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Introduction

Since its birth, density functional theory (DFT) [5] has been a reference point in the

physics and chemistry of materials thanks to the development of efficient compu-

tational methods to calculate several ground-state properties of materials (at zero

temperature), accounting for quantum effects with a modest computational work-

load. Among these properties, in the present thesis, we will focus on the elastic

constants (ECs): they describe the strength of the chemical bonds between atoms

and determine other properties such as the crystal stability, the hardness of materi-

als and the speed of sound. DFT has been employed for several decades to estimate

the ECs of materials at zero temperature and usually provides values within ∼ 10%

of the experiments [6–13].

The subsequent introduction of methods able to evaluate the lattice dynamics of

materials, such as density functional perturbation theory (DFPT) [14] and Car-

Parrinello molecular dynamics [15], allowed the extension of calculations to finite-

temperature properties and, hence, the study of the thermodynamic properties of

materials which have not only a significant fundamental interest, but also techno-

logical and applicative relevance. As a matter of fact, the nuclei constitute the

majority of the mass of materials and their thermal motion determines properties,

such as thermal expansion, heat capacity, or thermal conductivity. The theoretical

treatment of the lattice vibrations is commonly based on the so-called harmonic

approximation (HA) which assumes a parabolic dependence of the atomic potential

on atomic displacements. This approximation is not sufficient to treat all physical

properties, some of which are intrinsically anharmonic, i.e. due to the non-parabolic

regions of the interatomic potential. For instance, the HA gives vanishing thermal

expansion in solids. The anharmonic effects can be studied within the so-called

quasi-harmonic approximation (QHA) for which the vibrational frequencies acquire

a volume dependence (or, more generally, a dependence on the crystal parameters).

The use of the QHA combined with the ab-initio methods (based on DFT) has

demonstrated a remarkable effectiveness in the description of the thermodynamic

properties at temperature not too close to the melting point were higher-order an-

harmonic effects start to be important (approximately until 2
3
TM where TM is the
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melting temperature [16]). At increasing pressures, the melting temperature in-

creases as well: this extends the validity range of the QHA which becomes a valu-

able method to recover information about materials at conditions of temperature and

pressures difficult or impossible to reach in experiments. The QHA has been applied

in numerous fields: semiconductors and insulators, simple metals, hydrides, inter-

metallics, surfaces, and Earth materials of special interest in geophysics. Some of the

most important works are summarized in Ref. [17]. The QHA is also a primary in-

strument for the study of materials which exhibit a negative thermal expansion [18].

See also the more recent works [19, 16] for the use of the QHA on thermodynamic

properties. Several methods including the anharmonic effects beyond the QHA were

also proposed [20, 21].

DFT ground-state properties such as electronic band structures, elastic properties

at T = 0 K, and phonon dispersions have been computed and cataloged in large

databases [22, 23]. To this end the so-called high-troughput methods are often used.

They make simultaneous calculations of these properties for a large number of sam-

ples. This is possible also thanks to libraries of pseudopotentials [24–27] which

allow to study different atomic species and functionals. Then, these databases are

used to identify the best candidates which satisfy the required properties for the

desired applications. Among all the calculated properties the thermodynamic ones

are less extensive because they require more expensive calculations of lattice vibra-

tions. However, some studies for metals and alloys needed for the comprehension

of industrial and technological processes have been done within approximate meth-

ods [23, 28–30].

With the increase in power and number of CPUs of the modern computers, the ther-

modynamic calculations are becoming more affordable and common for a large class

of materials, from isotropic crystals (with one lattice parameter) to the anisotropic

crystals (with more lattice parameters) allowing the optimization of the properties

at finite-temperature by considering the contribution due to the temperature de-

pendence of all crystal parameters. However, until a few years ago well-defined

workflows and codes providing directly such properties did not exist. Sometimes,

the use of several programs, often complex, is required, and a big effort in the post-

production stage is also required to arrive at the final result. This is especially true

for the calculation of the temperature dependent elastic constants where the DFT
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and phonon calculations have to be set in many strained configurations which in-

crease with the complexity of the crystal. Hence, it is necessary to find a solution

which, at the same time, automate the calculation, makes it simpler (accessible to

non-specialists) and capable to take full advantage of the CPU resources available

now and in the future, also in view of a possible high-throughput use.

One of the instruments which is under development, in this respect, for the calcu-

lation of the thermodynamic properties of materials is the thermo pw [31] code. It

is a driver of the Quantum ESPRESSO [32, 33] routines which exploits the basic par-

allelization levels of the latter adding a further level based on the so-called images

that distribute the calculations for the different geometries on different CPUs and

are also able to communicate with each other asynchronously to receive the next

task to execute at the completion of the previous one. The program allows the

calculation of numerous thermodynamic properties within the QHA with a simple

definition of the variables for the control of the workflows and produces plots com-

parable with experiments. Recently, it has been used for the calculation of ECs at

T = 0 K [34] and for the investigation of a few thermodynamic properties in hexag-

onal close-packed (h.c.p.) metals [35, 36]. Another similar workflow was recently

presented [37].

In this thesis we present the general scheme of operation of thermo pw, extending

the calculation to the temperature dependent elastic constants. In particular, we

investigate the two main methods present in the literature, both based on lattice-

dynamics calculations. The quasi-static approximation (QSA) requires the calcu-

lation of the ECs at T = 0 K for various volumes and includes the effect of the

variation of volume (or crystal parameters) due to the thermal expansion computed

within the QHA. The QSA has been largely used in the literature. For example,

Y. Wang et al. computed the TDECs of seven cubic metals [38] and S-L. Shang et

al. [39] computed TDECs of α- and θ-Al2O3. K. Kádas et al. [40] used the same

approximation for the TDECs of α-beryllium deriving the temperature dependence

of the volume from the Debye model. The second approach consists in the use of the

QHA to compute the ECs directly at finite-temperature (from the second deriva-

tives of the Helmholtz free-energy with respect to strain). This method has been

applied, for instance, to the TDECs of MgO [41], h.c.p. beryllium, cubic diamond

and lonsdaleite [42], α-iron [43] and Fe3Ga alloys [44]. Some other important works
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are reported in Ref. [17]. We will compare the TDECs computed within the two

approximations. Then, since the ECs enter in the thermal expansion of solids (when

computed via mode-Grüneisen parameters), we will use the TDECs to compute it

and compare the results with the thermal expansion obtained from the T = 0 K

ECs, an approximation widely used in the literature. This study will be applied to

Si, Al, and Ag.

In metals, the electronic excitations might give a non-negligible contribution to

the thermodynamic properties. In this thesis we will also address this effect for the

thermodynamics and TDECs of four elemental solids: Pd, Pt, Cu and Au. Moreover,

since so far the effect of the exchange and correlation functional on the TDECs has

not been addressed in detail, we do also a systematic comparison between the local

density approximation (LDA) and the generalized gradient approximation (GGA)

on the same metals Pd, Pt, Cu and Au.

In order to compute the ECs within the QHA we have to consider many deformed

configurations which modify the bonds between atoms by changing their position.

In some cases the atomic positions obtained by a uniform strain of the atomic co-

ordinates are not equilibrium positions. Hence, it is necessary to allow the atomic

coordinates to relax in the new equilibrium positions. In the calculations reported

so far in the literature, the atoms are sometimes kept fixed in the uniformly strained

positions introducing errors in the ECs. More often, the atoms are allowed to relax at

T = 0 K by minimizing the total energy and these relaxations are used at all temper-

atures, neglecting the contribution of finite-temperature to the relaxation. This last

contribution was primarily taken into account [45, 46] by estimating the derivatives

of the free-energy with respect to internal displacements analytically. In this thesis

we will estimate the effect of both approximations by computing the contribution to

the ECs of the atomic relaxations at zero and finite temperatures, by arranging the

atoms in the position that minimizes the energy and the free-energy, respectively.

We will study this effect in two materials that present internal relaxations: Si and

BAs.

The next chapters are divided as follows. Chapter 1 is a brief summary of the

fundamental methods used, namely DFT for the calculation of the ground-state

properties and density functional perturbation theory (DFPT) for the calculation

of atomic vibrations. Only fundamental concepts are introduced focusing on the
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methodological questions that are relevant for setting the computational parame-

ters. Chapter 2 is an introduction to the thermodynamics of crystals and to the

QHA. Chapter 3 presents the implementation of the calculation of the temperature

dependent elastic constants in the thermo pw code, showing the general workflow

used to compute them and the other thermodynamic properties within the QHA.

Then, some applications are presented on the elemental crystals Si, Al, Ag, Pd, Pt,

Cu, Au and BAs. Chapter 4 deals with the problem of the finite-temperature atomic

relaxations and how it affects the values of the TDECs of Si and BAs.

In Chapter 5, we will leave the discussion of the ECs and we consider another ther-

modynamic property of general interest: the mean square atomic displacements, or

atomic B-factors (BFs). The BFs account for the effects of temperature and quan-

tum fluctuations on the lattice dynamics and defines the Debye-Waller factor which,

in turn, explains the temperature dependence of the intensities of X-ray or neutron

diffraction peaks in crystallography. These quantities are generally computed at

fixed geometry within the HA. We will test this approximation by comparing with

the QHA for some elemental crystals. Since also for the BFs, the knowledge of the

effect of the exchange and correlation functionals is rather limited we will present a

systematic comparison of BFs computed with different functionals.

Finally, a few appendixes discuss some points relevant for the thesis that would

make the text too long. Appendix A discuss the theory of elastic constants under

a general stress. Appendix B includes the results for the zero-temperature ECs of

some materials compared with the literature values. Appendix C reports examples

of tests to converge the calculation of ECs. Finally, Appendix D reports a study of

the anisotropic thermal expansion at finite pressure.
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Chapter 1

Theoretical framework

In the present chapter we present the technique used in this thesis to compute

the electronic ground state properties: Density-functional theory (DFT). DFT is a

quantum mechanical approach used in physics as well as in chemistry and materials

science to investigate the electronic structure of many-body systems, in particular

atoms, molecules, and the condensed phases that focuses on the electron density and

the ground-state energy instead of the many-body wavefunctions. It was originally

formulated by Walter Kohn (1923-2016) which was awarded of the Nobel prize in

Chemistry in 1998. In the second part of this chapter, we will discuss the method

used to compute the vibrational properties of materials: Density-functional per-

turbation theory (DFPT). These two ingredients are finally coupled to statistical

mechanics methods in the next chapter to address the thermodynamic properties of

materials.

1
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1.1 Density-functional theory

Within the adiabatic approximation the electronic and nuclear dynamics can be de-

coupled because the nuclear masses are much larger than the electronic ones, and

the many-body wavefunction is factored in the electronic and nuclear parts. The

many-body Schrödinger equation can be solved for the electrons in the external

potential of the nuclei. The electronic wavefunction depends explicitly on the elec-

tronic positions while the nuclear coordinates enter as external parameters, and the

ground-state energy of the electrons acts as the potential in the nuclear equation.

Let us consider a system with Nel interacting electrons in the potential of the nuclei.

The quantum mechanical properties of the system are obtained by solving the many-

body Schrödinger equation:

Ĥψ(r1, ..., rNel) = Eψ(r1, ..., rNel), (1.1)

with the Hamiltonian:

Ĥ = −
Nel∑
i=1

~2

2m
∇2
i +

Nel∑
i=1

Vext(ri) +
e2

8πε0

∑
i 6=j

1

| ri − rj |
, (1.2)

where ri is the position of electron i, ∇2
i is the Laplacian with respect to the co-

ordinate ri and Vext(ri) is the external potential acting on electrons that depends

parametrically on the nuclear positions, ε0 is the vacuum permittivity. The Eq. 1.2 is

written according to the international system of units, however, electronic structure

codes adopt atomic units (a.u.). In a.u. the unit of length is the Bohr radius (aB =

5.29177210903×10−11 m), the unit of energy is the Hartree (Eh = 4.3597447222072×

10−18 J), the unit of mass is the electronic mass (m = 9.093837015× 10−31 kg) and
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the unit of charge is the electronic charge (e = 1.602176634×10−19 C). To get Eq. 1.2

in a.u. we have to set ~ = 1, m = 1, and e = 1. In the following discussion we will

always adopt the a.u. system.

The exact solution of Eq. 1.1 exists only for a few systems (such as hydrogen and

hydrogen-like systems) while, in order to deal with more complicated systems, it is

necessary to use suitable approximations and numerical methods. The DFT is one

of these approximations that has been very successful to describe the properties of

materials.

DFT was introduced in 1964 by Hohenberg and Kohn [47] who proved a one-to-one

correspondence between the ground-state electronic density ρ(r) and the external

potential Vext(r). Since the external potential determines the many-body wave func-

tion in its ground state, the physical properties of the system in the ground state

can be expressed as functionals of the charge density. Among these properties the

total ground state energy of the system is of particular interest. It is the expectation

value of the Hamiltonian on the ground state |Ψ0〉. By expressing it as a functional

of the electronic density we have:

E[ρ(r)] = 〈Ψ0|Ĥ|Ψ0〉 = F [ρ(r)] +

∫
V

Vext(r)ρ(r)d3r. (1.3)

F [ρ(r)] includes the kinetic energy and the electronic Coulomb energies, it is an

universal functional (i.e. independent on Vext) and its form is in general unknown.

The integral is over the whole volume V of the system. The ground-state total

energy is given by the minimization of E[ρ(r)] with respect to the electronic density

with the constraint of a fixed number of electrons Nel:

∫
V

ρ(r)d3r = Nel. (1.4)
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In 1965 Kohn and Sham [5] introduced a suitable form of F [ρ(r)] by introducing an

auxiliary system of non-interacting electrons with the same ground-state electron

density of the interacting system. If we call |ψi(r)〉 the single-particle wavefunctions

of the non-interacting electrons, which are normalized as

〈ψi(r)|ψj(r)〉 = δij, (1.5)

the electronic density is:

ρ(r) =
∑
i

fi|ψi(r)|2, (1.6)

where fi is the occupation factor for state i. The kinetic energy of the non-interacting

electron gas can be written as:

T0 =
∑
i

fi〈ψi(r)| − 1

2
∇2|ψi(r)〉, (1.7)

and the Hartree term, due to the classical interactions between electrons, as:

EH =
1

2

∫∫
V

ρ(r1)ρ(r2)

|r1 − r2|
d3r1d

3r2. (1.8)

The functional F [ρ(r)] is written in terms of these quantities as:

F [ρ(r)] = T0 + EH + Exc[ρ(r)], (1.9)

where Exc[ρ(r)] = F [ρ(r)] − T0 − EH defines the exchange-correlation energy func-

tional which includes the many-body interactions not present in the other terms.

So, the total energy can be rewritten as:
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E[ρ(r)] = T0[ρ(r)] + EH [ρ(r)] + Exc[ρ(r)] + Eext[ρ(r)], (1.10)

where Eext is the integral of the external potential which is, using Eq. 1.6:

Eext =

∫
V

Vext(r)ρ(r)d3r =
∑
i

fi〈ψi(r)|Vext|ψi(r)〉. (1.11)

Since the electronic wavefunctions are normalized, the total energy can be minimized

with the Lagrange multiplier technique. The minimization gives the Kohn-Sham

equations [5]:

[
−1

2
∇2 + VKS(r)

]
|ψi(r)〉 = εi|ψi(r)〉, (1.12)

where VKS is the Kohn-Sham potential. It is a self-consistent mean-field potential

that accounts for the external potential Vext of the ions and the interaction with all

other electrons. We have:

VKS(r) = Vext(r) + VH(r) + Vxc(r), (1.13)

where VH is the Hartree potential

VH(r) =

∫
V

ρ(r′)

|r− r′|
d3r′, (1.14)

and Vxc the exchange-correlation potential

Vxc(r) =
δExc[ρ]

δρ

∣∣∣∣
ρ=ρ(r)

, (1.15)

which is the functional derivative with respect to the electronic density of the

exchange-correlation energy, evaluated at the density in the point r.
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Exc is not known and an approximation for it has to be specified. One of the most

used is the local density approximation (LDA) in which the exchange-correlation

energy is:

Exc[ρ(r)] =

∫
V

εhomxc (ρ(r)) ρ(r)d3r (1.16)

where εhomxc (ρ(r)) is the exchange-correlation energy density of a homogeneous elec-

tron gas with uniform charge density ρ and, for each point r is evaluated at the local

charge density of the non-uniform system ρ (r). It has been calculated by Quantum

Monte Carlo methods and interpolated with several functional forms. In our LDA

calculations we adopt the form proposed by Perdew and Zunger [48].

LDA is efficient in systems with a slowly-varying spatial density but, typically, it

overestimates the binding energies and, consequently, the bond lengths are underes-

timated, phonon frequencies and elastic constants overestimated. An other approach

is the generalized gradient approximation (GGA) where the exchange-correlation en-

ergy density depends not only on the charge density ρ(r) but also on its gradient

∇ρ(r) at the point r. The gradient introduces a non-local dependence on ρ(r) and

for this reason these functionals are often called semi-local. The exchange-correlation

energy within GGA is:

Exc[ρ(r)] =

∫
V

εGGAxc (ρ(r),∇ρ(r)) ρ(r)d3r. (1.17)

In this thesis, calculations are presented with the GGA functional proposed by

Perdew, Burke and Ernzerhof (PBE) [49] and its correction, PBEsol, for densely

packed solids [50]. Compared to LDA, PBE provides smaller binding energy, often

over-correcting the LDA estimates. Hence, the bond lengths are larger and, tipically,
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phonon frequencies and elastic constants underestimated. PBEsol physical proper-

ties are generally located between LDA and PBE estimates often giving a better

agreement with experiment for densely packed solids.

1.1.1 Self-consistent cycle

The effective potential VKS(r) in the Eq. 1.12 depends on the solution of the equation

itself through the density 1.6. So, the problem is solved self-consistently, starting

from an initial guess of the density ρ0
in(r) (for instance, from a superposition of

atomic densities) which determines, in turn, the potential 1.13. Then, the Kohn-

Sham Hamiltonian 1.12 is diagonalized giving a new set of wavefunctions and a new

density ρ0
out(r). From a linear combination of ρ0

in(r) and ρ0
out(r), a new tentative

density ρ1
in(r) and, consequently, a new VKS are generated. The Kohn-Sham Hamil-

tonian is diagonalized again to obtain ρ1
out(r) and the procedure is iterated until the

quantity ∫
V

|ρnout(r)− ρnin(r)|2d3r, (1.18)

at the n-th iteration, gets below a given accuracy threshold.

1.1.2 Periodic solids and plane waves

We consider an extended three-dimensional crystal made by N cells with Nat atoms

in the unit cell. The nuclei in crystals are arranged periodically in space, their

equilibrium positions are:

RI = Rµ + ds, (1.19)
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Rµ indicates a Bravais lattice vector

Rµ = n1a1 + n2a2 + n3a3, (1.20)

where the a1, a2 and a3 are three linearly independent vectors forming the basis of

the considered Bravais lattice and n1, n2 and n3 are three integer numbers identifying

a site of the lattice. The vector ds is specified by

ds = d1sa1 + d2sa2 + d3sa3, (1.21)

where 0 ≤ dis < 1 are the fractional coordinates. The volume of the unit cell is

given by:

Ω = a1 · (a2 × a3). (1.22)

The potential of the nuclei Vext has the same periodicity of the Bravais lattice:

Vext(r + R) = Vext(r). (1.23)

The electronic charge density arranges around the nuclei following the same period-

icity and, hence, also VKS shows the same periodicity:

ρ(r + R) = ρ(r),

VKS(r + R) = VKS(r).

(1.24)

Therefore, the Bloch theorem allows us to write the single-particle wavefunctions as:

ψkv(r) = eik·rukv(r), (1.25)
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where ukv(r) are lattice periodic functions, v is the band index and k is a three-

dimensional vector defined in the reciprocal space. With the Born-von Kármán

periodic boundary conditions (PBCs), the solid is modeled as a system consisting

of Nj unit cells in the direction of the lattice vectors aj where j = 1, 2, 3:

ψkv(r +Njaj) = ψkv(r). (1.26)

Imposing the PBCs to the wavefunctions 1.25 we have:

eiNjk·aj = 1, (1.27)

implying a finite set of allowed k vectors:

k =
3∑
j=1

mj

Nj

bj, (1.28)

where mj are integer numbers such that 0 ≤ mj < Nj. The bj are the primitive

vectors of the reciprocal lattice such that ai · bj = 2πδij. The reciprocal lattice of a

crystal is a Bravais lattice defined by the lattice vectors:

G = n1b1 + n2b2 + n3b3. (1.29)

The unit cell of the reciprocal Bravais-lattice is the Brillouin zone where the k

vectors are confined. If N = N1N2N3 is the total number of cells in the crystal then

we have the same number of k vectors inside the Brillouin zone. The number of

occupied bands depends on the number of electrons per unit cell Nel: Nel/2 bands

are sufficient for a non-magnetic insulator while for metals more bands have to be

computed and occupation numbers must be introduced. If ukv is expanded in plane
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waves then the wavefunctions read as:

ψkv(r) =
1√
V

∑
G

ck+G,ve
i(k+G)·r, (1.30)

where G is a reciprocal lattice vector and the plane wave coefficients ck+G,v are

normalized: ∑
G

|ck+G,v|2 = 1. (1.31)

If we insert the wavefunctions 1.30 into the Kohn-Sham equation 1.12 we get the

eigenvalue problem:

∑
G

[
1

2
|k + G|2δGG + VKS(G−G)

]
ck+G,v = εkv ck+G,v (1.32)

where VKS(G) is the Fourier transform of the Kohn-Sham potential:

VKS(G) =
1

V

∫
V

VKS(r)e−G·rd3r (1.33)

over the volume V of the crystal. The solutions of 1.32 can be obtained by linear

algebra routines which give the coefficients of the wavefunctions 1.30. In principle

the sum over the G vectors is infinite but in practical calculations a finite number

of G vectors is chosen by introducing a cut-off for the kinetic energy:

1

2
|k + G|2 ≤ Ecut. (1.34)

If written in Rydberg units, the previous equation (without the factor 1
2
) describes

a sphere in reciprocal space, centered in the k point with radius
√
Ecut. Only the

G-vectors inside the sphere are considered in the calculation. The electronic density
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can be rewritten by inserting the plane-wave expansion of wavefunctions 1.30 into

Eq. 1.6. We obtain:

ρ(r) =
1

V

∑
kv

∑
GG

fkvc
∗
k+G,v

ck+G,ve
i(G−G)·r, (1.35)

if G = −G we get the maximum possible reciprocal vector 2G for the electronic

charge density. Hence, the radius of the cutoff-sphere for the charge density
√
Eρ
cut

will be doubled with respect the one for the wave-functions:
√
Eρ
cut = 2

√
Ecut and the

charge-density energy cutoff itself will be four times the one for the wave-functions.

In electronic structure calculations a finite mesh of k-points has to be defined in

order to perform various integrals over the Brillouin zone that define usually the

physical properties of interest. Such sums are typically performed in a subset of

k-points that are not equivalent by rotations and each point must acquire a weight

that is proportional to the number of k-points in the star of equivalent points in the

Brillouin zone. This subset of inequivalent points defines the irreducible Brillouin

zone (IBZ). The k-points grid as well as the variable Ecut has to be converged for

each property of interest.

