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Abstract

In this thesis we analyze supersymmetric gauge theories on compact manifolds and their
relation with representation theory of infinite Lie algebras associated to conformal field
theories, and with the computation of geometric invariants and superconformal indices.

The thesis contains the work done by the candidate during the doctorate programme
at SISSA under the supervision of A. Tanzini and G. Bonelli. This consists in the
following publications
• in [17], reproduced in Chapter 2, we considerN = 2 supersymmetric gauge theories

on four manifolds admitting an isometry. Generalized Killing spinor equations are
derived from the consistency of supersymmetry algebrae and solved in the case
of four manifolds admitting a U(1) isometry. This is used to explicitly compute
the supersymmetric path integral on S2 × S2 via equivariant localization. The
building blocks of the resulting partition function are shown to contain the three
point functions and the conformal blocks of Liouville Gravity.

• in [30], reproduced in Chapter 3, we provide a contour integral formula for the
exact partition function of N = 2 supersymmetric U(N) gauge theories on com-
pact toric four-manifolds by means of supersymmetric localisation. We perform
the explicit evaluation of the contour integral for U(2) N = 2∗ theory on P2 for all
instanton numbers. In the zero mass case, corresponding to the N = 4 supersym-
metric gauge theory, we obtain the generating function of the Euler characteristics
of instanton moduli spaces in terms of mock-modular forms. In the decoupling
limit of infinite mass we find that the generating function of local and surface ob-
servables computes equivariant Donaldson invariants, thus proving in this case a
long-standing conjecture by N. Nekrasov. In the case of vanishing first Chern class
the resulting equivariant Donaldson polynomials are new.

• in [23], reproduced in Chapter 4, we explore N = (1, 0) superconformal six-
dimensional theories arising from M5 branes probing a transverse Ak singularity.
Upon circle compactification to five dimensions, we describe this system with a
dual pq-web of five-branes and propose the spectrum of basic five-dimensional in-
stanton operators driving global symmetry enhancement. For a single M5 brane,
we find that the exact partition function of the 5d quiver gauge theory matches
the 6d (1, 0) index, which we compute by letter counting. We finally show which
relations among vertex correlators of qW algebrae are implied by the S-duality of
the pq-web.
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Chapter 1

Introduction

The power of supersymmetry is the possibility to obtain exact results in quantum field
theory. Exact means that all non-perturbative effects can be taken into account. The
outcome is that in several cases the Feynman’s path integral can be completely solved.
It takes contributions only from those field configurations protected by the supersym-
metry, which are called supersymmetric minima or vacua. This procedure is called
supersymmetric localization.

The purpose of this work is the study and the complete accounting of non-perturbative
effects for several examples of supersymmetric quantum field theories defined on compact
manifolds. These non-perturbative effects are given by instantons.

The study of supersymmetric theory on compact manifolds in various dimensions
has displayed several interesting links with other fields of study both in mathematics
and in physics. Let us mention some of them. In mathematics supersymmetric theo-
ries on compact manifolds in various dimensions compute several types of topological
invariats. For example N = 2 theories on four dimensional compact manifolds describe
moduli space of unframed instantons, and therefore can be used to compute Donaldson
invariants. Moreover they are related with representation theory of infinite Lie algebras
and with classical and quantum integrable systems. In physics, in all dimensions, they
can compute invariants describing the spectrum of the theory, like Witten and super-
conformal indices. They also describe boundary theories in the context of holographic
duality.

Even though many new exact results for partition functions of supersymmetric the-
ories on compact manifolds have been recently derived, for the class of examples we
consider in this thesis there are not so many general complete answers. This is because
the complete evaluation of the partition function over these manifolds requires the inte-
gration of a complicated combinatorical function called Nekrasov partition function. at
the moment, for general values of the parameters of the theory, this partition function
has only a power series expression avaiable. Some complete results are known for certain
specifications of these parameters, but the answer is still incomplete in the majority of
cases. This thesis reports one of the few complete evaluation of this kind of partition
function in a concrete example.
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2 Sect. 1.1. Historical background

1.1 Historical background

The problem of defining supersymmetry on a curved background has been investigated
thoroughly in the past thirty years.

In his seminal work [144] Witten shows that in the case of extended N = 2 super-
symmetry it is always possible to preserve some amount of supersymmetry on a generic
Riemannian four manifold. This is done by the so called topological twist which consists
of the following operation. The parameters generating the supersymmetry are sections
of the spinor bundles (with chiralities + or −) and of the R-symmetry bundle, which can
be choosen arbitrarily. Identifying the R-symmetry bundle with the spinor bundle (of
one chirality) changes the spins of the supersymmetry generators: starting from eight
spinorial components, one of them becomes a scalar, three of them organize in a self-dual
two-form and the last four components organize in a one-form. Therefore at least the
scalar supersymmetry is preserved by every background metric.

The localization locus, that is the space of supersymmetry minima, for a N = 2
gauge theory related to this scalar supercharge consists in anti self-dual connections
that are instantons. So the path integral reduces to an integration over the moduli
space of instantons. Although this can be quite hard, the evaluation of observables in
such theories is known to produce interesting topological invariants of the manifold, such
as Donaldson invariants [147] and knot invariants [104, 76].

The topological twist has also been defined in other dimensions. Topological twisted
theory in two dimensions are a tool for curve-counting problems, computing Gromov-
Witten invariants [145].

If the manifolds has some isometry it is possible to preserve also the one-form gener-
ators of the twisted supersymmetry, this allows to further localize on the moduli space
of vacua. In either cases the result for the partition function does not depends on the
localization scheme, and so, on the choice of the supersymmetry generators. With this
choice the supersymmetry action squares to a torus action along the isometry, this torus
action can be used to compute the integral over the moduli space by equivariant local-
ization and to obtain the result as a sum over the fixed point locus. This program was
completed by Nekrasov in [119] for the N = 2 topological twisted theory on the so-called
Omega-background, that is R4 with a preferred choice of isometries. The fixed point
locus is given by point-like (zero size) instantons at the origin of R4. The aim of the work
was the evaluation of the Seiberg-Witten prepotential [132] from first principles, indeed
the result of localization procedure, called Nekrasov partition function, reproduces the
SW prepotential when the Omega-background parameters vanish.

On the other hand Pestun in [126] derives supersymmetry generators preserved by
the S4 metric without the use of the topological twist. This was done by a conformal
transformation of the constant generators of flat space. The generators obtained in this
way are called conformal Killing spinors. The supersymmetric vacua of this theory are
point-like instantons and anti-instantons located at the north and south poles of the
sphere respectively. The square of the supersymmetry action generates an isometry
action that realizes two copies of the Omega-background in the tangent space to the
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poles. The result for the partition function is then written in terms of two copies of the
Nekrasov partition function, one complex conjugate to the other.

More recently a systematic approach in the classification of manifolds admitting su-
persymmetry was achieve by Dumitrescu, Festuccia and Seiberg [65, 64] for the N = 1
theories, generalized to N = 2 theories on [82, 99]. This approach is based on freezing
some minimal supergravity theory on the background metric describing the manifold.
The freezing procedure of the local supersymmetry to a global one succeeds if the varia-
tions of the gravitini can be put to zero, this defines equations that have to be satisfied
by the generators of the supersymmetry on the manifold, they are called generalized
Killing spinors equations.

Using this approach other results have been obtained via equivariant localization on
four-manifolds as C2/Γ [70, 44, 35, 18, 137, 43, 45], squashed S4 [82], Hopf surfaces and
elliptic fibrations [134, 48, 7, 22], P2 [130].

A difference between calculations on non-compact and compact spaces that we will
encounter, is that in the second case one needs to integrate over the Coulomb branch
parameters (which are the vacuum expectation values of the scalar field in the vector
multiplet). We will see that in our setting this integration is prescribed by the treatment
of extra fermionic zero modes appearing in the compact case. On the mathematical
side, the Coulomb branch parameters are related with the framing of instantons, which
corresponds to a specification of a fiber of the bundle at a point (for example, on R4,
instantons can be considered framed at the point at infinity [119]). This implies that the
moduli space includes global gauge transformations acting on the framing. The twisted
theory on non-compact spaces localizes on framed instantons while on compact spaces
the theory localizes on unframed instantons. Framed instanton moduli spaces are easier
to deal with. For example the moduli space of instantons on R4 is hyperkähler and have
deep links to representation theory of infinite dimensional Lie algebrae and Geometric
Invariant Theory [115]. They are much more amenable to equivariant localization than
unframed moduli spaces. On the other hand Donaldson invariants are formulated via
intersection theory on the latter. The physical integration over the Coulomb branches
consequently has a deep geometrical meaning, because it corresponds to the removal of
the framing. Anyway this integral is usually very difficult, at least for generic values of
the parameters of the theory.

The existence of these exact results obtained by supersymmetric localization has
brought many developments in several fields of mathematics and physics. As the recent
discovery of new types of dualities, whereof one of the most powerful is AGT duality
discovered by Alday, Gaiotto and Tachikawa in [6], that will be considered repeatedly
during this thesis. It relates a certain class (S) of four-dimensional theories analyzed by
Gaiotto in [72] with two dimensional conformal field theory on a punctured Riemann
surface. Namely the Nekrasov partition functions for class S theories of type A1 (gauge
groups SU(2)) are recognized to be correlation functions of primary fields in Liouville
theory. This was soon generalized by Wyllard [149] as a conjectural duality between
SU(N) theories and correlators in Toda field theory.

Another development is in the study of systems of multiple M5 branes, which is still
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an elusive problem of M-theory. The study of compactifications on various space-time
backgrounds [148, 72] have given many insights on the BPS protected sector. The ex-
act results obtained in supersymmetric gauge theories via localization and BPS state
counting has been revealed to be a very powerful tool [121] in the understanding of these
systems. On one hand this has produced new correspondences among quantum field the-
ories, topological theories and two-dimensional conformal field theories, as for instance
[6]. On the other it has stimulated the study of higher dimensional supersymmetric
gauge theories as deformations of strongly coupled super-conformal field theories in six
dimensions. We will focus on this second aspect, studying families of five-dimensional
theories on compact spaces that have a ultraviolet completion as superconformal field
theories in six dimensions. In this context BPS state counting has been used to capture
information about the circle compactification of M5 branes in terms of superconformal
indices [106, 93].

1.2 Project

The first part of this thesis addresses two questions. The first is to complete the lo-
calization program for equivariant N = 2 twisted theories defined on a whole class of
compact four-manifolds, namely compact toric surfaces. This will be done constructing
equivariantly twisted generators for the supersymmetry, as in [119], with respect to the
torus action. We will show that the theory localizes on point-like instantons sitting at
the fixed points of the toric action, in a somehow similar fashion as for S4. On top of
these singular solutions there will be also global ones: they consist in quantized magnetic
fluxes wrapping internal two-cycles of the manifolds. Eventually the partition function
of the N = 2 theory over a toric compact variety will be written as a contour integral
expression, where the integrand is written as a product of copies of the Nekrasov parti-
tion function related to the fixed points under the toric action, summed over the values
of the quantized magnetic fluxes. The precise prescription for the contour of integration
will be given by an appropriate treatment of fermionic zero modes.

An new feature appearing in this calculation is the need to put constraints on the
sum over the magnetic fluxes. This is related to the requirement of stability of the bundle
given by the instanton equation [54]. This is a peculiar situation related with unframed
instantons since framed instantons correspond directly to framed holomorphic bundles
without any further condition [53] (see also [41]). We will conjecture that the stability
of the bundle, demanded by the BPS equations, is achieved by a specific constraint on
the sum over the fluxes linked with Klyachko’s analysis of stability of equivariant vector
bundles [100].

The second question is to interpret these results in the perspective of AGT dual-
ity, looking for possible dual conformal field theories as already done, for example, for
theories defined on toric An singularities in [35, 43, 45]. We will succeed in doing so con-
sidering the specific example of P1 × P1, and comparing the expression of the partition
function with Liouville gravity correlators.

The complete evaluation of the partition function however will require the integra-
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tion over the Coulomb branch parameters. We will be able to perform this operation
in the specific example of P2. Doing so we will also test a conjecture by Nekrasov.
In [120] is claimed that the partition function of the N = 2 equivariant twisted the-
ory, integrated over the Coulomb branch parameters produces equivariant version of the
Donaldson invariants of the toric variety. This refinement of Donaldson invariants was
studied by Göttsche, Nakajima and Yoshioka in [75], where formulae for the evaluation
on toric manifolds are given. We will indeed identify the integrated partition function on
P2 with the generating function of equivariant Donaldson invariants computed therein,
specifying the proper contour of integration on the Coulomb parameters. In some sense
this is natural since Nekrasov partition function is the equivariant deformation of the
Seiberg-Witten prepotential, and the latter is known [114] to produce ordinary Don-
aldson invariants when integrated over the complex plane parametrizing the vacua of
theory.

In the final part of the thesis we will consider (1, 0) 6d superconformal theories.
These theories describe systems of multiple M5 branes. Even if they have been studied
extensively recently, they remain rather misterious. For example they do not have a
Lagrangian description. Our work is based in the identification of dual 5d theories with
a Lagrangian description. This allow us to compute quantities of the M-theory system
via localization calculation. We will identify these dual theories as some circular quiver
gauge theories. The evaluation of the partition function of one such theory will be
performed by the study of instantons operators in five dimensions. Following the result
of [106, 93] we will compute the indices of the 6d (1, 0) superconformal theories from the
evaluation of the partition function on the five-sphere.

1.3 Background material

We collect here some material that could be useful to the reader. This section does not
aim to be a comprehensive collection of all the background material. We want mainly to
introduce some basic notions which will be used in the thesis and to give the appropriate
references.

1.3.1 Localization

The purpose of this work is to use supersymmetry to perform the exact evaluation of
the partition function. This is possible via supersymmetric localization which can be
seen as a infinite dimensional version of Duistermaat-Heckman theorem [63] and we are
going to quickly review. A thorough exposition of the subject is in [133] (see also [86]).

The partition function of a theory is computed by the Feynman’s path integral

Z =
∫

[d{φ}]e−S[{φ}] (1.3.1)

where the action S[{φ}] is a local functional of a collection of fields {φ} describing the
classical theory and

∫
[d{φ}] denotes an infinite dimensional integral over all the possible
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configurations of the fields, that is over all the sections of the bundles of the fields. The
integration in (1.3.1) achieves the quantization of the theory. Although this integral is
in general mathematically ill-defined, the use of supersymmetric localization reduces it
to a well-defined finite dimensional integral.

The fields {φ} can be separated into two groups, depending on their statistics. Those
with even statistics are called bosons, those with odd statistics are the fermions. The
presence of supersymmetry means the existence of a nilpotent1 operator Q acting on the
fields {φ} which transforms bosons into fermions and viceversa. The theory is said to
be supersymmetric if the action is invariant under the supersymmetry, that is

QS[{φ}] = 0. (1.3.2)

Supersymmetric localization consists of deforming the action by a Q-exact term,
weighted by a complex parameter t ∈ C. The path integral of the deformed action
should, in principle, depend on t

Z[t] =
∫

[d{φ}]e−S[{φ}]−tQV [{φ}] (1.3.3)

but turns out that is actually independent on t: d
dtZ[t] = 0. This means that the partition

function depends only on the Q-cohomology class of the action and not on the action
itself.

It is convenient to deform the action by a positive definite term and to take the
limit t → ∞. In this way the path integral is governed by those configurations {φ0}
of the fields for which the deformation vanishes QV [{φ0}] = 0 and which correspond
also to its minima. These configurations are called supersymmetric (or BPS) minima or
vacua. They define the moduli space of supersymmetric minima M, which is a finite
dimensional space.

In this limit we can expand the fields as φ = φ0 +t−
1
2 δφ where δφ are the fluctuations

of the fields around the BPS minima φ0, and write (1.3.3) in the limit of big t getting

lim
t→∞
Z[t] =

∫
M
d{φ0} e−S[{φ0}]

∫
[d{δφ}] e−

1
2 〈δφ,QV

(2)[{φ0}]δφ〉 (1.3.4)

where the first integral is over the finite dimensional moduli space of vacua and even
though the second one is infinite dimensional, it is a Gaussian integral containing the
Hessian matrix QV (2) of the deformation and can be factorized into a bosonic and a
fermionic Gaussian integrals

〈δφ,QV (2)[{φ0}]δφ〉 = 〈δφf ,Kfδφf 〉+ 〈δφb,Kbδφb〉 (1.3.5)

where the label f and b are for fermions and bosons respectively. Therefore it can be
computed using Berezin integration rules, and the result is the square root of the ratio

1 Nilpotency can be relaxed to the condition that the supersymmetry action squares to a bosonic
symmetry, such as parallel transport along an isometry or gauge transformations.
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of the fermionic and bosonic part of the determinant of the Hessian calculated at the
BPS minima (

detbosonsQV (2)[{φ0}]
detfermionsQV (2)[{φ0}]

)1/2

=
(

det Kb

det Kf

)1/2

. (1.3.6)

Inserting (1.3.6) back into (1.3.4), the partition function can be calculated in terms of a
finite dimensional integral with a measure given by (1.3.6). Although this integral can
be difficult to perform, due to the possibly complicated structure ofM, there are several
examples in which it has been evaluated, we are going to see one of these in the next
section.

Instanton counting

In [119] Nekrasov conjectured the possibility of evaluating the Seiberg-Witten prepoten-
tial [132] through the exact evaluation of (1.3.3) for the N = 2 supersymmetric version
of Yang-Mills theory with gauge group SU(N) on R4. The action is the supersymmetric
completion of the Yang-Mills action

SSYM[A, . . . ] =
∫
R4

1
8π Im(τ) Tr[F ∧ ?F + · · · ] + Re(τ) TrF ∧ F. (1.3.7)

It is a functional of the gauge connection A (whose curvature is F = dA+A∧A) and of
the other fields in the vector multiplet. These fields appear in the terms omitted, which
are necessary to have QSSYM = 0. τ is the (complexified) coupling of the theory.

The evaluation of (1.3.3) is independent of the choice of the generators of the super-
symmetry that selects the localization scheme. The choice used in [119] is to consider
the equivariant version of Witten’s topologically twist. Anyway in flat space the theory
is independent of the choice of the R-symmetry bundle, and so the result holds also for
the untwisted theory.

The supersymmetric minima selected by this choice are given by the following equa-
tions for the curvature

F = − ? F, − 1
8π2

∫
TrF ∧ F = k. (1.3.8)

These are flat connections when k = 0 and instantons (anti self-dual connections) for
k > 0. The spaceM(N, k) defined by U(N) connections satisfying (1.3.8) modulo gauge
transformations is called the moduli space of SU(N) instantons on R4 with topological
charge k, its dimension is 4kN .

This leads to the integration over the moduli space of instantons

ZR4
inst =

∞∑
k=0

qk
∫
M(N,k)

[dA] where q = exp 2πiτ . (1.3.9)

The idea is to evaluate (1.3.9) via equivariant localization, using Atiyah-Bott localization
formula [9], with respect to combined action of the maximal torus of the group of global
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gauge transformation (generated by the parameters ~a) and the lift to the moduli space
of the maximal torus of the group SO(4) of rotations on the manifold (generated by the
parameters ε1, ε2), to reduce the integral to the fixed locus on M(N, k).

The space M(N, k) is isomorphic to the space of holomorphic bundles on P2 with
second Chern class k, trivialized on the line at infinity, modulo isomorphisms [53]. In
this perspective the action generated by the parameters ~a is a change of the framing of
the bundle.

This moduli space is in general singular. Moreover it does not contain any of the
fixed points of the torus action. Therefore to evaluate (1.3.9) one consider a natural
partial compactification of this space M̃(N, k) introduced by Gieseker [73]. This is
given including torsion-free coherent sheaves, this space is non-singular and contains all
the fixed points of the torus action which are ideal sheaves and are classified by Young
diagrams. The generalization of instantons corresponding to torsion-free sheaves is given
by the gauge field on a non-commutative geometry [122], and the fixed points in M̃(N, k)
correspond to sets of zero size non-commutative U(1) instantons sitting at the origin of
R4.

The integral (1.3.9) can be then written

ZR4
inst(q;~a, ε1, ε2) =

∞∑
k=0

qk
∫
M̃(N,k)

[M̃(N, k)]T (1.3.10)

where the integrand is the fundamental class in the T -equivariant cohomology of the
moduli space HT (M̃(N, k)), where T is the combined toric action mentioned previously.
Since M̃(N, k) is a non-compact space, the integral (1.3.10) is actually computed by
a formal application of the Atiyah-Bott formula. Since the fixed points are isolated it
reduces to the sum of the zero-form part of [M̃(N, k)]T evaluated at the fixed points and
normalized by the equivariant Euler form of the tangent bundle. The partition function
Z is a power series in the coupling q and depends on the toric action parameters ~a,~ε.

s

◦
◦

• • •

lY (s)

aY (s)

Figure 1.1: Young diagram.

Eventually the result for (1.3.10) is given in a combinatorical fashion as a sum over
Young diagrams [119, 42, 69]

ZR4
inst(q;~a, ε1, ε2) =

∞∑
k=0

qk
∑
{Yα}∑
α
|Yα|=k

N∏
α,β=1

∏
s∈Yα

1
E(s)(E(s)− ε1 − ε2)

E(s) = aα − aβ − ε1 lYβ (s) + ε2(aYα(s) + 1)

(1.3.11)
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where the arm and leg functions aY (s), lY (s) are depicted in figure 1.1
The complete evaluation of the path integral gives

ZR4
full(q;~a, ε1, ε2) = e

−πiτ |~a|
2

ε1ε2ZR4
one−loop(~a, ε1, ε2)ZR4

inst(q;~a, ε1, ε2) (1.3.12)

where the exponential originates from the classical action S[{φ0}] in (1.3.4) and ZR4
one−loop

is the contribution of the one-loop determinant (1.3.6) around the flat connections min-
ima, where the integral over the moduli space is trivial. The latter can be calculated via
Atiyah-Singer index theorem [8] for transversally elliptic differential operators [126]. In
the specific case the complex to consider is the anti-self-dual complex

(d, d−) : Ω0 d−→ Ω1 d−−−→ Ω2. (1.3.13)

From the evaluation of this index one obtains an expression for (1.3.6) as a infinite
product formula that needs to be regularized. Via zeta-function regularization one gets

ZR4
one−loop(~a, ε1, ε2) =

N∏
i,j

e−γε1,ε2 (ai−aj) (1.3.14)

where γε1,ε2 is the logarithm of Barnes’ double Gamma function [15] and it is defined as

γε1,ε2(x) = d

ds

∣∣∣
s=0

1
Γ(s)

∫ ∞
0

dt ts−1 e−tx

(1− eε1t)(1− eε2t) . (1.3.15)

The conjecture by Nekrasov states that the non-equivariant limit of the partition
function reproduces the Seiberg-Witten prepotential F(q;~a), which was evaluated study-
ing the infrared behaviour of the N = 2 theory

lim
ε1,ε2→0

ε1ε2 logZR4
full(q;~a, ε1, ε2) = F(q;~a) (1.3.16)

it was independently proved by three groups in [117, 118, 38].

1.3.2 AGT duality

Here we briefly review AGT-relation.
In [6] Alday, Gaiotto and Tachikawa discovered a duality between 2d conformal field

theory and a certain class (S) of supersymmetric field theories in 4d derived by Gaiotto
in [72] obtained by the compactification of a 6d (2, 0) theory on a Riemann surface.

The duality identifies the partition function of N = 2 SU(2) theory on S4 with the
n-point correlator function of primary operators in the Liouville conformal field theory
on a Riemann surface.

Class S theories are classified by the punctured Riemann surface used to compact-
ify the (2, 0) theory. Their weakly coupled limits are described by the possible ways
to pant-decompose the Riemann surface. Eventually to each puncture corresponds a
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SU(2)i flavor group with mass mi and to each couple of punctures sewed together corre-
sponds a gauge group SU(2)j with Coulomb parameter aj . Moreover the moduli of the
Riemann surface can be parametrized by the sewing parameters qi, which correspond to
the ultraviolet couplings of the 4d theory.

The punctured Riemann surface also states the correlator in Liouville theory with
central charge c = 1+6Q2 between primary fields Vαi = e2αiϕ(xi) with conformal dimen-
sions ∆αi = αi(Q−αi), inserted at the positions of the punctures xi. Where Q = b+b−1

and b is the coupling of the Liouville theory.
Two basic example are given in figure 1.2 and 1.3. On the right sides are displayed the

4d theories. In fig. 1.2 the theory has SU(2) gauge group coupled to four hypermultiplets
in (anti-)fundamental representation. The masses of the hypermultiplets are related to
the mass parameters of the SU(2) flavor groups, which in turn parametrize the conformal
dimensions of the primaries in the four-point correlator function of Liouville theory on
the sphere. In fig. 1.3 the SU(2) gauge group is coupled to one hypermultiplets in the
adjoint representation with mass m which parametrizes the conformal dimension of the
primary in the one-point correlator function of Liouville theory on the torus.

α2

α1

α4

α3 AGT

m1 −m2

m1 +m2 m3 +m4

m3 −m4

a

Figure 1.2: Four-punctured sphere: each puncture corresponds to the insertion of a pri-
mary in the 2d correlator. The dashed line displays the sewing of a pants decomposition.
It represents a low energy limit of the 4d theory on the right, where the horizontal line
represents the SU(2) gauge group with Coulomb parameter a and the diagonal lines are
hypermultiplets in the (anti-)fundamental representation with masses m1±m2, m3±m4.

Let us see the duality in the explicit example of figure 1.2. The dictionary between
the two side of the AGT-duality is

α = Q

2 + a, αi = Q

2 +mi, Q = ε1 + ε2. (1.3.17)

The duality can be summarize by

〈Vα1(0)Vα2(1)Vα3(q)Vα4(∞)〉L ' ZS
4

full(q;~a,m1,m2,m3,m4, ε1, ε2) (1.3.18)

where ZS4
full is the partition function for the theory with four hypermultiplets in the (anti-

)fundamental representation on S4, and it is expressed in terms of Nekrasov partition
function (1.3.12) [126].
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αm

AGT

m

a

Figure 1.3: One-punctured torus: the puncture corresponds to the insertion of a pri-
mary in the 2d one-point correlator. The dashed line displays the sewing of the only
pant. It represents the theory on the right, a SU(2) gauge group (circular line) with a
hypermultiplet in the adjoint representation (vertical line) of mass m.

This identification has two parts, the n-point correlator is constructed as the product
of three-point functions and conformal blocks

〈Vα2(∞)Vm1(1)Vm3(q)Vα4(0)〉L =
∫
dαC3(α∗2, α1, α)C3(α∗, α3, α4)|B α1 α3

α2 α α4(q)|2.
(1.3.19)

The instanton part of the Nekrasov partition function2 (1.3.11) coincide with the con-
formal block B of the Virasoro algebra of the Liouville field theory. The perturbative
part of the Nekrasov partition function coincide with the product of DOZZ three-point
functions C3 [58, 154, 138] in the correlator.

This result was soon generalized in [149] for a SU(N) theory whose AGT dual was
conjectured to be Toda conformal field theory.

Zamolodchikov’s recursion relation

This duality provides an interesting insight into the structure of the Nekrasov partition
function. This is one of the most important tools we use in this thesis.

It consists of the existence of a recursion relation for the conformal blocks of Virasoro
algebra, this was discovered by Zamolodchikov in [155]. This formula enlightens the
analytic structure of the Virasoro conformal block.

Indeed the poles of the Virasoro conformal block are known to be in one-to-one cor-
respondence with degenerate fields in the conformal field theory and these are classified
by the following theorem

Theorem 1 (Kac, Feigin-Fuchs [87, Corollary 5.2]) Non-zero null vectors exists in the
Verma module of degenerates fields φαmn

∆mn = αnm(Q− αnm), αnm = 1− n
2 b+ 1−m

2 b−1, c = 1 + 6Q2, Q = b+ b−1,

(1.3.20)
these are at level N = nm and all non-zero null vectors are obtained in this way.

2 Actually equation (1.3.11) is defined for gauge group U(2), so in the identification of [6] it is necessary
to identify and factorize out the U(1) part of the partition function.
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Using AGT relation it is possible to translate this recursion relation for the instan-
ton partition function, this was concretely done by Poghossian in [127]. The recursion
relation is fundamental to perform the calculation of the N = 2 partition function on
toric compact manifolds, since the latter can be written as a contour integral of copies
of the Nekrasov partition function and the recursion relation make the computation of
the residues an easy task.

1.3.3 Donaldson invariants

In [56] Donaldson defined new kind of invariants for smooth four-manifolds using gauge
theory. These invariants are polynomials in the cohomology classes of the manifolds and
are defined by intersection theory on the moduli space of SO(3) (or SU(2)) anti-self-dual
connections, i.e. instantons, as we are going to briefly recall [57].

Let X be a smooth, simply connected, compact oriented Riemmanian four-manifold
with metric g. Consider also E → X an SO(3)-bundle (or SU(2)), and the associate
connection A. An anti-self-dual connection (or instanton) is defined by the following
equation for the curvature

F+ = 1
2(F + ?F ) = 0 (1.3.21)

where ? denotes the Hodge dual with respect to the metric g.
One important feature of instantons is that their action energy is proportional to the

topology of the bundle, for a SO(3) bundle

−
∫
X
F ∧ ?F =

∫
X
F ∧ F = −8π2p1(E) (1.3.22)

where p1 is the first Pontryagin number (this is substitute by minus the second Chern
number c2 for SU(2)-bundle).

The moduli space of instantons ME is the space of all anti-self-dual connections
modulo gauge transformations, which are automorphisms of the bundle E. For a generic
metric in the space of the Riemannian metrics, this moduli space has dimension

d = 2k(E)− 3(1 + b+2 (X)), k(E) =
{
− p1(E) for SO(3)
4c2(E) for SU(2)

(1.3.23)

Note that the parity of d does not actually depends on the bundle, but only on b+2 ,
which is the dimension of the positive definite part of the intersection form in H2(X).
Non-generic metrics are those metrics which admit reducible connections as solution to
equation (1.3.21).

Moreover the cohomology of the moduli space is non-trivial only in even dimensions,
and it is generated by the image of a map µ from the homology of the manifold

µ :
{
H2(X)→ H2(ME)
H0(X)→ H4(ME)

(1.3.24)
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Therefore if the dimension of the moduli space (1.3.23) is even, that is if b+2 is odd,
one can define polynomials D on the homology of X, by intersection on the moduli
space3 of instantons associate to the metric g. For α ∈ H2(X) and p ∈ H0(X)

Dg
E(αnpm) =

∫
ME

µ(a)nµ(p)m. (1.3.25)

Donaldson proved that, even though the equation (1.3.21) depends on the metric
g (and so does ME), the polynomials defined by (1.3.25) are actually independent of
the metric. They are called Donaldson invariants. More precisely: if two metrics, in
the subspace of generic Riemannian metrics, can be connected by a path then Dg

E is
independent of g. Non-generic metrics form a subset of real co-dimension b+2 in the
space of Riemannian metrics. This means that for b+2 > 1 every two generic metrics
can be connected by a path, and so the polynomials Dg

E are invariants. On the other
hand, if b+2 = 1, the subset of non-generic metric form a collection of walls and the
polynomials Dg

E are only piece-wise invariants, displaying a wall-crossing phenomenon.
This behavior is described by a chamber structure in H2(X,R) where the walls are
located at H2(X,Z) ∩H2,−(X,R). A wall-crossing formula evaluates the discontinuity
of Donaldson invariants when crossing a wall. In this case, one can compute Donaldson
invariants in a specific chamber starting from an chamber in which the invarians are
zero and sum all the wall-crossing contributions related to the walls crossed in the path
between the two chambers.

From their original definition (1.3.25), Donaldson invariants are difficult to compute.
But already in [144] Witten showed that N = 2 supersymmetric theories give a powerful
tool for their evaluation. This was further developed in [146] and in [114] where was
shown that Donaldson invariants can be evaluated by the integration of Seiberg-Witten
prepotential [132] in presence of local and surface observables, over the complex plane
(u-plane) parametrizing the vacua of the infrared theory. The Donaldson invariants are
constructed by two contributions, the smooth u-plane integral, which contributes only in
the case b+2 = 1, and two special points in the u-plane where the measure is a δ-function.
The latter contribution gives Seiberg-Witten invariants, which count solutions to the
monopole equation of the infrared description of the theory [146].

On the mathematical side wall-crossing formulas and generating functions of Donald-
son invariants were derived by Göttsche in [74], who gives a formula for the generating
function of Donaldson invariants in terms of modular forms. This structure naturally
arise in the perspective of [114], and was further studied in [77].

More recently Nekrasov gave a rigorous derivation of the SW prepotential [119]. This
was used by Göttsche, Nakajima and Yoshioka in [75] to compute Donaldson invari-
ants from instanton counting, using equivariant localization techniques. This, form the
phisycs point of view, means studying the ultraviolet theory. They considered smooth
toric manifolds (which have b+2 = 1 as all rational surfaces) and a refinement of Don-
aldson invariants equivariant with respect to the toric action, and they gave an explicit

3 The moduli space ME is actually non compact and one needs to use Uhlenbeck’s compactification
[141] of this space in (1.3.25).
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expression for wall-crossing formula in terms of Nekrasov partition function. They con-
sidered also the special case on P2, where the chamber structure is not present, even
though b+2 = 1. In this case they explicitly computed the generating function of equiv-
ariant Donaldson polynomials. Their work contributes to a deeper understanding of the
structure of these invariants.

1.3.4 Superconformal index

We quickly review here the notion of superconformal index, following [31, 128].
The superconformal index is an invariant defined in superconformal field theory. It

is a function of the spectrum of the theory forced by the superconformal algebra to be
constant under continuous transformation of the spectrum itself.

We start introducing the Witten index I of a supersymmetric theory [143]

I = TrH(−1)F e−βH , H = {Q,Q†}. (1.3.26)

It is defined as the trace of the exponentiated Hamiltonian H, defined as the anticom-
mutator of the chosen Poincaré supercharge Q and its conformal conjugate Q†, weighted
by (−1)F , where F is the operator counting the fermion number of a state, which has
eigenvalue +1 with bosons and −1 with fermions. The trace is taken over the Hilbert
space H of the quantum theory on Sd−1 relatated to the radial quantization of the
superconformal theory in d dimensions

The unitarity of theory requires the Hamiltonian to be positive definite, that is
Hψ ≥ 0 for all ψ ∈ H. Therefore a zero energy state Hψ = 0 needs to be annihilated
by both Q and Q†.

