simulations of binary neutron stars in
k-essence, adopting a gauge with non-zero shift that prevents the divergences of the
characteristic speeds (this confirmed that these pathologies were in fact a gauge issue). In the late inspiral and merger of binary neutron stars, the (subdominant)
dipole scalar emission is screened (at least for unequal masses), but the (dominant)
quadrupole scalar flux is not. In fact, our results seem to hint at quadrupole scalar
emission being as important (or even larger, especially at low frequencies) in k-essence
than in FJBD theories with the same conformal coupling α, as long as the strongcoupling scale is in the MeV range that we can simulate. If this feature survives for
Λ ∼ ΛDE , k-essence theories may become as fine-tuned as FJBD theory (which will
wash out any effect on large-scale structure observations). Considering for instance
the relativistic double-pulsar system J0737 − 3039 [229–231], in FJBD the absence of
scalar quadrupole radiation constrains |α| ≲ 4.4 × 10−2 .
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5

Degenerate Hořava Gravity

As we saw in Chapter 2, an alternative approach to go beyond General Relativity is by
giving up Lorentz invariance. Hořava gravity breaks Lorentz symmetry by introducing
a dynamical timelike scalar field (the khronon), which can be used as a preferred time
coordinate (thus selecting a preferred space-time foliation). Adopting the khronon as
the time coordinate, the theory is invariant only under time reparametrizations and
spatial diffeomorphisms.
In the infrared limit, this theory is sometimes referred to as khronometric theory.
Here, we explicitly construct a generalization of khronometric theory, which avoids
the propagation of Ostrogradski modes as a result of a suitable degeneracy condition
(although stability of the latter under radiative corrections remains an open question). While this new theory does not have a general-relativistic limit and does not
yield a Friedmann-Robertson-Walker-like cosmology on large scales, it still passes, for
suitable choices of its coupling constants, local tests on Earth and in the Solar System, as well as gravitational-wave tests. We also comment on the possible usefulness
of this theory as a toy model of quantum gravity, as it could be completed in the
ultraviolet into a “degenerate Hořava gravity” theory that could be perturbatively
renormalizable without imposing any projectability condition.

5.1

Motivation

Hořava gravity [145] is a gravitational theory that is power-counting renormalizable
in the ultraviolet (UV), at the expense of giving up Lorentz symmetry. The theory,
written in terms of 3 + 1 Arnowitt-Deser-Misner (ADM) variables [232], is indeed
invariant only under foliation-preserving diffeomorphisms (FDiffs), i.e. (monotonic)
time reparametrizations and spatial diffeomorphisms, and not under full-fledged four104
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dimensional diffeomorphisms. The action of the theory involves up to six spatial
derivatives of the ADM fields, but is only quadratic in the time derivatives (which
only appear via the extrinsic curvature, i.e. via the time derivative of the spatial
metric). It is this anisotropic scaling between space and time derivatives that ensures
power-counting renormalizability.
Performing a Stuckelberg transformation, Hořava gravity can be recast as a Lorentzviolating scalar-tensor theory [146]. The scalar field, sometimes referred to as the
khronon, is constrained by a Lagrange multiplier to be timelike (i.e. its gradient must
be timelike), and it thus plays the role of a preferred time by selecting a preferred
manifold slicing. Using this covariant formulation, as opposed to the original 3+1 one
(i.e. the unitary gauge where the khronon is adopted as time coordinate), it becomes
more clear why the 3 + 1 action is built without any time derivatives of the lapse. In
fact, to avoid Ostrogradski instabilities [103] (or “ghosts”), one may naively require
that the covariant action be quadratic in the unit-norm “æther” vector field proportional to the khronon’s gradient. This vector field turns out to be u = −N dt in the
unitary gauge, with N the lapse, and one may naively try to obtain time derivatives
of N by introducing the acceleration aν = uµ ∇µ uν . The latter, however, only includes
spatial derivatives of N because of the unit norm condition (which implies aµ uµ = 0).
The absence of time derivatives of the lapse poses a hurdle to proving perturbative
renormalizability (beyond power counting). Calculations of the latter are technically
involved and have so far only been performed in the unitary gauge [148, 233], where
the lapse satisfies an elliptic equation as a result of the absence of its time derivatives in the action [147]. This leads to the “instantaneous” propagator 1/(ki k i ). To
overcome this problem, [148] proved perturbative renormalizability in Hořava gravity
under the “projectability condition”, i.e. the assumption that the lapse is a function of
time only. The resulting theory, while considered in the first paper by Hořava [145],
is disjoint from general (i.e non-projectable) Hořava gravity [147], and is strongly
coupled on flat space [147, 234, 235].
It should be noticed, however, that including derivatives of the lapse (i.e. second time
derivatives of the khronon scalar field) does not lead automatically to Ostrogradski ghosts, if the Lagrangian is degenerate. This fact is very well known in the context
of Lorentz-symmetric scalar tensor theories, where it led first to beyond-Horndeski
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theories [115,116] and then to Degenerate Higher-Order Scalar-Tensor (DHOST) theories [104, 117, 118]. These theories have field equations that are higher than second
order in time, but still propagate no ghosts.
In the following, we will apply this degeneracy program to the infrared (IR) limit
of non-projectable (i.e. general) Hořava gravity. In that limit, the theory is sometimes referred to as khronometric theory, and while it still violates Lorentz symmetry
(being only invariant under FDiffs in the unitary gauge), it is quadratic in both
time and space derivatives (of the spatial metric and khronon) [146, 147]. We will
show that khronometric theory can be modified to include second time derivatives of
the khronon (i.e. time derivatives of the lapse), while still propagating no Ostrogradski ghost. Although similar constructions were already obtained in [236–238], here we
additionally show that the resulting theory is invariant under spatial diffeomorphisms
and a special set of (monotonic) time reparametrizations (which will turn out to be
given by “hyperbolic” time compactifications). While invariance under this special
group of transformations is sufficient to determine the form of the kinetic term for the
lapse, it does not fix its coefficient unambiguously. Therefore, the radiative stability
of the fine-tuning of the coupling constants needed to eliminate the ghost remains an
open issue. We will comment on promising ways forward on this issue in the following.
As a result of this construction, the novel “degenerate Hořava gravity” theory that we
find does not have a limit to General Relativity (GR). However, somewhat surprisingly, this does not prevent the theory from having the correct Newtonian limit, nor
from reproducing (at least for specific values of the coupling constants) the dynamics
of GR at the first post-Newtonian (1PN) order and thus passing Solar-System tests.
However, the behavior on cosmological scales is wildly different from GR, at least at
the background level (i.e. assuming isotropy and homogeneity). We will discuss this
issue, its implications, and possible solutions below.
This chapter is organized as follows. In Section 5.2 we review Hořava gravity both
in the unitary gauge and in the covariant (Stuckelberg) formalism. In Section 5.3 we
then consider theories invariant under a smaller gauge group, i.e. restricted foliationpreserving diffeomorphisms (RFDiffs), as an intermediate step toward Section 5.4,
where we introduce our degenerate generalization of Hořava gravity. We study its
phenomenology in Section 5.5, and we discuss our conclusions in Section 5.6. We
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utilize units in which c = 1, except in Appendix B, where we discuss the PN expansion
of degenerate Hořava gravity and we thus reintroduce c as a book-keeping parameter.