1.1.3 Smearing for metals

In metals the occupation factors in Eq. 1.6 are:

fi → fkv = θ(εF − εkv) (1.36)

where θ is a step function which is 0 if the eigenvalues εkv are larger then the Fermi

energy εF , 1 otherwise. So, only the occupied states are included. The Fermi energy

can be determined by the condition:
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2
∑
kv

θ(εF − εkv) = NNel, (1.37)

which gives the total number of electrons in the N unit cells of the solid. In the

self consistent procedure, the step function could be a source of problems. For

example, in consecutive iterations the eigenvalues close to εF could be slightly above

or slightly below εF itself. This implies a sudden change of the charge density making

the calculation unstable. To avoid this problem, the step function is replaced by a

smeared function that depends on a smearing parameter σ. In this way the value

1 of the function under εF , is smoothly connected with the value 0 of the function

above εF . This change takes place in a region of size σ. It follows that the charge

density as well as the total energy will depend on σ and the result of interest is

obtained in the limit σ → 0. There are many recipes for the form of the smoothed

step function that allow to use a σ as large as possible and, hence, a small number of

k points giving the result corresponding to the zero broadening limit. The simplest

way is to introduce the occupation factor:

fkv =
1

2

[
1− erf

(
εkv − εF

σ

)]
, (1.38)

given by
∫ εF
−∞ δ̃(x− εkv)dx where δ̃ is a gaussian with variance σ. Unfortunately, this

approach gives a total energy quadratic with σ, requiring a quite small σ and, hence,

a large grid of k-points to converge the calculation. A more efficient method is the

one proposed by Methfessel and Paxton [51] giving a total energy quartic in σ. They

corrected the previous method multiplying the gaussian by a Hermite polynomial of

order one: in this way, even for large σ, the zero broadening limit is obtained with

a smaller grid of k-points. Another approach is to use the Fermi-Dirac distribution

for the occupation factor. The smearing parameter in this case is the broadening
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due to the electronic temperature. The Fermi-Dirac occupations are:

fkv =

[
exp

(
εkv − εF
kBT

)
+ 1

]−1

. (1.39)

In this case, the charge density ρ(r, T ) acquires the temperature dependence of

the Fermi-Dirac occupations. It enters in the self-consistent cycle, determines the

Hamiltonian and thus the wavefunctions ψkv = ψkv[ρ(r, T )].

When the smearing approach is used, an auxiliary electronic free-energy at temper-

ature T is minimized instead of the total energy alone:

F el(T ) = Eel(T )− TSel(T ), (1.40)

where Eel is the total energy and Sel is the auxiliary electronic entropy. When the

Fermi-Dirac occupations are used, Eq. 1.40 represents the physical free-energy of

the electrons and the smearing parameter in Eq.1.39 σFD = kBT , where kB is the

Boltzmann constant, is related to the physical broadening at temperature T . For

sufficiently small smearing, the zero temperature limit can be obtained. In the next

chapter we will address another method to compute the electronic free-energy for

finite range of temperatures combining DFT band structure calculations and the

Sommerfeld method.

1.1.4 Pseudopotentials

The treatment of all the electrons in the calculation require a very large number

of plane waves in order to describe the rapid oscillations of the wavefunctions near

the nuclei. This problem can be avoided freezing the core electrons in their atomic
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ground state and considering only the valence electrons which are those that deter-

mine the chemical bonds. For this purpose the concept of pseudopotential is intro-

duced to describe the interactions between valence electrons and pseudoions formed

by the nuclei and the core electrons. The corresponding pseudo-wavefunctions |ψ̃kv〉

of valence electrons are considerably smoother near the nucleus but reproduce the

behaviour of the real wavefuntions outside the core region. Many methods have

been developed to generate pseudopotentials. They provide additional terms in the

density, in the energy and in the Kohn-Sham equations that we will not discuss in

details. We mention only that in the ultra-soft (US) pseudopotentials the charge

density has the following form:

ρ(r) =
∑
kv

fkv

[
|ψ̃kv(r)|2 +

∑
Imn

QI
mn(r)〈ψ̃kv|βIm〉〈βIn|ψ̃kv〉

]
(1.41)

where the new term contains the augmentation charges QI
mn(r) and the projectors

|βIm〉 of atom I. A similar expression can be derived for pseudopotential within

the projector augmented wave (PAW) formalism [52], mainly adopted in this thesis.

The additional term in the electronic charge density translates into a Eρ
cur larger

than 4Ecut. Therefore also Eρ
cur is a parameter that enters in the calculation and its

convergence must be carefully checked.

1.2 Ab-initio lattice dynamics

Within the adiabatic approximation the nuclei move in a potential energy given by

the DFT ground-state total-energy E of the system of electrons with nuclei clamped

in their positions RI . Within the framework of the harmonic approximation we
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assume small displacements from the equilibrium positions. If we call the displace-

ment, at time t, uI then the position of atom I (i.e. the atom s in the cell µ)

becomes:

RI → RI + uI , (1.42)

and we can expand the total-energy up to second order as:

E(RI + uI) = E0(RI) +
∑
Iα

∂E

∂uIα
uIα +

1

2

∑
Iα,Jβ

∂2E

∂uIα∂uJβ
uIαuJβ, (1.43)

where the derivatives are computed at uI = 0 and α and β indicate the three

Cartesian coordinates. At equilibrium ∂E
∂uIα

= 0 and the Hamiltonian of the ions

becomes:

H =
∑
Iα

P 2
Iα

2MI

+
1

2

∑
Iα,Jβ

∂2E

∂uIα∂uJβ
uIαuJβ, (1.44)

where PIα is the momenta and MI the mass of the nuclei which, by applying the

Hamilton equations (u̇Iα = ∂H
∂PIα

and ṖIα = − ∂H
∂uIα

), leads to the following equations

of motion:

MI üIα = −
∑
Jβ

∂2E

∂uIα∂uJβ
uJβ, (1.45)

with N × 3Nat solutions uIα(t), 3Nat is the number of modes indicated with the

index ν. We look for solutions in the form of a phonon:

uµsα(t) =
1√
Ms

Re
[
uνsα(q)ei(qRµ−ωqνt)

]
, (1.46)
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ωqν is the angular frequency of the lattice vibration at wave vector q and mode ν,

uνsα(q) is the complex amplitude of the phonon mode. If we insert Eq. 1.46 into

Eq. 1.45 we get:

ω2
qνu

ν
sα(q) =

∑
s′β

Dsαs′β(q)uνs′β(q) (1.47)

where

Dsαs′β =
1√

MsMs′

∑
η

∂2E

∂uµsα∂uηs′β
eiq(Rη−Rµ) (1.48)

is the dynamical matrix of the solid. To compute the second derivatives of the

total-energy we can start from the Hellmann-Feynmann theorem which leads to the

following expression for the first derivative with respect to the external parameter

λ:

∂E

∂λ
=

∫
∂Vext
∂λ

ρ(r)d3r +
∂UII
∂λ

, (1.49)

and derive with respect to a second parameter µ to get the second derivative:

∂2E

∂µ∂λ
=

∫
∂2Vext
∂µ∂λ

ρ(r)d3r +

∫
∂Vext
∂λ

∂ρ(r)

∂µ
d3r +

∂UII
∂λ∂µ

. (1.50)

In our case the external parameters λ and µ are the atomic displacements. Eq. 1.50

requires, in addition to the electronic charge density ρ(r), its linear response to a

distortion of the nuclear geometry ∂ρ(r)
∂µ

:

∂ρ(r)

∂µ
= 2

∑
i

[
∂ψ∗kv(r)

∂µ
ψkv(r) + ψ∗kv(r)

∂ψkv(r)

∂µ

]
. (1.51)

The derivative ∂ψkv(r)
∂µ

can be evaluated by linearizing the Kohn-Sham potential, the

single-particle wavefunctions, and the eigenvalues for a given perturbation µ:
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VKS(r, µ) = VKS(r, µ = 0) +
∂VKS
∂µ

µ ,

ψkv(r, µ) = ψkv(r, µ = 0) +
∂ψkv

∂µ
µ ,

εkv(µ) = εkv(µ = 0) +
∂εkv
∂µ

µ.

(1.52)

Inserting these equations into the Kohn-Sham equation 1.12 and keeping only the

first order in µ we have:

[
−1

2
∇2 + VKS(r)− εkv

]
∂ψkv(r)

∂µ
= −∂VKS

∂µ
ψkv(r) +

∂εkv
∂µ

ψkv(r) (1.53)

where ∂VKS
∂µ

= ∂Vext
∂µ

+ ∂VH
∂µ

+ Vxc
∂µ

with

∂VH
∂µ

=

∫
1

|r− r′|
∂ρ(r′)

∂µ
d3r′,

∂Vxc
∂µ

=
δVxc
δρ

∂ρ(r)

∂µ
,

(1.54)

that depend self-consistently on the charge density induced by the perturbation.

The induced charge density can be shown to be only dependent on Pc
∂ψkv

∂µ
where Pc

is the projector on the conduction bands. Therefore the linear system of Eq. 1.53

can be rewritten as:

[
−1

2
∇2 + VKS(r)− εkv

]
Pc

∂ψkv(r)

∂µ
= −Pc

∂VKS
∂µ

ψkv(r). (1.55)

While the response to the charge density is:

∂ρ(r)

∂µ
= 2

∑
kv

[(
Pc

∂ψkν(r)

∂µ

)∗
ψkv(r) + ψ∗kv(r) Pc

∂ψkv(r)

∂µ

]
. (1.56)
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Having the response to the charge density, the second derivatives of the energy 1.50

and the dynamical matrix 1.48 can be addressed to compute the phonon frequencies.

The above method to obtain the electron-density linear response from DFT is usually

referred as density-functional perturbation theory (DFPT). The previous treatment

is valid for insulators: further details about it and its modifications for dealing

with metals are explained in Ref. [14]. Moreover, the details of the implementation

depend upon the given pseudopotential: in this thesis we make use mainly of PAW

pseudopotential whose DFPT-extension is given in Refs. [53, 54].



Chapter 2

Elements of thermodynamics of

crystals

The knowledge of the total-energy of a solid and of its phonon frequencies allows

to model the thermodynamic potentials, i.e. the Helmholtz free-energy from which

it is possible to derive several physical properties at finite temperature. These two

ingredients are computed within the theoretical frameworks of DFT and DFPT

summarized in the previous chapter. Here, we give a general introduction to the

basic relations of harmonic and quasi-harmonic thermodynamics.

2.1 Thermal energy of phonons

The energy associated with an harmonic phonon of angular frequency ωqν of mode

ν and reciprocal lattice vector q depends on the occupation number nqν , i.e the

number of phonons in that mode, and is given by:

Eqν = ~ωqν

[
1

2
+ nqν

]
. (2.1)

19
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The complete set of occupation numbers {nqν} for each mode describes the state of

the system. We indicate a particular state with i: hence, a given index i corresponds

to a set {nqν}. The vibrational energy associated with such a state is indicated with

Ei and is the sum of the energies of the occupied phonon states:

Ei =
∑
qν

~ωqν

[
1

2
+ nqν

]
. (2.2)

From statistical mechanics it is known that at temperature T , the probability P (Ei)

of having the system with energy Ei is:

P (Ei) =
1

Z
e−βEi , (2.3)

where β = (kBT )−1, kB is the Boltzmann constant and Z is the partition function

of the system:

Z =
∑
i

e−βEi =
∏
qν

(
∞∑
n=0

e−β(n+ 1
2

)~ωqν

)
, (2.4)

where in the last equality we make use of Eq. 2.2 and the properties of exponentials.

Summing over n and taking the logarithm we have:

lnZ = −β
∑
qν

~ωqν

2
−
∑
qν

ln
[
1− e−β~ωqν

]
. (2.5)

The definition of the Helmholtz free-energy is F = − 1
N

1
β

lnZ (where N is the number

of unit cells in the crystal): by inserting the vibrational partition function of Eq. 2.5

we get the vibrational free-energy Fvib:

Fvib =
1

N

∑
qν

~ωqν

2
+

1

N

1

β

∑
qν

ln
[
1− e−β~ωqν

]
. (2.6)

The internal energy per cell U is defined as the sum of the single state energies Ei
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weighted by the probability of each state P (Ei). Considering this definition, Eq. 2.3

and the second side of Eq. 2.4 we have:

U =
1

N

∑
i

EiP (Ei) = − 1

N

∂ lnZ

∂β
. (2.7)

Hence, the vibrational contribution to the internal energy reads as:

Uvib =
1

N

∑
qν

~ωqν

2
+

1

N

∑
qν

~ωqν

eβ~ωqν − 1
, (2.8)

which shows that the mean occupation number is:

nqν =
1

eβ~ωqν − 1
. (2.9)

The Eqs. 2.6 and 2.8 can be rewritten in terms of the phonon density of states per

cell g(ω)

g(ω) =
1

N

∑
qν

δ(ω − ωqν), (2.10)

in the following forms:

Fvib =
1

β

∫ ∞
0

dωg(ω) ln

[
2 sinh

(
β~ω

2

)]
, (2.11)

Uvib =

∫ ∞
0

dωg(ω)
~ω
2

+

∫ ∞
0

dωg(ω)
~ω

eβ~ω − 1
. (2.12)

Then the entropy S can be derived from the relation F = U + TS.



Chapter II. Elements of thermodynamics of crystals 22

The internal vibrational energy can be used to calculate the phonon contribution to

the isochoric heat capacity CV =
(
∂Uvib
∂T

)
V

. From Eq. 2.8 we have:

CV =
kB
N

∑
qν

(
~ωqν

kBT

)2
eβ~ωqν

(eβ~ωqν − 1)2
, (2.13)

while by using Eq. 2.12 we have:

CV = kB

∫ ∞
0

dωg(ω)eβ~ω
(

β~ω
eβ~ω − 1

)2

. (2.14)

The previous equations allows to compute the fundamental harmonic thermody-

namic properties of solids. In the next section we generalize the expression of the

harmonic free-energy in order to get informations about anharmonic properties as

the thermal expansion.

2.2 Equilibrium properties from volume-temperature

variables

Let us consider a crystal at temperature T , pressure P , and volume Ω. If its volume

changes of dΩ, the work done by the solid against the pressure is −P dΩ. To keep

the temperature T constant, the solid absorbs the heat dQ that, for the second law of

thermodynamics, is equal to TdS where dS is the change of entropy. Then from the

first law of thermodynamics the change in the internal energy dU is the difference

between the absorbed heat and the work done by the solid dU = TdS−PdΩ. Hence,

the pressure must be:

P = −
(
dU

dΩ

)
T

+ T

(
dS

dΩ

)
T

= −
(
dF

dΩ

)
T

, (2.15)
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where F = U+TS is the Helmholtz free-energy, a function of the temperature T and

the volume Ω. At temperature T and P = 0, Eq. 2.15 becomes
(
∂F
∂Ω

)
T

= 0, so the

solid is in equilibrium at the volume Ω that minimizes the free-energy. Minimizing

F at each T we get the temperature dependent volume Ω(T ).

Within the DFT framework the Helmholtz free-energy can be written as

F (Ω, T ) = U0(Ω) + Fvib(Ω, T ) + Fel(Ω, T ), (2.16)

where U0(Ω) is the total-energy of the static lattice (the DFT total-energy) at volume

Ω, Fvib is the vibrational free-energy of Eq. 2.6 or Eq. 2.11 at the same volume Ω, and

Fel is the free-energy of the electronic thermal excitation that, until now, we have not

considered. This contribution is negligible in insulators and semiconductors but it

is often important in metals, in particular for the isobaric heat capacity CP . In this

section we neglect Fel but we will address it in Section 2.4. The volume dependence

of Fvib is determined by means of the QHA for which the phonon normal mode

angular frequencies acquire the dependence upon volume ωqν −→ ωqν(Ω).

The variation of a phonon-mode angular frequency with respect to the volume is

quantified by the mode-Grüneisen parameter:

γqν = − Ω0

ωqν

(
dωqν(Ω)

dΩ

)
Ω=Ω0

, (2.17)

where Ω0 is the equilibrium volume at T = 0 K.
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2.2.1 Bulk modulus and compressibility

The isothermal bulk modulus BT is the inverse of the compressibility KT :

1

BT
= KT = − 1

Ω

(
∂Ω

∂P

)
T

. (2.18)

The bulk modulus B as well as its derivatives with respect to pressure B′ and

the equilibrium volume Ω = Ω0 can be obtained as a function of temperature by

fitting the Helmholtz free-energy with the Murnaghan equation of state at each

temperature, where they enter as fitting parameters:

F (Ω) = F (Ω0) +
BΩ

B′

[
1

B′ − 1

(
Ω0

Ω

)B′

+ 1

]
− BΩ0

B′ − 1
. (2.19)

.

2.2.2 Volume thermal expansion

From Ω = Ω(T ) we can get the volume thermal expansion at temperature T defined

as:

αvol =
1

Ω

(
dΩ

dT

)
P

, (2.20)

where P is the pressure.

2.2.3 Thermal expansion from mode-Grüneisen parameters

Starting from Eq. 2.20, the thermal expansion can be written as:

αvol = − 1

Ω

(
dΩ

dP

)
T

(
dP

dT

)
Ω

= − 1

BT

(
∂2F

∂T∂Ω

)
T

, (2.21)
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where we used the definition of the isothermal bulk modulus BT of Eq. 2.18. By

taking the derivatives of Eq. 2.6 with respect T and Ω, αvol becomes:

αvol =
1

BT

∑
qν

cqνγqν , (2.22)

where γqν are the mode-Grüneisen parameters of Eq. 2.17 and the cqν are the mode

contributions to the heat capacity:

cqν =
~ωqν

Ω0

∂

∂T

(
1

eβ~ωqν − 1

)
. (2.23)

2.2.4 Comparison with experiments

Once we have the volume thermal expansion αvol (Eq. 2.20), the heat capacity CV

(Eq. 2.13 or Eq. 2.14) and the isothermal bulk modulus BT (Eq. 2.18), we can

address some properties measured in the experiments. The isobaric heat capacity

CP is given by:

CP = CV + ΩBTα2
vol. (2.24)

From the CP , the isoentropic bulk modulus BS can be obtained from the isothermal

one BT with the following equation1:

1

BS
=

1

BT
− TΩα2

vol

CP
. (2.25)

1For the proofs of Eqs. 2.24 and 2.25 see Ref. [55] (pag. 7).
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An overall measure of the anharmonicity of the system is given by the macro-

scopic Grüneisen parameter which is the average of the mode-Grüneisen parameters

weighted by the mode contributions to the heat capacity of Eq. 2.23:

γ =

∑
qν cqνγqν∑

qν cqν
=

ΩαvolB
T

CV
=

ΩαvolB
S

CP
. (2.26)

2.3 The general case: strain-temperature variables

The previous formulation can be easily applied to isotropic cubic crystals whose

lattice is defined by one parameter, the lattice constant a, or equivalently by the

volume Ω of the unit cell. This approach is still valid for anisotropic solids but,

in this case, for each Ω we have additional crystal parameters: from two, for the

hexagonal, tetragonal and trigonal systems, up to six, for the triclinic system. One

widely-used option is to optimize all crystal parameters at T = 0 K for each volume

and use the previous formulation. On the other hand we can, more accurately, write

the Helmholtz free-energy as a function of the crystal parameters and optimize all

of them at each temperature T . For this purpose, the formulation above must be

generalized by introducing the concepts of strain and stress as we do in this section.

Moreover, this formalism allow us to introduce the definition of the elastic constants

of crystals.

2.3.1 Strain and stress

The strain applied to a solid is described by a 3×3 strain matrix εij. Let us consider

a crystal described by the three primitive vectors a1, a2, a3. The strain εij transforms

them into the strained lattice vectors a′1, a′2, a′3 as:
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a′ji = aji +
3∑

k=1

εjk aki, (2.27)

where aki is a matrix having the unperturbed primitive vectors as columns. In

general we consider only symmetric strains such that εij = εji.

The stress σij is the i-th component of the force per unit of area that acts on the

surface Aj of an element of volume of the solid (Fig. 2.1).

In a solid under a constant stress σij, to change the strain by dεij, the solid must

do a work dW = Ω
∑

ij σijdεij where Ω is the unperturbed cell volume. Using the

definition of the stress with the signs shown in Fig. 2.1, in the expression of dW

Figure 2.1: Volume element inside a stressed body. There are forces exerted
on the surfaces of the element by the material surrounding it. These forces are
proportional to area of the surface of the element, the force per unit area is the
so-called ”stress”. We only consider homogeneous stresses where forces acting
on the surface of an element of fixed shape and orientation do not depend on the
position of the element in the body. The force exerted across each face of the cube
can be divided into three components. For example the face perpendicular to the
x axis is A1 and the three relative components of the stress are σ11 (the normal
component), σ21 and σ31. Since the stress is homogeneous the forces applied to
the opposite face is equal and opposite. The same statement holds for the other

faces A2 and A3.
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there is not the minus sign (differently from section 2.2) because by definition the

component of the stress is σii = −P . Then, the isotropic pressure is P = −1
3

∑
i σii.

Following the same reasoning of Section 2.2 we write the variation of the internal

energy of a solid at temperature T , under the stress σij when the strain changes of dεij

and the solid adsorbs the heat TdS to keep T constant as: dU = TdS+Ω
∑

ij σijdεij,

whence:

σij =
1

Ω

[(
∂U

∂εij

)
T

− T
(
∂S

∂εij

)
T

]
=

1

Ω

(
∂F

∂εij

)
T

. (2.28)

The equilibrium configuration at temperature T is the one with σij = 0 that is the

one obtained by the free-energy minimization with respect to strain. In practice,

the minimization is done with respect to strains that conserve the shape of the unit

cell and the Bravais lattice. Therefore, this is equivalent to minimize the free-energy

with respect to the crystal parameters.

2.3.2 Elastic constants at zero temperature

For sufficiently small strains the amount of stress is found to be proportional to the

magnitude of the strain applied in a solid (Hooke’s Law). Under this condition, the

proportionality constants between stress and strain, for a given arrangement of their

directions, define the elastic constants, or elastic stiffness, of the crystal:

Cijkl =

(
∂σij
∂εkl

)
0

, (2.29)

where the subscript 0 means that the derivative are computed at zero strain: εij =

0. The Cijkl form a fourth rank tensor with 81 entries but the actual number of
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independent elastic constants is determined by the symmetry properties of the tensor

and the crystal system under consideration. The symmetry of elastic constants are

discussed in more details in the Appendix A and we will see later an example of

application in cubic crystals.

Doing a strain on a solid that has energy E0, we obtain a solid with energy E({εij})

which can be Taylor expanded up to second order in the strain as:

E({εij}) = E0 +
∑
ij

(
∂E

∂εij

)
0

εij +
1

2

∑
ijkl

(
∂2E

∂εij∂εkl

)
0

εijεkl, (2.30)

where the derivatives are computed at zero strain. The linear terms in the strain

define the components of the initial stress:

σ0
ij =

1

Ω

(
∂E

∂εij

)
0

, (2.31)

the quadratic term defines the constants:

C̃ijkl =
1

Ω

(
∂2E

∂εij∂εkl

)
0

, (2.32)

that we have indicated with the tilde to differentiate them from the ECs of Eq. 2.29.

As a matter of fact the relation between the two quantities is:

Cijkl = C̃ijkl −
1

2

(
2σ0

ijδkl − σ0
ikδjl − σ0

ilδjk − σ0
jlδik − σ0

jkδil
)
. (2.33)

Hence, they are equal Cαβγδ = C̃αβγδ only if σ0
ij = 0. If the initial stress is an

isotropic pressure, i.e. σ0
αβ = −Pδαβ, then:

Cijkl = C̃ijkl +
1

2
P (2δijδkl − δilδjk − δikδjl) . (2.34)
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Eq. 2.33 and Eq. 2.34 tell us how to link the stress-strain ECs to the second deriva-

tives of the energy for a generic stress or isotropic pressure. They are derived and

discussed in more details in the Appendix A. Moreover, the atoms have to be allowed

to relax in the positions that minimizes the total-energy for each strain.

2.3.3 Temperature dependent elastic constants

The theory of previous section applies at T = 0 K but it can be generalized to

finite temperature expanding in Eq. 2.30 the Helmholtz free-energy F instead of the

energy. In this manner we can study the effects of zero-point quantum motion and

temperature. From the free-energy expansion, the second-order coefficients read as:

C̃T
αβγδ =

1

Ω

(
∂2F

∂εαβ∂εγδ

)
0

, (2.35)

where the superscript T means isothermal and are computed at zero strain. If the

system is out of equilibrium, the Eq. 2.33 and Eq. 2.34 can be applied to get the

stress-strain isothermal ECs at temperature T . The Helmholtz free-energy F has

the same form of Eq. 2.16 but with the dependence upon volume Ω replaced by the

strain ε dependence. Such dependence is inherited by the strain dependence of the

phonon angular frequencies ωη (q, ε) within the QHA.

