Entanglement spectrum degeneracy and Cardy
formula in 1 + 1 dimensional conformal field theories

arXiv:1707.07532v1 [hep-th] 24 Jul 2017

Vincenzo Alba, Pasquale Calabrese, Erik Tonni
SISSA and INFN, Via Bonomea 265, 34136 Trieste, Italy
Abstract.
We investigate the effect of a global degeneracy in the distribution of
entanglement spectrum in conformal field theories in one spatial dimension. We
relate the recently found universal expression for the entanglement hamiltonian
to the distribution of the entanglement spectrum. The main tool to establish
this connection is the Cardy formula. It turns out that the Affleck-Ludwig noninteger degeneracy, appearing because of the boundary conditions induced at
the entangling surface, can be directly read from the entanglement spectrum
distribution. We also clarify the effect of the non-integer degeneracy on the
spectrum of the partial transpose, which is the central object for quantifying
the entanglement in mixed states. We show that the exact knowledge of the
entanglement spectrum in some integrable spin-chains provides strong analytical
evidences corroborating our results.
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1. Introduction
In the course of the noughties, entanglement has become a standard and powerful
tool for the study of many-body quantum systems, both in and out of thermodynamic
equilibrium (see, e.g., Refs. [1–4] as reviews); for example, entanglement is nowadays
routinely used for the identification of critical and topological phases of matter. The
central quantity to quantify the bipartite entanglement in a many-body system is
the reduced density matrix ρA of a subsystem A, which is defined as ρA = TrB ρ,
where B is the complement of A, and ρ is the density matrix of the entire system.
When the system is in a pure state |Ψi and ρ = |ΨihΨ|, the entanglement can
be measured by the von Neumann or Rényi entropies of ρA . However, it has
been pointed out long ago by Li and Haldane [5] that the reduced density matrix
(RDM) encodes much more information than the entanglement entropy. Part of
this information may be extracted by looking at the entire spectrum of ρA , which
has been dubbed entanglement spectrum. This observation triggered a systematic
study of the entanglement spectrum, which proved to be an extremely powerful
theoretical tool to analyse topological phases [5–10], symmetry-broken phases [11–15],
disordered systems [16–19], and gapless one-dimensional phases [20–22]. Furthermore,
a protocol for measuring the entanglement spectrum in cold-atom experiments has
been proposed [23], which generalises the recent measurements of entanglement
entropy [24, 25].
In Ref. [20], it has been pointed out that the distribution of the eigenvalues λi of
the reduced density matrix ρA (also known as entanglement spectrum distribution)
X
P (λ) ≡
δ(λ − λi ),
(1)
i

can be reconstructed from the analytic knowledge of the moments TrρnA of ρA . In this
respect, conformal invariant field theories represent a very useful playground. Indeed,
for a conformal invariant system in one spatial dimension, for a finite interval A of
length ` embedded in an infinite system, the moments are given as [26, 27]
 ` c/6(n−1/n)
,
(2)
TrρnA = cn

where c is the central charge of the conformal field theory (CFT),  an ultraviolet cutoff,
and cn a non-universal and in general unknown n-dependent amplitude. Assuming
cn to be constant, in Ref. [20] a super-universal form of the entanglement spectrum
distribution has been explicitly worked out: it turned out to depend only on the
central charge via the largest eigenvalue of ρA . Thus, when expressed in term of the
latter, the entanglement spectrum distribution does not depend on any parameter of
the theory. This super-universal distribution leads to an extremely simple scaling law
for the integrated distribution function n(λ), i.e. the number of eigenvalues larger
than λ, which is
p
(3)
n(λ) = I0 (ξλ ) ,
ξλ ≡ 2 (− ln λmax ) ln(λmax /λ) ,
where I0 (x) is the modified Bessel function and λmax the largest eigenvalues of ρA .
Obviously, the only condition for the validity of (3) is the particular n-dependence
in (2). Consequently, the same law (3) is valid in many other situations in CFT (finite
systems, systems with boundaries, finite temperature, etc), as well as in proximity of
quantum critical points, where the same scaling (2) holds with the replacement of `
with the correlation length [26]. Several numerical studies [4, 20, 28–31] tested that
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the super-universal distribution (3) describes surprisingly well the spectrum of lattice
models whose low-energy spectrum has an underlying CFT, despite the assumption of
cn being constant. The exact knowledge of the distribution (3) played also a central
role in the understanding of the performance of matrix product states algorithms [32].
In very recent times, a lot of activity has been devoted also to the study of the
operatorial form of the reduced density matrix [33–46]. To this goal, the reduced
density matrix is written as
ρA = e−2πKA ,

(4)

