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Abstract

Two surfaces inside a 4-manifold are called exotic if they are topologically isotopic but not
smoothly so. In this thesis, we provide examples of exotic surfaces in closed 4-manifolds with
various properties. These are smoothly embedded surfaces that are topologically isotopic
yet not smoothly so. For instance, we show that for any finitely presented group G, there
is a simply connected closed 4-manifold containing an infinite family of pairwise exotic
2-links whose 2-link group is G. Moreover, if GG satisfies the necessary topological conditions,
these 2-links have nullhomotopic components. We show that some of these 2-links are
pairwise Brunnianly exotic, that is, disregarding one component from each 2-link makes them
smoothly equivalent. Using these 2-links, we show that there are exotic surfaces inside closed
4-manifolds that remain exotic after a specific internal stabilization. This yields examples of
exotic nullhomologous tori whose fundamental groups of the complements can be chosen from
an infinite set of examples. In a related direction, a Theorem of Baykur and Sunukjian states
that two closed, oriented and simply connected 4-manifolds with the same Euler characteristic
and signature are related via a sequence of torus surgeries i.e. by performing consecutive
torus surgeries on one of them, we can obtain the other. We extend this result to closed,
oriented 4-manifolds with arbitrary fundamental groups. We also investigate the sphere
surgery analogue and show that the possible outcomes of sphere surgeries on a 4-manifold
can differ even between homeomorphic 4-manifolds. In particular, We exhibit an example of
two homeomorphic 4-manifolds such that a certain result of a sphere surgery on one of them
cannot be obtained by sphere surgeries on the other.
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Chapter 1

Introduction

1.1 Terminology

For the sake of clarity in the exposition of the results, we will begin by defining some of the
main objects and concepts under study.

In this thesis, all manifolds are smooth, oriented, connected and their submanifolds
properly embedded unless otherwise stated. The homology groups will always be considered
with integer coefficients.

Definition 1.1.1. Let X be a 4-manifold.

o A surface link is a smooth submanifold I' C X of dimension 2 with a trivial normal
bundle. A 2-link is a surface link diffeomorphic to S LU .S? U ... LI S2.

e A surface knot is a one component surface link. A 2-knot is a 2-link with one component.

e We say that a surface link I" in a 4-manifold is a (ki, k2) type link if it is composed of
k1 2-spheres and ks tori.

e A nullhomotopic 2-link is a 2-link whose components are nullhomotopic.

Definition 1.1.2. Let I'y and I'y be two 2-links in a 4-manifold X.

e We say that I'; and I'y are smoothly (resp. topologically) equivalent if there exists a
diffeomorphism (resp. homeomorphism) F': X — X satisfying F'(I';) = I'y. Moreover,
if F' is isotopic through diffeomorphisms (resp. homeomorphisms) to the identity, we
say that I'y and I'y are smoothly (resp. topologically) isotopic.

e We say that a pair of surface links I'; and I'y is exotic if its elements are topologically
isotopic but not smoothly so.

Definition 1.1.3. Let I be a surface link in a 4-manifold X. We call (X \ I') the
2-link group of I'. If T" is a surface knot, we call 71 (X \ I') the 2-knot group.

By the notation X; ~ X5 we mean that the manifold X; is diffeomorphic to X5. By the
notation G; = Gy we mean that the group G is isomorphic to Go



1.2 Motivation and main results

4-Dimensional differential topology is known to be exceptionally riddled with exotic phenom-
ena. These are manifestations of a stark contrast between the smooth and the topological
categories unique to the fourth dimension. Such peculiarity is due to dimension 4 being too
wild for the tameness of lower dimensions yet too narrow for higher dimensional flexibility.

This thesis deals with a specific aspect of 4-dimensional differential topology, that of
surfaces inside 4-manifolds. In some cases, this is also referred to as 2-knot theory. As is true
of many theories that can be seen as generalization or analogues of classical ones, a lot of the
research in this field is motivated by the 3-dimensional knot theory, that of embedded circles
in S3. Investigating which properties and phenomena are shared between the two theories is
often of high interest. One such property has played a significant motivational role in driving
this thesis and a lot of the interest in exotic surfaces in general. It is the fact that the knot
group or the homotopy type of the complement is an unknot detector.

For a knot K in S2, the knot group is the fundamental group of its exterior. In [Pap57],
Papakyriakopoulos showed that this invariant can detect whether K is a trivial knot or not.
Later on, results in [Lev65], [Sha68] and [Wal65] showed that this statement, when refined
appropriately, also holds for (n — 2)-spheres inside n-spheres for all n > 5. As is common in
differential topology, the case n = 4 remained open.

In the 1980s, with huge strides taken by Freedman and Quinn in understanding the
topology of 4-manifolds, the question was settled affirmatively for the topological case.

Theorem 1.2.1 (Theorem 11.7A [FQ90]). Let K be a 2-knot in S*. If w1 (K) = Z then K is
topologically isotopic to the unknot.

The smooth case of this problem remains open. Taking Freedman-Quinn’s Theorem into
consideration, we can restate the question as follows.

Question 1.2.2. Does there exist a 2-knot K C S* such that K and the unknot form an
exotic pair in S*?

In general, it is still unknown whether there are any exotic orientable surfaces inside S*.
However, lately, there has been considerable progress on finding exotic surfaces for different
settings and generalizations of this problem. Most of these endeavors can be categorized into
the following three currents.

e Finding non-orientable surfaces in S*. See for examples [FKVS8S|, [Fin09, Miy23|
MOR24]

e Finding exotic surfaces with boundary in B* and other 4-manifolds with boundary. See
for example [CPP25| (Gut24, (GHKP23|, [Hay21], Hay23|, [JMZ21], LM21]

e Finding exotic surfaces in bigger 4-manifolds, that is, manifolds with a bigger Eu-
ler characteristic. See for example [Akb15 [Auc23, [AKMRI5, BBMT25, Benl [FS97,
HKK™24, [Hay21, HKM23, [KR08al, KROS8b], Miy23|, [Tor25, [Tor24]

This thesis falls under the umbrella of the third direction. The first examples in this
setting were constructed by Fintushel and Stern in [FS97]. These were orientable exotic
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surfaces of positive genus inside closed and simply connected 4-manifolds. They have simply
connected complements and are homologically essential. Since then, there has been plenty of
interest in constructing such objects. In this thesis, we use “indirect” construction techniques
that first appeared in [Tor25] to provide a variety of exotic 2-knots in many 4-manifolds.
These constructions are particularly helpful in controlling the complements and invariants
that are obtained from them, most notably the 2-knot group and, by consequence, the
homological type of the surface.

Outline

Chapter [2| concerns the needed background. We will describe the main cut and paste
operations used in this thesis; they are loop, sphere and torus surgeries. Along the way, we
will exhibit a few properties of these operations that will be useful later on. Then, we will
discuss the main tool used to detect exotica in this work, Seiberg-Witten invariants. We will
recall the relevant exotica results from the literature.

In Chapter [3, before embarking on the exotic surfaces investigations, we take a small
detour to discuss torus surgeries and a trick that we will use extensively later on. We phrase it
in terms of round handles and we provide a non-simply connected version a result of Baykur
and Sunukjan in [BS13].

Theorem [3.2.8. Let X and X’ be two closed and oriented 4-manifold with the same Euler
characteristic and signature. Then X can be obtained from X’ using successive torus surgeries.

In Section [3.3] motivated by the above result we investigate the sphere surgery analogue
and we show that the results of sphere surgeries depend not only on the Euler characteristic
and signature but even on the diffeomorphism type.

Theorem [3.3.5] There is a pair of homeomorphic closed, oriented and simply connected
4-manifolds M; and M, such that

Surgo(My) # Surge(Ms)
where Surgy(M) = {X a 4-manifold | X is the result of sphere surgeries on M }.
In order to show this theorem, we show that the set
GM) ={G | G=m(M\v() for some 2-link I'}
is sensitive to the diffeomorphism type of the manifold.

Theorem There is a pair of homeomorphic closed, oriented and simply connected
4-manifolds M; and M, that have different possible 2-link groups, i.e.

G(My) # G(My).

In particular, M; and M, are exotic.



Our example might be implicitly invoking the genus function’s sensitivity to diffeomorphism
types. We show that, for the manifold Ms, the trivial group does not appear in G(M). It is
possible that there are no 2-sphere representatives in the appropriate homology classes to
start with. We wonder if there are examples that certainly do not exploit the genus function.
Therefore, we ask the following more refined questions

Question. [3.3.8|

e [s there an exotic pair of 4-manifolds M; and M, such that the 2-link groups of
nullhomotopic 2-links of M; are different than those of M5?

e [s there an exotic pair of 4-manifolds M; and M such that the 2-link groups of surface
links of M, are different than those of My?

Going back to exotic surfaces, we note that constructing homologically trivial surfaces is
part of our aim to mimic the unknotting conjecture’s setting (Question . Such examples
were first provided in [HS20] for tori and then in [Tor25] for 2-spheres. Section and
Section discuss some ideas behind the nullhomologous 2-spheres case.

In Chapter 4, we show that every finitely presented group is a 2-link group of infinitely
many pairwise exotic 2-links. We also show that whenever the fundamental group of the
complement allows it, the exotic surfaces we construct are nullhomologous. This is stated in
the theorem that will follow. Investigations of the 2-link groups of exotic surface links has
also appeared in [Auc23, BBMT25|, Hay21], Kim06, [AKMR15, [Tor25|, [Tor24]. We refer the
reader to Section for a more thorough discussion of the literature and what is previously
known about the 2-link groups of exotic surfaces. Before stating the result we recall the
following notions.

Definition 1.2.3. Let G be a finitely generated group. Its weight, w(G), is the minimal
cardinality of a subset of G whose normal closure is G. If GG is abelian and G is its torsion
subgroup then its rank, rank(G), is the weight of the quotient G/Gr (the torsion-free part).

We can now state the main theorem of Chapter [4

Theorem |4.3.3| For any finitely presented group G, there is a closed, oriented and simply
connected 4-manifold Mg and an infinite family

{Tx C Mg|k € N}

of w(G)-component pairwise exotic 2-links I' C Mg whose 2-link groups are isomorphic to G.
If, in addition,
w(G) = rank(H,(Q)) (1.2.1)

then each I'y is a nullhomotopic 2-link.

We note that Proposition [2.1.5| complements Theorem in that it shows that if
condition ([1.2.1]) is not satisfied by a group G, then there are no nullhomotopic 2-links with
2-link group G, regardless of the exotica considerations. In Remark [£.3.4] we point out that,
with a little tweaking, we can increase the number of components of I';, without changing the
2-link group. However, the new 2-links are never nullhomotopic.

In Section we will discuss the following property of exotic 2-links.
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Definition 1.2.4. An exotic pair of 2-links
=5 U---USgand I"=57U---US}

is Brunnianly exotic if the 2-links

'\ S; and I\ Sj
are smoothly equivalent for any i,5 =1,... k.

This definition provides a notion of "exotic” interlinking between the components of the
exotic 2-links. This rules out many uninteresting situations as seen in Example 4.4.2) This
property appeared in the paper [BBMT25] joint with Bais, Malech and Torres. Interest
in similar properties has also appeared in [AKMRI15, [HKK™24, Mal24]. In Section , we
retrace the same arguments of [BBMT25] to show the following Theorem.

Theorem [4.4.7, For G = F, the free group of g generators, let Mg be the 4-manifold
provided by Theorem containing an infinite family

{T'x € Mg|k € N} (1.2.2)

of nullhomotopic pairwise exotic 2-links. Then, the elements of the family (|1.2.2)) are pairwise
Brunnianly exotic.

Given a surface S inside a 4-manifold X, an external stabilization of S is the process of
connected-summing X with S? x S2. An internal stabilization of S is the process of tubing
S with itself inside of X, that is, removing two 2-discs from S and gluing an S x [0, 1]
piece instead. An interesting aspect of surface knots is that they can be unknotted by
the process of internal stabilizations [BS16, [HK79] and sometimes by external stabilizations
[AKM™19, Mal24]. An active area of research is motivated by investigating how many internal
stabilizations are necessary to make an exotic pair isotopic. For surfaces with boundary
in the 4-ball, it was shown that, sometimes, the required amount can be arbitrarily large
[Gut24, (GHKP23|, Hay23]. In [Auc23], Auckly shows that there are closed surface embeddings
that remain exotic after arbitrarily many internal stabilizations. In [HKM23|, the authors
provide examples of closed exotic surfaces in manifolds with boundary that remain exotic
after a single internal or external stabilization. However, it remains unknown if there is
an exotic pair of closed surface knots in a closed 4-manifold that requires more than one
stabilization.

In Chapter [5] using the results of Chapter [4 we produce 2-knots that are not stabilized by
certain inner stabilizations. Our methods do not work for all types of inner stabilizations so
it could be that these 2-knots can still be stabilized using one internal stabilization only. As
far as we know, these are the first examples of 2-knots that are resistant to some prescribed
internal stabilizations.

Theorem There exists a closed and oriented 4-manifold M such that M#(S* x S3)

contains an infinite family

{K; € M#(S" x S*)|i € N}

of pairwise exotic nullhomologous 2-knots that remain pairwise exotic after a specific internal
stabilization performed on each one.
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This implies that after performing the stabilizations we obtain an infinite family 7 of
nullhomologous pairwise exotic tori in M#(S! x S3), which in itself is interesting. We will
compute the 2-knot groups of these tori and show that they cover a large family of groups.

Theorem [5.3.2. Let G be a finitely presented group of weight 1 and let 4 € G be a normal
generator of G. Then the family 7 of pairwise exotic tori in M#(S! x S3) can be constructed

so that each T; has 2-knot group
Gx1Z

< [,LL, B] >N
where [ is a generator of the Z factor.

These results still hold for the multiple component case with minimal tweaks to the
arguments. In Section [5.4] we provide the multiple component analogues.

Theorem [5.4.5] For every non-negative integers k; and k, (not both zero), there exists a
closed and oriented 4-manifold M containing an infinite family

f/(kl,kQ) = {F,L C X’Z c N}

of pairwise exotic nullhomologous (ky, k2)-type links in M. Moreover, this family remains
exotic after k; prescribed inner stabilizations.

In particular, we also see that, for 2-links, it is possible to have them inside simply
connected manifolds.

Theorem [5.4.6|. For every positive integer k, there exists a closed, oriented and simply
connected 4-manifold M containing an infinite family

S(2k) :={T; C X|i € N}
of pairwise exotic (2k,0)-type links that remain exotic after k prescribed stabilizations.

We ask if this is also possible in the single component case.

Question. Is there a pair of exotic surface knots in a simply connected 4-manifold M
that remains exotic after a prescribed internal stabilization?

Theorem describe the 2-link groups of the surface links constructed in this section.
Theorem 5.4.9| shows that the Brunnian exoticae properties carry on to some of these surface
links.
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Chapter 2

Background and topological operations

2.1 Cut and paste constructions

In this section, we will describe the main topological operations used in this thesis and some
of their implications. We recall what we mean by gluing 4-manifolds. Let X; and X, be
two oriented 4-manifolds with oriented boundaries Y; and Y5 respectively. Suppose that
there exists an orientation-reversing diffeomorphism ¢ : Y7 — Y5. Gluing (or attaching) the
manifolds X; and X5 using ¢ corresponds to constructing the oriented quotient

X1 U Xo

X Uy Xy = L= 22
T~ ()

with x € Y7. It can be seen that Y; U, Y5 is smoothable by identifying not only the boundary
but also the points in a collar neighborhood of Y; and Y;. Notice that if ¢’ : Y] — Y5 is a
diffeomorphism isotopic to ¢ then X; U, Xy and X; U, X, are diffeomorphic. It will often
be the case that our 4-manifolds with boundary are complements of submanifold of closed
4-manifolds. If Z is a submanifold of X, we will denote its tubular neighborhood by v(Z).
By an abuse of notation, we will also denote the closure of the tubular neighborhood of Z
by v(Z); this should always be clear from the context. A framing of Z is a diffeomorphism
T : E(Z) — v(Z) where E(Z) is the total space of the normal bundle of Z in X with 7
sending the zero section of E(Z) to Z. In the 2-disc D?, we denote points by their complex
number identifications. For example, the point 0 is (0,0) and the points 1 and —1 are (1,0)
and (—1,0) respectively.

