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Abstract

This thesis is devoted to the study of phenomenological consequences of
theoretical models of Quantum Gravity. In particular, this work is focused
on the study of possible violations of Lorentz invariance, which may arise
if, owing to quantum gravity effects, the high-energy structure of the space-
time is different from the smooth, continuous one we are used to in our
low-energy world. After a brief description of the most widely known models
accounting for Lorentz invariance violations, particular focus will be given
to astrophysical tests of Lorentz invariance. These are motivated by the fact
that some astrophysical objects are able to accelerate particles to extremely
high energies, unreachable to terrestrial experiments. This consideration
naturally leads us to look at the radiation of the Crab Nebula, one of the
most powerful objects in our Galaxy. We first understand how the violation of
Lorentz invariance affects the physical processes at the basis of the production
of electromagnetic radiation by this object. Then, we compare our prediction
for the Lorentz violating spectrum to observational data, exploiting the vast
multi-wavelength information on the Crab Nebula radiation. Furthermore,
we take advantage of the recent development of new technology to improve
on our analysis of the Crab Nebula radiation by extending our research to
the effects of Lorentz violation onto hard X-ray polarization.

After this investigation we shall move to study the physics of cosmic
rays, the most energetic particles ever experienced on Earth. Our interest
in this physics is twofold: on the one hand, we want to understand more
about their properties and their propagation. To this aim, we develop a new
model of propagation for cosmic rays in our Galaxy, exploiting as much as
possible of the multi-channel information available at present. On the other
hand, according to the multi-channel perspective, we try to understand the
consequences of Lorentz symmetry violation on the properties of ultra-high-
energy cosmic rays.
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Preface

Local Lorentz Invariance (LI) is fundamental to both of the two pillars
of our present physical knowledge: the standard model of particle physics
and general relativity. Nonetheless, the most recent progress in theoretical
physics, in particular towards the construction of a theory of Quantum Grav-
ity (QG), has led to a new perspective, in which both the above mentioned
theories are seen as effective ones to be replaced by a theory of some more
fundamental objects at high energies. From this perspective it is conceivable
that even fundamental space-time symmetries (such as local LI) could cease
to be valid in the vicinity of the Planckian regime.

There is little doubt that our low energy world is Lorentz invariant to
great accuracy. LI has actually driven our intuition in the construction of
successful physical theories over the last century, and has been continuously
verified by increasingly high energy experiments built on Earth.

However, from a theoretical point of view, there is no reason why Lorentz
symmetry should not be an attractive infrared fixed point of the fundamen-
tal theory “ultimately” describing the high-energy world. This would yield
the LI world we live in, and a Lorentz violating high-energy one where the
complete theory is defined. Moreover, from a purely logical point of view, it
is clear that the hypothesis of exact Lorentz invariance at arbitrarily large
energy is empirically not so strongly motivated given that an infinite volume
of the Lorentz group is (and will always be) experimentally untested, since
the Lorentz group is non-compact, unlike the rotation one.

Actually, the above reasoning is by itself not very specific, as it does not
provide any argument by which we should expect any departure from Lorentz
symmetry due to QG. However, there are other arguments that lead us to
suspect that there could be a failure of Lorentz symmetry in the proximity
of the Planck scale. Indeed, in recent years we have witnessed a growing
interest in the possible high energy violations of local Lorentz Invariance
as well as a flourishing of observational tests. Although Lorentz symmetry
breaking is not firmly established as a necessary feature of QG, the possibility
that Planck-scale induced Lorentz violation (LV) effects could provide an
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observational window into QG phenomena deserves careful consideration.
From this perspective, it is crucial to set up tests that can probe Lorentz

symmetry at higher and higher energies. Since QG effects are expected to
be revealed in physical reactions involving very high energies, particle accel-
erators can be thought of as suitable experiments to also probe such new
physics. In spite of the present impressive technological progress, however,
it is not conceivable now to build terrestrial particle accelerators to probe
energies much above 10 TeV.

A possible way out is provided by high energy astrophysics observations
[18]. It is well known for many decades that cosmic accelerators are able to
power particles up to at least 1015 eV, and even higher in special cases, either
through direct observation of very high energy particles (like Cosmic Rays)
or because we detect high energy radiation produced by accelerated parti-
cles (essentially electrons/protons) propagating in regions filled by magnetic
fields (synchrotron radiation) or by intense radiation fields (inverse Compton
scattering).

Although the interpretation of astrophysical observations is subject to
many uncertainties, because it is impossible to perform controlled astro-
physical experiments, nevertheless valuable information about fundamental
physics can be inferred from them, in some special cases. In particular, con-
cerning LV physics, when the physical modeling of the source powering high
energy particles is reliable and well assessed, it is indeed possible to make
predictions for LV phenomena and place significant limits on LV theories.
For example, the radiation spectra produced by synchrotron emission of spi-
ralling charged particles can be strongly modified by LV effects in the source,
or LV effects in particle propagation can affect the polarisation property of
radiation, or introduce energy dependent time delays in the arrival of photons
from distant sources.

The large amount of data available today allows also a different type of
study, through the exploitation of multi-wavelength and multi-channel data.
Indeed, one of the main results of this thesis is to show that combined analyses
of many observables, and in general the exploitation of the largest possible
amount of data, allow us to gather valuable information about theoretical
models of LV, that would have been virtually impossible to infer with a less
refined and thorough study.

A methodological remark is in order: conventional models of astrophys-
ical sources are rather approximate. While to fit, e.g., the overall spectrum
of the radiation produced by some astrophysical object is, to some extent,
an easy task, which can be accomplished with rather simple assumptions,
there might be small features that are not explicable within simple mod-
els, but need further assumptions and complications and detailed modeling.
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Moreover, even within sophisticated models, these features may still be only
approximately explained.

It is therefore possible that LV could help accounting for these detailed
phenomena. Would this be an evidence for LV? We think the answer to
this question should be no. The first reason is that LV naturally introduces
more degrees of freedom in the astrophysical model, hence, if the model
description of data is only rough, it is somewhat natural that LV improves
the fit to data. Furthermore, due to their large uncertainties, astrophysical
observations and models can hardly be used to make a discovery of such an
exotic phenomenon like violation of Lorentz invariance, although they are
certainly suited to place limits on it (i.e. to give negative answers to the
question whether Lorentz violation exists in some form). In order to discover
LV we would definitely need more direct evidence.

This thesis

This thesis is composed of four main chapters. In chapter 1 we introduce
the reader into the field of research on Quantum Gravity, and in particular on
possible violations of Lorentz invariance. We shall present both theoretical
models accounting for LV and the most relevant and up-to-date terrestrial
and astrophysical constraints.

Chapter 2 is devoted to the LV analysis of the Crab Nebula radiation.
First of all we describe the most relevant observations and the current widely
accepted model explaining the overall features of the radiation spectrum.
Then we revisit and discuss in detail the main processes taking place in the
Nebula, paying particular attention to possible modifications introduced by
LV. The final part of chapter 2 contains results motivated by recent measure-
ments of polarisation of hard X-rays from the Crab Nebula, obtained with a
novel technique.

Chapter 3 contains a short introduction to the physics of cosmic rays,
with particular emphasis on their energy spectrum, their composition and
the problem concerning their sources. As an aside, we discuss also a new
model for the propagation of galactic cosmic rays, proposed by the author of
this thesis in collaboration with other colleagues.

The discussion in chapter 3 is preparatory for the constraints discussed in
chapter 4, which is devoted to the study of the LV effects on the properties
of cosmic rays with the highest energies.

This thesis presents original work of the author, which can be found in
the papers listed here: [19, 20, 21, 22, 23, 24].
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Chapter 1

Quantum Gravity
phenomenology

“Ma misi me per l’alto mare
aperto”

Dante Alighieri

Our understanding of the fundamental laws of Nature is based at present
on two different theories: a relativistic quantum theory of particle interaction,
the Standard Model (SM) of Fundamental Interactions, and classical General
Relativity (GR).

The former is our best description to date of physics on microscopic, sub-
nuclear scales and is the result of the connection between quantum mechanics
and special relativity. It was found historically that a theory which combines
consistently relativistic invariance with the quantum behaviour of matter is
essentially a field theory, in which interactions are carried by fields and also
particles are understood as excitations of fields above their ground state. As
it is already evident from this simple description, an essential ingredient of
any Quantum Field Theory (QFT), as we know it nowadays, is the presence
of a given smooth structure, the space-time, in which fields are defined and
can propagate.

Moreover, although it is possible to construct QFT in curved space-time,
our fundamental theory of elementary particle interactions has been mostly
studied and developed in a fixed flat background space-time, making it very
hard to include a dynamical understanding of the generation of the space-
time itself in the theory, i.e. to include gravity. There are many reasons for
this, besides technical simplicity of the standard approach, as testified by
the many unsuccessful attempts to go beyond it in a consistent way. One
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2 Quantum Gravity phenomenology

reason is that gravitational interactions among elementary particles are very
much weaker than others, hence they can be neglected and there is no need
to include gravity into the SM. Another possible reason is that experiments
aimed at testing the fundamental properties of particles and interactions are
so small with respect to the typical radius of curvature of the gravitational
field of Earth (accelerator rings have lengths of the order of tens of kilometres)
that the effect of gravity on particle interactions is negligible.

GR is instead our best description of gravity, at a classical, non-quantum
level. In GR, all quantum properties of particles are neglected. This theory
is essential in understanding situations in which the role of gravity cannot
be neglected: for example, it is important to describe to high accuracy the
motion of planets in the Solar System, to understand astrophysical situations
such as the formation of a neutron star, or some features of AGN emission,
and also cosmology.

However, in spite of their phenomenological success, SM and GR leave
many theoretical questions still unanswered. First of all, since we feel that
our understanding of the fundamental laws of Nature is deeper (and more
accomplished) if we are able to reduce the number of degrees of freedom and
coupling constants we need to describe it, many physicists have been trying
to construct unified theories in which not only sub-nuclear forces are seen
as different aspects of a unique interaction, but also gravity is included in
a consistent manner. At some extent, the theory should include a quantum
description of gravity. In fact, by suitably combining the three fundamental
constants ~, c and GN (GN is Newton’s constant), it is possible to obtain
an energy scale, the Planck mass MPl ≡

√
~c/GN ' 1.22 × 1019 GeV/c2 at

which the quantum behaviour of gravity might be relevant.
Another important reason why we seek for a new theory of gravity comes

directly from the gravity side. We know that GR fails to be a predictive
theory in some regimes. Indeed, some solutions of Einstein’s equations are
known to be singular in some points, meaning that in these points GR is
not able to make any prediction. Moreover, there are apparently honest
solutions of GR equations predicting the existence of time-like closed curves,
which would imply the possibility of travelling back and forth in time. The
problem of black-hole entropy is intimately linked to the issue of information
loss in GR.

We just listed few of the many issues to be faced by a complete theory
of gravity, but one can already get a feeling with the impressive difficulty
of the problems we should face. However, these problems pertain essentially
to a purely logical, or theoretical point of view. Rather surprisingly, there
are at present no firm, undisputed experimental indications that a quantum
version of a theory of gravity should be really needed to ultimately describe



Quantum Gravity phenomenology 3

Nature. Indeed, one of the most intriguing problems is the extreme difficulty
of performing sensible observational tests of candidate QG models. Then,
we expect QG effects at low energy (with respect to the Planck scale) to
be extremely small, due to suppression by the Planck scale and only very
high-precision (or very high-energy) tests to be in principle viable.

However, depending on the underlying model of QG, qualitatively new
effects can arise and provide some intuition on Planck-scale physics. Some
of these new phenomena, that can be found in the literature of QG phe-
nomenology, are listed below.

• Quantum decoherence and state collapse [25]

• QG imprint on initial cosmological perturbations [26]

• Cosmological variation of couplings [27, 28]

• TeV Black Holes, related to extra-dimensions [29]

• Violation of discrete symmetries [30]

• Violation of Lorentz invariance [31]

Among them, we are mostly interested in the phenomenology of violation
of fundamental symmetries, because a convenient way of performing high-
precision tests is to look for experimental deviations from symmetries that
are believed to hold exactly in nature and could be broken by QG.

An example of such a physics law is CPT invariance, that requires physics
to be unchanged under the combination of charge conjugation (C), parity
inversion (P) and time reversal (T). As usual, C connects particles and an-
tiparticles, P represents a spatial reflection of physical quantities with respect
to the coordinate origin, while T reverses in time a physics reaction.

Lorentz symmetry is intimately related to CPT symmetry, in Quantum
Field Theory. Indeed one of the hypotheses of the well known “CPT theorem”
is Lorentz invariance. If CPT is broken, then at least one of the hypotheses
of the CPT theorem should also break down. It has been proven [32] that
Lorentz symmetry is the failing assumption in the so called “anti-CPT theo-
rem”, stating that in any unitary, local, relativistic point-particle field theory
CPT breaking implies Lorentz violation. Note however that the converse of
this statement is not true: it is well possible to violate Lorentz invariance
while keeping CPT exact, as it will be shown in sec. 1.3, where also the role
played by SuperSymmetry (SUSY) is discussed. However, this theorem does
not hold for theories which do not admit a field-theoretic description and can
then have unexpected properties.
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It seems then that, naively, violation of Lorentz symmetry is more general
than violation of CPT. Lorentz invariance of physical laws only relies on few
assumptions: the principle of relativity, stating the equivalence of physical
laws for non-accelerated observers, isotropy (no preferred direction) and ho-
mogeneity (no preferred location) of space-time, and a notion of precausality,
requiring that the time ordering of events in one reference frame is preserved
[33]. Some of them could then be broken by Planck scale physics.

The Lorentz group includes rotations and boosts, and is a subset of the
so called Poincaré group, which in addition includes translations. Being
non-compact, the Lorentz group does not admit finite-dimensional, unitary
representations, unlike the rotation group. This means, essentially, that in
principle boosts span over the real semi-axis [1,+∞), or, in more physical
terms, that, given a massive particle at rest in one reference frame (in QFT
this frame exists by definition of a massive particle as a 0−momentum rep-
resentation of the Lorentz group), there are reference frames, related to the
first one by a Lorentz rotation (a boost), in which the particle’s energy E ′

is arbitrary large. In such a reference frame, our particle would probe tiny
lengths λ, of the order of 1/E ′. If λ is comparable to the Planck length scale
lPl ∼ 1/MPl, then the particle will probe QG effects. Therefore, if lPl is a
minimum length scale (which we do not know...), it is hard to imagine boost
invariance to be preserved beyond MPl.

Apart from this somewhat heuristic intuition of why Lorentz invariance
might be broken in QG, it is possible to show more formally several ways
in which it can be broken indirectly. As an example, suppose translation
symmetry is broken [34]. Then, the generator of translations, the energy-
momentum tensor θµν , is no longer conserved. Consider now the generator
of Lorentz transformations

Jµν =

∫
d3x(θ0µxν − θ0νxµ) . (1.1)

Since it contains the non-conserved energy-momentum tensor θµν , in gen-
eral Jµν will have nontrivial dependence on time, hence the usual time-
independent Lorenz transformation generators do not exist and Lorentz sym-
metry is no longer ensured. The same argument holds if rotations are broken
instead of translations (but notice that violation of rotation invariance is
strongly constrained, see sec. 1.4).

The above discussion shows that it is interesting to study both theory
and phenomenology of Lorentz invariance violation (LV), as a possible first
glimpse of Quantum Gravity. While from the theoretical point of view re-
search has been very active since many years, the development of a phe-
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nomenology of LV has started growing just in the last ten years or so. Before
mid-90s only few works investigated the experimental consequences of LV,
because new effects were expected only in particle interactions at energies of
order the Planck mass MPl. Afterwards, it was realised that there are special
situation in which new effects could manifest also at lower energy. These
situations were called “Windows on Quantum Gravity”.

1.1 Windows on Quantum Gravity

In recent years, attempts to place constraints on high-energy deviations
from LI have mainly focused on modified dispersion relations for elementary
particles. Indeed, specific hints of Lorentz Violation arose from various ap-
proaches to Quantum Gravity. Among the many examples, string theory ten-
sor VEVs [35], space-time foam [36], semiclassical spin-network calculations
in Loop QG [37], non-commutative geometry [38, 39, 40], some brane-world
backgrounds [41] and condensed matter analogues of “emergent gravity” [42].

In most of the above mentioned QG models, LV enters through dispersion
relations which can be cast in the general form (it is assumed, for simplicity,
that rotational invariance is preserved and only boost invariance is affected
by Planck-scale corrections):

E2 = p2 +m2 + f(E, p;µ;M) , (1.2)

where we set the low energy speed of light c = 1, E and p are the particle
energy and momentum, µ is a particle-physics mass-scale (possibly associated
with a symmetry breaking/emergence scale) and M denotes the relevant
QG scale. Generally, it is assumed that M is of order the Planck mass:
M ∼ MPl ≈ 1.22 × 1019 GeV, corresponding to a quantum (or emergent)
gravity effect. The function f(E, p;µ;M) can be expanded in powers of the
momentum (energy and momentum are basically indistinguishable at high
energies, although they are both taken to be smaller than the Planck scale),
and the lowest order LV terms (p, p2 and p3) have been mainly considered
[31].

At first sight, it appears hopeless to search for effects suppressed by the
Planck scale. Even the most energetic particles ever detected (Ultra High
Energy Cosmic Rays, see, e.g., [43, 44]) have E . 1011 GeV ∼ 10−8MPl.
However, even tiny corrections can be magnified into a significant effect when
dealing with high energies (but still well below the Planck scale), long dis-
tances of signal propagation, or peculiar reactions (see, e.g., [31]). A partial
list of these windows on quantum gravity includes:
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• sidereal variation of Lorentz violation (LV) couplings as the lab moves
with respect to a preferred frame or direction

• cumulative effects: long baseline dispersion and vacuum birefringence
(e.g. of signals from gamma ray bursts, active galactic nuclei, pulsars)

• anomalous (normally forbidden) threshold reactions allowed by LV
terms (e.g. photon decay, vacuum Čerenkov effect)

• shifting of existing threshold reactions (e.g. photon annihilation from
blazars, GZK reaction)

• LV induced decays not characterised by a threshold (e.g. decay of a
particle from one helicity to the other or photon splitting)

• maximum velocity (e.g. synchrotron peak from supernova remnants)

• dynamical effects of LV background fields (e.g. gravitational coupling
and additional wave modes)

However not all of these tests are in the same way robust against the
underlying physical framework that one is choosing in order to justify the use
of the modified dispersion relations of the form (1.2). In fact while the above
cited cumulative effects use exclusively the form of the modified dispersion
relations basically all the others are dependent on the underlying dynamics
of interacting particles and on the fact that the standard energy-momentum
conservation holds or not. Hence in order to cast most of the constrains on
dispersion relations of the form (1.2) one needs to adopt a specific theoretical
framework justifying the use of such deformed dispersion relations.

We will detail below the most important theoretical frameworks present
in the literature, as well as the best constraints obtained by low energy,
terrestrial experiments and by higher energy astrophysical probes.

1.2 Purely kinematic frameworks

In order to study phenomenological effects of LV induced by QG, it is
crucial to have a theoretical framework as complete as possible. In this
respect two different approaches have been proposed.

On the one hand, one can interpret the dispersion relation (1.2) as the
Casimir invariant of some new relativity group (which would then incorporate
two invariant scales, c and MPl). This approach is usually referred to as
“doubly (or deformed)-special relativity” (DSR) [45, 46].
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On the other hand, the dispersion relation (1.2) can be thought of as a
by-product of an Effective Field Theory characterised by Planck suppressed
LV operators. EFT has proven very effective and flexible in the past. It pro-
duces local energy and momentum conservation laws, and seems to require
for its applicability just locality and local space-time translation invariance
above some length scale. It describes the Standard Model of particle interac-
tions and general relativity, many condensed matter systems at appropriate
length and energy scales, and even string theory. Furthermore, it is at the
moment the only framework within which we can compute reaction rates and
in general fully describe the particle dynamics.

However, the main difference between the two approaches resides in the
fact that while in DSR-like theories the violation of Lorentz invariance is
only apparent, because no preferred frame is actually introduced, in EFT
there is an explicit breaking of Lorentz invariance through the existence of a
preferred reference frame.

It is important to notice that while physics obviously requires dynamics,
not all QG theories are at a stage of development which includes dynamics.
For those theories (as, e.g. DSR) only purely kinematic tests are possible,
until they become more mature. Due to their importance, we will review the
main kinematical and dynamical frameworks proposed in the literature1.

1.2.1 Systematic modified dispersion relations

A first, primitive way to violate Lorentz invariance in a particle physics
framework is to phenomenologically modify particle dispersion relations, re-
taining energy-momentum conservation. In this context, it is assumed that
the standard, Lorentz invariant dispersion relation E2 = m2 + p2 is replaced,
in a particular reference frame, by a more general E2 = F (p,m). The pres-
ence of such a particular frame introduces a “preferred reference frame”,
thereby explicitly violating Lorentz invariance. A usual choice for the pre-
ferred frame is that in which the Cosmic Microwave Background (CMB)
radiation looks exactly isotropic (which is sometimes called the “rest frame”
of CMB). Since our world is nearly Lorentz invariant and almost at rest with
respect to CMB (the Earth velocity vE with respect to CMB can be esti-
mated by looking at the observed “dipole” anisotropy, which is of the order
of 10−3 ≡ vE/c), in the preferred frame F (p,m) must reduce to the Lorentz
invariant dispersion relation at small momenta, hence it must admit a power

1Of course, in the absence of a complete and fully reliable theory of Quantum Gravity,
the first attempts of description of Lorentz invariance violation did not include dynamics,
but were essentially related to geometric properties of space and time. They are important
for historical reasons.
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series expansion around p = 0

E2 = m2 + p2 +MPlf
(1)
i pi + f

(2)
ij p

ipj +
f

(3)
ijk

MPl

pipjpk + . . . , (1.3)

where the f
(n)
ij... are dimensionless, arbitrary and (presumably) small coeffi-

cients and, in order to adjust dimensions, suitable powers of the high energy
scale, which, being this construction motivated by QG, we assume to be of
order of the Planck mass MPl, are factored out. However, the fact that the
correct mass factor is the Planck mass MPl is rather arbitrary, at least for
linear and quadratic corrections, because we potentially miss huge suppres-
sion factors of the form m/MPl. It is understood that the actual order n of
the power expansion at which corrections in (1.3) start to be non-zero is set
by the underlying physical model of QG.

A major simplification can be done assuming rotation invariance to be
preserved. This procedure is somehow phenomenologically justified by the
fact that it is virtually impossible to break rotations without having a cor-
responding break of boost invariance. For example, in field theory this is
automatic, because if one breaks rotations by coupling matter with a non-
zero space-like constant vector, then also boosts are broken [31]. Then, it is
sound to consider first boost invariance breaking without violation of rota-
tional symmetry. In this case, we have, with a slight abuse of notation,

E2 = m2 + p2 +MPlf
(1)|p|+ f (2)p2 +

f (3)

MPl

|p3|+ . . . , (1.4)

where all the f (n) coefficients are in principle different from particle to par-
ticle. It is worth mentioning that this would lead also to a breaking of the
equivalence principle.

1.2.2 Robertson-Mansouri-Sexl framework

This framework [47, 48, 49] is a kinematic test theory meant to parameter-
ize departures from Lorentz invariance. The basic assumption of this model
is that there exists a preferred frame in which the speed of light is isotropic.
This corresponds to introducing the following new Lorentz transformations

t′ = a−1(t− ~ε · ~x) (1.5)

~x = d−1~x− (d−1 − b−1)
~v(~v · ~x)

v2
+ a−1~vt , (1.6)
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where a, b, d are functions of the relative velocity between frames.
It can be shown that the above transformations are the most general

ones preserving rectilinear motion in absence of forces, and can be reduced
to those of special relativity by setting a = b−1 =

√
1− v2, d = 1, assuming

Einstein clock synchronisation. Actually, the vector ~ε depends in general on
the procedure adopted to synchronise clocks.

The main drawback of the RMS framework is its intrinsic incompleteness,
evident in the lack of any dynamic prescription, in particular on how funda-
mental clocks and rods are related to the underlying fundamental physics.
In particular, as the RMS transformation depends on the vector ~ε, which in
turn is dependent on the synchronisation procedure adopted, it turns out
that it is virtually impossible to compare tests on RMS frameworks based on
different clocks and rods. However, this incompleteness can be attenuated,
if not resolved, by noticing that it is possible to incorporate this framework
in the Standard model extension [50], which will be discussed later.

1.2.3 Doubly special relativity

A radically different approach has been taken with the study of the so
called “Doubly-special” relativity. Even though this theory is aimed also
at including dynamics, we list it among the “kinematic theories” because,
currently, it is not a complete theory and has major mathematical problems
of internal consistency when considering dynamics. Hence, at present DSR
is only a kinematic theory. Nevertheless, it is attractive because it does not
postulate the existence of a preferred frame, but rather it deforms the usual
concept of Lorentz invariance [51, 46, 45]. In fact, DSR theory postulates
that the Lorentz group still generates space-time symmetries, but it acts in
a non-linear way on the fields, such that not only the speed of light c is an
invariant quantity, but also a new momentum scale EDSR (hence the name
of “doubly-special”), which is usually taken to be of the order of MPl. It
is interesting to notice that DSR-like features are found in models of non-
commutative geometry, in particular in the κ-Minkowski framework [52, 53].

For what concerns phenomenology, it is important to have equations for
the conservation of energy and momentum, as these can be used in deriving
constraints on Lorentz invariance violation from particle physics phenomena.
These equations are easily derived from the relations

E =
ε

1 + ε/EDSR

(1.7)

p =
π

1 + π/EDSR

, (1.8)
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where E, p are the physical (i.e. actually measured) energy and momentum,
while ε and π are the so called “pseudo-energy” and “pseudo-momentum”
respectively. It was found in [54] that ε and π transform under the usual
Lorentz transformations, thereby inducing the transformation laws for E, p.
From these rules, it follows that particle interactions can be conveniently
computed using the pseudo-variables, and then translated into the physical
variables to obtain the new thresholds and kinematic conditions.

It is customary to see that the dispersion relation obtained from eq. (1.8)
is of the form

E2 − p2 = m2 1− (E/EDSR)2

1− (m/EDSR)2
(1.9)

However, some indication on DSR phenomenology can be obtained by
considering that, as in Special Relativity, any phenomenon that would imply
the existence of a preferred reference frame is forbidden. Hence, the detec-
tion of such a phenomenon would imply the falsification of both special and
doubly-special relativity. An example of such a process is the decay of a
massless particle.

1.3 Dynamic frameworks

Dynamically meaningful realisations of Lorentz invariance violation are
more interesting from a phenomenological point of view, as they provide a
more complete framework in which to compute reactions. An obvious prop-
erty of any model aimed at representing our world is to agree with experi-
mental observations. Hence, a convenient way to study Lorentz invariance
violation is to embed it into an effective framework which also contains the
Standard Model of particle interactions.

The approach of Effective Field Theory is a well established way of de-
scribing physics which could be used to our aim. Indeed, there are widely
diffuse ideas that the Standard Model itself, though being able to describe at
unprecedented precision, and also at the quantum level, particle interactions
up to ∼ 100 GeV, could be such an effective model. The reasons for that are
both historical and theoretical.

From the historical point of view, physicists have learned over the years
that every imagined high-energy physics model, although pretty well working
up to some energy scale, was not able to give reliable predictions when applied
to much larger energies, where it revealed itself as a part of a more complex
and complete model. This is what happened, for example, with the Fermi
model of weak interactions, which turned out to be a low energy, effective
description of the weak interaction Standard Model sector. Actually, from
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Figure 1.1: High energy degrees of freedom are integrated out at low en-
ergy, therefore the actual interaction becomes point-like. This is the basic
interaction diagram for the neutron decay.

this story physicists learned even more, because it was realised that, within
the SM, it was possible to give a unified description of electromagnetic and
weak interactions.

On the other hand, the SM describes fundamental interactions (excluding
gravity) as the manifestation of invariance under a symmetry group, identi-
fied as SU(3) × SU(2) × U(1), which then contains 3 different interactions
(expressed as 3 different coupling constants). The aim of theorists is now
to describe the SM as the effective, low energy expression of some larger
group, in which the 3 SM interactions can be unified, as it happened with
electromagnetism and weak interactions, and, possibly, where also gravity
could nicely fit.

One may wonder at this stage why is the SM so hard to embed into a
more complete one, that more than 30 years after its discovery, this task
has not been completed. A reason for this, among many others, is that,
differently from the Fermi theory, whose coupling constant GF has mass
dimension −2, and is then non-renormalizable by power-counting, the SM is
a renormalizable theory.