5.2

Hořava Gravity

In this section, we review the construction of Hořava gravity and the subgroup of the
four-dimensional diffeomorphisms under which the theory is invariant. The distinction between space and time introduces a preferred frame, and thus a preferred time
coordinate, which corresponds to endowing the space-time manifold with a preferred
foliation by space-like surfaces. This means that the arbitrary reparameterization of
time t → t̃(t, x) is not a symmetry of the theory anymore.
The basic ingredients to describe the spacetime geometry are the spatial metric γij ,
the shift N i and the lapse function N entering the 3 + 1 decomposition of the fourdimensional metric [232]
ds2 = −N 2 dt2 + γij (dxi + N i dt)(dxj + N j dt) .

(5.2.1)

The Hořava action is built from quantities invariant under the following unbroken
symmetry, which is commonly referred to as FDiffs:
x → x̃(t, x) ,

(5.2.2)

t → t̃(t) ,

where t̃(t) is a monotonic function of t. Notice that this is the largest possible unbroken gauge group that one can have, once a preferred foliation is introduced. Under
this symmetry the fields in (5.2.1) transform as
dt
N → Ñ = N ,
dt̃

N i → Ñ i =

∂ x̃i
∂ x̃i
Nj j −
∂x
∂t

!

dt
,
dt̃

γij → γ̃ij = γkl

∂xk ∂xl
.
∂ x̃i ∂ x̃j

(5.2.3)

Up to dimension six, the action takes the form [145]
1 Z 3
√
S=
d x dt N γ (1 − β)Kij K ij − (1 + λ)K 2 + α ai ai + (3) R − V , (5.2.4)
16πG




where Kij is the extrinsic curvature of the surfaces of constant time1
Kij =

1
(γ̇ij − Di Nj − Dj Ni )
2N

1

(5.2.5)

Note that our definition of Kij differs by an overall sign from the definition used in some
textbooks (e.g. [239, 240]), although it agrees e.g. with [150, 241, 242].

107

Degenerate Hořava Gravity
with Di three-dimensional covariant derivatives compatible with the spatial metric
γij and with an overdot denoting partial time derivatives, K ≡ Kij γ ij is the trace of
the extrinsic curvature, (3) R is the three-dimensional Ricci scalar and
ai ≡ N −1 ∂i N

(5.2.6)

is the acceleration vector. Besides the bare gravitational constant G, there are three
free dimensionless constants: α, β and λ. The “potential” V depends on the threedimensional Ricci tensor (3) Rij and the acceleration ai , with all possible operators
of dimension four and six. This potential therefore involves only a finite number of
these operators, which were fully classified e.g. in [243] and [150]. While crucial for
renormalizability, for our purposes the potential is completely irrelevant. Therefore,
we omit to write explicitly its form here, and we focus on the IR limit of the theory
(obtained by neglecting V) in the rest of this chapter.
Also notice that the kinetic part of the action (i.e. the part where time derivatives
appear) is fully contained in the first two terms of equation (5.2.4). In addition to
the helicity-2 modes of the graviton, there is also a propagating scalar field, usually referred to as the “khronon” [147]. This extra mode appears because the two
first-class constraints (primary and secondary) associated with time diffeomorphisms
in GR become here second-class constraints, because of the breaking of time diffeomorphisms. The theory therefore possesses six first-class constraints (associated with
spatial diffeomorphisms) and 2 second-class constraints, leaving [20−(6·2)−2]/2 = 3
dynamical degrees of freedom.

5.2.1

Stuckelberg Formalism

This formalism allows one to single out explicitly the extra degree of freedom that appears because of the breaking of diffeomorphism invariance. It amounts to rewriting
the action in a generally covariant form, at the expense of introducing a compensator field that transforms non-homogeneously under the broken part of the fourdimensional diffeomorphisms.
In more detail, one encodes the foliation structure of the spacetime in a scalar field
φ, such that the foliation surfaces are identified with those of constant φ. The action (5.2.4) then corresponds to the frame where the coordinate time coincides with φ
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(i.e. φ = t). This choice of coordinates is often referred to as “unitary gauge”. The action in a generic frame is then obtained by performing the Stuckelberg transformation
and reads
i
1 Z 4 √ h
d x −g R − β ∇µ uν ∇ν uµ − λ (∇µ uµ )2 + α aµ aµ ,
S=
16πG

(5.2.7)

where

∂µ φ
uµ = √
,
X ≡ ∂µ φ∂ µ φ ,
aµ ≡ uν ∇ν uµ ,
(5.2.8)
−X
and R is the four-dimensional Ricci scalar. Notice that this is the action of Einsteinæther theory when the æther vector field is hypersurface orthogonal [244]. For later
purposes, it is convenient to write the action (5.2.7) explicitly in terms of the khronon
field
1 Z 4 √
φµν φµν
(□φ)2
(□φ)φµ φµν φν
S=
d x −g R + β
+λ
− 2λ
16πG
X
X
X2
#
(φµ φµν φν )2
φµ φµρ φρν φν
+ (β + λ − α)
, (5.2.9)
+(α − 2β)
X2
X3
"

where to avoid clutter we have introduced the notation φµ ≡ ∂µ φ and φµν ≡ ∇ν ∂µ φ.
Notice that the action above is invariant under reparameterizations of φ,
φ → φ̃ = f (φ) ,

(5.2.10)

where f is a (monotonic) arbitrary function. This reflects the invariance (in the unitary gauge) under the FDiffs (5.2.2).
Naively, the higher-order derivatives in the action (5.2.9) would suggest the presence of an Ostrogradski ghost in the theory. However, the counting of the degrees
of freedom cannot be straightforwardly performed from the covariant action (5.2.9),
because of the absence of a standard kinetic term for the khronon and the non-local
1/X dependence. However, one can easily perform the counting in the preferred
frame, where φ cannot be constant and has a non-vanishing time profile φ = t. In
this frame, as can be seen in the unitary gauge action (5.2.4), the ghost mode is absent.
From the point of view of the covariant action (5.2.9), the absence of the Ostrogradski mode is guaranteed by the highly non-trivial tuning among the coefficients of
the five operators in the action, which translates in the absence of Ṅ terms in the
unitary gauge action (5.2.4). Remarkably, this tuning is protected against radiative
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corrections by the reparameterization invariance (5.2.10). A detuning of the action
coefficients would necessary break the symmetry (5.2.10), generate Ṅ terms in the
unitary gauge action, and generically reintroduce the ghost mode.
Finally, notice that the action (5.2.9) does not belong to any of the DHOST classes
identified in [118, 245]. This is because when the full diffeomorphism invariance is
broken, the degeneracy of the Hessian matrix of the velocities can be achieved in a
less restrictive way. The full diffeomorphism invariant analog of action (5.2.9) is the
Horndeski Lagrangian [109], which in the unitary gauge does not present Ṅ terms.