The index (1.3.26) counts only the zero energy states. Indeed can be shown that
states which are not zero energy can be paired in couples as (ψ,Qψ) with Q†ψ = 0.
Since the supercharges flip the statistic of states (that is they anticommute with the
operator (−1)F ), the two states in the couple have opposite statistics and their total
contribution in (1.3.26) is zero. This means that the index I actually does not depend
on the temperature β.

MathematicallyQ defines a nilpotent operator, and the index is countingQ-cohomology
classes with sign. In this perspective, the states which contribute, since are annihilated
by bothQ andQ†, correspond to the harmonic representatives of the cohomology classes.

The Hilbert space of any unitary superconformal field theory can be decomposed into
unitary irreducible, lowest energy representations of the superconfromal algebra. States
annihilated by some of the supercharges are called BPS states and transform in short
representations, which contain fewer states than generic representations (called long).

The superconformal index is a refinement of the Witten index (1.3.26) obtained
adding a set of fugacities {qi} associated to a maximal set of commuting conserved
charges {Ci} which also commutes with the supercharges Q,Q†

I(qi) = TrH(−1)F e−βH
∏
i

qCii . (1.3.27)
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Since the states in the couple (ψ,Qψ) have the same quantum numbers, the precedent
argument still holds and the states contributing to the index are only those annihilated
by the supercharges.

If a theory flows, parametrized by some continuous coupling constant, short and long
representations can rearrange the ones into the others. Anyway the index I is invariant.
This means that two short representations joining together to form a long representation,
must have opposite contribution to the index because the latter does not contribute.

In the case of a superconformal theory the index is completely invariant under all
possible marginal deformations of the theory that preserve the superconformal algebra.
This is because the spectrum of states is discrete and the eigenspaces associated to the
quantum numbers {Ci} are finite dimensional.

The index (1.3.27) can be also defined in a Lagrangian description. It is given by
the supersymmetric partition function on Sd−1 × S1. The various fugacities {qi} are
encoded in twisted boundary conditions on the S1. Therefore it can be computed via
the localization techniques described in the previous subsections, as done in [106, 93].
Moreover this description makes sense also for non-conformal supersymmetric theories.
Therefore one can compute the superconformal index starting from a non-conformal su-
persymmetric theory which flow under the renormalization group to the superconformal
field theory. This can be used, for example, to compute the index of a superconformal
field theory without a Lagrangian description, by computing the partition function of a
Lagrangian supersymmetric theory.

Letter counting

In the simplest case of a free theory the superconformal index (1.3.27) can be evaluated
simply by a combinatorial procedure. States are in one-to-one correspondence with
operators inserted at the origin. These operators (words) are constructed as normal
ordering of elementary fields and their derivatives (letters).

Since only zero energy states contribute to the index, and in the free theory the
energy of a composite operator is given by the sum of the energy of its composing
letters, one only need to consider zero energy letters, whose contribution to the index is
called single-particle index

Is.p.(qi) = f(q1, q2, . . . ). (1.3.28)

Then the multi-particle index is computed considering all the possible words obtainable
with these letters. The result is given considering the plethystic exponential of the
single-particle index

I(qi) = PE[Is.p.(qi)] := exp
( ∞∑
n=1

f(qn1 , qn2 , . . . )
n

)
. (1.3.29)

1.4 Organization of the material

The thesis is organized as follows.
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In Chapter 2 we start the study of supersymmetric gauge theories on compact man-
ifolds, focusing on S2 × S2, and comparing the partition function of the N = 2 theory
with the three-point functions and the conformal blocks of a holomorphic version of
Liouville Gravity. In sec. 2.1 we discuss supersymmetry on curved four manifolds and
derive the generalized Killing spinor equations from the superalgebra. In sec. 2.2 we ob-
tain some relevant solutions of these equations on S2×S2. In sec. 2.3 we use the results
of the previous sections to compute the partition function of the supersymmetric gauge
theory on S2×S2. In sec. 2.4 we compare the gauge theory computations with Liouville
Gravity. App. 2.A contains the detailed derivation of the full N = 2 supersymmetry
generalized Killing equations discussed in sec.2.1. App. 2.B describes the solutions to
Killing spinor equations in the general case of a four-manifold admitting a U(1) isometry.
App. 2.C describes a set of alternative Killing spinor solution on S2 × S2 that we do
not use elsewhere. App. 2.D contains our conventions on metric and spinors. App. 2.E
contains our conventions on special functions.

In Chapter 3 we compute the partition functions of N = 2 and N = 4 theories on
P2, which we identify with the generating function of equivariant Donaldson invariants
and with the generating function of Euler characteristics of moduli space of instantons
respectively. In sec. 3.1 we discuss the general features of N = 2 gauge theories on
complex four-manifolds and discuss equivariant observables. We then specialize to com-
pact toric surfaces discussing the supersymmetric fixed points and the contour integral
formula obtained by properly treating the fermionic zero-modes. The master formula for
the generating function of local and surface observables is presented in equation (3.2.9),
specializing to U(2) gauge theories on P2. In sec. 3.2 we focus on U(2) Super Yang-
Mills on P2. We study in detail the analytic structure of the integrand by making use
of Zamolodchikov’s recursion relation for Virasoro conformal blocks. We then evaluate
explicitly the contour integral. The main results are equations (3.2.43) and (3.2.70) for
odd and even first Chern class respectively. We then proceed to the non-equivariant
limit ε1, ε2 → 0 and compare with the results in the mathematical literature. In subsec-
tion 3.2.8 we discuss the calculation of the pure partition function on P2 which implies
remarkable cubic identities for the Nekrasov partition function. In sec. 3.3 we study the
N = 2? theory and discuss the zero mass limit which we find to calculate the gener-
ating function of Euler characteristics of moduli spaces of rank-two sheaves. The main
result is equation (3.3.20) which includes also the contribution of strictly semi-stable
sheaves. We finally discuss the (mock-)modular properties of the N = 4 partition func-
tion. App. 3.A describes the relation between the supersymmetric fixed point data and
Klyachko’s classification of semi-stable equivariant sheaves.

In Chapter 4 we compute the partition functions of 5d N = 1 quiver gauge theories
on S4 × S1 and S5, verifying their modular properties and comparing the result with
the superconformal index of 6d (1, 0) theory. In sec. 4.1 we describe the M-theory brane
setup engineering the 5d quiver gauge theories, we discuss the presence of instanton
operators therein and the enhancing of the global symmetries. In sec. 4.2 we evaluate the
superconformal indices for N = (1, 0) 6d theories using the letter counting technique. In
sec. 4.3 we compute the exact partition function for abelian linear quiver gauge theories
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on S4 × S1 and we check the symmetry enhancing predicted by the S-duality property
of the M-theory brane construction. In sec. 4.4 we compute the partition function for
abelian circular quiver theories on S5 and we compare it with the (1, 0) superconformal
index of section 4.2. In sec. 4.5 we discuss the conformal field theories AGT dual to the
quiver gauge theories. In app. 4.A we recall the definition of the 5d Nekrasov partition
function.

In Chapter 5 we report the conclusion of the thesis addressing open questions and
further developments. Sec. 5.1 contains discussions about Chapters 2 and 3. Further
directions related to Chapter 4 are in sec. 5.2.
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Chapter 2

Supersymmetric theory on S2× S2

and Liouville gravity.

In this Chapter we study N = 2 gauge theories on arbitrary Riemannian four manifolds,
and show that the parameters generating the supersymmetry satisfy generalized Killing
spinor equations arising from the requirement of closure of the superalgebra. For mani-
folds admitting an isometry, we show that these equations are solved by an equivariant
version of the topological twist and we explicitly compute the gauge theory path-integral,
which turns out to be given by an appropriate gluing of Nekrasov partition functions.

An interesting byproduct of the analysis is the natural appearance, in the U(2) case,
of three-point numbers and conformal blocks of Liouville gravity as building blocks of
the S2 × S2 partition function, related respectively to the one-loop and the instanton
sectors. As we will discuss in section 2.4, a first hint to the relation with Liouville gravity
can be obtained by considering the compactification of two M5-branes on S2 × S2 × Σ.
The central charge of the resulting two-dimensional conformal field theory on Σ can be
computed from the M5-branes anomaly polynomial [36, 4] and is indeed consistent with
our findings.

This method applies in general to four-manifolds admitting a U(1)-action generated
by a vector field V . The path integral localizes on flat connections when V has no zeros,
for example Hopf surfaces or S1 ×M3, otherwise it localizes on (anti-)instantons on the
zeros of V , as S4 or compact toric manifolds. The cases S2 × S2 and P2 discussed in
detail in this Chapter and in the next one respectively belong to the latter class.

2.1 Supersymmetry on curved space

The algebras for N = 1 and N = 2 supersymmetry on four dimensional curved spaces
have been recently derived using supergravity considerations [65, 64, 82, 99]. In this
section, we intend to re-derive the same results in a direct way building on the consistency
of the supersymmetry algebra. For completeness and illustration of the method, we
start by considering chiral N = 1 supersymmetry and then we move to the full N = 2
supersymmetry algebra.

19
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2.1.1 N = 1 Supersymmetry

We consider the case of supersymmetry algebra with one supercharge, parametrized by
a (commuting) chiral spinor ξα of R-charge +1, and derive the algebra as realized on a
vector multiplet, consisting of a gauge field Aαα̇, gauginos λα and λ̃α̇, and an auxiliary
field D.

Supersymmetric variation of the gauge field and the gauginos is fixed by Lorentz
covariance and R-charge conservation to be:

δAαα̇ = ξαλ̃α̇,

δλ̃α̇ = 0,
δλα = iξαD + (F+)αβξβ.

(2.1.1)

Considering now the square of the supersymmetric variation of λα, we get

δ2λα = iξαδD + [DA(ξλ̃)]ξβ
= iξαδD +∇(αγ̇ξβ)λ̃γ̇ξβ + (ξ(αDβ)γ̇ λ̃γ̇)ξβ
= iξαδD +∇(αγ̇ξβ)λ̃γ̇ξβ + (ξαDβγ̇ λ̃γ̇)ξβ

(2.1.2)

where ξ2 = 0 has been used to obtain the final term, ∇ is the covariant derivative
containing the spin connection and D = ∇ + A. We now notice that for the final
expression to vanish, the middle term should align in the direction of ξα, so that all the
terms can be compensated by δD. For this to happen, we are forced to require that

∇(αγ̇ξβ) = iV̂αγ̇ξβ + iV̂βγ̇ξα (2.1.3)

for some background connection V̂ . We note that this is equivalent to the Killing spinor
equation

∇αα̇ξβ = iVαα̇ξβ + iWβα̇ξα, (2.1.4)

where V̂ = V +W . Requiring this allows us to set δ2λα = 0 if we set

δD = iDβγ̇ λ̃γ̇ξβ − V̂βγ̇ λ̃γ̇ξβ. (2.1.5)

It follows from a routine calculation that δ2D = 0.
Notice that (2.1.4) is the Killing spinor equation derived in [98, 65].
The same equation can be derived by considering the chiral multiplet in the following

way. The supersymmetry variations of an anti-chiral multiplet (φ̃, ψ̃α̇, F ) generated by
one supercharge of R-charge +1 are

δφ̃ = 0,
δψ̃α̇ = iξαDαα̇φ̃,

δF̃ = iξαDαα̇ψ̃α̇ + ξα[λα, φ̃] + ξαVαα̇ψ̃α̇

(2.1.6)
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Consider first the square of the variation of ψ̃α̇:

δ2ψ̃α̇ = iξα
(
Dαα̇δφ̃+ [δAαα̇, φ̃]

)
= iξα

(
Dαα̇δφ̃+ [ξαλ̃α̇, φ̃]

)
= 0

(2.1.7)

since δφ̃ = 0 and ξ2 = 0. Consider similarly δ2F̃ :

δ2F̃ =iξα[δAαα̇, ψ̃α̇] + iξαDαα̇(iξβDβα̇φ̃)
+ ξα[iξαD + (F+)αβξβ, φ̃] + ξαVαα̇(iξβDβα̇φ̃)

=− ξα∇αα̇ξβDβα̇φ̃− ξαξβDαα̇Dβα̇φ̃

+ ξαξβ[(F+)αβ, φ̃] + iξαVαα̇ξβDβα̇φ̃

=− ξα∇αα̇ξβDβα̇φ̃+ iξαVαα̇ξβDβα̇φ̃.

(2.1.8)

This is vanishing by equation (2.1.4).

2.1.2 N = 2 Supersymmetry

We first consider the simpler case of chiral N = 2 supersymmetry. Its straightforward
(but tedious) generalization to the case with generators of both chiralities is treated
next.

Chiral N = 2 Supersymmetry

In this subsection, we derive the chiral N = 2 algebra generated by a doublet of left-
chirality spinors and the consistency conditions that the four manifold has to satisfy. We
realize it on a vector multiplet. The derivation is based on the following considerations:

• The supersymmetry transformations of the scalar fields φ,φ̄ and the vector field
Aµ are

QLAµ = iξAσµλ̄A,

QLφ = −iξAλA,
QLφ̄ = 0. (2.1.9)

• The chiral supersymmetry transformation squares to a gauge transformation on
the vector multiplet. This implies the differential equations (“Killing spinor equa-
tions”) satisfied by the transformation parameter ξA in order to the supersymmetry
to hold. The specific form of the generator of the gauge transformation will be
derived in the following.

• The scaling dimension of any background field is positive. The reason for this
assumption is that we would like to recover the familiar algebra in the flat-space
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limit. Positivity of the scaling dimensions of background fields ensures that as the
characteristic length scales of the manifold go to infinity (or equivalently, as we
approach the flat metric), the background fields go to zero.

We recall below the U(1)R charges and scaling dimensions of the fields

Field φ φ̄ λA λ̄A Aµ DAB ξA
U(1)R charge 2 −2 1 −1 0 0 1

Field φ φ̄ λA λ̄A DAB ξA
Scaling dimension 1 1 3/2 3/2 2 −1/2

As in the previous section, we now show how the closure of the supersymmetry
algebra implies generalized Killing spinor equations with background fields. The most
general variation of λ̄A consistent with the considerations above is

QLλ̄A = aσ̄µξADµφ̄+ bσ̄µDµξAφ̄ (2.1.10)

where a and b are complex numbers to be determined. Squaring supersymmetry, we get

Q2
Lλ̄A = aσ̄µξA[ξBσµλ̄B, φ̄] = i[iξBξBφ̄, λ̄A] =: i[Φ, λ̄A] (2.1.11)

where the last equality defines the generator of gauge transformations Φ = iξBξBφ̄.
Consider now the square of the supersymmetry variation of the gauge field Aµ

Q2
LAµ = iξAσµQLλ̄A = iaξBξBDµφ̄+ ibφ̄ξBσµσ̄

νDνξB. (2.1.12)

Since the supersymmetry squares to gauge transformation, and since the generator of
gauge transformation is Φ = iξBξBφ̄, we require that

iaξBξBDµφ̄+ ibφ̄ξBσµσ̄
νDνξB = Q2

LAµ = Dµ(iaξBξBφ̄) (2.1.13)

which gives
2aξBDµξB = bξBσµσ̄

νDνξB. (2.1.14)

We note that the above equation is satisfied when a = 2b and DµξA = 1
4σµσ

νDνξA (or
equivalently DµξA = σµξ̄

′
A for some right chirality spinor ξ̄′A). To see that this is indeed

the conformal Killing equation, we consider the supersymmetry variation of λA. The
most general expression possible is

QLλA = 1
2σ

µνξA(kFµν + φ̄Tµν + φWµν) + c ξA[φ, φ̄] +DABξ
B (2.1.15)

where k and c are complex numbers yet to be determined; Tµν and Wµν are anti self-
dual background fields, both having mass dimension 1 and with U(1)R charge 2 and −2



Chap. 2. Supersymmetric theory on S2 × S2 and Liouville gravity. 23

respectively. Computing Q2
Lφ, we immediately see that c = ia. After some algebra, we

find

Q2
LλA = i[iaξBξBφ̄, λA] + 2ik(λ̄Bσ̄µξA)

(
DµξB −

1
4σµσ̄

νDνξB

)
− i

2σ
µνWµν(ξBλB)ξA

+
[
QLDAB − ik(ξAσµDµλ̄B + ξBσ

µDµλ̄A)− a[φ̄, ξAλB + ξBλA]
]
ξB.

(2.1.16)
The right hand side has been arranged in a form that allows some immediate inferences.
Firstly, the Killing spinor equation, as suggested earlier, is given by

DµξA = σµξ̄
′
A, (2.1.17)

which also confirms that a = 2b. Noting that a = 2b = ic can be absorbed into φ̄, we will
set b = 1. Secondly, the background field Wµν has to be zero since it cannot be absorbed
into the variation of the auxiliary field DAB, which is symmetric in its indices and can
not contain any term proportional to εAB. Thirdly, we can read off the expression for
QLDAB by equating the last parenthesis to zero:

QLDAB = ik(ξAσµDµλ̄B + ξBσ
µDµλ̄A) + 2[φ̄, ξAλB + ξBλA]. (2.1.18)

Finally, we look at the square of the chiral supersymmetry transformation of the auxiliary
field:

Q2
LDAB = i[2iξCξC φ̄,DAB] + 4ikDµφ̄

{
ξA

(
DµξB −

1
4σµσ̄

νDνξB

)
+ (A↔ B)

}
+ ikφ̄

{
ξAσ

µσ̄νDµDνξB + (A↔ B)
}

= i[Φ, DAB].
(2.1.19)

We recognize the first term to be the gauge transformation. The middle term in the
curly brackets is once again a contraction of the main equation (2.1.17). The last piece
in curly brackets is new: its vanishing is the additional condition on the Killing spinor

ξ(Aσ
µσ̄νDµDνξB) = 0 (2.1.20)

which implies
σµσ̄νDµDνξA = MξA (2.1.21)

for some scalar background field M . We call (2.1.21) the auxiliary equation. The leftover
parameter k can be set to one by a rescaling of λA, φ and DAB. To summarize, the
chiral supersymmetry transformation generated by a left chirality spinor ξA is given by

QLAµ = iξAσµλ̄A,

QLφ = −iξAλA,
QLφ̄ = 0,

QLλA = 1
2σ

µνξA(Fµν + φ̄Tµν) + 2iξA[φ, φ̄] +DABξ
B,

QLλ̄A = 2σ̄µξADµφ̄+ σ̄µDµξAφ̄,

QLDAB = i(ξAσµDµλ̄B + ξBσ
µDµλ̄A) + 2[φ̄, ξAλB + ξBλA]

(2.1.22)
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where ξA satisfies
DµξA −

1
4σµσ̄

νDνξA = 0 (2.1.23)

σµσ̄νDµDνξA = MξA (2.1.24)

and M is a scalar background field.

Full N = 2 Supersymmetry

We now turn to the case of N = 2 supersymmetry with generators of both chiralities.
In this case we start from the supersymmetry transformations of the scalar fields and

of the vector field
QAµ = iξAσµλ̄A − iξ̄Aσ̄µλA,

Qφ = −iξAλA,
Qφ̄ = +iξ̄Aλ̄A,

(2.1.25)

where the right chirality spinor ξ̄A has U(1)R charge −1 and mass dimension −1/2.
Moreover we exploit the fact that the superconformal transformation squares to a

sum of gauge transformation, Lorentz transformation, scaling, U(1)R transformation
and SU(2)R transformation, generated by functions denoted by Φ, V , w, Θ and ΘAB

respectively, whose expressions we will determine in the following. Notice that the
generator of scaling transformations w is related in four dimensions to the generator of
coordinate translations V as w = 1

4DµV
µ.

Using the masses and charges tabulated earlier, we can write the form of Q2 for all
members of the vector multiplet. For example

Q2λA =
(
iV νDνλA + i

4(σµνDµVν)λA
)

+ i[Φ, λA] + 3
2wλA + ΘλA + ΘABλ

B (2.1.26)

and for the gauge field
Q2Aµ = iV νFνµ +DµΦ (2.1.27)

and so on and so forth for the other members of the multiplet.
The explicit computations are reported in appendix 2.A and the final results are as

follows. The spinor parameters have to satisfy the generalized Killing equation

DµξB + T ρσσρσσµξ̄B −
1
4σµσ̄νD

νξB = 0 (2.1.28)

and
Dµξ̄B + T̄ ρσσ̄ρσσ̄µξB −

1
4 σ̄µσνD

ν ξ̄B = 0 (2.1.29)

and the auxiliary equations

σµσ̄νDµDνξA + 4DλTµνσ
µνσλξ̄A = M1ξA,

σ̄µσνDµDν ξ̄A + 4DλT̄µν σ̄
µν σ̄λξA = M2ξ̄A.

(2.1.30)
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We summarize the supersymmetry algebra just derived for the vector multiplet

QAµ = iξAσµλ̄A − iξ̄Aσ̄µλA,
Qφ = −iξAλA,
Qφ̄ = +iξ̄Aλ̄A,

QλA = 1
2σ

µνξA(Fµν + 8φ̄Tµν) + 2σµξ̄ADµφ+ σµDµξ̄Aφ+ 2iξA[φ, φ̄] +DABξ
B,

Qλ̄A = 1
2 σ̄

µν ξ̄A(Fµν + 8φT̄µν) + 2σ̄µξADµφ̄+ σ̄µDµξAφ̄− 2iξ̄A[φ, φ̄] +DAB ξ̄
B,

QDAB = −iξ̄Aσ̄mDmλB − iξ̄Bσ̄mDmλA + iξAσ
mDmλ̄B + iξBσ

mDmλ̄A

− 2[φ, ξ̄Aλ̄B + ξ̄Bλ̄A] + 2[φ̄, ξAλB + ξBλA].
(2.1.31)

The square of the supersymmetry action is

Q2Aµ = iιV F +DΦ,
Q2φ = iιVDφ+ i[Φ, φ] + (w + 2Θ)φ,
Q2φ̄ = iιVDφ̄+ i[Φ, φ̄] + (w − 2Θ)φ̄,

Q2λA = iιVDλA + i[Φ, λA] + (3
2w + Θ)λA + i

4(DρVτ )σρτλA + ΘABλ
B,

Q2λ̄A = iιVDλ̄A + i[Φ, λ̄A] + (3
2w −Θ)λ̄A + i

4(DρVτ )σ̄ρτ λ̄A + ΘABλ̄
B,

Q2DAB = iιVD(DAB) + i[Φ, DAB] + 2wDAB + ΘACD
C
B + ΘBCD

C
A,

(2.1.32)

where the parameters of the bosonic transformations are

V µ = 2ξ̄Aσ̄µξA,
Φ = 2iξ̄Aξ̄Aφ+ 2iξAξAφ̄,

ΘAB = −iξ(Aσ
µDµξ̄B) + iDµξ(Aσ

µξ̄B),

w = − i2(ξAσµDµξ̄A +Dµξ
Aσµξ̄A),

Θ = − i4(ξAσµDµξ̄A −Dµξ
Aσµξ̄A).

(2.1.33)

In general the spinorial parameters are sections of the corresponding vector bundles,
namely ξ ∈ Γ

(
S+ ⊗R⊗ LR

)
and ξ̄ ∈ Γ

(
S− ⊗R† ⊗ L−1

R

)
where S± are the spinor

bundles of chirality ±, R is the SU(2) R symmetry vector bundle and LR is the U(1)
R symmetry line bundle. The four manifold is subject to the condition that the above
product bundles are well defined1 and that a solution to the generalized Killing spinor
equations exists and is everywhere well defined. These conditions differently constrain
the space-time four manifold depending on the choice of R and LR. The choice leading
to the topologically twisted theory is to set LR = O to be the trivial line bundle and

1Also the auxiliary field D ∈ ΓS (R⊗R) has to be well defined.
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R = S−. Therefore, for this choice of the R-symmetry bundles, S+ ⊗ S− ∼ T and
S− × S− ∼ O + T (2,+) with T the tangent bundle and T (2,+) the bundle of selfdual
forms. In this case the four manifold has to be Riemannian and with a Killing vector in
order to admit this realization of the N = 2 super-algebra.

2.2 Spinor solutions on S2 × S2

As derived in the previous section, the conformal Killing spinors satisfy two sets of
equations: the main equations

DµξA = −T κλσκλσµξ̄A − iσµξ̄′A,
Dµξ̄A = −T̄ κλσ̄κλσ̄µξA − iσ̄µξ′A,

(2.2.1)

and the auxiliary equations2

σµσ̄νDµDνξA + 4DλTµνσ
µνσλξ̄A = MξA

σ̄µσνDµDν ξ̄A + 4DλT̄µν σ̄
µν σ̄λξA = Mξ̄A,

(2.2.2)

with
DµξA = ∇µξA + iGµ

B
A ξB = ∂µξA + 1

4ω
ab
µ σabξA + iGµ

B
A ξB,

Dµξ̄A = ∇µξ̄A + iGµ
B
A ξ̄B = ∂µξ̄A + 1

4ω
ab
µ σ̄abξ̄A + iGµ

B
A ξ̄B,

(2.2.3)

where T κλ and T̄ κλ are anti self-dual and self-dual background fields respectively, M is
a scalar background field and A,B, . . . are the SU(2)R doublet indices. The covariant
derivative involves spin connection ωabµ and a background SU(2)R gauge field Gµ B

A . We
are looking for a solution that satisfies the following reality condition:

(ξαA)† = ξAα = εαβεABξβB, (ξ̄α̇A)† = ξ̄Aα̇ = εα̇β̇εAB ξ̄β̇B. (2.2.4)

If the spinors ξ′A, ξ̄′A on the r.h.s. of (2.2.1) are orthogonal to ξA, ξ̄A, i.e. if

ξ′AαξAα = 0, ξ̄′Aαξ̄Aα = 0, (2.2.5)

then they can be parametrized as follows

ξ′A = −iSκλσκλξA, ξ̄′A = −iS̄κλσ̄κλξ̄A, (2.2.6)

where S, S̄ are respectively anti self-dual and self-dual tensors. If this happens, equation
(2.2.1) can be written as

DµξA = −T κλσκλσµξ̄A − S̄κλσµσ̄κλξ̄A,
Dµξ̄A = −T̄ κλσ̄κλσ̄µξA − Sκλσ̄µσκλξA.

(2.2.7)

2Here and in the following we consider the particular case M1 = M2 = M . This choice reproduces
the auxiliary equations considered in [82].
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2.2.1 Twisting solutions

Witten twisting solutions

The problem of finding solutions to (2.2.1) simplifies a lot if we turn on the background
SU(2)R gauge field Gµ

B
A in equation (2.2.3). Turning on only the U(1)R ⊂ SU(2)R

component Gµ B
A = Gµ σ3

B
A means twisting the Euclidean rotation group as SO(4)′ ⊂

SO(4)×U(1)R. The twisted theory is obtained gauging SO(4)′ by the spin connection.
In this way the spinors of the untwisted theory become sections of different bundles.

We now derive the simplest solution of (2.2.1) performing the following twist:

Gµ
B
A = Gµ σ3

B
A , Gµ = −1

2(ωµ + ω′µ), (2.2.8)

where ωµ, ω′µ are the components of the spin connection (see appendix 2.D.2, equation
(2.D.9))

ωµ = ω12
µ = −2iωµ11̄,

ω′µ = ω34
µ = −2iωµ22̄.

(2.2.9)

The right hand side of equation (2.2.1) becomes

Dµξ1 = (∂µ − iωµP− − iω′µP+)ξ1,

Dµξ2 = (∂µ + iωµP+ − iω′µP−)ξ2,

Dµξ̄1 = (∂µ − iωµP− − iω′µP+)ξ̄1,

Dµξ̄2 = (∂µ + iωµP+ − iω′µP−)ξ̄2,

(2.2.10)

where P+ and P− are respectively the projectors in the first and in the second component
of the two components Weyl spinor

P± := 1l± σ3
2 . (2.2.11)

It is easy to check that

ξA = 0, ξ̄1 =
(
a
0

)
, ξ̄2 =

(
0
ā

)
, a ∈ C (2.2.12)

(where the bar over a means taking the complex conjugate) is a solution to the equations
(2.2.1), (2.2.2) and (2.2.4) with

Tµν = T̄µν = 0, ξ′A = ξ̄′A = 0, M = 0. (2.2.13)

The theory invariant under the supersymmetry generated by the solution (2.2.12)
coincides with Witten’s topologically twisted version of Super Yang-Mills [144]. The
corresponding path integral localizes on the moduli space of anti-instantons on S2×S2.
The integration over this moduli space is however a difficult task, and can be simplified
further by exploiting the isometry of the base manifold S2 × S2 by considering a new
supersymmetry generator which closes on a U(1) isometry. To this end, one has to find
another set of solutions where ξA 6= 0, as we will show in the next subsection.



28 Sect. 2.2. Spinor solutions on S2 × S2

Equivariant twisting solutions

We will follow the procedure described in [47] to obtain a more general solution3 for
the twist (2.2.8). This procedure is actually available more in general for a generic
Riemannian four-manifold admitting a U(1) isometry. We report the general result in
appendix 2.B.

We would like to find a supersymmetry generator which squares on an isometry of
the base manifold, in order to localize the path integral to its fixed points. To obtain
this we have to turn on the left chirality solution ξA. Indeed the vector generating the
isometry is proportional to

1
2Va = ξ̄Aσ̄aξA, (2.2.14)

where σ̄a = (iσ1, iσ2, iσ3, 1l), or using complex coordinate in the orthonormal frame

σ̄1 = 1
2 iσ1 + 1

2i iσ2 = i

(
0 0
1 0

)
, σ̄1̄ = 1

2 iσ1 −
1
2i iσ2 = i

(
0 1
0 0

)
,

σ̄2 = 1
2 iσ3 + 1

2i1l = i

(
0 0
0 −1

)
, σ̄2̄ = 1

2 iσ3 −
1
2i1l = i

(
1 0
0 0

)
.

(2.2.15)

The vector field that we will consider for S2 × S2 is
1
2V = ε1(iz∂z − iz̄∂z̄) + ε2(iw∂w − iw̄∂w̄) (2.2.16)

where z and w are complex coordinates on the two S2s and ε1 = 1/r1, ε2 = 1/r2 their
radii 4.

We want to find a solution (ξA, ξ̄A) that satisfies (2.2.14), where V is as given in
(2.2.16). Expanding (2.2.14) and denoting the two components of a Weyl spinor ψ =
(ψ+, ψ−) we obtain the following four equations

V1 = 2iξ̄+
2 ξ

+
1 − 2iξ̄+

1 ξ
+
2 ,

V1̄ = 2iξ̄−1 ξ
−
2 − 2iξ̄−2 ξ

−
1 ,

V2 = 2iξ̄+
1 ξ
−
2 − 2iξ̄+

2 ξ
−
1 ,

V2̄ = 2iξ̄−1 ξ
+
2 − 2iξ̄−2 ξ

+
1 .

(2.2.17)

Let us fix a = 1 in equation (2.2.12), then we turn on the zero components of the real
spinors ξA, ξ̄A as

ξ1 =
(
b
c

)
, ξ2 =

(
−c̄
b̄

)
, ξ̄1 =

(
1
d

)
, ξ̄2 =

(
−d̄
1

)
. (2.2.18)

3See also [99].
4The isometry generated by V is actually a diagonal combination of the two isometries of the maximal

torus U(1)2 ⊂ SO(4). To obtain separately the action of the two U(1) one can consider complexified
version of (2.2.16) with complex parameters ε1, ε2. One can obtain solutions generating such an isometry
relaxing the condition of reality of the spinors (2.2.4).
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The covariant derivatives of b, c, d have the following expressions due to the twist (2.2.8)

Dµb = (∂µ − iω′µ)b,
Dµc = (∂µ − iωµ)c,
Dµd = (∂µ − iωµ − iω′µ)d.

(2.2.19)

Putting (2.2.18) in (2.2.17) we obtain the system

V1 = 2(ic̄− id̄b),
V1̄ = 2(−ic+ idb̄),
V2 = 2(ib̄+ id̄c),
V2̄ = 2(−ib− idc̄),

(2.2.20)

where of course (V1) = V1̄ and (V2) = V2̄ due to the reality of the spinor, (which is
equivalent to reality of the vector V ). The simplest choice for b, c, d is

b = i

2V2̄, c = i

2V1̄, d = 0. (2.2.21)

Now we have to show that this is actually a solution to equation (2.2.1) for some
values of the background fields. We can rewrite (2.2.19) using (2.2.9) in terms of V1 and
V2 as

(∂µ + iωµ)V1 = (∂µ + ω 1
µ1 )V1 = ∇µV1,

(∂µ − iωµ)V1̄ = (∂µ + ω 1̄
µ1̄ )V1̄ = ∇µV1̄,

(∂µ + iω′µ)V1 = (∂µ + ω 2
µ2 )V2 = ∇µV2,

(∂µ − iω′µ)V2̄ = (∂µ + ω 2̄
µ2̄ )V2̄ = ∇µV2̄.

(2.2.22)

Using the properties of Killing vectors and the factorization of the metric (see equations
(2.D.15), (2.D.4) in appendix 2.D.2), it’s easy to show that the only non-zero components
of ∇µVν are

∇zV1̄ = ez̄1̄∇zVz̄ = ez̄1̄∇[zVz̄] = ez̄1̄∂[zVz̄] = 1
2

(
∂zVz̄ − ∂z̄Vz√

g1

)
g

1/4
1 =: H1 g

1/4
1 (2.2.23)

and similarly5

∇z̄V1 = −H1 g
1/4
(1) ,

∇wV2̄ = +H2 g
1/4
(2) ,

∇w̄V2 = −H2 g
1/4
(2) ,

(2.2.24)

5 g1, g2 are respectively the determinants of the metric in the first and in the second sphere, √g1 :=
2gzz̄ and √g2 := 2gww̄.
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where H1 and H1 are proportional to the height functions on the first and the second
sphere respectively. Indeed considering the Killing vector V = 1

r1
(iz∂z−iz̄∂z̄)+ 1

r2
(iw∂w−

iw̄∂w̄) we have

H1 := ∂zVz̄ − ∂z̄Vz
2√g(1)

= i

r1

1− |z|2

1 + |z|2 = i

r1
cos θ1,

H2 := ∂wVw̄ − ∂w̄Vw
2√g(2)

= i

r2

1− |w|2

1 + |w|2 = i

r2
cos θ2.

