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Abstract
In this thesis we explore various aspects of horizon thermodynamics and
its relation with gravitational dynamics. We start with addressing the issue about the region of origin of the Hawking quanta, using both a heuristic argument and a detailed study of the renormalized stress energy tensor
(RSET). We present compelling evidence that the Hawking quanta originate from what might be called a quantum atmosphere around the black
hole with energy density and fluxes of particles peaked at about 4M, running contrary to the popular belief that these originate from the ultra high
energy excitations very close to the horizon. We then study the behavior of
the effective Hawking temperature as perceived by a free falling observer. We
compute the energy density using this temperature and compare it with
the energy density obtained from RSET measured by the same observer
and notice a discrepancy. We further compute the adiabaticity of this temperature and try to explain the reason for this discrepancy. Next we move
on to thermodynamics of local causal horizon (LCH) and in particular focus on derivation of equations of motion for theories beyond general relativity as an equation of state. Jacobson showed that the Einstein equation
is implied by the Clausius relation imposed on a small patch of locally
constructed causal horizon. The extension of this thermodynamic derivation of the field equation to more general theories of gravity has been attempted many times in the last two decades. In particular, equations of
motion for minimally coupled higher-curvature theories of gravity, but
without the derivatives of curvature, have previously been derived using
a thermodynamic reasoning. In that derivation the horizon slices were endowed with an entropy density whose form resembles that of the Noether
charge for diffeomorphisms, and was dubbed the Noetheresque entropy.
Here we derive a new entropy density, closely related to the Noetheresque
form, such that the field equation of any diffeomorphism-invariant metric
theory of gravity can be obtained by imposing the Clausius relation on a
small patch of a local causal horizon. Finally, we shall demonstrate how
the equation of state derivation can be carried on to theories having torsion
as an independent degree of freedom, such as Einstein–Cartan gravity, by
using the irreversible Clausius equation.
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CHAPTER 1

Introduction
It is the facts that matter, not the
proofs. Physics can progress
without the proofs, but we can’t
go on without the facts...if the
facts are right, then the proofs
are a matter of playing around
with the algebra correctly.
Richard P. Feynman (1918-88)

Ever since the General theory of relativity was published more than a
century ago, it has been well verified by numerous experimental tests at
astrophysical, cosmological and up to the millimeter scale[1]. While one
can say it is one of the most successful theory that has been formulated and
tested, it has puzzled scientists for decades. While we do know that some
better theory has to supersede general relativity for dealing with the black
holes or the big bang singularities, we still miss a full fledge alternative.
One of the most significant, long standing, open problem in physics is
trying to harmonize general relativity with quantum mechanics, which
can consistently explain the other three fundamental forces of nature. So
one can say despite all its correctness and verification, General relativity
is incomplete given that it cannot be unified with quantum mechanics.
General relativity is a highly non-linear and complicated theory, so the
challenges of dealing with it can become enormously difficult. In this regard one can easily attribute the failure of quantization of gravity on the
technical difficulties involved in the program. On the other hand the question becomes even more puzzling on the philosophical ground as one may
ask what does quantization of gravity would mean, as we know the foundation of general relativity relies on spacetime dynamics and general covariance (there is no preferred reference frame) which clashes with quantum theory, whose formulation requires a preferred foliation and splitting
of space and time.
At this point it is quite tempting to ask, why would one need a quantized theory of gravity, also considering the fact that the two theories we
are talking about belongs to two vividly different length and energy scales.
Departing from the usual trend in theoretical physics about unification,
like Maxwell’s unification of electricity and magnetism or Weinberg–Salam’s
1
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electroweak unification, one might think that gravity is fundamentally different and there is no need for quantization.
Thinking along the line where the gravitational field is not quantized
one immediately faces the problem that such a theory would lead to the
violation of the uncertainty principle, in such a scenario gravity could be
used to determine the position and momentum of any particle up to an
arbitrary precision [2]. As an alternative Moller and Rosenfeld [3] proposed a semiclassical model of gravity, in this approach one keeps the
gravitational sector classical while the source is quantized matter fields.
The Einsteins equation takes the form,
Gab = 8πGhψ|Tab |ψi
here the coupling between quantized matter and classical gravity is made
possible by taking the expectation value of the stress-tensor and not using
it in its operator form, and hence one can equate it to the c–number Einstein tensor. The problems with such an approach and the inconsistency
of the semiclassical Einstein equation was shown in [4].
Other than this there are the aforementioned problems with the singularities inside black hole and with the predicted singularity at the start of
our cosmological history. These issues have no resolution in the classical
or the semiclassical framework of gravity. In summary, all these evidences
point towards the need for a quantized theory of gravity.
The discovery that black holes radiate as black bodies [5, 6] and have
entropy [7, 8] has radically changed our understanding of general relativity and strongly hints towards a quantum nature of gravity. Indeed shortly
after it was shown that black holes behave as thermodynamics systems [9],
it was shown via a quantum field theory calculation on a classical black
hole spacetime that the black hole has a characteristic temperature and
entropy given as,
kTH =

~κ
,
2π

SBH =

Ahor
4~G

where κ is the surface gravity and Ahor is the area of the horizon. It is easy
to see that both of the above quantities are quantum gravitational in nature
because of their dependence on ~ and Newton’s constant, G.
In ordinary thermodynamics the temperature and entropy give us information about the underlying microstates of the system, in particular
the entropy is the measure of the number of possible microscopic configurations that the system can have. There is no reason to assume something
different for the black holes and hence one can assume that the black hole
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entropy and temperature gives us a hint about the underlying gravitational microstates. This idea has been used and as a consistency check
the black hole entropy has been computed in various proposed quantum
gravity models successfully [10, 11, 12, 13, 14, 15].
One peculiar behavior of the black hole entropy is its holographic scaling, being proportionality to the area of the horizon rather than being extensive and being proportional to the volume. The black hole entropy
brings many more interesting puzzles such as the problem of universality.
This is related to the fact that Bekenstein–Hawking entropy can be computed using different models of quantum gravity as noted above. These
models are in principle characterized by very different gravitational and
matter microstates. If the black hole entropy is supposed to give information about the underlying degrees of freedom for a theory of quantum
gravity then one might expect the result to be theory dependent. However,
this is not the case, all the proposed theories like string theory, loop quantum gravity, induced gravity, gives the exact same result despite having
very different microstates.
Another puzzling thing about black hole radiation is the information
loss problem [16, 17, 18, 19]. If we consider a scenario where the black
hole is initially formed by collapse of matter that is in a pure state, then
if the black hole evaporates completely by Hawking radiation(into a thermal mixed state), it would require a non unitary transition from a pure
state to mixed state which is not allowed by the known laws of quantum mechanics. On the other hand if Hawking radiation has to be a pure
state then there must be some correlation between the “early” and “late”
modes, which were not in any causal contact previously. This problem
has been analyzed in several approaches and recently it was proposed in
[20] that one must either give up on the equivalence principle near the
horizon or low energy effective field theory beyond some microscopic distance away from the horizon or the other option is to end up with a highly
entropic “remnant” at the end of the evaporation process. All these demands a deeper investigation of the radiation process and how the Hawking quanta are created.
The proportionality of the horizon area to the black hole entropy provides us a fundamental connection between thermodynamics and spacetime geometry. The next obvious question was, if such a relation can be
formulated beyond black hole dynamics. The discovery of the Unruh effect [21] [22] [23], which shows that an accelerated observer would perceive the Minkowski vacuum as a thermal state and can associate a temperature to the Rindler horizon, further provides evidence towards the
thermodynamic nature of any causal horizon rather than thermodynamic
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nature of black holes. At this level one might suspect that this thermodynamic behavior of the horizon has nothing to do with the gravitational
dynamics as there is no gravitational field equations involved in these
derivations. However, to clear out such doubts one can prove the equivalence between the gravitational field equation evaluated on a horizon and
the first law of thermodynamics, T dS = dE + P dV [24, 25, 26].
Similarly, a holographic relation between the surface term and the bulk
term of gravitational action (even valid for some theories beyond general
relativity) was shown [27], further it was also shown that the surface terms
when evaluated on the horizon, for a given solution are equal to the horizon entropy [28]. Now because of the holographic relationship between
the surface term and the bulk term and the link between the horizon entropy to the surface term, one can again think of an indirect connection
between gravitational dynamics and horizon thermodynamics 1 .
One of the most significant step to bridge the gap between gravitational
dynamics and horizon thermodynamics was taken by Jacobson [29]. He
derived the Einstein equation implementing the Clausius equation, starting from the entanglement entropy of a local Rindler horizon, assuming
the Unruh temperature and a matter flux (interpreted as the heat flux)
crossing the horizon. This established the Einstein equation as an equation of state, where one can interpret the gravitational dynamics as a manifestation of local microscopic degrees of freedom. Based on the Einstein
equivalence principle [30] the local neighborhood of any arbitrary spacetime point can be approximated as a flat Minkowski patch. One can argue
the existence of a local boost Killing vector within this flat patch. Now if
there is a local accelerated observer within this local patch the observer
will see a local causal surface which is called the local Rindler horizon in
this context. Based on this geometric setup for the derivation in [29] one
can easily infer that the derivation of the Einstein equation from the thermodynamic variable is completely based on the local physics and is not
dependent on any global feature of the manifold and that is where the
strength of this result lies.
Of course, one might view gravity as an effective field theory [31],
within which the Einstein–Hilbert action is the first term in the derivative
expansion of the effective action. The higher derivative corrections are not
important in the solar system limit but when we are talking about local underlying microstructure of spacetime these terms must play a significant
1

The only problem with this approach is that the entropy is derived “on shell”, as one
needs to know the gravitational action to get the surface term and obtain the horizon
entropy. In this sense one cannot say that you can derive the equations determining the
gravitational dynamics from the thermodynamics of the horizon.
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role. In this regard it seems extremely important to push the spacetime
thermodynamics construction beyond Einstein equation. If this will work,
it would point towards a generic thermodynamical/emergent nature of
gravitational theories. Otherwise, it might point out that such features
are just a byproduct of some special simplicity of general relativity and
very few other metric theories of gravity. As such it would not imply that
this can be used as a guiding principle towards the understanding of the
fundamental nature of spacetime. Some interesting generalization of the
equation of state derivation has been performed so far for various higher
derivative theories of gravity [32, 33, 34, 35, 36] and often using a more
precise geometric construction rather than just using Einstein equivalence
principle [37].
While moving beyond general relativity one major criticism for the
equation of state derivation lies in the choice of the entropy. As discussed
above, in [29] the variation of the entropy that enters the Clausius equation was chosen to be the entanglement entropy, which is proportional to
the area of the horizon of the Local causal horizon. However for modifications to general relativity the black hole entropy is no more proportional
to the area of the horizon but can have curvature corrections [38, 39]. For
this reason the entropy endowed to the local causal horizon for such theories are often taken to be that of the Noethersque form. While it was
shown in [40], that the renormalized entanglement entropy can get corrections which are reproducing the Wald entropy terms [38], something that
can be used to somewhat justify the choice of entropy made in [33, 35, 36],
we surely need a more concrete quantum mechanical calculation of the
entropy for the local causal horizon.
A further improvement was made to the spacetime thermodynamics
approach in [41], where the semi-classical Einstein equation was derived
implementing the Clausius equation and using a causal diamond. The
derivation is based on a hypothesis which states that, upon simultaneous
variation of the geometry and quantum fields from maximal symmetry,
the entanglement entropy in a small geodesic ball is maximal for a fixed
volume of the ball. In this new approach as well, the Einstein equation
is not just a dynamical constrain within a single solution but a relationship between infinitesimally separated spacetime histories and geometry.
In the context of AdS/CFT [42] the Einstein equation was derived using
the Ryu-Takayanagi formula [43] following the same philosophy [44, 45].
The advantage of the derivation in [41] is that it allows for a larger applicability as one does not need to rely on AdS/CFT. It can be applied to
any general spacetime where a causal diamond can be constructed giving
a better idea about which entropy to use [46] and making the use of the
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modular Hamiltonian for computing the infrared part of the entropy [47].
Surely the next step would be to generalize this derivation for higher
derivative theories and see if this idea of gravity emerging from entanglement holds [48]. It requires some exact computation of the entanglement
entropy for local null hypersurface (without neglecting the curvature of
the causal diamond) and it opens a wide possibility for upcoming research
in this field.
1.1. P LAN OF THE T HESIS
The content of the thesis is organized as follows: Chapter 2 introduces the
basic mathematical tools that we would need in order to study horizon
thermodynamics and understand the link between gravitational dynamics and the underlying local microscopic degrees of freedom. We start
with the very basics of black hole physics and talk about various global
and local coordinate systems that are important for our further studies.
Next we setup the construction of the local causal horizon that becomes
a very important ingredient for deriving the gravitational field equations
from thermodynamical variables. We introduce quantum field theory in
curved spacetime and specifically outline the derivation of Hawking radiation and finish by giving a brief synopsis of black hole thermodynamics.
Chapter 3 deals with the origin of Hawking radiation and is mainly
based on two original works. First we considered the effect of tidal force
on the spontaneously created particle anti-particle pair near the black hole
horizon and we showed that the most likely region for the origin of the
Hawking quanta is around r = 4M , where M is the mass of the black
hole. The next section of the chapter deals with computation of the energy
density and flux as perceived by an observer having zero acceleration and
radial velocity at the horizon and infer the same result about the origin
of the Hawking quanta. Using the Renormalized stress energy tensor we
also computed the energy density as measured by a free falling observer
and compared this with the energy density that can be computed using the
effective temperature that this observer would perceive. Doing so we found
a discrepancy and we speculate that the breaking down of the adiabatic
approximation near the horizon for the effective temperature function can
be a reason for this.
In chapter 4 we move on to thermodynamics of local causal horizons
and at first review the derivation of field equations as an equation of state
in the case of general relativity and for F(R) gravity. In the next section we
show the extension of this derivation for higher curvature theories based
on a Noethersque entropy functional and a better geometric construction
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of the local causal horizon as discussed in Chapter 2. Using this approach
one cannot derive the equations of motion of theories having a derivative
of Riemann term in the Lagrangian and also it is not easy to see how one
can deal with theories having some non-minimal coupling between the
matter and gravity sector. The next part of the chapter is based on an
original work where we showed that one can modify the Noether charge
entropy based on the ambiguities it has and one needs to consider a test
stress energy tensor as the heat flux in the Clausius equation to make the
extension possible.
In chapter 5 first we review some important aspects of Riemann–Cartan
spacetime, which would be needed for the derivation of the Einstein–
Cartan equation as an equation of state. We derive the Zeroth law for
a local causal in Einstein–Cartan spacetime and then the Raychaudhuri
equation for a null congruence in the presence of torsion. Finally, we use
these tools to derive the Einstein–Cartan equation as an equation of state
implementing an irreversible Clausius equation.
In chapter 6 we give a brief outline of the primary content of the other
chapters and focus mainly on a discussion about the original results obtained. We finish with proposing the future scope that the work done for
this thesis can lead to.
The content of the thesis is based on:
• Higher derivative gravity: field equation as the equation of state
Ramit Dey, Stefano Liberati, Arif Mohd
Phys. Rev. D 94, 044013 (2016) [arXiv:1605.04789 [gr-qc]]
• The black hole quantum atmosphere
Ramit Dey, Stefano Liberati, Daniele Pranzetti
submitted in PRD [arXiv:1701.06161 [gr-qc]]
• Spacetime thermodynamics in presence of torsion
Ramit Dey, Stefano Liberati, Daniele Pranzetti
in preparation
• Effective Hawking temperature for free falling observer
Ramit Dey, Stefano Liberati, Zahra Mirzaiyan,Daniele Pranzetti
in preparation
• AdS and dS black hole solutions in analogue gravity: The relativistic and non-relativistic cases
Ramit Dey, Stefano Liberati, Rodrigo Turcati
Phys. Rev. D 94, 104068 (2016) [arXiv:1609.00824 [gr-qc]]
Not included in thesis
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CHAPTER 2

Quantum meets gravity: The
basic toolbox
The first and the simplest solution of the Einstein equations was given by
Karl Schwarzschild in 1916 for a static and spherically symmetric spacetime having no external energy source. Solving the vacuum Einstein equation the Schwarzschild metric is given as


−1

2M
2M
2
2
dt − 1 −
dr2 − r2 (dθ2 + sin2 θdφ2 ),
(2.1)
ds = 1 −
r
r
where M is the mass of the gravitating test body.
It can be seen directly from the solution (2.1) that this metric becomes
singular at two points corresponding to r = 0 and r = 2M . The singularity
related to the r = 0 point is a true singularity of the spacetime while the
singularity at r = 2M is just a coordinate singularity corresponding to the
particular choice of the coordinate system we are working in. The strength
of this solution lies in the fact that this solution is unique for the given symmetries of the spacetime and the predictions made by the Schwarzschild
metric are among the experimentally verified tests of general relativity.
2.1. K RUSKAL –S ZEKERES COORDINATE
As mentioned earlier the singularity at r = 2M is just the artifact of not
using the correct coordinate system and indeed by looking at radial null
trajectories it can be shown that this singularity is just a coordinate singularity. Furthermore it can be verified that the r = 2M surface is not
a physical singularity by extending the spacetime so that it is geodesically complete and is maximal. The maximal analytic extension of the
Schwarzschild spacetime was done by Kruskal and we illustrate it in this
section.
We define a new coordinate as
Z
 r

rdr
∗
= r + 2M ln
−1 .
(2.2)
r =
r − 2M
2M
As we can see from the above equation that r∗ changes logarithmically and
thus slower than r near the horizon, this is known by the name of tortoise
coordinate. We can define a new set of null coordinates as
u = (t − r∗ )

and
9

v = (t + r∗ ).

(2.3)

10

Figure 2.1: The figure shows the four quadrants of the Kruskal extension
of Schwarzschild spacetime
Using these the Schwarzschild metric can be written as
ds2 = (1 − 2M/r) du dv.

(2.4)

Using (2.2) and (2.3) we can write



v − u −r/2M
r − 2M = 2M exp
e
.
4M

(2.5)

We can rewrite (2.4) using (2.5) as
2

exp

 v−u 
4M

e−r/2M

du dv
(2.6)
r
Near the horizon, r ∼ 2M , this line element is regular but still this coordinate is defined only for r > 0. To achieve extension of the coordinate
beyond the r = 0 point we need to re-parametrize the null geodesics using
the coordinate transformation U = U (u) and V = V (v). For finding out
the exact form of the transformation we can calculate the affine parameter
along the null geodesic by using the equation
ds = 2M

E = gab k a (ξt )b

(2.7)

Using this we can define the coordinate transformation as
U = p(u) = −e−u/4M

(2.8)

V = q(v) = ev/4M

(2.9)
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which transforms the line element into the form
32M 3 −r/2M
ds =
e
dU dV.
r
2

(2.10)

We can further define two new coordinates as
T = (U + V )/2

X = (V − U )/2

and

(2.11)

to cast the line element defined in (2.10) as
ds2 =

32M 3 −r/2M
e
(dT 2 − dX 2 )
r

(2.12)

2.2. R IEMANN N ORMAL C OORDINATES
In the previous section we saw the maximal extension of the Schwarzschild
spacetime, now it is possible to build a coordinate system by using geodesics
through any given point, p, to determine the coordinates of a local neighborhood around p. Such a coordinate system is known as the Riemann
normal coordinate (RNC). If we consider a point, q, sufficiently close to
p, then there would be unique geodesic passing through p and q. Let the
component of the unit tangent vector to this geodesic be k a and s be the
arc length measured from p to q. By doing so one can show trivially that
all geodesic through p has the form
xa (s) = sk a ,

(2.13)

also k a is constant along each geodesic. Substituting this in the geodesic
equation:
0=

d 2 xa
dxb dxb
a
+
Γ
(x)
,
bc
ds2
ds ds

(2.14)

one obtains at the origin, p, the relations,
Γabc |p = 0
Γabc,d |p + Γac,db |p + Γadc,b |p = 0

(2.15)
(2.16)

Now it is possible to do an expansion of the metric in powers of xa
around p namely,
gab (x) = ηab + gab,cd |p

xc xd
+ O(3 ),
2

(2.17)
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since gab,c |p = 0 at p, there is no linear order term in the above expansion.
Using 2.15 one can show
1
gcd,ab |p = − (Rcadb + Rcbda ).
3

(2.18)

Using this relation in 2.17 we finally get
gab (x) = ηab + Racbd |p

xc xd
+ O(3 ).
3

(2.19)

Working in RNC we raise and lower indices using ηab .
2.3. L OCAL I NERTIAL N ULL N ORMAL C OORDINATES
In the context of black hole horizon we introduce a set of coordinate commonly known as Null Normal coordinate (NNC). These coordinates are
defined as follows: let Σ be a codimension two spatial slice of the horizon
cross section, at each point on Σ we can use a pair of null vectors (k a , la )
to span the tangent space orthogonal to Σ. There is an unique geodesic
intersecting Σ orthogonally at point q on the surface and passing through
a neighborhood point r. At point q the tangent to the geodesic can be expressed in terms of the linear combination of the null vectors as V k a + U la .
Now if point r lies at unit affine parameter then NNCs of r is given by
the coefficients of this linear combination of the null vectors and the cordinates of point q on Σ, where we have used a single coordinate chart to
cover Σ.
For a generic spacetime we can also define NNCs provided we cover
Σ with a single coordinate chart. If Σ is sufficiently small, the null surface
to the past of Σ are part of a local causal horizon(LCH), more precisely the
horizon is the surface U = 0 restricted to V ≤ 0. LCH are used to show
how gravitational field equations can be derived from the Clausius equation of thermodynamics. In this section we would define inertial NNCs
that are adapted to these kind of local surfaces.
2.3.1. Construction of the local inertial NNCs
We introduce a basis {la , k a , eaA }, A = 2, ..., n − 1 , at some point p of an
n-dimensional spacetime. Here la and k a are null vectors orthogonal to
eaA , where {eaA } is an set of orthogonal spatial vectors. The basis vectors
satisfies the relation
ka k a = la la = ka eaA = la eaA = 0, ka la = −1

(2.20)
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Figure 2.2: The point p lies on a n − 2 dimensional surface Σ which is
coordinatized by Riemann Normal Coordinates based upon p. Two null
vectors la = (∂/∂U )a and k a = (∂/∂V )a form the basis of the plane normal
to Σ. The points off the surface Σ, say r, is coordinatized in terms of the
geodesic from r to the surface Σ that meets Σ orthogonally at the point q. If
q has coordinates {0, 0, ~xq } and the tangent to the geodesic at q is V k a +U la ,
then the coordinates of r are {U, V, ~xq }.
The coordinates of a point in the local neighborhood of p can be written in
terms of RNC as {y α } ≡ {u, v, y A } provided it lies at unit affine parameter
and the geodesic connecting p and that arbitrary point has a tangent ula +
vk a + y A eaA , at p.
We can define a (n-2) dimensional spatial surface, Σ, by the equation
u = v = 0. Now for defining NNCs we need a pair of null vector which
will be orthogonal to Σ. The null vectors (k a , la ) defined in the beginning
are orthogonal to Σ at point p but there is no guarantee that they will remain orthogonal when they are parallel transported along the generators
of Σ. Also one must note that, if k a is parallel transported along some
generators of Σ and then its orthogonal projection is taken, there is no
guarantee that the output would be a null vector. We have to take into
consideration that the divergences of u and v are orthogonal to Σ everywhere but they are null just at point p. We can overcome this difficulty by
choosing a linear combination of ∇a u and ∇a v and demand that they are
null everywhere on Σ. After some algebra we get a set of orthogonal null
vectors
K a = −∇a u + K∇a v,

La = −∇a v + L∇a u,

(2.21)

provided K and L has a very specific form which can be obtained easily.
Also we must rescale K a and La using the condition K a La = −1.
From what we have established so far we can now introduce NNCs
{U, V, xA } for a point r in the neighbourhood of p. Here point r lies on
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a unique geodesic that intersects Σ orthogonally at some point q and the
tangent to the geodesic connecting r and q is given as U K a +V La . By doing
this we have established a locally inertial coordinate system for point p as
it can be verified by looking at the coordinate transformation between the
RNCs and NNCs and calculating the components of the Riemann tensor
in terms of both coordinate systems, wich turns out to be the same upto
first order.

2.3.2. Local Killing vector
A generic curved spacetime does not admit any global Killing vectors.
However, one can still use the fact that there is a local inertial coordinate
system defined at point p which can be used to define a Killing vector field
ξ a as a power series, writing its components in terms of the inertial NNCs.
The covariant components of ξ a are given as
1
1
ξa = U δaV − V δaU + Ccda xc xd + Dcdea xc xd xe
2
6
+O(x4 ).

(2.22)

Unlike a true Killing vector the approximate Killing vector that we defined
above does not exactly satisfy the Killing identity in the entire local patch
∇r ∇s ξa = Rm rsa ξm

(2.23)

For this approximate Killing vector we can tune the coefficients of expansion given in (2.22) so that the Killing identity holds atleast upto second
order (expanding in terms of NNCs) when restricted to a very specific
curve, Γ. We can take this curve to be a geodesic passing through point
p with tangent K a and the points on the curve are given in terms of the
NNCs as (0, V, 0, ...). By doing so the power series expansion of the Killing
vector becomes
ξa = U δaV − V δaU + O(x3 )

(2.24)

Also as a result of this the local Killing vector satisfies the following relations
ξ a |Γ = (V − V0 ) daV ,
∇(a ξb) = O(x2 ),
∇a ∇b ξc |Γ = ( Rcba e ξe )|Γ .