where KA is the entanglement (or modular) hamiltonian. The first study of
the modular Hamiltonian dates back to the seminal work by Bisognano and
Wichmann [47], which proved that for an arbitrary relativistic quantum field theory
in Minkowski space of generic dimensionality and for a bipartition in two equal semiinfinite parts separated by an infinite hyperplane, the entanglement Hamiltonian may
be expressed as an integral of the local energy density with a space-dependent weight
factor. This theorem has been exploited, especially in CFTs in arbitrary dimension,
to relate entanglement Hamiltonians in different bipartitions [36,38,42]. In turn, these
works relate the entanglement to the Hamiltonian spectrum, a result which we will
exploit here.
This paper has many different goals which can be summarised as follows. On
the one hand, we want to directly derive the entanglement spectrum distribution
in [20] from the entanglement Hamiltonian in [42], also to understand the validity
of the assumptions made in both [42] and [20]; in particular, the assumption of cn
being constant (see (2)). We anticipate that the relation between the distribution
of the entanglement spectrum and that of the energy spectrum of the CFT is the
famous Cardy formula [48]. This naturally poses the question about the effect of
degeneracies of the spectrum of ρA , which must be related to the Affleck-Ludwig
boundary entropy [49] appearing in the Cardy formula on the annulus. In turn,
this leads to a non-trivial n-dependence of the factor cn in (2), which affects the
entanglement spectrum distribution. Thus this result shows that the physics at
the entangling surface can be read off from the entanglement spectrum distribution.
Finally, we will show that the degeneracy in the spectrum of ρA has non-trivial effects
also on the distribution of the eigenvalues of the partial transpose of ρA , i.e., the
negativity spectrum of Refs. [50, 51].
This paper is organised as follows. In Sec. 2, as a warming up exercise, we
work out with elementary methods the consequences of a global degeneracy in the
entanglement spectrum on the distribution of eigenvalues and on the moments of
the reduced density matrix. In Sec. 3 we show that the entanglement spectrum
distribution in [20] is a reparametrisation of the Cardy formula. This is one of the main
result of this paper that allows us to understand also how the Affleck-Ludwig boundary
entropy [49], induced by the physics at the entangling surface, affects the entanglement
spectrum distribution. In Sec. 4, we test the general results of the previous sections in
some integrable spin-chains. In Sec. 5 we explore the consequences of the degeneracy
of the entanglement spectrum for the spectrum of the partially transposed density
matrix, i.e., for the negativity spectrum. Finally in Sec. 6 we draw our conclusions.
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2. Entanglement spectrum distribution and global degeneracies
We start by considering an elementary exercise about the effects of global degeneracy
of the eigenvalues of the reduced density matrix (e.g., as a consequence of some internal
or topological symmetry) on the entanglement spectrum distribution. This problem
can be understood with several equivalents methods, but in the following we prefer to
exploit the relation of the entanglement spectrum with the moments of the reduced
density matrices (i.e., the Rényi entanglement entropy) so to make a direct contact
with the derivation of the CFT entanglement spectrum distribution in Ref. [20]. We
stress that there are no new findings in this section, but just a different view about
well known facts.
Let us consider the case in which all eigenvalues λj of the RDM have a degeneracy
g. Here j = 0, 1, 2, . . . , N g −1, and the g consecutive eigenvalues with gi 6 j < g(i+1)
with i = 0, 1, 2 . . . , N − 1 are all equal. We also introduce a set of non-degenerate
eigenvalues µi (with i = 0, 1, 2 . . . N −1), just taking one every g-degenerate eigenvalues
λj . Because of the normalisation TrρA = 1, the only way of doing so is by rescaling
the eigenvalues by a factor g, i.e.,
µi = gλgi ,

(5)

so that
X

µi = 1 ⇐⇒

X

i

λj =

j

X µi
g = 1.
g
i

(6)

For the remaining part of this section, we will denote the RDM with eigenvalues λj
as ρλ and the other with eigenvalues µi as ρµ .
Clearly, the following relation for the moments of the reduced density matrix
holds
X
Rn (µ) ≡ Trρnµ =
µni
i

⇒ Rn (λ) ≡ Trρnλ =

X
j

λnj =

X  µi n
g
= g 1−n Rn (µ) .
g
i

(7)

For conformal field theories, this degeneracy does not alter the large ` dependence
of the moments Rµ (see (2)), but it provides a relation between the multiplicative
constants cn in (2), such that
1−n (µ)
c(λ)
cn .
n =g

(8)

Eq. (8) is valid whenever a scaling like (2) occurs, e.g. close to a conformally invariant
1
quantum critical point [26]. For the Rényi entropy Sn ≡ 1−n
ln TrρnA , Eq. (7) implies
Sn (λ) = Sn (µ) + ln g ,

(9)

i.e., the degeneracy gives an additive constant which does not depend neither on `
nor on n. This indeed is the well-known topological term due to the degeneracy of the
entanglement spectrum [52].
We now explore the consequences
of this degeneracy on the entanglement
P
spectrum distribution Pλ (λ) =
δ(λ − λi ) that can be reconstructed from the
knowledge of the moments Rn (µ) [20]. Indeed, after introducing the Stieltjes transform
of µPµ (µ)
Z
∞
1X
1
µPµ (µ)
,
(10)
fµ (z) ≡
Rn (µ)z −n =
dµ
π n=1
π
z−µ
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one has
µPµ (µ) = lim Imf (µ − i).

(11)

→0

The relation between Pµ (µ) and Pλ (λ) easily follows from
fλ (z) ≡

∞
∞
1X
1 X 1−n
Rn (λ)z −n =
g
Rn (µ)z −n = gfµ (zg).
π n=1
π n=1

For the eigenvalue distribution this implies
Z
Z
Z
λPλ (λ)
µPµ (µ)
1
g
1
λPµ (λg)
dλ
dµ
dλg 2
= fλ (z) = gfµ (zg) =
=
,
π
z−λ
π
zg − µ
π
z−λ
i.e., the final relation is
Pλ (λ) = g 2 Pµ (gλ).

(12)

(13)

(14)

R

Notice that dλλPλ (λ) = 1 follows as a consequence of the normalisation of Pµ (µ).
The factor g 2 (instead of g) at first can look awkward, but it is clearly due to the
Jacobian necessary also for the normalisation.
As already mentioned in the introduction, in CFT a central quantity is the number
distribution function of the entanglement spectrum, which is defined as the number
of eigenvalues of the RDM larger than λ, i.e.,
Z λmax
X
nλ (λ) ≡
1=
Pλ (x)dx .
(15)
λ

λi >λ

The relation between nµ (µ) and nλ (λ) is
Z λmax
Z λmax
Z
nλ (λ) =
Pλ (x)dx = g 2
Pµ (gx)dx = g
λ

λ

µmax

Pµ (y)dy = gnµ (λg),

(16)

λg

where we used λmax = µmax /g.
In a CFT with the assumption cn = 1 (implying a non-degenerate spectrum),
it has been shown [20] that nµ (µ) can be written as (3). Then, for a model with
a low-energy spectrum described by a CFT, but with a global degeneracy g, since
(µmax /µ) = (λmax /λ), at the leading order in ln ` for large `, we have
nλ (λ) ' gI0 (ξλ ),

(17)

i.e., in the rescaled variables, the eigenvalue distribution gets multiplied by the
degeneracy. This is a quite trivial result that we found instructive to derive within
the methods of Ref. [20]. Since I0 (z) for large positive z grows exponentially, usually
it is convenient to plot the logarithm of the number distribution, so that the net effect
of g is an additive constant ln g.
3. Entanglement spectrum distribution from the Cardy formula
In this section we show how the entanglement spectrum distribution in a 1 + 1
dimensional conformal field theory [20] can be obtained from the CFT density of
states. In fact, we will show that the entanglement spectrum distribution is just a
reparametrisation of the former. The main tool to obtain this result is the universal
form for the CFT entanglement hamiltonian which has been recently found in [42].
The leading term of the density of states for asymptotically large energies is the famous
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Figure 1. Path integral for reduced density matrix ρA of an interval of length
` embedded in an infinite system: The rows and columns of the density matrix
are labelled by the values of the fields on the upper and lower edges of the slit
along A. The field theory expectation value is made finite by eliminating two
circular regions of radius  at the two boundary points (entangling surface) with
conformally invariant boundary conditions. The moments Trρn
A are computed
by joining cyclically, along A, n replicas of ρA , thus leaving small holes at the
entangling surface. The resulting manifold has the topology of an annulus.