(2.2.25)

Using these facts and recalling the form of the candidate solution

ξ1 = i

2

(
V2̄
V1̄

)
, ξ2 = i

2

(
V1
−V2

)
, ξ̄1 =

(
1
0

)
, ξ̄2 =

(
0
1

)
, (2.2.26)

we get the following equations for the left chirality spinor ξA:

Dzξ1 = i
2H1 g

1/4
(1)

(
0
1

)
, Dzξ2 = 0,

Dwξ1 = i
2H2 g

1/4
(2)

(
1
0

)
, Dwξ2 = 0,

Dz̄ξ1 = 0, Dz̄ξ2 = − i
2H1 g

1/4
(1)

(
1
0

)
,

Dw̄ξ1 = 0, Dw̄ξ2 = i
2H2 g

1/4
(2)

(
0
1

)
.

(2.2.27)

This can be rewritten in a clever way as

DzξA = −1
2H1 σz ξ̄A,

DwξA = −1
2H2 σw ξ̄A,

Dz̄ξA = +1
2H1 σz̄ ξ̄A,

Dw̄ξA = +1
2H2 σw̄ ξ̄A,

(2.2.28)

where σz = e1
z σ1 = g

1/4
(1) σ1 etc., and σ1, σ1̄, σ2, σ2̄ are defined analogously to (2.2.15).

The last thing to do now is to express the background T, S̄ of (2.2.7) in terms of
H1,H2 since we already know

Dµξ̄A = 0 ⇒ T̄ , S = 0. (2.2.29)

Staring at (2.2.28) one can notice that we need to associate H1 to the coordinates z, z̄
of the first sphere and H2 to the coordinates w, w̄ of the second sphere. To reproduce
this in (2.2.7) we need the combinations T κλσκλ, S̄κλσ̄κλ to be proportional to σ3, since
this matrix has the property

{σ3, σz} = {σ3, σz̄} = 0, [σ3, σw] = [σ3, σw̄] = 0. (2.2.30)
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Therefore the only possibility is

T = t
(
ω(1)− ω(2)

)
, S̄ = s

(
ω(1) + ω(2)

)
, (2.2.31)

where t and s are two real scalar functions and ω(1), ω(2) are respectively the volume
forms on the first and on the second sphere. Indeed from (2.2.31) we have

T κλσκλ = 4itσ3, S̄κλσ̄κλ = 4isσ3. (2.2.32)

Inserting these two in equations (2.2.7) and using the further property

σzσ3 = σz, σz̄σ3 = −σz̄, σwσ3 = σw, σw̄σ3 = −σw̄, (2.2.33)

we obtain
DzξA = 4i(t− s)σz ξ̄A,
Dz̄ξA = 4i(−t+ s)σz̄ ξ̄A,
DwξA = 4i(−t− s)σwξ̄A,
Dw̄ξA = 4i(t+ s)σw̄ξ̄A.

(2.2.34)

Finally comparing with (2.2.28) we get

t− s = i

8H1, t+ s = − i8H2 ⇒ t = i

16(H1 −H2), s = − i

16(H1 +H2). (2.2.35)

It remains to evaluate the background field M in (2.2.2). From the second of (2.2.2)
it trivially follows

M = 0 (2.2.36)

due to Dµξ̄A = 0 and T̄ = 0. It is of course possible to check this result also using the
first of (2.2.2) and inserting the values of DµξA and T .

Summary of the results

We summarize here the results of the previous subsection

ξ1 = i

2

(
V2̄
V1̄

)
, ξ2 = i

2

(
V1
−V2

)
, ξ̄1 =

(
1
0

)
, ξ̄2 =

(
0
1

)
, (2.2.37)

satisfying
DµξA = −T κλσκλσµξ̄A − S̄κλσµσ̄κλξ̄A,
Dµξ̄A = 0,

(2.2.38)

with
T = t

(
ω(1)− ω(2)

)
, S̄ = s

(
ω(1) + ω(2)

)
, (2.2.39)

and
t = i

16(H1 −H2), s = − i

16(H1 +H2),

H1 = ∂zVz̄ − ∂z̄Vz
2√g(1)

, H2 = ∂wVw̄ − ∂w̄Vw
2√g(2)

.
(2.2.40)
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In polar coordinates of the two spheres these are

ξ1 = −1
2

(
sin θ2
sin θ1

)
, ξ2 = 1

2

(
sin θ1
− sin θ2

)
, ξ̄1 =

(
1
0

)
, ξ̄2 =

(
0
1

)
, (2.2.41)

and
t = 1

16
(
− cos θ1

r1
+ cos θ2

r2

)
, s = 1

16
(cos θ1

r1
+ cos θ2

r2

)
. (2.2.42)

The square norms of the spinors are

ξ2 := ξAξA = 1
2(sin2 θ1 + sin2 θ2), ξ̄2 := ξ̄Aξ̄

A = 2. (2.2.43)

Instead in complex coordinates

ξ1 = −
(

w
1+|w|2
z

1+|z|2

)
, ξ2 =

(
z̄

1+|z|2

− w̄
1+|w|2

)
, ξ̄1 =

(
1
0

)
, ξ̄2 =

(
0
1

)
, (2.2.44)

and

t = 1
16

(
− 1
r1

1− |z|2

1 + |z|2 + 1
r2

1− |w|2

1 + |w|2

)
, s = 1

16

(
1
r1

1− |z|2

1 + |z|2 + 1
r2

1− |w|2

1 + |w|2

)
.

(2.2.45)

2.3 Partition function on S2 × S2

In this section we proceed to the computation of the partition function of N = 2 SYM
theory on S2 × S2. At the end of the section we will present the extension of this result
in presence of matter fields in the (anti)fundamental representation.

The strategy we follow consists of performing a change of variables in the path
integral to an equivariant extension of the Witten’s topologically twisted theory [144].
As we will see this maps the supersymmetry algebra to an equivariant BRST algebra
which is the natural generalization of the supersymmetry algebra of the Nekrasov Ω-
background [119, 16] on S2 × S2. Since this is a toric manifold, the partition function
reduces to copies of the Nekrasov partition functions, glued together in a way that will be
explained below. The result we obtain is indeed in agreement with the one conjectured
by Nekrasov in [120] for toric compact manifolds.

2.3.1 Change to twisted variables

The starting supersymmetry algebra for the vector multiplet is (2.1.31) and the square
of the supersymmetry action is (2.1.32), where the parameters w = 0 and Θ = 0 due to
the orthogonality of our solution (2.2.5).

Now we are going to make a change of variables in the supersymmetry algebra that
will simplify the localization procedure in the path integral. We re-organize the eight
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components of the fermions λAα, λ̄α̇A as a fermionic scalar η, a vector Ψµ and a self dual
tensor χ(+)µν :

η := −i(ξAλA + ξ̄Aλ̄A),
Ψµ := i(ξAσµλ̄A − ξ̄Aσ̄µλA),
χ+
µν := 2ξ̄Aσ̄µν ξ̄B(ξ̄Aλ̄B − ξAλB).

(2.3.1)

We also redefine the scalars in a suitable way to simplify the supersymmetry algebra:

Φ̄ :=φ− φ̄
Φ :=2iξ̄2φ+ 2iξ2φ̄

B+
µν := 2(ξ̄2)2(F+

µν + 8φT̄µν − 8φ̄S̄µν)
− (ξ̄Aσ̄µν ξ̄B)(ξAσκλξB)(Fκλ + 8φ̄Tκλ − 8φSκλ)

− 4ξ̄2V[µD
+
ν]Φ̄ + 1

2(ξ2 + ξ̄2)(ξ̄Aσ̄µν ξ̄B)DAB.

(2.3.2)

where ξ2 and ξ̄2 are the square norms of the spinors (2.2.43).
The inverse of the relation (2.3.1) is given by

λA = 1
ξ2 + ξ̄2 (iξAη − iσµξ̄AΨµ + ξBΞBA)

λ̄A = 1
ξ2 + ξ̄2 (−iξ̄Aη − iσ̄µξAΨµ + ξ̄BΞBA)

(2.3.3)

where
ΞAB = 1

2(ξ̄2)2 ξ̄Aσ̄
µν ξ̄Bχ

+
µν . (2.3.4)

It is immediate to verify the relation (2.3.3) by inserting it back in (2.3.1); or conversely
by inserting (2.3.1) in (2.3.3) and using the following non-trivial spinor identity

(ψB · λB)ξA − (ψA · λB)ξB − (ψB · λA)ξB = 0, (2.3.5)

for two-components spinors ψ, λ,ξ.
A comment is now important: this change of variables is everywhere invertible.

Indeed, its Jacobian is given by

J = Jbos
Jferm

= 1

Jbos = Jferm ∼
(
ξ̄2 + ξ2

)4
(ξ̄2)3.

(2.3.6)

Notice that this change of variables is everywhere well defined due to the nature of
the solution derived in section 2.2.1. Indeed, neither of the factors ξ̄2 and ξ2 + ξ̄2 in the
Jacobian ever vanish.
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The supersymmetry algebra in terms of the new variables, computed from (2.1.31)
and (2.1.32), is

QA = Ψ, QΨ = iιV F +DΦ, QΦ = iιV Ψ,
QΦ̄ = η, Qη = i ιVDΦ̄ + i[Φ, Φ̄],
Qχ+ = B+, QB+ = iLV χ+ + i[Φ, χ+].

(2.3.7)

These are the equivariant extension of the twisted supersymmetry considered in [144]
and we finally got rid of all the indices in our formulas by passing to the differential form
notation.

In (2.3.7) ιV is the contraction with the vector V and LV = DιV + ιVD is the
covariant Lie derivative.

Let us notice that the supercharge (2.3.7) manifestly satisfies Q2 = iLV + δgaugeΦ .
There is still a consistency condition on the last line, that is the action has to preserve
the self-duality of B+ and χ+. This is satisfied iff LV ? = ?LV , where ? is the Hodge-?
and LV = dιV + ιV d is the Lie derivative. This condition coincides with the requirement
that V is an isometry of the four manifold. Therefore, we have proved that for any
four-manifold with a U(1) isometry, once the R-symmetry bundle is chosen to fit the
equivariant twist, there is a consistent realization of the corresponding N = 2 supersym-
metry algebra6, explicit formulae for the generators of supersymmetry and background
fields in this general case are reported in appendix 2.B.

2.3.2 Localizing action and fixed points

In terms of the new variables (2.3.1), we consider the following supersymmetric La-
grangian

L = iτ

4π TrF ∧ F + ω ∧ TrF +QV (2.3.8)

where τ is the complexified coupling constant, ω ∈ H2 (S2 × S2,R
)

and

V =− Tr
[
χ+ ∧ ?F + ?iΦ̄(− ? D ?Ψ + LV η) + ?η(iLV Φ̄ + i[Φ, Φ̄])†

]
− Tr

[
χ+] ∧ ?Tr

[
B+]. (2.3.9)

Proceeding to discuss the localization of the gauge field, we will split the calculation
between the u(1) and the su(N) sector which must be differently treated. This is due
to the fact that we want to allow gauge vector bundles with non trivial and unrestricted
first Chern class c1 = 1

2πTrF . The usual δ-gauge fixing F+ = 0 in the whole u(N)
Lie algebra would be then incompatible with the previous request. Therefore we split
the gauge fixing of the two sectors with the additional term in the last line of (2.3.9),
keeping a Gaussian gauge fixing in the u(1) sector and a δ-gauge fixing in the su(N)
sector. If the manifold is Kähler, then an equivalent procedure would be to localize on

6In terms of the vector field, the Jacobian factors above read Jbos = Jferm ∼ (2 + 1
8V

2) which is
positive.
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Hermitian-Yang-Mills connections, namely those satisfying the equation ω∧F = c ω∧ω1l
and F (2,0) = 0, where ω is the Kähler form and c is a constant.

We look at the fixed points of the supersymmetry (2.3.7). On setting the fermions
to zero, the fixed points of the supercharge read

ιVDΦ̄ + [Φ, Φ̄] = 0,
iιV F +DΦ = 0.

(2.3.10)

The integrability conditions of the second equation are

ιVDΦ = 0,
LV F = [F,Φ].

(2.3.11)

We choose the following reality condition for the scalars fields Φ̄ = −Φ†, then the
first of (2.3.10) splits as

ιVDΦ̄ = 0 and [Φ, Φ̄] = 0. (2.3.12)

which imply that Φ and Φ̄ lie in the same Cartan subalgebra.Moreover, since we consider
F † = F , we can split similarly the second of (2.3.11), obtaining that also the curvature
lies along the Cartan subalgebra

[F,Φ] = [F, Φ̄] = 0. (2.3.13)

Therefore the second of (2.3.10) can be rewritten as

ιV F = i dΦ (2.3.14)

since the extra term [A,Φ] is different from zero only outside the Cartan subalgebra.
(2.3.14) means that Φ is the moment map for the action of V on F .

The gauge fixing condition comes by integrating out the auxiliary field B+ from
(2.3.9). As anticipate we obtain different gauge conditions for the u(1) and su(N)
sector7

d ? (Fu(1)) = 0, (Fsu(N))+ = 0. (2.3.15)

In particular d ? F = 0 in the whole u(N). This, together with the Bianchi identity
dF = 0 and the fact that F lies in the Cartan subalgebra of u(N) (2.3.13), implicates
that the curvature must be a harmonic 2-form with values on the Cartan subalgebra
and integer periods. Namely for each elements in the Cartan subalgebra, labeled by
α = 1, . . . , N

(c1)α ≡
iFα
2π ∈ H

2(S2 × S2,Z). (2.3.16)

So
iFα
2π = mα ω(1) + nα ω(2), mα, nα ∈ Z. (2.3.17)

7 For the u(1) sector, define f := Fu(1) and b+ := B+
u(1). From (2.3.9) we have QVu(1) = −b+ ∧

?f+ − b+ ∧ ?b+. Integrating out b+ we get the condition b+ = −f+/2 and inserting this back, we obtain
QVu(1) = 1

4f
+ ∧ ?f+ = 1

8 (f ∧ f + f ∧ ?f) that give the equation of motion d ? f = 0.
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where a basis of normalized harmonic 2-forms for S2 × S2 is given by

ω(i) = 1
4π sin θidθi ∧ dϕi i = 1, 2. (2.3.18)

Replacing this expression for F in (2.3.14) we get

ιV (mα ω(1) + nα ω(2)) = −2 dΦα (2.3.19)

Since S2 × S2 is simply connected the closed 2-forms ιV ω(1), ιV ω(2) are also exact and
the equation (2.3.17) can be integrated

ιV ω(1) = 2 dh1, ιV ω(2) = 2 dh2, (2.3.20)

the solution being given respectively by the height functions on the two spheres8

h1 = ε1 cos θ1, h2 = ε2 cos θ2. (2.3.21)

Finally, integrating equation (2.3.17) we obtain

Φα = −mα h1 − nα h2 + aα, mα, nα ∈ Z. (2.3.22)

where aα are integration constants. On top of fluxes, the complete solution contains also
point-like instantons located at the zeroes of the vector field V . These do not contribute
to the equations above since iV F point = 0.

We are then reduced to a sum over point-like instantons and an integration over the
constant Cartan valued variable Φ. Let us notice that the above arguments are quite
general and apply to more general four-manifolds than S2 × S2.

Before proceeding to the computation, let us notice that on compact manifolds one
has to take care of normalizable fermionic zero modes of the Laplacian, counted by the
Betti numbers. If the manifold is simply connected, as we assume, then the field Ψ
doesn’t display such zero modes, while η will display one zero mode and χ+ will display
b+2 of them (for each element in the su(N) Cartan9 labeled by ρ = 1, . . . , N − 1). On
S2 × S2, and in general on any toric manifold, b+2 = 1 and therefore the (η, χ+) zero
modes come in pairs, one pair for each element in the su(N) Cartan. One can soak-up
those zero modes by adding the exact term Szm = sQ

∫ ∑
ρ Φ̄ρχ

+
ρ Bρ to the action whose

effect, after the integration over the (η, χ+) zero mode pairs and the B-zero modes, is to
insert a derivative with respect to ā for each su(N) Cartan element. This reduces the
integration over the a-plane to a contour integral around the diagonals where aα−aβ = 0.

2.3.3 Computation of the partition function

Due to the results of the previous section, the integration over the instanton moduli space
is reduced to instanton counting. In particular due to supersymmetry, the instanton

8 The vector generated by the supersymmetry generators (2.2.41) is V = 2ε1∂ϕ1 + 2ε2∂ϕ2
9The ones in the U(1) are gauge fixed as a BRST quartet.
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configurations have to be equivariant under the action of U(1)2 × U(1)N which is the
maximal torus of the isometry group of S2×S2 times the constant gauge transformations.
It is well known that the fixed points are classified by Young diagrams [119], so that
for each fixed point we have to consider a contribution given by the Nekrasov instanton
partition function with the proper torus weights.

Let us underline the important difference between the compact and non-compact
case, namely that in the former the gluing of Nekrasov partition functions also involves
the integration over the Cartan subalgebra of the gauge group. This appears as a contour
integral as explained at the end of the previous subsection.

We regard the manifold S2 × S2 ∼= P1 × P1 as a complex toric manifold described in
terms of four patches. The weights

(
ε
(`)
1 , ε

(`)
2
)

of the (C∗)2 torus action in each patch are

` 1 2 3 4
ε
(`)
1 ε1 −ε2 −ε1 ε2

ε
(`)
2 ε2 ε1 −ε2 −ε1

(2.3.23)

where in our case ε1 = 1
r1
> 0 and ε2 = 1

r2
> 0 are the inverse radii of the two spheres.

The fixed point data on S2×S2 will be described in terms of a collection of Young di-
agrams {~Y`}, and of integers numbers ~m,~n describing respectively the (C∗)N+2-invariant
point-like instantons in each patch (localized at the fixed points p`) and the magnetic
fluxes of the gauge field on the spheres which correspond to the first Chern class c1(E)
of the gauge bundle E. More explicitly, for a gauge bundle with c1 = nω1 + mω2 and
ch2 = K, the fixed point data satisfy

n =
N∑
α=1

nα, m =
N∑
α=1

mα, K =
∑
α,`

|Y (`)
α |. (2.3.24)

The full partition function on S2 × S2 is given by

ZS
2×S2

full (q, z1, z2, ε1, ε2) =
∑
{~m,~n}

∮
t
d~a tm1 t

n
2

4∏
`=1

ZC2
full(q, ε

(`)
1 , ε

(`)
2 ,~a(`)) (2.3.25)

where q = exp(2πiτ) is the gauge coupling, t1 = z
1
2
1 and t2 = z

1
2
2 are the source terms

corresponding to ω = v2ω1 + v1ω2 in (2.3.8) so that zi = e2πvi for i = 1, 2.
Moreover, ~a(`) = {a(`)

α }, α = 1, . . . , N are the v.e.v.’s of the scalar field Φ calculated
at the fixed points p`

a(`)
α = 〈Φ(p`)〉. (2.3.26)

Explicitly, by (2.3.22)
` ~a(`)

1 ~a+ ~mε1 + ~nε2
2 ~a+ ~mε1 − ~nε2
3 ~a− ~mε1 − ~nε2
4 ~a− ~mε1 + ~nε2

(2.3.27)
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The factors appearing in (2.3.25) are the Nekrasov partition functions

ZC2
full(q, ε1, ε2,~a) = ZC2

classical(q, ε1, ε2,~a)ZC2
1-loop(ε1, ε2,~a)ZC2

instanton(q, ε1, ε2,~a). (2.3.28)

whose explicit expressions we report below.

Classical action

Let us first of all consider the contribution to (2.3.25) of the classical partition function

4∏
`=1

ZC2
classical(ε

(`)
1 , ε

(`)
2 ,~a(`)). (2.3.29)

For each patch this is given by

ZC2
classical(ε

(`)
1 , ε

(`)
2 ,~a(`)) = exp

−πiτ N∑
α=1

(
a

(`)
α
)2

(ε(`)1 ε
(`)
2 )

 (2.3.30)

Inserting the values of the equivariant weights (2.3.23) and (2.3.27) we obtain

4∏
`=1

ZC2
classical(ε

(`)
1 , ε

(`)
2 ,~a(`)) = exp

[
−πiτ

N∑
α=1

8mαnα

]
= q−4

∑N

α=1 mαnα (2.3.31)

with q = exp(2iπτ).

One-loop

The one-loop contribution in (2.3.25) is given by

ZS
2×S2

1-loop (~a, ε1, ε2) =
4∏
`=1

ZC2
1-loop(~a(`), ε

(`)
1 , ε

(`)
2 ) =

4∏
`=1

exp
[
−
∑
α 6=β

γ
ε
(`)
1 ,ε

(`)
2

(a(`)
αβ)
]

(2.3.32)

where a(`)
αβ := a

(`)
α − a(`)

β .
Inserting the values of the equivariant weights (2.3.23) and (2.3.27) and using the def-

inition of γε1,ε2 (appendix 2.E equation (2.E.4)) we can rewrite the exponent in (2.3.32)
as

− d

ds

∣∣∣
s=0

1
Γ(s)

∫ ∞
0

dt ts−1 e−taαβ

(1− x)(1− y)p(x, y), (2.3.33)

where we have defined x := e−ε1t and y := e−ε2t and p(x, y) is a polynomial in x and y
given by

p(x, y) = x−my−n − x−myn+1 − xm+1y−n + xm+1yn+1 (2.3.34)

where it is understood that m ≡ mαβ and n ≡ nαβ. The residues of this polynomial at
x = 1 and y = 1 are zero, this means that in those points p(x, y) has zeros which cancel
the poles (1− x)−1, (1− y)−1 in (2.3.33).



Chap. 2. Supersymmetric theory on S2 × S2 and Liouville gravity. 39

If m = n = 0
p(x, y) = 1− y − x+ xy = (1− x)(1− y), (2.3.35)

and integrating (2.3.33) we obtain

ZS
2×S2

1-loop (~a, ε1, ε2)
∣∣∣
m=n=0

=
∏
α 6=β

aαβ =
∏
α>β

(−a2
αβ). (2.3.36)

In general, for every choice of {m,n}, one can factorize (1−x)(1−y) out of the polynomial
using the expansion 1− xN = (1− x)

∑N−1
j=0 xj . Then p(x, y) can be written as follows

p(x, y) =



(1− x)(1− y)
m∑

j=−m

n∑
k=−n

xjyk if m ≥ 0, n ≥ 0

(1− x)(1− y)
−m−1∑
j=m+1

−n−1∑
k=n+1

xjyk if m < 0, n < 0

−(1− x)(1− y)
m∑

j=−m

−n−1∑
k=n+1

xjyk if m ≥ 0, n < 0

−(1− x)(1− y)
−m−1∑
j=m+1

n∑
k=−n

xjyk if m < 0, n ≥ 0

(2.3.37)

Using this result in (2.3.33) we obtain for fixed m and n the following result:

ZS
2×S2

1-loop (a, ε1, ε2,m, n)
∣∣∣
αβ

=

=



m∏
k=−m

n∏
j=−n

(a+ kε1 + jε2) if m ≥ 0, n ≥ 0

−m−1∏
k=m+1

−n−1∏
j=n+1

(a+ kε1 + jε2) if m < 0, n < 0

m∏
k=−m

−n−1∏
j=n+1

(a+ kε1 + jε2)−1 if m ≥ 0, n < 0

−m−1∏
k=m+1

n∏
j=−n

(a+ kε1 + jε2)−1 if m < 0, n ≥ 0

(2.3.38)

where a ≡ aαβ, m ≡ mαβ and n ≡ nαβ.

Instantons

The instanton contribution in (2.3.25) is given by

4∏
`=1

ZC2
instanton(ε(`)1 , ε

(`)
2 ,~a(`)). (2.3.39)



40 Sect. 2.3. Partition function on S2 × S2

where ZC2
instanton is the Nekrasov partition function defined as follows.

Let Y = {λ1 ≥ λ2 ≥ . . . } be a Young diagram, and Y ′ = {λ′1 ≥ λ′2 ≥ . . . } its
transposed. λi is the length of the i-column and λ′j the length of the j-row of Y . For
a given box s = {i, j} of the diagram we define respectively the arm and leg length
functions

AY (s) = λi − j, LY (s) = λ′j − i. (2.3.40)
and the arm and leg co-length functions

A′Y (s) = j − 1, L′Y (s) = i− 1. (2.3.41)

The fixed points data for each patch are given by a collection of Young diagrams ~Y (`) =
{Y (`)

α }. and the instanton contribution is

ZC2
instanton(ε1, ε2,~a) =

∑
{Yα}

q|
~Y |zvec(ε1, ε2,~a, ~Y ) (2.3.42)

where q = exp(2iπτ) and

zvec(ε1, ε2,~a, ~Y ) =
N∏

α,β=1

[ ∏
s∈Yα

(
aαβ − LYβ (s)ε1 + (AYα(s) + 1)ε2

)
∏
t∈Yβ

(
aαβ + (LYβ (t) + 1)ε1 −AYα(t)ε2

) ]−1

.

(2.3.43)

2.3.4 Adding matter fields

The above formulae are easily modified in presence of matter fields. In the following we
discuss the contribution of matter in the (anti)fundamental representation, which will
be used in the last section when comparing with Liouville gravity. The contribution to
the classical action is vanishing, so we concentrate on one-loop and instanton terms.

One-loop

When considering matter one has to modify the formula for the one-loop partition func-
tion (2.3.32) as

ZC2
1-loop(~a(`), ε

(`)
1 , ε

(`)
2 ) = exp

−∑
α 6=β

γ
ε
(`)
1 ,ε

(`)
2

(
a

(`)
αβ

)
+

Nf∑
f=1

∑
ρ∈Rf

γ
ε
(`)
1 ,ε

(`)
2

(
a(`)
ρ + µf −

Q(`)

2
)

(2.3.44)
where ρ are the weights of the representation Rf of the hypermultiplet with mass µf
and R-charge one, while Q(`) := ε

(`)
1 + ε

(`)
2 .

The computation goes as in the previous section, the additional contribution for each
hypermultiplet in the exponential being

d

ds

∣∣∣
s=0

1
Γ(s)

∫ ∞
0

dt ts−1 e
−t(aρ+µf+Q

2 )

(1− x)(1− y)p(x, y). (2.3.45)



Chap. 2. Supersymmetric theory on S2 × S2 and Liouville gravity. 41

where again x := e−ε1t and y := e−ε2t, with

p(x, y) = x−my−n − x−myn − xmy−n + xmyn. (2.3.46)

Eventually, each hypermultiplet contributes as

ZS
2×S2

1-loop (a, ε1, ε2,m, n, µf )
∣∣∣
hyp,f,ρ

=

=



1 if m · n = 0
m−1∏
k=−m

n−1∏
j=−n

(a+ µf + Q

2 + kε1 + jε2)−1 if m > 0, n > 0

−m−1∏
k=m

−n−1∏
j=n

(a+ µf + Q

2 + kε1 + jε2)−1 if m < 0, n < 0

m−1∏
k=−m

−n−1∏
j=n

(a+ µf + Q

2 + kε1 + jε2) if m > 0, n < 0

−m−1∏
k=m

n−1∏
j=−n

(a+ µf + Q

2 + kε1 + jε2) if m < 0, n > 0

(2.3.47)

where a ≡ aρ, m ≡ mρ and n ≡ nρ.

Instantons

The modification of the instanton partition function due to the presence of matter in
the (anti)fundamental representation is

ZC2
instanton(ε1, ε2,~a) =

∑
{Yα}

q|
~Y |zvec(ε1, ε2,~a, ~Y )

NF∏
f=1

z(anti)fund(ε1, ε2,~a, ~Y , µf ) (2.3.48)

where

zfund(ε1, ε2,~a, ~Y , µf ) =
∏
α

∏
s∈Yα

(
aα + L′(s)ε1 +A′(s)ε2 +Q− µf

)
zantifund(ε1, ε2,~a, ~Y , µf ) =

∏
α

∏
s∈Yα

(
aα + L′(s)ε1 +A′(s)ε2 + µf

) (2.3.49)

where L′(s) and A′(s) are the co-length functions defined in (2.3.41).

2.4 Liouville Gravity

We now proceed to the discussion of a possible two-dimensional Conformal Field Theory
(CFT) interpretation of our results, prompted by AGT correspondence. We focus on
the N = 2 case. A natural viewpoint to start with is the calculation of the expected



42 Sect. 2.4. Liouville Gravity

central charge via reduction of the anomaly polynomial of two M5-branes theory [36, 4].
Upon compactification on the manifold S2 × S2 ×Σ, the central charge of the resulting
two-dimensional CFT on Σ is easily computed via localization formulae from the weights
of the U(1)2 torus action, see Table (2.3.23), to be

4∑
`=1

(
1 + 6

(
b(`) + 1

b(`)

)2
)

= 52 = 26 + 26 (2.4.1)

were b(`) =
√

ε
(`)
1
ε
(`)
2

. Notice that in passing from one patch to the other only one of the

epsilons change sign so that from real b one passes to imaginary one and viceversa. This
will play a relevant role in the subsequent discussion. It was observed in [28] that (2.4.1)
suggests a link to Liouville gravity. In the following we will show that indeed three-point
number and conformal blocks of this CFT arise as building blocks of the supersymmetric
partition function of N = 2 U(2) gauge theory on S2 × S2.

Liouville Gravity (LG) [156, 19] is a well-known two-dimensional theory of quantum
gravity composed of three CFT sectors

1. Liouville theory sector, which has a central charge

cL = 1 + 6Q2, Q = b+ b−1, (2.4.2)

and a continuous family of primary fields parametrized by a complex parameter α
as

Vα = e2αϕ(x) (2.4.3)

with conformal dimension
∆L
α = α(Q− α). (2.4.4)

2. Matter sector, a generalized CFT with central charge

cM = 1− 6q2, q = b−1 − b. (2.4.5)

and generic primary fields, labeled by a continuous parameter α, Φα with dimension

∆M
α = α(α− q). (2.4.6)

3. Ghost sector needed to gauge fix the conformal symmetry. This is described by
a fermionic bc system of spin (2,−1) of central charge

cgh = −26. (2.4.7)

The fact that
cL + cM = 26 (2.4.8)

allows the construction of a BRST complex.
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The vertex operators of the complete system are built out of primary operators in
the Liouville plus matter sector as

Uα = Φα−bVα (2.4.9)

which are (1, 1)-forms with ghost number zero, and can be integrated on the space. This
is ensured by the condition

∆M
α−b + ∆L

α = 1. (2.4.10)

We are mainly interested in three-point numbers and conformal blocks. The former
have been computed in [156] (eq.7.9) for three generic dressed operators Uαi and can be
written in terms of γ function, see eq. (2.E.11), as

CLG(α1, α2, α3) = CL(α1, α2, α3)CM (α1 − b, α2 − b, α3 − b)

=
(
πµγ(b2)

)(Q−
∑3

i=1 αi)/b
[
γ(b2)γ(b−2 − 1)

b2

]1/2 3∏
i=1

[
γ(2αib− b2)γ(2αib−1 − b−2)

]1/2
.

(2.4.11)
Let us remark that the ghost sector does not play any role in our considerations.

Indeed this is suited to produce a proper measure on the moduli space of the Riemann
surface over which the CFT is formulated. On the gauge theory side this would corre-
spond to the quite unnatural operation of integrating over the gauge coupling.

2.4.1 LG three-point function versus one-loop in gauge theory

Let us now compare the results of the one-loop gauge theory partition function with
the above three-point number of LG. We consider the sector with zero magnetic fluxes
~m = ~n = 0 of U(2) gauge theory with Nf = 4. The contribution of the one-loop partition
function is given by equation (2.3.36), and setting a12 =: 2a, we have

ZS
2×S2

1-loop (~a, ε1, ε2) =
∏
α 6=β

aαβ =
∏
±
±2a = −4a2. (2.4.12)

Indeed one can show that in the sector ~m = ~n = 0 the contribution of hypermultiplets
in the four patches (2.3.47) cancel each other.

The above result can be compared with the product of Liouville gravity three point
numbers (2.4.11). Indeed, if we consider

α = Q

2 + a, αi = Q

2 + pi, a, pi ∈ iR (2.4.13)

we get for the product of two three point numbers

CLG(α1, α2, α)CLG(ᾱ, α3, α4) = N

( 4∏
i=1

f(αi)
)(

4a2
)
, (2.4.14)
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where
N =

(
πµγ(b2)

)1+b−2 γ(b2)γ(b−2 − 1)
b2

,

f(αi) =
(
πµγ(b2)

)−αi/b√
γ(2αib− b2)γ(2αib−1 − b−2).

(2.4.15)

The dependence on a of (2.4.12) and (2.4.14) is the same. Moreover one can check
[6] that the contribution of the two patches with ε(`)1 · ε

(`)
2 > 0 naturally compares to the

product of Liouville theory three-point numbers ([156], eq. (2.2)). On the other hand,
the contribution of the two patches with ε(`)1 · ε

(`)
2 < 0 naturally compares to the product

of generalized minimal model three-points functions ([156], eq. (5.1) with β = b and
α = a− b), which is the matter sector of the LG. Explicitly∣∣∣ZS2×S2

1-loop (~a, ε(`)1 · ε
(`)
2 > 0)

∣∣∣ = CL(α1, α2, α)CL(ᾱ, α3, α4),

∣∣∣ZS2×S2

1-loop (~a, ε(`)1 · ε
(`)
2 < 0)

∣∣∣ = CM (α1 − b, α2 − b, α− b)CM (ᾱ− b, α3 − b, α4 − b),
(2.4.16)

up to renormalization of the vertices analogously to (2.4.15), once the v.e.v. a and µf
are assumed to be purely imaginary.

We expect the gauge theory sectors with non-vanishing magnetic fluxes ~m and ~n to
be related to the insertions of degenerate fields. Indeed the same comment applies to
the results on the conformal blocks obtained in the next subsection.

2.4.2 Conformal blocks versus instantons

It is a well known fact that the instanton contribution to the partition function (2.3.48)
for U(2) gauge theory with Nf = 4 on C2 can be matched with the four point conformal
block on the sphere, up to a U(1) factor [6],

Z
C2,U(2)
instanton(ε1, ε2,~a, µ1, µ2, µ3, µ4) ' FL α2 α3

α1 α α4(τ) (2.4.17)

where µ1 = p1 + p2, µ2 = p1 − p2, µ3 = p3 + p4, µ4 = p3 − p4 and αi are defined in
(2.4.13).