(2.25)
(2.26)
(2.27)
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2.3.3. Local causal horizon
The local causal horizon can be defined as the boundary of the past of Σ
in the neighbourhood of point p. For making the description of space time
thermodynamics more natural and analogous to first law of black hole
thermodynamics we define the the bifurcation surface to the past of point
p at some point po . The central generator, Γ, passes through p0 having
NNCs {0, V0 , 0, ...} at p0 . By doing this all the identities of the aproximate
Killing vector shown above holds provided we expand the covariant form
of ξ a as
1
1
ξa = U δaV − Ṽ δaU + Ccda x̃c x̃d + Dcdea x̃c x̃d x̃e
2
6
+O(x4 )

(2.28)

where x̃a = xa − V0 δVa and Ṽ = V − V0 . Note this expansion does not have
O(x2 ) term as well because C ∼ O(x).
As the Killing equation and Killing identity holds on the central geodesic
Γ another consequence as shown in [35] is, the Killing vector ξ a becomes
tangent to Γ. So we get
ξ a = Ṽ k a

(2.29)

from this it is also clearly seen that the killing vector vanishes at point p0
having NNCs {0, V0 , 0, ...}.
The hypersurface Σ0 is deformed to the future only in a small neighbourhood of the point p0 , where the slice Σ0 is given by the V = V0 hypersurface. We can assume Σ to be the deformation of the horizon slice to the
future and also make sure that the two slices coincide everywhere other
than this small region. For this Σ0 ∪ Σ forms a closed boundary of a local
patch of the horizon enabling us to use Stokes theorem.
2.4. E QUATION OF MOTION FOR A GENERAL THEORY OF GRAVITY
After reviewing some crucial tools we shall need later on for describing
the kinematics of spacetime, we move on and discuss its dynamics in more
general frameworks beyond general relativity. In particular, in this section
we review the equation of motion of a general diffeomorphism invariant
metric theory of gravity following ref. [39]. Lagrangian n-form is denoted
in bold as L = L. The most general diffeomorphism invariant Lagrangian
is of the form


L = L gab , Rabcd , ∇a1 Rabcd , ..., ∇(a1 ...∇am ) Rabcd , ψ, ∇a1 ψ, ..., ∇(a1 ...∇al ) ψ ,
(2.30)
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where ψ denote the matter fields.
The equation of motion for gab following from the above Lagrangian is
given by,
Aab + E pqra Rpqr b + 2∇p ∇q E pabq = 0,
(2.31)
where E abcd would be the equation of motion for Rabcd if we were to treat
it as an independent field,
E abcd =

∂L
∂L
∂L
− ∇a1
+ ... + (−1)m ∇(a1 ...∇am )
,
∂Rabcd
∂∇a1 Rabcd
∂∇(a1 ...∇am ) Rabcd
(2.32)

and Aab is
Aab =

1
∂L
+ g ab L + B ab .
∂gab 2

(2.33)

The origin of the last term B ab is as follows: a typical term in the variation
of the Lagrangian due to the derivatives of Riemann is of the form


∂L
d∇(a1 ...∇ai ) Rabcd ,
∂∇(a1 ...∇ai ) Rabcd

(2.34)

and this can be calculated as
∂L
∇a d∇(a2 ...∇ai ) Rabcd
∂∇(a1 ...∇ai ) Rabcd 1
 · (terms proportional to ∇δg)
exact differential
terms contributing to Eabcd
 · (terms proportional to δg),

= 
+
=
+
+

(2.35)

where integration by parts was used in both the terms in going from the
first equality to the second equality. It is the last term of eq. (2.35), which
is proportional to δgab , that we denoted as B ab appearing as the last term
in eq. (2.33). We direct the reader to ref. [39] for the details.
2.5. Q UANTUM FIELD THEORY IN FLAT SPACETIME
Now that we have all the classical tools, let us turn our attention toward
the interface between gravity and the quantum world. As a first step let
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us consider the case when one wants to keep the spacetime description
classical while allowing matter to be quantized. To begin with we review
the case of quantum field theory in flat spacetime. Let us consider a (1 +
1) dimensional system consisting of a real massless scalar field, Φ(x, t),
satisfying the field equation
∂ a ∂a Φ = 0.

(2.36)

This field equation can be derived from the action of the system which is
given as
Z
√
1
(2.37)
d2 x −ggab ∂ a Φ∂ b Φ.
S=
2
In the process of canonical field quantization [49] we define Φ and its conjugate momentum, π(x, t), as an operator satisfying the equal time commutation relation given as


Φ(x, t), Φ(x0 , t) = 0,


π(x, t), π(x0 , t) = 0,


0
Φ(x, t), π(x0 , t) = iδ(x − x ).

(2.38)

Using (2.36) we can define the Klein–Gordon inner product calculated on
a spacelike hypersurface as
Z
√
←
→
(Φ1 , φ2 ) = −i dΣa −gΣ (Φ1 ∂a φ∗2 )
(2.39)

2.5.1. Quantization in Minkowski coordinates
We take the Minkowski line element in (1 + 1) dimensions which is given
by
ds2 = dt2 − dx2 .

(2.40)

For this line element, equation (2.39) can be written as
(∂t2 − ∂x2 )Φ = 0.
The solution of this equation after proper normalization is give by

(2.41)
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uk = √

1
e−i(ωt−kx) .
4πω

(2.42)

These modes are defined to be positive frequency modes since they are
eigenfunctions of the operator (∂/∂t) with positive eigen values. Using
(2.36) and calculating the scalar product on t = constant hypersurface we
define a set of orthogonality relation between the modes uk and their complex conjugates u∗k as
0

0

(u∗k , u∗k0 ) = −δ(k − k );

(uk , uk0 ) = δ(k − k );

(uk , u∗k0 ) = 0 (2.43)

From the above relations it is clear that the normal modes defined in (2.42)
and their complex conjugates form a complete orthonormal basis which
can be used for expanding the scalar field as
Z
Φ(x, t) =



dk âk uk (t, x) + â†k u∗k (t, x) ,

(2.44)

where âk and â†k are the annihilation and the creation operators which satisfy the standard commutation relations. Using the annihilation operator
the Minkowski vacuum state can be defined as
âk |0M i = 0

(2.45)

From the Minkowski vacuum state defined above we can obtain the multi
particle states by repeated application of the creation operator, â†k .
2.5.2. Quantization in accelerated frame
In a similar way as in the previous section, we can write the field equation
in an accelerated frame of reference (Rindler coordinates) and quantize the
system. But before doing so let us set up the Rindler coordinates which
describes an accelerated observer.
For an observer traveling with uniform acceleration, a, the equation of
motion is given as
d
(γu) = a,
dt

(2.46)
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Figure 2.3: The figure shows the Rindler wedge (region bounded by red
line) and the Rindler horizon.
√
where u is the velocity of the observer and γ = 1/ 1 − u2 . Integrating Eq.
(2.46) and using the boundary condition, u = 0 at t = 0 gives
√
u = at 1 + a2 t2 .

(2.47)

We integrate Eq. (2.47) to get x in terms of t as

x=

1√
1 + a2 t2 ,
a

(2.48)

where we have used the condition that x = 1/a at t = 0. The proper time
τ of an observer set in the accelerated frame is related to the Minkowski
time t as follows
√
dτ = dt 1 − v 2 .
(2.49)
We integrate this equation and get
1
τ = sinh−1 (at).
a

(2.50)
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Using Eqs. (2.48) and (5.97), we can write
1
x = cosh(aτ );
a

and

1
t = sinh(aτ )
a

(2.51)

Using the fact that any two dimensional coordinate system is conformally
flat we can write the relation between the coordinates of an accelerated
frame (τ, ξ) and Minkowski coordinate (x, t) as
1
t = eξa sinh(aτ ),
a

1
and x = eξa cosh(aτ ).
a

(2.52)

In these newly defined coordinate the flat space line element takes the
form
ds2 = e2gξ (dτ 2 − dξ 2 ).

(2.53)

From the transformation defined in (2.52) we see that in the range −∞ <
τ < ∞ and −∞ < ξ < ∞ the coordinates only cover the right wedge of the
two dimensional Minkowski spacetime. Thus the Rindler coordinates are
incomplete and we can infer this by saying that the accelerated observer
cannot observe more than 1/a in the direction opposite to its direction of
motion. Since events beyond the right wedge cannot be observed we can
think of it as a horizon.
In the Rindler coordinates the field equation (2.36) takes the form
(∂τ2 − ∂ξ2 )Φ(τ, ξ) = 0.

(2.54)

Solving this equation we can write the wave modes after proper normalization as

vk̃ (τ, ξ) = √

1
e−i(ω̃τ −k̃ξ)
4π ω̃

(2.55)

Using (2.39) the orthogonality relation between these modes and their
complex conjuate vk̃∗ can be defined as
0

(vk̃ , vk̃0 ) = δ(k̃ − k̃ );

0

(vk̃∗ , vk̃∗0 ) = −δ(k̃ − k̃ );

(vk̃ , vk̃∗0 ) = 0. (2.56)
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As these modes and their complex conjugate form a complete basis, the
expansion of the scalar field in terms of these modes are given by
Z
Φ(τ, ξ) =

dω̃(b̂k̃ vk̃ (τ, ξ) + b̂†k̃ vk̃∗ (τ, ξ))

(2.57)

Here b̂k̃ and b̂k̃† are the annihilation and the creation operators defined in
the Rindler coordinated, which satisfy the standard commutation relation.
The vacuum state in this new coordinate system can be defined as
b̂k̃ |0R i = 0

(2.58)

where |0R i is refered to as the Rindler vacuum.
2.5.3. Unruh effect
The fact that the vacuum in Minkowski space |0M i appears to be a thermal state when viewed by an accelerated observer is known as Unruh effect. For derivation of the Unruh effect we need to express the Minkowski
modes in terms of the Rindler modes by means of the so called Bogolubov
transformations.
As both sets of normal modes, uk and vk̃ are complete we can express
one of them in terms of the other as
Z
vk̃ (τ, ξ) =
Z
uk (t, x) =



∗

(k, κ̃)u∗k (t, x)



dk α(k, k̃)uk (t, x) + β


dk̃ α∗ (k, k̃)vk̃ (τ, ξ) − β(k, κ̃)vk̃∗ (τ, ξ)

(2.59)
(2.60)

The quantities α(k, k̃) and β(k, k̃) are known as the Bogolubov coefficients.
We can use the inner product defined in (2.39) and the orthonormality
conditions of the mode to express the Bogolubov coefficients as follows
β(k, k̃) = −(vk̃ , u∗k )

α(k, k̃) = (vk̃ , uk )

(2.61)

The annihilation operators âk , â†k and b̂k̃ , b̂†k̃ can be related using the Bogolubov coefficients as
Z
âk = (uk , Φ(τ, ξ)) =

dω̃(α(k, k̃)b̂k̃ + β ∗ (k, k̃)b̂†k̃ )

(2.62)
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and
Z
b̂k̃ = (vk̃ , Φ(t, x)) =

dω(α∗ (k, k̃)âk − β ∗ (k, k̃)â†k ).

Using the commutation relations
h
i
0
âk , â†k0 = δ(k − k ),

i
h
0
b̂k̃ , b̂†k̃0 = δ(k̃ − k̃ )

(2.63)

(2.64)

and from the expression for the creation and annihilation operator in Eqs.
(2.62) and (2.63), we can arrive at the relations
Z



0
0
0
dk α∗ (k, k̃ )α(k, k̃) − β ∗ (k, k̃ )β(k, k̃) = δ(k̃ − k̃ ),
Z
0
0 
dk α(k, k̃)β(k, k̃ ) − β(k, k̃)α(k, k̃ ) = 0.

(2.65)
(2.66)

Next we calculate the Bogolubov coefficients between the Minkowski
modes and the Rindler modes using Eq. (2.61). Computing the inner product on the τ = 0 hypersurface we get
Z


1
√
α(k, k̃) =
dξ(ωeaξ + ω̃)eiω̃ξ exp −i ka−1 eaξ ,
4π ω ω̃ Z


1
√
β(k, k̃) =
dξ(ωeaξ − ω̃)eiω̃ξ exp i ka−1 eaξ .
4π ω ω̃

(2.67)
(2.68)

When the Minkowski modes are expressed in terms of the Rindler modes,
if the coefficient β(k, k̃) is non-zero then we can see from (2.63) the Minkowski
vacuum will not be annihilated by the annihilation operator defined in
the Rindler coordinate. The Bogolubov coefficients can be calculated by
performing the integrals given in (2.67) and (2.68). At first we substitute
z = eaξ and the integrals reduce to
Z
a−1
−1
−1
√
dz(ωz + ω̃)z ilg −1 e−ikzg ,
α(k, k̃) =
4π ω ω̃
Z
a−1
−1
−1
√
β(k, k̃) =
dz(ωz − ω̃)z ilg −1 eikzg .
4π ω ω̃

(2.69)
(2.70)

Using the known identity given by
Z
0

∞

xs−1 e−bx dx = exp(−slnb)Γ (s)

(2.71)
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and using proper cut-off which is set to zero finally, the integrals can be
evaluated to give
1
α(k, k̃) =
4πa

r

1
β(k, k̃) = −
4πa

r

ω
(ω k̃ + k ω̃)
ω̃

 −ik̃a−1
k
Γ(−ik̃a−1 )eπk̃/2a
a

(2.72)

ω
(ω k̃ + k ω̃)
ω̃

 −ik̃a−1
k
Γ(−ik̃a−1 )e−πk̃/2a .
a

(2.73)

and

From the above expressions we get the relation
β(k, k̃) = −α(k, k̃)e−πk̃/a .

(2.74)

The number operator can be defined in Rindler coordinates to be b̂k̃ b̂†k̃ . The
expectation value of this Rindler number operator in Minkowski vacuum
is given as

h0M |NR |0M i =

h0M |b̂k̃ b̂†k̃ |0M i

Z
=

dk|β(k, k̃)|2 ,

(2.75)

where we use Eq. (2.63) for arriving at the final expression. Using equation
(5.41) we get

Z 
a−1 dk
1
(2.76)
h0M |NR |0M i =
2πk
exp(2π ω̃a−1 ) − 1
Thus it is clear that the Rindler number operator in |0M i state gives a thermal spectrum at temperature a/2π. This also shows that the quantization
in Minkowski and the Rindler coordinates are inequivalent which we shall
further discuss in the next section.
2.5.4. Inequivalent quantization and correlation in vacuum
As mentioned previously, the Rindler coordinates cover only a part of the
Minkowski space and an observer in Rindler spacetime cannot obtain any
information from the region beyond the Rindler horizon. Defining a new
set of coordinates as
t + x = ṽ = g −1 egv ,
t − x = ṽ = −g −1 egu ,

(2.77)
(2.78)
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where v = ξ + τ and u = ξ − τ . In these coordinates, the Rindler line
element (2.53) takes the from
ds2 = e2gξ dudv

(2.79)

and the general solution of the wave equation in these coordinates can be
written as P (u) + F (v). The outgoing mode i.e. the mode dependent on
u when expressed in terms of the Minkowski null coordinates defined in
(2.78) is given as


ω
p = exp i ln(−ũ) .
g

(2.80)

Clearly this field mode cannot be defined for all values of ũ as p = 0 for
ũ > 0.
The Rindler spacetime exhibits the boost Killing vector given by χ =
∂/∂τ . In terms of the null coordinates defined for Minkowski space χ takes
the form
χ = g(ṽ∂ṽ − ũ∂ũ )

(2.81)

It is easily seen that the field mode defined in (2.80) is a positive frequency
mode with respect to ξ but it is not a purely positive frequency mode with
respect to the timelike Killing vector (∂/∂t) defined for Minkowski space.
The field mode p is not purely positive frequency with respect to u coordinate is also evident from the fact that p vanishes for u > 0 and a purely
positive frequency mode cannot vanish on any open interval.
For expressing the Minkowski wave modes in terms of the Rindler
modes we can define p for ũ > 0 by analytic continuation. If we take
the branch cut of ln(ũ) on the upper half plane we can define a function
ln(ũ + iπ) which is analytic for positive values of ũ and it agrees with
ln(−ũ) on the negative real axis. Using this we can define a new mode
which will have purely positive ũ frequency. This mode is defined as
h = p(ũ) + e

−πω
g

p(−ũ),

(2.82)

and the annihilation operator defined by a(h) = (h, φ) gives a(h)|0iM = 0.
By using linearity of the Klein–Gordon product we can express the annihilation operator defined above in terms of the Rindler annihilation and
creation operator as
a(h) = a(p) + e−πω/g a(p̃),

(2.83)
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where p̃(ũ) = p(−ũ) and a(p̃) = −a† (p̃∗ ) Using eq. (2.83) the expectation value of the number of particle in Minkowski space as detected by an
Rindler observer can be calculated after normalizing the modes properly
and a Planckian spectrum can be obtained with the temperature a/2π.
2.6. Q UANTUM FIELD THEORY IN CURVED SPACETIMES
Let us now move to the more general case of curved spacetimes. In particular we shall consider in detail the black hole case. Even classically rotating black holes (Kerr black holes) exhibits the phenomenon of super radiant scattering [50, 51] which involves stimulated emission when a scalar
field is incident on a rotating black hole. This suggests that when quantum fields are studied around a rotating black hole it should also exhibit
spontaneous emission. Remarkably it was found by Hawking that even
static black holes exhibit this phenomenon of spontaneous radiation in the
presence of quantum fields. This phenomenon of spontaneous emission
of particle from a black hole is known as Hawking radiation.
When a free quantized scalar field passes through the interior of a collapsing star its modes gets red-shifted. As this field crawls out of the surface of the star undergoing collapse the extent of red-shift increases. On
performing the Bogolubov transformation between the standard outgoing Minkowski field modes and the red-shifted modes emerging from the
star we get a Planckian spectrum of particle. Thus it implies that the initial “in vacuum” state contains a thermal flux of outgoing particles at late
times. We work in (1+1) dimension by choosing a two dimensional metric
corresponding to a spherical collapsing object. This is done to avoid the
difficulty of dealing with mathematical complexity while we get the same
result when extended to (3 + 1) dimensions. The way in which the star is
collapsing is also kept arbitrary as it does not effect the final result as long
as it asymptotically settles down to a Schwarzschild black hole.
2.6.1. Particle production by black hole
When a star start collapsing, initially spacetime is nearly flat and thus
the Minkowski vacuum is a good approximation describing the vacuum
state for such a configuration. When the star has collapsed sufficiently to
form a black hole, the exterior spacetime of the star is described by the
Schwarzschild metric and in this region we also need to define a new “out
vacuum” state based on the late time annihilation operator. In this section we will calculate the Bogolubov transformation between the “in” and
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“out” vacuum state to obtain the thermal spectrum of particle at late times
far away from the black hole.
Now we look at mode solutions of the standard Klein-Gordon equation
for Schwarzschild spacetime. The Klein–Gordon equation can be written
as
√

1
√ ∂a −gg ab ∂b φ = 0
−g

(2.84)

In the asymptotic region defined by r → ∞ the solution of radial part of
Eq. (2.84) is simply given as e±iωr . We change variable r to r∗ , where r∗ is
defined as the tortoise coordinates. In terms of these redefined coordinates
the solution of Eq. (2.84) is given as
1
1
∗
e−iω(t−r )/rYlm (θφ) = √
eiωu/rYlm (θφ) ,
2πω
2πω
1
1
∗
√
e−iω(t+r )/rYlm (θφ) = √
eiωv/rYlm (θφ) .
2πω
2πω

√

(2.85)
(2.86)

When working in (1+1) dimensions and neglecting the effect of back scattering of field modes these mode solutions reduces to the standard flat
space form for large distances. We can define a vacuum with respect to
these modes as a|0M i = 0 where a is the annihilation operator defined
with respect to the modes given in Eqs.(2.85)and (2.86). This suggests that
there is no incoming radiation from I − . Due to the presence of the collapsing star these modes will get red-shifted which otherwise would have
propagated in the same initial form.
We now compute the red-shifted modes reaching I + after passing through
the collapsing star. In (1 + 1) dimensions the spacetime in the exterior
region of the collapsing star can be best described by the Schwarzschild
metric. We take an arbitrary form of the metric defined in terms of the null
coordinates as
ds2 = C(r)dudv,

(2.87)

u = t − (r∗ − R0∗ ),
v = t + (r∗ − R0∗ ),

(2.88)
(2.89)

where

where R0∗ is a constant and r∗ is defined as
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∗

Z

r =

C(r)−1 dr.

(2.90)

This arbitrary metric is assumed to be asymptotically flat and this is given
by the condition C(r) → 1 in the limit r → ∞. The interior spacetime of
the collapsing star is defined by a metric which in a arbitrary form is given
as
ds2 = A(U, V )dU dV,

(2.91)

U = τ − (r − R0 ),
V = τ + (r − R0 ),

(2.92)
(2.93)

and

R0 and R0∗ are related in the same way as r and r∗ . It is assumed that at
τ = 0 the star is at rest and the surface of the star is given by r = R0 . To
depict the scenario of a wave entering the collapsing star and emerging
out we assume that the wave gets reflected at r = 0, which is the center of
the star, and restrict the treatment to only positive values of r. To achieve
this we need to impose the boundary condition φ = 0 at r = 0.
We denote the relation between the interior and the exterior coordinates of the star, ignoring any reflection at the surface of the star, in an
arbitrary functional form as
U = α(u),
v = β(V ).

(2.94)
(2.95)

Using Eqs. (2.92) and (2.93), we can define the centre (r = 0) of the radial
coordinate by the line
V = U − 2R0 .

(2.96)

For τ > 0 the star starts collapsing along the worldline r = R(τ ). Matching
the interior and the exterior metric along this collapsing surface we get
dU
du
dv
dV

C(1 − Ṙ)
,
[AC(1 − Ṙ2 ) + Ṙ2 ] − Ṙ
[AC(1 − Ṙ2 ) + Ṙ2 ] + Ṙ
=
,
C(1 + Ṙ)
=

(2.97)
(2.98)
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where C is evaluated at r = R(τ ) and the overdot represents differentiation
with respect to τ . When the star collapses to a sufficiently small region in
spacetime, it forms a black hole. At this point the surface of the collapsing
star coincides with the event horizon of the black hole which is given by
C = 0. When this condition is used Eqs.(2.97) and (2.98) reduce to
dU
∼ (Ṙ − 1)C(R)/2Ṙ,
du
dv
∼ A(1 − Ṙ)/2Ṙ,
dV

(2.99)
(2.100)

and calculating the second limit using the standard L Hospital‘s rule. Now,
near the event horizon, R(τ ) can be expanded as
R(τ ) = Rh − Ṙ(τh )(τh − τ ) + O([τh − τ ]2 ),

(2.101)

where we have defined R = Rh at the horizon.Using this and integrating
Eq. (2.99) we get
U = De−κu + constant.

(2.102)

we define κ as the surface gravity of the black hole and it is given as

κ=

1 ∂C
|R .
2 ∂r h

(2.103)

Integrating Eq.(2.100) we see that the relation between v and V is linear.
The mode functions are given by the solution of the equation (2.84)
with the boundary condition that φ = 0 at r = 0.We mentioned previously
(2.96) how the center of the radial coordinate system is defined. Using
these facts we can write the solution to the field mode as
√

1
(e−iωv − e−iωβ[α(u)−2R0 ] ),
4πω

(2.104)

where we defined v at r = 0 using (2.96) to be
v = β[V ] = β[α(u) − 2R0 ].

(2.105)

This solution shows how the outgoing modes get complicated due to the
red-shifting. Using (2.102) we can write this outgoing mode as
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fω = √

1
e−iω(a exp[−κu]+b) .
4πω

(2.106)

This mode can be expressed in terms of the standard outgoing modes(i.e
the modes which have not suffered the red-shifting) as
Z


1
αωΩ e−iΩu + βωΩ eiΩu dΩ.
(2.107)
fω =
2π
The particle content of this outgoing modes can be calculated in a similar
way as in section (2.5.3) by calculating the Bogoliubov coefficients we get
hNΩ i = |βωΩ |2 =

2M
,
exp[8πM Ω] − 1

(2.108)

where we have made use of the fact that the surface gravity, κ = 1/4M
and M as the mass of the black hole. Thus equation (2.108) gives a thermal
spectrum of particles at the temperature of
T =

κ
.
2π

(2.109)

Here we neglected any back-scattering of the mode due the black hole.
This assumption is not valid in (3+1) dimensions as the angular part of the
Klein-Gordon equation written in the Schwarzschild coordinates will act
as an effective potential which effectively scatter off the incoming waves
partially. Taking this fact into account we can modify the spectrum of
particle by introducing an absorption factor as

Np =

Γp
ω/T
e H−

1

,

(2.110)

Where TH is the Hawking temperature and Γp is the factor that indicates
the emissivity of the black hole and it is known as greybody factor [49, 52].
The presence of the greybody factor also shows that a black hole does not
behave as a perfect black body.
One plausible way of explaining Hawking radiation is by the tunneling mechanism [53]. Another heuristic way of looking at black hole evaporation is considering the fact that due to quantum fluctuations virtual
particles and anti-particles are continuously created. When the the separation between these virtual particles are of the order of the size of the
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black hole, strong tidal forces prevents re-annihilation of these pairs. The
particle having positive energy escapes out to infinity and contributes to
the flux of radiation obtained at I + and the other particle having negative
energy falls into the black hole singularity. As the black hole absorbs the
negative energy particle the energy and the mass of the black hole reduces.
We will look at a more precise mathematical derivation using this heuristic
argument in section (3.2).
2.7. H AWKING RADIATION – SOME ESSENTIAL ASPECTS
In this section we discuss two of the most disturbing and unsolved aspects
of Hawking radiation, the trans Planckian issue and the information loss
paradox. Both these issues hints at the fact that the semi-classical setup we
are working in is probably not the best framework for studying black hole
thermodynamics and at some point the quantum effects of gravity must
be considered.
2.7.1. The trans-Planckian issue
It was stated earlier that the model with which we are working, for investigating the Hawking radiation, is asymptoticly flat. For a static observer
to detect particle at I + the state near the horizon must be vacuum as described by a free-fall observer, i.e. an observe who is falling across the
event horizon freely. The generic state which we defined at the past null
infinity is Minkowski vacuum and thus one must show that the free-fall
vacuum must result from the initial vacuum which we choose. This was
done by tracing the v modes backward in time and through the collapsing
star to the past null infinity. By doing this the free-fall frequency matches
with the Killing frequency at I − as we demanded. But tracing the mode
backward in time has a subtle problem involved with it [54, 55] . As these
modes are propagated backwards they get exponentially blue-shifted with
respect to the Killing time. For a outgoing quanta of radiation at a time t
after the black hole is formed the amount of blue-shifting of the propagated mode to I − is determined by a factor of eκt where κ is the surface
gravity of the black hole. This factor can be found from the relation between the frequency of a mode at the past null infinity and the future null
infinity. A mode of frequency Ω on I − is related to a mode of frequency ω
on I + as
ω(u, Ω) = α0 (u)Ω,

(2.111)
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where α0 (u) is defined by (2.102). For a Hawking mode of frequency ∼ κ
the typical frequency of the field mode at I + is given as
Ω ∼ κ/α0 (u) ∝ eκu .