Cardy formula [48], which during the years has been investigated by many authors in
order to include subleading terms [49, 53–55].
As explained in the introduction, the reduced density matrix can be always
written as
ρA = e−2πKA ,

(18)

where KA is the entanglement hamiltonian. For a 1+1 dimensional CFTs, in the case
when A is a finite interval of length ` embedded in an infinite system, ρA is given
by a path integral which is pictorially reproduced in Fig. 1. The rows and columns
of the density matrix are labelled by the values of the fields on the upper and lower
edges of the slit along A, while along B the field is continuous. In any field theory,
this representation of the reduced density matrix is plagued by ultraviolet divergences
originated by the degrees of freedom in the vicinity of the boundary points between A
and B (generally the boundary between A and B is called entangling surface and we
will use this terminology, although in the case of interest here the surface is just made
of one or two points). In a CFT, a very convenient way of regularising these ultraviolet
divergencies is to remove small disks of radius  (the ultraviolet cutoff) around the
endpoints of the interval [56, 57] (see Fig. 1). The price to pay is that some conformal
invariant boundary conditions must be imposed on these disks. At this point, the
spacetime in Fig. 1 has the topology of an annulus. Indeed, the mapping between
this spacetime and the annulus can be explicitly worked out and the resulting width
W of the annulus is related to ` as W = 2 ln(`/) + O() [42, 56]. An unexpected and
surprising result is that the boundary conditions imposed at the small disks affect the
value of physical quantities. In particular the Rényi entanglement entropies are [42]


1
`
c
Sn =
1+
ln + ln g,
(19)
6
n

where the first term is the well known universal leading logarithmic term [26, 56] and
ln g is the Affleck-Ludwig boundary entropy corresponding to the boundary conditions
on the small disks. This should be regarded as surprising because the ultraviolet
regularisation of the theory appears to affect physical observables. The explanation
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for this fact is that there is some physics at the entangling surface (see also [57]): the
idea we have in mind is that in a given microscopical model whose low-energy physics
is described by a CFT, the partial trace over B induces boundary conditions (which
could depend on the actual degeneracy of the ground-state of the model that could not
be unique as in a bulk CFT) and these affect physical quantities as in (19). We stress
that the ln g terms (19) is not the same as the one found in [26] which was instead due
to the boundary entropy of the physical boundary of a CFT. This is instead analogous
to Eq. (9) where ln g enters as a true degeneration of the entanglement spectrum. The
main difference between the two is that in CFT the degeneration g can be non integer.
At this point one could naively think that the actual value of ln g in a given
microscopical model can be always read out from the analysis of the Rényi entropies.
This unfortunately is not the case because generically the additive constant term of the
entanglement entropy gets non-universal contributions from ultraviolet physics in the
bulk which are very difficult to disentangle from the ln g term. This is evident if one
tries to extract ln g from some analytically known cases, as e.g. those in Refs. [58–62]
and becomes even more cumbersome in numerics. (Anyhow, there are some cases when
instead the appearance of ln g is clear and these will be considered in the next sections
to substantiate some of our findings in this section.) One of the consequence of the
following analysis is that the actual value of g should be accessible in a easier manner
from the analytic or numerical study of the entanglement spectrum distribution.
After this long discussion, we are ready to relate the CFT density of states and
the entanglement spectrum distribution. In Ref. [42] the entanglement hamiltonian
has been related to the generator of the translations around an annulus with the same
conformally invariant boundary condition imposed on the boundaries of the small
disks. By exploiting known results on the annulus, the eigenvalues κ∆ of KA have
been written as [42]
c 
π 
∆−
+ const,
(20)
κ∆ =
W
24
where ∆ are the conformal dimensions of the operators of the CFT (both the primaries
and their descendants). Eq. (20) implies that the eigenvalues λ∆ of ρA are in one to
one correspondence with the spectrum of operators of the CFT as
λ∆ = e−2πκ∆ = λ0 e−2π

2

(∆−c/24)/W

,

(21)

where the constant in (20) has been absorbed in λ0 . To fix the constant λ0 , let
us consider the maximum eigenvalue λmax of the RDM, which is obtained for the
minimum value of ∆ denoted by ∆min :
λ∆min = λ0 e−2π

2

(∆min −c/24)/W

W 1

−→ λ0

=⇒

λ0 = λmax ,

(22)

i.e., the normalisation constant λ0 , in the limit of large `, is nothing but the largest
eigenvalue of the RDM.
In the limit of large but finite ` (or equivalently, large W ), the eigenvalues of
the RDM form a continuum and their asymptotic distribution has been determined
analytically in [20]. In this manuscript we reobtain this result by using the Cardy
formula [48]. Our analysis allows to find that the entanglement spectrum distribution
depends also on the Affleck-Ludwig ground state degeneracy [49] which originates
from the conformally invariant boundary states characterising the CFT on the
annulus. This important feature has been overlooked in all the literature about the
entanglement spectrum.
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As first step, let us write down explicitly the inverse function ∆ = ∆(λ). From
(21) we find
6b
c
W
ln(λmax /λ∆ ) = 2 ln(λmax /λ∆ ),
=
(23)
24
2π 2
π c
where, as in Ref. [20], we have introduced the parameter b as b ≡ cW /12 = − ln λmax .
Actually, since we are considering the limit of large ∆, the factor c/24 is a subleading
correction, which we keep since it does not influence the final result.
Given the correspondence (21) between the eigenvalues of the RDM and the
conformal spectrum, the distribution of eigenvalues P (λ) of the RDM is
Z 0
Z ∞
d∆
ρ(∆) δ(λ − λ∆ )
ρ(∆) δ(λ − λ∆ ) d∆ =
P (λ) =
dλ∆
dλ
∆
λmax
∆min
d∆(λ)
ρ(∆(λ)),
(24)
= − θ(λmax − λ)
dλ
where ρ(∆) is the density of states in the CFT. This was introduced by Cardy [48]
who derived for the first time its large ∆ behaviour for a bulk CFT, known nowadays
as the Cardy formula.
In the Appendix A we have employed the modular invariance on the annulus to
obtain a suitable expression of ρ(∆) for large ∆. In order to have a straightforward
comparison with [20], we have to take into account also higher order terms in the
expansion (see [55] for a similar calculation on the torus). The result reads (see (A.8))
r 
π 2 c I1 (σ(∆))
c
c 
ρ(∆) ' g
+ gδ(c − ∆/24),
with σ(∆) ≡ 2π
∆−
, (25)
3
σ(∆)
6
24
∆−