The EC computed via Eq. 2.35 is a function of T and depends on the starting

reference-configuration identified by the set of crystal parameters X0, i.e. CT
αβγδ =

CT
αβγδ(X0, T ). In order to get ECs at the minimum of the free-energy at each tem-

perature, the information of the temperature variation of crystal parameters X(T )

is used to obtain the CT
αβγδ[X(T ), T ]. In practice, this can be done by computing the

second derivatives at zero strain 2.35 for a grid of crystal parameters Xi, correcting
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with Eq. 2.34 the results at finite pressure, and interpolating the CT
αβγδ[Xi, T ] at the

X(T ) and get the final TDECs CT
αβγδ[X(T ), T ].

In the TDECs calculation as well, the atomic positions can be relaxed at T = 0 K for

each strain: a method to estimate the effect of finite-temperature atomic relaxation

will be introduced in Chapter 4.

2.3.3.1 Calculation for cubic solids

The symmetry of ECs reduces the 81 components into 21. For this reason the ECs are

usually expressed in the so-called Voigt notation with only two indices and presented

as 6× 6 matrix (see Appendix A and Ref. [56]). The number of independent ECs is

further reduced by the symmetry properties of the crystal structure. They depend

on the so-called Laue class of the crystal obtained by adding inversion to the point

group [56]. In cubic solids there are three independent ECs and the ECs matrix has

the following form:



C11 C12 C12 . . .

C12 C11 C12 . . .

C12 C12 C11 . . .

. . . C44 . .

. . . . C44 .

. . . . . C44


, (2.36)

where a dot indicates a zero entry. If the system is under a pressure P the stress-

strain ECs are given by Eq. 2.34 that, in this case, simplify into:
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C11 = C̃11,

C12 = C̃12 + P, (2.37)

C44 = C̃44 −
1

2
P.

The second order contribution to the total energy of a strained crystal, in Voigt

notation, is:

E =
Ω

2

∑
ij

εiC̃ijεj. (2.38)

In order to derive the three independent ECs, the following strains can be used:

εA =


ε1 0 0

0 ε1 0

0 0 ε1

 , εE =


0 0 0

0 0 0

0 0 ε3

 ,

εF =


0 ε4 ε4

ε4 0 ε4

ε4 ε4 0

 .

(2.39)

The strain εA does not change the shape of the cubic cell, while εE transforms it

into a tetragonal cell and εF into a rhombohedral cell. None of the strains is volume

conserving.

Since the Cij tensor (or equivalently the C̃ij) has the form 2.36, applying Eq. 2.38

we obtain, for each type of strain, the following relations for the elastic energy:

EA =
3Ω

2

(
C̃11 + 2C̃12

)
ε1

2,

EE =
Ω

2
C̃11ε3

2,

EF =
3Ω

2
C̃44ε4

2.

(2.40)
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Hence, the ECs can be computed by fitting the energy as a function of strain with

a polynomial, and taking the analytic second derivatives. The same relation 2.38 is

valid at finite temperature for the Helmholtz free-energy. So, at each temperature

the ECs can be computed by fitting the free-energy with 2.40. The ECs are computed

at different volumes Ωi (or, equivalently, cubic lattice constants ai) to get C̃ij(Ωi, T ).

They are converted with 2.34 into the stress-strain Cij(Ωi, T ) and interpolated at

the temperature dependent volume Ω(T ). The details of this procedure and the

workflow of the algorithm are discussed in more details in Chapter 3.

2.3.4 The thermal expansion tensor

The thermal expansion is defined as the strain dεij induced by a unitary change of

temperature dT at constant stress:

αij =

(
∂εij
∂T

)
σ

. (2.41)

It is a symmetric tensor. The previous definition can be written in terms of the

crystal parameters of the solid considered. Let us introduce the versor l = (l1, l2, l3)

perpendicular to a set of lattice planes and write the thermal expansion in this

direction αl as:

αl =
∑
ij

αijlilj. (2.42)

Along the direction l the thermal expansion is

αl =
1

dl

(
ddl
dT

)
σ

, (2.43)
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where dl is the interplanar distance for that set of lattice planes.

Cubic solids. We have only one crystal parameter. The thermal expansion tensor

is αij = αδij. We consider the lattice planes perpendicular to l = (0, 0, 1) and the

thermal expansion in this direction is α33 = α. The interplanar distance is dl = a

for the simple cubic structure and dl = a
2

for the body-centered and face-centered

cubic structures. So, for all three cubic crystals the thermal expansion is:

α =
1

a(T )

da(T )

dT
. (2.44)

Hexagonal solids. As an example of anisotropic solid we consider those belonging

to the hexagonal system that have two crystal parameters a and c. The non-zero

component of the thermal expansion are α11 = α22 and α33. We can consider the

lattice planes perpendicular to l = (1, 0, 0) whose distance is dl = a
2
. Hence, for this

direction we have αl = α11 and

α11 = α22 =
1

a(T )

da

dT
. (2.45)

Then we can consider the planes perpendicular to l = (0, 0, 1). The distance between

these planes is c. Since αl = α33 we have:

α33 =
1

c(T )

dc

dT
. (2.46)

Instead of the parameter c, the parameter c/a is often used. Since c(T ) = a(T ) c
a

(T ),

then:

dc

dT
=
da

dT
c/a (T ) + a(T )

d c/a

dT
, (2.47)
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and:

α33 =
1

a(T )

da

dT
+

1

c/a (T )

dc/a

dT
. (2.48)

2.3.5 Thermal expansion tensor from mode-Grüneisen pa-

rameters: The role of elastic constants

From the thermal expansion tensor αij we can compute the volume thermal expan-

sion αvol as:

αvol =
1

Ω

(
dΩ

dT

)
P

=
3∑
i=1

(
∂εij
∂T

)
σ

=
3∑
i=1

αii. (2.49)

For a cubic crystal we have αvol = 3α. So, by using Eq. 2.22, the thermal expansion

coefficient for a cubic crystal, written in terms of the mode-Grüneisen parameters

becomes:

α =
1

3BT

∑
qν

cqνγqν . (2.50)

Starting from the thermal expansion defined in Eq. 2.41 we now derive an equivalent

expression of Eq. 2.50 valid for a generic, possibly anisotropic, solid:

αij =

(
dεij
dT

)
σ

= −
∑
kl

(
dεij
dσkl

)
T

(
dσkl
dT

)
ε

= (2.51)

= − 1

Ω

∑
kl

STijkl

(
∂2F (ε, T )

∂T∂εkl

)
T

,
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where STijkl =
(
dεij
dσkl

)
T

defines the elastic compliances, the inverse of the stress-

strain elastic constants tensor2. So, the final expression for the anisotropic thermal

expansion tensor coefficients is:

αij =
∑
kl

STijkl
∑
qν

cqνγ
kl
qν , (2.52)

where cqν is the generalization of the mode-heat capacity of Eq. 2.23 where the

frequencies are now allowed to depend on strain:

cqν =
~ωqν(ε)

Ω

d

dT

(
1

eβ~ωqν − 1

)
. (2.53)

While γklqν is the generalization of the mode-Grüneisen parameter of Eq. 2.17 defined

as:

γklqν = − 1

ωq,ν

dωq,ν

dεij
. (2.54)

Eq. 2.52 describes for each temperature the thermal expansion curve. We point out

that in many practical calculations the temperature-dependent elastic compliances

STijkl are replaced by their constant zero-temperature value for all temperatures: we

will address the effect of this approximation in Chapter 3.

The sum of the elastic compliances is related to the bulk modulus:

1

BT
=
∑
ij

STiijj, (2.55)

2For cubic solids there is a simple relation between the entries of the elastic constants and elastic
compliances tensors: S11 + 2S12 = (C11 + 2C12)−1, S11 − S12 = (C11 − C12)−1 and S44 = C−144 .
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and an equivalent relation holds for the adiabatic case. For example, the isothermal

bulk modulus for the thermal expansion in cubic solids of Eq. 2.50 can be written

in terms of the ECs as:

BT =
1

3

(
CT

11 + 2CT
12

)
. (2.56)

2.3.6 Comparison with experiments: The adiabatic elastic

constants

The isothermal ECs (Eq. 2.35 and Eq. 2.34), the thermal expansion coefficient

(Eq. 2.41) and the isochoric heat capacity (Eq. 2.13 or Eq. 2.14), give access to

the calculation of adiabatic ECs, usually provided by experiments:

CS
ijkl = CT

ijkl +
TΩbijbkl
CV

, (2.57)

where bij is the thermal stress, obtained from:

bij = −
∑
kl

CT
ijklαkl. (2.58)

2.4 The electronic contribution to the free-energy

So far we have neglected the electronic contribution Fel to the free-energy in Eq.

2.16. This contribution could be important for the thermodynamic properties of

metals. It can be accounted for by the Mermin’s approach discussed in section 1.1.3

of the previous chapter. Alternatively we compute Fel from fixed band structures,

neglecting their change due to temperature. We use:

Fel = Uel − TSel, (2.59)
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where Uel is the electronic excitation internal energy:

U el =

∫ +∞

−∞
EN(E)fdE −

∫ EF

−∞
EN(E)dE, (2.60)

and Sel is the electronic entropy:

Sel = −kB
∫ +∞

−∞
[f ln f + (1− f) ln(1− f)]N(E)dE. (2.61)

In Eqs. 2.60 and 2.61 f(E, µ, T ) indicates the Fermi-Dirac occupations (depending

on E, the temperature T , and the chemical potential µ), N(E) is the electronic

density of states and EF is the Fermi energy. The chemical potential µ is calculated

at each temperature to give the number of electrons per unit cell in the formula

Nel =
∫∞
−∞N(E)f(E, T, µ)dE.



Chapter 3

Temperature-dependent elastic

constants

In the previous chapter we have introduced the basic physical relationships required

to describe the thermodynamic and thermoelastic properties of a crystal. In this

chapter we apply them to several elemental solids (Si, Al, Ag, Pd, Pt, Cu, Au) and

to BAs. In particular we will focus on the TDECs, quantities that requires almost

all the thermodynamic properties that we have introduced. The systems considered

are paradigmatic examples of cubic semiconductors, transition and noble metals,

and are chosen also on the basis of availability of experimental data for the TDECs

or for the technological interest.

We start in Section 3.1 by describing the methods for the calculation of the TDECs:

the quasi-static approximation (QSA), where only the effect of the thermal expan-

sion on the EC is considered, and the QHA, more accurate, which accounts for

the contribution of the vibrational free-energy in the strained configurations. The

39
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general algorithm and the workflows that we discuss have been implemented in the

thermo pw code.

In Section 3.2 we investigate the TDECs of Si, Al and Ag and we use these systems as

samples to perform various tests of the methodology. For them we compare the QSA

and the QHA finding that, increasing temperature, the QHA gives almost the same

percentage change of ECs as the experiment while the QSA gives a somewhat smaller

softening. In these systems we compute the thermal expansion (TE) coefficient with

the Grüneisen formulation (Eq. 2.50 and Eq. 2.56). We find that the QHA ECs

allow to reproduce with remarkable accuracy the TE given by the differentiation of

the temperature dependent lattice constants while the TE computed with the zero

temperature ECs, a method widely used in literature, is more approximated, quite

distant at large temperatures from experiments for the metals. This part of the

thesis has been published in Ref. [1].

In Section 3.3 the TDECs of Pd, Pt, Cu, Au are investigated. The first two ele-

ments, Pd and Pt, present anomalies in the experimental TDECs that are not well

understood, while the latter two are more regular. Already after the early mea-

surements on Pd and Pt some models were put forward to explain the anomalous

temperature dependence of their elastic constants [57–60] and recently a computa-

tional DFT study, based on the QSA, has supported this interpretation [61]. They

pointed out that the TDECs of Pd and Pt are anomalous due to the partially filled

d bands whose electrons contribute substantially to the free-energy. On the other

hand, another theoretical study within the QSA finds a conventional temperature

dependence for all the ECs of Pd, even considering the electronic thermal excita-

tions [62]. Hence, in this section we extend the QHA implementation to include

the effects of the electronic excitation on the TDECs (as well as the other ther-

modynamic quantities) and use it to account it for these metals. We find that
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the electronic contribution, although smaller than the vibrational one, is relevant

for the temperature dependence of the C44 ECs of Pd and Pt, where it improves

the comparison with experiment, but it is not sufficient to reproduce in detail the

anomalies. On the contrary, in Cu and Au, whose d shells are completely filled, the

electronic contribution to the TDECs is negligible. Focusing on Pt we investigate

also another possible source of anomalous behavior. Electronic excitations might

change the phonon frequencies at high temperatures, so we calculate the effect of

this change on the TDECs. We find no substantial contribution, not even at the

highest studied temperature of T = 1000 K. Moreover, for these materials we also

address the effect of the exchange and correlation functionals, not yet discussed in

detail for the TDECs. We present a systematic comparison between LDA and GGA.

We find that all functionals give similar softenings for increasing temperature, hence

the functional that matches better the experimental ECs at T = 0 K turns out to

be also the one that matches better the TDECs. This section of the thesis has been

published in Ref. [2].

Finally, in Section 3.4 we investigate the thermodynamic and thermoelastic prop-

erties of a material of technological interest: BAs, a semiconductor that exhibits

ultra-high thermal conductivity and is under investigation for thermal management

in electronics. Although the growth of BAs was reported since 1950s, only recently

high-quality samples have been synthesized with the measurement of an ultrahigh

thermal conductivity up to 1300 W m−1 K−1 [63–66]. These measurements spurred

the interest for this material so that many experiments and theoretical calculations

have been carried out to investigate its physical properties. In the electronic devices

boron arsenide could be an optimal heat sink. The knowledge of thermodynamic

properties of the heatsink are crucial because they have to match those of the active

electronic elements (usually made of Si) in order to avoid thermal stresses. We test
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the consistency of our TDECs by computing the temperature dependent sound ve-

locity of the longitudinal acoustic mode along the [111] direction and compare with

experiment. Furthermore we present the room temperature phonon dispersions,

the temperature dependent thermal expansion, isobaric heat capacity, and average

Grüneisen parameter comparing with the most updated experiments and previous

calculations when available. This work has been presented in the paper of Ref. [3].

3.1 Practical implementation

The TDECs calculation can be done with three different levels of approximations,

namely (i) the QSA, the QHA at fixed geometry and (iii) the QHA at variable

geometry (i.e. at the minimum of the free-energy).

In this chapter the internal coordinates are relaxed at T = 0 K. This approximation,

used so far in the TDECs calculations available in the literature, affects only the

C44 elastic constants of Si and BAs, because all the other systems considered are

monoatomic. We discuss in the next chapter the importance of this approximation

for Si and BAs.

3.1.1 Quasi-static approximation

The QSA is the simplest and more approximated method. It ignores the fine details

of the dependence of the stresses with temperature, i.e. it neglects the contribution

to the vibrational free-energy in the strained configurations, and takes into account

only the volume-temperature dependence Ω(T ). ECs are computed at different

volumes at T = 0 K from the stress-strain derivatives (Eq. 2.29) or from the energy
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derivatives (Eqs. 2.32 and 2.34)1. The energy-approach for cubic solids is detailed

in Section 2.3.3.1 and requires the calculation of the total energy of the strained

configurations, usually 6 strain magnitudes for each type of strain. This calculation

is usually performed on 7 or 9 volumes. Then, once we get the ECs at different

volumes, they are interpolated at the temperature dependent geometry Ω(T ) (or

X(T ) where X is the set of crystal parameters).

3.1.2 Quasi-harmonic approximation at fixed geometry

The QSA can be generalized taking into account the contribution of the vibrational

free-energy (Eq. 2.6 or Eq. 2.11) for which we need the calculation of phonon dis-

persions in the strained geometries. For instance, in Fig. 3.1 we show the phonon

dispersions for the three types of strains required for Si. The vibrational free-energy

is added to the total-energy to build the Helmholtz free-energy. Then, the ECs at

finite temperature are computed from the second derivatives of the free-energy with

respect to strain 2.35: for cubic solids, this means to take the analytical derivative

of the Helmholtz free-energies in the form of Eqs. 2.40. If a pressure is acting on

the system, the Eq. 2.34 is applied to get the stress-strain ECs. This method pro-

vides the temperature-dependent ECs Cij(T,Ω0) where Ω0 is the volume of the fixed

reference geometry (or Cij(T,X0) where X0 is the set of crystal parameters of the

reference geometry).

1If the stress of Eq. 2.29 is computed with the stress theorem [67], the two methods are inde-
pendent and, the calculation of ECs with both of them provides a way to check the convergence
of the computational parameters. This should be done for, at least, one geometry.
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3.1.3 Quasi-harmonic approximation at variable geometry

The equilibrium configuration of a crystal changes with temperature, in the most

common case the volume expands as the temperature increases. Since the derivatives

Figure 3.1: Phonon dispersions of Si for a TDECs calculation at fixed geometry
within the QHA. In this example, the phonons of the first and last (6th) strained

configurations are shown for each type of strain (Eq. 2.39).
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of Eq. 2.35 are evaluated at equilibrium (in the zero-strain reference configuration)

we should, in principle, compute them at the corresponding thermal expanded ref-

erence configuration at each temperature, i.e. at the minimum of the free-energy.

This would require an EC calculation at each temperature with the correct reference

configuration and an unaffordable computational cost for calculations for continu-

ous range of temperatures. In order to overcome this problem we perform the QHA

calculation at fixed geometry for a set of volumes {Ωi} (or crystal parameters {Xi})

of some reference geometries, getting Cij(T,Ωi). This ECs are fitted with poly-

nomials depending on the crystal parameters and interpolatad at the temperature

dependent geometry, i.e. Ω(T ) or a(T ) in the case of cubic solids. In this way we

get the TDECs at the minimum of the free-energy at each temperature, namely the

ECs Cij [T,Ω(T )]. The scheme to perform this calculation, is presented in the next

section.

3.1.4 The workflow

The calculation of the TDECs within the QHA with the thermo pw code is divided in

two parts as illustrated in Fig. 3.2. The first part (left) corresponds to the calculation

of the TDECs (QHA at fixed geometry) for a grid of reference geometries centered

on the input geometry. For each reference geometry all the strained geometries

required for an elastic constant calculation are generated and phonons are computed

for each strained configuration. All these calculations can be ran sequentially or in

parallel. Having the phonon frequencies of each strained geometry it is possible to

compute, within the harmonic approximation, the thermodynamic quantities that

depend from them (in particular the vibrational free-energy of Eq. 2.6 and Eq. 2.11).

Then the second derivatives of the free-energy with respect to strain are computed

at each temperature and the results are corrected for finite pressure effects in order
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Figure 3.2: Flow-chart of the calculation of the TDECs within the QHA with the
thermo pw code. Left: calculation of the TDECs at the selected reference unper-
turbed geometries. Right: calculation of anharmonic properties and interpolation

of the TDECs at the minimum of the free-energy.

to get the stress-strain ECs (Eq. 2.34). A file with the TDECs is written for each

reference geometry.

The second part (right) is devoted to the computation of the anharmonic properties

within the QHA. It needs the files of the TDECs at each reference geometry produced

by the first part (left). The choice of the references geometries is the same as in the

first part. The phonons and vibrational free-energy are computed at each reference

geometry. For each reference geometry, at temperature T , the vibrational free-energy

is added to the energy to get the Helmholtz free-energy. The free-energies at the

various geometries are interpolated and minimized to get the a(T ), or the set of

crystal parameters X(T ), and the thermal expansion. The TDECs at the various
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Figure 3.3: Interpolation of TDECs with the thermo pw code. Left. Elastic con-
stant C11(T,Ωi) of Pt for seven references geometries with volume Ωi (colored thin
lines) and interpolated elastic constants C11[T,Ω(T )] (black line). Right. Temper-
ature dependent unit-cell volume of Pt Ω(T ) used to interpolate the C11(T,Ωi).

In this example the electronic contribution to the free-energy is neglected.

geometries are interpolated and, at each temperature T , the value corresponding

to the a(T ) or X(T ) is evaluated from the interpolation. All the interpolations

are done by polynomials whose degrees can be set in input. In this way we obtain

the final isothermal TDECs (computed at the minimum of the free-energy) and,

by applying Eqs. 2.57 and 2.58, we compute the adiabatic TDECs. In this second

part the parallelization is done as in the first part as shown in Fig. 3.2 although

the number of required phonon dispersions is much smaller so that this part of the

calculation takes only a small fraction of the total computational time.

In order to compute the TDECs within the QSA, the ECs are evaluated at T = 0 K

at the different reference geometries and then they are saved on a different file for

each geometry. The second part of Fig. 3.2 does not change provided that the files

of the T = 0 K ECs are read instead of the TDECs.
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3.1.4.1 Interpolation methods

In Fig. 3.3 an example of interpolation is reported. On the left the C11(T,Ωi) of Pt

are in colored lines for seven reference geometries. They are fitted with a polynomial

and interpolated at the temperature dependent volume (right). The final result

C11[T,Ω(T )] is the black line on the left.

In other works (see for instance Ref. [43]) the QHA ECs are evaluated with a slightly

different procedure. First for each type of strain the Helmholtz free energy is fitted

by a polynomial in a grid of the lattice constants and strain magnitudes and then the

ECs are calculated as second derivatives of the Helmholtz free-energy with respect to

the strain at the temperature dependent lattice constant. We have verified that the

results obtained by this more conventional method are very similar to those obtained

by our procedure and both approaches are available in thermo pw. For this second

approach, it is sufficient to run the first workflow of Fig. 3.2 by providing the file

with the temperature dependent crystal parameters. The program will interpolate

the isothermal ECs. This approach can be used to check the results given by the

other metod.

3.2 Silicon, aluminum and silver

We validate our implementation by studying the TDECs of three elemental crystals:

Si with the diamond structure and the face-centered cubic metals Al and Ag. The

starting point is the calculation of the T = 0 K ECs that we will address in the

following sections for these materials. Further tests of the T = 0 K ECs, also for

different crystal systems, are discussed in the Appendix B.



Chapter III. Temperature-dependent elastic constants 49

3.2.1 Computational parameters

We perform all our calculations within DFT. The exchange and correlation func-

tional is approximated by the LDA for Si [48] and the GGA of Perdew-Burke-

Ernzerhoff modified for densely packed solids (PBEsol) [50] for Al and Ag. We took

the exchange and correlation functionals that, on the basis of previous theoretical

calculations, give a better agreement with the experiment for the TE and/or phonon

dispersion curves. For Si we used the pseudopotential Si.pz-nl- kjpaw psl.1.0.0.UPF,

the cutoff for the wave functions was 60 Ry, the one for the charge density 640 Ry,

and the k-points mesh was 16 × 16 × 16. For Al we used the pseudopotential

Al.pbesol-n-kjpaw psl.1.0.0.UPF, the cutoff for the wave functions was 30 Ry,

the one for the charge density 120 Ry, and the k-points mesh was 48 × 48 × 48.