2.1.1 Sphere and loop surgeries

In this section, we describe sphere and loop surgery operations and some of their topological
effects. These operations can be traced back to [Mil61] and [Wal60]. We begin with the
following definitions.

Definition 2.1.1. Let X be a 4-manifold.

o Letpe X and L =1;Uly---UI, be a 1-link in X. We say that L is a generator 1-link
if (X, p) is normally generated by the family of homotopy classes {[l], [l5],- -, [[L]}

12



where I} = m~'l;m and m is a path from p to I; (up to conjugation, the homotopy class

[I]] is independent of m).

Since X is oriented, v(I;) ~ S* x D3 for each component [; of £. Therefore, it admits two
possible framings up to isotopy (since m(SO(3)) = Z,)).

e Surgery or loop surgery on X along a loop I C X equipped with a framing 7 is the
operation of attaching D* x S? to the manifold X \ v(I) to get a manifold X} i.e.

X5 = (X \v(l) U, (D* x 5%

where ¢ : (X \ v(I)) — O(D? x S?) is the gluing map determined by the framing i.e.
the map (7jg(s1xps))~'. Unless relevant, we will omit the subscript ¢ from X5

e The 2-sphere {0} x S? C D? x §? C X* is called the belt sphere of the surgery along .

o Let L=1UIl1...UlL, be al-link in X. Define surgery on X along L to be n surgeries
on X along the loops Iy, [, ...,l,,. The n belt 2-spheres of these surgeries are pairwise
disjoint. We call their union the belt 2-link of the surgery on X along L.

e Surgery or sphere surgery on X along a 2-sphere S C X of zero self-intersection
equipped with a framing 7 is the operation of attaching a D3 x S! to the manifold
X\ v(S) to get a manifold X, i.e.

X, = (X \v(9)u, (D* x 5"

where ¢ : (X \ v(I)) — O(D? x S') is the gluing map determined by the framing i.e.
the map (79(s52x D2))_1. Unless relevant, we will omit the subscript ¢ from X7,

o Let ' =5, U5 U...US, be a2-link in X. Define surgery on X along I to be n
surgeries on X along the 2-knots S, Ss, ..., S,

Notice that a loop surgery can be reversed by a sphere surgery and vice versa i.e., If X*
is the result of loop surgery on X along a loop [ then the result of a sphere surgery on X*
along the belt sphere {0} x S? is the manifold X:

(X*\v({0} x $?))U (5" x D) = (X \ v(l)) U (D* x $*)) \ v({0} x S?)) U (S" x D?)
= (X \v())U(S'x D%
= X.

The following summarizes the needed effect of surgery on the fundamental group.

Lemma 2.1.2. Let X be a 4-manifold and let L C X be a generator 1-link. Let X* be the
result of surgery along L (equipped with an arbitrary framing) and T its belt 2-link. Then X*
is simply connected and the 2-link group of T is m(X).
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Proof. Let p € X. Assume that £ is composed of loops Iy, l3, ..., [,,. Let p be a point in X \ L.
Define X;; to be the result of surgery on X; along the loop l;11, for 0 < i < n, with X, = X.
In particular, X,, = X™*. Before performing each loop surgery, we can isotope [; so that p lies
on Jv(l;), we choose the base point of the fundamental groups to always be p.

By applying the Seifert-van Kampen theorem and identifying m (X; \ v(l;4+1)) with m (X;),
we obtain that

T (X \ v(liy1)) * m(D?* x S%))  m (X))

([lisa]) v L)

12

71 (Xiv1)
It follows that "
R

To determine the 2-link group of I' notice that by definition of surgery,

7T1<X*) =

X\ v() =X \vL).
This implies that
m(XT\ (D)) = m(X \v(£)) = m(X).
m

We recall the following proposition. In Chapter [, we will obtain its exotic counterpart.

Proposition 2.1.3. For any finitely presented group G, there is a closed, oriented and simply
connected 4-manifold M* containing a 2-link T' whose 2-link group is G.

Proof. Dehn showed that every finitely presented group G is the fundamental group of some
closed 4-manifold M¢ (see [GS99, Theorem 1.2.33] for example). Let £ be a generator 1-link
in MY, let M* be the result of surgery on M% along £ and let I' € M* be the belt 2-link of
this surgery. By Lemma , the 2-link group of I' is 7 (M%) = G. O

The following lemma establishes the necessary and sufficient conditions for a 1-link surgery
to produce a nullhomotopic belt 2-link.

Lemma 2.1.4. Let £L = 1; Uiy U ... LI, be an n-component generator 1-link in a closed
4-manifold X . Let [l;] € H1(X) the homology class of l;. Then surgery on X along L yields a
nullhomotopic belt 2-link if and only if

<[l1]7 [l2]7 ey [ZHD = Hl(X) = 7",

Proof. Let X* be the result of surgery along £ and I' C X* the belt 2-link. There is a family

S of surfaces in (X \ £) = (X*\ I') which generates the intersection lattice (Hy(X), Qx). Let

L be the unimodular sublattice of (Hy(X™), Qx+) that S C X* generates; i.e., L = ((S), Qx).
Loop surgery increases the Euler characteristic by 2. Therefore, we get

First, assume that

(], [l2], oo, [In]) = 2" = Hi(X)

14



Since I' is away from S, it is enough to show that the elements of S span Hs(X™) to show
that the components of I' are nullhomologous. Their nullhomotopy, in the simply connected
manifold X*, will follow by Hurewicz theorem. In this case, equation implies that
ba(X*) = ba(X). Therefore, the unimodular sublattice L has the same rank as (Ha(X™*), Qx+).
We conclude that L = (H. ( ), Qx+); i.e., S generates Ho(X™).

For the inverse direction, assume that I' C X* is nullhomotopic. Let S* be a family of
surfaces in X* that generates the intersection lattice (Hy(X*),Qx+). Each surface in S*
intersects I' algebraically zero times since I' is nullhomologous. By tubing oppositely signed
geometric intersections (see for example [BKK™21, Subsection 15.2.1]), we can assume that
S*isin X*\I' = X \ £. The family S* generates a rank by(X*) unimodular sublattice of
(Ho(X),Qx). However, equation implies that by(X *) > bQ(X ). We conclude that
ba(X) = bo(X*). This implies that b, (X) = n by equation (2 . On the other hand, the
1-link £ is a generator 1-link, this means that H;(X) is generated by the n homology classes
(1], [l2], -y [ln]. Since Hi(X) is both of rank n and generated by n elements, it must be
isomorphic to Z™".

O

We use this lemma to show the following proposition.

Proposition 2.1.5. Forn € N, let I' be an n-component nullhomotopic 2-link in a closed,
oriented and simply connected 4-manifold X. Let G be its 2-link group, then

w(G) = rank(H,(G)) = n. (2.1.2)

Proof of Proposition |2.1.5 Notice that I' is the belt 2-link of surgery on a 4-manifold X with
m(X) = G along an n- Component I-link £ € X (X is the result of surgery along I' and L its
belt 1-link). Since, £ is an n-component generator 1-link, we also know that n > w(G). But
w(G) > rank(H,(G)). Applying Lemma [2.1.4] we get that rank(H;(G)) = n. Therefore,
w(G) = rank(H,(G)) = n. O

2.1.2 Torus surgery

In this section, we describe another useful cut and paste construction: torus surgery.

Definition 2.1.6. Let X be a closed 4-manifold and 7' C X a smoothly embedded torus
with zero self-intersection number. Let 7: S1 x S* x D? — v(T) C X be a framing for T

e Surgery on X along the framed torus 7' is the operation of gluing S* x S* x D? to the
complement X \ v(T) to obtain

X, =5 x St x D*U, (X \ v(T))

Where
@ :0(S' x S* x D*) — 9(X \ v(T))

is the gluing map.

e Once the torus surgery is performed, we call the torus S* x S* x {0} in ST x S x D? C Xg,
the core torus of the surgery.

15



e Let a, b and m be the homology classes in H;(S' x S' x 9D?) corresponding to
(ST x {pt} x {pt}], [{pt} x St x {pt}] and [{pt} x {pt} x OD?] respectively. If

[T o o({pt} x {pt} x OD*)] = pa+ qb+rm

we say that the torus surgery is of (p,q,r) type. If ged(p, q) = 1, we say that the torus
surgery is integral. This means that the class pa + ¢b can be represented by a simple
loop on St x St x {1}. If r = 0 we say that the surgery is a 0-torus surgery. We call
the loop ¢({pt} x {pt} x OD?) the torus surgery loop.

The following is a well-known fact (see, for example, [GS99]).

Lemma 2.1.7. The diffeomorphism class of the manifold XSO depends only on the framing of
the torus and the surgery type i.e. the triplet (p,q,).

For example, this implies that any (0,0, 1) type torus surgery is a trivial torus surgery.
We also point out that any integral torus surgery is a O-torus surgery in the following lemma:

Lemma 2.1.8. Let X be a 4-manifold and T C X a torus with zero self-intersection number.
Let T be a framing for T. Let X' be the result of an integral torus surgery on X along the
T-framed torus T'. Then, there exists a framing 7" of T C X such that X' is the result of a
0-torus surgery along the T'-framed torus T .

Proof. We have that

X'=(X\v(T) U, S"' x S' x D?
where ¢ : S x ST x 9D? — (X \ v(T)) is the gluing map. By Lemma[2.1.7, a torus surgery
is determined by the homotopy class of m := 771 o ({1} x {1} x 9D?) in S! x S* x D% In
our case, the surgery is integral; therefore, m = v + ku where k is an integer, 7 is the class
of a simple loop on S* x S x {1} and u is the class of the loop {1} x {1} x dD? We can
assume, without loss of generality, that (S* x {1} x {1}) = ~. Consider the map

r 1 St x St x D* — S' x S' x D?
(0, w,z) — (0, w, Ryo())

where Ry : D* — D? is the map that rotates the disc by angle 6.
It is enough to pick
' =T1ory

]

It is often important to know what the homology class of a surface in a 4-manifold is.
The following lemma addresses a useful case for core tori of surgeries.

Lemma 2.1.9. Let T be an embedded torus in a 4-manifold X, let X' be the result of torus
surgery on X along T and let T' be the core torus of this surgery. Suppose, moreover, that
b1(X) = by(X') then either T and T" are both nullhomologous or they are both homologically
essential.

16



Proof. First, for a surface ¥ in a closed 4-manifold M we have, by the Mayer-Vietoris
sequence, that

Hy (M \ v(%))

<m >

where m € H,(M \ v(X)) is the class of a meridian of ¥. Define h(X) to be the rank of the
subgroup < m > in Hy(M \ v(X)). It is either 0 or 1. In fact, if ¥ is homologically essential
in M then h(X) is zero. This is because since M is closed, a homologically essential surface
must algebraically intersect another surface >’ r times for some r € Z. By removing all the
intersection points from ¥’ we obtain a new surface (algebraically) bounding r copies of +m.
Therefore, [m] has finite order in H;(M \ (X)) and, hence, the subgroup < m > has rank 0.
The same arguments applies in the other direction. Thus

Hy (M) = (2.1.3)

h(z) = 0 if ¥ is homologically essential in M
)1 if ¥ is nullhomologous in M

By equation we have that
by(M \ v(X)) = by(M) + h(3)
In the case of the lemma, we have that
bi(X) +h(T)=b (X \v(T)) =b( X'\ v(T) = b0 (X)) + h(T) (2.1.4)

Which implies that h(T) = h(T"). O

2.2 Detecting exotica using SW invariants

In this section, we will briefly recall Fintushel and Stern’s knot surgery [FS98] and describe a
Seiberg-Witten invariant of embedded tori given in [HS20]. We refer the reader to [Fin06],
for example, for the necessary material on Seiberg-Witten theory. Generally speaking, the
Seiberg-Witten invariant of a closed 4-manifold X, can be seen as a map that sends the spin®
structures of X to the integers, this map be extended by 0 to a map on all the cohomology
classes of X. Since X is close, Poincaré duality allows us to see this map as a map on the
homology classes. We denote it by SWx : Ho(X) — Z. We call the elements of Hy(X) that
are mapped to non-zero integers the basic classes of X. We will adopt the convention of
encoding this map as an element of the group ring Z[H»(X)] by taking the formal sum

SWx = Z SWix (k)e.

keHz(X)
We recall the Morgan-Mrowka-Szabo gluing formula.

Theorem 2.2.1 ([MMS97]). Let X be a closed 4-manifold and let T C X be a smoothly
embedded torus equipped with a framing T : ST x St x D* — v(T). Let Xt be the result
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of a (p,q,r) torus surgery on X along T and let T, ,, be its core torus. Then

Z SWXT,p,q,’r' (kILQJ‘ + i[TIMLT]) =D Z SWXT,LO,O (k + Z[T]) (221)
€L €L
+q ) SWxypo, (koo + i[Tor0)) (2.2.2)
€L
+r Z SWXT,O,O,l (/{:0,0,1 + i[T0,0JD (2.2.3)
€L

Where kyq, € Hy(X7,,,) are elements that restrict to k in Hy(X \ v(T),0(X \ v(T)))

2.2.1 Fintushel-Stern knot surgery

In this subsection, we will describe Fintushel and Stern’s knot surgery [FS9§|. A procedure
that produces infinitely many pairwise distinct smooth structures on certain closed 4-manifolds.
These smooth structures are distinguished via their Seiberg-Witten invariants.

Start with a knot K C S and a 4-manifold X containing a torus 7" with self-intersection
number 0. Let 7: S* x S' x D? — v(T) be a framing for T and o : S* x D? — v(K) a
framing for K. Denote by E(K) the exterior of K. Define the map

@0:0(S'x B(K)) — 0(X \ v(T))
pr— Toso (idgt X o) (p)

where s is a self-diffeomorphism of S x S x St that sends (1, z2, 23) to (71,73, 23). Denote
the manifold obtained by gluing X \ v(T) and S* x E(K) using the map ¢ by Xg. In [FSOS],
Fintushel and Stern showed the following.

Theorem 2.2.2 ([FS98]). Suppose that M is a closed, oriented and simply connected 4-
manifold with by > 1. Suppose, moreover, that T is near-cusp embedded and that m (M \T) =
{1}, If SWis # 0 then there exists an infinite family IC of knots such that the elements of
the family

{Mg|K € $%}

are pairwise exotic i.e. homeomorphic but not diffeomorphic. Moreover,
SWhir, = SWir Ak (e,

For a definition of near-cusp embedded torus we refer the reader to [GS99, Section 3.1].
For our future purposes, this Theorem will be applied to elliptic surfaces (see [GS99, Chapter
3]) which contain near-cusp embedded tori.

2.2.2 A tori SW invariant

In this subsection we describe a Seiberg-Witten invariant of embedded tori given in [HS20)].
First, notice that if T}, is nullhomologous in Xz,  then, by the relative homology exact
sequence and excision, Hy(X7, ) injects in Ho(X \ v(T),0(X \ v(T))), see for example
[Fin06]. In order to define the invariant we first show the following lemma.
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Lemma 2.2.3. Let Z be the subset of Z* of triplets (p, q,r) for which [T, ,,] =0 € Ho(Xr, ).
Then the following subset Sx(T) of Hy (X \ v(T),0(X \ v(T))) is finite.