where I1 is the modified Bessel function of the first kind, c is the central charge of
the underlying CFT and g ≡ ga gb is the ground-state degeneracy induced by the nontrivial boundary conditions (which in a CFT can be non-integer). Here, ga ≡ h0|ai and
gb ≡ h0|bi are the degeneracies introduced by the two boundaries of the annulus. In the
case of interest ga = gb . Exponentially suppressed contributions have been neglected
in (25). By expanding (25) for large ∆ and taking the first subleasing correction after
the leading exponential term, the result of [49] is recovered (see (A.10)).
Eq. (23) allows to write the function σ(∆) in (25) as function of λ, obtaining
p
σ(λ) = σ(∆(λ)) = 2 b ln(λmax /λ) ,
(26)
with b = − ln λmax . Finally, plugging the Cardy formula (25) for the density of states,
in the distribution of the eigenvalues of the RDM (24) we have


6b
π 2 c I1 (σ(λ))
P (λ) = θ(λmax − λ) 2
g
+ gδ(λ − λmax )
π cλ
3
σ(λ)
p

b I1 2 b ln(λmax /λ)
p
= θ(λmax − λ) g
+ gδ(λ − λmax ) , (27)
λ
b ln(λmax /λ)
which is exactly the same as the entanglement spectrum distribution of [20] multiplied
by g. Denoting by Pµ (µ) the above distribution for g = 1 and with Pλ (λ) the one for
arbitrary g, we have that Eq. (27) satisfies the relation (14) –found for integer g– in
the limit − ln λmax  1. Eq. (27) generalises then the result of the previous section
to the Affleck and Ludwig non integer degeneracy [49], showing that it influences the
entanglement spectrum distribution in a sensible way. However, in the present case, g
can be non-integer [49] and Eq. (27) cannot be derived with the elementary methods
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of the previous section. Overall, the net effect of the (non-integer) entanglement
spectrum degeneracy in CFT is the same found in the previous section for integer
degeneracy. In particular the number distribution in CFT is, alike Eq. (17), given by
n(λ) = gI0 (ξλ ) .

(28)

We mention that Eqs. (27) and (28) are valid also for the case of a finite system
of length L with periodic boundary conditions. Indeed in this case, the worldsheet for
ρA can be mapped in the one of Fig. 1 by a conformal map. Thus, the only change
will be the width of the annulus which becomes W = 2 ln[(L/π) sin(π`/L)] + O(),
but this only affects the value of λmax and not Eq. (27). Finally in Appendix B we
show how the above results minimally change in the presence of physical boundaries
in CFT: the main difference is that there are two boundary entropies which may be
different, one corresponding to the boundary entropy of the physical edge and the
other being the boundary entropy introduced through the regularisation procedure at
the entangling point, as done above.
4. Analytic results for the spin-1/2 XXZ chain
In this section we explore the general results of the previous sections in some integrable
spin chains, for which the entanglement spectrum can be accessed exactly. We present
explicit results for the gapped XXZ and Ising spin-chains and exploit their scaling
behaviour close to quantum critical points. We use gapped spin-chains because the
scaling of the moments of the reduced density matrices are identical to the CFT
ones close to the quantum critical points and this implies that also the entanglement
spectrum must be the same. Furthermore, the entanglement spectrum of these gapped
spin-chains is easily handled analytically, as shown in the following, but the same is
not true even for the simplest gapless lattice models.
4.1. The anisotropic Heisenberg spin-chain.
We consider here anisotropic Heisenberg spin-chain (XXZ spin chain), which is defined
by the Hamiltonian‡.
X

y
x
z
HXXZ =
σjx σj+1
+ σjy σj+1
+ ∆σjz σj+1
,
(29)
j

σix,y,z

where
are the Pauli matrices and ∆ is the anisotropy. We focus on the gapped
and antiferromagnetic regime for ∆ > 1. At ∆ = 1 there is a conformal quantum
critical point, separating the gapped antiferromagnetic phase from a gapless conformal
one. For ∆ → 1+ , the correlation length diverges, and the scaling of the moments of
ρA is given by Eq. (2) with ` replaced by ξ [26, 63, 64]. This is true in the case of a
bipartition in two semi-infinite lines, but also for a finite interval, as long as its length
` is much larger than ξ (for smaller ` a complicated crossover to the conformal results
takes place [65]).
For the case of a bipartition in two semi-infinite lines, the RDM can be written
from the corner transfer matrix as [26, 64, 66]
ρA =

e−HCTM
,
Tr e−HCTM

(30)

‡ Hereafter ∆ should not be confused with the label of the CFT energy spectrum of the previous
section
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where HCTM is [66]
HCTM =

∞
X

j n̂j ,

(31)

j=0,1

where n̂j are fermion number operators with eigenvalues 0 and 1 and
j = 2j,

(32)

 = arccosh∆ .