(2.112)

From this relation we see that for u → ∞ the blue shifting is enormously
large. This issue was tackled in several ways though it needs a more concrete resolution [56, 57, 58].
2.7.2. Information loss
By studying Hawking radiation within the framework of semi-classical
gravity one can show that the final state resulting from the evaporation
process should be a mixed state. This results from the fact that the outgoing Hawking modes are maximally entangled with the ingoing modes and
eventually when the black hole has completely evaporated we are just left
with thermal radiation in a mixed state. This evolution from a pure state
to a mixed state is not allowed within the known laws of quantum mechanics, giving rise to the black hole information loss problem.
Before going into the details of the information loss problem we briefly
review the concept of entanglement first. Let us assume we have two
quantum mechanical system which are represented by the Hilber space
H1 and H2 respectively. The joint state of the two systems would be represented in a tensor product of the individual Hilbert space as H1 ⊗ H2 . A
general state in this tensor product Hilbert space is given as
|ψi =

X

ci |ψ1i i ⊗ |ψ2i i.

(2.113)

i

It is possible to encode the information just relavant for the first observer
as a part of the general state by a reduced density matrix defined as
ρ1 =

X

ci c∗j hψ2j |ψ2i i|ψ1i ihψ1j |.

(2.114)

ij

A normalized state |ψi can be written as a product state |ψ1 i ⊗ |ψ2 i only if
ρ21 = ρ1 , and in this case the system is said to be in pure state. This implies
that the product state just behaves as the state on which the measurement
is made and the other state is irrelevant for this measurement. However, a
state as given in (2.113) cannot be written as a product state as mentioned
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above. In such a scenario both the states are said to be entangled and on
its own each state would be a mixed state. For a mixed state the result of
measurement done on one state would be dependent on the other state as
well due to nontrivial correlation between the states. In particular, for two
entangled states if there are two observables, O1 and O2 for two systems
respectively, then
hψ|O1 ⊗ O2 |ψi =
6 hψ|O1 |ψihψ|O2 |ψi .

(2.115)

The density matrix for a mixed state is essentially a probability density of
an ensemble, thus one can naturally define the Von Neumann entropy as
S = −Tr(ρlogρ).

(2.116)

For the two entangled systems we considered, the entanglement entropy
of a subsystem would be just given as the Von Neumann entropy of the
reduced density matrix for the subsystem under consideration,
S1 = −T r(ρ1 logρ1 ),

S2 = −T r(ρ2 logρ2 ).

(2.117)

Now we try to understand the information loss problem. Let us assume
a pure state outside the black hole consisting of n numbers of EPR pairs,
and if we throw one of each pair into the balck hole, we end up with
Sinside = Soutside = Sentanglement = nlog2 .

(2.118)

When the black hole evaporates completely we are left with half of each
pair in a highly mixed state with a total entanglement entropy given as,
Sentanglement,f inal = nlog2.

(2.119)

Now we could have started with a pure state having Sentanglement = 0, then
we would be still inevitably left with a highly mixed state. We cannot
describe this transition from a pure state to a mixed state by any unitary
transformation [16] and this lies at the root of the information loss problem.
One can follow the analysis of the information loss by Page as given
in [59, 60] to have a better understanding of the problem in a nice quantitative way. The Bekenstein–Hawking entropy, SBH = A/4~G, follows the
first and second law of thermodynamics, so one can assume that the maximum number of internal states available to a black hole of area A would
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be given by eSBH [61]. In this sense SBH should set the upper bound on the
entanglement entropy (Von Neumann entropy) of any black hole.
Now evaporation of the black hole causes its surface to shrink and thus
SBH must decrease steadily due to Hawking radiation. On the other hand
the entanglement entropy of the black hole must increase steadily as explained earlier. So in the lifetime of a black hole (within a finite time), a
contradiction is reached when SBH = Sentanglement , as after this point the
entanglement entropy must exceed the Bekenstein–Hawking entropy. For
a Black hole that begins in a pure state, this happens when SBH has been
reduced to half of its initial value due to the evaporation process. This
is often referred to as the Page time, tpage . For a 4D Schwarzschild black
hole tpage = R03 /lP2 lanck . If Hawking radiation is to be a pure state then
Sentanglement must start to decrease and eventually become zero when the
black hole disappears. If this must happen it should begin to decline at the
midpoint of the lifetime of a black hole (around tpage ), this behavior of the
entropy is shown in the Page curve.
In a ordinary thermodynamic system, such as burning a piece of coal,
the entanglement entropy follows a similar behavior as depicted by the
Page curve. The earlier radiated photons would be entangled to the remaining coal but the ones emitted in the late time can carry information
from the burning coal and have an imprint of the quantum states due to
the excitations inside the burning system. The main difference with such
a system and Hawking radiation is the presence of the horizon. Due to
the black hole horizon the internal excitations cannot imprint anything on
the photons emitted at late time thus Sentanglement cannot decrease by any
means. This was also shown in a more rigorous way by using the strong
subadditivity of the Von Neumann entropy in [18].

Figure 2.4: The plot shows how the different entropies would evolve as
the black hole evaporates.

34
2.7.3. Alternatives to information loss
Examining the assumptions made for the formulation of the information
loss problem and speculating that some of them can be wrong, it is possible to conjecture ways to avoid the problem. Some well known alternative
scenarios are :
• Firewall: A hypothetical phenomenon known as black hole firewall
was proposed in [20, 62], where an in-falling observer would encounter high energy quanta very close to the event horizon. As we
know the early and late time modes cannot be entangled, due to nocloning theorem of entanglement, as the early mode is already maximally entangled with modes inside the horizon. So it was proposed
that the late time radiation can purify the early time one only when
black hole complementarity (as proposed by Susskind in [63]) is violated in some way. It can be assumed that a black hole forms in
the expected manner but the evaporation process would not follow
semi-classical theory strictly. In this manner the entanglement between the state of quantum field observables inside and outside the
black hole can be diminished.
The firewall would imply some deviation from semi-classical physics
at a low curvature region near the horizon even before Page time.
Thus the diminishing or vanishing entanglement would be possible
but eventually one cannot assume a Unruh state, which is the unique
non-singular state at the horizon, as a result of a semi-classical collapse [64]. From this it is clear that the vacuum state at the horizon
would be singular, converting it to a firewall (Unless some effective
notion of complementarity is used). One can also say that the law
governing the presence of a firewall has to be non-local/acausal in
nature.
• Fuzzball: Based within the framework of string theory, it was proposed in [65], instead of a classic picture of a black hole with an
event horizon, due to quantum tunneling phenomenon, a fuzzball is
formed when the star collapses. More precisely according to the proposal of a fuzzball, for a black hole with entropy S, there are exp S
horizon-free non-singular solutions that asymptotically look like the
black hole but generically differ from the black hole up to the horizon scale. These solutions were called the fuzzballs and are considered to be the black hole microstates while the original black hole is
represented by the average description of the system.
In this scenario the interior singularity of the black hole is not present
and the entire interior region of the black hole can be described as a
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ball of strings. Even though it is a radical proposal, considering that
massive black holes can form at sufficiently low energy density and
curvature, where semi-classical general relativity can provide a good
description of spacetime dynamics, there is no information loss in
this geometry as there is no event horizon present.
• Remnant: In this proposal the evaporation process stops when the
black hole has reached Planck scale and quantum gravity effects starts
dominating [66]. One way to realize such a remnant at the end of the
evaporation is based on a modified Heisenberg uncertainty principle
[67]. The remnant would contain all the information that went into
the black hole hence one can say that the joint state of the remnant
and its outside is pure. One major issue with such a remnant is it
will violate the Bekenstein entropy bound as the remant would need
to have arbitrarily high number of states to be able to entangle with
all the emitted Hawking quanta.
2.8. B LACK HOLE THERMODYNAMICS
The event horizon of a black hole acts as a causal boundary which does
not allow any propagation of information from the interior region of the
black hole to the outside. This led Bekenstein to propose to associate an
entropy with the area of the horizon of a black hole [7]. Indeed, soon
after this proposal, Jim Bardeen, Brandon Carter, and Stephen Hawking
derived four laws of black hole mechanics [9] which are analogous to the
four laws of classical thermodynamics. In the case of Penrose process and
super-radiance we can write a relation between the mass of the black hole,
the area of the event horizon and its angular momentum which looks very
similar to the first law of thermodynamics, upon interpreting the area of
the event horizon as an entropy, the surface gravity as a temperature associated with the horizon.
The major break through came in this field after Hawking showed that
a black hole can emit thermal flux of particle and the temperature is precisely related to the surface gravity of the black hole in the same way as
it was demanded for the laws of black hole thermodynamics to hold and
also the entropy is given as A/4, where A is the area of the black hole. It
was thus evident that a black hole acts as a thermodynamic system which
could be in thermal equilibrium with its surrounding. The importance of
black hole thermodynamics lies in the fact that we can get an idea about
the microscopic degrees of freedom of the space time by investigating and
analyzing macroscopic quantities such as entropy. It was also shown later
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that the field equations governing the dynamics of gravity can be derived
by extremising the entropy defined for such a system.
2.8.1. Zeroth law
The zeroth law of black hole thermodynamics states that the surface gravity of a stationary black hole remains uniform and unchanged over the
entire event horizon. There are two ways in which the zeroth law can be
proved, each having its own advantages and drawbacks. Firstly we can
assume that a spacetime exhibits a bifurcation surface and it can be shown
that the zeroth law holds. In the second approach we need to assume that
the dominant energy condition holds and using a specific field equation of
gravity zeroth law can be proved.
For a stationary axisymmetric black hole the Killing vector generating
the horizon can be written as

χa = ξt + ΩH ξφ .

(2.120)

As this Killing field becomes null on the horizon (χa χa = 0) we can write
χb χa;b = κχa ,

(2.121)

where κ is a constant, defined as the surface gravity of the black hole. By
taking Lie derivative of this equation with respect to the Killing vector
field ξa we get
κ, aξ a = 0,

(2.122)

which shows that the surface gravity is constant along the generator of the
horizon. Now we need to prove that the surface gravity is also constant
along the event horizon (i.e. from one generator to the other).
Using the Killing equation, ξa;b = −ξb;a , and the Frobenius’ theorem,
which is given as
ξ[a ∇b ξc] = 0,

(2.123)

1
κ2 = − χa;b χa;b .
2

(2.124)

we can write (2.121) as
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To show that κ is constant on a bifurcate killing horizon we take the derivative of (2.124) along the tangent , k a , to the event horizon. This gives
1
κk a ∇a κ = − k a ∇a ∇b χc ∇b χc .
2

(2.125)

Using the known identity
d
∇a ∇b ξc = −Rbca
ξa

(2.126)

we get
1
d
κk a ∇a κ = k a Rabc
ξd ∇a ξ b .
2
=0

(2.127)
(2.128)

This shows that the surface gravity defined on a bifurcate Killing horizon
is constant. However, our spacetime might not posses a bifurcation surface and so one has to derive the zeroth law starting from Eq. (2.124) and
using Einstein equation with the dominant energy condition, which states
that matter should flow along timelike or null world lines. An alternative
derivation to the zeroth law which does not incorporate the use of any
field equation can be seen in [68]
2.8.2. First law
We now consider a stationary black hole being perturbed by some influx of
matter across the horizon and ∆Tab represents the variation of the energy
momentum tensor. We assume that once the perturbation is removed the
black hole settles down to a stationary state.
If we define a Killing parameter, τ , for the generators of the horizon
then from (2.121) we see that, τ , is not an affine parameter along the null
geodesic generators of the horizon. We can define an affine parameter, λ
along these generators and the relation between both these parameter is
λ ∝ eκτ .
For small perturbation of the black hole we can write
Z
Z
4M = dτ dσ 2 4Tab (ξt )a χb ,
Z
Z
4J = − dτ dσ 2 4Tab (ξφ )a χb ,

(2.129)

(2.130)
(2.131)
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where 4M and 4J are the change in mass and angular momentum of the
black hole and dσ 2 is the differential area element of the horizon. Using
Eq. (2.130) and (2.131) we can write
Z
4M − Ω4J = Tab ((ξt )a + Ω(ξφ )a )χb dσ 2 dτ
Z
= Tab χa χb dσ 2 dτ
(2.132)
Using the Raychaudhuri’s equation [69, 70] defined for the change of expansion along a geodesic which is non-affinely parametrized and retaining
terms up to first order we get
dθ
= κθ − 8πTab χa χb .
dτ
Using this equation from (2.132) we get


Z
1
dθ
2
4M − Ω4J = −
τ dσ
− κθ
8π
dτ
Z
κ
=
θdτ dσ 2
8π
Z
κ
1 d(δσ 2 )
dτ dσ 2
=
8π
δσ 2 dτ
κ 2
=
δσ .
8π

(2.133)

(2.134)

Thus we get an expression which is analogous to the first law of thermodynamics. Noticeably, there is a generalized version of the first law which
does not takes into account any specific theory of gravity, and is valid for
any classical theory of gravity arising from a diffeomorphism invariant
Lagrangian [38].
2.8.3. Second law
This law states that the entropy of the black hole cannot decrease during
any physical process if the null energy condition holds. As we saw that the
entropy of a black hole, in general relativity, is related to the surface area of
the event horizon, the second law states that the surface area of the black
hole cannot decrease during any physical process. We saw this analogy
in the case of Penrose process and super-radiance where the surface area
of the black hole increased. The second law can be formulated in a mathematical way by looking at the evolution of the black hole surface area
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using the Raychaudhuri’s equation and assuming null energy condition.
From Raychaudhuri’s equation we get
dθ
1
= − θ2 − σ ab σab − Rab k a k b .
dλ
2

(2.135)

where there is no twist in the above equation as the congruence of the
null geodesics is hypersurface orthogonal. Using Einstein equation we can
replace Rab k a k b by Tab k a k b and assuming null energy condition, Tab k a k b >
0, we see that all the quantities on the right hand side of Eq. (2.135) are
positive. Thus we arrive at the condition
1
dθ
< θ2 .
dλ
2

(2.136)

1
1
1
>
+ λ.
θ
θ0 2

(2.137)

Integrating this equation we get

Now suppose the expansion, θ0 , is negative at some point of time then
from Eq. (2.137) we get that θ ∼ −∞ within some finite value of the affine
parameter τ . Now the expansion is given as
θ=

1 dA
,
A dτ

(2.138)

where A is the area of the black hole. For θ ∼ −∞ we get A = 0, which
implies that there will be caustics formed in the future null direction of the
geodesic. Now according to Cosmic censorship conjecture, which states
that there can be no naked singularities in spacetime or the generators of
the event horizon can have no future end points, this is not allowed. Thus
the expansion of the event horizon must be always positive which implies
that the area of the event horizon always increases.
2.8.4. Third law
The strong version of the third law states that, entropy of any system tends
to an universal constant independent of the macroscopic properties of the
system, which can be taken to be zero, as the temperature of the system
approaches absolute zero. This strong version of the third law does not
hold for black hole thermodynamics [71, 72] and it can be shown very
easily that a Kerr–Newman black hole can violate this. However, it can be
shown that the weak form of the third law, in the sense of unattainability of
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the zero temperature state, holds. According to the third law of black hole
mechanics, if the stress-energy tensor satisfies the weak energy condition,
then the surface gravity of a black hole cannot be reduced to zero within a
finite amount of time [71].
The actual proof of the third law for black holes can be quite complicated for this discussion so we outline a simpler version of the proof which
shows, given that the weak energy condition holds that the surface gravity
cannot be zero. To show this we start with a charged Vaidya metric (we
need a dynamical solution that can potentially become extremal at a finite
advanced time v), which is given as
ds2 = −f dv 2 + 2dvdr + r2 dΩ2

(2.139)

if m is the mass and q is the charge of the black hole
f =1−

2m(v) q 2 (v)
+ 2 .
r
r

(2.140)

The above spacetime violates the third law when m(v) = q(v) i.e the black
hole becomes extremal for some advanced time v0 < ∞.
The weak energy condition states that the energy density measure by
an observer with velocity k a is always positive,or
Tab k a k b > 0.

(2.141)

Here Tab is the stress-energy tensor which gives the solution (2.139), when
used as a source in the Einstein equation. For the Vaidya solution
T ab = ρla lb + P diag(−1, −1, 1, 1)

(2.142)

where la is a null vector, ρ and P are the density and pressure of the collapsing matter.
For a radial observer, given the weak energy condition one must have
a positive ρ at the apparent horizon located at
p
(2.143)
r = r+ = m + m2 − q 2 .
From this one can arrive at the condition
p
3
4πr+
ρ(r+ ) = mṁ − q q̇ + m2 − q 2 > 0

(2.144)

where dot represents differentiation with respect to the affine null parameter v. Now, let us assume that the black hole becomes extremal at a finite
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advanced time v0 , this means ∆(v0 ) = 0, where ∆(v) = m(v) − q(v). As the
black hole was not extremal at v < v0 , we must have ∆(v) > 0. Now from
(2.144), using m(v0 ) = q(v0 ), one gets
˙ 0 ) > 0,
m(v0 )∆(v

(2.145)

which is clearly in contradiction to what we said earlier. This shows that
if the weak energy condition holds then the black hole cannot become extremal in a finite advance time.

42

CHAPTER 3

Black hole evaporation
3.1. I NTRODUCTION
The discovery of Hawking radiation [5] changed our perspective towards
black holes, giving us a deeper insight about the microscopic nature of
gravity. At the same time, within the semi-classical framework, the current understanding of such process still leaves open several issues. A well
known unresolved problem of black hole physics as discussed before is
the information loss paradox [73, 59, 74], i.e. the apparent incompatibility between the complete thermal evaporation of a black hole endowed
with an event horizon and unitary evolution as prescribed by quantum
mechanics.
For restoring unitarity of Hawking radiation and addressing the information loss problem correctly, it is important (among other things) to
know from where the Hawking quanta originate. For example, if one assumes a near horizon origin of the Hawking radiation, then one way to
restore unitarity is by conjecturing some sort of UV-dependent entanglement between partner Hawking quanta which would enable the late time
Hawking flux to retrieve the information in the early stages of the evaporation process. Such scenario seems to lead to the so called “firewall”
argument as the conjectured lack of maximal entanglement between the
Hawking pairs makes the near horizon state singular and eventually demands some drastic modification of the near horizon geometry [20]. On
the other hand, if one believes in a longer distance origin of the Hawking quanta, some effect must be operational at a larger scale for restoring
unitarity rather than near the horizon, avoiding the “firewall”.
A similar open issue is the transplanckian origin of Hawking quanta.
Hawking’s original calculation indicates that the quanta originate near the
black hole horizon in a highly blue-shifted state requiring an assumption
on the UV completion of the effective field theory used for the computation and on the lack of back-reaction on the underlying geometry 1 . While
it was debated for a while if Hawking quanta could originate initially, during the star collapse, and later released over a very long time, it was convincingly argued in [77] that this cannot be the case if an event horizon
indeed forms. This leads to the conclusion that the Hawking quanta are
generated in a region outside the horizon. A conclusion corroborated by
studies of the Hawking modes correlation structure where it was shown
1

See, for instance, [75, 76] for a black hole evaporation analysis where these issues can
be addressed in a quantum gravity context.
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that mode conversion happens over a long distance from the horizon [78].
A more recent claim in this direction, based on calculating the size of the
radiating body via the Stefan–Boltzmann law, showed that the Hawking
quanta originate in a near horizon quantum region, a sort of black hole
“atmosphere” [79]. It is a well known fact that the typical wavelength of the
radiated quanta is comparable to the size of the black hole, so one might
think that the point particle description is not very accurate. However, as
measured by a local observer near the horizon, the wavelength is highly
blue-shifted when traced back from infinity to the horizon, thus validating
the point particle description.
The Hawking process can be explained heuristically as-well, for example via a tunneling mechanism where the particle tunnels out of the horizon or the anti particle (propagating backwards in time) tunnels into the
horizon and as a result of this we get the constant Hawking flux at infinity
[53]. Alternatively, one popular picture is to imagine that the strong tidal
force near the black hole horizon stops the annihilation of the particle and
anti-particle pairs that are formed spontaneously from the vacuum. Once
the antiparticle is “hidden” within the black hole horizon, having a negative energy effectively, the other particle can materialise and escape to
infinity [80, 81].
In the first two section of this chapter based on [82], we will explicitly
make use of this latter heuristic picture as well as of a full calculation of
the stress energy tensor in 1+1 dimensions to investigate where the Hawking quanta might originate. We shall see that both methods seem to agree
in suggesting that the Hawking quanta originate from the black hole atmosphere and not from a region very close to the horizon. In section II,
based on the heuristic picture of Hawking radiation described above and
invoking the uncertainty principle and tidal forces, we show that most of
the contribution to the radiation spectrum comes from a region far away
from the horizon. In section III we further strengthen our claim by a detailed calculation of the renormalized stress energy tensor, which indicates
a similar result, we also calculate the energy density and flux as a free
falling observer would measure. In section IV we will see another view
point of looking at hawking radiation based on effective temperature as
proposed in [83, 84]. In section VI we will compare the energy densities
as seen by a free falling observer using the RSET and the effective temperature function. We also investigate where the adiabatic condition breaks
down indicating another hint about the region of particle creation and a
plausible explanation for the discrepancy in the two energy densities.
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3.2. A GRAVITATIONAL S CHWINGER EFFECT ARGUMENT
One ingredient of our heuristic argument to identify a quantum atmosphere outside the black hole horizon, where particle creation takes place,
is the uncertainty principle. However, the use of the uncertainty principle alone, as originally suggested by Parker [85], does not contain any
physically relevant information about the location of particle production
and why smaller black holes should be hotter. Indeed, the uncertainty
principle in this case provides a rough estimate of the region of particle
production as inversely proportional to the energy of the Hawking quanta
when they are produced, but it does not take into account any dynamical
mechanism to estimate the probability of spontaneous emission.
Thus one can improve this argument by invoking a physical process of
creation of the Hawking quanta and using the uncertainty principle as a
complementary tool to estimate the region of origin of the quanta. In this
section, we try to achieve this goal by relying on tidal forces.
Let us then consider a situation where a virtual pair, consisting of a particle and anti-particle, pops out of the vacuum spontaneously for a very
short time interval and then annihilates itself. In the Schwinger effect [86]
a static electric field is assumed to act on a virtual electron-positron pair
until the two partners are torn apart once the threshold energy necessary
to become a real electron-positron pair is provided by the field. Energy
is conserved due to the fact that the electric potential energy has opposite
sign for partners with opposite charge. However, in its gravitational counterpart a priori only vacuum polarisation can be induced by a static field
in the absence of an horizon.
In fact, only in the presence of the latter one has both the characteristic
peeling structure of geodesics (diverging away from the horizon on both
its sides) as well as the presence of an ergoregion behind it. 2 The presence
of an ergoregion is crucial for energy conservation as it allows for negative
energy states given that in it the norm of the timelike Killing vector, with
respect to which we compute energy, changes sign.
Indeed, if a Schwinger-like process takes place near the black hole horizon, due to the tidal force of the black hole and the peeling of geodesics,
the pair can get spatially separated and one partner can enter the black
hole horizon following a timelike or null curve with negative energy while
the other particle can escape to infinity and contribute to the Hawking
flux. In this picture, we are implicitly assuming that virtual particles in
2

This is strictly true only for non-rotating black holes, for rotating ones the ergoregion lies outside of the horizon allowing for the classical phenomenon of superradiance.
However, the quantum emission still requires the peculiar peeling structure of geodesics
typical of the horizon.
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the vicinity of a black hole horizon move along geodesics when they are
just about to go on-shell.
Therefore, the physical scenario we want to envisage is that of a particleantiparticle pair pulled apart by the black hole tidal force outside the horizon until they go on-shell as one of them reaches the horizon located
at rs = 2GM/c2 (actually an infinitesimal distance inside it so that the
geodesic motion will drag it further inside) while the other particle is at a
radial coordinate distance r = r∗ . One could also consider the case where
the ingoing particle tunnels through the horizon and goes on-shell well
inside the horizon (as e.g. suggested by the results of [78]); however, since
in our analysis below we are interested in the tidal force as computed in
the outgoing particle rest frame, this should not affect the final expression
for the force. Thus, from the point of view of an outside static observer, the
work done by the gravitational field on the pair (in our heuristic derivation) is insensitive to the exact location where the ingoing particle becomes
real.
Once on-shell, the outgoing particle eventually reaches infinity and
contributes to the Hawking spectrum. In order to do so though, it has
to be created with an energy corresponding to the energy of the Hawking
quanta at a distance r∗ > rs from the center of the black hole as measured
by a local static observer; this can be reconstructed by noticing that
ω∞
ωr = √ ,
g00

(3.1)

where ω∞ is the energy at infinity and we are using the (+, −, −, −) signature. At infinity, the thermal spectrum of Hawking radiation gives
ω∞ = γ

kB TH
,
~

(3.2)

where the Hawking temperature for a black hole of mass M reads kB TH =
~c3
. Thus, we get
8πGM
c3
ω∞ = γ
(3.3)
8πGM
and
c
1
q
ωr = γ
,
(3.4)
4πrs 1 − rs
r
where γ is a numerical factor spanning the energy range of the quanta
giving rise to the radiation thermal spectrum. At the peak of the spectrum
γ ≈ 2.82.