For Ag we used the pseudopotential Ag.pbesol-n-kjpaw psl.1.0.0.UPF, the cut-

off for the wave functions was 70 Ry, the one for the charge density 300 Ry, and

the k-points mesh was 64 × 64 × 64. In the case of Al and Ag, the presence of the

Fermi surface has been dealt with by the Methfessel-Paxton smearing approach [51]

with a broadening σ = 0.02 Ry. The DFPT was used to calculate the dynamical

matrices on a 8 × 8 × 8 q-points grid for Si (corresponding to 29 special q-points

for configurations strained with εA, 59 q-points for εE and 65 for εF ) while for the

metals we employed a 4×4×4 q-points grid (corresponding to 8 q-points for config-

urations strained with εA and 13 q-points for those strained with εE and εF ). These

dynamical matrices have been Fourier interpolated on a 200 × 200 × 200 q-points

mesh to evaluate the free-energy. For the calculation of TDECs, we used 9 reference

geometries for Si with lattice constants separated by ∆a = 0.05 a.u., 7 for Al sepa-

rated by ∆a = 0.07 a.u., and 7 for Ag separated by ∆a = 0.085 a.u.. The same grid

is used for the calculation of the a(T ) and the TE. For all three materials we used 6

strained configurations for each type of strain with a strain interval δε = 0.005. In
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total we computed the phonon dispersions for 162 geometries for Si and 126 geome-

tries for Al and Ag in addition to those computed on the reference configurations

required to compute the a(T ) and the TE. In order to fit the energy (for the QSA)

or the free-energy (for the QHA) as a function of strain we used a polynomial of

degree two. To fit the ECs computed at the various reference configurations at the

temperature dependent geometry we used a polynomial of degree four.

3.2.2 Results

In Table 3.1 we report the theoretical lattice constants: the equilibrium values at

T = 0 K with and without zero point energy and the values at T = 300 K. The

latter is in good agreement with the room temperature experimental value [68]: for

all three elements, the experimental values being slightly larger (with differences of

0.03 Å in Si, 0.01 Å in Al, and even less in Ag). In Table 3.2 we compare our ECs

computed at T = 0 K with those obtained considering the zero point energy given

by the QHA. We also report the comparison with experiment and other theoretical

works.

Table 3.1: Theoretical lattice parameters (in Å) at different temperatures com-
pared with experiment [68] at room temperature. ZPE indicates the zero point

energy.

T=0 K T=0 K+ZPE T=300 K Expt.

Silicon (LDA) 5.40 5.41 5.41 5.4307
Aluminum (PBEsol) 4.01 4.03 4.04 4.04958
Silver (PBEsol) 4.06 4.07 4.08 4.0862
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3.2.2.1 Silicon

In Figure 3.4 the LDA TDECs of Si computed by means of the QSA (blue curves)

and the QHA (red curves) are shown. The dashed lines indicate isothermal ECs,

the continuous lines the adiabatic ECs obtained by Eq. 2.57. The experimental

points (black line) are adiabatic ECs obtained from ultrasonic experiments [73]. At

Table 3.2: ECs at T = 0 K compared with the results available in the literature.
The exchange and correlation functionals are indicated in the first column. In
addition to PBEsol used by us, the GGA functionals PBE [49] and PW [69] were
used in the references. The equilibrium lattice constants (a0) is in Å while the

ECs are in kbar.

a0 C11 C12 C44

Silicon

LDAa 5.40 1618 640 761
LDAb 5.41 1580 639 746
LDAc 5.40 1590 610 850
LDAd 5.38 1621 635 773
LDAe 5.40 1610 650 760
PBEe 5.47 1530 570 740
PBEsole 5.44 1560 620 740
Expt.l 5.43 1675 650 801

Aluminum

PBEsola 4.01 1192 643 365
PBEsolb 4.03 1146 632 353
LDAg 3.97 1222 608 374
LDAh 4.04 1104 545 313
PBEf 4.06 1093 575 301
PWi 4.05 1010 610 254
Expt.m 4.05 1143 619 316

Silver

PBESOLa 4.06 1450 1067 540
PBESOLb 4.07 1425 1054 531
GGAh 4.02 1612 1191 581
PWi 4.16 1159 851 421
Expt.n 4.09 1315 973 511

a This work at T = 0 K, b This work at T = 0 K + ZPE, c Reference [70], d

Reference [8], e Reference [71]
f Reference [11], g Reference [72], h Reference [9], i Reference [39],

l a0 from Table 1 at T = 300 K. ECs at T = 77 K [73]
m a0 from Table 1 at T = 300 K. ECs extrapolated at T = 0 K [74]
n a0 from Table 1 at T = 300 K. ECs extrapolated at T = 0 K [75]
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the temperature corresponding to the experimental points the difference between

isothermal and adiabatic ECs C11 and C12 is quite small and it remains small also

at higher temperatures. Between adiabatic and isothermal C44 of cubic solids with

a diagonal TE tensor there is no difference.

In general the theoretical values are slightly below the experimental data (see also

Table 3.2): in particular these differences are about 6 % for C11, 2 % for C12, and 7

% for C44 at the lowest experimental temperature T = 77 K. Our T = 0 K EC agrees

with almost all LDA ECs reported in Table 3.2 with typical differences of about 2 %.

Only Ref. [70] has larger discrepancies. The PBE and PBEsol values are lower than

LDA and hence more distant from experiment. The experimental ECs decreases

by ≈ 1.1% for C11, ≈ 1.8% for C12, and ≈ 0.7% for C44 from 77 K to 300 K. The

Figure 3.4: LDA temperature dependent elastic constants of Si. QHA (red
curves) is compared with QSA (blue curves). The isothermal (dashed lines) and
adiabatic (continuous lines) elastic constants are reported. Experimental data are

taken from McSkimin [73] (black lines).
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theoretical softening in the same temperature range are ≈ 1.6% (QHA) and ≈ 0.1%

(QSA) for C11, ≈ 1.9% (QHA) and ≈ 0.3% (QSA) for C12, ≈ 1.2% (QHA) and

≈ 0.1% (QSA) for C44. The theoretical QHA reproduces better the experimental

trend than the QSA. Although in the experimental temperature range the decrease

of the ECs is small, in the whole temperature range 0 K - 800 K considered in

the plot, the QHA ECs have a not negligible variation: C11 and C12 decrease of

about 7 % and C44 of 5 %. In Figure 3.5 we show the bulk modulus obtained from

these TDECs. The comparison between theoretical and experimental adiabatic bulk

moduli obtained from the experimental ECs using Eq. 2.56 (left) reflects the behavior

of the ECs: the temperature dependence is more in agreement with QHA (red curve)

than QSA (blue curve). Moreover, the QHA is much more in agreement with the

bulk modulus obtained from the Murnaghan equation (orange curve) and differs

from the experiment (black line) by an almost constant amount. Finally we present

Figure 3.5: Left. Temperature dependent adiabatic bulk modulus of Si. QHA
(red curves), QSA (blue curves) and experimental points [73]. The orange curve is
the bulk modulus obtained from the Murnaghan equation. In the inset a compar-
ison between the adiabatic (continuous lines) and the isothermal (dashed lines)
bulk moduli. Right. Thermal expansion of Si: computed as in Eq. 2.44 (orange
curve). The other curves are computed by using Eq. 2.50 with a bulk modulus
derived from ECs (Eq. 2.56): TDECs computed via QHA (red curve) or QSA
(blue curve) and T = 0 K ECs (black curve). The experimental points are taken
from [76] and [77]. In the inset the isothermal bulk moduli are reported: QHA
(red dashed line), QSA (blue dashed line) and obtained from Murnaghan equation

(orange dashed line).
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the TE calculated by the Grüneisen’s formula (Eq. 2.50). In order to gauge our

TDECs we take as reference the TE coefficient computed via Eq. 2.44. This curve

is reported in the right side of Figure 3.5 (orange). The difference of the TEs with

the reference is quantified by computing the area percentage error (APE) that is the

percentage difference of the areas under the TE curves. The TE obtained with the

isothermal bulk modulus derived from the Murnaghan equation (orange dashed line

in the inset) differs by less than 0.04%. The TE derived from QHA almost overlaps

with the previous one (it is slightly lower) since the two corresponding bulk moduli

(orange and red dashed lines in the inset) are very close to each other: in this case

the APE is about 1.7%. The isothermal QSA bulk modulus (blue dashed line in

the inset) is larger so the corresponding TE is smaller at higher temperatures with

an APE ≈ 4.4%. The black line is the TE computed with fixed ECs (T = 0 K

without zero point contributions). It gives the smallest TE with an APE of about

7.5%. In general, in Si the different methods give very similar results, especially

at temperature lower than ≈ 200 K for which an almost perfect overlap is found.

Finally, the theoretical TEs are in good agreement with experimental points [76, 77]

as already found in previous literature [78].

3.2.2.2 Aluminum

In Figure 3.6 we report the PBEsol TDECs of Al with the same meaning for the

lines and colors as for Si. In Al there are several ultrasonic experiments which

do not totally agree with each other. We report these experimental points in the

same figure. Sutton data [79] are in the temperature range 63 K - 773 K (open

triangles), Kamm and Alers [74] data are in the range 4.2 K - 300 K (full triangles),

Gerlich and Fisher [80] data are in the range 293 K - 925 K (full circles), and

Tallon and Wolfenden [81] data are in the range 273 K - 913 K (full circles). All
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Figure 3.6: PBEsol temperature dependent ECs of Al. QHA (red curves) is com-
pared with QSA (blue curves). The isothermal (dashed lines) and adiabatic (con-
tinuous lines) ECs are reported. Experimental data are taken from: Sutton [79]
(open triangles), Kamm and Alers [74] (full triangles), Gerlich and Fisher [80]

(full circles), Tallon and Wolfenden [81] (open circles).

experimental ECs are adiabatic and must be compared with the continuous lines.

The temperature dependence and also the actual values measured by Sutton are

quite distant from the other measurements for C11 and C12 (while the agreement

improves for C44). For this reason we do not further discuss these data in the rest

of the paper. The QHA is in satisfactory agreement with both the data of Kamm

and Alers, and Gerlich and Fisher. The data of Tallon and Wolfenden indicate less

softening in C11 than Gerlich and Fisher and report a C12 which is approximately

constant within the experimental errors, very similar to the theory in this case.

Moreover, recent measurements of resonant ultrasound spectroscopy [82] of Young’s

modulus and shear modulus found good agreement with those derived from Gerlich

and Fisher. On the other hand, the QSA shows a smaller softening in C11 and C44
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than the QHA, while smaller differences between the two approximations are present

for C12. The percentage differences between theoretical ECs (red continuous curves)

and experimental points at T = 0 K (Kamm data) are −0.2 % (QHA) and 0.3 %

(QSA) for C11, −2 % (QHA) and 0.3 % (QSA) for C12, −11 % (QHA) and −10

% (QSA) for C44. The T = 0 K ECs are also reported in Table 3.2 and compared

with previous literature. In the temperature range 0 K - 800 K the experiment of

Kamm and Alers, and Gerlich and Fisher taken together show a softening of ≈ 25%

for C11, ≈ 11% for C12 and ≈ 36% for C44, while taking together the experiments of

Kamm and Alers, and Tallon and Wolfenden in the same range of temperatures the

percentage variations are: ≈ 20% for C11, ≈ −0.3% for C12 and 36 % for C44. The

theoretical softening in the same temperature range are ≈ 28% (QHA) and ≈ 13%

(QSA) for C11, ≈ 4% (QHA and QSA) for C12, ≈ 35% (QHA) and ≈ 25% (QSA)

for C44. As for Si, in Sl the QHA reproduces better the experimental trend than

QSA. Similar results have been obtained in Reference [82] with the PW functional.

We report in Figure 3.7 (left) the bulk modulus of Al computed with the different

sets of ECs with the same meaning for the lines and colors as for Si. The adiabatic

bulk modulus derived from the Murnaghan equation is also reported (orange curve):

it is in good agreement with the bulk modulus computed from QHA TDECs (red

curve) while larger differences are present with the QSA (blue curve) which remains

higher at larger temperatures. In order to check the consistency of our ECs we

calculate the TE by using Grüneisen’s formula using the isothermal bulk modulus

obtained from the TDECs (the comparison between adiabatic and isothermal bulk

moduli is shown in the inset). We take as reference the TE coefficient computed

from finite differences and compute the APE as done for Si. The TE obtained

from mode-Grüneisen parameters (Eq. 2.50) with the bulk modulus derived from

the Murnaghan equation (orange dashed line in the inset) gives an APE ≈ 0.01%.
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Figure 3.7: Left. Temperature dependent adiabatic bulk modulus of Al. QHA
(red curves), QSA (blue curves) and experimental points: Kamm and Alers [74]
(full triangles), Gerlich and Fisher [80] (full circles), Tallon and Wolfenden [81]
(open circles). The orange curve is the bulk modulus obtained from the Mur-
naghan equation. In the inset a comparison between the adiabatic (continuous
lines) and the isothermal (dashed lines) bulk moduli. Right. Thermal expansion
of Al: computed as Eq. 2.44 (orange curve). The other curves are computed by
using Eq. 2.50 with a bulk modulus derived from ECs (Eq. 2.56): temperature
dependent ECs computed via QHA (red curve) or QSA (blue curve) and T = 0K
ECs (black curve). The experimental points are taken from [83]. In the inset the
isothermal bulk moduli are reported: QHA (red dashed lines), QSA (blue dashed

line) and obtained from Murnaghan equation (orange dashed line).

The result of the TE derived from QHA TDECs (red curve) gives a remarkable

agreement with the reference with an APE ≈ 0.2%, while an APE ≈ 2.4% is found

using QSA. Finally, the calculation of the TE with a fixed bulk modulus obtained

from the T = 0 K ECs has an APE ≈ 17.2%, even if the agreement remains good

at temperature up to 100 K.

3.2.2.3 Silver

In Figure 3.8 we report the PBEsol TDECs of Ag with the same meaning for the

lines and colors of previous plots. The points are taken from ultrasonic experiments

that provide adiabatic ECs and must be compared with the continuous lines: ref-

erence [75] is in the range of temperatures 4.2 K - 300 K (full triangles), reference

[84] is in the range 79 K - 298 K (open triangles) and reference [85] is in the range
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Figure 3.8: PBEsol temperature dependent elastic constants of Ag. Quasi-
harmonic approximation (red curves) is compared with quasi-static approximation
(blue curves). The adiabatic (continuous lines) and isothermal (dashed lines)
elastic constants are reported. Experimental data are taken from Neighbours
and Alers [75] (full triangles), Mohazzabi [84] (open triangles) and Chang and

Himmel [85] (circles).

300 K - 800 K (circles). Since the two sets of data below room temperature are very

similar, in the following we limit the comparison with the first one. The percentage

differences between QHA ECs (red continuous curves) and experimental points at

T = 0 K are about 8 % for C11 and C12 and 4 % for C44. Almost the same values

are found for QSA ECs. Our values of the T = 0 K ECs are between the ECs of

Refs. [38] and Ref. [39] both using GGA functionals and are slightly closer to exper-

iment (see Table 3.2). The experiments show a softening of ≈ 19% for C11, ≈ 13%

for C12, and ≈ 28% for C44 in the temperature range 0 K - 800 K. In the same range

of temperatures the theoretical softening of the adiabatic ECs is ≈ 21% (QHA) and

≈ 11% (QSA) for C11, ≈ 15% (QHA) and ≈ 9% (QSA) for C12 and ≈ 31% (QHA)
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Figure 3.9: Left. Temperature dependent adiabatic bulk modulus of Ag. QHA
(red curves), QSA (blue curves) and experimental points [75] (full triangles), [84]
(open triangles) and [85] (circles). The orange curve is the bulk modulus obtained
from the Murnaghan equation. In the inset we compare the adiabatic (continuous
lines) and the isothermal (dashed lines) bulk moduli. Right. Thermal expansion
of Ag: computed as Eq. 2.44 (orange curve). The other curves are computed by
using Eq. 2.50 with a bulk modulus derived from ECs (Eq. 2.56): temperature
dependent ECs computed via QHA (red curve) or QSA (blue curve) and T=0
ECs (black curve). The experimental points are taken from [83]. In the inset the
isothermal bulk moduli are reported: QHA (red dashed line), QSA (blue dashed

line) and obtained from Murnaghan equation (orange dashed line).

and ≈ 23% (QSA) for C44. As for Si and Al the QHA reproduces slightly better the

experimental trend.

We report in Figure 3.9 (left) the adiabatic bulk modulus of Ag computed with the

different sets of ECs and the one derived from the Murnaghan equation (orange

curve). The QHA bulk modulus is the closest to the orange curve, even if a small

artificial descent is present in the high temperature part of the red curve (> 600

K). This may be due to a not perfect convergence in the k-point sampling but

since the variation is small and the selected k-point grid was already close to the

largest one we could afford we have not investigated further this issue. Finally

we check the consistency of our ECs by computing the TE using the Grüneisen’s

formula and the isothermal bulk modulus obtained from the TDECs (the comparison

between adiabatic and isothermal bulk moduli is shown in the inset). The APE is

computed as for the previous two materials. The TE computed using the isothermal
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bulk modulus derived from the Murnaghan equation (orange dashed curve in the

inset) has an APE of the order of −0.01%, being practically identical to the finite

differences method. Also QHA TDECs give a very good agreement, the associated

APE is ≈ 1.4%, while the QSA TE has slightly smaller values at higher temperatures

with an APE of ≈ 4.2%. Finally, by using a temperature independent bulk modulus

obtained from the T = 0 K ECs (black line) the TE is more distant from the reference

with an APE ≈ 18.4%.

3.3 Platinum, palladium, copper and gold

In this section we apply the previous method to calculate the TDECs of the tran-

sition metals Pt and Pd and the noble metals Cu and Au. We will focus on the

effects of electronic thermal excitation and the exchange-correlation functional. In

Appendix C we report an example of convergence tests done for the T = 0 K ECs

of these materials.

3.3.1 Accounting for thermal electronic excitation

The procedure for computing TDECs depicted in Fig. 3.2 is unchanged but we have

to provide, in both calculations, the files with the electronic free-energy so that

the program can add it to the Helmholtz free-energy for the TDECs calculation

(Fig. 3.2 left) and for the calculation of the thermal expansion and other anharmonic

properties (Fig. 3.2 right).

The files with the electronic free-energies (and the other electronic thermodynamic

properties) are generated with the following two-steps procedure. For the TDECs,

the electronic band structures at T = 0 K and density of states are computed for all
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the strained geometries. For the thermal expansion calculation they are computed

for all the reference configurations. Then, the electronic thermodynamic properties

are computed via the Eqs. 2.59, 2.60, 2.61, printed in files and plotted.

3.3.2 Computational parameters

The exchange and correlation functional is approximated by the LDA [48] and the

GGA-PBEsol [50] for all metals. For Cu we also use the GGA-PBE [49] functional

(which, in this case, gives the best agreement with the experimental T = 0 K ECs).

The pseudopotentials are reported in the note2. The cutoff for the wave functions

(charge density) was 60 Ry (400 Ry) for Pd, 45 Ry (300 Ry) for Pt, 60 Ry (1200

Ry) for Cu and 60 Ry (400 Ry) for Au. The presence of the Fermi surface has been

dealt with by a smearing approach [51] with a smearing parameter σ = 0.005 Ry

for Pd and Pt and σ = 0.02 Ry for Cu and Au. The k-point mesh was 40× 40× 40

(except for PBEsol Au, for which a mesh 48× 48× 48 has been used). DFPT was

used to calculate the dynamical matrices on a 8× 8× 8 q-point mesh for Pd and Pt

(corresponding to 29 special q-points for configurations strained with εA, 59 q-points

for εE and 65 for εF ) and 4 × 4 × 4 q-point mesh for Cu and Au (corresponding

to 8 q-points for configurations strained with εA and 13 q-points for those strained

with εE and εF ). For Pd and Pt a thicker q-points mesh was necessary due to the

presence of Kohn anomalies [86]. For all materials the dynamical matrices have been

Fourier interpolated on a 200× 200× 200 q-point mesh to evaluate the vibrational

free-energy. The grid of the reference geometries was centered at the minimum of

the total energy as reported in Tab. 3.3 except for the LDA study of Pt that was

2For palladium we used Pd.pz-n-kjpaw psl.1.0.0.UPF and
Pd.pbesol-n-kjpaw psl.1.0.0.UPF. For platinum Pt.pz-n-kjpaw psl.1.0.0.UPF

and Pt.pbesol-n-kjpaw psl.1.0.0.UPF. For copper Cu.pz-dn-kjpaw psl.1.0.0.UPF,
Cu.pbe-dn-kjpaw psl.1.0.0.UPF and Cu.pbesol-dn-kjpaw psl.1.0.0.UPF. For gold we
used Au.pz-dn-kjpaw psl.0.3.0.UPF and Au.pbesol-dn-kjpaw psl.0.3.0.UPF.
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centered at a0 = 3.916 Å. We used 7 reference geometries separated by ∆a = 0.07

a.u. for all metals except for Pt where we used ∆a = 0.0233 a.u. for LDA and

∆a = 0.03 a.u. for PBEsol for the presence of unstable strained configurations with

imaginary phonon frequencies at too large lattice constants. We used 6 strained

configurations for each type of strain with a strain interval δε = 0.005. In total we

computed the phonon dispersions on 126 geometries for each material and functional

in addition to those computed on the reference configurations required to compute

a(T ) and the thermal expansion. For the electronic calculation we computed the

bands in all the reference configurations (to include the effect on a(T )) and in all

the strained ones (to include it in the TDECs). The k-point mesh for the electronic

DOS calculations was 48 × 48 × 48. We use a Gaussian smearing with a smearing

parameter of 0.01 Ry. In order to fit the free-energy as a function of the strain

we used a polynomial of degree two because, although the use of a fourth-degree

polynomial could introduce some differences, it requires higher cutoffs to converge

the T = 0 K ECs. To interpolate the ECs computed at the different reference

configurations and calculate them at the temperature dependent geometry we use a

fourth-degree polynomial.

The DFPT finite-temperature approach was applied to evaluate the ECs of Pt at

the temperatures TFD = 800 K (with a Fermi-Dirac smearing σFD ≈ 0.005 Ry)

and TFD = 1000 K (σFD ≈ 0.0063 Ry). For this purpose the TDECs calculation

was set in a single reference geometry with the lattice constant at the considered

temperature: 7.429 a.u. for 800 K and 7.46 a.u. for 1000 K.
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3.3.3 Results

In Tab. 3.3, we report the zero temperature lattice constants, elastic constants, and

bulk moduli of the four metals calculated with different exchange and correlation

functionals. We compare them with experiments and previous theoretical works. As

usually found, PBEsol gives slightly larger lattice parameters than LDA and smaller

T = 0 K ECs. PBEsol reproduces the experimental ECs of Pd and Pt better than

LDA with errors smaller than ≈ 5% for all the ECs, compared to LDA errors in

the range 10 − 18% in Pd and from ≈ 9% (C11 and C44) to ≈ 12% (C12) in Pt.