ST = U B(XTI)

Iez
where B(Xr,) C Ha(Xr,) C Ho(X \ v(T),0(X \ v(T))) is the set of basic classes of Xr,.

Proof. Let (p,q,r) € T and let k € Hy(X,,,) be a basic class of X, ;.. Abusing notation, we
will also denote its image in Ho(X \ v(T),0(X \ v(T))) by k. Since T, is nullhomologous
in X,,,, the LHS of the Morgan-Mrowka-Szabo Formula (Theorem has only one
term and, since k is a basic class, the RHS must contain a non-zero term which implies
that there is a basic class k for the manifold X100, Xo,1,0 or X1 that restricts to k in
Hy(X \ v(T),0(X \ v(T))). Therefore, if k € Hy(X \ v(T),0(X \ v(T))) is the image of a
basic class of a manifold X7, for I € Z, then k is also the restriction of a basic class of X g,
Xo.1,0 or Xoo1 on Ho(X \ v(T),0(X \ v(T))). Since there are finitely many basic classes of
the manifolds X 90, Xo1,0 and Xoo1 [Wit94, Section 3], the set Sx(7') is finite.

0

Notice that the set Sr depends only on the manifold X and the torus 7. It is therefore
an invariant of the embedded torus. In [HS20], Hoffman and Sunukjian defined the following
invariant.

Definition 2.2.4 ([HS20]). Let T be a torus in a closed and oriented 4-manifold X. Define
the invariant B(T") to be the maximum among all divisibilities of differences of elements in

SX (T) l.e.

B(T):= max {deZ|d|(a—0b)}

a,beSx (T)
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Chapter 3

Splitting torus surgery

In this chapter, we will describe a useful trick and see some of its implications. This trick will
be used multiple times throughout this thesis and, therefore, an extensive description of it is
justified. It has already appeared in multiple papers and is known to experts. A special case
appears in [Gom91, Lemma 3] and is attributed to Moishezon [Moi77]. The trick appears
also in [BS13] and in [BTZ24] for example. Its indirect usage in Chapter [4]is analogous to
the one in [Gom91], [Tor25], [Tor24] and [BBMT25] and is referred to as the Moishezon trick
Moi'77).

3.1 Round handles

In this section, we give a description of round handles, introduced by Asimov [Asi75] and
studied in [BS13] for example. We refer the reader to [Kos93], for example, for the necessary
background on standard handle decompositions.

Definition 3.1.1. Let W be a n-dimensional manifold with boundary. A round k-handle
attachment to W is the operation of gluing R* := S' x D* x D" %=1 to W using a gluing
map

¢: St x ODF x DR 5 oW

Denote by W + R* the resulting manifold and by W + h¥ the result of attaching a standard
k-handle to W.

Notice that the boundary of a round k-handle R is
OR" = (S* x ODF x D" *"Y) U (S' x DF x D™ *~1)

Put A := (S' x dD* x D"*1) and B := (S' x D¥ x D" *=1). The effect of the round
handle attachment on the boundary is the following

O(W + RFy = (0W \ ¢(A))U B (3.1.1)

If n =5 and k = 2, we recover [BS13, Lemma 2].
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Proposition 3.1.2 ([BS13|). Let W be a 5-dimensional manifold with boundary X. Let W’
be the result of attaching a round 2-handle to W and let X' be its boundary. Then X' is
obtained from X by performing a 0-torus surgery.

Proof. By B.1.1 we have

X'=(X\¢(A)UB.
In this case, both A and B are diffeomorphic to S' x S' x D?. Therefore, X’ is obtained from
X by a torus surgery. Moreover the meridian in B is glued to ¢({1} x dD? x {1}) which
makes the surgery amounts to a 0-torus surgery on X along the torus ¢(S' x 9D? x {0}) C X
with framing ¢. O]

Remark 3.1.3. Notice that, conversely, any 0-torus surgery on X can be performed by
attaching a round 2-handle on W.

3.1.1 The torus surgery split

Alternatively, an n-dimensional round k-handle attachment can be performed in two steps
using standard handles: First, a k-handle and then a (k+1)-handle, i.e. W+RF = W+hF4hkH
This can be seen by splitting the round k-handle itself into two pieces By and B; using the
S1 handle decomposition:

S'x DFx D" F =1, x D x D""*U I, x D* x D"* = B, U B, (3.1.2)

where I; and I are two copies of the interval [0, 1]. Bj is attached to the manifold along
O(D*) x I} x D"* and By is attached to By along d(Iy x D*) x D"7*.

AR NN RN RN
N\ AN\
§§ §§ DN\
NN\ N\ N\
N N ~ U
NN\ N ~
RN N
ARRRRR RN RRRRRNNNY
S' x D' x D! I x D' x D! I, x D' x D!

Figure 3.1: A 3-dimensional round 1-handle splitting

By reconsidering the 4-dimensional case, we obtain the torus surgery trick.

Corollary 3.1.4. Let X be a 4-manifold and T C X a torus with zero self-intersection
number. Performing an integral torus surgery on X along T is equivalent to performing a
loop surgery and then a sphere surgery.

Proof. By lemma [2.1.8] performing an integral torus surgery on X is equivalent to performing
a O-torus surgery which, by proposition and remark [3.1.3] can be seen as a round
2-handle attachment to X x [0, 1]. Since round 2-handles split into a 2-handle and a 3-handle
attachment. The effect on X is loop surgery followed by a sphere surgery. Figure [3.2
demonstrate the local handlebody diagram of the operation. O
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0-torus surgery

AN AN

1oop surgery :> m; surgery

Figure 3.2: Handlebody diagram of a torus surgery split

We note that, often, the 2-sphere on which the surgery is performed is only found inside
the result of the loop surgery on X.

The Moishezon trick Given the above setting, we can reverse the sphere surgery to obtain
a new expression of the first loop surgery, see Figure This trick is due to Moishezon

[Moi77, Lemma 13], it is explained in [Gom91, Lemma 3] (see also [BBMT25, Section 3.1] or

0 0 0
loop surgery
0-torus sur gery :> %op;urgery

Figure 3.3: The Moishezon trick

We also state the fundamental lemma of round handles due to Asimov in [Asi75]. This is
useful to turn some handle attachments into round handle attachments.

Lemma 3.1.5 ([Asi75]). Let W be an n-dimensional manifold with boundary and let W' be
the result of attaching a (k + 1)-handle and then a k-handle. Then W' can also be obtained
by attaching a round k-handle to W .

Moreover, once the torus surgery is split as in Corollary [3.1.4], we are also interested in
determining which loop and 2-sphere have the surgery performed along. For this purpose,
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notice that the loop surgery is performed along the attaching circle of the the 2-handle
I, x D? x D? described in the equation . The framed neighborhood of this attaching
loop is the image of dD? x I; x D? and the loop is the image of 9D? x {0} x {0}. This is
the same surgery loop prescribing the 0-torus surgery type. As for the sphere surgery, It
is performed along the attaching 2-sphere of the 3-handle I, x D? x D? described in the
equation which is d(I; x D?) x {0}. This 2-sphere can also be seen as the union of

two pieces
I(I x D*) x {0} = (9(L) x D* x {0}) U (I, x 9(D?) x {0})

The first piece, ({p1, p2} X D? x {0}), is simply two parallel copies of a normal disc to the belt
2-sphere (a core disc) of the loop surgery. The second piece, (I x d(D?) x {0}) is mapped
to the cylinder T'\ v(). Therefore, the surgery 2-sphere is the cylinder T'\ v() capped with
two copies of the normal disc D? x {0} C D? x S2.

TcM S?c M*

D?* x {pty, pts}

Figure 3.4: The sphere is the capped cylinder

3.2 Results of torus surgeries

This sections investigates which 4-manifolds can be obtained using torus surgeries. This
question has been settled for simply connected 4-manifolds by Baykur and Sunukjian in
[BS13]. We will follow closely their arguments. However, we will use Lemma which
will generalize the result of [BS13] to closed 4-manifolds with arbitrary fundamental group
instead of simply connected ones. The paper of Baykur and Sunukjian answers the following
question of Stern.

Question 3.2.1 (Stern [Ste06]). Are any two arbitrary closed, oriented and simply connected
4-manifolds X and X' in the same homeomorphism class related via a sequence of torus
surgeries?

Theorem 3.2.2 (Baykur-Sunukjian [BS13]). Any two arbitrary closed, oriented and simply
connected J-manifolds X and X' in the same homeomorphism class are related via a sequence
of torus surgeries

Remark 3.2.3. We note that, even if X and X’ are in the same homeomorphism class, it is
possible to leave that class when performing the torus surgeries.
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In fact, Baykur and Sunukjian answer a more general version of Question and they
provide a simpler proof for Stern’s question using the following lemma whose proof can
be found in their paper [BS13, Proposition 13]. We note that their proof works even after
dropping the simple-connectedness condition. It is enough to replace Wall’s theorem [Wal64b]
by a result of Gompf [Gom84] as done below.

Lemma 3.2.4. S? x S?#S' x S3 is the result of one torus surgery on S*.

Proof of Theorem[3.2.4. Since X and X’ are homeomorphic, Gompf’s result [Gom84] implies
that there exists a nonnegative integer k such that

X#k(S? x §%) = X'#k(S* x S?).
Therefore,
X#k(S? x S?4#ST x §%) = X'#E(S? x S*#S' x S%).
But, by Lemma|[3.2.4] X #k(S?x S2#S* x S3) is the result of k torus surgeries on X #kS* = X.
Thus, X’ is the result of two sets of consecutive torus surgeries on X. O]

We state the following handle trading trick.

Lemma 3.2.5. Let W be a 5-dimensional manifold with boundary X. Let W' be the result
of attaching a 1-handle to W and let X' = OW’'. There exists a manifold W" obtained by
attaching a 3-handle to W such that OW" = X'.

Proof. Notice that, since all manifolds are assumed to be oriented and connected, if W’ =
W +h! then OW’' = OW#S* x S3. This effect on the boundary can be replicated by attaching
a 3-handle along an unknotted 2-sphere in OW i.e.

O(W + hY) = AW 4o(D° + hY)) = OWHS" x §% = d(Wo(D® + h¥)) = (W + )
where the 3-handle is attached along an unknotted S? C 9D>. O

We upgrade this lemma to a round handle trade in the following.

Lemma 3.2.6. Let W be a 5-dimensional manifold with boundary X. Let W' be the result
of attaching a round 1-handle to W and let X' = OW'. There exists a manifold W" obtained
by attaching a round 2-handle to W such that OW" = X'.

Proof. We have that X' = 9(WW + R'). Given a manifold Z, attaching handles to Z x I yields
a cobordism between Z and a new manifold that we denote by 07 ((Z x I) + >_ h)). Using
this new notation we can express X’ as 97 ((X x I) + h! + h?). Using the previous lemma,
we get that

X' =0 (X x I)+ h' +h?)
(X#(S" x %) x I) + 1?)
(X xI)+h*+h?
(W + h* + h?)

+
+

0
0
0

By Lemma [3.1.5] - 2y
X' =0W+R
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Remark 3.2.7. We note that by performing the above round handle trade the boundary
does not change but the 5-dimensional manifold does.

We apply this lemma to prove [BS13, Theorem 9] for 4-manifolds with arbitrary funda-
mental group following their same steps.

Theorem 3.2.8. Let X and X' be two closed 4-manifold with the same Euler characteristic
and signature. Then there exists a cobordism between them with round 2-handles only.

The following proof is almost the same proof found in [BS13| but, using the more general
Lemma [3.2.6, we are able to extend it to 4-manifolds with arbitrary fundamental groups.

Proof. Since X and X’ have the same signature, they are cobordant (see [GS99, Theorem
9.1.4] for example). Let W be a cobordism between X and X’. Since, X and X' are
connected we can assume W has no 0-handles or 5-handles (see [Kos93| for example). We
can, furthermore, trade 1-handles for 3-handles and 4-handles for 2-handles using Lemma
We get that W has a handle decomposition of the form

a b
W=XxI+Y hl+) i
i=1 j=1

We know that attaching a 2-handle has the effect of increasing the Euler characteristic of the
boundary by 2 and attaching a 3-handle has the opposite effect. So, since x(X) = x(X'), we
have a = b. The next step is to add a 1-handles to W and then a 2-handles cancelling them.

We get:
W=XxIT+Y i+ h+) hi+) n
i=1 i=1 i=1 i=1

We can assume the 1-handles are attached before the 3-handles to obtain

W=X ><I+(ih§+ih})+(ihf+ih?).
i=1 =1 =1 =1

By Asimov’s Lemma |3.1.5]

a

W=XxT+Y (hf+h})+> (hi+h?)

=1 =1
=X x 1+§:R}+§:Rf.
=1 =1

Using Lemma to trade the round 1-handles for round 2-handles, we get a new cobordism
W made only of round 2-handles

W =X x 1+§:(R§)’+§:Rf.
i=1 =1
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Theorem combines with Proposition to show that every two 4-manifolds X and
X’ with the same Euler characteristic and signature are related by a series of torus surgeries.
It does not guarantee that the torus surgeries happen simultaneously, i.e. on a link of tori in
X. Therefore, it is natural to wonder when these surgeries are simultaneous. In this context,
Theorem A.2 in [Iwa90] seems to be a valuable addition.

Theorem 3.2.9 ([[wa90]). Every closed 4-manifold is obtained from a connected sum of CP?,
CP? and (S x S®) by surgery along a link of tori.

3.3 Results of sphere surgeries

In this section we will pursue a natural extension of the previous one. We will investigate
which are the possible results of surgery on a 4-manifold along 2-links. For this sake we define
the following.

Definition 3.3.1. Let X be a closed and oriented 4-manifold. Denote by Surge(X) the set
of all 4-manifolds obtainable as results of sphere surgery along a 2-link in X, i.e.

Surge(X) := {Z a 4-manifold | Z is the result of sphere surgeries on X}.

Denote by Surg,(X) the set of all 4-manifolds obtainable as results of consecutive torus
surgeries on X, i.e.

Surg,(X) := {Z a 4-manifold | Z is the result of consecutive torus surgeries on X }.

In the case of torus surgeries, the operation preserves the Euler characteristic and the
signature (Novikov additivity). Moreover, Theorem tells us that, for a closed and
oriented 4-manifold X, the results depend only on those two invariants. In the words of
Definition [3.3.1} it tells us the following

Surg;(X) = {Z a closed and oriented 4-manifold | x(Z) = x(X) and o(Z) = o(X)}

We can ask if the same is true for sphere surgeries.

Question 3.3.2. Let X; and X5 be two closed and oriented 4-manifolds with the same euler
characteristic and signature. Is it true that Surgy(X;) = Surgy(Xz)?

In this section, we show that the answer is negative in general. In particular, we will
show that the results of sphere surgeries can vary even between manifolds in the same
homeomorphism type. An example is exhibited by exploring the possible 2-link groups in a
4-manifold, which we show to be sensitive to the diffeomorphism type.

Definition 3.3.3. Let X be a closed and oriented 4-manifold. Denote by G(X) the set of all
possible 2-link groups in X, i.e.

G(X) := {G a finitely presented group | G = (X \ v(I")) for some 2-link I'}
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Theorem 3.3.4. There is a pair of homeomorphic closed, oriented and simply connected
4-manifolds My and My that have different possible 2-link groups, i.e.

G(My) # G(Ms).
In particular, My and My are exotic.

The main aim of Theorem is not to produce exotic manifolds (in this case, M; and
M, are already known to be exotic) but to show that G can be sensitive to diffeomorphism
types. This is helpful in giving the following negative answer to Question as follows.