Moreover contrary to three-point correlators, the conformal blocks of the matter
sector in LG are the analytic continuation of those of Liouville theory under b → ib.
These two facts allow us to interpret the instanton partition function (2.4.18) of U(2)
gauge theory with Nf = 4 on S2 × S2 in the sector ~m = ~n = 0 as two copies of four
point conformal blocks of LG on the sphere. Indeed, by using b(`) =

√
ε
(`)
1 /ε

(`)
2 , we have

from (2.4.18) and (2.3.23)

ZS
2×S2

instanton(b, b−1, a, µf )

=
4∏
`=1

ZC2
instanton(b(`), (b(`))−1, a, µf )

=
[
ZC2

instanton(b, b−1, a, µf )ZC2
instanton(ib, (ib)−1, a, µf )

]2
(2.4.18)
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where µf = {µ1, µ2, µ3, µ4}. From the discussion above, these are two copies of four
points conformal blocks of the two sectors of LG: Liouville and matter

ZS
2×S2

instanton(q, b, b−1, a, µf ) '
[
FL α2 α3

α1 α α4(τ)FM α2 α3
α1 α α4(τ)

]2
=
[
FLG α2 α3

α1 α α4(τ)
]2
.

(2.4.19)
The full partition function (2.3.25) in the sector ~m = ~n = 0 is then expressible as

ZS
2×S2

full (q, b, b−1, a, µf ) ∝
∫
dαCLG(α1, α2, α)CLG(ᾱ, α3, α4)

[
FLG α2 α3

α1 α α4(τ)
]2
.

(2.4.20)
Few remarks are in order here. First of all, the holomorphicity in its arguments of
the supersymmetric partition function under scrutiny is reflected in the holomorphic
gluing of building blocks of the corresponding CFT, in contrast to the one appearing
in correlation functions of Liouville gravity. Moreover, we underline that the three-
point numbers of the matter sector CM naturally arising in the gauge theory context
are strictly speaking not the ones of generalised minimal model. Indeed they do not
obey the selections rules of this model, and were introduced in [156] only as a technical
tool to solve the relevant bootstrap equations. Indeed to get the physical three-point
functions one has to multiply them by a suitable non-analytic term which takes into
account the selection rule (see eq(3.16) in [156] and also [19]). We remark that a CFT
which consistently makes use of the analytic three-point correlator CM appearing in the
gauge theory can be formulated [129].

2.A Full N = 2 Supersymmetry

In this appendix we give the detailed calculations of the results stated in subsection
2.1.2.

We proceed by writing the most general form for supersymmetric variation for the
gauginos, consistent with the properties of positivity of mass of background fields, their
gauge neutrality, and balancing of masses and U(1)R charges. We have

QλA = k1
2 σ

µνξA(Fµν + 8φ̄Tµν + 8φWµν) + a1σ
µξ̄ADµφ+ b1σ

µDµξ̄Aφ+ c1ξA[φ, φ̄] + d1DABξ
B,

Qλ̄A = k2
2 σ̄

µν ξ̄A(Fµν + 8φT̄µν + 8φ̄W̄µν) + a2σ̄
µξADµφ̄+ b2σ̄

µDµξAφ̄− c2ξ̄A[φ, φ̄] + d2DAB ξ̄
B.

(2.A.1)
Consider now the square of the supersymmetry transformation acting on the scalar

fields

Q2φ = −iξA(QλA) = −ia1ξ
Aσµξ̄ADµφ− ib1ξAσµDµξ̄Aφ− ic1ξ

AξA[φ, φ̄],
Q2φ̄ = −iξ̄A(Qλ̄A) = +ia2ξ̄

Aσ̄µξADµφ̄+ ib2ξ̄
Aσ̄µDµξAφ̄− ic2ξ̄

Aξ̄A[φ, φ̄].
(2.A.2)

From the above, it clearly follows that V µ = ia1ξ̄
Aσ̄µξA = ia2ξ̄

Aσ̄µξA. We define
a ≡ a1 = a2. We also infer that Φ = c1ξ

AξAφ̄ − c2ξ̄
Aξ̄Aφ. We will return to Q2φ and

Q2φ̄ momentarily to investigate the scaling and the U(1)R terms.
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Consider now the Q2Aµ

Q2Aµ =iξAσµ(Qλ̄A)− iξ̄Aσ̄µ(QλA)

= i

2F
ρσ
(
k2ξ

Aσµσ̄ρσ ξ̄A − k1ξ̄
Aσ̄µσρσξA

)
+ 4i

(
k2φT̄

ρσξAσµσ̄ρσ ξ̄A − k1φ̄T
ρσ ξ̄Aσ̄µσρσξA

)
+ 4i

(
k2φ̄W̄

ρσξAσµσ̄ρσ ξ̄A − k1φW
ρσ ξ̄Aσ̄µσρσξA

)
+ ia

(
ξAσµσ̄νξAD

ν φ̄− ξ̄Aσ̄µσν ξ̄ADνφ
)

+ i
(
b2φ̄ξ

Aσµσ̄νD
νξA − b1φξ̄Aσ̄µσνDν ξ̄A

)
− i[φ, φ̄]

(
c1ξ

Aσµξ̄A + c2ξ̄
Aσ̄µξA

)
− iDAB

(
d2ξ

Aσµξ̄
B − d1ξ̄

Aσ̄µξ
B
)

(2.A.3)

The commutator term must vanish by the assumptions on the nature of Q2, which
implies c1 = c2 ≡ c. Similarly the vanishing of the DAB requires d1 = d2, which can
now be absorbed in DAB, and we will therefore set d1 = d2 = 1. We want the term
with F ρσ to equal V νFνµ, which forces k1 = k2 = (a/2) ≡ k as can be seen after some
algebraic manipulations of the spinor products. The terms that remain are the ones with
the background fields and the ones with the derivatives of the scalar field:

4i
(
k2φT̄

ρσξAσµσ̄ρσ ξ̄A − k1φ̄T
ρσ ξ̄Aσ̄µσρσξA

)
+4i

(
k2φ̄W̄

ρσξAσµσ̄ρσ ξ̄A − k1φW
ρσ ξ̄Aσ̄µσρσξA

)
+ai

(
ξAσµσ̄νξAD

ν φ̄− ξ̄Aσ̄µσν ξ̄ADνφ
)
.

(2.A.4)

We require these terms to be equal to the gauge variation

DµΦ = cξAξADµφ̄− cξ̄Aξ̄ADµφ+ 2cφ̄ξADµξA − 2cφξ̄ADµξ̄A. (2.A.5)

Equating the terms with the derivatives of the scalar field on the two sides gives c = ia
while equating the terms in φ̄ we get

2iaξADµξA = −4ik(T ρσ −W ρσ)ξAσρσσµξ̄A + ib2ξ
Aσ̄νD

νξA. (2.A.6)

We note that this is satisfied when

aDµξA = −2k(T ρσ −W ρσ)σρσσµξ̄A + b2
2 σµσ̄νD

νξA. (2.A.7)

Contracting either side with σµ we find that a = 2b2. Similarly starting with the equation
for φ we find that a = 2b1. We also find analogously the equation

aDµξ̄A = −2k(T̄ ρσ − W̄ ρσ)σ̄ρσσ̄µξA + b2
2 σ̄µσνD

ν ξ̄A. (2.A.8)
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Define b ≡ b1 = b2. We now return to expressions for Q2φ, Q2φ̄ and Q2Aµ and identify
the remaining terms. Consider first the equation for Q2φ and Q2φ̄. Since we have
identified the Lie derivative term and the gauge transformation term, the remaining
terms must combine to give the scaling and the U(1)R terms. Therefore

4ik(Dµξ̄
Aσ̄µξA + ξ̄Aσ̄µDµξA) + 2Θ = ib1Dµξ̄

Aσ̄µξA

4ik(Dµξ̄
Aσ̄µξA + ξ̄Aσ̄µDµξA)− 2Θ = ib2ξ̄

Aσ̄µDµξA
(2.A.9)

which gives

Θ = ib

4 (Dµξ̄
Aσ̄µξA − ξ̄Aσ̄µDµξA). (2.A.10)

Consider now Q2Aµ. We are left with the following terms.

4i
(
k2φT̄

ρσξAσµσ̄ρσ ξ̄A − k1φ̄T
ρσ ξ̄Aσ̄µσρσξA

)
+ 4i

(
k2φ̄W̄

ρσξAσµσ̄ρσ ξ̄A − k1φW
ρσ ξ̄Aσ̄µσρσξA

)
+ ia

(
ξAσµσ̄νξAD

ν φ̄− ξ̄Aσ̄µσν ξ̄ADνφ
)
.

(2.A.11)

We require that these combine to give the appropriate gauge transformation term

Dµ
[
2ik(ξAξAφ− ξ̄Aξ̄Aφ̄)

]
(2.A.12)

which happens when equations (2.A.7) and (2.A.8) are satisfied.
Note that we can rescale the gauginos and the auxiliary field to get rid to the nor-

malization k (or equivalently a, b or c). We therefore set k = 1. We summarize the
expressions for the generators of the bosonic symmetries that we have found till now:

V µ = 2iξ̄Aσ̄µξA,

w = 1
4Dµv

µ

Θ = i

4(Dµξ̄
Aσ̄µξA − ξ̄Aσ̄µDµξA)

Φ = 2iφ̄ξAξA − 2iφξ̄Aξ̄A.

(2.A.13)

We now study Q2λA. The case of Q2λ̄A is analogous and will not be detailed. In
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doing so, will find the expression for QDAB and also show that Wµν vanishes.

Q2λA =1
2σ

µνξA
(
QFµν + 8(Qφ̄)Tµν + 8(Qφ)Wµν

)
+ 2σµξ̄A

(
Dµ(Qφ)− i[QAµ, φ]

)
+ σµDµξ̄A(Qφ)

+ 2iξA[Qφ, φ̄] + 2iξA[φ.Qφ̄] + QDABξ
B

= i

2σ
µνξA

[
Dµξ

Bσν λ̄B + ξBσνD̄µλB

−Dµξ̄
Bσ̄νλB − ξ̄Bσ̄νDµλB

−Dνξ
Bσµλ̄B − ξBσµD̄νλB

+Dν ξ̄
Bσ̄µλB + ξ̄Bσ̄µDνλB

]
+ 4iσµνξATµν(ξ̄Bλ̄B)− 4iσµνξAWµν(ξBλB)
− 2iσµξ̄A(Dµξ

BλB)− 2iσµξ̄A(ξBDµλB)
+ 2σµξ̄A[ξBσµλ̄B − ξ̄Bσ̄µλB, φ]− iσµDµξ̄A(ξBλB)
− 2ξA[φ̄, ξBλB]− 2ξA[φ, ξ̄Bλ̄B]
+ (QDAB)ξB.

(2.A.14)

Since we know what form we should force Q2λA to take, we can rearrange the above
terms to obtain them. We try to cancel all the offending terms by postulating the form
for the supersymmetric variation of the auxiliary field (as we did in the chiral case). We
find that

QDAB = −2iξ̄(Aσ̄
µDµλB) + 2iξ(Aσ

µDµλ̄B) − 4
[
φ, ξ̄(Aλ̄B)

]
+ 4

[
φ̄, ξ(AλB)

]
. (2.A.15)

We also find the form of ΘAB as follows:

ΘAB = −iξ(Aσ
µDµξ̄B) + iDµξ(Aσ

µξ̄B). (2.A.16)

We rediscover the main Killing equation as the co-efficient of the terms with λ̄

2i(λ̄Bσ̄µξA)
(
DµξB + T ρσσρσσµξ̄B −

1
4σµσ̄νD

νξB

)
. (2.A.17)

And finally, consider the term with Wµν :

− 4iσµνWµν(ξBλB)ξA = −4iσµνWµν
[
(ξBξB)λA + (ξAλB + ξBλA)ξB

]
. (2.A.18)

We see that while the second parenthesis can possibly be absorbed into QDAB, the first
term remains and does not fit the desired form for Q2λA which implies that Wµν = 0.
Finally, let us consider Q2DAB. After a routine calculation, and using the main Killing
equation we recover the expression written above, except one failure term:

− iφ(ξ̄(Aσ̄
µσνDµDν ξ̄B) − 4ξ(Aσ

µσ̄ρσ ξ̄B)DµT̄ρσ)
+ iφ̄(ξ(Aσ

µσ̄νDµDνξB) − 4ξ̄(Aσ̄
µσρσ ξ̄B)DµTρσ)
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which yield the following two auxiliary equations

σµσ̄νDµDνξA + 4DλTµνσ
µνσλξ̄A = M1ξA,

σ̄µσνDµDν ξ̄A + 4DλT̄µν σ̄
µν σ̄λξA = M2ξ̄A.

(2.A.19)

We note that there is no reason, at the level of the supersymmetry algebra from the
above approach, to have a single scalar background field M .

2.B Generic twisting solutions

It is possible to derive solutions for (2.2.7) (2.2.2) of the same kind of (2.2.37) for a
generic four-manifold admitting a U(1) isometry generated by a Killing vector V .

Such a solution will generate the vector V as in (2.2.14).
In this general setting we have to turn on the whole SU(2)R bundle and the Witten

twist (2.2.8) becomes

G B
µA =

3∑
k=1

Gkµ σ
(k)B
A (2.B.1)

with

G1 = −1
2(ω14 + ω23), G2 = −1

2(ω13 − ω24), G3 = −1
2(ω12 + ω34), (2.B.2)

where ωab denote the components of the spin connection one-form. This twist admits
the following solution for equations (2.2.7) (2.2.2)

ξ1 = i

4

(
V3 + iV4
V1 + iV2

)
, ξ2 = i

4

(
V1 − iV2
−V3 + iV4

)
, ξ̄1 =

(
1
0

)
, ξ̄2 =

(
0
1

)
,

(2.B.3)
(where Va = eµaVµ) and the background fields are chosen as

T = − 1
32(dζ)−, S̄ = 1

32(dζ)+, T̄ = 0, S = 0, M = 0, (2.B.4)

where the superscripts − and + denote the anti self-dual and the self-dual part respec-
tively and ζ = ?ιV ? 1.

2.C Untwisted solutions

In this appendix we summarize solutions to equations (2.2.1),(2.2.2) that follow from
assumptions of the vanishing of SU(2)R gauge field and the direct product decomposition
of ξA in terms of conformal Killing spinors on 2-spheres. However, these solutions have
the disadvantage of not being real in the sense of equation (2.2.4). We are not using the
solutions derived in this appendix in the rest of the Chapter, but we summarize them
here for possible future applications.

To solve the equations we consider the following ansatze:
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• The SU(2)R gauge field is zero
Gµ

B
A = 0. (2.C.1)

Since this condition implies there is no mixing between different SU(2)R compo-
nents, we will drop the indices A,B, . . . for the remainder of this subsection.

• The background fields Tµν , T̄µν are respectively anti self-dual and self-dual combi-
nation of the two-dimensional volume forms in the two sphere ω(1), ω(2).

T ≡ 1
2Tµν dx

µ ∧ dxν = t(ω(1) − ω(2)),

T̄ ≡ 1
2 T̄µν dx

µ ∧ dxν = t̄(ω(1) + ω(2)).
(2.C.2)

where t and t̄ are complex numbers (the bar does not imply that they are complex
conjugates).

• The candidate solution ξ is a tensor product of two-dimensional Killing spinors on
each sphere

ξ = ε(1) ⊗ ε(2) (2.C.3)
where ε(1) = ε(1)(θ1, ϕ1) and ε(2) = ε(2)(θ2, ϕ2). The spinor on the right hand side,
ξ′ has an analogous decomposition ξ′ = ε′(1) ⊗ ε′(2).

Through these assumptions, we intend to decompose (2.2.1) and (2.2.2) into tensor
products of equations on either spheres. To do this we use the following representation
for the gamma matrices

γ1 = σ1 ⊗ 1l, γ2 = σ2 ⊗ 1l,
γ3 = σ3 ⊗ σ1, γ4 = σ3 ⊗ σ2, γ5 = σ3 ⊗ σ3 = −γ1γ2γ3γ4.

(2.C.4)

Using these facts and the ansatze at the beginning of this section for the background
fields and spinors we obtain

(D(1)ε(1) ⊗ ε(2)) + (ε(1) ⊗D(2)ε(2))
+ i(t̄+ t)

[
(σ3 σ(1)ε(1) ⊗ ε(2)) + (ε(1) ⊗ σ(2)ε(2))

]
+ i(t̄− t)

[
(σ(1)ε(1) ⊗ σ3 ε(2)) + (σ3 ε(1) ⊗ σ3 σ(2)ε(2))

]
= −i(σ(1)ε

′
(1) ⊗ ε′(2))− i(σ3 ε

′
(1) ⊗ σ(2)ε

′
(2))

(2.C.5)

where the labels (1) and (2) mean “relative of the first and the second sphere” respectively,
and10

D(1) = d(1) + 1
2Ω12

(1)σ12 D(2) = d(2) + 1
2Ω34

(2)σ12

d(1) = ∂θ1 dθ1 + ∂ϕ1 dϕ1 d(2) = ∂θ2 dθ2 + ∂ϕ2 dϕ2

σ(1) = e1σ1 + e2σ2 σ(2) = e3σ1 + e4σ2

Ωab
(1) = Ωab

ϕ1 dϕ1 a, b = 1, 2 Ωa−2,b−2
(2) = Ωab

ϕ2 dϕ2 a, b = 3, 4.

(2.C.6)

10 In this subsection we use the symbol Ω for the spin connection, this is to avoid confusion with the
volume forms.
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The vielbein are

e1 = r1dθ1 e2 = r1 sin θ1dϕ1 e3 = r2dθ2 e4 = r2 sin θ2dϕ2. (2.C.7)

The conformal Killing spinors in two dimension for the S2 metric are already known
[21]. These are spanned by the solutions to the following equations

Dε± = ± i

2re
aσaε±. (2.C.8)

One can find an alternate basis for the Killing spinors, where the elements of the basis
satisfy

Dε̂± = ± 1
2re

aσaσ3ε̂±. (2.C.9)

The two basis are related by
ε̂± = (1l + iσ3)ε±. (2.C.10)

Corresponding to each sign, in either of the two equations, there are two linearly in-
dependent solutions. For example, the solutions to equation (2.C.8) are given (up to
normalization) by

ε+,1 = e−(i/2)ϕ
(

sin θ/2
−i cos θ/2

)
, ε+,2 = e(i/2)ϕ

(
cos θ/2
i sin θ/2

)
,

ε−,1 = e−(i/2)ϕ
(

sin θ/2
i cos θ/2

)
, ε−,2 = e(i/2)ϕ

(
cos θ/2

−i sin θ/2

)
.

(2.C.11)

The linearly independent solutions to (2.C.9) may be found using the above solutions
and equation (2.C.10). It must be noted that the sign of ε does not indicate its chirality,
and indeed solutions of definite “positivity” do not have definite chirality.

We use the existence of these solutions to rewrite (2.C.5) into an algebraic equation.
To do so, let us notice that on the left hand side of equation (2.C.5), we have the terms
(D(1)ε(1) ⊗ ε(2)) as well as of the form (σ3 σ(1)ε(1) ⊗ ε(2)). This suggests that we should
take ε(1) to be a solution of equation (2.C.9), and ε′(1) to be proportional to σ3ε(1) (with
r = r1). Similarly, because the left hand side of (2.C.5) contains ε(1) ⊗ D(2)ε(2) and
ε(1) ⊗ σ(2)ε(2), we are compelled to choose ε(2) as a solution of (2.C.8) (with r = r2) and
ε′(2) to be proportional to ε(2). Equation (2.C.5) then decomposes into two algebraic
equations for Killing spinors on either spheres if we take the coefficient (t̄ − t) = 0 (as
the terms with this coefficient do not conform to the pattern of the other terms and to
equations (2.C.8) and (2.C.9)).

Incorporating these observations in (2.C.5), we get:

(D(1)ε(1) ⊗ ε(2)) + (ε(1) ⊗D(2)ε(2))
+ 2it

[
(σ3 σ(1)ε(1) ⊗ ε(2)) + (ε(1) ⊗ σ(2)ε(2))

]
= −iC

[
(σ(1)σ3ε(1) ⊗ ε(2))− i(ε(1) ⊗ σ(2)ε(2))

] (2.C.12)

where C is a proportionality constant; ε(1) and ε(2) are solutions of (2.C.9) and (2.C.8)
respectively. It is obvious that up on using equations (2.C.9) and (2.C.8) we are left
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with purely algebraic equations that can be easily solved for t and C in terms of r1 and
r2. We have four families of solutions in all, corresponding to four choices of signs that
can be made. The solutions can be summarized as:

ξ = ε̂±(1) ⊗ ε
±′
(2); C = 1

4

(
± i

r1
∓′ 1

r2

)
; t = t̄ = 1

16

(
∓ i

r1
±′ 1

r2

)
. (2.C.13)

The auxiliary equation (2.2.2) may be decomposed in a similar manner. It turns
out that the value of the scalar background field M is the same for all four families of
solutions and is given by

M = −
( 1
r2

1
+ 1
r2

2

)
. (2.C.14)

Note that since for each choice of sign in either equations (2.C.9) or (2.C.8), we have
a 2-complex dimensional family of solutions, each family of solutions is the complex span
of four linearly independent spinors.

Finally we would like to return to the standard Clifford algebra representation

γa =
(

0 σa
σ̄a 0

)
a = 1, . . . , 4. (2.C.15)

To do that we use the following unitary transformation

T =


0 1 0 0
0 0 1 0
i 0 0 0
0 0 0 i

 (2.C.16)

We may then use two of the four solutions in any one given family, and put them in an
SU(2)R doublet.

2.D Conventions

2.D.1 Notation

Latin indices {a, b, . . . } are used for flat space coordinates, and are used for both real
coordinates a, b = 1, 2, 3, 4 and complex coordinates a, b = 1, 1̄, 2, 2̄. Greek indices
{µ, ν, . . . } are used for curved space coordinates, real µ, ν = θ1, ϕ1, θ2, ϕ2 or complex
µ, ν = z, z̄, w, w̄. Any ambiguities in this notation should be clarified from the context.

The metric in the flat space δab is link with the metric in curved space gµν via the
vierbein eaµ

gµν = eaµe
b
νδab. (2.D.1)
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2.D.2 Metrics

The metric of S2 × S2 in real coordinates is

ds2 = gµνdx
µdxν = δabe

aeb

= r2
1(dθ2

1 + sin2 θ1dϕ
2
1) + r2

2(dθ2
2 + sin2 θ2dϕ2

2).
(2.D.2)

Therefore the vierbein 1-forms ea = eaµdx
µ are

e1 = r1dθ1, e2 = r1 sin θ1dϕ1, e3 = r2dθ2, e4 = r2 sin θ2dϕ2. (2.D.3)

As a complex manifold (P1 × P1) the metric is written as two copies of the Fubini-
Study metric

ds2 = 2gzz̄(z, z̄)dzdz̄ + 2gww̄(w, w̄)dwdw̄

= 4r2
1

dzdz̄

(1 + |z|2)2 + 4r2
2

dwdw̄

(1 + |w|2)2 ,
(2.D.4)

The change of variables from real to complex coordinates is

z = tan(θ1/2)eiϕ1 , w = tan(θ2/2)eiϕ2 . (2.D.5)

The flat metric in complex coordinate has the following nonzero components δ11̄ =
δ22̄ = 1

2 , δ11̄ = δ22̄ = 2. Then defining √g1 := 2gzz̄ and √g2 := 2gww̄ we can write
rewrite the metric (2.D.4) using complex vierbein 1-forms

ds2 = e1e1̄ + e2e2̄ (2.D.6)

where
e1 = g

1/4
1 dz, e1̄ = g

1/4
1 dz̄, e2 = g

1/4
2 dw, e2̄ = g

1/4
2 dw̄. (2.D.7)

Moreover we can write the non-zero Christoffel symbols of the Levi-Civita connection as

Γzzz = 1
2∂z log g1, Γz̄z̄z̄ = 1

2∂z̄ log g1,

Γwww = 1
2∂w log g2, Γw̄w̄w̄ = 1

2∂w̄ log g2,
(2.D.8)

and the relative spin connection11 ωµ := −2iωµ11̄, ω′µ := −2iωµ22̄ as

ωz = i

4∂z log g1, ωz̄ = − i4∂z̄ log g1,

ω′w = i

4∂w log g2, ω′w̄ = − i4∂w̄ log g2.

(2.D.9)

The explicit expression for the non zero components of the spin connection in complex
coordinates are

ωz = −i z̄

1 + |z|2 , ωz̄ = i
z

1 + |z|2 , ω′w = −i w̄

1 + |w|2 , ω′w̄ = i
w

1 + |w|2 . (2.D.10)

11 The convention for the spin connection is ωabµ = e
[a
ν ∂µe

b]ν + e
[a
ν e

b]ρΓνµρ.
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If one prefers to work in polar coordinates, the spin connection (ωµ = ωµ12, ω′µ = ωµ34)
is

ωθ1 = ω′θ2 = 0, ωϕ1 = − cos θ1, ω′ϕ2 = − cos θ2. (2.D.11)

The Riemann tensor Rµνρσ has two independent components

Rzz̄zz̄ = −1
2gzz̄gzz̄R1, Rww̄ww̄ = −1

2gww̄gww̄R2, (2.D.12)

where R1 and R2 are the summands of the Riemann scalar R = R1 + R2 related
respectively to the first and second sphere, which are expressed as

R1 = − 2
√
g1
∂z∂z̄ log g1 = 2

r2
1
, R2 = − 2

√
g2
∂w∂w̄ log g2 = 2

r2
2
. (2.D.13)

Finally using the spin connection is possible to write the action of the covariant derivative
on spinors

∇µψ =
(
∂µ + i

2(ωµ − ω′µ)σ3
)
ψ, ∇µψ̄ =

(
∂µ + i

2(ωµ + ω′µ)σ3
)
ψ̄. (2.D.14)

And on 1-forms
∇µXa = eνa∇µXν (2.D.15)

where ∇µ on the r.h.s. is the Levi-Civita connection.

2.D.3 Spinor convention

Left and right chirality spinors are denoted ξAα and ξ̄ α̇
A . The multiplication of spinors is

usually implicit as ξAξA = ξAαξAα = εABεαβξBβξAα and ξ̄Aξ̄A = ξ̄Aα̇ξ̄
Aα̇ = εABεα̇β̇ ξ̄

β̇
A ξ̄ α̇

B .
The invariant antisymmetric tensors are εαβ, εαβ for left chirality spinors, εα̇β̇, εα̇β̇ for
right chirality ones, with ε12 = 1 ε12 = −1. Our choice for the two set of matrices (σa)αα̇,
(σ̄a)α̇α (a = 1, 2, 3, 4) is

σa = {−iσj , 1l}, j = 1, 2, 3,
σ̄a = {+iσj , 1l}, j = 1, 2, 3,

(2.D.16)

where σj are the Pauli matrices. Their expression with curved indices is derived using
vierbein:

σµ = eaµσa, σ̄µ = eaµσ̄a. (2.D.17)

The generators of rotations for left and right chirality spinors are respectively

σab = 1
2(σaσ̄b − σbσ̄a), σ̄ab = 1

2(σ̄aσb − σ̄bσa). (2.D.18)

Note that σab is anti self-dual and σ̄ab is self-dual.



Chap. 2. Supersymmetric theory on S2 × S2 and Liouville gravity. 55

Some useful identities of the sigma matrices are

σaσ̄b + σbσ̄a = 2δab,
σ̄aσb + σ̄bσa = 2δab,
σaσ̄bσc = δabσc + δbcσa − δacσb + εabcdσ

d,

σ̄aσbσ̄c = δabσ̄c + δbcσ̄a − δacσ̄b − εabcdσ̄d.

(2.D.19)

The last two identities imply

σabσc = −4P−abcdσ
d, σ̄abσ̄c = −4P+

abcdσ̄
d, (2.D.20)

where P− and P+ are given by

P±abcd = 1
4(δacδbd − δadδbc ± εabcd). (2.D.21)

and are projectors on the anti-self dual and self dual forms respectively.
Others useful identities are

(σ̄µ)α̇α(σµ)ββ̇ = 2δαβ δα̇β̇ ,

(σµ)αα̇(σµ)ββ̇ = 2εαβεα̇β̇,

(σ̄µ)α̇α(σ̄µ)β̇β = 2εαβεα̇β̇.

(2.D.22)

2.E Special functions

The Barnes’ double zeta function ζ2 has the following integral representation:

ζ2(x; s|ε1, ε2) = 1
Γ(s)

∫ ∞
0

dt ts−1 e−tx

(1− e−ε1t)(1− e−ε2t) . (2.E.1)

This integral is well-defined if Re ε1 > 0, Re ε2 > 0, Rex > 0 and can be analytically
continued to all complex values of ε1 and ε2 except when ε1

ε2
6= a with a ∈ R<0. The

following series expansion of ζ2 for ε1 > 0, ε2 > 0 is convergent if Re s > 2:

ζ2(x; s|ε1, ε2) =
∑

m,n≥0
(x+mε1 + nε2)−s. (2.E.2)

The Barnes’ double Gamma function Γ2, defined by

log Γ2(x|ε1, ε2) = d

ds

∣∣∣
s=0

ζ2(x; s|ε1, ε2), (2.E.3)

is analytic in x except at the poles at x = −mε1 − nε2 with m,n ∈ Z. Define

γε1,ε2(x) = d

ds

∣∣∣
s=0

1
Γ(s)

∫ ∞
0

dt ts−1 e−tx

(1− eε1t)(1− eε2t) . (2.E.4)
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Then
γε1,ε2(x) = log Γ2(x| − ε1,−ε2). (2.E.5)

The function Γ2 has the following infinite-product representations:

Γ2(x|ε1, ε2) =



∏
m,n≥0

(
x+mε1 + nε2

)−1 if ε1 > 0, ε2 > 0,

∏
m,n≥0

(
x+mε1 − (n− 1)ε2

)
if ε1 > 0, ε2 < 0,

∏
m,n≥0

(
x− (m− 1)ε1 + nε2

)
if ε1 < 0, ε2 > 0,

∏
m,n≥0

(
x− (m− 1)ε1 − (n− 1)ε2

)−1 if ε1 < 0, ε2 < 0.

(2.E.6)

The function Γ2 satisfies the following multiplicative identity

Γ2(x+ ε1|ε1, ε2)Γ2(x+ ε2|ε1, ε2) = xΓ2(x|ε1, ε2)Γ2(x+Q|ε1, ε2) (2.E.7)

where Q = ε1 + ε2, the shift identities

Γ2(x+ ε1|ε1, ε2) =
√

2πε1/2−x/ε22
Γ(x/ε2) Γ2(x|ε1, ε2),

Γ2(x+ ε2|ε1, ε2) =
√

2πε1/2−x/ε11
Γ(x/ε1) Γ2(x|ε1, ε2).

(2.E.8)

The Upsilon function is defined as

Υε1,ε2(x) = 1
Γ2(x|ε1, ε2)Γ2(Q− x|ε1, ε2) = Υε1,ε2(Q− x) (2.E.9)

It exhibits the shift property

Υε1,ε2(x+ ε1) = ε
2x/ε2−1
2 γ(x/ε2)Υε1,ε2(x),

Υε1,ε2(x+ ε2) = ε
2x/ε1−1
1 γ(x/ε1)Υε1,ε2(x),

(2.E.10)

where
γ(x) = Γ(x)

Γ(1− x) . (2.E.11)



Chapter 3

Supersymmetric theory on P2 and
Donaldson invariants.

In this Chapter we generalize the result of Chapter 2 to general complex compact toric
surfaces.

Using localization we show that the path integral is again governed by point-like
instantons sitting at the fixed points of the toric action. The contribution related to
each of these fixed points is given by a copy of the Nekrasov partition function on the
tangent space to the point, that is a copy of the Omega-background with equivariant
parameters determined by the fan of the toric manifold. Some of these parameters,
called aρ, describe the change of framing at infinity of the point-like instanton, they
correspond to the v.e.v. of the classical solution of the supersymmetric minima equation
for the scalar field Φ and, as such, they have to be integrated over.

We work out this integration for U(2) theories on the complex projective plane P2

by specifying the contour and by spelling out the conditions imposed on the fixed point
data by the stability conditions on the equivariant sheaves.

We treat separately the case of odd and even first Chern class. In the first case
we show that the partition function with the insertion of local and surface observables
reproduce the generating function of equivariant Donaldson invariants obtained in [75].
In the second case we obtain a similar formula that we conjecture to be the generating
function of equivariant Donaldson invariants in the presence of reducible connections.
Since this last case has not been calculated in [75], we match the non-equivariant limit
of our result with the SU(2) ordinary Donaldson polynomials computed in [66]. This
result gives a robust confirmation of a conjecture made by Nekrasov [120].

Finally we consider N = 2∗ gauge theory, that is Super-Yang-Mills theory in presence
of a hypermultiplet of mass M in the adjoint representation. This theory interpolates
between pure N = 2 in the decoupling limit M → ∞ and N = 4 for M → 0. In the
latter case the partition function is expected to be the generating function of the Euler
characteristic of the moduli spaces of unframed sheaves. We check this for U(2) gauge
theories on P2. For odd first Chern class we get results in agreement with [102], and
for even first Chern class we compare with the results obtained by Yoshioka using finite
field methods [152, 142].

57
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3.1 N = 2 theory on complex surfaces and Hermitian Yang
Mills bundles

In this section we discuss U(N) N = 2 gauge theories on complex surfaces and specify
the results of [17] to toric surfaces.

Four dimensional N = 2 gauge theories can be considered on any orientable four
manifold M upon a proper choice of the R-symmetry bundle [144]. The sum over
the physical vacua contributing to the supersymmetric path-integral depends of course
on the specific gauge group at hand. In the case of SU(N) gauge theories, these are
completely described in terms of anti-selfdual connections F+ = 0, once the orientation
on M is chosen. In the U(N) case extra contributions arise from gauge bundles with
non trivial first Chern class. Indeed, beyond anti-instantons, one has to consider gauge
bundles with first Chern class aligned along H+(X,Z). This led in [17] to consider the
gauge fixing of the supersymmetric path-integral in a split form, where the U(1) sector
is treated separately. If M is an hermitian manifold , an equivalent procedure is given
by gauge fixing the path-integral to Hermitian-Yang-Mills (HYM) connections

F (2,0) = 0
gīFī = λ1l

(3.1.1)

where F (2,0) is the (2, 0) component of the gauge curvature in a given complex structure,
g is the hermitian metric on M and λ is a real parameter.