On the other hand, the experimental ECs of Cu are well reproduced by PBE with

errors equal or smaller than 3%, compared with errors larger than 15% for the other

functionals. The LDA and PBEsol have almost the same accuracy in reproducing

the T = 0 K C11 and C44 of Au (with errors of ≈ 5% and ≈ 18%, respectively),

while for C12 PBEsol has an error of ≈ 3% and LDA an error of ≈ 10%. The

differences found for the LDA ECs of Pd with respect to those of Ref. [62] are ≈ 2%

for C11, ≈ 29% for C12 and ≈ 10% for C44. For Pt, comparing our LDA ECs with

the calculations of Ref. [88] we found differences of ≈ 4% for C11, ≈ 3% for C12

and ≈ 8% for C44; while the comparison of our PBEsol ECs with the corrisponding

PBEsol all-electrons calculation of Ref. [12] gives differences of ≈ 1% for C11, ≈ 5%

for C12 and C44. The differences found for the LDA-ECs of Cu with respect to those

of Ref. [9] are ≈ 28% for all ECs, while the differences between our PBE ECs with

the other GGA ECs of Refs. [90, 91] are smaller than ≈ 3% for C11 and C12 and

≈ 5−6% for C44. Our PBEsol ECs of Au are close to the GGA estimates of Ref. [9]

with differences of ≈ 5% for C11 and C12 and ≈ 3% for C44. For reference, in Pd, Pt,

and Au we report GGA ECs found in literature. As expected, they are smaller than

our LDA and PBEsol ECs. They shows some differences with our PBE estimates,

which are, however, very close to the PBE ECs reported in the Materials Project
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Table 3.3: ECs at T = 0 K computed with LDA, PBEsol and PBE exchange
and correlation functionals compared with previous theoretical works and exper-
imental data. The equilibrium lattice constants (a0) are in Å while the ECs and

the bulk moduli B are in kbar. The bulk modulus is B = 1
3(C11 + 2C12).

a0 C11 C12 C44 B

Palladium
LDA 3.85 2696 2071 788 2279
PBEsol 3.88 2445 1861 740 2056
PBE 3.95 2010 1532 606 1690
LDAa 3.90 2743 1463 716 1890
GGAb 3.94 2548 1358 587 1755
Expt.c 3.8896(2) 2341(27) 1761(27) 712(3) 1954

Platinum
LDA 3.90 3800 2759 802 3106
PBEsol 3.92 3553 2581 764 2905
PBE 3.98 3039 2234 615 2502
LDAd 3.91 3645 2665 736 2992
PBEsole 3.91 3595 2456 858 2836
GGAd 3.99 3063 2133 730 2443
Expt.f 3.92268(4) 3487(130) 2458(130) 734(20) 2801(9)

Copper
LDA 3.52 2349 1666 998 1894
PBEsol 3.56 2100 1480 938 1687
PBE 3.63 1775 1238 793 1417
LDAg 3.64 1678 1135 745 1316
GGAh 3.63 1745 1253 752 1417
GGAi 3.63 1800 1200 840 1400
Expt.l 3.596 1762.0 1249.4 817.7 1420.3

Gold
LDA 4.05 2120 1873 373 1955
PBEsol 4.10 1926 1651 366 1743
PBE 4.16 1544 1327 268 1389
GGAg 4.07 2021 1742 379 1835
PBEm 4.19 1478 1435 387 1449
Expt.n 4.062 2016.3 1696.7 454.4 1803.2

a Ref. [62], b Ref. [87]
c Ref. [57] (room temperature a0, T = 0K extrapolation of ECs),

d Ref. [88], e Ref. [12] (all electrons),
f Reference [89] (room temperature results, most recent work)

g Reference [9], h Reference [90], i Reference [91]
l Ref. [92] for a0 and Ref. [93] for the ECs (T = 0K extrapolation),

m Ref. [94], n Ref. [92] for a0 and Ref. [75] for the ECs (T = 0K extrapolation)



Chapter III. Temperature-dependent elastic constants 65

Figure 3.10: Thermal expansion coefficient of Pd (top-left), Pt (top-right), Cu
(bottom-left) and Au (bottom-right). LDA (red curves) is compared with PBEsol
(green curves) and, only for Cu, with PBE (blu curve). The results obtained
with the total free energy (continuous line) are compared with those in which the
contribution of electronic excitations is neglected (dashed lines). Experimental

data from Ref. [83] (points).

database [22] and computed with the PAW method.

We pass now to describe the TE calculation where we estimate the effect of electronic

excitations. The TE of the four metals are in Fig. 3.10 with the different exchange

and correlation functionals: LDA (red), PBEsol (green) and PBE (blue). The TE

computed including or not the electronic contribution is reported in continuous

or dashed lines, respectively. For Pd, above RT, the PBEsol functional gives a

very good agreement with the experimental points when the electronic effect is

taken into account while the LDA estimates are smaller. For Pt, the LDA with

the electronic effect is close to the experimental points (that are, however, more

scattered) until about 400 K and, at larger temperature, it is larger. The PBEsol
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Figure 3.11: Isobaric specific heat of Pd (top-left), Pt (top-right), Cu (bottom-
left) and Au (bottom-right). LDA (red curves) is compared with PBEsol (green
curves) and, only for Cu, with PBE (blu curve). The results obtained with the
total free-energy (continuous line) are compared with those in which the contribu-
tion of electronic excitations is neglected (dashed lines). Experimental data from

Ref. [95] (points).

estimate is even larger. The electronic effect in the thermal expansion of Cu and

Au does not produce any visible contribution in the scale of the plots. In Fig. 3.11

the isobaric heat capacity are reported and compared with the experimental data

of Ref. [95]. The same convention of the TE for lines color and types is adopted.

The different exchange and correlation functionals give almost the same temperature

dependence in all cases. Again, the effect of thermal electronic excitation is strong in

Pd and Pt, very small for Cu and Au. Both LDA and PBE TEs and heat capacities

are in reasonable agreement with those of Ref. [29].

In Figs. 3.12, 3.13, 3.14, 3.15 we report the TDECs of the four metals. For each

plot we follow the same color-line convention: Red indicates LDA estimates, green
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Figure 3.12: Quasi-harmonic adiabatic elastic constants of Pd. LDA (red
curves) is compared with PBEsol (green curves). The results obtained with the
total free energy (continuous lines) are compared with those in which the contri-
bution of electronic excitations is neglected (dashed lines). Experimental data are

taken from Rayne [57] (black triangles) and [59] (black circles).

PBEsol and blue, present only in Cu, PBE. The continuous lines are computed by

considering all contributions in the Helmholtz free-energy, while the dashed lines

are obtained neglecting the contribution of the electron thermal excitations. Black

points are the experimental data.

The TDECs of Pd are shown in Fig. 3.12. Two experimental data-set are reported.

The variation of the experimental ECs of Ref. [57] in the range 0 − 300 K is 3%

for C11, about 0% for C12 and −1% for C44 with respect to the 0 K ECs. The

corresponding LDA (PBEsol) variations in the same range of temperature are 3.7%

(4.5%) for C11, 2% (2%) for C12 and 3.8% (3.8%) for C44. In the range T = 300−1200

K the variations in the data of Ref. [59] are 7.3% for C11, 6.4% for C12 and 7.8%
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Figure 3.13: Quasi-harmonic adiabatic elastic constants of Pt. LDA (red curves)
is compared with PBEsol (green curves). The results obtained with the total free-
energy (continuous line) are compared with those in which the contribution of
electronic excitations is neglected (dashed lines). The red circles at 800K and
1000K are computed within the LDA by using the Fermi-Dirac occupations. Ex-

perimental data are taken from Collard and McLellan [60] (black triangles).

for C44, while the corresponding theoretical softenings are 15% for C11, 13% for C12,

11% for C44 for both functionals. Hence, both functionals give a similar temperature

dependence. At room temperature the details of the experimental anomalies are not

reproduced and above room temperature the theoretical softening is larger than

the experimental one. The electronic effect is very small in C11 and C12 but leads

to appreciable modifications of C44 which becomes closer to the experiment. As

expected, the electronic contribution increases with temperature and influences the

softening of C44 that without the electronic effect would be 20% in the range 300−

1200 K.

The TDECs of Pt are reported in Fig. 3.13. From T = 0 K to T = 1200 K the
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experimental ECs decrease of about 24% for C11, about 2% for C12 and about 6%

for C44. The corresponding theoretical softening for LDA (PBEsol) are 18% (20%)

for C11, 11% (10%) for C12 and 19% (19%) for C44. Hence, the variation of C11 is

well reproduced while the other two ECs softenings are overestimated. As found for

Pd, the electronic contribution is important and improves the comparison with the

experiment only for the C44 EC: without the electronic effect the softening would be

≈ 30%. However, it can not describe the anomalies. In order to further investigate

the trend of the ECs of Pt we also considered the effect of the electronic excitation

on the phonon frequencies for the temperatures T = 800 K and T = 1000 K with the

method explained in the previous section (results are reported in red circles in the

plot, only for the LDA case). The red points are exactly over our curves (apart for a

slight deviation in the C11 at 1000 K). This fact points out that the electron-phonon

interactions that modify the phonon frequencies has negligible consequences on the

TDECs. We observe that our estimate of the electronic contribution is smaller than

the one of Ref. [61] even for the C44. In our calculation the largest contribution is

the vibrational one which always decreases the ECs as the temperature increases.

The results of Cu are shown in Fig. 3.14. Since the two different experimental

set of data are smoothly connected we report the whole softening in the range of

temperature T = 0 − 800 K: 15% for C11, 10% for C12 and 24% for C44. The

corresponding theoretical softening for LDA (PBEsol, PBE) are 13.5% (14%, 17%)

for C11, 7.6% (8.5%, 10.5%) for C12 and 21% (21%, 26%) for C44. The temperature

dependence is almost the same for LDA and PBEsol, slightly larger for PBE. The

estimated softenings agree very well with the experiment. PBE results are the closest

to the experiment, reflecting the trend of the T = 0 K ECs shown in Table 1. The

electronic thermal excitations do not give any observable contribution in the whole

range of temperature.
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Figure 3.14: Quasi-harmonic adiabatic elastic constants of Cu. LDA (red
curves), PBEsol (green curves) and PBE (blue) are compared. The results ob-
tained with the total free-energy (continuous line) overlaps those in which the
contribution of electronic excitation is neglected (dashed lines). Experimental
data are taken from Overton and Gaffney [93] (black triangles) and Chang and

Himmel [85] (black circles).

The TDECs of Au are shown in Fig. 3.15. As for Cu we consider the two experiments

together: In the range of temperature from T = 0 K to T = 800 K the softenings

are 13% for C11, 11% for C12 and 22% for C44. The corresponding softening for

LDA (PBEsol) are 18% (22%) for C11, 17% (20%) for C12 and 24% (29%) for C44.

The PBEsol softening is slightly larger than the LDA one and both functionals

overestimate the experimental softening in particular for C11 and C12 with differences

that increase from room temperature onward. As in Cu, the electronic thermal

excitations do not give any observable contribution.

Finally, from the TDECs we can compute the bulk modulus by means of Eq. 2.56.

The results are reported in Fig. 3.16.
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Figure 3.15: Quasi-harmonic adiabatic elastic constants of Au. LDA (red
curves) and PBEsol (green curves) are compared. The results obtained with the
total free-energy (continuous lines) overlaps with those in which the contribution
of electronic excitation in neglected (dashed lines). Experimental data are taken
from Neighbours and Alers [75] (black triangles) and Chang and Himmel [85]

(black circles).

3.4 Boron arsenide

BAs has a zincblende cubic structure and belongs to the space group F 4̄3m [64–66].

Recent measurements, supported by ab-initio calculations, range from the lattice

constant and TE, to the band gap and refractive index, to the zero-temperature

ECs and bulk modulus [96–98]. Here, we apply the tools presented in the previous

sections to investigate the TDECs of BAs and its thermodynamic properties.
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Figure 3.16: Bulk modulus of Pd (top-left), Pt (top-right), Cu (bottom-left) and
Au (bottom-right). LDA (red curves) is compared with PBEsol (green curves)
and, only for Cu, with PBE (blu curve). The results are obtained with the total
free-energy including the electronic contribution. Experimental points (black) are

adapted from those reported for the ECs.

3.4.1 Computational parameters

The exchange and correlation functional was approximated by the LDA which

gives the best agreement between experimental and theoretical quantities espe-

cially for the T = 0 K ECs. We employed the PAW method and a plane waves

basis set with pseudopotentials [52] from pslibrary [24]. The pseudopotentials

B.pz-n-kjpaw psl.1.0.0.UPF and As.pz-n-kjpaw psl.1.0.0.UPF have been used

for B and As, respectively. The wave functions (charge density) were expanded in a

plane waves basis with a kinetic energy cut-off of 60 Ry (400 Ry), and a 16×16×16

mesh of k-points has been used for the Brillouin zone integration. DFPT [14, 54]
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was used to calculate the dynamical matrices on a 4× 4× 4 q-points grid. The dy-

namical matrices have been Fourier interpolated on a 200×200×200 q-points mesh

to evaluate the free-energy. The grid of the reference geometries was centered at the

T = 0 K lattice constant reported in Table 3.4. The number of reference geometries

were 9 with lattice constants separated from each other by ∆a = 0.05 a.u.. In the

ECs calculation the number of strained configuration was 6 for each type of strain

with an interval of strains between two strained geometries of 0.005. In total we

computed phonon dispersions for 162 geometries (in addition to the 9 phonon dis-

persions used for the a(T ) calculation). A second degree polynomial has been used

to fit the energy (for the ECs at T = 0 K) or the free-energy (for the QHA TDECs)

as a function of strain, while a fourth degree polynomial was used to fit at each

temperature all the other quantities computed at the various reference geometries

versus a(T ).

3.4.2 Results

In Table 3.4 we report the computed equilibrium lattice constant a0 at T = 0 K both

with and without the zero point energy (ZPE) and the RT value: the differences

among them are of the order of hundredths of angstroms. The computed RT a0 is

in good agreement with the RT experiment [97] (the difference is smaller than ≈

0.02 Å). The comparison with other computed a0 is also reported: the LDA values

agree within ≈ 1 %. This small differences depend primarily on the computational

parameters chosen for the calculation and from the different pseudopotentials. The

PBE values of a0 are slightly larger than the LDA ones as usually found with the

functionals that use the GGA. In Table 3.4 we also report the calculated values of the

elastic constants together with other theoretical estimates available in the literature

and the experimental values. The LDA values are closer to experiment, while the
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Table 3.4: The computed ECs compared with some results available in the
literature. The exchange and correlation functionals are indicated in the first
column. The equilibrium lattice constant (a0) is in Å while the ECs and the bulk

modulus are in kbar. The experimental values are at T=298 K.

a0 C11 C12 C44 B

LDAa 4.745 2897 768 1557 1477
LDAb 4.745 2897 768 1772 1477
LDAc 4.756 2828 759 1520 1449
LDAd 4.759 2807 754 1507 1438
LDAe 4.7444 2940 806 1770 1500
LDAf 3012.6 772.3 1638.7 1519.1
LDAg 4.779 2863.88 709.63 1575.03 1427.72
LDAh 4.743 2950 780 1770 1500
LDAi 4.721 2914 728 1579 1457
PBEl 4.817 2630 620 1430 1290
PBEh 4.812 2750 630 1500 1340
PBEm 4.784 2510 798 1270 1370
Expt.e 4.78 2850 795 1490 1480

a This work at T = 0 K, b This work at T = 0 K with frozen ions,
c This work at T = 0 K + ZPE,

d This work at T = 300 K (adiabatic ECs), e Ref. [97], f Ref. [99], g Ref. [100]
h Ref. [101], i Ref. [102], l Ref. [96], m Ref. [103]

PBE calculations give smaller ECs, as usually found with the GGA functionals. At

T = 0 K, the softening due to the ZPE is ≈ 2.4% for C11, ≈ 1.2% for C12 and ≈ 2.4%

in C44. As mentioned before, in our calculation we relax the ionic positions for each

strained configuration at T = 0 K to get the relaxed-ions ECs. This is relevant

only for C44 while for C11 and C12 the ionic positions are determined by symmetry.

The frozen-ions results, obtained by a uniform strain of the atomic positions but

no further relaxation, are also shown in Tab. 3.4: C44 is ≈ 14 % larger than the

relaxed-ions value. Our theoretical T = 300 K values are in good agreement with

experiment: C11 is smaller of ≈ 1.5 %, C12 is smaller of ≈ 5.1 % and C44 is larger

of ≈ 1 %.

In Figure 3.17 the TDECs and the bulk modulus are reported. The red lines are the

adiabatic ECs (or bulk modulus), while the blue lines are the isothermal ECs. Evalu-

ating the percentage softening of ECs due to temperature as
Cij(T=0K)−Cij(T=1800K)

Cij(T=0K)
×
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Figure 3.17: TDECs and bulk modulus of BAs: isothermal (blue) and adiabatic
(red). RT experimental points from Ref. [97].

100, where the ZPE is included in Cij(T = 0K) we find: ≈ 11 % (adiabatic) and

≈ 13 % (isothermal) for C11, ≈ 9 % (adiabatic) and ≈ 15 % (isothermal) for C12

and ≈ 13 % for C44. As far as we know, presently no experimental measurement

of the TDECs is available to compare directly with our result, but in Ref. [97] the

temperature dependence of the longitudinal sound velocity along the [111] direction

was measured till ≈ 500 K. Using the adiabatic TDECs and the density ρ, this sound

velocity can be written as [104]:

Vlong =

(
C11 + 2C12 + 4C44

3ρ

) 1
2

, (3.1)

and in Fig. 3.18 we compare our theoretical estimate with experiment. We take into

account the temperature dependence of the density due to TE effect. The use of a
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Figure 3.18: Longitudinal sound velocity in the [111] direction: experimental
points (extrapolated from Ref. [97]) and this work (red curve).

temperature independent density in Eq. 3.1 (for instance the density at T = 0 K or

T = 300 K) leads to an appreciably lower sound velocity above the room temperature

(for instance at T = 1500 K the difference is ≈ 90 m/s). The theoretical values of

the sound velocity as a function of temperature is in reasonable agreement with

experiment in the analyzed range, but the experimental slope of the curve at low

temperatures is not reproduced. The comparison improves above RT. We can also

compare the TDECs of BAs with those of Si of Fig. 3.4 with the same functional

LDA. ECs of Si are smaller, the T = 0 K values (with ZPE) are: C11 = 1580 kbar,

C12 = 639 kbar and C44 = 746 kbar. In the range of temperature calculated for

silicon (0 − 800 K) C11 and C12 decrease of about 7 % and C44 of 5 % (for both

isothermal and adiabatic). In the same range of temperature the decrease of the ECs

of BAs is slightly smaller: 3.8 % (adiabatic) and 4.5 % (isothermal) for C11, 3.2 %

(adiabatic) and 5.7 % (isothermal) for C12 and 4.5 % for C44. We now present several

other thermodynamic properties of BAs that have been calculated together with the

TDECs. The TE and the temperature dependence of the lattice constant a(T )
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Figure 3.19: (a) Thermal expansion and temperature dependence of the lattice
parameter (inset). Black lines represent this work, the points are experimental
data: blue [97] and red [98]. (b) Phonon dispersion curves at T = 300 K (col-
ored lines) and experimental points: black [105] and red [106]. The colours of
the phonon branches indicate their symmetry (as explained in the thermo pw
documentation). Phonons curves at T = 0 K (black lines, barely visible only in
the optical branches). (c) Computed isobaric heat capacity (red line) and com-
parison with experiment (points) adapted from Ref. [98]. (d) Average Grüneisen
parameter: this work (red curve), experimental points from [97] (blue) and [98]

(orange).

are shown in Figure 3.19 in the range of temperature 0− 1100 K. We compare our

numerical result (black line) with two recent measurements in the temperature range

300−773 K [98] (red points) and 321−773 K (blue points) [97]. The experimental

a(T ) is higher than the theoretical one by approximately 0.02 Å, but the temperature

dependence is reproduced correctly as visible in the TE plot reported in the same

figure. In the experimental temperature range, the experimental a(T ) are both linear

with T but the slope of the red points is slightly larger and more in agreement with

our calculation. This behavior is reflected in the TE: the TE of Ref. [98] agrees with
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ours within experimental uncertainties while the TE of Ref. [97] has slightly smaller

values (although within the error bar of Ref. [98]). In particular the RT TEs are

4.0×10−6K−1 (this work), (4.2±0.4)×10−6K−1 [98] and 3.85×10−6K−1 [97]. Other

DFT-LDA estimates are: 4.0× 10−6K−1 [98], and 3.04× 10−6K−1 [107]. Molecular

dynamic simulations produced the result 4.1× 10−6K−1 [108]. A much larger value

has appeared recently 10.9 × 10−6K−1 [109] by using DFT method within the

GGA, quite far from experiment. The phonon frequencies computed at the different

geometries are interpolated at T = 300 K and the result is shown in Figure 3.19b

(colored lines). The phonons are compared with RT measurements obtained from

inelastic X-ray scattering [105] and Raman spectroscopy [106] (points). As already

found in Refs. [107, 105] the agreement between theory and experiment is quite

good. The difference between RT and T = 0 K phonons (black lines) is only barely

visible in the optical branches. The isobaric heat capacity is shown in Figure 3.19c.

The points indicate the temperature dependence of experimental data [98] that

we extrapolated from the plot. The agreement is very good. The temperature

dependence of the average Grüneisen parameter is reported in Figure 3.19d. We

also report the RT experimental values of Refs [97] (blue point) and [98] (orange

point). The experimental uncertainty of the first point is not known, but it is very

close to our curve. The second point is in agreement with our estimate within the

experimental error bar.



Chapter 4

Finite-temperature atomic

relaxation

Si and BAs with diamond and zincblende structures, respectively, have two atoms

per cell and, when a strain is applied to the solid and the atomic coordinates are

uniformly strained, forces might appear on atoms. If not in high symmetry positions

the atoms relax in a different configuration. In this case the frozen-ions elastic con-

stants calculated by uniformly straining the atoms without further relaxation might

differ from the relaxed-ions ECs where the atoms are allowed to relax. For diamond

or zincblende crystals the rhombohedral strain εF (defined in section 2.3.3.1) allows

an internal relaxation, providing a different value for the frozen-ions and relaxed-ions

C44. The differences introduced in the zero-temperature ECs are ∼ 299 kbar (39%)

for Si and ∼ 212 kbar (14%) for BAs. In the previous calculations of the TDECs,

this contribution was taken into account by allowing the atoms to relax at T = 0 K

for each strained configuration. While this approach is consistent within the QSA,

it is not within the QHA where the internal relaxation should be obtained from the

minimum of the free-energy. In this chapter we present another method to estimate

79
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the correction to the zero-temperature C44 by introducing the concept of internal

strain that we will later extend to non-zero temperatures in order to evaluate the

finite-temperature contribution of the internal relaxations in the TDECs of Si and

BAs.

4.1 Internal strain at zero temperature

The total energy can be written as a function of both the atomic displacements usα

and the strain εαβ. If we consider a solid with vanishing initial forces on atoms and

stress, its Taylor expansion in a.u. up to the second order is:

E({usα}, {εαβ}) = E0 +
1

2

∑
sαs′β

Csαs′βusαus′β +
Ω

2

∑
αβγδ

Cαβγδεαβεγδ −
∑
sαβγ

Λsαβγusαεβγ.

(4.1)

The second-order constants in the displacements define the interatomic force con-

stants tensor1:

Csαs′β =
∂2E

∂usα∂us′β
, (4.2)

related to the dynamical matrix
Csαs′β√
MsMs′

at q = 0. The term quadratic in the

strain defines the elastic constants tensor of Eq. 2.32 and the mixed term in the

displacement and strain defines the tensor:

Λsαβγ = − ∂2E

∂usα∂εβγ
, (4.3)

whose components are called internal strain parameters.

1The interatomic force constants tensor Csαs′β is not to be confused with the elastic constant
tensor Cαβγδ in which there are not atomic labels indicated by the letters s or s′.
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When Λsαβγ is non-zero the equilibrium displacement of atom s in the direction α

is proportional to the strain:

usα =
∑
s′βγδ

C−1
sαs′βΛs′βγδεγδ, (4.4)

where C−1
sαs′β is the inverse of 4.2 that can be written as:

C−1
sαs′β =

∑
ν

eνsαe
ν
s′β√

MsMs′ω2
ν

. (4.5)

The sum (related to q = 0) is over all optical modes ν,2 eνsα and eνs′β are the α

and β components of the eigenvectors of mode ν of atom s and s′, respectively.

Ms and Ms′ are the masses of atoms s and s′, respectively. Finally, ω2
ν are the

eigenvalues relative to the mode ν. If we substitute the displacement 4.4 usα into

the expansion 4.1 E({usα}, {εαβ}) and we take the second derivatives with respect

to strain, we get the ECs with the correction due to the internal strain relaxation:

Cλµγδ = CFI
λµγδ −∆Cλµγδ, (4.6)

where

∆Cλµγδ =
1

Ω

∑
sα

ΛsαλµΓsαγδ, (4.7)

and

Γsαγδ =
∑
s′β

C−1
sαs′βΛs′βγδ. (4.8)

The superscript FI in Eq. 4.6 means that the ECs are computed with the ions frozen

in the uniformly strained configuration, the ECs without superscript are implicitly

2In principle the sum is extended aver all modes, including the zero-frequency acoustic ones for
which the 4.5 diverges. We do not treat this divergence problem because the acoustic modes will
not contribute in the rest of the formulation.
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considered the ones computed with the relaxed ions. As defined before, Ω is the

volume of the unit cell.

