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Abstract

We study the topology of the space Ωp of horizontal paths between two points
e (the origin) and p on a step-two Carnot group G:

Ωp = {γ : I → G | γ horizontal, γ(0) = e, γ(1) = p}.

As it turns out, Ωp is homotopy equivalent to an infinite dimensional sphere
for p 6= e and in particular it is contractible. The energy function:

J : Ωp → R

is defined by J(γ) = 1
2

∫
I
‖γ̇‖2; critical points of this function are sub-

Riemannian geodesics between e and p. We study the asymptotic of the
number of geodesics and the topology of the sublevel sets:

Ωs
p = {γ ∈ Ωp | J(γ) ≤ s} as s→∞.

Carnot groups are sub-Riemannian tangent spaces in the same way Euclidean
spaces are Riemannian tangent spaces: in Euclidean spaces there is only one
geodesic joining two points and the sublevels Ωs

p of the energy in the space of
paths are contractible for every value of s such that Ωs

p is not empty. But in
the sub-Riemannian case a completely new behavior is experienced for the
generic vertical p (a point in the second layer of the group). In this case we
show that J is a Morse-Bott function: geodesics appear in isolated families
(critical manifolds), indexed by the critical values of the energy. Denoting
by l the corank of the horizontal distribution on G, we prove that:

Card{Critical manifolds with energy less than s} = O(s)l.

Despite this evidence, Morse-Bott inequalities b(Ωs
p) = O(s)l are far from

being sharp and we show that the following stronger estimate holds:

b(Ωs
p) = O(s)l−1.

Thus each single Betti number bi(Ω
s
p) (i > 0) becomes eventually zero as

s → ∞, but the sum of all of them can possibly increase as fast as O(s)l−1.
In the case l = 2 we show that indeed

b(Ωs
p) = τ(p)s+ o(s) (l = 2).



The leading order coefficient τ(p) can be analytically computed using the
structure constants of the Lie algebra of G and it is generically not 0.

Using a dilation procedure, reminiscent to the rescaling for Gromov-
Hausdorff limits, we interpret these results as giving some local information
on the geometry of G (e.g. we derive for l = 2 the rate of growth of the
number of geodesics with bounded energy as p approaches e along a vertical
direction). Moreover we are able to use the dilation procedure to obtain a ho-
motopy equivalence between the horizontal path spaces with bounded energy
of a general sub-Riemannian manifold and of the Carnot group providing its
nilpotent approximation. From this result we can find a lower bound for the
number of geodesics between two points depending on their distance:

Card
(
CritJ ∩ Ωc

x,pǫ

)
≥ const(x)ǫ−1,

where the distance d(x, pǫ) = ǫ and Ωc
x,pǫ is the space of horizontal paths

between x and pǫ with energy less than c.
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Chapter 1

Introduction

1.1 The space of horizontal paths

The relation between geodesics (in the sense of critical points of the Energy,
not just minimizers) and the space of paths joining two points have been
widely investigated in Riemannian geometry: by means of Morse theory one
can retrieve informations about the topology of the space of paths from the
structure of the geodesics and viceversa (see for example the work of Serre
[29]).

In sub-Riemannian geometry we have a distribution ∆ on a smooth mani-
foldM ; such distribution is endowed with a smoothly varying scalar product,
namely a sub-Riemannian metric. The same study can be carried out: we
restrict to the space of horizontal paths, namely those paths whose velocity
belongs to the distribution ∆ almost everywhere. Since the sub-Riemannian
metric is given, the Energy of a path can be defined and it is still possible to
define what geodesics are, like in Riemannian geometry.

The constraints given on the velocities by the distribution ∆ are sup-
posed to be completely non-holonomic, meaning that iterated brackets of
vector fields in ∆ generate all the tangent bundle TM : their main prop-
erty is that every two points p, q ∈ M can be joined by horizontal curves
(Chow-Rashevskii Theorem). This case is the exact opposite of holonomic
constraints, where the closure with respect to the brackets forces the motion
to be constrained on submanifolds, as stated by the Frobenius’ Theorem.

In Riemannian geometry, the way that the topology of the space of paths
is related to the structure of geodesics depends on the topology of the mani-
foldM , but locally there is not so much to say: on a sufficient small neighbor-
hood, every two points are connected by only one geodesic. On the contrary,
in sub-Riemannian geometry there are non trivial properties of both geodesics
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and horizontal-path space, even if we take the end-points to be “infinitesi-
mally” close. Thus we focus on properties of both the set of the geodesics
and the space of horizontal paths, that depend on the sub-Riemannian local
data only and does not depend on topological properties of the manifold M .

It is natural then to begin with local models of sub-Riemannian struc-
tures; in the same way Euclidean spaces are local models for Riemannian
manifolds, Carnot groups are local models for sub-Riemannian manifolds,
and they carry a very rich structure.

1.2 The Heisenberg group

In order to get introduced to the subject, we can study what happens on
the Heisenberg group, which is the only 3-dimensional Carnot group and
therefore the only local model for 3-dimensional sub-Riemannian manifolds.

The Heisenberg group can be realized as a copy of R3 with coordinates
(x, y, z), and its Lie algebra is generated by the following left invariant vector
fields:

X
.
=

∂

∂x
− 1

2
y
∂

∂z
, Y

.
=

∂

∂y
+

1

2
x
∂

∂z
, Z

.
=

∂

∂z
.

We define the rank 2 distribution ∆
.
= span{X, Y } and we define the sub-

Riemannian metric by letting X and Y be orthonormal. Since [X, Y ] = Z
we easily see that ∆ is non-holonomic; moreover, one bracket only is needed
to generate all the tangent bundle and it follows that the given structure has
step 2.

In order to study the geodesics and the topology of horizontal paths,
we fix without loss of generality (since everything is left-invariant) the initial
point to be the identity element e = (0, 0, 0). The geodesics starting from the
origin e have a nice geometrical description: their projection on the xy-plane
are circles, while the z-coordinate equals the area of the circle spanned by the
projection (see figure 1.1). As a limit case we have circles of infinite radius,
namely straight lines on the xy-plane. Moreover the length of the geodesics is
equal to the length of their projection on the xy-plane with Euclidean metric.
Depending on the choice of the final point, we find three possible cases for
the structure of the geodesics. If p belongs to the xy-plane there is only one
geodesic, which is a straight line, like in the Euclidean setting. If p does not
belong to the xy-plane but it is also out of the z axis, the properties of non-
holonomic geometry come into light and we find more and more geodesics
as the ratio |z|

|x|+|y| increases (for a quantitative study see [21]); the different
geodesics make more and more revolutions, but in order to remain bounded
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z
p

Figure 1.1: Geodesics in the Heisenberg group.

with the height, the radius of the circles has to get smaller and at some point
we cannot reach the projection of p on the xy-plane anymore. Therefore, if
the point p belongs to the z axis, we don’t have any lower bound on the radius
of the circles, so we have an infinite number of geodesics. More precisely: let
p = (0, 0, h) be the final point. To every geodesic we can associate the radius
of the projection and the number of revolutions; let’s say that the geodesic
γn makes n revolutions and it has radius rn. Since the height equals the area
spanned by the projection, we must have

h = n · πr2n;

we see that for every integer number n we can find a suitable radius in order
to get the corresponding geodesics. Moreover, the Heisenberg structure is
invariant under the group of the rotations of the xy-plane: applying a rotation
of angle α to a geodoesic we find a new geodesic for every α ∈ S1.

The picture is the following: geodesics come in families parametrized by
the integer numbers and each one of them is diffeomorphic to a circle S1 in
the space of horizontal curves. We will see that this picture is typical for step
2 Carnot groups with any possible corak l: there is a countable quantity of
families of geodesics, and each family is diffeomorphic to a compact manifold
in the space of horizontal paths; in the generic case the compact manifold is
a product of circles.

1.3 The asymptotic behavior of the topology

Now we want to find the relation between the structure of the geodesics and
the topology of the space of horizontal paths, denoted by Ωp. To this aim
the classical tool would be Morse theory, but in our case the critical points
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are not isolated. Though, they have a nice and quite regular structure: they
are collected into compact manifolds. We will need then Morse-Bott theory,
which generalizes Morse theory allowing the critical set to be the disjoint
union of compact manifolds, called non-degenerate critical manifolds. We
recall that Morse inequalities bound the Betti number of the manifold from
above with the number of critical points. The most rough Morse inequality
is obtained by summing over the integer that parametrizes the dimension
of the homology cycles: we get that the total Betti number (the sum of all
the Betti numbers) is bounded from above by the number of the critical
points. In the Morse-Bott case, apparently we cannot do the same since the
number of critical points is always infinite: but in the correct generalization
of Morse inequalities the critical manifolds give their contribution with their
total Betti number. We have then

b(M) ≤
∑

C

b(C),

where C are the critical manifolds.
As usual in this kind of problems, instead of the length we will use an-

other functional, namely the Energy. Since we consider horizontal curves and
by definition of sub-Riemannian metric we can compute the norm of their
velocities, we can define the length

ℓ(γ) =

∫ 1

0

‖γ̇‖dt,

and the Energy

J(γ) =
1

2

∫ 1

0

‖γ̇‖2dt,

which is easier to study but it produces the same critical points, the geodesics.
This follows from the Schwarz inequality; moreover if γ is a geodesic we have
J(γ) = 1

2
ℓ(γ)2. Notice that even though the horizontal curves come from

non-autonomous ODEs, they are invariant under reparametrization: thus we
have fixed the interval of definition to be I = [0, 1] for the sake of exposition.
Later we will choose the interval [0, 2π] in order to have lighter computations.

Now we go back to the Heisenberg group and we study how the space of
horizontal paths is built up as the union of the sublevels of the Energy. We
expect a relation with the number of critical manifolds counted with their
total Betti number, which is always 2 being the critical manifolds always
homeomorphic to S1. The geodesics γn have length ℓ(γn) = 2nπrn, thus
their Energy is J(γn) =

1
2
4n2π2r2n = 2πnh.
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Let us call the sublevels of the Energy Ωs
p
.
= Ωp ∩ {J ≤ s}; since the

Energy of the families of the geodesics grows linearly with the number of
revolutions, we find a finite number of families with Energy less than s,
where the number is (up to a fixed constant) the integer part of s. As we
let the energy go to infinity, the number of families of geodesics explodes.
Let’s see what happens to the topology; it can be easily shown that Ωs

p has
the same homotopy type of a sphere, and that the dimension of the sphere is
proportional to the level of the Energy s. The homotopy type changes with
the Energy s, and converges to the homotopy type of the infinite dimensional
sphere which is contractible.

We have seen two interesting facts: first, even though the total space of
horizontal paths ending at p is contractible, the topology of the sublevels
of the Energy changes with the value of the Energy but it is never trivial;
only in the limit everything disappears. Second, the Morse-Bott inequalities
are not sharp at all: while the total Betti number of the sublevels Ωs

p is
constantly equal to 2, the sum of the Betti numbers of the critical manifolds
with Energy less than s grows proportional to s; it seems that the family of
critical manifolds indexed by the integer numbers gives the same contribute to
the topology of the manifold, independent on the number of critical manifolds
we are considering.

1.4 On step 2 Carnot groups

Step 2 Carnot groups are the local models for the sub-Riemannian manifolds
of step 2, namely those sub-Riemannian structures where the distribution ∆
and the brackets of vector fields in the distribution span the whole tangent
bundle. A step 2 Carnot group can be defined starting from its Lie algebra:

g = ∆⊕∆2,

where ∆ is the distribution and the brackets of left invariant vector fields in
∆ give ∆2, namely [∆,∆] = ∆2. Moreover [∆2, g] = 0, thus the Lie algebra
is nilpotent; the dimension of ∆2 is the corank of the distribution ∆. We
write explicitly the Lie bracket as

[Xi, Xj ] =
l∑

k=1

akijYk,

and the skew-symmetric matrices Ak
.
= (akij) will play an important role.

At first we identify the set of vertical points, analogous to the z axis
in the Heisenberg group, where the most typical behavior of non-holonomic
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geometry is found. Vertical points are obtained by exponentiating ∆2. Then
we study how the topology of Ωs

p changes when p is vertical, and at the same
time we want to find the geodesics with Energy less than s. Since an exact
computation is rather impossible, we focus on the order of growth of the
above quantities with respect of the Energy by looking for upper bounds.
We have the following result:

Theorem. For the generic step 2 Carnot group G and the generic vertical
point p, in the space of horizontal paths Ωp we have

Card{critical manifolds with energy less than s} = O(s)l,

where l is the corank of the distribution.

This is still not enough in order to find what the right-hand side of the
Morse inequalities would be; however we find what are the possible homeo-
morphism types of the critical manifolds:

Theorem. For the generic step 2 Carnot group G and the generic vertical
point p, the non-degenerate critical manifolds are homeomorphic to a product
of spheres

S1 × · · · × S1

︸ ︷︷ ︸
j times

,

where j ≤ l.

Since from the previous theorem we have that the total Betti number of
the critical manifolds is bounded by a constant that depends only on the
corank l, we can effectively bound the right-hand side of the Morse inequal-
ities:

Theorem. For the generic step 2 Carnot group G and the generic vertical
point p, the total Betti number of the critical set of the energy J restricted to
the sublevel Ωs

p is bounded as follows:

b
(
CritJ ∩ Ωs

p

)
≤ O(s)l.

From the classical Morse inequalities we would find that b(Ωs
p) ≤ O(s)l;

instead of doing this, we use Morse theory in order to find a homotopy
equivalence between Ωs

p and a finite dimensional submanifold of Ωs
p that we

can study as an intersection of l real quadrics. More precisely we prove that:

Theorem. For the generic step 2 Carnot group G and the generic vertical
point p, there is a constant cp such that we have the following homotopy
equivalence:

Ωs
p ∼ ∂

(
Ωs

p ∩ L
)
,
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where dimL ≤ cps. Moreover the manifold ∂
(
Ωs

p ∩ L
)
is an intersection of l

quadrics on the unitary sphere in L.

Given that, tools from semialgebraic geometry come into play: we use the
results from [5] that allow to bound the total Betti number of intersections of
quadrics on a sphere of given dimension to get an asymptotically finer bound
for the total Betti number of Ωs

p:

Theorem. For the generic step 2 Carnot group G and the generic vertical
point p we have

b(Ωs
p) ≤ O(s)l−1. (1.1)

In this case we have again only a bound from above for the total Betti
number; but in the case of corank l = 2 we can do better. We find a formula
that allows to compute analytically the leading coefficient of the asymptotic
in terms of the structure constants of the Lie algebra, and such a leading
coefficient is generically non-zero. We will show how the Carnot group data
depend only on the linear space W ⊂ so(d) generated by the matrices Ak

that give the structure constants for the Lie algebra. This linear space can
be identified with the space of covectors (∆2)∗ via the map

ω 7→ ωA
.
=

l∑

k=1

ωkAk.

Every matrix ωA can be put in its canonical form

ωA = (α1(ω)J2, . . . , αm(ω)J2) ,

where J2 is the standard symplectic matrix on R
2; the basis is chosen in

such a way that every αj ≥ 0. Now we fix the ending point p ∈ ∆2, and we
parametrize by t ∈ R the line in (∆2)∗ given by the equation 〈ω, p〉 = 1; the
generalized eigenvalues αj are seen as functions of t.

Theorem. For the generic step 2 Carnot group G with corank l = 2 and the
generic vertical point p, we have that

b(Ωs
p) = τp s+O(1),

where the leading coefficient τp is greater than 0 and it is computed by the
formula:

τp =
1

2

∫

R

m∑

i=1

∣∣∣∣
dαi

dt

∣∣∣∣−
∣∣∣∣∣

m∑

i=1

dαi

dt

∣∣∣∣∣ .
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bi(Ω
s
p)

i

s→∞

The previous theorem says that the total Betti number of the sublevel Ωs
p

tends to infinity as the energy increases: thus the (homological) complexity
of the space of horizontal paths with bounded energy grows as the bound in-
creases. Nevertheless every single Betti number (except the zero-th) becomes
definitely zero and in the direct limit everything becomes trivial. If we look
at the function i 7→ bi(Ω

s
p) and we let s→∞, what we see is something like

a ”wave” that moves towards infinity getting bigger and bigger.

1.5 General sub-Riemannian structures

Now we can go back to the problem on general sub-Riemannian manifolds.
It has been proved in [20] that on a step 2 sub-Riemannian manifold the
end-point map is a Serre fibration and we have

πk(Ωp,q) ∼= πk+1(M),

where p, q are points in the sub-Riemannian manifold M and Ωp,q is the
space of horizontal paths between p and q. There is essentially no difference
with the Riemannian case, since the topology of the horizontal-path spaces
descends from the topology of the manifold M . Thus we focus on the study
of the properties that depend on the sub-Riemannian structure, namely local
properties of the distribution.

The key idea is that Carnot groups are first order approximations of
general sub-Riemannian manifolds: it follows that we can pass locally the
information retrieved in Carnot groups to the sub-Riemannian manifolds.
Here locally means that we consider points ”infinitesimally close” and the
space of horizontal paths with an infinitesimal upper bound on the Energy.

Given a sub-Riemannian manifold M with distribution ∆, we fix a point
p ∈ M and we define F to be the End-point map, namely the map that
associates to a horizontal path γ starting from p its final point γ(1). We
then fix a realization of the nilpotent approximation (the Carnot group that
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approximates the sub-Riemannian structure) in a neighborhood of p, namely
a distribution that approximates the initial one and has good homogeneity
properties. The Carnot group comes from the distribution since any choice
of local vector fields that span the distribution generate the nilpotent Lie al-
gebra associated to the Carnot group. This choice comes with a 1-parameter
family of non isotropic dilations δǫ that behaves well with respect to the
sub-Riemannian distance.

We find the following weak homotopy equivalence for ǫ < ǫ(s):

F−1(δǫ(p)) ∩ {J ≤ ǫ2s} ∼ F̂−1(p) ∩ {J ≤ s},
where F̂ is the End-point map associated to the nilpotent approximation.

The consequences of this homotopy equivalence are yet to be exploited; for
instance from the study of the relative homology of different sublevels of the
Energy we can find information about the number of “low Energy” geodesics
between two close points, depending on their distance. More precisely, let us
call ν(Ωs

q) the number of geodesics from p to q with Energy bounded by s:
we have:

Theorem. For the generic step 2 rank d distribution ∆ on R
n, and for

almost every q in a small enough neighborhood of p (small enough in order

to have privileged coordinates), for every C > 0 the quantity ν
(
ΩC

δǫ(q)

)
goes

to ∞ as ǫ→ 0.
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Chapter 2

Background material

2.1 Sub-Riemannian geometry

2.1.1 Sub-Riemannian structures

For a more detailed exposition of sub-Riemannian geometry the reader is
referred to [2]; for what concerns the present work we will not give the most
general definition of a sub-Riemannian structure, since we are interested in
the local study around regular points (regularity will be introduced later).

Definition 1 (sub-Riemannian structures). A sub-Riemannian struc-

ture on a smooth manifold M of dimension n is given by a distribution
∆ ⊂ TM , namely a collection of subspaces ∆p ⊂ TpM varying smoothly with
respect to the point p ∈ M . We can assume that the rank d (dimension
of ∆p) is constant. Moreover, on the subspaces ∆p we are given a scalar
product, varying smoothly with respect to the point p as well; it is called
sub-Riemannian metric.

This definition generalizes Riemannian structures, where the distribution
is just the whole tangent bundle. In the same way as the tangent bundle,
a distribution can be given a local trivialization: given p in the manifold
M with a rank d distribution ∆, we can find vector fields ξ1, . . . , ξd on a
neighborhood U of p such that ∆q = span(ξ1(q), . . . , ξd(q)) for every q ∈ U .

When such a structure is given, it is interesting to study the motion on
the manifold M with the constraint on the velocity given by the distribution
∆.

Definition 2. An absolutely continuous curve γ : I → M , where I is a
closed interval of R, is said horizontal if its derivative (which exists almost
everywhere) γ̇(t) belongs to the fiber ∆γ(t).

10



From now on we will consider horizontal curves only. Given the sub-
Riemannian metric, we can compute the length of every horizontal curve
since their velocity belongs to the distribution ∆ by definition:

ℓ(γ) =

∫

I

‖γ̇(t)‖dt;

the length is independent of the parametrization.
The properties of the horizontal curves can be dramatically different de-

pending on the local differential structure of the distribution ∆.
Given two vector fields X, Y in ∆ on a neighborhood of a point p ∈M , we

consider their bracket [X, Y ]p at p; now, for every couple of such vector fields
we consider ∆p together with the set of all possible brackets in p, which turns
out to be a linear subspace of TpM denoted by [∆,∆]p or ∆

2
p. By taking the

union
⋃

p∈M ∆2
p we obtain the subset ∆2 ⊂ TM , which may not be a smooth

sub-bundle of TM ; the dimension of ∆2
p may also change with respect to p.

The process of taking brackets can be repeated inductively: the brackets of
all possible vector fields X in ∆ and Y in ∆m define the subset ∆m+1 ⊂ TM .
The subset ∆m is called m-th layer of the distribution ∆. We can also take
the union of the layers on m ∈ N, namely Lie(∆) =

⋃
m∈N ∆

m. The number
σ of the layers is called step of the distribution ∆; some information about
the layers can be summarized in a finite sequence of non-decreasing integer
number, the growth vector defined as (dim∆, . . . , dim∆σ).