(33)

with
A very important point for our paper is the initial value of j in the sum in (31). Indeed,
j = 0 and j = 1 correspond to different ground-states of the model. If the sum starts
with j = 1, we are considering the symmetry breaking state (i.e. the one that for
∆ → ∞ converges to the Néel state). In this state, the largest eigenvalue of the RDM
is non-degenerate. Conversely, if the sum starts from j = 0, we are considering the
combination Néel plus its translated by one site (usually called anti-Neel); the latter
has zero staggered magnetisation and it does not break the Z2 symmetry (but does
not satisfy cluster decomposition, which is a fundamental property of physical states).
In this case, the largest eigenvalue of the RDM is doubly degenerate, and the same is
true for all the spectrum, as a consequence of the zero mode with j = 0.
Following [12, 51, 66], the entanglement spectrum is obtained by filling in all the
possible ways the single particle levels j in (31) (i.e., setting all n̂j equal
Peither to 0 or
1). The resulting eigenvalues of the reduced density matrix, with n = j j (cf. (31)),
are
λn = λ0 e−2n ,

(34)

(i.e. the logarithm of the eigenvalues, usually called entanglement levels, are equally
spaced with spacing 2). The degeneracy of the n-th eigenvalue is given by the number
of ways of obtaining n as a sum of smaller non-repeated integers. This is the problem
of counting the number q(n) of (restricted) partitions of n. The number q(n) is
conveniently generated as a function of n via the generating function
∞
∞
X
Y

G(z) ≡
q(k)z k =
1 + zk .
(35)
k=0

k=1

Thus, q(n) is obtained from (35) as the coefficient of the monomial z n . The degeneracy
of the entanglement spectrum is given either by q(n) or by 2q(n) depending on whether
we are considering the symmetry breaking state or the symmetric one. This degeneracy
of the entanglement spectrum can be written in a compact way as
deg(λn ) = γq(n),

(36)

with γ = 1 or γ = 2 depending on the considered ground-state. The constant λ0 in
(34) is the largest eigenvalue of the RDM and can be simply fixed by the normalisation
condition
X
1
TrρA = 1 =
γq(n)λ0 e−2n = λ0 γG(e−2 )
=⇒
λ0 =
.
(37)
−2 )
γG(e
n
Having obtained the analytical expression for the eigenvalues of the RDM and
their degeneracies, it is now straightforward to write both entanglement entropies and
distribution function of eigenvalues. For example, the moments are
∞
X
G(e−2n )
TrρnA =
γq(k)λn0 e−2nk = λn0 γG(e−2n ) = γ 1−n
. (38)
(G(e−2 ))n
k=0
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Notice the occurrence of the factor γ 1−n , in agreement with (7).
Let us now move to the number distribution function n(λ), i.e. the number of
eigenvalues of the RDM larger than λ. By definition this is nothing but the sum of
the degeneracies deg(λj ) of all eigenvalues λj larger than λ:
X
n(λ) =
deg(λj ),
(39)
λj >λ

which using (34) and (36) can be written as
X
γq(m) ,
n(λ) =

(40)

ln λ0 /λ
m< 2

which can be straightforwardly evaluated up to very large j. Here however, we are
interested in the asymptotic behaviour of n(λ) which can be obtained by expanding
q(m) for large m, using Meinardus theorem as in [51] to get
√ √
1
q(m) =
exp(π m/ 3).
(41)
1/4
3/4
4·3 m
At this point, the asymptotic behaviour of the number distribution n(λ) of the
entanglement spectrum for small λ, i.e., for ln λ0 /λ  , can be easily calculated
integrating (41) to obtain
√

61/4 eπη/
n(λ) ' γ
√
2π η

6

,

(42)

where we introduced the scaling variable
r
ln λ0 /λ
η≡
 1.
(43)

Notice that Eq. (42) is valid for arbitrary  in the regime when η  1. Eq. (42)
is numerically tested in Fig. 2. The Figure shows the exact result for n(λ) obtained
using Eq. (40) (symbols in the figure) plotted versus η. The dash dotted line is (42),
and it is in perfect agreement with the exact result for large enough η.
As already mentioned, ∆ = 1 corresponds to a quantum critical point with a
correlation length diverging as
π2
+ O(0 ).
(44)
2
Thus for ∆ → 1+ , Eq. (42) should match the CFT scaling (28) with the appropriate
value of g. In order to work out this value of g, we can consider the Rényi entropies
in the limit ∆ → 1+ (or  → 0). Eq. (38) can be expanded close to  → 0 by standard
methods [64], obtaining


π2
1
ln 2
Sn =
1+
−
+ ln γ + . . . ,
(45)
24
n
2
ln ξ =

where the dots stands for exponentially small terms in  [64]. We can interpret the
n-independent additive constant (in ) as the non-integer degeneracy of the ground
state of the boundary CFT with the boundary condition induced at the entangling
surface. Thus one has
γ
g=√ ,
(46)
2
√
√
i.e. g = 1/ 2 or g = 2 depending on whether γ = 1 or γ = 2.
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Figure 2. Entanglement spectrum of the XXZ chain in the gapped phase. The
number distribution function n(λ) is plotted versus η ≡ (ln(λ0 /λ)/)1/2 . The
symbols are the exact results in the thermodynamic limit from Eq. (40) while the
dashed-dotted lines are the results for large η in Eq. (42). The two sets of data
correspond to γ = 1 (symmetry-broken) and γ = 2 (symmetric) ground-states.

We now compare the exact result (42) with the expected behaviour from
conformal field theory. In the limit ∆ → 1+ (equivalently,  → 0) the moments
of the RDM exhibit conformal scaling. In this limit, taking into account the noninteger degeneracy g of the ground state, the the number distribution function is Eq.
(28) with g given in (46), i.e.,
√
n(λ) ' γI0 (ξλ )/ 2 ,
(47)
with √
ξλ defined in (3). Using − ln λ0 ∼ π 2 /24 + O(1) (cf. (45) for n → ∞) one has
η ' 6ξλ /π for  → 0. We then have that, both for γ = 1 and γ = 2, Eq.√(42)
in the limit  → 1 coincides with Eq. (47) for large ξ, given that I0 (x) ' ex / 2πx
for x  1. Notice that for the XXZ spin-chain in the regime considered here, the
entanglement spectrum distribution function of [20] (i.e. (28) with g = 1) does not
correctly describe the spectrum for none of the two possible ground states.
4.2. The Ising spin-chain in a transverse field
An analysis similar to the one presented in the previous section holds also for the
transverse field Ising chain, which is defined by the Hamiltonian
L
X
x
H=−
(σjx σj+1
+ hσjz ),

(48)

j=1

where h is the external transverse magnetic field. At zero temperature the model is
paramagnetic for h > 1, whereas it is an ordered ferromagnet for h < 1. At h = 1
there is a quantum critical point with a low-energy spectrum described by a CFT with
c = 1/2. In the ferromagnetic region, in the limit L → ∞, there are two degenerate
ground states, which are related by a Z2 symmetry. In contrast, in the paramagnetic
region h > 1 the ground state is unique.
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The entanglement spectrum in both regimes has the same structure (31) as for
the XXZ chain, although now the single particle entanglement spectrum levels are
given by [66]

(2j + 1) h > 1,
j =
(49)
2j
h < 1,
with

√
K( 1 − k 2 )
,
≡π
K(k)

k ≡ min(h, h−1 ).