In EFT, the presence of non-renormalizable operators in the Lagrangian
is a signal of the presence of new higher energy interactions. In particular, in
the context of the Fermi interactions, high energy degrees of freedom, the W±

bosons, whose mass is of the order of ∼ 80 GeV, are too heavy to actually
propagate, thereby inducing a point-like interaction, the so called 4−fermion
interaction, as exemplified in figure 1.1. On the contrary, for the SM this kind
of reasoning cannot be applied, because its renormalizability does not allow
to even guess at which scale new physics should appear.However, from a QG
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point of view, this behaviour can be understood by simply admitting that
the energy scale at which the full theory should be defined, i.e. the Planck
scale MPl, is so large that no effect can appear at ∼ 100 GeV ' 10−17MPl.
Nevertheless, it has been shown that, without some custodial symmetry pro-
tecting the SM from LV operators of dimension ≤ 4, Lorentz invariance
violation can appear in the SM both in renormalizable extra operators and
in non-renormalizable ones. Both possibilities have been explored in the so
called Standard Model Extension (SME), which will be discussed below.

Albeit EFT is a natural framework in which to study LV, there are other
possibilities, arising in some model of string theory, that deserve attention.
Indeed, if in the high energy theory a hidden sector exists, which cannot
be accessed because it lives, for example, on a different D−brane than us,
there are LV effects that cannot be fit in an EFT description. Since the EFT
approach is nothing more than a highly reasonable, but rather arbitrary
“assumption”, it is worth studying and constraining also these models.

1.3.1 Standard Model Extension with renormalizable
operators

Concrete realisations of this framework can be divided in two main lines
of research: EFT with only renormalizable (i.e. mass dimension 3 and 4)
LV operators, or EFT with non-renormalizable (i.e. mass dimension 5 and
higher) LV operators. We will deal here with SME with renormalizable op-
erators, while the next section will be devoted to the study of SME with
non-renormalizable operators, which is the proper subject of this thesis.

Most of the research along the first direction has been carried out within
the so called (minimal) SME [35]. It consists of the standard model of par-
ticle physics plus all Lorentz violating renormalizable operators (i.e. of mass
dimension ≤ 4) that can be written without changing the field content or
violating gauge symmetry. The operators appearing in the SME can be con-
veniently classified according to their behaviour under CPT.

Gauge invariant form

We shall deal first with CPT odd terms. The additional LV operators of
such form for the leptons are

− (aL)µABL̄Aγ
µLB − (aR)µABR̄Aγ

µRB , (1.10)

where LA is the left-handed fermion doublet, RA is the right-handed lepton
singlet and A,B are flavour indexes. The parameters (aL,R)µAB are constant
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vectors that in principle can mix also flavour indexes. As a remark, we notice
here that the (aL,R)µAB (as well as all other coefficients that will appear in
the following) can be assumed to be constant because we only deal with flat-
space models, whereas if we would have also diffeomorphism invariance they
should have been promoted to dynamical fields.

For quarks, a similar equation holds

− (aQ)µABQ̄Aγ
µQB − (aU)µABŪAγ

µUB − (aD)µABD̄Aγ
µDB , (1.11)

where now QA is the quark left-handed doublet, while UA, DA are the up
and down quark right-handed singlets, respectively. For the gauge sector,
instead, we have

(k0)κB
κ + (k1)κε

κλµνBλBµν

+(k2)κε
κλµνTr(WλWµν + 2

3
igWλWµWν) (1.12)

+(k3)κε
κλµνTr(GλGµν + 2

3
ig3GλGµGν) ,

where Bµ,Wµ, Gµ are U(1), SU(2), SU(3) gauge fields and Bµν ,Wµν , Gµν

their respective field strengths. We notice that usually the (k0)κ term is
required to vanish, because it leads to instabilities in the theory, and that all
the other terms have mass dimension 1.

Turning now to CPT even operators, for leptons we have

1

2
i(cL)µνABL̄Aγ

µ
↔
Dν LB +

1

2
i(cR)µνABR̄Aγ

µ
↔
Dν RB , (1.13)

while for quarks

1

2
i(cQ)µνABQ̄Aγ

µ
↔
Dν QB+

1

2
i(cU)µνABŪAγ

µ
↔
Dν UB+

1

2
i(cD)µνABD̄Aγ

µ
↔
Dν DB

(1.14)
Furthermore, for gauge fields we have

− 1

4
(kB)κλµνB

κλBµν +
1

2
(kW )κλµνTr(W κλW µν)− 1

2
(kG)κλµνTr(GκλGµν) .

(1.15)
These terms are all of mass dimension 0, but we should warn that the ap-
parent correspondence between CPT parity and odd/even mass dimension is
only accidental and will not hold for higher dimension operators.

We should also consider the Yukawa coupling between fermions and the
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Higgs field. These are

−1
2

[
(HL)µνABL̄Aφσ

µνRB + (HU)µνABQ̄Aφ
∗σµνUB + (HD)µνABQ̄Aφσ

µνDB

]
+h.c. , (1.16)

while for the Higgs field alone one finds the CPT odd term

i(kφ)µφ†Dµφ+ h.c. , (1.17)

while the CPT even terms are

1

2
[(kφφ)µν(Dµφ)†Dνφ− (kφB)µνφ†φBµν − (kφW )µνφ†Wµνφ] + h.c. (1.18)

Low energy form

Since tests on renormalizable LV operators are usually made at low en-
ergy, when the SU(2) gauge symmetry has been broken, it may be useful
to re-express the SME in an easier form to deal with. In particular, we can
single out each individual fermion and identify its own coefficient.

After the gauge breaking, the CPT odd fermion LV terms become

− aµψ̄γµψ − bµψ̄γ5γµψ , (1.19)

while the CPT even terms are

− 1

2
Hµνψ̄σ

µνψ +
1

2
icµνψ̄γ

µ
↔
Dν ψ +

1

2
idµνψ̄γ5γ

µ
↔
Dν ψ . (1.20)

The symbol ψ represent the fermion spinor and it is understood that each
fermion has its own set of LV parameters. It is customary to see that the
constant a-term in equation (1.19) could be reabsorbed by spinor redefinition
ψ → e−ia·xψ. However, in presence of theories with many interacting particles
it is possible to remove only one aµ, hence only differences between these
parameters can be probed by multi-fermion tests.

At present, gauge boson LV is only probed in the electromagnetic sector.
For this reason, we show here the LV operators for electromagnetism

− 1

4
(kF )κλµνF

κλF µν +
1

2
(kAF )κεκλµνA

λF µν , (1.21)

where the (kF ) term is CPT even, while the (kAF ) one is CPT odd and, since
it leads to instabilities in the theory, is assumed to vanish.
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LV QED

Since the most common particles used to cast constraints on LV are pho-
tons and electrons, a prominent role is played by LV QED.

If we label by ± the two photon polarisations, we can write the photon
dispersion relation, due to (1.21), as [50]

E = (1 + ρ± σ)|~p| (1.22)

where ρ = k̃αα/2, σ2 = 1/2(k̃αβ)2 − ρ2, k̃αβ = (kF )αβγδp
γpδ/|~p|2.

The structure of the coefficients (kF )αβ is in general quite complicated,
and could make it very hard to obtain significant constraints. In particular,
in general rotational invariance is not preserved. We already gave (see section
1) motivations for assuming rotation invariance to be preserved, at least in
first approximation, in LV contexts. If we make this assumption here, we
obtain a major simplification of our framework, because in this case all LV
tensors must reduce to suitable products of a time-like vector field, which is
usually called uα and, in the preferred frame, is assumed to have components
(1, 0, 0, 0). Then, the rotational invariant LV operators are

− buµψ̄γ5γ
µψ +

1

2
icuµuνψ̄γ

µ
↔
Dν ψ +

1

2
iduµuνψ̄γ5γ

µ
↔
Dν ψ (1.23)

for electrons and

− 1

4
(kF )uκηλµuνF

κλF µν (1.24)

for photons. The high energy (MPl � E � m) dispersion relations for the
SME can be expressed as

E2 = m2 + p2 + f (1)
e p+ f (2)

e p2 (1.25)

E2 = (1 + f (2)
γ )p2 (1.26)

where, if s = ±1 is the helicity state of the electron, f
(1)
e = −2bs, f

(2)
e =

−(c− ds), and f
(2)
γ = kF/2. The positron dispersion relation is the same as

(1.25) with the replacement p→ −p, which will change only the f
(1)
e term.

We notice here that the typical energy at which a new phenomenology
should start to appear is quite low. In fact, taking for example f

(2)
e ∼ O(1),

one finds that the corresponding extra-term is comparable to the electron
mass m precisely at p ' m ' 511 keV. Even worse for the linear modification
to the dispersion relation, which in principle could be Planck-scale enhanced,
rather than suppressed, leading to pth ∼ m2/MPl ∼ 10−17 eV. (Notice that
this energy corresponds by chance to the present upper limit on the photon
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mass, mγ . 10−18 eV [55].)

However, it may well be that the natural values for the parameters f
(n)
e

are much less than O(1). For example, they can be suppressed by ratios of
(me/MPl)

k, with k > 0. If we take k = 1, than the suppression factor is
me/MPl ' 4 × 10−23, which is not too far from the limits that have been
placed on dimension 4 LV parameters up to now.

1.3.2 SME with non-renormalizable operators

An alternative approach within EFT is to study non-renormalizable oper-
ators. Nowadays it is widely accepted that the SM could just be an effective
field theory and in this sense its renormalizability is seen as a consequence
of neglecting some higher order operators which are suppressed by some ap-
propriate mass scale. It is a short deviation from orthodoxy to imagine that
such non-renormalizable operators can be generated by quantum gravity ef-
fects (and hence be naturally suppressed by the Planck mass) and possibly
associated to the violation of some fundamental space-time symmetry like
local Lorentz invariance.

Myers & Pospelov [56] found that there are essentially only three opera-
tors of dimension five, quadratic in the fields, that can be added to the QED
Lagrangian preserving rotation and gauge invariance, but breaking local LI.
Actually these criteria allow the addition of other (CPT even) terms, but
these would not lead to modified dispersion relations (they can be thought
of as extra interaction terms) [57].

These extra-terms, which result in a contribution of O(E/MPl) to the
dispersion relation of the particles, are the following:

− ξ

2MPl

umFma(u · ∂)(unF̃
na) +

1

2MPl

umψ̄γm(ζ1 + ζ2γ5)(u · ∂)2ψ , (1.27)

where F̃ is the dual of F and ξ, ζ1,2 are dimensionless parameters. All these
terms also violate the CPT symmetry.

More recently, this construction has been extended to the whole SM [57]
and to extra interaction terms in QED.

Gauge sector of QED

In particular, regarding QED, which is the most important theory to be
studied for placing constraints, it can be shown that no new pure gauge
interactions arise due to LV. In fact, a generic content of a gauge invariant
tensor has to be bilinear in the field strength Fµν and contain one extra
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derivative (which must be a covariant derivative in the case of a non-abelian
field). The only non-vanishing terms satisfying these properties are

Fµν∂
νF̃ µρ , Fµν∂

νF ρσ , Fµλ∂νF̃
ρλ and F µν∂λF ρσ . (1.28)

The first two terms are reducible on the equations of motion, hence must be
ignored. Concerning the remaining two structures, Fµλ∂νF̃

λ
ρ and F µν∂λF ρσ,

the first has been shown to modify the dispersion relations of the photon
[56]. It was shown in particular that this operator has to be contracted with
an irreducible absolutely symmetric tensor, in order to be protected from
uncontrollable divergencies:

Cµνρ Fµλ∂νF̃
λ

ρ , Cµ ρ
µ = 0 . (1.29)

Moreover, the conditions of symmetry and irreducibility of the tensor Cµνρ

follow from the requirement of independence of this operator of the lower-
rank operators of (1.28), which is also a way of protection against the mixing
with such operators at the loop level.

The last operator in (1.28), the five-index object F µν∂λF ρσ, can be shown
to be irrelevant. In fact, one needs to separate it from all lower-rank interac-
tions. In other words, one needs to subtract all possible gµν and εµνρσ traces
of this term, before substituting it into the equation of motion to see if it
brings nontrivial contributions. It turns out that this operator is completely
expressible in terms of its εµνρσ-trace, which coincides with the operator Cµνρ.
Then it is not possible to bring the rank five operator to an irreducible form,
and consequently there is no dimension 5 LV interaction contracted with an
irreducible rank five tensor.

Matter Sector of QED

In contrast to what happens in the gauge sector, the LV terms in the
matter sector of QED have much wider variety than the set of structures
presented in [56]. The reason is that the operators can be formed both by
using covariant derivatives Dµ and by inserting gamma matrices.

Using a Young tableaux technique, it can be shown that all the relevant
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operators are the following [57]

Lmatter
QED = (1.30)

c̃µ1 · ψ γλF̃µλψ+ + c̃µ2 · ψ γλγ5F̃µλψ
− + fµν1 · ψ Fµνψ− + fµν2 · ψ Fµνγ5ψ−

+ hµν1 · ψD(µDν)ψ
+ + hµν2 · ψD(µDν)γ

5ψ+ + Cµνρ
1 · ψ γ(µDνDρ)ψ

−

+ Cµνρ
2 · ψ γ(µγ

5DνDρ)ψ
+ + Dµνρ

1 · ψ γ(µFρ)νψ
+ + Dµνρ

2 · ψ γ(µFρ)νγ
5ψ−

+ Eµνρλ
1 · ψ σµ)νD(ρDλψ− + Eµνρλ

2 · ψ σµ)(λFρ)(νψ
+

+ Eµνρλ
3 · ψ σµ)[νFρ](λψ

+

+ Eµνρλ
4 · ψ

(
σµ)[νDρ]D(λ − σν](µDλ)D[ρ + 2σνρD(µDλ)

)
ψ− .

Here, + and − superscripts refer to the parity of the corresponding LV
term under the charge conjugation C.

As it is customary to see, the C1 and C2 terms in (1.30) are those found
in the first analysis by [56], while all the others are interaction terms that do
not lead to modified dispersion relations. However, in order to detect these
effects, we would need much more accurate experimental facilities than what
are built or planned at present.

QED modified dispersion relations

From (1.27) the dispersion relations of the fields are modified as follows.
For the photon

ω2
± = k2 ± ξ

MPl

k3 , (1.31)

(the + and − signs denote right and left circular polarisation), while for the
fermion (with the + and − signs now denoting positive and negative helicity
states)

E2
± = p2 +m2 + η±

p3

MPl

, (1.32)

with η± = 2(ζ1 ± ζ2). For the antifermion, it can be shown by simple
“hole interpretation” arguments that the same dispersion relation holds, with
ηaf± = −ηf∓ where af and f superscripts denote respectively anti-fermion and
fermion coefficients [58, 59].

Modified dispersion relations affect standard processes (such as threshold
reactions) and permit new processes. Of course, this new physics will be vis-
ible only at sufficiently high energies, given that Planck suppression charac-
terises the new relations. To estimate the energy scale, consider, for example,
a threshold reaction involving photons and electrons such as photon-photon
annihilation, leading to electron-positron pair creation. In such a case the
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characteristic energy scale of the process – to which the LV term ξk3/MPl

should be comparable – is the electron mass me. Assuming a LV coeffi-
cient O(1) the effect of LV should become visible around the critical energy
kcr ≈ 10 TeV (cfr. section 1.5.3). While prohibitive for laboratory experi-
ments, this energy is within the range of the observed phenomena in high
energy astrophysics.

1.3.3 Naturalness and the role of other symmetries

Observations involving very high energies can thus potentially cast an
O(1) constraint on the coefficients defined above. A natural question arises
then: what is the theoretically expected value of the LV coefficients in the
modified dispersion relations shown above?

This question is clearly intimately related to the meaning of any constraint
procedure. Indeed, let us suppose that, for some reason we do not know,
because we do not know the ultimate high energy theory, the dimensionless
coefficients η(n), that in principle, according to the Dirac criterion, should
be of order O(1), are defined up to a dimensionless factor of me/MPl ∼
10−22. (This could well be as a result of the integration of high energy
degrees of freedom.) Then, any constraint of order larger than 10−22 would
be meaningless, if our aim is learning something about the underlying QG
theory.

This problem could be further exacerbated by renormalization group ef-
fects, which could, in principle, strongly suppress the low-energy values of
the LV coefficients even if they are O(1) at high energies. Let us, therefore,
consider the evolution of the LV parameters first.

Bolokhov & Pospelov [57] recently addressed the problem of calculating
the renormalization group equations for QED and the Standard Model ex-
tended with dimension-five operators that violate Lorentz Symmetry. In the
framework defined above, assuming that no extra physics enters between the
low energies at which we have modified dispersion relations and the Planck
scale at which the full theory is defined, the evolution equations for the LV
terms in eq. (1.27) that produce modifications in the dispersion relations,
can be inferred as

dζ1

dt
=

25

12

α

π
ζ1 ,

dζ2

dt
=

25

12

α

π
ζ2−

5

12

α

π
ξ ,

dξ

dt
=

1

12

α

π
ζ2−

2

3

α

π
ξ , (1.33)

where α = e2/4π ' 1/137 (~ = 1) is the fine structure constant and t =
ln(µ2/µ2

0) with µ and µ0 two given energy scales. (Note that the above
formulae are given to lowest order in powers of the electric charge, which
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allows one to neglect the running of the fine structure constant.)
These equations show that the running is only logarithmic and therefore

low energy constraints are robust: O(1) parameters at the Planck scale are
still O(1) at lower energy. Moreover, they also show that η+ and η− cannot,
in general, be equal at all scales.

However, this does not solve our problem of investigating what are the
natural values of the LV parameters, mainly the ones corresponding to renor-
malizable operators.

In fact it is generic that even starting with an EFT with only Lorentz
violations of mass dimension 5 for free particles, radiative corrections due to
particle interactions will generate lower dimension Lorentz violating terms
which will then be dominant [60]. Hence radiative corrections will not allow
a dispersion relation of the form (1.31,1.32) but will automatically induce
extra unsuppressed LV terms in p and p2 which will be dominant on the
p3 one. Thus either there is a symmetry or some other mechanism protect-
ing the lower dimension operators from large LV, or the suppression of the
non-renormalizable operators will be indeed always greater than that of the
renormalizable ones.

A possible solution to this problem is given by another symmetry, the so
called Super Symmetry (SUSY), that has attracted much attention in the
last 40 years [61, 62]. SUSY is by definition a symmetry relating fermions
to bosons i.e. matter with interaction carriers. As a matter of fact, SUSY
is intimately related to Lorentz invariance. Indeed, it can be shown that
the composition of at least two SUSY transformations induces space-time
translations. However, SUSY can still be an exact symmetry even in presence
of LV and can actually serve as a custodial symmetry preventing certain
operators to appear in LV field theories.

The effect of SUSY on LV is to prevent dimension ≤ 4, renormalizable
LV operators to be present in the Lagrangian. Moreover, it has been demon-
strated [61, 62] that the renormalization group equations for Supersymmetric
QED plus the addition of dimension 5 LV operators à la Myers & Pospelov
do not generate lower dimensional operators, if SUSY is unbroken. However,
this is not the case for our low energy world, of which SUSY is definitely
not a symmetry. The effect of soft breaking of SUSY was again investigated
in [61, 62]. It was found there that, as expected, when SUSY is broken the
renormalizable operators appear in the Lagrangian. In particular, dimension
κ ones arise from the percolation of dimension κ + 2 LV operators2. The
effect of SUSY soft-breaking is, however, to introduce a suppression of order
m2
s/MPl (κ = 3) or (ms/MPl)

2 (κ = 4), where ms ' 1 TeV is the scale of

2We consider here only κ = 3, 4, for which these relationships have been demonstrated.
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SUSY soft breaking. Although, given present constraints, the theory with
κ = 3 needs a lot of fine tuning to be viable, since the SUSY-breaking-
induced suppression is not enough powerful to kill linear modifications in the
dispersion relation of electrons, if κ = 4 then the induced dimension 4 terms
are suppressed enough, provided ms < 100 TeV.

Summarising, it seems that dimension 5 LV is unnatural, even considering
the effects of SUSY, because the corresponding LV parameters have to be
much less than their “natural” value O(1) in order to fit current data, while
dimension 6 LV does not suffer this problem. There is not a clear general
argument as to why the dimension 5 operators should not appear in the high
energy theory. However, it can be shown that if we assume CPT invariance
for the Planck scale theory, then dimension 5, CPT odd LV operators are
forbidden and only dimension 6 ones can appear.

Therefore, CPT and (soft broken) SUSY produce a viable LV theory, that
will be studied afterwards.

This is encouraging enough for considering this theory as a serious can-
didate test theory for Lorentz violations, but at the moment no conclusive
statements can be done.

1.3.4 Higher dimension contributions

For the reasons explained above, it is interesting to study theories with
high dimension contributions. The candidate theory should preserve CPT
and be supersymmetric. In absence of a dynamical model, we can proceed
effectively by adding to the SM (actually, for simplicity, to the QED) all
possible dimension 6, CPT even operators [63].

The complete dimension 6 SME, however, is not known. We still miss
the LV induced interaction terms and the CPT odd kinetic ones. This is not
a severe limitation, though. Indeed, LV induced interactions are expected to
have a very suppressed rate, hence we do not expect them to be observable
in elementary particle experiments, and, moreover, we are not aware of even
planned experiments meant to look for LV using new interactions. On the
other hand, we already explained that the major attraction of dimension 6
SME is essentially related to the assumption of CPT to be an exact symmetry,
hence we neglect CPT odd terms because we assume CPT symmetry.

The CPT even dimension 6 LV terms have been computed only recently
[63] adopting the same procedure also Myers & Pospelov used for dimension
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5 LV. The known nonrenormalizable CPT even fermion operators are

− 1
MPl

ψ̄(u ·D)2(α
(5)
L PL + α

(5)
R PR)ψ

− i
M2

Pl
ψ̄(u ·D)3(u · γ)(α

(6)
L PL + α

(6)
R PR)ψ (1.34)

− i
M2

Pl
ψ̄(u ·D)�(u · γ)(α̃

(6)
L PL + α̃

(6)
R PR)ψ ,

where PR,L are the usual left and right spin projectors PR,L = (1±γ5)/2 and
D is the usual QED covariant derivative. All coefficients α are dimensionless
because, as usual, we factorize suitable powers of the Planck mass.

The known photon operator is

− 1

2M2
Pl

β(6)
γ F µνuµu

σ(u · ∂)Fσν . (1.35)

From these operators, the dispersion relations of electrons and photons
can be computed, yielding to

E2 − p2 −m2 =
m

MPl

(α
(5)
R + α

(5)
L )E2 + α

(5)
R α

(5)
L

E4

M2
Pl

+
α

(6)
R E3

M2
Pl

(E + sp) +
α

(6)
L E3

M2
Pl

(E − sp) (1.36)

ω2 − k2 = β(6) k
4

M2
Pl

,

where m is the electron mass and s = σ · p/|p|. Notice that also a term
proportional to E2 is generated. This term is however suppressed by the tiny
ratio m/MPl ∼ 10−22 and can be safely neglected provided E >

√
mMPl.

Since the high energy fermion states are almost exactly chiral, we can
further simplify the fermion dispersion relation in eq. (1.37) (we pose R = +,
L = −)

E2 = p2 +m2 + f
(4)
± p2 + f

(6)
±

p4

M2
Pl

. (1.37)

Since it is suppressed by m/MPl, we will drop in the following the quadratic

contribution f
(4)
± p2 [63].

It may seem puzzling that in a CPT invariant theory we distinguish be-
tween different fermion helicities. However, although being CPT invariant,
some of the LV terms displayed in eq. (1.35) are odd under P and T. This
effectively breaks the identity between fermions and antifermions. However,
CPT invariance allows us to determine a relationship between the LV coef-
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ficients of the electrons and those of the positrons. Indeed, to obtain it we
have to consider that, by CPT, the dispersion relation of the positron is given
by (1.37) with the replacements s → −s and p → −p. This implies, in the

end, that the relevant positron coefficients f
(6)
positron are such that f

(6)

e+±
= f

(6)

e−∓
,

where e+
± indicates a positron of positive/negative helicity (and similarly for

the e−±).
These dispersion relations will be considered and constrained in chapters 3

and 4, by exploiting observations in Ultra-High-Energy Cosmic Ray physics.

1.3.5 LV and gravity in EFT

So far, we have dealt only with LV in the matter sector. However, also
gravity can be included and new phenomena may arise when introducing LV.

It can be shown that the best formalism to be used to include LV in
gravity is that of vierbein, as it allows also to couple fermions to LV. In
this formalism, which corresponds to Riemann-Cartan geometry, the grav-
itational degrees of freedom are represented by the vierbein itself and spin
connection, which allow to construct and completely determine the Riemann
and torsion tensor in space-time.

Setting torsion to zero for simplicity, the most general low energy action
for gravity involving only second derivatives of the metric is

S =
1

16πG

∫
d4x e

(
R− 2Λ + sαβRαβ + tαβγδRαβγδ

)
, (1.38)

where e is the determinant of the vierbein, R, Rαβ and Rαβγδ are the Ricci
scalar, tensor and Riemann tensor respectively and Λ is the cosmological
constant. G is the gravitational coupling constant, which may be affected
by LV as well. As a matter of fact, being translational invariance lost, the
coupling tensors sαβ and tαβγδ can be in general space-time dependent, acting
effectively as space-time varying couplings.

However, this very straightforward approach suffers several problems:
first of all it does not lead to energy-momentum conservation, unless very
restrictive conditions on sαβ and tαβγδ are imposed. Secondly, it constitutes
prior geometry, whereas the ultimate theory should be also able to predict
which geometry we live in.

A more flexible approach would be to assume the LV coefficients to be
dynamical [64, 65, 66, 35, 67]. In this case, we obtain that the energy-
momentum tensor is automatically conserved when all fields are on-shell,
but we lose in simplicity, as the LV coefficients have to be promoted to
dynamical fields, for which not only kinetic terms, but also potentials must
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be introduced, in order to make them non-zero at low energy.
Although the complete theory for sαβ and tαβγδ is not known, the simpler

theory of a dynamical “aether” has been studied thoroughly [64, 65, 35, 68,
69].

In aether models it is assumed that the whole LV is carried by a vector
field uα, hence greatly simplifying the structure of sαβ and tαβγδ, which must
be written in terms of uα (in particular it can be shown that tαβγδ can reduced
to suitable combination of sαβ via the symmetries of the Riemann tensor).

The action for this model is, in D−dimensions,

S = − 1

16πG

∫
dDx
√
−g
(
R +Kαβ

µν∇αu
µ∇βu

ν + V (uαuα)
)
, (1.39)

where Kαβ
µν = c1g

αβgµν + c2δ
α
µδ

β
ν + c3δ

α
ν δ

β
µ + c4u

αuβgµν . The ci are dimen-
sionless constants and the potential V (uαuα) is introduced in order to force
uα 6= 0 at low energy.

It can be shown [70] that this model suffers several problems of instability
if the potential V is different from V (uαuα) = λ(uαuα − 1), where λ is a
lagrange multiplier, to enforce |u|2 = 1. This means that the aether field is
forced to be time-like and to have unit norm.

The aether specifies then a preferred reference frame, which is usually
assumed to be aligned to that of the CMB. Consequences of the presence of
a aether field can be re-expressed in terms of post-newtonian gravity param-
eters and can be constrained by looking at modifications of geodesian motion
of particles, or of gravitational wave emission during collapse of SuperNovae
or neutron stars mergers. A recent summary can be found in [71].

A similar way to introduce a preferred frame is to consider ghost con-
densates. In this setup, a scalar field φ has a Lagrangian of the form P (X),
where P is a polynomial in X = ∂µφ∂

µφ, with a minimum at some value
X = m, at which φ has a constant velocity. If this field is effective in the
Early Universe, then Hubble friction drives it to the minimum, thereby gen-
erating a preferred frame, defined by the field velocity m. This kind of model
has the very same consequences as aether models, hence constraints on aether
parameters also place limits on m.

1.3.6 Non EFT-motivated models

Although the EFT approach to LV seems quite reasonable from a low-
energy point of view, as it describes fairly accurately particle interactions up
to roughly 100 GeV, also non-EFT-motivated LV models have been studied.
The most interesting phenomenological property of this kind of models is



Quantum Gravity phenomenology 25

that they may evade the majority of the constraints discussed in this thesis,
in particular in sec. 1.4 and 1.5 and in chap. 2.

As an example of such models, let us consider the one presented in [72],
where modified dispersion relations are found based on the Liouville string
approach to quantum space-time [73]. Liouville-string models of space-time
foam [73] motivate corrections to the usual relativistic dispersion relations
that are first order in the particle energies, corresponding to a vacuum re-
fractive index η = 1 − (E/MPl)

α, with α = 1. These effects are associated
generically with deviations from conformal invariance in the effective the-
ory of low-energy excitations interacting with singular or topologically non-
trivial quantum-gravitational degrees of freedom, inaccessible to low-energy
observers [73]. Models with quadratic dependences of the vacuum refractive
index on energy: α = 2 have also been considered [41].

Remarkably, this is exactly what is predicted by the Liouville string/D-
particle model for space-time foam, according to which only gauge bosons
such as photons might have QG-modified dispersion relations, and not
charged matter particles such as electrons. This difference may be traced
to a well known fact of D-brane physics, namely that [74] excitations which
are charged under the gauge group are represented by open strings with their
ends attached to the D-brane [75], and only neutral excitations are allowed
to propagate in the bulk space transverse to the brane. Hence, if we consider
photons and electrons, in this model the parameter η is forced to be null,
while ξ is free to vary, and, even more important, the theory is CPT even,
implying vacuum is not birefringent for photons (ξ+ = ξ−).