A distribution ∆ is called integrable if Lie∆ = ∆: from the Frobenius’
theorem it follows that for every point p ∈ M , there exists a smooth sub-
manifold N ⊂ M passing through p such that ∆ = TN . This means that
in the case of integrable constraints on the velocities, the study of horizontal
curves can be reduced to the Riemannian case on the manifold N .

However, the object of study in sub-Riemannian geometry is the very op-
posite case: the distribution ∆ satisfies the Hörmander condition if Lie∆ =
TM ; equivalently, the distribution is said bracket-generating. The fact that
by taking iterated brackets of vector fields in the distribution ∆ it is possible
to obtain all the tangent bundle has very important consequences: every two
points in the manifolds can be joined by a horizontal curve. Moreover, as a
consequence we can define a distance on M in the usual way:

d(p, q) = inf{ℓ(γ)},where γ(0) = p, γ(1) = q,

which turns out to be finite since for every couple of points there is a finite-
length horizontal curve joining them; this is called Carathéodory distance.
More precisely, the following theorem holds:
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Theorem 1 (Chow-Rashevskii theorem). Let M be a smooth manifold with
a bracket generating distribution ∆. The Carathéodory distance d is finite,
continuous and the induced metric topology is the manifold topology.

2.1.2 The sub-Riemannian tangent space

In order to study local properties of sub-Riemannian structures, we will need
their first order approximations, namely the sub-Riemannian tangent spaces.
In the Riemannian case the first order approximation of the Riemannian
manifold (M, g) around p ∈M is the differential tangent space TpM endowed
with the scalar product gp on TpM ; it is a Riemannian manifold itself, and
has the structure of a Euclidean space.

Similarly, we expect the sub-Riemannian tangent space to be a sub-
Riemannian manifold, which encodes the local data of the sub-Riemannian
structure around a point p. This can be realized in many ways: one of them
is the metric tangent space as explained by Gromov in [15], who gives a
procedure to build the tangent space of a general metric space. Roughly,
the procedure is the following: given a point p in the metric space (X, d),
consider the ball of small radius ε around p Bε(p) and apply a dilation with
parameter 1

ε
to the distance d, in order to let the ball Bε(p) be of radius 1

in the new metric. By taking the Gromov-Hausdorff limit as ε → 0 we get
the metric tangent space to X at p; it is a metric space that approximates
the metric space structure of (X, d) at p. We refer to the paper of Belläıche
[7] for an explanation of the metric tangent space and for more details about
the sub-Riemannian tangent space.

We will always assume the regularity of the point p in the following sense:

Definition 3. A point p on the sub-Riemannian manifold M is regular if
and only if the growth vector is constant on a neighborhood of p.

In order to build the nilpotent approximation we need a class of local
coordinates that have a good behaviour with respect to the distance. Such
coordinates are called privileged coordinates, and they always exist on a suit-
able neighborhood of any regular point p ∈ M . We are not going to give
the general definition of privileged coordinates: from now on we will consider
2-step distribution, where a weaker condition turns out to be equivalent.

Definition 4. Let M be a n-dimensional sub-Riemannian manifold with a
rank d distribution ∆, and p ∈ M a regular point. The local coordinates
(x1, . . . , xd, y1, . . . , yl) are linearly adapted at p if dyj(∆p) = 0.

We will use the shortcut (x, y) for the coordinates (x1, . . . , xd, y1, . . . , yl)
when there will not be any ambiguity. As we already told, the privileged
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coordinates are always linearly adapted; the converse holds in the 2-step
case only. The main property of the privileged coordinates is their behaviour
with respect to the distance: indeed we have

d(p, q) ≍ |x1|+ · · ·+ |xd|+ |y1|1/2 + · · ·+ |yl|1/2,

where (x1, . . . , xd, y1, . . . , yl) are the coordinates of the point q and ≍ means
that the two functions have the same order. Notice that the order 1

2
of the

distance with respect to the coordinates yj reflects the fact that near to the
point p is more difficult to go in their direction.

In the sequel we will need the definition of weight of functions and differ-
ential operator.

Definition 5 (Weight). Given the privileged coordinates (x, y) around p, we
define the weight w such that

w(xi) = 1, w(yj) = 2, w

(
∂

∂xα

)
= −1, w

(
∂

∂yi

)
= −2;

on the homogeneous monomials the weight is extended additively, for instance

w

(
xbyj

∂3

∂xi∂2ym

)
= w(xb) + w(yj) + w

(
∂

∂xi

)
+ 2w

(
∂

∂ym

)
.

Moreover, the weight of a differential operator (or of a function) is defined
as ≥ s if the lowest weight of the monomials in the Taylor expansion is s.

Let us consider now a local trivialization of ∆ around p, given by the
local vector fields X1, . . . , Xd. Since they are first order differential operators
and dyj(Xi) = 0 for all i and j, it follows that w (Xi) ≥ −1. For every Xi we

define X̂i to be its homogeneous part of degree −1. We have the following:

Proposition 2. The distribution ∆̂ spanned by the vector fields X̂i is bracket
generating and has the same growth vector as ∆.

This new distribution ∆̂, which is locally a good approximation of the
distribution ∆ induces also a new distance d̂. From the choice of the privi-
leged coordinates we can define the 1-parameter family of dilations centered
at p needed to get the metric tangent space:

δλ(x, y) = (λx, λ2y).

These dilations are defined in order to have the fields X̂i and the distance d̂
being homogeneous with respect to them:

13



(δλ)∗ X̂i = λ−1X̂i, d̂(p, δλ(q)) = λd̂(p, q).

Now if we apply the dilations of parameter λ and we rescale the resulting
objects by λ−1 we obtain:

λ (δλ)∗Xi = X̂i + λ−1Ri(λ),

where Ri(λ) are vector fields of weight ≥ 0 and

λ−1d(p, δλ(q)) = d̂(p, q) + λ−1r(λ, q),

for a suitable function r. This roughly shows that the limit object of Xi

and d are X̂i and d̂ respectively. We found the metric tangent space to be a
copy of Rn with the distance d̂; the procedure carries also informations about
the structure of ∆, namely the vector fields X̂i. Such fields together with
their brackets give R

n the structure of a nilpotent Lie algebra g; moreover,
Lie theorem ensures the existence of a simply connected Lie group G with
algebra g. The group G is nothing but a copy of Rn and in particular is the
metric space (Rn, d̂):

Definition 6. The group G endowed with the left-invariant distribution ∆̂
and the distance d̂ is the sub-Riemannian tangent space of M at p.

We presented this construction of the sub-Riemannian tangent space be-
cause it will be useful in the following; by now we will begin the study starting
from a simpler and more algebraic way to recover G. We consider again a
regular point p ∈ M and a set of local vector fields ξ1, . . . , ξd spanning ∆.
We then complete it with a set of vector fields ψ1, . . . , ψl such that together
they give a local frame for the tangent bundle. Then we define the linear
space

g
.
= ∆p ⊕ TpM/∆p,

together with the basis Xi
.
= ξi(p) in ∆p and Yk

.
= ψk(p) + ∆ in TpM/∆p;

then we give a Lie algebra structure to g by letting

[Xi, Xj ] = [ξi, ξj ]p/∆p =
l∑

k=1

akijYk;

moreover ∆p is endowed with the sub-Riemannian scalar product gp. We
obtained in this way the same nilpotent Lie algebra as before, from which we
get the associated Lie group G together with the left-invariant distribution
(Lq)∗ ∆p and the sub-Riemannian metric (Lq)

∗ gp, where q ∈ G and Lq is
the left multiplication by q. This class of nilpotent Lie groups, which are the
local model for the sub-Riemannian manifolds, are also called Carnot groups.

14



2.2 Morse-Bott theory

2.2.1 Morse-Bott functions

We saw in the introduction that the geodesics we study are not isolated
critical points of the Energy: this was the case of the Heisenberg group, where
the critical set was the disjoint union of circles S1. In the sequel we will find
that this picture is typical: more generally, in a setting where the structure
(for instance Riemannian or sub-Riemannian structures) is endowed with
families of simmetries and we consider points which are invariant under such
simmetries, it is the case that the interesting functionals are invariant under
the same simmetries. This forces the critical points to collect themselves into
submanifolds; for example on the 2-dimensional sphere, due to the rotational
simmetry, the geodesics joining two antipodal points are not isolated but
they can be parametrized by circles S1 in the space of curves. Even though
the Morse functions are dense, meaning that after a small perturbation a
degenerate function can be approximated by a Morse function, this is not
always the best approach because one may lose the simmetries which carry
nice information about the structure. Then it is better to consider a more
general kind of non-degenerate functions, namely Morse-Bott functions. In
this section we give a short review of Morse-Bott theory: the interested reader
is referred to the original paper by Bott [11] and to the books [17], [24] and
[13] for more details (especially for the infinite dimensional case).

Definition 7. Given a Hilbert manifold X, a smooth function f : X → R is
a Morse-Bott function if:

(A) the critical set is the disjoint union of compact smooth manifolds, called
critical manifolds;

(B) if x is a critical point belonging to the critical manifold C then

kerHexf = TxC;

(C) for every sequence {xk} of critical points on X such that f(xk) is
bounded and ‖∇fxk

‖ → 0, then the sequence {xk} has limit points
and every limit point is critical for f .

Condition (C) is usually referred as Palais-Smale condition and is
automatically satisfied in the finite dimensional case. The smooth manifolds
of critical points are called nondegenerate critical manifolds; notice that
admitting only zero-dimensional critical manifolds we get classical Morse
functions.
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The second condition is equivalent to the non-degeneracy of the Hessian on
the normal space NxC for x ∈ C. The index of the critical manifold C is
defined as the maximum of the dimensions of subspaces V ⊂ NxC where
the Hessian is negative-definite; since the Hessian is nondegenerate in the all
normal bundle, this number does not depend on the point x ∈ C and it is
denoted by ind(C).
Under this assumptions it is still possible to describe what happens to the
topology of the sublevels Xc .= f−1(−∞, c) of the Morse-Bott function f by
increasing c.

Let us consider a Morse-Bott function f : X → R: the first fundamental
theorem of Morse theory describe how the sublevels (don’t) change when c
increases without passing critical values:

Theorem 3. Let f : X → R be a Morse-Bott function on X. If the interval
[a, b] ⊂ R does not contain critical values, Xb is diffeomorphic to Xa.

This can be proved by introducing a gradient-like vector field, namely a
vector field V such that 〈f, V 〉 > 0; then Xb is deformed to Xa along the
integral curves of the flow of V . Moreover if we let a be a critical value for
the Morse-Bott function f the sublevels aren’t diffeomorphic one to another
anymore, but still there exists a deformation.

Theorem 4. If f : X → R is a C1 function satisfying the Palais-Smale
condition and (a, b] ⊂ R does not contain critical values, Xa is a strong
deformation retract of Xb.

For the proof see Lemma 3.2 in Chapter 1 of [13].
It only remains to recall what happens when we pass a critical value for

a Morse-Bott function. Given a critical manifold C we restrict the tangent
bundle TX to C and consider a sub-bundle E−

C ⊂ TC such that the Hes-
sian of f is negative definite and the fibers have dimension equal to ind(C),
together with the unit disk bundle D−

C ⊂ E−
C . With this notation the follow-

ing theorem generalizes the classical one (the statement we present here is
actually the one in [17]).

Theorem 5 (Bott). Let f : X → R be a Morse-Bott function, and let c
be a critical value. For δ > 0 sufficiently small the sublevel Xc+δ = X ∩
{f ≤ c+ ǫ} is homotopic to the sublevel Xc−ǫ with the unit disk bundle D−

C

glued along the boundary.

Since in our setting we consider homology with Z2 coefficients, it follows
from the Thom isomorphism that:

H∗(X
c+δ, Xc−δ) ≃ H∗(D

−
C , ∂D

−
C ),

16



where in the last equation we allow the critical manifold C to be non-
connected, in which case we actually have a disjoint union of different bundles
(with possibly different rank, corresponding to the possibly different indexes
of the components of C).

2.2.2 Morse-Bott inequalities

One of the main tools in Morse theory are the Morse inequalities : they allow
to compare the number of critical points to the topological properties of the
manifold where a Morse function is given. We denote with bk(X) the k-th
Betti number, namely the number of independent cycles of dimension k in
the homology of the topological space X.

Proposition 6 (Morse inequalities). Let X be a smooth (Hilbert) manifold
and f : X → R be a Morse function:

bk(X) ≤ #{critical points with index k}.

Alternatively we can state Morse inequalities in terms of the Poincaré
polynomial of X and Morse polynomial of f ; we recall the former to be

PX(t) =
∑

k

bkt
k,

while the latter is defined as

Mf (t) =
∑

x

tind(x),

where x runs through the critical points of f . Moreover, we define the fol-
lowing partial order relation in the set of polynomials of one variable:

P (t) ≺ Q(t)

if there exists a polynomial R(t) with non-negative coefficients such that

Q(t) = P (t) + (1 + t)R(t).

we are ready to state the following: The Morse inequalities can now be
written as follows:

PX(t) ≺Mf (t).

It is easy to see how the classical Morse inequalities follow from the poly-
nomial ones; even though the inequalities written in terms of polynomials
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may appear fancy, they are quite useful to state the Morse inequalities in the
Morse-Bott case.

In the Morse-Bott setting the Morse-Bott polynomial is defined in terms
of Poincaré polynomials of the non-degenerate critical manifolds:

Mf (t) =
∑

C

PC(t) t
ind(C),

where C runs through the critical manifolds. Now, the Morse-Bott inequali-
ties have the same expression as the Morse inequalities, namely

Proposition 7 (Morse-Bott inequalities). Given a Morse-Bott function f
on the Hilbert manifold X, we have

PX(t) ≺Mf (t).

What we will need in the following is a more rough inequality which
doesn’t depend on the indexes; by putting in the polynomials t = 1, from
the Morse-Bott inequalities follows the relation

b(X) ≤
∑

C

b(C),

where by b(M) we denote the total Betti number of the topological space M ,
namely the sum of all the Betti numbers.

Just a final remark before going to the next section: this theory keeps
true with obvious modifications to the notation if we consider the sublevels
Xc = {f ≤ c} of the Morse-Bott function f instead of the whole manifold.

2.3 Semialgebraic geometry

2.3.1 Semi-algebraic sets

In this subsection we will give a couple of basic definitions from semialge-
braic Geometry, and we will state some properties that will be useful in the
following. For a detailed exposition of semialgebraic geometry we refer to [8]
and [10].

To begin with, we give the definition of algebraic and semialgebraic sets.
Real algebraic sets are defined in the same way as complex ones:

Definition 8 (Algebraic set). Given a subset B ⊂ R[x1, . . . , xn], the zero
locus

S
.
= {x ∈ R

n | ∃f ∈ B s.t. f(x) = 0}
is called algebraic set.
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Since R is an ordered field, it is possible to define subsets of Rn with
inequalities as well:

Definition 9 (Semialgebraic set). A semialgebraic subset S of Rn is a
subset of the form

s⋃

i=1

ri⋂

j=1

{x ∈ R
n | fij ⊲⊳ij 0},

where fij ∈ R[x1, . . . , xn] and ⊲⊳ij may be the binary relations = or <.

It turns out that only a finite number of polynomials are required in order
to define a semialgebraic set.

Proposition 8. Every semialgebraic set S ∈ R
n can be written as the finite

union of subsets of the form

{x ∈ R
n | f1(x) = 0, . . . , fl(x) = 0, g1(x) < 0, . . . , gm(x) < 0}

where f1, . . . , fl, g1, . . . , gm ∈ R[x1, . . . , xn].

Semialgebraic sets behave well with respect to topological operations.
Indeed, we have

Proposition 9. The closure and the interior of a semialgebraic set are still
semialgebraic sets.

Since semialgebraic sets are defined by real polynomials, they may not be
smooth; though, they can be split into the disjoint union of smooth manifolds:

Definition 10 (Stratification). Given a semialgebraic set S in R
n, a strat-

ification of S is a finite partition S =
⊔
Sj such that:

• every Sj is a smooth submanifold of S;

• the closure of every Sj is the union of Sj together with other subsets of
the same partition of lower dimension.

It is important to recall that every semialgebraic set admits a stratifica-
tion; the elements of the partition giving a stratification are called strata.
Semialgebraic sets are provided with their own class of maps, namely:

Definition 11 (Semialgebraic maps). A map f : S1 → S2 between two
semialgebraic sets S1 ⊂ R

n and S2 ⊂ R
m is semialgebraic if its graph in

R
m+n is a semialgebraic set.
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A remarkable property of semialgebraic sets is that they are closed with
respect to the projections. Indeed, choose a copy of Rn in R

n+1 and let p be
the projection p : Rn+1 → R

n:

Theorem 10. The image of any semialgebraic set S ⊂ R
n+1 under the

projection p : Rn+1 → R
n is still a semialgebraic set.

We will need in the following an improvement of the Sard’s Lemma in
the realm of semialgebraic sets:

Theorem 11 (Semialgebraic Sard’s Lemma). Let f : S1 → S2 be a semi-
algebraic smooth map between two semialgebraic smooth manifolds S1 and S2.
The set of critical values of f is a semialgebraic subset of S2 with dimension
strictly smaller that the dimension of S2.

We conclude this subsection with another important property of semi-
algebraic sets, which allows to reduce the preimage of a semialgebraic set to
a finite union of cartesian products.

Theorem 12 (Hardt’s triviality). Let S1 ⊂ R
n and S2 ⊂ R

m be semialgebraic
sets, and f : S1 → S2 a continuous semialgebraic map. There exists a
finite partition Ti of T such that for every xi ∈ Ti the preimage f−1(Ti) is
semialgebraically homeomorphic to the product Ti × f−1(xi).

2.3.2 Cohomology of the intersection of real quadrics

We will see in the following that the study of the horizontal path spaces will
be reduced to the study of intersection of real quadrics in finite dimension
by homotopy equivalence; thus in this section we present useful results from
[5, 18, 19] for the study of the Betti numbers of the intersection of real
quadrics on the sphere Sn. The motivating example is the case of the zero
locus Y of one single nondegenerate quadratic form q on the sphere Sn: if
i−(q) denotes the negative inertia index of q, then:

Y ≃ Si−(q)−1 × Sn−i−(q).

In particular we see that the knowledge of the index function on the whole
line spanned by q in the space of all quadratic forms determines the topology
(since by non-degeneracy n− i−(q) = i−(−q)− 1).
More generally if we have l quadratic forms q1, . . . , ql in n + 1 variables, we
need to study the index function on the linear span of the quadratic forms
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q1, . . . , ql in the space of all quadratic forms Sym(n). To this purpose we
define the map

R
l → Sym(n)

η = (η1, . . . , ηl) 7→ ηq
.
= η1q1 + · · ·+ ηlql,

(2.1)

where q = (q1, . . . , ql) is the vector whose entries are the given quadratic
forms. Then we consider the function η 7→ i−(ηq); in the generic case this
function is the restriction of the negative inertia index function to the span
of q1, . . . , ql in the space of all quadratic forms. Although the general theory
is more detailed, for our purposes we need explicit computations only in the
case l = 2 and in the general case it will suffice to have quantitative bounds
on the topology of:

Y = {x ∈ Sn | q1(x) = · · · = ql(x) = 0}.

In the case l = 2 we consider a unit circle S1 in R
2 and the restriction i−|S1 ;

also for j ≥ 0 we let:

Pj = {η ∈ S1 | i−(ηq) ≤ j}.

The following formula (2.2) is proved in [18] and relates the Betti numbers of
Y to the topology of the sets Pj; we denote by b̃j(Y ) the rank of H̃j(Y ;Z2).
The general bound (2.3) for the topology of Y in the case l ≥ 2 is proved in
[19]. The reader is referred to [5, 18, 19] for more details.