Theorem 3.3.5. Let My and My be two closed, oriented and simply connected 4-manifolds.
Suppose that G(My) # G(Ms). Then

Surgo(My) # Surgo(Ma).

Proof. We know, by Lemma [2.1.2] that surgery on a simply connected 4-manifold M along a
2-link I' yields a manifold M whose fundamental group is w1 (M \ v(I")). Therefore,

G(M) ={m(X) | X € Surgo(M)}.

We conclude that, since G(M;) # G(Ms), the sets Surgo(M;) and Surgy(Ms) are not
equal. O

To prove Theorem [3.3.4], we first provide the following Lemma.

Lemma 3.3.6. Let X be a closed, oriented and simply connected 4-manifold. Suppose that
X contains a 2-link T' such that m (X \ v(I')) = {1}. Then, X smoothly splits as a connected

sum X'#B for B either S? x S? or CP?*4CP?.

Proof. First, notice that if S is a component of I" then 71 (X \ v(.5)) is also trivial. Therefore,
any meridian of S bounds an immersed disk in X \ v(S). By capping this disk we get an
immersed 2-sphere S" in X \ v(S5) that is geometrically dual to S. We will describe how to
make S’ embedded by tubing it with parallel copies of S, see Figure Let F: §? — X
be an immersion whose image is S” and let F : E(S') — X be an immersion of its normal
bundle. Suppose that py € S? is the point in which S’ intersects S, i.e. F(py) = SN S
Suppose that p; and p, are two points in S? such that F(p;) = F(py). Let o : [0,1] — S? be
a path in S? from p; to pg. The restriction of F(S’) on F(a) is diffeomorphic to a x D?. Since
S has zero self-intersection number, we can choose a disjoint 2-sphere S parallel to it. This
2-sphere is also geometrically dual to S”. We remove a small 2-disk from S near its intersection
with S’ to get S; and we remove another small 2-disk from S? near p, to get S? and, after a
small appropriate isotopy of F', we construct the surface S := F(S?)U EF(a x 9D?)US,. This
surface is a connected sum of two 2-sphere so it is a 2-sphere. This way we have produced
a 2-sphere S; geometrically dual to S that intersects itself less than S’ does. We repeat
the operation until we obtain a smoothly embedded 2-sphere S,, geometrically dual to S.
Therefore, v(S U S,) is diffeomorphic to a punctured S? x S? or a punctured CP*#CP?
depending on the self intersection number of S,,. We conclude that X splits off as a connected
sum X'#B for B either S? x S? or CP*#CP?.
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Figure 3.5: A lower dimensional sketch illustrating how to reduce self intersections by tubing

Alternatively, this lemma can be shown by performing a sphere surgery along S. The
result is a simply connected 4-manifold X’. By reversing the surgery, we know that X is
the result of loop surgery on X’. However, since X’ is simply connected, [GS99, Proposition
5.2.3] implies that X must be diffeomorphic to X'#B for B either S? x S? or CP?#CP?.

O

Proof of Theorem[3.3.f To show this theorem, we can pick from many known examples
of exotic 4-manifolds. For instance, in [AP10], the authors construct an infinite family of
irreducible pairwise exotic 4-manifolds homeomorphic to (C]P’Q#QW. Let M; be the manifold
(CIPQ#ZW and M, an element of this family. We know that CPQ#QW contains the blown
up once 2-sphere CP'#CP' which has zero self-intersection since

[CP'#CP']? = [CP']? + 2[CP'].[CP!] + [CP']? = 0.

When CP?#2CP? is seen as S? x S?#CIP?, this 2-sphere is S? x {pt} in the S? x S? piece.
It has a simply connected complement. Therefore, the trivial group {1} is an element of
G(CP?#2CP?). On the other hand, if M, contains a 2-link I" with trivial 2-link group then,
by Lemma , the manifold M, splits as a connected sum X'#52% x S? or X'#5%2x 5?2
which is not possible since it is an irreducible 4-manifold. Thus, the trivial group is not in
G(Ms;) and, hence, G(M;) # G(Ms).

O

We would like to note that the flexibility and far reach of torus surgeries on a fixed
manifold is not only due to the variety of possible framings and parametrisations of a single
torus but, instead, it is mainly due to the possibility of performing multiple torus surgeries and
somehow keeping control on the topology (preserving the Euler characteristic and signature
and having more freedom on the fundamental group effects). On the other hand, each extra
component in a 2-link pumps down the Euler characteristic of the surgery result. One way to

compensate for this is by connected-summing with CP*#CP?. Taking this into consideration
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we get the following 2-sphere analogue to Iwase’s Theorem [Iwa90] for simply connected
4-manifolds.

Theorem 3.3.7. Fvery closed, oriented and simply connected 4-manifold X is obtained from
a connected sum of CP? and CP? by surgery along a 2-link.

Proof. There exist integers a and b such that aCP?#bCP* has the same Euler characteristic
and signature as X. Therefore, by Theorem , the manifold aCP?#bCP? is related to X
by a sequence of k torus surgeries. Lemma [3.1.4] implies that each of these torus surgeries
splits as a loop surgery followed by a sphere surgery. It is possible to rearrange these surgeries
so that all the ones along loops happen before the ones along 2-spheres. After performing the
first sphere surgery, we can push the next surgery sphere away from the new belt loop S* x {0}
and so on for the next surgeries. Thus, we can also assume that the sphere surgeries happen
simultaneously i.e., the whole operation is a surgery on a 2-link. The result of k loop surgeries
on aCP*#bCP? is the manifold (a + k)CP?*#(b + k)CP? (unless a = b = 0, in which case,
we add an extra pair of cancelling torus surgeries to ensure that we get (k + 2)(CP*#CP?)
instead of (k +2)S% x S?). Therefore, X is obtained from a connected sum of CP* and CP?
by surgery along a 2-link. [

We end this section by noting that the negative answer to question provided here
is essentially using the fact that, in a simply connected 4-manifold, the trivial group can
only be the 2-knot group of a homologically primitive 2-knot and that many homology
classes of 4-manifolds cannot be represented by 2-spheres. So this example could be due to a
failure of representing the appropriate homology class with a 2-sphere and not to a failure in
"knotting” a 2-sphere. Therefore, we wonder to which extent 2-knot groups are sensitive to
the diffeomorphism type and whether they can tell apart exotic 4-manifolds without implicitly
invoking obstructions on a homology class’s representations. We ask the following questions.

Question 3.3.8. e [s there an exotic pair of 4-manifolds My and My such that the 2-link
groups of nullhomotopic 2-links of My are different than those of My?

e [s there an exotic pair of 4-manifolds My and My such that the 2-link groups of surface
links of My are different than those of My?
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Chapter 4

Exotic 2-spheres

The first examples of exotic closed and orientable surfaces have been constructed in [FS97],
since then, there has been plenty of interest in constructing such objects, see for example
[Akb15, [Auc23l [AKMRIS, [AKM™19, BBMT25, Ben, HKK™24, [HKM23|, [JMZ21], [KR08al,
KRO8bl, Miy23| [Tor25l, [Tor24]. We remark that there is a rich and active interest in the
non-closed setting, that is, of exotic surfaces with boundary inside 4-manifolds with boundary,
with examples even in B* see [Hay21], IMZ21] for example. We also note that there has been
constructions of closed exotic surfaces in CP* (shown in [Fin01], [Kim06] or [Hay21]) and
S% x 52 (shown in [KRO8D]). However, in what will follow, we will be focusing on the closed
setting, that is the existence of closed exotic surfaces in bigger closed ambient 4-manifolds
without focusing on minimizing the size of the ambient 4-manifold. Instead, we will be
focusing on varying the 2-link groups of these surfaces and investigating their homological
type.

In this section, we will first discuss a general method of constructing exotic 2-spheres
starting from exotic 4-manifolds and briefly look through some of its known applications. In
subsection [4.3] we will review what is known about the 2-link groups of exotic 2-links and we
will state our main result in [Ben] and in the subsection to follow we will describe a family of
4-manifolds and show that its elements satisfy the hypothesis required for Proposition [£.1.1]

4.1 The surgery method

In this section we state and prove Proposition [4.1.1] It summarizes the argument used in this
chapter to obtain exotic 2-links starting from exotic 4-manifolds. This argument appeared,
with some tweaks, in [Tor25] then in [Tor24], [BBMT25| and in [Ben].

Proposition 4.1.1. Let X and X5 be an exotic pair of 4-manifolds. Let f : Xo — X,
be a homeomorphism. Let L; C X; be an n-component 1-link equipped with a framing
70 ] S' x D3 — X;. Suppose that

1. The image f(Ls) is equal to L1 and the framing f o 15 is the same as 1.
2. There exists an oriented simply connected indefinite 4-manifold X such that the result

of surgery on X; along L; is diffeomorphic to X#S5? x S? fori =1,2.
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Then X contains a pair of exotic n-component 2-links.

Proof. Performing surgery on X; along £; yields the manifold
X = (X; \v(L)) Uy (UD? x S?)

Where the gluing map ¢ is prescribed by the framing 7;. Notice that since the restricted
homeomorphism

f : XQ \ I/(ﬁg) — X1 \ V(ﬁl)
preserves the restriction of the framing of £; on the boundary, it extends to a homeomorphism

of pairs

f : (X;7F2) — (Xfarl)

where I'; is the belt 2-link of the surgery along £; in X. On the other hand, we know that
there exists a diffeomorphism
v: X5 — X{

By the hypothesis, X} can be identified with the manifold X#S5? x S%. Therefore,
Fow ™t (X#5% x 5%, p(I)) — (X#5% x 5%,T1)

is a homeomorphism of pairs. Since, X has indefinite intersection form, [Wal64al, Theorem 2]
implies the existence of a self-diffeomorphism

W X#5% x 8% — X#5? x §?
such that the induced map on the second homology group
(fop tou), : Hy(X#52 x S%) — Hy(X#52 x §?)

is the identity map. Thus, results of Quinn [Qui86] and Perron [Per86] allow us to conclude
that the map

hi=fop oy (X#5* x S% " op(Ty)) — (X#5? x S%,T)

is topologically isotopic to the identity. We conclude that T'y and ¢! o p(T'y) are topologically
isotopic. For brevity, denote 1" o p(I'y) by Ts.

It remains to show that I'; and I's are not smoothly isotopic. In fact, we will show that
they are not even smoothly equivalent. Assume for the sake of contradiction that there exists
a diffeomorphism of pairs

¢ (X#S? x S2.Ty) — (X#52 x S2.T)
This implies the existence of the following diffeomorphism of pairs
poptop: (X5, Ty) — (X#S5% x S%.T).

Since 2-spheres in 4-manifolds admit a unique framing (up to isotopy), the result of surgery on
X3 along the 2-link T'y is diffeomorphic to the result of the analogous surgery on X#5?% x §?
along I'y. However, the surgery results are Xy and X; which are not diffeomorphic. Hence, it
is impossible for T'; to be smoothly equivalent to L. O
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Remark 4.1.2. We remark that, if X; and X, have fundamental group Z, the 1-links £,
and £, are generator 1-links and have 1-component each and by(X) > (X)) + 6. Then, we
can drop the S? x S? factor in Condition [2|i.e., the condition becomes

e There exists an oriented simply connected indefinite 4-manifold X such that the result
of surgery on X; along £; is diffeomorphic to X for i =1, 2.

This possible because, in the proof of Proposition m, ¢©(I'y) and I'; can be seen to be
topologically isotopic using [Sunl5, Theorem 7.2] and, therefore, bypassing the need for
[Wal64al, Theorem 2] and the S? x S? factor.

For example, this proposition can be directly applied in the case where X; and X, are
exotic simply connected closed manifold yielding the following known example.

Example 4.1.3. Let M; and M, be an exotic pair of closed, oriented and simply connected
4-manifolds. By Wall’s stabilization theorem [Wal64b|, there exists an integer n such that
surgery along two n-component 1-link in M; and M,, respectively, yields the same smooth
manifold M. Since all (non-spin framed) n-component 1-links are isotopic in a simply
connected 4-manifold (see, for example, [GS99, Example 4.1.3]), the hypotheses of Proposition
are satisfied. Therefore, M contains an exotic pair of 2-links.

4.2 Nulhomologous exotic 2-knots

Since the exotic 2-links of Example 4.1.3| are belt 2-links of surgery along a nullhomotopic
1-link, their components are homologically primitive. Coincidentally, this is also the case of
the early examples of exotic surfaces.Therefore, with the goal of mimicking the unknotting
conjecture setting in mind, a natural question arises.

Question 4.2.1. Are there exotic orientable surface links in any 4-manifold that have
nullhomologous components?

The answer is affirmative. In [HS20], the authors provide the first examples of exotic
nullhomologous tori in 4-manifolds and, in [Tor25|, the author constructs the first examples
of exotic nullhomologous 2-knots in 4-manifolds.

In [RR17], the authors point out how an exotic pair of nullhomologous 2-knot can follow
from the results in [F'S94]. We give a sketch of this example now. Let 77 and T3 be two
near-cusp embedded tori in K3. Perform a self-fiber-sum on K3. This can be roughly
described as removing tubular neighborhoods of 77 and 75 and identifying the two pieces of
the boundary. Call the resulting 4-manifold M. Using [HT97, Corollary 3|, one can show
that M is homeomorphic to K3#52% x S2#S! x S3. Using Donaldson invariants, Fintushel
and Stern showed the following.

Theorem 4.2.2 ([FS94]). M is not diffeomorphic to K3#S5? x S?#(S* x S3).
Moreover, [RR17] point out the following fact.

Proposition 4.2.3. The manifold M does not smoothly split as a connected sum X#S' x S3.
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We sketch a proof of it pointed out to us by Torres.

Proof. The tori T7 and T3 are lagrangian and their homology classes are linearly independent.
By Lemma 1.6 in |[Gom95|, the symplectic structure can be modified to make 77 and T,
symplectic submanifolds of equal area. Therefore, the manifold M admits a symplectic
structure [Gom91]. Moreover, since M is homeomorphic to K3#S5? x S2#(S1 x §3), it is
spin which implies that it is minimal. By [HKO0G6, Corollary 1.4], M is irreducible. ]

Let M* be the result of surgery on M along a loop whose homotopy class generates 1 (M).
Let S C M* be the belt 2-sphere of this surgery and U C M* be the unknot. Then we have
the following result.

Corollary 4.2.4 ([FS94, RR17]). The 2-knots S and U in M* are an exotic pair of nullho-
motopic 2-knots.

Proof. First, we check that M and M*#S' x S* satisfy the hypotheses of Proposition [4.1.1]
where Condition [2] is altered as in Remark [£.1.2] Consider a loop [ in M generating the
fundamental group, and the loop S x {pt} in M*#S' x S3. Let

f:M — M*#S'x S3

be a homeomorphism. Since 7 (M) & m(K#5?% x S?#S! x S3) ~ Z, the loop [ is mapped
to a generator of the fundamental group i.e. a loop isotopic to S* x {pt} (up to reversing the
orientation) see [GS99, Example 4.1.3]. Pick the framing of S' x {pt} such that Condition
is satisfied. For Condition , the manifold M* is also the result of surgery on M*#(S! x S3)
along S' x {pt}. And since M is homeomorphic to K3#5? x S?#S' x S3, the manifold M*
satisfies by(M*) > o(M*) + 6 (see, for example, [GS99, Chapter 3] for the signature and by of
K3). Therefore, by Proposition , the manifold M* contains an exotic pair of 2-knots.
Looking at the proof of Proposition and Remark [4.1.2] we see that the exotic pair of
2-knots is S and the belt 2-sphere of the surgery along S* x S® which is the unknot U. Since
they are topologically isotopic and U is nullhomotopic, so is S. ]

In [Tor25], an infinite family of pairwise exotic 4-manifolds is constructed using torus
surgeries and differentiated by their Seiberg-Witten invariants. Condition [2| of Proposition
is shown using the Moishezon trick and exotic manifolds stabilization results. In
particular, the author obtains the following result.