47
This energy is provided by the work done by the gravitational field to
pull the two partners apart. We can compute this work in the static frame
outside a black hole and compare it with ω(r∗ ). Using this relation, we can
determine the region from which the Hawking quanta originate. This is
the process we now want to implement.
Let us clarify that, in a general relativistic framework, the geodesic deviation equation does not describe the force acting on a particle moving
along a geodesic. Rather, it expresses how the spacetime curvature influences two nearby geodesics, making them either diverge or converge,
i.e. it effectively measures tidal effects. Therefore, we can interpret these
effects as the pull of the gravitational force on particles and talk about the
work done by the gravitational field only in an heuristic sense. Nevertheless, in the case considered here where the test particles have a mass much
smaller than the black hole and we can neglect back-reaction effects, we
expect this interpretation of the gravitational field effects to capture some
relevant aspects of black hole physics. With these assumptions spelled out,
let us proceed.
In the rest frame of the outgoing particle, one would see the antiparticle accelerating towards the horizon due to the tidal force. This radial
acceleration in the rest frame of the particle can be computed using the
geodesic deviation equation, namely
ar |r∗ ≡

Dnr
Dτ 2

= Rr µνρ uµ uν nρ |r∗ ,

(3.5)

r∗

where the r.h.s. is expressed in terms of the Riemann tensor components,
nr denotes the separation between the two radially infalling geodesics followed by the pair of particles and uµ = [1, 0, 0, 0] in the rest frame of the
particle.
The separation between the particle and the anti-particle when the pair
forms spontaneously (i.e. they go “on-shell”) is given by their Compton
wavelength, namely nρ = [0, nr , 0, 0] where nr ∼ λC = ~/mc, and m 
M is the particles rest mass (from now on we shall work in units where
~ = c = 1). So in the end, Eq. (3.5) implies that the radial component
of the tidal acceleration (as computed in the rest frame of the particle at
coordinate r∗ ) is given by
2M
ar |r∗ = 3 λC
(3.6)
r∗
For computation of the acceleration in the rest frame of the particle we
need the Riemann tensor in the inertial frame of the particle. One can compute the Riemann tensor in the static Schwarzschild coordinates and then
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boost it using the free-fall velocity of the particle as measured in the static
frame. A feature of the Schwarzschild geometry is that the components of
the Riemann tensor remains invariant under such a boost [87]. Thus, in
(3.5) we have Rrttr = −2M/r3 .
Our aim is to determine the work done on the spontaneously created
particle pair by the tidal force in the static frame outside the black hole. For
this we need to compute the tidal force as measured by a static observer
outside the black hole at the instant when the outgoing partner goes on
shell. This can be achieved by considering the particle rest frame and the
static observer frame as locally two inertial frames: The latter sees the particle as moving with outward velocity given by the radial component of
the geodesic tangent vector ur = dr/dτ . Once this is known, we can derive the radial acceleration observed by the static observer by performing
a boost with rapidity ζ = tanh−1 (ur ).
We thus need to determine the instantaneous radial component of the
free fall velocity of the outgoing particle when it goes on-shell. This can be
computed from the geodesic equation and it is given by
s


2M
r
dr
r
u =
=
1−
,
(3.7)
dτ
r
r0
where r0 comes as an integration constant corresponding to the coordinate
distance at which the particle velocity goes to zero. Since we are interested
in the value of the radial component of the geodesic tangent vector at the
instant when the outgoing particle goes on-shell and becomes an Hawking
quantum which eventually reaches infinity, we can take the integration
constant r0 → ∞, i.e. Hawking quanta can be created with zero velocity
only at infinity. Hence, we get
r
2M
.
(3.8)
ur |r∗ =
r∗
We can now boost the acceleration vector aµ = (0, ar , 0, 0), where ar
given by (3.6), with a velocity parameter given by (3.8), in order to determine the tidal force in the static frame arst . We get arst = ar cosh(ζ) so that
the radial component of the force under this transformation is given by
r
Ftidal−st

r∗

=

marst
(1 − 2M/r)

=
r∗

mλC
2M
,
2
(1 − 2M/r∗ ) r∗3

(3.9)

where we have rescaled the mass in the rest frame by the appropriate
Lorentz factor, (1 − 2M/r∗ )−1 . Finally, using the fact that λC ∼ 1/m, the
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magnitude of the force is given by

− 32
2M
r
s
r
||Ftidal−st
|| = 3 1 −
.
r∗
r∗

(3.10)

In analogy with the Schwinger effect, we shall now assume that the
work done by the tidal force to split the virtual pair can be approximated
by the product of the force computed above with the distance over which
it appears to have acted, i.e. the separation of the two Hawking quanta
as they go on-shell as measured by a static observer at r∗ . Given that we
have assumed that the ingoing Hawking quantum goes on shell as soon
as it can do so, i.e. at horizon crossing, this distance will coincide with the
static observer’s proper distance to the horizon d(r∗ ).
Therefore, the work required by the tidal force to split the pair apart is
given by 3
Wtidal

− 23

r
2M
s
r
d(r∗ ) ,
∼ ||Ftidal−st
|| d(r∗ ) = 3 1 −
r∗
r∗

where d(r∗ ) is given by
Z r∗
√
grr dr0
d(r∗ ) =
rs


!2 
r
p
1
1 
= rs  α(α − 1) + logα 1 + 1 −
,
2
α

(3.11)

(3.12)

and we have defined α ≡ r∗ /rs .
We can then equate this work to the total energy of the two Hawking
quanta being created, namely Wtidal = 2ωr . This gives us

− 32

− 12
2M
2M
γ
2M
1−
d(r∗ ) =
1−
.
r∗3
r∗
2πrs
r∗

(3.13)

Finally, from eq. (3.13) we get


!2 
r

− 21
2π
1
1
1 
·1 + √
logα 1+ 1 −
. (3.14)
γ = 2 1−
α
α
α
2 α2 − α
3

p
Alternatively, we could introduce a 4-vector `µ = (0, `r , 0, 0), with ||`|| = gµν `µ `ν =
r
d(r∗ ), and compute the work as Wtidal ∼ grr Ftidal−st
`r r . This would give the same
∗
result.
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The relation between γ and α, i.e the radial distance scaled as r∗ /rs , is
better illustrated in Fig. 3.1. It is clear from the plot that the part of the
Hawking thermal spectrum around the peak (γ ∼ 2.82), where most of
the radiation is concentrated, corresponds to a region which extends far
outside the horizon, up to around 2rs (at the peak r∗ ≈ 4.38 M ).
Γ
10
8
6
4
2
1

2

3

4
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Figure 3.1: This plot shows the variation of γ with respect to the radial
distance from the center of the black hole. The red dashed line corresponds
to the horizon location at α = 1 where the expression for the tidal force
work diverges, indicating that the quanta in the far UV tail of the Hawking
spectrum originate from very near the horizon.
The plot above also shows how, in this tidal force derivation, the quanta
with higher velocity (kinetic energy) are produced closer to the horizon.
This is consistent with our analysis since the higher the initial radial velocity the stronger the Lorentz contraction of the outgoing particles distance
from the horizon in their rest frame, given by λC , resulting in a shorter
proper distance d(r∗ ) at which they are detected.
Also, by using Eq. (3.12) and expressing the rest of Eq. (3.11) in terms
of α, we can see that the work doable at fixed α by the tidal forces scales
as the inverse of the mass of the black hole so making evident that smaller
holes can produce hotter particles at the same relative distance from the
horizon.
Let us stress again the heuristic nature of our argument. We are considering the instantaneous value of the tidal force observed by the outgoing
partner at a given coordinate distance r∗ where it goes on-shell. However, we then use this instantaneous value to compute the work done by
the gravitational field over a distance d(r∗ ), as if the force was actually at
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work with the same constant value throughout the whole splitting process. A similar approach was also used in [88] to give an estimate of the
wavelength of the Hawking quanta as produced by the gravitational tidal
force.
So, although the analogy with the Schwinger effect for the electronpositron pair production by an electric field may be advocated to lend
support to our description of Hawking quanta production from a quantum atmosphere that extends well beyond the horizon, we now want to
present a more sound analysis based on the renormalized stress energy
tensor in order to confirm this picture.
3.3. S TRESS - ENERGY TENSOR
By analyzing the renormalized stress energy tensor (RSET) in the 1+1 dimensional case, one can understand Hawking radiation in a better way as
this is a local object which can help to probe the physics in the vicinity of
the black hole. Derivation of the RSET components has been considered
in many places in the literature [89, 90, 49, 91, 92], here we build on these
previous results and compute the energy density and flux as seen by an
observer which has no zero radial velocity(thus giving rise to no kinematical effects) and zero acceleration at the horizon.
3.3.1. Computation of RSET
Following [64], let us introduce a set of globally defined affine coordinates
−
−
U, V on Ileft
, Iright
respectively. Restricting to the radial and time dimensions, the metric reads
ds2 = C(U, V )dU dV .

(3.15)

In (1 + 1) dimensions the renormalised stress energy tensor for any massless scalar field in terms of these affine null coordinates can be easily computed using the conformal anomaly [89, 90, 93, 49, 94]. The components of
the RSET computed in some arbitrary vacuum state are given as:


1 C,U U
3 (C,U )2
1 1/2 2 −1/2
C ∂U C
=
−
,
(3.16)
hTU U i = −
12π
24π C
2 C2


1 1/2 2 −1/2
1 C,V V
3 (C,V )2
hTV V i = −
=
,
(3.17)
C ∂V C
−
12π
24π C
2 C2
RC
1
hTU V i =
=
∂U ∂V ln C ,
(3.18)
96π
24π
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where C is the conformal factor introduced in the above metric and R is
the scalar curvature.
+
Now let us also introduce a null coordinate u affine on Iright
such that
U = p(u) ;

(3.19)

∂U = ṗ−1 ∂u .

(3.20)

from this we get
In terms of the set (u, V ), the metric reads
ds2 = C̄(u, V )dudV ,

(3.21)

C̄(u, V ) = ṗ(u)C(U, V ) .

(3.22)

with
Assuming that the observer is always outside the collapsing star, C̄(u, V )
would be the metric component of a static spacetime. In terms of this
newly defined null coordinate, a simple computation shows that TU U is
given as

ṗ−2  1/2 2 −1/2
C̄ ∂u C̄
− ṗ1/2 ∂u2 ṗ−1/2 .
(3.23)
hTU U i = −
12π
Now TV V will have only a static contribution if V = v but if the affine
+
null coordinate on Ileft
is defined as
V = q(v)

(3.24)

and we define C 0 (U, v) = q̇(v)C(U, V ), TV V is given as
hTV V i = −


q̇ −2  01/2 2 0−1/2
C ∂v C
− q̇ 1/2 ∂v2 q̇ −1/2 .
12π

(3.25)

As mentioned earlier C̄(u, V ) is the metric component of a static spacetime, so all the dynamics of the collapsing geometry is captured in the ṗ
term of (3.23). In the above analysis, by using another affine null coordinate, we can differentiate between the static contribution to the RSET and
that due to the the dynamics associated with the collapse [64].
3.3.2. RSET for different vacuum states.
Capturing the dependence at different radii of the RSET components would
require a knowledge of the full p(u) at any value of u, i.e. specify a collapse history. However, this would lead to the inclusion of transient effects
which are not relevant for the present discussion. For this reason, we shall
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here rely on the fact that, well after the collapse has settle down, the black
hole geometry is formally indistinguishable from that of an eternal configuration [68, 95] (where the form of p(u) is simply fixed by the geometry,
see (2.8)).
So, in order to extract physical information from the RSET, we shall
compute the energy density and the flux experienced by an observer at
constant Kruskal position long after the collapse has taken place in the
two physically relevant states for Hawking radiation in the eternal black
hole case, namely the Hartle–Hawking and the Unruh states. We shall
start in this section by explicitly evaluating the general expressions for the
RSET components expectation values. Using (2.8) we get the relations
p(u)
,
2rs
p(u)
ṗ(u)
p̈(u) =
=−
.
2
4rs
2rs
ṗ(u) ≡ ∂u p(u) = −

(3.26)
(3.27)

For computing the first term of (3.23) we can write
2 1
3
C̄ 1/2 ∂u2 C̄ −1/2 = C̄ −2 ∂u C̄ − C̄ −1 ∂u2 C̄ .
4
2
Using the metric conformal factor C from (2.12) we get

(3.28)

∂u C̄ = ∂u [ṗ(u)C] = p̈C + ṗ∂u C


1
r2 − rs2
= ṗ(u) −
+
C
2rs
2r2 rs
rs
= − 2 C̄ ,
2r

(3.29)

 
1
C̄
r2
1 rs f (r)C̄
= − rs ∂u 2 = s4 C̄ −
.
2
r
4r
2 r3

(3.31)

(3.30)

and
∂u2 C̄

Using the above relation in (3.28) we have




3 −2 rs2 2
1 −1 rs2
1 rs f (r)C̄
1/2 2 −1/2
=
C̄ ∂u C̄
C̄
C̄ − C̄
C̄ −
4
4r4
2
4r4
2 r3
3 rs2
rs
3 M2
M
= −
+
−
+
,
(3.32)
16 r4 4r3 4 r4
2r3
where f (r) is given in (2.1) and we used rs = 2M in the last step. For the
second term on the r.h.s. of (3.23), we have


ṗ1/2
1
p̈
1/2 2 −1/2
ṗ ∂u ṗ
=−
∂u
=
.
(3.33)
3/2
2
ṗ
(8M )2
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We are now ready to compute explicitly the expectation value of the different RSET components for the Hartle–Hawking (|Hi) and Unruh (|U i)
states.
We can start by observing that for the TU U and TU V components, the
expectation values are the same in the two vacuum states [49]. Therefore,
in the following we simply denote
hTU U i ≡ hH|TU U |Hi = hU |TU U |U i ,
hTU V i ≡ hH|TU V |Hi = hU |TU V |U i .
By means of (3.32), (3.33), hTU U i is given by


ṗ−2 3 M 2 M
1
hTU U i =
− 3 +
24π 2 r4
r
32M 2


2
12M 2
4M
2 −1 V
−r/M
= (768πM )
e
+
1+
.
4r2
r
r2

(3.34)
(3.35)

(3.36)
(3.37)

To compute hTU V i we use (3.18), from which
1
1
∂U ∂V ln C =
(ṗq̇)−1 ∂u ∂v ln C
24π
24π
1
= −
(ṗq̇)−1 C∂r2 C.
96π

hTU V i =

(3.38)

Using C(t, r) from (2.12) and the exact values of q(u) and p(v), we get
hTU V i = −

M 2 −r/2M
e
.
12πr4

(3.39)

On the other hand, the dependence of hTV V i on the state in which
we are computing the expectation value is important. For the Hartle–
Hawking state (eternal black hole scenario, non-singular vacuum state in
both past and future horizons) in Kruskal coordinates the modes are given
by e−iωU , e−iωV , where we defined V as
V ≡ q(v) = 2rs ev/2rs .

(3.40)

Using this definition of V we can proceed in a similar way as for the
computation of hTU U i. From (3.25), we obtain


1
q̇ −2 3 M 2 M
(3.41)
hH|TV V |Hi =
− 3 +
24π 2 r4
r
32M 2


2
r
12M 2
4M
2 −1 U
−M
= (768πM )
e
1+
+
.
(3.42)
4r2
r
r2
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For the Unruh state in Kruskal coordinates, the modes are given by
e
, e−iωv and there is no regularization condition imposed in the past
horizon. The expectation value of the TV V component can be obtained
from the relation
−iωU

hU |TV V |U i = 16M 2 q̇ −2 hU |Tvv |U i ,

(3.43)

where hU |Tvv |U i can be computed from
hU |Tvv |U i = −

1
f (r)1/2 ∂v2 f (r)−1/2
12π

(3.44)


, as follows from the metric of a black hole in static
using f (r) = 1 − 2M
r
Schwarzschild coordinates. We have


1 3M 2 M
hU |Tvv |U i =
− 3 ,
(3.45)
24π 2r4
r
and from (3.43) we get


1 M 2 3M 2 M
hU |TV V |U i =
− 3 .
6π V 2 2r4
r

(3.46)

3.3.3. Energy density
We now have all the ingredients to extract physical information from the
RSET. Let us first analyze the energy density as measured in the frame of
an observer moving along fixed position in Kruskal coordinates.
Let us consider an observer at a given Kruskal position with 2-velocity
µ
v = C −1/2 (1, 0) (in [T, X] coordinates). This choice of trajectory is not
geodesic; however the acceleration that the observer experiences is irrelevant compared to the Hawking temperature and the acceleration is zero
at the horizon. If one considers a free falling trajectory it will have a non
zero, non constant radial velocity near the horizon as well as at the horizon. This would imply that the observer is accelerating with respect to the
black hole and this would lead to additional contribution to the energy
density and flux [96]. The observer we considered has zero radial velocity
thus giving rise to no kinematical effects. The energy density, ρ, measured
by this observer for the Unruh state is given by
ρ = hU |Tµν |U iv µ v ν = C −1 hU |TT T |U i
= C −1 hU |TV V + TU U + 2TU V |U i .

(3.47)

56

Ρ
0.035
0.030
0.025
0.020
0.015
0.010
0.005
2

4

6

8

Α

Figure 3.2: Plot of the energy density at a given time as a function of the
the radial distance from the centre of the black hole in Unruh state at a
given instant of time. We removed the divergence ar α = 1 which arises
due to the divergent nature of the Unruh vacuum in the past horizon.
Using (3.36), (3.39), (3.46) we can compute the energy density exactly and
we plot it in FIG. 3.2 (where α ≡ r/rs ).
The energy density (3.47) blows up at the horizon (r = 2M ) since we
are computing the energy density as observed by a free falling observer in
the Unruh state which is well known to be ill defined on the past horizon.
In fact, such divergence arise from the 1/V 2 term in the component (3.46)
when V = 0, i.e. at the past horizon. The horizon location condition in
Schwarzschild radial coordinate, α = 1, cannot distinguish between past
and future horizons and thus the divergent contribution would enter in
the plot above of the energy density expression (3.47) when evaluated at
α = 1. However, a free falling observer at the future horizon would not see
this divergence, which is just an artifact of Kruskal coordinates 4 . This is a
well known fact already pointed in [90]. For this reason, we have removed
4

Let us stress that also the calculation in [64] of the RSET components in the collapse
scenario shows that at the white hole horizon the Unruh state will necessarily be singular. This can be easily realised by applying time reversal to the subdominant terms in
the dynamical contribution (3.33) derived in [64] (see Eq. (52) there), which then shows
an exponentially growing flux at the white horizon which very rapidly would create a
divergence in the TU U component of the RSET soon after horizon formation.
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Figure 3.3: Near horizon behavior of the energy density in the Unruh state
at different times. The first plot corresponds to the same instant of time as
the plot in FIG. 3.2; the second one to a close instant after.
the point α = 1 in the plot shown in FIG. 3.2.
Near the horizon the energy density becomes negative; these negative
values are attained closer to the horizon as the energy density is measured
at later times. We show this near horizon behavior in the two plots in FIG.
3.3, where the first is evaluated at the same time as the plot in FIG. 3.2 and
the second one at a close instant after (a similar behavior was found also in
[97]); the negative divergent behavior of the energy density at the horizon
is clear from the plots.
The significant aspect of the plot in FIG. 3.2 for us is the peak in the
distribution of ρ that is obtained outside the horizon which is at r ≈ 4.32
M. Quite in agreement with our heuristic prediction based on the gravitational analogue of the Schwinger effect. Let us point out that, although
we have shown the plot at a given instant of time, the behavior of the energy density remains the same at any time, in particular the presence of
the peak at the same location persists; the only difference is that the value
of the energy density increases since it accumulates, given that we are not
taking into account the effect of back-reaction.
To get a non-singular energy density plot for the free falling observer
we should consider the Hartle–Hawking state. This is given by
ρ = hH|Tµν |Hiv µ v ν = C −1 hH|TT T |U i
= C −1 hH|TV V + TU U + 2TU V |Hi .

(3.48)

Using the expectation values given in (3.36), (3.39), (3.41), we can plot the
energy density (3.48) with respect to radial distance parametrized by α.
This is shown in FIG. 3.4, where we see a similar nature of the distribution
with a peak outside the horizon; however, as expected, in this case the
energy density is regular everywhere. Remarkably, the peak is located at
r ≈ 4.37M , in close agreement with our heuristic findings.
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Figure 3.4: Plot of the variation of energy density computed in Hartle–
Hawking state with respect to the radial distance from the centre of the
black hole at fixed time measured in the static frame. Notice that close
to the horizon the energy density is negative also in this case, but it remains finite at the horizon due to the non-divergent behavior of the TV V
component (3.41) in the Hartle–Hawking vacuum.
These results strongly support our previous claim that the radiation
density is maximized in a region outside the horizon. We now show that
a similar behavior with a peak away from the horizon is exhibited also by
the flux part of the RSET.
3.3.4. Flux
The flux of the Hawking radiation in the Unruh vacuum is given by [98] 5
F = −hU |Tµν |U iv µ z ν ,

(3.49)

where v µ is the velocity of the observer and z ν is the contravariant component of the normal to the observer. Let us consider a static observer at fixed
distance in a Kruskal frame with v µ = C −1/2 [1, 0] and indicate the normal
5

In the Hartle–Hawking vacuum the flux vanishes due to the thermal equilibrium of
the state.
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vector as z ν = [A, B]. The latter has to satisfy the following conditions
gµν z µ z ν = −1, z µ vµ = 0 .

(3.50)

Using the second relation we get A = 0 and from the first relation we get
B = C −1/2 . Therefore, z ν = C −1/2 [0, 1].
Using these expressions for v µ , z ν , we get
F = −C −1 hU |TT X |U i = C −1 hU |[−TV V + TU U ]|U i .

(3.51)

Plugging in the expectation values (3.36), (3.46) found above, we can plot
the flux as a function of α. This is shown in FIG. 3.5. Also in this case
the plot of the flux would receive a fictitious (for a free falling observer at
the future horizon) divergent contribution from the component (3.46), and
we have thus removed the point α = 1 from the plot, thus avoiding the
divergence at the past horizon V = 0. We see that the flux has a maximum
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Figure 3.5: This plot shows the variation of the flux of Hawking radiation with respect to the radial distance as measured by an observer in the
Unruh state at a given instant of time.
at r = 4.32M and most of the contribution to the Hawking radiation comes
from a region between the horizon and r ≈ 6M .
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3.4. C ALCULATION OF RSET FOR A FREE FALLING OBSERVER
We have seen before the energy density as obtained from the RSET for a
Kruskal observer. In this section we compute the energy density as measured by a free falling observer. For this we first review Painleve coordinate and then we obtain RSET components using a coordinate transformation. The derivation of Painleve coordinate requires the definition of a
new time coordinate as
tp = t − f (r),
(3.52)
for some arbitrary function f (r) such that
r

1
f 0 (r) = −
1 − 2M
r

2M
.
r

(3.53)

Substituting Eq.(3.53) in Schwarzschild metric Eq.(2.1) one gets
r
2M
2M 2
)dt − 2
dtp dr − dr2 − r2 dΩ2 2 .
ds = (1 −
r
r
2

(3.54)

As we see the spatial slices of the metric (3.54) is the flat metric in spherical
polar coordinates. Also there is no coordinate singularity at the Schwarzschild
radius (r = 2M ). The time coordinate of the Painleve metric follows the
proper time of a free falling observer who starts from infinity at zero velocity.
Now let’s consider the Painleve coordinate as (tp , x) and Schwarzschild
coordinate as (t, r) and find the Jacobian for the coordinate transformation.
According the definition of time translation Eq.(3.52) we have
∂(tp , x)
=
∂(t, r)



∂tp
∂t
∂x
∂t

∂tp
∂r
∂x
∂r




=

1 −f 0
0 1



The inverse of the transformation matrix (what we need to find the RSET
components in Paileve coordinate from what we have for Schwartzchild
ones)
∂(t, r)
=
∂(tp , x)

∂t
∂tp
∂r
∂tp

∂t
∂x
∂r
∂x

!