(50)

with K(x) the complete elliptic integral of the first kind.
It should be clear that, due to the form of the entanglement levels (49), in the
symmetry broken phase for h < 1 the entanglement spectrum distribution can be
derived identically to the previous section. Once again, the distribution depends on
whether one considers the symmetric broken or symmetric ground-state, obtained by
letting the sum in j starting either from 0 or 1. The resulting distribution is then (47)
with γ given by (46).
In the paramagnetic phase for h > 1 the entanglement spectrum distribution is
instead different from the one of the XXZ model. In this case, the degeneracy of
the entanglement spectrum at level m is related from (49) to the number of integer
partitions qo (m) of m involving only odd integers (in this case the sum always starts
from j = 1 because the ground-state is unique). The asymptotic behavior for large m
of qo (m) is given as §
√ √
1
exp(π m/ 6),
(51)
qo (m) '
2 · 241/4 m3/4
and the corresponding distribution n(λ) is
√

61/4 eπη/ 6
,
(52)
n(λ) ' √
2ηπ
p
where, as usual, η ≡ ln(λ0 /λ)/  1. Approaching the critical point at h = 1, the
correlation length diverges as
π2
+ O(0 ),

and the Rényi entanglement entropy as [64]


π2
1
Sn =
1+
+ O() .
24
n
ln ξ =

(53)

(54)

Notice in particular the absence of the constant term, suggesting ln g = 0. By replacing
 with ln λ0 (using (54)), one can straightforwardly show that (52) coincides with the
large ξλ limit of I0 (ξλ ), i.e. (28) with g = 1.
§ The sequence qo (m) is reported as A000700 in the OEIS.
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5. Consequences for the negativity spectrum
The partial transpose ρTA2 of the reduced density matrix is a crucial object for
quantifying the bipartite entanglement in a mixed states [69–72] or, equivalently, the
entanglement between two non-complementary parts in a pure state. The partial
transpose ρTA2 is defined as hϕ1 ϕ2 |ρTA2 |ϕ01 ϕ02 i ≡ hϕ1 ϕ02 |ρA |ϕ01 ϕ2 i, with {ϕ1 } and {ϕ2 }
two bases for A1 and A2 , respectively. A computable measure of entanglement is the
logarithmic negativity defined as the sum of the absolute values of the eigenvalues of
ρTA2 [71, 72]
E ≡ ln ||ρTA2 ||1 = ln Tr|ρTA2 |,

(55)

where the symbol || · ||1 denotes the trace norm. The scaling behaviour of the
negativity has been characterised analytically for the ground states of one dimensional
CFTs [73–75]. Remarkably, the negativity is scale invariant at quantum critical
points [73,76–78]. Its scaling behaviour has been also worked out for finite temperature
CFTs [79], in CFTs with large central charge [80], in disordered spin chains [81], in
some holographic [86] and massive quantum field theories [87], for out of equilibrium
models [82–85], topologically ordered phases [88, 89], Kondo-like systems [90–92], and
Chern-Simons theories [93, 94]. Surprisingly, no analytical results are available yet for
free-fermion models [95], in contrast with free bosonic model, for which the negativity
can be calculated [96], also in d > 1 dimensions [97, 98].
On the same lines as for the entanglement spectrum, it is clear that the partial
transpose contains more information than that condensed in the negativity. In
analogy with what explained above, part of this information can be reconstructed
from the scaling of the moments of the reduced density matrix in a program initiated
in [50]. As a fundamental difference compared to the entanglement spectrum, the
partial transpose has both positive and negative eigenvalues which generically behave
in a different manner. However, their asymptotic CFT distribution for very small
eigenvalues turned out to be the same [50].
Here we first focus on the case of a bipartition of the ground state of a CFT,
when the spectrum of the partial transpose can be written in terms of the spectrum
of the RDM. Although in this case the partially transposed density matrix does not
contain more information than the reduced density matrix itself (the two spectra can
be simply related [50]), it is very useful to obtain the distribution of these eigenvalues
to understand how the CFT non-integer ground-state degeneracy induced at the
entangling surface affects the results for the negativity. For this bipartition, the
moments of ρT2 can be put in direct relation with those of ρA2 as shown in [73],
obtaining
(
TrρnAo1 = cTno `−c/6(no −1/no )
no odd,
T2 n
Tr(ρ ) =
(56)
ne /2 2
T −c/3(ne /2−2/ne )
(TrρA1 ) = cne `
ne even.
The relation between cTn and cn depends on the parity of n and it reads as
cTno = cno ,
cTne = c2ne /2 .

(57)

In Ref. [50] the negativity spectrum distribution in CFT has been derived with the
assumption cn = 1 that implies cTn = 1.
It is now easy to understand the effect of a degeneracy (both integer and noninteger). We have shown that in the presence of degeneracy g, cf. Eq. (8), the
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multiplicative constant cn gets multiplied by g 1−n , implying a non-trivial relation
between the constants cTn for the moments of the partial transpose. According to the
equations in (57) we have
cTno (λ) = g 1−no ,
cTne (λ) = (g 1−ne /2 )2 = g 2−ne .