As we said, our interest in this kind of models is motivated by the fact
that they can in principle evade most of the present constraints. For ex-
ample, the electron and birefringence constraints discussed in chapter 2 do
not apply to the Liouville-string-inspired model. On the other hand, time-of-
flight constraints are viable for this model. Indeed, in [76] the best constraint
on ξ < 47 using time-of-flight measurements is placed, as we also discuss in
sec. 1.5.1. Moreover, the authors of [76] discuss LV as a possible explanation
of the arrival time structure of TeV photons from Mkn 501, finding that the
best-fit to data would be obtained by adopting ξ ' 30. If this is the case
(which is not, as explained in the same paper [76], but let us assume it is
for the moment), then we have to admit the remarkable fact that the EFT
description of LV phenomena related to QG would be failing. In fact, the
best-fit value ξ ' 30 would exceed by several orders of magnitude the best
constraint on ξ in EFT [77].

This brief discussion shows, incidentally, that even though time-of-flight
constraints are much weaker with respect to those exploiting other physical
processes, it is nevertheless important to pursue them, because they have the
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potentiality to reveal important features of the Planck-scale theory.

1.4 Terrestrial constraints on LV

In order to substantiate some of the statements made in the previous sec-
tions, and before to move to more recent results, it is unavoidable to discuss
the current status of the constraints on LV. We will divide matter in two
main branches: we first discuss constraints which can be posed with terres-
trial experiments, then we will present those obtained using astrophysical
observations.

1.4.1 Penning traps

A Penning trap is a combination of static magnetic and electric fields
able to confine a particle in a finite region for long time [78]. There are
essentially two trapped particle motions of great relevance for LV tests: they
are cyclotron motion in the magnetic field and Larmor precession due to the
spin. As it is customary to see (cfr. section 2.3.2), the ratio of the precession
frequency ωpr to the cyclotron one ωcy is

ωpr
ωcy

=
g

2
, (1.40)

where g is the Landé factor of the trapped particle.
The energy levels for a spin-1/2 particle are Es

n = nωcy + sωpr, where n is
an integer and s = ±1/2. For electrons and positrons (for which g = 2 + ḡ, ḡ
being the anomalous magnetic moment), the states n, s = −1/2 and n− 1,
s = +1/2 are almost degenerate. The degeneracy is removed only by the
anomalous magnetic moment ḡ and the difference between frequencies is
usually denoted as ωa = ωpr − ωcy. If an oscillating magnetic field is present
in the trap, then it is possible to induce transitions between these almost
degenerate states and determine the value of ωa.

This procedure yields a very accurate measurement of ωa (hence, of g−2)
and can be used to test CPT and Lorentz invariance. In the SME, the
magnetic moment of electrons and positrons does not have corrections at
lowest order. However, both ωa and ωcy receive the following corrections [79]
(assuming the trap’s magnetic field is aligned in the z direction)

ωe
−

cy ' (1− ce00 − ceXX − ceY Y )ωe,0cy (1.41)

ωe
∓

a ' ωe,0a ∓ 2beZ + 2deZ0me + 2He
XY ,
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as expressed in a non-rotating frame and the coefficients correspond to the
notation we used for the SME (section 1.3.1).

Two kinds of constraint can be performed using equations (1.41). First
of all, one can look at instantaneous CPT violation in the electron/positron
system, by measuring the difference |ωe−a − ωe

+

a |, which is nonzero if beZ is.
Experimentally, |ωe−a − ωe

+

a | = 4beZ . 10−26me [80].
On the other hand, one can track the sidereal variation of ωcy and ωa

as the orientation of the experimental apparatus changes with respect to
the background of the LV tensors. A bound on the diurnal variation of the
anomaly frequency ∆ωe

−
a ≤ 1.6 · 10−21me has been placed by [81] using this

technique. However, this strategy only limits a particular combination of the
SME coefficients. This technique has been used also to measure CPT viola-
tion in the proton/anti-proton system. Moreover, by measuring variations of
ωpcy a limit of the order of 10−26 has been placed on some components of cp

−
µν .

1.4.2 Clock comparison

Clock comparison experiments are well known tests of Lorentz invariance
[82, 83]. In their basic setup, two “clocks”, usually represented by two atomic
transition frequencies, are located together at some point in space. As they
move, the effect of different components of the SME LV parameters yields
a sidereal drift between the two clocks. Since the difference between clock
timings can be measured over long periods, this kind of constraints allows
very strong bounds on LV. Of course, this measurement is possible only if
the clocks are made of different materials or have different orientations in
space, because otherwise the LV effect would be the same over both.

The best limit to date is placed in the neutron sector of the SME by
a 3He/129Xe maser system [84]. In this experiment, both gases are placed
into a state of inverted population, by the effect of collisions with a pumped
vapor of rubidium. Both gases, if placed in a magnetic field of 1.5 G, act as
a maser at frequencies of 4.9 kHz and 1.7 kHz for He and Xe respectively.
While the Xe maser is used to calibrate the magnetic field, the emission of
He is tracked over time, looking for sidereal variations. The leading order
effect of LV is essentially on a valence neutron for both gases, so only the
neutron parameters are probed by this kind of experiment. The magnitude
of the frequency sidereal variation can be expressed, within SME, as

2π|∆fJ | = | − 3.5b̃J + 0.012(d̃J − g̃D,J)| , (1.42)

where J represents the X, Y components of the LV tensors, in a non-rotating
frame, orthogonal to the Earth’s rotation axis.
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The relation between the above mentioned coefficients and the SME pa-
rameters is rather complicated. However, it turns out that the above men-

tioned coefficients can be constrained at the level of b̃⊥ =
√
b̃2
X + b̃2

Y =

(6.5 ± 5.4) × 10−32 GeV, while the d̃ and g̃ parameters can be constrained
to be about three orders of magnitude less. This means that some combi-
nation of the SME parameters can be constrained at a level of 10−28 GeV
[31]. Other clock experiments [85] are able to cast constraints also on the
following other neutron SME parameters

|c̃Q,J | = |m(cJZ + cZJ)| < 10−25 GeV (1.43)

|c̃−| = |m(cXX − cY Y )| < 10−27 GeV (1.44)

|c̃XY | = |m(cXY + cY X)| < 10−27 GeV (1.45)

Interestingly, a constraint on dimension 5 LV neutron operators can be
placed using limits on the spatial variation of the hyperfine nuclear spin
transition in Be+ [86] as function of the angle between the spin axis and an
external magnetic field. In fact, the LV terms introduce a small orientation
dependent potential in the non-relativistic Schrödinger equation. This small
potential leads to anisotropy of the hyperfine transition frequency, which
can be probed experimentally. In the case of Be+ the nuclear spin can be
thought of as being carried by a single neutron. Experimental limits are
|η1| < 6 × 10−3, |η2| < 3 if uα is timelike, while if uα is spacelike, then
|η1| < 2× 10−8, |η2| < 10−8.

Other experimental setups can probe LV parameters in other particles’
sectors. For example, for the proton sector one has roughly the same con-
straints as in the neutron one [87].

1.4.3 Cavity experiments

Also for historical reasons, interferometry is one of the best ways to study
Lorentz invariance. Modern cavity experiments are able to provide very accu-
rate tests and bounds on certain photon parameters. In a cavity experiment,
one looks for a variation of the resonance frequency as the cavity changes its
orientation with respect to a stationary frequency standard. This has indeed
close relation with a clock comparison experiments, but since, in a sense, one
of the clocks uses photons, it probes the photon sector of the SME.

Without entering in technical details of the theoretical background needed
to approach this kind of study (electromagnetic field redefinition, dielectric
theory, etc.), we list here the definitions and the meaning of the parameters
that can be found in the specific literature. Constraints involve particular
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combinations of the kF SME coefficients. In particular

κ̃tr =
1

3
(κDE)ll (1.46)

(κ̃e+)jk =
1

2
(κDE + κHB)jk (1.47)

(κ̃e−)jk =
1

2
(κDE − κHB)jk − δjkκ̃tr (1.48)

(κ̃o+)jk =
1

2
(κDB + κHE)jk (1.49)

(κ̃o−)jk =
1

2
(κDB − κHE)jk. (1.50)

κ̃tr, κ̃e+, κ̃e− are all parity even while κ̃o+ and κ̃o− are parity odd and the κ’s
on the right hand side are related to the kF as

(κDE)jk = −2(kF )0j0k (1.51)

(κHB)jk =
1

2
εjkqεkrs(kF )pqrs (1.52)

(κDB)jk = −(κHE)jk = εkpq(kF )0jpq. (1.53)

It can be shown [50] that κ̃tr induces a shift of the speed of light, as well as
the κ̃e− and κ̃o+, which act in an orientation dependent way. On the other
hand, the parameters κ̃e+ and κ̃o− generate birefringence effects.

These experiments are actually plagued by large systematics. It should
be noted that many material dependent effects intervene to enhance or sup-
press the relative importance of different effects. Indeed, since the resonant
frequency of a cavity is

fr ≡
mc

2nL
, (1.54)

where m is the mode number, c is the speed of light, n is the index of
refraction of the medium present in the cavity and L is the length of the
cavity, the overall change on fr is in general due to a combination of effects
on c, n and L. Depending on the construction of the cavity, one of them can
dominate over the others.

Overall, the photon SME parameters are constrained to be less than
O(10−15) [31]. Only the parameter κ̃o+ is less constrained to O(10−11), due
to the relative boost of the Earth with respect to the solar system.
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1.4.4 Spin polarised torsion balances

Spin polarised torsion balances place limits on the electron sector of the
mSME [88]. The best limits on b̃i (i is the spatial direction, including the one
parallel to the Earth’s rotation axis) for the electron come from two balances,
one in Washington [89, 90] and one in Taiwan [91].

In the Washington experiment (the Taiwan one is similar in its concept)
two different types of magnets (SmCo and Alnico) are arranged in an octag-
onal shape, four SmCo magnets on one side of the octagon and four Alnico
magnets on the other. The magnetisation of both types of magnets is tuned
to be equal and in the angular direction around the octagon in order to
minimise any magnetic interactions. However, the net electron spin of the
SmCo and Alnico magnets differs because the SmCo magnets have a large
contribution to their overall magnetisation from orbital angular momentum
of Sm ions. Therefore the octagonal pattern of magnets has an overall spin
polarisation in the octagon’s plane.

A stack of four of these octagons are suspended from a torsion fibre
in a vacuum chamber. The whole apparatus is mounted on a turntable.
Lorentz violation in the SME introduces an extra interaction potential for
non-relativistic electrons of the form V = b̃iσ

i, where i stands for direction
and σi is the electron magnetic moment. As the turntable rotates, since b̃
points in some fixed direction in space, the interaction produces a torque on
the torsion balance. The magnet apparatus therefore twists on the torsion
fibre by an amount proportional to the potential V , hence to the b̃i. The
absence of any extra twist limits all components of |b̃| for the electron to be
less than 10−28 GeV.

1.4.5 Neutral meson tests

Since CPT connects particles and antiparticles, tests of matter-antimatter
correspondence are extremely sensitive to CPT. This implies, through the
well known theorem [32] stating that CPT symmetry violation always comes
together with Lorentz invariance violation in local field theories, that matter-
antimatter tests are also a probe of LV.

This idea can be adopted for studies with mesons. In particular, neutral-
meson oscillations (e.g. K0/K̄0) are essentially controlled by the energy dif-
ference between the meson and its antimeson. Although the SME contains
the same mass parameter for quarks and antiquarks, these particles are af-
fected differently by the CPT- and Lorentz-violating background. This allows
the dispersion relations for mesons and antimesons to differ, so that mesons
and antimesons can have distinct energies.
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In particular, if we specialise to the best studied oscillations in the K0/K̄0

system, we are going to probe the parameters aµ for the down and strange
sector, since K = ds̄. However, as we already noticed, since one of the aµ can
always be reabsorbed by field redefinition, only the difference ∆aµ = rda

d
µ −

rsa
s
µ controls CPT violation and can be therefore tested. The coefficients rd

and rs allow for effects due to the fact we are probing a quark bound state
[35].

A kaon state is in general the superposition of the strong eigenstates K0

and K̄0. Adopting the two-component notation for the wave function ΨK ,
we can write the state evolution as

i∂t

(
K0

K̄0

)
= Λ

(
K0

K̄0

)
, (1.55)

where the Hamiltonian Λ is a 2× 2 complex matrix. Λ can be decomposed,
in general, in its real and imaginary parts as Λ = M−iΓ, where M and Γ are
hermitian matrices usually called the mass and the decay matrix respectively.
The eigenvectors of Λ are the physically propagating states and are the well
known KS (the short living state) and KL (the long living state). CPT
violation only occurs if the two eigenvalues of Λ, Λ11 and Λ22 are not equal:
∆Λ ≡ Λ11 −Λ22 6= 0. The contribution of SME to ∆Λ can be determined as
[92]

∆Λ ≈ βµ∆aµ , (1.56)

where βµ = γ(1, ~β) is the four-velocity of the meson state in the observer
frame. As a consequence of eq. (1.56), it can be seen that the size of the effect
varies as the meson changes magnitude and orientation of its momentum.
Moreover, since the laboratory frame is moving dragged by the Earth, one
expects sidereal variation of ∆Λ. This effect can be explicitly cast as [34]

ξ ≡ ξ(t̂, ~p) ≡ ξ(t̂, p, θ, φ)

=
γ(p)

∆λ

{
∆a0 + β∆aZ(cos θ cosχ− sin θ cosφ sinχ)

+β
[
∆aY (cos θ sinχ+ sin θ cosφ cosχ)

−∆aX sin θ sinφ
]

sin Ωt̂

+β
[
∆aX(cos θ sinχ+ sin θ cosφ cosχ)

+∆aY sin θ sinφ
]

cos Ωt̂
}
, (1.57)

where t̂ is the sidereal time, χ represents the co-latitude of the experimental
setup, Ω is the Earth sidereal rotation frequency, ~β = β(sin θ cosφ, sin θ sinφ,
cos θ) and γ(p) =

√
1 + p2/m2. ∆λ in (1.57) represents the difference be-
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tween the eigenvalues of Λ.
The main experimental challenge of this kind of experiments is to be able

to measure all the four components of aµ. This result can be achieved by
suitably combining measurements made with different setups of the experi-
mental apparatus. Indeed, as the Earth, hence the laboratory, rotates with
respect to the fixed background vector ∆aµ, the beam direction relative to it
also changes. Then, in order to be sensitive to ∆aµ, the time stamp of each
event must be recorded.

To look at sidereal variation of ξ yields information about ∆a⊥, i.e. the
components of ∆aµ perpendicular to the Earth’s spinning axis. More difficult

is to have data on ∆a0 and ∆a‖, because they depend only on |~β|, which is
only slowly varying with energy at high energy. However, the dependence on
γ(p) of ξ enhances the overall effect.

Experiments with K and D led to important constraints. For the K
system, it has been found that a linear combination of ∆a0 and ∆a‖ is less
than 10−20 GeV, while ∆aX and ∆aY are less than 10−21 GeV [93, 92]. For
the D meson system, the same parameters are constrained to be less than
O(10−16) GeV. We notice here that observations of the D system probe the
quarks u and c, while other mesonic systems involve d, s and b.

Noticeably, different setups lead to other types of constraints. For ex-
ample, measures of correlated systems (like quarkonium) in KLOE place a
constraint ∆a‖ < 10−17 GeV [94].

Moreover, also the BaBar and BELLE experiments can place constraints
of order 10−13 GeV on various combinations of the ∆aµ, by studying states
involving the Bd meson.

1.4.6 Doppler shift of lithium

LV implies that the transformation laws for clocks in relative motion are
different from the usual time dilation. The Doppler shift deviation from its
standard relativistic form can be conveniently parameterized in the RMS
framework. Comparisons of oscillator frequencies under boosts therefore can
constrain the αRMS parameter. The best test to date comes from spec-
troscopy of lithium ions in a storage ring [95]. In this experiment, 7Li+ ions
are trapped in a ring at a velocity of 0.064 c. The transition frequencies of the
boosted ions are then measured and compared to the transition frequencies
at rest. The resulting bound on the deviation from the special relativistic
Doppler shift is |αRMS| < 2 · 10−7 in the RMS framework.

The results of [95] can be reinterpreted in the context of the mSME. For
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the electron/proton sector the approximate bounds are [96]

|cpXX + cpY Y − 2cpZZ | ≤ 10−11

|cpTJ + cpJT | ≤ 10−8

|ceXX + ceY Y − 2ceZZ | ≤ 10−5

|ceTJ + ceJT | ≤ 10−2 (1.58)

where J = X, Y, Z in a heliocentric frame. In the photon sector, the limit
κ̃tr ≤ O(10−5) can also be set from this experiment [97].

1.5 Astrophysical constraints on LV

We have seen in the last sections what tests of CPT and Lorentz invari-
ance can be done with terrestrial experiments. Being done on Earth, with an
accurate control of the apparatus, these tests are extremely high precision
probes of the fundamental symmetries. However, they have an important
drawback: they are essentially low energy tests.

One of the main motivations of high energy tests of Lorentz invariance, is
related to the intuition that Lorentz symmetry could be a very accurate low
energy symmetry, but could be broken at high energies, where the structure
of the space-time could be quite different from what we are used to. Hence,
higher and higher energy tests are essential to understand until which energy
scale we can trust Lorentz symmetry.

Astrophysical objects are suited to provide us with significant information
in this respect. Indeed, it is well established that some objects in the Universe
are able to accelerate particles at unattainable energies on Earth. Then,
astrophysical tests of LV are important.

This section presents the most commonly used astrophysical tests. In
Fig. 1.2 the status of the field when the author of this thesis started his work
is shown. Each mentioned process is detailed in the next sections.

1.5.1 Photon time of flight

Although these kinds of constraint currently provide limits several orders
of magnitude weaker than those we shall present, we briefly discuss them,
because they are widely considered in the astrophysical community [36].

The dispersion relation (1.31) implies that photons of different colours
(wave vectors k1 and k2) travel at slightly different speeds. The photon
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Figure 1.2: Present constraints on the LV coefficients for QED with dimen-
sion 5 Lorentz violation. The grey area is the allowed one and, within it, the
region bounded by the two dashed vertical lines identifies the allowed range
for at least one of the four lepton LV coefficients (albeit under some extra
hypotheses).
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group velocity can be computed, in general, as

v±g =
∂ω

∂k
=
k

ω

(
1± n

2
ξ

(
k

M

)n−2
)
≈ 1± n− 1

2
ξ

(
k

M

)n−2

(1.59)

When accumulated over a cosmological distance d, this effect naively pro-
duces a time delay

∆t(n) =
n− 1

2

kn−2
2 − kn−2

1

Mn−2
Pl

ξ d , (1.60)

which clearly increases with d and with the energy difference. The largest
systematic error affecting this method is the uncertainty about whether pho-
tons of different energy are produced simultaneously in the source (e.g., a
Gamma-Ray Burst, or an Active Galactic Nucleus).

So far, the most robust constraints on ξ for n = 3, derived from time
of flight differences, have been obtained from a statistical analysis applied
to the arrival times of sharp features in the intensity at different energies
from a large sample of GRBs with known redshifts [98], leading to limits
ξ ≤ O(103). Using single objects (generally Blazars or GRBs) it is possible
to obtain a stronger, but less robust, constraint of order |ξ| ≤ O(102) [99]. A
recent example of how important are systematic uncertainties can be found
in [76], where the strongest, up to date, limit ξ < 47 is found by looking at
a very strong flare in the TeV band of the AGN Markarian 501, but also a
best fit of the flare time structure (of course readily explained by standard
plasma physics) could be achieved with ξ ∼ O(1).

One way of alleviating systematic uncertainties, available only in the con-
text of birefringent theories, like the one with n = 3, would be to measure
the velocity difference of the two polarisation states at a single energy, cor-
responding to

∆t = 2|ξ|k d/MPl . (1.61)

However, this bound would require that both polarisations are observed and
that no spurious helicity dependent mechanism (such as, for example, propa-
gation through a birefringent medium) has affected the relative propagation
of the two polarisation states.

As we said beforehand, this approach to time-of-flight constraints is rather
naive, in particular when applied to birefringent theories. The reason is that
astrophysical photon beams are not in general circularly polarized, hence
they are a superposition of faster and slower modes, and therefore it is not
straightforward to derive a prediction for the time delay in propagation due
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to LV.
In order to assess this problem, let us describe a beam of light by means

of the associated electric field, and let us assume that this beam has been
generated with a gaussian width

~E = A
(
ei(Ω0t−k+(Ω0)z) e−(z−v+

g t)
2δΩ2

0 ê+ + ei(Ω0t−k−(Ω0)z) e−(z−v−g t)2δΩ2
0 ê−

)
,

(1.62)
where Ω0 is the wave frequency, δΩ0 is the gaussian width of the wave, k±(Ω0)
is the “momentum” corresponding to the given frequency according to (1)
and ê± ≡ (ê1 ± iê2)/

√
2 are the helicity eigenstates. Notice that by complex

conjugation ê∗+ = ê−. Also, notice that k±(ω) = ω ∓ ξω/M . Hence,

~E = AeiΩ0(t−z)
(
eiξΩ

2
0/Mz e−(z−v+

g t)
2δΩ2

0 ê+ + e−iξΩ
2
0/Mz e−(z−v−g t)2δΩ2

0 ê−

)
.

(1.63)
The intensity of the wave beam can be computed as

~E · ~E∗ = |A|2
(
e2iξΩ2

0/Mz + e−2iξΩ2
0/Mz

)
e−δΩ

2
0((z−v+

g t)
2+(z−v−g t)2) (1.64)

= 2|A|2e−2δΩ2
0(z−t)2

cos

(
2ξ

Ω0

M
Ω0z

)
e−8ξ2 Ω2

0
M2 (δΩ0t)2

. (1.65)

This shows that there is an effect even on a linearly-polarised beam. The
effect is a modulation of the wave intensity which depends quadratically on
the energy and linearly on the distance of propagation. In addition, for a
gaussian wave packet, there is a shift of the packet centre, controlled by the
square of ξ/M , hence strongly suppressed with respect to the cosinusoidal
modulation.

1.5.2 Vacuum Birefringence

The fact that electromagnetic waves with opposite “helicity” have slightly
different group velocities, in EFT LV with n = 3, implies that the polarisation
vector of a linearly polarised plane wave with energy k rotates, during the
wave propagation over a distance d, through an angle [37, 100, 59, 58]

θ(d) =
ω+(k)− ω−(k)

2
d ' ξ

k2d

2MPl

. (1.66)
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Note that for an object located at cosmological distance (let z be its redshift),
the distance d will become

d(z) =
1

H0

∫ z

0

1 + z′√
ΩΛ + Ωm(1 + z′)3

dz′ , (1.67)

where d(z) is not exactly the distance of the object as it includes a (1 + z)2

factor in the integrand to take into account the redshift acting on the photon
energies.

Observations of polarised light from a distant source can then lead to a
constraint on |ξ| that can be cast in essentially two different ways, depending
on the amount of available information, both on the observational and on
the theoretical (i.e. astrophysical source modelling) side.

Decrease in polarisation degree Since real detectors have a finite energy
bandwidth, eq.(1.66) is never probed in real situations. Rather, if some
net amount of polarisation is measured in the band k1 < E < k2, an
order of magnitude constraint arises from the fact that if the angle
of polarisation rotation (1.66) were to differ by more than π/2 over
the energy range of interest, the detected polarisation would fluctuate
sufficiently for the net polarisation of the signal to be suppressed [100,
59]. As the difference in the rotation angle over the band is

∆θ ' ξ
(k2

2 − k2
1)

2MPl

d(z) , (1.68)

the constraint is obtained by imposing ∆θ ≤ π/2. In this sense this pro-
cedure is independent of the amount of polarisation actually detected
or expected and relies only on its detection.

A more refined limit could be obtained by calculating the polarisation
degree Π weighted for the photon counts and polarisation efficiency of
the instrument

Π(ξ) = Π(0)
√
〈cos(2θ)〉2P + 〈sin(2θ)〉2P , (1.69)

where the average is over the source spectrum and instrumental effi-
ciency, represented by the normalised weight function P(k) [100]. In
this case one can in fact estimate how large ξ can be so not to lower
Π below the observed value (starting from a conservative Π(0) = 1 or
assuming an intrinsic value if argued on the basis of solid modelling of
the emitting source).
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Rotation of polarisation angle Let us suppose that some polarised light
has been measured in a certain energy band with an angle θobs with
respect to a fixed direction. At fixed energy, the polarisation vector
rotates by the angle (1.66)3, and if the position angle is measured by
averaging over a certain energy range, the final rotation will be given
by the superposition of the polarisation vectors of all the photons in
that range. Thus, if θf is the position angle after propagation, referred
to the position angle at emission θi, the following relation holds

tan(2θf) =

∫
sin(2θ(k))P(k) dk∫
cos(2θ(k))P(k) dk

, (1.70)

where θ(k) = ξ(d/2M)k2 is the angle of rotation for a photon of energy
k with respect to θi.

If θtheo in the same energy band can be determined by theoretical model
of the emitting source, a constraint can be made by imposing

tan(2θf) < tan(2θobs − 2θtheo) . (1.71)

While this will be tighter than those obtainable with the previous
method, it clearly relies on assumptions on the process of emission
of polarised light that may be affected by significant uncertainties.

The fact that polarised photon beams are indeed observed from distant ob-
jects imposes constraints on ξ. A strong constraint, ξ . 2 × 10−4, has been
obtained by looking at UV radiation from distant galaxies [100]. Recently, a
claim of |ξ| . 2×10−7 has been made using UV/optical polarisation measures
from GRBs [77].

1.5.3 Threshold reactions

A very interesting phenomenology of threshold reactions is introduced
by LV in EFT. Indeed, not only the LV corrections can shift the threshold
energy of known reactions, but also new, normally forbidden reactions can
be introduced. The reason why LV corrections are so surprisingly important
in threshold reactions is that in this case the LV term (which as a first ap-
proximation can be considered as an additional mass term) has not to be
compared to the momentum of the involved particles, but rather to the (in-
variant) mass of the particles produced in the final state. Hence, an estimate

3We are neglecting here Faraday rotation, which is irrelevant at such energies.
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Table 1.1: Values of pth, according to eq.(1.72), for different particles involved
in the reaction: neutrinos, electrons and proton. Here we assume ηn ' 1.

mν ' 0.1 eV me ' 0.5 MeV mp ' 1 GeV
n = 4 0.1 eV 0.5 MeV 1 GeV
n = 5 500 MeV 14 TeV 2 PeV
n = 6 33 TeV 74 PeV 3 EeV

for the threshold energy can be given as

pth '
(
m2Mκ−2

Pl

ηκ

)1/κ

, (1.72)

where ηn is the generic LV parameter competing to the particles involved in
the reaction and m is the particle mass.

Interesting values for pth are given in table 1.1, from which it can be seen
that reactions involving neutrinos would be the best candidate for observation
of LV effects, while electrons/positrons are able to provide results for n = 5
theories4, but very hardly can be accelerated by astrophysical objects up to
the required energy for n = 6. In this last case reactions of protons can be
very effective, because Cosmic Rays are known to have energies well above 3
EeV.

However, the phenomenology of thresholds is not exhausted in this brief
discussion. Indeed, a completely new phenomenology of thresholds is pos-
sible in presence of LV. In [101, 102] it was found that in some cases not
only standard, so called lower thresholds are affected by LV, but also up-
per thresholds are introduced, above which the reaction is no more allowed.
The reason for this is that at high enough momentum, there is not enough
energy to produce particles in the final state. Examples of the use of this
phenomenology to cast constraints on LV will be shown in the following.

Photon decay

The decay of a photon into an electron/positron pair is made possible by
LV because either the photon 4-vector is not null or the electron-positron
total 4-momentum is null.

This process has a threshold which, if ξ ' 0 and n = 3, is set by the

4This n is related to the κ in eq. (1.72) as n = κ+ 2.
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condition
kth = (6

√
3m2

eM/|η±|)1/3 , (1.73)

where η is the LV parameter for either an electron or a positron. Since, from
birefringence ξ . 10−7, the above expression for the photon decay can be used
to constrain the electron/positron parameters. In [58] |η±| . 0.2 was derived
using the fact that 50 TeV γ-rays were measured from the Crab Nebula.
This constraint has been tightened to |η±| . 0.05, thanks to observations of
80 TeV photons by HEGRA [1].

Vacuum Čerenkov – IC electrons

In the presence of LV the process of Vacuum Čerenkov (VC) radiation
e → eγ can occur. Taking again ξ ' 0 and n = 3, the threshold energy is
given by

pVC = (m2
eM/2η)1/3 ' 11 TeV η−1/3 . (1.74)

Moreover, just above threshold this process is extremely efficient, having a
time scale of order τVC ∼ 10−9 s [58]. TeV emission from the CN is usually
attributed to the Inverse Compton scattering (IC) of electrons/positrons on
background photons (mainly those from synchrotron radiation). These lep-
tons would not be able to produce the observed IC radiation if they were
above the VC threshold, because above pVC the VC rate is much higher than
the IC scattering rate in the CN.