5.3

RFDiff Gravity

Noticeably, there exists also a smaller unbroken gauge group according to which we
can construct our Lagrangian, namely the group of RFDiffs
x → x̃(t, x) ,

t → t̃ = t + const ,

(5.3.1)

which differs from FDiffs because the invariance under general time reparametrizations is replaced by the invariance under time translations. In the Stuckelberg formulation, this symmetry of the khronon action reduces to the shift symmetry
φ → φ̃ = φ + const ,

(5.3.2)

which allows for a general dependence of the action on the derivatives of φ.
Restricting the symmetry from FDiffs to RFDiffs therefore allows one to include in
the action a kinetic term for the lapse N . Moreover, all dimensionless couplings in
the Lagrangian may now acquire an arbitrary dependence on N , and we can thus
include in the potential V a generic function of N . The kinetic term for N is fixed
by the invariance under RFDiffs to be of the form


Ṅ − N i ∂i N

2

.

(5.3.3)

However, a general dependence of the action on this term inevitably leads to the
propagation of an additional ghost scalar degree of freedom [147]. In the Stuckelberg
formulation, this is the Ostrogradski mode associated with the higher derivatives of
the khronon, which re-appears because of the detuning of the coefficients of the action
(5.2.9).
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5.3.1

Degenerate RFDiff Gravity and its Downsides

It is well established that if the kinetic term (5.3.3) and the trace of the extrinsic
curvature appear in the Lagrangian in such a way as to enforce the existence of a
primary constraint (which in turn generates a secondary constraint), then the ghost
mode can be safely removed [117,118,246,247]. The constraints structure – and so the
number of degrees of freedom – becomes indeed the same as in Horava gravity, with
the only difference that the second-class primary constraint given by the vanishing of
the momentum conjugate to N (i.e. ∂L/∂ Ṅ ≈ 0) is replaced by a linear combination
of the momenta conjugate to N and γ.
Therefore, it is possible to realize healthy theories within RFDiff gravity, provided
that suitable degeneracy conditions are imposed. These models have been fully classified in [236–238], but they may not be very attractive for two reasons. First, the
presence of arbitrary functions of N in the Lagrangian results in an infinite number
of coupling constants. Second, the degeneracy conditions are not protected by the
RFDiff symmetry, so that radiative corrections will generically induce a detuning of
the action and hence reintroduce the ghost. This is very different from Hořava gravity,
where the tuning of the action (5.2.9) is required by the FDiff symmetry and hence
is protected by it.

5.4

Degenerate Hořava Gravity

In this section, we present a new class of gravity theories invariant under a symmetry
intermediate between FDiffs and RFDiffs. In more detail, the transformation of time
is restricted to take the form of a specific hyperbolic function t̃(t), and the symmetry
is realized up to a total derivative. Our starting point is a generalization of the Hořava
action (5.2.4), which includes the time derivative of the lapse in the RFDiff invariant
way (5.3.3). By introducing the definition
V ≡−


1 
i
Ṅ
−
N
∂
N
,
i
N2

(5.4.1)

we write the action as
1 Z 3
√
S=
d x dt N γ ω V 2 + 2 σ K V + (1 − β)Kij K ij
16πG


− (1 + λ)K + α ai a +
2
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(3)



R ,

(5.4.2)
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where ω and σ are two additional dimensionless constants. Clearly, the first two terms
in (5.4.2) break FDiff invariance, although they are RFDiff invariant. At this stage,
two scalar degrees of freedom propagate, one of which is a ghost [147].
We can then impose the existence of a primary constraint by requiring that the
determinant of the kinetic matrix of the two scalar modes in (5.4.2) vanishes [248–250]:




ω
σ
det 
σ −λ −

β+2
3



= 0.

(5.4.3)

In Hořava gravity, this condition is trivially realized since ω = σ = 0, but a non-trivial
solution is also possible and is given by
ω=−

3 σ2
.
3λ + β + 2

(5.4.4)

To completely remove one degree of freedom, the primary constraint, enforced by
the condition (5.4.4), must generate a secondary constraint. The conditions for this
to happen were derived in complete generality for field theories in [250], and in the
case at hand they are automatically satisfied because of the absence of the following
couplings in the action:
V ∂i N ,

K∂i N ,

(3)

(3)

R·V ,

R·K.

(5.4.5)

Therefore, condition (5.4.4) is all that is needed to completely eliminate the ghost
mode and remain with a single scalar field, the khronon.
Thus far, we have not made any progress with respect to degenerate RFDiff theories,
of which the action (5.4.2)—with the condition (5.4.4) enforced—is a particular case.
In fact, nothing prevents the couplings in the Lagrangian from being functions of
N and, more dangerously, quantum corrections from spoiling the condition (5.4.4).
Ideally, our aim is to determine whether there exists a gauge group, smaller than the
FDiffs one but larger than the RFDiffs one, that could protect the condition (5.4.4).
For this purpose, after imposing the condition (5.4.4), we transform the action (5.4.2)
under the FDiffs (5.2.2) and obtain a new action, which now differs from the original
one, because V is not invariant. Indeed, using equation (5.2.3), we find that
1 d2 t
V → Ṽ = V −
N dt̃2
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By requiring that the new terms generated by equation (5.4.6) in the action are a
total derivative, one imposes that the equations of motion are invariant. In this way,
we obtain a third-order differential equation for t̃(t), which has a non-trivial solution
only if the following condition is imposed on the coefficients of the Lagrangian
σ = −λ −

β+2
.
3

(5.4.7)

In this case, there exists a unique family of solutions for t̃(t) given by
t̃(t) =

c2
+ c3 ,
c1 + t

(5.4.8)

where c1,2,3 are free integration constants. Being (5.4.8) a hyperbolic function, we refer to this family of time reparametrizations (together with spatial diffeomorphisms)
as “hyperbolic-foliation-preserving Diffs” (HFDiffs). Notice that equation (5.4.8) is a
monotonic function on intervals not including its pole, which prevents violations of
causality.
By inspection of the resulting Lagrangian, it is easy to realize that the conditions
(5.4.4) and (5.4.7) force the kinetic term to be
(V + K)2 ,

(5.4.9)

which is indeed invariant under HFDiffs up to a total derivative since
"
!
√
√ i !#
γ
γN
√
√
2
2
N γ (V + K) → N γ (V + K) −4 ∂t
− ∂i
. (5.4.10)
N (c1 + t)
(c1 + t)N
√
However, being N γK 2 FDiff invariant, if one starts from the generic Lagrangian
(5.4.2), invariance under HFDiffs (up to a total derivative) only requires the kinetic
term to be of the form V 2 + 2KV , with an arbitrary coefficient in front. Therefore,
this implies that radiative corrections may induce a running of the coefficients of the
Lagrangian. This can potentially detune the degeneracy condition (5.4.4) and thus
reintroduce the ghost.
A way out of this unappealing situation would be to enlarge the group of HFDiffs
to a custodial symmetry sufficient to ensure stability of the degeneracy condition
under quantum corrections. Such a gauge group must necessarily lie in between
HFDiffs and full-fledged four-dimensional diffeomorphisms (since the latter would
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simply require the theory to be GR). Therefore, one might consider a specific class
of time reparametrizations that are explicit functions of the spatial coordinate, e.g.
t̃(t, x) = c2 /(c1 + t) + c3 + f (x), although we have been unable to identify a suitable
function f (x) of the spatial coordinates.
To summarize, we have found a new unbroken gauge group that: (i) allows for a
kinetic term for the lapse; (ii) avoids the presence of arbitrary functions of the lapse
in the action; although (iii) it does not yet prevent the propagation of a ghost mode.
These are the HFDiffs
t → t̃ =

x → x̃(t, x) ,

c2
+ c3 ,
c1 + t

(5.4.11)

and the corresponding action is given by
" 
!