(58)

In [50] it was shown that the number distribution function for the case cn = 1 is

1
npure (λ) = sgn(λ)I0 (ξλ ) + I0 (2ξλ ) ,
(59)
2
where ξλ is defined in analogy with Eq. (3) as
p
ξλ = 2 (− ln λTmax ) ln(λTmax /|λ|) ,
(60)
where λTmax is the maximum positive eigenvalue of the partial transpose (which in
the case of a bipartite pure system is equal to λmax [50], but not in general). It is
easy to check, following the derivation in [50], that the first term comes from the odd
moments of the partial transpose, while the second from the even ones.
Thus, to take into account the degeneracy g in (59), the first term gets a factor g,
whereas the second a factor g 2 . Consequently, in the presence of a global degeneracy
g, the negativity spectrum distribution is

1
npure (λ) = sgn(λ)gI0 (ξλ ) + g 2 I0 (2ξλ ) .
(61)
2
This formula is quite interesting because g enters in a different way in the two terms.
In particular it shows that for asymptotic small eigenvalues λ, i.e. large ξλ , positive
and negative eigenvalues have the same distribution which gets multiplied by g 2 , but
the difference of the number distributions (i.e. npure (λ) − npure (−λ)) gets multiplied
by g.
Let us briefly mention what we know about the very interesting case of a tripartite
system, when the spectrum of the partially transposed density matrix cannot be
written in term of that of the reduced density matrix, because the two intervals
are in a mixed state. We focus on the tripartition where two finite intervals A1
and A2 are adjacent and embedded either in the infinite line or in a finite system.
We consider the reduced density matrix ρA = ρA1 ∪A2 and subsequently the partial
transpose with respect to A2 . In this case, the conformal moments of ρTA2 depend on
the constants cn appearing in the moments of ρA2 but also on some n-dependent
structure constants [73, 74]. Assuming that all these parameters are equal to 1,
the negativity spectrum distribution has been obtained in [50] and tested against
numerical simulations in spin-chains. In the case when the two intervals have equal
length, the final result can be written as [50]
√

1
(62)
nmixed (λ) = sgn(λ)I0 (ξλ ) + I0 ( 2ξλ ) ,
2
where
√ ξλ is defined in Eq. (60) and in this case λTmax is different from λmax . Note
the 2 difference in the argument of I0 as compared with (59). At this point, while it
is known how the degeneracy factor g affects the multiplicative factors cTn , the same is
not true for the structure constants and its effect is not trivial. Indeed, for n = 2 we
have Tr(ρTA2 )2 = Trρ2A [74] implying that these structure constants depend on g and
we cannot simply set to a constant when g 6= 1. In [51], the moments of the partial
transpose, as well as the entire negativity spectrum have been analytically worked out
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for the XXZ spin-chain in the gapped regime discussed in the previous section. While
the leading behaviour for large correlation length ξ is the same as in CFT for large
` (providing to two different exponentials in n(λ) as in (62)), the subleading terms
are different and so not useful to understand what happens for g 6= 1 in a CFT. It
would be then very interesting to run some numerical simulations in gapless models
with g 6= 1 to shed some light on this problem.
6. Conclusions
In this paper we established a relation between the entanglement spectrum distribution
of conformal field theories (see Ref. [20]) and the CFT density of states described by
the Cardy formula [48]. Indeed, we have shown that the entanglement spectrum
distribution can be obtained as a re-parametrisation of the Cardy formula. This
result allows us to understand the effect of the boundary conditions at the entangling
surface on the entanglement spectrum and entropies. In particular, it shows that the
multiplicative constant cn in the moments of the reduced density matrix, cf. Eq. (2),
is affected by the degeneracies induced by these boundary conditions, although the
leading behaviour in ` of the moments remains the same. We tested our findings
against exact calculations of the entanglement spectrum in integrable spin chains.
Furthermore our result shows that the Affleck-Ludwig entropy due to the boundary
conditions induced at the entangling surface can be measured from the asymptotic
behaviour of the entanglement spectrum distribution. This proposal appears to be
more practical than the study of the additive constant of the Rényi entropies whose
value in microscopical models is generically influenced by the non-universal ultraviolet
physics [58–62].
We also explored the consequences of degeneracies for the negativity spectrum. In
contrast with the entanglement spectrum distribution, which is expressed in terms of
a single Bessel function, the negativity spectrum is the combination of two Bessel
functions. Remarkably, the presence of a global degeneracy in the entanglement
spectrum gives rise to different reparametrisation of the two functions.
A consequence of our findings is that the several numerical results already
present in the literature [4, 20, 28–31] about the validity of the CFT results for the
entanglement spectrum distribution (3) can be regarded as direct verifications of the
Cardy formula, which, instead, has never been checked at the level of the hamiltonian
spectrum of microscopic models. The reason why Cardy formula has not been tested
from the hamiltonian spectrum is that CFT describes the low-energy spectrum of
microscopic models where the dispersion relation is relativistic, while Cardy formula
gives the scaling of the CFT spectrum for large energy, where in microscopic models
non-relativistic effects become relevant. Conversely, the entanglement spectrum
distribution is written only in terms of the ground-state, and a continuum distribution
for the eigenvalues is obtained in the limit ` → ∞.
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Appendix A. The Cardy formula on the annulus
In this section we report a derivation of the Cardy formula starting from the partition
function of a CFT on the annulus. A similar analysis has been done by employing
the geometry of the torus in [54, 55] and of the Klein bottle in [99]. The aim of
this computation is to show the occurrence of the boundary states of the annulus in
the multiplicative factor of the CFT density of states for large scaling dimensions.
This factor corresponds to the ground state degeneracy introduced by Affleck and
Ludwig [49].
The starting point is the partition function on the annulus of width W [68] written
as a sum over the states parametrised by their conformal dimension ∆
X
Z(q) = q −c/24
ρ(∆) q ∆ ,
(A.1)
∆
−2π 2 /W

where q = e
is the modular parameter. Here ρ(∆) is the Cardy density of
states which can be formally obtained by inverting the above relation as a complex
integral in q
I
dq c/24
1
q
Z(q),
(A.2)
ρ(∆) =
2πi C0 q ∆+1
in which C0 is an arbitrary closed path which encloses q = 0.
By employing the modular invariance, the partition function (A.1) can be written
in terms of the dual modular parameter q̃ = e−2W as [48]
X
Z(q) = q̃ −c/24
ha|kihk|bi q̃ δk ,
(A.3)
k

where the sum is now over all allowed scalar bulk operators with dimensions δk , and
|ai and |bi denote the boundary states at the two edges of the annulus. Plugging this
into (A.2) we have
I
1
dq c/24 −c/24 X
ρ(∆) =
q
q̃
ha|kihk|bi q̃ δk .
(A.4)
∆+1
2πi C0 q
k

Let us know change the integration variable as
q = e−t ,

q̃ = e−4π

2

/t

.