4.1.1 Zincblende structures

Now we consider the zincblende structure with two different atoms with masses M1

and M2 (the diamond case will be obtained for M1 = M2). For this crystal the

following symmetry relation is valid for the internal strain tensor:

Λ1βγδ = −Λ2βγδ = Λ|εβγδ|, (4.9)

for which the internal strain of atom 1 is equal and opposite to the one of atom 2, Λ

is a constant and εβγδ is the Levi-Civita tensor which is non-zero when all its indices

are different from each other. Now, we expand the sum 4.8 over the two atoms and

use the previous symmetry relation. We have:

Γsαγδ =
∑
νβ

eνsα√
Msω2

ν

Λ|εβγδ|
(

eν1β√
M1

−
eν2β√
M2

)
. (4.10)

In the previous sum over the modes ν, only the optical modes at Γ contribute because

within the acoustic modes the two atoms move in phase and are described by equal

displacements (
eν1β√
M1

=
eν2β√
M2

) and, hence, the term in parenthesis is zero. In order

to further develop the discussion we have to derive the components of the optical

eigenvectors.
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4.1.1.1 Displacement of optical modes

The atomic displacement (for atom s, mode ν and direction α) can be written as

(at time t = 0):

uνsα = Aν
eνsα√
Ms

, (4.11)

where Aη is the amplitude of the displacement with dimensions [L]× [M ]
1
2 , Ms is the

mass of atom s and eνsα is the eigenvector of the displacement. The motion of atoms

at Γ within the optical phonon modes is opposite and proportional to the mass of

the other atom. Moreover, the eigenvector eνsα satisfies the eigenvalues equation for

this mode with angular frequency ωTO:

∑
s′β

1√
MsMs′

Csαs′βe
ν
s′β = ω2

TOe
ν
sα. (4.12)

To find analitically eνs′β we can use the fact that the displacement is:

uη = u · a



M2

M2

M2

−M1

−M1

−M1


, (4.13)

where u and a are adjustable parameters introduced to obtain the expression of

the energy defined in Ref. [70] that we determine in the following. Starting from a

generic eigenvector with equal components α for one atom and equal components

β for the other atom, applying the normalization condition 3α3 + 3β2 = 1, and

multiplying it by Aη√
Ms

, we obtain the displacement and comparing with Eq. 4.13 we
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get the following form for the eigenvector:

eηsα =
1√

3
√
M1 +M2



√
M2

√
M2

√
M2

−
√
M1

−
√
M1

−
√
M1


. (4.14)

While the amplitude of the displacement is:

Aη =
√

3
√

(M1 +M2)(M1M2)ua. (4.15)

The vibrational energy of the mode is:

E =
1

2

∑
sαs′β

uηsαCsαs′βu
η
s′β =

1

2
|Aη|2ω2

TO, (4.16)

where the last expression is obtained with the substitution of the displacement 4.11

in the second term, the use of Eq. 4.12, and the normalization condition
∑

sα |eηsα|2 =

1. Finally, by using Eq. 4.15, setting a = 1√
3

1
M1+M2

, and defining the reduced mass

µ = M1M2

M1+M2
, we get the energy in the form E = 1

2
µω2

TOu
2 of Ref. [70]. With this
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choice for a, the amplitude becomes Aη =
√
µu and the displacement:

uη =
u√
3



M2

M1+M2

M2

M1+M2

M2

M1+M2

− M1

M1+M2

− M1

M1+M2

− M1

M1+M2


. (4.17)

It is possible to shift the origin of the coordinates in such a way to fix the first atom

in the origin. So, we subtract M2

M1+M2
to the components of both atoms and we have:

uη = u′



0

0

0

−1

−1

−1


(4.18)

where we also have defined u′ = u√
3

3. Hence, the internal relaxation of the system of

two atoms can be described by keeping the first atom fixed and allowing the second

to change its position.

4.1.1.2 Correction to elastic constants and extension to finite-temperature

Now, the expression of optical eigenvectors 4.14 can be substituted in Eq. 4.10.

Rearranging the terms, and introducing the reduced mass µ we have:

3The original displacement 4.17 conserves the position of the center of mass RCM =
M1u1+M2u2

M1+M2
= 0, while in the case of the shifted displacements 4.18 we have R′CM = −M2u2

M1+M2
6= 0.
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Γsαδε =
∑
νβ

eηsα√
Msω2

ν

1√
3

Λ|εβγδ|
1
√
µ
. (4.19)

Now, we insert it in Eq. 4.7, use 4.9, and the components of eigenvectors 4.14. We

have:

∆Cλµγδ =
1

3Ω

∑
αβν

Λ2

ω2
νµ
|εβγδ||εαλµ|. (4.20)

The only non-zero correction is ∆C44 = ∆C2323. In this case the sums in α and β of

the module of the Levi-Civita tensor leads to unitary multiplicative factors, while

the sum over the optical modes remains. The result is:

∆C44 =
1

3Ω

Λ2

µ

∑
ν

1

ω2
ν

=
Λ2

Ω µ ω2
TO

. (4.21)

The previous equation gives the correction to the frozen-ions C44 elastic constant due

to the atomic relaxation for diamond and zincblende cells with volume Ω with two

atoms in the basis with reduced mass µ and transverse optical mode with angular

frequency ωTO. The internal strain Λ is given at T = 0 K by the derivatives of Eq. 4.3

of the total energy. We extend it at finite temperature by replacing in Eq. 4.3 the

total-energy E with the Helmholtz free-energy F derived from phonons computed

in the two dimensional grid of strains and displacements.

In literature the correction 4.21 is often written in terms of the so-called Kleinman

parameter ξ. For example, by comparing the Eq. 4.21 with the correction ∆C44

reported in Ref. [70] in terms of ξ we have:

ξ =
Λ

µ ω2
TO

a0
4

, (4.22)
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where a0 is the lattice constant of the cubic crystal.

In the following sections we present our calculations of ∆C44 and ξ of Eqs. 4.21

and 4.22 by using the internal-strain formulation at T = 0 K for some materials with

diamond and zincblende structures: Si, C, SiC, GaAs and BAs. Then, we compare

with the ∆C44 calculated directly from atomic relaxation. Finally, we estimate the

same correction at finite-temperature for the TDECs C44 of Si and BAs, computing

the free-energy instead of the energy in the grid of strains and displacements.

4.2 Method and computational parameters

For the calculation of the internal strain Λ at T = 0 K (Eq. 4.3), the total-energy is

computed in a two-dimensional grid of displacements and strains and is fitted with a

second degree polynomial. The second derivative of the polynomial is evaluated an-

alytically. The grid for the entries of the strain εF was (−0.01,−0.005, 0, 0.005, 0.01)

for all materials. The first atom is fixed in the origin and the displacements are set

moving the second atom: the grid of displacements is centered at the equilibrium

bond-length between the two atoms in the unstrained cubic cell
√

3
4
a0, where a0 is the

equilibrium lattice constant listed in Table 4.1, 5 displacements are chosen with dis-

tance ∆u = 0.05 a.u.. We change simultaneously all the 6 components of the strain

εF and all the 3 components of the second atom position along the direction [111]

and compute the derivative of the total energy with respect these changes, getting

the quantity Λ′, different from the derivative 4.3 which is, instead, computed with

respect to the change of the single components4. This translates in a multiplicative

4We compute the derivative with respect to the bond length l =
√

3u21, ∂E
∂l = ∂E

∂u21

∂u21

∂l =
1√
3
∂E
∂u21

: hence, a factor
√

3 is introduced. The other factor, introduced in the derivative with

respect to strain, is given by the energy-strain expansion εF : E(εF ) = E0 +
∑
ij

∂E
∂εij

εij = E0 +

6 ∂E
∂ε23

ε23.



Chapter IV. Finite-temperature atomic relaxation 88

factor such that: Λ =
√

3
6

Λ′ = 1
2
√

3
Λ′.

For this study, the exchange and correlation functional is approximated by the

LDA [48] for all materials. The pseudopotentials used for each atomic species are

reported in the note5. For all materials the cutoff for the wave functions (charge

density) was 90 Ry (1300 Ry). The k-point mesh was 16× 16× 16.

The finite-temperature correction was applied to Si and BAs for which the con-

tribution of the vibrational free-energy is added in the calculation of Λ. Phonons

dispersions are computed in the same two-dimensional grid of strains and displace-

ments defined before. For both materials, DFPT [14, 54] was used to calculate the

dynamical matrices on a 4× 4× 4 q-points grid. The dynamical matrices have been

Fourier interpolated on a 200× 200× 200 q-points mesh to evaluate the free-energy.

The grids of reference geometries for the TDECs calculation were centered at the

T = 0 K lattice constant reported in Table 4.1 and set in the same way as done for

the QHA TDECs (9 reference geometries with lattice constants separated from each

other by ∆a = 0.05 a.u.). The finite-temperature internal-strain calculation is done

for all the reference configurations, the grid of displacements was centered in the

new equilibrium position for each geometry. A second degree polynomial has been

used to fit the Helmholtz free-energy as a function of the strain and displacements

to determine Λ at each geometry and temperature. Λ is used to get the correction

∆C44 for the frozen-ions TDECs. For the calculation of ∆C44 we used the ωTO cor-

responding to the considered volume {Ωi}. Then, a fourth degree polynomial was

used to interpolate the C44(T,Ωi) at the Ω(T ).

5We used pseudopotentials Si.pz-nl-kjpaw psl.1.0.0.UPF, C.pz-n-kjpaw psl.1.0.0.UPF,
Ga.pz-dnl-kjpaw psl.1.0.0.UPF, As.pz-n-kjpaw psl.1.0.0.UPF, and
B.pz-n-kjpaw psl.1.0.0.UPF.
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Table 4.1: Correction to the C44 EC: ∆Crel44 is computed via direct atomic
relaxation, ∆CIS44 and ξ are computed by using the internal-strain formalism.
CFI44 is the frozen-ions EC. The lattice constant a0 is in a.u., CFI44 and ∆C44 are

in kbar and ξ is dimensionless.

a0 CFI44 ∆Crel44 ∆CIS44 ξ

Si 10.2065 1060 299 299 0.54
C 6.6821 5971 72 74 0.13
SiC 8.1835 2840 313 320 0.42
GaAs 10.6085 799 218 209 0.55
BAs 8.9660 1772 212 213 0.38

4.3 Results

In Table 4.1 the equilibrium lattice constants a0 of Si, C, SiC, GaAs and BAs are

reported. The calculation of the correction ∆Crel
44 computed directly from atomic

relaxation is in good agreement with the one computed with the internal-strain

formalism: the largest difference is 9 kbar, found for GaAs. Also our Kleinman

parameters are in reasonable agreement with those found in the literature. For Si

we have ξ = 0.54 in good agreement with the calculation of Ref. [70] ξ = 0.53.

Slightly larger differences for GaAs for which we have ξ = 0.55 while Ref. [70]

reports ξ = 0.48(2). Our estimate for SiC is ξ = 0.42 and is in between the results

of Ref. [110] (ξ = 0.38) and of Ref. [111] (ξ = 0.49).

Now, we pass to describe the results obtained from the internal strain formalism

at finite temperatures. In Fig. 4.1 we compare the C44 EC of Si as a function of

temperature computed with frozen ions (blue line), with relaxed ions at T = 0 K

(red line) reported in the plots of previous chapter and the new estimate with the

ions relaxed at finite temperature (yellow line). The largest effect of the frozen-ions

approximation is in the zero-temperature EC with a difference of ∼ 300 kbar with

respect the relaxed-ions case. A non-negligible effect is shown in the temperature

dependence of the ECs as well. Indeed, the temperature dependence of the frozen-

ions estimate (light-blue line) is larger than the other estimates showing a softening
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Figure 4.1: Temperature-dependent C44 elastic constant of Si within the QHA
computed with frozen-ions (blue), relaxed-ions at T = 0 K (red) and relaxed-ions
at finite T (yellow). The frozen-ions result is translated below (light-blue curve) to
compare the temperature dependence with the relaxed-ions results. Experimental

data are taken from McSkimin [73] (black line).

of ∼ 13% in the range of temperature 0 − 1200 K, compared to ∼ 8.6% for the

relaxed-ions at T = 0 K estimate, and ∼ 4.5% for the finite-temperature relaxed-

ions estimate. There is a visible difference in the TDECs computed with zero-

temperature and finite-temperature atomic relaxations that produces a difference in

the softening of ∼ 4% in the range of temperatures considered. We also note that

the differences introduced by the finite-temperature atomic relaxation increases with

temperature.

In Fig. 4.2 we report the C44 EC of BAs, the colors have the same meaning as before.

In the range of temperature 0− 1200 K the softening of the C44 EC is: ∼ 10% with

frozen-ions, ∼ 8% with the zero-temperature atomic relaxation and ∼ 7% for the

finite-temperature one. Hence, the effect of finite-temperature relaxation is smaller

than the one found for Si but it is still visible and increases with temperature.
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Figure 4.2: Temperature-dependent C44 elastic constant of BAs within the QHA
computed with frozen-ions (blue), relaxed-ions at T = 0 K (red) and relaxed-ions
at finite T (yellow). The frozen-ions result is translated below (light-blue curve)

to compare the temperature dependence with the relaxed-ions results.

Figure 4.3: Longitudinal sound velocity in the 111 direction of BAs computed
from TDECs (Eq. 3.1) with relaxed-ions at T = 0 K (red line) and at finite T (or-
ange points). The experimental data is also reported (black points, extrapolated

from Ref. [97]).
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With the new C44 EC of BAs we can compute the longitudinal sound velocity of

Eq. 3.1, compare with the previous calculation, and compare with experiment. In

Fig. 4.3 we report the data of Fig. 3.1 with the new velocity (orange points). The

differences are very small for the range of temperature considered.

From the difference between the frozen-ions ECs curves (blue) and the finite-temperature

relaxed-ions ones (yellow) we get the correction ∆C44(T ) at the minimum of the free-

energy. Then by comparing Eq. 4.21 with the one written in terms of ξ of Ref. [70]

we can write ξ in terms of ∆C44(T ) and and hence get the ξ(T ) as:

ξ(T ) =
2

ωTO(T )

√
a(T )∆C44(T )

µ
(4.23)

where ωTO is obtained by the interpolation of frequencies at the Ω(T ) and a(T ) =

[4 Ω(T )]
1
3 . The temperature-dependent Kleinman parameters are reported in Fig. 4.4.

It decreases as temperature increases. Hence, in Si the difference with the experi-

ment ξ = 0.74(4) [70] increases as temperature increases as well.

Figure 4.4: Temperature-dependent Kleinman parameter for Si (left) and BAs
(right).



Chapter 5

Temperature-dependent atomic

B-factor

In this chapter we pass to investigate another thermodynamic property of general

interest: the atomic B-factor (BF). The BFs are defined in terms of the B-matrix

whose elements Bαβ are mean square atomic displacements in different directions.

They account for the effects of temperature and quantum fluctuations on the lattice

dynamics and define the Debye-Waller factor (DWF) which explains the temperature

dependence of the intensities of X-ray or neutron diffraction peaks.

5.1 Introduction

The DWF accounts for the effect of lattice vibrations on Bragg-peak intensities

of X-ray diffraction patterns of crystals and is responsible for their temperature

dependence [112] and is a key ingredient for the simulation of Transmission Electron

Microscopy (TEM) images [113]. The DWFs can be expressed in terms of the BF,

93
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a quantity proportional to the mean-square atomic displacements that account for

both temperature and zero point quantum effects. Experimentally, the BFs are

known for many elemental crystals and compounds. They can be measured directly,

for instance from X-ray single crystal or powder diffraction methods, or derived

from the experimental phonon density states. Gao and Peng [114] presented the

temperature dependence of BFs for 68 elemental crystals and 17 compounds with

the zincblende structure. For 46 elemental crystals the BFs are derived from the

measured phonon density of states, while for the others they are estimated within

the Debye model.

BFs can be calculated from the phonon frequencies and the dynamical matrix eigen-

vectors of a solid, therefore ab-initio methods can be applied to calculate them as

well. Lee and Gonze [115] calculated the BFs of SiO2 α-quartz and stishovite with

DFPT. Rignanese et al. [78] calculated the BF of Si as a function of temperature,

showing that in this material the BF is determined mostly by the acoustic branches.

Schowalter et al. computed the BFs for some group IV, III-V, and II-VI semicon-

ductors with the zincblende [113] or the wurtzite structure [116] with the all-electron

frozen phonon scheme and with the DFPT pseudopotential method. They also de-

rived a fitting function for the temperature dependence of the BFs, and recently

addressed more complex semiconductors containing B, Bi, or Tl [117]. Considerable

theoretical efforts have been made in the field of molecular crystals where the BFs

have been computed by DFT-based methods; we mention for instance Madsen et al.

[118] that studied crystalline urea, crystalline benzene, urotropine, and L-alanine

and George et al. [119] that focused on pentachloropyridine (C5NCl5). Recently,

the BFs of nonperiodic structures have been derived from molecular dynamics sim-

ulations [120] devising an appropriate potential for the alloy AlGaN.

There are also materials, in particular anisotropic ones (i.e. h.c.p. metals), where
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the experimental information are less complete. In these solids, the anisotropic BFs

are obtained from the X-Ray diffraction intesities and in some cases only the room-

temperature data is available. For instance Krishna et al. [121] and Narayana et

al. [122] presented room-temperature mean square atomic displacements for some

h.c.p. elements derived from powder-diffraction experiments, while Watanabe et

al. [123] used single-crystal diffraction method to compute BFs for Cd, Mg, and

Mg3Cd at four different temperatures. Theoretical calculations on these systems

are more rare although some rationalizations have been tried. For instance, in hcp

metals a correlation has been found between the c/a ratio of the crystal parameters

and the BF anisotropy [123].

Rather limited is also the knowledge of the effect of the exchange and correlation

functionals on the BFs, although some tests have been presented [113]: the LDA

describes the BFs of III-V and IV-IV semiconductors better than the GGA while

the opposite has been found in II-VI semiconductors.

In this chapter, we investigate the BF of Si and study its dependence on the ex-

change and correlation functional. Moreover, we address the h.c.p. metals Ru, Mg,

and Cd. Ab-initio lattice dynamics correctly predicts that Ru and Mg have a much

smaller anisotropy than Cd and consistently improves upon the Debye model when

comparison with experiments is possible. However the agreement is still not com-

plete and the details depend on the exchange and correlation functional. Finally, we

compare the BF calculated at the theoretical equilibrium geometry at zero temper-

ature with the BF calculated accounting, within the QHA, for thermal expansion.

We find that the effect is rather small in Si that has low thermal expansion, starts

to be noticeable in Ru, and becomes more significant above room temperature in

Mg whose thermal expansion is 5− 6 times larger than for Si.
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5.2 Some definitions

The DWF is defined by:

e−2W (s) = exp

(
−
∑
αβ

Bαβ(s)GαGβ

)
, (5.1)

where the label s identifies the atom in the unit cell, Gα and Gβ are Cartesian

components of the scattering wave vector (a reciprocal lattice vector of the solid)

and Bαβ(s) is the mean-square displacement matrix of the atom s:

Bαβ(s) =
~

2NMs

∑
qν

coth

[
~ ων(q)

2kBT

]
uνsα(q)uνsβ(q)∗

ων(q)
, (5.2)

where Ms is the mass of s-th atom, N is the number of cells in the crystal, ων(q) is

the angular frequency, and uνsα(q) is the sα-th component of the dynamical matrix

eigenvector of the mode ν with wave-vector q. kB is the Boltzmann constant, ~

is the Planck constant divided by 2π, and T is the temperature. Eq. 5.2 can be

rewritten in terms of the generalized density of states gαβ(s, ω):

gαβ(s, ω) =
1

N

∑
qν

uνsα(q)uνsβ(q)∗δ (ω − ων(q)) , (5.3)

which is normalized so that
∫∞

0
gαβ(s, ω)dω = δαβ, as:

Bαβ(s) =
~

2Ms

∫ ∞
0

coth

[
~ ω

2kBT

]
gαβ(s, ω)

ω
dω. (5.4)

Eqs. 5.2 and 5.4 have been implemented in the thermo pw software. In particular, in

the case of Eq. 5.2, the code computes the quantity B̃αβ(s) restricting the sum over q

to the irreducible Brillouin zone and introducing normalized weights wq proportional

to the number of points in the star of q. Bαβ(s) is obtained from B̃αβ(s) using the
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following formula:

Bαβ(s) =
1

NS

∑
S

∑
γδ

S−1
αγ S

−1
βδ B̃αβ(s̄), (5.5)

where NS is the total number of symmetries of the point group of the solid, S are the

rotation matrices and s̄ is the index of the atom in which the rotation S transforms

the atom s. The generalized density of states (Eq. 5.3) is computed and symmetrized

at each ω with a similar formula so that Bαβ(s) computed from Eq. 5.4 does not

require any further symmetrization. Moreover, by applying Eq. 5.5 the symmetry

restrictions on the BF matrices [124] are obtained automatically.

In the crystallographic literature, for cubic solids, it is common to use the Bragg

condition to write the modulus of the scattering wave vector |G|2 = 16π2 sin2 θ/λ2

in terms of the scattering angle θ and the X-ray wavelength λ. Therefore, the DWF

becomes

e−2W (s) = exp

(
−2B̄(s) sin2 θ

λ2

)
, (5.6)

where B̄(s) = 8π2Bxx(s). We follow the same convention also for anisotropic solids

plotting B̄αβ(s) = 8π2Bαβ(s) and calling them BFs.

5.3 Computational parameters

The phonon calculations are made using DFPT as implemented in the Quantum

Espresso package [32, 33]. The exchange and correlation functional is approximated

by the LDA [48], the PBE [49] or the PBEsol functional [50]. We used PPs from

pslibrary [24]. For Si we employed the PAW [52] PPs Si.dft-nl-kjpaw psl.1.0.0.UPF,

with dft equal to pz, pbe, and pbesol. The kinetic energy cut-off was set to 50 Ry

for the wavefunctions and to 300 Ry for the charge density (for all three PPs). The
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integrations over the Brillouin zone (BZ) were performed using a 8×8×8 Monkhorst-

Pack k-point mesh. DFPT [14, 54] was used to calculate the dynamical matrix on

a 8×8×8 q-points mesh. These dynamical matrices have been Fourier interpolated

on a 300×300×300 q-points mesh to evaluate the BFs. For Ru we employed the ul-

trasoft (US) [125] PPs, Ru.dft-spn-rrkjus psl.1.0.0.UPF. With all PPs, kinetic

energy cut-offs were 70 Ry and 280 Ry for the wavefunctions and the charge den-

sity, respectively. The presence of a Fermi surface has been dealt with the smearing

approach [51] with σ = 0.02 Ry and a mesh of 24 × 24 × 16 k-points. For Mg

we used the US PPs Mg.dft-spn-rrkjus psl.1.0.0.UPF. Kinetic energy cut-offs

for the wavefunctions and the charge density were 110 Ry and 440 Ry, respectively.

The smearing parameter was σ = 0.02 Ry and the k-points mesh was 20× 20× 14.

For QHA calculations we used a mesh 32 × 32 × 24. For Cd we used the US PPs

Cd.dft-n-rrkjus psl.1.0.0.UPF. Kinetic energy cut-offs of 70 Ry and 380 Ry for

LDA PP, and 60 Ry and 1080 Ry for PBE and PBEsol PPs were used for the

wavefunctions and the charge density, respectively. The smearing parameter was

σ = 0.02 Ry and the k-points mesh was 18×18×12. In the three metals, the DFPT

phonon calculation used a q-point mesh 6× 6× 4. The dynamical matrices on these

points have been interpolated in a 300 × 300 × 190 q-point mesh to calculate the

BFs.