If the manifold M is Kähler, then (3.1.1) reads

F (2,0) = 0
ω ∧ F = λω ∧ ω1l

(3.1.2)

where λ = 2π
∫
M
c1(E)∧ω

r(E)
∫
M
ω∧ω = 2πµ(E)∫

M
ω∧ω and µ(E) is the slope of the vector bundle. Here

r(E) = N is the rank of E and c1(E) = 1
2πTrFE its first Chern class.

In the rest of the Chapter we consider Kähler four manifolds admitting a U(1) action
with isolated fixed points. In this case, as shown in [17], one can improve the super-
symmetric localization technique by making it equivariant with respect to such a U(1)
action and localize on point-like instantons. The resulting partition function is obtained
by a suitable gluing of Nekrasov partition functions which includes the sum over fluxes
and the integration over the Coulomb parameters.

In the twisted variables, the supersymmetry reads as

QA = Ψ, QΨ = iιV F +DΦ, QΦ = iιV Ψ,
QΦ̄ = η, Qη = i ιVDΦ̄ + i[Φ, Φ̄],
Qχ+ = B+, QB+ = iLV χ+ + i[Φ, χ+].

(3.1.3)

In (3.1.3) ιV is the contraction with the vector field V and LV = DιV + ιVD is the
covariant Lie derivative. On a Kähler four manifold self-dual forms split as

χ+ = χ(2,0) ⊕ χ(0,2) ⊕ χω and B+ = B(2,0) ⊕B(0,2) ⊕ b ω. (3.1.4)
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Let us notice that the supercharge (3.1.3) manifestly satisfies Q2 = iLV +δgauge
Φ . Consis-

tency of the last line implies that the V -action preserves the self-duality of B+ and χ+,
that is LV ? = ?LV , where ? is the Hodge-? and LV = dιV + ιV d is the Lie derivative.
This condition coincides with the requirement that V generates an isometry of the four
manifold.

The supersymmetric Lagrangian we consider is

L = iτ

4π
(

TrF ∧ F − cTrF ∧ TrF
)

+ γ ∧ TrF +QV (3.1.5)

where c is a constant1, τ is the complexified coupling constant, γ ∈ H2(M) is the source
for the c1 of the vector bundle and V is a gauge invariant localizing term, chosen in order
to implement the Hermitean-Yang-Mills equations, namely

V = −Tr
[
iχ(0,2) ∧ F (2,0) + iχ (ω ∧ F − λω ∧ ω1l) + Ψ ∧ ?(QΨ)† + η ∧ ?(Qη)†

]
. (3.1.6)

The integration over B(0,2) and b in (3.1.5) implies the Hermitean Yang-Mills equa-
tions (3.1.2) as delta-gauge conditions. In particular, the path integral over the field
b ensures the semi-stability of the bundle2. Recall that [101] a bundle E is said to be
(slope) semistable if for every proper sub-bundle G ⊂ E, the slope of the bundle µ(E),
defined below (3.1.2), is greater or equal than the slope of the sub-bundle µ(G). If it is
stricly greater E is said to be stable. If the bundle E admits a sub-bundle G, then the b
field has an integration mode proportional to the projector onto G, namely ib0ΠG. The
connection splits as

AE =
(
AG n
n† ?

)
(3.1.7)

and the curvature accordingly as

FE =
(
FG + n ∧ n† ?

? ?

)
. (3.1.8)

Let us focus on the integral along the above integration mode. The corresponding term
in the action comes from ∫

M
Tr [b (ω ∧ FE − λω ∧ ω1lE)] (3.1.9)

and reads

ib0

∫
M

Tr [ΠG (ω ∧ FE − λω ∧ ω1lE)] = ib0

[
2πr(G) (µ(G)− µ(E)) +

∫
M
|n|2

]
(3.1.10)

1 Different values of c in (3.1.5) produce different expansion in the final formula. The usual choice
is c = 0, which produces an expansion in the instaton number, or equivalently in the second Chern
character −ch2 = c22 − 1

2c
2
1 of the bundle. The choice c = 1 produces an expansion in the second Chern

class c2 and the choice c = 1
2 produces an expansion on the discriminant D of the bundle. In comparing

our result with the literature we will use the last two choices.
2 The semi-stability of the bundle and HYM condition are actually equivalent. This is the so called

Hitchin-Kobayashi correspondence, that was proven in [54, 139, 140].
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Therefore the path integral includes the term∫
db0e

ib0[2πr(G)(µ(G)−µ(E))+
∫
M
|n|2] ∼ δ

(
2πr(G) (µ(G)− µ(E)) +

∫
M
|n|2

)
(3.1.11)

which, because of
∫
M |n|2 ≥ 0, implies that the partition function is supported on vector

bundles E such that
µ(E) ≥ µ(G) (3.1.12)

for any sub-bundle G, that is on semi-stable vector bundles. Notice that this condition
depends on the point in the Kähler cone defining the polarization ω.

3.1.1 Equivariant observables

In this subsection we discuss equivariant observables in the topologically twisted gauge
theory. These are obtained by the equivariant version of the usual descent equations.

The scalar supercharge action can be written as the equivariant Bianchi identity for
the curvature F of the universal bundle as [16]

DF ≡ (−Q+D + iιV ) (F + ψ + Φ) = 0, (3.1.13)

where D is the covariant derivative. Therefore, for any given ad-invariant polynomial P
on the Lie algebra of the gauge group, we have

QP(F) = (d+ iιV )P(F) (3.1.14)

and the observables are obtained by intersection of the above with elements of the
equivariant cohomology of the manifold, Ω ∈ H•V (M) as

O (Ω,P) ≡
∫

Ω ∧ P(F). (3.1.15)

As far as the U(N) gauge theory is concerned, we can consider the basis of single
trace observables Pn(x) = 1

n Trxn with n = 1, . . . N .
The equivariant cohomology splits in even and odd parts which can be discussed

separately. We focus on the relevant observables corresponding to the even cohomology.
The two cases to discuss in the U(2) theory are n = 1, 2. The first

∫
M Tr F ∧ Ω is the

source term for the first Chern class and for the local observable Tr Φ(P ), where P is a
fixed point of the vector field V . The second is

1
2

∫
M

Ω[even] ∧ Tr F2 (3.1.16)

This generates

• the second Chern character of the gauge bundle
∫
M Tr(F ∧ F ) for Ω = 1 (the

Poincaré dual of M),
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• surface observables for Ω = ω +H, where ω is a V-equivariant element in H2(M)
and H a linear polynomial in the weights of the V-action satisfying dH = ιV ω.
Namely ∫

M
ω ∧ Tr

(
ΦF + Ψ2

)
+H Tr(F ∧ F ) (3.1.17)

• for Ω = (ω + H) ∧ (ω′ + H ′) + K, with ω + H and ω′ + H ′ as in the previous
item and K a quadratic, coordinate independent, polynomial in the weights of the
V-action, we get∫

M
ω∧ω′Tr Φ2 +(ωH ′+H ′ω)∧Tr

(
ΦF + 1

2Ψ2
)

+(HH ′+K) Tr(F ∧F ) (3.1.18)

• local observables at the fixed points Tr Φ2(P ), for Ω = δP the Poincaré dual of any
fixed point P under the V -action.

Let us remark that local observables in the equivariant case depend on the insertion
point via the equivariant weights of the fixed point. This is due to the fact that the
equivariant classes of different fixed points are distinct. From the gauge theory viewpoint
one has

Tr Φ2(P )− Tr Φ2(P ′) =
∫ P

P ′
ιV Tr

(
ΦF + 1

2Ψ2
)

+Q[. . .] (3.1.19)

so that the standard argument of point location independence is flawed by the first term
in the r.h.s.

Indeed the set of equivariant observables is richer than the set of non-equivariant ones.
Also the observables in (3.1.18) reduce in the non equivariant limit to local observables
up to a volume factor.

The mathematical meaning of these facts is that the equivariant Donaldson polyno-
mials give a finer characterization of differentiable manifolds. The physical one is that
the Ω-background probes the gauge theory via a finer BPS structure.

3.1.2 Gluino zero modes and contour integral prescription

An issue that we have not analyzed till now is the existence of gluino zero modes and
its consequences in the evaluation of the path integral.

The fermionic fields are the scalar η, the 1-form Ψ and the selfdual 2-form χ+. The
number of zero modes is given by the respective Betti numbers b0 = 1, b1 = 0 and b+2 = 1
times the rank of the gauge group3. Specifically, the χ+ zero mode is proportional to
the Kähler form ω.

The discussion on the integration on the zero-modes for the complete U(N) theory
is naturally split in the U(1) sector and the SU(N) sector. Actually, the two sectors
are different in nature. The first is related to a global symmetry of the theory while the
second to the structure of the moduli space at the fixed points of the supercharge of the
microscopic theory.

3We remind the reader that b+2 = 1 for all toric surfaces.



62 Sect. 3.1. N = 2 theory on complex surfaces and Hermitian Yang Mills bundles

The zero modes in the U(1) sector

The zero modes in the U(1) sector come as a quartet of symmetry parameters of the whole
twisted super-algebra. The c-number BRST charge implementing this shift symmetry is
given by

qA = 0, qΨ = 0, qΦ = κΦ1l, qκΦ = 0,
qΦ̄ = κΦ̄1l, qκΦ̄ = 0, qη = κη1l, qκη = 0,
qχ = κχω1l, qκχ = 0, qB = 0,

(3.1.20)

and the action of Q on the c-number parameters above is given by

QκΦ = 0, QκΦ̄ = −κη, Qκη = 0, Qκχ = 0, (3.1.21)

so that {Q, q} = 0. The κ-ghosts have to be supplemented by their corresponding anti-
ghosts κ̄I and Lagrange multipliers λI , with I ∈

{
Φ, Φ̄, η, χ

}
and qκ̄I = λI and qλI = 0.

It is needless to say that Qκ̄I = 0 and QλI = 0.
Notice that qV = 0. The gauge fixing fermion for the U(1) zero modes then reads

ν =
∑
I

κ̄I

∫
M

Tr(I)eω (3.1.22)

so that the gauge fixing action (Q+ q)ν gives a suitable measure to integrate out these
modes as a perfect quartet.

The only U(1) zero mode who survives is that of the B field which is still playing as
a Lagrange multiplier for the HYM equations.

Zero modes in the SU(N) sector and integration contour prescription

In this subsection we show that by correctly treating the issue of gaugino zero modes in
the SU(N) sector we get precise instructions about the integration on the leftover N −1
Cartan parameters aρ = aα − aβ.

The presence of gaugino zero modes implies a ghost number anomaly that has to
be compensated by the insertion of appropriate supersymmetric terms which cancel the
ghost number excess and soak-up the fermionic zero modes. The path integral as it
stands is indeed undefined and its measure has to be improved. In order to do this we
add to the localizing action the further term

Sgauginos = sQ
∫
M

Tr Φ̄0χ0ω = s

∫
M

Tr
{
η0χ0ω + Φ̄0b0ω

}
. (3.1.23)

where s is a complex parameter and only the zero modes of the fields enter. The final
result does not depend on the actual value of s as long as s 6= 0. The first term in the
r.h.s. of (3.1.23) contributes to the ghost number anomaly by one insertion per element
in the Cartan subalgebra of su(N). Once the integral over the N − 1 couples of gluino
zero modes (η0, χ0) is taken, we stay with an insertion of b-field zero mode per su(N)
Cartan element as ∏

ρ

(∫
da dā db0 (sω) esāb0ω

)
ρ
eQV (3.1.24)
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where ρ spans the su(N) Cartan subalgebra. By renaming ā→ ā/s and letting s→∞
we then get ∏

ρ

(∫
da dā

∂

∂ā

∫
db0
b0

eāb0ω
)
ρ
eQV|ā=0 . (3.1.25)

Similar arguments appeared in the evaluation of the low-energy effective Seiberg-Witten
theory [107]. The integrals over the N − 1 zero modes of b are taken by evaluating
at b = 0 by Cauchy theorem. This implies that the leftover integral over the Cartan
parameters is a total differential in the Φ̄ zero-mode variables, namely in āρ, so that it
gets reduced to a contour integral along the boundary of the moduli space of solutions
of the fixed points equations that will be discussed in the next subsection.

Let us notice that the way in which we have soaked up the (η, χ) fermionic zero modes
in (3.1.23) implies that the path integral localizes on configurations satisfying a more
general condition than the Hermitian Yang-Mills equation. This is due to the fact that
the b-field zero modes along the Cartan of su(N) are not playing the role of Lagrange
multipliers anymore. Therefore the gauge fixing condition results to be F+ = ωt, where
t is a constant Cartan element in u(N), instead of (3.1.2). The former is indeed the
condition satisfied by the supersymmetric fixed points that we will discuss in the next
subsection.

3.1.3 Localization onto the fixed points

The localization proceeds as follows: by setting the fermions to zero, the fixed points of
the supercharge read

ιVDΦ̄ + [Φ, Φ̄] = 0,
iιV F +DΦ = 0,

(3.1.26)

and their integrability conditions

ιVDΦ = 0,
LV F = [F,Φ].

(3.1.27)

By using the reality condition for the scalar fields Φ̄ = −Φ† and the first of (3.1.27), the
first of (3.1.26) splits in two, that is

ιVDΦ̄ = 0 and [Φ, Φ̄] = 0 (3.1.28)

which imply that Φ and Φ̄ lie in the same Cartan subalgebra. By reasoning in an
analogous way on the second equation in (3.1.27), we get that the gauge curvature too
is aligned along the Cartan subalgebra.

We now describe the solution in detail for compact toric manifolds. These latter are
described by their toric fan [71]. The supersymmetry algebra is equivariant with respect
to the maximal torus U(1)N+2, where the first factor is the Cartan torus of the gauge
group and the second is the isometry V of the four manifold4. In components, labeled

4We remind the reader that for toric surfaces V generates a (C∗)2-action, which correspond to a
complexification of the Ω-background parameters.
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by α = 1, . . . , N , we have

(F + Φ)α = F point
α + aα +

∑
`

k(`)
α ω(`) (3.1.29)

that is, F + Φ is the U(1)N+2 equivariant curvature of the bundle. The aα parameters
generate the U(1)N -action. Moreover ω(`) ∈ H2

V (M) is the V -equivariant two-form
Poincaré dual of the equivariant divisor D` corresponding to the `-th vector of the fan
(see figure 3.1).

D0

D1

D2

σ0
σ1

σ2

Figure 3.1: Toric fan of P2. σ` labels the cone of dimension two relative to the `-th C2

coordinates patch.

Let us denote by H(`) the zero-form part of ω(`). We get

Φα = aα +
∑
`

k(`)
α H(`) . (3.1.30)

The values of Φα at each fixed point P(κ) will be denoted by

a(κ)
α ≡ Φα

(
P(κ)

)
. (3.1.31)

In (3.1.29), F point is the contribution of point-like instantons located at the fixed points
of the U(1)2-action. For each of these fixed points we have then an independent contri-
bution given by the Nekrasov partition function associated to the affine patch where the
fixed point is sitting. In this framework, the contribution of point-like instantons corre-
spond to the one of ideal sheaves on C2 supported at the fixed points of the U(1)2-action,
labeled by Young diagrams

{
Y

(`)
α
} 5. We remind the reader that the Chern classes of

the point-like instantons are given by

c
(`)
1 =

N∑
α=1

k(`)
α ,

−ch(`)
2 =

N∑
α=1

∣∣Y (`)
α

∣∣. (3.1.32)

5Locally this compactification can be regarded as a non-commutative deformation in the affine patch
of M .
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Summarizing, we find that the localization procedure implies that the partition function
is written as a product of copies of the Nekrasov partition function in the appropriate
shifted variables glued by the integration over the Cartan parameters {aαβ}.

The integration contour is specified according to the discussion in the previous sub-
section as follows. Solving the fixed point equations we bounded the field theory phase
to the deep Coulomb branch by declaring Φ and Φ̄ to lie at a generic point in the Cartan
subalgebra where the gauge symmetry is maximally broken as U(N) → U(1)N . This
implies the integral over (a, ā) to be in CN−1 \ T where T is a tubular neighborhood of
the hyperplanes set ∆ = {aα − aβ = 0}. This choice guarantees maximal gauge sym-
metry breaking. Henceforth, by using Stokes theorem in formula (3.1.25), we find that
the complete partition function is given by a contour integral around the above regions
of the leftover terms in the path integral evaluation. In particular, for N = 2 we find a
single contour integral around the origin in C.

Moreover, the stability condition on the equivariant unframed sheaves induces con-
straints on the allowed values of the fixed points data

{
k

(`)
αβ := k

(`)
α − k

(`)
β

}
. We will

describe in section 3.2 the details of all this for U(2) gauge theories on P2.

3.2 Exact partition function on P2 and equivariant Don-
aldson Invariants

Let us denote the homogeneous coordinates of P2 by [z0 : z1 : z2]. The (C∗)2 torus
action, generated by the vector6, acts on homogeneus coordinates as [z0 : eε1z1 : eε2z2].
In local coordinates (x(`), y(`)) in the three coordinates patches (z` 6= 0) the action is
(eε

(`)
1 x(`), eε

(`)
2 y(`)) with weights

` ε
(`)
1 ε

(`)
2

0 ε1 ε2
1 ε2 − ε1 −ε1
2 −ε2 ε1 − ε2

(3.2.1)

ordered so that ε(`)1 = −ε(`+1)
2 . The fixed points under the V -action are denoted by

P(0) = [1 : 0 : 0], P(1) = [0 : 1 : 0], P(2) = [0 : 0 : 1]. (3.2.2)

The generators of the global gauge transformation (C∗)N are denoted by ~a = {aα}, α =
1, . . . , N . The v.e.v. of the scalar field Φ is given by specifying (3.1.30) and (3.1.31) to P2.
The equivariant extensions of the Fubini-Study two-form ω = i∂∂̄ log(|z0|2 + |z1|2 + |z2|2)

6 In local coordinates x(0) = z1/z0, y
(0) = z2/z0 in the patch z0 6= 0 the vector has the following

expression V = iε1(x(0)∂x(0) − x̄(0)∂̄x̄(0) ) + iε2(y(0)∂y(0) − ȳ(0)∂̄ȳ(0) ).
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are
ω(0) = ω + ε1|z0|2 + (ε1 − ε2)|z2|2

|z0|2 + |z1|2 + |z2|2

ω(1) = ω + ε2|z0|2 + (ε2 − ε1)|z1|2

|z0|2 + |z1|2 + |z2|2

ω(2) = ω + −ε1|z1|2 − ε2|z2|2

|z0|2 + |z1|2 + |z2|2

(3.2.3)

and satisfy (ιV − d)ω(`) = 0. So that

a(`)
α = aα + k(`)

α ε
(`)
1 + k(`+1)

α ε
(`)
2 (3.2.4)

and, setting k(0)
α ≡ k(3)

α = pα, k(1)
α = qα and k

(2)
α = rα, we have explicitly, by (3.2.4) and

(3.2.1)
~a(0) = ~a+ ~pε1 + ~qε2

~a(1) = ~a+ ~q(ε2 − ε1) + ~r(−ε1)
~a(2) = ~a+ ~p(ε1 − ε2) + ~r(−ε2).

(3.2.5)

The fixed point data on P2 are described in terms of a collection of Young diagrams
{~Y`}, and of integer numbers {~k(`)} ` = 0, 1, 2 describing respectively the (C∗)N+2-
invariant point-like instantons in each patch and the magnetic fluxes of the gauge field,
which correspond to the first Chern class c1 as prescribed by (3.1.32).

The explicit expression at the three fixed points P(`) of the V -equivariant local and
surface observables introduced in section 3.1.1 is given as follows. By calling for brevity

α = ω +H, p = α′ ∧ α′′ +K (3.2.6)

where H was defined in formula (3.1.17), we can write the most general equivariant
extension α as

α = ω + h|z0|2 + (h− ε1)|z1|2 + (h− ε2)|z2|2

|z0|2 + |z1|2 + |z2|2
, (3.2.7)

where ω is the Fubini-Study form of P2 and h a linear, coordinate independent, polyno-
mial in the weights of the V -action. The evaluation at the fixed points of the observables
α, p, with fugacities z, x is7

ı∗P(0)
(zα+ xp) = zh+ xK̃

ı∗P(1)
(zα+ xp) = z(h− ε1) + x(K̃ − h̃ε1 + ε21)

ı∗P(2)
(zα+ xp) = z(h− ε2) + x(K̃ − h̃ε2 + ε22).

(3.2.8)

The full U(2) partition function on P2 is given by

ZP2
full
(
q, x, z, y ; ε1, ε2

)
=

∑
{k(`)
α }|semi-stable

∮
∆
da

2∏
`=0

ZC2
full
(
q(`) ; a(`), ε

(`)
1 , ε

(`)
2
)
yc

(`)
1 (3.2.9)

7 We defined h̃ = h′ + h′′, K̃ = K + h′h′′ some new, coordinate independent, polynomial in ε1, ε2 of
degree one and two respectively.
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where q = exp(2πiτ) is the exponential of the gauge coupling and q(`) = q e
ı∗P(`)

(αz+px)
is

the one shifted by the observable (3.2.8) evaluated at the fixed points P(`) of P2. Finally
y is the source term corresponding to the Kähler form tω with t the complexified Kälher
parameter, so that y = e2πt.

The integration in (3.2.9) realizes an isomorphism between the fixed points of the
unframed moduli space of equivariant rank two sheaves on P2 and copies of the fixed
points of the framed moduli space on P2. Details of this isomorphism are presented in
the explicit computation below and, in the case of odd c1, reproduce exactly the results
of [75].

The stability conditions constraining the fixed point data
{
k

(`)
α
}
’s are obtained by

mapping these latter to the data describing unframed equivariant sheaves in terms of
filtrations as in [100]. More details are provided in appendix 3.A.

The factors appearing in (3.2.9) are the Nekrasov full partition functions

ZC2
full(q ; a, ε1, ε2) = ZC2

class(q ; a, ε1, ε2)ZC2
1-loop(a, ε1, ε2)ZC2

inst(q ; a, ε1, ε2) (3.2.10)

whose explicit expressions we report below.
In the following we will compute the integral (3.2.9) with x = z = 0 (so q(`) = q) and

y = 1. The case with x, z 6= 0, y 6= 1 is a straightforward modification of the calculations
below. In particular if one keeps x, z 6= 0 the result of the integration will give the
generating function for equivariant Donaldson invariants for P2.

3.2.1 Classical action

The classical part of the partition function coming from (3.2.10) is given by evaluating
(3.1.5) on the supersymmetric minima (3.1.29)

ZP2
class(q ;~a, ε1, ε2) =

2∏
`=0

ZC2
class(q ;~a(`), ε

(`)
1 , ε

(`)
2 )

=
2∏
`=0

exp

−πiτ∑2
α=1

(
a

(`)
α
)2 − c(∑2

α=1 a
(`)
α
)2

ε
(`)
1 ε

(`)
2

 . (3.2.11)

Inserting the values of the equivariant weights (3.2.1) and (3.2.5) we obtain

ZP2
class(q ;~a, ε1, ε2) = exp

−πiτ
 2∑
α=1

(pα + qα + rα)2 − c
( 2∑
α=1

pα + qα + rα

)2 .
(3.2.12)

Since q = exp[2πiτ ] we have

ZP2
class(q ;~a, ε1, ε2) = q

− 1
2

(∑2
α=1(pα+qα+rα)2−c

(∑2
α=1 pα+qα+rα

)2)
= q−

1
4((1−2c)c21+(p+q+r)2)

(3.2.13)
where we defined

p = p1 − p2, q = q1 − q2, r = r1 − r2, (3.2.14)
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and c1 =
∑

(`) c
(`)
1 with c

(`)
1 defined in (3.1.32).

The sum in front of the full partition function can be rewritten as∑
{~p,~q,~r}∈(Z2)3

=
∑
c1∈Z

∑
{p,q,r}∈Z3

p+q+r+c1=even

(3.2.15)

where we have performed a zeta function regularization of the sum over two integers,
since the full partition function will depend only on p, q, r, c1. Moreover is enough to
consider only the cases c1 = {0, 1}, because we are considering a rank two bundle,
therefore the moduli spaces of two bundles with both c1 = 0 (or 1) mod 2 are isomorphic
after the twist by a line bundle.8

As discussed in section 3.1 the Hermitian-Yang-Mills equation implies semi-stability
of the bundle. This in turn consists in some restrictions on the integers {k} in the
summation of (3.2.9) which will be discussed in subsections 3.2.5, 3.2.6 and in appendix
3.A.

3.2.2 One-loop contribution

The one-loop contribution in (3.2.9) is given by

ZP2
1-loop(~a, ε1, ε2) =

2∏
`=0

ZC2
1-loop(~a(`), ε

(`)
1 , ε

(`)
2 ) =

2∏
`=0

exp
[
−
∑
α 6=β

γ
ε
(`)
1 ,ε

(`)
2

(a(`)
αβ)
]

(3.2.16)

where aαβ := aα − aβ and the double gamma-function is defined as

γε1,ε2(x) = d

ds

∣∣∣
s=0

1
Γ(s)

∫ ∞
0

dt ts−1 e−tx

(1− eε1t)(1− eε2t) , (3.2.17)

with Re(ε1) and Re(ε2) positive. We have aαβ = {a12, a21} =: {a,−a} and similarly
pαβ =: {p,−p} etc.9 Inserting the values of the equivariant weights (3.2.1), (3.2.5) and
using the definition of γε1,ε2 (3.2.17) we can write

ZP2
1-loop =

∏
±

exp
[
− d

ds

∣∣∣∣
s=0

1
Γ(s)

∫ ∞
0

dt ts−1e−t(±a) x±(q+r)y±(p+r)

(1− x)(1− y)(x− y)P±(x, y)
]
,

(3.2.18)
where we defined10 x := eε1t and y := eε2t , and P±(x, y) is a rational function in x and
y

P±(x, y) = x∓Ny∓N (x− y) + x∓Ny2(1− x)− x2y∓N (1− y) (3.2.19)

with N := p+q+r an integer with the same parity of c1 (3.2.15). The values of P±(x, y)
on x = 1, y = 1 and x = y are zero, this means that in those points P±(x, y) has zeros

8 The case c1 = 0 or equivalently c1 = even hides some subtleties since the bundle can be reducible
and the moduli space becomes singular [55]. We will in fact treat this case separately.

9 Note that this differs from the usual convention aαβ =: {2a,−2a}.
10 This choice of analytic continuation implies that γε1ε2 (x) has a branch cut for x > 0.
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which cancel the denominators (1−x)−1, (1− y)−1, (x− y)−1 in (3.2.18). Making use of
the identity

xN − yN = (x− y)
N−1∑
i=0

xiyN−1−j (3.2.20)

we arrive at the following expression for P±(x, y):

• N ≥ 0.

P+(x, y) = x−Ny−N (1− x)(1− y)(x− y)
N∑
i=0

yi
N−i∑
j=0

xj ,

P−(x, y) =



(1− x)(1− y)(x− y) N = 0

0 N = 1, 2

xN−1yN−1(1− x)(1− y)(x− y)
N−3∑
i=0

y−i
N−3−i∑
j=0

x−j N > 2

(3.2.21)

• N < 0.

P+(x, y) =


0 N = −1,−2

x|N |−1y|N |−1(1− x)(1− y)(x− y)
|N |−3∑
i=0

y−i
|N |−3−i∑
j=0

x−j N < −2

P−(x, y) = x−|N |y−|N |(1− x)(1− y)(x− y)
|N |∑
i=0

yi
|N |−i∑
j=0

xj .

(3.2.22)

Inserting this result back in (3.2.18) and using the definition of the Gamma function:

Γ(s) =
∫ ∞

0
dt ts−1e−t (3.2.23)

we obtain for ZP2
1-loop of (3.2.16) the following results

• N = 0
ZP2

1-loop = −
(
a+ pε1 + qε2

)2 (3.2.24)

• N > 0

ZP2
1-loop =

N∏
i=0

N−i∏
j=0

(
a+ (p− j)ε1 + (q − i)ε2

)
·

×
N−3∏
i=0

N−3−i∏
j=0

�

−
(
a+ (p− 1− j)ε1 + (q − 1− i)ε2

) (3.2.25)
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• N < 0

ZP2
1-loop =

|N |∏
i=0

|N |−i∏
j=0
−
(
a+ (p+ j)ε1 + (q + i)ε2

)
·

×
|N |−3∏
i=0

|N |−3−i∏
j=0

�(
a+ (p+ 1 + j)ε1 + (q + 1 + i)ε2

) (3.2.26)

where the symbol � over the products in the second lines of formulas (3.2.25), (3.2.26)
mean that those products are equal to 1 if |N | < 3. The only relevant case is actually
that with p, q, r ∈ Z≥0. This can be seen by a direct computation which shows that the
final result does depend on the absolute values of p, q, r only. Therefore from now on we
assume N ≥ 0.

3.2.3 Instanton contribution

The instanton contribution in (3.2.9) is given by

2∏
`=0

ZC2
inst(q ;~a(`), ε

(`)
1 , ε

(`)
2 ) (3.2.27)

where ZC2
inst is the Nekrasov partition function defined as follows. Let Y = {λ1 ≥ λ2 ≥

. . . } be a Young diagram, and Y ′ = {λ′1 ≥ λ′2 ≥ . . . } its transposed. λi is the length of
the i-column and λ′j the length of the j-row of Y . For a given box s = {i, j} we define
respectively the arm and leg length functions

AY (s) = λi − j, LY (s) = λ′j − i. (3.2.28)

Note that these quantities can also be negative when s does not belong to the diagram
Y . The fixed points data for each patch are given by a collection of Young diagrams
~Y (`) = {Y (`)

α }, and the instanton contribution is [119, 69, 42]

ZC2
inst(q ;~a, ε1, ε2) =

∑
{Yα}

q|~Y |zvec(~a, ~Y , ε1, ε2) (3.2.29)

where q = exp(2iπτ) and

zvec(~a, ~Y , ε1, ε2) =
N∏

α,β=1

∏
s∈Yα

(
aβα − LYβ (s)ε1 + (AYα(s) + 1)ε2

)−1

×
(
aαβ + (LYβ (s) + 1)ε1 −AYα(s)ε2

)−1
.

(3.2.30)
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3.2.4 Analytic structure of the integrand

In order to integrate the full partition function (3.2.9) along a we need to study the
analytic structure of the integrand.

The instanton partition function (3.2.29) has simple poles at

a ≡ a12 = mε1 + nε2, m, n ∈ Z , m · n > 0. (3.2.31)

This behavior can be displayed explicitly by the Zamolodchikov’s recursion relation [155]
which was analyzed for gauge theories in [127]. In the evaluation of the integral it will
be very useful to write it as

Zinst
(
q; a, ε1, ε2

)
= 1−

∞∑
m,n=1

qmnRm,n Zinst (q;mε1 − nε2, ε1, ε2)(
a−mε1 − nε2

)(
a+mε1 + nε2

) (3.2.32)

where

Rm,n = 2
m∏

i=−m+1

n∏
j=−n+1︸ ︷︷ ︸

(i,j)6={(0,0),(m,n)}

1(
iε1 + jε2

) . (3.2.33)

Therefore the product of the three instanton partition functions coming from the three
patches

Zinst
(
q; a(0), ε1, ε2

)
Zinst

(
q; a(1),−ε2, ε1 − ε2

)
Zinst

(
q; a(2), ε2 − ε1,−ε1

)
(3.2.34)

displays a polar structure as depicted in figure 3.2. The lattice11 (x, y) = (iε1, jε2)

3

1

111

1

1

(−p,−q)

(−p, p+ r)

(q + r,−q)

ε2

ε1

simple pole1

triple pole3

no pole/zero

Figure 3.2: Poles of instanton partition function.
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-2 -1

(−p,−q)

(−p, p+ r)

(q + r,−q)

ε2

ε1

simple zero-1

double zero-2

no pole/zero

Figure 3.3: Poles of one-loop partition function.

i, j ∈ Z is separated in seven regions by three straight lines

x = −p, y = −q, y = −x+ r. (3.2.35)

In the interior of the triangle TI = {(−p,−q), (q + r,−q), (−p, p + r)} formed by these
three lines there are triple poles. Along the three lines there are simple poles only in the
segment strictly contained between two vertices of the triangle. In all the other points
of the lattice there are simple poles.

In the analysis of the one-loop contribution one can see12 that the only relevant case
is N > 0. Looking at (3.2.25) one can see that this contributes with double zeros in the
interior of the triangle TI (which cancel the multiplicity of the poles of the instanton
part) and simple zeros along the perimeter of TI (which cancel the simple poles of the
instanton part on the edges of the triangle)13. The positions of the zeroes of the one-loop
part is described in figure 3.3. The overall polar structure of the full partition function
is drawn in figure 3.4: there are simple poles in all the points of the lattice that are not
along the three straight lines (3.2.35). This implies that the integration of Zfull will be
given by the sum of the residues of simple poles inside the contour of integration ∆ = ∂C
given in (3.2.9)∮

∂C
Zfull(q ; a, ε1, ε2)da ∝

∑
(i,j)∈C

Res
(
Zfull(q; a, ε1, ε2)

∣∣a = iε1 + jε2
)

=
∑

(i,j)∈C
lim

a→iε1+jε2
(a− iε1 − jε2)Zfull(q; a, ε1, ε2),

(3.2.36)

11We consider ε1, ε2 to be incommensurable.
12Indeed in the case N = 0 the integrand in (3.2.9) does not display any pole at the origin.
13 Of course if N < 3 there is none interior of the triangle, so only simple poles.
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and from the discussion in section 3.1.2 the only residue to evaluate is the one relative
to the pole at the origin.

3.2.5 Exact results for odd c1

Now we can perform the integration by residues evaluation as anticipated in (3.2.36).
We are focusing on the case with c1 = 1, the other case c1 = 0 is more subtle and will
be studied in a separate section.