1 Z 3
β+2  2
√
S=
d x dt N γ − λ +
V + 2K V
16πG
3

+ (1 − β)Kij K − (1 + λ)K + α ai a +
ij

2

i

(3)



R . (5.4.12)

Comparing with the Hořava action (5.2.4) we notice that, although there are two
new operators, the number of coupling constants is the same. In the this new action,
however, even when all couplings are set to zero, we do not recover the GR limit.

5.4.1

Stuckelberg Formalism

It is now instructive to look at the new action (5.4.12) in the Stuckelberg formalism.
As in Section 5.2.1, we perform the Stuckelberg transformation and obtain
1 Z 4 √
φµν φµν
(□φ)2 2(β + 2) (□φ)φµ φµν φν
S=
d x −g R + β
+λ
+
16πG
X
X
3
X2

µ
ρν
µ
φ φµρ φ φν (2β − 3α − 2) (φ φµν φν )2
+
. (5.4.13)
+ (α − 2β)
X2
3
X3


Comparing with the khronon action for Hořava gravity, equation (5.2.9), we see that
the coefficients of the third and fifth operators have changed. This new highly nontrivial tuning guarantees the absence of the Ostrogradski ghost at least at tree level.
Moreover, the Lagrangian (5.4.13) is invariant under the transformation
φ → φ̃ =

c2
+ c3 ,
c1 + φ
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up to the total derivative
1
β+2
∇µ
∂ µφ .
−4 λ+
3
c1 + φ
!

!

(5.4.15)

This reflects the invariance, up to a total derivative and in the unitary gauge, under
the HFDiffs (5.4.11).
Finally, notice that also in this case, action (5.4.13) does not belong to any of the
DHOST classes [118, 245]. Although the end result is the same as in the DHOST
and beyond Horndeski constructions (i.e. higher order equations of motion without
Ostrogradski ghost), there is no connection between those theories and ours. In fact,
our theory is Lorentz-violating and the absence of ghosts is guaranteed precisely by
the existence of a preferred foliation, where kinetic terms take their standard form
and the non-local 1/X terms present in the Stuckelberg action disappear.

5.4.2

Conformal and Disformal Transformation

Looking at the form of the kinetic terms, equation (5.4.9), a natural question is
whether the new theory is related to Hořava gravity by a conformal and/or disformal
transformation. To check this, it is convenient to work in the Stuckelberg formalism,
where these transformations read [251]
ḡµν = Ω(X)gµν + Γ(X)∂µ φ ∂ν φ ,

(5.4.16)

with Ω and Γ free functions of X only. (Notice that a φ dependence would break
even the shift symmetry and therefore it is not allowed).
It is well known that Hořava gravity is invariant under the transformation given
by [252]
ς
Ω = 1,
Γ=
,
(5.4.17)
X
where ς is a constant, provided the following rescaling of the coefficients
λ̄ = λ + ς (λ + 1) ,

β̄ = β + ς (β − 1) .

(5.4.18)

A feature of the new theory is that it also enjoys this invariance for the very same
choice of functions [equation (5.4.17)] and for the same rescaling of the coefficients
[equation (5.4.18)]. Moreover, any choice different from equation (5.4.17) would
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change the power of X appearing in each of the operators of the Lagrangian, and
therefore cannot connect the two theories.
As a consequence, a generic transformation of the form (5.4.16) cannot map Hořava
gravity into its degenerate HFDiff generalization, and both theories are stable under
the same transformation (5.4.17). Once again, the non-local form of Γ in (5.4.17)
is signaling that the two theories make sense only for X ̸= 0, i.e. the khronon must
always be timelike.

5.5

Phenomenology

To study the phenomenology of “degenerate” HFDiff Hořava gravity, we first derive
the field equations by varying the action (5.4.12) with respect to the spatial metric
γij , the shift Ni and the lapse N . We denote by Di the covariant derivative defined
with respect to γij , and Dt ≡ ∂t − Nk Dk . We also define the following quantities in
terms of the variation of the matter action [241, 242]
1 δSm
= N 2 T 00 ,
E = −√
γ δN


1 δSm
Ji = √
= N T 0i + N i T 00 ,
γ δNi
2 δSm
= T ij − N i N j T 00 ,
T ij = √
N γ δγij

(5.5.1)
(5.5.2)
(5.5.3)

where T µν is the four-dimensional matter energy-momentum tensor.
The variation with respect to N leads to
R λ+1 2
α(Di N )(Di N ) 2αDi Di N
+
K − Kij K ij +
−
1−β 1−β
(1 − β)N 2
(1 − β)N



2(2 + β + 3λ)
K +V
16πGE
+
KV + V 2 − K 2 − Dt
=
,
3(1 − β)
N
(1 − β)c4
(3)

(5.5.4)

which unlike in GR is not a constraint, but rather an evolution equation for N (c.f. the
presence of both second-order space and time derivatives of N ). Notice that in (nondegenerate) Hořava gravity2 , this equation is instead an elliptic equation for N , to
be solved on each slice [241, 242]. In the covariant formalism, this equation becomes
2

We often refer to the original Hořava gravity [equation (5.2.4)] as “non-degenerate”, in order
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indeed (in both non-degenerate and degenerate Hořava gravity) the khronon evolution
equation.
Varying with respect to Ni one obtains the momentum constraint equation




λ + 1 ij
(2 + β + 3λ)γ ij V 
γ K −
Dj  K ij −
1−β
3(1 − β)
!

(2 + β + 3λ)  i  K + V
−
DN
3(1 − β)
N




8πGJ i
=−
,
(1 − β)c4

(5.5.5)

while variation with respect to γij yields the evolution equation
1
1
1
(2 + β + 3λ) ij
λ+1
(3) ij
R − (3) Rγ ij + Dt K ij −
Kγ ij −
Vγ
1−β
2
N
1−β
3(1 − β)
!
(2 + β + 3λ) j)k
2λ + 1 + β
2
λ+1
j)k
(i
j)k
Kγ −
Vγ ] −
KK ij
+ Dk N [K −
N
1−β
3(1 − β)
1−β
!
h
i
1 ij
λ+1 2
1
ik j
kl
+ 2K Kk − γ Kkl K +
K −
(Di Dj N ) − (Dk Dk N )γ ij
2
1−β
(1 − β)N


α
1
i
j
k
ij
+ 2
(D N )(D N ) − (Dk N )(D N )γ
N (1 − β)
2


K + V (i j)
8πG
2(2 + β + 3λ) 1 2 ij
ij
V γ −K V −
N (D N ) =
T ij . (5.5.6)
+
2
4
3(1 − β)
4
N
(1 − β)c


5.5.1

!