Theorem 4.2.5 ([Tor25]). Let X be a closed symplectic 4-manifold that contains a torus
T, which is either symplectic or homologically essential and Lagrangian. Suppose that the
normal bundle of T is trivial, and that both X and X \ v(T') are simply connected. There is
an infinite set {S; : i € Z} of pairwise exotic nullhomotopic 2-knots with in X#S5% x S? that
are topologically isotopic to the unknot.

4.3 Exotic 2-links with prescribed 2-link group
In this section, we will present the main results obtained in [Ben|. For some context, we note

that Corollary and Theorem provide a positive answer to the following relaxing of
Question [1.2.2]
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Question 4.3.1. Is there a 4-manifold M containing a 2-knot S such that S and the unknot
in M are an exotic pair?

Notice that, by [FQ90, Theorem 11.7.A] and [Sunlb], in many simply connected 4-
manifolds, this is equivalent to asking whether there exists exotic pairs of 2-knots with 2-knot
group Z. Since this is positively settled, it is natural to ask about the analogous generalization
for other 2-knot groups.

Question 4.3.2. Let G be a finitely presented group. Is there a simply connected 4-manifold
M containing a pair of exotic 2-links S, and Sy with 2-link group G ¢

In the same spirit of mimicking the S* setting, we are also interested in such 2-links being
nullhomologous. This is not always possible for not every finitely presented group can arise
as nullhomotopic 2-link group in a closed, oriented and simply connected 4-manifold. In
the Proposition [2.1.5] we have stated a necessary condition which, as we will see later, is
also sufficient. In fact an analogous necessary condition for a finitely presented group to be
the 2-knot group of a homologically essential surface knot is stated in [KR08a|] as Condition
(K4). Special cases of Question have been answered before. In the following table we
summarize what is already known.

Reference Groups Surfaces Homology Ambient
4-manifolds
[Fin01], Z, for p >3 | Surface knots of Essential CP*
[Kim06], genus > 1
[KROSD)]
[KRO8a] “Good” groups | Surface knots of Essential depends on G,
satisfying (Ky) genus > 1 the smallest is
S% x 52
[Hay21] A non “good” | Surface knots of Essential CP*
group genus > 1
[Tor25] Z 2-Knots Trivial e.g.,
2CP2#ACP
[Tor24] Zy, for p > 0, m 2-Knots Trivial for Z, for example,
of many QHS* Essential 2@[@2#4@2 for
otherwise Zy
[BBMT25] Free groups F, 2-Links Trivial for example,
or surface K34#nS? x S?
groups 7 (2,) for F,, and
1 (Zn /2)
[Auc23] All groups Surface knots Essential stabilized
satisfying (K) manifolds
depending on GG

Our main contribution in [Ben] is providing a positive answer to Question for any
finitely presented group and its analogue about nullhomologous 2-links in the the following

result.
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Theorem 4.3.3. [Ben/ For any finitely presented group G, there is a closed, oriented and
simply connected 4-manifold Mg and an infinite family

{T'). C Mg|k € N}

of w(G)-component pairwise exotic 2-links I' C Mg whose 2-link groups are isomorphic to G.
If, in addition,
w(G) = rank(H,(Q))

then each 'y is a nullhomotopic 2-link.

We do not aim to address minimizing the topology of the ambient 4-manifold. In particular,
the construction involves a building block from [Gom95, Theorem 4.1]. As noted in [BK07,
Example 2], such manifolds can have large Euler characteristic, and thus, so do the ambient
manifolds Mg of our construction in addition to being dependent on the group G.

Remark 4.3.4. For arbitrary G, by considering the manifold Mg#rS? x S? instead of Mg
and the 2-link T' L r(S? x {pt}) instead of T, we can increase the number of components of
the 2-link in Theorem to w(G) 4 r without changing the 2-link group G. However, these
new 2-links are not nullhomotopic.

Remark 4.3.5. We note that the constructed 2-links have trivial normal bundles. In the
case of non-trivial normal bundles, it is not always known which groups can arise as 2-knot
groups even if we drop the exoticness conclusion, cf. [KM93, Corollary 5.8] and [HR24]. We
also mention that our ambient manifolds are of the form Z#5S? x S? where Z is a closed,
oriented and simply connected 4-manifold. As a consquence, they have trivial Seiberg-Witten

invariants [GS99, Theorem 2.4.6].
Having stated Theorem [£.3.3], a natural question follows:
Question 4.3.6. Is there a 4-manifold M with
{m(M\v(K))|K C M a 2-knot} = {m (M \ v(K))|K C M an exotic 2-knot}?

Our construction does not produce such 4-manifold since there are 2-knot groups with
arbitrarily large ranks. This affects the Euler characteristic of the ambient manifolds.

Remark 4.3.7. Dave Auckly pointed to us that this question is partially answered by a
theorem of his [Auc23, Theorem 1.5]: for any smooth 4-manifold X there exists an integer
n € N such that any homologically essential 2-knot K in X#n(S? x S?) is an element of an
infinite family of pairwise exotic 2-knots. This is an affirmative answer for Question
when considering 2-knot groups of homologically essential 2-knots. Such groups are described
in [KRO8a, Section 3.

4.3.1 Exotic 4-manifolds with prescribed fundamental group

In order to show Theorem we will work towards applying Proposition [£.1.1] For that,
we need an infinite family of pairwise exotic 4-manifolds satisfying the needed conditions.
It turns out that almost suitable manifolds were constructed in [Par(7], we will tweak that
construction to fit our purposes. First we describe a manifold constructed by Gompf in

[Gom95l, Section 4].
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A symplectic manifold

In [Gom95, Theorem 4.1], the author constructs a closed symplectic 4-manifold Z¢ with
fundamental group G for any finitely presented group G. In this section we give a brief
description of that construction. Let G be a finitely presented group with the following
presentation

G = (a1, ag, ..., 0wy, wa, ..., wy). (4.3.1)

Consider the manifold 7% x ¥, where T? is the torus and X, is a genus g + s closed
surface for a certain suitable s (see [Gom95|] for more details). Its fundamental group has the
following presentation

g+s
ﬂ-l(T2 X 29+s) = <ZZ’> b <y> S <Oél,517062,52, -‘-7ag+saﬁg+s| H[ahﬁlb
i=1

where z and y are represented by the loops X x {p} and Y x {p} on T? x {p} and «; and j3; are
represented by the loops (here, the loops are extended by a path to the base point) {¢} x a;
and {q} x b on {¢} x Egsfori=1,...,9,p € (Zgss \ (U;(a; Ub;))) and g € (T?\ (X UY)),
as in Figure . The goal is to perform cut and paste operations on T? x 3, in order to
obtain a symplectic manifold with fundamental group G.

Figure 4.1: ¥ .4 and T2

We know that the K3 surface contains two disjoint Lagrangian tori 7" and 7" with
m(K3\v(TUT)) = {1}

(see, for example, [GS99, Section 3.1]). The two tori are independent in homology. Therefore,
[Gom95, Lemma 1.6] implies that, after a perturbation of the symplectic form, both tori are
symplectic. We would like to perform some topological operations on 72 x 3, s whose effect
on the fundamental group would be a quotient by a subgroup H such that

U1 (T2 X EngS)

7 =G,

We would also like for the resulting manifold to be symplectic, as this will prove useful for
distinguishing smooth structures later on. It turns out that symplectic sums are the right
operations for this purpose. Roughly, these operations are particular fiber sums between
symplectic 4-manifolds along symplectic codimension 2 submanifolds. We refer the reader to
[Gom95] for a precise definition. We symplectically sum multiple copies of the elliptic surface
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K3 along T to T? x ¥, each copy along tori X x Y, X x b, fori=1,...,9+ s, X x a; for
17=g+1,...,9+sand X x W, for [ =1, ..., where W, are loops representing the words w;
written with the elements {ay, ag, ...,a,} C 7 (T? x X,45). Denote the resulting manifold by
Z6. Using the Seifert-van Kampen theorem, we get that

T <T2 X Eg+5)

<xay7517 "'7ﬁg+s7ag+17 "'7ag+87w17 "'7w7“>N

= G.

7T1(ZG) =

Remark 4.3.8. Notice that any copy of K3 contains a copy of 7" disjoint from T". Therefore,
Z% contains a copy of T".

We point out that the manifold A depends not only on the group G but also on its
presentation even if this choice is omitted from the notation. However, in the rest of the
thesis we will use a specific type of presentation of G: Start with a presentation of G as in
equation [1.3.1] Let m := w(G) and suppose that {1, ..., z,,} is a normally generating set for
G. Notice that

-1 -1
G = (a1, Qg, .oy Qg Qg1 ey Qg [ W1 ooy Wy, T Qg1 ey Ty Qg (4.3.2)

This presentation has the nicer property that it makes G normally generated by m of its
generators:

-1 -1
G o, 00y e Qg | W1 W, T Qg1 e, T Qgm)

(Qgt1s ooy Qgm) N (Qgt1s ooy Qgm) N
o (o, aglwy, . wy)

- (X1, ooy TN

~ (1},

When using the presentation [4.3.2] the construction procedure described in the paragraphs
above will yield a manifold that we denote by Z%. We note that, in this case, we are starting
the construction from the building block T2 x ;4,45 instead of 7% x ¥, 5. We point out a
lemma which will be useful in computing fundamental groups after a O-torus surgery.

Lemma 4.3.9. Let T; := X x a; C ZY be tori equipped with their Lagrangian framing,
fori=g+1,..,g +m. Denote the (based) loop {q} x a; C Z \ 1/< fi;}rl Ti> by A; for
1t=g+1,....g+m. We have that

m (20\v (UELT))

(ZYR v P
Proof. Since we are using the group presentation . We know that
T (Z9) ~ G

([Ags1l; s [Agrm]) v B (Qgt1y s Qgpm) N

By the Seifert-van Kampen theorem, we also know that

(0 ()
m(Z9) = (ttgs1); oo [Hgrm]) N

~ (1}.
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where p; is the (based) meridian of the framed torus 7;. The two formulas imply that

N 7T1(ZG)
{1} = ([Agi1]s o [Agsm)) v
N m (ZG\V( ;‘.7:;11 Tz))

B <[Ag+1]7 ) [Ag+m]7 [:ug+1]> ) [:U’g+m]>N'

Therefore, to prove the lemma, it is enough to show that

] =1em (ZG\V< f;“;ilﬂ)),fori:g—l—l,...,g—irm

Figure 4.2: The meridian on the dual torus

If b} is a parallel loop to b; in gy then the torus T ;=Y x b, C Z% is geometrically
dual to T; and disjoint from 7j for i # j € {g + 1,...,g + m}. This implies that in the

complement Z¢ \ v ( fiﬂl Tz> the loop p; is homotopic to a (based) loop representing a

commutator of the form [Y*' b/*!] (a small loop on the punctured dual torus, see Figure .
However, [Y* 0] = [ey*'c™!, dBF'd~"] with ¢ and d potentially arising due to the basing
of the loops in the fundamental group and y and S; the loops discussed at the beginning of
this section. But the symplectic sums of T2 x ¥,4,,4s and the copies of K3 that were used
to create Z¢ make y and f; trivial as seen in the construction of Z¢; therefore,

] = [ec™ dd "] =1

Which concludes the proof of the lemma.

Exotic manifolds

In this part, for any finitely presented group G, we will use J. Park’s construction in [Par(7]
to provide an infinite family

{ M|k € N}
of closed pairwise exotic 4-manifolds whose fundamental group is G. To construct it, we use
his proposition below paired with the building block in the section above. We restate [Par(7,
Proposition 2.2].
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Proposition 4.3.10 ([Par07]). Suppose Z is a symplectic 4-manifold which contains a
symplectic torus T lying in a cusp neighborhood. Then, for each integer m > 2, there is a
family of symplectic 4-manifolds

{Z#1E(m)k|K is a fibered knot in S}
which are mutually non-diffeomorphic but all homeomorphic. Furthermore,
7T1<Z#TE<m>K) = 7T1(Z).

The family in Proposition [4.3.10]is constructed, first, by considering the elliptic surface
E(m) for m > 2 (see [GS99] for a definition). The manifold F(m) contains two smoothly
embedded tori T; and %5 such that

1 (E(m) \ v(T; UT)) = {1},

Along T; one performs Fintushel-Stern knot surgeries [FS98] using a certain infinite
family of fibered knots K to obtain an infinite family {E(m)g|K € K} of simply connected
4-manifolds that are pairwise homeomorphic but non-diffeomorphic. We remark that the
knots in K are required to be fibered to produce symplectic results. They are also required
to have pairwise distinct Alexander polynomials, see [Par(Q7] for more details. Next, one
fiber sums E(m)g and the manifold Z along tori Ty, C E(m)x and T' C Z. This yields the
manifold

Mg = Z#rE(m)x.

The 4-manifold Z¢ is symplectic and contains the symplectic near-cusp embedded torus
T’; therefore, we can apply Proposition for Z = Z% with m = 3 to obtain an infinite
family of closed pairwise exotic manifolds. We replace the knot index K by the positive
integer index k and we denote this family by

{ M|k € N} (4.3.3)

In the next proposition we mention a couple of useful observations that follow from the
proof of Proposition 4.3.10 found in [Par(7].

Proposition 4.3.11 ([Par07]). The manifolds in the family (4.3.3)) satisfy the following

1. the inclusion i : Z9\ v(T") — ME induces a surjective map

iy : m (Z9\ V(T")) — 7 (MF).

2. for any integer k, there exists a homeomorphism fy - ME — ME that restricts to the
identity on Z%\ v(T").

Remark 4.3.12. We can assume that ¥, is a fiber of E(m). Therefore, it is geometrically
dual to a 2-sphere S of self-intersection number m which is disjoint from Ty C E(m). Hence,
ZC%4t-E(m) contains the 2-sphere S. If m is odd then Z¢#4E(m) is non-spin and, therefore,
so is Z9#rE(m)k. Since m = 3 for the family (4.3.3), its elements are non-spin.

39



4.3.2 Proof of the main theorem

In this part, we will prove Theorem m Recall that a knot K in S% admits a standard
O-framing in which the pushoff of K does not link with K. Denote by Yy the result of Dehn
surgery on S® along K equipped with the O-framing. We start with the following fact.

Lemma 4.3.13. Let m C (5% \ v(K)) C Y be a meridian of K equipped with the standard
O-framing. Perform two loop surgeries on S' x Y along the framed loops {p} x m and
St x {p'} to obtain a manifold B, where p € S* and p' € Yi. Then B is diffeomorphic to

either S? x S? or CP24CP?.

Proof. Using the Moishezon trick (See Section and Figure ), we will break down the
surgery along m to two steps. The first step is a O-torus surgery and the second is a loop
surgery, Figure depicts the local handlebody diagram of the procedure.