5.4 Results

5.4.1 Silicon

We start by presenting in Fig. 5.1 the LDA BF of Si at the equilibrium lattice

constant 5.402 Å (expt. 5.431 Å). The BF matrices of the two Si atoms in the
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Figure 5.1: The LDA BF of Si computed using Eq. 5.2 (red) and Eq. 5.4 (blue).
The theoretical data reported in Rignanese et al. [78] (gray) and in Schowalter et

al. [113] (yellow) are shown for comparison.

unit cell are diagonal, B̄αβ = B̄δαβ, and equal. B̄xx(1) obtained by Eq. 5.2 and

Eq. 5.4 are both shown, but on the scale of the figure the two curves are almost

indistinguishable. Since this holds also for the other materials studied here, in the

following discussion we show only the BFs obtained by Eq. 5.4. In the same plot, we

report the LDA BF from Ref. [78] using a norm conserving PP at the equilibrium

lattice constant 10.18 a.u. ≈ 5.39 Å and the parameterization of Schowalter et al.

[113]. The former finds a BF smaller than ours, while the latter finds slightly larger

values.

In Fig. 5.2 we compare the BF obtained by the three exchange and correlation

functionals (LDA, PBE, and PBEsol). Each BF is calculated at the equilibrium

lattice constant (5.470 Å for PBE and 5.434 Å for PBEsol). In agreement with

previous works [129] LDA slightly underestimates the lattice constant while PBE

overestimates it. PBEsol is in between the two, still slightly larger than experiment.

BFs are larger for PBEsol and smaller for PBE while LDA is in between. This
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Figure 5.2: The BF of Si for different exchange and correlation functionals
(LDA red, PBE blue, and PBEsol green) compared with the BF derived from the
experimental phonon density of states [114] (dashed line) and three points at room
temperatures discussed in the literature: green square [126], black circle [127] and

red circle [128] (note that errorbars are smaller than the size of the points).

trend can be understood by analyzing the phonon dispersion curves (reported in

Fig. 5.3) and noticing, as in Ref. [78], that in Si the main contribution to the BF

comes from the acoustic modes. This is illustrated in Fig. 5.4 where we show

the contributions of the different modes to the BF. The largest ones are those of

the two lower acoustic modes (1 and 2), while the third acoustic mode (3) and the

optical modes give smaller contributions. PBEsol has the lowest frequency of the

acoustic modes 1 and 2 and hence the largest BF. In Fig. 5.2 some experimental

data are also reported. The parameterization of Gao and Peng [114] is in excellent

agreement with the PBEsol BF. Room-temperature experimental BFs derived from

Pendellösung method [128] and high resolution charge-density studies [127] are also

reported for comparison. Moreover, we note that several lattice-dynamical models

have been used to compute the BF of Si: the different studies produce a quite large

spread of BF values [131]. In this analysis we quote the data reported in a more
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Figure 5.3: Si phonon dispersions calculated with different exchange and cor-
relation functionals (LDA red, PBE blue, and PBEsol green) compared with ex-
perimetal inelastic neutron scattering data [130] (points) measured at T = 296

K.

Figure 5.4: Contribution of the different modes to the BF of Si: mode 1 (black),
mode 2 (violet) and mode 3 (yellow). The modes are ordered according to the
frequency, from the lowest to the highest. We show also the contribution of all
acoustic modes (1, 2, and 3) (dash-dotted line) and of all optical modes (dotted

line).
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Table 5.1: Theoretical lattice parameters of the h.c.p. metals at T=0 K com-
pared with the experimental data [132].

Ruthenium Magnesium Cadmium

a (Å) c/a a (Å) c/a a (Å) c/a

LDA 2.678 1.578 3.139 1.622 2.915 1.867
PBESOL 2.693 1.578 3.180 1.623 2.961 1.865
PBE 2.723 1.577 3.199 1.624 3.026 1.906
Expt. 2.704 1.584 3.209 1.624 2.979 1.886

recent work based on Born-von Kármán force constants model [126]. The three

experimental points are in good agreement but slightly smaller than theoretical

curves and Gao and Peng parameterization.

5.4.2 h.c.p. metals

In this section, we present the harmonic BFs of h.c.p. metals Ru, Mg, and Cd, at

the equilibrium crystal parameters reported in Tab. 5.1. In these systems, the BFs

matrices of the two atoms in the unit cell are diagonal and equal. Two diagonal

elements coincide B̄xx = B̄yy, while B̄zz might differ.

In Fig. 5.5 we report B̄xx and B̄zz for the three functionals. For each functional,

B̄zz is larger than B̄xx and the anisotropy is increasing with temperature. PBE

gives the largest BFs, followed by PBEsol and LDA, in agreement with the trend

of the phonon frequencies shown in reference [35]. Experimetal points at (295± 3)

K are also reported [122]. The theoretical curves slightly overestimate the experi-

mental data. A second experimental point for Ru has been reported by Krishna

and Sirdeshmukh [121]1 at the same temperature and refers to the average BF〈
B̄
〉

= (2B̄xx + B̄zz)/3. In Fig. 5.6 we compare
〈
B̄
〉

(for the three functionals)

with this experimental point and with the point obtained by averaging the data of

1This number is not corrected for thermal diffusive scattering [133] while all the others experi-
mental diffraction data reported in this chapter are corrected for this effect.
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Figure 5.5: BFs of Ru: (B̄xx continuous line, and B̄zz dash-dotted line) for
different exchange and correlation functionals (LDA red, PBE blue, and PBEsol

green). The points are experimental data of Narayana et al. [122].

Figure 5.6:
〈
B̄
〉

= (2B̄xx + B̄zz)/3 of Ru. The
〈
B̄
〉

derived from the LDA
(red), PBEsol (green), and PBE (blue) phonon dispersions are compared with
the results of a Debye model with Debye temperature θD = 589 K, derived from
the LDA elastic constants (black), or θD = 600 K (blue dash-dotted line). The
parameterization [114] of the Debye model result with θD = 600 K (orange) is also
shown. The points are the experimental data of Krishna and Sirdeshmukh [121]

(circle) and Narayana et al. [122] (square).
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[122]. The theoretical predictions are between the two points slightly closer to the

second. In Fig. 5.6 we show also the temperature dependent parameterization of
〈
B̄
〉

proposed by Gao and Peng [114]. Such parameterization has been obtained by a fit of

the Debye-model BFs calculated with the Debye temperature θD = 600 K [134]. This

curve is lower than our estimate and of both the experimental points. Within the

Debye approximation the phonon density of states is written as gD(ω) = 9Natω
2/ω3

D,

where Nat is the number of atoms in the unit cell and ωD is the Debye angular fre-

quency related to the Debye temperature by kBθD = ~ωD. Using this density of

states one can evaluate
〈
B̄
〉

for systems with one atomic type of mass M , as:

〈
B̄
〉

=
12π2~4

k3
Bθ

3
DM

∫ ωD

0

ω coth

(
~ω

2kBT

)
dω. (5.7)

We used this formula to obtain the curves reported in Fig. 5.6. We show the results

for θD = 589 K, the value obtained by averaging the sound velocities derived from

the LDA elastic constants and for θD = 600 K, the experimental value. We can see

that the fit of Gao and Peng [114] reproduces the Debye model BF quite well until

∼ 1300 K, but the Debye model BFs are smaller than the ab-initio lattice dynamics

estimates.

In Fig. 5.7 we report B̄xx and B̄zz of Mg calculated with the three functionals.

The theoretical PBE and PBEsol results are almost isotropic. LDA predicts a small

anisotropy with B̄xx larger than B̄zz, opposite to what was found in Ru and opposite

to the experimental anisotropy reported in the figure [123]. Actually experimental

data for B̄xx are quite close to the PBE theoretical values but the theoretical under-

estimation of the anisotropy leads to too small values of B̄zz. In Fig. 5.8 we compare

our results for
〈
B̄
〉

with the parameterization of Gao and Peng [114] obtained from

the experimental phonon density of states. Our results are lower than these data
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Figure 5.7: BF of Mg: (B̄xx continuous line, and B̄zz dashed line) for different
exchange and correlation functionals (LDA red, PBE blue, and PBEsol green).

The points are experimental data [123] (squares B̄xx, circles B̄zz).

Figure 5.8:
〈
B̄
〉

= (2B̄xx + B̄zz)/3 of Mg. The
〈
B̄
〉

derived from the LDA
(red), PBEsol (green), and PBE (blue) phonon dispersions are compared with the
results of a Debye model with Debye temperature θD = 395 K derived from the
LDA elastic constants (black), or the experimental Debye temperature θD = 403
K (blue dashed line). The parameterization [114] of the BF derived from the
experimental phonon density of states (orange) is also shown. The points are

derived from the experimental data [123].
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Figure 5.9:
〈
B̄
〉

= (2B̄xx + B̄zz)/3 of Cd. The
〈
B̄
〉

derived from the LDA
(red), PBEsol (green), and PBE (blue) phonon dispersions are compared with the
results of a Debye model with Debye temperature θD = 205 K derived from the
LDA elastic constants (black), or the experimental Debye temperature θD = 209
K (blue dashed line). The parameterization [114] of the BF derived the Debye
model with θD = 209K (orange) is also shown. The red points are derived from

the experimental data [123].

and the discrepancy increases with temperature. The points deduced from the ex-

perimental data of Watanabe et al. [123] are instead closer to our theoretical values

and have a similar temperature dependence. In the same figure we also report
〈
B̄
〉

calculated from a Debye model with θD = 395 K the value derived from the LDA

elastic constants which is quite close to the experimental one θD = 403 K. Also for

Mg the
〈
B̄
〉

derived from the Debye model is smaller than the one derived from the

ab-initio lattice dynamics and hence even more distant from experiment.

In Fig. 5.9 we report B̄xx and B̄zz of Cd calculated with the three functionals. All

three functionals predict a quite large BF anisotropy with LDA and PBEsol giving

similar results. PBE predicts a larger anisotropy so that although B̄xx is similar

to the other functionals, B̄zz is higher. Experimental values of the BF [123] are

reported in the figure. The LDA and PBEsol BFs reproduce better experiments than
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Figure 5.10:
〈
B̄
〉

= (2B̄xx + B̄zz)/3 of Cd. The
〈
B̄
〉

derived from the LDA
(red), PBEsol (green), and PBE (blue) phonon dispersions are compared with the
results of a Debye model with Debye temperature θD = 205 K derived from the
LDA elastic constants (black), or the experimental Debye temperature θD = 209
K (blue dashed line). The parameterization [114] of the BF derived the Debye
model with θD = 209K (orange) is also shown. The red points are derived from

the experimental data [123].

the PBE (especially for the B̄zz). In Fig. 5.11 we show the temperature dependence

of
〈
B̄
〉

computed from our phonon dispersion curves and compared with a Debye

model BF calculated at θD = 205 K deduced from the LDA elastic constants and at

θD = 209 K, the experimental value. Gao and Peng’s parameterization (also shown

in the figure) is made on the Debye-model BF and coincides in all the temperature

range. Also for Cd the Debye model BF is lower than the ab-initio one.

Watanabe et al. [123] showed that there is a correlation between the anisotropy of

the BFs (B̄zz/B̄xx) and the c/a parameter of the h.c.p. structure. We compare in

Fig. 5.11 our estimates of BF anisotropies at 292 K with the reported experimental

values. On the large scale of this figure differences between different functionals are

small and there is a reasonable agreement between theory and experiment.
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Figure 5.11: Bzz/Bxx as a function of c/a for the hcp metals. Black points are
data reported by Watanabe et al. (full and empty points have different references).
Red, blue, and green points indicate our LDA, PBE, and PBEsol theoretical
estimates within the harmonic approximation at T = 292 K. The vertical dashed

line indicates the ideal ratio c/a = 1.633.

5.5 Quasi-harmonic B-factor

Eqs. 5.2 and 5.4 depend explicitly on temperature while the phonon frequencies and

the atomic displacements are assumed to be temperature independent. However the

results depend on the geometry chosen to compute the phonon dispersions. The BFs

shown so far have been computed within the HA, i.e. at the T = 0 K equilibrium

structure neglecting both the zero point motion and thermal expansion. In this

section we estimate the importance of this approximation on the final result. We

compute within the QHA the temperature dependent crystal parameters and the

thermal expansion as described in Chapter 2. Moreover, we compute the BFs at

the same geometries used to evaluate the thermal expansion: 9 values for the lattice

constant a for Si and a 5× 5 grid of values for a and c/a for the h.c.p. metals. The

grids are centered on the crystal parameters used in the previous section.
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Figure 5.12: LDA BF of Si within the QHA (black) compared with the HA BF
(red): the two results overlap. In the inset, the thermal expansion of silicon is

compared with the experimental data (points) [76, 77].

The BFs computed in these geometries are interpolated by a quartic polynomial

of the crystal parameters at each temperature. This polynomial is then used to

calculate the BFs at the geometry that corresponds to that temperature.

In the following figures we compare the BFs computed within the HA with those

computed as described above that we call QHA BFs. For simplicity we compare only

the LDA results. In Fig. 5.12 the example of Si is reported. The thermal expansion

of Si is also shown for reference and compared with the experiments [76, 77]. Since

this thermal expansion is quite small the HA and the QHA BFs are indistinguishable

on the scale of the figure.

In Fig. 5.13 we compare the HA and QHA BFs of Ru. Thermal expansion increases

slightly the BFs and the effect becomes noticeable above room temperature. More-

over, within the QHA the increase of the anisotropy with temperature is larger than

within the HA (reflecting also the behavior of thermal expansion tensor). Our the-

oretical LDA thermal expansion is smaller than experiment and therefore the effect
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Figure 5.13: LDA BF of Ru within QHA (black) compared with the HA BF
(red): the continuous lines represent B̄xx, while the dash-dotted lines indicate
B̄zz. The points are experimental data of Narayana et al. 2001. On the inset, the
theoretical LDA linear thermal expansion of Ru (αxx continuous line, αzz dash-
dotted line) is compared with the experimental data [135] (αxx black squares, αzz

red circles).

Figure 5.14: DA BF of Mg within the QHA (black) compared with the HA
BF (red): the continuous lines represent B̄xx, while the dash-dotted lines indicate
B̄zz. The comparison with experiment [123] is presented (B̄xx black squares,
B̄zz red circles). In the inset, the theoretical linear thermal expansion of Mg
(αxx continuous line, αzz dash-dotted line) is compared with the experimental

points [136] (αxx black squares, αzz red circles).
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of thermal expansion on the BF could be slightly underestimated.

Finally, in Fig. 5.14, we present the comparison between the HA and the QHA BFs

of Mg. The difference between the two approximations is more significant in Mg

then in Ru because of the larger thermal expansion of Mg (Fig. 5.14). Note also

that our thermal expansion is more anisotropic than in experiment, suggesting that

the thermal expansion effect alone is not sufficient to recover the experimental BF

anisotropy.

In the previous paragraphs we presented our implementation of the BFs in the

thermo pw code which is also described in the paper of Ref. [4]. BF tensors can be

computed for an arbitrary crystal using a Debye model or ab-initio within the HA

and the QHA. Now, we use it to address the BF of BAs within the QHA, whose

thermoelastic and several thermodynamic properties were investigated in Section 3.4.

Until now we have seen only examples of crystals with identical atoms in the unit

cell providing the same BF for both. In BAs we have two different atoms and, hence,

Figure 5.15: Temperature dependent atomic B-factor for the cubic BAs: B
(red), As (blue).
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two different BFs matrices that are diagonal with only one independent component

(because BAs is cubic). In Fig. 5.15 we show the BF for B (red) and As (blue). The

former is 0.35 Å2 at T = 300 K and grows up to 0.74 Å2 at T = 800 K. The latter

is smaller because of the larger mass: 0.25 Å2 at T = 300 K and 0.64 Å2 at T = 800

K. They are smaller than the BFs of Si (Fig. 5.12) which has 0.52 Å2 at T = 300 K

and 1.29 Å2 at T = 800 K.

—————————————————
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Conclusions

In this thesis, we have worked on the thermodynamic properties of materials com-

puted within the frameworks of DFT and DFPT.

In particular we focused on the calculation of the TDECs. We compared the QSA

and the QHA approaches. The first method is less computationally demanding

and takes into account only the TE effect. The second method, more accurate,

obtains the ECs from the derivatives of the Helmholtz free-energy with respect to

the strain and requires the calculation of the phonon dispersions in many strained

geometries. The two methods were applied to compute the TDECs of three cubic

crystals: Si, Al, and Ag. The ECs were systematically compared with experiment.

It was found that the experimental temperature dependence agrees very well with

QHA while QSA gives less accurate results. The actual values of the ECs depend

on the exchange and correlation functional: with our choices the values are usually

within 10% from experiment but for some elements and ECs the error can be even

lower. As a further check we used the TDECs to estimate the TE using the formula

based on mode Grüneisen parameters. The TDECs computed within the QHA

allow to reproduce with remarkable accuracy the TE given by differentiation of the

temperature dependent lattice constant.

We addressed the role of the exchange and correlation functionals in the simple

metals Pd, Pt, Cu and Au: LDA and GGA give almost the same softenings but

differ in the zero temperature values. This work shows that PBEsol is the best

choice for Pd, Pt, and Au. PBE is the best for Cu. On the same metals we studied

the effect of thermal electronic excitations. We found a negligible contribution on

all the ECs of Cu and Au and on the ECs C11 and C12 of Pd and Pt. Instead they
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lead to an improvement in the agreement with the experimental C44 of Pd and Pt.

Even though the softenings computed for all ECs are in reasonable agreement with

the experimental ones, we could not reproduce the precise behavior of the anomalies

in Pd and Pt. In Pt, we further investigated the effects of the change of the phonon

frequencies induced by the finite temperature thermal electronic excitations, finding

that it is small, even at the highest studied temperature T = 1000 K. At the current

stage the discrepancy between theory and experiment in Pd and Pt is not solved and

might require a more sophisticated functional than LDA or GGA. Also a method

that includes the anharmonic effects beyond the QHA could be useful although

probably only at high temperatures. Since the experimental data are quite old,

also a novel measurement of the TDECs could be useful. Moreover, in the previous

section we investigated the ECs of Al and Ag without the electronic contribution

which is, however, negligible as found for Cu and Au not presenting partially filled

d bands.

We studied the thermodynamic properties of BAs, a semiconductor of technological

interest that exhibits ultra-high thermal conductivity and is under investigation for

thermal management in electronics. We found a good agreement with experimen-

tal data and previous calculations. We provided the first information about the

temperature dependence of its ECs from which we have estimated the temperature

variation of the longitudinal sound velocity along the [111] direction and compared

with recent experiments.

In Si and BAs the atoms relax when the rhombohedral strain is applied to get the

C44 EC. We estimate the effect of the atomic relaxation at finite temperature by

means of the internal-strain method dealing with the derivatives of the Helmholtz

free-energy with respect to both displacements and strain. We showed that there

is a non-negligible effect in Si which produces a temperature variation of C44 ∼ 4%
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smaller than the one obtained with the zero-temperature relaxation in the range

of temperatures 0 − 1200 K. This effect is smaller in BAs, with a difference of

∼ 1% for the C44 variation in the same range of temperatures between the results

obtained with finite-temperature and zero-temperature relaxations. The differences

introduced by the finite-temperature relaxation increase with temperature.

The tools used to evaluate the TDECs within the QSA and QHA were implemented

in the open source thermo pw code for a generic crystal and carefully tested for

the cubic materials presented in the work described above and in Refs. [1–3].

Despite the recent release of the papers, new works based on this program are

already appearing in the literature. For example, a study of the TDECs of cubic

ZrC and HfC has been presented in Ref. [137] by using the QSA and QHA for

possible applications on hypersonic vehicles. The treatment of finite-temperature

atomic relaxations is still at an experimental stage, presently limited to diamond

and zincblende structures and not yet publicly available.

Finally, we focused on the calculation of the temperature dependent BF. It accounts

for the effects of temperature and quantum fluctuations on the lattice dynamics and

defines the Debye-Waller factor which, in turn, explains the temperature dependence

of the intensities of X-ray or neutron diffraction peaks in crystallography. We com-

pared the harmonic with the QHA. The quasi-harmonic corrections were studied in

Si, Ru and Mg: they are important when the thermal expansion is large such as for

Mg, less relevant for Si and Ru where the thermal expansion is small. We showed

that in some cases also the choice of the exchange and correlation functional can give

significant differences in the BFs. This calculation is implemented in the thermo pw

code as well. The BF tensors can be computed using a Debye model or within the

ab-initio harmonic or quasi-harmonic approximations. This work was presented in

Ref. [4].





Appendix A

Elastic constants in a solid with

stress

In this appendix we discuss in more details the theory of elastic constants under

stress, mainly following Ref. [138].

A.1 The strain

We consider a solid under a particular deformation which brings it from a reference-

starting configuration to a new configuration. The reference configuration may or

may not be an equilibrium configuration, for instance a pressure (or generic stress)

might be present in the initial system. We indicate the generic point in the reference

configuration with X. The applied deformation acts as a function that brings the

coordinates of the starting point X in the new point x(X) (indicated with lowercase

x). The displacement of the new point from its reference position is:

u(X) = x(X)−X, (A.1)

117
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which we write in terms of the Cartesian components as:

uα(X) = xα(X)−Xα. (A.2)

Let us take its derivative with respect to the generic direction Xβ:

uαβ(X) =
∂uα(X)

∂Xβ

=
∂xα(X)

∂Xβ

− δαβ. (A.3)

When uαβ is constant, namely, in the case of homogeneous strain1 we can rearrange

and integrate Eq. A.3 to obtain:

xα =
∑
β

(δαβ + uαβ)Xβ. (A.4)

Hence, the homogeneous strain imply a linear transformation: straight lines in the

reference configuration remain straight in the strained configuration.

The strain defined in Eq. A.3 is not symmetric and might include rotations. Nev-

ertheless, it can be written as a sum of a symmetric part εαβ and an antisymmetric

part ωαβ:

uαβ = εαβ + ωαβ, (A.5)

εαβ =
1

2
(uαβ + uβα), (A.6)

ωαβ =
1

2
(uαβ − uβα), (A.7)

1As an example of homogeneous strain, let us take an example of a bar under deformation along
the x direction. Its left edge is at x = 0 and firstly the right one is at the position x = l0 which
is the bar length without deformation. Then a deformation is applied which brings the right edge
in the new position x = l. The strain is the relative length variation (l − l0)/l. Considering an
homogeneous strain means that if we consider, for example, the middle point of in the unstrained
bar x = l0/2, after the deformation it will be in the point x = l/2.
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the rotations are included in ωαβ.

A.1.1 Lagrangian strain

The strain can also be described from the change of the square of the distances from

the origin of the strained position x and the original position X:

x2 −X2 = 2
∑
αβ

ηαβXαXβ, (A.8)

that defines the Lagrangian strains ηαβ. By using Eq. A.4 to compute x2 =
∑

γ x
2
γ

we get the Lagrangian strains ηαβ in terms of uαβ:

ηαβ =
1

2

(
uαβ + uβα +

∑
γ

uγαuγβ

)
. (A.9)

The Lagrangian strains are always symmetric and to the first order equal to εαβ (for

sufficiently small strains).

A.2 The energy expansion

A given thermodynamic potential E 2 can be Taylor expanded in terms of the strain

to quantify the change of the energy due to the application of the strain itself. For

the total strain uαβ of Eq. A.3 we have:

E({uαβ}) = E(0) + Ω0

∑
αβ

Sαβuαβ +
Ω0

2

∑
αβστ

Sαβστuαβuστ , (A.10)

2The thermodynamic potential can be, for example, the total energy E for the zero-temperature
properties, the Helmholtz free-energy F for finite temperature ones and Gibbs free-energy G for
finite temperature and pressure ones.
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where:

Sαβ =
1

Ω0

(
∂E

∂uαβ

)
0

,

Sαβστ =
1

Ω0

(
∂E

∂uαβ∂uστ

)
0

,

(A.11)

are evaluated at zero strain {uαβ} = 0. The second-order constants have only the

following symmetry:3

Sαβστ = Sσταβ. (A.12)

Similarly the Taylor expansion of a thermodynamic potential in terms of the La-

grangian strains A.9 (up to the second order term) is:

E({ηαβ}) = E(0) + Ω0

∑
αβ

Lαβηαβ +
Ω0

2

∑
αβστ

Lαβστηαβηστ , (A.13)

where:

Lαβ =
1

Ω0

(
∂E

∂ηαβ

)
0

,

Lαβστ =
1

Ω0

(
∂E

∂ηαβ∂ηστ

)
0

.