Proposition 13. If Y is the intersection of two quadrics on the sphere Sn

and 0 ≤ j ≤ n− 3, then:

b̃j(Y ) = b̃n−j−1(S
n\Y ) = b0(Pj+1, Pj) + b1(Pj+2, Pj+1). (2.2)

Moreover if Y is defined by l ≥ 2 quadratic equations on Sn, on RP n or in
R

n, then:
b(Y ) ≤ O(n)l−1. (2.3)

It is possible to apply the above technique also in the case Y is the inter-
section of quadrics on the unit sphere in some (possibly infinite dimensional)
Hilbert space H. The main differences for this infinite dimensional case
are the following: Y must be non-singular; b̌i denotes the rank of the i-th
Cech cohomology group; the negative inertia index might be infinite for some
η ∈ S1, but these η are already excluded by the condition i−(η) ≤ j < ∞.
With these modification we have the following result from [1]; formula (2.5) is
the analogue of (2.2), but the condition that H is infinite dimensional allows
to remove the restriction on the range for j.
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Theorem 14. Let q1, . . . , ql be continuous quadratic forms on the Hilbert
space H and Y be their (nondegenerate) common zero locus on the unit
sphere. Then:

H∗(Y ) = lim−→
V ∈F
{H∗(Y ∩ V )}. (2.4)

where F denotes the family of all finite dimensional subspaces of H. More-
over in the case l = 2:

b̃j(Y ) = b̌0(Pj+1, Pj) + b̌1(Pj+2, Pj+1) (2.5)

Sketch. Since Y is assumed to be non-singular, then it has a tubular neigh-
borhood U in H and H∗(Y ) ≃ H∗(U). In particular every singular chain
in U is homotopic to one whose image is contained in a finite dimensional
subspace and (2.4) follows. To prove (2.5) we fix a j ≥ 0; then using (2.2)
we have:

b̃j(Y ∩ V ) = b0(Pj+1(V ), Pj(V )) + b1(Pj+2(V ), Pj+1(V ))

where V ⊂ H is a sufficiently big finite dimensional subspace (the condi-
tion required on the dimension is dim(V ) − 3 ≥ j) and Pj(V ) = {η ∈
S1 | i−(ηq|V ) ≤ j}. Now the sets {Pj(V )}V ∈F are also partially ordered by
inclusion: if V1 ⊂ V2, then Pj(V2) ⊂ Pj(V1). It is not difficult to show that
under the isomorphism

H̃j(Y ∩ V ) ≃ H0(Pj+1(V ), Pj(V ))⊕H1(Pj+2(V ), Pj+1(V ))

the inclusion morphism on the homology Hj(Y ∩V1)→ Hj(Y ∩V2) is induced
by the restriction morphism (see [1]):

⊕

i=0,1

H i(Pj+i+1(V1), Pj+i(V1))→
⊕

i=0,1

H i(Pj+i+1(V2), Pj+i(V2))

Since the sets {Pj(V )}V ∈F are Euclidean Neighborhood Retracts (being semi-
algebraic sets), then by the continuity property of Cech cohomology:

H̃∗(Y ) = lim←−
V ∈F
{H∗(Pj+1(V ), Pj(V ))} = Ȟ∗( ⋂

V ∈F
Pj+1(V ),

⋂

V ∈F
Pj(V )

)
.

Finally Pj equals by construction
⋂

V ∈F Pj(V ) and the conclusion follows.
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2.3.3 A useful stratification of so(d)

As it will be explained in the next chapter, the possible structures of rank d
Carnot groups are totally encoded in the linear subspaces of so(d), the space
of skew-symmetric matrices on R

d. In the following chapters, transversality
arguments will be important tools in order to prove our results; therefore we
construct a stratification of so(d) and we compute the codimensions of such
strata, generalizing the results from the appendix of [9].

We are interested in studying the dimensions of the semi-algebraic sets
with generalized eigenvalues of given multiplicities and with given dimension
of the kernel. Every skew-symmetric matrix A can be written in its canonical
form as a block matrix, with blocks on the diagonal of the form

αJ2 =

(
0 α
−α 0

)
,

(J2 being the canonical symplectic matrix in so(2)) and a 0-block of the
dimension of the kernel. By generalized eigenvalues we mean the entries like
α.

We introduce the set:

Γk|m,...,mr ⊂ so(d)

defined to be the set of skew-symmetric matrices in so(d) with: (a) dimension
of the kernel equal to k and (b) multiplicities of the generalized eigenvalues
m1, . . . ,mr (with m1 ≥ m2 ≥ · · ·mr).

By acting with SO(d) on a matrix A ∈ Γk|m,...,mr with eigenvalues
α1, . . . , αr (corresponding to the ordered multiplicities), we can put it in
the form:

Diag (α1J2m1
, . . . , αrJ2mr , 0k) ,

Let us look at the stabilizer SO(d)A of A: first of all it has to fix every
eigenspace of A, since eigenspaces with different eigenvalues are orthogonal.
On the kernel K the stabilizer is the restriction of SO(d) on K, i.e. a copy
of SO(k); on the eigenspace with eigenvalue αi the restriction of SO(d) is
a copy of SO(2mi), but the stabilizer has to fix the symplectic matrix; it
follows that the stabilizer act as a copy of:

SO(2mi) ∩ Sp(2mi) = U(mi).

where J2n is the symplectic matrix in R
2n and 0k is the null matrix on R

k.
Now it is possible to compute the codimension of the orbit Ad(SO(d))A

of A by the adjoint action Ad of SO(d) on so(d) with known stabilizer:

codimAd(SO(d))A = dim so(d)− dimAd(SO(d))A =

= dim so(d)− dimSO(d) + dimSO(d)A = dimSO(d)A .
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We know that the stabilizer SO(d)A is:

SO(d)A = SO(k)× U(m1)× . . .× U(mr) ,

and its dimension is:

dimSO(d)A =
k(k − 1)

2
+

r∑

i=1

m2
i .

Let us now consider the eigenvalues αi: as long as they are distinct (so they
preserve their multiplicities) they are smooth functions of the matrices [16].
On the set Γk|m,...,mr this condition holds true (by definition), hence we have
a smooth map:

ψ : Γk|m,...,mr → R
r

given by A 7→ (αi). This map is indeed a submersion on the open subset
O of vectors in R

r with distinct entries. The fibers of the map ψ are the
orbits of the adjoint action and they are diffeomorphic to a fixed manifold
SO(d)/SO(d)A; in particular Γk|m,...,mr is a fiber bundle over O with fibers
diffeomorphic to SO(d)/SO(d)A. Now we can compute the codimension of
Γk|m,...,mr in so(d):

codimso(d)Γk|m,...,mr = codimso(d)Ad(SO(d))A− r =
k(k − 1)

2
− r +

r∑

i=1

m2
i

(2.6)

=
k(k − 1)

2
+

r∑

i=1

(
m2

i − 1
)
. (2.7)

Since we are interested in the matrices with integer eigenvalues, we will
need to stratify Γk|m,...,mr in infinite semialgebraic sets with given integer
eigenvalues.

Later we will need to deal with sets of skew-symmetric matrices with at
least one imaginary integer eigenvalues; we fix a stratum Γk|m,...,mr and we
proceed as follows.

Given ~n = (n1, . . . , nr) ∈ N
r with non-negative entries such that all

the non-zero entries are distinct, by Γk|m,...,mr|~n we will mean the subset of
Γk|m,...,mr with the eigenvalue of multiplicity mj equal to inj if and only if
nj > 0. The eigenvalues corresponding to zero entries of ~n vary in R. Since
by fixing an eigenvalue we drop the dimension of the subset by 1, we have
the following:
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Proposition 15. Given ~n ∈ N
r with the properties described above and

with ν non-zero entries, the submanifold Γk|m,...,mr |~n has codimension ν in
Γk|m,...,mr , thus its codimension in the set of all matrices so(d) is

codimso(d)Γk|m,...,mr |~n =
k(k − 1)

2
+

r∑

j=1

(
µ2
j − 1

)
+ ν. (2.8)
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Chapter 3

Horizontal path spaces

3.1 Geodesics in step 2 Carnot groups

3.1.1 Step 2 Carnot groups

Now we will focus mainly on Carnot groups, not just as sub-Riemannian
tangent spaces but as sub-Riemannian manifolds in their own right.

In order to fix the notation, we recall that a step 2 Carnot group is
a connected, simply connected Lie group G whose Lie algebra g = TeG
decomposes as:

g = ∆⊕∆2, with [∆,∆] = ∆2, [∆,∆2] = 0 and [∆2,∆2] = 0;

as vector spaces here we have ∆ ∼= R
d and ∆2 ∼= R

l. We recall that under the
above assumption on the structure of g, the exponential map exp : g→ G is
an analytic diffeomorphism, hence in particular G ≃ R

d+l.
The geometric structure on G is given by fixing a scalar product h on ∆

and considering the distribution ∆q = (Lq)∗∆ together with the extension of
h by left translation.

Two such Carnot groups (G1,∆1, h1) and (G2,∆2, h2) are considered to
be isomorphic if there exists a Lie algebra isomorphism L : g1 → g2 such that
L∆1 = ∆2 and L|∗∆1

h2 = h1 : in fact by the simple connectedness assumption
the linear map L integrates to a Lie group isomorphism φ : G1 → G2 and the
global geometric structures are related by (G1,∆1, h1) = (G1, φ

−1∆2, φ
∗h2).

Now we fix an orthonormal basis {e1, . . . , ed} of ∆ and a basis {f1, . . . , fl}
of ∆2, so that the bracket structure can be written as:

[ei, ej] =
l∑

k=1

akijfk, for all i, j ∈ {1, . . . , d} (3.1)
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where each matrix Ak = (akij) belongs to so(d); from these matrices we
get the vector space

W = span{A1, . . . , Al} ⊂ so(d).

Notice that the step 2 condition implies that the matrices Ai are linearly
independent in so(d): otherwise we would have a null linear combination
λ1A1 + · · ·λlAl = 0 where at least one of the λi is non zero. This would
mean that for every couple of vector X =

∑d
i=1X

iei, Y =
∑d

j=1 Y
jej in ∆,

their bracket would be annihilated by the covector λ
.
= (λ1, . . . , λl) ∈ (∆2)∗:

〈λ, [X, Y ]〉 =
d∑

i,j=1

X iY j 〈λ, [ei, ej ]〉 =
∑

i,j

l∑

k=1

X iY jakij 〈λ, fk〉 =

=
d∑

i,j=1

l∑

k=1

X iY jλka
k
ij =

l∑

k=1

λkAk(X, Y ) = 0,

and so [∆,∆] 6= ∆2, contradicting the step 2 hypotesis.
So we can invert the point of view and see how each vector space W of

dimension l in so(d) gives R
d+l a step 2 Carnot group structure. Given a

basis e1, . . . , ed, f1, . . . , fl on R
d+l and a basis {A1, . . . , Al} for W we define

the Lie brackets of the algebra as

[ei, ej] =
l∑

k=1

Ak(ei, ej)fk =
l∑

k=1

akijfk.

Moreover we define the sub-Riemannian scalar product by declaring e1, . . . , ed
to be orthonormal.

Proposition 16. The isomorphism class of the Carnot group does not de-
pend on the choice of the basis of W .

Proof. Let {A′
1, . . . , A

′
l} be another basis of W and M = (mk

h) the basis-

change matrix, such that Ak =
∑l

k=1m
k
hA

′
h. Now we can build another

Carnot group by defining its Lie algebra g′ on R
d+l by finding a basis {e′1, . . . , e′d, f ′

1, . . . , f
′
l}

and setting {e′1, . . . , e′d} to be orthonormal; the structure constants are given
by the entries of the matrices A′

h as in equations (3.1). The map φ, defined

on the basis elements by ei 7→ e′i and fk 7→
∑l

k=1m
k
hfk = f ′

h, gives an isomor-
phism between g

′ and g: it preserves the scalar product and the Lie algebra
brackets, since

27



[φ(ei), φ(ej)] = [e′i, e
′
j] =

l∑

h=1

a
′h
ij f

′
h =

l∑

h,k=1

akijm
h
kf

′
h

=
l∑

k=1

akijφ(fk) = φ ([ei, ej]) .

Remark 1 (The moduli space of Carnot Groups). Once a left-invariant sub-
Riemannian structure is given, changing {e1, . . . , ed} to another orthonormal
basis {Me1, . . . ,Med} (where M is an orthogonal matrix in O(d)) changes
W into W ′ = MWMT . Thus denoting by G(l, so(d)) the Grassmannian
of l-planes in so(d), the (naive) moduli space of step two Carnot Groups
is represented by the quotient Ml,d = G(l, so(d))/O(d). Since Ml,d is the
quotient of a manifold by a Lie group action, the quotient map is open and
perturbing W defines a “genuine” perturbation of the isomorphism class of
the corresponding Carnot group; in particular this means that a generic
choice of W results in a generic choice of an isomorphism class of Carnot
groups.

Motivated by the above remark, onceW ∈ G(l, so(d)) is fixed we consider
the Carnot group given by exponentiating g = R

d ⊕ R
l, whose Lie algebra

is given as follows: {e1, . . . , ed} is the standard orthonormal basis for R
d,

{f1, . . . , fl} is the standard basis for R
l and fixing a basis {A1, . . . , Al} for

W , the Lie brackets are given by equation (3.1); we will call W the Carnot
group structure.

The following theorem gives a geometric realization of Carnot groups.

Theorem 17. Let {A1, . . . , Al} be a basis for W ⊂ so(d) and for i = 1, . . . , d
consider the vector fields Ei on R

d+l defined in coordinates (x, y) by:

Ei(x, y) =
∂

∂xi
(x, y)− 1

2

l∑

k=1

d∑

j=1

akijxj
∂

∂yk
(x, y).

Then the sub-Riemannian manifold (Rd+l,∆ = span{E1, . . . , Ed}, g), where
g is the standard Euclidean metric, is isomorphic to the Carnot group defined
by W.

Notice that these vector fields are homogeneous of weight −1 (the weight
given in the definition 5) and the coordinates (x, y) are automatically privi-
leged since dyk(Ei) = −1

2

∑d
j=1 a

k
ijxj which is equal to 0 in the origin.
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3.1.2 The End-point map

From now on we will consider horizontal paths parametrized on the interval
I = [0, 2π] in order to simplify notation: we will later need to expand the
components of an horizontal path into their Fourier series, and a different
choice of the interval will produce a completely equivalent theory.

As already told, the bracket generating condition implies that any two
points in G can be joined by an horizontal path: we define Ω to be the set of
all the horizontal paths starting from the identity e of G. The set Ω can be
given a Hilbert manifold structure as follows. Let u = (u1, . . . , ud) ∈ L2(I,Rd)
and consider the Cauchy problem:

γ̇(t) =
d∑

i=1

ui(t)Ei(γ(t)), γ(0) = e.

This is just a ODE problem set on R
d+l, using the trivialization given by

the global vector fields Ei; in this case the identity element e ∈ G corresponds
to the zero of Rd+l. By Carathéodory’s Theorem the above Cauchy problem
has a local solution γu and we consider the set:

U = {u ∈ L2(I,Rd) | γu is defined for t = 2π}.

For general sub-Riemannian manifolds, U is an open subset of L2(I,Rd) (by
ODE’s continuous dependence theorem) and is called the set of controls ; in
our case the estimates for the final time can be made uniform (the constraints
on the velocities are linear) and we actually have U = L2(I,Rd). Associating
to each u the corresponding path γu gives thus a global coordinate chart and
by slightly abusing of notation in the sequel we will often identify Ω with U .

Once we are given the Carnot group structureW = span{A1, . . . , Al}, we
can use Theorem 17 to write down the above ODE in a more explicit form:

{
ẋ = u
ẏi =

1
2
xTAiu

and γ(0) = 0.

In this framework the End-point map is the smooth map:

F : Ω −→ G,

that associates to each curve γ its final point γ(2π).
We define the vector of matrices A = (A1, . . . , Al), and we can use again

Theorem 17 and write the End-point map as:

F (u) =

(∫

I

u(t) dt,
1

2

∫

I

〈∫ t

0

u(τ)dτ, A u(t)

〉
dt

)
; (3.2)
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(here the brackets denote the sub-Riemannian scalar product on the Lie
algebra g).

In the sequel we will mainly be interested in horizontal paths whose end-
points lie on a particular submanifold of G where we will experience the most
typical properties of the sub-Riemannian geometries. Being G of step two,
we know that ∆2 is an abelian subalgebra of g; therefore we can identify ∆2

with the submanifold exp(∆2) ⊂ G and using Theorem 17 we can write this
identification as:

ξ1f1 + . . .+ ξlfl 7→ (0, . . . , 0︸ ︷︷ ︸
x

, ξ1, . . . , ξl︸ ︷︷ ︸
y

),

(here as above {f1, . . . , fl} is a basis of ∆2).

Remark 2. By abuse of notation we will denote exp(∆2) ⊂ G as ∆2, since by
the above identification they are essentially the same; we are motivated by
the fact that we will need covectors in (∆2)∗ to act on the points in exp(∆2)
via the previous identification. So in the following we will consider points in
∆2 instead of points in exp(∆2).

Definition 12. The points p ∈ ∆2 are called vertical.

We study now the structure of the set of horizontal paths whose endpoints
are vertical. It turns out that in the coordinates given by the controls in U
it coincides with the kernel of the differential of F at 0 ∈ U

H = kerD0F,

as described by the following proposition.

Proposition 18. The following properties hold:

(a) H =
{
u ∈ L2(I,Rd) |

∫
I
u dt = 0

}
;

(b) u ∈ H ⇔ F (u) ∈ ∆2;

(c) F |H = Hess0F .

Proof. For point (a) we compute the differential D0F : by taking a variation
εv of the constant curve γ ≡ 0 we easily see that

D0Fv =
d

dε

∣∣∣∣
ε=0

(
ε

∫

I

v(t) dt,
1

2
ε2
∫

I

〈∫ t

0

v(τ)dτ, A v(t)

〉
dt

)
=

=

(∫

I

v(t) dt, 0

)
∈ g.
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which proves property (a).
Point (b) is a direct consequence of equation (3.2).

For point (c) we notice that the Hessian He0F is defined on H = kerD0F
with values in cokerD0F = ∆2, thus has the same range as F |H . As in the
proof of (a) if we consider the second derivative of a variation and we easily
obtain He0F has the same expression of F when restricted to H.

We denote by q the Hessian of F at zero, i. e. the quadratic map:

q
.
= F |H : H → R

l.

Every component qi of q is a quadratic form on H and its explicit expression
is given by:

qi(u) =
1

2

∫

I

〈∫ t

0

u(τ)dτ, Ai u(t)

〉
dt. (3.3)

By polarization we obtain the expression for the associated bilinear form:

qi(u, v) =
1

4

(∫

I

〈∫ t

0

u(τ) + v(τ)dτ, Ai(u(t) + v(t))

〉
dt+

−
∫

I

〈∫ t

0

u(τ)dτ, Ai u(t)

〉
dt−

∫

I

〈∫ t

0

v(τ)dτ, Ai v(t)

〉
dt

)
=

=
1

4

(∫

I

〈∫ t

0

u(τ)dτ, Ai v(t)

〉
dt+

∫

I

〈∫ t

0

v(τ)dτ, Ai u(t)

〉
dt

)
=

=
1

4

(∫

I

〈∫ t

0

u(τ)dτ, Ai v(t)dt

〉
−
∫

I

〈
v(t), Ai

∫ t

0

u(τ)dτ

〉
dt

)
=

=
1

2

∫

I

〈∫ t

0

u(τ)dτ, Ai v(t)

〉
dt,

where the fourth row follows from integration by parts.
Moreover to every qi there corresponds a symmetric operator Qi : H → H
defined by:

qi(u) = 〈u,Qiu〉H for all u ∈ H.
(Recall that 〈u, v〉H =

∫
I
〈u, v〉dt). We will use the notation Q for the map

(Q1, . . . , Ql) : H → H ⊗ R
l.

Remark 3 (Composition of vector valued maps with covectors). In the fol-
lowing we will extensively make use of the following identifications. Given
A = (A1, . . . , Al) we define ωA as follows:

(∆2)∗ → W ∈ so(d)
ω 7→ ωA

.
= ω1A1 + · · ·ωlAl;

(3.4)
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we define in an analogous way ωQ and ωq.

In the sequel we will need to expand a control u ∈ H into its Fourier
series: we will write

u =
∑

k∈N0

Uk
1√
π
cos kt+ Vk

1√
π
sin kt

where Uk, Vk ∈ ∆; the constant term is zero because of part (a) of Proposition
18 (mean zero condition).

Proposition 19. Let Tk be the subspace of H with “wave number” k, namely

Tk = ∆⊗ span{cos kt, sin kt}.

Then we have the following:

(a) H = ⊕k≥1Tk, and the sum is orthogonal with respect to the scalar product;

(b) For every ω ∈ (∆2)∗ we have ωQTk ⊂ Tk (i. e. each subspace Tk is
invariant by ωQ);

(c) Consider the orthonormal basis {ei ⊗ 1√
π
cos kt, ei ⊗ 1√

π
sin kt}di=1 for Tk;

in this basis the matrix associated to ωQ|Tk
is:

1

k
(ωP )

.
=

1

k

(
0 1

2
ωA

−1
2
ωA 0

)
.

Proof. Point (a) is just Fourier decomposition theorem; k ≥ 1 expresses the
mean zero condition.
For the other two points, let us consider u ∈ Tn and v ∈ H, with Fourier
series respectively u = U 1√

π
cos kt+ V 1√

π
sin kt and v =

∑
n≥1 Un

1√
π
cosnt+

Vn
1√
π
sinnt. By a direct computation we have

〈u, ωQv〉H =

∫

I

〈∫ t

0

U
1√
π
cos kτ + V

1√
π
sin kτ dτ,

1

2
ωAv

〉
dt =

=
∑

n≥1

∫

I

1

k

〈
U

1√
π
sin kt− V 1√

π
cos kt,

,
1

2
ωA

(
Un

1√
π
cosnt+ Vn

1√
π
sinnt

)〉
dt =

=
1

k

∫

I

− 1

π
(cos kt)2

〈
V,

1

2
ωAUk

〉
+

1

π
(sin kt)2

〈
U,

1

2
ωAVk

〉
dt =

=
1

k

(
−
〈
V,

1

2
ωAUk

〉
+

〈
U,

1

2
ωAVk

〉)
,
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where the equality between second and third row holds because the only
non-zero integrals of products of sines and cosines are

∫

I

1

π
(cos kt)2 dt =

∫

I

1

π
(sin kt)2 dt = 1.