Solar-System Tests and Gravitational-Wave Propagation

To check the experimental viability of the theory on Earth and in the Solar System, we perform a post-Newtonian expansion over flat space and compare to the
parametrized PN metric (PPN) [7, 164]. This will allow us to extract the values of
the PPN parameters in degenerate Hořava gravity and compare them to their experimental bounds. The details of the calculation follow [242], which performs the same
analysis for (non-degenerate) Hořava gravity, and are presented in Appendix B. Here,
we will simply summarize the main results.
to distinguish it from its degenerate extension [equation (5.4.12)]. However, it should be by now
well understood that even non-degenerate Hořava gravity is a degenerate theory that satisfies (although trivially) the degeneracy condition (5.4.3). This is even more evident from the tuning of the
parameters in its khronometric formulation (5.2.9).
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We find that the only PPN parameters differing from GR are the preferred-frame
parameters α1 and α2 , which take the form
4(α − 2β)
,
(5.5.7)
β−1
(α − 4β + 2)(3α − 4β − 2) 2(α − 2) −27α + 28β + 12λ + 38
+
+
. (5.5.8)
α2 = −
3(α − 2)(β + λ)
β−1
3(α − 2)
α1 =

Experimental bounds on these parameters are |α1 | ≲ 10−4 and |α2 | ≲ 10−7 [7]. Comparing to their expressions in (non-degenerate) Hořava gravity [242, 253], we see that
while α1 is unchanged, α2 gets modified. In (non-degenerate) Hořava gravity, α1 and
α2 are both proportional to α − 2β, i.e. they are both small for α ≈ 2β.
At this point, let us notice that constraints on the propagation speed of gravitational waves from GW170817 require |β| ≲ 10−15 in (non-degenerate) Hořava gravity [37,254], as well as in the degenerate version of the theory that we are considering
here. Indeed, the kinetic term of the tensor modes is given by Kij K ij and the spatial gradient is contained in (3) R, which gives [c.f. equations (5.2.4) and (5.4.12)] a
gravitational-wave propagation speed cGW = (1 − β)−1/2 , which matches the speed of
light only for β = 0.
The Solar System bound on α1 then gives α ≈ β ≈ 0 in both non-degenerate [255,256]
and degenerate Hořava gravity. For α ≈ β ≈ 0, equation (5.5.8) then yields
α2 ≈ −

(1 + 2λ)(2 + 3λ)
.
3λ

(5.5.9)

The experimental constraint |α2 | ≲ 10−7 then selects λ ≈ −1/2 or λ ≈ −2/3. For the
latter, the coefficient in front of V 2 +2KV in the action disappears, i.e. one is left with
the non-degenerate version of the theory. Therefore, there exists only one non-trivial
set of parameters, namely α ≈ β ≈ 0 and λ ≈ −1/2, for which degenerate Hořava
gravity can satisfy Solar-System tests and the bound on the propagation speed of
gravitational waves. For these values the action reads
1 Z 4 √
1 (□φ)2 4 (□φ)φµ φµν φν
2 (φµ φµν φν )2
S=
d x −g R −
+
−
(5.5.10)
16πG
2 X
3
X2
3
X3
"

#

or, in the unitary gauge,
S=


1 Z 3
1
1
√
d x dt N γ − V 2 + 2 K V + Kij K ij − K 2 + (3) R .
16πG
6
2
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5.5.2

Cosmology

To test the behavior of the theory on cosmological scales, we assume a standard
homogeneous and isotropic Robertson-Walker metric
ds2 = −dt2 + a2 (t)δij dxi dxj ,

(5.5.12)

where a(t) is the scale factor, and γij = a2 (t)δij . Notice that we have assumed flat
spatial slices, but our conclusions are unchanged if we allow for curvature.
Replacing this ansatz in the field equations, the only non-trivial equations are provided by the khronon equation (5.5.4) and by the trace of the evolution equation
(5.5.6), which give the system
(2 + β + 3λ)(3H 2 + 2Ḣ) = −16πGρ ,

(5.5.13)

(2 + β + 3λ)(3H 2 + 2Ḣ) = −16πGp ,

(5.5.14)

with H = ȧ/a the Hubble rate, while ρ and p are the energy density and pressure of
the cosmic matter.
As can be seen, this system is completely different from the Friedmann-RobertsonWalker equations of GR. This is no surprise since the theory does not reduce to
GR for any values of the coupling constants. More worrisome is the fact that by
taking the difference of the two equations, one obtains that the cosmic matter must
necessarily have ρ = p (stiff fluid). In other words, the theory does not allow for the
usual radiation and matter eras, nor for an early- or late-time accelerated expansion
(even in the presence of a cosmological constant). As a curiosity, however, it is
worth mentioning that if we set ρ = p in equations (5.5.13)–(5.5.14) and solve for
H, we find H(t) = 2/[3(t + C)], with C an integration constant. For C = 0 this
reduces to the Hubble rate of the standard matter-dominated era, and is reminescent
of the appearance of Dark Matter as an integration constant in projectable Hořava
gravity [257].