The observation of 50 TeV photons from the CN implies (by energy con-
servation) the presence of at least 50 TeV leptons. This leads to the bound
η . 10−2 for at least one of the four fermion parameters [58]. With the obser-
vation of 80 TeV photons by HEGRA [1] the constraint can be strengthened
to η . 3 × 10−3 as shown in fig. 1.2 (dashed vertical line in the positive η
range).

1.5.4 Synchrotron radiation

Rather surprisingly, the synchrotron radiation emitted by electrons and
positrons spiralling in a magnetic field is strongly affected by LV. In the LI
case, as well as in the LV one [58, 103, 104], most of the radiation from an
electron of energy E is emitted around a critical frequency

ωc =
3

2
eB

γ3(E)

E
(1.75)

where γ(E) = (1−v2(E))−1/2, and v(E) is the electron group velocity. How-
ever, in the LV case, and assuming again n = 3, the electron group velocity
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is given by

v(E) =
∂E

∂p
=

p

E

(
1 +

3

2
η
p

M

)
. (1.76)

Therefore, v(E) can exceed 1 if η > 0 or can be strictly less than the low
energy speed of light if η < 0, resulting in γ(E) ≶ E/me for η ≶ 0. Moreover,
if η > 0, γ(E) grows without bound until it diverges at the soft VC threshold
(1.74), which is well below the Planck scale for any η � (me/M)2 ≈ 10−44.
On the other hand, for any η < 0, γ(E) has a maximum and, hence, the
critical frequency has an upper bound, ωmax

c .5 Then, if synchrotron emission
up to some maximal frequency ωobs is observed, one can deduce that the LV
coefficient for the corresponding leptons cannot be more negative than the
value for which ωmax

c = ωobs. This leads to the bound [58, 103]

η > −M
me

(
0.34 eB

me ωobs

)3/2

, (1.77)

which is strongest when the empirical ratio B/ωobs is minimised. Once again,
the CN is the plerion for which the best constraint can be cast.

Making the conservative assumption that the 100 MeV photons detected
by γ-ray experiments [109] are produced by synchrotron emission, a lower
bound η > −8 × 10−7, for at least one η, has been set [58]. For the case of
positive η, similar reasoning cannot be applied, because for any positive η
a particle can emit all synchrotron frequencies (up to infinity, in principle).
Hence, a detailed reconstruction of the emitted spectrum is needed in this
case.

1.5.5 Helicity decay

Although it is not represented in Fig. 1.2, this reaction is relevant to our
investigation. In the presence of LV, high energy electrons and positrons can
flip their helicity with the emission of a suitably polarised photon (Helicity
Decay, HD). This reaction does not have a real threshold, but rather an
effective one [58]:

pHD = (m2
eM/∆η)1/3 , (1.78)

5Notice that in EFT framework the sign of η± is undetermined. Conversely, in DSR-
like scenarios only superluminal parametrisation (i.e. η > 0) is allowed [105] while in the
string-inspired Liouville model of space-time foam [106, 107] such coefficients are exactly
zero and only the photon dispersion relation acquires a LV modification. This stresses the
importance of a clear choice of framework when discussing this sort of phenomenological
constraints (see e.g. [108, 72, 58]).
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where ∆η = |η+ − η−|, at which the decay lifetime τHD is minimised. For
∆η ≈ O(1) this effective threshold is around 10 TeV. For our purposes it is
interesting to note that below threshold

τHD > ∆η−3(p/10 TeV)−8 10−9s, (1.79)

while above threshold τHD becomes independent of ∆η [58]. A constraint of
∆η < 0.4 has been indirectly inferred in [58] from the photon decay bound
(see Fig. 1.2) |η±| < 0.2, by looking at the maximal difference of η allowed
by the γ-decay bound.

1.5.6 Ultra-High-Energy Cosmic Rays and Neutrinos

Being the most energetic particles ever experienced on Earth, Ultra-High-
Energy Cosmic Rays (UHECRs) have long been thought of as generic probes
for physics beyond the SM. The spectrum of CRs is known to span several
decades in energy with impressive regularity. Its shape is an almost feature-
less power-law, with only few breaks corresponding to still debated physical
effects.

A more thorough discussion on CR physics, also in view of placing con-
straints on LV, will be done in chapter 3.

One of the most impressive facts about the UHECR spectrum is that
its end-point historically increased as the experiments were able to probe
higher and higher energies. This is puzzling, because we expect astrophysical
accelerators to have a finite power, hence to be able to accelerate particles
only up to some fixed energy.

However, it was realised in the 1960s that a cut off of the UHECR spec-
trum should exist, even if UHECRs are accelerated well above it. In fact,
UHECR with energy larger than few 1019 eV are expected to lose energy by
pion production induced by interactions with the Cosmic Microwave Back-
ground (CMB), through the resonant process p+ γ → ∆+ → p+ π0(n+ π+)
[110, 111]. Being a threshold process, this can be heavily affected by LV.
Using this fact, constraints of order 10−24 on renormalizable operators have
been obtained [112], while on non-renormalizable O(E/MPl)-suppressed op-
erators constraints of order 10−10 have been obtained in two simplified cases
[113, 114, 102, 63].

For what concerns neutrinos, they are thought of as the best candidates
for observation of LV effects. Indeed, due to their mass they are already
thought to be carriers of significant information on physics beyond the SM,
which, in its original formulation, imposes zero mass for them, but since, in
addition, their mass is now known to be rather small (best estimates are now
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for mν ∼ 0.1 eV), the threshold energy for LV to be effective in the neutrino
system is estimated to be of order 1 GeV for dimension 5 LV operators and
100 TeV for dimension 6 ones (see tab. 1.1). We notice that few GeV is the
typical energy of atmospheric neutrinos produced by interactions of primary
cosmic rays on the top of the terrestrial atmosphere, while 100 TeV is well
within reach of planned or operating high energy Neutrino Telescopes.

However, the extreme difficulty of detecting extra-terrestrial high-energy
neutrinos makes it very hard to propose now studies on LV in the neutrino
sector.

Rather recently, however, the possibility of placing constraints on neutrino
LV using Kamiokande detection of MeV neutrinos from the explosion of
SN1987a and he OPERA neutrino beam [115] was explored. However, even
after a thorough time-delay analysis, the LV parameters ην are found to
be ην . O(109) for dimension 5 LV, and ην . O(1015) for dimension 6.
These are very poor constraints, witnessing the extreme difficulty of gathering
information on LV in the neutrino sector.





Chapter 2

Crab Nebula and LIV

“Les étoiles sont belles à cause
d’une fleur que l’on ne voit pas.”

Antoine de Saint-Exupéry

2.1 An unfinished job

While the natural magnitude of the photon and electron coefficients ξ, η±
would be O(1) if there were one power of suppression by the inverse Planck
mass in EFT with dimension 5 LV operators, the coefficients are currently
restricted to the region |ξ| . 10−7 by birefringence and |η±| . 10−1 by photon
decay.

Thus, whereas the constraint on the photon coefficient is remarkably
strong, the same cannot be said about the LV coefficients of leptons. A
constraint on the lepton coefficients of comparable strength is given by the
synchrotron limit, but this is not double sided and implies only that the
LV coefficient of the population responsible for the CN synchrotron emission
cannot be smaller than −8×10−7. Similarly the VC-IC bound η < +3×10−3

constrains only one lepton population. These statements, although not void
of physical significance, cannot be considered constraints on η±, since for
each of them one of the two parameters ±η+ (and ±η−) will always satisfy
the bound.

More can be said by using information obtained from current models of
the CN emission, in particular the fact that the CN emission is well fitted by
assuming that a single lepton population accounts for both the synchrotron
and IC radiation [58]. This implies that at least one of the four pairs (±η±, ξ)
must lie in the narrow region bounded horizontally by the dashed lines of the

45
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synchrotron and IC bounds and vertically by the birefringence constraint
(see figure 1). However, the dashed region limits apply at most to one of
the four pairs (±η±, ξ) as we cannot a priori exclude that only one out of
four populations is responsible for both the synchrotron and IC emission (see
again [58] for further details).

It is clear that these simple arguments do not fully exploit the available as-
trophysical information. A detailed comparison of the observations with the
reconstructed spectrum in the LV case, where all reactions and modifications
of classical processes are considered, can provide us with constraints on both
positive and negative η for the four lepton populations, at levels comparable
to those already obtained for the photon LV coefficient. Let us then move to
reconsider such information concerning the astrophysical object that so far
has proven most effective in casting constraints on the electron/positrons LV
coefficients: the Crab Nebula (CN).

2.2 The Crab Nebula

The CN is a source of diffuse radio, optical and X-ray radiation associ-
ated with a Supernova explosion observed in 1054 A.D., at a distance from
Earth of about 1.9 kpc. A pulsar, presumably the neutron star remnant of
the explosion, is located at the centre of the Nebula, and is believed to supply
both the radiating particles (mostly electrons and positrons) and magnetic
fields, as well as the required power, which is somewhat less than the rota-
tional energy loss-rate of the star (the “spin-down luminosity”), of roughly
5× 1038 erg/s (for a recent review see [116]).

2.2.1 Observations

The Nebula emits an extremely broad-band spectrum (covering 21 de-
cades in frequency), produced by relativistic leptons via two major radi-
ation mechanisms: synchrotron radiation from radio to low energy γ-rays
(E < 1 GeV), and IC scattering for the higher energy γ-rays. The clear syn-
chrotron nature of the radiation below ∼ 1 GeV, combined with a magnetic
field strength of the order of B ≈ 100 µG implies, when exact LI is assumed,
the presence of relativistic leptons with energies up to 1016 eV. Their gyro
period is comparable to the synchrotron cooling timescale, implying an ac-
celeration rate close to the maximum estimated for shock-based mechanisms
(e.g. [117]).

The appearance of the CN depends on the observational wavelength: in
X-rays it is ellipsoidal, with angular dimensions 2′ × 3′ (corresponding to
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∼ 1.2 × 1.8 pc at the Crab distance). In the centre it displays a jet-torus
structure in the X-ray and optical bands. In the radio, this feature is less ap-
parent, and the Nebula is more extended, with a dimension of about 6′ [118].
Low frequency (radio) observations allowed also the discovery of a number
of structures on subarcsecond scale, such as wisps, ripples, jets and arcs.
Interestingly, most of these substructures are seen also in the optical [118]
and X-rays [119]. Deep optical observations by the Hubble Space Telescope
(HST), in fact, revealed the presence of rich and complex structures, at scales
of 0.2′′(corresponding to ∼ 0.2 pc), such as wisps, jets, knots. Also the ob-
servations in the X-rays carried by Chandra (with subarcsecond resolution)
confirmed the presence of such structures and the cylindrical, rather than
spherical, symmetry of the whole complex.

In the frequency band ranging from radio to optical, the overall emission
spectrum of the CN has an extremely regular power-law shape, with spectral
index αs = −0.27± 0.04 (F ∝ Eαs).

The spectrum of the whole nebula in X-rays is found to be a power-law
with spectral index αs ≈ −1.1 in the energy range 1-20 keV [120]. The
nebular spectrum becomes softer and softer (with the spectral index passing
from 0.9 in the inner region to about 2.0 in the outer), in the 0.5-8 keV band,
as the distance from the shock position in the Nebula increases [120]. This
result is confirmed also by the findings of the XMM-Newton Experiment
[121], though with less spatial precision. This spectral index variation and
spectral softening on arcsecond scale is consistent with overall expectations
from the magneto-hydro-dynamic model by [122]: in fact, with increasing
time (and hence distance from the acceleration region) the spectrum of the
diffusing particles becomes softer because of the shorter synchrotron lifetime
of higher energy particles. Furthermore, in standard electrodynamics, the
lifetime of an electron undergoing synchrotron energy losses can be estimated
as

τ ∝ ν−1/2
c B−3/2 , (2.1)

where νc is the characteristic emitted frequency and B is the magnetic field in
which the electron is spiralling. According to eq. (2.1), electrons emitting at
lower frequency have longer lifetime, being able to diffuse further away from
the shock. This is confirmed by the measured extension of the Crab Nebula
at different wavelengths: as we already noticed, while in X-rays the nebula
angular extension is 2′(corresponding to ∼ 1.2 pc at the Crab distance), in
radio its length is about 6′[118].

In the γ-ray domain, the Energetic Gamma-Ray Experiment Telescope
(EGRET) on the Compton Gamma-Ray Observatory (CGRO) observed the
Crab Nebula and pulsar in the energy range from 50 MeV to 5 GeV [109]



48 Crab Nebula and LIV

with an angular resolution of several degrees. This poor angular resolution
did not allow the separation between the emission from the pulsar and the
one from the nebula. However, the flux in the off-pulse phase was measured
to be

dF

dE
= (9.1± 0.8)× 10−9

(
E

118 MeV

)−2.93±0.15

cm2s−1MeV−1 . (2.2)

This flux matches well the extrapolation of that reported by [123] in the
50–500 MeV range, which as been interpreted [124] as an extension of the
synchrotron spectrum well established at lower energies. Moreover, in [124]
it was shown that the low energy unpulsed emission cannot be accounted for
by inverse Compton scattering, and under reasonable hypotheses about the
magnetic field present in the emission region (close to the equipartition value
of few 100 µG) it has been inferred the presence of electrons with energy of
the order of 1016 eV. Also the hardening of the spectrum above 500 MeV
was predicted by [124], as the IC becomes more important.

Information about very high energy emission from the Crab Nebula
has been collected starting from the pioneering observations by Whipple
[125], and since then by several Imaging Atmospheric Cherenkov Telescopes
(IACT) (see e.g. [126, 127, 1, 128]) and Extensive Air Shower (EAS) detec-
tors.

The TIBET [129] and MILAGRO [130] detectors observed the Crab neb-
ula with an angular resolution of 1.5−2◦. The reported flux by TIBET [129]
was

dF

dE
= (4.61± 0.90)× 10−12(E/3 TeV)−2.62±0.17 cm−2s−1TeV−1 , (2.3)

where the errors are only statistical and the energy range is between 3 and
15 TeV. MILAGRO also reported [130] the detection of γ-rays from the Crab
nebula direction, but did not reconstruct the spectrum, due to its poor energy
resolution. However, they fitted the data points using the functional forms
provided by other groups’ measurements, finding results compatible, within
errors, with those of other experiments.

The HEGRA stereoscopic IACTs observed the Crab Nebula between 500
GeV and 80 TeV [1]. The energy spectrum (with an overall uncertainty of
∼15%) is well approximated by a pure power-law

dF

dE
= (2.83± 0.04± 0.6)× 10−11

(
E

1 TeV

)−2.62±0.02±0.05

cm−2s−1TeV−1 .

(2.4)
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Figure 2.1: In gray scale the radio map of the Crab nebula with X-ray
contours. The solid line circle indicates the upper limit on the TeV source
size and as a white square the position of the TeV centroid (the sidelength
indicate the 3′′statistical error). Figure taken from [1].

Remarkably, the data show a 2.7σ excess even at 86 TeV. The position of the
excess was determined to be shifted by about 12′′(though with a systematic
uncertainty of 25′′) angular distance to the west of the nominal position of the
pulsar, consistent with the centroid position of the X-ray emitting nebula.

The extension of the TeV excess (less than 3′at 10 TeV) excludes a strong
contribution from the still undetected outer shock of the expanding super-
nova remnant and is compatible with the electrons being accelerated in the
proximity of the termination shock and then cooled by synchrotron/IC pro-
cess.

The data by HEGRA are also compatible with the expected softening
of the spectrum at high energies (namely E ≥ 70 TeV). This behaviour is
confirmed by more recent HESS observations of the Crab nebula [128]. In
fact, the combined data sets for the differential spectrum are best fitted by
a power-law with slope Γ = 2.39 ± 0.03 ± 0.09 with exponential cut-off at
14.3± 2.1± 2.8 TeV, rather than a pure power-law.

Though the maximum energy of the electrons is model dependent, the fact
that photons with E & 10 TeV have been detected from the Crab Nebula is an
unambiguous evidence of effective acceleration of particles beyond 100 TeV.
Let us stress that this statement has to be considered robust also in our test
theory, in which energy–momentum conservation still holds.
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2.2.2 Theoretical model

From the theoretical point of view, the CN is one of the most studied
objects in astrophysics. However, in spite of more than 30 years of theoretical
efforts, important details of the interactions between the pulsar wind and the
synchrotron nebula are still missing. The current understanding is based on
a spherically symmetric magneto-hydrodynamic (MHD) model presented in
two seminal papers by Kennel & Coroniti [122, 131], that accounts for the
general features seen in the spectrum. In their model, the synchrotron nebula
is powered by the relativistic wind of cold electrons generated by the pulsar
and terminated by a standing reverse shock wave at rS ' 0.1 pc [132], due
to the balance of the ram pressure of the flow with the pressure of the outer
nebula.

Assuming, for simplicity, spherical symmetry, they divided the Crab com-
plex in 6 regions.

1. The region in which electron-positron pairs are produced by the Gol-
dreich & Julian [133] potential inside the pulsar magnetosphere.

2. The region where a highly relativistic wind of monoenergetic electron
positron pairs and a toroidal magnetic field flows towards the nebula.
The characteristic Lorentz factor of the wind is γ ∼ 106 − 107. Both
particles and the magnetic field are carried by the wind, but no syn-
chrotron radiation is produced at this stage, since they are comoving.

3. The nebula, where the positronic flow has been decelerated and heated
by a standing reverse shock at rS ' 0.1 pc and extends to the outer
nebula at rN ≈ 2 pc.

4. Three outer regions, which we group here, where the remnant of the
Supernova explosion lies and a blast wave is likely to propagate and
collect interstellar material.

Kennel & Coroniti found a stationary solution in which the particle flow
evolves adiabatically in the magnetised nebula. The magnetisation of the flow
is parametrised by σ = B2/4πγρ, which is the ratio between the magnetic
and the kinetic energy density in the flow (ρ being the density). The value
of σ is determined by the conditions at the outer boundary of the Nebula. In
fact, since the postshock flow has to match the velocity of the material at the
interface between the Nebula and the remnant, which is non-relativistic, and
a lower bound to the flow speed is given by v & σ/(1 + σ) [122], it turns out
that σ has to be small, of order 10−3 [134]. However, the magnetic field is
clearly dynamically important in the Nebula, because it is responsible for its
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Figure 2.2: Magnetic field profile following Kennel & Coroniti, assuming the
best fit value σ = 0.003 and the reverse shock wave position rS ≈ 0.1 pc.

ellipsoidal shape [135, 136]. Therefore, the value of σ cannot be substantially
less than 10−3.

Observations of the radio and optical brightness distributions confirm that
the magnetic field, which is to a good approximation toroidal, is not constant
in the CN, but increases in the central region (r ≤ 0.5 pc) with distance from
the pulsar. Its behaviour as a function of radius downstream of the shock
front (shown in fig. 2.2) is determined initially by the gas pressure, which
remains almost constant. Because the gas behaves almost adiabatically, the
density is also initially constant, and the radial velocity decreases as 1/r2,
leading to an increase in the frozen-in toroidal magnetic field B(r). When
B(r) approaches the equipartition value of 0.3 mG [137] and starts to play
a role in the dynamics of the flow, it ceases to grow and then falls off with
increasing distance.

The particle distribution all around the nebula and the energy spectrum
evolution is calculated using flux conservation at the shock interface. Due to
synchrotron and adiabatic energy losses, the energy of a particle, which at
the termination shock position rS was ε2, will evolve as

ε(z) =
ε2(vz2)−1/3

1 + (ε2/εc)I1

, (2.5)
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where εc is an energy scale related to the synchrotron burn-off, z = r/rS and

I1(z) =

∫ z

1

dx
x4

(vx2)10/3
. (2.6)

The conservation of the spectral number flux then reads

vz2nnebula(E)dE = ns(E
′)dE ′ . (2.7)

Hence, the resulting particle spectrum, assuming an injection spectrum
ns(E) in the termination shock, is

nnebula =
1

(vz2)4/3

(ε2
ε

)2

ns(ε2) , (2.8)

where ε2(ε) is found by inverting eq. (2.5).
At least two relativistic electron populations are needed to explain the

broad band spectrum of the Crab nebula [138]:

• A population of high energy electrons (usually called the wind electrons)
freshly accelerated.

• A population of low energy particles (the radio electrons) needed to
reproduce the radio spectrum of the nebula.

Since the time scale for synchrotron energy losses is

tsync ' 2.8× 108

(
B

0.3 mG

)−2

γ−1 yr (2.9)

and the age of the nebula is about 1000 yr, the relativistic electrons can be
cooled only down to a critical energy Ecr ∼ 200 GeV. Therefore, the existing
population of radio electrons, with E . Ecr, can be only the ‘relic’ of the
history of the pulsar and the nebula. Moreover, in the frequency band ranging
from radio to optical the overall emission spectrum of the Crab Nebula has an
extremely regular power-law shape. The spectral index has been determined
as αradio = −0.27 ± 0.04 [118] in the radio and the extrapolation of this
spectrum to IR and optical frequencies reproduces well the existing data.
The continuity of the emission spectrum confirms that it is due to only one
population of radio electrons homogeneously distributed in the nebula.

The characteristic frequency of synchrotron radiation, for isotropic pitch
angle, is

νsync ' 7× 102γ2

(
B

0.3 mG

)
Hz . (2.10)
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Thus, the power-law radiation at long wavelengths is produced by electrons
with E . 150 GeV. The best fit is achieved [138] assuming an energy
spectrum for the radio electrons as

nre(E) = AreE
−pre−E/E∗ , (2.11)

with pr ' 2αradio − 1 ≈ 1.5, E∗ = 150 GeV and Are fixed according to the
normalisation of the radio flux at GeV frequencies.

The wind electrons, on the other hand, have E � Ecr and are contin-
uously injected downstream of the termination shock. In order to fit the
measured X-ray spectrum, a distribution of injected wind electrons as

ns(E) = Awe(E0 + E)−pwe−E/Ec (2.12)

with pw & 2 is needed. E0 ' 250 GeV is a phenomenological parameter that
accounts for the spectral softening required by observations at low energy,
where the radio electron population dominates, while Ec ' 3.5 PeV is related
to the maximum energy at which the shock can accelerate the electrons. The
wind injection spectrum is propagated in the nebula according to eq. (2.8).

2.3 Modified Lagrangian and interactions

Due to the presence, in the LV Lagrangian, of a term proportional to γ5,
the dispersion relations of all the particles depend on their helicity state (or
polarisation). However, one may wonder if they produce observable effects
in the radiation of γ-rays of leptonic origin from the Crab Nebula. In order
to answer that question, we have to compare the typical time scales of all the
processes involving, at some extent, the helicity of the particles. While helic-
ity dependence of the LV is expected also in the photon sector, we are going
to neglect it, due to the strong limits imposed on ξ by vacuum birefringence
constraints. We shall hence focus here on leptons.

However, we must notice that modifications in the Lagrangian could also
affect our understanding of normal processes, since non-trivial terms are
added. Hence, we are going in this rather technical section to first re-derive
the Hamiltonian for an electron minimally coupled to the photon field, and
show that new interactions may arise when preserving gauge invariance. We
are also going to show that modifications in the structure of spinors due
to the new LV terms do not affect the interacting part of the Hamiltonian
by explicit calculations. Then, we will study the possible interference be-
tween standard spin precession effect, occurring when a charged particle is
spiralling in a magnetic field, and the effect of helicity decay induced by LV.
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Finally, we will compare the time-scales of the difference processes to deduce
information on the helicity state of leptons radiating in the Crab Nebula.

2.3.1 Hamiltonian

Free theory

We consider now the full Lagrangian for free fermions including the LV
terms [56]

L = ψ̄(iγµ∂µ −m)ψ +
1

2M
uµψ̄γµ(ζ1 + ζ2γ5)(u · ∂)2ψ . (2.13)

The corresponding equation of motion for ψ is

(iγµ∂µ −m+
1

2M
uµγµ(ζ1 + ζ2γ5)(u · ∂)2)ψ = 0 , (2.14)

from which we can derive the well-known dispersion relation for the fermions

E2 = p2 +m2 +
η+

2M
E2(E + sp) +

η−
2M

E2(E − sp)− η+η−
4M2

E4 , (2.15)

where s = σ · p/|p| and η± = 2(ζ1 ± ζ2). Notice that in principle, since the
Lagrangian contains second order time derivative, it is not possible to use
the standard QFT procedure to obtain the dispersion relation. However, it
can be shown [139] by a careful mathematical analysis that the dispersion
relation (2.15) is correct up to order O(E/MPl), as we need.

The eigenspinors for the electron are

us(p) =

(√E − sp− η+E2

2M
χs(p)√

E + sp− η−E2

2M
χs(p)

)
. (2.16)

However, since the factor E2/2M is suppressed with respect to the others if
E �M , we are going to drop it.

It can be seen from eq. (2.15) that in the ultra-relativistic approximation
in which E ≈ p the LV parameters η± depend on the helicity s. If for
some reason s averages to 0, then only an ”effective” 〈η〉 = (η+ + η−)/2
(corresponding to 〈ζ〉 = 0) is left.
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Interacting theory

Let us now minimally couple the fermions to the electromagnetic field by
the usual replacement ∂µ → Dµ = ∂µ + i eAµ where Aµ is the well-known
electromagnetic potential. Since we know that the LV parameter for the
photon is of the order of 10−4 or even smaller (see e.g. [58] and [77]), we are
going to neglect it. The fermion Lagrangian is thus

L = ψ̄(iγµ∂µ − eγµAµ −m+
1

2M
uµγ

µ(ζ1 + ζ2γ5)(u · (∂ + i eA))2)ψ . (2.17)

The Hamiltonian associated to this Lagrangian reads

H = i~α ·(~∇− i e ~A)+βm+eA0− 1

2M
γµuµ(ζ1 +ζ2γ5)(u ·(∂+ i eA))2 , (2.18)

where ~α = γ0~γ and β = γ0. It is interesting to notice here that since the
4-vector u is timelike, in the preferred frame where u = (1,~0) the last term
contains only an extra-interaction with A0. Thus, the interaction Hamilto-
nian is

Hint = −ie
∫
d3xψ̄γµψAµ , (2.19)

as usual1.
Since we are interested mainly in the interaction of particles with mag-

netic fields, let us suppose that we are in presence of only a static magnetic
field. Then, we can pose A0 = 0 and make the gauge choice ∂µA

µ = 0 (this

can be realised for example by choosing ~A = 1/2 ~B×~r) and the last LV term
does not produce any extra interaction with the magnetic field. Moreover, the
last term does not affect the evolution of the others, since [γ5, γ

µ] = 0 ∀µ.
For a static magnetic field the potential can be calculated in the standard

way taking Hint and the spinor fields in the interaction representation. We
have seen and justified the fact that the extra terms depending on the ζs do
not affect neither the evolution of Hint (exactly!) nor the form of the spinors
(approximately well, within a factor 10−16, in the energy range around the
TeV).

Hence, the result for the potential of interaction of electrons with a static
magnetic field is

Vint = −g e
2

σµν

2
Fµν |magn= −g e

2
~σ · ~B , (2.20)

1Note that we have dropped here the extra term depending on A0. However this is
suppressed with respect to the (2.19) by a factor of M .
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where Fµν is the usual electromagnetic field strength and σµν = i
2
[γµ, γν ].

2.3.2 Spin rotation and Helicity Decay

Once we have demonstrated that in the modified non Lorentz Invariant
theory we recover, at low energy, all the known processes, we can study
how the new processes opened by the modified dispersion relations affect
the usual ones. Namely, we want to study simultaneously the magnetic field
interactions with the Helicity Decay (or rotation) process.

As a preliminary consideration, let us notice that the total amplitude for
the 2 processes is barely the sum of the two individual amplitudes, whose
square moduli have been computed in the literature (see for instance [58] for
the HD and [140] for the Spin Precession). We are, in fact, asking whether
the interference term produces new effects. However, it should be noted
that if the magnetic field is static, then the electron just undergoes elastic
scattering, so that its energy is conserved2.

On the other hand, the HD effect requires that a photon is effectively
emitted, with non-zero energy. Thus, the two amplitudes have different sup-
port and cannot produce, at least at tree level, interference.

Spin rotation in external magnetic field

We will base the following discussion on [140]. The interaction of a non-
relativistic spin-1/2 particle can be described by the hamiltonian:

H = H ′ − µ~σ · ~B , (2.22)

where we put in H ′ all the terms not containing the spin and we indicated
by ~B the magnetic field and by ~σ = {σ1, σ2, σ3} the Pauli matrices. The
magnetic moment intensity is µ which, for the electron, can be written as

µ = g
e

2m

1

2
, (2.23)

2This can be also seen formally, going in the Fourier space. In fact, if Aµ is independent
of time and q = p′ − p,

Ãµ(q) =
∫
d4xAµ(x) eiq·x = 2π δ(q0)

∫
d3xAµ(~x) e−i~q·~x , (2.21)

thus the interaction with the static magnetic field produces no change in the electron
energy (q0 = 0⇒ p′0 = p0).
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where g accounts for all the possible deviation for the non-anomalous value
g = 2. We will in fact denote as µ′ the anomalous part of the magnetic

moment µ− e

2m
.