Remark 4. We notice that for every ω ∈ (∆2)∗ the operator ωQ is com-
pact. Indeed, it is the limit of a converging series of operators with finite-
dimensional image:

Sn =
n∑

i=1

ωQ|Ti
.

Let us prove that the operator norm of ωQ−ωSn goes to zero. Given a norm
one v =

∑
k≥1 vk, we have:

‖(ωQ− ωSn)v‖2 =
∑

k≥n+1

‖ωQ|Tk
v‖2 ≤

∑

k≥n+1

4‖ωP‖2op‖vk‖2
k2

≤
4‖ωP‖2op
(n+ 1)2

∑

k≥n+1

‖vk‖2 ≤
4‖ωP‖2op
(n+ 1)2

.

In particular, taking square roots, ‖(ωQ− ωSn)v‖ ≤ 4‖ωP‖op
(n+1)

, i. e.

‖ωQ− ωSn‖op → 0

We conclude this chapter by describing the spectrum of the operator ωQ.
Given ωQ we consider as above the skew-symmetric matrix ωA, which can
be put in canonical form as a block matrix of the form

ωA = Diag (α1(ω)J2, . . . , αm(ω)J2, 0n) ,

where J2 ∈ so(2) is the standard symplectic matrix and 0n is the n× n zero
matrix. More precisely on ∆ we can find an orthonormal basis {Xi, Yi, Zj , i =
1, . . . ,m, j = 1, . . . , n} for suitable m,n ∈ N satisfying 2m+n = d such that:

ωAXi = −αi(ω)Yi, ωAYi = αi(ω)Xi, ωAZj = 0.

Let us consider now the operator ωQ restricted to Tk. Using the basis for ∆
defined above we get the orthogonal basis

{(
Xi

Yi

)
,

(
−Yi
Xi

)
,

(
Xi

−Yi

)
,

(
Yi
Xi

)
,

(
Zj

0

)
,

(
0
Zj

)}
,

for i = 1, . . . ,m, j = 1, . . . , n, with eigenvalues αi(ω)
k
, αi(ω)

k
,−αi(ω)

k
,−αi(ω)

k
, 0, 0

respectively. Thus we have proved:
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Proposition 20. The non-zero eigenvalues of the operator ωQ are ±αi(ω)
k

with multiplicity two, where αi(ω) are the coefficients of the canonical form
of ωA and k ∈ N0.

3.1.3 The general structure of geodesics

In this section we fix the final point for the horizontal paths and we define
the space of the horizontal curves starting at the origin and ending at p:

Ωp = F−1(p).

Since in the space Ω of horizontal paths we are allowed to compute ve-
locities and their lengths, we define the Energy functional:

J : Ω −→ R

γ 7→ 1
2

∫ 2π

0
‖γ̇(t)‖2dt.

In the case p is a regular value of the End-point map F , then a crit-
ical point of J |F−1(p) is called a normal geodesic. From now on the word
“geodesic” will simply mean “normal geodesic”. We need the regularity of p
in order to apply the Lagrange multiplier rule, since we need F−1(p) to be
a smooth Hilbert manifold. From now on we will assume p to be a regular
value for F ; we will see in Proposition 24 for which points this condition is
satisfied; it turns out that regular values form a open dense subset of G.

Remark 5. The End-point map F depends on the distribution ∆, and the
latter depends on the choice of the skew-symmetric matrices (A1, . . . , Al)
that generate the space W . Different choices of basis for W give different
distributions: the space of curves Ωp thus depends on the same choice as a set.
However, let us consider the map φ introduced in the proof of proposition 16.
We denote by mh

k the entries of the inverse matrix M−1, and we call (x, z)
the coordinates of the Carnot group associated to the choice of matrices
(A′

1, . . . , A
′
l) and (x, y) the coordinates of the Carnot group associated to the

choice (A1, . . . , Al).
The isomorphism φ is realized as the push forward of the map

{
xi = xi

zh =
∑l

k=1m
h
ky

k ;

then we have

E ′
i(x, z) =

∂

∂xi
− 1

2

∑

j,h

a
′h
ijx

j ∂

∂zh
=

∂

∂xi
− 1

2

∑

j,h,k

a
′h
ijx

jmk
h

∂

∂yk

=
∂

∂xi
− 1

2

∑

j,k

akijx
j ∂

∂yk
.
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It follows a natural length-preserving diffeomorphism between the different
realizations of the space Ωp, since through the map φ they are diffeomorphic
to the same space of control in L2(I,Rd).

Using the privileged coordinates described in the subsection 2.1.1, we
have that G ≃ R

d ⊕R
l we can decompose a covector λ ∈ T ∗G as λ = η + ω,

where η ∈ ∆∗ is the “horizontal” part and ω ∈ (∆2)∗ is the “vertical” one.
We have the following proposition.

Proposition 21. Let u be the control associated to a geodesic with Lagrange
multiplier λ ∈ T ∗G (i. e. λduF = duJ). Then:

u(t) = e−(ωA)tu0 and 2η = (e−2πωA + 1)u0

for a suitable initial vector u0 ∈ ∆.

Proof. A simple computation using (3.2) in λduF = u gives:

u(t) = η − (ωA)

∫ t

0

u(s)ds+
1

2

∫ 2π

0

(ωA)u(s)ds.

Differentiating the above equation provides u̇ = −(ωA)u, which in turn im-
plies u(t) = e−(ωA)tu0. Substituting the explicit expression u(t) = e−(ωA)tu0
into the same equation and evaluating at zero gives u0 = η− 1

2
u(2π)+ 1

2
u0.

If p is not a vertical point and the rank is sufficiently big (d > l), then
the number of geodesics joining the origin to p is bounded. In order to prove
this statement we need a preliminary lemma.

Lemma 22. For the generic point p ∈ G, the set of normal geodesics starting
at the origin and ending at p is discrete.

Proof. We can parametrize normal geodesics with the vertical part of their
initial covector ω and the initial velocity u0; in this way we obtain a smooth
map:

f : (∆2)∗ ×∆→ G

defined by:

(ω, u0) 7→
(∫

I

e−tωAu0dt,

∫

I

〈∫ t

0

e−sωAu0 ds, Ae
−tωAu0

〉
dt

)
.

If p is a regular value of f (and the set of such p is a residual set) then f−1(p)
is a submanifold of Rd+l of dimension zero (possibly non-compact).
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The following Lemma describes the condition for a non-vertical point
p ∈ G to be a critical value for F .

Lemma 23. The point p = (p∆, p
2
∆) ∈ G is a critical value for F if and only

if there is a covector λ ∈ (∆2)∗ such that p∆ ∈ kerλA.

Proof. We compute the differential of F at u:

duF (v) =

(∫

I

v(t)dt,
1

2

∫

I

〈∫ t

0

v(τ)dτ, Au(t)

〉
+

〈∫ t

0

u(τ)dτ, Av(t)

〉
dt

)
.

We see that the horizontal part is always surjective; then we study the vertical
part of the differential d⊥u (v) integrating by parts:

d⊥u (v) =
1

2

∫

I

〈∫ t

0

v(τ)dτ, Au(t)

〉
+

〈∫ t

0

u(τ)dτ, Av(t)

〉
dt =

= 2

∫

I

〈∫ t

0

u(τ)dτ, Av(t)

〉
dt+

〈∫

I

u(t)dt, A

∫

I

v(t)dt

〉
=

= −2
∫

I

〈
A

∫ t

0

u(τ)dτ, v(t)

〉
− 〈Ap∆, v(t)〉 dt.

Thus if u is critical for F , there is a covector λ ∈ (∆2)∗ such that λ d⊥u ≡ 0,
namely

λAp∆ + λA

∫ t

0

u(τ)dτ ≡ 0;

setting t = 0 we conclude the proof.

Now we are ready to prove the following:

Proposition 24. Let G be a Carnot group with a generic Carnot group
structure W such that d > l. Then for the generic p /∈ ∆2 there is a finite
number of geodesics between e and p.

Proof. We already know by the previous lemma that the set of geodesics
(i. e. pairs (ω, u0) such that f(ω, u0) = p) is discrete for the generic p. We
will exclude that the set of possible Lagrange multipliers is unbounded: this
will imply (see below) that the set of initial velocities is bounded as well,
hence the set of geodesics ending at p is a discrete set in a compact set,
i. e. it is finite.

If ω is a Lagrange multiplier, we can always choose a basis for ∆ such
that the matrix ωA appears in canonical form: so we get k subspaces of ∆
of dimension two on which the matrix ωA is of the form αiJ2 (where J2 is
the standard 2 × 2 symplectic matrix on the i-th eigenspace and αi > 0),
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for i = 1, . . . , k; for every subspace we take the component ui0 of the initial
velocity u0. Since the eigenspaces are orthogonal, the computations for the
end-point of the geodesic can be performed separately: thus we split the
horizontal part of the end-point p∆ into the components of the eigenspaces
of ωA, say pi∆. These components are:

pi∆ =

∫ 2π

0

e−tωAui0dt =

[
1

αj

J2e
−tαiJ2ui0

]2π

0

=
1

αj

J2
(
e−2παjJ2u0j − u0j

)
,

on the eigenspaces of ωA. The norm squared of the component pi∆ is given
by:

‖pi∆‖2 =
1

α2
i

〈
J2
(
e−2παjJ2ui0 − ui0

)
, J2
(
e−2παjJ2ui0 − ui0

)〉
=

=
2

α2
i

(
‖ui0‖2 −

〈
ui0, e

−2παiJ2ui0
〉)

=
2

α2
i

‖ui0‖2 (1− cos(2παi))

The vertical part is more complicated, but we only need to compute its value
in the direction of the Lagrange multiplier ω:

ω(p∆2) =
1

2

∫ 2π

0

〈∫ t

0

e−ωAsu0ds, ωAe
−ωAtu0

〉
dt =

=
1

2

∫ 2π

0

〈∫ t

0

−ωAe−ωAsu0ds, e
−ωAtu0

〉
dt =

=
1

2

∫ 2π

0

〈
e−ωAtu0 − u0, e−ωAtu0

〉
dt = π‖u0‖2 −

1

2
〈u0, p∆〉 .

The equation

ω(p∆2) = π‖u0‖2 −
1

2
〈u0, p∆〉 (3.5)

is important at first because it tells that it is enough to prove that the set of
Lagrange multipliers is bounded. Indeed, we have

‖ω‖‖p∆2‖ ≥ π‖u0‖2 −
1

2
〈u0, p∆〉 ;

if the set of Lagrange multipliers is bounded, the set of initial velocities
cannot be unbounded otherwise the second term of the inequality would
diverge while being limited by a constant.

In order to prove that the set of Lagrange multipliers of the generic end-
point is bounded, we suppose on the contrary that we have a sequence ωn of
Lagrange multipliers; this sequence is forced to diverge since the set of the
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initial data (ω, u0) for the generic end-point p is discrete. Up to subsequences,
we may assume that the normalized Lagrange multipliers ω̂n = ωn/‖ωn‖
converge to a covector λ; moreover we can assume the rescaled eigenvalues
α̂i,n = αi,n/‖ωn‖ and the corresponding eigenspaces converge. The first one
is true since every eigenvalue is bounded by the norm of the matrix which is
1 by definition; the second one follows from the fact that the set of changes of
basis is the orthogonal group which is compact. Hence there exists c > 0 such
that for every sequence of eigenvalues α̂i,n that doesn’t converge c‖ωn‖ ≤ αi,n.

If we split the second term of the equation (3.5) into its components given
by the eigenspaces of ωA we obtain:

ω(p∆2) =
k∑

i=1

π‖ui0‖2 −
1

2

〈
ui0, p

i
∆

〉
.

Notice that each term π‖ui0‖2 − 1
2
〈ui0, pi∆〉 is non-negative: in fact ‖pi∆‖ =∥∥∥

∫ 2π

0
e−ωAsui0ds

∥∥∥ ≤
∫ 2π

0

∥∥e−ωAsui0
∥∥ ds = 2π‖ui0‖ and:

1

2

〈
ui0, p

i
∆

〉
≤ 1

2
‖ui0‖‖pi∆‖ ≤ π‖ui0‖2.

Therefore we have:

‖p∆2‖ ≥ ω̂n(p∆2) ≥ π
‖ui0,n‖2
‖ωn‖

−
〈
ui0,n, p∆

〉

‖ωn‖

and if ‖ui0,n‖ diverges, the last term of the previous inequality is asymptotic
to its first addendum, which turns out to be bounded. Then for the corre-
sponding component of the horizontal part of the end-point we have that:

‖pi∆,n‖2 =
2

α2
i,n

‖ui0,n‖2(1− cos(2παi,n)) ≤ 2
‖ui0,n‖2
c2‖ωn‖2

.

If ‖ui0,n‖ is bounded the last term of the inequality converges to 0; if it
diverges we have that

‖pi∆,n‖2 ≤ 2
‖ui0,n‖2
c2‖ωn‖2

≤ const.
1

‖ωn‖

which again converges to 0. So, in the limit, the components of the horizontal
part of the end-point are orthogonal to the eigenspaces of the limit matrix
λA with non-zero eigenvalues.

Now, if the matrix λA is not singular the horizontal part has to be zero
contradicting the hypothesis; thus in order to end the argument, we will
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prove that the horizontal part of the generic point does not belong to the
kernel of any degenerate matrix in the span W .

Let us consider the semi-algebraic set of the couples of degenerate matri-
ces together with the vectors in their kernels, namely

X
.
= {(η, x) ∈ Sl−1((∆2)∗)×∆ | ηAx = 0, dimker ηA ≥ 2}

stratified in subsets with constant dimension of the kernel. Assuming that
the Carnot algebra structure defined by W is transversal to every subset of
the stratification described in the section 2.3.3 (condition satisfied by the
generic W ), the stratum Wk of the matrices of k-dimensional kernel has
codimension k k−1

2
. Therefore the semi-algebraic set X has dimension not

greater than maxk≥2l − 1 − k k−1
2

+ k ≤ l. If we project X on ∆ we get the

set X̃ of points belonging to the kernel of a degenerate matrix of W : this is
still a semi-algebraic set and the projection does not increase the dimension.
In particular the set

Y = {(p∆, p∆2) ∈ G | p∆ ∈ ker ηA for some η 6= 0}

has dimension less than 2l, which is smaller than d + l = dim(G) under the
assumption d > l. From Lemma 23 we know the condition above to be the
same for p to be regular for F : this concludes the proof.

Corollary 25. For the generic rank d Carnot group structure W ⊂ so(d)
on R

d+l such that d > l, if p is a regular value of the End-point map F and
p /∈ ∆2, the homology of Ωp ∩ {J ≤ s} stabilizes as s→∞.

Proof. If p is a regular value of F , then all geodesics to p are normal and the
result follows from the previous proposition.

Remark 6. In lemma 24 we need the Carnot group structure W ⊂ so(d) to
be transversal to the strata of the stratification presented in the section 2.3.3
in order to preserve the coranks of the strata; from now on this will be the
meaning of the generic choice of W ∈ so(d).

3.1.4 Geodesics ending at vertical points

In this section we study in more detail the case p ∈ ∆2. To start with, we
prove that for the generic choice of p ∈ ∆2 the set Ωp is a Hilbert manifold,
so that we can still use the Lagrange multiplier rule in order to find the
geodesics.

Theorem 26. For the generic choice of W ⊂ so(d) and a generic p ∈ ∆2

the topological space Ωp is a Hilbert manifold.
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Proof. We will prove that the set of critical values of q = F |F−1(∆2) is con-
tained in a semialgebraic subset of codimension one, from this the conclusion
follows.

We first notice that the condition for p ∈ ∆2 to be a critical value of
q is that there exist u ∈ H and ω ∈ (∆2)

∗
such that q(u) = p and dqu =

2ωQu = 0. In particular if u =
∑∞

k=1 uk, where uk ∈ Tk ≃ R
2d, then q(u) =∑∞

k=1〈uk, 1k (ωP )uk〉 and the condition that ωQu = 0, by invariance of the
spaces Tk, reads ωPuk = 0 for all k ≥ 1.

Let us consider the stratification so(d) =
∐
Sr, where Sr is the set of

matrices with constant rank r. Each Sr is smooth and over it we have the
smooth bundle Kr = {(A, v) ∈ so(d)×R

n |Av = 0}. Since this stratification
is homogeneous, then the generic W is transversal to all strata and we have
an induced stratification:

W =
d∐

r=0

Wr, Wr = Sr ∩W.

Consider now the vector bundle K|Wr over Wr (the restriction of Kr); notice
that for every ωA ∈ W we have ker(ωP ) = {(x, y) ∈ R

2d |ωAx = ωAy = 0}.
In particular a smooth section of K|Wr produces also a smooth section of
{(ω, z) ∈ Wr × R

2d |ωPz = 0} over Wr.
We notice now the following interesting property: if p ∈ ∆2 is a critical

point for q with Lagrange multiplier ω ∈ Wr, then p ∈ (TωWr)
⊥. In fact

for every k ≥ 1 let us consider a smooth curve ω(t) in Wr with ω(0) = ω,
ω̇(0) = η ∈ TωWj and a smooth z(t) ∈ ker(ω(t)ωP ) with z(0) = uk such that

ω(t)ωPz(t) = 0,

(the existence of such a smooth z(t) follows from the above discussion). Then
deriving the above equation we get ω̇(0)ωPz(0) + ω(0)ωP ż(0) = 0 and con-
sidering the scalar product with z gives:

〈z, ω̇(0)ωPz〉 = ω̇(0)(q(uk)) = 0

which tells η(p) =
∑∞

k=1 η(q(uk)) vanishes for every η in TωWr. We consider
now the semialgebraic set:

Σ′
1 =

d⋃

r=0

( ⋃

ω∈Wr

(TωWr)
⊥).

Because of the above argument all critical points of q are contained in Σ′
1

and we want to show this set is of dimension strictly less than l.
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We first check that Σ′
1 is indeed semialgebraic (and as a result we com-

pute its dimension); being a finite union, it is enough to prove that each⋃
ω∈Wr

(TωWr)
⊥ is semialgebraic. To this end consider Tr = {(ω, η) ∈ Wr ×

W ∗ | (η ∈ TωWr)
⊥}, which is clearly semialgebraic, and the semialgebraic pro-

jection π2 : Tr → W ∗ to the second factor. The image of π2 is semialgebraic
and coincides with

⋃
ω∈Wr

(TωWr)
⊥.

Now, each
⋃

ω∈Wr
(TωWr)

⊥ has dimension less than

dim(Wr) + l − dim(Wr)− 1 ≤ l − 1,

where the−1 comes from the fact that by homogeneity (T ω
|ω|
Wr)

⊥ = (TωWr)
⊥

(notice in particular that the stratum of maximal dimension is open and
produces only the zero, since the orthogonal complement of its tangent space
is the zero only).

In particular the dimension of Σ′
1 is strictly less than l and the generic

p ∈ ∆2 is a regular value of q.

Remark 7. It will be useful for us to set Σ1 = Σ′
1. Since the euclidean

closure is smaller than the Zariski closure and dimension of a semialgebraic
set is preserved after taking its Zariski closure (which is still a semialgebraic
set), then Σ1 is a closed semialgebraic set of codimension one. Points in the
complement of Σ1 are an open dense set of regular values of q = F |H .

Following up the discussion after Proposition 21, we see that in the case
the final point of γu is in ∆2, which we know it is equivalent to

∫
I
u = 0, we

can apply the Lagrange multiplier rule to the map q. More precisely u is the
control associated to a curve which is a geodesic with endpoint p ∈ ∆2 if:

q(u) = p and there exists ω such that ωQu = u.

The covector ω ∈ (∆2)∗ is the Lagrange multiplier associated to u. The
complete Lagrange multiplier (i. e. the one arising by using the map F as in
Proposition 21), instead of its restriction q), is λ = (u0, ω). By definition u
is a geodesics with Lagrange multiplier ω if and only if:

〈u, v〉H = 〈ωQu, v〉H for all v ∈ H.
Here the final point is not specified, i. e. we are considering all possible

geodesics with Lagrange multiplier ω; the final point is recovered by simply
applying the expression given in (3.2) to u. We may rewrite the condition
above as follows: for all v in H = {

∫
v = 0},

∫ 2π

0

〈u(t), v(t)〉dt = −
∫ 2π

0

〈ωAU(t), v(t)〉dt = 0,
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where U(t) =
∫ t

0
u(s)ds. The previous condition tells that u + ωAU is a

constant function, or equivalently that u̇ = −ωAu. This implies that u must
be of the form:

u(t) = e−t(ωA)u0;

moreover u ∈ H, then the condition
∫
u = 0 becomes more explicitly

0 =

∫

I

e−tωAu0dt = (ωA)−1
(
u0 − e−2πωAu0

)
.

It follows that u0 must be in the integer eigenspace of iωA, i. e.:

u0 = e−2πωAu0.