5.6

Summary

In this work, we have shown that it is possible to construct a novel khronometric
theory with a dynamical lapse, which (via a degenerate Lagrangian) propagates only
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a graviton and a khronon. This theory is invariant under a special subgroup of the
FDiff symmetry, equation (5.4.11), which we have referred to as hyperbolic-foliationpreserving Diffs (HFDiffs). This new unbroken gauge group selects a specific kinetic
term for the lapse (although it does not fix its overall coefficient), and it avoids an
arbitrary dependence of the action on the lapse. HFDiffs are not sufficient by themselves to ensure stability of the degeneracy condition under radiative corrections, thus
potentially letting the ghost re-appear beyond tree level. However, an enlarged gauge
group lying between HFDiffs and four-dimensional diffeomorphisms may protect the
fine-tuning of the degeneracy condition.
Our construction has a two-fold interest for both phenomenology and theory. On
the phenomenological side, it is a remarkable example of a theory which, despite
being Lorentz breaking and not admitting a GR limit, does pass Earth-based, SolarSystem and gravitational-wave tests, at least for a suitable choice of its coupling
constants. Unfortunately, the theory fails to reproduce the standard FriedmannRobertson-Walker cosmology and can provide an (effective) matter-dominated era
only if the universe contains stiff matter alone (ρ = p).
However, while clearly the cosmology of the theory does not seem to work out of the
box, a couple possibilities are worth mentioning. First, equations (5.5.13)–(5.5.14)
assume a minimal coupling to matter. If matter is instead conformally coupled to
gravity, it may be possible to obtain a matter-dominated era and a late-time accelerated expansion, although it would still be impossible to accommodate a radiation
era and it might be tricky to pass Solar-System tests (at least in the absence of a
screening mechanism protecting local scales from the conformal coupling). Second,
and perhaps more importantly, since dark matter seems to arise naturally as an integration constant in our new theory, it may be worth trying to explain the observed
late-time acceleration of the universe in the context of non-standard cosmologies that
violate the homogeneity/isotropy assumptions of the Robertson-Walker ansatz (see
e.g. [258] for a review, and references therein).
On the theoretical side, if a custodial symmetry protecting the degeneracy condition
is identified, this theory may provide a version of Hořava gravity that does not require
the absence of time derivatives of the lapse to avoid ghosts, and hence may not present
the same technical hurdles [148,233] in proving perturbative renormalizability (beyond
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power counting) that one encounters in FDiff (i.e. non-degenerate) Hořava gravity (at
least in its general non-projectable form).
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Concluding Remarks
In the field of modified gravity, we challenge General Relativity by comparing it to
alternative theories of gravity. There are numerous possibilities to go beyond General
Relativity, two of which we considered in this work, e.g. adding a scalar degree of
freedom to the gravitational sector and breaking Lorentz invariance. In this concluding section, we summarize our most important results.
In Chapter 3 and 4, we studied a scalar-tensor theory with first-order derivative
self-interactions named k-essence. Interestingly, due to its non-linear kinetic terms,
the theory exhibits a screening mechanism (k-mouflage) that hides the scalar fluctuations on scales smaller than a certain screening radius. This allows the theory
to pass Solar-System tests, while still being able to deviate on cosmological scales.
After confirming previously known results in the weak-field regime, we investigated
whether the screening mechanism survives in the strong-field regime, e.g. for isolated
neutron stars. With a spherically symmetric ansatz, we found that these highly compact/relativistic k-mouflage stars indeed do exist, and that they are stable upon small
perturbations of their internal energy.
To simulate gravitational collapse induced by large perturbations of screened stars
in spherical symmetry, we needed to introduce a driver field in the evolution equations to render the scalar characteristic speeds finite (note that later we managed
to perform the simulations in a 3 + 1 code in spherical symmetry without including
a driver field). We were able to extract the monopole scalar radiation for theories
with a strong-coupling scale Λ as small as a few MeV, and concluded that for a cosmologically relevant Λ the monopole emission from stellar oscillations is expected to
be negligible. This is not true for gravitational collapse, where—as a result of the
star shedding away all of its scalar hair—the monopole signal could potentially be
observable with space-based detectors such as LISA.
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Then, we performed fully 3 + 1 relativistic simulations of binary neutron stars in
k-essence with Λ ∼ a few MeV. We did not have to include a driver field, as an appropriate gauge choice with non-zero shift prevented the characteristic speeds from
diverging. We found that in the late inspiral and merger of binary neutron stars
the (subdominant) dipole scalar emission is effectively screened, but the (dominant)
quadrupole scalar radiation is not. It would be interesting to check whether these
results remain true for Λ = ΛDE , as in this case k-essence would be constrained to be
as fine-tuned as Fierz-Jordan-Brans-Dicke (FJBD) theories with the same conformal
coupling α. With our current numerical precision it is not possible to consider such
small values of Λ, and thus a different strategy would have to be taken. Additionally,
it would be ideal to find a formulation of k-essence which at the same time exhibits
a screening mechanism, and is ultraviolet complete3 . No such description has been
found yet, but if it is exists, its dynamical behaviour and gravitational-wave signatures could be analysed by the techniques explained in these chapters.
In Chapter 5, we considered Lorentz-violating theories of gravity and constructed a
generalization of khronometric theory. This new theory is invariant under hyperbolicfoliation-preserving Diffs (HFDiffs), and avoids Ostrogradski instabilities as a result
of a suitable degeneracy condition (reminiscent of techniques applied in DHOST theories). However, to protect the fine-tuning of the degeneracy condition and ensure radiative stability, an enlarged gauge group lying between HFDiffs and four-dimensional
Diffs is necessary. If such a symmetry can be identified, it might be easier to prove
perturbative renormalizability for this novel khronometric theory than for FDiff (nonprojectable) Hořava gravity, which would be an exciting future prospective. Phenomenologically, the theory does not have a General Relativity limit, nor is it able to
produce a Friedmann-Robertson-Walker-like cosmology on large scales. It does, however, pass Earth-based, Solar-System and gravitational-wave tests for suitable choices
of its coupling constants.
In conclusion, this research work has touched upon several aspects of gravity beyond General Relativity, and has allowed us to test our current understanding of
gravitation. Now that we have the experimental tools to perform precision tests of
3

This would introduce a violation of one of the assumptions of the positivity bounds, e.g. locality
and Lorentz invariance, as described in [209].
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gravitational phenomena, it is more important than ever to ask ourselves whether
there could be an alternative to General Relativity. Many questions and challenges
still lie ahead, but the importance of this new era of precision gravitational-wave
astronomy can hardly be overstated.
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A
A.1

ADM Formalism

The ADM Decomposition

The ADM decomposition1 was introduced by Richard Arnowitt, Stanley Deser and
Charles Misner as a Hamiltonian formulation of General Relativity [259,260]. The decomposition foliates spacetime in three-dimensional spacelike hypersurfaces parametrized by a time function t (see Figure 23). We define na to be the unit normal vector
to the spatial hypersurfaces Σt . The spatial metric γab is then related to the spacetime
metric gab by
γab = gab + na nb .

(A.1.1)

Next, we define a vector ta on the spacetime manifold, which may interpreted as the
“flow of time” throughout the spacetime, and decompose it in a part normal and
a part tangential to the spatial hypersurfaces: ta = N na + N a . This gives us the
definition of the lapse function N and the shift vector N a
N = −gab ta nb ,

(A.1.2)
(A.1.3)

N a = γ ab tb .

With these definitions, we can write an expression for the spacetime metric in ADM
quantities that looks like
ds2 = −N 2 dt2 + γij (dxi + N i dt)(dxj + N j dt) ,

(A.1.4)

or


gµν
1



−N 2 + Ni N i Ni 
=
,
Ni
γij



g µν



−N −2
N −2 N i
 .
=  −2 i ij
N N γ − N −2 N i N j

Also referred to as the Cauchy or 3 + 1 decomposition.
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Figure 23: The ADM decomposition of spacetime in time-ordered spatial hypersurfaces Σ(t) = Σt . The ADM quantities are the lapse (N ), the shift (N a ), and
the timelike vector ta is given by ta = N na + N a .

The extrinsic geometry of Σt is characterized by the extrinsic curvature Kab . The
extrinsic curvature is defined as Kab = ∇a ξb , where ξb is a unit tangent to the congruence of timelike geodesics orthogonal to Σt . Since na is also a unit timelike vector
which is normal to Σt , its derivative along a direction tangential to Σt must agree
with ξb . We therefore have
1
Kab = γac ∇c nb = £n γab ,
2

(A.1.6)

which can also be written as
Kab =

1
(γ̇ab − Da Nb − Db Na ) ,
2N

(A.1.7)

with Di three-dimensional covariant derivatives compatible with the spatial metric.
The four-dimensional Ricci scalar is decomposed as (up to total derivatives)
(4)

R = Kab K ab − K 2 +

(3)

(A.1.8)

R,

where K is the trace of the extrinsic curvature, and (3) R the three-dimensional Ricci
√
√
scalar on the hypersurfaces Σt . With −g = N γ the Einstein-Hilbert action in
ADM quantities looks like
SEH =

Z

√ 
d4 xN γ Kab K ab − K 2 +
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From here, we can derive
∂t γij = 2N Kij + Di Nj + Dj Ni ,
∂t Kij = N

(3)

R + N KKij − 2N Kik K kj − Di Dj N

(A.1.10)
(A.1.11)

+ Kkj Di N k + Nik Dj N k + N k Dk Kij ,
and
H :=

(3)

R + K 2 − Kij K ij = 0 ,

Mi := Dj K j i − Di K = 0 ,

(A.1.12)
(A.1.13)

where the first two are evolution equations for Kij and γij , and the latter two are the
Hamiltonian and momentum constraint equations (in vacuum). Thus, Kij and γij
are the dynamical variables in this formalism, whereas N and Na are not (they just
tell you how to move the coordinates forward in time), and can be chosen freely.
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Parametrized
Post-Newtonian Expansion