The O-torus surgery is performed along the torus S* x m equipped with the 0-framing of
m in (S?\v(K)) C Yg. On the other hand, since Yk is the result of a O-framed Dehn surgery
on S3, S! x Y is the result of a O-torus surgery on S* x S3 along the torus S' x K equipped
with the O-framing of K in S3. Therefore, performing another 0-torus surgery on S* x Y
along the framed torus S! x m is equivalent to trivially reversing the earlier torus surgery
done along S' x K C S' x S3. Hence, by the Moishezon trick, the result of loop surgery on
S1 x Y along m, which we denote by N, is diffeomorphic to the result of a certain loop
surgery on S! x S3. However, to obtain B, we still need to perform a loop surgery on N along
St x {p'}. When this loop surgery is performed on S' x S3, instead, it yields S*. Thus, the
result of the two loop surgeries on S x Yx along {p} x m and S x {p'} is the same as the

result of a loop surgery on S* i.e. either S? x S? or CP?#CP?. This argument is summarised
in the following diagram where the blue path is the one we are using to determine B.

loop surgery on {p}xm loop surgery on S'x{p'}

St x Yy > N s B
A /{
~
torus surgery on S'xm ﬁp surgery loop surgery
—~
S x 58 g

loop surgery on S'x{p'}

]

Now, in order to prove Theorem [4.3.3] we recall some of the previous settings. Let G be
a finitely presented group with weight m, a normally generating family {x1,zs, ..., z,,} and
presentation
<y, Qg, ..., 0w, Wa, .oy Wy >

We assign a new presentation for G:
~ —1 -1
G = (a1, Qg, ooy Qg Qg1 ey Qg [ W1 ooy Wy, T Qg1 ey Ty Qg

Using this presentation, we construct Z%, as done in [Gom95], by performing multiple fiber
sums between T2 x X, 115 and copies of K3, see Subsection for the relevant notation.
Let

£ = ({a} % ags1) U ({g) X ags2) U U ({0} X i)
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be a generator 1-link in Z¢ where {q} x a; is a loop representing o; € 7(Z%) as in Figure
; by item (1| of Proposition its inclusion in M, denoted Ly, is also a generator
I-link in MS. Surgery along L, yields a simply connected manifold M; and a belt 2-link
I’y C M} whose 2-link group is G (by Lemma [2.1.2)).

The next step of the proof is to show that this surgery stabilizes the family . This
argument is similar to the one used in [BBMT25].

Lemma 4.3.14. The diffeomorphism type of the manifold M} is independent of k; i.e., for
all k € N, there exists a diffeomorphism ¢y, : My — M

Proof. To show this proposition, we will first see that M is of the form (E(3)y#m(S? x
S2))#72 2% and then we will use known stabilization results to show that (E(3)s#m(S? x
S2))#12ZC is diffeomorphic to (E(3)#m(S? x S?))#=Z%. Let X' be a parallel of X in 7
containing ¢. Since each component of the 1-link £ lies on a torus T; = X' X a;, we will break
down the loop surgery using the Moishezon trick into two steps (See Section and Figure

3.3).

In the first step, 0-torus surgery is performed on the framed torus T; for i = g+1, ..., g+m.
Call the resulting manifold M. By the Seifert-van Kampen theorem and Lemma
have:

_m (M,?\v( ?iﬁlﬂ»
m (Mg) = ([a], ... [GlgDN

< ()k#T2< <

(fai], - [

m (29w (U2, 1))

~ by the Seifert-van Kampen theorem

(lah], .-, [al])w
= {1} by Lemma |4.3.9

9, we

by the Seifert-van Kampen theorem

Fon )

||2

In the second step of the Moishezon trick splitting, the manifold M} is obtained as the result
of surgery on M{ along an m-component 1-link £*. However, since M is simply connected

and non-spin, the result of surgery along the nullhomotopic 1-link is MZ#m(S?* x S?). We
have

M}~ ME#m(S? x S?) ~ (E(3)x#tm(S? x §2)) #q2 26

where ZC is the result of O-torus surgery on Z¢ along the tori 7} fori = g+ 1,...,g + m. On
the other hand, E(3)y, is obtained as a fiber sum between E(3) and S! x Y, along the tori
T, C E(3) and S! x m. Cobordism arguments in [Man79], in particular, the lemma stated in
[GomO91l Lemma 4] (cf. [Akb02], [Auc03] and [Bay18] for similar stabilization results) shows
that there is a diffeomorphism

h: ((E@)r#m(S* x 5%)) \ v(T2)) — ((EG)#Y'#(m —1)(S* x 5%)) \ v(T2))

where Y’ is the result of two loop surgeries on S' x Yx along {p} x m and S* x {p'}. Since
E(3) contains an embedded 2-sphere with odd self-intersection number (Remark (4.3.12)), we
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can alter the surgery framing on {p} x m to match the one described in Lemma this
is done by dragging a small segment of the loop around the 2-sphere and bringing it back to
its initial position with a different framing (cf. [GS99, Proposition 5.2.4]). So, by Lemma
4.3.13 Y’ is either S? x S? or CP*#CP? and since E(3) and F(3); are non-spin (Remark
4.3.12} we can assume that E(3)#Y” is diffeomorphic to F(3)#(S? x S?). Moreover, [Gom91,
Lemma 4] states that h restricts to the identity on the boundary dv(%s). This implies that
the smooth equivalence extends after the gluing to yield

M; ~ (E@)#m(S? x S%)) #7226 ~ (E@R)1#m(S® x S%)) #7226 ~ M}
Denote by ¢ the diffeomorphism M} — M. This concludes the proof. O]

The second step of the proof is to address the exoticness of the belt 2-links. This will be
done by applying Proposition |4.1.1

Proposition 4.3.15. Recall that Ty, C M} is the belt 2-link of the surgery on ME along the
generator 1-link L, C ME and that oy is a diffeomorphism between M; and M;. Then, up
to composing . with a self-diffeomorphism of M, the elements of the family

{r(Tr))|k € N}
are pairwise exotic 2-links.

Proof. We would like to apply Proposition to the family [4.3.3] Notice that Lemma
4.3.14] shows Condition [2] of Proposition [4.1.1] and Proposition [4.3.10] shows Condition [1]
Using also the proof of Proposition [£.1.1, we conclude that, up to composing ¢, with a
self-diffeomorphism of M}, the 2-links ¢ (I'y) are pairwise exotic. []

What is still missing to conclude Theoreom {4.3.3] is addressing the nullhomotopy of the
2-link.

Proof of Theorem[{.3.3 Notice that if G satisfies the condition (2.1.2]) then, by Lemma[2.1.4]
the exotic 2-link constructed above is nullhomotopic. Theorem follows by taking Mg to

be M and I' to be T';. ]

Remark 4.3.16. Torres pointed to us that it is possible to use Wall’s stabilization theorem
to construct homologically essential exotic 2-links. Indeed we can obtain Lemma 4.3.14]
in a simpler way: It is enough to add enough trivial components to £ C MS which, after
surgery, will correspond to S? x S? stabilizations. Lemma [4.3.14] follows by Wall’s stabilization
theorem [Wal64b].

Remark 4.3.17. We note that any n-component 2-link I" in a closed simply-connected
4-manifold whose 2-link group satisfies Condition is nullhomotopic. This can be seen by
looking at I'" as a belt 2-link and applying Lemma [2.1.4] Therefore, provided we can make
2-links with any 2-link group, the main challenge to making these 2-links nullhomotopic is in
minimizing their number of components n to fit Condition [2.1.2] For example, this is not
achieved in Remark [£.3.76l
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4.4 Brunnianly exotic 2-links

In this section, we present some results obtained in the paper [BBMT25] joint with Bais,
Malech and Torres and, using the same ideas, we show a similar result for some of the 2-links
constructed earlier in this chapter. First, we recall the following property of interest.

Definition 4.4.1. A pair of 2-links
F251|_||_|Sk andF’:Sil_II_IS,’C

is Brunnianly exotic if it is exotic and the 2-links

F\SZ and F/\Sj/
are smoothly equivalent for any i,5 =1,... k.

This definition provides a notion of "exotic” interlinking between the components of the
exotic 2-links. In fact, it prevents examples of exotic 2-links in which the exotica arises
trivially from how the components are knotted as in the following non-example.

Example 4.4.2. Let M be a closed 4-manifold containing a pair of exotic 2-knots S and S’
that are not smoothly equivalent. Let I' and IV be two unlinks in M away from S and S’.
The following pair of exotic 2-links

F:=SUlandT :=5UT
is not Brunnianly exotic.

Interest in (stronger) Brunnian properties of 2-links has also appeared in [AKMRI5] in
[HKK™24] and in [Mal24]. We now state the following result obtained in [BBMT25].

Theorem 4.4.3 ([BBMT25]). Let g be a positive integer. The 4-manifold K3#gS? x S*
contains an infinite family

{Lnln € N} (4.4.1)

of g-component nullhomotopic pairwise Brunnianly exotic 2-links whose 2-link group is Fy,
the free group of g generators.

In [BBMT25], this result is shown for a wide class of ambient 4-manifolds containing tori
with simply connected complement, see [BBMT25| Definition 3].

Later on, in [Mal24], Malech showed that the 2-links in the family can be made to
be Brunnian in the classical sense i.e. all their sublinks are unlinks. In Example |4.4.5] a pair
of homologically essential Brunnianly exotic 2-links is provided using a simple observation.
Indeed, the contribution of [BBMT25] is in providing nullhomotopic examples. In Theorem
[4.4.7, we will show that some of the exotic 2-links constructed previously are also Brunnianly
exotic. Roughly speaking, this property is present in our links because their complements
stabilize after a single stabilization. This is reflected on the 2-link exotica in that disregarding
a single component stabilizes the rest. The following is an updated version of Proposition
that concerns Brunnianly exotic surfaces.
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Proposition 4.4.4. Let X| and X5 be an exotic pair of 4-manifolds. Let f : Xo — X,
be a homeomorphism. Let L; C X; be an n-component 1-link equipped with a framing
7, WSt x D3 — X;. Ifly is a component of L1 and ly a component of L. Denote the result
of loop surgery on X; along l; by X}, that is

X = (X;\ v(l;)) U (S* x D?).
Denote the 1-link L£;\ l; C X} by L. Suppose that
1. The image f(Ls) is equal to L1 and the framing f o T is the same as Ty.

2. There exists an oriented and simply connected indefinite 4-manifold X such that the
result of surgery on X; along L; is diffeomorphic to X#S? x S? fori=1,2.

3. For any choice of Iy and ly components of L1 and Lo respectively, there exists a
diffeomorphism of pairs
h: (X3, L3) — (XT, L1)
that sends the restricted framing 15 to the restricted framing 7.

Then X contains a pair of Brunnianly exotic n-component 2-links I'y and T's.

Proof. The fact that X contains a pair of exotic n-component 2-links I'; and I'y follows from
Proposition [£.1.1] using conditions [I] and 2] We know which 2-links are they by the proof
of Proposition f.1.1] What remains to be done is to show that I'; and I'y are Brunnianly
exotic. Condition [3]is what we will use to show it. The manifold X#5?% x S? is obtained
by performing surgery on X/ along the 1-link £} equipped with the framing 7;. Since the
diffeomorphism h sends the framed 1-link £, to the framed 1-link £, it gives rise to the
following diffeomorphism of pairs after surgery along L

ho: (X#52 x S2.T7) — (X452 x S%.T3)

where T'f is the 2-link T'; \ S; with S; being the belt 2-sphere of the first surgery along [;. the
map £ is obtained by extending h(xs\c5) over the D? x S? pieces. This is possible since h
preserves the framings of 1-links. Since Condition |3|is satisfied for any choice of components
of the 1-links £, and L5, we can pick any component S; of I'; to omit. We conclude that the
2-links I'y and I'; are Brunnianly exotic. O

We state the following simple application of the above proposition pointed to us by
Malech.

Example 4.4.5. Let M; and M5 be an exotic pair of closed, oriented and simply connected
4-manifolds. Suppose that M;#S5? x S? is diffeomorphic to My#S? x S?. As seen in Example
4.1.3 picking any n-component 1-link in M; and M, will provide an exotic pair of belt
2-links I'; and T'y in Mi#n(S? x S?). Since M; and M, stabilize after a single stabilization,
Condition [3] of Proposition is also satisfied. This implies that the pair I'; and I'y is
brunnianly exotic. Notice that in this case, there are sublinks of I'; and I'y that are smoothly
equivalent but not smoothly isotopic (nor topologically isotopic). To see this, it is enough
to pick a component of I'y and two components of I';. These last 2-spheres are of the form
S? x {p} in two different copies of S? x S? that are summed to M;. They are smoothly
equivalent but not isotopic so at least one of them is not isotopic to the component of I's.
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In [BBMT25], an infinite family {M,|n € Z} of closed and oriented 4-manifolds is
constructed and shown to satisfy the assumptions of Proposition £.4.4, We will not describe
the construction of [BBMT25|] here. Instead we will apply the same ideas to show that,
for G = F}, the free group of g generators, the 2-links provided by Theorem are also
Brunnianly exotic. In what follows, we will use the notation of Subsection [4.3.2]

Lemma 4.4.6. Pick G to be the free group of g generators Fy. Let | be a single component
of the 1-link £ in Z%. Let I* be its inclusion in MF. Let M} be the result of surgery on M
along the loop IF. For every integer k, there exist a diffeomorphism of pairs

h: My — M,
that maps the framed 1-link (L, \ I¥) to the framed 1-link (Lo \ 1°)
Proof. Recall from Subsection that in this case,
G=<aj,0,..0,>
and
79 = (8" x S' x 5y) #r(g+1)K3

with ¢ copies of the K3 surface being fiber-summed to 7% x ¥, along {pt} x S* x b; for
i =1,...,g and the last copy of K3 fiber-summed along S' x S x {pt}. We think of the
4-manifold 7% x X, as the fiber sum of S? x T? and g copies of T2 x T? as in Figure The
generator 1-link £, of the manifold MY is given by the inclusion of the 1-link £ depicted in
blue in Figure [£.3] By picking a self-diffeomorphism of the 2-sphere that permutes points, we
see that any reorderings of the 1-link £ is smoothly equivalent to the original one. Therefore,
to show Condition |3| of Proposition [4.4.4] it is enough to show it for a single component.

Figure 4.3: T% x 3,

Let [ be a component of the 1-link £ C Z¢ and let I* be its inclusion in M. Let M} be
the result of loop surgery on MS along I*. Notice that, since

Z% = Z%#r(g — 1) ((T? x T?) #7K3)
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the manifold MS can be decomposed as follows
Mg =~ E@)w#rZ™ ~ M{#1(g—1) (T? x T?) #7K3)

We have that the loop (¥ is contained in MZ and the rest of the 1-link £j, \ [* is contained in
the fiber-sum (g — 1) ((T? x T?) #7K3. Lemma applies to the loop surgery on M~
along [* yielding the 4-manifold M}* diffeomorphic to My*. Take h : M} — M}* to be the
diffeomorphism provided by Lemma It is chosen to fix the ZG piece and, thus, the
framed torus along which we fiber-sum the g — 1 copies of T? x T?#:K3. Therefore, h gives
rise to a diffeomorphism between M} and Mj that maps the framed 1-link £j, \ I* to the
framed 1-link £, \ {°.

O

For G = F} the free group of g generators, we see that Lemma [4.4.6] shows Condition [3| of
Proposition for the family Therefore, we can conlude the following by applying

Proposition [4.4.4]

Theorem 4.4.7. For G = F,, let Mg be the 4-manifold provided by Theorem[{.3.3 containing
an infinite family

{T'yx € Mg|k € N} (4.4.2)

of nullhomotopic pairwise exotic 2-links. Then, the elements of the family[{.4.9 are pairwise
Brunnianly exotic.
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Chapter 5

Exotic tori

In [BS16], the authors show that any pair of diffeomorphic and homologous surfaces in a closed
and oriented 4-manifold become smoothly isotopic after finitely many internal stabilizations.
They also show that for many examples of exotic surfaces, the surfaces need only one internal
stabilization to stabilize. They ask whether this is always true. This questions has been
negated in many settings including the surfaces with boundary one [Gut24]. In this chapter,
we provide examples of exotic pairs of 2-knots that remain exotic after one prescribed (non-
standard) stabilization. Our 2-knots may still stabilize given a different stabilization. To
the best of the author’s knowledge, these are the first examples of exotic pairs of closed
surfaces that do not become isotopic after a prescribed internal stabilization. In [HS20], the
authors provide the first examples of pairwise exotic nullhomologous tori in 4-manifolds. The
fundamental group of the complements of their tori is isomorphic to Z. In [Tor25|, the author
provides another construction of pairwise exotic nullhomologous tori with similar properties.
Another interesting aspect of the nullhomologous tori constructed in this chapter is that their
fundamental groups of the complements can be chosen from a wide family of groups. We
note that our tori are embedded inside 4-manifolds of the form M#(S! x S3) where M is a
closed, oriented and simply connected 4-manifold.