We can summarize the above discussion in the following Lemma:

Lemma 27. Let u be the control associated to a geodesic whose final point
is in ∆2 with Lagrange multiplier ω. Then:

u(t) = e−tωAu0 with u0 = e−2πωAu0.

Motivated by the previous lemma, for every ω ∈ W we define:

E(ω) = {v ∈ ∆ | e−2πωAv = v, v /∈ ker(ωA)}.

Thus E(ω) is the set of possible initial data for non constant geodesics with
Lagrange multiplier ω. In particular we see that in order to have a nonzero
initial datum the matrix iωA must have nonzero integer eigenvalues, thus
the set of all possible Lagrange multipliers coincides with the set:

Λ = {ω ∈ (∆2)∗ | det(ωA− in1) = 0 for some n ∈ N0}.

Notice that Λ is not an algebraic (or a semialgebraic set): it is indeed given
by the infinite union of algebraic sets Λn = {det(ωA − in1) = 0}. However
Λ is locally algebraic: if we intersect it with a ball, then only a finite number
of Λn show up.

We discuss now in more detail the structure of the set:

E = {(ω, v) ∈ W ×∆ | v ∈ E(ω)}.

As for Λ, this set is not semialgebraic, although if we take the “restriction”
E|B to a compact semialgebraic set B, i. e. we only allow ω to vary on a
compact semialgebraic set B ⊂ W , then E|B becomes semialgebraic.

First for every ω let us consider the canonical skew-symmetric form of
ωA:

M(ω)T (ωA)M(ω) = Diag(α1(ω)J2, . . . , αs(ω)J2, 0, . . . , 0)
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where M(ω) is an orthogonal matrix, α1(ω), . . . , αs(ω) are the positive non-
zero eigenvalues of iωA and J2 ∈ so(2) is the canonical symplectic matrix.
Thus ∆ decomposes as the orthogonal sum ∆ = V1⊕· · ·⊕Vs⊕K, where the
Vis are the coordinate two planes and K is the vector space of the last d−2s
coordinates. Using this notation we set Vi(ω) = M(ω)Vi: it is the invariant
subspace of ωA associated to the eigenvalue αi(ω). In particular we see that:

E(ω) =
⊕

αi(ω)∈N0

Vi(ω).

Associating to each v ∈ E(ω) the control etωAv defines a linear injection
of E(ω) into H = ⊕k≥1Tk; in particular the previous curve admits the Fourier
series decomposition

e−tωAv =
∑

k≥1

Xk(v)
1√
π
cos kt− Yk(v)

1√
π
sin kt (3.6)

and we denote by φk the linear map v 7→ (Xk(v), Yk(v)) (the k-th com-
ponent of the Fourier series of etωAv written in coordinates Tk ≃ R

2d).
Let now v ∈ Vi(ω) with αi(ω) = k ∈ N; in order to get the expression for

φk(v) we compute the Taylor series of eωAtv. We have:

e−tωAv =

(
∑

n≥0

(ωA)ntn

n!

)
v =

=

(
∑

m≥0

(ωA)2lt2l

(2l)!

)
v −

(
∑

m≥0

(ωA)2l+1t2l+1

(2l + 1)!

)
v =

=

(
∑

m≥0

(−1)lk2lt2l
(2l)!

)
v −

(
∑

m≥0

(−1)lk2l+1t2l+1

(2l + 1)!

)
ωA

k
v =

= v cos kt− ωA

k
v sin kt

where in the second line we have used the fact that (ωA)2v = −k2v (being
Vi(ω) the space associated to the eigenvalue αi(ω) = k). This computation
implies that:

φk(v) =
√
π

(
v
−ωA

k
v

)
.

Notice that the same construction can be performed using the linear im-
mersion v 7→ etωAv, which gives the above control with backward time; the
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Lagrange multiplier for the corresponding geodesic is −ω and the final point
is −q(e−tωAv).

Slightly abusing of notation, we will still denote by q the map obtained
by composing the endpoint map with the linear immersion E(ω) →֒ H.

We recall (see Proposition 15) that the Lie algebra so(d) of skew sym-
metric matrices of size d is stratified by the sets Γk|m1,...,mr consisting of those
matrices A satisfying: dim ker(A) = k; the numbers m1, . . . ,mr are natural
non-increasing (they are the multiplicities in the positive spectrum of iA).

Each one of these strata is smooth and has codimension
∑r

i=1(m
2
i−1)+ k(k−1)

2
.

Since (by construction) this stratification is homogeneous, then a generic
choice of the Carnot structure W ⊂ so(d) will be transversal to all of the
strata and will inherit the stratification (in particular respecting codimen-
sions and smoothness).

To deal with integer eigenvalues we need to refine this stratification, unfor-
tunately ending up with an infinite number of strata, but still with nice prop-
erties. More specifically for every r ≥ 0 we consider ~n = (n1, . . . , nr) ∈ N

r

with distinct nonzero components and define the semialgebraic set

Γk|m1,...,mr |~n

as follows: we look at the nonzero components of ~n, say nj1 , . . . , njν , and we
take those matrices in Γk|m1,...,mr such that the eigenvalue with multiplicity
mj1 equals nj1 , the one with multiplicity mj2 equals nj2 , and so on.
For example (0, 2, 2, 0) ∈ N

4 is not an admissible ~n (since there are two equal
nonzero entries); on the other hand if ~n = (0, 1, 2, 0) then Γk|m1,m2,m3,m4|~n
equals the set of all matrices in so(d) with multiplicities of the spectrum
{m1,m2,m3,m4} and with one eigenvalue equal to i (the imaginary unit)
with multiplicity m2 and another equal to 2i and with multiplicity m3.
This operation of fixing some eigenvalues to some integer numbers increases
the codimension by ν (the number of nonzero components of ~n). Given this
new stratification, we will consider from now on the Carnot group structures
W which are transversal to all the new strata: even though we restrict the
set of W we are considering, the choice remains generic. Then all the strata
preserve the codimension, and using the identificationW ∼= (∆2)∗ of Remark
3 we can induce the above stratifications on the set of covectors (∆2)∗ as
follows:

Λk|m1,...,mr

.
= Γk|m1,...,mr ∩W

and

Λk|m1,...,mr|~n
.
= Γk|m1,...,mr |~n ∩W.
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Moreover if we consider admissible ~n only, we stratify the set of Lagrange
multipliers Λ as:

Λ ∼=
∐

r

∐

{k,m1,...,mr}

∐

{~n∈Nr admissible}
Λk|m1,...,mr |~n.

As we already noticed, this stratification is not finite even though each
stratum is semialgebraic. Nevertheless if we intersect Λ with a compact ball
B ⊂ W only a finite number of the above strata appear and we are locally
semialgebraic.

The next lemma tells that for the generic choice of W ⊂ so(d) and a
generic p ∈ ∆2, the Lagrange multipliers have simple integer spectrum.

Lemma 28. For a generic Carnot group structure W ⊂ so(d), the generic
p ∈ ∆2 is not the final point of a geodesic with Lagrange multiplier ω such
that ωA has multiple eigenvalues in iZ.

Proof. First we pick the structure W to be transversal to all strata of the
first one of the above stratifications, the one using only the multiplicities in
the spectrum (and we know such a property is generic). We stratify now the
set Λ by intersecting it with the different strata Λk|m1,...,mr ; we are interested
only in those strata for which there is at least a multiple integer eigenvalues
and we refine the stratification to the above infinite one, by indexing with
the admissible ~n ∈ N

r.
Thus we let Λ{mj≥2} be one stratum Λk|m1,...,mr|~n such that mj ≥ 2 for

at least one index j with nj 6= 0. Each Λ{mj≥2} obtained in this way has
codimension:

codimWΛ{mj≥2} =
r∑

i=1

(m2
i − 1) +

k(k − 1)

2
+ ν.

We consider now as above the set E = {(ω, v) ∈ Λ×∆ | e2πωAv = v, v /∈
ker(ωA)}. Over each stratum Λ{mj≥2} the set E|Λ{mj≥2}

is a smooth vector

bundle (it is the restriction to Λ{mj≥2}, which is smooth, of a smooth vector
bundle); moreover E|Λ{mj≥2}

is semialgebraic as well (here the vector ~n is

fixed).
Consider the smooth map:

f : E|Λ{mj≥2}
→ ∆2

defined by (ω, v) 7→ q(v), where q(v) is the final point of the geodesic associ-
ated to the control v(t) = etωAv. We compute the rank of the differential of
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f and show that the assumption mj ≥ 2 implies this rank is less than l − 1;
in particular the image of f has measure zero. Since the set of final points
of geodesics with Lagrange multipliers with multiple eigenvalues in iZ is the
countable union of the images of the different f obtained as ~n varies over Nr,
the result follows.

The differential of f restricted to the base Λ{mj≥2} has rank smaller than

the dimension of Λ{mj≥2}, which is l−∑r
i=1(m

2
i −1)− k(k−1)

2
−ν. For the rank

of f restricted to the fibers we argue as follows. For every ω ∈ Λ{mj≥2} we
consider the invariant subspaces of ωA; for each natural nonzero eigenvalue
λj(ω) of iωA we find an invariant space Vj(ω) (the real part of the λj(ω)-
eigenspace of iωA) of dimension 2µj, twice the multiplicity of λj(ω); let’s
call I ⊂ {1, . . . , r} the index set for such spaces Vj(ω) (notice that I =
{j1, . . . , jν}).

The restriction of f to each such Vj(ω) maps µj unit circles (lying on
distinct orthogonal planes) to a point, in particular the dimension of the
kernel of the differential of f on each Vj(ω) is at least µj. Since the dimension
of E(ω) is 2

∑
j∈I µj, we see that the rank of the differential of f on the fibers

is at most
∑

j∈I µj.
In particular we can bound the rank of the differential of f as:

rk(df) ≤ l − ν −
r∑

j=1

(m2
j − 1)− k(k − 1)

2
+
∑

j∈I
µj

≤ l − ν −
∑

j∈I
(m2

j − 1−mj)−
k(k − 1)

2

≤ l − ν −
∑

j∈I,mj≥2

(m2
j − 1−mj)−

∑

j∈I,mj=1

(m2
j − 1−mj)

≤ l − ν −
∑

j∈I,mj≥2

1−
∑

j∈I,mj=1

(−1)

≤ l − ν − 1 + (ν − 1) < l − 1.

We define now the set Σ2 ⊂ ∆2 to be the union of the various

f(E|Λk|m1,...,mr,~n
)

where ~n = (n1, . . . nr) ∈ N
r is admissible and mj ≥ 2 for at least one index

j with nj 6= 0. The above lemma says that Σ2 is the countable union of
semialgebraic sets of codimension at least 2 (in particular, for example, Σ2

has measure zero).
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We study now what happens for a p ∈ ∆2\(Σ1 ∪ Σ2) (because of the
above argument such p is generic). Every Lagrange multiplier ω of such a p is
associated to a matrix ωA with simple spectrum, i. e. ω belongs to a stratum
Λk|m1,...,mr |~n with all multiplicities equal to 1; for simplicity of notation we
omit the string of multiplicities and denote such stratum simply by Λ~n. In
other words Λ~n is one of the above strata where all eigenvalues are distinct
and we have fixed ν of them to be equal to inj1 , . . . , injν (the nonzero entries
of ~n).

Lemma 29. For a generic Carnot group structure W ⊂ so(d), let ω ∈ Λ~n

and n1, . . . , nν be the nonzero integer eigenvalues of iωA in N; for j = 1, . . . , ν
let also Vj(ω) be the (two dimensional) invariant subspace of ωA associated
to nj. Then E(ω) splits as the direct orthogonal sum:

E(ω) =
ν⊕

j=1

Vj(ω).

Moreover the image of q|Vj(ω) is a half line l+j (ω) and:

im(q|E(ω)) = cone{l+1 (ω), . . . , l+ν (ω)}.

Proof. Recall that the space E(ω) is defined to be {v ∈ ∆ | e−2πωAv = v, v /∈
ker(ωA)}; the map that associates to a vector v ∈ E(ω) the curve e−tωAv
defines an embedding of E(ω) into H and if v ∈ Vj(ω) then the resulting
control must be a linear combination of sin(njt) and cos(njt); in particu-
lar Vnj

(ω) ⊂ Tnj
. Since the Tk are pairwise orthogonal for each operator

Q1, . . . , Ql, then decomposing v ∈ E(ω) into its pieces v = v1 + · · ·+ vν with
vj ∈ Vj(ω), we get:

q(v) = q(v1) + · · ·+ q(vν),

which proves the image of q|E(ω) is the cone spanned by the vectors q(Vj(ω))
for j = 1, . . . , ν; the orthogonality of the Vj follows from the one of the Tnj

.
It remains to prove that the image of q|Vj(ω) is a half line. By assumption

ω belongs to a smooth stratum of codimension ν in W and recalling the
definition of Λnj

= {det(ωA− inj1) = 0}, we have that:

Λ~n =
r⋂

j=1

Λnj
∩ Λk|1,...,1.

The bundle
∐

ω∈Λnj
Vj(ω) is smooth (being the restriction of a smooth bun-

dle). In particular for every η ∈ TωΛnj
there are curves ω(t) ∈ Λnj

and
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v(t) ∈ Vj(ω(t)) such that ω(0) = ω, ω̇(0) = η and v(0) = v. Deriving the
equation ω(t)ωPv(t) = v(t) and taking inner product with v we get:

0 =

〈
v,
ω̇(0)ωP

k
v

〉
= η(q(v))

which tells the final point of the geodesic u associated to eωAtv is orthogonal
to TωΛnj

, hence is it contained in a line. On the other hand since ω is the
Lagrange multiplier for the geodesic u, we get ω(q(u)) = J(u) > 0, which
concludes the proof.

Everything now is ready for the proof of the Theorem that describes the
structure of geodesics.

Theorem 30. For the generic step 2 Carnot group structure W ⊂ so(d)
and a generic p ∈ ∆2 the set Λ(p) of Lagrange multipliers of geodesic whose
final point is p is discrete. Moreover every η ∈ Λ(p) belongs to some Λ~n and
the set of all geodesics whose endpoint is p with Lagrange multiplier η is a
compact manifold of dimension ν ≤ l (ν is the number of nonzero entries of
~n) diffeomorphic to the torus S1 × · · · × S1

︸ ︷︷ ︸
ν times

.

Proof. By Lemma 28 we know that for the generic choice of W ⊂ so(d) the
generic p ∈ ∆2 is a final point only of geodesics with Lagrange multipliers in
Λ~n for some ~n ∈ N

⌊d/2⌋.
Moreover for every η in Λ(p) the set of all geodesics with Lagrange multipliers
η and final point p is the preimage of p under the map q : E|Λ(p) → ∆2.

For every admissible ~n ∈ N
⌊d/2⌋ we consider the semialgebraic set F~n

defined by:
F~n = {(ω, p) ∈ Λ~n ×∆2 | p ∈ im(q|E(ω))}

together with the semialgebraic map g : F~n → ∆2 defined by (ω, p) 7→ p.
Since each point (ω, p) in F~n has ω in Λ~n, then by Lemma 29 the dimension
of F~n is at most l . In fact ω varies on a set of dimension l − ν and the
image of q|E(ω) is a cone of dimension at most ν. Since F~n is semialgebraic we
stratify it as F~n =

∐s
j=1 F~n,j, where each stratum is smooth semialgebraic of

dimension at most l (in fact here the index s depends on ~n as well, but we
omit this dependence to simplify notations). Notice that if (ω, p) belongs to a
stratum of maximal dimension l, then the cone q(E(ω)) must have maximal
dimension ν and p must be in its interior.

The restriction g~n,j = g|F~n,j
is smooth semialgebraic, thus by the semialge-

braic Sard’s lemma (see [8]) the set C~n,j of its critical values is a semialgebraic
set of dimension at most l − 1. If p is not one of these critical values then
g−1
~n,j(p) consists of isolated points if dim(F~n,j) = l, and is empty otherwise.
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We set Σ3 to be the union of the critical values of g~n,j (~n varies over
N

⌊d/2⌋ and j is the stratifying index for F~n as above); such a union, being a
countable union of semialgebraic set of dimension at most l− 1 has measure
zero, hence points belonging to its complement are generic.

On the other hand Λ(p) equals the union of the projections on Λ of the
various g−1

~n,j(p). If we intersect Λ with a compact ball B, we hit only a finite
number of strata Λ~n and Λ(p) ∩ B is discrete; thus for a generic p the set
Λ(p) is discrete set (possibly infinite).

From Lemma 29 we recall that q(E(ω)) is the cone spanned by the half-
lines l+j (ω) = q(Ej(ω)): moreover p is the sum of nonzero vectors belonging to
these half-lines, p = p1+ . . .+pν with pj ∈ l+j (ω). Since the spaces Ej(ω) are
orthogonal with respect to the operators J,Q1, . . . , Ql, the condition q(u) =
p with u ∈ E(ω) can be split up as q(uj) = pj with uj ∈ Ej(ω). The
condition q(uj) = pj is equivalent to ωq(uj) = ω(pj) since for every covector
η orthogonal to pj the condition ηq(uj) = η(pj) is automatically satisfied; on
the other hand by the Lagrange Multiplier condition we have that ωq(uj) =
J(uj), so that the condition is a positive definite one, J(uj) = ω(pj). This
implies that every component uj ∈ Ej(ω) of the geodesic u going to p is
constrained on a circle S1 ∈ Ej(ω), from which follows that the critical
manifold Cω is a ν-dimensional torus.

We can summarize with the aid of a picture in corank 2: we can identify
the space of covectors (∆2)∗ with its dual ∆2 which can be seen as the set of
vertical points. The Lagrange multipliers are found on the level surfaces of
matrices with imaginary integer eigenvalues, namely {ω | det(ωA−ik1) = 0},
via the identification (∆2)∗ → W given by ω 7→ ωA; we call their union Λ.
Then we fix the vertical point p and we have to look for the Lagrange mul-
tipliers in the half space {ω(p) > 0} ⊂ (∆2)∗. A first type of Lagrange
multipliers are found to be the smooth points on the set Λ (so they corre-
spond to matrices with only one imaginary integer eigenvalue) such that the
level surface is orthogonal to p: to each one of these Lagrange multipliers it
corresponds a critical manifold diffeomorphic to S1 (figure 3.1).

Then we look for the other Lagrange multipliers in the auto-intersections
of the set Λ, namely the points that correspond to matrices with more than
1 imaginary integer eigenvalue. For instance let ω correspond to a matrix
with imaginary integer eigenvalues k1, . . . , kν . For every kj we consider the
direction orthogonal to the hypersurface {ω| det(ωA − ikj1) = 0} and we
choose the half-line of vectors with positive scalar product with p, namely
by abuse of notation

〈
l+j (ω), p

〉
> 0. We consider the cone spanned by these

directions cone{l+1 (ω), . . . , l+ν (ω)}: ω is a Lagrange multiplier if and only if p
belongs to that cone (figure 3.2).
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Figure 3.1: Lagrange multipliers of the first type.

The type of critical manifold depends on the number of imaginary integer
eigenvalues: indeed it is a copy of S1 × · · · × S1

︸ ︷︷ ︸
ν times

. Moreover the Energy of the

critical manifold Cω corresponding to the Lagrange multiplier ω is quite easy
to compute: it is indeed J(Cω) = 〈ω, p〉.

Up to now the assumptions for p come from Theorem 26, Lemma 28 and
Theorem 30: specifically we require p /∈ Σ1 ∪Σ2 ∪Σ3 (where Σ3 is defined in
the proof of Theorem 30).

Remark 8 (Genericity of the vertical point). The set Σ1 ∪ Σ2 ∪ Σ3 is the
countable union of semialgebraic closed sets of codimension greater or equal
than 1, from which it follows that it has measure zero. Moreover, as we
already noticed, every finite radius ball in ∆2 intersects a finite number of
these semialgebraic sets; it follows that the complement is an open dense set.

3.1.5 Non-degenerate critical manifolds

Since critical points of the Energy functional J are not isolated (they arrange
themselves into compact manifolds) we cannot apply Morse Theory in its
standard version. We need to applyMorse-Bott Theory, introduced in section
2.2: we recall that it allows to prove the same results as for the ordinary
theory if in the definitions non-degenerate critical points are replaced by
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Figure 3.2: Lagrange multipliers of the second type.

nondegenerate critical manifolds .

Theorem 31. For the generic step 2 Carnot Group structure W ⊂ so(d)
and a generic point p ∈ ∆2, the Energy functional J restricted to Ωp is a
Morse-Bott function.

Proof. We assume all the genericity conditions of the previous theorems to
be satisfied. We need to prove that we can possibly restrict the set of “good”
final points p to a smaller (but still dense) set for which J |Ωp is Morse-Bott.

Part (a) of the definition of a Morse-Bott function given in the subsection
2.2, immediately follows from Theorem 30.