B
B.1

PPN Formalism

We follow the discussion in [7] in this section. In the Post-Newtonian limit, almost
every theory of gravity predicts the same structure for the metric gµν . It can be
expanded around the Minkowski metric in terms of a set of scalar, vector and tensor
potentials built up from matter variables. These variables are the baryonic density
(ρ0 ), pressure (p), internal energy (ϵ), the coordinate velocity of matter (vi ), and the
coordinate velocity of the PPN coordinate system relative to the mean rest-frame of
the Universe (wi ). The corresponding metric potentials are then:
ρ(x′ , t)
,
|x − x′ |
Z
ρ(x′ , t)(x − x′ )i (x − x′ )j
Φij = −GN d3 x′
,
|x − x′ |3
!
Z
′
′′
′
x′ − x′′
x − x′′
3 ′ 3 ′′ ρ0 (x , t)ρ0 (x , t)(x − x )
−
,
ΦW = d x d x
|x − x′ |3
|x − x′′ | |x′ − x′′ |
Z
ρ0 (x′ , t)[v(x′ , t) · (x − x′ )]2
A = d 3 x′
,
|x − x′ |3
Z
ρ0 (x′ , t)[v(x′ , t)]2
Φ1 = GN d3 x′
,
|x − x′ |
Z
ρ0 (x′ , t)ϕN
Φ2 = −GN d3 x′
,
|x − x′ |
Z
ρ0 (x′ , t)ϵ(x′ , t)
Φ3 = GN d3 x′
,
|x − x′ |
ϕN = −GN

Z

d 3 x′
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p(x′ , t)
,
|x − x′ |
Z
′
′
3 ′ ρ0 (x , t)vi (x , t)
,
Vi = GN d x
|x − x′ |
Z
′
′
′
′
3 ′ ρ0 (x , t) [v(x , t) · (x − x )] (x − x )i
Wi = GN d x
.
|x − x′ |3
Φ4 = GN

Z

d3 x′

(B.1.8)
(B.1.9)
(B.1.10)

The potentials satisfy some relations that will useful in Section B.2:
∇2 Vi = −4πGN ρ0 vi ,

∇2 Φ1 = −4πGN ρ0 v 2 ,

∇2 Φ4 = −4πGN p ,

∂i V i = ∂t ϕN ,

∇2 Φ2 = 4πGN ρ0 ϕN ,

(B.1.11)

∂i V i = −∂i W i .

The metric depends on the potentials and a set of ten parameters, which have been
chosen in such a way that they indicate some physical property of the theory. The
metric looks like:
ϕN
ϕ2N
ΦW
Φ1
−
2β
− 2ξ 4 + (2γ + 2 + α3 + ζ1 − 2ξ) 4
2
4
c
c
c
c
Φ2
Φ3
+ 2(3γ − 2β + 1 + ζ2 + ξ) 4 + 2(1 + ζ3 ) 4
c
c
A
w2 ϕN
Φ4
+ 2(3γ + 3ζ4 − 2ξ) 4 − (ζ1 − 2ξ) 4 + (α1 − α2 − α3 ) 4
c
c
c
 
wi Vi
wi wj Φij
1
+ α2
+ (2α3 − α1 ) 4 + O 6 ,
(B.1.12)
c4
c
c
1
Vi 1
Wi
g0i = − (4γ + 3 + α1 − α2 + ζ1 − 2ξ) 3 − (1 + α2 − ζ1 + 2ξ) 3
2
c
2
c
 
wi ϕN
1
wj Φij
1
+ (α1 − 2α2 ) 3 + α2 3 + O 5 ,
(B.1.13)
2 !
c
c
c
 
ϕN
1
gij = 1 − 2γ 2 δij + O 4 .
(B.1.14)
c
c

g00 = −1 − 2

The Eddington–Robertson–Schiff parameters γ and β are used to describe the classical tests of General Relatively, and therefore probably the most important ones. They
can be physically interpreted as how much curvature is produced by a unit rest-mass
(γ), and how much non-linearity appears in the law of gravity (β). Preferred-location
effects are indicated by a nonzero value of the parameter ξ, whereas preferred-frame
effects are captured by nonzero values of the parameters α1 , α2 , and α3 . Lastly, violations of global conservation laws for the total momentum are measured by α3 , ζ1 ,
ζ2 , ζ3 , and ζ4 .
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Note that in this section the Post-Newtonian gauge has been adopted. More generally,
there will also be the potential
Z

d3 x′ ρ0 (x′ , t) |x − x′ | ,

(B.1.15)

∇2 X = −2ϕN ,

∂t ∂i X = Wi − Vi ,

(B.1.16)

X(x, t) = GN
which obeys the relations

that we use in the next section.

B.2

PPN in Degenerate Hořava Gravity

In order to calculate the PPN parameters, we follow [242] and consider a general
perturbed flat metric in Cartesian coordinates (x0 = ct, xi )
2
2
1
g00 = −1 − 2 ϕ − 4 ϕ(2) + O 6 ,
c
c
c
 
w i ∂i ω
1
g0i = 3 + 3 + O 5 ,
c
c
c




1
2
ζ
2
gij = 1 − 2 ψ δij + ∂i ∂j − δij ∇
c
3
c2
 
ζij
1
1
+ 2 ∂(i ζj) + 2 + O 4 ,
c
c
c




(B.2.1)

where under transformations of the spatial coordinates, ψ, ζ, ω, ϕ, ϕ(2) transform as
scalars, wi , ζi behave as transverse vectors (i.e. ∂i wi = ∂i ζ i = 0), and ζij is a transverse and traceless tensor (i.e. ∂i ζ ij = ζ ii = 0). Since we want to use this ansatz in the
field equations in the unitary gauge (equations (5.5.4)–(5.5.6)), we are not allowed to
perform a transformation of the time coordinate (which is fixed to coincide with the
khronon), but we can perform a gauge transformation of the spatial coordinates to
set ζ = ζi = 0 [242].
We supplement this ansatz with an expression for the energy-momentum tensor, which
we assume to be given by the perfect fluid form
!

T

µν

p
= ρ + 2 uµ uν + pg µν ,
c

(B.2.2)

where ρ is the matter energy density, p the pressure and uµ = dxµ /dτ the fourvelocity of the fluid elements (with τ the proper time). In the following, we introduce
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a parameter η0,1 in the action
"
!

β+2  2
1 Z 3
√
d x dt N γ −η0,1 λ +
V + 2K V
S=
16πG
3
i

+(1 − β)Kij K ij − (1 + λ)K 2 + α ai ai + (3) R ,

(B.2.3)

in order to distinguish between (non-degenerate) Hořava gravity (which corresponds
to η0,1 = 0) from its degenerate generalization (η0,1 = 1).
Expanding the evolution equation (5.5.6) to lowest order in 1/c, we find ζij = O(1/c2 )
from the off-diagonal part, while the trace gives
1
ψ =ϕ+O 2
c


From this we can write



(B.2.4)

.