5.1 Internal stabilizations of exotic surfaces

In this subsection, we recall a surface unknotting procedure: Internal stabilization. It was
introduced in [HK79] and more recently developed in [BS16]. Let X be an 4-manifold and let
S be a surface knot in X. Let ¢ : D! x D? — X be a smooth embedding of a 3-dimensional
I-handle inside X. Suppose that (D' x D*) NS = i((0 x D?) U (1 x D?). Performing an
internal stabilization on S is the operation of tubing S with itself to obtain S(1) as follows

S(1) := (S\i((0 x D) U (1 x D?)) U (i(D' x 9D?)).
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Figure 5.1: Internal stabilization

Equivalently, this operation can be seen as a tubing of S and a disjoint torus bounding a
handlebody. Let T be a torus in X smoothly bounding a handlebody S' x D? in X \ S. An
internal stabilization of S along T is the process of constructing the internal connected-sum of
S and T'. We denote the result by Sr. This result depends on how the internal connected-sum
is performed. To see that the two definitions are equivalent, it is enough to notice that one
end of the handle can always be pushed onto the other end by moving it near the surface as
in Figure[5.2

Figure 5.2: Two ways to see an internal stabilization

In this chapter, we will consider a specific type of internal stabilizations occuring in
X#St x S3. Let X be a closed and oriented 4-manifold and Sy C X an unknotted 2-sphere.
Consider another unknot Sy in X that intersects Sy in two points p; and py. Perform a
sphere surgery on X along Sy to obtain X#S! x S3 i.e.

X#ST x §% 2= (X \ v(Sy)) U (St x D?)

What happens to Sy during this operation is that two 2-discs D; and Dy near the points p;
and p, are removed. Instead of D; and D, we can glue back S! x I where I is an unknotted
arc in D? to obtain a torus Ty in X#(S' x S3). This torus is isotopic to S* x U in the
S x §3 piece, where U C S? is the unknot. As seen in Figure

Note that surgery along the loop S* x {0} C S* x D? C X#(S* x S?) yields back X. On
the level of the torus Ty it is the same as removing the new annulus S x I which was glued
in the previous step and capping back the rest with the two 2-discs D; and D, to obtain
back Sy .

Let S be a 2-knot in X. By tubing S and Sy we obtain a 2-knot S#.Sy isotopic to
S. We can perform the operation described above to obtain an embedded torus S#7Ty in
X#St x S3. This way, it can be seen that the resulting torus is also a result of an internal
stabilization performed on S inside X#5S' x S3. As described before, surgery along the loop
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Figure 5.3: A local depiction of the construction

St x {0} € ST x D? € X#(S! x S3) yields back X. On the level of the torus S#Ty, the
reversed cut-and-paste operation yields back S. We will denote S#71y by Ts.

Proposition 5.1.1. If X* is the result of a surgery on X along S then X* can also be
obtained as a result of a surgery on X#(S' x S3) along Ts.

Proof. On the manifold X#(S! x S3), perform a O-torus surgery along Ts with torus surgery

loop S* x {0} (see Definition [2.1.6)). By Corollary [3.1.4] this surgery splits as a loop surgery
followed by a sphere surgery. The loop surgery is performed along the surgery curve S x {0}

which yields the manifold X. As described in Subsection the sphere surgery is performed
along a 2-sphere obtained by capping the cut torus. By construction, this 2-sphere is the
original 2-sphere S, surgery along it yields X*. Therefore, we can obtain X* as the result of
torus surgery on X#(S! x S3) along Ts. O

5.2 Exotic tori and stabilizations

In this section, using the above construction, we produce an infinite family of pairwise exotic
tori. First, we start with the following infinite family of pairwise exotic 2-knots obtained in
Theorem {4.3.3 Let G be finitely presented group satisfying

w(G) =rank(H(G)) =1 (5.2.1)
where w(G) is the weight of G. Then, by Theorem there exists a closed 4-manifold Mg

containing an infinite family

S ={S, C Mg|k € N} (5.2.2)

of pairwise exotic nullhomotopic 2-knots with 2-knot group G.

The 2-knots in the family S are distinguished by the Seiberg-Witten invariant of their
surgery results i.e. if S; and Sy are two 2-knots in & and M7 and M are results of surgery
on Mg along S7 and Sy respectively. Then

SWMI* #+ SWMQ«.

Considering the elements of the family S, as 2-knots inside Mg#S! x S? and applying the
specific internal stabilization procedure from Section [5.1 we can construct an infinite family

T = {T), C Mg#S' x S|k € Z} (5.2.3)
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of tori embedded in Mg#S! x S? by internally stabilizing the 2-knots using S* x D? C S x S3.
Since the 2-knots Sj are topologically isotopic in Mg they are also topologically isotopic in
Ma#S* x S3. Recall that to construct the tori 7}, we perform the internal stabilization in
two steps. First, we perform a cut and paste construction on an unknot Sy in Mg while
performing a sphere surgery on the ambient manifold to obtain the torus Ty in Mg#St x S3.
Then, we tube S; to Ty to obtain Ty. This tubing can be done in various ways. However,
we pick the tubing so that it is topologically the same across all the 2-knots S (which are
topologically the same).

Proposition 5.2.1. Up to restricting to an infinite subfamily of T, the elements of T can be
constructed to be pairwise exotic.

Proof. Recall that M is diffeomorphic to the result of surgery on Mg along the 2-knot Sj.
By Proposition 7 there exists a surgery on Mg#S*t x S3 along the torus T}, that yields the
manifold MF. We aim to distinguish the tori by the invariant B defined in Definition m
Thus we are interested in computing the Seiberg-Witten invariant of M. The manifold M
is built following the outlines of [Par(7]. It is constructed by performing F-S knot surgery
on E(3) along ¥, C F(3) and a knot K. Then, a fiber-sum is performed with a symplectic
manifold Z% of fundamental group G, along the torus T, C E(3), see Section and
Section [4.3.1] As explained in [ParQ7], using results of [FS98] and [Par02], the manifold Mg
has the following Seiberg-Witten invariant

SWMkG = SWZG'SWE(ZS)K-(G[TQ} - 67[‘3:2])2
= (SWz6-SWi@)- A (1)) (e — 72

Assuming that for the constructing the manifold M§, the knot surgery is done along the
unknot (whose Alexander polynomial is 1), we get that

SWie = SW e A, (€771). (5.2.4)

Since ME is symplectic with by > 1, it has at least one basic class . Following the steps
in [HS20], we note that if degAx = r then, by Formula the classes k & 2r[T;] are basic
classes. We can choose a family of knots { K;|k € N}, such that for each k, the Alexander
polynomial Ag, has degree k. Using this family to construct M, the classes x + 2k[T;] are
basic classes for the manifold M.

On the other hand, the tori T} are stabilized nullhomologous 2-knots. Therefore, they are
also nullhomologous. Lemma [2.1.9]implies that the core torus of the surgeries on Mg#S* x S°
along Ty, is also nullhomologous. Therefore the basic class x &= 2k[%;] of the manifold M is in
Sy, the set defined in Lemma[2.2.3] This implies that B(7}) (see Definition is greater
or equal to the divisibilty of ((k + 2k[T]) — (k — 2k[T])) = 4k[T]. Therefore, B(T}) > 4k.
We can pick an increasing sequence (ky)p>o so that the tori in the family {7}, |h € N} have
pairwise distinct B invariant. Therefore, they are not smoothly equivalent. However, they
are topologically isotopic since they are topologically isotopic 2-knots stabilized in the same
way topologically.

O
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Recall that § is the family
{Sy C Mg|k € N}

composed of pairwise exotic nullhomotopic 2-knots. Let S’ be the family
{S) C Mg#S* x S|k € N}

of the same 2-knots seen inside Mg#S! x S? instead. Using the above proposition we get
the following corollary.

Corollary 5.2.2. Up to restricting to an infinite subfamily of S', the elements of S8’ are
pairwise exotic.

Proof. We know that the elements of &’ are topologically isotopic. It remains to show that
they are not smoothly isotopic. Suppose for the sake of contradiction that there exists two
2-knots in &', S; and S5, that are smoothly isotopic, then the internal stabilization procedure
can now be performed not only in the same topological manner but also in the same smooth
manner. This implies that the resulting tori are also smoothly isotopic. It is enough to pick
a subfamily of &’ that corresponds to the subfamily obtained in Proposition to obtain a
contradiction since the resulting tori are pairwise exotic. O]

We can summarize what we have obtained in the following theorem.

Theorem 5.2.3. There exists a closed, oriented and simply connected 4-manifold M such
that M#(S' x S3) contains an infinite family

{K; € M#(S" x S*)|i € N}

of pairwise exotic nullhomologous 2-knots that remain pairwise exotic after a specific internal
stabilization is performed on each one.

5.3 2-link groups of exotic tori

In this subsection, we will compute the fundamental groups of the exotic tori constructed
above. We will first discuss how to compute the 2-knot group of a stabilized surface. Let X
be a 4-manifold and let S C X be a surface knot with zero self-intersection and p a point in
(X\S). Let i : D' x D* — X be an embedding of a 3-dimensional 1-handle. Suppose that
i(D' x D*)N S =i((0 x D*) U (1 x D?). As described in Section [p.1] perform an internal
stabilization on S using ¢ to obtain the surface knot S(1). The point p will serve as the base
point for our fundamental group computations. For j = 0,1, let o; be a path in X \ v(5)
from p to a push-off of i({j} x 1) on dv(S) lying on the image of ¢ . Let m; be a meridian of
S on the point i({j} x 1). Define the following loops.

[:=1i(t x {1}) , for t € [0,1]
Wy = aj’l * M * O

Bi=a;txlxag

where * denotes loop concatenation. See Figure [5.4]
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Figure 5.4: The paths and loops in question

Lemma 5.3.1. Under the above assumptions, we have the following isomorphism.

Proof. The main tool in the proof is the Seifert-Van Kampen theorem. We will first describe
the spaces and the decompositions on which we will apply it. Let H be a slight 3-dimensional
thickening of the stabilization 1-handle away from ({0,1} x dD?). That is, another 3-
dimensional 1-handle that contains i(D! x D?) as in Figure

Tk

\— D1><D2
H

Figure 5.5: The thickened handle H

Divide X into the 4-ball B := v(H) and its complement E. Denote by S” the twice
punctured surface S\ i({0,1} x D?). The first decomposition we will use is the following.

X\ v(S(1)) ~ (E\ v(S")) U (B\ v(i(D' x dD?))). (5.3.1)

Notice that the intersection of the two pieces is OB \ v(i({0,1} x dD?)), that is, the exterior
of a 2-component unlink in S®. Its fundamental group is Z * Z and it is generated by the
meridians of each component. On the other hand, we have that

X\ v(S) ~ (E\v(S") U (B\v(i({0,1} x D?))) (5.3.2)
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We note that, in this decomposition as well, the intersection of the two pieces is the exterior
of a 2-component unlink in S%. Assume that p, oy and «; lie on the intersection of the two
sets in both decompositions. We know the fundamental group of the complement of two
unknotted and unlinked discs in B;

m (B\v(i({0,1} x D?))) &< a,b >= Z * L

where a and b are meridians of the said unknotted discs extended to the basepoint p. This
fundamental group is isomorphic (by the induced map of the inclusion) to the fundamental
group of OB\ v(i({0,1} x dD?)) which constitutes the intersection of the two pieces in the
decomposition [5.3.2] Using the Seifert-Van Kampen Theorem on this decomposition, we
obtain that

E\v(8"))*m (B\v(i({0,1} x D?)))
<apg byt >y

Notice that, inside the 4-ball B, the surface i(D' x 9D?) bounds a D! x D? and, therefore,

it is unknotted. The fundamental group of its complement in B is Z and it is generated by

the meridian. Denote it by ¢ and assume it is wraping over a point in i(0 x 9D?). Using the
Seifert-Van Kampen Theorem a second time on the decomposition [5.3.1} we obtain

m (E\ v(S8")) xm (B \ v(i(D' x 8D?)))
< et clapltmi M ag) >N

(X \ p(s)) = T ~ (B \ v(S")).

m (X \v(5(1))) =
However, we have that

aol 'mi oy = (apltay) (o 'my tan) (o Hag) = By tB.
Therefore,

7 (E\ v(S")) x 7 (B \ v(i(D' x 0D?)))

<cpgt B B >N
m (E\ v(5"))
< pofB B >N
~  mX\v(9)
< BB >N

m (X \v(5(1))) =

]

In Sections [5.2] and [5.1} we have constructed a family of pairwise exotic tori inside
Mg#S* x S3, where Mg is the ambient 4-manifold in Theorem [4.3.3] Using Lemma it
is now possible to describe the fundamental groups of the complements of these tori.

Theorem 5.3.2. Let G be a finitely presented group of weight 1 and let u € G be a normal
generator of G. Then the family T ( from of pairwise exotic tori can be constructed so

that each Ty, has 2-knot group
GxZ

< [M? B] >N

where 8 is a generator of the Z factor. In this case, the ambient manifold is Mg ,#S* x S*
which depends not only on G but also on p.
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Proof. Let Sy, be a 2-knot from the family[5.2.2] The 2-sphere Sy, is obtained as a belt 2-sphere
of loop surgery on a 4-manifold M with fundamental group G along a loop representing
a normal generator of 7 (M) = G. Suppose that this normal generator is p. Denote the
result of the loop surgery by Mg, instead of just Mg. The torus T), C Mg, #(S' x S?) is
constructed by tubing S' x U in S* x % with Sy, in M¢,. As seen in Figure [5.2 we can
slide part of the handlebody S! x D? bounded by S' x U over the tubing with S} to make
it into a 3-dimensional 1-handle attached to Si. In this case, the 1-handle is attached to
two points on S;, and these points can be chosen to be arbitrarily near. We can now apply
Lemma to compute the 2-knot group of Tj.

Me . #(S" x §%)) \ v(Sk))

< pof B >N
With g and puy, defined as in the beginning of this subsection. On another hand, we know
that

m(Mo,(8" x 5°) \ v(y)) = U

71 (Mo (S % 59)\ w(81)) 2 w1 (Mo \ (S H#(S! % §%) 2 G+ 7

with the 8 being a generator of the Z factor. We also know that, since the stabilization
1-handle is attached along points that are near each other, the meridians gy and p; are
isotopic. And since Sy, is the belt 2-sphere of surgery along a loop representing the element g
in m (M) 2 G, the meridians o and ju; of Sy can also be chosen to represent i in its 2-knot
group G. Therefore,

Gx7Z
< [#75] >N.

1%

T (Meu#t(S* x 8%)) \ v(Ti))
O

Theorem [5.3.2 provides examples of nullhomologous exotic tori with 2-knot group G in
a 4-manifold with fundamental group Z for a large class of groups GG that are possibly not
“good” in the sense of Freedman and Quinn. For example, similarly to [Hay21], G can be
chosen to be a hyperbolic knot’s knot group. Such G, and thus the 2-knot group of the tori
above, will contain free groups as subgroups (see [AFW15]). These groups are not known to
be good in the sense of Freedman and Quinn.