We proceed to prove part (b). Let us take a Lagrange multiplier η, its
corresponding critical manifold Cη and a point u ∈ Cη. Since we already know
that the critical manifold is compact, it remains to show that the Hessian
of the energy J is non-degenerate outside the tangent space to the critical
manifold Cη. Since both q and J are quadratic, they coincide with their
second derivatives. By the Lagrange multiplier rule we get the expression for
the Hessian:

Heu(q) = (d2J − ηD2qu)|TuΩp = (J − ηq)|TuΩp ,

where we have TuΩp = kerDuq. Notice that to the quadratic form defined
by the Hessian it corresponds the self-adjoint operator 1− ηQ.
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The Hessian is degenerate in the direction of v ∈ TuΩp if and only if:

〈v − ηQv, x〉 = 0 ∀x ∈ TuΩp,

meaning that v − ηQv is orthogonal to TuΩp. Since the tangent space TuΩp

is the orthogonal space to span{Q1u, . . . , Qlu}, then v − ηQv is a linear
combination of the vectors Qiu, namely λ1Q1u+ . . .+ λlQlu.

We can eventually restate the degeneracy condition by the following equa-
tions: {

v − ηQv = λQu
〈v,Qu〉 = 0

(3.7)

where λ = (λ1, . . . , λl) ∈ (∆2)∗ as above.
If we take λ = 0 we see that the degeneracy condition is satisfied by the

vectors in:
E(η) ∩ TuΩp = TuCη,

and we have to prove that for the generic choice of p the degeneracy equation
(3.7) does not admit other solutions.

Let us consider the smooth manifold Λ~n of Lagrange multipliers contain-
ing η (the definition of Λ~n is given before Lemma 29). Let us call as before
E~n the fiber bundle with base space Λ~n and fiber E(ω) with ω ∈ Λ~n (see the
above discussion).

The tangent space to E~n at (u, η) is determined as follows: take a curve
(u(t), η(t)) in E~n based on (u, η) and compute its tangent vector in t = 0.
Differentiating the condition η(t)Qu(t) = u(t), we get:

u̇− ηQu̇ = η̇Qu,

which is the same condition as for the degeneracy of the Hessian (the first
equation in (3.7)).

We consider now the smooth semialgebraic map:

f : E~n → ∆2 given by (ω, v) 7→ q(v).

The set of regular values of f is a dense subset of ∆2 (it is the complement
of a semialgebraic set of codimension at least one): this subset is the good
one we want to restrict to. In other words we consider Σ4 to be the union of
the set of critical values of the various f : E~n → ∆2 as ~n; the complement
of Σ4 contains generic points

1. On the preimage of a “good” p we know that
the differential of f is surjective with rank l; moreover:

dimE~n = dimΛ~n + dimE(η) = l − ν + 2ν = l + ν.

1Thus at this stage p ∈ ∆2\(Σ1 ∪ Σ2 ∪ Σ3 ∪ Σ4).
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Looking at the dimensions of the domain and the range of duf we get that
the kernel has dimension ν. On one hand, the kernel of duf is the vector
space satisfying both the equations (3.7) for the degeneracy of the Hessian;
on the other hand we have the inclusion:

E(η) ∩ TuΩp ⊂ ker duf.

Since both these spaces have dimension ν, they must be equal. It follows that
with all the above generic restrictions on p, the only directions of degeneracy
for the Hessian are in TuCη.

Remark 9. We know that the operator ηQ is compact, and that the eigen-
values are of the form ±αi

k
with k ∈ N non-zero and i = 1, . . . , s <∞. Then

the eigenvalues of the Hessian of the energy on a critical point are 1± αi

k
; it

follows that the number of negative eigenvalues is always finite, so that the
index of every critical manifold is finite.

It remains to prove property (c) of the definition (the Palais-Smale prop-
erty). Let us consider a sequence {uk} in Ωp with energy ‖uk‖2 bounded by
E and such that ∇ψuk

→ 0, where ψ
.
= J |Ωp .

The gradient ∇ψu is the orthogonal projection of ∇Ju = u on the space
span{Q1u, . . . , Qlu}⊥, then if we define πu to be the orthogonal projection
on the space span{Q1u, . . . , Qlu} we have

∇ψu = u− πuu .

From {uk} we can extract a subsequence (we keep calling it {uk}) such that
‖uk‖2 → L. Now we can compute

‖∇ψu‖2 = 〈u, u〉 − 2〈u, πuu〉+ 〈πuu, πuu〉 = 〈u, u〉 − 〈πuu, πuu〉 ,

where the second equality follows from 〈u, πuu〉 = 〈πuu, πuu〉 being πu an
orthogonal projection.
Since 〈uk, uk〉 → L , and ‖∇ψuk

‖2 = 〈uk, uk〉 − 〈πuk
uk, πuk

uk〉 → 0 , it follows
that

〈πuk
uk, πuk

uk〉 → L .

Now, every πuk
uk is a linear combination of the vectors Qiuk, namely

πuk
uk =

l∑

i=1

ηikQiuk ,

and by computing its norm we get

l∑

i,j=1

ηikη
j
k〈Qiuk, Qjuk〉 → L . (3.8)
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Since the operators Qi are compact, they map the bounded sequence {uk} to
a sequence {Qiuk} with limit points, so we can iteratively extract converging
subsequences (again we keep calling them {uk}) and we have Qiuk → vi. In
this way the equation (3.8) becomes

l∑

i,j=1

ηikη
j
k〈vi, vj〉 → L ,

where the coefficients 〈vi, vj〉 give the scalar product of the whole Hilbert
space H restricted to the finite dimensional subspace V = span{vi, . . . , vl}.
Now we have a bounded sequence of vectors ηn =

∑l
i=1 η

i
nvi in R

l from which
we can extract a converging sequence with limit η.

So the sequence πuk
uk =

∑l
i=1 η

i
kQiuk tends to v =

∑l
i=1 η

ivi, and since

0 = lim
k→∞
‖∇ψuk

‖2 = lim
k→∞
‖uk − πuk

uk‖2 = lim
k→∞
‖uk − v‖2 ,

also the sequence {uk} tends to v. Moreover, since vi = limk→∞Qiuk = Qiv
we have that v = ηQv which is the condition for v to be a critical point of
the Energy.

Remark 10 (Genericity of the vertical points, revisited). In the previous proof
we have restricted the final vertical point to be outside a new set Σ4 in
order to have the Energy J satisfying the Morse-Bott conditions. From
the semialgebraic Sard’s Lemma it follows that Σ4 is a countable union of
algebraic subsets of measure 0, so Σ4 has measure 0 as well. This is the last
condition we will require on the points, and from now on the vertical points
are assumed to be in ∆2\(Σ1 ∪ Σ2 ∪ Σ3 ∪ Σ4); still, such a choice is generic.

3.2 The topology of horizontal-path spaces

3.2.1 Paths with bounded Energy

Despite Theorem 26 shows that some of the Ωp may not be Hilbert manifolds,
they are in fact all homotopy equivalent to each other; the argument is a
simple modification of the standard one for loop spaces and appeared first in
[14]; we recall it here for convenience of the reader.

Theorem 32. For every p1, p2 ∈ G the spaces Ωp1 and Ωp2 are homotopy
equivalent.
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Proof. It is sufficient to prove that for every p ∈ G the space Ωp is homotopy
equivalent to Ωe. To this end let γ0 ∈ Ωp be a fixed horizontal path and
define the map:

A : Ωe → Ωp

by concatenation of loops in Ωe with γ: A(γ) = γ0γ (velocities have to be
rescaled). Let also γ̂0 be γ0 with backward time (it connects p to e); then
define

B : Ωp → Ωe

by concatenation with γ̂0 : B(γ) = γ̂0γ. Let now γǫ, ǫ ∈ [0, 1] be the paths:

γǫ(t) = γ0(ǫ(1− t))

and Lǫ : γ → γǫγ̂ǫγ. The maps Lǫ give a homotopy between the identity
L0 = id : Ωe → Ωe and L1 = AB. In a similar way BA is homotopic to the
identity on Ωp and the two spaces are homotopy equivalent.

As a corollary we see that Ωp is contractible (in particular all its nonzero
Betti numbers vanish).

Corollary 33. For every p ∈ G the topological space Ωp is contractible.

Proof. By the above Theorem it is enough to show that Ωe is contractible,
and this is obvious since it is given by homogeneous equations.

Even though the space of horizontal paths Ωp is contractible, there is
much more to say about its topology. We studied in the previous section
the structure of geodesics, and we saw that whenever p is vertical there is an
infinite number of geodesics; every non-degenerate critical manifold contains
indeed an infinite number of geodesics, but most importantly the critical
manifolds are countable. This may suggest thay the topology of Ωp is not so
trivial, perhaps from a different point of view.

Now we focus on the object

Ωs
p
.
= Ωp ∩ {J ≤ s};

they are the sublevels of the Energy, and by letting the Energy grow we study
how the topology of the sublevels change, finding very interesting properties.
Moreover it will come out when we will study the horizontal paths in the
case of general sub-Riemannian manifolds.

Proposition 24 tells us that in the case p is not a vertical point the number
of geodesics joining e to p is finite; in particular if s > 0 is large enough f
does not have critical points on {f ≥ s} and the topology of Ωs

p stabilizes.
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Proposition 34. If p is not a vertical point, then for every s large enough
and t > 0 the inclusion:

Ωs
p →֒ Ωs+t

p is a homotopy equivalence.

As we already mentioned we focus on the case p ∈ ∆2, and we will not
use Morse-Bott theory to give a lower bound on b(Ωs

p) by counting critical
manifolds; we will instead use it to reduce the problem to the study of inter-
section of real quadrics. In fact the following proposition shows that Ωs

p is
homotopy equivalent to its boundary ∂Ωs

p; since the map q is quadratic, the
space ∂Ωs

p is an intersection of infinite-dimensional quadrics (it is given by
the quadratic equations ‖u‖2 = 2s and q(u) = p).

Proposition 35. For a generic choice of the Carnot group structure W ⊂
so(d) and a generic point p ∈ ∆2, for almost every s the following isomor-
phism holds:

H∗(Ω
s
p) ≃ H∗(∂Ω

s
p).

Proof. We first notice that the generic s is not a critical value for the energy.
Let us consider now the Morse-Bott function g = −J and let us denote by
Xa the set {g ≤ a}. The critical manifolds of g are the same as for J , except
that the index of each one of them for g is infinite (since these manifolds
have finite index for J , then they must have infinite index for g).

After passing a critical value c with corresponding critical manifold C,
the relative homology of the Lebesgue set is given by (i.e. “the homology
changes by”):

H∗(X
c+δ, Xc−δ) ≃ H∗(D

−
C , ∂D

−
C ).

We recall that D−
C is the unit disk bundle in the fiber bundle over C on which

the Hessian of the Morse-Bott function is negative definite; see Theorem 5
and the subsequent discussion from Appendix 2.2. Notice that here the choice
of the coefficients field Z2 prevents us from the problem of orientability of
this bundle.

This relative homology is zero: since the index of C is infinite, then
both D−

c and ∂D−
c retract on C (this follows from the fact that the infinite

dimensional sphere is contractible).
We can conclude our proof by observing that even though we pass critical

values for −J , the homology remains the same of ∂Ωs
p until we get the whole

Ωs
p.

Thus we see that, being Ωp contractible, each of the Betti numbers bi(Ω
s
p)

(i > 0) eventually vanishes as s→∞. Despite this their sum can still grow:
the smallest i > 0 for which bi(Ω

s
p) 6= 0 will get bigger and bigger and the

amount of topology can increase as well: we are interested in understanding
quantitatively this phenomenon.
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3.2.2 Asymptotic Morse-Bott inequalities

Before giving an explicit bound to b(Ωs
p), we will see what would this bound be

if we were to use Morse-Bott inequalities only. The Morse-Bott inequalities
bound will follow from the count of the muber of critical manifolds with
energy less than s. It turns out that this bound is much worse than the
actual one. In fact one has:

Card{critical manifolds with energy less than s} = O(s)l

against the actual bound b(Ωs
p) = O (s)l−1 (this will be proved in the next

section).
The following proposition will be fundamental for the sequel: essentially it

allows to turn the direct limits arguments into a quantitative form. Roughly
it says that the wave numbers of the controls associated to the geodesics
grow at most with the order of their energy.

To deal with these ideas, we introduce the following useful notation: for
every L ∈ N we define the space of controls with wave number at most L:

TL .
=
⊕

k≤L

Tk,

where the spaces Tk defined in Proposition 19 are

Tk = ∆⊗ span{cos kt, sin kt}.

Proposition 36. For the generic choice of the Carnot group structure W ⊂
so(d) and the generic point p ∈ ∆2 there exists a constant cp > 0 such that
for every geodesic γ ∈ Ωp ∩ {J ≤ s}, its associated control belongs to T ⌊scp⌋.

In order to prove the previous proposition we first need the following
lemma:

Lemma 37. For the generic choice of the Carnot group structure W ⊂ so(d)
and the generic point p ∈ ∆2 there exists a constant cp > 0 such that for every
Lagrange multiplier ω associated to p, the following inequality holds:

〈ω, p〉
‖ω‖ ≥

1

cp
.

Remark 11. Being the quantity 〈ω, p〉/‖ω‖ the cosine between ω and p times
the norm of p, the lemma says that the Lagrange multipliers for p are con-
tained in a convex acute cone in W .

The norm on the space of covectors (∆2)
∗ ∼= W is the one induced by the

inclusion W →֒ so(d) where 〈X, Y 〉 = Trace(XTY ).
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Before giving the proof of the lemma we show how it implies Proposition
36.

Proof of proposition 36. Lemma 37 is equivalent to

‖ω‖ ≤ cp〈ω, p〉.

The norm of ωA ∈ W can be written in terms of its eigenvalues α1, . . . , αs:
‖ω‖ = ‖ωA‖ =

√
2α2

1 + . . .+ 2α2
s; it follows that every eigenvalue of ωA

is smaller than the norm of ωA. Since ω is a Lagrange multiplier, if u =
uk1 + . . .+ ukl then the kj are integer eigenvalues of iωA. Since the energy of
a geodesic u associated to ω is J(u) = 〈ω, p〉, we have

kj ≤ ‖ω‖ ≤ cp〈ω, p〉 ≤ cps. (3.9)

Now we go back to the proof of Lemma 37.

Proof of Lemma 37. Suppose on the contrary that the constant bounding
〈ω, p〉/‖ω‖ from below doesn’t exist, so that we can find a sequence of
Lagrange multipliers ωn such that, setting ω̂n

.
= ωn/‖ωn‖, the sequence

ω̂n(p) → 0. Since the sequence ω̂n is contained in Sl−1 which is compact,
we can assume (up to subsequences) that it converges, with limit λ such
that 〈λ, p〉 = 0 by hypothesis. Up to subsequences we can also assume that
every Lagrange multiplier ωn has the same number of integer eigenvalues (all
distinct by Lemma 28), say ν. For every Lagrange multiplier ωn we have
the cone of the endpoints of the geodesics associated to ωn; the Lagrange
multiplier ωn is contained in the intersection of ν hypersurfaces of matri-
ces with constant eigenvalue equal the imaginary integers ik1(n), . . . , ikr(n).
The direct sum E(ω) of the associated eigenvalues contains all the geodesics
with Lagrange multiplier ω and q(E(ω)) is the cone spanned by the normal
vectors to each of these ν surfaces (Proposition 29), where the normal vector
has to be chosen with positive scalar product with ωn (since the Energy is
positive).

Let us call l+j the normal vectors to the surfaces with eigenvalue equal
to kj(n) respectively; up to subsequences again we can assume that every
direction l+j (n) converges to some l+j . The point p is contained in the interior
of every cone (Theorem 30) and it can be written as p =

∑ν
j=1 cj(n)l

+
j (n)

with cj(n) > 0 for every j and every n. Since 〈λ, p〉 = 0, we have

0 = 〈λ, p〉 =
ν∑

j=1

〈λ, l+j 〉 = lim
n→∞

ν∑

j=1

cj(n)〈ω̂n, l
+
j (n)〉;
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the terms of the sum above must converge to 0 one by one because they are
non-negative. Not every cj(n) can converge to 0, otherwise p would be 0 as
well. Therefore at least one of the terms 〈ω̂n, l

+
j (n)〉 converges to 0; in the

limit p is a linear combination of directions l+j with j ∈ I for a set of indexes
I such that 〈λ, l+j 〉 = 0 for every j ∈ I.

Now we are going to see what happens to Lagrange multipliers associated
to directions l+j such that limn→∞〈ω̂n, l

+
j (n)〉 = 0. Let us take the smooth

hypersurface Sα ⊂ W of the matrices with an eigenvalue equal to a given
iα ∈ iR and all the other eigenvalues different from iα. Then we take a point
ωA ∈ Sα and we compute the angle between ωA and the normal vector to
the surface Sα at ωA. The surface Sα can be given as a zero locus of the
real valued function sα(η)

.
= det(ηA− iα1) in the even-dimensional case and

i det(ηA − iα1) in the odd-dimensional case (here for simplicity we discuss
the case d is even, but the proof for the odd-dimensional case is analogous).

We may assume that the matrices A1, . . . , Al form an orthonormal basis
forW ; moreover we can choose an orthonormal basis for ∆ such that the ma-
trix ωA is written in canonical form, i.e. ωA = Diag(αJ2, α2J2, . . . , αd/2J2).
Now we compute the differential of sα at ωA:

(dsα)ωA =
d∑

i=1,j=1

l∑

k=1

∂sα
∂mij

∂mij

∂ηk
dηk =

d∑

i=1,j=1

l∑

k=1

adj(ωA− iα1)ijakij dηk

where mij are the variables for the entries of the matrices, ηk are the coor-
dinates on W given by the components of the covectors in (∆2)

∗
, adj(ωA−

iα1)ij is the ij entry of the adjugate matrix of ωA − iα1 and akij are the
entries of the matrix Ak. The matrix ωA− iα1 takes the form

Diag

((
−iα α
−α −iα

)
,

(
−iα α2

−α2 −iα

)
, . . . ,

(
−iα αd/2

−αd/2 −iα

))
;

setting β
.
=
∏d/2

i=2(a
2
i − a2), the adjugate matrix is

adj(ωA− iα1) = Diag

((
−iαβ αβ
−αβ −iαβ

)
,

(
0 0
0 0

)
, . . . ,

(
0 0
0 0

))
,

and so we get
(dsα)ωA = 2αβak12 dηk.

Therefore we have

〈(dsα)ωA, ωA〉 = 2αβωka
k
12 = 2α2β.
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Since the basis (A1, . . . , Al) is orthonormal for W and so is (dλ1, . . . , dλl) for
W ∗, the norm ‖(dsα)ωA‖ is easily computed:

‖(dsα)ωA‖ = 2|αβ|
√

(a112)
2 + . . .+ (al12)

2 = 2|αβ|‖a12‖

where a12
.
= (a112, . . . , a

l
12). Now we can compute the cosine of the angle θ

between ω and the normal to Sα at ωA:

cos θ =
〈(dsα)ωA, ωA〉
‖(dsα)ωA‖ ‖ωA‖

=
2α2β

2|αβ| ‖a12‖ ‖ω‖
= ± α

‖a12‖ ‖ω‖
.

Let us go back to the directions l+j such that

〈λ, l+j 〉 = lim
n→∞
〈ω̂n, l

+
j (n)〉 = 0;

recall that the imaginary integers ikj(n) are the eigenvalue corresponding to
the eigenspaces mapped on Rl+j (n). Notice that the constant ‖a12‖ in the
previous computation depends on the space W and on the basis we choose
in order to put ωA in canonical form, but now the basis is a priori different
for every ωnA; indeed we have that ‖a12‖ ≤ ‖A‖ where the norm ‖A‖ is the
one induced by the norm on ∆ on its exterior algebra. It follows that

|〈ω̂n, l
+
j (n)〉| ≥

∣∣∣∣
αi(n)

‖A‖ ‖ωn‖

∣∣∣∣ ,

and since the first term converges to 0, so does the second one.
Notice that the vectors l+j (c), orthogonal to the surfaces with eigenvalue

equal to ki(n), are orthogonal to the surfaces with eigenvalue equal to ki(n)
‖ωn‖

as well, since the surfaces are the same up to homothety. The point p is a
linear combination of the directions l+j with j ∈ I with the property that
〈λ, l+j 〉 = 0: these directions are the images of the limit eigenspaces Ej(λ)

of the sequences Ej(ω̂n). Since their eigenvalues are
kj(n)

‖ωn‖ which converge to

0, the eigenvalues of the eigenspaces Ej(λ) for j ∈ I are 0. It follows that
p belongs to the image by q of the kernel of ωQ, which means that p is a
critical value for q, and this is absurd by hypothesis.

We prove now the theorem that gives an upper bound for the number of
critical manifolds with energy bounded by s.

Theorem 38. For the generic choice of step 2 Carnot group structure W ⊂
so(d) and of p ∈ ∆2:

Card{critical manifolds with energy less than s} = O(s)l.
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Proof. Let us start by considering the vector space Pl,d of real polynomials
of degree d in l variables. For every ν = 1, . . . , l we set f = (f1, . . . , fν) ∈ P ν

l,d

and:

Yν ={(f, V, ω) ∈ P ν
l,d ×G(l − ν, l)× R

l |
ω ∈ Z(f)\Sing(Z(f)), V = (TωZ(f))

⊥, p ∈ V }.