From the analysis of the previous section we know that the full partition function
has a pole at the origin only if the integers p = p12, q = q12, r = r12 are strictly positive.
Moreover we have to impose the stability conditions, which are discussed in appendix
3.A, see (3.A.13). These, together with p + q + r + c1 = even imply that the integers
p, q, r have to satisfy strict triangle inequalities, namely

p+ q > r > 0, p+ r > q > 0, q + r > p > 0. (3.2.37)

Using the expressions for the classical (3.2.13), one-loop (3.2.25) and instanton (3.2.32)
partition functions, we can put all together (details are given in section 3.2.5) obtaining
as the final result of the integration

ZP2
N=2(q ; ε1, ε2)

∣∣
c1=1 =

= q−
1
4 (1−2c) ∑

{p,q,r}
q−

1
4 (p2+q2+r2−2pq−2pr−2qr) ∏

{(i,j)}

1
iε1 + jε2

× Zinst
(
q; a(0)

res , ε1, ε2
)
Zinst

(
q; a(1)

res , ε2 − ε1,−ε1
)
Zinst

(
q; a(2)

res ,−ε2, ε1 − ε2
)

(3.2.38)

where

1

1

111

1

1

-1

-1

-1(−p,−q)

(−p, p+ r)

(q + r,−q)

ε2

ε1

simple pole1

simple zero-1

no pole/zero

Figure 3.4: Poles of the full partition function.
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• the sum is over positive integers p, q, r satisfying the triangle inequality (3.2.37)
and also p+ q + r = odd,

• the product is over the points of the lattice (i, j) ∈ (D(p,q,r)∩Z2)\ (0, 0); where the
regions D(p,q,r) are the intersections of two triangles T1 and T2, one of side p+q+r
and the other of side p+ q + r − 3:

T1 = {(−p,−q), (q + r,−q), (−p, p+ r)},
T2 = {(p− 1, q − 1), (−q − r + 2, q − 1), (p− 1,−p− r + 2)}.

(3.2.39)

T1 is delimited by the three straight lines

x = −p, y = −q, y = −x+ r. (3.2.40)

T2 is delimited by the three straight lines

x = p− 1, y = q − 1, y = −x− r + 1. (3.2.41)

• we used the following notation

a(0)
res = pε1 − qε2,
a(1)

res = q(ε2 − ε1)− r(−ε1),
a(2)

res = r(−ε2)− p(ε1 − ε2).

(3.2.42)

We can compare the expression (3.2.38) with theorem 6.15 in [75]. Indeed, (3.2.38)
coincide with the formula in [75] with x, z set to zero. Indeed the region D(p,q,r) defined
above coincides with the one in Lemma 6.12 of [75].

To reproduce the full generating function of equivariant Donaldson invariant in [75]
one should repeat the computation and the integration of ZP2

full with x, z 6= 0 in (3.2.9).
This implies a light modification in the calculations, namely one should replace q with
q(`) in every copy of ZC2

full, with q(`) defined below (3.2.9). Moreover we need to expand
in the discriminant of the bundle (see (3.A.9) in appendix 3.A), that is choosing c = 1

2
in (3.1.5). The result in this case is

ZP2
N=2(q, x, z, ε1, ε2)

∣∣
c1=1 =

=
∑
{p,q,r}

q−
1
4 (p2+q2+r2−2pq−2pr−2qr) exp

(
− 1

4

2∑
`=0

(a(`)
res)2 ı∗P(`)

(αz + px)

ε
(`)
1 ε

(`)
2

) ∏
{(i,j)}

1
iε1 + jε2

× Zinst
(
q(0); a(0)

res , ε1, ε2
)
Zinst

(
q(1); a(1)

res , ε2 − ε1,−ε1
)
Zinst

(
q(2); a(2)

res ,−ε2, ε1 − ε2
)
(3.2.43)

where sum and product are the same of (3.2.38). Since q = Λ4, formula (3.2.43) matches
completely with the theorem 6.15 of [75].14

14 To be meticulous in [75] there is also an extra factor Λ−3 because that is a generating function
in the dimension of the moduli space of unframed instantons, that for a generic metric is precisely
dim = 2pq + 2pr + 2qr − p2 − q2 − r2 − 3.
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Proof of (3.2.38)

We evaluate the residue of Zfull at a = 0, namely

a(0) = pε1 + qε2

a(1) = q(ε2 − ε1) + r(−ε1)
a(2) = p(ε1 − ε2) + r(−ε2).

(3.2.44)

We know from section 3.2.4 that p, q, r are strictly positive. Therefore we see from
(3.2.31) and (3.2.34) that the three instanton partition functions have a simple pole
each, which identifies the region with triple poles in figure 3.2. Moreover

p, q, r ≥ 1 ⇒ N = p+ q + r ≥ 3 (3.2.45)

so we get a double zero from the one-loop part. Using (3.2.32) the instanton part is

ZP2
inst =

1−
∞∑

m,n=1

qmnR(0)
m,n Zinst (q;mε1 − nε2, ε1, ε2)(

a(0) −mε1 − nε2
)(
a(0) +mε1 + nε2

)


×

1−
∞∑

m,n=1

qmnR(1)
m,n Zinst (q;m(ε2 − ε1)− n(−ε1), ε2 − ε1,−ε1)(

a(1) −m(ε2 − ε1)− n(−ε1)
)(
a(1) +m(ε2 − ε1) + n(−ε1)

)


×

1−
∞∑

m,n=1

qmnR(2)
m,n Zinst (q;m(−ε2)− n(ε1 − ε2),−ε2, ε1 − ε2)(

a(2) −m(−ε2)− n(ε1 − ε2)
)(
a(2) +m(−ε2) + n(ε1 − ε2)

)


(3.2.46)
where similarly to (3.2.33)

R(`)
m,n = 2

m∏
i=−m+1

n∏
j=−n+1︸ ︷︷ ︸

(i,j)6={(0,0),(m,n)}

1(
iε

(`)
1 + jε

(`)
2
) . (3.2.47)

The triple pole is obtained by picking respectively from the three sums the terms (m =
p, n = q), (m = q, n = r), (m = r, n = p) giving

ZP2
inst = − 1

a3 qpq+pr+qr R̃(0)
p,q R̃

(1)
q,r R̃

(2)
r,p ZRes +O

( 1
a2

)
(3.2.48)

where
R̃(`)
m,n = 1

a(`) +mε
(`)
1 + nε

(`)
2
R(`)
m,n (3.2.49)

and we defined

ZRes =Zinst
(
q; pε1 − qε2, ε1, ε2

)
Zinst

(
q; q(ε2 − ε1)− r(−ε1), ε2 − ε1,−ε1

)
×Zinst

(
q; r(−ε2)− p(ε1 − ε2),−ε2, ε1 − ε2

)
.

(3.2.50)
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Note that ZRes is equal to the last line of (3.2.38).
When calculated at the point a = 0 the three factors R̃(`) can be rewritten as

R̃(`) =
∏

(i,j)∈U`\(0,0)

1(
iε1 + jε2

) , (3.2.51)

where the three regions U` are depicted in figure 3.5 and are defined as:

• U0 is a rectangle 2p− 1× 2q − 1 delimited by the four straight lines

x = −p+ 1, x = p, y = −q + 1, y = q. (3.2.52)

• U1 is a parallelogram delimited by the four straight lines

y = −q + 1, y = q, y = −x− r, y = −x+ r − 1. (3.2.53)

• U2 is a parallelogram delimited by the four straight lines

x = −p+ 1, x = p, y = −x− r, y = −x+ r − 1. (3.2.54)

2p− 1

2q
−

1

U0

(p, q)

ε2

ε1

2p− 1

2r
−

1

U2

(p,−p− r)

ε2

ε1

2r − 1

2
q
−

1

U1

(−q − r, q)

ε2

ε1

Figure 3.5: Regions U`.

Since N ≥ 3 (3.2.45), from (3.2.25) we get for the one-loop part

ZP2
1-loop =

N∏
i=0

N−i∏
j=0

(
a+ (p− j)ε1 + (q− i)ε2

)N−3∏
i=0

N−3−i∏
j=0

−
(
a+ (p− 1− j)ε1 + (q− 1− i)ε2

)
.

(3.2.55)
The double zero in a = 0 is hidden in the products

ZP2
1-loop = −a2

N∏
i=0

N−i∏
j=0︸ ︷︷ ︸

(i,j)6=(q,p)

(
a+(p−j)ε1+(q−i)ε2

) N−3∏
i=0

N−3−i∏
j=0︸ ︷︷ ︸

(i,j)6=(q−1,p−1)

−
(
a+(p−1−j)ε1+(q−1−i)ε2

)
.

(3.2.56)
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When evaluated in a = 0 the two products in (3.2.56) can be rewritten as∏
(i,j)∈V1\(0,0)

(
iε1 + jε2

) ∏
(i,j)∈V2\(0,0)

(
iε1 + jε2

)
(3.2.57)

where V1, V2 are two triangles depicted in figure 3.6 and defined as:

• V1 is the triangle with vertices {(p, q), (−q − r, q), (p,−p − r)}. It is delimited by
the three straight lines

x = p, y = q, y = −x− r. (3.2.58)

• V2 is the triangle with vertices {(−p+1,−q+1), (q+r−2,−q+1), (−p+1, p+r−2)}.
It is delimited by the three straight lines

x = −p+ 1, y = −q + 1, y = −x+ r − 1. (3.2.59)

N = p+ q + r

V1

(p, q)

(p,−p− r)

(−q − r, q)

ε2

ε1

N − 3

V2

(−p+ 1,−q + 1)

(−p+ 1, p+ r − 2)

(q + r − 2,−q + 1)

ε2

ε1

Figure 3.6: Regions V1, V2.

The residue evaluation is therefore

Res
(
Zfull(q; a, ε1, ε2)

∣∣a = 0
)

= lim
a→0

aZfull(q; a, ε1, ε2)

= q−
1
4 (1−2c)− 1

4 (p+q+r)2+pq+pr+qr ∏
(i,j)∈V1\(0,0)

(
iε1 + jε2

) ∏
(i,j)∈V2\(0,0)

(
iε1 + jε2

)
×

∏
(i,j)∈U0\(0,0)

1(
iε1 + jε2

) ∏
(i,j)∈U1\(0,0)

1(
iε1 + jε2

) ∏
(i,j)∈U2\(0,0)

1(
iε1 + jε2

) ZRes(q).

(3.2.60)
Comment: it is simple to verify that the number of points different from (0, 0) in the
regions U`∩Z2 and V1,2∩Z2 sum together to an even number. This means that the total
product over these regions in (3.2.60) is invariant under the reflection (i, j)→ (−i,−j).
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The final result (3.2.38) is recovered by imposing the stability conditions (3.2.37) on
(3.2.60). The detailed derivation of these conditions is performed in appendix 3.A. Due
to the strict triangle inequality we have

U0 ∩ U1 ∩ U2 = U0 ∩ U1 = U0 ∩ U2 = U1 ∩ U2 = V1 ∩ V2; (3.2.61)

and
(U0 ∪ U1 ∪ U2) ∩ Z2 = (V1 ∪ V2) ∩ Z2. (3.2.62)

This means that (3.2.60) reduces to

Res
(
Zfull(q; a, ε1, ε2)

∣∣a = 0
)

=

= q−
1
4 (1−2c)− 1

4 (p2+q2+r2−2pq−2pr−2qr) ∏
(i,j)∈[(V1∩V2)∩Z2]\(0,0)

1
(iε1 + jε2) ZRes(q) (3.2.63)

Moreover we see from (3.2.39),(3.2.40),(3.2.41) and (3.2.58),(3.2.59) that V1 = T 1,
V2 = T 2 where the bar indicates the reflection of the two axis highlighted above. There-
fore the intersection V1 ∩ V2 is precisely the region D(p,q,r) mirrored through the origin,
and from the above comment this means that (3.2.63) is equal to (3.2.38) once summed
over all the (proper) integers p, q, r.

Finally we show (3.2.61) (3.2.62). Eq.(3.2.61) comes directly from the construction
of the five regions. Indeed each Ui shares a couple of “delimitation” parallel straight
lines with another Uj and the other parallel couple with the remaining Uk. Moreover
each Ui shares a couple of consecutive non-parallel lines with one Vi and the other couple
with the other Vj . See figure 3.7. In formulae, we define the region 〈ri, rj , rk . . . 〉 as the
convex hull of the intersection points of all the straight lines ri, rj , rk . . . and call

r1 = {x = −p+ 1}, r2 = {x = p},
r3 = {y = −q + 1}, r4 = {y = q},
r5 = {y = −x+ r − 1}, r6 = {y = −x− r}.

(3.2.64)

Then we have
U0 = 〈r1, r2, r3, r4〉, U1 = 〈r3, r4, r5, r6〉, U2 = 〈r1, r2, r5, r6〉,
V1 = 〈r2, r4, r6〉, V2 = 〈r1, r3, r5〉,

(3.2.65)

from which (3.2.61) directly follows.
We will now show that (3.2.62) is equivalent to the triangle inequality. Indeed in

general (V1 ∪ V2)∩Z2 can exceed (U0 ∪U1 ∪U2)∩Z2, (causing the appearance of terms
(iε1 + jε2)+1 in (3.2.63)). This does not happen if the following three conditions are
satisfied:

1. the segment between the vertex (p,−q+1) of U0 and the vertex (p, r−p−1) of U2
has distance strictly less than 2 (so that it cannot contain points of the lattice), so

− q + 1− (r − p− 1) < 2 ⇐⇒ −q − r + p+ 2 < 2 ⇐⇒ q + r > p; (3.2.66)

see figure 3.8.
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2. the distance between the vertex (−p + 1, q) of U0 and the vertex (r − q − 1, q) of
U1 must be strictly less than 2

− p+ 1− (r − q − 1) < 2 ⇐⇒ −p− r + q + 2 < 2 ⇐⇒ p+ r > q; (3.2.67)

3. the distance between the vertex (−p + 1,−r + p − 1) of U2 and the vertex (−r +
q − 1,−q + 1) of U1 must be strictly less than 2

√
2

− p+ 1− (−r + q − 1) < 2 ⇐⇒ −p− q + r + 2 < 2 ⇐⇒ p+ q > r. (3.2.68)

3.2.6 Exact results for even c1

The case with even first Chern class is subtle because it allows for reducible connections.
Namely the bundle can be written as a direct sum of line bundles, and the presence of
this kind of connections makes the moduli space singular ([55] section 4.2).

Indeed one can saturate one of the three inequalities, and so define a strict semi-
stable bundle, only if the sum of the three integers p, q, r is even

p+ q ≥ r, p+ r ≥ q, q + r ≥ p, (3.2.69)

e.g. p+q = r. From the discussion about the supersymmetric fixed point locus of section
3.1 we know that we should consider also this kind of configurations in the construction
of the partition function.

Technically nothing changes in the calculation since we already noticed that the full
partition function ZP2

full has a pole at the origin only if p, q, r > 0. We have only to
add the contribution saturating (3.2.69). These kind of configurations have non trivial
automorphism group, that is the action of a Z2-group.15 Therefore in counting gauge
invariant configurations one has to divide by the order of the automorphism group,
namely ]Z2 = 2. This appears as a coefficient 1/2 on the sum over stricly semi-stable
configurations in the final result. Henceforth the gauge theoretical conjecture for the

15 A reducible U(2)-bundle splits in the sum of two line bundles as E = L1 ⊕L2. There is a Z2 gauge
symmetry exchanging the two line bundles as

(
0 1
−1 0

)(
L1 0
0 L2

)(
0 −1
1 0

)
=
(

L2 0
0 L1

)
.
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ε2

ε1U0 ∩ U1 ∩ U2

= V1 ∩ V2

r4

r3

r2r1
r6

r5

Figure 3.7: Intersections of the regions U`, V1, V2.

ε2

ε1

(p,−q + 1)

(p, r − p− 1)

!
< 2

Figure 3.8: The union V1 ∪ V2 exceed the union U0 ∪ U1 ∪ U2 iff the strict triangle
inequality is not satisfied.
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generating function of equivariant Donaldson invariants reads16,

ZP2
N=2(q, x, z, ε1, ε2)

∣∣
c1=0 =

( ∑
{p,q,r}

strictly stable

+ 1
2

∑
{p,q,r}

strictly semi-stable

)
q−

1
4 (p2+q2+r2−2pq−2pr−2qr)

× exp
(
− 1

4

2∑
`=0

(a(`)
res)2 ı∗P(`)

(αz + px)

ε
(`)
1 ε

(`)
2

) ∏
(i,j)∈V1\(0,0)

(
iε1 + jε2

) ∏
(i,j)∈V2\(0,0)

(
iε1 + jε2

)
×

∏
(i,j)∈U0\(0,0)

(
iε1 + jε2

)−1 ∏
(i,j)∈U1\(0,0)

(
iε1 + jε2

)−1 ∏
(i,j)∈U2\(0,0)

(
iε1 + jε2

)−1

×Zinst
(
q(0); a(0)

res , ε1, ε2
)
Zinst

(
q(1); a(1)

res , ε2 − ε1,−ε1
)
Zinst

(
q(2); a(2)

res ,−ε2, ε1 − ε2
)

(3.2.70)
where p + q + r = even, a(`)

res are defined in (3.2.42), (i, j) ∈ Z2 and the regions U, V
are defined in (3.2.52)–(3.2.53) and (3.2.58),(3.2.59). As (3.2.43), expression (3.2.70)
is obtained taking c = 1

2 in (3.1.5). For the stricly stable configurations the products
in (3.2.70) can be rewritten as the product over the regions D(p,q,r) described below
(3.2.43), but this is no more true for the strictly semi-stable ones (see the discussion at
the end of subsection 3.2.5).

The result (3.2.70) provides a conjecture for equivariant SU(2) Donaldson invariants.
These are not known in the mathematical literature. In the next section we show that
in the limit ε1, ε2 → 0 the formula (3.2.70) reproduces the SU(2) Donaldson invariants
for P2.

Let us underline that imposing the stability condition is crucial in order to get a
finite ε1, ε2 → 0 limit for the gauge theory partition function. Indeed we checked that
removing the stability condition from (3.2.43) and (3.2.70) would produce partition
functions which are diverging in that limit.

3.2.7 Non equivariant limit

In this section we will compare our results in the limit ε1, ε2 → 0 with Donaldson
invariants.

We start with the example of formula (3.2.43), that is known [75] to be the generating
function of equivariant Donaldson invariants in the case of U(2)-bundle with c1 = 1.
This bundle can be reduced to a projective unitary group bundle PU(2) = SU(2)/Z2 =
SO(3). Therefore, in the limit ε1, ε2 → 0 (3.2.43) should produce SO(3)-Donaldson
invariants on P2. Indeed expanding (3.2.43) in series, before in q and then in x, z, and

16 To obtain the partition function on P2 is enough to put to zero x and z in (3.2.70) so that also
q(`) → q.
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performing the limit17 ε1, ε2 → 0, we obtain

lim
ε1,ε2→0

ZP2
full(q, x, z, ε1, ε2)

∣∣
c1=1 =

= 1 + q 1
16

(
19x

2

2! + 5xz
2

2! + 3z
4

4!

)
+ q2 1

32

(
85x

4

4! + 23x
3z2

2! 3! + 17x
2z4

2! 4! + 19xz
6

6! + 29z
8

8!

)

+ q3 1
4096

(
29557x

6

6! + 8155x
5z2

2! 5! + 6357x
4z4

4! 4! + 7803x
3z6

3! 6! + 12853x
2z8

2! 8! +

+26907xz
10

10! + 69525z
12

12!

)
+O(q4)

(3.2.71)
this result is in perfect agreement with the literature [66] Theorem 4.4.

In the case c1 = 0 we obtained expression (3.2.70), in this case the U(2)-bundle can
be reduced to the SU(2)-bundle. With the same procedure as before we can check that
the limit ε1, ε2 → 0 produces SU(2)-Donaldson invariants on P2. Indeed we get

lim
ε1,ε2→0

ZP2
full(q, x, z, ε1, ε2)

∣∣
c1=0 =

=q
(
−3

2z
)

+ q2
(
−13

8
x2z

2! −
xz3

3! + z5

5!

)

+q3
(
−879

256
x4z

4! −
141
64

x3z3

3! 3! −
11
16
x2z5

2! 5! + 15
4
xz7

7! + 3z
9

9!

)

+q4
(
−36675

4096
x6z

6! −
1515
256

x5z3

5! 3! −
459
128

x4z5

4! 5! + 51
16
x3z7

3! 7! + 159
8
x2z9

2! 9! + 24xz
11

11! + 54z
13

13!

)

+q5
(
−850265

32768
x8z

8! −
143725
8192

x7z3

7! 3! −
3355
256

x6z5

6! 5! −
5
16
x5z7

5! 7! + 2711
64

x4z9

4!9! +

+2251
16

x3z11

3! 11! + 487
2
x2z13

2! 13! + 694xz
15

15! + 2540z
17

17!

)
+O(q6)

(3.2.72)
and we again have agreement with the literature [66] Theorem 4.2. This show that
formula (3.2.70) is indeed a good candidate for the generating function of equivariant
Donaldson invariants for an SU(2)-bundle, even in the cases where reducible connections
are present.

3.2.8 Remarkable identities from the evaluation of the partition func-
tion

In this subsection we specify our computation to the partition functions without any
inserion of observables.

17 The limit sets to zero also h, h̃, K̃ in (3.2.8), being these polynomials in ε1, ε2.



Chap. 3. Supersymmetric theory on P2 and Donaldson invariants. 83

It was noticed in [144] that the partition function of twisted N = 2 Super Yang-Mills
theory on a differentiable oriented four manifold is vanishing, due to the presence of
ψ-zero modes. These span the tangent space of the instanton moduli space. Therfore
the only case in which the partition function is non vanishing correspondes to zero-
dimensional components of the moduli space. The partition function is a topological
invariant counting, with signs dictated by their relative orientation, the number of the
above connected components.

By inspecting our results on the pure partition functions, we obtain results in agree-
ment with the above observation. This in turn implies some remarkable cubic identities
on the Nekrasov partition function that we display below.

More explicitly, by computing the coefficients of the power series in q of the partition
function (i.e. formula (3.2.38) for c1 = 1 and formula (3.2.70) in the limit x, z → 0 for
c1 = 0), one can see that they are almost all equal to zero! Actually only one term
survives, namely p = q = r = 1 that contributes to the c1 = 1 case. So we can rewrite
the partition function for the pure N = 2 theory as

ZP2
N=2(q)

∣∣
c1=1 = q(1+c)/2, ZP2

N=2(q)
∣∣
c1=0 = 0. (3.2.73)

This result is in full agreement with the expected behavior of the equivariant partition
function in the limit ε1, ε2 → 0. In this limit the partition function is expected to be a
finite function of the gauge coupling. Indeed, looking at (3.2.38) at fixed power in the
expansion in q, all the dependence on ε1, ε2 appears in the product and in the Z(`)

inst,
the latter depending on ε1, ε2 in the denominators only. So, to obtain a finite limit
for ε1, ε2 → 0, these terms should sum up to zero but for the term p = q = r = 1 in
which case both the product and the instanton partition functions contribute as 1. A
similar argument holds for the case with c1 = 0. As expected, the non zero term is the
contribution of the zero dimensional moduli space components, since dimM = D − 3
(where the discriminant D is given in (3.A.9)).

These results imply the following cubic identities for the Nekrasov partition function

q−
3
4

∑
{p,q,r}

strictly stable

[
q−

1
4 (p2+q2+r2−2pq−2pr−2qr) ∏

{(i,j)}

1
iε1 + jε2

× Zinst
(
q; pε1 − qε2, ε1, ε2

)
Zinst

(
q; q(ε2 − ε1) + rε1, ε2 − ε1,−ε1

)
× Zinst

(
q;−rε2 − p(ε1 − ε2),−ε2, ε1 − ε2

)]
= 1

(3.2.74)

and ∑
{p,q,r}

strictly stable

+ 1
2

∑
{p,q,r}

strictly semi-stable


[
q−

1
4 (p2+q2+r2−2pq−2pr−2qr) ∏

{(i,j)}
{(k,l)}

iε1 + jε2
kε1 + lε2

× Zinst
(
q; pε1 − qε2, ε1, ε2

)
Zinst

(
q; q(ε2 − ε1) + rε1, ε2 − ε1,−ε1

)
× Zinst

(
q;−rε2 − p(ε1 − ε2),−ε2, ε1 − ε2

)]
= 0

(3.2.75)
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where the product on {i, j} and {k, l} in (3.2.74) and (3.2.75) can be read from (3.2.38)
and (3.2.70) respectively.

3.3 N = 2? theory and Euler characteristics

In this section we extend our results to the presence of a hypermultiplet in the adjoint
representation with mass M , namely to the so-called N = 2? theory. In the limit M → 0,
one gets N = 4 gauge theory whose partition function is the generating function of the
Euler characteristics of the moduli spaces of unframed semi-stable equivariant torsion
free sheaves [142].

In the following we will compute the full U(2) partition function of the N = 2?
theory on P2 and, after an integration over the v.e.v. of the scalar field, analogous to
the one performed in the previous section, we will take the massless limit checking the
relation with the Euler characteristics computed in [102, 152, 142]. The insertion of
the hypermultiplet modifies both the one-loop and the instanton part of the partition
function. The one-loop partition function has the extra factor

ZP2
1-loop,hyp(~a,M, ε1, ε2) =

2∏
`=0

exp
[ ∑
α 6=β

γ
ε
(`)
1 ,ε

(`)
2

(a(`)
αβ +M)

]
. (3.3.1)

Following the same steps as in section 3.2.2, and assuming again N > 2 as in (3.2.45),
we obtain similarly to (3.2.55)

ZP2
1-loop,hyp(~a,M, ε1, ε2) =

N∏
i=0

N−i∏
j=0

(
a+M + (p− j)ε1 + (q − i)ε2

)−1×

N−3∏
i=0

N−3−i∏
j=0

−
(
a−M + (p− 1− j)ε1 + (q − 1− i)ε2

)−1
,

(3.3.2)
where N = p + q + r with p, q, r defined in (3.2.14). For the instanton part we should
consider the appropriate recursion relation in the presence of an adjoint hypermultiplet
that generalizes (3.2.32). The instanton partition function on C2 (3.2.29) in the presence
of an adjoint hypermultiplet becomes

ZC2
inst,adj(q; a,M, ε1, ε2) =

∑
{Yα}

q|~Y |zadj(a,M, ~Y , ε1, ε2) (3.3.3)

where q = exp(2iπτ) and

zadj =
2∏

α,β=1

∏
s∈Yα

(
aβα −M − LYβ (s)ε1 + (AYα(s) + 1)ε2

) (
aαβ −M + (LYβ (t) + 1)ε1 −AYα(t)ε2

)
(
aβα − LYβ (s)ε1 + (AYα(s) + 1)ε2

) (
aαβ + (LYβ (t) + 1)ε1 −AYα(t)ε2

) .

(3.3.4)
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A recursion relation for (3.3.4) similar to (3.2.32) is also reported in [127], and has the
form

ZC2
inst,adj(q; a,M, ε1, ε2) =

(
η̂(q)

)−2 (M−ε1)(M−ε2)
ε1ε2 H(q; a,M, ε1, ε2), (3.3.5)

where η̂(q) =
∏∞
n=1(1− qn) and

H(q; a,M, ε1, ε2) = 1−
∞∑

m,n=1

qmnRadj
m,nH (q; mε1 − nε2,M, ε1, ε2)(

a−mε1 − nε2
)(
a+mε1 + nε2

) (3.3.6)

with

Radj
m,n = 2

 m∏
i=−m+1

n∏
j=−n+1

(
M − iε1 − jε2

) /( m∏
i=−m+1

n∏
j=−n+1︸ ︷︷ ︸

(i,j)6={(0,0),(m,n)}

(
iε1 + jε2

))
. (3.3.7)

The instanton partition function for P2 is obtained by multiplying (3.3.5) over the three
patches

ZP2
inst,adj(q; a,M, ε1, ε2) =

2∏
`=0

ZC2
inst,adj(q; a(`),M, ε

(`)
1 , ε

(`)
2 )

=
(
η̂(q)

)−6
2∏
`=0

1−
∞∑

m,n=1

qmnRadj,(`)
m,n H

(
q; mε(`)1 − nε

(`)
2 ,M, ε

(`)
1 , ε

(`)
2

)
(
a(`) −mε(`)1 − nε

(`)
2
)(
a(`) +mε

(`)
1 + nε

(`)
2
)
 .

(3.3.8)

Before discussing the limit M → 0 let us make a preliminary comment. First of all
notice that, where zadj (3.3.4) is regular, we have

lim
M→0

zadj(a,M, ~Y , ε1, ε2) = 1. (3.3.9)

Since ∑
{Yα}

q|~Y | =
(
η̂(q)

)−2 (3.3.10)

we get from (3.3.3), (3.3.9) and (3.3.5) that

lim
M→0

H (q; mε1 − nε2,M, ε1, ε2) = 1, (3.3.11)

because in a = mε1 − nε2 we are away from the poles of H.
We will now compute the residue of Zfull in the origin as we did in section 3.2.5. We

assume M > 0 and, since we want to take eventually the massless limit, M small enough
not to meet poles of Z1loop,hyp. We recall that

ZN=2?
full = Zclass Z1loop Z1loop,hyp Zinst,adj (3.3.12)

with components reported in (3.2.13), (3.2.55), (3.3.2) and (3.3.8) respectively. At the
origin:
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• Zclass and Z1loop,hyp have neither poles nor zeros,

• Z1loop has a double zero,

• Zinst,adj has a triple pole.

Indeed we can write

ZP2
1-loop(a, ε1, ε2) = a2 ∏

(i,j)∈V1\(0,0)
(a+ iε1 + jε2)

∏
(i,j)∈V2\(0,0)

(−a+ iε1 + jε2).

ZP2
1-loop,hyp(a,M, ε1, ε2) =

∏
(i,j)∈V1

(a+M + iε1 + jε2)−1 ∏
(i,j)∈V2

(−a+M + iε1 + jε2)−1.

(3.3.13)
where the region V1 and V2 are described in (3.2.58) and (3.2.59) respectively. Similarly
to (3.2.48)

ZP2
inst,adj =

(
η̂(q)

)−6 1
a3 qpq+pr+qr R̃adj,(0)

p,q R̃adj,(1)
q,r R̃adj,(2)

r,p HRes(q;M) +O

( 1
a2

)
(3.3.14)

where
R̃adj,(`)
m,n = 1

a(`) +mε
(`)
1 + nε

(`)
2
Radj,(`)
m,n (3.3.15)

and

HRes(q;M) =H
(
q; pε1 − qε2,M, ε1, ε2

)
H
(
q; q(ε2 − ε1)− r(−ε1),M, ε2 − ε1,−ε1

)
×H

(
q; r(−ε2)− p(ε1 − ε2),−ε2,M, ε1 − ε2

)
.

(3.3.16)
By calculating the factors Radj,(`) in a = 0 we get

R̃(`) =
∏

(i,j)∈U`(M − iε1 − jε2)∏
(i,j)∈U`\(0,0)(iε1 + jε2) , (3.3.17)

with U` defined in (3.2.52), (3.2.54), (3.2.53).
All in all, ZN=2?

full has a simple pole located at the origin whose residue is18

M−1Res
(
ZN=2?

full (q; a,M, ε1, ε2)
∣∣a = 0

)
= M−1 lim

a→0
aZN=2?

full (q; a,M, ε1, ε2)

= M−1q−
1
4 (1−2c)c21q−

1
4 (p+q+r)2

×
∏

(i,j)∈V1\(0,0)
(
iε1 + jε2

)∏
(i,j)∈V1

(
M + iε1 + jε2

) ∏(i,j)∈V2\(0,0)
(
iε1 + jε2

)∏
(i,j)∈V2

(
M + iε1 + jε2

)
×M3 ∏

(i,j)∈U0\(0,0)

(
M − iε1 − jε2

)(
iε1 + jε2

) ∏
(i,j)∈U1\(0,0)

(
M − iε1 − jε2

)(
iε1 + jε2

) ∏
(i,j)∈U2\(0,0)

(
M − iε1 − jε2

)(
iε1 + jε2

)
×
(
η̂(q)

)−6qpq+pr+qrHRes(q;M).
(3.3.18)

18 We normalize the integrated partition function with M−1 to get dimensionless quantities.
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Taking the limit M → 0, and using the fact that from (3.3.11) HRes(q;M) → 1, we
obtain

lim
M→0

1
M

Res
(
ZN=2?

full (q; a,M, ε1, ε2)
∣∣a = 0

)
=
(
η̂(q)

)−6q−
1
4 c

2
1q−

1
4 (p2+q2+r2−2pq−2pr−2qr),

(3.3.19)
where 6 = χ(P2) · rank (U(2)).

The complete result holds with both c1 = 0, 1, once the contribution of the stricly
semi-stable bundles (the ones allowing for reducible connections) are weighed with the
factor 1/2 as in (3.2.70)

ZP2
N=4(q) =

(
η̂(q)

)−6×

×
∑
c1=0,1

( ∑
{p,q,r}

strictly stable

+ 1
2

∑
{p,q,r}

strictly semi-stable

)
q−

1
4 (1−2c)c21−

1
4 (p2+q2+r2−2pq−2pr−2qr)

(3.3.20)
where p, q, r are positive integers with p+q+r+c1 = even, and they satisfy respectively
strict triangle inequalities in the stable case and large triangle inequalities in the semi-
stable one. In the case with only strictly stables configurations this result reduce to the
one computed by Kool in [102] when we take the expansion in the second Chern class
c2 (c = 1).

Moreover we have checked up to high orders in the power series that for both c1 = 0, 1
(3.3.20) is in agreement with the mock-modular form of [142]

Z0(q) =
(
η̂(q)

)−6
∞∑
n=0

3H(4n)qn c1 = 0

Z1(q) =
(
η̂(q)

)−6
∞∑
n=0

3H(4n− 1)qn c1 = 1

(3.3.21)

where H(n) is the Hurwitz class number [49].