=

1 f0
0 1



Here we compute the components of the RSET for a free falling observer
in Unruh vacuum. Choosing the Unruh vacuum state for a free falling observer we already know the RSET component in Schwarzschild spacetime
[77] and we can find the RSET components in Painleve coordinate by a
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simple coordinate transformation as
∂t ∂t
∂t ∂r
∂r ∂r
Ttt + 2
Ttr +
Trr
∂tp ∂tp
∂tp ∂tp
∂tp ∂tp
= Ttt

(3.55)

∂t ∂t
∂t ∂r
∂r ∂t
∂r ∂r
Ttt +
Ttr +
Trt +
Trr
∂tp ∂x
∂tp ∂x
∂tp ∂x
∂tp ∂x
= f 0 Ttt + Trr = Txtp

(3.56)

∂t ∂r
∂r ∂r
∂t ∂t
Ttt + 2
Ttr +
Trr
∂x ∂x
∂x ∂x
∂x ∂x
2
= f 0 Ttt + 2f 0 Ttr + Trr

(3.57)

Ttp tp =

Ttp x =

Txx =

With the components of RSET in Unruh vacuum being as


1 7M 2 4M
1
Ttt =
− 3 +
24π
r4
r
32M 2
1
1
1
Ttr = −
2M
24π (1 − r ) 32M
 2

1
1
M
1
Trr = −
−
24π (1 − 2M
32M
)2 r4
r
The velocity for the free falling observer in Painleve coordinate is
r
2M
)
v = (1, −
r

(3.58)

(3.59)

The energy density for the free falling in Painleve coordinate can be found
as
r
2M
2M
a b
ε = Tab v v = Ttp tp − 2
Ttp x +
Txx
(3.60)
r
r
Now one can easily obtain the energy density for the free falling observer in Painleve coordinate using Eqs.(3.55),(3.56),(3.57) and (3.58). In
Fig.3.6 we plot the energy density as a function of the distance r. As we
see the energy density increases as the observer gets closer to the black
hole. This can be accounted to the non zero radial velocity as the observer
is crossing the horizon.
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Figure 3.6: Energy density as a function of r. As the observer get closer to
the horizon the energy density increases.
3.4.1. Calculation of the flux
We now calculate the flux of energy which the free falling observer measures in Painleve coordinate along its trajectory. As always we should first
have the velocity of free falling observer in (1+1) dimensions. The velocity
of a free falling observer in Painleve coordinate is
r
2M
u = (1, −
)
(3.61)
r
As we see the first component shows that the time coordinate is the
proper time of the free falling observer. For calculating the flux we need
to have the normal vetor to the velocity. The following conditions leads us
to find the normal vector
gab na nb = −1
na ua = 0

(3.62)

The normal vector can be found as
na = (0, 1)

(3.63)

Now the flux in Painleve coordinate as measured by the given observer
would be
r
2M
a b
F = Tab n u = −T tp x +
Txx
(3.64)
r
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Figure 3.7: Fluxof energy measured by the free falling observer as a function of r.
As we see there is no divergence observed in energy density or flux by
the free falling observer in crossing the horizon and for both, the observer
measures a finite value at the horizon.
3.5. E FFECTIVE TEMPERATURE AS PERCIEVED BY AN ARBITRARY OBSERVER
To study how different observers would perceive Hawking radiation, an
effective temperature function was introduced in [83, 96, 84], which depends on the trajectory of the observer. We introduce and briefly review
the effective temperature function here.
Considering a Schwarzschild black hole in (t, r, θφ) coordinate one can
define an outgoing null coordinate as
ū = t − r∗
∗

∗

where r is the tortoise coordinate given as r = r + 2M log



r
2M

(3.65)

−1 .

For doing quantum field theory on a background containing such a black
hole, one can define a new null coordinate as U = U (ū) which would
determine the choice of the vacuum state for the observer. To analyze what
an observer would perceive in a given vacuum state determined by U , we
can introduce the proper time of the observer as τ and then the timelike
trajectory of the observer would be defined as (t(τ ), r(τ )). If one defines
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the proper time of the observer as another null coordinate given as
u=τ

(3.66)

one can obtain the relation U = U (u). Using this relation it is possible to
compute the Bogoliubov coefficients which would give the particle content as perceived by the observer in a given vacuum state. One can define
the perceived temperature function as
κper (u) = −

d2 U dU
/ .
du2 du

(3.67)

If u corresponds to the future null coordinate for Schwarzschild geometry
then κper contains information about the peeling of null geodesics and this
would be the relevant quantity for calculating the Hawking temperature.
In this case the way κper is defined, it contains information about about the
peeling as well as about the vacuum state and the observer.
After choosing an appropriate vacuum state by specifying U (ū), (3.67)
can be written as


d2 U dU dū d2 ū dū
κper = − 2 /
−
/
dū dū du du2 du
dū
d2 ū dū
=
κ(ū) − 2 / ,
(3.68)
du
du du
where κ(ū) is defined as
κ(ū) = −

d2 U dU
/ ,
dū2 dū

(3.69)

which is the ‘state effective temperature’ as it solely depends on the choice
of the vacuum state and not on the trajectory of the observer.
One can check the value of κ(ū) for different vacuum states by considering U (ū) for the states. For Unruh vacuum U (ū) = −4M e−ū/(4M ) , which
1
gives κ(ū) = 4M
, similarly for Boulware vacuum U (ū) = ū, which gives
κ(ū) = 0.
As shown in [84] the effective temperature for an arbitrary observer
following a trajectory (t(u), r(u)), where u acts as the proper time, is given
as
r
κper(u) =

r


1 − vl
2M
M
1/ 1 −
κ(ū) − 2 + ap ,
1 + vl
r
r

(3.70)
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where vl is the velocity of the observer with respect to the black hole as
measured by a local inertial observer, ap is the proper acceleration of the
observer. One can express vl as
vl = q
1−

vr
2M
r

,

(3.71)

+ vr2

dr
where vr = dτ
, which can be calculated using the given metric describing
the background geometry. For a generic observer ap can be calculated from
vl but since we are just interested in free falling observer, ap = 0 for our
case.
For a free falling observer the velocity of the observer expressed in
terms of Painleve coordinate is given as
r


2M
.
(3.72)
v = 1, −
r

Using the radial component of the velocity one can compute vl and then
the effective temperature function (3.70) as


M
1
1
q
− 2 ,
(3.73)
κef f =
4M
r
2M
(1 −
)
r
where κ(ū) = 1/4M , which is the usual Hawking temperature.
3.6. D ISCREPANCY IN ENERGY DENSITY
In the previous section we calculated the effective temperature function
and now using κef f (3.73) as obtained for a free falling observer, we can assume a Planckian spectrum and compute the energy density as perceived
by the free falling observer as
1
(κef f )2
(3.74)
48π
One can verify the energy density calculated by the above method
matches with the known energy density for particles emitted at hawking
temperature κ = 1/4m which is the same as one that one would asymptotically obtain from (3.60). There would be a difference between the energy
density which a free falling observer would observe as calculated in the
Painleve coordinate (3.60) and the one which is calculated by the effective temperature method (3.74). One can see this clearly by plotting the
difference between these two energy densities as shown in Fig3.8.
ρper =
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Figure 3.8: Discrepancy in energy density calculated by two methods
We can see a peak in the discrepancy near r = 3M and as expected it
vanishes for larger r. One can speculate that the difference in the energy
densities comes from the assumption we made about a Plankian spectrum while calculating the energy density in (3.74). One way to check
this would be to calculate the adiabatic condition for κef f and see if κef f
changes adiabatically along the entire geodesic flow for the free falling observer.
3.7. A DIABATIC CONDITION
The adiabatic condition is given as
=

κ̇ef f
1
κef f 2

(3.75)

where dot denotes differentiation with respect to the proper time of the
observer. As seen before κef f is given as
κef f =
(1 −

1
q



1
1
− 2
2M
) 4 r
r


(3.76)
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Figure 3.9: Adiabatic function as a function of distance (r). The peak in
the diagram shows where there is the maximum violation of the adiabatic
condition
To investigate better if there is a violation of the adiabatic condition or a
fluctuation in its value along the trajectory of the observer we plot  in
FIG3.9
As we can see the adiabatic condition is not strictly violated anywhere
but there is a deviation at around 3M where its value increases. So one can
speculate the small difference between the energy densities around 3M in
FIG3.8 due to this behavior of κef f around that region.
The energy density measured by a free falling observer was computed
in [99] in terms of the effective temperature function. It was found that the
energy density is not strictly given by (3.74) but has additional correction
terms having derivatives of κef f . We found that even after including these
terms the discrepancy is still there. This can be accounted to the fact that
the quantity computed in [99] is not the same energy density for the free
falling observer as we computed in (3.60). A “perceived” stress energy
tensor was computed in [99] by subtracting a contribution, as measured
by the observer in a local vacuum state defined in its local inertial frame
(based on the coordinate (u,v)), from the energy density as measured in
the vacuum state globally defined based on the null coordinates (U, V ).

68
So one can say that from our analysis we learned that there are several
ways to look at the origin of Hawking quanta and the ones that are considered here hints strongly at a long distance origin of the Hawking radiation.
By studying the effective temperature we got a deviation in the adiabatic
condition which also says that the WKB approximation does not hold exactly and this hints at particle creation in that region. Finally we propose
that one can use the difference in the energy density as considered in [99]
and the one we computed for a free falling observer in (3.74) to compute
what this observer will perceive in its local inertial frame.

CHAPTER 4

Spacetime thermodynamics
4.1. I NTRODUCTION
As a well known fact and as we saw before general relativity, and other
diffeomorphism invariant theories of gravity, admit special states called
black holes whose mechanics is governed by the laws that are in exact
correspondence to the known laws of thermodynamics [100, 38, 39]. The
energy and the entropy of these black holes depend upon the theory under consideration and their temperature is given by a geometric quantity,
namely the surface gravity associated to the black hole horizon. As seen
before the identification of the surface gravity of the black hole with the
temperature comes by studying quantum field theory on the curved gravitational background of the black hole [101]. Remarkably analogy between
the laws of black hole mechanics and the thermodynamic laws can be seen
just using classical General Relativity without using any quantized matter
field in the background. One may then raise the question how a classical theory of gravity can correctly predict the thermodynamic behavior of
black holes in spite of the fact that their temperature can be derived only
within a quantum mechanical framework.
As emphasized earlier, classical and quantum dynamics of black holes
is widely believed to provide important lessons for understanding the underlying quantum theory of gravity. However, the underlying quantum
theory should describe all gravitational macrostates and not merely the
black holes (which is just a special state of the theory). Thus it seems plausible that if we restrict our attention to a region of spacetime small enough
(with respect to the curvature scale) such that the spacetime curvature can
be ignored and in that local region spacetime is “close to” Minkowski (by
invoking the Einstein Equivalence Principle [30]), then locally the state
should look like an equilibrium one and a coarse-grained/thermodynamic
description of the degrees of freedom contained in that region of spacetime
should be possible.
About twenty years ago, this chain of reasoning led Jacobson to derive the Einstein equation as the equation of state of the underlying microscopic degrees of freedom [29]. Assuming that the heat flow corresponds
to the energy-momentum flux of matter across the Rindler horizon of a
local observer, the entropy corresponds to the area of the horizon, and the
temperature has the Unruh value (= ~/2π), Jacobson showed that the horizon must be dynamical in order for the Clausius relation dS = dQ/T to
hold true, and that its evolution is governed by the Einstein equation. The
69
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far reaching consequence of such a result is that it might be hinting that
gravity is emergent or in other words dynamics of space-time is a manifestation of some fundamental dynamical degrees of freedom underlying
the gravitational ones.
This naturally leads to the question whether equations of motion for
more generalised theories of gravity, such as higher derivative theories,
can be derived from local thermodynamical variables for a LCH by implementing the Clausius equation in the same way as it was done for General
Relativity [102, 103, 33, 104, 105, 106, 107]. As we will see in Section 4.2, Jacobson’s construction was applied to f (R) theory [32, 34] after deforming
the Clausius relation to account for the internal entropy production terms,
dS = di S + dQ/T . Further extension of the derivation of the F(R) field
equations in this thermodynamic approach was presented in [34], where
it was shown that one proceed through the derivation without the need
of any internal entropy production term, but taking into account an additional scalar field flux to the heat flow across the horizon which can be
reasoned by looking at the equivalence of F(R) theory with a scalar tensor
theory of gravity [108].
In section III we will follow the work of ref. [35] where a careful construction of the geometry of local causal horizon (LCH) was used based
on Riemann normal coordinates and the approximate Killing vector field
constructed in ref. [37]. Horizon slices were then assumed to have an entropy density whose form resembles the form of Noether charge conjugate
to diffeomorphisms. By imposing the Clausius relation on a small patch
of the horizon enclosed between two slices sharing a common boundary,
it was shown that the field equations for a wide class of higher curvature
theories of gravity can be derived if a given consistency condition holds.
Unfortunately, this consistency condition is not satisfied for general theories of gravity containing derivatives of Riemann tensor. Therefore the
thermodynamic derivation of field equation is expected to fail in general
higher derivative theories of gravity. Can it be salvaged?
One might wonder why should the entropy density be of the Noetheresque
form at all. Could one come up with another definition of entropy of the
local causal horizon such that the field equation can be derived from the
Clausius relation? Or could one use the ambiguities in the construction
of diffeomorphism Noether charge in order to get an entropy that does
the job? Even in theories without derivatives of curvature there is a lingering question: how does one define the heat-flux when the matter is
non-minimally coupled to the metric? For in that case, there is no canonical splitting of the total Lagrangian between the gravitational part and the
matter part. Therefore there is no canonically defined stress tensor that
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can be used to define the energy flow across the horizon appearing on the
right hand side of the Clausius relation.
To address these question in section IV we propose an entropy density that would lead to the derivation of the field equation as an equation
of state for any diffeomorphism invariant metric theory of gravity. More
precisely, we assume that we have a Lagrangian description of a diffeomorphism invariant theory, and we construct an entropy density associated to slices of the local causal horizon such that imposing the Clausius
relation yields the equation of motion of the theory. We define the heat
flux on the right hand side of the Clausius relation by using the stress tensor for a probe field minimally coupled to the metric that we put to zero at
the end. This will allow us to work with the total Lagrangian of the theory
irrespective of the minimal/non-minimal nature of the matter coupling
thus evading the lingering question mentioned above.
4.2. R EVIEW OF PREVIOUS DERIVATIONS
In this section we look at the derivation of the Einstein equation as an
equation of state, stating all the necessary conditions [29]. We further review the thermodynamic derivation of the F(R) equations of motion using
both, the reversible and irreversible Clausius equation [32, 34].
4.2.1. Einsteins equation of state
Using the Einsteins equivalence principle one can view the local neighborhood of any arbitrary space-time point p as flat space-time. Through p one
can consider a spacelike 2-surface element Σ and take the expansion and
shear of the past directed null congruence on one side to be zero. The past
horizon of Σ is called the local causal horizon, which can be thought of
as a localized Rindler horizon passing through the point p. This is a necessary condition for equilibrium thermodynamics of the horizon defined
within this local patch around p, as a non-zero expansion or shear would
imply the surface (cross section of the LCH) is shearing or expanding or
contracting.
If one assumes the validity of the Clausius equation within this local
patch (i.e δQ = T dS) one can interpret the heat as energy flow across the
horizon and interpret the entropy as the entanglement entropy of some
field degrees of freedom across the horizon, which results to be proportional to the area of the horizon. For an accelerated observer just outside
the horizon, the vacuum fluctuations as perceived by the observer are ther-
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mal in nature, so the temperature of the system can be simply interpreted
as the well known Unruh temperature which is given as T = 1/2π. For
consistency, one should use the same accelerated observer to define the
energy flux (or in other words the heat flow across the LCH). This can be
better understood by using the Bisognano–Wigman theorem which tells
us about the thermal nature of the Rindler patch based on the boost invariance of the Rindler Hamiltonian.
Assuming a local Rindler horizon through p one can assume an approximate local (boost) Killing vector, ξ a , generating the horizon. To the past
of Σ the heat flux can be defined as the boost energy across the horizon
Z
Tab ξ a ddb ,
(4.1)
δQ =
H

where the integral is over the generators of the “inside” horizon H of Σ.
We can assume a vector k a to be tangent to the horizon and parametrized
by an affine paprameter λ, then we have the relation ξ a = −λk a , asuuming
λ is negative on the past of Σ. We also have the relation dΣa = k a dλdA,
where dA is the area element of the cross section of the LCH. Using these
relations, the heat flux is given as
Z
λ Tab k a k b dλdA .
(4.2)
δQ = −
H

Now, for what concerns the entropy term in the Clausius equation, one
can say that the mere presence of fields in our spacetime allows to associate to our LCH an entanglement entropy. This is generically proportional
to the area as well as divergent at the horizon and hence in need of a regularization UV scale, α. Further restricting the equivalence principle to its
strong version assures that such regulator will be a constant so dS = αδA,
where the variation of the area, δA, of the LCH cross section given by
Z
δA =
θdλdA ,
(4.3)
H

where θ is the expansion of the null congruence. As mentioned earlier,
at p the expansion of the congruence must vanish along with the shear to
have a thermodynamical system in equilibrium1 Then, we can expand the
variation of the the area about point p and use θp = 0 to get
Z
δA =
H
1

dθ
λdλdA = −
dλ p

Z

λRab k a k b dλdA ,

(4.4)

H

One has the freedom to assumes a non zero shear, then we would not have equilibrium thermodynamics because of gravitational dissipation [109] but that is not the case
under consideration here.
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where in the second step we have used the Raychaudhuri equation with
shear and expansion assumed to be zero, as an equilibrium condition, and
the twist is also set to zero since k a is hypersurface orthogonal. By plugging (4.4) and the Unruh temperature in the Clausius equation one gets,
for all null k a , the equation
Tab k a k b = (1/2π)Rab k a k b .

(4.5)

After peeling off the k’s and using the local conservation of the stressenergy tensor together with the Bianchi identity, one recovers the full Einstein equation from (4.5).
4.2.2. Spacetime thermodynamics for F(R) gravity: Non equilibrium case
As we have seen in the previous section, we can choose any arbitrary
space-time point, p, and consider a locally flat patch around this point
in order to exploit the existence of a local approximate boost Killing vector by means of Riemann normal coordinates [37]. For deriving the F (R)
equations of motion in the thermodynamics approach, the basic geometric
construction remains the same as before, except now one needs to consider
a non-zero expansion at p (still one can assume the shear to vanish) for
validity of the Clausius equation at O(λ), thus implying non-equilibrium
thermodynamics of the LCH as we will see below [32].
If we assume the entropy density to be a general function of the scalar
curvature, then the entropy of the LCH reads
Z
S = α f (R)dA
(4.6)
and its variation along λ is given as

Z 
df
dλdA .
dS = α
fθ +
dλ
H

(4.7)

As in the previos section, we expand this entropy about the point p, we
plug it in the Clausius equation and we equate it to the heat flux (4.2),
which is O(λ). Performing the series expansion in λ, we get



Z 
df
dθ d2 f
df
df
2
+ fθ + θ
dS = α
fθ +
+λ θ
+f
+
dλdA .(4.8)
dλ
dλ
dλ dλ2
dλ p
H
From the above expression, we see that, in order to match this expression
to the heat flux, we must retain only the O(λ) terms; thus, we must use the
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condition


df
fθ +
dλ


= 0.

(4.9)

p

From the above equation one can see that the expansion will be non
zero at p, hence even if we neglect shear tit is not possible to have equilibrium thermodynamics at the hypersurface p. For non-equilibrium thermodynamics, one needs to use the Clausius equation modified by an additional internal entropy term, δQ = T δS + dSi . Using (4.8) and (4.2) in the
Clausius equation and using the Raychaudhuri equation to replace dθ/dλ,
one gets
α(−f Rab k a k b + k a k b ∇a ∇b f −

3 2
θ ) + dSi = 2π(−Tab k a k b − ξB θ2 ) . (4.10)
2f

From (4.9) one can write the expansion as a kinetic term for f . By doing so
and peeling off the k’s, we get
f Rab − ∇a ∇b f +

2π
3
∇a f ∇b f + Φgab + dSi =
Tab .
2f
e

(4.11)

At this point, when one tries to use the conservation of the stress-energy
tensor to recover the full F (R) equation of motion, one runs into troubles;
namely, one cannot solve for Φ unless the kinetic term 2f3 ∇a f ∇b f is canceled by a similar term coming from the internal entropy production term,
dSi . Therefore, by making the identification
Z
3
αf θ2 λdλdA ,
(4.12)
dSi = −
2 H
one can use the conservation of stress-energy tensor and recover the correct F (R) equations of motion.
4.2.3. Spacetime thermodynamics for F(R) gravity: equilibrium approach
We review a further extension of this derivation as presented in [34], where
one proceed through the derivation without the need of any internal entropy production term (as long as the shear at p is assumed to be zero),
but taking into account an additional scalar field flux contribution to the
heat flow across the horizon using the equivalence of F(R) gravity to scalar
tensor theories.
If we start with the action
Z
√
α
(F (R) + Lmatter ) −gd4 x,
L=
(4.13)
4π
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(R)
one can take f = dFdR
as an auxillary field ϕ and V (ϕ) as the Legendre
transform of F (R) to get
Z
√
α
L=
(4.14)
(ϕR + V (ϕ) + Lmatter ) −gd4 x .
4π

The corresponding equations of motion for this Lagrangian are given as
R = V 0 (ϕ) ,
ϕGab = ∇a ∇b ϕ + 2π/eTab − gab − 1/2gab V (ϕ) .

(4.15)

To derive these field equations in a thermodynamical approach, one
can start with an entropy density defined as
Z
(4.16)
S = α ϕdA .
Now, promoting the entropy density to an independent field ϕ(x), in order
to be consistent with background independence, this field must be varied as well while performing variation of the total Lagrangian (Lgravity +
Lmatter ) of the theory, which now reads
Ltotal = F (R) + Lmatter (gab , ψ) + Lscalar (gab , ϕ) ,

(4.17)

where ψ represents the ordinary matter fields. Variation with respect to
the metric tensor gives the usual stress-energy tensor coming from Lmatter ;
but now there would be an addition contribution from Lscalar as well. The
heat flux across the LCH in such a setup is given by
ϕ
M
δQ ∼ k a k b (Tab
+ Tab
).

(4.18)

Only the kinetic part of the scalar field action will contribute to the heat
flux, as the potential part contribution is always proportional to gab . Using
dimensional analysis, one can write the most general contribution of the
scalar field to the heat flux as
δQscalar ∼ Ω(ϕ)/ϕk a k b ∇a ϕ∇b ϕ.

(4.19)

Following the same steps as before and using the reversible Clausius equation one gets
ϕRab − ∇a ∇b ϕ +

(3/2 − Ω)
M
∇a ϕ∇b ϕ + Φgab = 2πTab
,
ϕ

(4.20)

which would correspond to the fields equation of any Brans-Dickie theory
if we set the Dickie constant as ω = Ω − 3/2.
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4.3. H IGHER CURVATURE EQUATION OF STATE
As we saw in the previous derivations there are three essential ingredients
involved in the construction of local spacetime thermodynamics. First,
definition of the co-dimension three surface, called the local causal horizon
(LCH), which plays the role of the local Rindler horizon. Second, specification of a special observer that measures the entropy and the energy flux.
Since a general spacetime has no symmetries there is no Killing vector
playing the role of the Rindler observer. Therefore one needs to construct
a vector field ξ that is “approximately” Killing and plays the role of local
observers in whose frame one formulates the local thermodynamics. The
third and the final ingredient is the specification of the entropy functional
associated with the slices of the LCH.
For the derivation of the higher curvature theories other than F(R)
gravity, one cannot just invoke Einstein equivalence principle and assume
the existence of a local Killing vector. As we will see in this section one
needs to use the Killing identity as well as the Killing equation, so a better
construction of the local Killing vector needs to be used. The geometric
construction of the LCH and the approximate Killing vector used here is
mainly based on refs. [35, 37] as we discussed it earlier in section 2.3.
Let us then come back again on the definition of LCH. Consider a
spacelike codimension-two surface Σp passing through a spacetime point
p. This surface has four congruences of null geodesics emanating orthogonally from it: future-pointing and outgoing, future-pointing and ingoing,
past-pointing and outgoing, past-pointing and ingoing. The boundary of
the past of Σp has two components generated by the latter two congruences. Pick one of those past boundary components, for concreteness, say,
the ingoing one, then our LCH is defined as a small patch of this ingoing
past boundary component centered at the point p.
As usual the equation of state derivation of the field equation of a theory of gravity proceeds by imposing the Clausius relation,
dS =

dQ
,
T

(4.21)

on a thin patch of the LCH, denoted as H, centered on the central generator Γ (see fig. 4.1). The left hand side of eq. (4.21) is the change in entropy
as one evolves the slice of the LCH from Σ0 to Σ such that they have a
common boundary. The right hand side of eq. (4.21) contains the temperature, which we choose to have the Unruh value T = ~/2π, and the heat
flux across the patch as measured by the local Killing observer ξ a ,
Z
dQ = (−Ta b ξ a ) kb dV dA,
(4.22)
H
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where Tab is matter energy-momentum tensor, and the integral is over the
thin patch of LCH (see fig. 4.1) with the integration measure ka dV dA, and
dA being the volume element on the cut of H. The integrand of the heat
flux is of O(x) since the approximate Killing vector ξ is of O(x).
In the known literature related to the equation of state derivation of
the field equation, the stress tensor above is taken to be that of the matter
fields in the theory. This implicitly assumes that the matter is minimally
coupled to the metric, for only then can one separate the total Lagrangian
into a gravitational part and the matter part, and use the latter to define
the canonical stress energy tensor. However, in general theories of gravity
non-minimal couplings are allowed and there is no natural split between
gravity and matter Lagrangian, and thus no natural stress tensor providing the heat flux. We will overcome this problem by deforming the theory
with a probe action. We will introduce a probe field minimally coupled
to the metric whose flow drives the evolution of LCH. In the end, we will
put this probe field to zero. Therefore, in our derivation of the equation
of state we will take Tab above to be the stress energy tensor of this probe
dS
field, Tab = −2 √1−g dgprobe
ab , where Sprobe is the action for the probe field minimally coupled to the metric.
To proceed further one needs to specify the change in entropy on the
right hand side of eq. (4.21). Intuition from the thermodynamics of black
holes suggests that we associate entropy to the slices of LCH. Following
ref. [35], let sab denote the entropy density (in the dualized form) associated to an arbitrary slice of LCH. Total entropy of a slice Σ is then given
by the integral
Z
S=
sab nab dA,
(4.23)
Σ

where nab is binormal to the cut Σ. Hence, the change in entropy between
two slices Σ and Σ0 of LCH is given by
Z
dS =
sab nab dA
Σ∪Σ0
Z
= −2
∇b sab ka dV dA,
(4.24)
H

where the Stokes’ theorem was used in the second step. It is at this step
that we used that Σ0 and Σ have the same boundary. Now imposing the
Clausius relation (4.21) in the limit p0 → p, we get from eqns. (4.22) and
(4.24)
−(~/π)∇b sab ka = T ab ξb ka + O(x2 ).