δψ
1
ψ =ϕ+ 2 +O 4 ,
(B.2.5)
c
c
which we can substitute in the other equations. Using this expression and expanding
equation (5.5.4) to lowest order in 1/c, we obtain the modified Poisson equation




1
∇ ϕN = 4πGN ρ + O 2
c


2



(B.2.6)

,

where we define the rescaled gravitational constant GN = 2G/(2 − α). Notice that
GN is the gravitational constant measurable by a local experiment, while G is merely
the bare gravitational constant appearing in the action.
We can then expand the momentum constraint (5.5.5) to lowest order in 1/c to find
the 1PN equation for the “frame-dragging” potential wi :
β+λ
16πGρvi 2(3 + η0,1 )
∇ wi + 2
∂i ∇2 ω =
−
β−1
1−β
3
!

2

2 + β + 3λ
∂i ∂t ϕ .
β−1
!

(B.2.7)

This is the first place where one can see a modification with respect to (non-degenerate)
Hořava gravity.
One can then expand both the trace of the evolution equation (5.5.6) and the khronon
equation (5.5.4) to next-to-leading order in 1/c, obtaining respectively
α
∂i ϕ∂i ϕ
2


− 8ϕ∇2 ϕ + (2 + β + 3λ) ∂t ∇2 ω + (3 + η0,1 )∂t2 ϕ ,


2∇2 δψ = −24πGp−8πρv 2 − 7 +
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and


!

⃗ ϕ+ ϕ(2)  = 4πGρ + 1 8πGρv 2 + 12πGp + (2 − α)∇ϕ
⃗ · ∇ϕ
⃗
⃗ · 1− α ∇
∇
2
c2
c2
!





1
− (2 + β + 3λ) (3 + η0,1 )∂t ∇2 ω + (9 + 7η0,1 )∂t2 ϕ . (B.2.9)
6
We can then take the divergence of equation (B.2.7) and solve it for ω, obtaining


ω=

3α + 2η0,1 + (β + 3λ)(3 + η0,1 )
∂t X .
6(β + λ)

(B.2.10)

Replacing this solution again into equation (B.2.7), we obtain
2−α
wi =
(Vi + Wi ) .
(B.2.11)
β−1
This allows us to evaluate g0i as
 
1
w i ∂i ω
g0i = 3 + 3 + O 5
(B.2.12)
c
c
c
−η0,1 (2 + 3λ − β) + β(β + 3λ)(3 + η0,1 ) − 3α(1 + β + 2λ) + 3λ + 9β Wi
=
6(β − 1)(β + λ)
c3
η0,1 (2 + 3λ − β) − β(β + 3λ)(3 + η0,1 ) + 3α(1 − 3β − 2λ) + 21λ + 15β Vi
+
6(β − 1)(β + λ)
c3
 
1
+O 5 .
c
We can also solve equation (B.2.9) for ϕ(2)
ϕ(2) = ϕ2N − 2Φ1 − 2Φ2 − 3Φ4
+

(3α − 6β + η0,1 (α − 6β − 4λ))(2 + β + 3λ) 2
∂t X .
6(α − 2)(β + λ)

(B.2.13)

While the solutions that we found completely describe the metric at 1PN order, in
order to read off the PPN parameters one needs to transform the metric from the
unitary gauge that we used for the calculation to the standard PN gauge [7,164,242].
We do that, following again [242], by performing a gauge transformation t → t + δt,
where we choose δt ∝ ∂t X, with η0,1 appearing in the transformation. This finally
yields
ϕN
ϕ2
Φ1
Φ2
Φ4
1
g00 = −1 − 2 2 − 2 N
+4 4 +4 4 +6 4 +O 6 ,
4
c
c
c
c
c
c




 
1
1
Vi 1
Wi
g0i = − 7 + α1 − α2 3 −
1 + α2 3 + O 5 ,
2
c
2
c
c
!
 
ϕN
1
gij = 1 − 2 2 δij + O 4 ,
c
c
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(B.2.14)
(B.2.15)
(B.2.16)
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from which we can read off the parameters α1 and α2
4(α − 2β)
,
β−1
2(1 − α + 3β + 2λ)(2 + β + 3λ)
α2 = η0,1
3(α − 2)(β + λ)
(α − 2β)[−β(3 + β + 3λ) − λ + α(1 + β + 2λ)]
.
+
(α − 2)(β − 1)(β + λ)
α1 =
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(B.2.17)

(B.2.18)

Bibliography
[1] L. ter Haar, M. Bezares, M. Crisostomi, E. Barausse, and C. Palenzuela,
“Dynamics of Screening in Modified Gravity,” Phys. Rev. Lett. 126 no. 9,
(2021) 091102, arXiv:2009.03354 [gr-qc].
[2] M. Bezares, L. ter Haar, M. Crisostomi, E. Barausse, and C. Palenzuela,
“Kinetic screening in nonlinear stellar oscillations and gravitational collapse,”
Phys. Rev. D 104 no. 4, (2021) 044022, arXiv:2105.13992 [gr-qc].
[3] M. Bezares, R. Aguilera-Miret, L. ter Haar, M. Crisostomi, C. Palenzuela, and
E. Barausse, “No Evidence of Kinetic Screening in Simulations of Merging
Binary Neutron Stars beyond General Relativity,” Phys. Rev. Lett. 128 no. 9,
(2022) 091103, arXiv:2107.05648 [gr-qc].
[4] E. Barausse, M. Crisostomi, S. Liberati, and L. ter Haar, “Degenerate Hořava
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ultraviolet-complete Hořava gravity,” Phys. Rev. D 103 no. 10, (2021) 104007,
arXiv:2103.01975 [gr-qc].
[153] M. Bezares, M. Crisostomi, C. Palenzuela, and E. Barausse, “K-dynamics:
well-posed 1+1 evolutions in K-essence,” JCAP 2103 (2021) 072,
arXiv:2008.07546 [gr-qc].
[154] A. Lehebel, E. Babichev, and C. Charmousis, “A no-hair theorem for stars in
Horndeski theories,” JCAP 07 (2017) 037, arXiv:1706.04989 [gr-qc].
[155] E. Barausse and K. Yagi, “Gravitation-Wave Emission in Shift-Symmetric
Horndeski Theories,” Phys. Rev. Lett. 115 no. 21, (2015) 211105,
arXiv:1509.04539 [gr-qc].
[156] A.-C. Davis and S. Melville, “Scalar Fields Near Compact Objects:
Resummation versus UV Completion,” arXiv:2107.00010 [gr-qc].
[157] K. Aoki, S. Mukohyama, and R. Namba, “Positivity vs. Lorentz-violation: an
explicit example,” arXiv:2107.01755 [hep-th].
[158] P. Brax and P. Valageas, “Small-scale Nonlinear Dynamics of K-mouflage
Theories,” Phys. Rev. D90 no. 12, (2014) 123521, arXiv:1408.0969
[astro-ph.CO].
[159] E. Barausse, C. Palenzuela, M. Ponce, and L. Lehner, “Neutron-star mergers
in scalar-tensor theories of gravity,” Phys. Rev. D 87 (2013) 081506,
arXiv:1212.5053 [gr-qc].
[160] C. Palenzuela, E. Barausse, M. Ponce, and L. Lehner, “Dynamical
scalarization of neutron stars in scalar-tensor gravity theories,” Phys. Rev. D
89 no. 4, (2014) 044024, arXiv:1310.4481 [gr-qc].
149

Degenerate Hořava Gravity
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