3.A Stability conditions for equivariant vector bundles

In this Appendix we make a dictionary between Klyachko’s classification of semi-stable
equivariant vector bundles on P2 [100] (for a review see [101], section 4) and the gauge
theory fixed point data we sum over in the partition function, in order to discover the
constraints to be imposed because of the stability conditions. Klyachko’s main result is
that equivariant vector bundles on P2 can be completely described by sets of decreasing
filtrations of vector spaces E`(i), one filtration for each open subset of the standard cover
U` (` = 0, 1, 2). Explicitly

E = E`(I`) ) E`(I` + 1) ⊃ · · · ⊃ E`(I` + n`) ) E`(I` + n` + 1) = 0 (3.A.1)

where E ' CN is the fiber of the bundle (N is the rank of the bundle) at the `-th point
and E`(i) = E, ∀i ≤ I` and E`(i) = 0, ∀i > I` + n`. The explicit form of the vector
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subspaces E`(i) in the filtration (3.A.1) for a given equivariant bundle is reported in
[100]. Starting from the filtration (3.A.1) it is possible to compute the Chern classes of
the vector bundle by the following formula

c1(E) =
2∑
`=0

∑
i

i dim
(
E`(i)/E`(i+ 1)

)
,

− ch2(E) ≡ c2 −
1
2c

2
1 = −1

2

2∑
`=0

∑
i

i2 dim
(
E`(i)/E`(i+ 1)

)
−
∑
`<`′

∑
i,j

ij dimE[``′](i, j),

(3.A.2)
where

E[``′](i, j) := E`(i) ∩ E`′(j)/
(
E`(i+ 1) ∩ E`(j) + E`(i) ∩ E`(j + 1)

)
. (3.A.3)

Let us consider in detail the case of N = 2. The relevant steps of the filtration are the
ones where the dimension of the subspaces jumps. In the rank two case these are two of
them: i = I` in which the dimension jumps from 2 to 1, and i = I` + n` when it jumps
from 1 to 0. In particular n` = ]{i|dimE`(i) = 1}. We then obtain

c1(E) =
2∑
`=0

(2I` + n`),

− ch2(E) ≡ c2 −
1
2c

2
1 = −1

2

2∑
`=0

(
I2
` + (I` + n`)2)−∑

`6=`′
I`(I`′ + n`′).

(3.A.4)

To compare with the gauge theory it is more convenient to use the discriminant D, that
for N = 2 is

1
4D(E) := c2 −

1
4c

2
1 ≡ −ch2 + 1

4c
2
1 = −1

4

 2∑
`=0

n2
` −

∑
`<`′

2n`n′`

 . (3.A.5)

Actually this quantity D has a more fundamental geometric interpretation, indeed it
completely determines the isomorphism class of the moduli spaceM(c1, c2) of the equiv-
ariant bundles with given Chern classes c1 and c2. In the gauge theory parametrization
the first Chern class is

c1(E) =
2∑
`=0

2∑
α=1

k(`)
α . (3.A.6)

To extract the ch2 for unframed sheaves E0 we just expand

Zfull = q−ch2(E0) ×
(
· · ·
)

(3.A.7)

so that ch2(E0) can be directly obtained from (3.2.60)

−ch2(E0) =
2∑
`=0
|~Y (`)| − 1

4

( 2∑
`=0

k
(`)
1 + k

(`)
2

)2

+
2∑
`=0

(k(`))2 −
∑
`<`′

2k(`)k(`′)

 ,
=

2∑
`=0
|~Y (`)| − ch2(E) (3.A.8)
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where k(`) := k
(`)
1 −k

(`)
2 and we isolated in the second line the vector bundle contribution

from the one of the ideal sheaves. The discriminant of the vector bundle E is then

1
4D(E) := −ch2(E) + 1

4c1(E)2 = −1
4

 2∑
`=0

(k(`))2 −
∑
`<`′

2k(`)k(`′)

 . (3.A.9)

Comparing (3.A.2) and (3.A.5) with (3.A.6) and (3.A.9) is immediately clear what the
dictionary between gauge theory and Klyachko’s parameters is

I` = min(k(`)
1 , k

(`)
2 ), I` + n` = Max(k(`)

1 , k
(`)
2 ), n` = k(`) = |k(`)

1 − k
(`)
2 |. (3.A.10)

Namely the k(`)
α are labeling the positions of the jumps in the filtration. Then by making

use of Weyl symmetry one can always assume k(`)
1 ≥ k

(`)
2 , which we used in the main

text.
By using the dictionary (3.A.10) it is possible to finally read the stability conditions

for the equivariant vector bundles directly from the following

Theorem (Klyachko[100]): The equivariant vector bundle on P2 defined by the filtra-
tions (3.A.1) is slope-stable iff for any proper subspace 0 ( F ( E one has for ı̃� 0

2∑
`=0

∑
i>ı̃

dim(E`(i) ∩ F )
dimF

<
2∑
`=0

∑
i>ı̃

dim(E`(i))
dimE

. (3.A.11)

The slope-semi-stable case has a large inequality in (3.A.11).

We work out explicitly the case of N = 2. The three filtrations for P2 are of this
form

E = C2 )W` ⊃ · · · ⊃W` ) 0 (3.A.12)

for each ` = 0, 1, 2. Here W` is a line in C2, so W` ∈ Gr(1, 2) ' P1 and appears n` time
in the filtration since n` = ]{i| dimE`(i) = 1}.

We can assume that all W` (` = 0, 1, 2) are distinct19 and also that n` > 0, ∀`.
Indeed it turns out that this is the only relevant case for stability. Either if two or more
W` are equal, or if at least one n` = 0, the bundle described by such a filtration does
not admit stability, i.e. the strict inequalities (3.A.11) are mutually incompatible.

Finally we apply the theorem ∀F ( E = C2. The relevant conditions come from the
choices F = W`, ` = 0, 1, 2. The only contribution in (3.A.11) that is not equal on the
r.h.s. and l.h.s. of the inequality is the one relative to the one-dimensional n` subspaces
W` of the filtrations. Eventually we obtain conditions on n0, n1, n2, namely they have
to satisfy strict triangle inequalities

n` + n`′ > n`′′ , for all the choices {`, `′, `′′} = {0, 1, 2}. (3.A.13)

The dictionary (3.A.10) implies that the gauge parameters k(0), k(1), k(2) (often called
p, q, r in the main text) have to satisfy the same inequalities.

19 We have actually used this assumption when computing (3.A.4).
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Chapter 4

Supersymmetric theory on 5d and
6d superconformal index.

In this Chapter we study five-dimensional gauge theories on compact manifolds. We
focus on certain classes of quiver gauge theories obtained via circle compactification of
systems of M5-branes probing a transverse ALE orbifold singularity.

We compute the partition function for the abelian theories analyzing the relevant
basic five-dimensional instanton operators which generate the full infinite tower of non-
perturbative corrections. We focus on the theories on S4 × S1 and S5, whose partition
functions present a factorization into bulding blocks similarly to the four-dimensional
case. These building blocks are glued together using their modular properties under
transformation of the equivariant parameters.

We then verify the symmetry enhancement for these theories predicted by the S-
duality of the corresponding pq-web systems of five-branes, writing their partition func-
tions in terms of characters of the expected enhanced global symmetries.

Our main result is the identification of the partition function for a circular quiver
gauge theory with k abelian nodes with the (1, 0) six-dimensional super conformal index
for a tensor multiplet and k2 hypermultiplets, which we compute indipendently via letter
counting of BPS states. This generalizes the result of [106] for k = 1.

Finally we give the interpretation of these results in terms of representation theory
of q-deformed infinite-dimensional Lie algebrae. Five-dimensional quiver gauge theories
partition functions can be interpreted as correlators of vertex operators of qW-algebrae.
The pq-web S-duality suggests relations among correlators of different qW-algebrae,
which we check in some examples in Section 4.5.

4.1 M5 branes on C2/Zk: 6d and 5d gauge theory descrip-
tions

We start from N M5 branes sitting at the tip of the orbifold C2/Zk singularity. This is
an interacting superconformal (1, 0) field theory that we call T 6d

k,AN−1
.
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We can gain some knowledge about this class of theories reducing to Type IIA on a
circle inside the C2/Zk: the M5’s become NS5 branes and the orbifold geometry C2/Zk
becomes k D6 branes. So we end up with the following brane setup [39, 40, 84]: N NS5
branes sitting on top of a stack of k D6’s.

N NS5

k D6

Figure 4.1: N NS5 branes on top of k D6 branes.

If we separate the NS5 branes we go on the nowadays called tensor branch [51], which
gives a Lagrangian IR description of the deformed SCFT. On the tensor branch the field
theory is a linear quiver SU(k)N−1 of the form

k k k · · · · · · k k k . (4.1.1)

There are also N tensor multiplets parameterizing the positions of the N NS5 branes.
Both from the Type IIA brane setup and from the quiver, it is easy to see the global
symmetry SU(k)2. There is also an additional global U(1) symmetry, that acts on all the
N bifundamentals hypers with charge 1. For N = 1 the theory is free, we will compute
its superconformal index and compare it with 5d partition functions. Notice that it is
not the usual gauge theory orbifold of the (2, 0) free supermultiplet.

Compactification to 5d: S-duality for the rectangular pq-web.

Reducing N M5 branes sitting at the tip of the orbifold C2/Zk singularity on a circle
transverse to C2/Zk and along the M5’s, we get N D4 branes sitting at the tip of the
orbifold C2/Zk singularity, so the gauge theory can be understood using the methods of
[61]. One alternative description is given in terms of a pq-web of 5 branes in type IIB:
the branes are on a cilinder R× S1, k D5 branes along R and N NS5 branes along the
S1. If this pq-web was on R2 the gauge theory would have been the SU(N)k−1 linear
quiver, while putting the pq-web on the cilinder the field theory becomes the 5d N = 1
circular quiver SU(N)k gauge theory, that we call T 5d

k,AN−1

|| N N · · · · · · N N || (4.1.2)

The pq-web on R2 and 5d S-duality.

Let us first analyze the brane setup on R2, a pq-web of N D5’s intersecting k NS5’s
[83, 3]. The gauge theory is a linear quiver SU(N)k−1 with N flavors at both ends:

N N N · · · · · · N N N . (4.1.3)
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It is also possible to perform a type IIB S-duality on the brane setup, getting the
pq-web of k D5’s intersecting N NS5’s. The gauge theory in this case is the linear quiver
SU(k)N−1 with k flavors at both ends:

k k k · · · · · · k k k . (4.1.4)

The right way to think about this 5d “duality” is that there is a strongly coupled 5d
SCFT corresponding to the completely unresolved pq-web, where all branes are on top
of each other, emanating from a single point and respecting a rescaling symmetry. This
UV SCFT admits relevant deformations that can lead to either IR Lagrangian QFT:
SU(k)N−1 or SU(N)k−1, which are clearly perturbatively different. However, if we are
able to perform computations in the IR QFT’s that can be uplifted to the strongly
coupled UV SCFT, like the partition function on S4 × S1, then the results of the two
computations should agree [14, 26, 113].

Instanton operators and global symmetry

5d gauge theories contain non perturbative operators I, charged under the topological
symmetries whose currents are ∗tr(F 2). When inserted at a point in space-time, the
flux of tr(F 2) on the sphere S4 surrounding the point measures the instanton charges of
the operators [150].

This is analogous to the 3d case, where monopole operators carry a flux for tr(F )
on an S2. In a balanced linear quiver, there is a special set of ‘minimal’ monopole or
instanton operators, see [25] for a recent discussion in the case of 3dN = 2 quivers. Their
topological charges are 0 or 1 and are defined by the property that the non vanishing

charges are contiguous. For instance for a quiver N N N N N N we can
organize the 4 + 3 + 2 + 1 basic instanton states as

I1,0,0,0 I1,1,0,0 I1,1,1,0 I1,1,1,1

I0,1,0,0 I0,1,1,0 I0,1,1,1

I0,0,1,0 I0,0,1,1

I0,0,0,1

 (4.1.5)

where the superscripts denote the topological charges of the operator I under each gauge
group.

In 3d for N = 4 theories it is known that these non perturbative operators form a
supermultiplet whose primary component has scaling dimension 1. Such supermultiplets
contain conserved currents with scaling dimension 2. For a quiver U(N)k−1, putting
together these k(k− 1)/2 basic monopoles, the correponding k(k− 1)/2 anti-monopoles
and the k − 1 topological U(1) currents, we get the k2 − 1 currents of the enhanced
SU(k).

In 5d with N = 1 supersymmetry the story should be similar, but it is not much
discussed in the literature. Symmetry enhancements of this type have been studied in
[135], see also [153, 151, 50].
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One important feature of these instanton operators is their baryonic charge spectrum:
the instanton operators are charged under the Abelian factors of the global symmetries,
which are usually called baryonic symmetries. The charges can in principle be computed
studying fermionic zero modes around the instanton background. It turns out that a
basic instanton state whose topological charges are 1 from node i to node j is charged
precisely under the symmetry that rotates the ith and the (j+1)th bifundamentals. This
is the case both in N = 2 3d theories [2, 25] and in N = 1 5d theories. Let us define ith
baryonic symmetry U(1)bar;i to act with charge +1 and −1 on the (i− 1)th and the ith
bifundamental, respectively. Then the basic instantons have baryonic charges equal to
N times the topological charges. So, denoting as in [135],

U(1)i,± ≡
1
2

(
U(1)top; i ±

U(1)bar;i
N

)
(4.1.6)

the basic instantons are charged under U(1)i,+ and neutral under U(1)i,− . The corre-
sponding anti-instantons are neutral under U(1)i,+ and are charged under U(1)i,−.

Armed with these results we can study the global symmetries that can be inferred
from the low energy Lagrangian description. In the gauge theory SU(N)k−1, each gauge
group U(N) gives a U(1) “topological” or “instantonic” global symmetry, whose current
is ∗tr(F 2). Each bifundamental hypermultiplet is charged under a standard U(1) “bary-
onic” symmetry. The theory enjoys a U(1)k−1

top × U(1)kbar × SU(N)2 global symmetry.
This global symmetry is actually enhanced in the UV SCFT. In [135] it is shown how
topological and baryonic symmetries can enhance to a non Abelian group: if we have a
IR quiver (or a sub quiver) where every node is balanced, then the global symmetry of
the UV SCFT is the square of the group whose Dynkin diagram is the quiver in question.
A U(N) node with zero Chern-Simon coupling is balanced if the total number of flavors
is precisely 2N . Here the quiver has the shape of the Ak−1 = SU(k) Dyinkin diagram
so the global symmetry enhancement in the UV is

U(1)k−1
+ × U(1)k−1

− → SU(k)+ × SU(k)− (4.1.7)

Starting from the S-dual gauge theory SU(k)N−1, we can repeat the same arguments.
In both models one concludes that the total global symmetry in the UV is

SU(k)2 × SU(N)2 × U(1) (4.1.8)

This is a well known first check of the pq-web S-duality.

pq-web on the cilinder: 6d/5d duality

In the case k = 1, a well known conjecture [60, 105] relates the 5d N = 2 field theory
T 5d

1,AN to the 6d (2, 0) type AN T 6d
1,AN .

Here we are adding the orbifold C2/Zk, and it is natural to conjecture a relation
between T 5d

k,AN
and T 6d

k,AN
.

Compactifying the pq-web on a circle we are gauging the SU(N) symmetries to-
gether, so the quiver is now the Dynkin diagram of Âk−1, the affine extension of SU(k).
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The two SU(N) global symmetries are lost, but we gain one additional topological
U(1) Also, the sum of all baryonic symmetries acts trivially on the theory. The remaining
U(1)ktop × U(1)k−1

bar symmetry is enhanced to the infinite dimensional group ̂Ak−1×Ak−1,
as argued in [135]. There is also a U(1) symmetry acting on all bifundamentals with
charge +1.

For the circular quiver there are k(k−1) basic instanton operators with the property
that at least one topological charge is zero. We call these ‘non-wrapping’ instantons.
There are k ‘non-wrapping’ instantons of length l, with l = 1, 2, . . . , k − 1. However
thare are also ‘wrapping’ instantons of the form

I(1,1,...,1) (4.1.9)

In section 4.4 we will show explicitly how, for N = 1, wrapping instantons corresponds to
Kaluza-Klein modes, summing all of them reproduces a 6d (1, 0) superconformal index.

4.2 6d (1, 0) superconformal index

In this section we derive the superconformal indices for the 6d free (1, 0) supermultiplets,
using letter counting.

The 6d (1, 0) and (2, 0) superconformal indices are discussed in [31]. Here we only
need the (1, 0) case: the superconformal algebra is osp(6, 2|2) with R-symmetry Sp(2) '
SU(2). The supercharges Qiα transform in the (2, 4) of SU(2)R × SO(6).

Picking an appropriate supercharge Q and its conjugate Q†, it is possible to define
a Witten index, with fugacities associated to the symmetries that commute with Q and
Q†. The index reads

I = tr(−1)F qJ12+R
0 qJ34+R

1 qJ56+R
2 . (4.2.1)

Only states with {Q,Q†} = δ = 0 contribute to the superconformal index, where

δ = ∆− J12 − J34 − J56 − 4R. (4.2.2)

∆ is the scaling dimension of the states, Ji i+1 are the angular momenta on the three
hortogonal planes in R6, R is the SU(2)R spin.

Let us study explicitly the free superconformal multiplets: hypermultiplet {Φ, ψ}
and self-dual tensor multiplet {H+, η, φ}.
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Letter ∆ J12 J34 J56 R SO(6) irrep δ=∆−
∑
J−4R Index

Φ 2 0 0 0 ±1/2 1 2± 2 √
q0q1q2

ψ 5/2 1/2 1/2 −1/2 0 4 2 0
ψ 5/2 1/2 −1/2 1/2 0 4 2 0
ψ 5/2 −1/2 1/2 1/2 0 4 2 0
ψ 5/2 −1/2 −1/2 −1/2 0 4 4 0
φ 2 0 0 0 0 1 2 0
η 5/2 1/2 1/2 −1/2 ±1/2 4 2± 2 −q0q1
η 5/2 1/2 −1/2 1/2 ±1/2 4 2± 2 −q0q2
η 5/2 −1/2 1/2 1/2 ±1/2 4 2± 2 −q1q2
η 5/2 −1/2 −1/2 −1/2 ±1/2 4 4± 2 0
H+ 3 1 1 1 0 10 0 q0q1q2
H+ 3 −1 1 1 0 10 2 0
H+ 3 1 −1 1 0 10 2 0
H+ 3 1 1 −1 0 10 2 0
H+ 3 ±1 0 0 0 10 3± 1 0
H+ 3 0 ±1 0 0 10 3± 1 0
H+ 3 0 0 ±1 0 10 3± 1 0
∂1,2 1 ±1 0 0 0 6 1± 1 q0
∂3,4 1 0 ±1 0 0 6 1± 1 q1
∂5,6 1 0 0 ±1 0 6 1± 1 q2

The two free supermultiplets are simple cases in the list of all possible short uni-
tary representations of the 6d minimal susy superconformal algebra osp(6, 2|2) [110, 52].
The full classification is given in terms of the SO(6) ' SU(4) Dynkin labels of the
superconformal primary of the entire superconformal multiplet.

In the case of the half hypermultiplet the superconformal primary is the ∆ = 2
complex scalar Φ, transforming in the 2 of SU(2)R. Acting with the supercharges Qiα,
we obtain a SU(2)R singlet fermion ψ with ∆ = 5/2, transforming in the 4 of SO(6),
while the SU(2)R-triplet is a null state.

In the case of the self-dual tensor multiplet, the superconformal primary is the ∆ = 2
real scalar φ, an SU(2)R-singlet. Acting with the supercharges Qiα, we obtain a SU(2)R-
doublet fermion η with ∆ = 5/2, transforming in the 4 of SO(6). Acting on η there is
a null state (recall that for SO(6), 4 ⊗ 4 = 6 ⊕ 10) in the 6 of SO(6) and the self-dual
tensor in the 10 of SO(6).

Using Table 4.2, the two indices are computed

I1/2hyper =
√
q0q1q2

(1− q0)(1− q1)(1− q2) (4.2.3)

ISDtensor = q0q1q2 − q0q1 − q1q2 − q0q2
(1− q0)(1− q1)(1− q2) (4.2.4)

In section 4.4 it will be easy, using these results, to write down the superconformal
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index of the (1, 0) SCFT corresponding to 1 M5 brane at the C2/Zk orbifold, that on
the tensor branch is simply k2 free hypers plus 1 self-dual tensor.

4.3 Exact partition functions: 5d Abelian linear quiver

For N = 1 it is possible to compute the Nekrasov instanton partition [119] function ex-
plicitly to all orders in the instanton fugacities. We review the definition of the Nekrasov
partition function in appendix 4.A. We first consider the simpler case of the linear
quiver and we postpone the discussion on the circular quiver, which is the main result
of this Chapter, to the next section. Although the 5d Nekrasov partition function of
the linear quiver can be inferred from to the topological string amplitudes computed in
[88, 89, 136, 14, 113], here we perform a direct gauge theory calculation.

We need to take the multi-particle partition function generated by the basic in-
stantons we described in section 4.1. This is done by using the so called Plethystic
Exponential PE[f ] [24]:

PE[f(t1, t2, . . . , tK)] = exp
[ ∞∑
n=1

f(tn1 , tn2 , . . . , tnK)
n

]
. (4.3.1)

m1

q1
m2

q2
m3

q3
m4

q4

m1 m2 m3 m4
q1

1
q2

1
q3

11 1

Figure 4.2: 1 D5 and k = 4 NS5 on the plane.

For the Abelian linear quiver with k− 1 nodes, there are k(k− 1)/2 basic instantons
with topological charges

I(0,0,...,0,1,1,...,1,0,...,0).

The formula is thus the PE of a sum of k(k − 1)/2 terms:

ZR4×S1

linear,inst = PE

[∑k−1
i=1

∑k−1
l=0 (

∏i+l
s=i qs)(

∏i+l−1
r=i mr)(1−mi−1)(1−mi+lt1t2)

(1− t1)(1− t2)

]
(4.3.2)
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l = 0, 1, . . . , k − 1 is the length of the basic instantons, i.e. the number of non zero
topological charges.

It is easy to check that this formula correctly reproduces the terms proportional to one
single qi and to qiqi+1 in the Nekrasov partition function. (4.3.2) can also be checked
to high orders in the instanton fugacities qi with Mathematica against the Nekrasov
partition function. (4.3.2) must be supplemented by the perturbative contribution of k
hypers:

ZR4×S1

linear,pert = PE

[
t1t2

∑k
i=1mi

(1− t1)(1− t2)

]
(4.3.3)

We get, for ZR4×S1

linear,pert+inst

PE

[
(
∑k
i=1mi)t1t2 +

∑k−1
i,I=1(

∏i+I−1
s=i qsms)(1−mi−1)(m−1

i+I−1 − t1t2)
(1− t1)(1− t2)

]
(4.3.4)

Each of the k(k − 1)/2 instantonic terms decomposes in two positive terms and two
negatives terms, so in the double sum in the numerator we can collect

• k2 positive terms, k(k − 1) instanton plus k perturbative terms. We will show
shortly that the positive terms transform like the bifundamental of the enhanced
global symmetries SU(k)× SU(k):

k∑
i=1

mit1t2 +
k−1∑
i,I=1

(
i+I−1∏
s=i

qsms)(mi−1t1t2 +m−1
i+I−1) (4.3.5)

• k(k − 1)/2 negative terms of the form −qimi−1,−qimi−1qi+1mi, . . .. These terms
transform like ‘half’ adjoints (positive roots) of one of the two SU(k) factors.

• k(k − 1)/2 negative terms of the form −qimit1t2,−qimiqi+1mi+1t1t2, . . .. These
terms transform like ‘half’ adjoints (positive roots) of the other SU(k) factor.

The latter k(k − 1) negative terms, beside being negative, are not invariant under ti →
1/ti, they must be removed. We call these negative terms spurious. The spurious
contributions come from D1 branes stretching between parallel external NS5’s in the
pq-web, that can slide off to infinity, as was understood in [27, 13, 85, 26, 113], see
Fig. 4.3.

We now want to show that (4.3.2), after removing the spurious contributions, repro-
duces precisely the partition function of k2 free hypers, a expected from S-duality. We
construct the S4 × S1 partition functions multiplying the contribution from the North
and South poles, that are the R4 × S1 Nekrasov partition functions. We analyze the
cases k = 1 (which is trivial) and k = 2 first.
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k = 1
In this case we just have the perturbative contribution of a free hyper

ZR4×S1

k=1,full = ZR4×S1

k=1,pert = PE

[
m̃0
√
t1t2

(1− t1)(1− t2)

]
. (4.3.6)

where m̃0 = m0
√
t1t2. On S4 × S1 we get

ZS4×S1

k=1,full =PE

 m̃0
√
t1t2

(1− t1)(1− t2) +
m̃−1

0

√
t−1
1 t−1

2

(1− t−1
1 )(1− t−1

2 )


=PE

[
(m̃0 + m̃−1

0 )
√
t1t2

(1− t1)(1− t2)

]
.

(4.3.7)

This is the S4 × S1 5d index of a free hyper with mass m̃0.

k = 2

In this case the linear quiver is 1 1 1 = 1 2

ZR4×S1

k=2,pert+inst = PE

[(m0 +m1)t1t2 + q(1−m0)(1−m1t1t2)
(1− t1)(1− t2)

]
(4.3.8)

Where ZR4×S1

k=2,pert+inst = ZR4×S1

k=2,pertZ
R4×S1

k=2,inst. Changing variables to

m0 = xA

y
√
t1t2

m1 = yA

x
√
t1t2

q = xy
√
t1t2
A

(4.3.9)

with inverse
x = √m0q A =

√
m0m1t1t2 y = √qm1 (4.3.10)

we get

ZR4×S1

k=2,pert+inst = PE

[
(xA/y +Ay/x+ xy/A+ xyA)

√
t1t2 − x2 − y2t1t2

(1− t1)(1− t2)

]
(4.3.11)

On S4 × S1 we get

ZS4×S1

k=2,pert+inst = PE

[
(x+ 1/x)(A+ 1/A)(y + 1/y)

√
t1t2 − (x2 + 1/y2 + (1/x2 + y2)t1t2)

(1− t1)(1− t2)

]
(4.3.12)

In the 8 positive terms we recognise the trifundamental of SU(2)3, with fugacities x,A, y.
The 4 negative terms are spurious and must be removed. Recall that in the case k = 2

2 2 , with SU(2)2×U(1) global symmetry, is actually a trifundamental 2 2

2

. So
we recover the partition function of 4 free hypers, as expected from S-duality.
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Removing the spurious negative terms on R4×S1 amounts to multiply the partition
function by a factor

ZR4×S1

k=2,spurious = PE

[
qm0 + qm1t1t2
(1− t1)(1− t2)

]
. (4.3.13)

Generic k

Let us change variables in (4.3.2) from the k masses mi and k − 1 couplings qi to xi, yi
(i = 1, . . . , k − 1, x0 = y0 = xk = yk = 1) and A:

mi = xi+1yiA

xiyi+1
√
t1t2

qi = xiyi
√
t1t2

xi+1yi−1A
(4.3.14)

which implies

j+I−1∏
s=j

qsms = yj
yj−1

yj+I−1
yj+I

j+I−1∏
s=j

qsms−1 = xj
xj−1

xj+I−1
xj+I

(4.3.15)

The xi and yi will be the chemical potentials of the enhanced SU(k)×SU(k) symmetry,
and A is the chemical potential of the U(1) symmetry. Recalling that our formula for
generic k is

PE

[
(
∑k
i=1mi)t1t2 +

∑k−1
i,I=1(

∏i+I−1
s=i qsms)(1−mi−1)(m−1

i+I−1 − t1t2)
(1− t1)(1− t2)

]
(4.3.16)

under the above change of variables, the positive terms in the numerator become

k∑
j=1

xj+1yj
xjyj+1

A
√
t1t2 +

k−1∑
j=1

k−j∑
I=1

(xjyj+I−1
xj−1yj+I

A+ yjxj+I−1
yj−1xj+I

A−1
)√

t1t2 , (4.3.17)

while the negative terms become

k−1∑
j=1

k−j∑
I=1

j+I−1∏
s=j

qsms(mj−1m
−1
j+I−1 + t1t2) =

k−1∑
j=1

k−j∑
I=1

( xj
xj−1

xj+I−1
xj+I

+ yj
yj−1

yj+I−1
yj+I

t1t2
)
.

(4.3.18)
The negative terms are associated to strings stretching between external D5 branes,

so they must be removed. Their flavour fugacities are precisely the ones expected from
the pq-web, and transform like a ‘half-adjoint’ of the two SU(k) groups, while they are
not charged under the U(1).

We are then left with k2 positive terms, k(k+ 1)/2 terms with A-charge ‘+1’, k(k−
1)/2 terms with A-charge ‘−1’.

When we consider the gauge theory on S4 × S1 we need to sum, inside the PE, the
contribution from the North pole and the South pole. The South pole contribution has
all the chemical potentials, and t1, t2, inverted, so we get k2 terms with A-charge ‘+1’, k2
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m1
q1 m2

q2 m3

m1q1
m2q2

m1m2q1q2

m2q1
m3q2

m2m3q1q2

Figure 4.3: Graphical representation of the k(k − 1) spurious contributions. These are
D1 branes that can slide off to infinity. In the picture k = 3.

terms with A-charge ‘−1’. The full S4×S1 partition function Zfull = ZpertZinstZspurious
can be simplified to

ZS4×S1

linear,full = PE

[
((
∑
xi+1/xi)(

∑
yj/yj+1)A+ (

∑
xi/xi+1)(

∑
yj+1/yj)A−1)

√
t1t2

(1− t1)(1− t2)

]

= PE

(χSU(k)
fund [xi]χSU(k)

antifund[yi]A+ χ
SU(k)
antifund[xi]χ

SU(k)
fund [yi]A−1)

√
t1t2

(1− t1)(1− t2)


(4.3.19)

where χSU(k)
(anti)fund[xi] is the character of the (anti)fundamental representation of SU(k).

Eq. (4.3.19) is the same partition function of k2 free hypers in the bifundamental
k k . Summarizing, we proved that

Z[1]−(1)k−1−[1](qi,mj) = Z[k]−[k](xi, yj , A) (4.3.20)

where the two sets of variables are related by

mi = xi+1yiA

xiyi+1
√
t1t2

qi = xiyi
√
t1t2

xi+1yi−1A
(4.3.21)

4.4 Exact partition functions: 5d Abelian circular quiver

In this section we write down the exact Nekrasov instanton partition function for the
abelian necklace quiver, we study the spurious terms, we construct the S5 partition
function and we compare it with the 6d (1, 0) index.
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The topological string partition for this pq-web has been studied in [81, 91].
For the abelian necklace quiver (figures 4.4 and 4.5) the partition function (see ap-

pendix 4.A) receives contribution from k(k − 1) non wrapping instantons, but we also
need to consider the wrapping instantons of the form I(1,1,...,1). It turns out that, in
order to reproduce the Nekrasov partition function, we need to sum over a full tower
of wrapping instantons I(n,n,...,n) for all n ≥ 1 1. From the index computation point
of view the instanton quantum number corresponds to the Kaluza-Klein charge on the
circle [94]. We are thus led to propose the following formula:

ZR4×S1

inst = PE

[
Q

1−Q +
∑k
i,I=1(

∏i+I−1
s=i qsms)(1−mi−1)(m−1

i+I−1 − t1t2)
(1−Q)(1− t1)(1− t2)

]
(4.4.1)

where Q =
∏k
i=1 qimi is the lenght of the circle the pq-web lives on. We checked this

result to high orders with Mathematica.
There is also the perturbative contribution of the k hypermultiplets

ZR4×S1
pert = PE

[ ∑k
i=1mit1t2

(1− t1)(1− t2)

]
, (4.4.2)

m1

q1
m2

q2
m3

q3
mk

qk

qk
a

Figure 4.4: 1 D5 and k NS5 on the cylinder

Let us focus on the numerator inside the PE and split the instanton sum into wrap-

1Notice that this aspect looks different from the 3d N = 2 case. In [25] it is shown how in circular
quivers with flavors at each node there is only one wrapping monopole in the chiral ring, with all
topological charges +1. The wrapping monopoles with all charges +n are simply the nth power of the
basic one.
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q1

1 q2

1

q31

q4

1

q5

1

qk

1

m1

m2

m3

m4

mk

Figure 4.5: Circular quiver with k U(1) nodes.

ping instantons and non wrapping instantons:

(1−Q)(
k∑
i=1

mit1t2) +Q(1− t1)(1− t2) +Q
k∑
i=1

(1−mi)(m−1
i − t1t2)+

+
k∑
i=1

k−1∑
I=1

(
i+I−1∏
s=i

qsms)(1−mi−1)(m−1
i+I−1 − t1t2)

Which can be rewritten as

Q(1− t1)(1− t2)− kQt1t2 − kQ+
k∑
i=1

(mit1t2 +m−1
i Q)+

+
k∑
i=1

k−1∑
I=1

(
i+I−1∏
s=i

qsms)(m−1
i+I−1 +mi−1t1t2 − t1t2 −m−1

i+I−1mi−1)
(4.4.3)

We see that

ZR4×S1

pert+inst = PE

[
Q(1− t1)(1− t2)− kQt1t2 − kQ+N(qi,mi)

(1−Q)(1− t1)(1− t2)

]
(4.4.4)

with

N(qi,mi) =
k∑
i=1

(mit1t2 +m−1
i Q)

+
k∑
i=1

k−1∑
I=1

(
i+I−1∏
s=i

qsms)(m−1
i+I−1 +mi−1t1t2 − t1t2 −m−1

i+I−1mi−1

(4.4.5)
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m1
q1 m2

q2

q2

m1q1

m2q2

m1q1Q

m2q2Q

m1q1Q
2

m2q1

m1q2

m2q1Q

m1
q1 m2

q2

q2

Q

Q

Q2

Q2

Q

Q

Figure 4.6: Spurious contributions on the cylinder. Here we display k = 2. On the left
the terms dependent on qi and mi, associated to non-wrapping instantons, second line of
(4.4.3). On the right the terms dependent only on Q, associated to wrapping instantons,
first line of (4.4.3).
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The formula for N(qi,mi) displays 2k2 positive terms and 2k(k − 1) negative terms.
The 2k2 positive terms transform in the bifundamental representation of SU(k) ×

SU(k), except that they are paired as x + Q/x instead of x + 1/x. We will see in the
next subsection that the correct character of the bifundamental is reproduced once we
build the S5 partition function, with a proper analytic continuation. Let us underline
that this is a non-trivial check that it is really the S5 partition function which matters
for comparison with the M5 brane index.