The equation of motion for the spin ~s = ~σ/2 is

~̇s =
i

2
[H,~σ] . (2.24)

Substituting in (2.24) we find

~̇s = 2µ~s× ~B . (2.25)

Averaging over a semi-classical wave-packet, and denoting by ζ/2 the average
spin 〈~s〉, we have

~̇ζ = 2µ ~ζ × ~B(t) . (2.26)

From eq. (2.26) we deduce that the magnetic moment is in precession around
the direction of the magnetic field, without changing his magnitude, with an
angular velocity of −2µ ~H/~. In the same non-relativistic case the velocity of
the particle, due to the Lorentz force, obeys the following equation of motion

d~v

dt
=

e

2m
~v × ~B . (2.27)

Comparing the two equations we find that if g = 2 the magnetic moment
and the velocity rotate around the magnetic field at the same rate, i.e. the
angle between the polarisation and the direction of motion is constant.

The same result holds in the relativistic case. We are not going to re-
derive the equation of motion for the polarisation vector in this case. We
barely quote it as

d~ζ

dt
=

e

2m

(
g − 2 + 2

m

ε

)
~ζ × ~B+

e

2m
(g − 2)

ε

ε+m
(~v · ~B)~v × ~ζ +

e

2m

(
g − 2 ε

ε+m

)
~ζ × ( ~E × ~v) ,

(2.28)

where ε is the energy of the particle and ~E is the electric field. From eq. (2.28)
is clear that the motion of the polarisation of a particle moving in presence
of only a magnetic field ~B in a plane perpendicular to it is

d~ζ

dt
=

e

2m

(
g − 2 + 2

m

ε

)
~ζ × ~B . (2.29)
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Since the corresponding equation for the velocity in presence of a pure
magnetic field is

d~p

dt
= e~v × ~B , (2.30)

the polarisation vector is in precession with respect to the velocity if g 6= 2.
The precession velocity is then

d ~ζpr
dt

= − e

m

g − 2

2
~B . (2.31)

One may be interested in the motion of the actual angle between the
polarisation vector and the velocity, namely ~ζ · ~v = cos(θ). This is found to
obey the following equation

d cos(θ)

dt
=

e

m

g − 2

2
B sin(θ) . (2.32)

Let us suppose now that an electron is spiralling at ultra-relativistic ve-
locity v ' c in a constant magnetic field. The gyration radius is then
R = ε/(eB). The variation of the polarisation angle during one cycle is,
from (2.32),

∆α =
e

m

g − 2

2
B × 2 π ε

eB c
= 2π

g − 2

2

ε

m
. (2.33)

The time needed for the precession to reverse the electron polarisation is

∆trev =
π

2µ′B
. (2.34)

2.3.3 Helicity dependence and the Crab Nebula

We are now going to compare the time-scales of the relevant processes
taking place in the Crab Nebula.

One can distinguish three classes of time scales: one class, which is typ-
ically longer than few years, is that of the energy gain/loss processes, re-
sponsible for the observed radiation, while the second is mainly related to
the behaviour of the internal degrees of freedom of the particles (namely the
spin) and is shorter than a year. The Vacuum Čerenkov scale, finally, is so
short that it introduces a sharp cut-off in the particle acceleration spectrum3.

3The question whether the Čerenkov radiation is observable or not could be made.
Since the VC time scale is so short, this process is effective as soon as the particle is above
threshold. Thus, the amount of energy that goes into emitted radiation is so tiny that it
is practically impossible to detect it.
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Figure 2.3: Comparison of different time scales for η+ = 2× 10−4 and η− =
10−4.

Let us deal for simplicity just with the electrons (similar considerations
can be made for the positrons). Our initial assumption is that the accelera-
tion mechanism is at low energies independent on the LV. More specifically,
as long as the electron energy is below few TeV, we can safely assume that
the positive and negative helicity populations are equal, because both the
acceleration and the energy loss processes do not care about the spin (the
spin orientation does not modify the acceleration and energy loss rates) and
also any initial asymmetry between the two populations would be spoiled by
the spin rotation effect. These helicities, as we said, will have different LV
coefficients and we will assume for simplicity that η+ > η−. Obviously for
our analysis the relative strength of η and ∆η is important as these quantities
determine the rapidity of the VC and HD processes. Let us first consider the
case ∆η ∼ η.

∆η ∼ η

Let us suppose for concreteness that η+ = 2 × 10−4 and η− = 10−4. In
order to have a quantitative overview let us show in fig. 2.3 the relevant
time-scales for LV parameters in the interesting range of values.

We see that in this case, as soon as E & 30 TeV the time scale for helicity
decay becomes much shorter than that of the spin rotation.

From the above values we can infer that in this case all the positive
helicity electrons are converted into negative helicity ones above ∼ 30 TeV,
given that the spin rotation becomes, above this energy, ineffective against
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Figure 2.4: Comparison between different time scales η+ = 10−4 and η− =
9.9× 10−5.

helicity decay. Therefore, while the initial population was equally divided
into positive and negative helicity electrons below 30 TeV, the population
at E & tenths TeV is composed by only negative helicity particles. Note
that in this case the cut-off of the electron flux due to the Vacuum Čerenkov
effect will occur at E ' 11× (η−)−1/3 TeV ' 240 TeV, hence there is a broad
region dominated by just one helicity type.

∆η � η

One might wonder if one might get a different result by considering LV
parameters which are very similar i.e. ∆η � η. Let us suppose for example
that η+ = 10−4 and η− = 9.9 × 10−5, so that ∆η ' 10−6 � η. The time
scales are compared in fig. 2.4.

We see that also in this case the helicity decay will become faster than
the spin flipping well before reaching the Vacuum Čerenkov limit. Hence we
expect again that all the positive helicity electrons above a certain energy
(around 200 TeV) will be converted into negative helicity electrons until they
reach the threshold for the VC emission to be effective.

Is there a regime in which at least one of the VC energy thresholds is below
the effective threshold (i.e. where it becomes faster than the spin flipping) for
the HD? In fact, if this case occurs we have that above the energy threshold
11 · η−1/3

+ TeV apparently only the negative helicity electrons are left. These
particles, still being below threshold for VC emission (because they have a
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slightly lower LV coefficient), will be further accelerated. It then seems that
only half of the initial population survives above the lower VC threshold.

However, in this case the effect of the spin flipping has to be taken into
account. If the survivor negative helicity electrons do live long enough before
reaching their VC threshold, then there will be time for many, if not all, of
them to flip their spin and hence immediately be pushed below the lower
(positive helicity) VC threshold. In the alternative scenario, in which the
spin flipping is too slow to change sensibly the population of the negative
helicity “survivor” electrons, then the latter will have time to reach their
intrinsic cut-off represented by their (higher energy) VC threshold. However
in this case this high energy tail of negative helicity electrons will just “sit
there” a little bit below their threshold and sooner or later flip spin and then
immediately drop at energies just below the lower VC threshold. So it seems
that in both cases the negative helicity electron population will be sooner
or later reconverted to positive helicity one and then pushed back below the
lowest VC threshold energy.

However the spin flipping also affects the positive helicity electrons (both
those left just below their VC energy threshold and those coming from the
recycling of the negative helicity ones above it). So, after enough time,
their helicity will be reversed by spin flip and they will become negative
helicity electrons. Thus, they are able to be accelerated further above the
lower VC threshold. After a while, they can possibly flip again the helicity,
becoming positive helicity electrons, and then, being above threshold, emit
VC radiation. Note: we are assuming that the VC emission process is much
faster than helicity decay and any other process in the game (as it should be
expected given that we are in a regime in which η � ∆η).

So in the end this case looks, in some sense, like a loop chain in which
all particles, no matter what their helicity is, spend some time in the energy
range between the lower and the higher VC thresholds. Hence, in this case
we have that all particles can fill, for some time, all the allowed energy range.

Numerical example for η � ∆η We put here a numerical example of
the above situation. This shows that, in order to push the effective threshold
of the helicity decay above the lowest Cherenkov threshold, one needs ∆η so
small that any difference between the two populations is practically erased.

Let us suppose η+ ' 10−4. The VC threshold for the positive helicity
electrons is at E ' 237 TeV. Requiring that the time scale for the HD is
longer than the spin flipping one at energies above 237 TeV implies that ∆η .
4 × 10−7. However this also implies that the negative helicity electrons will
experience VC emission practically at the same energy of 237 TeV! In fact,
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one can show that the difference between the VC threshold for positive and
negative helicity electrons is just 300 GeV. The time required to accelerate
particles by 300 GeV is around4 10−3 yr, which is higher than the spin flipping
time. Thus, the negative helicity electrons have in this case, on average,
enough time to reverse their polarization and decay by VC emission until they
reach energies just below the lower VC threshold. The Čerenkov radiation,
emitted in soft regime, should be hardly detectable.

Final remarks

In presence of LV effects it is not possible to average the electron and
positron polarisations above an energy that depends on the actual value of
the LV parameters. For parameters in the range of our interest, this energy
can be estimated as being above few ×10 TeV. Once the HD becomes faster
than the spin flipping its effect consist in converting all the population with
the highest η in that with the lowest one. Therefore, once the HD process is
effective, all other processes involving the spin are frozen-out and it is in the
end the VC emission that produces a sharp cut-off in the particles’ energy
distribution. Hence, above few×10 TeV we do get a single helicity population
which at some energy is bounded by its VC threshold energy. Noticeably in
this scenario the effect of the HD could perhaps be seen if we could reliably
measure the polarisation of the γ-rays from the Crab Nebula. Perhaps this
“helicity selection” might be used to pose a constraints on ∆η/η.

The case in which the HD becomes effective after one population has
undergone VC emission would instead correspond to a case in which a sort
of recycling mechanism allows all the electrons to reach the higher of the
VC thresholds. However this case requires so tiny difference between the
LV coefficients that, as matter of fact, the region between the lower and the
higher VC threshold could not be resolved. It is however true that in this
case both positive and negative helicity electrons could be found up to the
Čerenkov cut-off.

2.3.4 More on Helicity Decay

Since from the above analysis HD seems to be very important in a LV
picture of the Crab Nebula, one may wonder whether direct observable conse-

4The typical acceleration time in shock acceleration scenarios is in fact tacc = α rL c/v
2,

where rL is the Larmor radius, v the shock velocity (around 1000 km/s in the Crab) and α
an order 1 parameter. Putting numbers, it can be shown that tacc ' α×0.1 yr (E/10 TeV),
and recalling the definition of tacc = E/Ė we find Ė ' 200/α TeV/yr. Then, the result
follows.
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quences of the effectiveness of this process can be found. Indeed, HD implies
the emission of a soft photon, whose energy should be of the order of the en-
ergy saved in “decelerating” the electron by simply lowering its effective mass
(recall that HD acts in the sense of reducing the value of the LV parameter η
competing to the particle, which, in the model of Myers & Pospelov, can be
accomplished by simply changing its helicity). The soft photons produced
by HD could be in principle detected.

In order to understand what is the typical energy of the photon emitted
during the HD, we sketch here an estimate. An incoming electron with
4-momentum pµ and LV parameter η1 decays into another electron with 4-
momentum qµ and LV coefficient η2 plus a photon of 4-momentum kµ, whose
angle with respect to the direction of motion of the primary electron is θ.
Since ξ < 10−7 we set ξ = 0.

Therefore, the dispersion relations for the particles involved are

E2
p = m2 + p2 + η1

p3

M
, E2

q = m2 + q2 + η2
q3

M
, ω2 = k2 . (2.35)

The conservation of energy-momentum pµ = qµ + kµ implies, when the
ultra relativistic approximation is made for Eq/q ≈ 1+m2/(2q2)+η2 q/(2M),
that

η1
p

M
= (2.36)

η2
p

M
α(z, θ)3 + 2z

(
α(z, θ) +

m2

2p2α(z, θ)
+ η2

p

2M
α(z, θ)2 − cos θ + z

)
where z = ω/p and α(z, θ) =

√
1− 2z cos θ + z2. If z � 1 (we will see that

this assumption is justified a posteriori),

∆η
p

M
≈ z

(
m2

p2
+ 2(1− cos θ)− 3η2

p

M
cos θ

)
, (2.37)

where ∆η ≡ η1 − η2 and whose solution is

z(θ, p) =
∆η p3/M

m2 + 2p2(1− cos θ)− 3η2 p3/M cos θ
. (2.38)

If far from the VC threshold (1.74) one can safely neglect the last term
in the denominator of (2.38), finding

z(θ, p) =
∆η p3/M

m2 + 2p2(1− cos θ)
. (2.39)
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From an experimental point of view, the angle θ is unobservable. Hence,
(2.39) has to be averaged over the angular distribution of the emitted pho-
tons. According to [58], we assume that, at lowest order, the matrix element
governing this process is angle independent. Therefore, the mean photon
energy is (x ≡ cos θ and redefine z(θ, p)→ z(cos θ, p))

z̄(p) =

∫ 1

−1
dx z(x, p)∫ 1

−1
dx

= ∆η
p

2 M
ln
(

2
p

m

)
. (2.40)

Assuming a typical value ∆η = 10−6, from (2.43) p
(eff)
HD = 160 TeV. Equa-

tion (2.40) then implies that z̄
(
p

(eff)
HD

)
= 1.7× 10−19, i.e. ω̄ ' 2.8× 10−5 eV,

well within the radio band.

2.4 The Crab model revisited

Because we consider a LV version of electrodynamics, we must check
whether this introduces modifications into the model of the CN and, if so,
what effects it produces.

The observed spectrum of the CN is the composite result of several pro-
cesses, as sketched in sec. 2.2. The way LV affects the physics of the CN is
basically twofold. On the one hand, classical processes, such as acceleration,
synchrotron emission and IC scattering, can be modified. On the other hand,
new processes (such as VC or HD) come into play. On general grounds, we
expect both the modifications and the new processes to be important at ener-
gies above (m2

eM/η)1/3 ≈ 10 TeVη−1/3, which is the typical scale of threshold
for almost all LV features. We now investigate how the processes at work in
the CN would appear in a LV framework.

2.4.1 Acceleration

Several mechanisms have been suggested for the formation of the spec-
trum of energetic leptons in the CN. The spectrum is unusual in the sense
that most of the leptons are concentrated at low energy, E ∼ 100 MeV,
whereas the energy density contained in each decade of particle energy peaks
at about 1 TeV. Above this energy, the spectrum appears to fall off roughly
as E−2.2. Most of the uncertainty concerning the acceleration mechanism
refers to the low energy part of this distribution, E ≤ 1 TeV. The power-
law spectrum of high energy particles is usually interpreted in terms of the
first order Fermi mechanism operating at the ultra-relativistic termination
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shock front of the pulsar wind, since, in the simplest kinematic picture, this
mechanism predicts a power law index of just the right value [116].

In this picture, electrons and positrons acquire energy by crossing and
recrossing a shock front that propagates in a magnetised medium. In be-
tween crossings, they are continually deflected by the random magnetic field
present in the medium, and may, therefore, reverse their direction of travel.
The magnetic deflections do not change the particle energy as seen from a
reference frame travelling with the plasma. However, when a particle crosses
a shock, it is exposed to magnetic fluctuations embedded in an approaching
plasma flow. These increase the particle energy whenever it is deflected back
to the shock front.

The cycle of shock crossing and recrossing can be accomplished many
times, and each time the particle has a finite probability of escaping from the
vicinity of the shock front into the downstream medium, never to return. The
competition between energy gain and escape leads to a scale-free power-law
spectrum of accelerated particles. The power-law index depends on the shock
compression ratio, and, in the relativistic case, on the angular dependence
of the deflection process. In the ultra-relativistic case, a variety of scattering
laws have been tested by different methods [141, 142], all of which appear
to give an index in the range −2 to −2.3, close to the asymptotic value of
−2.23, which can be derived semi-analytically for isotropic diffusion in angle
[143].

The Fermi mechanism in the LV scenario.

From the LV point of view, the important issue about the Fermi mecha-
nism is that its scale-free nature rests purely on the angular distribution of
the particles at the shock front. This determines both the escape probability
Pesc of a particle that crosses from upstream to downstream, as well as the
average change in particle Lorentz factor 〈∆γ〉. The latter is found by con-
volving the Lorentz boost into the upstream plasma frame with the return
boost, averaged in each case over the angular distribution function. Both
Pesc and 〈∆γ〉 are independent of the length scale associated with the scat-
tering process – an increase in the scattering mean free path simply produces
a longer time interval between crossings, and a slower fall-off of the particle
distribution with distance from the shock, but changes neither the angular
distribution at the shock front, nor the escape probability.

In the LV picture, both the particle energy and Lorentz factor enter into
the computation of the trajectory. But, given that the angular distribution
is not a function of either of these, the spectrum produced by the first order
Fermi mechanism depends on the Lorentz factor alone, through the quantity
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〈∆γ〉. On the other hand, the maximum energy Ec to which the process
can accelerate particles may depend on loss processes as well as on the time
interval between shock crossings, which controls the acceleration rate. In the
standard LI case, Ec is essentially determined either by setting the particle
gyro radius to equal the size of the system, or the acceleration rate (which
scales with the gyro frequency) to equal the loss rate. In each case, a condi-
tion on the particle energy rather than the particle Lorentz factor results. In
the CN, if we phenomenologically model the cut-off at Ec as an exponential,
we expect a particle spectrum in the high energy region, E > 1 TeV, of the
form

n(E) ∝ γ(E)−pe−E/Ec (2.41)

with p ≈ 2.4 and Ec ≈ 2.5× 1015 eV.5

Then, we can safely deal with the electron/positron distributions inferred
by [131, 138], paying attention to replace the energy with the Lorentz boost
factor in the expressions given by [138]. Of course, as we mentioned, the
cut-off of the spectrum results in a condition on the particle energy rather
than its boost.

The role of Vacuum Čerenkov emission.

However, in the LV theory there are additional mechanisms that can in-
fluence Ec because the modified dispersion relations that we consider allow
processes that are otherwise forbidden. In particular, the VC emission, due
to its extreme rate above threshold, can produce a sharp cut-off in the ac-
celeration spectrum (let us remind that above threshold τV C ∼ 10−9 s, to be
compared with the acceleration time scale τacc > 103 s).6

One might expect that the VC radiation emitted by particles above
threshold should produce some modification in the spectrum. However, since
the photon LV parameter ξ has been independently constrained to be very
small, the VC process occurs in the soft regime [58]. In this regime the emit-
ted photon carries away a small fraction of the electron energy, being at most

5Super-exponential cut-off spectral shapes do not lead to significant differences in the
output spectrum. For this reason we considered a simple exponential cut-off, which also
gives the best fit to the data.

6An order of magnitude estimate of a lower limit to the acceleration timescale can be
obtained by assuming the particle doubles its energy whenever it completes a cycle of cross-
ing and recrossing the shock front. Since magnetic fields bend the particle trajectory to
make it do this, a lower limit to the cycle time is given by the gyro period (magnetic turbu-
lence may make the particle diffuse, enhancing the time needed to complete a cycle). The
acceleration timescale is, therefore, τa > γme/eB ≈ 1.1×103 s (E/1 TeV) (B/100 µG)−1.
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in the optical/UV range. Moreover, the emitting leptons are just in the high
energy tail of the spectrum, so that they are few in number, compared to
the optical/UV emitting ones. Therefore, the contribution of VC to the CN
spectrum in the optical/UV range should be negligible.

The role of Helicity Decay and spin precession.

A more subtle effect in the determination of the emitting particle spec-
trum is given by the HD process. At high energies, the electron and positron
states have well-defined helicity and the LV coefficients η± are different de-
pending on the particle helicity.

As discussed, the HD rate peaks at energies around pHD (see (1.78)).
Below pHD the rate increases with energy and depends on ∆η, while above
pHD it decreases independently of η [58]. The expressions (1.74) and (1.78)
for pVC and pHD, respectively, show that at most pHD & pVC for ∆η . η
(otherwise ∆η � η and pHD � pVC ). Since the VC emission acts as a hard
cut-off on the accelerated particles, in our scheme the HD process will occur
only in the regime p . pHD, where the (not yet maximised) rate grows with
energy.

However, in order to understand whether the HD is effective, one has
to compare its typical time scale τHD, as given in eq. (1.79), with the other
relevant ones. In particular, a competitive process is the precession of the spin
of a particle moving in a magnetic field. According to [140] (see also section
2.3.2 for a more thorough discussion) in the LI case (it can be checked that
this is still valid in the LV case, without any modification, to within 10−14)
the rate of change of the spin orientation with respect to the instantaneous
direction of motion of the lepton in the laboratory frame is 7

dθ

dt
≡ ωSR =

e

me

g − 2

2
B , (2.42)

where (g−2) = α/π represents the anomalous magnetic moment of the lepton
and a constant magnetic field B is assumed. (Indeed it is expected that the
magnetic field in the CN is constant only over some typical correlation length

7A comment is in order here as, in principle, there could be interference between spin
precession and HD. However, assuming a static magnetic field, during spin precession
the electron energy is constant while HD implies the emission of a photon, leading to
non conservation of the electron energy. Therefore they cannot interfere. Moreover, if
a constant timelike vector uµ is used to “parametrise” Lorentz symmetry violation, a
term like ψ̄γµuµψ can appear in the Lagrangian, which mimics the usual electromagnetic
interaction term. However, as long as uµ is constant, it cannot give rise to magnetic-like
interactions.
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after which it reverses sign. For our purposes, however, it is the rate of spin-
rotation that is relevant, rather than its direction.)

The spin rotation will effectively prevent helicity decay if the spin pre-
cession rate is faster than the time needed for LV induced effect. Therefore,
the HD will play a role in spite of the spin precession whenever the condition
ωSRτHD � 1 is met.

According to (1.79) and (2.42) this condition translates into

p
(eff)
HD & 930 GeV

(
B

0.3 mG

)1/8

|∆η|−3/8 . (2.43)

Electrons and positrons with E > p
(eff)
HD , can therefore be found only in the

helicity state that corresponds to the lowest value of η±. Correspondingly,

the population of greater η will be sharply cut off above p
(eff)
HD while the other

will increase.
Finally, the HD process implies the emission of a suitably polarised pho-

ton. However, this has no consequences for the observed spectrum, since the
mean photon energy (for ∆η ∼ 10−6) is well within the radio band, where
the synchrotron spectrum, emitted by an overwhelmingly large number of low
energy electrons, is dominant. We refer the reader to the previous section
2.3.4 for a detailed discussion.

2.4.2 More on synchrotron radiation

The main modifications of the synchrotron emission process in presence
of LV have already been presented in Section 1.5.4. Let us however consider
them in more detail.

There is a fundamental difference between particles with positive or neg-
ative LV coefficient η. If η is negative the group velocity of the electrons is
strictly lower than the (low energy) speed of light. This implies that, at suf-
ficiently high energy, γ(E)− < E/me for all E. As a consequence, the critical
frequency ω−c (γ,E) is always lower than the LI one, and so the exponential
cut-off of the LV synchrotron spectrum will be at lower frequencies than in
the LI case, as illustrated in fig. 2.5.

On the other hand, particles with a positive LV coefficient can be su-
perluminal and, therefore, γ(E) increases more rapidly than E/me, reaching
infinity at a finite energy, which corresponds to the threshold for soft VC
emission.8 Therefore, the critical frequency is also larger than that found in

8Of course such an infinity will be automatically “regulated” by the fact that, as the
electron approaches the threshold, its energy loss rate will at some point exceed its rate
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Figure 2.5: Modifications occurring due to LV in the synchrotron spectrum
produced by a power-law distribution of leptons. The spectrum is normalised
to a LI one without cut-off.

the LI case, and the spectrum will show a characteristic hump due to the
enhanced ωc (see fig. 2.5).

The final remark concerns the characteristic synchrotron loss timescale,
defined as τcool = E/(dE/dt). The classical result for an electron spiralling
in a given magnetic field is

dE

dt
= − 2 e4

3m2
e

γ2B2v2 sin2 φ , (2.44)

where φ is the pitch angle and γ = E/me. As the electron loses most of its
energy at frequencies around the critical one, a comparable expression for
the LV case can be written as

dE

dt
∼ ωc

∆ t
∼ γ4

E2
, (2.45)

where we have used eq. (1.75) and the fact that the typical emission time
at ultra-relativistic energy is ∆t = 2πR(E)/γ, with R(E) = E/eB. The
numerical factor in front of expression (21) can be fixed by fitting the energy
loss rate at low energies, where γ = E/me.

One might wonder if this modified rate could alter the effectiveness of
the acceleration mechanism in producing the highest energy leptons. In fact,

of energy gain, thus preventing further acceleration.
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while for η < 0 this is not an issue, for η > 0 one expects the rate to grow
much faster than the LI one for sufficiently high energies. Nonetheless it is
easy to see that appreciable deviations from the LI rate (2.44) occur at ener-
gies E & 8 TeV/η1/3, i.e. in the proximity of the VC threshold. Therefore the
effective cut-off on the spectrum of the injected particles is not significantly
lowered by the synchrotron cooling in the LV case.

2.4.3 IC radiation

The IC process is not strongly affected by LV. At the kinematic level all
LV terms intervene at a level of < 10−11 at E . 1 PeV, whereas the cross
section should be corrected by adding factors proportional to p3/MPl and,
therefore, the LV contribution is again suppressed at the same level. Since
the IC and synchrotron emission mechanisms can be thought as being due
to the scattering of a lepton off a real or a virtual photon respectively [144],
one may wonder why the synchrotron is much affected by LV while the IC is
not.

The main difference between the two processes is that IC scattering in-
volves the interaction between a real lepton and a real photon, whereas the
synchrotron process involves a virtual photon of the magnetic field in which
the lepton is spiralling. In the former case, the interaction is effective no
matter what the photon energy is. In the latter case, however, the reaction
is more subtle. An electron spiralling in a static magnetic field can exchange
momentum but not energy with the field, since it is static. Moreover, the
exchanged momentum is such that the electron accelerates and describes a
spiral trajectory. Therefore, a synchrotron emitting electron does not inter-
act with all possible virtual photons, but only with those that provide it
with the required momentum transfer. In a sense, this is a sort of a resonant
process, where the resonance is dependent not only on the electron energy,
but also on its velocity.

Therefore, the admixture of dynamical and kinematic variables in the
synchrotron emission process makes it much more sensitive to LV compared
IC scattering, where only energetic considerations matter: this is another
example of the fact that, in LV reasoning, velocity (or boost in γ) and energy
are not quite the same concept.

2.5 Results

In order to constrain our test theory by exploiting the information con-
tained in broad band observations of the CN, we adopt the following strategy.
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First of all we construct a numerical algorithm9 that calculates in full
generality, for any set of LV parameters, the synchrotron emission from a
distribution of leptons, according to the model of the CN presented in sec. 2.2
and taking into account all the processes discussed in sec. 2.4. Of course, the
LI model is recovered by simply setting (η+, η−) = (0, 0). Then, we fix most
of the model parameters (magnetic field strength and particle energy density)
so as to match observations from radio to soft X-rays, i.e. in a regime where
the LV terms here considered are not expected to produce significant effects.

This procedure leads to model parameters (and a LI spectrum) which
are in agreement with those providing the best fit to the data in [138]. We
report here the most relevant parameters, namely p = 2.4 as the spectral
index and Ec = 2.5 PeV as the high energy cut-off of the freshly accelerated
wind leptons.10 The same parameters are known to be able to reproduce
the IC part of the CN spectrum in the LI case [138]. Given that the IC
reaction is basically unaffected by LV, agreement with the high energy data
will hold also for non zero LV coefficients. Of course this also implies that,
at least with current data accuracy, the IC cannot be used to improve on the
constraints obtainable from the synchrotron part of the spectrum.

2.5.1 Spectra

The general features of the spectra produced by our numerical computa-
tion are illustrated in fig. 2.6 for η+ ·η− > 0 (left panel) and η+ ·η− < 0 (right
panel) with η+ assumed to be positive for definiteness. It is clear that only
these two cases are really different: in fact, the one with both η± negative
is the same as the (η+ · η− > 0, η+ > 0) case, while that with the signs
scrambled is equivalent to the case (η+ · η− < 0, η+ > 0). This is simply
due to the fact that positron coefficients are related to electron coefficients
through ηaf± = −ηf∓ (see section 1.5.4).

One can easily see that in the LI case the data are reasonably fitted (as
in [138]) and that the LV effects indeed appear at the expected energy scales.
Hence the procedure of fixing the free (LI) parameters from the low energy
observations is well defined.