Since Yν is semialgebraic, we can consider the semialgebraic projection to
the first factor π : Yν → P ν

l,d and stratify P ν
l,d =

∐s
j=1 Pj such that π is semi-

algebraically trivial over each stratum (see [8]). In particular since there are
finitely many strata, there exists a number βν such that for every f ∈ P ν

l,d:

b0(π
−1(f)) ≤ βν

(only a finite number of fibers, up to semialgebraic homeomorphism, appear).
In particular, in the case when there are finitely many ω with normals V =
(TωZ(f))

⊥ containing p, this construction implies their number is bounded
by βν .

Consider now for every n ∈ N the polynomial fn ∈ Pl,d defined by:

fn(ω) = id det(ωA− in1)

(the id factor has the only scope of turning fn into a real polynomial in the
case d is odd). We know from Theorem 28 that for the generic choice ofW ⊂
so(d) and p ∈ ∆2 each Lagrange multiplier belongs to some Z(fk1 , . . . , fkν ),
where ν is the number of positive integer eigenvalues of the matrix iωA. Now
if u = u1 + · · ·+ uν is the control associated to a geodesic with final point p
and energy less than s, Proposition 36 implies:

kj ≤ scp for j = 1, . . . , ν

for a constant cp depending only on W and p.
Thus the way to get all possible Lagrange multipliers associated to geo-

desics ending at p with energy less than s is by intersecting ν of the hypersur-
faces Z(fk) for k = 1, . . . , ⌊scp⌋ and ν = 1, . . . , l and considering the points
in this intersection where the normal space contains p. There are

(⌊scp⌋
ν

)
= O(s)ν

possible ways of choosing the hypersurfaces and the above argument implies
each such choice can contribute by at most βν Lagrange multipliers.
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In particular the set of Lagrange multipliers for p with energy less than
s is bounded by:

Card{Lagrange multipliers ω such that ω(p) ≤ s} ≤
l∑

ν=1

O(s)ν = O(s)l.

To each critical manifold with energy less than s there corresponds one and
only one Lagrange multiplier whose scalar product with p is less than s, hence
the conclusion follows.

As a corollary we derive now Morse-Bott inequalities; as already stated
the following bound will be improved in the next section.

Corollary 39 (Morse-Bott inequalities). For the generic choice of W ⊂
so(d) and of the point p ∈ ∆2 we have:

b(Ωs
p) ≤

∑

J(Cω)≤s

b(Cω) = O(s)l.

Proof. By Lemma 29 and Theorem 30 we know that each critical manifold
is an intersection of l quadrics in R

2d (it is the preimage of p under q|E(ω)):
in particular the possible homeomorphism types of such manifold are finite
and there is a constant β such that b(Cω) ≤ β for every critical manifold Cω.

Since the sum
∑

J(C)≤s b(C) contains at most O(s)l terms (by Theorem

38), the conclusion follows from Morse-Bott inequalities (see Appendix 2.2).

3.2.3 Asymptotic total Betti number

The aim of this section is to refine the bound obtained from Morse-Bott
inequalitis for b(Ωs

p) given in Corollary 39.
We start by proving some technical results; roughly they tell that all

the information about the critical manifolds with bounded Energy and their
index can be found in a finite dimensional approximation of the space of
controls; moreover it is shown the way that the dimension of the finite di-
mensional approximation depends on the sublevel of the Energy.

Proposition 40. For the generic choice of W ∈ so(d) and the generic point
p ∈ ∆2 we have: (a) the critical manifolds of J on Ωp with Energy less than
s coincide with the critical manifolds of J restricted to Ωp ∩ T ⌊scp⌋; (b) their
index is the same either if they are considered critical manifolds for J or if
they are considered critical manifolds for J restricted to Ωp ∩ T ⌊scp⌋.
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Proof. We have already proved that there exists a constant cp such that
all the critical points with energy less than s are contained in Ωp ∩ T ⌊scp⌋

(Proposition 36); since the spaces Tk are orthogonal with respect to both the
quadratic maps J and q, the critical points of J |Ωp∩T ⌊scp⌋ are given by the

same equations as for critical points of J |Ωp using the Lagrange multipliers
rule.

Let ω be a Lagrange multiplier for p with energy less than s. The Hessian
of the energy J is 〈Id−ωQ·, ·〉, so its eigenvalues are 1− αi(ω)

k
with k ∈ N0 and

αi(ω) eigenvalues of ωA as usual. Therefore we have negative eigenvalues for
every integer k such that k < αi(ω) for at least one i; since αi(ω) ≤ ‖ω‖, it
follows from Lemma 37 (as in the proof of Proposition 36) that

k ≤ ‖ω‖ ≤ cp〈ω, p〉 ≤ scp

with the same constant cp as in Proposition 36.

The next proposition tells also all the topological information is contained
in such a finite dimensional approximation.

Proposition 41. For a generic choice of W ⊂ so(d) and of p ∈ ∆2 there
exists a constant rp > 0 such that for every m ∈ N:

Ωs
p deformation retracts to Ωs

p ∩ T ⌊srp⌋+m.

In particular: H∗(Ω
s
p) ≃ H∗(Ω

s
p ∩ T ⌊srp⌋+m).

Proof. Given L ∈ N we can define the function fL, “distance from TL” in
the following way: every u ∈ Ωs

p can be uniquely written as u = ū + v

where ū ∈ TL and v ∈
(
TL
)⊥

; then we define fL(u)
.
= ‖v‖2. Assume that

for a suitable L there are no critical points for fL outside Ωs
p ∩ TL and the

function fL satisfies the Palais-Smale condition: then we can retract the
manifold f−1

L ([0, s]) = Ωs
p on the sublevel set f−1

L (0) = Ωs
p ∩ TL by Theorem

4 (the function fL is bounded on Ω̂ǫp since fL ≤ J ≤ s). The manifolds
we are considering have boundary, but we can apply the argument above to
Ωp ∩ {J < s + δ}: it deformation retracts to Ωs

p again by Theorem 4 if we
choose δ small enough not to have new critical values for the Energy; we can
indeed choose such δ small enough not to have new critical values for fL as
well.

We are now going to prove that fL satisfies the Palais-Smale condition
and to find for which L we are sure not to have critical points for fL in
Ωs

p \ (Ωs
p ∩ TL).

The gradient of the function fL at u = ū+v is 2v restricted to TuΩp: this
means that there exists η ∈ (∆2)

∗
such that ∇uFL = 2v − 2ηQu. For every
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critical point u for fL there exists η such that v−ηQu = v−ηQv−ηQū = 0:
since the space TL and its orthogonal are invariant with respect to ηQ we
have the equivalent couple of conditions

v = ηQv, ηQū = 0;

the first condition tells that v is a geodesic going somewhere, the second one
tells that q(ū) is a critical value for q.

We need fL to satisfy the Palais-Smale condition: having the explicit
expression of its gradient ∇fL, we omit this verification whose proof is anal-
ogous to the one for J in Theorem 31.

We are going to prove that there exists a constant rp such that if we take
L = ⌊srp⌋ there are no critical points for fL in Ωs

p \ (Ωs
p ∩ TL).

Assume that such a constant does not exist: then for every term ρn
of a diverging sequence of positive real numbers, we find sn > 0 and a
critical point u(n) for the function f⌊snρn⌋ outside T ⌊ρnsn⌋ with Energy less

than sn. By hypothesis v(n) ∈
(
T ⌊ρnsnn⌋

)⊥
so that its Fourier expansion is

v(n) =
∑

k>ρnsn
vk(n). Recall that P

.
= Q|T1

: then we have:

‖q(v(n))‖ =
∥∥∥∥∥
∑

k>ρnsn

1

k
〈Pvk(n), vk(n)〉

∥∥∥∥∥ ≤
∑

k>ρnsn

1

k
‖P‖‖uk(n)‖2 ≤

≤ 1

ρnsn
‖P‖‖v(n)‖2 ≤ 1

ρnsn
‖P‖sn =

‖P‖
ρn

.

The last term of the chain of inequalities converges to zero: it follows that
q(v(n)) goes to zero as well. Since p = q(ū(n)) + q(v(n)), we get

lim
n→∞

q(ū(n)) = p,

and as we noticed before ū(n) is a critical point for q. This means that we
have a sequence of critical values for q converging to p, which is impossible
since we picked our p into an open subset of regular values (i.e. p ∈ ∆2\Σ1).
We end the proof by noticing that the condition for having critical points
for f⌊rpsn⌋ has to be verified on every Tk separately (they are orthogonal
and invariant with respect to Q): since there are no critical points of f⌊rpsn⌋
outside T ⌊rpsn⌋, there are no critical points of the same function restricted to
T ⌊rpsn⌋+m (similarly to what happens to the critical points of J in Proposition
40) and it follows eventually that Ωs

p ∩ T ⌊rpsn⌋+m deformation retracts onto

Ωs
p ∩ T ⌊rpsn⌋ for every m ∈ N.

As a corollary we get the following interesting result, that controls the
growth rate of the index of the highest nonzero Betti number of Ωs

p.
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Corollary 42. For a generic W ⊂ so(d) and p ∈ ∆2, there exists a constant
rp > 0 such that:

max
i
{i | bi(Ωs

p) 6= 0} ≤ 2d ⌊rps⌋ .

Proof. By Proposition 41 there exists cp > 0 such that H∗(Ω
s
p) ≃ H∗(Ω

s
p ∩

T ⌊cps⌋). In particular Ωs
p has the homology of a semialgebraic subset of R2d⌊cps⌋

(namely Ωs
p∩T ⌊cps⌋) and its j-th Betti number must be zero for j > 2d⌊cps⌋.

Everything is now ready for the proof of the main theorem of this section.

Theorem 43 (Sharper bound on total Betti number). For the generic choice
of W ⊂ so(d) and of p ∈ ∆2 we have:

b(Ωs
p) = O(s)l−1.

Proof. First we know from Proposition 41 that there exists rp > 0 such that:

b(Ωs
p) = b(Ωs

p ∩ T ⌊rps⌋) for all s > 0 and m ∈ N.

It means that Ωs
p has the same Betti numbers as

{x ∈ T ⌊rps⌋ | q1(x) = p1, . . . , ql(x) = pl} ∩ {‖x‖2 ≤ 2s}.

Notice that the dimension of T ⌊rps⌋ is a O(s).
Let us consider the semialgebraic set (a level set of a quadratic map with

l components):

X = {x ∈ T ⌊rps⌋ | q1(x) = p1, . . . , ql(x) = pl}

and ǫ > 0 small enough such that X ∩ {2s− ǫ ≤ ‖x‖2 ≤ 2s+ ǫ} deformation
retracts onto X (the existence of such ǫ is guaranteed by semialgebraic triv-
iality, see [8]). Let also A = X ∩ {‖x‖2 ≤ 2s+ ǫ (which deformation retracts
onto X ∩ {‖x‖2 ≤ 2s} and B = X ∩ {2s − ǫ ≤ ‖x‖2}. The Mayer-Vietoris
exact sequence of the pair (A,B) gives b(A) + b(B) ≤ b(A ∩ B) + b(A ∪ B),
which implies:

b(Ωs
p) = b(A) ≤ b(A ∩B) + b(A ∪ B).

Since A ∩ B deformation retracts onto X ∩ {‖x‖2 = 2s}, then it is defined
by l quadratic equations on a sphere of dimension dim(T ⌊rps⌋) − 1 = O(s);
on the other hand X = A ∪ B is given by l quadratic equations in a vector
space of dimension dim(T ⌊rps⌋) = O(s); hence by Proposition 13 the total
Betti numbers of these spaces are bounded by:

b(A ∩ B) = O(s)l−1 and b(A ∪ B) = O(s)l−1

and the conclusion follows.
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3.2.4 A topological coarea formula

As we found in the previous section, we have an upper bound for the total
Betti number of the sublevels of the Energy; what we do not know is wether
this bound gives the exact growth rate of b(Ω̂s

ǫp) or it is still overcounting,
as Morse-Bott inequalities do. In this section we compute the first order
asymptotic of b(Ωs

p) in s, for the case l = 2. It turns out that for a generic
choice of the Carnot group structure W ⊂ so(d) and the point p ∈ ∆2, the
leading term is a real number and can be analytically computed using only
the data W = span{A1, A2}. It follows that the previous bound is sharp, at
least in the case of codimension l = 2.

Consider a unit circle S1 ⊂ W. For a generic W the eigenvalues of ωA
are distinct and differentiable almost everywhere (the set of matrices in so(d)
with multiple eigenvalues is a cone with codimension 3, and the eigenvalues
are semialgebraic functions of the parameter ω ∈ S1). Thus there exist
semialgebraic functions αj : S1 → R such that the αj(ω), for j = 1, . . . , d,
are the coefficients of the canonical form of ωA. Given p ∈ ∆ we consider
the rational functions λj : S

1 → R ∪ {∞} given by:

λj : ω 7→
∣∣∣∣
αj(ω)

〈ω, p〉

∣∣∣∣ for j = 1, . . . , d.

Notice that when ω approaches p⊥ these functions might explode, that is
why they are rational in ω; on the other hand they are semialgebraic and
differentiable almost everywhere and it makes sense to consider the integral:

τ(p)
.
=

1

2

∫

S1

d∑

j=1

∣∣∣λ̇j(ω)
∣∣∣−
∣∣∣∣∣

d∑

j=1

λ̇j(ω)

∣∣∣∣∣ dω. (3.10)

The convergence of the integral follows from the fact that where the deriva-
tives of the λjs explode, they all have the same sign and the integrand van-
ishes.

The next theorem proves that for a fixed p, as a function of s:

b(Ωs
p) = τ(p)s+ o(s) as s→∞.

Theorem 44. If the corank l = 2, for a generic choice of W ⊂ so(d) and
p ∈ ∆2 we have:

lim
s→∞

b(Ωs
p)

s
= τ(p).
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Proof. In order to compute the asymptotic for b(Ωs
p) for s→∞ we use (2.5).

In fact we have seen that Ωs
p is homotopy equivalent to {v ∈ H | q(v) =

p/s, ‖v‖2 = 1} and the latter can be rewritten as:

{
v ∈ H | q(v)− ‖v‖

2

s
p = 0

}
∩ S

where S is the infinite dimensional sphere S = {‖v‖2 = 1}. In particular we
can present our set as the intersection of two quadrics in H on the unit sphere
S; thus we let i−s for the index function of the quadratic map q − p‖ · ‖2/s
(we are using the notation of 14). In this setting the set P ⊂ S1 coincides
with {ω ∈ S1 | 〈ω, p〉 < 0}. In fact if we let p = (p1, p2), here the two quadrics
we are considering are q1 − p1‖ · ‖2/s and q2 − p2‖ · ‖2/s and for every ω
the self-adjoint operator on H corresponding to the quadratic form ωq is
ωQ − ω(p)1/s. In particular the spectrum of ωQ − ω(p)1/s is obtained by
translating the spectrum of ωQ by 〈ω, p〉/s and since ωQ is compact and its
spectrum is symmetric with respect to the origin, we see that in order to
have finitely many negative eigenvalues we need 〈ω, p〉 < 0.

On the other hand the subspaces Tk are invariant by both ωQ and any
multiple of the identity, thus the index function can be computed as:

i−s (ω) =
∑

k≥1

i−
(
ωQ− 〈ω, p〉

s
1|Tk

)
=
∑

k≥1

i−
(
ωQ0

k
− 〈ω, p〉

s
1

)
=

=
d∑

j=1

⌊
sαj(ω)

〈ω, p〉

⌋
=

d∑

j=1

⌊sλj(ω)⌋

where in the second line we have used the fact that the spectrum of ωQ0

k
−

〈ω,p〉
s
1 is of the form

αj(ω)

k
− 〈ω,p〉

s
. In the sequel we also identify P ⊂ S1 with

a subset of [0, 2π] in the standard way.
Denoting now by µ(s) the number of local maxima of i−s on P , we see

that formula (2.5) implies:

b(Ωs
p) = 2µ(s) + 1− b0(P0) = 2µ(s) +O(1) (3.11)

In fact, using the long exact sequence of the pair (Pj+1, Pj), we can rewrite
b0(Pj+1, Pj) = b0(Pj+1) − b0(Pj) + b1(Pj+1, Pj); substituting these identities

into b(Ω̂ǫp) = 1 +
∑

j≥1 b0(Pj+1, Pj) + b1(Pj+2, Pj+1) we get b(Ω̂ǫp) = 1 −
b0(P0) + 2

∑
j≥1 b1(Pj+1, Pj). Since each local maximum of i−ǫ contributes by

1 to one of the b1(Pj+1, Pj) and b(P0) ≤ 1 (since P0 is convex), then (3.11)
follows.
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In order to compute the asymptotic of the number of maxima of i−ǫ we
introduce the following auxiliary data. First we let λ =

∑d
j=1 λj(ω) and

notice that this is a semialgebraic function. In particular we can divide P
into a finite number of intervals (arcs):

P = (ω0, ω1] ∪ [ω1, ω2] ∪ · · · ∪ [ωm, ωm+1] ∪ [ωm+1, ωm+2)

such that for every j, k the functions αj as well as α are monotone on
(ωk, ωk+1). Labeling Ik = [ωk, ωk+1] we see that also each ⌊sλj⌋ is mono-
tone on Ik. On the other hand monotonicity of i−s is granted only where the
signs of the derivatives of the λj all agree. Since for the generic choice of p
the functions αj do not vanish on {ω0, ωm+2} (the orthogonal complement of
p on S1), λj approaches infinity when approaching ω0 or ωm+2; in particular
i−s is monotone on I0 and Im+1 and has no local maxima on them.

For every j ∈ {1, . . . ,m} let us denote respectively by µj(s) and σj(s)
the number of local maxima of i−s on Ij and the number of subintervals of Ij
where i−s is constant (thus σj(s) equals the number of “jumps” of the integer
valued function i−s on Ij).

For every interval Ij = [ωj, ωj+1] we see that:

|i−s (ωj+1)− i−s (ωj)| = σj(s)− 2µj(s)

In particular summing all these equations and using the fact that i−s is mono-
tone on I0 and Im+1, combining with (3.11) we get:

b(Ωs
p)

s
= 2

µ(ǫ)

s
+O(1/s) = 2

m∑

j=1

µj(s)

s
+O(1/s) =

=
m∑

j=1

σj(s)

s
−

m∑

j=1

∣∣∣∣
i−s (ωj+1)− i−s (ωj)

s

∣∣∣∣+O(1/s).

Now we notice that as s→∞, the function i−s /s converges uniformly to
λ, thus:

lim
s→∞

m∑

j=1

∣∣∣∣
i−s (ωj+1)− i−s (ωj)

s

∣∣∣∣+O(1/s) =
m∑

j=1

|λ(ωj+1)− λ(ωj)| = (3.12)

=

∫ ωm+1

ω1

∣∣∣λ̇(ω)
∣∣∣ dω. (3.13)

It remains to evaluate lims

∑
j
σj(s)

s
. To this end we let σi

j(s) be the

number of jumps of ⌊sλi/⌋ on the interval Ij. We notice that σi
j(s) =
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∑d
i=1 σ

i
j(s)+O(1) : in fact i−s jumps exactly when one of the ⌊sλj⌋ jumps and

these function all jump at different points (except for the points where two
eigenvalues are in resonance, but these are in finite number bounded indepen-
dently of s); we also notice that each function ⌊sλi⌋ /s converges uniformly
to λi. Thus we get:

lim
s→∞

m∑

j=1

σj(s)

s
= lim

s→∞

m∑

j=1

(
d∑

i=1

σi
j(s)

s

)
= (3.14)

= lim
s→∞

m∑

j=1

(
d∑

i=1

∣∣∣∣
⌊sλi(ωj+1)⌋

s
− ⌊sλi(ωj)⌋

s

∣∣∣∣

)
= (3.15)

=
m∑

j=1

(
d∑

i=1

|λi(ωj+1)− λi(ωj)|
)

=

=
m∑

j=1

∫ ωj+1

ωj

(
d∑

i=1

∣∣∣λ̇i(ω)
∣∣∣
)
dω = (3.16)

=

∫ ωm+1

ω1

(
d∑

i=1

∣∣∣λ̇i(ω)
∣∣∣
)
dω. (3.17)

Combining (3.12) and (3.14) we finally get:

lim
s→∞

b(Ωs
p)

s
=

∫ ωm+1

ω1

d∑

i=1

∣∣∣λ̇i(ω)
∣∣∣−
∣∣∣∣∣

d∑

i=1

λ̇i(ω)

∣∣∣∣∣ dω

=

∫

P

d∑

i=1

∣∣∣λ̇i(ω)
∣∣∣−
∣∣∣∣∣

d∑

i=1

λ̇i(ω)

∣∣∣∣∣ dω

where the last identity follows from the fact that on I0 and Im+1 the two

functions
∑d

i=1

∣∣∣λ̇i(ω)
∣∣∣ and

∣∣∣
∑d

i=1 λ̇i(ω)
∣∣∣ are equal. The limit of the statement

simply follows by noticing that αi(ω) = αi(−ω) (i. e. the positive eigenvalues
of iωA are π-periodic).

As a corollary we get the following result: it says that the topology of the
set of paths reaching the point ǫp with energy J ≤ 1 explodes; in particular
the number of geodesics gets unbounded as well.