However, the class of groups covered by Theorem does not contain every possible
knot group of a nullhomologous embedded torus in a 4-manifold with m = Z. For example,
the unknotted torus (the one that bounds a nullhomotopic handlebody) has 2-knot group Fs,
the free group of 2 generators, which is not realised by the tori in Theorem [5.3.2] In this
case, this is hindered by the topological construction. Roughly, no tori similar to ours can
have that 2-knot group, regardless of whether they are exotic or not. This is made precise in
the following lemma.

Lemma 5.3.3. Let X be a 4-manifold. Let j : S* x St < X be an embedding of a torus in
X. Let zy, 15 € m (X \ v(i(S* x S1))) be pushoffs of j(S* x {pt}) and j({pt} x S*). Let u be
a meridian of 7(S* x S*). Then the elements p, x1,zo € T (X \ v(5(S* x S1))) all commute.

Proof. Since the group m1(9v(j(S* x S1))) is abelian, the lemma follows from the the inclusion
induced map

iy s m(Ov(5(St x 1)) — T (X \ v(§(S* x SY))).
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From this lemma, we can see that if X is a 4-manifold with fundamental group Z, and T’
an embedded torus in X with a non-trivial inclusion induced map i, : 71(7") < m1(X) then
its 2-knot group cannot be Z x Z. This is because such an occurence would imply, first, that
T is nullhomologous and, second, that the meridian of 7" and a non-trivial element of 7 (X)
commute. However, since T is nullhomologous, its meridian and the elements of m1(X) are
independent in 7 (X \ v(T)) = F, and, therefore, they cannot commute.

Theorem does not cover all the possible knot groups of tori in 4-manifolds with
fundamental group Z but at least it covers all the 2-knot groups of tori that can be obtained
in the same way starting from a nullhomologous 2-knot (not necessarily exotic) in a closed,
oriented and simply connected 4-manifold and then connected-summing with S x S% and
finally stabilizing along a homotopically non-trivial loop. This is due to the fact that Theorem
covers all the possible 2-knot groups for nullhomologous 2-knots.

We note that our method fails to work if we stabilize the exotic 2-knots in simply connected
4-manifolds without adding the S' x S factor. Our construction relies on splitting the torus
surgery into a loop surgery and a sphere surgery and then exploiting the exoticness of the
surgery sphere. The addition of an S* x S? factor is essential in that it cancels the effect
of the loop surgery, allowing us to exploit the sphere surgery by itself. However, without
the S' x S® factor, the loop surgery has the effect of adding an S? x S? or an S?x.S? factor
to the resulting manifolds. This, not only makes it harder to preserve the exoticness of the
resulting manifolds, but, for all known examples, it also stabilizes them if the surgery sphere
is away from the S? x S? or S?xS? factor. Therefore, the following question remains open.

Question 5.3.4. Is there a pair of exotic 2-knots in a simply connected 4-manifold which do
not become smoothly isotopic after a prescribed inner stabilization?

In Section [5.4], we will provide a positive answer to the multiple component counterpart
of this question i.e. we will provide examples of exotic pairs of 2-links in simply connected
4-manifolds that remain exotic after prescribed inner stabilizations.

5.4 Exotic surface links and stabilization

In this subsection, we will explore the implications of the previous construction for the
multiple components case. This part will serve both as a summary and as a generalization of
many results above. The prescribed non-stabilization phenomenon will generalize to surface
links composed of 2-spheres and tori often in non-simply connected 4-manifolds but also in
simply connected 4-manifolds as will be seen in Theorem which answers an analogous
question to Question [5.3.4] Using the previous subsection, we will also determine the 2-link
groups of such 2-links in Theorem [5.4.7 At the end, in Theorem [5.4.9, we note that these
surface links can also be Brunnianly exotic.

First, we note that the B invariant, defined in [HS20] (see Subsection [2.2.2), can be
extended to an invariant of (k,)-type links. Using the same proof, we can extend Lemma

to the following.

Lemma 5.4.1. Given a surface link composed of tori T', T?, ..., T" in a closed and oriented
4-manifold X, we fiz a framing for each torus. Let T be the subset of (Z3)! of I-tuples of
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triplets x; for which

Th] = [T2) = . = [T] = 0 € Ho(Xpy 13 .11

1 xol T 0 T ) — YN A2\, T .,

"""""""

where

is the set of basic classes of Xqp1 . pu .
.

And therefore, the invariant B can be extended as follows.

Definition 5.4.2. Let I" be a (k,[)-type link in a closed and oriented 4-manifold X. Let
I be the sublink of I' composed of all the tori components. Let X be a result of k sphere
surgeries on X along the 2-sphere components of I". Define the invariant B(I') to be the
maximum among all divisibilities of differences of elements in S¢(I") i.e.
B(T) := dezZ|d —b
(0= max (d € Zld| (o b))

Since there is a unique way to frame a 2-link up to isotopy, there is a unique way to perform
surgery along a 2-link. Therefore, B is well defined.

The first result is the following.

Theorem 5.4.3. For every two non-negative integers ki and ko (not both zero), there exists
a closed and oriented 4-manifold M containing an infinite family

]:(]{31,]62) = {FZ C X|l S N}
of pairwise exotic nullhomologous (ki, ks)-type links.

Remark 5.4.4. Theorem [5.4.3| admits a simple proof: Starting from a 4-manifold containing
a family of pairwise exotic nullhomologous surface knots, we can complete each element of this
family by adding k; + ks — 1 disjoint unknotted surface knots to make it into a (ki, k2)-type
link. The family of these newly formed surface links satisfies the conclusions of Theorem
[£.4.3] However, in the proof of this theorem, we will exhibit a different family which has
more interesting properties.

Proof. In this proof, we will rephrase the same construction of Section to fit the multiple
component case instead. According to Theorem [4.3.3] there exists a closed and oriented
4-manifold Mg and an infinite family

{FZ C M(;|’l € N}
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of pairwise exotic nullhomologous 2-links of k; + ko components. Perform the connected sum
of Mg with ko copies of S* x S3. For any ¢ € N, pick ks components of T'; C Mg#ks(St x S?)
and perform an internal stabilization on each one along an S! x D? in a copy of S! x S? as
done in Section [5.1] The result is a (k1, k2)-type link denoted by I';. The elements in the
infinite family

{T, C Ma#ko(S* x S*)|i € N}

are nullhomologous and pairwise topologically isotopic since they are nullhomologous topolog-
ically isotopic 2-links stabilized in the same way topologically. To see that these surface links
are smoothly inequivalent, we evaluate the extended invariant B given in Definition [5.4.2
using the same arguments of Proposition and [HS20]. Recall that M is diffeomorphic
to the result of surgery on Mg along I, see Section [4.3.1] Multiple applications of Proposition
yield that the manifold MY can be obtained as a result of torus surgeries along the
ks torus components of I, and sphere surgeries along the k; 2-sphere components of I',. Its
Seiberg-Witten invariants are

SWie = SWye Ak, (€*F1), (5.4.1)

where Kj; is the knot used to perform knot surgery in the construction of M and ¥, a fiber
torus of E(3), see the proof of Proposition . Since Mg is symplectic with by > 1, it has a
basic class k. If degAg = r then, by Formula (5.4.1)), the classes x =+ 2r[%;] are basic classes.
We can choose a family of knots {K;|i € N}, such that for each 7, the Alexander polynomial
Ak, has degree i. Using this family to construct M, the classes x & 2i[T;] are basic classes
for the manifold M.

The tori components of I", are stabilized nullhomologous 2-spheres. Therefore, they are also
nullhomologous. Lemma implies that each core torus of the surgeries on Mg#ky St x S3
is nullhomologous. Thus, the basic classes k £ 2k[T;] of the manifold M} are in Sr,, the set
defined in Lemma This implies that B(I;) (see Definition [5.4.2) is greater or equal to
the divisibilty of ((x + 2¢[T"]) — (k — 2¢[T"])) = 4i[T]. Therefore, B(T}) > 4i. We can pick an
increasing sequence (iy)n>o 80 that the surface links in the family {7, |[h € N} have pairwise
distinct B invariant. This implies that they are not smoothly equivalent. However, they are
topologically isotopic since they are topologically isotopic 2-links stabilized in the same way
topologically. We conclude that, up to restricting to a subfamily, the elements of the family

{T}, C Mg#ko(S* x S?)|i € N}
are pairwise exotic. O

The following theorem shows that using the theorem above, we can derive surface links
that remain pairwise exotic even after a certain number of prescribed internal stabilizations.
It is the multiple component version of the results obtained in Subsection [5.2]

Theorem 5.4.5. For every non-negative integers ki and ko (not both zero), there exists a
closed and oriented 4-manifold X containing an infinite family

f/(kl,kg) = {Fl C X’Z € N}

of pairwise exotic nullhomologous (k1, ke)-type links in X. Moreover, this family remains exotic
after ki prescribed inner stabilizations each of which is performed on a different component.
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Proof. To prove this Theorem we make use of the construction in the proof of Theorem
5.4.3. We know that there exists an infinite family of pairwise exotic nullhomologous
(k1, ko)-type links in the manifold Mg#ko(S! x S?). We also know that, in the manifold
(Mg#ka (S x S3))#k1 (S x S53), the same inner stabilizations arguments as before yield that
stabilizing each 2-sphere in the surface link along an S* x D? in a copy of S! x S3 gives an
infinite family

{T; C (Ma#ka(S" x S%)) #k1(S" x S®)]i € N}

of pairwise exotic nullhomologous (k1, k2)-type links. Therefore, to show Theorem it
remains to show that the elements of the family

{T; C Mg#ko (St x S®)|i € N} (5.4.2)

remain exotic after connected-summing Mg#ko(S! x S®) with k; copies of S* x S3. They
remain pairwise topologically isotopic after the connected sum and the fact that they are
smoothly non-isotopic can be seen in the same way of Corollary . If, inside (Mg#ko (St x
S3))#k1 (ST x S?), the surface link T; is smoothly isotopic to T'; for some i and j then the
construction of the surface links I'; and I/, can be done so that it yields smoothly isotopic
surface links in (Mg#ko(S* X S3))#tk; (S x S) which is impossible whenever i # j. Therefore,
the elements of the family remain exotic after connected-summing Mg#ks (ST x S?)
with k; copies of S x S3.

O

Till now, the theorems shown concern only surface links in non-simply connected manifolds.
However, it turns out that allowing more components in a surface link overcomes the
limitations faced in Subsection [5.2] and raised in Question [5.3.4] Indeed, it is possible to
exploit the above construction to make 2-links in simply connected 4-manifolds that do not
stabilize given prescribed stabilizations. We thank Oliviero Malech for pointing this out.
This phenomenon is exhibited in the following theorem.

Theorem 5.4.6. For every positive integer k, there exists a closed, oriented and simply
connected 4-manifold X containing an infinite family

S(2k) :={T; C X|i € N}
of pairwise exotic (2k,0)-type links that remain exotic after k prescribed stabilizations.

Proof. We pick X to be the manifold Mg, provided by Theorem [4.3.3 containing an infinite
family

of k-component pairwise exotic nullhomologous 2-links. Let B be a 4-ball in Mg away from
all the elements of the family (5.4.3). Let U(k) be a k-component unlinked 2-link in B.
Consider the new family of nullhomologous 2-links

S(2k) = {T; UU(k) C Mgli € N} (5.4.4)

For any distinct positive integers i and j, the 2-links I UU (k) and I'; UU (k) are topologically
isotopic since I'; and I'; can be topologically isotopic away from B. The 2-links I'; U U (k)
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and I'; U U(k) are smoothly inequivalent since I'; and I'; are also smoothly inequivalent.
Therefore, this pair of 2-links is exotic.

To prove the theorem, we will relate the 2-links T'; € M#S! x S? to the 2-links T;UU (k) C
M and transfer the exotic properties, this strategy is possible thanks to the unlinked
components added to I'; C Mg. In Theorem we have seen that, inside M#k(S x S3),
the 2-links I'; and I'; remain exotic after k prescribed stabilizations. These stabilizations are
performed using a solid torus S x D? inside each copy of S* x S3, denote the resulting tori by
T, for [ = 1,2, ..., k. For each copy of S' x S% in M#k(S' x S3), perform loop surgery along
the loop S x {pt} away from the stabilization torus S* x D?. The resulting manifold is Mg
and the belt 2-spheres, denoted Uj, form a k-component unlink in Mg away from the 2-links
I'; (we can assume it to be U(k)). However, the k solid tori 71, T, ..., T can still be found
in Mg since they were away from the surgered loops. In Mg, each torus 7T; is a thickened
meridian of the 2-knot U;. Therefore, it is possible to stabilize the 2-links I'; using the solid
tori 17, 15, ..., T}, This makes the 2-links I'; U U (k) into a (k, k)-type link I';(1) U U(k) where
[';(1) is the result of the internal stabilization of I';. We know that it is possible to perform
sphere surgeries on the unlink U(k) to retrieve the manifold Mg#k(S' x S?) in which the
surface link I';(1) is exotic by Theorem |5.4.5] Therefore, the elements of the family

{TW(1) VU (k) C Mgli € N}
are pairwise exotic. O

Using the methods of Subsection [5.3] we are able to determine the 2-link groups of the
surface links above.

Theorem 5.4.7. Let G be a finitely presented group with
rank(H(G)) = w(G) = n.
Let {1, pa, ..., in} be a normally generating set of G.

1. For every 0 > k > n, the surface links of the family F(n — k, k) in Theorem can
be chosen to have 2-link group

G * Fk
< [ﬂl;xl]u [M?)xQ]v LX) [H’k‘axk‘] >

where x1, o, ..., T are generators of the free group F.

2. The 2-links of the family S(2k) in Theorem can be chosen to have 2-link group

Proof. Ttem [1|is shown in an identical way to Theorem by repeatedly applying Lemma
[5.3.1] Item [2]is due to the fact that the family S(2k) is composed of 2-links of the form
I; L U(k) where I'; has 2-link group G and U(k) has 2-link group Fj. The result follows since
U(k) is contained in a 4-ball away from I';. O
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At the end, we note that some of the 2-links constructed in this subsection can be
Brunnianly exotic in the following tweaked sense.

Definition 5.4.8. A pair of surface links
=5 u---uUSgand I"=57U---US}

is Brunnianly exotic if it is exotic and the surface links

'\ S; and I\ Sj
are smoothly equivalent for any 4,7 = 1,..., k for which S; is diffeomorphic to S;.

Theorem 5.4.9. The surface link families in Theorem|5.4.5 and Theorem|5.4.5 can be chosen
to have pairwise Brunnianly exotic elements.

Proof. The surface links in the families above are constructed starting from the 2-links of
Theorem [£.3.3] When their 2-link group G is chosen to be the free group of g generators,
these 2-links are pairwise Brunnianly exotic as seen in Section [4.4] Since all 2-links are
stabilized in a similar way to produce the surface links in the families [5.4.3] and [5.4.5], they
remain Brunnianly exotic. O

We end this chapter by wondering if the stabilization construction exhibited here can be
applied to produce exotic surfaces with arbitrary genus g. More precisely, given an exotic
pair of 2-knots Sy and S5 in a simply connected 4-manifold M, we can perform the connected
sum of M with g copies of ST x S3 and then perform g inner stabilizations on S; and Sy each
along the solid tori S* x D? present in the g copies of S' x S2. Denote the resulting surfaces
by ¥ and .

Question 5.4.10. Is the pair X1 and s exotic?
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