The main difference between the left and right panels of fig. 2.6 consists
in the fact that in the first case (η+ · η− > 0) only a population with pos-
itive η survives to the HD, while in the opposite case (η+ · η− < 0) only a

9The code is written in C++ and takes great advantage of many tools provided by the
ROOT package, see http://root.cern.ch

10Note however, that in the LV case the cut-off energy of the injected particles can be
lowered by the VC process.
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Figure 2.6: Comparison between observational data, the LI model and a
LV one with η+ · η− > 0 (left) and η+ · η− < 0 (right). The values of
the LV coefficients are reported in the inserted panels and are chosen in
order to show the salient features of the LV modified spectra. The leptons
are injected according to the best fit values p = 2.4, Ec = 2.5 PeV. The
individual contribution of each lepton population is shown.

population with negative η does. This has consequences for the total syn-
chrotron spectrum. In particular, the right panel of fig. 2.6 shows a sharp
cut-off since the high energy emission in this case is produced by a population
with negative η which, as discussed, has an upper bounded ωc. On the other
hand, for η+ · η− > 0 (left panel of fig. 2.6) a pronounced feature appears
with a dip followed by a hump. The dip is due to the combination of two
effects: the population is decaying with increasing energy, while the critical
frequency ωc is growing faster than “usual” with energy. Hence, at some
point the spectrum has a minimum and then starts growing. Since, however,
the population of the highest energy leptons (responsible for the γ-ray part
of the synchrotron spectrum) is decaying very rapidly, the flux does, in the
end, also decay. This effect is responsible for the hump.

Finally, one might wonder if in this last case it is possible to reproduce the
high energy synchrotron emission even with Ec . 1 PeV. However, this would
require so high values of the LV parameters (of order 10−4 ÷ 10−3) that the
resulting spectrum would show a feature in hard-X/soft γ-rays incompatible
with the observations.

2.5.2 Constraints

In order to evaluate the constraints in an objective and quantitative man-
ner, we present a χ2 analysis of the agreement between models and data.
Figure 2.7 and fig. 2.8 show the contour levels of the reduced χ2 for the
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Figure 2.7: Contour plot of the reduced χ2 versus η+ and η−, in the case
η+ · η− > 0.

two cases η+ · η− > 0 and η+ · η− < 0, respectively. Constraints at 90%,
95% and 99% Confidence Level (CL) correspond, respectively, to χ2 > 8,
χ2 > 10, χ2 > 13.5. The minimum value of χ2 we obtain is ∼ 3.6 (see [55]
for more complete information). From fig. 2.7 and fig. 2.8 we conclude that
the LV parameters for the leptons are both constrained, at 95% CL, to be
|η±| < 10−5.

Our statistical analysis shows that there are values of the pair (η+, η−)
that provide a better fit of the CN data than the LI model. In particular,
for (η+, η−) ∼ (5.2× 10−8, 5.7× 10−8) it is possible to reproduce (see fig. 2.9)
some features in the MeV range that are not found in the standard model.
Of course, while it is possible to explain these features by introducing new
components into the LI model, at the moment it seems that such alternatives
would imply some sort of departure from the standard model of the CN emis-
sion (for example, [138] postulate the existence of an additional population
of emitting particles, with a Maxwellian distribution).

Putting aside for the moment alternative (Lorentz invariant) models,
something more can be said about the above result by further investigat-
ing its statistical significance. This can be accomplished by assessing the
significance of the difference between the χ2 values of the best fit (LV) model
and the standard LI one given that the extra two degrees of freedom char-
acterising the LV case obviously allow for better fits. (Unfortunately, it is
not possible to assess the probability to find the best fit value of the LV pa-
rameter η given our ignorance of its theoretical expected magnitude or prior
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Figure 2.8: Contour plot of the reduced χ2 versus η+ and η−, in the case
η+ · η− < 0.
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distribution.) This can be accomplished using the so called F-test [145]. We
find a value of 1.11 for the F-variable, from which we conclude that the LI
model and the best fit LV model are statistically indistinguishable at 95%
CL. The critical value of the F-variable, for which the models would indeed
be distinguishable, is 1.67, and the significant improvements in the 40− 250
MeV data expected from the up-coming GLAST experiment may enable this
value to be reached.

2.6 Remarks

We have studied how relaxing the assumption of exact Lorentz invariance
(within the framework set up in [56]) influences the electromagnetic output
of astrophysical source models. In general, the most important effects are
those related to modifications of the particle dispersion relations, which affect
their propagation and their interactions.

Starting from the most accurate theoretical model of the CN [131, 138],
and taking into account the LV contributions of all the electron/positron
populations, we reproduce the observed synchrotron spectrum. To do this,
one must reconsider LI “biases”. Concerning the acceleration process, we
give arguments according to which the particle Lorentz boost, rather than
energy, enters in the acceleration spectrum. Moreover, we study the effect of
VC emission and HD on the emitting particle distribution.

The synchrotron, as well as the IC, processes are discussed and the spec-
trum emitted by an arbitrary distribution of leptons, taking into account all
the subtleties occurring in LV reasoning, is calculated numerically. In this
way both η± can be constrained by comparing the simulated spectra to the
observational data. The χ2 statistics sets 90% and 95% CL exclusion limits
at |η±| < 10−6 and |η±| < 10−5, respectively. The resulting state-of-the-art
constraints are shown in fig. 2.10.

The GLAST observatory is likely to achieve a significant step forward.
An order of magnitude estimate of the improvement can be obtained by
considering its sensitivity, which is ∼ 30 times better than that of EGRET
in the relevant energy range. Assuming that GLAST will observe the CN at
least as long as EGRET did (a very conservative assumption), measurement
errors in the 10 MeV-500 MeV band will be statistically reduced by roughly
a factor of ∼ 5. A constraint of order 10−6 at 99% CL (10−7 at 95% CL)
would thus be within reach.

As a final remark, we would like to stress that the very tight constraints
achieved here on our test theory [56, 59] show the remarkable potential of
this approach and suggest that similar studies should be undertaken for other
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Figure 2.10: Updated overview of the constraints. The new allowed region of
the parameter space is now the grey region bounded vertically by the birefrin-
gence constraint ξ < O(10−7) and horizontally by the red lines representing
the synchrotron constraint, |η±| < O(10−5), discussed here.
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plausible theoretical frameworks. For example, if one is not willing to accept
CPT violation in quantum gravity, then the QED dimension 5 LV operators
considered here would be forbidden and dimension 6 operators (correspond-
ing to O(E2/M2

Pl) suppressed terms in the dispersion relations) should be
considered. In this direction, on the one hand a theoretical development of
the theory is much needed as we still lack a formalisation of the QED ex-
tension in this case (including the consideration of possible effects on lower
dimensional operators which could play a crucial role in casting constraints).
On the other hand, more accurate, higher energy and possible new obser-
vations will be needed in order to overcome the larger suppression of such
higher order LV terms.
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2.7 Crab Nebula polarisation further limits

LIV

Observations of the CN allow further improvements. The main result pre-
sented in this section is to further strengthen the limits on LV of order E/MPl

by more than three orders of magnitude for photons, by looking at vacuum
birefringence effects. We use for the first time the very recent observations
[146] of polarised hard X-rays from the Crab system. While the most ro-
bust against astrophysical systematic uncertainties, but less tight constraint
is obtained following the arguments by [100, 59], we show that this can be
further improved by another two orders of magnitude when considering the
astrophysical model of the Crab nebula and pulsar.

We exploit here the procedures described in section 1.5.2 in the Introduc-
tion.

2.7.1 Constraints

Recently the analysis of data from the CN by the INTEGRAL mission
[147] has provided [146] (see also [148]) the measurement of (40± 3)% linear
polarisation in the 100 keV− 1 MeV band. While the polarisation has been
estimated by considering all photons within the SPI instrument energy band,
the convolution of the sensitivity of the instrument to polarisation with the
number counts as a function of energy, P (k), is maximised (and happens to
be approximately constant) within a narrower energy band, between 150 and
300 keV, and fall steeply outside this range [149]. For this reason most of
the polarised photon are concentrated in this range which we shall, conser-
vatively, adopt in order to cast our constraint.

Decrease in polarisation degree

Given that dCrab = 1.9 kpc, k2 = 300 keV and k1 = 150 keV, by requiring
∆θ < π/2, eq.(1.68) gives

|ξ| . 2× 10−9 . (2.46)

A more accurate limit follows from eq. (1.69).
In the case of the CN there is a robust understanding that photons in

the range of interest are produced via the synchrotron process, for which the
maximum degree of intrinsic linear polarisation is about 70% (see e.g. [150]).
Figure 2.11 illustrates the dependence of Π on ξ for the distance of the CN
and for Π(0) = 70%. The requirement Π(ξ) > 16% (taking account of a 3σ
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Figure 2.11: Constraint for the polarisation degree. Dependence of Π on ξ
for the distance of the CN in the 150–300 keV range, for a constant P(k).

offset from the best fit value 46%) leads to the constraint (at 99% CL)

|ξ| . 6× 10−9 . (2.47)

It is interesting to notice that X-ray polarisation measurements of the CN
already available in 1978 [151], set a constraint |ξ| . 5.4 × 10−6, only one
order of magnitude less stringent than that reported in [77].

Rotation of polarisation angle

Constraint (2.47) can be tightened by exploiting the current astrophysical
understanding of the source. The CN is a cloud of relativistic particles and
fields powered by a rapidly rotating, strongly magnetised neutron star. Both
the Hubble Space Telescope and the Chandra X-ray satellite have imaged
the system, revealing a jet and torus that clearly identify the neutron star
rotation axis [152]. The projection of this axis on the sky lies at a position
angle of 124.0◦± 0.1◦ (measured from North in anti-clockwise). The neutron
star itself emits pulsed radiation at its rotation frequency of 30 Hz. In the
optical band these pulses are superimposed on a fainter steady component
with a linear polarisation degree of 30% and direction precisely aligned with
that of the rotation axis [153]. The direction of polarisation measured by
INTEGRAL-SPI in the γ-rays is θobs = 123◦±11◦ (1σ error) from the North,
thus also closely aligned with the jet direction and remarkably consistent with
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is cast according to eq.(1.70).

the optical observations.
This compelling (theoretical and observational) evidence allows us to use

eq. (1.71). Conservatively assuming θi−θobs = 33◦ (i.e. 3σ from θi, 99% CL),
this translates into the limit

|ξ| . 9× 10−10 , (2.48)

and |ξ| . 6× 10−10 for a 2σ deviation (95% CL). Figure 2.12 shows tan(2θf)
as function of ξ. The left–hand panel reports the global dependence (the
spikes correspond to rotations by π/4), while the right–hand panel focuses
on the interesting range of values11.

2.7.2 Discussion

The constraints presented in (2.47) and (2.48) are remarkably strong. Al-
though based on a cumulative effect, they are achieved using a local (Galac-
tic) object. The reason lies, on the one hand, in the quadratic dependence
of θ on the photon energy, in contrast with the linear gain given by distance
(see e.g. eq. (1.66)). On the other hand, the robust theoretical understanding
of the CN has enabled us to strengthen the constraints significantly.

Further improvements on LV constraints via birefringence are expected
thanks to the forthcoming high-energy polarimeters, such as XEUS [2], PoGo-
Lite [154], Polar-X [155] and Gamma Ray Imager [156] which will provide

11Note that the constraint (2.47) rules out the possibility that the polarisation angle is
close to the expected one after rotating by some multiple of π (the polarisation angle is
defined on the interval [0, π]).
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Figure 2.13: Expected constraints from medium X- and soft γ-ray polarime-
try of extra-galactic sources. High energy scale k2 = 10 keV (upper panel)
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refer to the characteristics of a new generation X-ray polarimeter [2] assum-
ing that polarisation is detected from the mentioned objects. The constraints
are derived as in case of eq.(1.68) for a concordance cosmology (Ωm = 0.28,
ΩΛ = 0.72 and H0 = 73 km s−1Mpc−1).

an unprecedented sensitivity, sufficient to detect polarised light at a few %
levels also in extra-galactic sources. The LV limits will be optimised by bal-
ancing between source distance and observational energy range depending on
the detector sensitivity. This is illustrated in fig. 2.13, where the strength of
the possible constraints (cast with the first, most general method described
above) is plotted versus the distance of sources (in red-shift z) and for differ-
ent energy bands (medium X- and γ-rays). Remarkably, constraints of order
|ξ| < O(10−16) could be placed if some polarised distant sources (z ∼ 1) will
be observed by such instruments at 1 MeV.





Chapter 3

A bottom-up introduction to
Cosmic Ray physics

“Cosmic Ray puzzle due to be
solved”

New York Times,
December 29th, 1932

Cosmic Rays (CR) are among the most puzzling astrophysical phenomena
we experience on Earth. Their discovery dates back to 1912 with the pioneer-
ing observations of Victor Hess, who found that the ionisation rate in air was
increasing with its height above the Earth surface, after an initial decrease
(explained by the decrease of Earth radioactivity effects as the instrumen-
tation departs from the Earth surface). This simple observation could be
explained with the hypothesis that there were cosmic particles impinging on
the top of the atmosphere able to produce the secondary ones detected by
Hess. This triggered the beginning of studies on Cosmic Rays. Initially they
were thought of as highly energetic photons, rather than charged particles,
but, after the geomagnetic effect (the intensity of radiation was fading ac-
cording to the Earth magnetic field) was discovered in 1927, it became clear
that CRs were charged particles.

After Hess’ discovery, the existence of ionising radiation was observed
in cloud chambers and Pierre Auger [157] observed coincident hits over a
wide area with his detectors, showing that the primary cosmic rays induce
a cascade of particles, known as an extensive air shower (EAS), when they
encounter the atmosphere. From the numbers of particles involved in these
showers, Auger was able to estimate the energy of some showers, and show
that some must be very energetic. The phenomenology of EAS was worked

83
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out by Heitler [158] and others.
Many experiments were designed and run over the years to better un-

derstand the characteristics of these particles. Their findings were surprising
indeed. The CR energy spectrum displayed an almost exact power-law shape
above energies of about 1 GeV. Below this threshold, spectral modulation,
fading according to solar activity, due to solar winds, was found, confirming
CRs to be charged particles rather than photons. Moreover, it was under-
stood that CRs are mostly protons, with a small amount of heavier nuclei
and a fraction of electrons/positrons not larger than ∼ 1%.

Several mysteries are associated with Cosmic Rays: for example we do
not know what are their sources, how do they propagate from sources to
us, whether there is an end point of their spectrum. But also, being the
most energetic particles we observe on Earth, we expect to gather from them
relevant information on physics beyond the Standard Model (as an example,
the highest energy points of the total proton-proton cross section have been
inferred from EAS measurements [55]), and also on Quantum Gravity [159].

3.1 Spectrum of Cosmic Rays

The CR spectrum is known to span more than ten decades in energy (from
< 100 MeV to > 1019 eV) with a power-law shape of impressive regularity
(F (E) ∝ E−p) as shown in fig. 3.1. The spectral slope p of the differential
spectrum above few GeV has been measured as p ' 2.7 for E . 1015.5 eV,
followed by a softening (the so called “knee”) to p ' 3.0 for 1015.5 eV .
E . 1017.5 eV, a further steepening to p ' 3.2 (the “second knee”) up to
E ' 1018.5 eV and a subsequent hardening (the so called “ankle”) to again
p ' 2.7 at E & 1018.5 eV [160, 161].

While lower energy CRs are believed to be of galactic origin, CRs with
energy & 1018 eV are thought to be extra-galactic. In fact, being charged
particles, CRs are deflected by magnetic field on a curve trajectory of radius
the Larmor radius

rL ' 1 kpc
E[EeV]

ZeB[µG]
. (3.1)

Since the typical galactic dimension is few kpc, and the typical galactic mag-
netic field strength is of order of few µG, it follows that the Milky Way is
able to confine particles up to the EeV1.

1It should be noticed, however, that the thickness of the most dense region of the
Galaxy (the disk) is roughly hd ' 100 pc. The energy corresponding to rL ∼ 100 pc is
E ∼ 1015 eV, which corresponds to that of the knee in the CR spectrum.
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Figure 3.1: CR spectrum, from [3].
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Many questions arise when considering these simple observational results.
First of all, we do not know which astrophysical objects are able to power
particles up to more than 1019 eV, giving them a macroscopic energy den-
sity. Moreover, the physical mechanism producing such a regular power-law
spectrum has been unknown for long time, while is now believed to be the
first order Fermi shock acceleration [162, 163], which possesses at least two
important properties: it very efficiently produces a power-law spectrum of
particles with a slope which, in the most common case of strong astrophys-
ical shocks, is close to p ∼ 2, and is easily realised in many astrophysical
situations.

This leads to the important question of how CRs propagate to the Earth.
Since the observed spectrum has a spectral slope close to 2.7, while the source
spectrum should have p ' 2, propagation effects should be able to change
it. In most simplified models of low energy CR propagation, the observed
primary spectrum φ(E) and the source spectrum Q(E) are connected by a
relation of the form

φ(E) ∝ Q(E)τesc(E) , (3.2)

where τesc(E) represents an energy dependent escape time from the Galaxy,
which, as it will be shown later in this chapter, is estimated of the order
of 10 Myr at few GeV. It is clear that a simple profile τesc(E) ∝ E−δ with
δ ≈ 0.6 gives a good fit to data2.

Another big question is instead whether there is an end-point of the CR
spectrum. Historically, the end-point has moved together with the maximal
reachable energy of CR experiments.

Much interest about the physics of the UHECRs is related to this ques-
tion. A high-energy cut off is theoretically expected, because the interactions
of UHECRs with the Cosmic Microwave Background (CMB) lead to the pro-
duction of neutral pions, thus effectively dumping the particle spectrum3.
Pion production occurs only if the energy of the interacting UHECR is above
Eth ' 5 × 1019 (ω0/1.3 meV)−1 eV (ω0 is the target photon energy), with a
mean-free-path of the order of few Mpc. Hence, it has long been thought to
be responsible for a cut off in the UHECR spectrum, the Greisen-Zatsepin-

2It should be noted, however, that this relation cannot hold over a large energy range
without coming in conflict with the observed isotropy of high-energy CRs. For example,
extrapolating eq. (3.2) to 1015 eV would lead to a value of τesc of the order of the light
travel time across the Galaxy, implying a larger anisotropy than is observed. A possible
solution to this problem is to take into account the change in propagation regime occurring
at energies E ∼ 1015 eV [164].

3Although a similar process is possible for heavy nuclei, we are not going to consider
it because they are effectively photo-disintegrated by resonant interactions with ambient
photons, whose threshold is well below the pion photo-production one.
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Kuzmin (GZK) cut-off [110, 111]. Moreover, trans-GZK particles arriving at
Earth must be accelerated within the so called GZK sphere, whose radius is
expected to be of the order of 100 Mpc at ∼ 1020 eV and to shrink down
at larger energies. A simple analytic description of the GZK sphere can be
given. In fact, assuming that the pγ interaction occurs only at the onset of
the ∆-resonance (pγ → ∆+ → pπ0), whose width is assumed to be ∆p,γ, we
can write

ct−1
p,γ = σp,γ

∫ Ep,γ+∆p,γ
2Γ

Ep,γ−∆p,γ
2Γ

n(E)dE , (3.3)

where Ep,γ = 310 MeV is the photon threshold energy in the proton rest
frame corresponding to the ∆−resonance, ∆p,γ = 100 MeV, n(E) is the
angle averaged incident photon spectrum and σp,γ ' 0.5 mb is the interaction
cross section. Assuming that n(E) corresponds to the CMB spectrum, at a
temperature T = 2.73 K, eq.(3.3) can be re-written as,

ct−1
p,γ = σp,γnγ

∫ x1

x0

f(x)dx (3.4)

where f(x) = x2/(ex − 1), x0 = Ep,0/(3Ep), x1 = 2Ep,0/(3Ep) = 2x0, and
Ep,0 = mpEp,γ/kT = 1020.6 eV. Since at threshold Ep,th ∼ mpmπ/2Eγ =
1020 eV, at threshold the integral probes the x ≈ 10 region, hence

lhoriz. =
l0

[e−x(1− e−x)]
(3.5)

where l0 = 5 Mpc, x = Ep,0/3Ep and Ep,0/3 = 1020.53 eV. Equation (3.5)
is represented in fig. 3.2, where it can be compared to the results of a full
numerical computation of the GZK horizon. Experimentally, the presence of
a suppression of the UHECR spectrum has been confirmed only recently with
the observations by the HiReS detector [44] and the Pierre Auger Observatory
(PAO) [43]. Although the cut off could be also due to the finite acceleration
power of the UHECR sources, the fact that it occurs at the expected energy
favours the GZK explanation. The results shown in [165] further strengthen
this hypothesis.

3.2 Cosmic Ray composition

Other questions arise when considering more detailed properties of CRs.
In particular, composition measurements are very interesting.
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Figure 3.2: The proton attenuation length as a function of proton energy
demonstrating the effectiveness of the analytic description

The CR composition can be measured directly via spectroscopy in the
low energy region (E < 1 TeV), by satellite or balloon experiments. At
higher energy only indirect measurements are possible, through the analysis
of the profile and the content of the particle shower produced by CRs inter-
acting with Earth atmosphere. These measurements are achieved both by
fluorescence and by ground array detectors. Although shower physics is very
complicated and suffers of many sources of systematic errors, it is nevertheless
possible to relate the number of electrons and muons arriving on the Earth
surface to the mass number A of the primary CR [166]. Moreover, without
entering in any detail, also the lateral distribution of the shower, orthogonal
to the main propagation direction, and the depth of the maximum shower
development Xmax (usually called elongation rate) are observables that allow
discriminating the species of the primary CR that initiated the shower.

Low energy measurements revealed that the CR composition is very sim-
ilar, within uncertainties, to that of the interstellar medium (ISM). However,
there are important differences. Figure 3.3 shows a comparison between CR
and ISM abundances. While the overall agreement between the two distribu-
tions is evident, major differences can be found at a closer look: the Boron
is almost absent in the ISM, while is present, with comparable abundance to
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Figure 3.3: Comparison between CR and ISM abundances, from [4].

ISM nuclei like C, N, O, in CRs, as well as the radioactive nuclei 10Be, 26Al,
36Cl and 54Mn, and also some sub-Iron species like Sc, V and Ti.

These observations revealed that CRs spend in the Galaxy more time than
what is expected by ballistic propagation τ ' L/c ' 20 kpc/(3×1010 cm/s) ∼
4×103 yr. In fact, as firstly pointed out by [167], the anomalous abundances
of light nuclei (Li, Be, B) could only be explained by assuming that they
are produced as secondary particles in hadronic interactions (spallation) of
primary CRs with the gas in the ISM. Given the spallation cross section,
of the order of σ ' 10−26 cm2, it was possible to infer that CRs should
have passed through an equivalent layer of 5 g/cm2 of material in order
to produce the observed amount of secondaries before escaping from the
Galaxy4. This implies, assuming as typical number density of protons in
the ISM ngas ∼ 1 cm−3, that CRs should have propagated for million years,
instead of thousands, leading to τesc ≈ few 106 Myr.

This conclusion is also supported by study of the abundances of radioac-

4The most important observable in this physics is the B/C ratio, as the Boron is
essentially completely secondary. It is noticeable that also the energy behaviour of this
ratio gives important information on CR propagation properties [163], as will be detailed
in sec. 3.4.
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Figure 3.4: Change in composition at the knee, measured by KASKADE
[5]. Uncertainties produced by different hadronic models are evident from a
comparison of the upper and lower plot.

tive nuclei, compared to those of their stable isotopes. The most relevant
observable in this case is the ratio R10 =10Be/9Be. Both isotopes are pro-
duced in comparable amounts by spallation of heavier nuclei, but the 10Be
is unstable to β-decay with a lifetime of order τBe ∼ 2.2 Myr× E/M10Be. It
is clear that if the measured R10 is comparable to the production ratio then
τesc � τBe, while if R10 ∼ 0 then τesc � τBe. Data indicate τesc ∼ 107 Myr.

Composition measurements in the knee region are shown in fig. 3.4. A
change in composition is observed by KASKADE [5]. As it is evident, the
composition changes from a light one, dominated essentially by protons and
helium, to a heavier one, dominated by C, Si and Fe. This is consistent
with expectations from magnetised shock acceleration models, because the
relevant dynamical quantity is the rigidity ρ ≡ E/Z, hence if all nuclei are
accelerated at a maximal ρ their maximum energy will increase with the
atomic number Z, as it is observed5.

Higher energy composition measurements suffer of major uncertainties
due to the hadronic interaction models used in the data analysis. However,
observations by HiRes [168] and AUGER [169] show a proton dominated

5Actually, while this is the standard expectation, the experimental situation is not so
clear, because experimental uncertainties do not allow to disentangle a Z (i.e. ρ) dependent
from a A (i.e. total energy) dependent composition yet.
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Figure 3.5: Model uncertainties on composition of UHECRs and measure-
ments, from [6].

composition in the region up to the ankle, strengthening the ankle scenario
envisaged in [170], while there is an apparent changeover to a heavier com-
position slightly above it, as shown in fig. 3.5.

3.3 CR sources

One of the most puzzling problems in CR physics concerns their ori-
gin. Being charged particles, CRs are deflected by intergalactic and (mostly)
galactic magnetic fields as they propagate, hence information about the
source direction is spoiled and their arrival directions are observationally al-
most isotropically distributed. Only CRs with E & 1019 eV are not strongly
deflected and may show some anisotropy. In fact, the expected angle δ of
deflection due to, e.g., galactic magnetic fields, is (we assume 1 kpc as the
typical coherence length of the GMFs and a mean field strength of 3 µG)
[165]

δ = 2.7◦
60 EeV

E/Z

∣∣∣∣∣
∫ D

0

d~x

1 kpc
×

~B

3 µG

∣∣∣∣∣ , (3.6)

which shows that it decreases as the CR energy E increases. Therefore
only CRs of ultra-high energy are expected to give some hint on the source
direction. However, at energies larger than 1019 eV, where CRs are not
significantly deflected, their flux is of the order of 1 particle/km2/century,
hence very hard to detect. Only recently an indication of the correlation
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Figure 3.6: Size and magnetic field strength of possible sites of particle ac-
celeration, from [7]. Objects below the diagonal cannot accelerate protons to
1020 eV.

between UHECRs and possible source candidates has been claimed [165]
(see also [171, 172]) and questioned [173, 174], meaning that the problem is
still far from being assessed.

The lack of observational information is accompanied by a corresponding
lack of theoretical insights. Theoretically, UHECR source candidates are
inferred using the famous Hillas criterion [7] (see fig. 3.6), stating that the
maximum attainable energy by charged particles in a region of typical size
R filled by a magnetic field of strength B is

Emax = ZeBR . (3.7)

According to the Hillas criterion, only few astrophysical sources are in
principle able to power CRs up to 1020 eV, e.g. Active Galactic Nuclei, Neu-
tron Stars or Galaxy Clusters, but the observational answer to this question
is still far from being achieved.

The origin of lower energy CRs is maybe a less severe problem. Using
again the Hillas criterion, we find an entire class of objects, the remnants of
SuperNova explosions (SNR), that should be able to accelerate particles up to
at least Z×1015 eV [175]. Moreover, SNRs are known to be highly turbulent
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objects, in which strong shocks can form, which makes them suitable for
charged particle acceleration. Also, a simple energetic argument points to
SNRs as possible CR sources. In fact, given the SN explosion rate in our
Galaxy (∼ (30 yr)−1) and their typical kinetic energy output (∼ 1051 erg/s),
it can be shown that if SNRs are responsible for powering CRs, in order to
maintain a steady CR flux at Earth a (quite reasonable) ∼ 10% efficiency for
CR acceleration is required [163]. However, the observational evidence of this
fact is still lacking. Due to low energy CR diffusion into galactic magnetic
fields, it is impossible to obtain direct evidence of SNRs being CR sources.

On the other hand, indirect observations are indeed possible. In effect,
through observations of local SNR (like CasA, SN1006, RX J1713.7-3946 and
others) in the radio, X-ray and γ-ray bands, both features of synchrotron
emission and inverse Compton scattering of photons are observed, revealing
the presence of a power-law spectrum, with spectral index p ≈ 2, of shocked
electron population in the region. Together with electrons, it is natural to
assume that also shock accelerated protons (and in general ions) are present
in the same region, although the observational evidence is less clear. The
main feature expected in this case is the observation of photons produced by
the decay of π0s formed in hadronic collisions (p + pgas → p + p + π0± + ...)
with the surrounding material. This feature can be typically observed in γ-
rays in the GeV-TeV bands, but is clearly degenerate, at some extent, with
ICS-generated γ-rays. A particularly favourable case is if the γ-ray emission
is found to correlate with the density of gas in the region surrounding the
accelerator. Indeed, the observation of γ-rays with E > 1 TeV from the
direction of the Galactic Centre by HESS has excited a wide community of
scientists because of its correlation with molecular hydrogen gas, as inferred
from CS maps [176].

However, as pointed out in many works (see e.g. [19, 177, 178]) a multi-
messenger approach will be more suitable to disentangle the two possibilities.
In fact, in hadronic interactions also neutrinos, with energies of the order of
few TeV, comparable to that of γ-rays, are expected to be produced together
with γ-rays due to the decay of charged pions π±, while they are not expected
in presence of ICS radiation. Therefore, if very-high-energy neutrinos were
detected from some γ-ray source we could be reasonably sure that the source
is a CR accelerator.