(A.14)

Both computed at {ηαβ} = 0. Now the second-order coefficients have the full sym-

metries:

Lαβστ = Lβαστ = Lαβτσ = Lβατσ = Lσταβ, (A.15)

3This is so because in the second order term of the expansion A.10 the matrix elements uαβ
and uστ can be commuted while the indices of the single element cannot be switched because uαβ
is not symmetric.
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because the Lagrangian strains are symmetric. By substitution of the Lagrangian

strain of Eq. A.9 into the expansion A.13 we get an expansion in terms of the total

strain uαβ with the Lagrangian constants Lαβ and Lαβστ and by comparing the terms

of the same order with the expansion A.10 we have:

Sαβ = Lαβ.

Sαβστ = Lαβστ + Lβτδασ.

(A.16)

Hence, the first order terms (the stresses) of the two expansions are equal to each

other while the second order terms are equal only when the solid is in unstrained

configuration otherwise they differ by a quantity proportional to the stress.

A.2.1 Link to ab-initio calculations

In the ab-initio calculations the symmetric part A.6 is used. The strain changes the

primitive vectors of the cell as shown in Eq. 2.27. The Taylor expansion in terms of

it reads as:

E({εαβ}) = E(0) + Ω0

∑
αβ

C̃αβεαβ +
Ω0

2

∑
αβστ

C̃αβστ εαβεστ (A.17)

where:

C̃αβ =
1

Ω0

(
∂E

∂εαβ

)
0

,

C̃αβστ =
1

Ω0

(
∂E

∂εαβ∂εστ

)
0

.

(A.18)

By substitution of Eq. A.5 into the expansion A.10, neglecting all the rotational

terms and comparing with expansion A.17 we see that the initial stresses into the
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three expansion are equal so, from now, the initial stress will be addressed as σ0
αβ:

Sαβ = Lαβ = C̃αβ = σ0
αβ. (A.19)

For the second order constants we find C̃αβστ = Sαβστ . However, the C̃αβστ can be

chosen more symmetric than Sαβστ , to have the full symmetry A.15 as a consequence

of the symmetry of εαβ (A.6). To work out a symmetric expression for it, we start

with the A.16: C̃αβστ = Lαβστ+σ0
βτδασ where the first term in the right hand side has

already the whole symmetry. So, let us focus on the second term. Taking advantage

of the symmetry of εαβ we have the following identity:

∑
αβστ

σ0
βτδασεαβεστ =

1

4

∑
αβστ

(
σ0
βτδασ + σ0

ατδβσ + σ0
βσδατ + σ0

ασδβτ
)
εαβεστ . (A.20)

So, the second order constants of A.17 with the required symmetry can be written

as:

C̃αβστ = Lαβστ +
1

4

(
σ0
βτδασ + σ0

ατδβσ + σ0
βσδατ + σ0

ασδβτ
)
. (A.21)

A.2.2 Elastic constants with stress

We consider a system with an initial stress and an initial strain {uαβ}. The strained

system is described by Eq. A.4 that we write with new indices for the sake of clarity

in the following discussion as xβ =
∑

γ(δβγ + uβγ)Xγ. This represents our new

reference configuration. To obtain the elastic constants we must now apply to this

system a new strain v and measure the stress, starting from the previous strained

point xβ:

xα =
∑
β

(δαβ + vβγ)xβ =
∑
βγ

(δαβ + vβγ)(δβγ + uβγ)Xγ (A.22)
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where in the last equality we made use again of Eq. A.4. So, rearranging Eq. A.22,

the final system will be described by the transformation:

xα =
∑
γ

(δαγ + wαγ)Xγ, (A.23)

where w is the composition of the two strains:

wαγ = vαγ + uαγ +
∑
β

vαβ uβγ, (A.24)

and is the sum of the two strains with an additional term that couples them.

The elastic constants of a solid are defined as the derivatives of the stress with

respect to the strain as presented in Eq. 2.29. Here, we find a relation between

those elastic constants with the second-order energy-constants defined in the Taylor

expansions of the previous section. The stress is given by:

σij(u) =
1

Ω(u)

∂E(w)

∂vij

∣∣∣∣
0

, (A.25)

where Ω(u) is the volume of the reference configuration with the initial strain u

and E(w) is the energy of the system with both strains and its derivative is with

respect to the second strain vij computed for {vij} = 0. We build E(w) taking the

expansion A.10 with the substitution of the strain u → w and using A.24 for wαγ.

We get:

E(w) = E(0) + ω0

∑
αβ

σ0
αβ

(
vαβ + uαβ +

∑
γ

vαγuγβ

)
+

+
1

2
Ω0

∑
αβστ

Sαβστ

(
vαβ + uαβ +

∑
γ

vαγuγβ

)(
vστ + uστ +

∑
γ

vστuδτ

)
.

(A.26)
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Now the derivative A.25 has to be computed. After taking the derivative, all terms

multiplied by v goes to zero because the derivative itself is evaluated at v = 0. Then

we neglect the terms ∝ u2 because we are interested in the linear relation between

stress and strain. We have:

σij(u) =
Ω0

Ω(u)

[
σ0
ij +

∑
αβ

σ0
iβδjαuαβ +

1

2

(∑
στ

Sijστuστ +
∑
αβ

Sαβijuαβ

)]
(A.27)

The first two terms came from the first order term of expansion A.26, the remaining

part is related to the second order term whose two contributions are equal: this can

be proved by renaming the summed indices and using Eq. A.12. So, we have:

σij(u) =
Ω0

Ω(u)

[
σ0
ij +

∑
αβ

σ0
iβδjαuαβ +

∑
αβ

Sαβijuαβ

]
. (A.28)

Since the volume of the reference system (strained with u) is, up to the first order,

Ω(u) = Ω0 +
∑

αβ uαβδαβ, we have:

Ω0

Ω(u)
=

(
1 +

∑
αβ

uαβδαβ

)−1

≈ 1−
∑
αβ

uαβδαβ. (A.29)

By using this expression in Eq. A.28 and, again, neglecting all terms ∝ u2 we get

the final expression:

σij = σ0
ij +

∑
αβ

(
Sijαβ − σ0

ijδαβ + σ0
iβδjα

)
uαβ. (A.30)

The part multiplying the strain defines the elastic constants in a system with initial

stress σ0
ij in terms of the second derivatives of the energy with respect to strain u.



Appendix A. Elastic constants in a solid with stress 125

We can write it in terms of the Lagrangian ECs via Eq. A.16 and then we symmetrize

with respect to the interchanges (i, j) and (α, β):

Cijαβ = Lijαβ −
1

2

(
2σ0

ijδαβ − σ0
iαδjβ − σ0

iβδjα − σ0
jβδiα − σ0

jαδαβ
)
. (A.31)

If we substitute Lijαβ from Eq. A.21 and rearranging the indices we get Eq. 2.33

and finally, for an isotropic pressure, Eq. 2.34 of Chapter 2.

A.2.3 Anisitropic solids: the hexagonal system

As an example of an anisotropic solid, we focus on the hexagonal system. In Voigt

notation the independent elastic constants for an hexagonal solid are C11, C12, C13,

C33 and C44. There is a further C66 = 1
2 (C11 − C12). In the extended notation

we can write the independent elastic constants as C1111, C1122, C1133, C3333, C2323,

respectively. Let us consider a diagonal stress with the non-zero components σ0
11,

σ0
22 = σ0

11 and σ0
33. The presence of the stress breaks the symmetry of the stress-strain

elastic constants. For instance, the equivalences C1133 = C3311 and C1122 = C2211 are

lost and the Voigt notation is not longer valid. By using Eq. 2.33 for an hexagonal

solid we have:
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C1111 = C̃1111

C1122 = C̃1122 − σ0
11

C1133 = C̃1133 − σ0
11

C2211 = C̃2211 − σ0
22

C2222 = C̃2222

C2233 = C̃2233 − σ0
22

C3311 = C̃3311 − σ0
33

C3322 = C̃3322 − σ0
33

C3333 = C̃3333

C2323 = C̃2323 +
1

4

(
σ0

11 + σ0
33

)

(A.32)
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Zero-temperature elastic constants

Some tests of the ECs calculation by using the thermo pw code can be found in

Ref. [34]. In this section we investigate a few other examples. As in Ref. [13] we

considered In, TiO2 rutile, and Al2O3 and computed the ECs at T = 0 K from

the second derivatives of the total energy with respect to strain (Eq. 2.32), after

minimizing the total energy with respect to the crystal parameters and finding the

equilibrium geometry. We also verified the result computing the ECs from the stress-

strain relation (Eq. 2.29). Moreover, we computed some properties of macroscopic

elasticity. In these tables we compare our results with those obtained in Ref. [13]

and with the experimental data reported in the same paper.

B.0.1 Indium

We used the Wu-Cohen (WC) exchange-correlation functional [139] and the pseu-

dopotential In.wc-dn-kjpaw psl.1.0.0.UPF from pslibrary. The cutoff for the

wave functions was 70 Ry, the one for the charge density 500 Ry, the k-point mesh

was 48 × 48 × 32. The presence of the Fermi surface has been dealt with by the
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Table B.1: Elastic properties of indium. Crystal parameters are in units of
the Bohr radius. The elastic constants Cij are in kbar. Bulk modulus B (kbar),
shear modulus S (kbar) and Young’s modulus Y (kbar) and Poisson’s ratio V are
calculated within the Voigt (V) and Reuss (R) approximations. The average of
the two according to the Voigt-Reuss-Hill (H) method is also reported. Transverse
elastic wave velocity vt, longitudinal elastic wave velocity vl and the average wave

velocity vm are reported in m/s and the Debye temperature ΘD in K.

This work Other theoretical Expt.

Method PAW-PP FP-LAPW
Functional WC WC
a0 6.0956 6.0491 6.1439
c0 9.3414 9.4324 9.3479
C11 617 589 525
C12 302 332 368
C13 424 374 371
C33 500 448 530
C44 70 58 78
C66 54 25 147
BV 448 421 422
BR 448 414 422
BH 448 418 422
SV 78 65 92
SR 62 50 86
SH 70 57 89
YV 220 185 257
YR 178 143 242
YH 199 164 250
VV 0.418 0.426 0.398
VR 0.434 0.442 0.404
VH 0.425 0.434 0.401
vt 971 875.2 1105.2
vl 2702 2573.2 2723.6
vm 1103.1 995.4 1251.4
ΘD 109 100.6 125.5

MP [41] smearing technique with a value of the smearing parameter σ = 0.02. The

equilibrium configuration was obtained by interpolating the total energy computed

in a 5 × 5 grid of a and c/a crystal parameters with a 2-dimensional fourth-degree

polynomial and by minimizing it (∆a = 0.05 a.u., ∆(c/a) = 0.02). The results are

reported in Table B.1.
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B.0.2 Rutile TiO2

We used the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional (J.

P. Perdew et al.,, Phys. Rev. Lett. 77, 3865, 1996) and the pseudopotentials

Ti.pbe-spn-kjpaw psl.1.0.0.UPF and O.pbe-nl-kjpaw psl.1.0.0.UPF from pslibrary.

The cutoff for the wave functions was 50 Ry, the one for the charge density 350 Ry,

the k-point mesh was 12× 12× 20. The equilibrium configuration was obtained by

interpolating the total energy computed in a 5× 5 grid of a and c/a crystal parame-

ters with a 2-dimensional fourth-degree polynomial and by minimizing it (∆a = 0.05

a.u., ∆(c/a) = 0.02). The results are reported in Table C.1.

B.0.3 Rhombohedral Al2O3

We used the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional and

the pseudopotentials Al.pbe-nl-kjpaw psl.1.0.0.UPF and O.pbe-n-kjpaw psl.1.0.0.UPF

from pslibrary. The cutoff for the wave functions was 70 Ry, the one for the charge

density 500 Ry, the k-point mesh was 12× 12× 12. The equilibrium configuration

was obtained by interpolating the total energy computed in a 5× 5 grid of the lat-

tice constant a and angle α with a 2-dimensional fourth-degree polynomial and by

minimizing it (∆a = 0.05 a.u., ∆α = 0.5). The results are reported in Table C.2.
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Table B.2: Elastic properties of rutile TiO2. Crystal parameters are in units of
the Bohr radius. The elastic constants Cij are in kbar. Bulk modulus B (kbar),
shear modulus S (kbar) and Young’s modulus Y (kbar) and Poisson’s ratio V are
calculated within the Voigt (V) and Reuss (R) approximations. The average of
the two according to the Voigt-Reuss-Hill (H) method is also reported. Transverse
elastic wave velocity vt, longitudinal elastic wave velocity vl and the average wave

velocity vm are reported in m/s and the Debye temperature ΘD in K.

This work Other theoretical Expt.

Method PAW-PP FP-LAPW
Functional PBE PBE
a0 8.7860 8.6809 8.6806
c0 5.6138 5.5900 5.5911
C11 2566 2683 2690
C12 1677 1802 1770
C13 1465 1464 1460
C33 4693 4779 4800
C44 1148 1223 1240
C66 2111 2236 1920
BV 2116 2178 2173
BR 2012 2094 2086
BH 2064 2136 2130
SV 1229 1298 1246
SR 947 978 986
SH 1088 1138 1116
YV 3090 3248 3138
YR 2456 2538 2556
YH 2773 2898 2851
VV 0.257 0.251 0.259
VR 0.297 0.298 0.295
VH 0.274 0.273 0.276
vt 5133.0 5174.2 5125.8
vl 9224.5 9272.1 9228.0
vm 5716.2 5760.8 5709.0
ΘD 754.7 785.6 778.5
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Table B.3: Elastic properties of rhombohedral Al2O3. Crystal parameters are
in units of the Bohr radius. The elastic constants Cij are in kbar. Bulk modulus
B (kbar), shear modulus S (kbar) and Young’s modulus Y (kbar) and Poisson’s
ratio V are calculated within the Voigt (V) and Reuss (R) approximations. The
average of the two according to the Voigt-Reuss-Hill (H) method is also reported.
Transvers elastic wave velocity vt, longitudinal elastic wave velocity vl and the
average wave velocity vm are reported in m/s and the Debye temperature ΘD in

K.

This work Other theoretical Expt.

Method PAW-PP FP-LAPW
Functional PBE PBE
a0 9.0924 9.0928 8.9916
c0 24.8081 24.8253 24.5498
C11 4516 4656 4974
C12 1510 1383 1640
C13 1091 1036 1122
C33 4537 4588 4991
C44 1319 1363 1474
C14 −200 −24 −236
BV 2328 2312 2523
BR 2325 2308 2518
BH 2326 2310 2521
SV 1487 1569 1660
SR 1443 1547 1606
SH 1465 1558 1633
YV 3677 3838 4084
YR 3587 3793 3974
YH 3632 3816 4029
VV 0.237 0.223 0.230
VR 0.242 0.226 0.236
VH 0.240 0.224 0.233
vt 6160.5 6355.4 6399.3
vl 10529.9 10665.7 10853.7
vm 6831.3 7035.3 7090.9
ΘD 979.4 1015.3 1034.8





Appendix C

Some tests for palladium,

platinum, copper and gold

C.1 Convergence tests

In this section we discuss some convergence tests of the zero-temperature ECs with

respect to the energy cutoffs, smearing parameters and k-points meshes taking as

examples the materials of Section 3.3. The ECs are computed by fitting the energy-

strain data. We used 6 values of the strain: a reasonably compromise between

accuracy and the need to reduce the number of phonon calculations. To fit them, a

second-degree polynomial was selected that, in the previous literature, was found to

be the best polynomial to give the ECs for a small set of points [140, 141]. A higher

polynomial degree, like fourth, requires larger energy cutoffs to converge the ECs.

We discuss below the choice of the polynomial and the interval ∆ε between strained

configurations. For the following tests we used ∆ε = 0.005 which was found to be a
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good choice for many materials (see, for example, the materials of Section 3.2, those

of Appendix A and Ref. [34]).

In Table C.1 the ECs as well as the lattice parameters and the bulk moduli are

reported for increasing cutoffs. We started with the cutoffs needed to converge the

phonon frequencies [86]. We ensure that C11 and C12 are converged within at least

≈ 20 kbar and a few kbar for the C44. The chosen cutoffs are written in bold type.

The tests in the tables are for the LDA functional but the final cutoffs were chosen

also considering the tests with the other functionals.

With the converged cutoffs we test the smearing parameter and the k-points grids

for each material. These tests are reported in Fig. C.1. The final set of ECs are

Table C.1: Convergence test of zero-temperature ECs vs. energy cutoffs with
unconverged smearing parameter (σ = 0.02 Ry) and k-points grid (16× 16× 16)
computed within LDA. The ECs and the bulk moduli B are in kbar. The bulk

modulus is B = 1
3(C11 + 2C12).

ecut wf (ecut rho) a0 C11 C12 C44 B

Palladium
45(300) 7.275 2725 2071 874 2289
60(400) 7.274 2699 2062 864 2274
100(800) 7.274 2723 2069 868 2287

Platinum
45(300) 7.373 3819 2740 891 3100
60(400) 7.373 3811 2748 892 3102
100(800) 7.372 3818 2743 892 3101

Copper
45(1200) 6.651 2359 1651 1005 1887
60(1200) 6.651 2376 1656 1008 1896
60(1600) 6.651 2373 1660 1010 1898
100(2000) 6.651 2372 1668 1010 1903

Gold
45(300) 7.663 2162 1846 428 1951
60(400) 7.662 2138 1860 426 1953
100(800) 7.662 2168 1842 427 1951
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those obtained with the parameters declared in the paper (σ = 0.005 Ry for Pd and

Pt, σ = 0.02 Ry for Cu and Au and Nk = 40 for all systems).

In order to further check the ECs we compute them as the derivatives of the stress

with respect to the strain. For this purpose we compute directly the stress (by

using the stress theorem as implemented in QuantumESPRESSO, see the note

in Section 3.1.1) in four strained configurations around the equilibrium and then fit

with respect to the strain with a second-degree polynomial and evaluate the analytic

first derivative. The results are collected in Table C.2. The ECs computed within

the two methods are in good agreement with differences usually less than 1%, only

in the C11 and C12 ECs of Cu the differences are ≈ 2% but the agreement is still

satisfactory.

Table C.2: Comparison between ECs computed from the second derivatives of
the total energy and those computed from the first derivatives of the stress with
respect to the strain. We used the converged parameters discussed in Table C.1
and Fig. C.1. The functional is LDA. The ECs and the bulk moduli B are in

kbar. The bulk modulus is B = 1
3(C11 + 2C12).

Method C11 C12 C44 B

Palladium
Energy 2696 2071 788 2279
Stress 2705 2070 782 2282

Platinum
Energy 3800 2759 802 3106
Stress 3788 2754 790 3099

Copper
Energy 2349 1666 998 1894
Stress 2293 1625 998 1848

Gold
Energy 2120 1873 373 1955
Stress 2130 1849 374 1943
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Figure C.1: Tests of the zero temperature ECs vs. the smearing parameters
and the k-points grid Nk × Nk × Nk for each material. The color indicates the
smearing parameter: σ = 0.003 Ry (green), σ = 0.005 Ry (black), σ = 0.02 Ry
(red) and σ = 0.05 Ry (blue) The final set of parameters is σ = 0.005 Ry for Pd

and Pt, σ = 0.02 Ry for Cu and Au and Nk = 40 for all systems.
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Finally, we check the parameters ∆ε and the degree of the polynomial in Figure C.2.

The second degree polynomial (red) provides ECs equal or very similar ECs to those

computed with the third degree polynomial (green): their values are the same in a

reasonably large interval of ∆ε around ∆ε = 0.005. The fourth degree polynomial

(blue) reaches the plateau for larger values of ∆ε. In any case the differences are

usually very small, the largest differences between the second and fourth degree

polynomial are found in the C44 ECs of Pd and Pt that are however of the order

of 32− 34 kbar with ∆ε = 0.005. This difference reduces if the ECs obtained from

the fourth degree polynomial are computed with a larger cutoff. For example in Pd

becomes 19 kbar with a cutoff equal to 110 Ry and 800 Ry for the wave functions

and charge density, respectively.
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Figure C.2: Tests as a function of the interval ∆ε between two strained config-
uration for each EC of each material. The number of points is fixed at 6. The
maximum applied strain can be obtained as εmax = 2.5∆ε. Second degree (red),
third degree (green) and fourth degree (blue) fitting polynomials are compared.

The value chosen for the calculation is ∆ε = 0.005.



Appendix D

Anisotropic thermal expansion at

finite pressure

At finite pressure the equilibrium geometry is determined by minimizing the enthalpy

H instead of the total-energy E:

H (X) = E (X) + PΩ, (D.1)

where P is the pressure and Ω the volume of the cell. For an hexagonal crystal

X = (a, c
a
) where a and c are the lattice parameters. Once we determine such

parameters at a given pressure P we can apply the theory of Chapter 2 to address the

anisotropic thermal expansion including the vibrational and electronic contributions

to the free-energy. In this study we determine the equilibrium structure of hexagonal

iron at different pressures from 0 to 400 GPa. Then we will address the anisotropic

thermal expansion at 350 GPa.
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D.0.1 Computational parameters

The pseudopotential was selected following the tests described in Ref. [43] for which

Fe.pbe-spn-rrkjus psl.0.2.1.UPF turns out to be the best for the α-phase of

iron. The wave functions (charge density) were expanded in a plane waves basis

with a kinetic energy cut-off of 90 Ry (1100 Ry), and a 24 × 24 × 16 mesh of k-

points has been used for the Brillouin zone integration. For the calculation of the

anisotropic thermal expansion at 350 GPa the number of reference geometries for

phonons and band structures calculations were 25 with separation between crystal

parameters equal to ∆a = 0.052 a.u. and ∆(c/a) = 0.022 a.u.. The central geometry

was a = 4.00559a.u. and c/a = 1.59477. DFPT [14] [54] was used to calculate the

dynamical matrices on a 6× 6× 4 q-points grid. The dynamical matrices have been

Fourier interpolated on a 200× 200× 200 q-points mesh to evaluate the free-energy.

The k-point mesh for the electronic DOS calculations was 48 × 48 × 48. We use a

Gaussian smearing with a smearing parameter of 0.01 Ry.

D.0.2 Results

In Fig. D.1 the equilibrium lattice parameter a is plotted as a function of the pressure.

As example, we report in the inset the minimization of enthalpy as contour lines as

a function of both crystal parameters for three pressures: 50 GPa, 200 GPa, and 350

GPa. In Fig. D.2 the parameter c/a is reported as a function of the pressure and

compared with experimental and theoretical data: the agreement is good with both.

Finally, in Fig. D.3 we report the anisotropic thermal expansion at 350 GPa. The

thermal expansion coefficient are reported with the electronic contribution in blue

(αxx) and light-blue (αzz). This is compared with the thermal expansion computed
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Figure D.1: Lattice constant a of hexagonal iron as a function of pressure. In
the inset the minimization of enthalpy with respect the parameters X = (a, c/a)

is reported for three pressures: 50 GPa, 200 GPa, 350 GPa.

Figure D.2: Parameter c/a of hexagonal iron as a function of pressure (red
points) compared with experiment [142] (black points) and an other theoretical

calculation [143] (blue line).



Appendix D. Anisotropic thermal expansion at finite pressure 142

Figure D.3: Anisotropic thermal expansion of hexagonal iron at 350 GPa. αxx
is reported in red (without the contribution of the electronic free-energy Fel)
and blue (including Fel), αzz is reported in pink (excluding Fel) and light-blue

(including Fel).

without the electronic contribution in red (αxx) and pink (αzz). We see that the

electronic thermal excitation do not affect αxx, while are crucial for αzz.
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