Corollary 45. For a generic choice of W ⊂ so(d) and the point p ∈ ∆2 :

lim
ǫ→0

b(Ωǫp ∩ {J ≤ 1}) =∞.
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Proof. First notice that Ωǫp ∩ {J ≤ 1} is homeomorphic to Ωp ∩ {J ≤ 1/ǫ};
thus we can apply the above theorem.

In order to prove the limit it is enough to show that for the generic choice
of W and p the integral τ(p) is not zero. Since the integrand function is
always non-negative, it’s enough to prove it doesn’t vanish identically. Pick
two distinct eigenvalues (functions), say iα1 and iα2, for the family {ωA}ω∈S1 .
Since these functions are continuous semialgebraic, iα1 has a maximum point
ω and we can assume this is not a critical point for α2 also (this is a generic
condition). Then in a neighborhood of ω the derivatives of the corresponding
λ1 and λ2 have different signs and the integrand is nonzero.

We conclude the section with an example where the topological coarea
formula can be computed directly.

Example 1 (Commuting matrices, corank l = 2). Let us fix the corank l = 2.
If the matrices A1 and A2 commute, they can be written simultaneously in
their canonical form

Ai = diag
(
vi1J2, . . . , v

i
k, 0h

)
,

where as usual J2 is the 2 × 2 sympletic matrix and 0h is the h × h zero
matrix (possibly with h = 0. Setting vj

.
= (v1j , v

2
j ) and given ω ∈ R

2∗, the
eigenvalues of the matrix ωA are ±〈ω, vj〉. Now we pick a generic p ∈ ∆2:
having parametrized by t the unit circle in R2∗, the functions we need in

order to compute τ(p) are λj(t)
.
=
∣∣∣ 〈ω(t),vj〉〈ω(t),p〉

∣∣∣, their derivatives being

λ̇j(t) =
sgn (〈ω(t), vj〉)
sgn(〈ω(t), p〉) ·

〈ω̇(t), vj〉〈ω(t), p〉 − 〈ω(t), vj〉〈ω̇(t), p〉
〈ω(t), p〉2 .

Since the curve ω(t) is the arc-length parametrization of the unit circle, for
every t the covectors ω(t), ω̇(t) form an orthonormal basis for (∆2)

∗
; it follows

that the term

mj
.
= 〈ω̇(t), vj〉〈ω(t), p〉 − 〈ω(t), vj〉〈ω̇(t), p〉

is the determinant of the matrix

(
p1 a1j
p2 a2j

)
which does not depend on t.

Since the functions λj are periodic by π, we can modify the formula (3.10) by
integrating on the semicircle {〈ω(t), p〉 > 0} and eliminating the coefficient
of 1/2 before the integral sign.

These two remarks allow us to simplify the expression of λ̇(t):

λ̇j(t) = sgn(〈ω(t), vj〉) ·
mj

〈ω(t), p〉2 .
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Now, in order to have the term τ(p) > 0, the integrand of

τ(p) =

∫

〈ω(t),p〉>0

d∑

j=1

∣∣λ̇j(ω)
∣∣−
∣∣∣∣

d∑

j=1

λ̇j(ω)

∣∣∣∣dω =

=

∫

〈ω(t),p〉>0

1

〈ω(t), p〉2 ·
(

d∑

i=1

|mj| −
∣∣∣∣

d∑

i=1

sgn(〈ω(t), vj〉) mj

∣∣∣∣

)
dω

must be strictly positive somewhere. This happens if and only if there exist
i and j such that for some t0

sgn(〈ω(t0), vi〉)mi · sgn(〈ω(t0), vj〉)mj,

namely the two factors have opposite sign. If mi ·mj > 0 we must have
t0 such that

sgn(〈ω(t), vi〉) · sgn(〈ω(t), vj〉) < 0 :

if such a t0 does not exist, we have

sgn(〈ω(t), vi〉) · sgn(〈ω(t), vj〉) > 0

for all t such that 〈ω(t), p〉 > 0, meaning that vi is proportional to vj; a
similar argument holds if mi ·mj < 0.

In order to have τ(p) = 0 the only possibility is that every vi is pro-
portional to every other vj, which is equivalent to say that A1 and A2 are
proportional: this implies that dim∆2 − dim∆ = 1 which contradicts the
hypothesis.

3.3 General sub-Riemannian manifolds

3.3.1 Homotopy equivalence of path spaces

Since Carnot groups approximate general sub-Riemannian structures, we ex-
pect that some properties of the topology of horizontal path spaces persist
when we consider small enough neighborhood of a fixed point p; also we have
to look at small enough neighborhood of the constant path in the space of
horizontal paths.

Since we will study properties that depend on the germ of the distribution
∆ at a regular point p ∈M , we can assume without loss of generality that the
manifold is Rn and the starting point is the origin; we have to assume that
the origin is a regular point of the distribution ∆. In this case we consider
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privileged coordinates in a neighborhood U of the origin and consequently
a 1-parameter family of dilations δǫ and a nilpotent approximation; let us
denote f the End-point map and f̂ the End-point map associated to the
nilpotent approximation. In this section we make the choice to denote with
the ˆ the objects in the nilpotent approximation; for instance while ∆ will
be the general distribution, we will denote ∆̂ the distribution spanned by
the homogeneous parts of the vector fields that generate ∆, i.e. the nilpotent
approximation.

Given the family of End-point maps fǫ(u)
.
= δ1/ǫ(ǫu), we have the follow-

ing Theorem [4]:

Theorem 46. The maps fǫ converge in C∞ topology to f̂ when ǫ→ 0.

Since the End-point map f can be deformed smoothly to the End-point
map f̂ of the chosen nilpotent approximation, we expect when the parame-
ter ǫ goes to 0, their fibers (the horizontal path spaces) have something in
common. Indeed, we prove the existence of a weak homotopy equivalence
between bounded energy horizontal path spaces of the two structure, for a
suitable choice of the ending point.

On one hand, by acting with the dilations we prove the following

Lemma 47. The following diffeomorphism holds:

f−1
ǫ (p) ∩ {J ≤ s} ∼= f−1(δǫ(p)) ∩ {J ≤ ǫ2s}

Proof. Let us consider the following chain of equalities:

f−1
ǫ (p) ∩ {J ≤ s} =

{
u | 1

2
‖u‖2 ≤ s, δ1/ǫf(ǫu) = p

}
=

=

{
u | 1

2
‖u‖2 ≤ s, f(ǫu) = δǫ(p)

}
=

=

{
1

ǫ
v | 1

2
‖v‖2 ≤ ǫ2s, f(v) = δǫ(p)

}
∼=

∼=
{
v | 1

2
‖v‖2 ≤ ǫ2s, f(v) = δǫ(p)

}
=

= f−1(δǫ(p)) ∩ {J ≤ ǫ2s}

where the homeomorphism between the expressions in the third and fourth
lines follows from a dilation of parameter ǫ in the space of controls.

On the other hand the following Lemma relates the topology of the f−1
ǫ (p)

to the topology of f̂−1(p):
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Lemma 48. For any given s > 0 there exists ǫs such that for every ǫ < ǫs
the following weak homotopy equivalence holds:

f−1
ǫ (p) ∩ {J ≤ s} ∼ f̂−1(p) ∩ {J ≤ s}

Proof. We define the following map:

F :(0, 1]×H −→M

(ǫ, u) 7→ fǫ(u)

Thanks to the C∞ convergence the map F can be extended for ǫ = 0 by
letting F (0, u) = f̂(u).

Now we fix a vertical2 point p ∈ M which is a regular value for f̂ . It
follows that p is also regular for the map F , after restricting his domain to
[0, T ] for a suitable T ≤ 1; we want to prove that the homology of f̂−1(p) =
f−1
0 (p) doesn’t change for small values of ǫ.
To this end we consider the projection of ǫ restricted to the fibers of F :

πǫ : F
−1(p) −→ [0, 1]

(ǫ, u) 7→ ǫ.

We study the critical values of πǫ by means of the Lagrange multiplier
rule: (ǫ0, u0) is a critical point for πǫ iff there is a λ ∈ T ∗

pM such that

d(ǫ0,u0)πǫ − λ ◦D(ǫ0,u0)F = 0; (3.18)

The differential of πǫ is just the identity on the ǫ coordinate, while for the
differential of F we have:

D(ǫ0,u0)F (ζ, v) =
∂F

∂ǫ (ǫ0,u0)
ζ +Du0

fǫ0(v).

The differential in equation (3.18) must be 0 for every vector (ζ, v) and in
particular for the vectors of the kind (0, v); it follows that λ ◦ Du0

fǫ0 = 0,
meaning that fǫ0 has a critical point mapped to p.

By hypotesis we know that p is not a critical value of f̂ . For every
u ∈ f̂−1(p)∩{J ≤ s} we can find a finite dimensional subspace Lu ⊂ H such
that the restriction of the differential of f̂ is already surjective. Thanks to the
continuity of the differential Duf̂ as a function of u in the weak topology, we
can find a neighbourhood Ou of u such that the differential of f̂ is surjective
when restricted to the same linear subspace Lu. Since the ball {J ≤ u} is

2Vertical with respect to the given nilpotent approximation.
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compact in the weak topology, we can extract a finite subcover Ou1
, . . . ,Oum :

it follows that the differential of f̂ is globally surjective on f̂−1(p) if restricted
to L0

.
=
⋃m

i=1 Lui
. Moreover, thanks to the finite dimension and the continu-

ity of the differential Dfǫ with respect to ǫ, we can find ǫs such that also the
differential Dufǫ restricted to L0 is surjective for every ǫ ∈ [0, ǫs) and every
u ∈ f−1

ǫ (p) ∩ {J ≤ s}.
Let us consider the following direct system of finite dimensional linear

subspaces of H: F = {L ⊂ H, L0 ⊂ L}, which is clearly cofinal: for every
L ∈ H, the manifolds f−1

ǫ ∩{J < s}∩L are diffeomorphic (the restriction of
πǫ is a fibration) and in particular they have the same homotopy type, hence

π∗(f
−1
ǫ (p) ∩ L) = π∗(f̂

−1(p) ∩ L).

Since the homotopy groups of the spaces f−1
ǫ (p) ∩ {J ≤ s} can be retrieved

by taking the direct limit of the homotopy groups of a cofinal direct system
of finite dimensional subspaces, we have

π∗(f
−1
ǫ (p)) = lim−→ π∗(f

−1
ǫ (p) ∩ L) = lim−→π∗(f̂

−1(p) ∩ L) = π∗(f̂
−1(p)).

Lemma 47 and Lemma 48 give the following:

Theorem 49. Given a generic rank d distribution ∆ on R
n and privileged

coordinates (xα, yi) together with the induced family of dilations δǫ, if p is a
regular value of the End-point map f̂ associated to the nilpotent approxima-
tion the following homotopy equivalence holds:

f−1(δǫ(p)) ∩ {J ≤ ǫ2s} ∼ f̂−1(p) ∩ {J ≤ s}.

Now that we have a way to relate the topology of horizontal paths of
sub-Riemannian manifolds with their nilpotent approximation’s counterpart
with the aid of the 1-parameter family of dilations, we have to know which
curves based on the origin can be realized as its orbits; moreover we have
to find out whether there exists a choice of privileged coordinates such that
the orbit is made of vertical points, in order to use our previous results.
Fortunately, we have the following proposition:

Proposition 50. For any parametric curve ǫ 7→ γ(ǫ) such that γ(0) = 0 and
γ̇(0) /∈ ∆, there exist privileged coordinates (xα, yi) on a neighbourhood U of
0 such that the curve γ in U is the coordinate curve yl.
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Proof. The parametric curve restricted to a neighbourhood U of 0 is a sub-
manifold of Rn, so by the implicit function theorem we can find coordinates
(xα, yi) such that the trajectory of the curve is given by xα = 0, yi = 0 for
α = 1, . . . , d and i = 1, . . . , l− 1. After a linear change of coordinates we can
assume that Xα|0 = ∂

∂xα |0; this is possible also because by hypotesis ∂
∂yi

(0)
does not belong to the distribution ∆. Since

dyi(Xα)|0 = Xα(y
i)|0 =

∂yi

∂xα
= 0,

the condition of being privileged coordinates is satisfied by (xα, yi).

Studying the horizontal path spaces we found that we had to exclude some
directions belonging to a measure zero set. We then must give a condition
for the existence of privileged coordinates to have a given curve γ be realized
as a vertical curve outside the “bad ones”.

Proposition 51. Given privileged coordinates (xα, yi) around 0 and the in-
duced nilpotent approximation X̂α, the map

ψ : ∆0 ⊕ [∆,∆]0/∆0 −→ ĝ

defined as Xα|0 7→ X̂α and
[

∂
∂yi

∣∣∣
0

]
7→ ∂

∂yi
is a Lie algebra isomorphism.

Proof. We can assume that the privileged coordinates satisfy the condition
Xα|0 = ∂

∂xα |0 and we write down the Taylor expansion of Xα:

Xα =
∂

∂xα
+ aiαµx

µ ∂

∂yi
+ aναµx

µ ∂

∂xν
+ aiαµνx

µxν
∂

∂yi
+ aiαjy

j ∂

∂yi
+R

where the term R has order ≥ 1; the homogeneous of order −1 vector fields
are X̂α = ∂

∂xα +a
i
αµx

µ ∂
∂yi

. We compute the brackets of the X̂α and we obtain:

[X̂α, X̂β] = (aiαβ − aiβα)
∂

∂yi
.

Now we compute the brackets of the Xα in 0, so that we need only to consider
only the terms of order −1 and 0:

[Xα, Xβ] = [X̂α, X̂β] + (aνβα − aνβα)
∂

∂xν
+R′

where the term R′ vanishes at 0; so we have

[Xα, Xβ]
∣∣
0
= [X̂α, X̂β]

∣∣∣
0
= (aiαβ − aiβα)

∂

∂yi

∣∣∣∣
0

+ (aνβα − aνβα)
∂

∂xν

∣∣∣∣
0

which is equivalent to (aiαβ − aiβα) ∂
∂yi

∣∣∣
0
in ∆2

0/∆0; this proves that ψ is a Lie

algebra isomorphism.
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We found that for a curve γ passing through the origin and transversal to
the distribution ∆ in the origin, the condition for the existence of privileged
coordinates such that the curve is a “good” vertical coordinate curve is to
have the projection under ψ of its tangent vector in the origin outside the set
Σ1∪Σ2∪Σ3∪Σ4; since the latter has measure zero, it follows that the set of
“bad” directions for the general sub-Riemannian structure has measure zero
as well.

3.3.2 Low Energy geodesics

In this subsection we make use of the homotopy equivalence in the previous
one in order to find a lower bound for the number of geodesics with bounded
energy going to the point δǫ(p). From now on we set pǫ

.
= δǫ(p).

Lemma 52. If c1 is a critical value for the Energy on the space of paths Ω̂p,
all the values nc1 for n ∈ N are critical.

Proof. We have from Equation 3.6 at page 43 that controls associated to
geodesics on a Carnot group going have the form

u(t) = e−tωAv,

where ω ∈ (∆2)∗ is the Lagrange multiplier and vin∆. Given n ∈ N, we
define

un(t)
.
= e−ntωA

√
n v,

and we look at the expression for its final point:

f̂(un) =

∫ 2π

0

〈∫ t

0

e−nτωA
√
n v dτ, Ae−ntωA

√
n v

〉
dt =

=

∫ 2π

0

n

〈∫ t

0

e−nτωAv dτ, Ae−ntωAv

〉
dt.

By setting t′ = nt and τ ′ = nτ we get

f̂(un) =

∫ 2πn

0

〈
1

n

∫ t′

0

e−τ ′ωA
√
n v dτ ′, Ae−t′ωA

√
n v

〉
dt′ =

=

∫ 2π

0

〈∫ t′

0

e−τ ′ωA
√
n v dτ ′, Ae−t′ωA

√
n v

〉
dt′ = f̂(u),
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where the last equality follows from the periodicity of e−t′ωA. From a single
geodesic u with Lagrange multiplier ω we found a countable family of geo-
desics un with Lagrange multipliers nω going to the same point; their Energy

is given by their Lagrange multipliers as follows J(un) =
〈
nω, f̂un

〉
= nJ(u),

which concludes the proof.

In order to prove the main Theorem of this subsection we need a slight
improvement of the Theorem 49, in order to deal with different sublevels of
the Energy at the same time.

Lemma 53. In the homotopy equivalence Ωǫ2s
pǫ ∼ Ω̂s

p for ǫ < ǫs, the same ǫs
works for smaller sublevels of the Energy: namely if s′ < s,

Ωǫ2s′

pǫ ∼ Ω̂s′

p

for every ǫ < ǫs; equivalently ǫs′ ≥ ǫs.

Proof. In the proof of Lemma 48 we found a subspace L0 of the space of
controls such that the restriction to L0 of the differential Dufǫ is surjective
for every ǫ < ǫs and every u ∈ f−1

ǫ (p)∩{J ≤ s}; then it is still true for every
u ∈ f−1

ǫ (p) ∩ {J ≤ s′} if s′ ≤ s, from which the conclusion follows.

In a few words we can say that the function s 7→ ǫs is a non-increasing
one.

Theorem 54. Let ∆ be a generic step 2 sub-Riemannian structure on R
n

such that the origin 0 is a regular point; consider then a contractible open
neighborhood U ⊂ R

n of 0. For every positive real number C and a generic
point p ∈ U , the number of geodesics from x to pǫ with Energy less than C
explodes as ǫ→ 0, namely

lim
ǫ→0

ν
(
ΩC

pǫ

)
=∞.

Proof. We know (Proposition 51) that for the generic p we find a nilpotent
approximation ∆̂ of ∆ such that p is vertical with respect to ∆̂. From Lemma
52 we know that if p is a vertical point in a Carnot group and c1 is a critical
value of the Energy, then all of its integer multiples ck

.
= kc1 are critical

values. We choose two sequences of regular values sk and Sk for the Energy
such that the only critical value for the Energy in the interval [sk, Sk] is ck. It
follows that the relative homology H(Ω̃Sk

p , Ω̃
sk
p ) is the same as the homology

of the non-degenerate critical manifold associated to ck and hence it is not
trivial.
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For any given s > 0, Theorem 49 gives the weak homotopy equivalence
between Ωλ2s

pλ
and Ω̂s

p. for every λ < ǫs; from Lemma 53 it follows that for
the same range of λ we have the following homotopy equivalences:

Ωλ2sk
pλ
∼ Ω̂sk

p , Ω
λ2Sk
pλ
∼ Ω̂Sk

p

for every k ∈ N such that sk < s and Sk < s. From the homotopy equiva-
lence Ωλ2s

pλ
∼ Ω̂s

p and the Five Lemma applied to the long exact sequence in

homology induced by the inclusion Ω̂sk
p →֒ Ω̂Sk

p , namely

Hi(Ω̂
Sk
p ) Hi(Ω̂

Sk
p , Ω̂

sk
p ) Hi+1(Ω̂

Sk
p )

Hi(Ω
λ2Sk
pλ

) Hi(Ω
λ2Sk
pλ

,Ωλ2sk
pλ

) Hi+1(Ω
λ2sk
pλ

) ,

i∗ p∗ ∂∗ i∗

i∗ p∗ ∂∗ i∗

we have the isomorphism

H∗

(
Ω̂Sk

p , Ω̂
sk
p

)
∼= H∗

(
Ωλ2Sk

pλ
,Ωλ2sk

pλ

)
.

As a consequence we have that in the interval [λ2sk, λ
2Sk] there must be a

critical value for the Energy defined on Ωpλ , since the relative homology of
the sublevels is non-zero. The numbers of these critical values is the integer
ks such Sk ≤ s but Sk+1 > s, which is ks = ⌊s/s1⌋.

Up to now we found that the number of geodesics going to pλ with Energy

less than λ2s is ks, that is ν
(
Ωλ2s

pλ

)
≥ ⌊s/s1⌋. Given any real number C > 0,

nothing changes if we apply to all the data the dilation δC/s. On the space of
controls associated to the nilpotent approximation it is the same to multiply
the controls by

√
C/s: the space Ω̂s

p becomes Ω̂C
pC/s

. By arguing as before

we find that in the space Ωλ2C
pλC/s

there are at least ⌊s/s1⌋ geodesics: the same

holds for ΩC
pλC/s

, since Ωλ2C
pλC/s

⊂ ΩC
pλC/s

. Now we let s → ∞: then we have

ǫ
.
= λC/s→ 0, since λ < ǫs but ǫs does not increases. It follows that

lim
s→∞

ν
(
ΩC

pǫ

)
≥ lim

s→∞
⌊s/s1⌋ =∞, (3.19)

thus the conclusion follows:

lim
ǫ→0

ν
(
ΩC

pǫ

)
=∞.

We can summarize as follows: every curve γ passing through 0 such that
both γ̇(0) /∈ ∆0 and ψ (γ̇(0)) + ∆0 /∈ Σ1 ∪ Σ2 ∪ Σ3 ∪ Σ4 (for ψ defined in
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proposition 51) can be realized as an orbit of the one-parameter family of
dilations δǫ for a suitable choice of privileged coordinates. Then we prove
that along these orbits, the number of bounded geodesics between 0 and
δǫ(p) (for some p close enough to 0 to be contained in a chart with privileged
coordinates) goes to ∞ as ǫ→ 0.
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