Unfortunately, the expected neutrino fluxes from candidate sources are
very low, as they are expected to produce only ∼ 1 event/yr in a km-scale
Neutrino Telescope (like NEMO [179] or IceCube [180]) [19, 177, 178].
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3.4 Galactic Cosmic Rays: a possible propa-

gation model

As we already argued, the high isotropy of low energy CRs and the large
number of secondary nuclei, together with data from radioactive isotopes,
suggest that high-energy particles travel long time in the Galaxy effectively
interacting with the ISM. An important role here must be played by the
galactic magnetic field, but due to lack of information about the physical
conditions of the ISM, the details of the specific mechanism regulating the
propagation of CRs in the Galaxy are still unknown. Therefore, approxi-
mate semiempirical models have been developed, that allow to classify and
correlate numerous experimental facts and to interpret some properties of
composition, spectra and anisotropy of different components of CRs.

Being the galactic magnetic field chaotic at some level, charged particles
are generally expected to diffuse into it. It is well known, since the pioneering
work of Ginzburg and Syrovatskii [181], that in the absence of continuos
energy losses, re-acceleration and convection, the diffusive transport of stable
nuclei in the ISM is described by the following equation

∂Ni

∂t
+ ∇ (D · ∇ Ni) = (3.8)

Qi(Ek, r, z)− cβngas(r, z)σin(Ek)Ni +
∑
j>i

cβngas(r, z)σji Nj .

where Ni is the density of the species i, Ek ≡ (E −mA)/A (E is the total
energy of a nucleus with mass mA ' A ×mnucleon) is the kinetic energy per
nucleon Ek, which is constant during propagation, D is the diffusion tensor,
Qi(Ek, r, z) the distribution of CR sources. In the 2nd term of the r.h.s. of
eq. (3.8), which describes fragmentation losses, σi is the total inelastic cross
section onto the ISM gas with density ngas(r, z). In the third term σij is the
cross-section for the production of the nuclear species j by the fragmentation
of the i-th one.

To solve eq. (3.8) in general is a hard task. For this reason, many simpli-
fied models have been adopted. Before describing the most recent numerical
models, it is worth referring to one of the most widely known and used ana-
lytical models, the so called “leaky-box” model [163].

The “leaky-box” model assumes that diffusion occurs very fast in the
Galaxy, so that the CR density over the whole Galaxy is constant and the CR
transport can be described by replacing the diffusion term in eq. (3.8) with
a “leakage” one, of the form Ni/τesc, accounting for the escape of CRs out of
the Galaxy and all other quantities, like gas density or source distribution,
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with averaged ones. The resulting transport equation, derived from (3.8), is

∂Ni

∂t
+ Ni/τesc = (3.9)

Q̄i(Ek)− cβn̄gasσin(Ek)Ni +
∑
j>i

cβn̄gasσji Nj .

Within this framework, the most important properties of low-energy CRs
depend essentially on the average thickness of material crossed by CRs during
propagation xl = ngasvτesc. For example, if we want to calculate the station-
ary state density of a secondary species (which we label with the subscript
2) assuming it is produced only by spallation of the primary species 1, we
have

N2 × (1/τesc + cβn̄gasσ2(Ek)) = cβn̄gasσ12 N1 , (3.10)

whose solution for the secondary/primary ratio is

N2

N1

=
σ12

σ2 + 1/(τesccβn̄gas)
=

σ12

σ2 + 1/xl

. (3.11)

By using this kind of relationships and our knowledge of nuclear cross-
sections it is possible to infer the properties of xl as a function of the kinetic
energy per nucleon Ek. In fig. 3.7 the observed B/C ratio is shown. From
the energy dependence of B/C ratio it is possible to infer a scaling of the
form xl ∝ E−δ with δ ∈ [0.3, 0.7] depending on the details of the model used
to fit data. If one recalls the definition of the escape time (3.2) and, from
eq. (3.11), the definition of xl ∝ τesc, it is remarkable that the best fit value
is δ ≈ 0.6, which is precisely needed to account for the overall CR energy
spectrum.

Furthermore, it is possible, introducing some simplification in the more
general diffusion model, to relate the matter thickness xl to the mean CR
diffusion coefficient D [163]. If the gas is confined in a layer in the galactic
disk whose height hg is much smaller than the galactic halo one hh, it can be
shown that

xl =
ngvhghh

D
. (3.12)

Therefore, secondary/primary ratio measurements also give relevant informa-
tion on the diffusion properties of galactic CRs, implying D ∝ Eδ, δ ≈ 0.6
in this simple model.
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Figure 3.7: Compilation of data of B/C energy spectrum, from [8].
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3.4.1 The need of a more refined model

As usual in science, when more refined data were available, this simple
“leaky-box” model became inadequate to correctly reproduce them. In par-
ticular, more realistic diffusion models are required to provide a comprehen-
sive description of multi-channel observations (including heavy nuclei, elec-
trons, γ-rays and antimatter particles), accounting for the growing amount
of available astrophysical data.

The two-zone model [182, 183] introduces further details in the diffusion
model still trying to obtain analytical results, while on the numerical side the
GALPROP code6 [184, 185] has been developed extensively. In the case of
GALPROP, the adoption of a realistic gas and radiation field distributions
allows to model also the spectrum and angular distribution of the γ-ray
secondary emission.

Although these models allow a significant step forward with respect to
previous analyses, they still perform a number of simplifications with respect
to a more realistic physical scenario. In particular, they assume diffusion to
be statistically isotropic and homogenous, i.e. they adopt the same single
value (or at most two values in the two-zone model) diffusion coefficient all
over the propagation volume.

However, such assumptions may not always be justified, as diffusion co-
efficients generally depend on the regular magnetic field orientation and on
the ratio between the regular and chaotic magnetic field energy densities.
Although these quantities are poorly known, several observations and theo-
retical arguments suggest that they are far from being spatially homogeneous
in the Galaxy (see sec. 3.4.2 for more details). This may have relevant con-
sequences for the CR spatial distribution in the Galaxy, for the angular dis-
tribution of the secondary γ-ray and neutrino emissions [20] and to interpret
the CR anisotropy.

In order to be able to test some of those effects, as well as to verify
previous results which have been derived in the literature under more con-
ventional conditions, we developed a new numerical code, DRAGON (Dif-
fusion of cosmic RAys in Galaxy modelizationON). DRAGON is especially
designed to account for a spatially in-homogeneous and an-isotropic diffusion
coefficient. In its present version it allow to model CR nuclei transport at en-
ergies Emin & 1 GeV/n as well as the secondary γ-ray and neutrino emission
produced by their interaction with the ISM. We disregard CR convection
and re-acceleration (i.e. we work in a plain diffusion (PD) regime) and show
that most relevant measurements can be reproduced under these conditions.
Above Emin we expect that no other physical input than source spectra, dif-

6See also the GALPROP website http://galprop.stanford.edu/
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fusion and fragmentation processes can determine secondary/primary ratios,
hence a comparison of our prediction with experimental data should allow to
fix the slope delta of the diffusion coefficient for some assumed slope of the
CR injection spectra (see [186] for a detailed discussion about this issue).

In our analysis we will mainly refer to measurements of the sec-
ondary/primary flux ratios of several nuclear species (the most relevant are
B/C, N/O and sub-Fe/Fe) and the antiproton and p̄/p spectra, performed
by several satellite and balloon experiments.

In order to test our code, we firstly study the conventional case of a
uniform diffusion coefficient. Afterwards, we will analyse the previously un-
considered case in which D grows exponentially with the distance from the
Galactic Plane (GP) and traces the radial distribution of supernova rem-
nants.

3.4.2 Theoretical and observational motivations for in-
homogeneous diffusion models

Charged particles diffuse in chaotic magnetic fields due to their scattering
onto hydro-magnetic fluctuations. The presence of a regular component of
the magnetic field, which is the case in the Milky Way, is expected to break
isotropy so that spatial diffusion has to be described in terms of a diffusion
tensor Dij(x). According to [187] this can be conveniently decomposed as

Dij(x) =
(
D⊥(x)−D‖(x)

)
B̂iB̂j +D‖(x)δij +DA(x)εijkB̂k , (3.13)

where B̂i are the components of the regular magnetic field versor. The sym-
metric components D‖ and D⊥ are the diffusion coefficients along and per-
pendicularly to the regular field B0, while DA is the antisymmetric (Hall)
diffusion coefficient which accounts for the drift due to the interplay of B0

and CR density gradient. Since DA is relevant only at very high energies
(E & 1 PeV, see e.g. [20, 188]) we will disregard it in the following.

Since diffusion is related to magnetic processes, diffusion coefficients de-
pend on the particle rigidity ρ = p(E)/Ze. Moreover, in general D‖ and D⊥
depend differently on ρ and on the strength of hydro-magnetic fluctuations.
In the quasi-linear theory (QLT)

D‖(x, ρ) ' 1

3
vrL(ρ) P−1(k) (3.14)

where rL(ρ) = ρ/B0 is the Larmor radius and P(k) ≡ δB(k)2/B2
0 is the nor-

malised power spectrum of the turbulent hydromagnetic modes with wave-
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number k ≥ 2πr−1
L (ρ). A power-law behaviour P(k) ∝ k−γ is generally

assumed, with γ = 5/3 (3/2) for Kolmogorov (Kraichnan) turbulence spec-
trum. In QLT the perpendicular diffusion coefficient is

D⊥(x, ρ) ∼ D‖(x, ρ) P(k)� 1 , (3.15)

meaning that diffusion takes place mainly along the regular magnetic field
lines.

Although QLT may not be applicable to the conditions presents in the
ISM, more realistic computations [163] confirmed that expectation, finding
D⊥ ' 0.1 D‖. MonteCarlo simulations of particle propagation in turbulent
fields [189, 188, 190] also found a similar result (although computation time
limits allowed to test it only at energies above 100 TeV).

What is most relevant here, however, is the different behaviour of D‖
and D⊥ as a function of the turbulent power. Simulations of propagation
in strongly turbulent fields agree with QLT predicting D‖ (D⊥) decreasing
(increasing) when P(k) increases. It should be noted that if, as it is generally
assumed, the CR source distribution can be approximated to be cylindrically
symmetric, and the regular field to be purely azimuthal B = (0, Bφ, 0),
parallel diffusion plays no physical role7.

Clearly, under this approximation and in absence of an a priori criterion
to fix the normalisation and energy dependence of the diffusion coefficients,
the substitution of an isotropic diffusion coefficient withD⊥ would produce no
physical effects. This conclusion is no more true, however, if the homogeneous
diffusion approximation is relaxed and one tries to correlate spatial variations
of the relevant diffusion coefficients to those of the hydro-magnetic fluctuation
energy density, as D‖ and D⊥ have an opposite behaviour as functions of
P(k).

Spatial behaviour of D⊥ in the Milky Way

Very little is known about the spatial distribution of hydro-magnetic fluc-
tuations in the Galaxy. From a theoretical point of view, this quantity is
quite unlikely to be uniform, as fluctuations are expected to be correlated, via
particle-wave resonant scattering, to CRs, which in turn are correlated to the
non-uniform source distribution. Observationally, very little is known. There
are, however, evidences both for a longitude [192] and latitude [193, 194] de-
pendence of the fluctuation power.

7This conclusion is not expected to change significantly if a possible spiral shape and
a tiny dipole component of the regular magnetic fields are accounted for (though more
complex scenarios have been considered [191]).
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A radial variation of the diffusion coefficient may have relevant conse-
quences on the CR spatial distribution in the galactic disk. In [20] some of
us already pointed out that in-homogeneous diffusion may help reconciling
the discrepancy between the rather smooth diffuse γ-ray longitude profile
observed by EGRET [16] with the quite steep SNR (the most likely CR
sources) radial distribution (CR gradient problem). That can be understood
as a back-reaction effect: a larger CR density nearby sources induces a larger
P(k), hence a larger D⊥, which in turn implies a faster CR diffusion out of
those regions (note that the effect would be opposite for D‖). In sec. 3.4.5
we will show the possible consequences of this effect on the γ-ray angular
distribution.

Concerning the vertical profile of the diffusion coefficient we assume here

D(ρ, r, z) = D(ρ) f(r) exp {|z|/zt} . (3.16)

This is motivated by the requirement to get a physically more reasonable
behaviour of the CR density at large |z| (see fig. 3.8). In fact, a vertically
growing D⊥ may be justified if the regular component of the galactic mag-
netic field B0 decreases more rapidly than the turbulent one, so that P(k)
grows with |z| in spite of the decreasing CR density. Indeed, this seems
to correspond to the actual physical situation, as RMs of polarised radio
sources point to a vertical height scale zr for the regular magnetic field as
large as zr ' 1.5 kpc [195], while dating of unstable CR species (mainly the
10Be) constraints the halo vertical hedge to be in the interval 4−6 kpc [184].
An exponentially growing profile of the diffusion coefficient has been also
considered in [196].

We verified that, as far as stable secondary nuclei are concerned, replacing
an exponentially vertically growing D⊥ with a uniform one has almost no
effects, as expected because spallation takes place mainly in the thin Galactic
disk where the CR density is only marginally affected by the choice between
these two options. Observable effects may however be expected in the latitude
profile of the γ-ray emission.

3.4.3 Description of the model

We solve equation (3.8) numerically in the stationary limit ∂Ni/∂t = 0 us-
ing a Cranck-Nicholson scheme [184, 197, 20] with null boundary conditions.
This corresponds to free escape of CRs at the outer limit of the Galaxy,
defined by Rmax = 20 kpc and zmax. While Rmax is fixed, zmax is set to
zmax = 2× zt (cf. eq. 3.16) to avoid border effects.

We describe below our assumptions for the terms appearing in eq. (3.8).
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Figure 3.8: The proton flux vertical profile at 1 GeV obtained with DRAGON
assuming a uniform diffusion coefficient (blue, dashed line) is compared with
that obtained adopting the exponential profile in equation 3.16 for zt = 4 kpc
(light blue, continuos line). In both cases D is normalised so to reproduce
the B/C (see section 3.4.4).

Spatial diffusion The l.h.s. of eq. (3.8) describes spatial diffusion. As we
discussed above, we assume cylindrical symmetry and that the regu-
lar magnetic field is azimuthally oriented (B0 = Bφ(r, z) φ̂). Under
these conditions CR diffusion out of the Galaxy takes place only per-
pendicularly to B0. Therefore in the following it is understood that
D represents in fact the perpendicular diffusion coefficient D⊥. The
dependence of D on the particle rigidity ρ is (see e.g. [198])

D(ρ, r, z) = D0 f(r) β

(
ρ

ρ0

)δ
exp {|z|/zt} . (3.17)

The function f(r) describes a possible radial dependence of D. We
define it to be unity at Sun position (r = r�) so that D0 corresponds
to the local value of the diffusion coefficient at the reference rigidity
ρ0 = 3 GV.

CR sources For the source term we assume the general form

Qi(Ek, r, z) = fS(r, z) qi0

(
ρ

ρ0

)−αi
, (3.18)
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imposing Qi(Ek, r�, z�) = 1. While the exact form of fS(r, z) has little
influence on the charged secondary species spectra, it is very important
in shaping the γ-ray angular distribution. We assume fS(r, z) to trace
the SNR distribution as modelled in [199] on the basis of pulsar and
progenitor star surveys [20]. In the galactic disk such a distribution
is similar to that adopted in [17], but shows an excess in the Galactic
Bulge due to the contribution of type-Ia SNe, not accounted for in [17].
Both distributions are significantly more peaked than those empirically
determined [200, 184] by matching the γ-ray longitude profile measured
by EGRET [16].

The injection abundances qi0 are tuned so that the propagated spectra
of primary and secondary (or their ratio) species fit the observed ones
(see below). Even though our code allows to consider different power-
law indexes αi for the different nuclear species, in this work we only
consider the same αi ≡ α for all species, when not differently stated.
For each value of δ of eq. (3.17) the source spectral slope α is fixed
by the requirement that at high energy Ek � 100 GeV/n, at which
spallation processes are almost irrelevant, the equality α + δ = 2.7 is
satisfied8, in order to match the observed slope.

Nuclear cross sections As in GALPROP the spallation cross sections and
the spallation network are based on a compilation of experimental data
and semi-empirical energy dependent interpolation formulas as pro-
vided e.g. in [201, 202, 203].

Target gas The IS gas is composed mainly by molecular, atomic and ionised
hydrogen (respectively, H2, HI and HII). Although more realistic dis-
tributions are known, for r > 2 kpc we adopt the same distributions
as in GALPROP, for essentially two reasons. First of all, since CRs
propagate for million years in the Galaxy, in the stationary limit they
just probe a smoothed, mean gas distribution. Secondly, we can have
a more direct comparison with GALPROP results.

However, in the central region of the Galaxy, where GALPROP as-
sumes an interpolated density, we use the the H2 and HI distributions
as modelled in [204]. While the flux and composition of charged CR
reaching the Earth are not sensitive to the central gas distribution,
this choice allows us to better model the γ-ray emission in the Galactic
Centre (GC) region, as we will discuss in more details in sec. 3.4.5.

8In this regime, the theoretical expectation for the observed flux Φ on Earth is Φ(E) ≈
Q(E)/D(E) ∼ E−(α+δ) [163].
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Following [205] we take the He/H numerical fraction in the ISM to be
0.11. We neglect heavier nuclear species.

Here we neglect ionisation and Coulomb energy losses, which, however,
are estimated to be irrelevant at energies higher than 1− 2 GeV/n [163].

3.4.4 Testing DRAGON: the case of a radially uniform
diffusion coefficient

In order to test our code, we ran it under similar conditions to those
already considered in the literature. In this section we show the results
we obtained assuming that the diffusion coefficient does not depend on the
galactocentric radius r. As we mentioned in sec. 3.4.2, the adoption of an
exponential vertical profile for D does not affect significantly the results
presented in this section with respect to the case of isotropic and uniform
diffusion mostly considered in literature. Indeed, passing from a spatially
uniform D to the profile described by eq. (3.17) only amounts to a small
re-scaling of D0.

In the following, every label indicating a nuclear species refers in fact to
the sum of all its isotopes, unless otherwise stated.

The B/C ratio

As we already mentioned, the Boron to Carbon ratio (B/C) is one of the
most useful tracers of CR propagation in the Galaxy. In fact, since Boron is
entirely secondary, its observed abundance strongly depends on the residence
time of primary CRs in the Galaxy. Moreover, measurements of Boron and
Carbon fluxes are of better quality than those of other secondary/primary
ratios, and the B production cross sections from its main primaries (12C and
16O) are known better than for other secondary nuclides.

Fixing free parameters Once the spatial distributions of the CR sources
and the ISM gas have been chosen, the main parameters determining the
B/C in a PD model are the C/O and N/O injection ratios and the quantities
δ, D0 and zt in eq. (3.17). As it was already shown in several papers, sec-
ondary/primary ratios for stable species depend on the ratio D0/zt (which
will be always expressed in units of 1028 cm2 s−1 kpc−1 in the following)
rather than on the two parameters separately.

While primary/primary ratios are usually disregarded in the literature,
as they do not give direct relevant information on CR propagation, we use
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them to fix the C/O and N/O9 injection ratios, while we fix the abundances
of primaries heavier than oxygen by requiring that they match the observed
abundances in CRs at E ∼ 1− 10 GeV/n.

To this aim, we define two different χ2. We compute the former (which
we label χ2

{C/O,N/O}) by comparing our predictions for the C/O and N/O
modulated ratios to experimental data over the energy range of our interest.
The latter (which we label χ2

{D0/zt, δ}) is computed comparing our predicted

modulated B/C ratio to the observed one. Solar modulation is taken into
account here in the “force-field” approximation [206] using a modulation
potential of magnitude Φ = 500 MV. In order to study potential energy
dependent effects we consider two different minimum kinetic energies per
nucleon Emin

k for comparison to data: 1 GeV/n and 2 GeV/n. The low
statistical significance of the data set above this energy prevents us from
going further up the energy scale.

For each pair of values (D0/zt, δ), we determine the χ2
{C/O,N/O} distribu-

tion in the space (C/O, N/O) scanning over a wide range of C/O and N/O
injection ratios. For the set of parameters that minimises χ2

{C/O,N/O}, we com-

pute χ2
{D0/zt, δ} and we repeat this procedure for several values of (D0/zt, δ).

Finally, we analyse the distribution of χ2
{D0/zt, δ} to obtain our best fit values

for (D0/zt, δ) with the appropriate confidence regions.
Thus, this strategy allows us to fix best values of the C/O and N/O in-

jection ratios and to consistently determine the best propagation parameters
that will be used as our best model for the analysis of antiproton and γ-ray
fluxes.

We notice here that this procedure, which corresponds essentially to split
the whole 4−D parameter space into two separate ones, is physically moti-
vated by the weak dependence of primary/primary ratios on (D0/zt, δ).

Experimental data So far the best B/C measurements above 1 GeV/n
have been provided by the HEAO-3 [9] and CRN [10] experiments in the
range 1 < Ek < 30 GeV/n and 70 GeV/n < Ek . 1.1 TeV/n. New data
should be released soon by the CREAM [207] and TRACER [208] experi-
ments significantly improving the available statistics at high energy. Here we
use only HEAO-3, CRN data.

For consistency, we take also C/O and N/O data from the same experi-
ments.

9Note that N = 14N + 15N is a combination of primary and secondary nuclides



A bottom-up introduction to Cosmic Ray physics 105

(a) (b)

Figure 3.9: The distribution of χ2
{D0/zt, δ} is shown for the case Emin

k = 1

GeV/n (left) and 2 GeV/n (right). Contours limit 1, 2 and 3 σ confidence
regions.

Results We show in figures 3.9(a) and 3.9(b) the main results of our pro-
cedure. In fig. 3.9(a) the distribution of χ2

{D0/zt, δ} for Emin
k = 1 GeV/n is

shown, together with confidence regions at 68%, 95% and 99% Confidence
Level (CL). Our best-fit values for (D0/zt, δ,C/O,N/O) if Emin

k = 1 GeV/n
are (0.55, 0.57, 0.79, 0.04). The projection of this point in the (D0/zt, δ) plane
is highlighted by the cross in figure 3.9(a). Remarkably, the best-fit value
for δ favours a Kraichnan turbulence spectrum, rather than a Kolmogorov
one. Changing the minimum energy Emin

k from 1 GeV/n to 2 GeV/n indeed
produces no relevant effect. In particular, the best-fit values for D0/zt and
δ are not moved (see fig. 3.9(b)). It is interesting to notice that the partic-
ular value of δ = 0.57 we obtain is consistent with findings of other authors
(see [8] and references therein). The best-fit C/O and N/O injection ratios
(0.79,0.04) should be compared with the solar system ones [205] 0.76 and
0.11 respectively.

We do not include the sub-Fe/Fe (sub-Fe = V + Ti + Sc) ratio in our
statistical analysis because of the large uncertainties on the knowledge of
the spallation cross sections for heavy elements. However, we found that
we consistently obtain a reasonable match of experimental data also for this
observable. In order to improve the fit to this ratio a careful fine tuning of
nuclear cross section parametrizations seems to be needed. In fig. 3.10 we
show the B/C, C/O and N/O ratios as obtained with our best-fit model, and
assuming zt = 4 kpc.

A comment is in order here: the particular observables we are considering
are not sensitive to D0 and zt independently. A possible way to estimate zt is
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Figure 3.10: In these panels we show our best fit for the B/C, C/O and N/O
compared with HEAO-3 [9] (red diamonds), CRN [10] (green, triangle) and
ATIC-II [11] (blue) experimental data (though the latter are not used in our
statistical analysis). Continuos curves: local interstellar (LIS); dashed lines:
top of atmosphere (TOA) (Φ = 500 MV).
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offered by unstable/stable ratios (e.g. 10Be/9Be), which are known to probe
the vertical height of the Galaxy [163]. Unfortunately, the best experimental
data for this particular ratio have been obtained at energies . 100 MeV/n,
while only 2 experimental points with large errors are available at 1 GeV/n
[209]. Since our code does not allow us to have reliable predictions down
to few hundreds MeV/n, because we do not account for continuous energy
losses, it is impossible for us to draw any firm conclusion about our best value
for zt. However, by considering only the 10Be/9Be points around 1 GeV/n
we infer that zt should lie between 3 and 5 kpc, in agreement with previous
findings [210].

Antiprotons

Most antiprotons reaching the Earth are expected to be a product of
CR hadronic collisions with the IS gas. Their measured spectra provide,
therefore, valuable information on CR propagation which are complementary
to that coming from secondary nuclei (see e.g. [211, 212, 213]).

The main processes responsible for p̄ production are p pgas, p Hegas,
He pgas and He Hegas, plus a negligible contribution from other nuclei. Sim-
ilarly to [212, 213] we use the p̄ production cross-section calculated using
the parametrization given in Tan & Ng [214]. We account for the con-
tribution of heavier nuclei in the CRs and the ISM by using the effec-
tive correction function determined by Simon et al. [215] with the Mon-
teCarlo model DTUNUC. Inelastic scattering, annihilation and tertiary
p̄ (antiprotons which have been inelastically scattered) are treated as in
[213]. For the local interstellar spectrum (LIS) of primary nuclei we adopt
Φp = 1.6×104 (Ek/1 GeV)−2.73 (m2 s sr GeV)−1 as measured by BESS during
the 1998 flight [216] by accounting for a solar modulation potential Φ = 550
MV in the “force-field” approximation [206].

We use DRAGON to simulate the primary proton distribution in the
Galaxy and the LIS of secondary antiprotons. Normalisation is imposed
by requiring that the simulated proton LIS coincides with Φp(r�, 0)obs

10. In
figures 3.11(b) and 3.11(a) we compare our results with the experimental data
released by BESS for the periods 1995-97 [12] and 1998 [13] in the energy
interval 1− 4 GeV, and by CAPRICE (1998) [14] in the range 3− 49 GeV.
All these data refer to a period of low solar activity (the minimum was in
1997) and same positive phase of the solar cycle, with a mean value of the
modulation potential for the period 1995-1998 of Φ = 550 MV [13]. Hence
we will also use Φ = 550 MV to obtain p̄ modulated spectra.

10Only the absolute p̄ flux is dependent on such normalisation.
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(a) (b)

Figure 3.11: The p̄/p ratio (left) and antiproton absolute spectrum (right) are
compared with BESS 95+97 [12], BESS98 [13], CAPRICE [14], and AMS [15]
experimental data. The shadowed regions correspond to models matching
the B/C data within 1σ. LIS: grey band, short dashes; modulated (Φ = 550
MV): light blue band, long dashed.

The shaded regions correspond to the uncertainty on the antiproton flux
due to the uncertainty on the propagation parameters, and are constructed
using values of (D0/zt, δ) within the 1σ region of fig. 3.9(a). The figures
shown in this section are derived using zt = 4 kpc, but we checked that,
similarly to the B/C case, different choices of this parameter do not affect
the antiproton spectrum provided that D0/zt is kept constant.

In fig. 3.11(a) we also show the LIS and TOA energy behaviour of the
p̄/p ratio obtained with the parameters corresponding to minimum of the χ2

distribution shown in fig. 3.9(a). It is evident that the models which fit the
B/C data within 1σ are also compatible with the antiproton measurements.
A statistically poor excess of the predictions of our best-fit model respect to
the BESS data, which was also found in [213], is probably not significant due
to the large systematic uncertainties. At higher energies, we have a small
tension between our predictions and the highest energy CAPRICE data. A
better agreement may be found if preliminary PAMELA [217] results will be
confirmed.

3.4.5 Radial dependent diffusion and the γ-ray longi-
tude distribution

In this section we model the secondary γ-ray emission originated, via
π0 decay, by the interaction of the hadronic component of CRs with the IS
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gas. Along the GP, where the gas column density is higher, this process
is expected to give the dominant contribution to the total diffuse emission
above the GeV. At the energies of our interest a simple scaling model for
the differential production cross section can still reliably be used. In this
regime the energy spectrum of secondary γ’s is a power law with the same
slope as the primary nuclei (only protons and He nuclei give a significant
contribution).

The main gas (target) components are the molecular (H2) and atomic
(HI) hydrogen, and He atoms. The contribution of ionised hydrogen is almost
irrelevant in the GP. For r > 2 kpc, we adopt the same HI spatial distribution
as [184]. For the H2 we assume

nH2(r, z) = ε0(r) XCO(r) exp
{
− ln 2(z − z0)2/zh(r)

}
, (3.19)

where ε(r) is the CO (a widely used H2 tracer) volume emissivity, z0(r)
and zh(r) are the midplane displacement and scale heights respectively, and
XCO(r) is the CO - H2 conversion factor. All these quantities, with the
exception of XCO(r), are the same as in [218, 184, 185] for r > 2 kpc, while
for smaller radii we adopt the Ferriere et al. model [204]. The adoption of
Ferriere’s model for the molecular and atomic hydrogen for r < 2 kpc allows
us to avoid the interpolation of the γ-ray flux profile in the GC region and
to reproduce naturally the peaked emission observed by EGRET toward the
GC as we already pointed out in [219]. For the 11% He fraction we adopt
the same spatial distribution as for the HI.

The CR gradient problem

The main issue we want to address here is the so called CR gradient prob-
lem. This originates from the well known discrepancy between the theoretical
flux profile obtained by assuming SNRs to be the sources of galactic CRs and
that inferred from EGRET γ-ray diffuse observations [16]. Under mild as-
sumptions on the distribution of the galactic gas, it was found [200, 184] that
the inferred CR radial profile should be much flatter than the theoretically
expected one.