(4.25)
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Figure 4.1: The thin narrow patch of LCH surrounding the central generator Γ on which the Clausius relation is imposed.
By equating the O(x) terms on both sides of eq. (4.25) at all points p and
for all null vectors k a , if we recover the field equation of the theory of
gravity under consideration (after putting T ab = 0 because our T ab is that
of the probe field) then we deem the program to derive the equation of
motion as the equation of state to be successful. Now it is clear that the
last ingredient in this program is the specification of the entropy density
sab such that eq. (4.25) gives the field equation of the theory.
Now as seen in (2.4), we know what is the correct field equation that
should be recovered by using this thermodynamic argument. In the rest of
this section we will put ~/2π to be equal to 1, i.e., the Unruh temperature
is scaled to unity, which is equivalent to choosing a convenient unit for the
entropy density.
4.3.1. Field equations from Noetheresque entropy density
A specific proposal for the entropy density sab was made in ref. [35] (see
also, refs. [33, 104]). Taking clue from the Noether charge entropy in black
hole thermodynamics ref. [35] proposed a Noetheresque form for the entropy density,
sab = W abc ξc + X abcd ∇[c ξd] ,

(4.26)

where the tensors W and X are theory dependent quantities and X is antisymmetric in the last two indices. One could also add a term proportional
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to the symmetric derivative of ξ but it can be shown using the properties (2.26) and (2.27) of the approximate Killing vector that such a term
contributes at O(xA ) (where xA is transverse coordinate in NNC system)
to the divergence of entropy density and hence does not contribute to dS
when integrated over small and narrow horizon patches [35].
Calculating the divergence of the entropy density (4.26) we get,
∇b sab = (∇p W aps + X apqr Rrqp s ) ξs
+ X apqr (∇p ∇q ξr − Rrqp s ξs )
+ (W apq + ∇r X arpq ) ∇p ξq .

(4.27)

In this equation the first term is O(x), the second term is O(xA ) due to
the Killing identity of eq. (2.27), and the third term has an O(x2 ) term due
to the approximate Killing equation (2.26) and an O(x0 ) term due to the
antisymmetric part of the derivative of ξ. Since the heat-flux in eq. (4.22)
is of O(x) the latter should vanish. Thus we are forced to impose
W a[pq] + ∇r X ar[pq] = 0.

(4.28)

Since W is antisymmetric in the first two indices, this equation can be
solved for W in terms of X [35] as
W apq = ∇r (X rapq + X rqpa + X rpqa ) .

(4.29)

Putting this back in the eq. (4.27), then substituting ∇b sab in eq. (4.25), and
imposing Clausius relation for all k a we get,
1
X pqr(a Rpqr b) − 2∇p ∇q X p(ab)q + Φg ab = − T ab ,
2
(4.30)
where Φ is a scalar that is a function of metric and curvature. The origin
of the factor 1/2 on the right hand side is the convention we adopted at
the end of sec. (4.3) that ~/2π = 1. Comparing eq. (4.30) with the equation
of motion for a general diffeomorphism invariant theory eq. (2.31) we see
that in general there is no choice of X that would make them identical.
We now recall that in refs. [35, 33, 104] matter was assumed to be minimally coupled, i.e., total Lagrangian L was the the sum of gravitational
part and the minimally coupled matter part L = L(gr) + L(m) , and the gravitational part L(gr) was assumed to depend only on the metric and its curvature but not on the derivatives of curvature. Furthermore, the heat flux
in the Clausius relation was sourced by the matter stress energy tensor,
∂L(m) 1
1 ab
T(m) =
+ L(m) g ab .
2
∂gab
2

(4.31)
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Now choosing −X abcd = ∂L(gr) /∂Rabcd ≡ P abcd , and Φ = 1/2L(gr) in eq. (4.30)
we get,
1
1 ab
−P pqr(a Rpqr b) + 2∇p ∇q P p(ab)q + L(gr) g ab = − T(m)
.
2
2
(4.32)
If the gravity Lagrangian L(gr) does not contain the derivatives of Riemann
then there exists an interesting identity,
∂L(gr)
= −2P pqr(a Rpqr b) .
∂gab

(4.33)

This identity, first derived in ref. [106], is derived in (4.6) where we slightly
generalize by considering the gravity Lagrangians containing upto one
derivative of curvature. Substituting the identity (4.33) in eq. (4.32), plugab
from eq. (4.31) and bringing it to the left
ging in the expression for T(m)
hand side, we get
∂L
1
+ P pqr(a Rpqr b) + 2∇p ∇q P p(ab)q + Lg ab = 0,
∂gab
2
(4.34)
where we have combined the contributions of L(m) and L(gr) into that
of the total Lagrangian L. Now noticing that ∂L(gr) /∂Rabcd ≡ P abcd =
∂L/∂Rabcd since the matter is minimally coupled, we find that eq. (4.34)
is identical to eq. (2.31) since for higher curvature theories without the
derivatives of curvature we have that B ab = 0, Aab = ∂L/∂gab + 1/2Lgab
and E abcd = P abcd . Therefore we see that for higher curvature gravity the
Noetheresque entropy (4.26) of ref. [35] reproduces the equation of motion
via the Clausius relation.
However, for the theories containing derivatives of curvature the equation of motion (4.30) obtained from the Clausius relation, assuming the
Noetheresque entropy as in eq. (4.26), is not the same as the equation of
motion of the theory (2.31). The difference can be traced back to the presence of two terms in Aab (2.33) appearing in the equation of motion: first is
∂L/∂gab , and the second is that arising from the variation d∇ . . . ∇(Riem)
of derivative(s) of curvature terms in the Lagrangian that we have collectively denoted as B ab .
In the next section we propose a new definition of entropy that takes
care of the uncompensated terms and yields the equation of motion via
the Clausius relation. We will view the heat flux on the right hand side of
the Clausius relation as due to the T ab of a probe field that we will put to
zero at the end of the calculation.
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4.4. N EW

PROPOSAL FOR THE ENTROPY DENSITY AND HIGHER DERIVA -

TIVE EQUATION OF STATE

In this section we present the key finding of [36]. We modify the Noetheresque
entropy of eq. (4.26) by adding a term quadratic in the approximate Killing
vector. Let us introduce a symmetric tensor M ab , which will be fixed later
depending upon the theory, and consider the following entropy density,
sab = W abc ξc + X abcd ∇[c ξd] + 2M c[a ξ b] ξc .

(4.35)

The M term we have added is of O(x2 ) but it contributes at O(x) to the
left hand side in eq. (4.25). We recall that the effect of adding an exact
form dµ to the Lagrangian n-form is to shift the Noether charge from Q to
Q + ξ · µ (see ref. [39]). It is easy to check that if we choose the (n − 1)-form
µa1 ...an−1 = a1 ...an−1 p M pq ξq then the Noether procedure will reproduce our
proposed additional term in the entropy. Let us calculate the divergence
of the M term,
∇b (2M c[a ξ b] ξc )
= 2(∇b M c[a )ξ b] ξc + 2M c[a (∇b ξ b] )ξc + 2M c[a ξ b] ∇b ξc .

(4.36)

Here, the first term on the right hand side is of O(x2 ). The second term,
upon opening the antisymmetrization, has two sub-terms: the first containing ∇b ξ b is of O(x3 ), while the second containing ∇b ξ a will give zero
when contracted with ka . This is so because the approximate Killing vector ξ is proportional to k on the central generator Γ. The third term in
eq. (4.36) again has two sub-terms: the first one with the free index a on
M gives M ca ξc while the second with free index a on ξ will give zero after
contracting with k. Therefore, the only contribution of the M term is to
add the tensor M ab to the first line of eq. (4.27). The relation between X
and W as determined in eq. (4.29) remains the same. Thus the equation of
motion obtained by imposing Clausius relation with the entropy (4.35) is
1
X pqr(a Rpqr b) − 2∇p ∇q X p(ab)q + Φg ab + M ab = − T ab ,
2
(4.37)
where T ab is the stress tensor of the probe field. Now, for a given theory
of gravity we can simply choose M ab such that eq. (4.37) is the equation
of motion for the theory (after putting the probe stress tensor on the right
hand side to zero). Comparing with the equation of motion of a general
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theory of gravity eq. (2.31) we see that we could choose
X abcd = −E abcd ,
∂L
+ 2E pqr(a Rpqr b) + B ab ,
M ab =
∂gab
1
Φ =
L.
2

(4.38)
(4.39)
(4.40)

Actually, the equation of motion only determines the combination Φg ab +
M ab . Once we have specified M ab then Φ can be determined by the Bianchi
identity. For the choice of M ab that we have made above, by comparing
with the actual equation of motion we can immediately recognize that Φ
should be equal to 1/2L up to a constant. Since M ab is what appears in the
expression of the horizon entropy we see that the entropy is not unique,
for the terms proportional to g ab in M ab could equally well be lumped into
Φ.
One important thing to note is if the new proposed entropy density alters the black hole entropy by any means. We see that the new term in the
entropy that we have proposed does not alter the black hole entropy because the Killing vector vanishes on the bifurcation surface. Compatibility
with black hole thermodynamics is a stringent requirement. Without it, we
could have simply taken the whole entropy as given by the quadratic term
and chosen M ab to be the equation of motion. But then the black hole entropy in the theory would be zero. The X term in eq. (4.35) is thus dictated
by the black hole entropy. The W term is necessary for the equation of
state argument to go through for the higher curvature theories. For higher
derivative theories the M term in eq. (4.35) is needed to get the equation
of motion via the Clausius relation.
We must say that the non-uniqueness of the entropy density is beyond
the non-uniqueness pointed out above. It is easy to write down higher order terms in ξ and its derivatives such that their contribution to the change
in entropy of the patch of LCH is just M ab ξb for some effective M ab . We
think that the underlying problem is our completely classical treatment of
the fields. We believe that the correct notion of entropy to be used in any
thermodynamic derivation of field equation has to be quantum mechanical one. This is exemplified by a recent derivation of the semiclassical
Einstein equation by Jacobson that involves an ansatz on the nature of entanglement entropy of the vacuum [41]. It has recently been pointed out
in ref. [46] that relative entropy is not the right quantity to use on the left
hand side of the Clausius relation in the geometric framework used here.
It remains to be seen what quantum mechanical measure of entropy is rich
enough to encode the dynamics of gravity.
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4.5. E XAMPLES
Our approach so far has been very general. The use of probe field and the
addition of a term quadratic in the local Killing vector to entropy density
allowed us to give a thermodynamic derivation of the field equation for
a general theory of gravity. In this section we illustrate our approach in
several examples.
4.5.1. General relativity
As the simplest illustration of our approach let us consider the EinsteinHilbert Lagrangian with the matter minimally coupled to the metric. The
total Lagrangian is L = L(EH) + L(m) , where L(EH) = R and L(m) is the
minimally coupled matter Lagrangian. The coefficients appearing in the
entropy density (4.35), as defined in eqns. (4.38) (4.39) (4.40), can be calculated to be,
1
X abcd = − (g ac g bd − g ad g bc ),
2
∂L(m)
∂L
M ab =
+ 2Rab =
,
∂gab
∂gab
1
1
1
Φ =
L = R + L(m) ,
2
2
2
and W abc = 0, and where in second equality of the M term we used that
∂R/∂gab = −2Rab . The equation implied by the Clausius relation (4.37) is
then
∂L(m)
1
1
= − T ab ,
−Rab + (R + L(m) )g ab +
2
∂gab
2

(4.41)

where T ab on the right hand side is the stress tensor of the probe. For
ab
is
vanishing probe, recognizing that ∂L(m) /∂gab + 1/2L(m) g ab = 1/2 T(m)
the matter stress energy tensor, we get the Einstein field equation (in the
units such that 16πG = 1),
1
1 ab
Rab − Rg ab = T(m)
.
2
2
This example illustrates explicitly that the matter Lagrangian, even if minimally coupled, makes a contribution to the entropy associated with the
slices of LCH because of the M term. Therefore our entropy is different
from that of ref. [35] even for the simplest possible case of general relativity.
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4.5.2. Dilaton gravity
The second example that we consider is a model in two dimensions: a
non-minimally coupled dilaton ϕ with coupling constant λ and a Tachyon
T , given by the action,
Z
√
S = d2 x −g eϕ (R + (∇ϕ)2 − (∇T )2 + µ2 T 2 + λ).
(4.42)
The black hole solutions in this model were studied in ref. [110] and it
was shown that black hole physics in general relativity have counterparts
in these two-dimensional models. In particular, black hole entropy of
charged black holes in this theory was shown to be proporional to eϕH ,
where ϕH is the value of dilaton on the horizon. This result can also be obtained from the Noether charge method (see ref. [39]). The field equation
obtained from the action (4.42) is
 1
1
∇a ∇b ϕ + ∇a T ∇b T + g ab − (∇ϕ)2 − ϕ − (∇T )2
2
2
2 2
λ
µT
+
= 0.
(4.43)
+
2
2
There does not seem to be a natural way to write this equation in terms
of separate contributions from geometry and matter. That is, it is not
clear how to decompose the action (4.42) into gravitation and matter piece.
Therefore, we do not know what stress tensor should be used to calculate
the heat flux. We could use the Tachyon stress tensor for this purpose but
there does not seem to be a good justification for doing that.
According to the idea pursued in this chapter, we use the whole Lagrangian to contribute to the entropy while the heat flux is to be determined by a probe field that we put to zero at the end. Then the field equation (4.43) can be obtained by assigning entropy density (4.35) to LCHs
with the coefficient tensors given by:
1
X abcd = − eϕ (g ac g bd − g ad g bc ),
2

M ab = eϕ −∇a ϕ∇b ϕ + ∇a T ∇b T ,
1
Φ =
L,
2

(4.44)

where L is the total Lagrangian for the dilaton theory (4.42). Notice that
X abcd corresponds to the black hole entropy. In this example we have a
non-zero M ab not because of the higher derivative terms (there are none)
but because of the non-minimal coupling of the matter. Even if we were
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to define the heat flux not by our probe field but by using the stress tensor of the Tachyon T , there would still be non-trivial contributions to M ab
and therefore this term is needed in the entropy density to get the field
equation from local thermodynamics.
4.5.3. Higher curvature gravity
Let us now consider higher curvature gravity with minimally coupled
matter field for which the Noetheresque entropy of ref. [35] also gives the
field equation via the Clausius relation. For the total Lagrangian given by
L = L(gab , Rabcd , ψ, ∇a ψ),

(4.45)

the field equation is
1
∂L
+ g ab L + P pqra Rpqr b + 2∇p ∇q P pabq = 0,
∂gab 2
(4.46)
where P abcd = ∂L/∂Rabcd . The coefficient tensors in our entropy density (4.35) are given by
X abcd = −P abcd ,
∂L
+ 2P pqr(a Rpqr b) ,
M ab =
∂gab
1
Φ =
L,
2
and W abc is given by eq. (4.29). This should be contrasted with the entropy
density of ref. [35] that we reviewed in sec. (4.3.1) where X and Φ were
defined by only the gravitational part of the Lagrangian and there was no
M term. If we allow for the non-minimal coupling in the higher derivative gravity then our approach of using the probe stress tensor to define
the heat flux and the new entopy density will continue to yield the field
equation via the Clausius relation.
4.5.4. S =

R√
−gf (R) + Smatter

As a final example we consider a higher derivative theory with matter
minimally coupled to the metric. The gravitational part of the Lagrangian
is a general function of R that we denote by f (R). Some special cases of
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these theories were studied in ref. [111] to show their equivalence to general relativity coupled to matter fields with exotic potentials. The equation
of motion of this theory is
1
∇a ∇b f 0 − f 0 Rab + ∇a f 0 ∇b R − g ab ∇c f 0 ∇c R
2
1
ab
−g ab 2 f 0 + 1/2f g ab = T(m)
,
2

(4.47)

ab
where f 0 = ∂f (R)/∂R and T(m)
is the canonical stress energy tensor
√
ab
determined by the matter action, −g T(m)
= 2dSmatter /dgab . Since the
matter is minimally coupled we could in principle use it to define the heat
flux in the Clausius relation. From the point of view of this section though
we will treat the whole action to contribute to the entropy while the heat
flux would be given by the stress tensor of the probe field.
For this theory the coefficients appearing in the entropy density (4.35),
as defined in eqns. (4.38 4.39 4.40), can be calculated to be,

1
X abcd = − (g ac g bd − g ad g bc )f 0 ,
2
1
1 ab
ab
M
= − T(m) + ∇a f 0 ∇b R − g ab 2 f 0 − g ab ∇c f 0 ∇c R,
2
2
1
Φ =
f,
2
and W abc is given by eq. (4.29). Had we considered the heat flux to be
ab
would have apsourced by the matter instead of the probe field then T(m)
peared on the right hand side of the Clausius relation and would not have
apppeared in M ab . As we mentioned at the end of sec. 4.4 the terms proportional to g ab in M ab could be absorbed in Φ. But there would still be
left the second term ∇a f 0 ∇b R in M ab . This is precisely the type of term
whose origin lies in the derivatives of curvature in the action and could
not be produced by the entropy density of ref. [35]. Therefore, even in the
minimally coupled case and without the use of probe fields, the M term
would be needed in the entropy density to yield the correct field equation.
4.6. P ROPERTIES OF L AGRANGIANS FOR HIGHER DERIVATIVE GRAVITY
This identity was first derived in ref. [106] whose treatment we follow
here. A slight generalization here is that we consider the Lagrangians
containing upto one derivative of curvature, L = L(gab , Rabcd , ∇a1 Rabcd ).
In this section L will stand for pure gravitational Lagrangian that we denoted as L(gr) above.
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Let us consider an infinitesimal diffeomorphism xa → xa +ξ a generated
by a vector field ξ. The infinitesimal change in L is given by the Lie derivative of L that can be calculated in two different ways. In the first way, by
considering the dependence of L on xa through gab , Rabcd and ∇a1 Rabcd , we
can write
£ξ L

= ξ m ∇m L = P abcd ξ m ∇m Rabcd
+Z a1 abcd ξ m ∇m ∇a1 Rabcd + Aab ξ m ∇m gab ,
(4.48)

, and Z a1 abcd = ∂∇a∂LRabcd . The abcd indices
where Aab = ∂g∂Lab , P abcd = ∂R∂L
abcd
1
of P and Z are taken to have the symmetries of Riemann.
The second way is to consider the infinitesimal variation δL in L as due
to the variation in gab , Rabcd and ∇a1 Rabcd due to the diffeomorphism. The
latter are given by the corresponding Lie derivatives. Thus we have,
£ξ L = Aab £ξ gab + P abcd £ξ Rabcd + Z a1 abcd £ξ ∇a1 Rabcd .
(4.49)
Taking into consideration the symmetries of Rabcd and P abcd , the second
term can be calculated as


P abcd £ξ Rabcd = P abcd ξ m ∇m Rabcd + 4∇a ξ m Rmbcd .
(4.50)
Similarly, the third term can be calculated as

Z a1 abcd £ξ ∇a1 Rabcd = Z a1 abcd ξ m ∇m ∇a1 Rabcd

+4∇a1 Rmbcd ∇a ξ m + ∇m Rabcd ∇a1 ξ m .

(4.51)

Plugging these expressions in eq. (4.49), and using £ξ gab = ∇a ξb + ∇b ξa ,
we get
£ξ L = P abcd ξ m ∇m Rabcd + Z a1 abcd ξ m ∇m ∇a1 Rabcd
h ∂L
+ 2P pabc Rq abc
+ 2∇p ξq
∂gpq
i
1 pabcd q
a1 pabc
q
+ 2Z
∇a1 R abc + Z
∇ Rabcd .
2

(4.52)

Now, we see from eq. (4.48) that the first two terms on the right hand
side are already equal to £ξ L. This implies, since ξ is arbitrary, that the
expression within the brackets must vanish. We thus get the identity

88

∂L
1
= −2P pabc Rq abc − 2Z a1 pabc ∇a1 Rq abc − Z pabcd ∇q Rabcd .
∂gpq
2
(4.53)
For theories containing no derivatives of curvature, we have that Z pabcd =
0 and eq. (4.53) reduces to the identity (4.33).

CHAPTER 5

Spacetime thermodynamics:
Riemann–Cartan spacetime
5.1. I NTRODUCTION
As we saw in the previous chapter, the equation of state derivation of the
gravitational field equations gives us a direct hint towards gravity being
emergent. In this context it becomes extremely interesting to push the
derivation beyond general relativity as looking at gravity from an effective
field theory point of view, the Einstein–Hilbert action is the first term in the
derivative expansion of the action.
Previously we saw the higher derivative extension of spacetime thermodynamics, on the other hand, one can try to extend General Relativity
by including the intrinsic spin of the particle in the geometric description
of space-time itself [112]. For this one needs to introduce torsion as an
additional degree of freedom for space-time, besides the metric, and use
Riemann–Cartan geometry instead of Riemannian geometry. The most
well known example of such a theory is the Einstein–Cartan (EC) theory
[113] in which the Einstein equations are replaced by the Cartan–Sciama–
Kibble field equations [114, 115] after inclusion of torsion.
In this chapter we address the question if field equations of such a theory, which includes torsion as well, can emerge out of the local thermodynamic variables of a LCH in the framework of Riemann–Cartan geometry.
5.2. R IEMANN -C ARTAN SPACE - TIME
In this section we introduce some key features of a Riemann-Cartan spacetime as it will be further required for the equation of state derivation including torsion. A general affine connection is parametrized by its connection coefficients. Assuming metric compatibility, the non-Riemannian
part of the connection is uniquely determined by the torsion tensor. In a
generic coordinate basis, the connection coefficients read
Γabc = γ abc + K abc ,

(5.1)

where, without loss of generality, we have separated the contribution of
a Levi–Civita part γ and a contortion tensor K which contains the torsion
properties. We will denote the Levi-Civita covariant derivative with ∇,
while the general one will be barred ∇.
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Definition 1 Torsion tensor:
T abc := Γabc − Γacb .

(5.2)

The contortion tensor K can be rewritten in terms of the torsion one as
Definition 2 Cotortion tensor:
K abc :=

1 a
(T bc − Tbca − Tcba ) .
2

(5.3)

Indeed, we can always split the tensor K into the symmetric and antisymmetric parts
1
K abc = U abc + T abc ,
(5.4)
2
where U is another tensor, symmetric in the two lower indices. From the
metricity condition
∇a gbc = 0 ,
(5.5)
it is immediate to get
1
U abc = − (Tbca + Tcba ) ,
2

(5.6)

where space-time indices are raised, lowered and contracted with the metric gab (for instance, Tbca = gbe g af T ecf ).
Now the modified torsion tensor is given as:
Definition 3 Modified torsion tensor:
a
S abd := Tbd
+ Td δba − Tb δda ,

(5.7)

Td := T ada

(5.8)

where
is the trace of the torsion tensor. It is immediate to see that this satisfies
S abd = −S adb .

The commutator of the covariant derivatives in presence of torsion is
given by
[∇a , ∇f ]k b = ∂a (∇f k b ) − Γcaf ∇c k b + Γbac ∇f k c − a ↔ f
= (∂a Γbf d − ∂f Γbac + Γbac Γcf d − Γbf c Γcad )k d − (Γcaf − Γcf a )∇c k b
c
= −Raf db k d − Taf
∇c k b ,

(5.9)
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where we have used the standard definition of the Riemann tensor, although expressed in terms of the Riemann–Cartan connection (5.1). Notice
that from this definition of the Riemann tensor the following symmetry
properties still hold:
Racd b = −Rcad b
Racd e geb = Racdb = −Racbd = −Racb e ged .

(5.10)
(5.11)

The first relation (5.10) is obvious from the definition (5.9) of Raf db ; the second (5.11) can be shown by applying the commutator (5.9) to the metric
gab and using the metricity condition to eliminate the extra terms proportional to the torsion. However, the other symmetry property does not hold
anymore, namely
Racdb 6= Rdbac ;
(5.12)
this is the case since the property R[acd]b = 0 is no longer true in the presence of torsion. As a consequence, the Ricci tensor is not symmetric anymore. More precisely, it can be shown that
Rab = Rba − 3∇[a T ddb] + Td T dab .

(5.13)

5.2.1. Killing equation
Let us now derive the Killing equation for a Riemann-Cartan space-time.
The Killing equation gives a partial differential equation for vector fields
generating isometries
£ξ gab = 0 .
(5.14)
Explicitly the Lie derivative of the metric tensor is given as,
£ξ gab = ξ c ∂c gab + gcb ∂a ξ c + gca ∂b ξ c .

(5.15)

If we convert partial derivatives into covariant derivatives, namely
∂a ξ b = ∇a ξ b − Γbac ξ c ,
∂c gab = ∇c gab + Γbca + Γacb ,

(5.16)

Then
£ξ gab = ∇a ξb + ∇b ξa − gbc Γcaf ξ f − gac Γcbf ξ f + ξ f ∇f gab + ξ f Γcf a gcb + ξ f Γcf b gca
(5.17)

= gbc ∇a ξ c + gac ∇b ξ c + ξ f Qf ab + ξ f Tfca gcb + Tfcb gca
(5.18)
it is straightforward to see that a Killing vector field ξ satisfies
£ξ gab = ∇a ξb + ∇b ξa − ξ c (Tabc + Tbac ) = 0 .