The 2k(k − 1) negative terms are all spurious terms to be factored out (Fig. 4.6).
Notice that, beacuse of the factor (1 − Q) in the denominator, we are really claiming
that there is an infinite tower of spurious terms. This fact has a natural interprete-
tation in the pq-web: for each pair of semi-infinite NS5 branes, we can strech a D1
brane, of length, say, m1q1, but we can also strech a D1 going around the circle the
other way, of length Q/(m1q1). As shown graphically in Figure 4.6, there are also D1
branes going around the circle more than once, of length m1q1Q,m1q1Q

2,m1q1Q
3, . . . or

Q2/(m1q1), Q3/(m1q1), Q4/(m1q1), . . .. This explains the 2k(k − 1) towers of spurious
states.

The first part of the numerator in (4.4.4) contains the negative terms −kQt1t2−kQ1−Q .
We interpret these as towers of spurious contributions associated to D1 branes going
from one NS5 to itself and wrapping the circle an integer number of times. See the right
part of Figure 4.6. There are k such contributions, one for every NS5 brane. It looks
like these spurious terms are not independent, so to avoid overcounting we have to add
back to the partition function a term

− Q+Qt1t2
1−Q + t1t2 = −Q+ t1t2

1−Q (4.4.6)

We also added the t1t2 term, which is just a McMahon function, that is PE[ t1t2
(1−t1)(1−t2) ],

in agreement with [106] for k = 1.
The final result for ZR4×S1

pert+inst+spurious for the k-nodes circular quiver is

PE

[
−Q− t1t2 +

∑k
i=1(mit1t2 +m−1

i Q) +
∑k
i=1

∑k−1
I=1(

∏i+I−1
s=i qsms)(m−1

i+I−1 +mi−1t1t2)
(1−Q)(1− t1)(1− t2)

]

× PE
[

Q

1−Q

]
(4.4.7)

4.4.1 Modularity and partition function on S5

We now patch together 3 copies of ZR4×S1 to form ZS5 . First we rewrite ZR4×S1 in
terms of modular forms G2 [68], where for Im(ωi) > 0

G2(z;ω0, ω1, ω2) = PE

[
−e2πiz − e2πi(−z+ω0+ω1+ω2)

(1− e2πiω0)(1− e2πiω1)(1− e2πiω2)

]
(4.4.8)
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The exponentiated variables are t1 = e−βε1 , t2 = e−βε2 ,mi = eβµi , qi = eβτi and we
defined Q =

∏k
i=1 qimi = eβ

∑k

i=1(τi+µi) =: eβΩ. It’s non trivial that our result (4.4.7)
for ZR4×S1

full = ZR4×S1
pert ZR4×S1

inst ZR4×S1

spurious can be written in terms of G2 functions as

ZR4×S1

full =
G′2(0; βΩ

2πi ,
βε1
2πi ,

βε2
2πi )

η( βΩ
2πi)

∏k
i=1

(
G2(β(Ω−µi)

2πi ; βΩ
2πi ,

βε1
2πi ,

βε2
2πi )

∏k−2
l=0 G2(β(

∑i+l
s=i(τs+µs)−µi+l)

2πi ; βΩ
2πi ,

βε1
2πi ,

βε2
2πi )

)
(4.4.9)

The partition function on S5 is obtained taking the product of three copies of ZR4×S1

full

ZS5 =
3∏
`=1
ZR4×S1

full (ε(`)1 , ε
(`)
2 , β(`), ~q, ~m) (4.4.10)

These parameters take the following values in the 3 patches of S5 [125]

` ε
(`)
1 ε

(`)
2 β(`)

1 ω2 ω3 2πi/ω1
2 ω3 ω1 2πi/ω2
3 ω1 ω2 2πi/ω3

(4.4.11)

and the double elliptic gamma functions in the R4 × S1 partition function are of the
form G2(z; βΩ

2πi ,
βε1
2πi ,

βε2
2πi ). They satisfy the modularity property

G2
( z
ω1
| Ω
ω1
,
ω2
ω1
,
ω3
ω1

)
G2
( z
ω2
| Ω
ω2
,
ω3
ω2
,
ω1
ω2

)
G2
( z
ω3
| Ω
ω3
,
ω1
ω3
,
ω2
ω3

)
= e−

πi
12B4,4(z|ω1,ω2,ω3,Ω)G2

( z
Ω |
ω1
Ω ,

ω2
Ω ,

ω3
Ω
)−1 (4.4.12)

The modular properties of the topological string partition function, in the case of all the
masses equal, have been studied in [91].

Using this equation for every triple of G2’s in the S5 partition function we get2

ZS5 =

∏k
i=1

∏k−1
l=0 G2

(
1
Ω
(∑i+l

s=i(τs + µs)− µi+l
)
| − σ1,−σ2,−σ3

)
η(−σ−1

1 )η(−σ−1
2 )η(−σ−1

3 )G′2(0| − σ1,−σ2,−σ3)
(4.4.13)

where σi = −ωi/Ω and the convention
∏0
i=1 ≡ 1 is used. Using the modular properties

of the Gr [68]
Gr(−z;−~τ) = 1

Gr(z;~τ) , η(τ−1) =
√
iτη(−τ) (4.4.14)

and exponentiated variables qi = e−2πiωi/Ω, q̃s = e−2πiτs/Ω, m̃s = e−2πiµs/Ω we have3

ZS5 = G′2(0| − σ1,−σ2,−σ3)
η(σ1)η(σ2)η(σ3)

∏k
i=1

∏k−1
l=0 G2

(
− (
∑i+l
s=i τsµs − µi+l)/Ω;σ1, σ2, σ3

) (4.4.15)

2This is computed up to Bernoulli polynomials and q−1/24: harmless terms which do not play any
role in our analysis.

3 G2(0) contains a zero mode that can be regularized replacing it with G′2(0;σ1, σ2, σ3) =
G2(0;σ1, σ2, σ3)PE[1] = PE

[
−q1−q2−q3+q1q2+q1q3+q2q3−2q1q2q3

(1−q1)(1−q2)(1−q3)

]
.
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The variables q̃s, m̃s satisfy
∏k
s=1 q̃sm̃s = e−2πi 1

Ω
∑k

s=1 τs+µs = e−2πi 1
Ω Ω = 1. Let us now

change variables to x1, x2, . . . , xk−1, y1, y2, . . . , yk−1,A

m̃i = xiyi−1
xi−1yi

A
√

q1q2q3
t̃i = xi−1yi−1

xiyi−2

√
q1q2q3

A
(4.4.16)

and notice that, for Im(σi) > 0, we can rewrite (4.4.13) as

ZS5 =PE
[

1∏3
i=1(1− qi)

(
q1q2q3 − q1q2 − q1q3 − q2q3+

+√q1q2q3

[
A

(
k∑
l=1

xl+1
xl

)(
k∑
i=1

yi
yi+1

)
+A−1

(
k∑
l=1

xl
xl+1

)(
k∑
i=1

yi+1
yi

)])]

Using the charachters of the (anti)fundamental of SU(k), χSU(k)
(anti)fund[xi], our final result

is

ZS5 =PE
[

1∏3
i=1(1− qi)

(
q1q2q3 − q1q2 − q1q3 − q2q3+

+√q1q2q3

[
χ
SU(k)
fund [xi]χSU(k)

antifund[yi]A+ χ
SU(k)
antifund[xi]χ

SU(k)
fund [yi]A−1

] )]
.

(4.4.17)

It is easy to recognize the 6d (1, 0) superconformal index of a free self-dual tensor (4.2.4)
(first line) plus k2 free hypers (4.2.3) (second line).

4.5 pq-webs and qW algebrae

Five dimensional gauge theories describing the dynamics of the above pq-webs are ex-
pected to have a relation with representation theory of qW algebrae [67, 11], generalising
to five dimensions [12, 124] the known AGT relation for four-dimensional class S theories
[6].

The most interesting consequence of this relation relies in the fact the S-duality
in superstring theory, dubbed fiber-base duality in the subclass of topological string
amplitudes, predicts a duality between k + 2-point correlators of qWN algebrae and
N + 2-point correlators of qWk algebrae. Indeed pq-webs on R2 are described by five-
dimensional gauge theories associated to linear quivers of the kind depicted in Fig. 4.7.
The brane system on the left-hand side consists in N parallel D4 branes (horizontal black
lines) suspended between k NS5 branes (vertical red lines). As described in Sect. 4.1, the
effective field theory living on the D4 system is a five-dimensional SU(N)k−1 linear quiver
with N -flavors at both ends. The S-dual system on the right of Fig. 4.7 corresponds
to a linear quiver SU(k)N−1 with k flavors at both the ends. As depicted in Fig. 4.7
one expects the S4 × S1 supersymmetric partition function of the first linear quiver to
compute the k+2-point correlator of qWN algebra on the sphere with k simple punctures
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corresponding to semi-degenerate vertex operators of q-Toda, and 2 full N -punctures,
corresponding to full vertex operators. Analogously, the S4 × S1 partition function of
the S-dual theory is expected to compute the correlator of qWN algebra with N semi-
degenerate and two k-full insertions (figure 4.7).

k

N

k + 2

q-WN

N

k

N + 2

q-Wk

Figure 4.7: Linear quiver: a cross is a simple puncture, a cross with a circle is a full
puncture.

A first check of this duality is the matching of the dimensions of the space of pa-
rameters the correlation functions depend on. Indeed, k simple punctures on the sphere
count k positions of the vertex operator insertions and the corresponding k momenta.
On the other hand, the two full N -punctures count each N − 1 momenta and one posi-
tion. Overall, taking into account PSL(2,C) symmetry, this amounts to 2(N + k) − 3
parameters. The counting for the dual correlators is obtained by simply swapping k and
N .

A more explicit check can be made in the simplest case N = 1 by making use of the
explicit computations of the supersymmetric partition functions displayed in the previous
sections. In this case the left-hand side of the story reduces to q-Heisenberg algebra. A
correspondence between this vertex algebra and five-dimensional gauge theories has been
discussed in [46]. According to the duality stated above, the k + 2-point correlator of
q-Heisenberg vertex operators should capture the three-point correlator of qWk algebra
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with two k-full and one semi-degenerate insertion [103, 37, 112, 92]. Studies of the non
Abelian cases appeared in [1].

Let us now proceed to the comparison of the two dual correlators.
We saw in section 4.3 that the partition function for the U(1)k−1 linear quiver theory

has three contributions: perturbative (1-loop), instanton and spurious (due to semi-
infinite parallel branes). The 1-loop and the instanton part can be written as

ZS4×S1

pert+inst = PE

[ 1
(1− t1)(1− t2)

{
− (k − 1)(t1 + t2)

−
∑
i<j

[( xi
xi−1

)(xj−1
xj

)
+ t1t2

(xi−1
xi

)( xj
xj−1

)
+
(yi−1
yi

)( yj
yj−1

)
+ t1t2

( yi
yi−1

)(yj−1
yj

)]

+
√
t1t2

[
A
( k∑
l=1

xl
xl−1

)
(
k∑
i=1

yi−1
yi

)
+A−1( k∑

l=1

xl−1
xl

)
(
k∑
i=1

yi
yi−1

)]}]
(4.5.1)

where we included the 1-loop contribution of the N − 1 vector multiplets that played no
role in the identification of the partition function with the M5 brane SCFT index 4

ZS4×S1
pert,vector = PE

[ −1− t1t2
(1− t1)(1− t2) + 1

]
= PE

[ −t1 − t2
(1− t1)(1− t2)

]
. (4.5.2)

By introducing the new variables αi, α̃i,κ defined by

x1 =
k−1∏
i=1

e−
β
k

(αi−αi+1)(i−k)

t1t2
, y1 =

k−1∏
i=1

e+β
k

(α̃i−α̃i+1)(i−k)

t1t2
,

xn = xn1

n−1∏
i=1

e−β(αi−αi+1)(n−i)

t1t2
, yn = yn1

n−1∏
i=1

e+β(α̃i−α̃i+1)(n−i)

t1t2
, n = 2, . . . , k − 1

Ak = e−βκ

(t1t2)k/2
(4.5.3)

we can rewrite (4.5.1) in a form which is more suitable for the comparison with the qWk

correlator

ZS4×S1

pert+inst(α, α̃,κ) =
Υ′q(0)k−1∏

e>0 Υq(〈Q− α, e〉)Υq(〈Q− α̃, e〉)∏k
i,j=1 Υq(κk + 〈α−Q, hi〉+ 〈α̃−Q, hj〉)

(4.5.4)

where e are the positive roots of the Ak−1 gauge group, Q = (ε1 + ε2)ρ, ρ is the Weyl
vector (half the sum of all positive roots), hi are the weights of the fundamental repre-
sentation and 〈·, ·〉 denotes the scalar product on the root space. The Υq function, with
q = e−β can be defined as follows

Υq(x|ε1, ε2) = (1− q)−
1

ε1ε2
(x−Q2 )2

PE

[
−qx − q−xt1t2
(1− t1)(1− t2)

]
. (4.5.5)

4 The −1 term in the PE is needed to remove a zero mode, for SU(N) gauge group it corresponds
to the Haar measure on the S4 × S1 [95].



110 Sect. 4.5. pq-webs and qW algebrae

∏
imi

Figure 4.8: On the left a generalized pq-web which can be obtained from Higgling
the TN=4 SCFT [20], the global symmetry is S(U(1) × U(1)) × SU(N) × SU(N) (if
N > 2, for N = 2 it is a standard pq-web with SU(2)3 symmetry). On the right
the standard pq-web, one D5 intersecting k NS5’s, the global symmetry is the same,
SU(N) × SU(N) × U(1). The symbols ⊗ represent D7 branes. The two pq-webs are
related by a sequence of N Hanany-Witten transitions, that, starting from the right,
create the N − 1 D5’s and also bend the upper part of the N NS5’s. The vertical
displacement between the two D7 branes attached to the semi-infinite D5’s does not
change, and it equals the product of all the masses in the linear quiver

∏
imi = Ak. The

difference between the two partition functions is just that the left diagram has one more
spurious term, which is precisely PE[−A−k−Akt1t2(1−t1)(1−t2) ] = Υq(κ).

For Ak−1 the above can be written in term of k-dimensional vectors ui, whose ith entry
is one and all others zero, as

e = ui − uj , 1 ≤ i < j ≤ k (4.5.6)

ρ = 1
2

k∑
i=1

(k + 1− 2i)ui, hi = −ui + 1
k

k∑
j=1

uj (4.5.7)

A (k− 1)-dimensional vector of fields φ can be expanded on the base of the simple roots
êi of the Ak−1

φ =
k−1∑
i=1

φiêi =
k−1∑
i=1

φi(ui − ui+1). (4.5.8)

Formula (4.5.4) can be compared to the three-point correlation function Cq(α, α̃,κhk−1)
with one degenerate insertion (parallel to the highest weight of antifundamental repre-
sentation hk−1) of the k-qToda theory with central charge c = k − 1 + 12〈Q,Q〉, that
has been conjectured in [112, 92]. The two formulae are different by a factor Υq(κ) in
the numerator, which is due to the fact that the computation in [112] corresponds to the
generalized pq-web [20] diagram on left side of Fig. 4.8, while ours corresponds to the
standard pq-web on the right hand side. The two diagrams are related by moving one D7
brane all the way through the k NS5-branes keeping track of the Hanany-Witten brane
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creation effect, see [20, 97, 96]. From the viewpoint of the index computation, on which
we focus in this Chapter, this extra factor is a spurious one due to the contribution of
strings stretching between the two sets of parallel horizontal branes, which are present
only in the left-hand side brane diagram. From the viewpoint of q-deformed CFT, the
left-hand side diagram is more natural and has also the correct four-dimensional limit.

Let us now make some comments on the case of pq-webs on the cylinder. As explained
in Sect. 4.1 this is described in terms of circular quivers. In this case one expects a relation
with correlators of qW algebrae on a torus. For the case N = 1 it has indeed been shown
in [46] that the one point chiral correlator of q-Heisenberg on the torus computes the
k = 1 circular quiver partition function on R4 × S1. The results of Sect. 4.4 should
correspond to the k-point chiral correlator of the same vertices, see Fig. 4.9. It would
be interesting to check this relation explicitly.

k

N
k

q-WN

Figure 4.9: Circular quiver: a cross is a simple puncture.

4.A Nekrasov partition function

In this appendix we recall the definition of the Nekrasov partition function [119, 69, 42].
The 1-loop part for the circular U(N) quiver with k nodes is

Z1-loop
U(N)k({~ai}, {µi}) =

k∏
i=1

z1-loop
vec (~ai)z1-loop

bif (~ai,~ai+1, µi) (4.A.1)

where

z1-loop
vec (~a) =

N∏
α,γ=1

∏
m,n>1

sinh β2 (aα − aγ +mε1 + nε2)

z1-loop
bif (~a,~b, µ) =

N∏
α,γ=1

∏
m,n>1

sinh β2 (aα − bγ − µ+mε1 + nε2)−1.

(4.A.2)
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The instanton partition function for the circular U(N) quiver with k nodes is

ZU(N)K ({~ai}, {qi}, {µi}) =
∑

{~Y1,...~Yk}

k∏
i=1

q|
~Yi|
i zvec(~ai, ~Yi) zbif (~ai,~ai+1, ~Yi, ~Yi+1, µi) (4.A.3)

where ~ak+1 ≡ ~a1, qk+1 ≡ q1, µk+1 ≡ µ1. And

zvec(~a, ~Y ) =
N∏

α,γ=1

∏
s∈Yα

sinh β2
[
aα − aγ − ε1LYγ (s) + ε2 (AYα(s) + 1)

]−1

sinh β2
[
aγ − aα + ε1

(
LYγ (s) + 1

)
− ε2AYα(s)

]−1

(4.A.4)

zbif (~a,~b, ~Y , ~W, µ) =
N∏

α,γ=1

∏
s∈Yα

sinh β2
[
aα − bγ − ε1LWγ (s) + ε2 (AYα(s) + 1)− µ

]
∏
t∈Wγ

sinh β2
[
aα − bγ + ε1 (LYα(t) + 1)− ε2AWγ (t)− µ

]
(4.A.5)

These expressions can be substituted in (4.A.3) with5

z′vec(~a, ~Y ) =
N∏

α,γ=1

∏
s∈Yα

(
1− e−β(aα−aγ)t

−LYγ (s)
1 t

AYα (s)+1
2

)−1
×

(
1− e−β(aγ−aα)t

LYγ (s)+1
1 t

−AYα (s)
2

)−1

z′bif (~a,~b, ~Y , ~W,m) =
N∏

α,γ=1

∏
s∈Yα

(
1− e−β(aα−bγ)t

−LWγ (s)
1 t

AYα (s)+1
2 m

)
×

∏
t∈Wγ

(
1− e−β(aα−bγ)t

LYα (t)+1
1 t

−AWγ (t)
2 m

)
(4.A.6)

redefining qi = qi/
√
mimi+1. The 5D exponentiated variables are t1 = e−βε1 , t2 = e−βε2 ,

mi = eβµi and qi = eβτi .
To consider the instanton contribution of the linear U(N) quiver with k − 1 nodes

it is sufficient to take the limit qk → 0. This correspond to freeze the k-th gauge group,
indeed qk = exp(βτk) where β = 2πiRS1 and τ = 4πi

g2
YM

. So qk ∼ exp(−1/g2
YM ) → 0

when gYM → 0.
We obtain a linear quiver gauge theory with k − 1 U(N) gauge groups, k − 2 mas-

sive bifundamentals and 2k massive flavour at the endpoints of the quiver: k in the
fundamental representation at one endpoint and k in the antifundamental at the other

5 It is easy to check this analytically when k = 2. We have checked it also for k = 3, 4 with
Mathematica up to instanton number 10.
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endpoint. This is because

zbif (~a,~b, ~Y , ~∅, µ) =
N∏
γ=1

zfund(~a, ~Y , µ+bγ), zbif (~a,~b, ~∅, ~W, µ) =
N∏
γ=1

zantif (~b, ~W, µ−aγ),

(4.A.7)
where

zfund(~a, ~Y , µ) =
N∏
α=1

∏
(i,j)∈Yα

sinh β2 [aα + iε1 + jε2 − µ] = −zantif (~a, ~Y , µ− aα). (4.A.8)
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Chapter 5

Conclusion and outlook

Here we present some discussion about the results of this thesis and some related open
questions which would be interesting to answer.

In this thesis we calculated exactly partition functions for supersymmetric theories
defined on four and five dimensional compact manifolds. The main ingredient was the
use of supersymmetric localization that allowed us to reduce the infinite dimensional
path integral into an integral over the finite dimensional moduli space of instantons. We
obtained explicit results in some examples, and we could identify them with different
objects of interest both in mathematics and in physics: as correlator of vertex operators
of infinite dimensional Lie algebrae, generating functions of topological invariants and
indices of higher dimensional superconformal field theories.

It is natural to split the discussion into two parts. A first part in section 5.1, related
to Chapters 2 and 3, is about the results on four dimensional manifolds and their re-
lations with two-dimensional conformal field theories and the evaluation of topological
invariants. In section 5.2 we report open questions related to Chapter 4, about the
results on five-dimensional manifolds and superconformal indices.

5.1 About theories in four dimensions

In Chapter 2 and 3 we give a contour integral expression for the partition function of
the N = 2 twisted theory on a compact toric surface.

We started in Chapter 2 by deriving the generalized Killing spinor equations for
the N = 2 algebra by demanding the consistency of the supersymmetry algebra on
the manifold. The result is a slight generalization of the equations obtained in [82] by
coupling with off-shell supergravity in the spirit of [65].

We derived spinor solutions to these equations realizing a version of Witten’s topo-
logical twist which is equivariant with respect to a U(1) isometry of the manifold, and
then exploited them to construct a supercharge localizing on the fixed points of the U(1)
isometry.

The resulting partition function for the theory on S2 × S2 is defined by gluing
Nekrasov partition functions and integrating the v.e.v. of the scalar field Φ of the twisted
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vector multiplet over a suitable contour.
This result is generalized in Chapter 3 to a general compact toric surface M . The

supersymmetric minima governing the path integral are given by two contributions: a
generalization of instantons called Hermitian Yang-Mills connections localized in the
fixed points of the manifolds under the toric action, plus magnetic fluxes ~k(`) wrap-
ping equivariant two-cycles. The final formula for the partition function, with also the
insertion of equivariant local p and surface α observables, is given in section 3.1 and
reads

ZM
(
q, x, z, y ; ε1, ε2

)
=

∑
{k(`)
α }|semi-stable

∮
∆
d~a

χ(M)∏
`=1

ZC2
full
(
q(`) ;~a(`), ε

(`)
1 , ε

(`)
2
)
yc

(`)
1 (5.1.1)

where q(`) = q e
ı∗P(`)

(αz+px)
, and the sum over k(`)

α s has to be constrained by suitable
stability conditions.

The result (5.1.1) is carried out explicitly in two examples. In Chapter 2 we showed
that the partition function in the case M = S2 × S2 exhibits the three-point correlators
and conformal blocks of Liouville gravity as building blocks. However these are glued
in a different way with respect to Liouville gravity correlators. In particular our parti-
tion function is holomorphic in the momenta of the vertices and in their positions. It
would be interesting to investigate further if there exists a chiral conformal field theory
interpretation of the gauge theory result. Notice that chiral correlation functions for
Liouville theory can be defined for some special values of the central charge by using the
relation with super Liouville suggested by gauge theory [33, 34] and further investigated
in [18, 131, 78]. In this case the field theory is defined over the resolution of C2/Z2,
whose projective compactification is the second Hirzebruch surface F2.

In Chapter 3 we completely solve the contour integral in (5.1.1) for the U(2) theory on
P2 for both the values of the first Chern class c1 = 0, 1. In case of odd first Chern class the
expression of the partition function corresponds to the generating function of equivariant
Donaldson invariants computed in [75, Theorem 6.15] by equivariant localization in the
moduli space of unframed sheaves on P2, proving in this specific case a conjecture by
Nekrasov [120]. In the case of even first Chern class we obtained a similar expression.
We conjecture it to be the generating function of equivariant Donaldson invariants in
the presence of strictly semi-stable bundles. This formula does not appear yet in the
literature and so, as a test, we check that in the non equivariant limit it reproduces
ordinary SU(2) Donaldson invariants [66].

Let us notice that crucial tools for the evaluation of the contour integral (5.1.1) are
Zamolodchikov’s recursion relation for the Virasoro conformal blocks and AGT corre-
spondence, which together allow us to locate the poles of the integrand and to easily
compute the residues at all instanton numbers. The discovery of similar recursion re-
lation for W-algebrae, since these are conjectured to be dual to SU(N) gauge theories
[149], could be of great importance. In our context it should give a computational tool
for the evaluation of Donaldson invariants in higher rank where wall-crossing formulas
are notoriously difficult.
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We also considered the N = 4 theory on P2, taking the massless limit of the N = 2?.
In this case we reproduced the generating function of the Euler characteristics of the
moduli space of unframed sheaves studied in [152, 142, 102].

Let us notice that the path integral computation directly evaluates the generat-
ing functions of Donaldson invariants. Whereas to obtain the generating function via
wall-crossing requires the sum over a infinite number of contributions. This makes our
approach a powerful way to study the structure of the invariants.

Finally we would like to make a comment regarding the comparison of our result
with the result of [130], where localization on Kähler manifolds was considered using the
explicit example of N = 2 theory on P2. The result of the localization is similar to ours
but not identical, since the sector of quantized magnetic fluxes whitin the supersymmet-
ric minima is not considered therein. The reason is that these contributions are claimed
to have no finite energy action on the local Omega-background around the three fixed
points of the manifold. This is true, since their energies are proportional to the equiv-
ariant volume of C2 which diverges when the Omega-background parameters are turned
off. However when the three local Omega-backgrounds contributions to the energy are
summed together they produce the volume of P2 that is finite (since the manifold is
compact) and depends no more on Omega-background parameters. So eventually these
solutions have a global finite energy action and, in our opinion, they should be considered.

In the following we point out some interesting open questions related to this part of
the project, separating them according to their affinity to mathemathics and physics.
Some future directions in mathematics are

• The four manifolds studied in this thesis are all toric surfaces for which b+2 = 1.
In this case, as described in the introduction (section 1.3.3), Donaldson invariants
exhibit a wall crossing phenomenon that is reflected in the same effect for the
partition function. The standard evaluation of Donaldson invariants in a specific
chamber is usually done via wall crossing starting from an empty chamber. In
these cases, (5.1.1) should reproduce the wall crossing terms as computed in [75].
Proving this for a general toric manifolds would prove completely the conjecture
of [120].

• The case of P2 is quite special since it presents a single chamber and therefore
it is not possible to use wall-crossing formula to compare our result. Indeed we
checked our expression directly with the generating function calculated ad hoc in
[75]. Something missing in the analysis therein is the reduction of the generating
function, in the non-equivariant limit, to the contour integral formulas of Moore
and Witten [114] in terms of modular forms. This should be easier starting from
(5.1.1) that is already in a contour integral representation.

• Our result suggests a relation between fixed point locus of the moduli space of
unframed instantons on P2 and copies of fixed point locus of the moduli space of
framed instantons on C2. The investigation of these topics should give a rigorous
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confirmation of the results of Chapter 3 and new interesting insights in the ge-
ometry of the moduli space of unframed torsion-free sheaves. In turn this could
help to give a mathematical proof of Witten’s conjecture, that relates Donaldson
invariants to Seiberg-Witten invariants [146].

• The generalization of our techniques to 6d manifolds could allow the construction
of the generating function of Euler characteristic of the moduli space of torsion-free
sheaves and therefore the evaluation of Donaldson-Thomas invariants. In the case
of an elliptic fibration over a complex toric surface should be possible to write the
partition function as a product of elliptic Virasoro conformal blocks [123, 90, 111].

• In Chapter 3 the quantized charges of the magnetic fluxes are assumed to be in
one to one correspondence with the Klyachko parameters describing GIT stability
conditions for equivariant vector bundles on compact toric manifolds [100]. The
stability of the vector bundle is indeed equivalent to the Hermitian Yang-Mills
condition and, therefore, it has to be taken into account in the evaluation of the
path integral.
The gauge theory interpretation of this conditions on the magnetic fluxes is an
interesting topic of study. In a BPS state counting perspective it seems to put
some constraint on states. Also its interpretation in the dual CFT is interesting,
as it may be seen as some special relation in the vertex operator algebra of the
theory, as the one which arises from Nakajima-Yoshioka blow-up formula [116, 29].

Some future directions in physics are

• A subtlety mentioned in Chapter 2, and already described in [144], is the existence
of two consistent choices of reality conditions for the fields Φ, Φ̄ in gauge theory.
These can be either real and independent or Φ̄ = −Φ†. This leads to different
localization schemes which would be interesting to compare and to investigate in
the conformal field theory counterpart.

• In appendix 2.C we also discussed another solution to the Killing spinor equation
on S2×S2 which are composed by the spinorial solutions on S2 discussed in [21, 59].
These solutions correspond to trivial R-symmetry bundle and therefore imply the
Witten topological twist only locally, more precisely they localize on instantons
on two of the fixed points of S2 × S2 and on anti-instantons on the other two.
The partition function in this case is neither real nor holomorphic and it would be
interesting to further discuss the supersymmetric path integral induced by these
solutions and its conformal field theory dual.

• Another related subject to investigate is the reduction of the partition function
on S2 × S2 to spherical partition functions in the zero volume limit of one of the
two spheres. This analysis would help in shedding light on the relation between
instanton and vortex partition functions. One could consider the insertion of sur-
face operators [5, 62] on one of the two spheres. Actually, surface operators on C2
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are related to the moduli space of instantons on S2×S2 framed on one of the two
spheres [10] so that a nice interplay could arise among these partition functions.

• In the same spirit of Chapter 2 one can try to find a general pattern for a AGT-
like correspondence of the N = 2 partition function of the four dimensional SU(2)
gauge theories on a general compact toric manifold. Our result suggests to read the
gauge theory partition function in terms of a chiral CFT whose sectors are in one-
to-one correspondence with the toric patches. The contribution of each sector to
the correlation number is given by a copy of Virasoro conformal block with central

charge c(`) = 1 + 6

(
ε
(`)
1 +ε(`)2

)2

ε
(`)
1 ε

(`)
2

in the `-th sector and three point functions related
to the corresponding one-loop contributions of the gauge theory. The change of
(ε(`)1 , ε

(`)
2 ) under change of patch is related to the intersection of the corresponding

divisors. Investigations in similar directions for Hirzebruch surfaces have been
pioneered in [28].

• Our analysis suggests that Hermitian-Yang-Mills connections are the natural fixed
points for the supersymmetric localization of equivariant twisted theories. This is
in agreement with [142]. These configurations are a slight generalization of anti-
self-dual connections, as they allow the curvature to have a self-dual component
along the Kähler form of the toric variety. Since instantons and anti-instantons
are counted with complex conjugated fugacities τ, τ̄ respectively, the localization
on HYM connections could solve the issue of holomorphic anomaly opened in [142]
and could allow the reconstruction of the anti-holomorphic completion of the mock-
modular forms generating Euler characteristic of the moduli space of instantons.
The study ofN = 2? theory in the massless limit as done in section 3.3, but keeping
track of the anti-instanton counting parameter τ̄ , could answer this question.

• The twisted N = 4 theory studied in section 3.3 can also realize E-strings BPS
state counting in terms of elliptic genera [109, 32, 79]. These partition functions
enjoy interesting and non-trivial modular properties [108]. It would be useful to
explore if and how these properties are realized for non-vanishing mass M 6= 0 of
the N = 2? theory.

• It would be very interesting to look for the existence of holographic dual theo-
ries to equivariant twisted gauge theories (with possibly a mass deformation) on
compact manifolds. The dual supergravity theories in these cases should involve
anti-symmetric tensor fields, differently from other cases already studied, due to
the background anti-symmetric tensor fields necessary to construct the generalized
Killing spinors generating the supersymmetry on the boundary manifold.

5.2 About theories in five dimensions

In Chapter 4 we studied circle compactification of systems of M5-branes probing a
transverse ALE orbifold singularity. In the case of a single M5-brane we computed
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the six dimensional (1, 0) super conformal indices of these systems via letter counting
of BPS states, and showed that they coincide with partition functions of suitable five-
dimensional circular quiver gauge theories.

We furthermore exposed modular properties of these theories encoded by the S-
duality of the corresponding pq-web systems of five-branes by showing the global sym-
metry enhancement induced by instanton operators of the quiver gauge theories.

The partition functions of these theories can be constructed in terms of a K-theoretic
version of the Nekrasov partition function. We rewrote the latter in a plethystic exponen-
tial form by studying five-dimensional instanton operators generating non perturbative
corrections.

A crucial issue was the presence of spurious terms, these are associated to the pres-
ence of parallel external legs in the corresponding pq-web system. We identified and
removed properly these spurious contributions. After this step the building blocks could
be written in terms of double elliptic gamma functions [68]. Using the modular proper-
ties of the latter, we built the S5 partition function, which we indentified with the 6d
(1, 0) index previously calculated.

We finally discussed how the S-duality of these theories, suggests relations among cor-
relators of different qW-algebrae obtained by five-dimensional AGT duality. We spelled
out only the known case of linear quiver, whereas what happens in the more interesting
case of the circular quiver, displayed in figure 4.9, is still an open problem.

Some interesting questions related to this topic are as follows
• A natural extension of our work, would be to fully compactify the pq-web brane

diagram on the torus. This amounts to compactify the D6 branes in Fig. 4.1
on a circle, and has a link to topological string amplitudes on elliptically fibered
Calabi-Yau’s which are relevant for the classification and study of N = (1, 0)
superconformal field theories [80]. From the viewpoint of the index computation
this set-up would also be useful to analyze the issue of spurious factors due to
the strings stretched between semi-infinite branes, which should appear in the
decompactification limit. The analysis of the S-duality of pq-web diagrams on the
torus should be useful to investigate elliptic W-algebrae as considered in [123, 90,
111].

• It would be very interesting to analyze the case of non-abelian theories, which
would provide information about interacting M5 brane systems. This implies the
integration over the Coulomb branch parameters and a full control of the polar
structure of non-abelian Nekrasov partition functions in five and six dimensions.
In the simplest example of non-abelian theory, SU(2), similar techniques to the
ones of Chapter 3 could be used.

• The study of S-duality of linear and circular pq-webs and its relation with qW-
algebrae has to be further investigated, in order to have an independent proof
of the plethystic formulae for the supersymmetric partition functions derived in
this Chapter as well as their interpretation in terms of dualities of q-deformed
correlators.
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