A former proposed solution and a test for DRAGON A possi-
ble way out was suggested in [17] in terms of a radially variable XCO.
While in [184, 185] this quantity was assumed to be uniform (XCO =
1.8 × 1020 cm−2/(K kms−1))11, in [17] it was taken to increase gradually

11For clarity, in the following we will drop units in quoting values of XCO. They are
always understood to be cm−2/(K km s−1).
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by more than one order of magnitude from 4× 1019 at r = 2 kpc to 1× 1021

at r > 10 kpc. However, while the growth of this parameter with r is sug-
gested by both theoretical arguments and observations of external galaxies,
its actual behaviour is rather uncertain so that in [17] it had to be tuned into
5 steps to match EGRET observations.

To test our code against possible failures in reproducing the γ-ray lon-
gitude profile, we try to reproduce the results of [17]. We adopt the same
XCO(r) which was used in [17] and a CR model giving the best-fit of the B/C
in the case of a radially uniform diffusion coefficient. We use δ = 0.57 (see
sec. 3.4.4) but our results do not change appreciably by using any value in
the interval 0.45− 0.65. In fig. 3.13(a) we compare our results with EGRET
measurements along the GP for 4 < Eγ < 10 GeV [16].

We reasonably reproduce both the normalisation and the main features
of the observed longitude profile. Smaller structures may only be reproduced
using a detailed 3−D model of gas distribution which we are planning to do
in a forthcoming paper. For comparison, in the same figure we also show the
emission profile which we would obtain using a constant XCO(r) = 1.8×1020

for r > 2 kpc.

An alternative solution of the CR gradient problem As an alterna-
tive possibility we explore the case in which the diffusion coefficient traces
the radial dependence of the SNR distribution as we motivated in sec. 3.4.2.
According to the arguments explained in the same section we expect the CR
radial profile to be smoothed with respect to the one obtained in the case of
constant diffusion coefficient. Hence, we expect to be able to fit EGRET lon-
gitude profile without fine tuning the parameter XCO. Indeed, this is what
we find.

We assume a constant XCO = 1.8× 1020 for r > 2 kpc, while in the bulge
(r < 2 kpc), where physical conditions are much different from the outer
disk, we take XCO = 0.5×1020 [204]. For the diffusion coefficient, we assume
that the function f(r), as defined in eq. (3.17), is

f(r) = fS(r, 0)τ . (3.20)

The function fS(r, 0) describing the radial distribution of the Galactic SNRs
is taken by [199] and is the same as in [20]. The exponent τ is practically
unknown, hence it will be fixed by the requirement to reproduce observations.
We verified that, as long as τ < 1, we are still able to obtain a good fit of
the B/C and antiproton data with nearly the same parameter values as in
section 3.4.4. In particular, we find that for τ = 0.75 the best-fit value for
D0/zt is 0.52 while δ, the C/O and N/O injection abundances are unchanged
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Figure 3.12: Proton differential flux at E = 1 GeV for three different choices
of the parameter τ setting the radial dependence of the diffusion coefficient
on the SNR distribution (see eq. (3.20)). τ = 0 (radially uniform D): blue,
continuous curve; τ = 0.5: green, dotted; τ = 0.75: red, dot-dashed. In all
cases zt = 4 kpc and the D normalisation giving the best fit to B/C data is
chosen.

with respect to the radially uniform diffusion case discussed in the previous
sections.

It is worth noticing, however, that the CR spatial distributions corre-
sponding to these models are considerably different. In fig. 3.12 we show
the radial profile of the proton differential flux at 1 GeV for three different
values of the parameter τ : 0.75, 0.5 and 0 (the latter corresponds to a radi-
ally uniform D). It is remarkable that the smoothing effect of relating D to
the SNR distribution can be quite significant without spoiling the successful
predictions for the charged secondary CR at Earth. Interesting observable
effects, however, are expected for what concerns the diffuse γ-ray emission.

In fig. 3.13(b) we show the simulated γ-ray longitude profiles as obtained
using τ = 0.75 (smaller values of τ produce a less pronounced flattening).
It is clear that our model is able to reproduce EGRET observation without
invoking a fine tuning of the XCO

12.
It is worth noticing that there is a potential degeneracy between the

radial dependence of XCO and that of the diffusion coefficient, as evident
comparing figures 3.13(a) and 3.13(b). This should be taken into account
when interpreting observations of γ-ray diffusion emission of the Galaxy.

12Although we achieved this result by phenomenologically introducing the free param-
eter τ , it should be noticed that, differently from the XCO(r), τ is the only single value
parameter which does need to be tuned in this model.
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(a) (b)

Figure 3.13: Our predictions for the longitudinal profiles of the γ-ray hadronic
emission integrated for |b| < 1◦ are compared with EGRET measurements
[16]. Left panel: radially uniform D with XCO = 1.8× 1020 cm−2/(K kms−1)
for r > 2 kpc (long dashed curve), and XCO as in [17] for r > 2 kpc (contin-
uous curve). Right panel: D(r) tracing the SNR distribution with τ = 0.75.
In both cases zt = 4 kpc and D normalisation is chosen to best-fit the B/C
data.

3.4.6 Final remarks

We modelled CR transport in the Galaxy assuming a plain diffusion
model. We study two main cases: in the first one the diffusion coefficient D
is assumed to be uniform along the Galactic Plane, while in the second case
we consider, for the fist time, a D(r) which traces the radial profile of SNRs
(which we assume to be the CR sources).

The fact that we can consistently reproduce the observed antiproton spec-
tra and the main secondary/primary nuclear ratios for E & 1 GeV/n makes
us quite confident of the validity of our approach. By using only the B/C,
C/O and N/O data we found that the preferred range (1σ) of values of the
slope of diffusion coefficient is 0.43-0.65. The best fit value is δ ' 0.57.
This is in agreement with findings of other authors. A Kolmogorov spec-
trum is disfavoured and re-acceleration seems to be unnecessary to interpret
data above 1 − 2 GeV/n. Forthcoming experiments like CREAM [207] and
TRACER [208] for what concerns nuclei and PAMELA [217] and AMS [15]
for antiprotons may soon allow to strengthen this conclusion by improving
both statistics and quality of data.

While in both cases we obtain substantially the same successful predic-
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tions for what concerns nuclei and antiprotons reaching the Earth, the corre-
sponding CR primary spatial distributions in the Galaxy can be considerably
different. This may have a number of interesting effects, including a possible
role in the solution of the problem which plain diffusion models face predict-
ing a too high CR anisotropy above 100 TeV.

We focused also on the effects on the expected secondary γ-ray diffuse
emission. We showed that the longitude distribution of that emission can be
significantly affected by in-homogeneous diffusion. In [20] we already noticed
that the effect goes in the right direction to provide a viable solution of the
CR gradient problem. Here we confirm this claim and succeed reproducing
EGRET observations for 4 < E < 10 GeV and |b| < 1◦ for a reasonable
choice of the relevant parameters. The extension of our predictions to larger
latitudes would require to implement in DRAGON electron propagation (and
losses) and more detailed gas and radiation distributions. We conclude by
noticing that our predicted neutrino flux above 1 TeV along the GP is almost
coincident with that derived in [20].





Chapter 4

Ultra-high-energy Cosmic Rays
and LV

“Permitte divis cetera”

Q. Horatius Flaccus

UHECRs observations can be used to further constrain LV at unprece-
dented levels. In particular, two different observables can be exploited. One
is the fact that no modification seems to occur to the propagation of UHE
photons (E > 1019 eV), which will be exploited in sec. 4.1. The second rele-
vant observation is that of the GZK cut-off, which has been briefly discussed
in sec. 1.5.6.

Since we have so high energies at our disposal, we take the opportunity
of exploring also higher dimension LV operators, suppressed by O(E2/M2

Pl.
From a purely logical point of view, it could seem unreasonable to study
O(E2/M2

Pl) LV corrections (those leading to 4−MDR), as these will be always
subdominant with respect to those at O(E/MPl) (those leading to 3−MDR).
However, the reasons for this interest are both empirical and theoretical.

On the observational side, the LV parameters η
(3)
± are presently con-

strained to be less than O(10−5) at 95% confidence level (CL) by a detailed
analysis of the synchrotron component of the Crab Nebula broadband spec-
trum [21], while so far the best constraint on |ξ(3)| . 6 × 10−10 at 95% CL
is obtained by considering the absence of vacuum birefringence effects in the
propagation of hard-X ray polarised light from the Crab Nebula (see sec. 2.7).

On the theoretical side, a reasonably good motivation for focussing on
O(E2/M2

Pl) LV corrections is related to the so called “naturalness problem”
[58], which we have already exposed in sec. 1.3.3.

Let us recall it briefly. It is generic that, even starting with an EFT
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with only mass dimension 5 or 6 LV operators for free particles, radiative
corrections due to particle interactions will generate lower dimension Lorentz
violating terms without introducing any further suppression [60]. Hence extra
LV terms in p and p2 will be generically dominant on the higher order LV
terms and lead to extremely stringent constraints on the dimensionless LV
coefficients ξ(n), η(n).

However, it has been shown [62] that if the theory includes SuperSym-
metry (SUSY), then dimension 3 and 4, renormalizable, LV operators are
forbidden. As a consequence, renormalisation group equations for Super-
symmetric QED with dimension 5 LV operators à la Myers & Pospelov were
shown not to generate lower dimensional operators, if SUSY is unbroken.

SUSY soft-breaking does lead to LV terms in p and p2, however charac-
terised only by a suppression of order m2

s/MPl (n = 3) or (ms/MPl)
2 (n = 4),

where ms ' 1 TeV is the scale of SUSY soft breaking [62]. Nonetheless, given
the present constraints, dimension 5 LV operators would induce dimension 3
ones which are already tremendously constrained. Hence, in the n = 3 case
one would have to require unnaturally small LV coefficients in order to have a
viable model. On the contrary, if n = 4 then the induced dimension 4 terms
are suppressed enough, provided ms < 100 TeV, so to be compatible with
current constraints without requiring ξ(4), η(4) much less than one. There-
fore, missing an alternative “custodial symmetry” for Lorentz violation with
respect to SUSY, QED dimension 5 LV operators seem problematic, while
dimension 6 LV, CPT even, ones are favoured.

At the moment, a clear general argument, as to why LV dimension 5
operators should not appear, is missing. However, if we assume, together
with SUSY symmetry with ms < 100 TeV, also CPT invariance for the
Planck scale theory, then not only dimension 3 and 4 but also dimension 5,
CPT odd, LV operators would be forbidden and only CPT even, dimension
6 ones would appear [63] 1.

4.1 UHE photons and LV

Let us consider again the case of Effective Field Theory (EFT) with LV
operators. We shall here deal with modified QED via non-renormalizable,
Planck suppressed LV operators (the analogue theory with renormalizable
operators being already severely constrained [31]). It has been shown in
sec. 1.3 that the addition of the two lowest order non-renormalizable LV
operators (mass dimension 5 and 6 respectively) to the effective Lagrangian of

1It is however important to stress that the SUSY LV operators considered in [62] do
not lead to dispersion relations of the form presented here.
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QED leads to the following high-energy modified dispersion relations (MDR)
(since the LV correction is proportional to pn we call them n−MDR with
n = 3 for dimension 5 operators and n = 4 for dimension 6 ones)

ω2
± = k2 + ξ

(n)
± kn/Mn−2 (4.1)

E2
± = p2 +m2

e + η
(n)
± pn/Mn−2 , (4.2)

where (4.1) refers to photons while (4.2) refers to fermions. As usual, in the
following we will assume M to be comparable to the Planck mass MPl '
1.22× 1019 GeV. The constants ξ

(n)
± and η

(n)
± indicate the strength of the LV

and take values on the whole real axis. In (4.1) the + and− signs denote right
and left circular polarisation, while in (4.2) they indicate opposite helicity
fermion states.

As already detailed in sec. 1.3, a crucial difference between the n = 3 and
n = 4 cases is the fact that the former is characterised by LV terms which
break CPT invariance while the relevant ones for the 4−MDR are CPT even
[63]. This difference implies that for the 3−MDR there is an effective breaking
of the symmetry between the two helicity states of the photon. Indeed one
finds that ξ

(3)
+ = −ξ(3)

− ≡ ξ(3), while ξ
(4)
+ = ξ

(4)
− ≡ ξ(4) [63]. On the other hand,

it can be shown that the coefficients of electrons and positrons are related as
ηe

−
± = (−)nηe

+

∓ , exploiting the argument given in [58, 63].
Since suitable powers of the suppressing scale MPl have been already fac-

tored out in eq.(4.1, 4.2), natural values of the LV, dimensionless coefficients
in (4.1, 4.2) are expected to be O(1).

It has been recently pointed out [220] that if Lorentz symmetry was vio-
lated, then the absorption of ultra-high-energy (UHE) photons (E > 1019 eV)
on the Cosmic Microwave Background (CMB) and the Universal Radio Back-
ground (URB) could be forbidden, so leading to large photon fluxes reaching
Earth. This would violate limits put by current experiments [221, 222] on
the photon fraction in UHECR. Hence, very strong constraints |ξ(3)| . 10−15

and ξ(4) & −10−7 were claimed [220]. An underlying assumption in [220] is
that η(n) ' 0 in order to prevent competing reactions with respect to photon
absorption. This is an important limitation, as we will show below.

We extend here the idea given in [220] to the full LV QED framework
described by the equations (1.31) and (1.32). While the original constraints
[220] are weakened, we shall see that, when used together with other EFT
reactions, this method has the potentiality not only to basically rule out the
n = 3 case but also to strongly constrain, for the first time, the CPT-even
(hence possibly theoretically favoured) n = 4 LV QED.
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4.1.1 Basic facts on UHE photons

UHE photons originate in the interactions of UHECRs with the CMB,
leading to the production of neutral pions which subsequently decay into
photon pairs. Pion production occurs only if the interacting UHECR energy
is above Eth ' 5× 1019 (ωb/1.3 meV)−1 eV (ωb is the target photon energy).
Hence, it has long been thought to be responsible for a cut off in the UHECR
spectrum, the Greisen-Zatsepin-Kuzmin (GZK) cut-off [110, 111].

Experimentally, the presence of a suppression of the UHECR flux has
been confirmed only recently with the observations by the HiReS detector
[44] and the Pierre Auger Observatory (PAO) [43]. Although the cut off
could be also due to the finite acceleration power of the UHECR sources, the
fact that it occurs at the expected energy favours the GZK explanation. The
results shown in [165] further strengthen this hypothesis.

The PAO and the Yakutsk and AGASA experiments also imposed limits
on the presence of photons in the UHECR spectrum. In particular, the
photon fraction is less than 2.0%, 5.1%, 31% and 36% (95% C.L) at E = 10,
20, 40, 100 EeV respectively [221, 222]. Although its theoretical computation
is quite uncertain and depends on many unknowns related to source and
propagation effects [221], it is established that photons are mainly attenuated
by pair production onto CMB and URB.

However, pair production is strongly affected by LV. In particular, the
(lower) threshold energy can be slightly shifted and in general an upper
threshold (a finite energy above which pair production is no more allowed by
energy-momentum conservation) can be introduced [102]. Therefore, if the
upper threshold energy happens to be lower than 1019 eV, then UHE photons
are no more attenuated by the CMB and can reach the Earth constituting
a significant fraction of the total UHECR flux, thereby violating present
experimental limits2 [220].

However, this argument is not stringent enough to cast constraints on LV
in EFT, because in this framework two competitive processes, forbidden in LI
physics, are allowed and can effectively dump the photon flux: photon decay
in vacuum and photon splitting (γ → Nγ). In [220] the special case η(n) ∼ 0
and ξ(n) < 0 was considered, in order to prevent these extra processes. In
the following we will study the full parameter space.

2This conclusion could be evaded if the GZK process was not effective. However, the
large mass difference between pions and electrons implies that, at comparable energies
and LV coefficients, the GZK reaction must be much less affected than pair production.
Moreover, it can be shown [220] that LV does not affect the kinematics of π0 decay.
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4.2 LV reactions

In order to perform a consistent analysis in LV EFT, we have to consider
three processes related to photon attenuation: pair production, γ-decay and
photon splitting.

4.2.1 Pair production

This well known process occurs whenever the center-of-mass energy of
the γγ system is sufficient to produce a e+/e− pair, i.e. it is larger than 2me.
This condition corresponds to k ≥ kth = m2

e/ωb.
In the following, we exploit the above mentioned relation ηe

−
± = (−)nηe

+

∓ ,
as on average the initial state is unpolarised. This is justified as π0 decay
produces photons with opposite polarisation and the CMB is unpolarised
on average. Moreover, the interaction at threshold must occur in S-wave,
because the particles’ momenta need to be aligned [102]. Nevertheless, it
is possible that, if the S-wave channel is forbidden, higher partial mode
interactions occur in off-threshold configuration. In this case, however, the
reaction rate is suppressed by partial mode suppression and because only
suitably polarised initial states can contribute to it.

Within this framework, and exploiting energy-momentum conservation,
the kinematics equation governing pair production is the following [58]

m2

kny (1− y)
=

4ωb
kn−1

+ ξ̃ − η̃
(
yn−1 + (−)n (1− y)n−1) (4.3)

where ξ̃ ≡ ξ(n)/Mn−2 and η̃ ≡ η(n)/Mn−2 are respectively the photon’s and
electron’s LV coefficients divided by powers of M , 0 < y < 1 is the fraction
of momentum carried by either the electron or the positron with respect to
the momentum k of the incoming high-energy photon and ωb is the energy of
the target photon (we will assume in the following ωb = ωCMB ' 6× 10−4 eV
and will not consider pair production onto the URB, as our main conclusions
can be drawn using just CMB). Note that the symmetry of (4.3) under the
exchange e+ ↔ e− is manifested in its symmetry under y ↔ 1 − y and
η̃ ↔ (−)nη̃.

Pair production can be severely affected by LV. In particular, it has been
shown [102] that, rather surprisingly, not only the threshold energy kth is
modified, but also an upper threshold is introduced. Physically, this means
that at sufficiently high momentum the photon does not carry enough en-
ergy to create a pair and simultaneously conserve energy and momentum.
However, an upper threshold can only be found in regions of the parameter
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space in which the γ-decay is forbidden, because if a single photon is able to
create a pair, then a fortiori two interacting photons will do [102].

The structure of the lower and upper thresholds for n = 3, 4 has been
studied in [102] if η+ = η−. The same kind of analysis can be extended
to the full EFT case. However, being the computation rather cumbersome,
we shall evaluate it numerically. The structure of the constraint is different
depending on n. If n = 3, since ξ

(3)
+ = −ξ(3)

− and the constraint is imposed
on both left and right polarised photons, it is symmetric with respect to
ξ ↔ −ξ. If n = 4 such a symmetric structure is lost.

4.2.2 γ-decay

While forbidden in LI theory, this reaction is allowed in a LV framework
if the photon energy is above a certain threshold. The latter can be eas-
ily derived by solving the relative energy-momentum conservation equation
which can be readily inferred from (4.3) by noticing that it corresponds to
the limit ωb → 0.

4.2.3 Photon splitting

This is forbidden for ξ(n) < 0 while it is always allowed if ξ(n) > 0 [102].
When allowed, the relevance of this process is simply related to its rate. The
most relevant cases are γ → γγ and γ → 3γ, because processes with more
photons in the final state are suppressed by more powers of the fine structure
constant.

The γ → γγ process is forbidden in QED because of kinematics and C-
parity conservation. In LV EFT neither condition holds. However, we can
argue that this process is suppressed by an additional power of the Planck
mass, with respect to γ → 3γ. In fact, in LI QED the matrix element is zero
due to the exact cancellation of fermionic and anti-fermionic loops. In LV
EFT this cancellation is not exact and the matrix element is expected to be
proportional to at least (ξE/MPl)

p, p > 0, as it is induced by LV and must
vanish in the limit MPl →∞.

Therefore we have to deal only with γ → 3γ. This process has been
studied in [102, 223]. In particular, in [223] it was found that, if the “effec-
tive photon mass” m2

γ ≡ ξEn
γ /M

n−2
Pl � m2

e, then the splitting lifetime of a

photon is approximately τn=3 ' 0.025 ξ−5f−1 (50 TeV/Eγ)
14 s, where f is

a phase space factor of order 1. This rate was rather higher than the one
obtained via dimensional analysis in [102] because, due to integration of loop
factors, additional dimensionless contributions proportional to m8

e enhance
the splitting rate at low energy.
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This analysis, however, does not apply to our case, because for photons
around 1019 eV m2

γ � m2
e if ξ(3) > 10−17 and ξ(4) > 10−8. Hence the above

mentioned loop contributions are at most logarithmic, as the momentum
circulating in the fermionic loop is much larger than me. Moreover, in this
regime the splitting rate depends only on mγ, the only energy scale present
in the problem.

We then expect the analysis proposed in [102] to be correct and we infer
that the splitting time scale at Eγ ' 1019 eV is larger than the propagation
one (100 Myr for GZK photons) if ξ(3) < 0.08, while if n = 4 it is well above
100 Myr even for ξ(4) ∼ O(1).

4.3 Results

We have demonstrated so far that only γ-decay and pair production are
relevant to our analysis. By considering these processes three kinds of con-
straints are possible.

On the one hand, since at present we have stringent upper bounds on
photon fluxes up to 1020 eV [222], then any upper threshold energy introduced
by LV in pair production must be larger than this figure. This leads to the
constraint represented by the black thick solid lines in fig. 4.1, where the
allowed region is obviously the one including the origin and in the case n = 3
is the intersection of the upper threshold allowed region with the ones allowed
by already existing constraints (red lines). We confirm the claim by [220]
that, for η(3,4) = 0, |ξ(3)| . 10−15 and ξ(4) & −10−7. However, fig. 4.1 shows
that this is a rather special (and favourable) case.

On the other hand, if some photons were detected above 1019 eV, then
it could be deduced that the threshold energy for γ-decay is larger than this
energy (once allowed, photon decay is basically instantaneous [58]). Indeed,
the PAO will reach the required sensitivity to probe such theoretically ex-
pected fluxes [224] within the next few years [221]. In this case the allowed
region would be the “clepsydra” delimited by the black solid line in fig. 4.2
and by the two horizontal red lines corresponding to the birefringence con-
straint. As it can be inferred from fig. 4.2, for n = 3 the combination of the
above mentioned constraints would cast the very strong bound |η(3)| < 10−7.
Conversely, no significant limit would be placed for n = 4.

Finally, we notice that these two methods do not in principle exclude each
other (although the physical effects are mutually exclusive). This is the case
if a lower limit to the photon flux at 1019 eV is imposed by the experiments
(thus implying the absence of γ-decay), while the upper limit at 1020 eV is
confirmed. The constraint obtained in this case would be very strong, as the
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Figure 4.1: Left panel: n = 3 LV. Right panel: n = 4 LV. Constraints from
the absence of pair production upper threshold. The best constraints to date
are shown in red, if they exist. The allowed region includes the origin and
corresponds to the intersection of the regions bounded by the red and black
lines.
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Figure 4.2: Left panel: n = 3 LV. Right panel: n = 4 LV. γ-decay threshold
structure. The best constraints to date are shown in red, if they exist.
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Figure 4.3: Left panel: n = 3 LV. Right panel: n = 4 LV. The LV parameter
space is shown. The current best constraints (when they exist) are drawn
in red. Black solid lines represent values of (η, ξ) for which the γ-decay
threshold kγ−dec ' 1019 eV. Dot-dashed, green lines indicate pairs (η, ξ) for
which the pair production upper threshold kup ' 1020 eV.

allowed region is given by the intersection of the two regions bounded by the
green dot-dashed and the black solid lines in fig. 4.3. Figure 4.3 shows that
in this case, for n = 3 one would get |ξ(3)|, |η(3)| . 10−14, basically ruling out
this model. Remarkably, also the case n = 4 would be strongly constrained
as in this case one could deduce |ξ(4)|, |η(4)| . 10−6.

This would be the first strong and robust limit on the n = 4, CPT even LV
QED, which, as we explained before is also favoured from a theoretical point
of view. Accidentally, as a methodological remark, this result also shows
that while much attention was focussed on the detection of single event at
GZK energies for constraining LV, full spectral information could be more
effective.





Conclusions

“There is nothing more
deceptive than an obvious fact”

Sherlock Holmes

This thesis has been devoted to the study of the phenomenology of possi-
ble models of Quantum Gravity. In particular, we exploited the consequences
of intermediate energy effects induced by Quantum Gravity being described
in the context of Effective Field Theory. This framework is known to be
able to reproduce successfully most of low energy physics. In the absence of
a model of Quantum Gravity mature enough to compute consistently pre-
dictions on low energy processes, a reasonable guess is to assume that these
processes are described in Effective Field Theory. Indeed, any model of Quan-
tum Gravity should succeed in describing at least the established physics of
the Standard Model of particle interactions, hence it should admit an EFT
low energy limit.

In particular, we have studied the phenomenology of the violation of
Lorentz invariance, a common feature of many QG models. In the con-
text of EFT, LV is expressed through the addition of LV operators to the
Lagrangian of the Standard Model. Although both renormalizable and non-
renormalizable operators are possible in general, we focused mainly on the
latter ones. There are many reasons for this fact: on the one hand, renor-
malizable operators induce LV at very low energy (comparable to the mass
of involved particles), hence they are very strongly constrained by terrestrial
experiments; on the other hand, the presence of non-renormalizable opera-
tors is somehow theoretically expected, if they are originated by freezing out
of high-energy degrees of freedom. These latter operators are naturally sup-
pressed by a mass scale (which is assumed to be of the order of the Planck
mass MPl), hence their effects are evident at substantially higher energy than
former ones. Since the interesting energy scale for LV effects to be relevant
is of the order of at least few TeV if we study electromagnetic interactions of
electrons/positrons and photons, observations of high energy radiation from
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astrophysical objects are mostly suited for the purpose of studying LV effects.
Throughout this work, we have shown the importance of high-energy as-

trophysics observations in constraining LV. Indeed, several observations of
high energy radiation from a well known galactic object, the Crab Nebula,
have been exploited. The most interesting region of the Crab Nebula radia-
tion spectrum is the one with frequencies ranging between ∼ 1 MeV/h and
∼ 100 MeV/h (h is the Planck’s constant). This portion of the spectrum is
usually interpreted as due to synchrotron emission of electrons and positrons
accelerated at extremely high energies E & 100 TeV.

In order to study the LV effects on the radiation spectrum, we needed
to reconsider the LI model for the Crab Nebula emission. We looked at any
model assumption and implication in which Lorentz invariance could play
a crucial role and checked whether the same consequences could be kept
in presence of LV. In particular, we studied the modifications induced by
LV on the Fermi first order acceleration mechanism, which is thought to be
responsible for electron and positron acceleration in the Crab Nebula, and
the effects of some processes usually forbidden in LI physics, but allowed by
LV: the emission of Čerenkov radiation in vacuum and the so called Helicity
Decay. In fact, due to the broken CPT invariance of our model, the radiation
produced by charged particles depends in general on the helicity state and
on the sign of the charge. A thorough analysis has been needed to this aim:
on the one hand, we have carried on a detailed computation of the involved
QED processes, on the other hand, we needed to set up a complex numerical
program and several analysis tools to obtain the Nebula radiation spectrum
and analyse data.

Present-day observations do not provide, at the moment, any evidence of
violation of Lorentz invariance suppressed by one power of the Planck mass.
Therefore, strong constraints on the strength of this violation (that can be
readily turned into lower limits on the mass scale suppressing the effective
LV operators) have been placed. Furthermore, by considering the physics of
Ultra-High-Energy Cosmic Rays and the present observations, we obtained
indications that also LV suppressed by two powers of the Planck mass could
be disfavoured.

An important methodological result achieved in this thesis is related to
the way limits on LV are placed. While former works on this subject just
considered observations at single energies (typically, at the highest possible
energy at which significant observations were made), we exploited, when
possible, broadband, full spectral information, together with a careful LV
analysis of each process at work in the astrophysical objects we studied. This
allowed us not only to place robust limits on the complete LV parameter
space, but also to significantly strengthen existing ones to unprecedented



Ultra-high-energy Cosmic Rays and LV 127

levels, allowing to basically rule out the model under consideration.
Future observations will allow significant improvements. The first obser-

vations in the new field of hard X-ray polarimetry already implied tight limits
on photon vacuum birefringence induced by QG. The forthcoming observa-
tions by AUGER will probably allow to turn the “indications” mentioned in
chap. 4 into stringent limits on the viability of Planck scale suppressed LV.

However, it should be admitted that most of the forthcoming work on
Quantum Gravity modeling should be on the theoretical, rather than phe-
nomenological side. The stringent limits discussed in this thesis represent a
true challenge for theorists, and a model of QG should address them con-
vincingly. Indeed, limits of the order of 10−5, or 10−10 on the magnitude of
dimensionless parameters, that should in principle be of the order of 1, need
to be explained by a viable theoretical model of QG: either the true descrip-
tion of low energy QG effects is not through EFT, or the actual mechanism
by which the high energy degrees of freedom affect the low energy world
produces stronger suppressions than what we expected.

We are not able at present to guess what the answer to these questions is.
Only a thorough study of the low energy implications of Quantum Gravity,
if it definitely exists, might solve this problem.
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