(5.19)

In the case of the Levi-Civita connection, T = 0, we recover the standard
∇(a ξb) = 0 Killing equation.
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5.2.2. Autoparallel curves
Autoparallel curves on a Riemann-Cartan space-time are defined through
the equation
ξ a ∇a ξ b = −κ̃ξ b ,

(5.20)

in a generic parametrization where κ̃ is a measure of non-affinity.
By means of the connection coefficient expression (5.1), the previous
relation implies
ξ a ∇a ξ b − Tacb ξ a ξ c = −κ̃ξ b ,

(5.21)

where ∇ is the covariant derivative w.r.t. the Levi–Civita connection. Hence,
autoparallel curves in a Riemann–Cartan space-time are not extremal curves,
since the latter is a notion defined with respect to the metric of the manifold and it yields the standard geodesic equation in terms of the Levi–
Civita connection only.
5.2.3. Hypersurface orthogonal congruence in presence of torsion
In this section we show that, in presence of torsion, hypersurface orthogonality does not imply a vanishing twist. If we consider a surface defined
by the implicit equation φ(x) = 0, the vector field normal to the surface is
given by
χa = h∂a φ

(5.22)

where h is a proportionality constant. Now in Riemann–Cartan geometry,
the modified commutator (5.9) implies
∇[a ∇b] f = −T c ab ∇c f,

(5.23)

where f is any arbitrary scalar and thus the Frobenius theorem takes the
form
χ[a ∇b χc] = −χa T d bc χd − χb T d ca χd − χc T d ab χd .

(5.24)

In the Riemannian case (T = 0), the r.h.s. of (5.24) vanishes and the resulting relation can be used to prove that the twist of the congruence vanishes
as well. If we now try to reproduce the standard proof in presence of torsion, we see that this is no longer necessarily the case (as demonstrated
later).
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5.3. H ORIZON PROPERTIES AND SURFACE GRAVITY
For our derivation we are interested in a section of null surface, H. We
now look at what happens to the result that a null surface is described by
the geodesic flow of its normal vector field.
A null horizon surface can be defined by the implicit equation
(5.25)

φ(x) = 0 ,
with the condition that the normal vector field
χa = hg ab ∂b φ ,

(5.26)

where h is any non-vanishing function, is null
χa χa = 0

on H .

(5.27)

This last condition implies that the gradient of this norm is orthogonal to
the surface H, i.e. it is still proportional to the normal vector; namely the
null normal to the horizon satisfies
∇b (χa χa ) = 2χa ∇b χa = −2κχb ,

on H ,

(5.28)

with κ a function corresponding to the “normal” surface gravity, which
a priori represents a different notion of surface gravity than the inaffinity
surface gravity defined through the geodesic equation (5.20). One should
further note that, in Riemann–Cartan space-time, κ̃ is a priori different
from the surface gravity defined from the condition of the Killing horizon
generator to be a null vector field at the horizon.
For our horizon to be a Killing horizon we need to further require that
the null vector field χa is a Killing vector field, we can then use (5.19) to
write
−κχb = χa ∇b χa = −χa ∇a χb − 2U cab χa χc
= −χa ∇a χb + (Tbac + Tabc )χa χc = −χa ∇a χb + Tabc χa χc , (5.29)
from which
χa ∇a χb = κχb + Tabc χa χc ;

(5.30)

in terms of the Levi-Civita connection, the previous equation implies
χa ∇a χb = κχb .

(5.31)

Hence, we see that the Killing vector generating the horizon is not
geodesic with respect to the affine connection but rather with respect to
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the Levi-Civita connection associated to the metric (i.e the χ flows along
extremal curves).
The non–geodesic flow of the Killing vector is quite a departure from
the standard behaviour of Killing horizons in General Relativity and indeed it does have striking consequences. Let us first note that from (5.30)
it is clear that the non-geodesic behaviour is due to the presence of the
term Tµνρ χρ χµ , i..e of a torsion current across the horizon. In theories with
non-propagating torsion this could be only carried on by a flow of particles which has an associated spin current. What is the effect of such a
current on the horizon? (apart from inducing a non geodesic flow of the
Killing vector)
An important observation in this sense is that for a non–vanishing tensor current across the horizon the above introduced definitions of surface gravity, the inaffinity κ̃ (defined by the geodesic equation (5.20)) and
the “normal surface gravity” defined via (5.28), do not coincide. This is
also definitely at odd with what one has in General Relativity where this
(and others) definitions of the surface gravity do coincide for a stationary
Killing horizon [116].
In order to show this explicitly let us conveniently write the “normal
surface gravity” as
(5.32)
κ = −nb χa ∇b χa ,
where na is an auxiliary null vector defined at the horizon such that χa na =
−1. Now, by means of the Killing equation (5.19), one has
κ̃ = nb χa ∇a χb ∇
= −nb χa ∇b χa + 2nb T(ab)c χa χc ∇
= κ + 2nb T(ab)c χa χc ∇ .

(5.33)
(5.34)
(5.35)

In GR the non coincidence of the inaffinity and normal definitions of
the surface gravity for Killing horizon is generally associated to departure
from equilibrium/stationarity, like for example in the case of evaporating/shrinking black holes (see e.g. the discussion in Section 2.2 of [116]
keeping in mind that the normal surface gravity basically coincides with
the surface gravity notion associated to the near horizon peeling structure
of outgoing light rays). In analogy one might says that non-vanishing tensor currents across the horizon should not be allowed for a truly stationary
description of the horizon and henceforth we shall ask them to be zero
Tabc χc χa = 0 .

(5.36)

Remarkably, the above restriction on the torsion current across the horizon is crucial not only to remove ambiguities among otherwise inequivalent definitions of surface gravity, but also it is necessary in order to carry
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on the demonstration of the zeroth law of the black hole mechanics, i.e. the
proof of the constancy of the temperature across the horizon. In fact, in order to do so we first need to introduce a local set of null tetrads at the
horizon, playing the role of coordinate vector fields. This construction can
be implemented by means of Gaussian null coordinates. Since we need to
use the Killing vector field as one of the coordinate vector field, we then
need to impose (5.36) for it to be geodesic along the horizon (see section
5.4).
Finally, we want to find the actual generator of the horizon, which is
normally affinely parametrized on it. Let us then define on the horizon the
vector field
1 a
χ ,
(5.37)
k a = e−κv χa =
κλ
where v is the non-affine parameter (Killing time) defined by
χa ∇a v = 1 .

(5.38)

k a ∇a kb = e−2κv (−χb χa ∇a (κv) + κχb + Tbca χc χa )∇
1
= T abc k c ka = 2 2 Tabc χa χc
κλ

(5.39)

We then have

(5.40)

As expected k a is an affinely parametrised null horizon generator only
once the geodesic condition (5.36) is imposed.
5.4. Z EROTH LAW
For the derivation of the Einstein Cartan equation in a thermodynamic
approach it is important to verify if the temperature of the LCH, which
is proportional to the surface gravity, remains constant and if there is a
consistent definition of the surface gravity. In this section we prove that
the normal surface gravity defined by (5.28) provides a good notion of
horizon temperature even in the case of non-vanishing torsion, namely it
satisfies the zeroth law of horizon thermodynamics.
In order to do so we introduce a set of null tetrads made by the Killing
vector (using the geodesic condition (5.36)) plus a second null geodesic
vector nµ and a complex null vector mµ tangent to the horizon 2-sphere
cross-section such that
χa na = −1 = −ma m̄a and na na = ma ma = m̄a m̄a = 0.

(5.41)

96
In this coordinate system adapted to the the null surface, these four null
vector represent well-defined basis and the pull-back of the metric on the
2-sphere can be written as
hab = m(a m̄b) = gab + χa nb + χb na

(5.42)

χa hab = na hab = 0 ;

(5.43)

and
moreover, being elements of a coordinate basis, the null vectors satisfy
[k, n]a = [k, m]a = [n, m]a = 0 .

(5.44)

We are now ready to compute the Lie derivative along the horizon
Killing vector field generator of κ. From (5.28), we can write
κ = −nc χa ∇c χa .

(5.45)

We then have
£χ κ =
=
=
=
+
=
+

χb ∇b κ = −χb ∇b (nc χa ∇c χa )
−χb nc χa ∇b ∇c χa − χb χa ∇b nc ∇c χa − χb nc ∇b χa ∇c χa
−χb nc χa ∇b ∇c χa + κχc χb ∇b nc − χb nc ∇b χa ∇c χa
−χb nc χa ∇c ∇b χa + χb nc χa Rbcda χd + χb nc χa Tbcd ∇d χa
κχc χb ∇b nc − χb nc ∇b χa ∇c χa
−χb nc χa ∇c ∇b χa − κχb nc χd Tbcd
κχc χb ∇b nc − χb nc ∇b χa ∇c χa ,
(5.46)

where in the last step we have used the symmetry properties of the Riemann tensor, the definition (5.28) and the commutator (5.9). We now compute
− χb nc χa ∇c ∇b χa = −∇c (χb nc χa ∇b χa )
+(nc ∇c χb + χb ∇c nc )χa ∇b χa + χb nc ∇b χa ∇c χa
= −2∇c (χb nc χa ∇(b χa) ) − κnc χb ∇c χb + χb nc ∇b χa ∇c χa
= ∇c (χb nc χa Udba χd ) − κnc χb ∇c χb + χb nc ∇b χa ∇c χa

= −∇c nc χb χa χd (Tabd + Tbad ) − κnc χb ∇c χb + χb nc ∇b χa ∇c χa
= −κnc χb ∇c χb + χb nc ∇b χa ∇c χa ,
where in the last passage we have used the Killing eq. (5.19).

(5.47)
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Therefore,
£χ κ = −κχb nc χd Tbcd − κnc χb ∇c χb + κχc χb ∇b nc
= κχc [χ, n]c
= 0,

(5.48)

where we have used the definition
[χ, n]a = χb ∇b na − nb ∇b χa − χd nb T adb

(5.49)

and the property (5.44).
To show the surface gravity is constant we need to further show heb ∇b κ =
0. If we assume the existence of bifurcation surface S0 at which χa = 0 we
can show heb ∇b κ = 0 at the bifurcation surface as follows
heb ∇b κ|S0 =
=
=
=
=

heb ∇b (nc χa ∇c χa )|S0
−heb nc χa ∇b ∇c χa − heb χa ∇b nc ∇c χa − heb nc ∇b χa ∇c χa |S0
−heb ∇b χa nc ∇c χa |S0

−heb ∇b χa χc ∇c na − χd nc T adc |S0
0,
(5.50)

where we have used the fact that the horizon Killing vector field commutes with the auxiliary null vector na , as well as the vanishing of χa at
the bifurcation surface.
Now one can show that
Lχ (heb ∇b κ) = heb Lχ (∇b κ) + Lχ (heb )∇b κ .

(5.51)

In order to do so, let us notice first that the use of Gaussian null coordinates adapted to the horizon implies Lχ (heb ) = 0 (as follows from (5.44));
furthermore,
heb Lχ (∇b κ) =
=
=
=

heb (χa ∇a ∇b κ + ∇a κ∇b χa + χa ∇d κ T d ab )
heb (χa ∇b ∇a κ − χa T d ab ∇d κ + ∇a κ∇b χa + χa ∇d κT d ab )
heb (∇b (χa ∇a κ) − ∇b (χa )∇a κ + ∇a κ∇b χa )
0,
(5.52)

where we used the constancy of κ along the horizon Killing vector field,
as we derived earlier. Therefore, heb ∇b κ is constant over the horizon and
thus if it is 0 at one point, it will be 0 everywhere.
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5.5.

NON -R IEMANNIAN

L OCAL INERTIAL FRAME

The gravitational field strength is related to the components of a linear
connection (which may be with or without torsion e.g. the Levi-Civita
connection in Riemann space-times or the Cartan connection in RiemannCartan space-time ) in a local inertial frame. Mathematically this means
the existence of a unique local frame in which the connection components
vanish at a point about which the local frame is described. The thermodynamical derivation strongly relies on the existence of such local inertial
frame at each point of space-time, in order to define a LCH in terms of a
local Rindler horizon. In this section we give a viable notion of Einstein
Equivalence Principle (EP) for a non-Riemannian space-time having torsion.
In General Relativity one deals with a n-dimensional Riemannian manifold denoted by Mn . At each point p of Mn , the tangent vector space is
denoted as Tp (Mn ). One can then introduce a local vector basis ea . Given
a local coordinate system {xa }, the frame ea is expanded in terms of the
local coordinate basis ∂a = ∂/∂xa
e a = e a b ∂b .

(5.53)

For a n-dimensional Riemannian manifold Mn , the EP states that for
any point p a local inertial frame is introduced via a local coordinate transformation
dxa → dxb (x(p)) = ea b (x(p))dxa

(5.54)

relating the flat Minkowski metric ηab to the induced metric, gcd = ea c eb d ηab ,
of the curved Riemannian space-time.
The coordinate basis is a set of n linearly independent vectors, defined
in each point of the manifold, which are tangent to the n coordinate lines,
which pass through that point and belong to a coordinate system (also
called the global coordinate system or natural coordinate system) imposed
on the manifold. For two different coordinate systems, the transformation
between two coordinate bases can be defined as
ea = ea b eb ,

where ea b = ∂xb /∂xa ;

(5.55)

such transformations are integrable and called holonomic. They satisfy
the condition
∂c ea b − ∂a ec b = 0 ,

(5.56)

which corresponds to some integrability conditions for the coordinate system, given by
(∂a ∂b − ∂b ∂a )xc = 0 .

(5.57)
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In the Riemannian case, the n2 (n − 1)/2 integrability conditions effectively reduce the number of unknowns ∂d ej a from n3 to n2 (n + 1)/2. This
solves the system of n2 (n + 1)/2 transformation equations
Γapq = ea d (ep b eq c Γdbc − ∂q ep d ) = 0 ,

(5.58)

thus providing the coordinate basis in which all the components of the
Levi-Civita connection are locally set to zero at a point [117].
Now we want to reproduce the argument for Einstein-Cartan spacetime, that is to introduce a local frame in which the components of a more
general affine connection vanish at some point p. The problem is, the connection Γ(g, T ) defined in (5.1) can be set to zero, under holonomic coordinate transformation (5.55), only if the torsion tensor vanishes identically.
Now more generally, one can introduce a local inertial (Lorentz) frame in
Einstein–Cartan space–time by means of local vector basis ha defined by
the non-integrable or anholonomic [118] transformations
ha = ha b (p)∂b ,

(5.59)

∂b hc a − ∂a hc b 6= 0 .

(5.60)

with

This basis is also called a non-coordinate basis. Although it is always possible to find a coordinate basis which will coincide with an anholonomic
basis locally, in one point, there is no coordinate system which would correspond to the anholonomic basis globally.
The tensor which would encode the anholonomicity is defined by
Ωbc a = hd a (∂b hd c − ∂c ha b ) .

(5.61)

With this basis, at every point, we define a local Lorentz frame by means
of the set of coordinate differentials
dxa = ha b (x)dxb .

(5.62)

Local Lorentz frames are then obtained by requiring the induced metric in
these coordinates to be Minkowskian,
ηab = ha c hb d gcd .

(5.63)

Referred to such an anholonomic system, the affine connection goes to
Γabc → Γcab = ha a hb b hc c (T a bc − Tb a c + Tbc a − Ωa bc + Ωb a c − Ωbc a )

(5.64)
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At any arbitrary point p of a 4-D space-time, the orthonormality condition gab = ha c hb d ηcd only determines 40 components of ∂h. The remaining
24 components may be locally fixed by T (p) = Ω(p). Then Γcab (p) = 0 and,
accordingly, torsion does not violate the EP. The local coordinate system
{xa } associated with the anholonomic frame at p can be extended to an infinitesimal neighborhood of the point p, in a similar way as a local normal
coordinate basis is extended in the Riemannian case.
5.6. R AYCHAUDHURI EQUATION
The next important tool we need in order to show the thermodynamical
origin of the Einstein-Cartan equation is the Raychaudhuri equation for a
non-Riemannian space-time. Let us thus proceed in its derivation.
We consider a local horizon H generated by the affinely parametrized
null vector k a . Since the local Killing vector field is required to be geodesic
on the horizon, in order for a local notion of temperature to be well defined, and χa = −κλk a , on H we demand the condition (5.36) to hold,
which implies that k a is also geodesic,
k a ∇a kb = 0 .

(5.65)

If we use this horizon null generator as an element of the horizon local
coordinate basis and an auxiliary null vector field na such that k a na = −1,
the space-time metric can be decomposed as
hab = gab + ka nb + kb na ,

(5.66)

where hab is the transverse metric, namely
k a hab = na hab = 0.

(5.67)

Let us denote η a as the deviation vector between two neighboring flux
lines of k a . The Lie derivative of η a along the tangent (to the horizon)
vector k a has to to vanish, namely
£k η a = 0 .

(5.68)

a
[k, η]a = k b ∇b η a − η b ∇b k a − k d η b Tdb
= 0.

(5.69)

This implies
Thus, the failure of the deviation vector to be parallely transported along
the horizon is measured by
a
k b ∇b η a = η b (∇b k a + k d Tdb
) = η b B ab ,

(5.70)
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where we have defined the deviation tensor
Bab := ∇b ka + k d Tadb .

(5.71)

By means of the condition (5.36), it follows that the deviation tensor (5.71)
is orthogonal to the generator vector field k a , namely
k a Bab = 0 = k b Bab ,

(5.72)

where the first equality holds due to the null condition k b ∇a kb = 0. However, the deviation tensor above is not fully transversal since it is not orthogonal to na and has a component along na . To obtain a purely transverse deviation tensor we can define the projection of Bab as
B̃ab = hae hbf Bef
= Bab + ka ne Beb + kb ne Bae + ka kb ne nf Bef .

(5.73)

We can define the expansion of the congruence as
θ =

1 ab
h Lk hab = g ab B̃ab = g ab Bab ,
2

(5.74)

where we have used the orthogonality condition (5.72) as well as (5.67).
Therefore, the expansion reads
θ = g ab Bab = ∇b k b + k b Tb .

(5.75)

The evolution of the expansion along k a (i.e along the horizon in our case)
is given by
dθ
= k a ∇a θ = k a ∇a ∇b k b + k a ∇a (k b Tb )
dλ
= k a ∇a ∇b k b + k a k b ∇a Tb + T b Tabc k a k c ,

(5.76)

where the last term can be set to zero by using (5.36), but we leave it for
now since we want to give the Raychaudhuri equation in full generality
for a null congruence.
We can expand the first term as
k a ∇a ∇b k b = k a ∇b ∇a k b − k a Rabdb k d − k a T cab ∇c k b
= ∇b (k a ∇a k b ) − ∇b k a ∇a k b − Rad k a k d − k a T cab ∇c k b
b

= ∇ (T cba k a kc ) − ∇b k a ∇a k b − Rad k a k d − k a T cab ∇c k b
b

b

= (∇ T cba )k a kc + T cba ∇ (k a kc ) − ∇b k a ∇a k b − Rad k a k d
−k a T cab ∇c k b .
(5.77)
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Therefore
dθ
d b
= −k a k b Rab + k a kb ∇ Tda
+ k b k a ∇a Tb
dλ
b
b
c
c
(∇ kc + ∇c k b )k a + Tba
(∇ k a )kc
− ∇b k a ∇a k b + Tba
d

b
= −k a k b Rab + k a kb ∇ Tda
+ k b k a ∇a Tb + T d Tadb k a k b
b

− B ba Bab + k c Tbca Bab + ∇ k a (Tabc + Tcba )k c ,

(5.78)

where in the last passage we have used the definition (5.71). One can show
using (5.73) and (5.36) that
B ba Bab = B̃ ba B̃ab .

(5.79)

Putting everything together, the Raychaudhuri equation reads
dθ
d b
= −Rab k a k b + k a kb ∇ Tda
+ k b k a ∇a Tb + T d Tadb k a k b
dλ
− B̃ ba B̃ab − B̃ ab (Tacb − Tbca + Tcab )k c + k d k c T adb (Tacb + Tcab )(5.80)
Written in terms of expansion, shear and twist, respectively
θ := hab B̃ab ,
σ ab := B̃(ab) − 1/2θhab ,

(5.81)
(5.82)

ω ab := B̃[ab] ,

(5.83)

the Raychaudhuri equation takes the form
dθ
d b
= −Rab k a k b + k a kb ∇ Tda
+ k b k a ∇a Tb + T d Tadb k a k b
dλ
1 2
−
θ − σ ab σ ab + ω ab ω ab + K ba c Kabd k c k d
(5.84)
2
Contrary to the Riemannian case, we show if the ‘twist’ is zero the
congruence is not necessarily hypersurface orthogonal. by means of (5.73),
we have
k[a ωbc] = k[a B̃bc] = k[a Bbc] + k[a Bb|d| kc] nd + k[a Bd|c kb] nd ;

(5.85)

it is straightforward to see that the last two terms vanish, so we can write
k[a Bbc] = k[a ∇c kb] + k[a Tb|d|c] k d
= k[a ∇c kb] + ka Tbdc k d − kb Tadc k d + kb Tcda k d
−kc Tbda k d + kc Tadb k d − ka Tcdb k d .

(5.86)

Therefore, the condition for hypersurface orthogonality expressed as eq.
(5.24) no longer imply k[a Bbc] = 0 and, hence, in general ωab 6= 0.
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5.7.

ENTROPY

As for the Riemannian case, we can still assume that the entropy of a local
causal horizon in Riemann-Cartan space-time to be proportional to area.
In fact, for a causal horizon at equilibrium the origin of its entropy is believed to be due to the vacuum entanglement across the horizon [119] (see,
e.g. [120, 121], for a derivation of horizon entropy from the entanglement
between quantum gravitational degrees of freedom) and, hence, the eventual presence of torsion due to some matter distribution away from the
horizon is not expected to affect the proportionality of the entanglement
entropy to the horizon area (at least not in a theory with non-propagating
torsion, like Einstein-Cartan). Therefore, let us still assume an entropyarea law of the form
Z
Z
√
(5.87)
S = αA = α dA = α d2 x h ,
where A is area of horizon cross section, h is determinant of the induced
metric on the horizon cross section and e is a proportionality constant
which is generally dependent on the UV cut-off; the variation of this entropy (due to some physical process changing the horizon area) is given
by
Z
Z
√
√
2
dS = αδA = d xδ h = d2 xLk h .
(5.88)
By means of the relation

√
1 √ ab dhab
d h
=
hh
,
dλ
2
dλ

(5.89)

we obtain
√
√
1 √ ab dhab
1 √ ab
L k h = ξ a ∂a h =
hh
=
hh Lk hab ,
(5.90)
2
dλ
2
where the last step is only true if we are working in Gaussian null coordinate.
Using the metric decomposition (5.66) in terms of the two null vectors
and the projected metric, we have
hab Lk hab = hab Lk [gab + ka nb + kb na ] = hab Lk gab ,

(5.91)

as hab Lk (ka nb ) = 0 due to the orthogonality of ka , na with hab . Furthermore,
one can show starting from (5.91) that
hab Lk gab =
=
=
=

2hab (∇a kb ) + T c da gcb k d hab + T c db gca k d hab
a
2(∇ ka − Tadb k d nb k a + Tbda k d hab )
a
2(∇ ka + Tbda k d g ab )
a
2(∇ ka + Ta k a ) .

(5.92)
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Finally using (5.92) in (5.88) we get the variation of entropy as,
Z
dS =

2

√

a

a

dλd x h(∇ ka + Ta k ) =

Z

√
dλd2 x h θ .

(5.93)

where θ is the expansion of the congruence in Rimeann-Cartan space-time,
as defined in (5.75).
5.8. E INSTEIN –C ARTAN FIELD EQUATIONS AS AN EQUATION OF STATE
At this point we have all the elements to take on our proposed task. Our
objective is to start from thermodynamical variables, which ideally one
can obtain as a result of coarse graining of space-time, and show how the
Einstein–Cartan field equation emerges after using the Clausius equation
to relate them. For doing so we will use the variation of entropy we derived in previous section and the Raychaudhuri equation (5.80).
Before proceeding with the thermodynamical derivation, let us first recall the form of the Einstein–Cartan equation that we want to recover.
5.8.1. Einstein–Cartan equation
The Einstein–Cartan field equations read

M
Gab = 8πG Tab
+ (∇d + Td )(τ dab − τabd − τbad ) ,

(5.94)

S dab

(5.95)

=

16πG τ dab

,

where T M is the metric (hence symmetric) stress-energy tensor (SET) containing also non-Riemannian contributions and τ the spin angular momentum tensor. Given a matter Lagrangian LM depending only on the
matter field ψ, its first derivatives ∇ψ and the metric g, these two quantities are defined as
2 δLM
M
Tab
:= √
,
−g δg ab
1
δLM
τ dab := √
.
2 −g δK adb

(5.96)
(5.97)

The total action function yielding the Einstein–Cartan field equations
above reads


Z
1
4
W = d x LM +
LG ,
(5.98)
16πG
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where the gravity Lagrangian density reads
√
LG = −gg ab Rab .