Choosing C0 to be a circumference centred at the origin q = 0, we have
Z t1 +iπ
X
1
ha|kihk|bi
ρ(∆) =
dt e(∆−c/24)t e(γ−γk )/t ,
2πi t1 −iπ

(A.5)

(A.6)

k

where we introduced
π2 c
,
γk ≡ 4π 2 δk .
(A.7)
6
Hereafter γ must not be confused with the integer degeneracy factor in the main text.
The above equation is an exact representation of the CFT density of states, valid
for arbitrary values of ∆, but it is particularly convenient for a large ∆ expansion.
Indeed, for large ∆ two main simplifications occurs. First, the integrals are dominated
by the saddle points at t = 0, thus one can extend the integrals on the imaginary axis
γ≡
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between ±i∞ instead of ±iπ. In the same spirit, it is reasonable to keep only the term
with k = 0, being the others expected to be exponentially suppressed. Thus one has
Z t1 +i∞
1
dt e(∆−c/24)t eγ/t
(A.8)
ρ(∆) ' ha|0ih0|bi
2πi t1 −i∞
"
#
p

I1 2 γ(∆ − c/24)
p
= ha|0ih0|bi δ(∆ − c/24) + 2γ
2 γ(∆ − c/24)
"
p
#
π 2 c I1 2π (c/6)(∆ − c/24)
p
= ha|0ih0|bi δ(∆ − c/24) +
,
3
2π (c/6)(∆ − c/24)
where I1 is modified Bessel function of the first kind that is obtained by the inverse
Laplace transform in (A.8).
This result is employed in Sec. 3 in a crucial way to recover for g = 1 the result
of [20] from the CFT entanglement spectrum found in [42]. The formula (A.8) exposes
the role of the one-point structure constants h0|ai and h0|bi corresponding to the
boundary states which characterise the underlying CFT on the annulus. The term
δ(∆ − c/24) is often neglected in the literature (see however [100]), because it is
subleading for large W , but we showed it in order to stress the equivalence with the
entanglement spectrum [20]. It is fair to mention that a very similar analysis, but in
a slightly different context, has been presented also in [101].
We conclude this appendix by reporting the expansion of the density of states
(A.8) for large ∆. When ∆  1, we can use the following asymptotic behaviour of
the Bessel functions


ez
3
2
√
I1 (z) =
1−
+ O(1/z ) ,
(A.9)
8z
2πz
to expand (A.8) as
√
√
 c 1/4
√
γ
e2 γ∆
e2π c∆/6 ,
ρ(∆) = ha|0ih0|bi √ p
= ha|0ih0|bi
3
96∆
∆ 4π(γ∆)1/2

(A.10)

which is the result found in [49].
Appendix B. Entanglement spectrum distribution in the presence of
boundaries
In this appendix we discuss how the result for the entanglement spectrum distribution
slightly changes in the presence of real boundaries. We focus on the case in which the
system is the semi-infinite line x > 0 and the subsystem is the interval A = [0, `]. The
corresponding Euclidean spacetime is the half space (x, y) ∈ R2 with x > 0, whose
boundary is the infinite line x = 0, which supports a conformally invariant boundary
condition of the model. Following the same regularisation procedure adopted in
Sec. 3, we remove a small disk of radius  centred at the entangling point x = `.
A conformally invariant boundary condition is induced along the boundary of this
small disk, which may be different from the one along the physical boundary at
x = 0. The resulting spacetime is depicted in Fig. B1. It has the topology of an
annulus where different conformally invariant boundary conditions may be present on
the physical boundary (blue solid line) and on the boundary of the regularising disk
(black solid line). In [42] the latter observation has been employed to study KA for
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B

Figure B1. Path integral for reduced density matrix ρA of an interval of length
` at the edge of a semi-infinite system whose boundary in the Euclidean spacetime
is the solid blue line. The field theory is regularised by removing a small disk of
radius  centred at the point (entangling surface) which separates the interval A
from its complement B. Conformally invariant boundary conditions which are not
necessarily the same are imposed both on the physical boundary (blue solid line)
and on the boundary of the small disk (black solid line). The moments Trρn
A are
computed by joining cyclically, along A, n replicas of ρA . The resulting manifold
is an annulus which can have different conformally invariant boundary conditions
at its two boundaries.

this configuration, finding that for the corresponding entanglement spectrum Eq. (20)
holds, but with W = log(2`/) + O() in this case.
Thus, the analysis of Sec. 3 can be repeated with the crucial difference that
we cannot impose ga = gb because we are allowed to have different conformally
invariant boundary conditions. Denoting by g0 the degeneracy introduced by the
boundary encircling the endpoint x = ` and by g̃ the degeneracy corresponding
to the conformally invariant boundary condition on the physical boundary, for the
distribution of eigenvalues we obtain
p

b I1 2 b ln(λmax /λ)
e
p
P (λ) = θ(λmax − λ)g̃ g0
+ g̃ g0 δ(λmax − λ) ,
(B.1)
λ
b ln(λmax /λ)
being b = − ln λmax = cW/12 = (c/12) ln(2`/) + O(). Integrating (B.1), the mean
number of eigenvalues larger than a given λ is simply obtained as
ñ(λ) = g̃g0 I0 (ξλ ) ,

(B.2)

where ξλ is defined in terms of λmax in (3).
Eq. (B.1) is valid also for a finite system of length L with conformal invariant
boundary condition at the two ends and with A = [0, `]. Indeed in this case, the
worldsheet for ρA can be mapped in the one of Fig. B1 by a conformal map. Thus, the
only change is the width of the annulus which becomes W = ln[(2L/π) sin(π`/L)] +
O(), but this only affects the value of λmax and not Eq. (B.1).
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