(5.99)

By combining the two Einstein–Cartan equations (5.94), (5.95) we get
1
M
+ (∇d + Td )(S dab − Sabd − Sbad ) .
Gab = 8πG Tab
2

(5.100)

This is the equation we want to recover via the thermodynamical approach.
Let us start by splitting the equation (5.100) into its symmetric and antisymmetric parts and expand. The symmetric part of the Einstein–Cartan
equation reads
1
1
M
R(ab) − gab (R − 2λ) = 8πG Tab
− (∇d + Td )(S(ab)d + S(ba)d )
2
2
d
M
= 8πG Tab − ∇ T(ab)d + ∇(a Tb) − T d T(ab)d + T(a Tb)
.
(5.101)
For later convenience, let us contract the field equation (5.101) with two
k vectors; we find
d

M a b
Rab k a k b = 8πG Tab
k k + ∇ T adb ka k b + ∇a Tb k a k b + T d Tadb k a k b + Ta Tb k a k b .
(5.102)
The antisymmetric part of (5.100) reads

1
R[ab] = (∇d + Td )S dab .
2

(5.103)

However, this part of the Einstein-Cartan equations does not have a dynamical origin, but it follows simply from the definition of the Riemann
tensor in terms of the connection (5.1); in fact, (5.103) is equivalent to the
Ricci tensor property (5.13), once the modified torsion tensor definition
(5.7) is applied. Therefore, it is enough to recover the symmetric part of
the Einstein-Cartan equations through the thermodynamical argument in
order to capture their dynamical content.
5.8.2. Einstein–Cartan equation of state:Torsion as a geometric degree of
freedom
In section 5.2.3 we showed that, in presence of torsion, hypersurface orthogonality of the horizon generators does not imply the vanishing of
the null congruence twist. Therefore, in the general case, we cannot set
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shear and twist to zero in the Raychaudhuri eq. (5.84) and we need to use
the non-equilibrium thermodynamical approach in order to recover the
Einstein–Cartan equation.
As we reviewed above, In presence of dissipative terms, the Clausius
equation has to be generalized to take into account an internal entropy
term; namely, one has to use the entropy balance law
dS =

δQ
+ dSi .
T

(5.104)

By means of the entropy formula (5.88), we then have
αδA =

2π
δQ + dSi .
~

The heat flux across the LCH is given by the expression
Z
Z √
M a b
M a
b
hdλd2 x λ Tab
k k ,
δQ =
Tab χ dΣ = −
H

(5.105)

(5.106)

H

√
where dΣb = hdλd2 xk a is the horizon volume element.
From the result of the previous Section, we have
Z √
αδA = α
hdλd2 x θ
H
!
Z √
dθ
≈ α
hdλd2 x θp + λ
.
dλ p
H

(5.107)

Therefore, using (5.107) and (5.106) in (5.104) the Clausius equation reads
Z √
α
H

dθ
hdλd2 x θp + λ
dλ

!
p

2π
=−
~

Z √

M a b
hdλd2 x λ Tab
k k + dSi .(5.108)

H

In the above equation, the l.h.s. has a first term of zeroth order in λ and a
second term of first order in λ , while the r.h.s. is entirely first order in λ.
Therefore in order to match the two sides of (5.104), at the zeroth order in
λ, we need the condition θp = 0, which by (5.75) implies
∇a k a = − Ta k a |p .

(5.109)

Now, before plugging in the Raychaudhuri equation (5.84) in (5.108),
let us note that in presence of torsion, hypersurface orthogonality of the
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horizon generators does not imply anymore the vanishing of the null congruence twist. This is explicitly shown in section 5.2.3. Therefore, in the
general case, we can set neither the shear nor twist to zero in the Raychaudhuri eq. (5.84) and they will contribute to the internal entropy term.
In order to correctly identify all the contributions to this non-equilibrium
term, we need to open up the non-Riemannian shear and twist in (5.84),
which in general will contribute terms both in k µ as well as in its covariant
affine derivatives, and identify only the latter as non-equilibrium contributions. Hence, we use the explicit form of the horizon shear, twist and
(5.109), so to rewrite the Raychaudhuri equation (5.84) as
dθ
dλ

d

= −Rab k a k b + k a kb ∇ T bda + k b k a ∇a Tb + T d Tadb k a k b
p

− ∇b k a ∇a k b + 2∇a k b K a bc k c

p

(5.110)

and identify the terms in the second line on the r.h.s. of (5.110) as internal
entropy terms. Therefore, combining (5.108) with (5.110), the generalized
Clausius law (5.104) implies at first order in λ


2π M a b
d
Tab k k = α −Rab + ∇ T bda + ∇a Tb + T d Tadb + Ta Tb k a k b (5.111)
−
~
and
Z √


dSi = α
hdλd2 x λ −∇b k a ∇a k b + 2∇a k b K a bc k c − ∇a k a ∇b k b
Z √H

hdλd2 x λ −σ ab σab + ω ab ωab + K ba c Kabd k c k d − Ta Tb k a k b
=α
H

p

p

(5.112)
where, in the last equation, we have first included all the dissipative, nonequilibrium terms inside the Raychaudhuri equation (all the ones containing a covariant derivative of the horizon generator), and then re-expressed
them, by means of (5.84), (5.109), in terms of the Riemannian shear and
twist plus torsion contributions1 .
The first relation (5.111) yields, for
α=
1

1
,
4~G

(5.113)

Notice that the condition (5.109) induces an ambiguity in the identification of the
equilibrium and the non-equilibrium parts of the Raychaudhuri, since the last term on
the r.h.s. of (5.111) can always be compensated by a non-equilibrium one like the last one
on the r.h.s. of the first line in (5.112). We have thus included them in order to consider
the most general case.
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the symmetric part (5.102) of the Einstein-Cartan equation.
The second one, eq. (5.112), provides a definition of the internal entropy contribution in presence of torsion. Notice that, for vanishing torsion (and hence twist), eq. (5.112) reproduces the dissipative term obtained in [32, 109], namely
Z √
hdλd2 x λ ||σ||2p ,
dSi = −α

(5.114)

H

where the shear σµν is the one defined w.r.t. the Levi-Civita connection.
In the presence of torsion, the internal entropy (5.112) contains contributions coming from both the shear squared term and the twist terms inside
the Raychaudhuri equation (5.80). This could be considered the generalisation to the Riemann–Cartan geometries of the Hartle–Hawking term
describing the dissipation of a distortion of the horizon and seems to imply a different output of gravitational waves w.r.t. to what expected in
General Relativity (of course just in cases where at the horizons there are
fluxes of matter generating torsion in non-propagating torsion theories
like Einstein–Cartan).
As in the original argument of [29], we could now try to use the Bianchi
identity for a Riemann–Cartan spacetime in order to recover the Ricci
scalar part of the equation of motion. However, in presence of torsion, the
modified Bianchi identity contains torsion dependent terms which are not
total covariant derivatives. Therefore, in this case, the modified Bianchi
identity is of little help.
However, one can split the symmetric part of the Einstein tensor into a
Riemannian part and a non-Riemanninan part (see next Subsection where
this approach is carried out explicitely); the Riemannian term will be the
standard Einstein tensor written in terms of the Levi–Civita connection
and it will satisfy the standard Riemannian spacetime Bianchi identity.
The non-Riemanninan part of the symmetric Einstein tensor comprises
terms involving the affine covariant derivative of the torsion and quadratic
contractions of the torsion tensor. These terms can be moved to the r.h.s.
of (5.101) in order to define an effective SET. The important point is that,
on an Einstein–Cartan space–time such SET will be conserved w.r.t. the
Levi–Civita connection, since the l.h.s. is conserved due to the Riemannian Bianchi identity. It follows that, on an Einstein–Cartan spacetime, the
torsion tensor has to be such that the Levi–Civita covariant derivative of
the non-Riemanninan part of the symmetric Einstein tensor has to be equal
to the Levi–Civita covariant derivative of the r.h.s. of (5.101), namely
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1
d
M
∇b R(ab) − ∇a (R − 2λ) = ∇b (8πG Tab
− ∇ T(ab)d + ∇(a Tb) − T d T(ab)d + T(a Tb) )
2
(5.115)
once we split R(ab) , R into their Riemannian and non-Riemannian parts
and use the Riemannian Bianchi identity. The explicit splitting is obtained
from
Rab = Rab + ∇d K dab − ∇a K ddb + K ddc K cab − K dac K cdb ,
R = g ab Rab = R + 2g ab ∇d K dab + g ab (K ddc K cab − K dac K cdb )
a
= R + 2∇ Ta − Ta T a − g ab K dac K cdb ,
where we have used the relations
a

g ab ∇d K dab = −g ab ∇a K ddb = ∇ Ta

(5.116)

g ab K ddc K cab = −Ta T a .

(5.117)

and
The Ricci scalar and cosmological constant parts in the symmetric EinsteinCartan equation (5.101) can then be obtained from the condition (5.115), in
analogy to the standard Riemannian case. In fact, let us now go back to
the part of the symmetric Einstein-Cartan equation that we recovered so
far through the Clausius law, namely eq. (5.111). By peeling off the two
k’s, we can rewrite this as
d

M
R(ab) + gab F (x) = 8πG Tab
− ∇ T(ab)d + ∇(a Tb) − T d T(ab)d + T(a Tb) , (5.118)

where, as in the original thermodynamical derivation of [29], we have
added a term proportional to the metric and depending on some function F (x). By taking the Levi-Civita covariant derivative and enforcing
the condition (5.115), it is then immediate to obtain
1
F (x) = − R + λ .
2

(5.119)

Plugging this last relation back into (5.118) we thus recover the full symmetric Einstein-Cartan equation (5.101).
5.8.3. Einstein–Cartan equation of state: Torsion as a background field
We now want to derive Einstein–Cartan equation from the non-equilibrium
thermodynamical approach where we take the point of view of torsion as
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an external (or background) field, with the torsion terms defining an effective SET for a Riemannian space–time. In fact, if we write the symmetric
part of the non–Riemannian Einstein tensor in terms of the Riemannian
one plus torsion terms, namely
1
1
d
R(ab) − gab (R − 2λ) = Rab − gab (R − 2λ) − ∇ T(ab)d + ∇(a Tb)
2
2
 d

1
+T d T(ab)d + K dc(a K cd|b) − gab 2∇ Td − Td T d − g qp K dqc K cdp , (5.120)
2
then the symmetric part of the Einstein–Cartan equation (5.101) can be
written in terms of the Riemannian Einstein tensor and an effective SET,
namely
1
M
− 2T d T(ab)d + T(a Tb) − K dc(a K cd|b)
Rab − gab (R − 2λ) = 8πG Tab
2

1  d
d
qp d
c
+
gab 2∇ Td − Td T − g K qc K dp . (5.121)
2
As the next step, we rewrite the Raychaudhuri equation (5.84) in terms
of the Riemannian Ricci tensor; this yields
1
dθ
= −Rab k a k b − θ2 − σ ab σab + ω ab ωab − 2T d T(ab)d k a k b . (5.122)
dλ
2
We can now run the non-equilibrium thermodynamical argument, similarly to the previous Subsection. By means of the generalized Clausius
relation (5.104), at first order in λ, it is immediate to see that the Einstein–
Cartan equation written as in (5.121), modulo the terms proportional to
the metric gab , is recovered once we use exactly the same definition of internal entropy production term as in the previous derivation (namely, the
second line of (5.112)); explicitly, we recover
−


2π M a b
Tab k k = α −Rab − 2T d T(ab)d + T(a Tb) − K dc(a K cd|b) k a k b
~

(5.123)

for
Z √
dSi = α
H

hdλd2 x λ −σ ab σab + ω ab ωab + K bac Kabd k c k d − Ta Tb k a k b


p

.

(5.124)
The Ricci scalar part of the equation of motion can be recovered similarly
like in the previous derivation, by means of the Riemannian Bianchi identity. In the present case, this approach is even more well justified given

111
that we have explicitly expressed the Einstein–Cartan equation in terms of
the Riemannian Einstein tensor.
This second approach to the thermodynamical derivation of the Einstein–
Cartan equation, with all the non–Riemannian torsion contributions reabsorbed in an effective SET, may seem more linear and clean at first. However, if we had proceeded along these lines from the beginning, the definition of the internal entropy production term (5.124) would have appeared
as an ad hoc one, in order to recover the desired result. On the other hand,
in the derivation presented in Subsection 5.8.2, where we work with the
geometrical structures of the Riemann–Cartan spacetime, this form of dSi
follows naturally from the Raychaudhuri equation (5.84).
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CHAPTER 6

Conclusion
6.1. S UMMARY OF RESULTS
The link between gravitational dynamics and thermodynamics of horizons has been studied intensively in the past few decades. Though a
lot has been understood, many new paradoxes and problems also appeared, calling for better explanations and sometimes drastic changes to
the known theory of gravity and quantum mechanics. One clear message
that we can take from all these studies is that general relativity (GR) is
not the complete theory of gravity and for the unification of gravity with
quantum mechanics we have to go beyond GR. The other important thing
that we have to check for consistency is how compatible these new theories are with the new innovative experimental results that are capable
of giving us some information about possible characteristics (such as the
validation of local Lorentz invariance, Locality, scale invariance etc) of a
quantum theory of gravity.
In this thesis we explored two well studied directions of understanding
the thermodynamical nature of gravity. In the first part we were concerned
about thermodynamics of event horizon (black hole thermodynamics) and
presented our studies about the region of origin of Hawking radiation. In
the next part of the thesis we were dealing with thermodynamics of local
causal horizon and how this can lead to the derivation of the equations of
motion for a theories of gravity beyond GR (to be precise, higher derivative gravity and theories including torsion in this case) as an equation of
state.
6.1.1. Thermodynamics of global horizons: Black hole thermodynamics
It has been widely believed that Hawking radiation originates from the
excitations close to the horizon and this eventually suggested some drastic modification of the states in the near horizon regime as a resolution to
the information loss paradox [20, 122, 123, 62]. One of the primary reasons
for such an argument is based on the way Hawking did his original calculation, tracing back the modes all the way from future infinity to the past
null infinity through the collapsing matter so that one has a vacuum state
at the horizon for a free-falling observers.
The other disturbing feature about this argument is, when the modes
are traced back they become highly blueshifted near the horizon and we
are not well aware of the laws of physics in such high trans Planckian do113
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main. Some resolutions to the above problem has been proposed several
times in the literature [124, 57, 125] but they all demand some challenging
modification to our present knowledge of gravitation or quantum field
theory.
Let us stress, however, that the UV departures from Lorentz invariance
through the introduction of a fundamental cutoff postulated in [126, 127]
are relevant only very close to the horizon for large black holes (in units
of the Lorentz breaking scale). Hence, even contemplating such scenario,
our analysis in section 3.3 of Chapter 3 would be basically unchanged and
unaffected away from the horizon, as also stressed in the similar analysis
carried out in [128].
In Chapter 3 we have further shown evidence that the Hawking quanta
originate from a region which is far outside the horizon, which can be
called a black hole atmosphere [82]. More precisely, from the plots of the
energy density and the flux in the Unruh state, as presented in section 3.3,
we get a maximum at r ≈ 4.32M , for the energy density in the Hartle–
Hawking state the peak is at r ≈ 4.37M . This is strikingly close to our
previous finding based on the heuristic argument using tidal forces, in
section 3.2, for an origin at about r ≈ 4.38M for the peak of the thermal
spectrum. By large this is also in agreement with some previous claims
using various other methods, such as calculating the effective radius of a
radiating body using the Stefan–Boltzmann law or computing the effective
Tolman temperature [79, 129, 130, 131], as well as in close correspondence
with the results of the study of the null component of the stress-energy
tensor in the Unruh vacuum of [132].
If the radiation has a long distance origin then we might not need to
worry about the trans Planckian issue at the horizon. Moreover, concerning the fundamental issue of unitarity of black hole evaporation, this result suggests to consider some effect operational at this new scale in order
to eventually restore unitarity of Hawking radiation. A possible scenario
is the one of non-violent nonlocality advocated in [133, 134]; see also the
proposal of [135, 136].
In Chapter 3 we further investigated the behavior of an effective temperature function as perceived by an free falling observer starting with zero initial velocity at infinity. We found that the energy density computed from
this temperature function does not match with the energy density computed by using RSET for the same observer. To confront the reason for
this discrepancy we computed the adiabaticity of the temperature function and found that the deviation exactly tracks the deviation of the adiabaticity from its minimum value. From this one can infer that due to
breaking down of the WKB approximation one cannot trust the validity of
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a plankian distribution at the region outside the horizon (extending well
beyond 3M). We further proposed a way to study what an local inertial
observer would perceive in its local inertial frame, getting rid of any kinematical effect that arises due to the acceleration of the observer with respect to the black hole.
6.1.2. Thermodynamics of local horizons: Spacetime thermodynamics
Ever since Jacobson‘s seminal work in [29], where he derived the Einstein
equation starting from local thermodynamical variables, implementing
the Clausius equation, a lot has been done in this field yet leaving some
open issues and scopes for improvement. One of the main issue with the
extension of the original derivation beyond GR is in the choice of the entropy that should go as an input in the Clausius equation. In [29] the proportionality of the entanglement entropy with the area of the local causal
horizon was used but this cannot be the case if one needs to move beyond
GR. As we know for black hole thermodynamics, for theories beyond GR
the entropy is no more proportional to just the area of the horizon, it would
often involve curvature terms as well.
Chapter 4 of this thesis begins with a brief review of spacetime thermodynamics and the rest of the chapter is mainly based on the work done
in [36]. We have proposed a new expression for the entropy associated to
the slices of local causal horizon, eq. (4.35), such that the Clausius relation
imposed on a patch of the horizon implies the field equation of the theory
under consideration. The theory in question could be any diffeomorphism
invariant metric theory of gravity. In order to achieve this result we introduced two new ingredients: first, the heat flux in the Clausius relation
is provided by a minimally coupled probe field that we put to zero in the
end, and second, the entropy has a new term quadratic in the approximate
Killing vector. Let us discuss these two inputs one by one.
The reason to introduce the probe matter providing the heat flux is to
be able to work with the most general diffeomorphism invariant theory.
This was done because a general diffeomorphism covariant Lagrangian
does not admit a canonical split between a gravitational part and a matter part. For example, consider a scalar field φ in the Lagrangian whose
coupling to metric is non-minimal of the form Rab ∇a φ∇b φ. If we consider
this term as contributing to the matter stress tensor and use it to define
the heat flux, then on the left hand side of the equation of motion (2.31)
we will not include its contribution to E abcd . The resulting entropy density
will however not match with the black hole entropy in the theory which
is determined by the E abcd of the total Lagrangian by the Walds’ formula.
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Alternatively, we could count this term as “gravitational” and use only the
canonical kinetic term of φ to define the heat flux. This would be a viable
option, but it does not appear to be a very natural thing to do. On the other
hand, the approach of characterising a system completely by perturbing it
with probe fields and observing its response is ubiquitous in physics. In
short, the need to work with complete generality, and the compatibility
with black hole thermodynamics led us to define the heat flux in Clausius
relation by a probe, minimally coupled matter field that we put to zero in
the end. If we were not to use the probe fields to define the heat flux, then
we would have to restrict to only the theories with minimally coupled
matter field. But even then the new M term in the entropy density would
still be needed to derive the field equation of higher derivative gravity.
The new term in the entropy that we have proposed does not alter the
black hole entropy because the Killing vector vanishes on the bifurcation
surface. Compatibility with black hole thermodynamics is a stringent requirement. Without it, we could have simply taken the whole entropy as
given by the quadratic term and chosen M ab to be the equation of motion. But then the black hole entropy in the theory would be zero. The X
term in eq. (4.35) is thus dictated by the black hole entropy. The W term is
necessary for the equation of state argument to go through for the higher
curvature theories. For higher derivative theories the M term in eq. (4.35)
is needed to get the equation of motion via the Clausius relation.
The generality of our approach seems to suggest that there is no obstacle for the equation of state derivation for any diffeo-invariant metric theory of gravity, irrespective of whether it is Lorentz invariant or not. In particular, one could then derive local thermodynamics in Lorentz violating
theories, e.g., the Einstein-Æther theory. However, this expectation faces
two challenges. First of all, local Lorentz invariance is crucial to associate
the Unruh temperature with the local causal horizon. Second, the existence of black hole thermodynamics in such theories is not well-settled yet,
and is under active investigation [137, 138, 139, 140, 141, 142, 143, 144, 145].
Finding a thermodynamic route to the equation of motion in such theories
thus appears to be a premature enterprise at the moment.
We would like to mention in passing that some authors [146, 104] have
taken the converse route to the one discussed here. That is, their goal
is to understand if the field equation implies the Clausius relation for an
appropriately defined entropy density. It is not too difficult to show that
given our entropy one can follow this program of running the argument
backwards to its completion for any diffeomorphism invariant theory of
gravity.
In Chapter 5 we have extended the thermodynamics of space–time for-
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malism to the Einstein–Cartan theory of gravity. In doing so we have had
to reconsider several ingredients entering in the original derivation [29].
First by redefining the notion of the local inertial frame in Riemann–Cartan
geometries as well as by reconsidering the notion of Killing horizon surface gravity and derive the Raychaudhuri equation in this framework. In
doing so we have obtained several original results and we have understood that the notion of a stationary Killing horizon in this setting requires
an additional condition on the torsion current through the horizon which
enforces the geodesic flow of the Killing vector and the horizon generator.
Then we have applied this toolkit to the space–time thermodynamics
approach and shown that using a generalised Clausius equation it is possible to recover the relevant part of the Einstein–Cartan–Sciama–Kibble
equations. In doing so we have identified the relevant non-equilibrium
terms, finding a novel dependence on the twist, which as such represent
a generalisation of the usual Hartle–Hawking term. Let us stress that this
term is calculated on the horizon and as such can present non-zero twist
and torsion even in theories with non-propagating torsion as Einstein–
Cartan, as long as the deformation of the local Rindler horizon is generated by matter fluxes endowed with spin currents. This seems to suggest
that if these terms are as usual associated to the actual energy that can
be observed at infinity as carried away by gravitational waves, then they
can provide a signature of the actual presence of torsion in the case e.g. of
black hole mergers in environments with suitable matter.
6.2. F UTURE SCOPE
The study of the thermodynamic nature of gravity, as presented in this thesis for both global and local causal horizons has been conceptually compelling. These studies gives us the best hints about what are the essential
features for a quantum theory of gravity and surely will help us to get
more insight about the fundamental structure of spacetime.
A very interesting and informative way to study various features of
Hawking radiation is through analogue models of gravity [124] [147]. Analogue models of black holes can be build based on various condensed matter systems such as acoustics in fluid, superfluid Helium, Bose–Einstein
condensate(BEC), propagation of electromagnetic waves in dielectric medium,
and they can be realized in a laboratory setup to verify certain features of
black hole thermodynamics that exists within the analogue models. In
particular we have shown the existence of the analogue models for Anti
de-Sitter and de-Sitter black holes in BEC [148]. This opens the scope to
study various other tantalizing features of gravity, such as the fluid/gravity
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correspondence [149] associated to AdS geometry, within the analogue
framework. We have also shown in [148] that the stress energy tensor
computed on the boundary for Nordstrom gravity (which captures the
dynamics of analogue models of gravity as shown in [150]) will have the
same form as in general relativity [151], which can be that of a conformal
fluid if computed for asymptotic AdS solutions.
The nature of Hawking radiation has intrigued people for decades now.
Knowing whether the Hawking quanta are created few Planck distances
away from the horizon or in some quantum atmosphere, extending well beyond the horizon, can give us a better understanding about open issues,
such as the information loss and trans-Planckian problem as discussed
here. It will be specially important to know this region of origin for the
radiation if someone believes that some new effects must be considered to
unitarize Hawking radiation at the same characteristic scale as that of radiation itself. This would immediately give us a clue about a “nonviolent”
scenario [152] [134] operational at the quantum atmosphere or something
dramatic like a “firewall” at the horizon [20] that will ultimately help us
to solve the information loss problem. We have given some arguments to
favor the origin of Hawking radiation in the quantum atmosphere [82] [79]
but the debate is far from over and more concrete evidence is needed to
get a definite answer.
Of course, an alternative possibility to escape conclusions like a firewall at the horizon is that new physics ensues in the far UV. Partially inspired by analogue models scenarios people have conjectured for example
Lorentz breaking UV completions of GR and the standard model. In particular, theories of gravity entailing a violation of local Lorentz invariance
at high energies have received much attention. Einstein–Aether theory
[153] [154] [155] is one such theory for which it is possible to write a covariant Lagrangian but due to presence of a globally defined timelike vector field, Lorentz invariance is broken. A very surprising discovery was
that this theory can still have black hole solutions even though superluminal propagation is allowed [156]. It was found that black holes in such
theories would have spacelike causal boundaries called universal horizon,
beyond which nothing can escape from the black hole. It is interesting to
study the thermodynamics of these causal surface and investigate how it
differs from the thermodynamics of event horizon. Several independent
studies have been conducted to understand the thermodynamics of black
holes in Einstein–Aether gravity [141] [143] [144] but not much is understood on the sort of regular vacuum state that could be accommodated
on such spacetimes. Given that in the standard (GR) case the correlation
structure of hawking pairs in the unique regular vacuum state (Unruh) is
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a crucial ingredient to achieve the conclusion that purification requires a
firewall, it would be quite interesting to see what the correlation structure
for the equivalent (if any) state would be in these Lorentz breaking black
hole solutions.
Finally, in the spacetime thermodynamics derivation for higher derivative gravity we mentioned that one of the main drawback is in a quantum
mechanical description for the entropy that is used in the Clausius equation. In the derivation of the semi-classical Einstein equation [41] a better
framework was used where one can compute the UV and IR part of the entanglement entropy and then based on a conjecture of entanglement equilibrium, link these two parts to arrive at the Einstein equation. While the
IR part of the entropy is computed quite robustly [47] there is still no definite computation about the UV part of the entanglement entropy (which is
taken proportional to area) for a causal diamond, including the first order
curvature corrections. These curvature corrections would be particularly
important if one tries to move beyond general relativity. One surprising
feature that we found was the presence of boost invariance even after including the first order curvature corrections in the metric for the causal
diamond, written in terms of Riemann normal coordinates. This allows
us to define positive frequency modes and a nice time slicing to do local
quantum field theory within a causal diamond. There are some computations of entanglement entropy [157] for such a setup considering a S-J
vacuum state [158] [159] but using the local boost invariance we believe
an extension of these calculations are possible.
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